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Abstract

This paper addresses the well-posedness of a general class of bulk-surface convective Cahn—Hilliard
systems with singular potentials. For this model, we first prove the existence of a global-in-time weak
solution by approximating the singular potentials via a Yosida regularization, applying the corresponding
results for regular potentials, and eventually passing to the limit in this approximation scheme. Then, we
prove the uniqueness of weak solutions and their continuous dependence on the velocity fields and the initial
data. Afterwards, assuming additional regularity of the domain as well as the velocity fields, we establish
higher regularity properties of weak solutions and eventually the existence of strong solutions. In the end,
we discuss strict separation properties for logarithmic type potentials in both two and three dimensions.
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1. Introduction

In this paper, we investigate the following bulk-surface convective Cahn—Hilliard system:

3¢ + div(ev) = div(ma () V) in Q, (1.1a)

w=—eAp+e 'F(p) in 0, (1.1b)

0y +divr (Y w) =divr(mr(¥) Vro) — Bma(¢)onp on X, (1.1¢)

0 = —erk Ary + €5 G/ (V) + a€dnd on X, (1.1d)

{eKa,,¢=a1p—¢ if K €0, 00). on . (1o
onp =0 if K =00

{ng<¢)anu =p0—u ifLel0,00), on 3. (1D
mq(@P)opu =0 if L =00

®lr=0= o in Q, (1.1g)

Yli=0 =0 onT. (1.1h)

This system of equations has already been investigated in [43], and in the special case K =0,
it appears as a subsystem in the Navier—Stokes—Cahn—Hilliard model with dynamic boundary
conditions that was derived in [37].

In(1.1), @ ¢ R (with d = 2, 3) denotes a bounded domain with boundary I' := 09, T > O is
a given final time, and for brevity we write Q :=Q x (0, T) and X :=T x (0, T)). We denote by
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n the outward pointing unit normal vector on I" and by 9, the outward normal derivative on the
boundary. Furthermore, the symbols Vr, divr, and Ar stand for the surface gradient, the surface
divergence, and the Laplace—Beltrami operator on I', respectively.

The functions ¢ : Q — R and  : Q — R represent the phase-field and the chemical potential
in the bulk, whereas ¢ : ¥ — R and 6 : ¥ — R denote the phase-field and the chemical potential
on the surface, respectively. Moreover, the functions v : Q — R¢ and w : ¥ — R are prescribed
velocity fields corresponding to the flow of the two materials in the bulk and on the boundary,
respectively. Furthermore, the parameter € > 0 is related to the thickness of the diffuse interface
in the bulk, while err > 0 corresponds to the width of the diffuse interface on the boundary. The
constant k > 0 acts as a weight for surface diffusion effects.

In (1.1), the time evolution of (¢, u) is given by the bulk convective Cahn—Hilliard sub-
system (1.1a)-(1.1b), while the evolution of (¥, 0) is determined by the surface convective
Cahn—Hilliard subsystem (1.1c)-(1.1d), which is coupled to the bulk variables by means of the
involved normal derivatives dp¢ and dp . Moreover, the bulk and surface quantities are coupled
by the boundary conditions (1.1e) and (1.1f), which depend on parameters K, L € [0, oc] and
o, BeR.

In (1.1e) and (1.1f), the parameters K, L € [0, oo] are used to distinguish different cases, each
corresponding to a certain solution behavior related to a physical situation. The case that has been
studied most extensively in the literature is K = 0, which corresponds to the Dirichlet condition
¢ = o on X. This case makes particular sense along with o = 1, if the materials on the surface
are the same as in the bulk. Nevertheless, we also want to cover the case where the materials on
the boundary are not the same as in the bulk. For instance, this might be the case if the materials
on the boundary are transformed by chemical reactions. This is taken into account in our model
by the choice K € (0, oo]. If K = oo, the boundary condition (1.1e) degenerates to a homoge-
neous Neumann boundary condition for the phase-field ¢. Although, for most applications, this
might not be the preferred choice, as such a Neumann boundary condition enforces the diffuse
interface to always intersect the boundary at a perfect angle of ninety degrees, we include this
case in our analysis for the sake of completeness. In the case K € (0, 00), (1.1e) can be regarded
as a Robin-type boundary condition. It can be used to describe a physical scenario where ¢ and
represent different materials, and therefore, 1 and the trace of ¢ are (in general) not proportional.
However, this setup still allows for a dynamic change of the contact angle between the diffuse
interface and the boundary. In some sense, including the cases K € (0, oo) is also helpful for
the mathematical analysis. For instance, even for regular potentials F and G, a Faedo—Galerkin
scheme to construct weak solutions cannot be used in the case K =0 and L € (0, oo]. For more
details, we refer to [20,43].

The bulk and surface chemical potentials © and 6 are coupled through the boundary condition
(1.1e) involving a parameter L € [0, oo], which accounts for a possible transfer of material be-
tween bulk and surface, see [40]. For the non-convective case, i.e., v = 0 and w = 0, the choice
L = 0 was first proposed in [23] and [38]. Then, @ and 6 are coupled through the Dirichlet
condition p = B6 on X, which means that ; and 6 are assumed to always remain in chem-
ical equilibrium. In this case, a rapid transfer of material between bulk and boundary can be
expected (see, e.g., [40]). The choice L = oo was introduced in [44]. In this case, (1.1f) is a
homogeneous Neumann boundary condition on p, which means that the mass flux between the
bulk and the surface is zero, and consequently, no transfer of material between bulk and surface
will occur. In such a situation, the chemical potentials i and 6 are not directly coupled. The
choice L € (0, co) was proposed and analyzed in [40]. Here, the chemical potentials © and 6 are
coupled by a Robin-type boundary condition (1.1f). In this case, a transfer of material between
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bulk and surface will occur, and the coefficient L™ is related to the kinetic rate associated with
adsorption and desorption processes or chemical reactions at the boundary. Furthermore, it was
shown in [40,45] (in the non-convective case) and in [43] (in the convective case), that the limits
L — 0 and L — oo can be used to recover the boundary condition (1.1f) with L =0and L = oo,
respectively.

The functions F’ and G’ are the derivatives of double-well potentials F and G, respectively.
A physically motivated example of the potentials F' and G, especially in applications related
to material science, is the logarithmic potential, which is also referred to as the Flory—Huggins
potential. It is given by

® Oc 5
Wiog(s) = 5[(1 +s)In(1+s)+ (1 —s)In(l —s)] - 55 s€ [—1,1]. (1.2)

Here, © represents the temperature of the system and ®, stands for the critical temperature
under which phase separation occurs. These constants are supposed to satisfy 0 < ® < ®.. The
logarithmic potential is often approximated by a regular double-well potential which reads as

Wreg(s) =c(s* — )2, seR (1.3)

for a suitable constant ¢ > 0. A further common choice is the double-obstacle potential, which
is given by

1—s2, ifse[—1,1],
Wobst (s) ==

] (1.4)
+o00, ifseR\[-1,1].

In contrast to the regular potential Wyeg, the potentials Wiog and Wopst are classified as singular
potentials as these functions or their derivatives exhibit singularities at £ 1. Physically reasonable
singular potentials can be decomposed as the sum of a smooth part and a convex part, which
might not be differentiable but it at least possesses a subdifferential that is a maximal monotone
graph.

An important quantity associated with the system (3.1) is the energy functional

€ 2, -1 €rK 2, -1
EK(¢,¢)=[§|V¢I +e F(¢)dx+/T|Vr¢| +er G(y)dl'

¢ : (1.5)

+o(1<)/ % ey — ¢|? dT,
r

where the function

K~ if K €(0, 00),

o(K) ::{ .
0, if K € {0, oo}

is used to distinguish the different cases corresponding to the choice of K. Sufficiently regular
solutions of the system (3.1) satisfy the mass conservation law

4
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ﬁ/q)(t)dx—i—/xﬁ(t)dl":ﬁ/qﬁodx—i-/wodr, if L € [0, 00),
Q r Q r (16)

/¢(r)dx=/¢odx and /W(t)dF:/wodF, if L = o0
Q Q r r

for all ¢ € [0, T']. This means that the mass is conserved separately in 2 and I" in the case L = oo,
whereas in the case L € [0, 00), a transfer of material between bulk and surface is allowed.
Furthermore, sufficiently regular solutions satisfy the energy identity

d
S Ex @) =/¢v Vi dx +/1/fw VRO dr — /msz(¢) Vul? de
Q r

@ (1.7)

- /mr(w) |Vré|* dI" — o (L) /(ﬂe —w)?dr
r

r

on [0, T']. Note that in the non-convective case, i.e., v = 0 and w = 0, the right-hand side of (1.7)
is clearly non-positive. This means that the energy dissipates over the course of time, and the
terms on the right-hand side of (1.7) can be interpreted as the dissipation rate. In the convective
case, i.e., v and/or w are non-trivial, we can (in general) not infer dissipation of the energy from
the energy identity (1.7). However, if it holds w = v, and the velocity field v is determined by
a Navier—Stokes equations (cf. [26,37]), or a Brinkman/Stokes equation (cf. [20]), an energy
dissipation for the corresponding total energy can be obtained.

State of the art and related literature 1In the case of regular potentials, system (1.1) has already
been studied in [43] by the authors. There, the existence of a weak solution has first been es-
tablished in the cases K, L € (0, oo) by means of a Faedo—Galerkin scheme. For all other cases,
the existence of a weak solution was shown by passing to the respective asymptotic limits, i.e.,
K—0,K—o00,L—>0o0rL— o0.

In the recent contributions [45—47], a similar system to (1.1) with singular potentials was
investigated. There, they considered the special case without convection terms (i.e., v = 0 and
w = 0), and only the choices (K, L) € ({0} x [0, oo]) U ([0, 00) X {oo}).

For further results on the mathematical analysis of system (1.1) in the non-convective case
(i.e., v=0and w = 0), we refer to [11-13,22,28,30,51]. Related numerical results can be found
in [1,2,39,48-50]. A nonlocal variant of the non-convective version of (1.1) was proposed and
analyzed in [42]. Further results on the Cahn—Hilliard equation with dynamic boundary con-
ditions of second-order (e.g., of Allen—Cahn or Wentzell type) can be found, for instance, in
[8,9,14,27,33,53,55,59].

Goals and novelties of this paper
(I) Well-posedness of the convective Cahn—Hilliard system (1.1) with singular potentials. In
the present paper, we first extend the results for regular potentials obtained in [43] to the
case of singular potentials. This means we establish the existence of a global weak solution
(see Theorem 3.4) as well as continuous dependence on the initial data and the velocity
fields in the case of constant mobilities (see Theorem 3.6), which entails the uniqueness
of the respective weak solution. Thanks to [43], we already have the existence of a global

5
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|y

(IID)

weak solution of (1.1) at hand, provided that F and G are regular potentials. Therefore,
our strategy to approach singular potentials is to regularize the subdifferentials of their
convex parts by means of a Yosida approximation. Then, the approximate problem can be
solved by means of the results established in [43]. Next, we derive suitable bounds on the
approximate solutions which are uniform with respect to the approximation parameter &
from the Yosida approximation. Eventually, using compactness arguments, we can pass to
the limit & — 0, which yields a weak solution to (1.1) with the original singular potentials.
The continuous dependence estimate can be proved by the energy method. In this way,
our new results extend the existing literature concerning the well-posedness of convective
Cahn—Hilliard system with dynamic boundary conditions and singular potentials (see, e.g.,
[16,19,34]).

Existence of strong solutions. The next step is to prove higher regularity results for weak
solutions in the case of constant mobilities and under additional regularity assumptions
of the velocity fields (see Theorem 3.7). These higher regularity results are established
by approximating the time derivatives in (1.1) by suitable difference quotients, deriving
uniform estimates, and applying regularity theory for bulk-surface elliptic systems (see
Proposition A.1 and [40, Theorem 3.3]).

Separation properties. Eventually, we show strict separation properties for the unique
strong solution (see Theorem 3.11). This means that the corresponding phase-fields will
stay strictly away from the pure phases £1. For a general class of singular potentials
(see (S1)-(S4)), we obtain:

For almost all ¢ € [0, T], there exists §(¢) € (0, 1] such that:
¢ Loy <1—38() and [|[Y (D)o <1—8().

(1.8)

If G is a logarithmic type potential (see (S6)), ¥ even satisfies the uniform strict separation
property:

There exists &, € (0, 1] such that for all (z,7) € X:  |¥(z,1)| <1 — 4. (1.9)

If d =2 and F is a logarithmic type potential (see (S5)), we analogously obtain the uniform
strict separation property for ¢:

There exists 8, € (0, 1] such that for all (x,¢) € Q: |p(x,1)| <1 —46. (1.10)

It is not surprising that this result only holds in two dimensions, since even for the standard
Cahn—Hilliard equation with homogeneous Neumann boundary conditions on both ¢ and
1, the uniform strict separation property (1.10) has not yet been established in three di-
mensions. However, as the boundary I" is a two-dimensional submanifold, we are still able
to obtain (1.9) by adapting the techniques for the two-dimensional Cahn—Hilliard equation
in the bulk.

For the non-convective bulk-surface Cahn-Hilliard system (i.e., (1.1) with v =0 and
w = 0), such separation properties have already been established in the cases (K, L) €
({0} x [0, 00]) U ([0, 00) x {oo}) (see [22,46,47]).

In the present paper, we extend these results by showing the above separation properties
for the convective bulk-surface Cahn—Hilliard system (i.e., with non-trivial velocity fields
v and w) for all parameter choices (K, L) € [0, oo]?.

6
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We further refer to [29] and [24,35,54] for strict separation properties of the anisotropic
Cahn—Hilliard equation and the nonlocal Cahn—Hilliard equation, respectively.

Structure of this paper After introducing the notion of a weak solution of (3.1), we state our
main results in Section 3. In Section 4, we prove the existence of weak solutions to the Cahn—
Hilliard system (3.1). Afterwards, in Section 5, we establish the uniqueness of the weak solutions
and its continuous dependence on the velocity fields and the initial data. Section 6 is devoted to
proving higher regularity results and in particular, the existence of strong solutions under suit-
able additional assumptions. Lastly, for logarithmic type potentials, we establish the separation
properties in Section 7.

2. Notation, assumptions and preliminaries

We fix some notation and assumptions that are supposed to hold throughout the remainder of
this paper.

2.1. Notation

(N1) N denotes the set of natural numbers excluding zero, whereas No = N U {0}.

(N2) Let Q ¢ R? with d € {2, 3} be a bounded domain with sufficiently regular boundary I' :=
d92. Forany p € [1, oo] and s > 0, the Lebesgue and Sobolev spaces for functions mapping
from Q to R are denoted as L?(€2) and W* P (Q2), respectively. Their standard norms are
denoted by | - ||1r(g) and || - lws.r(q). In the case p =2, we write H*(2) = W*2(Q). In
particular, H%(€2) can be identified with L2(2). The Lebesgue and Sobolev spaces on I’
are defined analogously, provided that T" is sufficiently regular. For vector-valued functions
mapping from € into R?, we write L? (), W*?(€2) and H* (). For functions mapping
from I to RY, we use an analogous notation. For any real numbers p € [1, 0c0] and s > 0
and any Banach space X, the Bochner spaces of functions mapping from an interval /
into X are denoted by L”([; X) and W*P(I; X). Furthermore, for any interval / and any
Banach space X, we denote the space of continuous functions mapping from / to X by
C; X).

(N3) For any Banach space X, its dual space is denoted by X’. The associated duality pairing of
elements ¢ € X' and ¢ € X is denoted by (¢, ¢)x. If X is a Hilbert space, denote its inner
product by (-, -)x.

(N4) For any bounded domain € ¢ R? (d € N)) with Lipschitz boundary I, and any u € H'(Q)’
and v e H{(T'Y, we write

1 1

(“»1)H1(Q), <U)F3=_(U,1>Hl(r)

(ug: N

el
to denote the generalized means of u and v, respectively. Here, |€2| denotes the d-
dimensional Lebesgue measure of 2, whereas |I'| denotes the (d — 1)-dimensional Haus-
dorff measure of . If u € L'(2) or v € L'(I), their generalized mean can be expressed
as

1 1
(u)Qzﬁfudx, (v)rzﬁ/vdl—‘,
Q r
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respectively.
(N5) For any bounded domain @ c R? (d € N) with Lipschitz boundary I" := 32 and any
2 < p < 00, we introduce the spaces
Lgiv(Q) ={vel’(Q):divv=0inQ, v-n=0o0nT},
L2(I):={weL?():w-n=0o0nT},
L, (@) ={weL’T):divrw=0o0onT}.
We point out that in the definitions of LY, (€2) and LY, (I"), the expressions div v in € and
divr w on I are to be understood in the sense of distributions. If v € L?(2) (p > 2) with

divv =01in 2, we already know that v-n € H -l 2(F), and therefore, the relation v-n =0
on I' is well-defined.

2.2. Assumptions

(A1) We consider a bounded domain # #  c R¢ with d € {2, 3} with Lipschitz boundary I' :=
0€2 and a final time 7 > 0. We further use the notation

0=Qx(0,T), X:=Ix(0,T7).

(A2) The constants occurring in the system (1.1) satisfy €, er, k > 0, and «, 8 € R with o8 |Q2| +
[T'| # 0. Since the choice of €, er and x has no impact on the mathematical analysis, we
will simply set € = er = k = 1 without loss of generality.

(A3) The mobility functions mg : R — R and mr : R — R are continuous, bounded, and uni-

formly positive. This means that there exist positive constants mg,, Mg, m., M{: such that
forall s e R,

0<mg <mq(s) <Mg, and 0<mp <mr(s) < M}.

For the potentials F, G : R — [0, oo], we assume the decompositions F' = F| + F> and G =
G| + G with the following properties:

(S1) Fp,G1:R — [0, co] are proper, lower semicontinuous and convex functions with F1(0) =
G1(0) = 0. Their effective domains are denoted by D (F7) and D(G1). We further define

fi=0F, g =0Gy,
where 0 indicates the subdifferential. These subdifferentials are maximal monotone graphs

in R x R (see, e.g., [4, Theorem 2.8]), whose effective domains are denoted by D( f1) and
D(g1), respectively, and satisty 0 € f1(0) N g1(0). To be precise, it holds

D(f1)={r e D(F1): fi(r) # ¥},
and D(g) is defined analogously. Moreover, we postulate the growth conditions

8
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F G
1(r) — 400 and 1(r) — oo

|r|—o00 |r|2 |r|—o00 |r|2

@2.1)

(S2) F»,G> : R — R are continuously differentiable functions with Lipschitz continuous
derivatives f, := F, and g» := G}, respectively.

(S3) Itholds aD(g1) C D(f1), thatis for any r € D(g1) we have ar € D(f1), and the boundary
graph dominates the bulk graph in the following sense: There exist «1, k3 > 0 such that

| £ (@r)| < k1 |g7 ()| + K2 forallr € D(gy). (2.2)

Here, o denotes the constant occurring in (1.1) (cf. (A2)) and f° denotes the minimal
section of the graph f1, i.e.,

)= {r* € fi(r) : |r*| =s€n}§1(1r) Is| ] forall r € D(f1).

The minimal section g} of the graph g; is defined analogously. It is well-known that f
and g7 are single-valued. Therefore, they can be interpreted as functions

fiD(f) >R and gf:D(g) — R.

For some results that will be established in this paper, we need additional assumptions on the
potentials F and G.

(S4) It additionally holds F;, G € C([—1,1]) N C3(—1,1), Fi(s) =G (s) =+oo for all s €
R\ [—1, 1], and

lim F{(s)= lim Gj(s)=—o0 and lim F{(s) = lim G/ (s) = +o0.
sN\—1 sN\—1 s,/'1 s /"1
Moreover, there exists a constant ® > 0 such that

F/(s)>© and G/(s)>®© forallse (—1,1).

This means that F; and G are strongly convex on [—1, 1]. Without loss of generality, we
assume F1(0) = G1(0) =0 and F|(0) = G/ (0) = 0. In particular, we thus have

Fi(s)>0 and Gi(s) >0 forallse[—1,1]
due to the strong convexity of F| and G1, respectively. Furthermore, we assume that
—1<ac<l.

(SS) In addition to the assumptions made in (S4), there exist constants Cy, C; > 0 as well as
X €[1,2) such that

N
|F{'(s)| < C1e@FOI foralls e (—1,1). 2.3)

9
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(S6) In addition to the assumptions made in (S4), there exist constants cq,c» > 0 as well as
y €[1, 2) such that

1GY()| < 12O foralls e (—1, 1). (2.4)

Similar assumptions on the potentials have first been made in [7], and then in various contri-
butions in the literature; see, e.g., [9,11-18,20].

Remark 2.1. We point out that (S3) excludes the cases where F| is a singular potential and G
is a regular potential, unless o = 0.

Let us consider the classical choices Wreg, Wiog and Wops introduced in (1.3), (1.2) and (1.4).
These potentials can be decomposed into

Wreg = Wreg,l + Wreg,Z» Wlog = Wlog,l + Wlog,Z» Wreg = Wobst,l + Wobst,Z

with
Wreg,l(S)zc(s4+1) fors € D(Wreg,1)=R,
‘/Vr/eg,l(*s‘)zél'cs3 fors € D(BWregil)zR,
Wieg 2(s) = —2c¢s? fors e R,

Wiog1(5) = 2O[(1 +5)In(1 +5) + (1 =) In(1 = 5)] for s € D(Wigg1) =[~1. 11,

Wing.1 () = 30[In(1 +5) —In(1 —5)] fors € D(dWigg1) = (=1, 1),
Wiog2(s) = —3O.s” fors e R,

Wobst,1(s) =0 fors € D(Wopst.1) = [—1, 1],
Wopst,1(5) =0 fors e (—1,1),

Wobst,2(s) = 1 — 52 for s € R.

In the above formula for Wi, 1, we used the convention 01In0 = 0. We further have D (3 Wopst,1) =
[—1, 1] with 9 Wgpst,1(—1) = (—00,0] and 9 Wopst,1(—1) = [0, 00). Therefore, the following
holds:
e The choice (F, G) = (Wiog, Wiog) satisfies (S1)-(S6).
e The choices (F, G) = (Wieg, Wreg), (F, G) = (Wreg, Wigg) and (F, G) = (Wieg, Wobst) satisfy
(S1)-(S3), but not (S4) and (S5). Moreover, (S6) is fulfilled if G = Wio,.
e The choices (F, G) = (Wiog, Wieg) and (F, G) = (Wopst, Wreg) satisfy (S1)-(S3) if and only
ifa=0.
If o # 0, these choices are not allowed since «D(g1) ¢ D(f1) and thus, (S3) is not ful-
filled.
Obviously, (S4) and (S6) are not fulfilled for any choice of « € R. Moreover, (S5) is ful-
filled if F = Wiqg.
e The choice (F, G) = (Wiog, Wobst) satisfies (S1)-(S3) if and only if |a| < 1.

10
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For |x| < 1, we have

aD(g)) =[—lal, lal] C (=1, 1) = D(f),

and the domination property (2.2) holds since W; . remains bounded on « D(g1).

For |a| > 1, the choice (F, G) = (Wjqg, Wobqt) is not allowed since e D(g1) ¢ D(f1) and
thus, (S3) is not fulfilled.

Obviously, (S4) and (S6) are not fulfilled for any choice of « € R. However, (S5) is fulfilled
since F = Wig.

o The choices (F, G) = (Wobst, Wiog) and (F, G) = (Wobst, Wopst) satisfy (S1)-(S3) if and only

if | < 1.

For |a| < 1, we have

aD(g)) C[—lal,le|] C[-1,11=D(f),
and the domination property (2.2) holds since f” =0 on aD(g1).
For |a| > 1, the choices (F, G) = (Wopst, Wiog) and (F, G) = (Wopst, Wobst) are not al-
lowed since « D(g1) ¢ D(f1) and thus, (S3) is not fulfilled.
Obviously, (S4) and (S5) are not fulfilled for any choice of o € R. Moreover, (S6) is ful-
filled if G = W)qg.
2.3. Preliminaries
(P1) For any real numbers s > 0 and p € [1, oo], we set

LP:=LP(Q) x LP(I), and WP := WSP(Q) x WP (),

provided that I is sufficiently regular. We abbreviate H* := W*? and identify £> with 1°.
Note that #° is a Hilbert space with respect to the inner product

((¢7 I/,) , (&, S))’Hr = (¢, C)HA(Q) + (Vf, S)HS(F) for all (¢, I/f) , (&, S) et

and its induced norm || - || s = (-, )%52 We recall that the duality pairing can be expressed
as

<(¢7 I//) ) ({? é) >’Hs = (¢’ é‘)LZ(Q) + (wv S)LZ(F)

for all (¢, &) € H if (¢, V) € L.
(P2) Let L €[0, oc] and B € R be real numbers. We introduce the subspace

0 HL, if L € (0, 00],
LAV () eH :p=py ae.onT}, ifL=0,

endowed with the inner product (-, )Hl Ly ‘= (-, -)31 and its induced norm. The space HL P
is a Hilbert space. Moreover, we define the product

11
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((d)’ W) s (Cv %-»HIL/B = (¢’ é‘)LZ(Q) + (1,0, 5)L2(F)

for all (¢, V), (¢, &) € L2 By means of the Riesz representation theorem, this product
can be extended to a duality pairing on (’H; /3)’ X ”H,i e which will also be denoted as

<', >7_L1 .
L.p
(P3) Let L € [0, 00] and B € R be real numbers. We define for (¢, V) € (HIL’ ﬁ)’ the generalized
bulk-surface mean

((@, V), (B, 1)>H1w
B2 + T

mean (¢, ) =

’

which reduces to

B1L(P)o + T {{)r

mean (@, ) = T QT T

if ¢ € L?(2) and ¥ € L*(I"). We then define the closed linear subspaces

LB —

o {(¢,1ﬂ)€’HlLﬂ:mean(d),w):O}, if L € [0, 00),
{(p. ) eH :(p)g=()r=0}, ifL=o0c.

Note that these subspaces are Hilbert spaces with respect to the inner product (-, -)g1.
(P4) Let L € [0,00] and B € R be real numbers. We set

L=, if L € (0, 00),

o(L) ::{ )
0, if L € {0, oo},

and we define a bilinear form on H! x H! by

(@), €.9), 5=/V¢-V§dX+/Vr1/f'Vr€dF

Q r

+o<L>/(ﬁw—¢)<ﬁs—;>dr
I

for all (¢, ¥), (¢, &) € H'. Moreover, we set

1/2

1@ W lLp = (@.¥). @.¥)),

forall (¢, ¥) € H'. The bilinear form (-, -)1,p defines an inner product on V}"ﬁ, and |-,
defines a norm on Vi L that is equivalent to the norm || - ||4/1 (see [41, Corollary A.2]).
The space (V}"ﬁ, gl ||L7,3) is a Hilbert space.

12
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(P5) For any L € [0, co] and 8 € R, we define the space

1 _ [t@ ) e p) imean(@. ) =0}, if L €[0.00).
LB Mo, v) e HY 1 (9)g = (W)r =0},  if L=oc.

Using the Lax—Milgram theorem, one can show that for any (¢, ) € VI:%, there exists a

unique weak solution S g (¢, V) = (Sﬁﬂ@b, W), SLr,ﬂ(qS, V) € Vi,ﬂ to the elliptic prob-
lem with bulk-surface coupling

—ASP=—¢ in Q, (2.5)
—ArS] g+ oSy g =~V onT, (2.6)
LonSy =S, s — Sy onT. 2.7)

This means that Sy g(¢, ) satisfies the weak formulation
(SL,ﬂ(¢7 Ip)a ({7 E) )L,ﬂ = _<(¢7 1//) ) (C’ $)>’}-[}‘ s
for all test functions (&, ¢) € ”HIL’ 8 Consequently, we have

ISL.8@. ¥)llLp <11 (@, %) ey

for all (¢, ¥) € VL_% Thus, we can define the solution operator

Sp: V= Vig @) SLp@,¥)=(S7 54, ¥). S 56, 9)),
as well as an inner product and its induced norm on Vleﬂ by

(@), (C.8), 4, = (SLp@. V). SLAE.E), 4
1@ ) I pe = (@), @ 9)), 5
for (¢, ¥), (¢, &) € VL_,s This norm is equivalent to the norm || - ||(7_[1 5 on VL B For the

case L € (0, 00), we refer the reader to [41, Theorem 3.3 and Corollary 3.5] for a proof of
these statements. In the other cases, the results can be proven analogously.

(P6) We further recall the following bulk-surface Poincaré inequality, which has been estab-
lished in [41, Lemma A.1]:

Let K €[0,00) and «, B € R with o8 |2| 4+ |I'| # 0 be arbitrary. Then there exists a con-
stant Cp > 0 depending only on K, ¢, 8 and €2 such that

(@, ¥) g2 =Cpll (@, V) K«
for all pairs (¢, V) € H}(’a satisfying mean (¢, V) =

13
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3. Main results

As mentioned in (A2), we set € = er = k = 1. This does not mean any loss of generality as
the exact values of €, er, and ¥ do not have any impact on the mathematical analysis (as long as
they are positive). With this choice, the system (1.1) can be restated as follows:

0r¢ + div(¢pv) = div(ima(p) Vi) in Q, (3.1a)

w=—A¢p+ F'(¢) in Q, (3.1b)

0¥ + divr (Y w) =divr(mr (Y) Vro) — Bmq(¢)dnit on X, (3.1¢)

0=—Ary + G () +adne on 3, (3.1d)
Kinp=ay —¢ il K €[0,00), on 3. o)
onp =0 if K =00

{ng@)anu:ﬂe—u if L €[0,00), on 3. .
mq(@P)opu =0 if L=00

®lr=0=¢o in €2, (3.1g)

Yli=0 =0 onT. (3.1h)

The total energy associated with this system reads as

1 1
Ek(p,¥) = / 5 Vo> + F(¢) dx + / 5 IVry > + G(y) dT

Q r

| (3.2)
+o—<1<>/ 3 lecy — P dr’,
r

for K € [0, oo].
3.1. Weak solutions for possibly singular potentials
The notion of a weak solution to system (3.1) is defined as follows:
Definition 3.1 (Weak solutions of system (3.1)). Suppose that the assumptions (A1)-(A3) and
(S1)~(S2) hold. Let K, L € [0, 00, v € L*(0, T; L} (R)) and w € L?(0, T; L2+ (I")) for some

o > 0 be given velocity fields, and let (¢o, ¥o) € 7—[}(’0{ be an arbitrary initial datum satisfy-
ing

Fi(go) € L'(Q), Gi(yo) e L'(D). (3.3a)
Furthermore, in the case L € [0, o0) we assume that

B mean (¢o, Vo) € int(D(f1)), mean (o, Yo) € int(D(g1)), (3.3b)

14
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while in the case L = oo we assume that

(¢o)q € Int(D(f1)), (Yo)r €int(D(g1)). (3.3¢0)

The sextuplet (¢, v, i, 0, &, &r) is called a weak solution of the system (3.1) on [0, T'] if the
following properties hold:
(i) The functions ¢, ¥, i, 8, & and &r have the regularities

(@.¥) € CU0. TL: LY NH' (0. T: (Hp p)) N LPO, T Hi ) (3.4a)
(1,0) € L*(0, T; Hp p), (3.4b)
(£.€r) € L*(0,T: £7), (3.4c)

and it holds ¢ (x, ¢) € D(f1) for almost all (x,?) € Q and ¥ (z,t) € D(g1) for almost all
(z,t) € X.
(i1) The initial conditions are satisfied in the following sense:

Pli—o=¢p ae.inQ, and Yl;—o=1vo a.e.onTl. 3.5
(iii) The variational formulation

((at(l)aatlﬂ)v(é‘v {F))Hiﬁ _/‘pvvé' dx—/wwvl“é'l“ dr

Q r

= —/mg(¢)VM -Vidx — /mr(lﬂ)vre - Vpgpdl (3.6a)
Q r

—o(L) / (B6 — ) (Ber — £) dT,
r

/,undx—}-/@nrdr'

Q r

= / V- Vi + &0+ Fy(@)n dx + / VY - Veir +Ee + Gh@nedl (3.6
Q r

+0(K)/(0“ﬁ —¢)(anr —n)drl,
r

holds a.e. on [0, T'] for all (¢, ¢r) € 'Hngﬁ, (n,nr) € H}aa’ where

Ee fi(p) ae.inQ, éregi(y) ae.on X. 3.7
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(iv) The functions ¢ and ¥ satisfy the mass conservation law

,3/¢>(t)dx+f¢(t)dr=ﬂ/¢odX+/¢odF, if L € [0, 00),
Q r Q r

(3.8)
/¢(t)dx=/¢odx and /w(z)drszodr, if L = o0
Q Q I r
forallt € [0, T].
(v) The energy inequality
t t
EK<¢<r),w<r>>+//mg(¢>>|vm2 dx ds+//mr(1//)|vr9|2 dr ds
0 Q 0or
t
+a(L)//(ﬁ9—m2drds
0T 3.9

1 t
—/f¢v-Vudxds—//¢w~Vr9dFds
0 Q 0T

< Ex(¢o. ¥0)
holds for all t € [0, T].

Remark 3.2. Assume that the potentials F and G are more regular, say F € C'(D(f1)) and
G € C'(D(g1)). In addition, suppose that fi and g; are single-valued in their respective domains.
Then, from the theory of subdifferentials, it is well known that £ = F|(¢) and &r = G| (¥).
Therefore, the weak formulation (3.6) can be rewritten as

((3z¢,3r¢),(§7§r)>7.[1m —/dw'vé“dx—/lﬁw-vrfr dr
Q r

=_/m9(¢)w-v; dx —/MF(I//)VFG -Vrirdl’ (3.10a)
Q r

—o(L)/(ﬂe — W (Ber —¢) T,
T

/,ur]dx—i—/ﬁnrdF

Q r
=/V¢~Vn+F’(¢)ndX+/Vr1//~Vrnr+G’(1//)ﬂr dr (3.10b)
Q r
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+0(K)/(0l1ﬁ —¢)(anr —n) dl’,
r

a.e.on [0, T'] for all (¢, ¢r) € H}"ﬁ, (n,nr) € H}(,a, which coincides with the weak formulation
for regular potentials stated in [43].

Remark 3.3. The difference in the condition of the initial data (3.3b) and (3.3c) in the cases
L € [0, 00) and L = oo reflects the difference in the mass conservation law (3.8) depending on
the value of L € [0, o0].

We can now state our first main results regarding the existence of weak solutions for singular
potentials.

Theorem 3.4. (Existence of weak solutions of (3.1)) Suppose that the assumptions (A1)-(A3)
and (S1)-(S2) hold. Let K, L € [0, 00], let (¢o, Yo) € H}(,a be an arbitrary initial datum sat-
isfying (3.3), and let v € L*(0, T’ Lgﬁv(Q)) andw e L*(0, T; L%"“”(F))for some w > 0 be given
velocity fields. If K € [0, 00), we further suppose that (S3) holds, and if K = 0, we additionally
assume that the domain S is of class C?.

Then, the Cahn—Hilliard system (3.1) admits at least one weak solution (¢, ¥, i, 0, &, &r) in
the sense of Definition 3.1. In all cases, if the domain S is at least of class C2, it holds that

(.)€ L*(0, T; H?), G.11)
and the equations
w=—A¢+E&+ Fy(p) a.e.in Q,
0 =—Ary + &+ GH(¥) + adn a.e.onx,
Konp=ay —¢ if K €[0,00),
a.e.on '

are fulfilled in the strong sense. If additionally (S4) holds, we even have
(¢, ¥) € L2 O, T; W), (F'($),G'(W)) € L*(0, T; L°). (3.12)
Theorem 3.4 is proved by approximating the singular potentials by means of a Moreau—Yosida
approximation, which will be explained in more detail in Subsection 4.1. The proof of Theo-

rem 3.4 is then presented in Subsection 4.2.

Remark 3.5. Concerning the regularities stated in (3.12), we note the following.
(a) We even get

G'(y)eL*0,T;L°(T))  and ¢ e L*0,T; W>5(I)
for any s € [1, 00), see Proposition 6.1 and Corollary 6.2.

17



P. Knopf and J. Stange Journal of Differential Equations 439 (2025) 113408

(b) If the spatial dimension is two (i.e., d = 2), we even get

F'() e L*(0,T; L (), ¢ eL*0,T; W (Q)),
G'(y) e L*(0,T; L (), ¥ € L*(0,T; W>"(I")

for all r € [1, 00), see Proposition 6.1 and Corollary 6.2.
3.2. Uniqueness and continuous dependence on the initial data

Our second result shows the continuous dependence of the phase-fields on the velocity fields
and the initial data in the case of constant mobilities.

Theorem 3.6. Suppose that the assumptions (A1)-(A3) and (S1)-(S2) hold, and that the mobility
functions mg and mr are constant. Let K, L € [0, oo], let (qbé, 1//&), (¢(2), 1//3) € H}(’a be two
pairs of initial data, which satisfy

mean(¢}, ¥}) = mean(43, ¥3) if L €10, 00),
1 5 | 5 : (3.13)
(B)o=1(3)g and (Y))p= W3 ifL=o00,

as well as (3.3), and let vy, vy € L*(0,T; L3, (), and wy,wy € L*(0, T; L2T*(I") for
some w > 0 be given bulk and surface velocity fields, respectively. Furthermore, suppose that
(¢1, Y1, 11,61, &1, €r1) and (¢o, Y2, 2, 02, &2, Er2) are weak solutions in the sense of Defini-
tion 3.1 corresponding to (¢(1), I//é, vy, wy) and (qbg, I//g, V2, Wy), respectively. Then, the contin-
uous dependence estimate

t
[(61() = o20). y1&) = 2 ) [} 5., + / | (#1(2) = $2(0). ¥1.(1) — Y2 (D) | ., dt
0

t
< (65~ 8.8 D)} e [ € [ Forar (.14
0

t t
+C f [ (0165 = v25). w1 (5) = w2(5)) {30 er b0y &P | € f F(r)de | ds
O N

holds for almost all t € [0, T, where F = || (v2, w)) ||i3(S2)><L2+‘”(F)’ and the constant C > 0
depends only on Q, the parameters of the system and the initial data.

In particular, if(d)é, 1//(%) = (qb(%, 1,03) ae. in QxT,vi=vae in Q and wi = w; a.e. on
%, (3.14) yields uniqueness of the phase-fields of the corresponding weak solution. Furthermore,
the whole solution is unique if both the operators f1 and g1 are single-valued on their respective

domains.
The proof of Theorem 3.6 is presented in Section 5.
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3.3. Strong solutions for singular potentials

Our next main result is concerned with establishing higher regularity properties of weak so-
lutions. Assuming that the mobility functions are constant and that the potentials as well as the
velocity fields are more regular, we prove the existence of strong solutions.

Theorem 3.7. In addition to the assumptions (A1)-(A3) and (S1)-(S4), we assume that the do-
main 2 is at least of class C* and that the mobility functions mgq and my are constant. Let
K, L €10, oo] and let (¢g, Vo) € H}f,a be an arbitrary initial datum satisfying (3.3). Moreover,
we suppose that the velocity fields satisfy

ve H' (0, T; LY°(Q)) N L*(0, T; L}, (2)) N L0, T; L*(Q)),

we H'(0, T; L") n L?(0, T; L3, (D) N L>(0, T; L*(T))
for some w > 0. We further assume that the following compatibility condition holds:

(C) There exists (o, 6p) € HlL’ﬁ such that for all (n, nr) € H}(,a, it holds

/uon dx+/90nr dar

Q r

=/V¢0'VH+F/(¢0)77C1X+/VFW0~Vrnr—er/(%ﬁo)nr dr
Q r

+U(K)f(a¢o — ¢o)(anr —n)drl'.
r

Let (¢, Y, u,0) be the corresponding unique solution in the sense of Definition 3.1. Then,
(¢, ¥, i, 0) has the following regularity:

By, 09) € L0, T3 (M} 5)) N L*0, T: 1Y), (3.152)
@.9) € L2, ;W) (C(0) x C(F)), (3.15b)

(1, 0) € L0, T; HYH N L*(0, T; H), (3.15¢)

(F'(¢), G'(¥)) € L*(0, T; LX) N L™(0, T; L). (3.15d)

In particular, (¢, V¥, u,0) is a strong solution of system (3.1), i.e., all equations of (3.1) are
satisfied almost everywhere.

The proof of Theorem 3.7 can be found in Section 6.

Remark 3.8. Concerning the regularities stated in (3.15b), we note the following.
(a) We even get

G' () € L™(0,T; L*(I)) and ¥ € L0, T; WH(I'))
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for any s € [1, 0o). This can be shown by invoking (3.15¢) and proceeding as in the proofs
of Proposition 6.1 and Corollary 6.2.
(b) If the spatial dimension is two (i.e., d = 2), we even get

F'(¢) e L*(0,T; L (Q), ¢ L™, T; W' (Q)),
G'(Y) e L*O,T; L"), ¢ €L®0,T; W>'(I")

for all r € [1, 00). In view of (3.15¢), this can also be obtained similarly to Proposition 6.1
and Corollary 6.2.

Remark 3.9. If the spatial dimension is two (i.e., d = 2), the assumptions on the velocity fields
v and w can be relaxed. Namely, it is enough to assume that

ve H'(0, T; L' (@) N L*(0, T; L3T“(2) N L™®(0, T; L2()),
we H' (0, T; LY (1) N L2(0, T; L3, (1) N L0, T; L*(I)

for some w > 0. This is due to the better Sobolev embeddings in two dimensions, which allow
us to perform the computations presented in the proof of Theorem 3.7 with less regular velocity
fields.

Remark 3.10. Concerning the compatibility assumption (C), which was made in Theorem 3.7
and Theorem 3.11, we note the following.

(a) Even without assuming (C), it would still be possible to obtain the regularities (3.15) stated
in Theorem 3.7, but with the time interval (0, T') replaced by (¢, T') for any time 79 > 0. This
is because solutions of system (1.1) instantly regularize for positive times due to parabolic
smoothing.

(b) If L € (0, 00], it is quite easy to find initial data (¢o, ¥o), which satisfy the compatibility
condition (C).

Let (¢o, Yo) € H fulfill the conditions (3.3), and we additionally assume

(F'(¢0), G'(¥0)) e H' (3.16)
and

Konpo=ayg— ¢y if K €[0, 00),

. onT. (3.17)
8n¢0 =0 if K =00
We then define (o, 6p) € H! = ’HIL,ﬂ as
1o = —Ado + F'(¢o) in €,

60 = —Arvo + G'(Yo) + adnpp  onT.
Now, via integration by parts, it is easy to see that (C) is fulfilled.
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Of course, condition (3.16) (and thus (3.3a)) is clearly satisfied if the initial data are
strictly separated from £1. This means that there exists §o > 0 such that for all x €  and
z €T, it holds

—14+80<¢o(x)<1—8 and —148)<vo(z)<1—dp.

(c) Inthe case L = 0, the situation is more involved and it is not so easy to see that admissible,
non-trivial initial data satisfying (C) actually exist. In particular, proceeding as in (b) is not
possible as this construction would not ensure that the resulting chemical potentials o and
6o actually fulfill the Dirichlet type coupling condition pg = B6p on I' that is demanded in
(O).

(d) In all cases (K, L) € [0, 00]?, choosing (¢g, ¥o) = (0,0) as well as (ro, 6p) = (0, 0) pro-
vides admissible initial data satisfying (C) as well as (3.3) since f1(0) =0 and g1(0) =0
was assumed.

3.4. Separation properties for logarithmic type potentials

Our last theorem is concerned with establishing separation properties for logarithmic type
potentials. To be precise, we show that the phase-fields ¢ and i remain separated from the
values 1, which correspond to the pure phases.

Theorem 3.11. Suppose that the assumptions of Theorem 3.7 hold. Let (¢, V¥, ju, 0) be the cor-
responding unique strong solution, which exists according to Theorem 3.7.
(a) The phase-fields ¢ and v remain strictly separated almost everywhere in time, that is:

For almost all t € [0, T], there exists 5(t) € (0, 1] such that:
¢ Loy <1=38@1) and |Y@)llLeq <1 —38(2).

(3.18)

(b) If additionally (S6) holds, the phase-field v fulfills the uniform strict separation property:

There exists 8, € (0, 1] such that for all (z,t) € X: |Y(z,t)| <1 —=384. (3.19)

(c) If additionally d = 2 and (S5) holds, the phase-field ¢ fulfills the uniform strict separation
property:

There exists 8. € (0, 1] such that for all (x,t) € Q: |p(x,1)| <1 -5, (3.20)

The proof of Theorem 3.11 is presented in Section 7.

In the remainder of this paper, the letter C will denote generic positive constants that may
depend on €2, the quantities introduced in (A1)-(A3), the potentials F and G and the correspond-
ing constants introduced in (S1)-(S6), the prescribed initial data, and the prescribed (¢, o) and
velocity fields (v, w).
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4. Existence of weak solutions
4.1. Maximal monotone graphs and the Yosida approximation

In this subsection, we briefly review the basic concepts regarding the Yosida approximation
of maximal monotone operators. For simplicity, we will restrict ourselves to the case which is
relevant to us, i.e., we only consider F1, G| : R — [0, oo] as in (S1). For a more comprehensive
overview related to maximal monotone operators and the Yosida approximation, we refer the
reader to [5, Chapter 2], [4, Chapter 2], [56, Chapter IV] and [31, Section 5].

For each ¢ € (0, 1), we define the Yosida approximations f ¢, g1, : R — R of the subdifferen-
tials f{ = dF and g1 = 3G, respectively, as

1 1
fe@) =—(r=U+em™ M), ey =—(r—U+eeD”' M) @&
& &

for all r € R, respectively, where I denotes the identity on R. Note that while fj and g; might be
multi-valued, their Yosida approximations are single-valued. It is well known that for all r € R,
it holds

| fLe()| < | ()] foralle € (0,1), and f.(r) > f(r) ase— 0. “4.2)
The analogous properties hold for g1 .. Furthermore, both f1 . and g; . are increasing and Lips-

chitz continuous with Lipschitz constant % In particular, since 0 € f1(0) N g1(0), this implies in
combination with (4.2) that

1 1
| fre()| < Sl |g1.e(r)| < S Irl 4.3)

for all r € R. Now, we define for each ¢ € (0, 1) the Moreau—Yosida approximations F) . and
G, of F1 and G, respectively, as

1 1
Fie(r)=inf{ —|r—sP>+ Fi(s)}, Gre(r)=inf{—|r—s>+Gi(s)} (44)
seR | 2¢ seR | 2¢

for all r € R, respectively. It is well known that F1 . is convex and differentiable with F| e=J1e
for all € € (0, 1) (see, e.g., [4, Theorem 2.9]). Moreover, it holds that

0<F1.(r)<Fi(r)foralle € (0,1), and Fy ((r) / Fi(r)ase — 0 4.5)

for all » € R. The analogous properties hold for G . In particular, we may write

r

Fl,a(V)Z/fl,a(s) ds, Gl,a(r)=/81,a(S) ds
0

0

for all r € R. In addition, we readily infer from the definition (4.4) and the fact that F1(0) =
G1(0) =0 that
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1 2 1 2
|FlLem)| < ==1Irl*, [Gre()] < ==Irl (4.6)
2¢e 2¢
for all r € R. Now, the domination condition (2.2) implies that

| frelar)| <wifgre(r)] + k2 4.7

for all » € R and all ¢ € (0, 1), where the constants k1, k are the same as in (2.2) (see [7,
Lemma 4.4]). In summary, we conclude that the approximate potentials Fy := Fj . + F> and
G: =G, + G fulfill the following growth conditions:

(R1) There exist constants cf,, cg,, € Fl,CGL = 0, which may depend on ¢, such that the first-
order derivatives of F, and G, satisfy the growth conditions

|Fl(s)] < cpr(1+1sD), (4.8)
GL()| <co (1 +]1sD), (4.9)
|Fe(9)] < cr (1+ 1512, (4.10)
1Ge(9)| <cg, (14 1s]%) (4.11)

for all s € R.
Furthermore, the growth conditions in (S1) entail (see, e.g., [20, Section 3]):

(R2) There exists &, € (0, 1) as well as constants Cq, Cr > 0 such that

Fe(s) > |s|* — Ca, (4.12)
Ge(s) > |s|* — Cr (4.13)

forall s € R and ¢ € (0, &,).

In particular, this implies that for ¢ € (0, ¢,), F. and G, are bounded from below by —Cgq and
—Cr, respectively. Hence, without loss of generality, we may assume that F, and G, are non-
negative provided that ¢ € (0, &,). (Otherwise, we simply replace F, by F> 4+ Cq and G2 by
Gy +Cr.)

4.2. Construction of a weak solution

Proof of Theorem 3.4. Step 1. We first construct a sequence of approximate solutions. There-
fore, let ¢ € (0, &,) with &, as in (R2). Then, due to [43, Theorem 3.2], there exists a weak solu-
tion (Pg, Ve, Ue, O¢) satisfying the weak formulation (3.10a)-(3.10b) with F = F, and G = G,.
It is worth mentioning that in [43, Theorem 3.2], the stronger regularity w € L2(0, T; L3 ("))
was imposed for convenience. However, it is easy to see that by slightly modifying the proof,
this result actually holds true for the regularity w € L2(0, T’; L%J““’(F)) that is prescribed in the
present paper. As a further consequence of [43, Theorem 3.2], the energy inequality
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t
E%((Ii»:(t),%(Z))vL//msz(¢>s)|VMs|2 dx ds
0 @

t t
+//mr(1/fs)|vr95|2 dFderU(L)//(,B@s—Mg)zdFds
0T o T 4.14)

t t

—//d)sv-v,usdxds—f/lﬁsw-vrégdrds
Q r

0 0
< E% (¢0, ¥0)

holds for all 7 € [0, T']. Here, E% denotes the energy given by (3.2) with F and G in place of
F and G, respectively. Additionally, as also stated in [43, Theorem 3.2], if Q2 is of class C 2 then
(¢e, Ve) € L2(0, T; Hz), and the equations

e = —A¢e + FL(de) a.e.in Q, (4.15a)

O = —Arye + GL(Ye) + adnge a.e.on X, (4.15b)
Konge =aye —¢e ifKel0.c0) hs (4.15¢)
On¢s =0 if K =00

are fulfilled in the strong sense.
Step 2. We next establish uniform bounds on the approximate solution following from (4.14).
By the definition of E%,, we infer from (4.14) that

1 1
SIVe Oz ) + / Fe(@e (D) dx + SIVrye O3y + / Ge (Y (1) dT
Q r
1 t
o) [ Slave) = 40P ar + [ [ma@o Vil axas
r 0 Q
(4.16)

t t
+f/mr<wg>|vr08|2 dFds+o(L)//(ﬂ98—Me)2dFdS
0or 0or

t t

§E§((¢o,¢o)+//¢sv-vue dx ds+//1//ser95 dI" ds
Q r

0 0

holds for all € [0, T']. Now, observe that due to (3.3a) and (4.5), we find

/Fe(¢o)dX+/Ga(¢o)dFSC,

Q r
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and thus, £ f( (¢0, Yo) < C. On the other hand, for the convective terms on the right-hand side of
(4.16), we use Holder’s and Young’s inequality to obtain the estimate

//dbgv V,ugdxds+//1ﬂ€w Vré, dI' ds

0 0

*
5m79/f|ws dxds+—/f|Vr9| dr ds 4.17)

t

+C / (1015 gy + 1012y ) @ ) 1,1 ds

0

for almost all ¢ € [0, T]. In view of (R2), it holds that

/Fg<¢g<r)>dx+/c;g<wg(t)> drz/|¢>s(r>|2 dx—i—/lllfs(t)lz ar—c
Q r Q r (4.18)

= [l (D172 + 1V Ol 72py — C

for all ¢ € [0, T'] since € € (0, &,). This implies that

1 1
SN @@, ¥ ) I = C + 11 (Ve(0), Vrvre (1) I

(4.19)
+ / Fu(¢e(t)) dx + / G (Y (1)) dT

Q r
for almost all ¢ € [0, T]. Hence, combining (4.16), (4.17) and (4.19), and recalling that F, and
G are also non-negative, an application of Gronwall’s lemma readily yields that
I (@6, Ve llLooo, 711y + | (Fe(@e), Ge(We)) Il Loo(o,7: 21y + 0 (K)ll@e — @ell Lo, 7, 12(r))
+ 1 (Viee, Vrboe) ||L2(O,T;£2) +o(L)|Bb: — Me”LZ(o,T;LZ(r)) <C. (4.20)

Step 3. We derive a uniform estimate on the time derivatives of the phase-fields ¢, and ;.
To this end, we test (3.6a) with an arbitrary test functions (¢, {r) € ’Hl Lp Then, recalling that the
mobility functions mgq and mr are bounded (see (A3)), we use Holder’s inequality in combina-
tion with the continuous embeddings H'!(2) < L%(Q) and H'(I'") < L"(I") for all r € [1, 00)
to infer

<(al¢87 alwé‘) ) (Cv CF))’HI

< M@l @ lvlis @ISl g + ClIVre iz @ISl a1 @)
+ Vel gy llwlyzromy1Srll g1y + CIVEOellp2 ) IS0l g1y
+o (DB — el L2yl BSr — ¢l L2
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a.e. on [0, T']. Thus, after taking the supremum over all (¢, {r) € HIL 8 with || (¢, ¢r) Il =1,
we take the square of the resulting inequality and integrate in time from O to 7. This yields

2
” (8f¢87 3:Wa) “LZ(O,T;(H}“ﬁ)/)

2 2 2
S C”¢8 ||LOO(0’T;H1(Q)) ||v||L2(0,T;L3(Q)) + CHVIJLEHLZ(O’T;]_}(Q))
2 2 2
+ C”w&‘ ||L°°(O,T;H1 IT) ”w ||L2(0,T;L2+‘“(F)) + C” VI‘Qs ||L2(0,T;L2(F))

+Co (L1180 — 11320 7120y

In view of the uniform estimate (4.20) and the regularity of the velocity fields v and w, we deduce
that

” (3t¢£7 3[1”8) ”LZ(O,T;(H}‘J})’) =< C. (421)
Step 4. We next establish L'-bounds on f1.¢(¢e) and g1 (). Therefore, we define

mp = mean(¢g, Yo), and mc :=mean(u, ;).

In the following, we will only consider the case L € [0, 0o). The proof in the case L = oo works
similarly, but one uses the means (¢o)q and (Yo)r as well as (i) o and (6;) instead of the ones
defined above. This distinction is related to the mass conservation law (3.8) and the conditions
on the initial data (3.3b) and (3.3c). We refer to [20] for more details if K € [0, o0) and L = co.
The case K = L = oo is similar, but easier.

To handle the cases K =0 and K € (0, oo] simultaneously, we introduce the notation

0, if K € (0, 0],
K) =
y(K) {1, if K =0.
We now test (3.6b) with

(d)S_ﬁmP?l/fS_mP)v lfKG(0,00],

(. nr) = {@6 —afmp, Yo — mp), ifK =0,

which clearly belongs to H}( o+ After some rearrangements, as well as adding and subtracting
Bm p and m p multiple times in the case K = 0, we obtain

IV 220) + / fre(@e) (@ — Bmp) dx
Q
FIVrYel 2o, + f g1e (W) (We —mp)dl
r

_ /(ug — Bme) (e — Pmp) dx + /(98 —me) e —mp)dl
Q T
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- G(K)/(Otws — ¢e) (e — ¢ — (@Bmp —mp)) dT (4.22)
r

_/f2(¢s)(¢e —ﬁmp)dx—/gz(llfs)(ws—mp)df
Q r

+V(K)(/Ms(ﬁmp _a.BmP)dx+/9£(mP — Bmp) dl’

Q r

_/Fé((ﬁa)(/smP —aﬂmp)dx—/G;(%)(mP—ﬁmP)dF>-

Q r

Note that the subtracted mean values Sm¢ and mc in the first two summands on the right-hand
side of (4.22) do not change the values of the respective integrals, since

B 182 (pe — Bmp)g + [T (Y —mp)r =0

due to the mass conservation law (3.8).

For the left-hand side of (4.22), we can use the Miranville-Zelik inequality (see [52, Appendix
A.1] or [32, p. 908]) due to the assumption that Bm p and m p lie in the interior of the effective
domains D(f1) and D(gy), respectively, see (3.3b). Thus, there exist positive constants cy, ¢3
and a non-negative constant c3 such that

cillfre@e)ll i) + c2llgre We)ll Ly — ¢3

Sffl,s((ps)(‘f’s_ﬂmP) dx“‘fgl,s(l//e)(wg_mP) dr. (4.23)
Q

r

On the other hand, we use the bulk-surface Poincaré inequality stated in (P6) for the first two
terms on the right-hand side of (4.22) to find that

/(Ma — Bmc)(¢pe — Pmp) dx + /(95 —mc)(Ye —mp)dl’
Q r (4.24)

< C(L411(¢es ¥e) 1 22) I (12 0) Nl -

Furthermore, in view of the Lipschitz continuity of f, and g5, we infer that

—/f2(¢s)(¢a —ﬁVﬂP)dx—fgz(%)(l/fg —mp)dl’
Q

r

= —/ (f2(@e) = f2(Bmp))(de — Bmp) dx

Q

- / (g2(¢8) - 82(mP))(Ws —mp)dlI’

r
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—/fz(ﬁmP)(¢s—ﬂmP)dx—/gz(mP)(%—mP)dF
Q T
§C+Cf|¢e_ﬁmP|2 dX+Cf|1/fe—mP|2 dr
Q T

= C(1+ e 132y + 1Vl ).

and thus

—o(K) /(wﬁs — o) (Ve — ¢ — (@Bmp —mp)) dl — f J2(¢e) (P — Bmp) dx
r Q

(4.25)
~ [ 20w =m0 = (14 10 By, + 1l )

r

For the remaining terms on the right-hand side of (4.22), which are only present if K =0,
we make use of the additional boundary regularity. In this case, we know that (¢., V) €
LZ(O, T; 7—[2) and that the equations (4.15) are satisfied. Hence, after integration by parts, we
deduce that

/(Fg/(qbs) — ie)(@pmp — pmp) dx + /(G’g(l/fs) —0)(Bmp —mp)dl’

Q r
- f Ade(@pmp — Pmp) dx +/(Ar¢a — wdnde)(Bmp —mp) dT
Q r (4.26)
=/an¢g<amp — Bmp)dr
T

< Cl|on@e |l L2ry-

Collecting (4.22)-(4.26), we find that

I f1.e(@e O L1(@) + 1181.e (We L1y < Pe () + Cy (K)lIOne Dl 2y, (4.27)

for almost all 7 € [0, T, where ¢ — ®,(¢) denotes a function in L2(0, T), which satisfies

I®ell200.1y) < C, (4.28)
0.7)

(cf. the right-hand side of (4.24) and (4.25)).

To eventually pass to the limit ¢ — 0 in the weak formulation (3.6), estimate (4.27) is not
sufficient. To this end, we prove L2-bounds for the terms Sf1.e(¢e) and g1 ¢ (Y¢). For this, we
take advantage of the domination property (2.2) in the case K € [0, co) as well as the additional
boundary regularity for K = 0. This leads to the fact that the related analysis has to be performed
differently for the cases K € (0, oo] and K = 0.

Step 5. We first derive L2-bounds of Sf1.¢(¢e) and g1 () in the case K € (0, oo].
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In this case, we have y (K) = 0, and thus due to (4.27), it holds

I f1e@) 20, 7:01 ) T 181,e (el 200,721 r)) = C- (4.29)

Furthermore, since both f, and g are Lipschitz continuous, exploiting the estimate (4.20) yields

||F5/(¢8)”L2(O,T;L1(Q)) + ||G/g(‘/fs)||L2(o,T;L1(r)) =<C. (4.30)

Now, since K € (0, oc], we have My , = ' and may test (3.6b) with (8% || + || )*1 (B8, 1).
Hence, (4.20) and (4.30) imply that

[mean (¢, 0) Il 120, 7) < C. 4.31)

Whence, using (4.20) and the bulk-surface Poincaré inequality once again, we infer

I (tees 6e) 1 p2(0,7: c2) < C- (4.32)

Since fi, and gj, are Lipschitz continuous, a chain rule for the combination of Lipschitz
and Sobolev functions (see, e.g., [60, Corollary 3.2]) implies that (fl,g(qbs),gl,g(wg)) e H!
with

V(fl,s(d)s)) = f{,£(¢£)v¢g a.e.in €,
Vl"(gl,s(ws)) = g/l’g(ws)vl"lﬂs ae.onl.

Testing (3.6b) with (f1,6(¢s), 81.¢(V¢)) yields

1f1.6 @172 g + 1816 W72y

+ f f1e@e) Vel dx + / g1 (W) [Vrye|* dT
Q r

4.
_ / (1te — Fo(@0)) f1.0(e) dx + / (0 — 82(0))g1. (Y dT (4.33)

Q r

—o(K) f(aws - ¢8)(0‘g1,s(l//s) - fl,s(¢s)) dr.
r

First, note that due to the monotonicity of fi . and gi , the third and the fourth term on the
left-hand side of (4.33) are non-negative.

Then, for the first two terms on the right-hand side of (4.33) we use the Lipschitz continuity
of f> and g» to obtain
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/ (Ms - f2(¢a))fl,a(¢s) dx + / (98 - g2(¢8))gl,s(w‘e) dar

Q r
< %nfl,g(ass)niz(m + %||g1,g<w8)||iz(r) 39
+ C (14 18 gy + 1oy + e 22 g + 166122 1 ).
If K = o0, (4.34) already implies
I f1.e(@e)llL200.7:12(2)) T 181 Wedll 20, 7:22(r)) = C (4.35)

by virtue of (4.33) and (4.20). In the case K € (0, 00), we have to deal with the additional
boundary term in (4.33), which is done with the help of the domination property (4.7) and the
monotonicity of f .. Namely, it holds that

1
- / @V — ¢2)(@g1e(We) — fi.e(de)) dT
I
1
= [@be—p0(ic@po) oo ar
I
1
- / @V — ¢2)(@g1e (W) — fie(ars)) dT
I
1
< / @V — do) (@810 (Ye) — fie(are)) dT
T

loe| + & K
< Tlfws el |g1e ()] AT + ;/ws | dr
I r

lg1.e Wl gy + C (e g + 10 ey )

EgI

<
from which we deduce (4.35) as well.
Step 6. We now derive L2-bounds of S1.¢(¢e) and g1 () in the case K =0.
In this case, we multiply (6.43a) and (6.43b) by (ﬂz |2 + |T| )_1,3 and (ﬂz ||+ T )_1 and

integrate over 2 and I, respectively. After adding the resulting equations and applying integra-
tion by parts, we infer

Imean (2¢. 60| < C (/@01 + 1GL Wl ). (4.36)

Exploiting the Lipschitz continuity of F; and G, respectively, as well as (4.20) and (4.27), we
deduce from (4.36) that

mean (s1e, 00)] = C (14 e + dagell 21 )- (437)
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Thus, after another application of the bulk-surface Poincaré inequality, we arrive at

el g1y + 10l g1y < C(||VM6||L2(Q) + IVrbell2ry + Pe + [0nde ||L2(r))- (4.38)

Now, in view of the estimate (4.20), we can update the function ®, and conclude

2ol + 18 ey = € (@ + el 2qry)- (4.39)

Next, we multiply (4.15a) by f1 .(¢¢), integrate over €2, and integrate by parts. This yields

/1.6 (@172 g + f Vel fi o (¢e) dx
Q

= f (e — F3(¢e)) f1.6(e) dx + / nbe f1.6(¢e) AT (4.40)
Q r
1 1
= EHfl,s((ps)”iz(Q) + 5/ |Ma - F2/(¢8)|2 dx + / 3n¢sfl,s(¢a) dr.
Q r

Similarly, after multiplying (4.15b) by —g1 ¢(¥¢), integrating over I' and applying integration
by parts, we obtain

lgre Wl + f IVryel* g} (W) dT
r

Z/(Os_Gé(l/fa))gl,s(w.s) dr—f“8n¢sgl,s(1ﬂs) dr (4.41)
r r
1
< 181 W agy + / 16 — Gy(ye)|? dr — / nbeg1 (V) dT'
I I

Before adding (4.40) and (4.41), note that due to the boundary condition ¢, = a/, a.e. on £ and
the domination property of the regularized potentials (4.7), we find that

/ Onde f1.0(9) dT — / oo g1 o (Ye) dT

r r
< 0n@ell 2y 1 f1,e (@re) — g6 (W)l L2r) (4.42)
< C||3n¢a||L2(r)(1 + ||gl,s(1/’s)||L2(r))

<! 7 C(1+ l|9ngell;
= 4||g1,5(W€)“L2([')+ ( +” nd)é‘”LZ(r))'

Hence, combining (4.40)-(4.42) along with the respective monotonicity of f] . and g; . as well
as the respective Lipschitz continuity of F} and G/, we conclude

31



P. Knopf and J. Stange Journal of Differential Equations 439 (2025) 113408

/1.6 @) 1720y + 1816 (Wl ) < c(1 el + 1Wel o + el o g

16125 ) + 190 e 3y )-

Consequently, we again find a function @, satisfying (4.28) such that

1@l 2 + l2Le (W l 2y < C(1+ e + 10ade ll 2r))- (4.43)

Now, recalling (4.15a)-(4.15c), we apply regularity theory for bulk-surface elliptic systems (see
Proposition A.1 with p =2) to deduce that

||¢s||H2(sz) + ||We||H2(r) = C(”Ms - F£(¢e)||L2(Q) + 1160 — G;(W&‘)HLZ(F))'

Now, in view of (4.20), (4.39) and (4.43), and after possibly redefining ®., we infer

96l 2 () + 1Vellg2ry < Pe + CllondellL2(r)- (4.44)

Lastly, we establish a uniform L2-bound of on@®.. To this end, by the trace theorem (see, e.g., [0,
Chapter 2, Theorem 2.24]), we find 3/2 < s <2 and C; > 0 such that

100l 2(ry < CsllgellHs()- (4.45)

Thus, combining (4.44) and (4.45), we exploit the compact embeddings H 2(Q) — H5(Q) —
L*(R2) along with Ehrling’s lemma to obtain

@e 1 g2 (@) + Vel 2y + 190 ll L2 (1)
<O, + Cllgellms ) (4.46)

1
< §||¢8||Hz(g) + @ + Clldell2(q)-

Eventually, from (4.20) and (4.46), we infer

BellL20.7:H2(2)) + I¥ellL2¢0.7: m2(ry) T 1100@ell 200, 7. L2(r)) < Cs (4.47)

and consequently, recalling (4.39) and (4.43), we have

I f1.e(@e)ll 20,7 22(02)) + 181 (Wedll 200,712
e Pe)llL20.7:22() eWe)llL20.7:12(r) (4.48)

+ el L20.7: m1 () F 10l 20, 1: 1 (1)) < C-

Step 7. We eventually pass to the limit € — 0.

In view of the estimates (4.20), (4.21), (4.32), (4.35) and (4.48), the Banach—Alaoglu theorem
and the Aubin—Lions—Simon lemma imply the existence of functions ¢, ¥, i, 6, & and &r such
that
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(e, dire) — (U, 8y)  weakly in L2(0, T (H] 5)). (4.49)
(e, Ye) = (¢, V) weakly-star in L™ (0, T; ’H}Qa),
strongly in C ([0, T]; #*) forany s € [0, 1),  (4.50)
(f1.6(Pe), 1.6 (Ye)) = (€, &r) weakly in L*(0, T; £%), 4.51)
(1te, 0) — (1, 0) weakly in L2(0, T3 H] p), (4.52)

along a subsequence ¢ — 0, which will not be relabeled. Arguing as in [43, Theorem 3.2], we
can easily show that the above weak and strong convergences suffice to pass to the limit in the
weak formulation (3.6a)-(3.6b) written for f; = f . and g1 = g1 .. Regarding Definition 3.1(iii),
we have to make sure that the inclusions

{qb(x, t) € D(f1) foralmostall (x,?) € Q, & e fi(¢) ae.inQ,
(4.53)

Y(z,t) € D(g1) foralmostall (z,7) € %, éregi(yy) ae.onX

hold true. To this end, first note that due to the convergence (4.50)-(4.51) along with the weak-
strong convergence principle, we infer

T T
lim f / Fie (@) dr dr = f / £ dv dr,
’ 0 Q 0 Q

T T
m%//gl,s(ws)% ar dr=f/w dr dr.
7 0o r 0 r

The inclusions (4.53) then follow from the maximality of the monotone operators f1 and g1 (see
[3, Proposition 1.1, p. 42] and also [31, Section 5.2]). Furthermore, it is straightforward to check
that the mass conservation law as in Definition 3.1(iv) holds, due to the aforementioned strong
convergences of ¢, and .. Lastly, the energy inequality in Definition 3.1(v) can be established
using the above convergences and lower semicontinuity arguments (cf. [43, Theorem 3.2] or [20,
Theorem 2.6]).

Step 8. Finally, we establish higher regularity results.

We have already seen that in the case K = 0 we additionally have the bound

IPell 20, 7:H2 () T Vel 20, 7: m2(r)) = €,

see (4.47). Another application of the Banach—Alaoglu theorem readily implies the desired reg-
ularity (¢, ¥) € L?(0, T; H?).

In the case K € (0, 0o], we can argue similarly by exploiting the equations (4.15a)-(4.15¢)
and regularity theory for bulk-surface elliptic systems (see Proposition A.1 with p = 2). For
more details in the case K € (0, 00) and L = oo, we refer to [43, Theorem 6.1].

The regularities stated in (3.12) are a direct consequence of Proposition 6.1 and Corollary 6.2,
which will be presented in Subsection 6.1. O
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5. Continuous dependence and uniqueness results

In this section, we present the proof of the result on continuous dependence and uniqueness
of weak solutions to the system (3.1) as stated in Theorem 3.6.

Proof of Theorem 3.6. As the mobilities mgq and mr are supposed to be constant, we assume,
without loss of generality, that mg = mr = 1. In the following, C denotes generic positive con-
stants that may change their value from line to line and only depend on €2, the parameters of the
system (3.1), and the norms of the initial data.

We consider two weak solutions (¢1, Y1, 11,61, &1,ér,1) and (¢2, ¥2, u2, 62,42, ér2) cor-
responding to the initial data (qbé,wé),(d)g,wg) € H}(,a and the velocity fields vy, vy €

L0, T; L3, (Q)) and wy, wy € L*(0, T; L2F*(I)), respectively, and set

(D, ¥, 10,0,8,8r) = (2 — Pp1, Y2 — Y1, 2 — p1, 62 — 01,8 — &1, 8r2 —ér,1),
as well as
(v, w) = (v2 — vy, w2 — wy).

Then, repeating the line of argument presented in [43, Theorem 3.5], we can show that for any
& > 0 it holds

e Cell (o, ¥) II%
Y s L.Bx — s K.,x
dr 2 (5.1

=Sl wwld, +Cle 3 Lo~ ((u.0
_2 ) Yo 17w1)||yw|| (¢71/,) ”L,ﬂ’* ((H-, )v(‘paw))ﬁZ

almost everywhere on [0, T'], where we use the notation ), = L3(2) x L2T(I"). For the last
term on the right-hand side of (5.1), we use the weak formulation for (u, ) and obtain

(G 8). G ) ) o = 1 DoY) [ — /sqs L) — Fy@D1 6 dx
Q

- /ér ¥+ [G,(¥) — GH(¥1)] ¢ dT,
r

almost everywhere on [0, 7']. Then, using the fact that f] and g; are maximal monotone graphs,
we infer together with the Lipschitz continuity of F) and G/, that

—f€¢+[F2/(¢2) — Fy(¢1)]¢ dx —/$F¢+[G/2(¢2) — G5(Y)]y dI’
Q r (5.2)

<Cll(@. V) 72

almost everywhere on [0, 7]. Combining (5.1) and (5.2) along with an application of Ehrling’s
lemma yields that
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da1 2 +l 2
dt2||(¢,¢)||L,,3,* 2||(¢,1P)||1<,a

1
<=l w3, +Cl@Lw) I3, 1@ )7 4.

almost everywhere on [0, 7], and then Gronwall’s lemma readily entails the continuous depen-
dence estimate (3.14).

Then, the uniqueness for the phase-fields immediately follows by taking (¢é, I/fé) = (¢8, 1//3)
a.e.in 2 x [, v =vyae.in Q and w; = w» a.e. on . Next, assuming that the operators f] and
g1 are single-valued, the uniqueness of the phase-fields immediately implies that £; = &; a.e. in
Q and &r1 =&r > a.e. on X. Hence, from the weak formulation for (u, 6) we infer

/undx—l—/@nrdl"zo
Q r
for all (n, nr) € ’H}(’a. Thus, (1, 0) =0a.e.in Q x X, which completes the proof. O
6. Higher regularity and existence of strong solutions
6.1. Higher regularity for weak solutions
We first establish higher regularity of the potential terms.

Proposition 6.1. Suppose that the assumptions of Theorem 3.4 hold. Furthermore, assume that
Q is of class C* and that (S4) holds. Then

F'(¢) € L>(0,T; L (Q)), 6.1)
G'(Y) e L¥0, T; L°(T")), (6.2)

where (6.1) holds forr € [1,6] ifd =3, and r € [1,00) if d =2, and (6.2) holds for s € [1, 00).

Proof. In this proof, without loss of generality, we assume « # 0. The case o = 0 can be handled
similarly and the computations are even easier. As previously done, e.g., in [21,36], we consider
for k € N the truncation

Tzl_l,

It <1—4, (6.3)
—1+4+ t<-1+1.

1 1
_Ey
O ‘R — R, Uk(‘L’) =T,

Now, forany K € [0, o], we define ¢ := o o) 0 (o ¢) and Y := oy o . To prove the assertions
(6.1) and (6.2), we need to handle the cases K € (0, oco] and K = 0 separately.
The case K € (0,00]. Letr €[2,6]if d =3 and r € [2, o0) if d = 2. For k € N, we define

= |Fl(@o)| > Fi(n), (6.4)
= |G| G (), (6.5)

35



P. Knopf and J. Stange Journal of Differential Equations 439 (2025) 113408

where we use the convention 0° = 1 in the case » = 2. We now fix k € N and we multiply the
equation

w=—-A¢p+F'(¢) ae.inQ
by nx and integrate over €2, and we multiply
0=—Ary +G () +adh¢ ae.onX

by nrx and integrate over I'. Applying integration by parts, and adding the resulting equations,
yields by means of the boundary condition

a.e.on X,

Konp=ay —¢ if K € (0, 00),
dngp =0 if K = o0

that
r—1 / Vo - Vi |F(@0)| > Fl () dx
Q
+@ =1 / Vry - Ve |G (|77 G () dT
r
- / Fl(@)F{ () | F{ ()| > dx + [ G ()G () |G ()| 2 dr

Q r

= [wri@o|Fol? ar+ [ 06106 wn | ar

Q r

(6.6)

- f FJ @) Fl(é0) |l > dx - / GG, (W) |G ()| 2 dr

Q r

—o(K) /(OHﬁ — ¢) (G (Y) |G/1(1ﬁk)|r_2 — Fl(p) |F1/(¢k)|r_2) dr
r

5
= Z[j
=1

almost everywhere on [0, T]. Since F; and G are convex, we infer that the first two terms on
the left-hand side of (6.6) are non-negative. Moreover, we infer from assumption (S4) that F 1’ (7)
and F 1/ (aoy (@~ '7)) have the same sign for all T € (—1, 1). In combination with (6.3), this yields

F{(¢x)? < F{(®)F{($x) ae.in Q. 6.7
Analogously, we obtain
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G’l(lpk)2 < G’1 (w)G’l(l/fk) a.e.on X. (6.8)
Hence, we conclude that

/|F1/(¢k)|r dx+/|G/1(Wk)|r dr
I

Q

< / F{@F{ @0 | F{(go| ™ dx + / GlGI 0 [Giwo 7 ar o

Q r
5
<>
j=1

almost everywhere on [0, T']. Now, we intend to bound the terms /; for j =1, ..., 5. Due to the
Lipschitz continuity of F; and G/, we find

I+ 15 s/(|u|+dF 1) | Flo] ™" d. (6.10)
Q
as well as
12+14</ (161 +dg [¥1) |G w0 " 6.11)
I

almost everywhere on [0, T'] for some constants dr and dg depending only on F and G, respec-
tively.
To handle the term /s, which is only present if K € (0, 0o), we first notice that (S4) implies

¢(x,1) € D(F)) C[—1,1] foralmostall (x,7) € Q,
V(z,t) € D(G)) C[—1,1] foralmostall (z,7) € .

Recalling the domination property (2.2) and the definition of ¢y, and exploiting the monotonicity
of the function R > 7 = F{(aok (7)) |F1’(ocok(t)) |r72, we obtain

Is = —ao (K) f W — o' @) (Fl(yn) | F{ay)| > = F{(¢0) | F{(¢0)| 7 ) dT
r
—o(K) / @y — ) (@Gl (W) |G ()| 72 = Flay) [Fleyn)| ) dr (419
r
520(K)([|G/1(1pk)| dr +2" %« f|Gl(¢k)|’ bar + 27 2% |r|)
r

almost everywhere on [0, T']. Here, we additionally made use of the Minkowski inequality
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la+b""" <27 2(Jlal""" +|pI""") foranya,beR.

Thus, by collecting the above estimates (6.9)-(6.11) and (6.12) in combination with (6.6), we
employ Holder’s and Young’s inequality to deduce

I @0l ) + 1GT WOl
< (Iellr@) + delldlr@ ) I F{ @017l + 2~ 6~ Tl (K)
+ (200K +27 7] o (K) + 1011y + oV L) ) IGT (WOl

1 /200 —1)
(™5

r

1 1 r—I1 r
< SIFI @017 @ + 5 1G WOl )+ ) (Iehir +drlglire)

2

r

+2 Yo (K)

1L 2(0r =1 ! r—1, r—1 "
- (20(K) +2 7~ o (K) + 1611y + d 1 1))

almost everywhere on [0, T']. Thus, absorbing the respective terms and taking the r-th root, we
find

I F{ ()l ) + G (W)l

el 1 (20 =D\TDT
<2-2 7 G (”M”L’(Q)+dF||¢||L'(Q)>

1 <2(r -1

(r=1)/r
el ) (20 (K) + 2771 (KD + 161y + d 19 ) )

(6.13)

+ 2(r—l)/rK2(V*])/r |F|l/ro(K)l/r:|

< C(l +lluller@ + 101l +drléllir @) +de ||1/f||L"(r))

almost everywhere on [0, T'] for a constant C = C(r) > 0 that may depend on r. Exploiting
the regularities ¢, u € L0, T; HY(Q)) as well as ¥, 0 € L2(0, T; H'(I")) along with Sobolev
embeddings we infer (6.1) and (6.2) forr, s € [2,6] if d =3 and r, s € [2, 00) if d = 2. The cases
r,s € [1,2) can be obtained by means of Holder’s inequality.

We still need to verify (6.2) in the case s > 6 if d = 3. Therefore, let s > 6 be arbitrary. Testing

0 =—Ary + G () + adnd ae.onX

with nry as introduced in (6.5) and applying integration by parts, we deduce
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(s — 1)/er-Ver|Gﬁ(wk)|s_2 1) dT
r

+ / LG (W) |G (o dr

r

= / 6 G, (¥ |Gy (y)| > dr — / LG (W) |G (o2 dr

r r

— a0 (K) / @V — $)G, (W) |Gy dr
I

(6.14)

almost everywhere on [0, T']. Here, we also used that K d,¢p = oy — ¢ holds almost everywhere
on X. Proceeding similarly as above, we derive the estimate

IGY Wi 75y < C(L+ 101y + da 1V | s r)) |G (W)IISL?(IF), (6.15)

almost everywhere on [0, T']. Due to the regularities v, 6 € L%, T; H! (I")) and the Sobolev
embedding HY(I') < L*(I") for any s € [1, 00), this implies that (6.2) holds true if s > 6. This
completes the proof in the case K € (0, oo].

The case K = 0. First, let 2 < r < 4 be arbitrary. Performing the same testing procedure as in
the case K € (0, oo], we obtain

r—1 / Vo - Vi |F(@0)| > Fl () dx
Q
+@ =1 / Vry - ey |G ()| 7 G (gy) dT
r

+/F{(¢)F{(¢k)|F{(¢k)|r_2 dx+[G/1(W)G’1(1//k)|G/1(1ﬂk)|r_2 dr

¢ : (6.16)

Z/“Ff("’k”Ff@k)V‘z dx+/ecg(wk>|c;’l(wk>}’—z i

Q r

- f FY @) Fl(é0) | (o] > dx - / GG, (W) |G ()| 2 dr

Q r

- / (G () |G ()| > = Fl (o) | F{ ()| ~2) dT.

r

This equation differs from (6.6) only in the last term on the right-hand side, which now needs to
be handled in a different way. We first notice that due to the regularity ¢ € L2(0, T; H*(2)), the
trace embedding H'(Q) — L*(I") implies dn¢ € L>(0, T; L*(I")). Then, in view of the trace
relation ¢ = oy a.e. on X as well as the domination property (2.2), we find that
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- / ond (@G (Y1) |G (o) | 7> = Fl(d) | F{(ww)| ™) dT

r

=— / (@G () |G (o) | > = Fl(ayn) |Fl(@yn)| ™) dT

r

5/|a,,¢|((1+2’*2K{—1)|G’1(wk)|”1+2’*2K§—1) dr.
r

Consequently,

/|F{<¢k)|’ dx+/ |G (y)|” dr
I

Q

< (Ieller ) +drll@llere ) I @Ol b,
+ (161127 0) + do 19 lray + (14272 lro ) IGT (Wl
+277 2 Y 0ag

1 / r 1 / r
= EHF] (¢k)||Lr(Q) + EHG](Wk)”Lr([‘)
1 /20— 1)\ ! r
e (lelr@ +drigl @)

12—\ ! o .
+?( ; ) (10lr ey + oMl + (1272 loadll )

+2 2T dng L .-

Thus, absorbing the respective terms and taking the r-th root, we deduce that

I F{ (@)l + 1GT (W) |l ()

1 (20 =1\ V"
<2. 21/’[— ( ) (Il +dr @l

ri/r r

1 (20— D\ D" 2 e
rl/r( " ) <||9||Lf(r)+dG||W||U(r)+(1+2r 2] 1)||3n<25||U(r))

— r—1 —1/r2 1/r
100 2)/rK§ )/r|F|l/r 1/r ||3n¢||L/r(F)i| (6.17)

< C(1+ el + 101 +drldlr @ +da ¥l + bl m)-
Exploiting ¢, u € L*(0,T; H'(Q)), ¥,0 € L*(0, T; H'(I')) and du¢ € L*(0, T; L*(I")), we
conclude that (6.1) and (6.2) hold for all r, s € [2,4]. Then, using regularity theory for bulk-
surface elliptic system (see Proposition A.1), we find that (¢, ¥) € L%(0, T; W>*). Conse-
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quently, by the trace theorem, we even have dy¢ € L20, T; W344(")) < L2(0, T; L>®()).
This allows us to take r € [2, 6] in our previous calculations, which verifies (6.1) and (6.2) in
all cases r, s € [2, 6]. The cases r € [1, 2) follow easily from Holder’s inequality. To obtain (6.2)
also for s > 6 if d = 3, we proceed similarly as in the derivation of inequality (6.15). Instead of
(6.15), we now obtain

G WNsry < C(I01s ) +da 1Y s @y + 10a L)) IGT WO oy (6.18)

a.e.on [0, T]. Due to the regularities v, 6 € L2(0, T; H'(I")), the Sobolev embedding HY () —
L*(T) for any s € [1, 00), and the aforementioned regularity of dy¢, it easily follows that (6.2)
holds true for s > 6. Therefore, the proof is complete. O

As a consequence of Proposition 6.1, we obtain higher regularity results for the phase-fields
by means of elliptic regularity theory.

Corollary 6.2. Suppose that the assumptions of Proposition 6.1 hold. Then

¢ € L*0,T; W (), (6.19)
¥ e L*0,T; W>5(I), (6.20)

where in (6.19) we have r € [1,6] if d =3, and r € [1,00) if d = 2, and in (6.20) we have
s e€[l,00).

Proof. For r,s € [2,6] if d =3 or r,s € [2,00) if d = 2, the desired regularities follow im-
mediately from (i, ) € L*>(0, T; H'), the regularities established in Proposition 6.1, and the
L7 regularity theory for bulk-surface elliptic systems established in Proposition A.1. The cases
r, s € [1,2) can be handled by Holder’s inequality. Based on these regularities, the trace theorem
(see, e.g., [6, Chapter 2, Theorem 2.24]) further implies d,¢ € L>(0, T'; W3/%5(I")). Invoking the
Sobolev embedding W>/6:6(I") < L (I"), we apply regularity theory for the Laplace—Beltrami
equation (see, e.g., [58, Lemma B.1]) to obtain (6.20) for any s € [1,00). O

6.2. Existence of strong solutions

In view of the regularity properties established in Proposition 6.1 and Corollary 6.2, we now
proceed with the proof of Theorem 3.7.

Proof of Theorem 3.7. Step 1. We start by showing (¢, ) € W12°(0, T; (’HIL‘ﬁ)/) NHY0,T;
HYy and (V, Vi) € L%°(0, T; £2).

For any function f : [0, T + 1] — X, where X is a Banach space,t € [0, T+ 1] and i € (0, 1),
we denote by

fae+h—f@

o f(r) = .

the forward difference quotient of f at time 7.
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As the mobilities are assumed to be constant, we simply set mg = 1 and mr = 1 without loss
of generality. We now extend our velocity fields onto the time interval [0, T + 1] such that we
have

ve H'(0, T+ L(@) N L0, T + 1; L, (Q)),
weHYO0, T+ L) NL*0, T + 1; L3, ().
Note that the final result is independent of the extension as it does not depend on the values of v
and won (7, T + 1].
We now also extend the solution (¢, v, t, 0) onto the interval [0, T 4 1]. This is possible
since the final time 7 > 0 in Theorem 3.4 is arbitrary, and due to the uniqueness established in

Theorem 3.6, the solutions corresponding to 7 and 7 + 1 coincide on the interval [0, T].
Owing to (3.6a), for any & € (0, 1), the weak solution satisfies

((afalhd)’ 8tathw)’ (f’ CF))HIL p = (3th¢”v Vf)LZ(Q) + (ath"¢(‘ +h), Vg)y(sz)
+ (0 w, Vrer) oy + (7w - +h), Veer) oy
— (01, 910), (€. 1)) 4

6.21)
almost everywhere on [0, T'] for all (¢, ¢r) € HlL, L where

M =—Nalp+ 0! F'(p) a.e.in Q, (6.22a)

30 = —Ardly + "G (Y) + adndlp a.e.on X, (6.22b)

Kana’h(p - aa’hw B athd) iFK €10, 00), a.e.on X. (6.22¢)

ndf'p =0 if K = o0
By definition of the operator S, g (see (P5)), we have
(SL.p @D, 3 Y), (3], 370)) 5 = — (3]}, 0¥, (3] 1w, ]'0)) fo.
Recalling that
mean (S24(0/'. 3/'v). ST 50/'. 8/'v)) =0,

we test (6.21) with (¢, ¢r) == S (3'¢, 3/'¢) and find
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d
1@ I 5.+ (O 1. 870), (06, 07 9)) 2
=—(3/'9v, VS (0], 0/ ¥)) 120y — (370 P+ 1), VSE 53] b, 9 )) 12

— (0w, VrSL 00, 0/9)) gy — (O WV (- + h), VrSE 401, 079)) 121

4
::ZJk.

1
2

k=1
(6.23)
Next, exploiting (6.22), we have
—(@812.970), (@'}, 9" V)) o2 = — 113", B ) Ik o — / ' F (#)10)'¢ dx
¢ (6.24)
- / OrIG (Y19 dT

r

almost everywhere on [0, T']. Therefore, due to the splitting F = F| + F> and G = G| + Go,
where F| and G are monotonically increasing, while F, and G are Lipschitz continuous (see
(S2) and (S4)), and exploiting (6.22), we can bound the last two terms on the right-hand side of
(6.24) as

- / ONF ()19 dx — / MG (Y)1afy AT < ClI(3! ¢, 8 )12 (6.25)

Q r

Thus, combining (6.24) and (6.25), we use Ehrling’s lemma to deduce that

3
—(@ 11, 00), 079, 019)) 12 = =109, Wl o + CNO S, WL g0 (6:26)

We now intend to bound the terms Ji, k = 1,...,4. To this end, we recall that the velocity
fields v and w are divergence-free, and we use integration by parts, Holder’s inequality, Young’s
inequality, Sobolev embeddings, and the bulk-surface Poincaré inequality (P6) to obtain

Ji4 3 < IV Bl 10l IS 506, 8/ 9l Lo
HIVrd Y2y lwllg2ro ) ISE g3 ¢, 07 V) | L2e+wro
<3106, 01 W)k o + Cllw. w35, 131D, 3/ YT g

T+ Ja < IV (- + )o@ 119 vliLsss o) ISE 5 (B¢ 37 ¥l L6y (6.27)
FIVEY ¢+ D) e 19 Loy 1S40 @, 879 La+oroqr
< 1@t v. 0t w15, + CI@C+ 1), ¥+ h) 0 B, 07T g s

where ), := L?(Q) x L®(I') and &, := L%°(Q) x L!**(I"). Thus, collecting (6.26)-(6.27),
we deduce from (6.23) that
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1d

1 b o l B ahoan2
>3 ||(a¢8w)||L,3* 51679 97V lk (6.28)

<11, 8 w)|%, + CARlI@ . 8T 4.,

where

Ap=141@w) 5, + 11 @C+R), Y+ 1) [0

We readily note that in view of the regularity of the phase-fields and the velocity fields we have

sup ||Ah||L1(() 1) < 00. (6.29)
he(0,
Moreover, it holds that
| t+h
@l ot w5, <+ / I @ros). drw(s)) [z, ds, (6.30)
t
| t+h
111%— / | Qrv(s), w(s)) | x, ds = || (B v (1), dw(®)) || x, (6.31)

t

for almost every ¢ € [0, T]. Thus, in view of the regularity of v and w, we readily infer from
(6.30) and (6.31) that

sup 1130, 3 w)ll 20,7, < +00. (6.32)
he(0,1)

Next, we intend to control the initial data. Arguing as for (6.26), we see that

1
_((M—Mo,e —90), (¢ _(PO’ W - WO))ﬁz < _5” (¢ _¢07 1:[/ - ‘/fO) ”%{,a
+Cll (@ — 0. ¥ — Vo) |7 g0

(6.33)

We now recall |¢| <1 ae. in Q and || <1 ae. on X. Invoking the weak formulations
(3.6a)-(3.6b) and condition (C), we use (6.33) to derive the estimate

dt2|| (@ — 0. ¥ — YO 17 p .
—((.0). (P — 0. ¥ — Y0)) o2
— (00, VST 5 — b0, ¥ — ¥0)) 12y — (¥ , VI SL (8 — G0, ¥ — ¥0)) 121
—((1 = 10,60 — 60) , (p — b0, ¥ — ¥0) ) p2 + ( (120, 60) » (¢ — 0. ¥ — ¥0)) 12
— (69, V7 5@ — b0, ¥ — Y0)) 12y — (¥ W, VESL 5 (b — b0, ¥ — ¥0)) 12 py
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1
<=1 @ =0, ¥ = v0) Ik o+ CHG = b0, ¥ = V0 7 4.
+ 11 (120.60) Il g1l (@ — b0, ¥ — Vo) Il L.p.x
1@ w) 2]l (@ — do. ¥ — o) lIL.pse

which gives the differential inequality

dl

2
a2 1@ —d0. ¥ —Yo) L g

= C(1+11 (10, 00) . + 11 @ W)l 22) | (6 = G0, W = Vo) l1.p.-

Now, a quadratic variant of Gronwall’s lemma (see, e.g., [5, Lemma A.5]) yields

t
(@ @) — o, ¥ (®) = ¥o) I < C(1+ Il (o, 60) ||L,ﬂ)f+C/|| (v(s), w(s)) [l c2 ds
0

for almost all ¢ € [0, T], which in turn entails

h
C
18/ (0), 3 (0Nl g < C(1+ ll(ro, 60)llz,p) + Z/ | (v(s), w(s)) [l 2 ds
) (6.34)

< C(1+ 11 (10, 00) llz,p + | (@, ) | o0, 7:22))

for all i € (0, 1). Thus, applying Gronwall’s lemma to (6.28), and invoking (6.29), (6.32) as well
as (6.34), we deduce that

t
13 @ (1), 3 W (DI p.p < 18] p(0). 3]y ()17 4., exp (c / An dt)
0
! 1 (6.35)
+C/ 19]'v. 8/ w) %, exp (CfAh df) ds
0

N

<C

for almost all ¢ € [0, T']. Therefore, owing to Ehrling’s lemma, we conclude from (6.28) and
(6.35) that

1637, 3" 0.7 041,y + 139, ) 120,7:20) < € (6.36)
Hence, the time derivative (d;¢, 9;1) exists in the weak sense and satisfies

@9, 09) € L0, T; (Hp o)) NL*O, T; 1),
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As a consequence, we thus have
(@, ) e Wh(0,T; (Hy ) ) NVH' O, T; HY). (6.37)

If L € [0, 00), testing (3.6a) with (x — Bmean (i, 0) , 6 — mean (i, 6)) € H]L,ﬂ’ and employing
the bulk-surface Poincaré inequality (see (P6)) together with Young’s inequality, we find that

s 0) 125 = Cll @1 ) Gz + Cll 02 0) 1 (6.38)

Here, we used once more that [¢| <1 a.e.in Q and |{| <1 a.e. on X. In the case L = oo, the
estimate (6.38) can be derived similarly by choosing (i — ()q, 6 — (6)r) as the test function.

In view of the regularity (6.37) established above, as well as the regularity of the velocity
fields v and w, we conclude

te [l (u@®), 00) llL,p € L0, T), (6.39)

and, in particular,
(Y, Vo) € L0, T; £2). (6.40)

Step 2: By means of elliptic regularity theory we now show (11, 6) € L%(0, T; H?).
In view of the regularities established in Step 1, and using that v and w are divergence-free in
2 and on T, respectively, we find that

/w(t)-v; dx—}—/VrH(t)-Vr{r dr
Q r

+a(L) /(,390) —u(@®)(Blr —¢)dl
r

6.41)
=—f31¢(t)§ dx—/aﬂﬂ(t)ér dar

Q I
- / V(1) - v(1)¢ dx — / Veu (1) - w(t)gr dT
Q r

for almost all ¢ € [0, T] and all (¢, ¢r) € "HlL’ﬂ. This means that the pair (u(z), 6(¢)) is a weak
solution of the bulk-surface elliptic problem

—Ap(t) =—0¢(1) — V(1) - v(1) in €2,

— Arf(1) + foapu(t) = =0,y (t) — Vry (1) -w(r) onT,

{Lanum =BO@t) — u(t) if L €[0,00),
. onI’
onu(t) =0 if L =00
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for almost all ¢ € [0, T']. Applying regularity theory for elliptic problems with bulk-surface cou-
pling (see Proposition A.1 with p = 2), we find that

I (e (1), 0(0)) llg2 < Cll (=8:p (1) = VP (2) - v(1), =0 (1) — Ve () - w(r)) || 2
= Cll@:p (1), 0¥ (D)) | g2 + CIH (VP (), Ve (D) [l oo [l (v(2), w(D) [ 22
= Cll @@ (1), Y (D)) g2 + Cll (D (1), Y (D) Iyyree | (0 (@), w (D)) |l 22

for almost all ¢ € [0, T]. Squaring and integrating this inequality in time from O to T yields
(u,0) € L*(0, T: H?).

Step 3: We next show (¢, ¥) € L%(0, T; W>%) N (C(Q) x C(T)), (u,0) € L*(0, T; H')
and (F'(9), G'(¥)) € L™(0, T; LO).

To prove these regularities, we restrict ourselves to the case L € [0, 00). If L = oo, we can
argue analogously (with obvious modifications).

First, note that, in view of Theorem 3.4, we have

w=—A¢+ F'(¢) a.e.in Q, (6.43a)

0 =—Arvy + G () + adnd a.e.on X, (6.43b)

{K8"¢ =ay =9 ?f K &[0, 00), a.e.on X. (6.43c)
onp =0 if K =00

Due to regularity theory for bulk-surface elliptic systems (see Proposition A.1 with p = 6), we
further have the estimate

@ @), ¥ () e < C(IH @), 0®) Il 2o + I (F' (@), G' (¥ (1)) Il £o) (6.44)

for almost all ¢ € [0, T']. Our goal is to estimate the right-hand side of (6.44). To do so, we first
notice that by the Miranville-Zelik inequality (see [52, Appendix A.1] or [32, p. 908]), there
exist positive constants cy, c; and a non-negative constant c3 such that

cAllF{Dl 1@ + 2llGI W) —¢3

< / F|(¢)(é — fmean (¢, ) dx + / G\ ()¢ — mean (¢, yyydr. &4

Q r

Next, we multiply (6.43a) and (6.43b) by (,32 |2| + |T| )_1,8 and (,82 |2| + |T| )_1, respectively,
and employ integration by parts. This yields

Imean (11, )] < C(1+ [ F{@)ll 10y + 1G] W) 1 ry)- (6.46)

Furthermore, multiplying (6.432a) and (6.43b) by ¢ — fmean (¢, ) and y — mean (¢, V), re-
spectively, using integration by parts as well as the bulk-surface Poincaré inequality, we infer
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/Ff(fb)(fb—ﬁmean(qﬁ,lﬂ))der/G’](lﬂ)(lﬂ—mean(tb,w)) dr

Q I
_ / Fj(#)( — Pmean (¢, ¥)) dx — / G () (¥ — mean (9, ¥)) dT
Q r
+ / (11 — Pmean (1. 6))(¢ — mean (§, ¥)) dx — / Vo[ de
Q Q (6.47)

+ /(9 —mean (i, 6))(¥ — mean (¢, ¥)) dI" — / IVry|* dT
r r

- / O (o) — ¢ — (@ — Bymean (. ¥)) dT

r
< C(L4 11, O)llz,p + v K)Iadll 121 )

where y (K) = 1j0)(K) denotes again the characteristic function of the set {0}. This yields

IF{ @) 1) +IGTW) 1y < C(1+ 11, O)liL.g + v (K)Idadll o) (6:48)

a.e. on [0, T']. Hence, in view of (6.46), we obtain

Imean (1, 0) < C (1 + (. Dllz,p + ¥ (K)18udll 12(1))- (6.49)

Then, returning to the proof of Proposition 6.1, in particular (6.13) in the case K € (0, co] and
(6.17) in the case K =0, we find that

ICF{ (@), Gy ler < C(L+ 1, Ol + v (K) 19ndll L))

(6.50)
<C(1+ I, Dlz.p+yE)ondllLr 1))

for any r € [2, 6]. Here, we made again use of the bulk-surface Poincaré inequality.
If K € (0,00], we readily deduce that (F|(¢),G|(¥)) € L*(0,T; £% as well as
|mean (i, 0)| € L*°(0, T'). Thus, by means of the bulk-surface Poincaré inequality, we get

(e, )l 22 < C(14 11, DIz, p)- (6.51)

In combination with (6.39) and (6.40), this proves (i,6) € L°°(0, T; H'). Then, we readily
deduce from (6.44) that

(@, V) € L0, T; W*©).

If K =0, we additionally need to take care of the normal derivative dy¢. To this end, choosing
r =2 in (6.50) and exploiting the estimate (6.49), elliptic regularity theory yields that
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1@, Wl < (I, Ol 22 + I(F' (@), G’ W) 22)

(6.52)
<C(L+ 11, Oz + 19l 2(r)-

Then, employing again the trace theorem as in Step 6 of the proof of Theorem 3.4 (cf. (4.45))
and using Ehrling’s lemma along with an absorption argument, we obtain

1@, ¥)llgz < C(1+ (1, 0) Iz, p)- (6.53)

In view of (6.39), this yields (¢, ¥) € L®(0, T;H?). In particular, we thus have dn¢ €
L0, T; L*(I")). Due to (6.48) and (6.49), we infer (F{(9),G\(¥)) € L®(0,T; L?) as
well as |mean (u,0)| € L°°(0, T). In combination with (6.39) and (6.40), this proves that
(,0) € L0, T; H'). Next, by the trace embedding H'!(2) — L*(I"), we deduce that dp¢ €
L>®(0, T; L*(I")). Thus, choosing r = 4 in (6.50), we find that (F{(9),G () € L®(0, T; LY,
which in turn provides (¢, ¥) € L*°(0, T; W4, Finally, using the continuous embeddings
WhH(Q) — W34H(") < L"), we have d,¢ € L®°(0, T; L(T")). Therefore, choosing
r =6 in (6.50), we deduce (F|(¢), G (¥)) € L*(0,T; £%), from which we finally conclude
(¢, ¥) € L0, T; W20).

Lastly, as we know from Step 1 that ¢ € H 10, T;: H'(Q)), we use the compact embedding
H%(Q) — H/*(Q), the continuous embeddings H'/4(Q) — H'(Q) and H'/*(Q) — C(RQ),
and the Aubin-Lions—Simon lemma to deduce that

¢ € C([0, T]; H'/*(Q)) = C([0, T}; C(Q)) = C(Q).
Analogously, we infer ¥ € C(X).
This means that all claims are established, apart from the regularities F’'(¢) € LZ(O, T;
L®()) and G'(¥) € L?(0, T; L°(T")). The proof of these statements can be found in Sec-
tion 7, see Proposition 7.1 and Proposition 7.2. O

7. Separation properties

This chapter is devoted to the proof of Theorem 3.11, which states the separation properties.
Before presenting the proof of Theorem 3.11, we first establish two important propositions.

Proposition 7.1. Under the assumptions made in Theorem 3.7 it holds that

G'(¥) € L*(0, T; L°°(I)). (7.1)

Proof. Let k € N and consider as in the proof of Proposition 6.1 the truncation v = o} o V¥,
where oy is defined in (6.3). For s > 2, we already showed that

G W5y < C(LH 110 Loy + da 1 | Lsry + v (KD 18al| s ) |G (i) 15 ey »

where dg was a constant only depending on G, cf. (6.15) and (6.18). Now, invoking Holder’s
inequality, we obtain
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||G/1(1/fk)||SLs(r) <Cd+ |F|)<1 + 10Nl Loy + da 1Yl Loo(r)
(7.2)

+ 7 (K)o ) 1G5

almost everywhere on [0, T']. As before, y (K) = 1j0)(K) denotes the characteristic function of
the set {0}. Since (¢, ) € L*°(0, T, W2'6) and 0 € L2(O, T; HZ(F)), we use the embeddings
H2(") = L") and W10(Q) < W3/0:5(I") < L°°(T) to infer that
(L+TD(L+ 101l zoory + da 1Y | ooy 4+ ¥ (K) [|9adll oo (r))
< CA+ITD(+ 1602y +da ¥l g2y + 7 Kl g)
< C(L+ 16l p2(ry) = er (1)

for almost all ¢ € [0, T]. Using this estimate to bound the right-hand side of (7.2), we conclude

G (@)l Loo(ry < er(t) < 00 (7.3)

for almost all ¢ € [0, T']. Furthermore, it is straightforward to verify that v (¢) — ¥ (¢) a.e.on I
for almost all ¢ € [0, T] as k — oo. We also recall that | (¢)| < 1 and |y (¢)| < 1 a.e. on I" for
almost all ¢ € [0, T]. Consequently, we have

G/l (WY (t)) — G/l(l//(t)) ae.onl"ask — oo (7.4)

for almost all ¢ € [0, T']. In combination with (7.3), this proves

G (¥ ()l zeo(ry < er(t) < 00 (7.5)

for almost every ¢ € [0, T]. Finally, taking the square on both sides of (7.5) and integrat-
ing with respect to time from 0 to 7, we eventually conclude in view of the regularities
v, 0 € L?(0, T; H*(I)) that G/1 ) € L?(0, T; L*®(IN)). As an immediate consequence, we in-
fer G'(¥) € L?>(0, T; L*()). O

Proposition 7.2. Under the assumptions made in Theorem 3.7 it holds that
F'(¢) € L*(0, T; L™()). (7.6)

Proof. To prove the desired regularity, we handle the cases K € (0, oo] and K = 0 separately.
Without loss of generality, we assume « 7% 0. The case o = 0 can be handled similarly and the
computations are even easier. As in the proof of Proposition 6.1, we consider for k € N the
functions ¢ = oy o (@~ '¢) and Yy := oy o ¥, where oy, is defined as in (6.3).

The case K € (0, oc]. For r > 2 and k € N, we already showed that

f|F{(¢k>|’ dx+/|G’1(wk>|’ ar
Q T

sf(|u|+dF 61) | F{ )| dx+/(|0|+da|1/f|)|G’1<wk>|’*‘ dr (7.7)

Q r
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— oK) / @y =) (Gl |Gi Wl ™ = Fiew) | Fleyo| ) dr
r

cf. (6.6)-(6.12). Here, dr and dg are some constants depending only on F and G, respectively.
Using the regularity G'(y) € L2(0, T; L°(I")), which was already proven in Proposition 7.1,
along with the domination property (2.2), we obtain for the last term on the right-hand side of
(7.7) the estimate

—o(K) / @y = $)(«G W) |Gy (| ™ = Fi@y) [Fiep 7 ) ar (78)
r

<20 (K) TG} (W) =y + 27~ o (K) TG (W) ) +27 e~ o (K) [T

Thus, by combining the above estimates (7.7) and (7.8), we deduce by applying Holder’s and
Young’s inequality

IF{ @0 + 16101
< (Iellzr @ +drlldllr @) | F{ @0l oy + (1911 @ +da ¥ @) 1 G ol iy

+20(K) T ((1 + 22 TG Wl ) + 2’—2;(;—1)

_”F] (¢k)||[j(gz) + = ||G/1 (Wk)”[‘r(r)

120 =)\~ .
el (IIMIIU(Q) + 101y + de 9l @ + V) )

+20(K) T ((1 +2 2 IGL Wl + 2r‘2/<£")

almost everywhere on [0, T']. Thus, absorbing the respective terms and taking the r-th root, we
find

IF{ (@O lILr @ + 1GT (o llLr oy

el 120 = DN\CTD
S (Meellr@ + 101 + drll@lir@) + dall )

+(2o(K)|F|)”’((1+2’ 2™ 1)1/’||G/1(1/fk)||‘[m(‘3{r+2<r—2>/’;<§’””)} (7.9)

< C<1 + il + 1801l +drlléllLr @) +dG||W||Lr(r)>

almost everywhere on [0, T'] for all r € [2, 00) and a constant C > 0 independent of r. Next,
since (¢, V), (u, 0) € L>(0, T; H?*) and H?* — L we find
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|F{(#(x,0)| + |G (x (z, 1)
< NF{ (@)l o) + 1G] (k) |l oo

= C(1+ el + 10 + deldl g + oIVl m )

< C(L+ [ (), 0) ll32)

(7.10)

for almost all x € Q, z € I" and ¢ € [0, T]. Furthermore, it is straightforward to verify that
dr(t) — ¢(t) ae. in Q for almost all ¢ € [0, T]. We also recall that |¢r(¢)| < 1 and |¢(¢)] < 1
a.e. on 2 for almost all 7 € [0, T']. Consequently,

F{(¢x (1)) = F{(¢(1)) ae.inQask— oo (7.11)

for almost all ¢ € [0, T']. Analogously, we infer

Y (W()) > G{(¥(t)) ae.onTask— oo (7.12)

for almost all ¢ € [0, T']. In combination with (7.10), this proves

|Fl(x.0)|+ [G1( @ 0)| < C(1+ [ ((0), (1)) ll342) < 00, (7.13)

for almost all x € 2, z € I" and ¢ € [0, T'], which directly implies

IF{ (@ )llzoe(e) + 1GT (W O)llzoery < C(1+ Il (1), 0(1)) llgg2) < 00 (7.14)

for almost all ¢ € [0, T]. Finally, taking the square on both sides of (7.14) and integrating with
respect to time from O to 7', we eventually conclude in view of the regularities (¢, V), (i, 0) €
L%(0, T; H?) that (Fl’(¢), G/1 (w)) € L%(0, T; £%). As an immediate consequence, we infer
(F'(¢), G'(¥)) € L*(0, T L).

The case K = 0. For fixed r > 2 and k € N, we test the equation

w=—A¢p+ F'(¢) a.e.in Q

once more with ng = ]F 1’ (¢k)|r_2 F 1’ (¢r). The crucial difference compared to the case K €
(0, oo] is that we now have the trace relation ¢y = oy a.e. on X at hand. Integrating the resulting
equation and performing integration by parts, we thus deduce that

f|F{(¢k>|’ dxs/(|u|+dF 161) |Fl(@o] " dx
Q

Q

—/8n¢F{(alﬂk)|Ff(atﬂk)|r_2 dr.

r

To control the last term involving the normal derivative d,¢, we employ the domination property
(2.2) together with the regularities dy¢ € L*°(0, T; L*°(I")) and G| (Yx) € L?(0, T; L®(IN) to
obtain

52



P. Knopf and J. Stange Journal of Differential Equations 439 (2025) 113408

_ f 0 F () | F{ )| ™2 dr

r

< 2’—2/ l0ng| (] =" |G ()|~ +157") dT

r
<272 T || ooy (k] IG W y + 6571

This yields
IF{ (@) () < (llMHU(Q) +dF||¢“L’(Q))||F1(¢k)||Lr(Q)

+ 22T oy (]~ IGT WOI ) + 4571

200 — 1)

r—1 ’
S @O+ > < ) (Iller @ +drlidlie)
+ 22| agb ey (M IGT WOy + 057"

almost everywhere on [0, T']. Proceeding as in the case K € (0, oo] and invoking (7.5) from the
proof of Proposition 7.1, we infer

IF{ (@)@ + 1G (@) Iy < C(1 41 (n(1), 0(1)) ll32) < 00 (7.15)

for almost all ¢ € [0, T']. From this estimate, we finally conclude (F/(¢), G’(l/f)) € L%(0,T; L)
and thus, the proof is complete. O

Proof of Theorem 3.11. The proof of part (a) simply follows by using the regularity F’(¢) €

L%(0, T; L®(R)) and G’ () € L*(0, T; L°°(T")) established in Proposition 7.1 as well as Propo-
sition 7.2. In particular, due to (7.14), we can choose

8(t) :==1— max {(F{)*‘ (cm), (GQ)’1 (c(r))]
with

c(t) = C(1 4l (u@®),6(1) lI32).
for almost all ¢ € [0, T], where C is chosen as in (7.14) if K € (0, oo] or (7.15) if K =0.
Since the proofs of (b) and (c) work similarly (with obvious modifications), we will only show
the latter. First, recall that from (S5) there exist constants C;, C» > 0 and A € [1, 2) such that
;A
|F"(s)| < C1e©IFO foralls e (=1, 1). (7.16)
Next, since d = 2, we know that for all u € H'(2) and r € [2, 00) it holds

lullzr@) < Cavrllull g g (7.17)
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for some constant Cq, depending only on €2 (see, e.g., [57, p. 479]). Consequently, we infer from
(7.9) that

||F1/(¢)||L'(Q) = Cﬁ(” (1, 6) ||L°°(0,T;?—L1) + [l (¢, ¥) ||L°°(0,T;?—L1))
<CJr

(7.18)

almost everywhere on [0, 7] for all r € [2, co). This inequality allows us to argue similarly to
the proof of [25, Theorem 3.1], and we deduce that

’ m
/‘ecﬂFl(tﬁ)l'\‘ dx < C(m) (7.19)
Q

for all m € N and some constant C (m) depending on m and the constant C from (7.18). In view
of (7.16), inequality (7.19) with m = 6 immediately entails that

”Fl//(gb)”]‘oo(o’T;Lﬁ(Q)) <C. (720)
Thus, utilizing the chain rule as well as the continuous embedding H 2(52) > W1'6(Q) we obtain

||VF1/(¢)”L°°(0,T;L3(Q)) = ||F1//(¢)||L00(0,T;L6(Q))||V¢||L00(0,T;L6(Q))

< Cl¢llp=0,7:m2) = C-

(7.21)

Finally, using (7.18) written for r = 3, and exploiting the continuous embedding wW3(Q) —
C(R2), we infer from (7.21) that

IF{ (@)L= < IF{@) L, 7:w1 3@y < C = Cx (7.22)

for almost every ¢ € [0, T]. Since Theorem 3.7 implies that ¢ € C (a), the inequality (7.22)
holds true even for every ¢ € [0, T']. Lastly, taking 8, := 1 — (Fl’)’1 (C,), leads to the desired
conclusion. 0O
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Appendix A. L? regularity theory for bulk-surface elliptic systems
Proposition A.1. Suppose that @ C R? with d € (2,3} is a bounded domain of class C? with

boundary I' .= 02, and let o € R and K € [0, 0o] be arbitrary. Moreover, suppose that the pair
(f, &) € LP with p > 2 fulfills the compatibility condition

a|QI{fla+IT1(g)r=0 K €[0,00),
(la=0 and (g)r=0 ifK =o0,

and assume that the pair (u, v) € ’H}< o IS a weak solution of the bulk-surface elliptic problem

—Au=f in Q, (A.la)
—Arv+adqu=g onT, (A.1b)
u=ov ifK =0,
Kohu=av—u ifK €(0,00), onT, (A.1c)
opu =20 if K=00

which means that

(), (0, 8)) g o = (£, (€. 8) o forall (¢, 8) € Hg .

Then, it holds

uewr(Q), (A.2a)
veWP(I), (A.2b)

and there exists a constant C > 0 independent of u and v such that

I, ) lw2r < CICE )l 2r- (A.3)

Proof. We will consider the cases K =0, K € (0, 00) and K = oo separately. In this proof, the
letter C denotes generic positive constants that are independent of u and v.

The case K = 0. The regularity theory for bulk-surface elliptic system developed in [40,
Theorem 3.3] already yields (i, v) € H? and the equations in (A.1) are fulfilled in the strong
sense. Therefore, in the following, we assume p > 2. Moreover, [40, Theorem 3.3] provides the
estimate

G, V)32 < CIC @)l 22 (A.4)

Recalling that the boundary is a (d — 1)-dimensional submanifold of R¥, Sobolev’s embedding
theorem implies

5 d—1 d
ulp=ave WHP(I') with =>4 — — —.
2 p 2
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Since f € LP(L2), we use elliptic regularity theory for Poisson’s equation with an inhomoge-
neous Dirichlet boundary condition (see, e.g., [6, Theorem 3.2] or [10, Theorem A.2]) to deduce

s . . 5 d d 2
ueWHP(Q) with s=min{2, - +—— = >1+—.
2 p 2 P
This directly entails
Vu e WhP(Q) <> WHP P (Q).
Since 2 — 1 =1 j5 positive and not an integer, the trace theorem (see, e.g., [6, Chapter 2,

Theore[r)n 2.54]) ir[;plies
dnu € WY/PP(I) < LP (D).

Since g € LP(I"), applying regularity theory for the Laplace—Beltrami equation (see, e.g., [58,
Lemma B.1]), we thus conclude (A.2b) along with the estimate

lvllwzr @y < CligllLe)- (A.5)

This, in turn, yields
ulp = av e WHP(I).

Hence, by means of elliptic regularity theory for Poisson’s equation with an inhomogeneous
Dirichlet boundary condition (see, e.g., [6, Theorem 3.2] or [10, Theorem A.2]), we conclude
that (A.2a) holds with

lullwr@y < C(I e + 10llwao) < CICE @)co (A.6)

Combining (A.5) and (A.6), we obtain (A.3).

The case K < (0, 00). Also in this case, the regularity theory for bulk-surface elliptic system
developed in [40, Theorem 3.3] already provides (u, v) € H? and the equations in (A.1) are
fulfilled in the strong sense. Therefore, in the following, we assume p > 2. Using the trace
theorem as well as Sobolev’s embedding theorem, we have

; d—1 d
ue HX(Q) < H> () < W'P(I)  with =24 —— -2
p

In particular, we also have v € H?>(I") = W% P(I"). This directly implies
1 t
O = ?(ow —u) € WP (D).

Since g € LP(I"), applying regularity theory for the Laplace—Beltrami equation (see, e.g., [58,
Lemma B.1]), we thus conclude (A.2b) with
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Ivllw2r @y < C(IgllLr@) + lOnullwer )

(A7)
< C(llgllzrry + 1@, v)llg2) < CICS )l zr-

Moreover, as f € LP(2), we use elliptic regularity theory for Poisson’s equation with an inho-

mogeneous Neumann boundary condition (see, e.g., [6, Theorem 3.2] or [10, Theorem A.2]) to
deduce

d d 2

ue WwSP(Q) with s:min{2,3+ —— —} >14 =

p 2 p

along with the estimate

lullwsr) < C(I1fILr) + 10nullwerr))

(A.8)
< C(IflliLr) + 1, v)liz2) < IS, &)l

Since 1 + % —-=1+ % is positive and not an integer, the trace theorem implies

1
p
ulr € Wit/rr.

This entails
1
Ot = E(av —u) e WtV/rr(m),

Hence, using again elliptic regularity theory for Poisson’s equation with an inhomogeneous Neu-
mann boundary condition (see, e.g., [6, Theorem 3.2] or [10, Theorem A.2]), we conclude that
(A.2a) holds with

lullwe.r@) < C(”f”LP(Q) + ||anu||W1+1/p.p(r))

(A.9)
< C(Ilf e + llullwsr@)) < CICL llcr-
Combining (A.7) and (A.9), we obtain (A.3).

The case K = oo. In this case, the Poisson—-Neumann problem ((A.la), (A.lc)) and the
Laplace—Beltrami equation (A.1b) are completely decoupled. Applying elliptic regularity for
Poisson’s equation with homogeneous Neumann boundary condition (see, e.g., [6, Theorem 3.2]
or [10, Theorem A.2]) and regularity theory for the Laplace-Beltrami equation (see, e.g., [58,
Lemma B.1]), respectively, we directly conclude (A.2a) and (A.2b) along with estimate (A.3).

As the regularities (A.2a) and (A.2b) as well as the estimate (A.3) have been established for
every choice K € [0, oo], the proof is complete. O
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