
Available online at www.sciencedirect.com
ScienceDirec t 

Journal of Differential Equations 439 (2025) 113408
www.elsevier.com/locate/jde

Strong well-posedness and separation properties for a 

bulk-surface convective Cahn–Hilliard system with 

singular potentials

Patrik Knopf ∗, Jonas Stange

Faculty for Mathematics, University of Regensburg, 93053 Regensburg, Germany

Received 19 July 2024; revised 19 March 2025; accepted 29 April 2025

Abstract

This paper addresses the well-posedness of a general class of bulk-surface convective Cahn–Hilliard 
systems with singular potentials. For this model, we first prove the existence of a global-in-time weak 
solution by approximating the singular potentials via a Yosida regularization, applying the corresponding 
results for regular potentials, and eventually passing to the limit in this approximation scheme. Then, we 
prove the uniqueness of weak solutions and their continuous dependence on the velocity fields and the initial 
data. Afterwards, assuming additional regularity of the domain as well as the velocity fields, we establish 
higher regularity properties of weak solutions and eventually the existence of strong solutions. In the end, 
we discuss strict separation properties for logarithmic type potentials in both two and three dimensions.
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1. Introduction

In this paper, we investigate the following bulk-surface convective Cahn–Hilliard system:

∂tφ + div(φv) = div(mΩ(φ)∇μ) in Q, (1.1a)

μ = −εΔφ + ε−1F ′(φ) in Q, (1.1b)

∂tψ + divΓ(ψw) = divΓ(mΓ(ψ)∇Γθ) − βmΩ(φ)∂nμ on Σ, (1.1c)

θ = −εΓκΔΓψ + ε−1
Γ G′(ψ) + αε∂nφ on Σ, (1.1d){

εK∂nφ = αψ − φ if K ∈ [0,∞),

∂nφ = 0 if K = ∞ on Σ, (1.1e)

{
LmΩ(φ)∂nμ = βθ − μ if L ∈ [0,∞),

mΩ(φ)∂nμ = 0 if L = ∞ on Σ, (1.1f)

φ|t=0 = φ0 in Ω, (1.1g)

ψ |t=0 = ψ0 on Γ. (1.1h)

This system of equations has already been investigated in [43], and in the special case K = 0, 
it appears as a subsystem in the Navier–Stokes--Cahn--Hilliard model with dynamic boundary 
conditions that was derived in [37].

In (1.1), Ω ⊂ Rd (with d = 2,3) denotes a bounded domain with boundary Γ := ∂Ω, T > 0 is 
a given final time, and for brevity we write Q := Ω × (0, T ) and Σ := Γ × (0, T ). We denote by 
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n the outward pointing unit normal vector on Γ and by ∂n the outward normal derivative on the 
boundary. Furthermore, the symbols ∇Γ, divΓ, and ΔΓ stand for the surface gradient, the surface 
divergence, and the Laplace–Beltrami operator on Γ, respectively.

The functions φ : Q →R and μ : Q → R represent the phasefield and the chemical potential 
in the bulk, whereas ψ : Σ →R and θ : Σ →R denote the phasefield and the chemical potential 
on the surface, respectively. Moreover, the functions v : Q → Rd and w : Σ → Rd are prescribed 
velocity fields corresponding to the flow of the two materials in the bulk and on the boundary, 
respectively. Furthermore, the parameter ε > 0 is related to the thickness of the diffuse interface 
in the bulk, while εΓ > 0 corresponds to the width of the diffuse interface on the boundary. The 
constant κ > 0 acts as a weight for surface diffusion effects.

In (1.1), the time evolution of (φ,μ) is given by the bulk convective Cahn–Hilliard sub
system (1.1a)-(1.1b), while the evolution of (ψ, θ) is determined by the surface convective 
Cahn–Hilliard subsystem (1.1c)-(1.1d), which is coupled to the bulk variables by means of the 
involved normal derivatives ∂nφ and ∂nμ. Moreover, the bulk and surface quantities are coupled 
by the boundary conditions (1.1e) and (1.1f), which depend on parameters K,L ∈ [0,∞] and 
α,β ∈R.

In (1.1e) and (1.1f), the parameters K,L ∈ [0,∞] are used to distinguish different cases, each 
corresponding to a certain solution behavior related to a physical situation. The case that has been 
studied most extensively in the literature is K = 0, which corresponds to the Dirichlet condition 
φ = αψ on Σ. This case makes particular sense along with α = 1, if the materials on the surface 
are the same as in the bulk. Nevertheless, we also want to cover the case where the materials on 
the boundary are not the same as in the bulk. For instance, this might be the case if the materials 
on the boundary are transformed by chemical reactions. This is taken into account in our model 
by the choice K ∈ (0,∞]. If K = ∞, the boundary condition (1.1e) degenerates to a homoge
neous Neumann boundary condition for the phasefield φ. Although, for most applications, this 
might not be the preferred choice, as such a Neumann boundary condition enforces the diffuse 
interface to always intersect the boundary at a perfect angle of ninety degrees, we include this 
case in our analysis for the sake of completeness. In the case K ∈ (0,∞), (1.1e) can be regarded 
as a Robin-type boundary condition. It can be used to describe a physical scenario where φ and ψ
represent different materials, and therefore, ψ and the trace of φ are (in general) not proportional. 
However, this setup still allows for a dynamic change of the contact angle between the diffuse 
interface and the boundary. In some sense, including the cases K ∈ (0,∞) is also helpful for 
the mathematical analysis. For instance, even for regular potentials F and G, a Faedo–Galerkin 
scheme to construct weak solutions cannot be used in the case K = 0 and L ∈ (0,∞]. For more 
details, we refer to [20,43].

The bulk and surface chemical potentials μ and θ are coupled through the boundary condition 
(1.1e) involving a parameter L ∈ [0,∞], which accounts for a possible transfer of material be
tween bulk and surface, see [40]. For the non-convective case, i.e., v ≡ 0 and w ≡ 0, the choice 
L = 0 was first proposed in [23] and [38]. Then, μ and θ are coupled through the Dirichlet 
condition μ = βθ on Σ, which means that μ and θ are assumed to always remain in chem
ical equilibrium. In this case, a rapid transfer of material between bulk and boundary can be 
expected (see, e.g., [40]). The choice L = ∞ was introduced in [44]. In this case, (1.1f) is a 
homogeneous Neumann boundary condition on μ, which means that the mass flux between the 
bulk and the surface is zero, and consequently, no transfer of material between bulk and surface 
will occur. In such a situation, the chemical potentials μ and θ are not directly coupled. The 
choice L ∈ (0,∞) was proposed and analyzed in [40]. Here, the chemical potentials μ and θ are 
coupled by a Robin-type boundary condition (1.1f). In this case, a transfer of material between 
3 



P. Knopf and J. Stange Journal of Differential Equations 439 (2025) 113408 
bulk and surface will occur, and the coefficient L−1 is related to the kinetic rate associated with 
adsorption and desorption processes or chemical reactions at the boundary. Furthermore, it was 
shown in [40,45] (in the non-convective case) and in [43] (in the convective case), that the limits 
L → 0 and L → ∞ can be used to recover the boundary condition (1.1f) with L = 0 and L = ∞, 
respectively.

The functions F ′ and G′ are the derivatives of double-well potentials F and G, respectively. 
A physically motivated example of the potentials F and G, especially in applications related 
to material science, is the logarithmic potential, which is also referred to as the Flory–Huggins 
potential. It is given by

Wlog(s) := Θ

2 

[
(1 + s) ln(1 + s) + (1 − s) ln(1 − s)

]− Θc

2 
s2, s ∈ [−1,1]. (1.2)

Here, Θ represents the temperature of the system and Θc stands for the critical temperature 
under which phase separation occurs. These constants are supposed to satisfy 0 < Θ < Θc . The 
logarithmic potential is often approximated by a regular double-well potential which reads as

Wreg(s) := c(s2 − 1)2, s ∈ R (1.3)

for a suitable constant c > 0. A further common choice is the double-obstacle potential, which 
is given by

Wobst(s) :=
{

1 − s2, if s ∈ [−1,1],
+∞, if s ∈ R \ [−1,1]. (1.4)

In contrast to the regular potential Wreg, the potentials Wlog and Wobst are classified as singular 
potentials as these functions or their derivatives exhibit singularities at ±1. Physically reasonable 
singular potentials can be decomposed as the sum of a smooth part and a convex part, which 
might not be differentiable but it at least possesses a subdifferential that is a maximal monotone 
graph.

An important quantity associated with the system (3.1) is the energy functional

EK(φ,ψ) =
∫
Ω 

ε

2
|∇φ|2 + ε−1F(φ) dx +

∫
Γ 

εΓκ

2 
|∇Γψ |2 + ε−1

Γ G(ψ) dΓ

+ σ(K)

∫
Γ 

1

2
|αψ − φ|2 dΓ,

(1.5)

where the function

σ(K) :=
{

K−1, if K ∈ (0,∞),

0, if K ∈ {0,∞}

is used to distinguish the different cases corresponding to the choice of K . Sufficiently regular 
solutions of the system (3.1) satisfy the mass conservation law
4 
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⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

β

∫
Ω 

φ(t) dx +
∫
Γ 

ψ(t) dΓ = β

∫
Ω 

φ0 dx +
∫
Γ 

ψ0 dΓ, if L ∈ [0,∞),

∫
Ω 

φ(t) dx =
∫
Ω 

φ0 dx and
∫
Γ 

ψ(t) dΓ =
∫
Γ 

ψ0 dΓ, if L = ∞
(1.6)

for all t ∈ [0, T ]. This means that the mass is conserved separately in Ω and Γ in the case L = ∞, 
whereas in the case L ∈ [0,∞), a transfer of material between bulk and surface is allowed. 
Furthermore, sufficiently regular solutions satisfy the energy identity

d 
dt

EK(φ,ψ) =
∫
Ω 

φv · ∇μ dx +
∫
Γ 

ψw · ∇Γθ dΓ −
∫
Ω 

mΩ(φ) |∇μ|2 dx

−
∫
Γ 

mΓ(ψ) |∇Γθ |2 dΓ − σ(L)

∫
Γ 

(βθ − μ)2 dΓ

(1.7)

on [0, T ]. Note that in the non-convective case, i.e., v ≡ 0 and w ≡ 0, the right-hand side of (1.7)
is clearly non-positive. This means that the energy dissipates over the course of time, and the 
terms on the right-hand side of (1.7) can be interpreted as the dissipation rate. In the convective 
case, i.e., v and/or w are non-trivial, we can (in general) not infer dissipation of the energy from 
the energy identity (1.7). However, if it holds w = vτ and the velocity field v is determined by 
a Navier–Stokes equations (cf. [26,37]), or a Brinkman/Stokes equation (cf. [20]), an energy 
dissipation for the corresponding total energy can be obtained.

State of the art and related literature In the case of regular potentials, system (1.1) has already 
been studied in [43] by the authors. There, the existence of a weak solution has first been es
tablished in the cases K,L ∈ (0,∞) by means of a Faedo–Galerkin scheme. For all other cases, 
the existence of a weak solution was shown by passing to the respective asymptotic limits, i.e., 
K → 0, K → ∞, L → 0 or L → ∞.

In the recent contributions [45--47], a similar system to (1.1) with singular potentials was 
investigated. There, they considered the special case without convection terms (i.e., v ≡ 0 and 
w ≡ 0), and only the choices (K,L) ∈ ({0} × [0,∞])∪ ([0,∞) × {∞}).

For further results on the mathematical analysis of system (1.1) in the non-convective case 
(i.e., v ≡ 0 and w ≡ 0), we refer to [11--13,22,28,30,51]. Related numerical results can be found 
in [1,2,39,48--50]. A nonlocal variant of the non-convective version of (1.1) was proposed and 
analyzed in [42]. Further results on the Cahn–Hilliard equation with dynamic boundary con
ditions of second-order (e.g., of Allen–Cahn or Wentzell type) can be found, for instance, in 
[8,9,14,27,33,53,55,59].

Goals and novelties of this paper
(I) Well-posedness of the convective Cahn–Hilliard system (1.1) with singular potentials. In 

the present paper, we first extend the results for regular potentials obtained in [43] to the 
case of singular potentials. This means we establish the existence of a global weak solution 
(see Theorem 3.4) as well as continuous dependence on the initial data and the velocity 
fields in the case of constant mobilities (see Theorem 3.6), which entails the uniqueness 
of the respective weak solution. Thanks to [43], we already have the existence of a global 
5 



P. Knopf and J. Stange Journal of Differential Equations 439 (2025) 113408 
weak solution of (1.1) at hand, provided that F and G are regular potentials. Therefore, 
our strategy to approach singular potentials is to regularize the subdifferentials of their 
convex parts by means of a Yosida approximation. Then, the approximate problem can be 
solved by means of the results established in [43]. Next, we derive suitable bounds on the 
approximate solutions which are uniform with respect to the approximation parameter ε
from the Yosida approximation. Eventually, using compactness arguments, we can pass to 
the limit ε → 0, which yields a weak solution to (1.1) with the original singular potentials. 
The continuous dependence estimate can be proved by the energy method. In this way, 
our new results extend the existing literature concerning the well-posedness of convective 
Cahn–Hilliard system with dynamic boundary conditions and singular potentials (see, e.g., 
[16,19,34]).

(II) Existence of strong solutions. The next step is to prove higher regularity results for weak 
solutions in the case of constant mobilities and under additional regularity assumptions 
of the velocity fields (see Theorem 3.7). These higher regularity results are established 
by approximating the time derivatives in (1.1) by suitable difference quotients, deriving 
uniform estimates, and applying regularity theory for bulk-surface elliptic systems (see 
Proposition A.1 and [40, Theorem 3.3]).

(III) Separation properties. Eventually, we show strict separation properties for the unique 
strong solution (see Theorem 3.11). This means that the corresponding phasefields will 
stay strictly away from the pure phases ±1. For a general class of singular potentials 
(see (S1)-(S4)), we obtain:

For almost all t ∈ [0, T ], there exists δ(t) ∈ (0,1] such that:

‖φ(t)‖L∞(Ω) ≤ 1 − δ(t) and ‖ψ(t)‖L∞(Γ) ≤ 1 − δ(t).
(1.8)

If G is a logarithmic type potential (see (S6)), ψ even satisfies the uniform strict separation 
property:

There exists δ∗ ∈ (0,1] such that for all (z, t) ∈ Σ: |ψ(z, t)| ≤ 1 − δ∗. (1.9)

If d = 2 and F is a logarithmic type potential (see (S5)), we analogously obtain the uniform 
strict separation property for φ:

There exists δ� ∈ (0,1] such that for all (x, t) ∈ Q: |φ(x, t)| ≤ 1 − δ�. (1.10)

It is not surprising that this result only holds in two dimensions, since even for the standard 
Cahn–Hilliard equation with homogeneous Neumann boundary conditions on both φ and 
μ, the uniform strict separation property (1.10) has not yet been established in three di
mensions. However, as the boundary Γ is a two-dimensional submanifold, we are still able 
to obtain (1.9) by adapting the techniques for the two-dimensional Cahn–Hilliard equation 
in the bulk.

For the non-convective bulk-surface Cahn–Hilliard system (i.e., (1.1) with v ≡ 0 and 
w ≡ 0), such separation properties have already been established in the cases (K,L) ∈({0} × [0,∞])∪ ([0,∞) × {∞}) (see [22,46,47]).

In the present paper, we extend these results by showing the above separation properties 
for the convective bulk-surface Cahn–Hilliard system (i.e., with non-trivial velocity fields 
v and w) for all parameter choices (K,L) ∈ [0,∞]2.
6 
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We further refer to [29] and [24,35,54] for strict separation properties of the anisotropic 
Cahn–Hilliard equation and the nonlocal Cahn–Hilliard equation, respectively.

Structure of this paper After introducing the notion of a weak solution of (3.1), we state our 
main results in Section 3. In Section 4, we prove the existence of weak solutions to the Cahn--
Hilliard system (3.1). Afterwards, in Section 5, we establish the uniqueness of the weak solutions 
and its continuous dependence on the velocity fields and the initial data. Section 6 is devoted to 
proving higher regularity results and in particular, the existence of strong solutions under suit
able additional assumptions. Lastly, for logarithmic type potentials, we establish the separation 
properties in Section 7.

2. Notation, assumptions and preliminaries

We fix some notation and assumptions that are supposed to hold throughout the remainder of 
this paper.

2.1. Notation

(N1) N denotes the set of natural numbers excluding zero, whereas N0 = N ∪ {0}.
(N2) Let Ω ⊂ Rd with d ∈ {2,3} be a bounded domain with sufficiently regular boundary Γ :=

∂Ω. For any p ∈ [1,∞] and s ≥ 0, the Lebesgue and Sobolev spaces for functions mapping 
from Ω to R are denoted as Lp(Ω) and Ws,p(Ω), respectively. Their standard norms are 
denoted by ‖ · ‖Lp(Ω) and ‖ · ‖Ws,p(Ω). In the case p = 2, we write Hs(Ω) = Ws,2(Ω). In 
particular, H 0(Ω) can be identified with L2(Ω). The Lebesgue and Sobolev spaces on Γ
are defined analogously, provided that Γ is sufficiently regular. For vector-valued functions 
mapping from Ω into Rd , we write Lp(Ω), Ws,p(Ω) and Hs(Ω). For functions mapping 
from Γ to Rd , we use an analogous notation. For any real numbers p ∈ [1,∞] and s ≥ 0
and any Banach space X, the Bochner spaces of functions mapping from an interval I
into X are denoted by Lp(I ;X) and Ws,p(I ;X). Furthermore, for any interval I and any 
Banach space X, we denote the space of continuous functions mapping from I to X by 
C(I ;X).

(N3) For any Banach space X, its dual space is denoted by X′. The associated duality pairing of 
elements φ ∈ X′ and ζ ∈ X is denoted by 〈φ, ζ 〉X . If X is a Hilbert space, denote its inner 
product by (·, ·)X .

(N4) For any bounded domain Ω ⊂ Rd (d ∈N) with Lipschitz boundary Γ, and any u ∈ H 1(Ω)′
and v ∈ H 1(Γ)′, we write

〈u〉Ω := 1 
|Ω| 〈u,1〉H 1(Ω), 〈v〉Γ := 1 

|Γ| 〈v,1〉H 1(Γ)

to denote the generalized means of u and v, respectively. Here, |Ω| denotes the d
dimensional Lebesgue measure of Ω, whereas |Γ| denotes the (d − 1)-dimensional Haus
dorff measure of Γ. If u ∈ L1(Ω) or v ∈ L1(Γ), their generalized mean can be expressed 
as

〈u〉Ω = 1 
|Ω|

∫
Ω 

u dx, 〈v〉Γ = 1 
|Γ|

∫
Γ 

v dΓ,
7 
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respectively.
(N5) For any bounded domain Ω ⊂ Rd (d ∈ N) with Lipschitz boundary Γ := ∂Ω and any 

2 ≤ p < ∞, we introduce the spaces

Lp

div(Ω) := {v ∈ Lp(Ω) : div v = 0 in Ω, v · n = 0 on Γ},
Lp

τ (Γ) := {w ∈ Lp(Γ) : w · n = 0 on Γ},
Lp

div(Γ) := {w ∈ Lp
τ (Γ) : divΓ w = 0 on Γ}.

We point out that in the definitions of Lp

div(Ω) and Lp

div(Γ), the expressions div v in Ω and 
divΓ w on Γ are to be understood in the sense of distributions. If v ∈ Lp(Ω) (p ≥ 2) with 
div v = 0 in Ω, we already know that v · n ∈ H−1/2(Γ), and therefore, the relation v · n = 0
on Γ is well-defined.

2.2. Assumptions

(A1) We consider a bounded domain ∅ �= Ω ⊂ Rd with d ∈ {2,3} with Lipschitz boundary Γ :=
∂Ω and a final time T > 0. We further use the notation

Q := Ω × (0, T ), Σ := Γ × (0, T ).

(A2) The constants occurring in the system (1.1) satisfy ε, εΓ, κ > 0, and α,β ∈ R with αβ |Ω|+
|Γ| �= 0. Since the choice of ε, εΓ and κ has no impact on the mathematical analysis, we 
will simply set ε = εΓ = κ = 1 without loss of generality.

(A3) The mobility functions mΩ : R → R and mΓ : R → R are continuous, bounded, and uni
formly positive. This means that there exist positive constants m∗

Ω,M∗
Ω,m∗

Γ,M∗
Γ such that 

for all s ∈ R,

0 < m∗
Ω ≤ mΩ(s) ≤ M∗

Ω, and 0 < m∗
Γ ≤ mΓ(s) ≤ M∗

Γ.

For the potentials F,G : R → [0,∞], we assume the decompositions F = F1 + F2 and G =
G1 + G2 with the following properties:

(S1) F1,G1 : R→ [0,∞] are proper, lower semicontinuous and convex functions with F1(0) =
G1(0) = 0. Their effective domains are denoted by D(F1) and D(G1). We further define

f1 := ∂F1, g1 := ∂G1,

where ∂ indicates the subdifferential. These subdifferentials are maximal monotone graphs 
in R×R (see, e.g., [4, Theorem 2.8]), whose effective domains are denoted by D(f1) and 
D(g1), respectively, and satisfy 0 ∈ f1(0) ∩ g1(0). To be precise, it holds

D(f1) := {r ∈ D(F1) : f1(r) �= ∅},

and D(g1) is defined analogously. Moreover, we postulate the growth conditions
8 
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lim |r|→∞
F1(r)

|r|2 = +∞ and lim |r|→∞
G1(r)

|r|2 = +∞. (2.1)

(S2) F2,G2 : R → R are continuously differentiable functions with Lipschitz continuous 
derivatives f2 := F ′

2 and g2 := G′
2, respectively.

(S3) It holds αD(g1) ⊂ D(f1), that is for any r ∈ D(g1) we have αr ∈ D(f1), and the boundary 
graph dominates the bulk graph in the following sense: There exist κ1, κ2 > 0 such that

∣∣f ◦
1 (αr)

∣∣≤ κ1
∣∣g◦

1(r)
∣∣+ κ2 for all r ∈ D(g1). (2.2)

Here, α denotes the constant occurring in (1.1) (cf. (A2)) and f ◦
1 denotes the minimal 

section of the graph f1, i.e.,

f ◦
1 (r) :=

{
r∗ ∈ f1(r) : ∣∣r∗∣∣= min 

s∈f1(r)
|s|
}

for all r ∈ D(f1).

The minimal section g◦
1 of the graph g1 is defined analogously. It is well-known that f ◦

1
and g◦

1 are single-valued. Therefore, they can be interpreted as functions

f ◦
1 : D(f1) →R and g◦

1 : D(g1) → R.

For some results that will be established in this paper, we need additional assumptions on the 
potentials F and G.

(S4) It additionally holds F1,G1 ∈ C([−1,1]) ∩ C2(−1,1), F1(s) = G1(s) = +∞ for all s ∈
R \ [−1,1], and

lim 
s↘−1

F ′
1(s) = lim 

s↘−1
G′

1(s) = −∞ and lim 
s↗1

F ′
1(s) = lim 

s↗1
G′

1(s) = +∞.

Moreover, there exists a constant Θ > 0 such that

F ′′
1 (s) ≥ Θ and G′′

1(s) ≥ Θ for all s ∈ (−1,1).

This means that F1 and G1 are strongly convex on [−1,1]. Without loss of generality, we 
assume F1(0) = G1(0) = 0 and F ′

1(0) = G′
1(0) = 0. In particular, we thus have

F1(s) ≥ 0 and G1(s) ≥ 0 for all s ∈ [−1,1]

due to the strong convexity of F1 and G1, respectively. Furthermore, we assume that

−1 ≤ α ≤ 1.

(S5) In addition to the assumptions made in (S4), there exist constants C1,C2 > 0 as well as 
λ ∈ [1,2) such that

∣∣F ′′(s)
∣∣≤ C1eC2

∣∣F ′
1(s)

∣∣λ
for all s ∈ (−1,1). (2.3)
1

9 
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(S6) In addition to the assumptions made in (S4), there exist constants c1, c2 > 0 as well as 
γ ∈ [1,2) such that

∣∣G′′
1(s)

∣∣≤ c1ec2
∣∣G′

1(s)
∣∣γ

for all s ∈ (−1,1). (2.4)

Similar assumptions on the potentials have first been made in [7], and then in various contri
butions in the literature; see, e.g., [9,11--18,20].

Remark 2.1. We point out that (S3) excludes the cases where F1 is a singular potential and G1
is a regular potential, unless α = 0.

Let us consider the classical choices Wreg, Wlog and Wobst introduced in (1.3), (1.2) and (1.4). 
These potentials can be decomposed into

Wreg = Wreg,1 + Wreg,2, Wlog = Wlog,1 + Wlog,2, Wreg = Wobst,1 + Wobst,2

with

Wreg,1(s) = c(s4 + 1) for s ∈ D(Wreg,1) = R,

W ′
reg,1(s) = 4cs3 for s ∈ D(∂Wreg,1) = R,

Wreg,2(s) = −2cs2 for s ∈ R,

Wlog,1(s) = 1
2Θ

[
(1 + s) ln(1 + s) + (1 − s) ln(1 − s)

]
for s ∈ D(Wlog,1) = [−1,1],

W ′
log,1(s) = 1

2Θ
[

ln(1 + s) − ln(1 − s)
]

for s ∈ D(∂Wlog,1) = (−1,1),

Wlog,2(s) = − 1
2Θcs

2 for s ∈ R,

Wobst,1(s) = 0 for s ∈ D(Wobst,1) = [−1,1],
W ′

obst,1(s) = 0 for s ∈ (−1,1),

Wobst,2(s) = 1 − s2 for s ∈ R.

In the above formula for Wlog,1, we used the convention 0 ln 0 = 0. We further have D(∂Wobst,1) =
[−1,1] with ∂Wobst,1(−1) = (−∞,0] and ∂Wobst,1(−1) = [0,∞). Therefore, the following 
holds:
• The choice (F,G) = (Wlog,Wlog) satisfies (S1)-(S6).
• The choices (F,G) = (Wreg,Wreg), (F,G) = (Wreg,Wlog) and (F,G) = (Wreg,Wobst) satisfy 

(S1)-(S3), but not (S4) and (S5). Moreover, (S6) is fulfilled if G = Wlog.
• The choices (F,G) = (Wlog,Wreg) and (F,G) = (Wobst,Wreg) satisfy (S1)-(S3) if and only 

if α = 0.
If α �= 0, these choices are not allowed since αD(g1) �⊂ D(f1) and thus, (S3) is not ful

filled.
Obviously, (S4) and (S6) are not fulfilled for any choice of α ∈ R. Moreover, (S5) is ful

filled if F = Wlog.
• The choice (F,G) = (Wlog,Wobst) satisfies (S1)-(S3) if and only if |α| < 1.
10 
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For |α| < 1, we have

αD(g1) = [− |α| , |α| ]⊂ (−1,1) = D(f1),

and the domination property (2.2) holds since W ′
log,1 remains bounded on αD(g1).

For |α| ≥ 1, the choice (F,G) = (Wlog,Wobst) is not allowed since αD(g1) �⊂ D(f1) and 
thus, (S3) is not fulfilled.

Obviously, (S4) and (S6) are not fulfilled for any choice of α ∈R. However, (S5) is fulfilled 
since F = Wlog.

• The choices (F,G) = (Wobst,Wlog) and (F,G) = (Wobst,Wobst) satisfy (S1)-(S3) if and only 
if |α| ≤ 1.

For |α| ≤ 1, we have

αD(g1) ⊂ [− |α| , |α| ]⊂ [−1,1] = D(f1),

and the domination property (2.2) holds since f ◦
1 ≡ 0 on αD(g1).

For |α| > 1, the choices (F,G) = (Wobst,Wlog) and (F,G) = (Wobst,Wobst) are not al
lowed since αD(g1) �⊂ D(f1) and thus, (S3) is not fulfilled.

Obviously, (S4) and (S5) are not fulfilled for any choice of α ∈ R. Moreover, (S6) is ful
filled if G = Wlog.

2.3. Preliminaries

(P1) For any real numbers s ≥ 0 and p ∈ [1,∞], we set

Lp := Lp(Ω) × Lp(Γ), and Ws,p := Ws,p(Ω) × Ws,p(Γ),

provided that Γ is sufficiently regular. We abbreviate Hs := Ws,2 and identify L2 with H0. 
Note that Hs is a Hilbert space with respect to the inner product

(
(φ,ψ) , (ζ, ξ)

)
Hs := (φ, ζ )Hs(Ω) + (ψ, ξ)Hs(Γ) for all (φ,ψ) , (ζ, ξ) ∈Hs

and its induced norm ‖ · ‖Hs := (·, ·)1/2
Hs . We recall that the duality pairing can be expressed 

as

〈
(φ,ψ) , (ζ, ξ)

〉
Hs = (φ, ζ )L2(Ω) + (ψ, ξ)L2(Γ)

for all (ζ, ξ) ∈Hs if (φ,ψ) ∈ L2.
(P2) Let L ∈ [0,∞] and β ∈ R be real numbers. We introduce the subspace

H1
L,β :=

{
H1, if L ∈ (0,∞],
{(φ,ψ) ∈ H1 : φ = βψ a.e. on Γ}, if L = 0,

endowed with the inner product (·, ·)H1
L,β

:= (·, ·)H1 and its induced norm. The space H1
L,β

is a Hilbert space. Moreover, we define the product
11 
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〈(φ,ψ) , (ζ, ξ)〉H1
L,β

:= (φ, ζ )L2(Ω) + (ψ, ξ)L2(Γ)

for all (φ,ψ) , (ζ, ξ) ∈ L2. By means of the Riesz representation theorem, this product 
can be extended to a duality pairing on (H1

L,β)′ × H1
L,β , which will also be denoted as 

〈·, ·〉H1
L,β

.

(P3) Let L ∈ [0,∞] and β ∈R be real numbers. We define for (φ,ψ) ∈ (H1
L,β)′ the generalized 

bulk-surface mean

mean (φ,ψ) :=
〈(φ,ψ) , (β,1)〉H1

L,β

β2 |Ω| + |Γ| ,

which reduces to

mean (φ,ψ) = β |Ω| 〈φ〉Ω + |Γ| 〈ψ〉Γ
β2 |Ω| + |Γ|

if φ ∈ L2(Ω) and ψ ∈ L2(Γ). We then define the closed linear subspaces

V1
L,β :=

{
{(φ,ψ) ∈ H1

L,β : mean (φ,ψ) = 0}, if L ∈ [0,∞),

{(φ,ψ) ∈ H1 : 〈φ〉Ω = 〈ψ〉Γ = 0}, if L = ∞.

Note that these subspaces are Hilbert spaces with respect to the inner product (·, ·)H1 .
(P4) Let L ∈ [0,∞] and β ∈ R be real numbers. We set

σ(L) :=
{

L−1, if L ∈ (0,∞),

0, if L ∈ {0,∞},

and we define a bilinear form on H1 ×H1 by

(
(φ,ψ) , (ζ, ξ)

)
L,β

:=
∫
Ω 

∇φ · ∇ζ dx +
∫
Γ 

∇Γψ · ∇Γξ dΓ

+ σ(L)

∫
Γ 

(βψ − φ)(βξ − ζ ) dΓ

for all (φ,ψ) , (ζ, ξ) ∈H1. Moreover, we set

‖ (φ,ψ)‖L,β := (
(φ,ψ) , (φ,ψ)

)1/2
L,β

for all (φ,ψ) ∈H1. The bilinear form (·, ·)L,β defines an inner product on V1
L,β , and ‖·‖L,β

defines a norm on V1
L,β , that is equivalent to the norm ‖ · ‖H1 (see [41, Corollary A.2]). 

The space 
(
V1 , (·, ·)L,β ,‖ · ‖L,β

)
is a Hilbert space.
L,β

12 
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(P5) For any L ∈ [0,∞] and β ∈ R, we define the space

V−1
L,β

:=
{

{(φ,ψ) ∈ (H1
L,β)′ : mean (φ,ψ) = 0}, if L ∈ [0,∞),

{(φ,ψ) ∈ (H1)′ : 〈φ〉Ω = 〈ψ〉Γ = 0}, if L = ∞.

Using the Lax–Milgram theorem, one can show that for any (φ,ψ) ∈ V−1
L,β , there exists a 

unique weak solution SL,β(φ,ψ) = (
SΩ

L,β(φ,ψ),SΓ
L,β(φ,ψ)

) ∈ V1
L,β to the elliptic prob

lem with bulk-surface coupling

−ΔSΩ
L,β = −φ in Ω, (2.5)

−ΔΓSΓ
L,β + β∂nSΩ

L,β = −ψ on Γ, (2.6)

L∂nSΩ
L,β = βSΓ

L,β − SΩ
L,β on Γ. (2.7)

This means that SL,β(φ,ψ) satisfies the weak formulation

(
SL,β(φ,ψ), (ζ, ξ)

)
L,β

= −〈(φ,ψ) , (ζ, ξ)〉H1
L,β

for all test functions (ξ, ζ ) ∈H1
L,β . Consequently, we have

‖SL,β(φ,ψ)‖L,β ≤ ‖ (φ,ψ)‖(H1
L,β )′

for all (φ,ψ) ∈ V−1
L,β . Thus, we can define the solution operator

SL,β : V−1
L,β → V1

L,β, (φ,ψ) �→ SL,β(φ,ψ) = (
SΩ

L,β(φ,ψ),SΓ
L,β(φ,ψ)

)
,

as well as an inner product and its induced norm on V−1
L,β by

(
(φ,ψ) , (ζ, ξ)

)
L,β,∗ := (

SL,β(φ,ψ),SL,β(ζ, ξ)
)
L,β

,

‖ (φ,ψ)‖L,β,∗ := (
(φ,ψ) , (φ,ψ)

)1/2
L,β,∗,

for (φ,ψ) , (ζ, ξ) ∈ V−1
L,β . This norm is equivalent to the norm ‖ · ‖(H1

L,β )′ on V−1
L,β . For the 

case L ∈ (0,∞), we refer the reader to [41, Theorem 3.3 and Corollary 3.5] for a proof of 
these statements. In the other cases, the results can be proven analogously.

(P6) We further recall the following bulk-surface Poincaré inequality, which has been estab
lished in [41, Lemma A.1]: 

Let K ∈ [0,∞) and α,β ∈ R with αβ |Ω| + |Γ| �= 0 be arbitrary. Then there exists a con
stant CP > 0 depending only on K,α,β and Ω such that

‖ (φ,ψ)‖L2 ≤ CP ‖ (φ,ψ)‖K,α

for all pairs (φ,ψ) ∈ H1 satisfying mean (φ,ψ) = 0.
K,α

13 
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3. Main results

As mentioned in (A2), we set ε = εΓ = κ = 1. This does not mean any loss of generality as 
the exact values of ε, εΓ, and κ do not have any impact on the mathematical analysis (as long as 
they are positive). With this choice, the system (1.1) can be restated as follows:

∂tφ + div(φv) = div(mΩ(φ)∇μ) in Q, (3.1a)

μ = −Δφ + F ′(φ) in Q, (3.1b)

∂tψ + divΓ(ψw) = divΓ(mΓ(ψ)∇Γθ) − βmΩ(φ)∂nμ on Σ, (3.1c)

θ = −ΔΓψ + G′(ψ) + α∂nφ on Σ, (3.1d){
K∂nφ = αψ − φ if K ∈ [0,∞),

∂nφ = 0 if K = ∞ on Σ, (3.1e)

{
LmΩ(φ)∂nμ = βθ − μ if L ∈ [0,∞),

mΩ(φ)∂nμ = 0 if L = ∞ on Σ, (3.1f)

φ|t=0 = φ0 in Ω, (3.1g)

ψ |t=0 = ψ0 on Γ. (3.1h)

The total energy associated with this system reads as

EK(φ,ψ) =
∫
Ω 

1

2
|∇φ|2 + F(φ) dx +

∫
Γ 

1

2
|∇Γψ |2 + G(ψ) dΓ

+ σ(K)

∫
Γ 

1

2
|αψ − φ|2 dΓ,

(3.2)

for K ∈ [0,∞].

3.1. Weak solutions for possibly singular potentials

The notion of a weak solution to system (3.1) is defined as follows:

Definition 3.1 (Weak solutions of system (3.1)). Suppose that the assumptions (A1)-(A3) and 
(S1)-(S2) hold. Let K,L ∈ [0,∞], v ∈ L2(0, T ;L3

div(Ω)) and w ∈ L2(0, T ;L2+ω
τ (Γ)) for some 

ω > 0 be given velocity fields, and let (φ0,ψ0) ∈ H1
K,α be an arbitrary initial datum satisfy

ing

F1(φ0) ∈ L1(Ω), G1(ψ0) ∈ L1(Γ). (3.3a)

Furthermore, in the case L ∈ [0,∞) we assume that

β mean (φ0,ψ0) ∈ int(D(f1)), mean (φ0,ψ0) ∈ int(D(g1)), (3.3b)
14 
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while in the case L = ∞ we assume that

〈φ0〉Ω ∈ int(D(f1)), 〈ψ0〉Γ ∈ int(D(g1)). (3.3c)

The sextuplet (φ,ψ,μ, θ, ξ, ξΓ) is called a weak solution of the system (3.1) on [0, T ] if the 
following properties hold:

(i) The functions φ,ψ,μ, θ, ξ and ξΓ have the regularities

(φ,ψ) ∈ C([0, T ];L2) ∩ H 1(0, T ; (H1
L,β)′) ∩ L∞(0, T ;H1

K,α), (3.4a)

(μ, θ) ∈ L2(0, T ;H1
L,β), (3.4b)

(ξ, ξΓ) ∈ L2(0, T ;L2), (3.4c)

and it holds φ(x, t) ∈ D(f1) for almost all (x, t) ∈ Q and ψ(z, t) ∈ D(g1) for almost all 
(z, t) ∈ Σ.

(ii) The initial conditions are satisfied in the following sense:

φ|t=0 = φ0 a.e. in Ω, and ψ |t=0 = ψ0 a.e. on Γ. (3.5)

(iii) The variational formulation

〈(∂tφ, ∂tψ) , (ζ, ζΓ)〉H1
L,β

−
∫
Ω 

φv · ∇ζ dx −
∫
Γ 

ψw · ∇ΓζΓ dΓ

= −
∫
Ω 

mΩ(φ)∇μ · ∇ζ dx −
∫
Γ 

mΓ(ψ)∇Γθ · ∇ΓζΓ dΓ

− σ(L)

∫
Γ 

(βθ − μ)(βζΓ − ζ ) dΓ,

(3.6a)

∫
Ω 

μ η dx +
∫
Γ 

θ ηΓ dΓ

=
∫
Ω 

∇φ · ∇η + ξη + F ′
2(φ)η dx +

∫
Γ 

∇Γψ · ∇ΓηΓ + ξΓηΓ + G′
2(ψ)ηΓ dΓ

+ σ(K)

∫
Γ 

(αψ − φ)(αηΓ − η) dΓ,

(3.6b)

holds a.e. on [0, T ] for all (ζ, ζΓ) ∈ H1
L,β, (η, ηΓ) ∈ H1

K,α , where

ξ ∈ f1(φ) a.e. in Q, ξΓ ∈ g1(ψ) a.e. on Σ. (3.7)
15 
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(iv) The functions φ and ψ satisfy the mass conservation law

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

β

∫
Ω 

φ(t) dx +
∫
Γ 

ψ(t) dΓ = β

∫
Ω 

φ0 dx +
∫
Γ 

ψ0 dΓ, if L ∈ [0,∞),

∫
Ω 

φ(t) dx =
∫
Ω 

φ0 dx and
∫
Γ 

ψ(t) dΓ =
∫
Γ 

ψ0 dΓ, if L = ∞
(3.8)

for all t ∈ [0, T ].
(v) The energy inequality

EK(φ(t),ψ(t)) +
t∫

0 

∫
Ω 

mΩ(φ) |∇μ|2 dx ds +
t∫

0 

∫
Γ 

mΓ(ψ) |∇Γθ |2 dΓ ds

+ σ(L)

t∫
0 

∫
Γ 

(βθ − μ)2 dΓ ds

−
t∫

0 

∫
Ω 

φv · ∇μ dx ds −
t∫

0 

∫
Γ 

ψw · ∇Γθ dΓ ds

≤ EK(φ0,ψ0)

(3.9)

holds for all t ∈ [0, T ].

Remark 3.2. Assume that the potentials F and G are more regular, say F ∈ C1(D(f1)) and 
G ∈ C1(D(g1)). In addition, suppose that f1 and g1 are single-valued in their respective domains. 
Then, from the theory of subdifferentials, it is well known that ξ = F ′

1(φ) and ξΓ = G′
1(ψ). 

Therefore, the weak formulation (3.6) can be rewritten as

〈(∂tφ, ∂tψ) , (ζ, ζΓ)〉H1
L,β

−
∫
Ω 

φv · ∇ζ dx −
∫
Γ 

ψw · ∇ΓζΓ dΓ

= −
∫
Ω 

mΩ(φ)∇μ · ∇ζ dx −
∫
Γ 

mΓ(ψ)∇Γθ · ∇ΓζΓ dΓ

− σ(L)

∫
Γ 

(βθ − μ)(βζΓ − ζ ) dΓ,

(3.10a)

∫
Ω 

μ η dx +
∫
Γ 

θ ηΓ dΓ

=
∫

∇φ · ∇η + F ′(φ)η dx +
∫

∇Γψ · ∇ΓηΓ + G′(ψ)ηΓ dΓ (3.10b)
Ω Γ 

16 
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+ σ(K)

∫
Γ 

(αψ − φ)(αηΓ − η) dΓ,

a.e. on [0, T ] for all (ζ, ζΓ) ∈ H1
L,β, (η, ηΓ) ∈ H1

K,α , which coincides with the weak formulation 
for regular potentials stated in [43].

Remark 3.3. The difference in the condition of the initial data (3.3b) and (3.3c) in the cases 
L ∈ [0,∞) and L = ∞ reflects the difference in the mass conservation law (3.8) depending on 
the value of L ∈ [0,∞].

We can now state our first main results regarding the existence of weak solutions for singular 
potentials.

Theorem 3.4. (Existence of weak solutions of (3.1)) Suppose that the assumptions (A1)-(A3)
and (S1)-(S2) hold. Let K,L ∈ [0,∞], let (φ0,ψ0) ∈ H1

K,α be an arbitrary initial datum sat

isfying (3.3), and let v ∈ L2(0, T ;L3
div(Ω)) and w ∈ L2(0, T ;L2+ω

τ (Γ)) for some ω > 0 be given 
velocity fields. If K ∈ [0,∞), we further suppose that (S3) holds, and if K = 0, we additionally 
assume that the domain Ω is of class C2.

Then, the Cahn–Hilliard system (3.1) admits at least one weak solution (φ,ψ,μ, θ, ξ, ξΓ) in 
the sense of Definition 3.1. In all cases, if the domain Ω is at least of class C2, it holds that

(φ,ψ) ∈ L2(0, T ;H2), (3.11)

and the equations

μ = −Δφ + ξ + F ′
2(φ) a.e. in Q,

θ = −ΔΓψ + ξΓ + G′
2(ψ) + α∂nφ a.e. on Σ,{

K∂nφ = αψ − φ if K ∈ [0,∞),

∂nφ = 0 if K = ∞ a.e. on Σ

are fulfilled in the strong sense. If additionally (S4) holds, we even have

(φ,ψ) ∈ L2(0, T ;W2,6), 
(
F ′(φ),G′(ψ)

) ∈ L2(0, T ;L6). (3.12)

Theorem 3.4 is proved by approximating the singular potentials by means of a Moreau–Yosida 
approximation, which will be explained in more detail in Subsection 4.1. The proof of Theo
rem 3.4 is then presented in Subsection 4.2.

Remark 3.5. Concerning the regularities stated in (3.12), we note the following.
(a) We even get

G′(ψ) ∈ L2(0, T ;Ls(Γ)) and ψ ∈ L2(0, T ;W 2,s(Γ))

for any s ∈ [1,∞), see Proposition 6.1 and Corollary 6.2.
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(b) If the spatial dimension is two (i.e., d = 2), we even get

F ′(φ) ∈ L2(0, T ;Lr(Ω)), φ ∈ L2(0, T ;W 2,r (Ω)),

G′(ψ) ∈ L2(0, T ;Lr(Γ)), ψ ∈ L2(0, T ;W 2,r (Γ))

for all r ∈ [1,∞), see Proposition 6.1 and Corollary 6.2.

3.2. Uniqueness and continuous dependence on the initial data

Our second result shows the continuous dependence of the phasefields on the velocity fields 
and the initial data in the case of constant mobilities.

Theorem 3.6. Suppose that the assumptions (A1)-(A3) and (S1)-(S2) hold, and that the mobility 
functions mΩ and mΓ are constant. Let K,L ∈ [0,∞], let (φ1

0 ,ψ1
0 ), (φ2

0 ,ψ2
0 ) ∈ H1

K,α be two 
pairs of initial data, which satisfy

{
mean(φ1

0 ,ψ1
0 ) = mean(φ2

0 ,ψ2
0 ) if L ∈ [0,∞),

〈φ1
0〉

Ω
= 〈φ2

0〉
Ω

and 〈ψ1
0 〉

Γ
= 〈ψ2

0 〉
Γ

if L = ∞,
(3.13)

as well as (3.3), and let v1,v2 ∈ L2(0, T ;L3
div(Ω)), and w1,w2 ∈ L2(0, T ;L2+ω

τ (Γ)) for 
some ω > 0 be given bulk and surface velocity fields, respectively. Furthermore, suppose that 
(φ1,ψ1,μ1, θ1, ξ1, ξΓ1) and (φ2,ψ2,μ2, θ2, ξ2, ξΓ2) are weak solutions in the sense of Defini
tion 3.1 corresponding to (φ1

0,ψ1
0 ,v1,w1) and (φ2

0,ψ2
0 ,v2,w2), respectively. Then, the contin

uous dependence estimate

∥∥(φ1(t) − φ2(t),ψ1(t) − ψ2(t)
)∥∥2

L,β,∗ +
t∫

0 

∥∥(φ1(τ ) − φ2(τ ),ψ1(τ ) − ψ2(τ )
)∥∥2

K,α
dτ

≤ C
∥∥(φ1

0 − φ2
0 ,ψ1

0 − ψ2
0

)∥∥2
L,β,∗ exp

⎛
⎝C

t∫
0 

F(τ ) dτ

⎞
⎠

+ C

t∫
0 

∥∥(v1(s) − v2(s),w1(s) − w2(s)
)∥∥2

L3(Ω)×L2+ω(Γ)
exp

⎛
⎝C

t∫
s

F(τ ) dτ

⎞
⎠ ds

(3.14)

holds for almost all t ∈ [0, T ], where F := ‖ (v2,w2)‖2
L3(Ω)×L2+ω(Γ)

, and the constant C > 0
depends only on Ω, the parameters of the system and the initial data.

In particular, if (φ1
0,ψ1

0 ) = (φ2
0 ,ψ2

0 ) a.e. in Ω × Γ, v1 = v2 a.e. in Q and w1 = w2 a.e. on 
Σ, (3.14) yields uniqueness of the phasefields of the corresponding weak solution. Furthermore, 
the whole solution is unique if both the operators f1 and g1 are single-valued on their respective 
domains.

The proof of Theorem 3.6 is presented in Section 5.
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3.3. Strong solutions for singular potentials

Our next main result is concerned with establishing higher regularity properties of weak so
lutions. Assuming that the mobility functions are constant and that the potentials as well as the 
velocity fields are more regular, we prove the existence of strong solutions.

Theorem 3.7. In addition to the assumptions (A1)-(A3) and (S1)-(S4), we assume that the do
main Ω is at least of class C2 and that the mobility functions mΩ and mΓ are constant. Let 
K,L ∈ [0,∞] and let (φ0,ψ0) ∈ H1

K,α be an arbitrary initial datum satisfying (3.3). Moreover, 
we suppose that the velocity fields satisfy

v ∈ H 1(0, T ;L6/5(Ω)) ∩ L2(0, T ;L3
div(Ω)) ∩ L∞(0, T ;L2(Ω)),

w ∈ H 1(0, T ;L1+ω(Γ)) ∩ L2(0, T ;L2
div(Γ)) ∩ L∞(0, T ;L2(Γ))

for some ω > 0. We further assume that the following compatibility condition holds:

(C) There exists (μ0, θ0) ∈H1
L,β such that for all (η, ηΓ) ∈H1

K,α , it holds

∫
Ω 

μ0η dx +
∫
Γ 

θ0ηΓ dΓ

=
∫
Ω 

∇φ0 · ∇η + F ′(φ0)η dx +
∫
Γ 

∇Γψ0 · ∇ΓηΓ + G′(ψ0)ηΓ dΓ

+ σ(K)

∫
Γ 

(αψ0 − φ0)(αηΓ − η) dΓ.

Let (φ,ψ,μ, θ) be the corresponding unique solution in the sense of Definition 3.1. Then, 
(φ,ψ,μ, θ) has the following regularity:

(∂tφ, ∂tψ) ∈ L∞(0, T ; (H1
L,β)′) ∩ L2(0, T ;H1), (3.15a)

(φ,ψ) ∈ L∞(0, T ;W2,6) ∩
(
C
(
Q
)× C

(
Σ
))

, (3.15b)

(μ, θ) ∈ L∞(0, T ;H1) ∩ L2(0, T ;H2), (3.15c)(
F ′(φ),G′(ψ)

) ∈ L2(0, T ;L∞) ∩ L∞(0, T ;L6). (3.15d)

In particular, (φ,ψ,μ, θ) is a strong solution of system (3.1), i.e., all equations of (3.1) are 
satisfied almost everywhere.

The proof of Theorem 3.7 can be found in Section 6.

Remark 3.8. Concerning the regularities stated in (3.15b), we note the following.
(a) We even get

G′(ψ) ∈ L∞(0, T ;Ls(Γ)) and ψ ∈ L∞(0, T ;W 2,s(Γ))
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for any s ∈ [1,∞). This can be shown by invoking (3.15c) and proceeding as in the proofs 
of Proposition 6.1 and Corollary 6.2.

(b) If the spatial dimension is two (i.e., d = 2), we even get

F ′(φ) ∈ L∞(0, T ;Lr(Ω)), φ ∈ L∞(0, T ;W 2,r (Ω)),

G′(ψ) ∈ L∞(0, T ;Lr(Γ)), ψ ∈ L∞(0, T ;W 2,r (Γ))

for all r ∈ [1,∞). In view of (3.15c), this can also be obtained similarly to Proposition 6.1
and Corollary 6.2.

Remark 3.9. If the spatial dimension is two (i.e., d = 2), the assumptions on the velocity fields 
v and w can be relaxed. Namely, it is enough to assume that

v ∈ H 1(0, T ;L1+ω(Ω)) ∩ L2(0, T ;L2+ω
div (Ω)) ∩ L∞(0, T ;L2(Ω)),

w ∈ H 1(0, T ;L1(Γ)) ∩ L2(0, T ;L2
div(Γ)) ∩ L∞(0, T ;L2(Γ))

for some ω > 0. This is due to the better Sobolev embeddings in two dimensions, which allow 
us to perform the computations presented in the proof of Theorem 3.7 with less regular velocity 
fields.

Remark 3.10. Concerning the compatibility assumption (C), which was made in Theorem 3.7
and Theorem 3.11, we note the following.
(a) Even without assuming (C), it would still be possible to obtain the regularities (3.15) stated 

in Theorem 3.7, but with the time interval (0, T ) replaced by (t0, T ) for any time t0 > 0. This 
is because solutions of system (1.1) instantly regularize for positive times due to parabolic 
smoothing.

(b) If L ∈ (0,∞], it is quite easy to find initial data (φ0,ψ0), which satisfy the compatibility 
condition (C).

Let (φ0,ψ0) ∈H3 fulfill the conditions (3.3), and we additionally assume

(
F ′(φ0),G

′(ψ0)
) ∈H1 (3.16)

and

{
K∂nφ0 = αψ0 − φ0 if K ∈ [0,∞),

∂nφ0 = 0 if K = ∞ on Γ. (3.17)

We then define (μ0, θ0) ∈H1 = H1
L,β as

μ0 := −Δφ0 + F ′(φ0) in Ω,

θ0 := −ΔΓψ0 + G′(ψ0) + α∂nφ0 on Γ.

Now, via integration by parts, it is easy to see that (C) is fulfilled.
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Of course, condition (3.16) (and thus (3.3a)) is clearly satisfied if the initial data are 
strictly separated from ±1. This means that there exists δ0 > 0 such that for all x ∈ Ω and 
z ∈ Γ, it holds

−1 + δ0 ≤ φ0(x) ≤ 1 − δ0 and − 1 + δ0 ≤ ψ0(z) ≤ 1 − δ0.

(c) In the case L = 0, the situation is more involved and it is not so easy to see that admissible, 
non-trivial initial data satisfying (C) actually exist. In particular, proceeding as in (b) is not 
possible as this construction would not ensure that the resulting chemical potentials μ0 and 
θ0 actually fulfill the Dirichlet type coupling condition μ0 = βθ0 on Γ that is demanded in 
(C).

(d) In all cases (K,L) ∈ [0,∞]2, choosing (φ0,ψ0) = (0,0) as well as (μ0, θ0) = (0,0) pro
vides admissible initial data satisfying (C) as well as (3.3) since f1(0) = 0 and g1(0) = 0
was assumed.

3.4. Separation properties for logarithmic type potentials

Our last theorem is concerned with establishing separation properties for logarithmic type 
potentials. To be precise, we show that the phasefields φ and ψ remain separated from the 
values ±1, which correspond to the pure phases.

Theorem 3.11. Suppose that the assumptions of Theorem 3.7 hold. Let (φ,ψ,μ, θ) be the cor
responding unique strong solution, which exists according to Theorem 3.7.
(a) The phasefields φ and ψ remain strictly separated almost everywhere in time, that is:

For almost all t ∈ [0, T ], there exists δ(t) ∈ (0,1] such that:

‖φ(t)‖L∞(Ω) ≤ 1 − δ(t) and ‖ψ(t)‖L∞(Γ) ≤ 1 − δ(t).
(3.18)

(b) If additionally (S6) holds, the phasefield ψ fulfills the uniform strict separation property:

There exists δ∗ ∈ (0,1] such that for all (z, t) ∈ Σ: |ψ(z, t)| ≤ 1 − δ∗. (3.19)

(c) If additionally d = 2 and (S5) holds, the phasefield φ fulfills the uniform strict separation 
property:

There exists δ� ∈ (0,1] such that for all (x, t) ∈ Q: |φ(x, t)| ≤ 1 − δ�. (3.20)

The proof of Theorem 3.11 is presented in Section 7.
In the remainder of this paper, the letter C will denote generic positive constants that may 

depend on Ω, the quantities introduced in (A1)-(A3), the potentials F and G and the correspond
ing constants introduced in (S1)-(S6), the prescribed initial data, and the prescribed (φ0,ψ0) and 
velocity fields (v,w).
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4. Existence of weak solutions

4.1. Maximal monotone graphs and the Yosida approximation

In this subsection, we briefly review the basic concepts regarding the Yosida approximation 
of maximal monotone operators. For simplicity, we will restrict ourselves to the case which is 
relevant to us, i.e., we only consider F1,G1 : R → [0,∞] as in (S1). For a more comprehensive 
overview related to maximal monotone operators and the Yosida approximation, we refer the 
reader to [5, Chapter 2], [4, Chapter 2], [56, Chapter IV] and [31, Section 5]. 

For each ε ∈ (0,1), we define the Yosida approximations f1,ε, g1,ε : R → R of the subdifferen
tials f1 = ∂F1 and g1 = ∂G1, respectively, as

f1,ε(r) := 1

ε

(
r − (I + εf1)

−1(r)
)
, g1,ε(r) := 1

ε

(
r − (I + εg1)

−1(r)
)

(4.1)

for all r ∈R, respectively, where I denotes the identity on R. Note that while f1 and g1 might be 
multi-valued, their Yosida approximations are single-valued. It is well known that for all r ∈ R, 
it holds

∣∣f1,ε(r)
∣∣≤ ∣∣f ◦

1 (r)
∣∣ for all ε ∈ (0,1), and f1,ε(r) → f ◦

1 (r) as ε → 0. (4.2)

The analogous properties hold for g1,ε. Furthermore, both f1,ε and g1,ε are increasing and Lips
chitz continuous with Lipschitz constant 1

ε
. In particular, since 0 ∈ f1(0) ∩ g1(0), this implies in 

combination with (4.2) that

∣∣f1,ε(r)
∣∣≤ 1

ε
|r| , ∣∣g1,ε(r)

∣∣≤ 1

ε
|r| (4.3)

for all r ∈ R. Now, we define for each ε ∈ (0,1) the Moreau–Yosida approximations F1,ε and 
G1,ε of F1 and G1, respectively, as

F1,ε(r) := inf 
s∈R

{
1 
2ε

|r − s|2 + F1(s)

}
, G1,ε(r) := inf 

s∈R

{
1 
2ε

|r − s|2 + G1(s)

}
(4.4)

for all r ∈R, respectively. It is well known that F1,ε is convex and differentiable with F ′
1,ε = f1,ε

for all ε ∈ (0,1) (see, e.g., [4, Theorem 2.9]). Moreover, it holds that

0 ≤ F1,ε(r) ≤ F1(r) for all ε ∈ (0,1), and F1,ε(r) ↗ F1(r) as ε → 0 (4.5)

for all r ∈R. The analogous properties hold for G1,ε. In particular, we may write

F1,ε(r) =
r∫

0 

f1,ε(s) ds, G1,ε(r) =
r∫

0 

g1,ε(s) ds

for all r ∈ R. In addition, we readily infer from the definition (4.4) and the fact that F1(0) =
G1(0) = 0 that
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∣∣F1,ε(r)
∣∣≤ 1 

2ε
|r|2 , 

∣∣G1,ε(r)
∣∣≤ 1 

2ε
|r|2 (4.6)

for all r ∈R. Now, the domination condition (2.2) implies that

∣∣f1,ε(αr)
∣∣≤ κ1

∣∣g1,ε(r)
∣∣+ κ2 (4.7)

for all r ∈ R and all ε ∈ (0,1), where the constants κ1, κ2 are the same as in (2.2) (see [7, 
Lemma 4.4]). In summary, we conclude that the approximate potentials Fε := F1,ε + F2 and 
Gε := G1,ε + G2 fulfill the following growth conditions:

(R1) There exist constants cFε , cGε , cF ′
ε
, cG′

ε
≥ 0, which may depend on ε, such that the first

order derivatives of Fε and Gε satisfy the growth conditions

∣∣F ′
ε(s)

∣∣≤ cF ′
ε
(1 + |s|), (4.8)∣∣G′

ε(s)
∣∣≤ cG′

ε
(1 + |s|), (4.9)

|Fε(s)| ≤ cFε (1 + |s|2), (4.10)

|Gε(s)| ≤ cGε (1 + |s|2) (4.11)

for all s ∈ R.

Furthermore, the growth conditions in (S1) entail (see, e.g., [20, Section 3]):

(R2) There exists ε� ∈ (0,1) as well as constants CΩ,CΓ ≥ 0 such that

Fε(s) ≥ |s|2 − CΩ, (4.12)

Gε(s) ≥ |s|2 − CΓ (4.13)

for all s ∈ R and ε ∈ (0, ε�).

In particular, this implies that for ε ∈ (0, ε�), Fε and Gε are bounded from below by −CΩ and 
−CΓ, respectively. Hence, without loss of generality, we may assume that Fε and Gε are non
negative provided that ε ∈ (0, ε�). (Otherwise, we simply replace F2 by F2 + CΩ and G2 by 
G2 + CΓ.)

4.2. Construction of a weak solution

Proof of Theorem 3.4. Step 1. We first construct a sequence of approximate solutions. There
fore, let ε ∈ (0, ε�) with ε� as in (R2). Then, due to [43, Theorem 3.2], there exists a weak solu
tion (φε,ψε,με, θε) satisfying the weak formulation (3.10a)-(3.10b) with F = Fε and G = Gε . 
It is worth mentioning that in [43, Theorem 3.2], the stronger regularity w ∈ L2(0, T ;L3

τ (Γ))

was imposed for convenience. However, it is easy to see that by slightly modifying the proof, 
this result actually holds true for the regularity w ∈ L2(0, T ;L2+ω

τ (Γ)) that is prescribed in the 
present paper. As a further consequence of [43, Theorem 3.2], the energy inequality
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Eε
K(φε(t),ψε(t)) +

t∫
0 

∫
Ω 

mΩ(φε) |∇με|2 dx ds

+
t∫

0 

∫
Γ 

mΓ(ψε) |∇Γθε|2 dΓ ds + σ(L)

t∫
0 

∫
Γ 

(βθε − με)
2 dΓ ds

−
t∫

0 

∫
Ω 

φεv · ∇με dx ds −
t∫

0 

∫
Γ 

ψεw · ∇Γθε dΓ ds

≤ Eε
K(φ0,ψ0)

(4.14)

holds for all t ∈ [0, T ]. Here, Eε
K denotes the energy given by (3.2) with Fε and Gε in place of 

F and G, respectively. Additionally, as also stated in [43, Theorem 3.2], if Ω is of class C2, then 
(φε,ψε) ∈ L2(0, T ;H2), and the equations

με = −Δφε + F ′
ε(φε) a.e. in Q, (4.15a)

θε = −ΔΓψε + G′
ε(ψε) + α∂nφε a.e. on Σ, (4.15b){

K∂nφε = αψε − φε if K ∈ [0,∞),

∂nφε = 0 if K = ∞ a.e. on Σ (4.15c)

are fulfilled in the strong sense.
Step 2. We next establish uniform bounds on the approximate solution following from (4.14). 

By the definition of Eε
K , we infer from (4.14) that

1

2
‖∇φε(t)‖2

L2(Ω)
+
∫
Ω 

Fε(φε(t)) dx + 1

2
‖∇Γψε(t)‖2

L2(Γ)
+
∫
Γ 

Gε(ψε(t)) dΓ

+ σ(K)

∫
Γ 

1

2
|αψε(t) − φε(t)|2 dΓ +

t∫
0 

∫
Ω 

mΩ(φε) |∇με|2 dx ds

+
t∫

0 

∫
Γ 

mΓ(ψε) |∇Γθε|2 dΓ ds + σ(L)

t∫
0 

∫
Γ 

(βθε − με)
2 dΓ ds

≤ Eε
K(φ0,ψ0) +

t∫
0 

∫
Ω 

φεv · ∇με dx ds +
t∫

0 

∫
Γ 

ψεw · ∇Γθε dΓ ds

(4.16)

holds for all t ∈ [0, T ]. Now, observe that due to (3.3a) and (4.5), we find

∫
Ω 

Fε(φ0) dx +
∫
Γ 

Gε(ψ0) dΓ ≤ C,
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and thus, Eε
K(φ0,ψ0) ≤ C. On the other hand, for the convective terms on the right-hand side of 

(4.16), we use Hölder’s and Young’s inequality to obtain the estimate

t∫
0 

∫
Ω 

φεv · ∇με dx ds +
t∫

0 

∫
Γ 

ψεw · ∇Γθε dΓ ds

≤ m∗
Ω

2 

t∫
0 

∫
Ω 

|∇με|2 dx ds + m∗
Γ

2 

t∫
0 

∫
Γ 

|∇Γθε|2 dΓ ds

+ C

t∫
0 

(
‖v‖2

L3(Ω)
+ ‖w‖2

L2+ω(Γ)

)
‖ (φε,ψε)‖2

H1 ds

(4.17)

for almost all t ∈ [0, T ]. In view of (R2), it holds that∫
Ω 

Fε(φε(t)) dx +
∫
Γ 

Gε(ψε(t)) dΓ ≥
∫
Ω 

|φε(t)|2 dx +
∫
Γ 

|ψε(t)|2 dΓ − C

= ‖φε(t)‖2
L2(Ω)

+ ‖ψε(t)‖2
L2(Γ)

− C

(4.18)

for all t ∈ [0, T ] since ε ∈ (0, ε�). This implies that

1

2
‖ (φε(t),ψε(t))‖2

H1 ≤ C + 1

2
‖ (∇φε(t),∇Γψε(t))‖2

L2

+
∫
Ω 

Fε(φε(t)) dx +
∫
Γ 

Gε(ψε(t)) dΓ
(4.19)

for almost all t ∈ [0, T ]. Hence, combining (4.16), (4.17) and (4.19), and recalling that Fε and 
Gε are also non-negative, an application of Gronwall’s lemma readily yields that

‖ (φε,ψε)‖L∞(0,T ;H1) + ‖ (Fε(φε),Gε(ψε))‖L∞(0,T ;L1) + σ(K)‖αψε − φε‖L∞(0,T ;L2(Γ))

+ ‖ (∇με,∇Γθε)‖L2(0,T ;L2) + σ(L)‖βθε − με‖L2(0,T ;L2(Γ)) ≤ C. (4.20)

Step 3. We derive a uniform estimate on the time derivatives of the phasefields φε and ψε . 
To this end, we test (3.6a) with an arbitrary test functions (ζ, ζΓ) ∈H1

L,β . Then, recalling that the 
mobility functions mΩ and mΓ are bounded (see (A3)), we use Hölder’s inequality in combina
tion with the continuous embeddings H 1(Ω) ↪→ L6(Ω) and H 1(Γ) ↪→ Lr(Γ) for all r ∈ [1,∞)

to infer ∣∣∣〈(∂tφε, ∂tψε) , (ζ, ζΓ)〉H1
L,β

∣∣∣
≤ ‖φε‖H 1(Ω)‖v‖L3(Ω)‖ζ‖H 1(Ω) + C‖∇με‖L2(Ω)‖ζ‖H 1(Ω)

+ ‖ψε‖H 1(Γ)‖w‖L2+ω(Γ)‖ζΓ‖H 1(Γ) + C‖∇Γθε‖L2(Γ)‖ζΓ‖H 1(Γ)

+ σ(L)‖βθε − με‖L2(Γ)‖βζΓ − ζ‖L2(Γ)
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a.e. on [0, T ]. Thus, after taking the supremum over all (ζ, ζΓ) ∈ H1
L,β with ‖ (ζ, ζΓ)‖H1 ≤ 1, 

we take the square of the resulting inequality and integrate in time from 0 to T . This yields

‖ (∂tφε, ∂tψε)‖2
L2(0,T ;(H1

L,β )′)

≤ C‖φε‖2
L∞(0,T ;H 1(Ω))

‖v‖2
L2(0,T ;L3(Ω))

+ C‖∇με‖2
L2(0,T ;L2(Ω))

+ C‖ψε‖2
L∞(0,T ;H 1(Γ))

‖w‖2
L2(0,T ;L2+ω(Γ))

+ C‖∇Γθε‖2
L2(0,T ;L2(Γ))

+ Cσ(L)2‖βθε − με‖2
L2(0,T ;L2(Γ))

.

In view of the uniform estimate (4.20) and the regularity of the velocity fields v and w, we deduce 
that

‖ (∂tφε, ∂tψε)‖L2(0,T ;(H1
L,β )′) ≤ C. (4.21)

Step 4. We next establish L1-bounds on f1,ε(φε) and g1,ε(ψε). Therefore, we define

mP := mean(φ0,ψ0), and mC := mean(με, θε).

In the following, we will only consider the case L ∈ [0,∞). The proof in the case L = ∞ works 
similarly, but one uses the means 〈φ0〉Ω and 〈ψ0〉Γ as well as 〈με〉Ω and 〈θε〉Γ instead of the ones 
defined above. This distinction is related to the mass conservation law (3.8) and the conditions 
on the initial data (3.3b) and (3.3c). We refer to [20] for more details if K ∈ [0,∞) and L = ∞. 
The case K = L = ∞ is similar, but easier.

To handle the cases K = 0 and K ∈ (0,∞] simultaneously, we introduce the notation

γ (K) :=
{

0, if K ∈ (0,∞],
1, if K = 0.

We now test (3.6b) with

(η, ηΓ) :=
{

(φε − βmP ,ψε − mP ) , if K ∈ (0,∞],
(φε − αβmP ,ψε − βmP ) , if K = 0,

which clearly belongs to H1
K,α . After some rearrangements, as well as adding and subtracting 

βmP and mP multiple times in the case K = 0, we obtain

‖∇φε‖2
L2(Ω)

+
∫
Ω 

f1,ε(φε)(φε − βmP ) dx

+ ‖∇Γψε‖2
L2(Γ)

+
∫
Γ 

g1,ε(ψε)(ψε − mP ) dΓ

=
∫

(με − βmC)(φε − βmP ) dx +
∫

(θε − mC)(ψε − mP ) dΓ
Ω Γ 
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− σ(K)

∫
Γ 

(αψε − φε)
(
αψε − φε − (αβmP − mP )

)
dΓ (4.22)

−
∫
Ω 

f2(φε)(φε − βmP ) dx −
∫
Γ 

g2(ψε)(ψε − mP ) dΓ

+ γ (K)

(∫
Ω 

με(βmP − αβmP ) dx +
∫
Γ 

θε(mP − βmP ) dΓ

−
∫
Ω 

F ′
ε(φε)(βmP − αβmP ) dx −

∫
Γ 

G′
ε(ψε)(mP − βmP ) dΓ

)
.

Note that the subtracted mean values βmC and mC in the first two summands on the right-hand 
side of (4.22) do not change the values of the respective integrals, since

β |Ω| 〈φε − βmP 〉Ω + |Γ| 〈ψε − mP 〉Γ = 0

due to the mass conservation law (3.8).
For the left-hand side of (4.22), we can use the Miranville–Zelik inequality (see [52, Appendix 

A.1] or [32, p. 908]) due to the assumption that βmP and mP lie in the interior of the effective 
domains D(f1) and D(g1), respectively, see (3.3b). Thus, there exist positive constants c1, c2
and a non-negative constant c3 such that

c1‖f1,ε(φε)‖L1(Ω) + c2‖g1,ε(ψε)‖L1(Γ) − c3

≤
∫
Ω 

f1,ε(φε)(φε − βmP ) dx +
∫
Γ 

g1,ε(ψε)(ψε − mP ) dΓ.
(4.23)

On the other hand, we use the bulk-surface Poincaré inequality stated in (P6) for the first two 
terms on the right-hand side of (4.22) to find that

∫
Ω 

(με − βmC)(φε − βmP ) dx +
∫
Γ 

(θε − mC)(ψε − mP ) dΓ

≤ C
(
1 + ‖ (φε,ψε)‖L2

)‖ (με, θε)‖L,β .

(4.24)

Furthermore, in view of the Lipschitz continuity of f2 and g2, we infer that

−
∫
Ω 

f2(φε)(φε − βmP ) dx −
∫
Γ 

g2(ψε)(ψε − mP ) dΓ

= −
∫
Ω 

(
f2(φε) − f2(βmP )

)
(φε − βmP ) dx

−
∫ (

g2(ψε) − g2(mP )
)
(ψε − mP ) dΓ
Γ 
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−
∫
Ω 

f2(βmP )(φε − βmP ) dx −
∫
Γ 

g2(mP )(ψε − mP ) dΓ

≤ C + C

∫
Ω 

|φε − βmP |2 dx + C

∫
Γ 

|ψε − mP |2 dΓ

≤ C
(

1 + ‖φε‖2
L2(Ω)

+ ‖ψε‖2
L2(Γ)

)
,

and thus

− σ(K)

∫
Γ 

(αψε − φε)
(
αψε − φε − (αβmP − mP )

)
dΓ −

∫
Ω 

f2(φε)(φε − βmP ) dx

−
∫
Γ 

g2(ψε)(ψε − mP ) dΓ ≤ C
(

1 + ‖φε‖2
H 1(Ω)

+ ‖ψε‖2
L2(Γ)

)
.

(4.25)

For the remaining terms on the right-hand side of (4.22), which are only present if K = 0, 
we make use of the additional boundary regularity. In this case, we know that (φε,ψε) ∈
L2(0, T ;H2) and that the equations (4.15) are satisfied. Hence, after integration by parts, we 
deduce that∫

Ω 

(F ′
ε(φε) − με)(αβmP − βmP ) dx +

∫
Γ 

(G′
ε(ψε) − θε)(βmP − mP ) dΓ

=
∫
Ω 

Δφε(αβmP − βmP ) dx +
∫
Γ 

(ΔΓψε − α∂nφε)(βmP − mP ) dΓ

=
∫
Γ 

∂nφε(αmP − βmP ) dΓ

≤ C‖∂nφε‖L2(Γ).

(4.26)

Collecting (4.22)-(4.26), we find that

‖f1,ε(φε(t))‖L1(Ω) + ‖g1,ε(ψε(t))‖L1(Γ) ≤ Φε(t) + Cγ (K)‖∂nφε(t)‖L2(Γ), (4.27)

for almost all t ∈ [0, T ], where t �→ Φε(t) denotes a function in L2(0, T ), which satisfies

‖Φε‖L2(0,T ) ≤ C, (4.28)

(cf. the right-hand side of (4.24) and (4.25)).
To eventually pass to the limit ε → 0 in the weak formulation (3.6), estimate (4.27) is not 

sufficient. To this end, we prove L2-bounds for the terms f1,ε(φε) and g1,ε(ψε). For this, we 
take advantage of the domination property (2.2) in the case K ∈ [0,∞) as well as the additional 
boundary regularity for K = 0. This leads to the fact that the related analysis has to be performed 
differently for the cases K ∈ (0,∞] and K = 0.

Step 5. We first derive L2-bounds of f1,ε(φε) and g1,ε(ψε) in the case K ∈ (0,∞].
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In this case, we have γ (K) = 0, and thus due to (4.27), it holds

‖f1,ε(φε)‖L2(0,T ;L1(Ω)) + ‖g1,ε(ψε)‖L2(0,T ;L1(Γ)) ≤ C. (4.29)

Furthermore, since both f2 and g2 are Lipschitz continuous, exploiting the estimate (4.20) yields

‖F ′
ε(φε)‖L2(0,T ;L1(Ω)) + ‖G′

ε(ψε)‖L2(0,T ;L1(Γ)) ≤ C. (4.30)

Now, since K ∈ (0,∞], we have H1
K,α = H1 and may test (3.6b) with 

(
β2 |Ω| + |Γ| )−1

(β,1). 
Hence, (4.20) and (4.30) imply that

‖mean (με, θε)‖L2(0,T ) ≤ C. (4.31)

Whence, using (4.20) and the bulk-surface Poincaré inequality once again, we infer

‖ (με, θε)‖L2(0,T ;L2) ≤ C. (4.32)

Since f1,ε and g1,ε are Lipschitz continuous, a chain rule for the combination of Lipschitz 
and Sobolev functions (see, e.g., [60, Corollary 3.2]) implies that 

(
f1,ε(φε), g1,ε(ψε)

) ∈ H1

with

∇(f1,ε(φε)
)= f ′

1,ε(φε)∇φε a.e. in Ω,

∇Γ

(
g1,ε(ψε)

)= g′
1,ε(ψε)∇Γψε a.e. on Γ.

Testing (3.6b) with 
(
f1,ε(φε), g1,ε(ψε)

)
yields

‖f1,ε(φε)‖2
L2(Ω)

+ ‖g1,ε(ψε)‖2
L2(Γ)

+
∫
Ω 

f ′
1,ε(φε) |∇φε|2 dx +

∫
Γ 

g′
1,ε(ψε) |∇Γψε|2 dΓ

=
∫
Ω 

(
με − f2(φε)

)
f1,ε(φε) dx +

∫
Γ 

(
θε − g2(ψε)

)
g1,ε(ψε) dΓ

− σ(K)

∫
Γ 

(αψε − φε)
(
αg1,ε(ψε) − f1,ε(φε)

)
dΓ.

(4.33)

First, note that due to the monotonicity of f1,ε and g1,ε , the third and the fourth term on the 
left-hand side of (4.33) are non-negative.

Then, for the first two terms on the right-hand side of (4.33) we use the Lipschitz continuity 
of f2 and g2 to obtain
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∫
Ω 

(
με − f2(φε)

)
f1,ε(φε) dx +

∫
Γ 

(
θε − g2(ψε)

)
g1,ε(ψε) dΓ

≤ 1

2
‖f1,ε(φε)‖2

L2(Ω)
+ 1

4
‖g1,ε(ψε)‖2

L2(Γ)

+ C
(

1 + ‖φε‖2
L2(Ω)

+ ‖ψε‖2
L2(Γ)

+ ‖με‖2
L2(Ω)

+ ‖θε‖2
L2(Γ)

)
.

(4.34)

If K = ∞, (4.34) already implies

‖f1,ε(φε)‖L2(0,T ;L2(Ω)) + ‖g1,ε(ψε)‖L2(0,T ;L2(Γ)) ≤ C (4.35)

by virtue of (4.33) and (4.20). In the case K ∈ (0,∞), we have to deal with the additional 
boundary term in (4.33), which is done with the help of the domination property (4.7) and the 
monotonicity of f1,ε . Namely, it holds that

− 1 
K

∫
Γ 

(αψε − φε)(αg1,ε(ψε) − f1,ε(φε)) dΓ

= − 1 
K

∫
Γ 

(αψε − φε)(f1,ε(αψε) − f1,ε(φε)) dΓ

− 1 
K

∫
Γ 

(αψε − φε)(αg1,ε(ψε) − f1,ε(αψε)) dΓ

≤ − 1 
K

∫
Γ 

(αψε − φε)(αg1,ε(ψε) − f1,ε(αψε)) dΓ

≤ |α| + κ1

K

∫
Γ 

|αψε − φε|
∣∣g1,ε(ψε)

∣∣ dΓ + κ2

K

∫
Γ 

|αψε − φε| dΓ

≤ 1

4
‖g1,ε(ψε)‖2

L2(Γ)
+ C

(
‖φε‖2

H 1(Ω)
+ ‖ψε‖2

L2(Γ)

)
,

from which we deduce (4.35) as well.
Step 6. We now derive L2-bounds of f1,ε(φε) and g1,ε(ψε) in the case K = 0.

In this case, we multiply (6.43a) and (6.43b) by 
(
β2 |Ω| + |Γ| )−1

β and 
(
β2 |Ω| + |Γ| )−1 and 

integrate over Ω and Γ, respectively. After adding the resulting equations and applying integra
tion by parts, we infer

|mean (με, θε)| ≤ C
(
‖F ′

ε(φε)‖L1(Ω) + ‖G′
ε(ψε)‖L1(Γ)

)
. (4.36)

Exploiting the Lipschitz continuity of F ′
2 and G′

2, respectively, as well as (4.20) and (4.27), we 
deduce from (4.36) that

|mean (με, θε)| ≤ C
(

1 + Φε + ‖∂nφε‖L2(Γ)

)
. (4.37)
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Thus, after another application of the bulk-surface Poincaré inequality, we arrive at

‖με‖H 1(Ω) + ‖θε‖H 1(Γ) ≤ C
(
‖∇με‖L2(Ω) + ‖∇Γθε‖L2(Γ) + Φε + ‖∂nφε‖L2(Γ)

)
. (4.38)

Now, in view of the estimate (4.20), we can update the function Φε and conclude

‖με‖H 1(Ω) + ‖θε‖H 1(Γ) ≤ C
(
Φε + ‖∂nφε‖L2(Γ)

)
. (4.39)

Next, we multiply (4.15a) by f1,ε(φε), integrate over Ω, and integrate by parts. This yields

‖f1,ε(φε)‖2
L2(Ω)

+
∫
Ω 

|∇φε|2 f ′
1,ε(φε) dx

=
∫
Ω 

(
με − F ′

2(φε)
)
f1,ε(φε) dx +

∫
Γ 

∂nφεf1,ε(φε) dΓ

≤ 1

2
‖f1,ε(φε)‖2

L2(Ω)
+ 1

2

∫
Ω 

∣∣με − F ′
2(φε)

∣∣2 dx +
∫
Γ 

∂nφεf1,ε(φε) dΓ.

(4.40)

Similarly, after multiplying (4.15b) by −g1,ε(ψε), integrating over Γ and applying integration 
by parts, we obtain

‖g1,ε(ψε)‖2
L2(Γ)

+
∫
Γ 

|∇Γψε|2 g′
1,ε(ψε) dΓ

=
∫
Γ 

(
θε − G′

2(ψε)
)
g1,ε(ψε) dΓ −

∫
Γ 

α∂nφεg1,ε(ψε) dΓ

≤ 1

4
‖g1,ε(ψε)‖2

L2(Γ)
+
∫
Γ 

∣∣θε − G′
2(ψε)

∣∣2 dΓ −
∫
Γ 

α∂nφεg1,ε(ψε) dΓ.

(4.41)

Before adding (4.40) and (4.41), note that due to the boundary condition φε = αψε a.e. on Σ and 
the domination property of the regularized potentials (4.7), we find that

∣∣∣∣∣∣
∫
Γ 

∂nφεf1,ε(φε) dΓ −
∫
Γ 

α∂nφεg1,ε(ψε) dΓ

∣∣∣∣∣∣
≤ ‖∂nφε‖L2(Γ)‖f1,ε(αψε) − αg1,ε(ψε)‖L2(Γ)

≤ C‖∂nφε‖L2(Γ)

(
1 + ‖g1,ε(ψε)‖L2(Γ)

)
≤ 1

4
‖g1,ε(ψε)‖2

L2(Γ)
+ C

(
1 + ‖∂nφε‖2

L2(Γ)

)
.

(4.42)

Hence, combining (4.40)-(4.42) along with the respective monotonicity of f1,ε and g1,ε as well 
as the respective Lipschitz continuity of F ′ and G′ , we conclude
2 2
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‖f1,ε(φε)‖2
L2(Ω)

+ ‖g1,ε(ψε)‖2
L2(Γ)

≤ C
(

1 + ‖φε‖2
L2(Ω)

+ ‖ψε‖2
L2(Γ)

+ ‖με‖2
L2(Ω)

+ ‖θε‖2
L2(Γ)

+ ‖∂nφε‖2
L2(Γ)

)
.

Consequently, we again find a function Φε satisfying (4.28) such that

‖f1,ε(φε)‖L2(Ω) + ‖g1,ε(ψε)‖L2(Γ) ≤ C
(
1 + Φε + ‖∂nφε‖L2(Γ)

)
. (4.43)

Now, recalling (4.15a)-(4.15c), we apply regularity theory for bulk-surface elliptic systems (see 
Proposition A.1 with p = 2) to deduce that

‖φε‖H 2(Ω) + ‖ψε‖H 2(Γ) ≤ C
(‖με − F ′

ε(φε)‖L2(Ω) + ‖θε − G′
ε(ψε)‖L2(Γ)

)
.

Now, in view of (4.20), (4.39) and (4.43), and after possibly redefining Φε, we infer

‖φε‖H 2(Ω) + ‖ψε‖H 2(Γ) ≤ Φε + C‖∂nφε‖L2(Γ). (4.44)

Lastly, we establish a uniform L2-bound of ∂nφε . To this end, by the trace theorem (see, e.g., [6, 
Chapter 2, Theorem 2.24]), we find 3/2 < s < 2 and Cs > 0 such that

‖∂nφε‖L2(Γ) ≤ Cs‖φε‖Hs(Ω). (4.45)

Thus, combining (4.44) and (4.45), we exploit the compact embeddings H 2(Ω) ↪→ Hs(Ω) ↪→
L2(Ω) along with Ehrling’s lemma to obtain

‖φε‖H 2(Ω) + ‖ψε‖H 2(Γ) + ‖∂nφε‖L2(Γ)

≤ Φε + C‖φε‖Hs(Ω)

≤ 1

2
‖φε‖H 2(Ω) + Φε + C‖φε‖L2(Ω).

(4.46)

Eventually, from (4.20) and (4.46), we infer

‖φε‖L2(0,T ;H 2(Ω)) + ‖ψε‖L2(0,T ;H 2(Γ)) + ‖∂nφε‖L2(0,T ;L2(Γ)) ≤ C, (4.47)

and consequently, recalling (4.39) and (4.43), we have

‖f1,ε(φε)‖L2(0,T ;L2(Ω)) + ‖g1,ε(ψε)‖L2(0,T ;L2(Γ))

+ ‖με‖L2(0,T ;H 1(Ω)) + ‖θε‖L2(0,T ;H 1(Γ)) ≤ C.
(4.48)

Step 7. We eventually pass to the limit ε → 0.
In view of the estimates (4.20), (4.21), (4.32), (4.35) and (4.48), the Banach–Alaoglu theorem 

and the Aubin–Lions--Simon lemma imply the existence of functions φ,ψ,μ, θ, ξ and ξΓ such 
that
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(∂tφε, ∂tψε) → (∂tφ, ∂tψ) weakly in L2(0, T ; (H1
L,β)′), (4.49)

(φε,ψε) → (φ,ψ) weakly-star in L∞(0, T ;H1
K,α),

strongly in C([0, T ];Hs) for any s ∈ [0,1), (4.50)(
f1,ε(φε), g1,ε(ψε)

)→ (ξ, ξΓ) weakly in L2(0, T ;L2), (4.51)

(με, θε) → (μ, θ) weakly in L2(0, T ;H1
L,β), (4.52)

along a subsequence ε → 0, which will not be relabeled. Arguing as in [43, Theorem 3.2], we 
can easily show that the above weak and strong convergences suffice to pass to the limit in the 
weak formulation (3.6a)-(3.6b) written for f1 = f1,ε and g1 = g1,ε . Regarding Definition 3.1(iii), 
we have to make sure that the inclusions

{
φ(x, t) ∈ D(f1) for almost all (x, t) ∈ Q, ξ ∈ f1(φ) a.e. in Q,

ψ(z, t) ∈ D(g1) for almost all (z, t) ∈ Σ, ξΓ ∈ g1(ψ) a.e. on Σ
(4.53)

hold true. To this end, first note that due to the convergence (4.50)-(4.51) along with the weak
strong convergence principle, we infer

lim 
ε→0

T∫
0 

∫
Ω 

f1,ε(φε)φε dx dt =
T∫

0 

∫
Ω 

ξφ dx dt,

lim 
ε→0

T∫
0 

∫
Γ 

g1,ε(ψε)ψε dΓ dt =
T∫

0 

∫
Γ 

ξΓψ dΓ dt.

The inclusions (4.53) then follow from the maximality of the monotone operators f1 and g1 (see 
[3, Proposition 1.1, p. 42] and also [31, Section 5.2]). Furthermore, it is straightforward to check 
that the mass conservation law as in Definition 3.1(iv) holds, due to the aforementioned strong 
convergences of φε and ψε . Lastly, the energy inequality in Definition 3.1(v) can be established 
using the above convergences and lower semicontinuity arguments (cf. [43, Theorem 3.2] or [20, 
Theorem 2.6]).

Step 8. Finally, we establish higher regularity results.
We have already seen that in the case K = 0 we additionally have the bound

‖φε‖L2(0,T ;H 2(Ω)) + ‖ψε‖L2(0,T ;H 2(Γ)) ≤ C,

see (4.47). Another application of the Banach–Alaoglu theorem readily implies the desired reg
ularity (φ,ψ) ∈ L2(0, T ;H2).

In the case K ∈ (0,∞], we can argue similarly by exploiting the equations (4.15a)-(4.15c)
and regularity theory for bulk-surface elliptic systems (see Proposition A.1 with p = 2). For 
more details in the case K ∈ (0,∞) and L = ∞, we refer to [43, Theorem 6.1].

The regularities stated in (3.12) are a direct consequence of Proposition 6.1 and Corollary 6.2, 
which will be presented in Subsection 6.1. �
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5. Continuous dependence and uniqueness results

In this section, we present the proof of the result on continuous dependence and uniqueness 
of weak solutions to the system (3.1) as stated in Theorem 3.6.

Proof of Theorem 3.6. As the mobilities mΩ and mΓ are supposed to be constant, we assume, 
without loss of generality, that mΩ ≡ mΓ ≡ 1. In the following, C denotes generic positive con
stants that may change their value from line to line and only depend on Ω, the parameters of the 
system (3.1), and the norms of the initial data.

We consider two weak solutions (φ1,ψ1,μ1, θ1, ξ1, ξΓ,1) and (φ2,ψ2,μ2, θ2, ξ2, ξΓ,2) cor
responding to the initial data (φ1

0 ,ψ1
0 ), (φ2

0 ,ψ2
0 ) ∈ H1

K,α and the velocity fields v1,v2 ∈
L2(0, T ;L3

div(Ω)) and w1,w2 ∈ L2(0, T ;L2+ω
τ (Γ)), respectively, and set

(φ,ψ,μ, θ, ξ, ξΓ) := (φ2 − φ1,ψ2 − ψ1,μ2 − μ1, θ2 − θ1, ξ2 − ξ1, ξΓ,2 − ξΓ,1),

as well as

(v,w) = (v2 − v1,w2 − w1).

Then, repeating the line of argument presented in [43, Theorem 3.5], we can show that for any 
ε > 0 it holds

d 
dt

1

2
‖ (φ,ψ)‖2

L,β,∗ − Cε‖ (φ,ψ)‖2
K,α

≤ 1

2
‖ (v,w)‖2

Yω
+ C‖ (v1,w1)‖2

Yω
‖ (φ,ψ)‖2

L,β,∗ − (
(μ, θ) , (φ,ψ)

)
L2

(5.1)

almost everywhere on [0, T ], where we use the notation Yω = L3(Ω) × L2+ω(Γ). For the last 
term on the right-hand side of (5.1), we use the weak formulation for (μ, θ) and obtain

−( (μ, θ) , (φ,ψ)
)
L2 = −‖ (φ,ψ)‖2

K,α −
∫
Ω 

ξ φ + [F ′
2(φ2) − F ′

2(φ1)] φ dx

−
∫
Γ 

ξΓ ψ + [G′
2(ψ2) − G′

2(ψ1)] ψ dΓ,

almost everywhere on [0, T ]. Then, using the fact that f1 and g1 are maximal monotone graphs, 
we infer together with the Lipschitz continuity of F ′

2 and G′
2 that

−
∫
Ω 

ξ φ + [F ′
2(φ2) − F ′

2(φ1)]φ dx −
∫
Γ 

ξΓ ψ + [G′
2(ψ2) − G′

2(ψ1)]ψ dΓ

≤ C‖ (φ,ψ)‖2
L2,

(5.2)

almost everywhere on [0, T ]. Combining (5.1) and (5.2) along with an application of Ehrling’s 
lemma yields that
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d 
dt

1

2
‖ (φ,ψ)‖2

L,β,∗ + 1

2
‖ (φ,ψ)‖2

K,α

≤ 1

2
‖ (v,w)‖2

Yω
+ C‖ (v1,w1)‖2

Yω
‖ (φ,ψ)‖2

L,β,∗

almost everywhere on [0, T ], and then Gronwall’s lemma readily entails the continuous depen
dence estimate (3.14).

Then, the uniqueness for the phasefields immediately follows by taking (φ1
0,ψ

1
0 ) = (φ2

0 ,ψ2
0 )

a.e. in Ω×Γ, v1 = v2 a.e. in Q and w1 = w2 a.e. on Σ. Next, assuming that the operators f1 and 
g1 are single-valued, the uniqueness of the phasefields immediately implies that ξ1 = ξ2 a.e. in 
Q and ξΓ,1 = ξΓ,2 a.e. on Σ. Hence, from the weak formulation for (μ, θ) we infer

∫
Ω 

μ η dx +
∫
Γ 

θ ηΓ dΓ = 0

for all (η, ηΓ) ∈H1
K,α . Thus, (μ, θ) = 0 a.e. in Q × Σ, which completes the proof. �

6. Higher regularity and existence of strong solutions

6.1. Higher regularity for weak solutions

We first establish higher regularity of the potential terms.

Proposition 6.1. Suppose that the assumptions of Theorem 3.4 hold. Furthermore, assume that 
Ω is of class C2 and that (S4) holds. Then

F ′(φ) ∈ L2(0, T ;Lr(Ω)), (6.1)

G′(ψ) ∈ L2(0, T ;Ls(Γ)), (6.2)

where (6.1) holds for r ∈ [1,6] if d = 3, and r ∈ [1,∞) if d = 2, and (6.2) holds for s ∈ [1,∞).

Proof. In this proof, without loss of generality, we assume α �= 0. The case α = 0 can be handled 
similarly and the computations are even easier. As previously done, e.g., in [21,36], we consider 
for k ∈ N the truncation

σk : R→R, σk(τ ) :=

⎧⎪⎨
⎪⎩

1 − 1 
k
, τ ≥ 1 − 1 

k
,

τ, |τ | < 1 − 1 
k
,

−1 + 1 
k
, τ ≤ −1 + 1 

k
.

(6.3)

Now, for any K ∈ [0,∞], we define φk := α σk ◦(α−1φ) and ψk := σk ◦ψ . To prove the assertions 
(6.1) and (6.2), we need to handle the cases K ∈ (0,∞] and K = 0 separately.

The case K ∈ (0,∞]. Let r ∈ [2,6] if d = 3 and r ∈ [2,∞) if d = 2. For k ∈ N , we define

ηk := ∣∣F ′
1(φk)

∣∣r−2
F ′

1(φk), (6.4)

ηΓk := ∣∣G′
1(ψk)

∣∣r−2
G′

1(ψk), (6.5)
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where we use the convention 00 = 1 in the case r = 2. We now fix k ∈ N and we multiply the 
equation

μ = −Δφ + F ′(φ) a.e. in Q

by ηk and integrate over Ω, and we multiply

θ = −ΔΓψ + G′(ψ) + α∂nφ a.e. on Σ

by ηΓk and integrate over Γ. Applying integration by parts, and adding the resulting equations, 
yields by means of the boundary condition

{
K∂nφ = αψ − φ if K ∈ (0,∞),

∂nφ = 0 if K = ∞ a.e. on Σ,

that

(r − 1)

∫
Ω 

∇φ · ∇φk

∣∣F ′
1(φk)

∣∣r−2
F ′′

1 (φk) dx

+ (r − 1)

∫
Γ 

∇Γψ · ∇Γψk

∣∣G′
1(ψk)

∣∣r−2
G′′

1(ψk) dΓ

+
∫
Ω 

F ′
1(φ)F ′

1(φk)
∣∣F ′

1(φk)
∣∣r−2 dx +

∫
Γ 

G′
1(ψ)G′

1(ψk)
∣∣G′

1(ψk)
∣∣r−2 dΓ

=
∫
Ω 

μ F ′
1(φk)

∣∣F ′
1(φk)

∣∣r−2 dx +
∫
Γ 

θ G′
1(ψk)

∣∣G′
1(ψk)

∣∣r−2 dΓ

−
∫
Ω 

F ′
2(φ)F ′

1(φk)
∣∣F ′

1(φk)
∣∣r−2 dx −

∫
Γ 

G′
2(ψ)G′

1(ψk)
∣∣G′

1(ψk)
∣∣r−2 dΓ

− σ(K)

∫
Γ 

(αψ − φ)
(
αG′

1(ψk)
∣∣G′

1(ψk)
∣∣r−2 − F ′

1(φk)
∣∣F ′

1(φk)
∣∣r−2 ) dΓ

=:
5 ∑

j=1 
Ij

(6.6)

almost everywhere on [0, T ]. Since F1 and G1 are convex, we infer that the first two terms on 
the left-hand side of (6.6) are non-negative. Moreover, we infer from assumption (S4) that F ′

1(τ )

and F ′
1(ασk(α

−1τ)) have the same sign for all τ ∈ (−1,1). In combination with (6.3), this yields

F ′
1(φk)

2 ≤ F ′
1(φ)F ′

1(φk) a.e. in Q. (6.7)

Analogously, we obtain
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G′
1(ψk)

2 ≤ G′
1(ψ)G′

1(ψk) a.e. on Σ. (6.8)

Hence, we conclude that

∫
Ω 

∣∣F ′
1(φk)

∣∣r dx +
∫
Γ 

∣∣G′
1(ψk)

∣∣r dΓ

≤
∫
Ω 

F ′
1(φ)F ′

1(φk)
∣∣F ′

1(φk)
∣∣r−2 dx +

∫
Γ 

G′
1(ψ)G′

1(ψk)
∣∣G′

1(ψk)
∣∣r−2 dΓ

≤
5 ∑

j=1 
Ij

(6.9)

almost everywhere on [0, T ]. Now, we intend to bound the terms Ij for j = 1, . . . ,5. Due to the 
Lipschitz continuity of F ′

2 and G′
2, we find

I1 + I3 ≤
∫
Ω 

( |μ| + dF |φ| ) ∣∣F ′
1(φk)

∣∣r−1 dx, (6.10)

as well as

I2 + I4 ≤
∫
Γ 

( |θ | + dG |ψ | ) ∣∣G′
1(ψk)

∣∣r−1 dΓ, (6.11)

almost everywhere on [0, T ] for some constants dF and dG depending only on F and G, respec
tively.

To handle the term I5, which is only present if K ∈ (0,∞), we first notice that (S4) implies

φ(x, t) ∈ D(F ′
1) ⊂ [−1,1] for almost all (x, t) ∈ Q,

ψ(z, t) ∈ D(G′
1) ⊂ [−1,1] for almost all (z, t) ∈ Σ.

Recalling the domination property (2.2) and the definition of φk , and exploiting the monotonicity 
of the function R � τ �→ F ′

1(ασk(τ ))
∣∣F ′

1(ασk(τ ))
∣∣r−2, we obtain

I5 = −ασ(K)

∫
Γ 

(ψ − α−1φ)
(
F ′

1(αψk)
∣∣F ′

1(αψk)
∣∣r−2 − F ′

1(φk)
∣∣F ′

1(φk)
∣∣r−2 ) dΓ

− σ(K)

∫
Γ 

(αψ − φ)
(
αG′

1(ψk)
∣∣G′

1(ψk)
∣∣r−2 − F ′

1(αψk)
∣∣F ′

1(αψk)
∣∣r−2 ) dΓ

≤ 2σ(K)
(∫

Γ 

∣∣G′
1(ψk)

∣∣r−1 dΓ + 2r−2κr−1
1

∫
Γ 

∣∣G′
1(ψk)

∣∣r−1 dΓ + 2r−2κr−1
2 |Γ|

)
(6.12)

almost everywhere on [0, T ]. Here, we additionally made use of the Minkowski inequality
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|a + b|r−1 ≤ 2r−2( |a|r−1 + |b|r−1 ) for any a, b ∈ R.

Thus, by collecting the above estimates (6.9)-(6.11) and (6.12) in combination with (6.6), we 
employ Hölder’s and Young’s inequality to deduce

‖F ′
1(φk)‖r

Lr (Ω) + ‖G′
1(ψk)‖r

Lr (Γ)

≤
(
‖μ‖Lr(Ω) + dF ‖φ‖Lr(Ω)

)
‖F ′

1(φk)‖r−1
Lr(Ω) + 2r−1κr−1

2 |Γ|σ(K)

+
(

2σ(K) + 2r−1κr−1
1 σ(K) + ‖θ‖Lr(Γ) + dG‖ψ‖Lr(Γ)

)
‖G′

1(ψk)‖r−1
Lr(Γ)

≤ 1

2
‖F ′

1(φk)‖r
Lr (Ω) + 1

2
‖G′

1(ψk)‖r
Lr (Γ) + 1

r

(
2(r − 1)

r

)r−1 (
‖μ‖Lr(Ω) + dF ‖φ‖Lr(Ω)

)r

+ 1

r

(
2(r − 1)

r

)r−1 (
2σ(K) + 2r−1κr−1

1 σ(K) + ‖θ‖Lr(Γ) + dG‖ψ‖Lr(Γ)

)r

+ 2r−1κr−1
2 |Γ|σ(K)

almost everywhere on [0, T ]. Thus, absorbing the respective terms and taking the r-th root, we 
find

‖F ′
1(φk)‖Lr(Ω) + ‖G′

1(ψk)‖Lr(Γ)

≤ 2 · 21/r

[
1 

r1/r

(
2(r − 1)

r

)(r−1)/r (
‖μ‖Lr(Ω) + dF ‖φ‖Lr(Ω)

)

+ 1 
r1/r

(
2(r − 1)

r

)(r−1)/r (
2σ(K) + 2r−1κr−1

1 σ(K) + ‖θ‖Lr(Γ) + dG‖ψ‖Lr(Γ)

)
(6.13)

+ 2(r−1)/rκ
(r−1)/r
2 |Γ|1/r σ (K)1/r

]

≤ C
(

1 + ‖μ‖Lr(Ω) + ‖θ‖Lr(Γ) + dF ‖φ‖Lr(Ω) + dG‖ψ‖Lr(Γ)

)

almost everywhere on [0, T ] for a constant C = C(r) > 0 that may depend on r . Exploiting 
the regularities φ,μ ∈ L2(0, T ;H 1(Ω)) as well as ψ,θ ∈ L2(0, T ;H 1(Γ)) along with Sobolev 
embeddings we infer (6.1) and (6.2) for r, s ∈ [2,6] if d = 3 and r, s ∈ [2,∞) if d = 2. The cases 
r, s ∈ [1,2) can be obtained by means of Hölder’s inequality.

We still need to verify (6.2) in the case s > 6 if d = 3. Therefore, let s > 6 be arbitrary. Testing

θ = −ΔΓψ + G′(ψ) + α∂nφ a.e. on Σ

with ηΓk as introduced in (6.5) and applying integration by parts, we deduce
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(s − 1)

∫
Γ 

∇Γψ · ∇Γψk

∣∣G′
1(ψk)

∣∣s−2
G′′

1(ψk) dΓ

+
∫
Γ 

G′
1(ψ)G′

1(ψk)
∣∣G′

1(ψk)
∣∣s−2 dΓ

=
∫
Γ 

θ G′
1(ψk)

∣∣G′
1(ψk)

∣∣s−2 dΓ −
∫
Γ 

G′
2(ψ)G′

1(ψk)
∣∣G′

1(ψk)
∣∣s−2 dΓ

− ασ(K)

∫
Γ 

(αψ − φ)G′
1(ψk)

∣∣G′
1(ψk)

∣∣s−2 dΓ

(6.14)

almost everywhere on [0, T ]. Here, we also used that K∂nφ = αψ − φ holds almost everywhere 
on Σ. Proceeding similarly as above, we derive the estimate

‖G′
1(ψk)‖s

Ls(Γ) ≤ C
(
1 + ‖θ‖Ls(Γ) + dG‖ψ‖Ls(Γ)

)‖G′
1(ψk)‖s−1

Ls(Γ), (6.15)

almost everywhere on [0, T ]. Due to the regularities ψ,θ ∈ L2(0, T ;H 1(Γ)) and the Sobolev 
embedding H 1(Γ) ↪→ Ls(Γ) for any s ∈ [1,∞), this implies that (6.2) holds true if s > 6. This 
completes the proof in the case K ∈ (0,∞].

The case K = 0. First, let 2 ≤ r ≤ 4 be arbitrary. Performing the same testing procedure as in 
the case K ∈ (0,∞], we obtain

(r − 1)

∫
Ω 

∇φ · ∇φk

∣∣F ′
1(φk)

∣∣r−2
F ′′

1 (φk) dx

+ (r − 1)

∫
Γ 

∇Γψ · ∇Γψk

∣∣G′
1(ψk)

∣∣r−2
G′′

1(ψk) dΓ

+
∫
Ω 

F ′
1(φ)F ′

1(φk)
∣∣F ′

1(φk)
∣∣r−2 dx +

∫
Γ 

G′
1(ψ)G′

1(ψk)
∣∣G′

1(ψk)
∣∣r−2 dΓ

=
∫
Ω 

μF ′
1(φk)

∣∣F ′
1(φk)

∣∣r−2 dx +
∫
Γ 

θG′
1(ψk)

∣∣G′
1(ψk)

∣∣r−2 dΓ

−
∫
Ω 

F ′
2(φ)F ′

1(φk)
∣∣F ′

1(φk)
∣∣r−2 dx −

∫
Γ 

G′
2(ψ)G′

1(ψk)
∣∣G′

1(ψk)
∣∣r−2 dΓ

−
∫
Γ 

∂nφ
(
αG′

1(ψk)
∣∣G′

1(ψk)
∣∣r−2 − F ′

1(φk)
∣∣F ′

1(φk)
∣∣r−2 ) dΓ.

(6.16)

This equation differs from (6.6) only in the last term on the right-hand side, which now needs to 
be handled in a different way. We first notice that due to the regularity φ ∈ L2(0, T ;H 2(Ω)), the 
trace embedding H 1(Ω) ↪→ L4(Γ) implies ∂nφ ∈ L2(0, T ;L4(Γ)). Then, in view of the trace 
relation φk = αψk a.e. on Σ as well as the domination property (2.2), we find that
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−
∫
Γ 

∂nφ
(
αG′

1(ψk)
∣∣G′

1(ψk)
∣∣r−2 − F ′

1(φk)
∣∣F ′

1(ψk)
∣∣r−2 ) dΓ

= −
∫
Γ 

∂nφ
(
αG′

1(ψk)
∣∣G′

1(ψk)
∣∣r−2 − F ′

1(αψk)
∣∣F ′

1(αψk)
∣∣r−2 ) dΓ

≤
∫
Γ 

|∂nφ|
((

1 + 2r−2κr−1
1

) ∣∣G′
1(ψk)

∣∣r−1 + 2r−2κr−1
2

)
dΓ.

Consequently,

∫
Ω 

∣∣F ′
1(φk)

∣∣r dx +
∫
Γ 

∣∣G′
1(ψk)

∣∣r dΓ

≤
(
‖μ‖Lr(Ω) + dF ‖φ‖Lr(Ω)

)
‖F ′

1(φk)‖r−1
Lr(Ω)

+
(
‖θ‖Lr(Γ) + dG‖ψ‖Lr(Γ) + (

1 + 2r−2κr−1
1

)‖∂nφ‖Lr(Γ)

)
‖G′

1(ψk)‖r−1
Lr(Γ)

+ 2r−2κr−1
2 |Γ|1−1/r ‖∂nφ‖Lr(Γ)

≤ 1

2
‖F ′

1(φk)‖r
Lr (Ω) + 1

2
‖G′

1(ψk)‖r
Lr (Γ)

+ 1

r

(
2(r − 1)

r

)r−1 (
‖μ‖Lr(Ω) + dF ‖φ‖Lr(Ω)

)r

+ 1

r

(
2(r − 1)

r

)r−1 (
‖θ‖Lr(Γ) + dG‖ψ‖Lr(Γ) + (

1 + 2r−2κr−1
1

)‖∂nφ‖Lr(Γ)

)r

+ 2r−2κr−1
2 |Γ|1−1/r ‖∂nφ‖Lr(Γ).

Thus, absorbing the respective terms and taking the r-th root, we deduce that

‖F ′
1(φk)‖Lr(Ω) + ‖G′

1(ψk)‖Lr(Γ)

≤ 2 · 21/r

[
1 

r1/r

(
2(r − 1)

r

)(r−1)/r (
‖μ‖Lr(Ω) + dF ‖φ‖Lr(Ω)

)

+ 1 
r1/r

(
2(r − 1)

r

)(r−1)/r (
‖θ‖Lr(Γ) + dG‖ψ‖Lr(Γ) + (

1 + 2r−2κr−1
1

)‖∂nφ‖Lr(Γ)

)

+ 2(r−2)/rκ
(r−1)/r
2 |Γ|1/r−1/r2 ‖∂nφ‖1/r

Lr (Γ)

]
(6.17)

≤ C
(

1 + ‖μ‖Lr(Ω) + ‖θ‖Lr(Ω) + dF ‖φ‖Lr(Ω) + dG‖ψ‖Lr(Γ) + ‖∂nφ‖Lr(Γ)

)
.

Exploiting φ,μ ∈ L2(0, T ;H 1(Ω)), ψ,θ ∈ L2(0, T ;H 1(Γ)) and ∂nφ ∈ L2(0, T ;L4(Γ)), we 
conclude that (6.1) and (6.2) hold for all r, s ∈ [2,4]. Then, using regularity theory for bulk
surface elliptic system (see Proposition A.1), we find that (φ,ψ) ∈ L2(0, T ;W2,4). Conse
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quently, by the trace theorem, we even have ∂nφ ∈ L2(0, T ;W 3/4,4(Γ)) ↪→ L2(0, T ;L∞(Γ)). 
This allows us to take r ∈ [2,6] in our previous calculations, which verifies (6.1) and (6.2) in 
all cases r, s ∈ [2,6]. The cases r ∈ [1,2) follow easily from Hölder’s inequality. To obtain (6.2)
also for s > 6 if d = 3, we proceed similarly as in the derivation of inequality (6.15). Instead of 
(6.15), we now obtain

‖G′
1(ψk)‖s

Ls(Γ) ≤ C
(‖θ‖Ls(Γ) + dG‖ψ‖Ls(Γ) + ‖∂nφ‖Ls(Γ)

)‖G′
1(ψk)‖s−1

Ls(Γ) (6.18)

a.e. on [0, T ]. Due to the regularities ψ,θ ∈ L2(0, T ;H 1(Γ)), the Sobolev embedding H 1(Γ) ↪→
Ls(Γ) for any s ∈ [1,∞), and the aforementioned regularity of ∂nφ, it easily follows that (6.2)
holds true for s > 6. Therefore, the proof is complete. �

As a consequence of Proposition 6.1, we obtain higher regularity results for the phasefields 
by means of elliptic regularity theory.

Corollary 6.2. Suppose that the assumptions of Proposition 6.1 hold. Then

φ ∈ L2(0, T ;W 2,r (Ω)), (6.19)

ψ ∈ L2(0, T ;W 2,s(Γ)), (6.20)

where in (6.19) we have r ∈ [1,6] if d = 3, and r ∈ [1,∞) if d = 2, and in (6.20) we have 
s ∈ [1,∞).

Proof. For r, s ∈ [2,6] if d = 3 or r, s ∈ [2,∞) if d = 2, the desired regularities follow im
mediately from (μ, θ) ∈ L2(0, T ;H1), the regularities established in Proposition 6.1, and the 
Lp regularity theory for bulk-surface elliptic systems established in Proposition A.1. The cases 
r, s ∈ [1,2) can be handled by Hölder’s inequality. Based on these regularities, the trace theorem 
(see, e.g., [6, Chapter 2, Theorem 2.24]) further implies ∂nφ ∈ L2(0, T ;W 5/6,6(Γ)). Invoking the 
Sobolev embedding W 5/6,6(Γ) ↪→ L∞(Γ), we apply regularity theory for the Laplace–Beltrami 
equation (see, e.g., [58, Lemma B.1]) to obtain (6.20) for any s ∈ [1,∞). �
6.2. Existence of strong solutions

In view of the regularity properties established in Proposition 6.1 and Corollary 6.2, we now 
proceed with the proof of Theorem 3.7.

Proof of Theorem 3.7. Step 1. We start by showing (φ,ψ) ∈ W 1,∞(0, T ; (H1
L,β)′) ∩ H 1(0, T ; 

H1) and (∇μ,∇Γθ) ∈ L∞(0, T ;L2).
For any function f : [0, T +1] → X, where X is a Banach space, t ∈ [0, T +1] and h ∈ (0,1), 

we denote by

∂h
t f (t) := f (t + h) − f (t)

h 

the forward difference quotient of f at time t .
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As the mobilities are assumed to be constant, we simply set mΩ ≡ 1 and mΓ ≡ 1 without loss 
of generality. We now extend our velocity fields onto the time interval [0, T + 1] such that we 
have

v ∈ H 1(0, T + 1;L6/5(Ω)) ∩ L2(0, T + 1;L3
div(Ω)),

w ∈ H 1(0, T + 1;L1+ω(Γ)) ∩ L2(0, T + 1;L2
div(Γ)).

Note that the final result is independent of the extension as it does not depend on the values of v
and w on (T ,T + 1].

We now also extend the solution (φ,ψ,μ, θ) onto the interval [0, T + 1]. This is possible 
since the final time T > 0 in Theorem 3.4 is arbitrary, and due to the uniqueness established in 
Theorem 3.6, the solutions corresponding to T and T + 1 coincide on the interval [0, T ].

Owing to (3.6a), for any h ∈ (0,1), the weak solution satisfies

〈(
∂t ∂

h
t φ, ∂t ∂

h
t ψ

)
,
(
ζ, ζΓ

)〉
H1

L,β
= (

∂h
t φ v,∇ζ

)
L2(Ω)

+ (
∂h
t v φ(· + h),∇ζ

)
L2(Ω)

+ (
∂h
t ψ w,∇ΓζΓ

)
L2(Γ)

+ (
∂h
t w ψ(· + h),∇ΓζΓ

)
L2(Γ)

− (
(∂h

t μ, ∂h
t θ), (ζ, ζΓ)

)
L,β

(6.21)

almost everywhere on [0, T ] for all (ζ, ζΓ) ∈ H1
L,β , where

∂h
t μ = −Δ∂h

t φ + ∂h
t F ′(φ) a.e. in Q, (6.22a)

∂h
t θ = −ΔΓ∂h

t ψ + ∂h
t G′(ψ) + α∂n∂h

t φ a.e. on Σ, (6.22b){
K∂n∂h

t φ = α∂h
t ψ − ∂h

t φ if K ∈ [0,∞),

∂n∂h
t φ = 0 if K = ∞ a.e. on Σ. (6.22c)

By definition of the operator SL,β (see (P5)), we have

(
SL,β(∂h

t φ, ∂h
t ψ), (∂h

t μ, ∂h
t θ)

)
L,β

= −((∂h
t φ, ∂h

t ψ), (∂h
t μ, ∂h

t θ)
)
L2 .

Recalling that

mean
(
SΩ

L,β(∂h
t φ, ∂h

t ψ),SΓ
L,β(∂h

t φ, ∂h
t ψ)

)
= 0,

we test (6.21) with (ζ, ζΓ) := SL,β(∂hφ, ∂hψ) and find
t t
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1

2

d 
dt

‖(∂h
t φ, ∂h

t ψ)‖2
L,β,∗ + (

(∂h
t μ, ∂h

t θ), (∂h
t φ, ∂h

t ψ)
)
L2

= −(∂h
t φ v,∇SΩ

L,β(∂h
t φ, ∂h

t ψ)
)
L2(Ω)

− (
∂h
t v φ(· + h),∇SΩ

L,β(∂h
t φ, ∂h

t ψ)
)
L2(Ω)

− (
∂h
t ψ w,∇ΓSΓ

L,β(∂h
t φ, ∂h

t ψ)
)
L2(Γ)

− (
∂h
t w ψ(· + h),∇ΓSΓ

L,β(∂h
t φ, ∂h

t ψ)
)
L2(Γ)

=:
4 ∑

k=1 
Jk.

(6.23)

Next, exploiting (6.22), we have

−((∂h
t μ, ∂h

t θ), (∂h
t φ, ∂h

t ψ)
)
L2 = −‖(∂h

t φ, ∂h
t ψ)‖2

K,α −
∫
Ω 

∂h
t [F ′(φ)]∂h

t φ dx

−
∫
Γ 

∂h
t [G′(ψ)]∂h

t ψ dΓ

(6.24)

almost everywhere on [0, T ]. Therefore, due to the splitting F = F1 + F2 and G = G1 + G2, 
where F ′

1 and G′
1 are monotonically increasing, while F ′

2 and G′
2 are Lipschitz continuous (see 

(S2) and (S4)), and exploiting (6.22), we can bound the last two terms on the right-hand side of 
(6.24) as

−
∫
Ω 

∂h
t [F ′(φ)]∂h

t φ dx −
∫
Γ 

∂h
t [G′(ψ)]∂h

t ψ dΓ ≤ C‖(∂h
t φ, ∂h

t ψ)‖2
L2 (6.25)

Thus, combining (6.24) and (6.25), we use Ehrling’s lemma to deduce that

−((∂h
t μ, ∂h

t θ), (∂h
t φ, ∂h

t ψ)
)
L2 ≤ −3

4
‖(∂h

t φ, ∂h
t ψ)‖2

K,α + C‖(∂h
t φ, ∂h

t ψ)‖2
L,β,∗. (6.26)

We now intend to bound the terms Jk , k = 1, . . . ,4. To this end, we recall that the velocity 
fields v and w are divergence-free, and we use integration by parts, Hölder’s inequality, Young’s 
inequality, Sobolev embeddings, and the bulk-surface Poincaré inequality (P6) to obtain

J1 + J3 ≤ ‖∇∂h
t φ‖L2(Ω)‖v‖L3(Ω)‖SΩ

L,β(∂h
t φ, ∂h

t ψ)‖L6(Ω)

+ ‖∇Γ∂h
t ψ‖L2(Γ)‖w‖L2+ω(Γ)‖SΓ

L,β(∂h
t φ, ∂h

t ψ)‖L2(2+ω)/ω(Γ)

≤ 1
4‖(∂h

t φ, ∂h
t ψ)‖2

K,α + C‖(v,w)‖2
Yω

‖(∂h
t φ, ∂h

t ψ)‖2
L,β,∗,

J2 + J4 ≤ ‖∇φ(· + h)‖L∞(Ω)‖∂h
t v‖L6/5(Ω)‖SΩ

L,β(∂h
t φ, ∂h

t ψ)‖L6(Ω) (6.27)

+ ‖∇Γψ(· + h)‖L∞(Γ)‖∂h
t w‖L1+ω(Γ)‖SΓ

L,β(∂h
t φ, ∂h

t ψ)‖L(1+ω)/ω(Γ)

≤ ‖(∂h
t v, ∂h

t w)‖2
Xω

+ C‖(φ(· + h),ψ(· + h))‖2
W1,∞‖(∂h

t φ, ∂h
t ψ)‖2

L,β,∗,

where Yω := L3(Ω) × L2+ω(Γ) and Xω := L6/5(Ω) × L1+ω(Γ). Thus, collecting (6.26)-(6.27), 
we deduce from (6.23) that
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1

2

d 
dt

‖(∂h
t φ, ∂h

t ψ)‖2
L,β,∗ + 1

2
‖(∂h

t φ, ∂h
t ψ)‖2

K,α

≤ ‖(∂h
t v, ∂h

t w)‖2
Xω

+ CΛh‖(∂h
t φ, ∂h

t ψ)‖2
L,β,∗,

(6.28)

where

Λh := 1 + ‖ (v,w)‖2
Yω

+ ‖ (φ(· + h),ψ(· + h))‖2
W1,∞ .

We readily note that in view of the regularity of the phasefields and the velocity fields we have

sup 
h∈(0,1)

‖Λh‖L1(0,T ) < ∞. (6.29)

Moreover, it holds that

∥∥(∂h
t v(t), ∂h

t w(t))
∥∥
Xω

≤ 1 
h

t+h∫
t

‖ (∂tv(s), ∂tw(s))‖Xω
ds, (6.30)

lim 
h→0

1 
h

t+h∫
t

‖ (∂tv(s), ∂tw(s))‖Xω
ds = ‖ (∂tv(t), ∂tw(t))‖Xω

(6.31)

for almost every t ∈ [0, T ]. Thus, in view of the regularity of v and w, we readily infer from 
(6.30) and (6.31) that

sup 
h∈(0,1)

‖(∂h
t v, ∂h

t w)‖L2(0,T ;Xω) < +∞. (6.32)

Next, we intend to control the initial data. Arguing as for (6.26), we see that

−( (μ − μ0, θ − θ0) , (φ − φ0,ψ − ψ0)
)
L2 ≤ −1

2
‖ (φ − φ0,ψ − ψ0)‖2

K,α

+ C‖ (φ − φ0,ψ − ψ0)‖2
L,β,∗.

(6.33)

We now recall |φ| ≤ 1 a.e. in Q and |ψ | ≤ 1 a.e. on Σ. Invoking the weak formulations 
(3.6a)-(3.6b) and condition (C), we use (6.33) to derive the estimate

d 
dt

1

2
‖ (φ − φ0,ψ − ψ0)‖2

L,β,∗

= −( (μ, θ) , (φ − φ0,ψ − ψ0)
)
L2

− (
φ v,∇SΩ

L,β(φ − φ0,ψ − ψ0)
)
L2(Ω)

− (
ψ w,∇ΓSΓ

L,β(φ − φ0,ψ − ψ0)
)
L2(Γ)

= −( (μ − μ0, θ − θ0) , (φ − φ0,ψ − ψ0)
)
L2 + (

(μ0, θ0) , (φ − φ0,ψ − ψ0)
)
L2

− (
φ v,∇SΩ (φ − φ0,ψ − ψ0)

)
2 − (

ψ w,∇ΓSΓ (φ − φ0,ψ − ψ0)
)

2
L,β L (Ω) L,β L (Γ)
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≤ −1

2
‖ (φ − φ0,ψ − ψ0)‖2

K,α + C‖ (φ − φ0,ψ − ψ0)‖2
L,β,∗

+ ‖ (μ0, θ0)‖L,β‖ (φ − φ0,ψ − ψ0)‖L,β,∗
+ ‖ (v,w)‖L2‖ (φ − φ0,ψ − ψ0)‖L,β,∗,

which gives the differential inequality

d 
dt

1

2
‖ (φ − φ0,ψ − ψ0)‖2

L,β,∗

≤ C
(

1 + ‖ (μ0, θ0)‖L,β + ‖ (v,w)‖L2

)
‖ (φ − φ0,ψ − ψ0)‖L,β,∗.

Now, a quadratic variant of Gronwall’s lemma (see, e.g., [5, Lemma A.5]) yields

‖ (φ(t) − φ0,ψ(t) − ψ0)‖L,β,∗ ≤ C
(
1 + ‖ (μ0, θ0)‖L,β

)
t + C

t∫
0 

‖ (v(s),w(s))‖L2 ds

for almost all t ∈ [0, T ], which in turn entails

‖(∂h
t φ(0), ∂h

t ψ(0))‖L,β,∗ ≤ C
(
1 + ‖(μ0, θ0)‖L,β

)+ C

h 

h ∫
0 

‖ (v(s),w(s))‖L2 ds

≤ C
(
1 + ‖ (μ0, θ0)‖L,β + ‖ (v,w)‖L∞(0,T ;L2)

) (6.34)

for all h ∈ (0,1). Thus, applying Gronwall’s lemma to (6.28), and invoking (6.29), (6.32) as well 
as (6.34), we deduce that

‖(∂h
t φ(t), ∂h

t ψ(t))‖2
L,β,∗ ≤ ‖(∂h

t φ(0), ∂h
t ψ(0))‖2

L,β,∗ exp
(
C

t∫
0 

Λh dτ
)

+ C

t∫
0 

‖(∂h
t v, ∂h

t w)‖2
Xω

exp
(
C

t∫
s

Λh dτ
)

ds

≤ C

(6.35)

for almost all t ∈ [0, T ]. Therefore, owing to Ehrling’s lemma, we conclude from (6.28) and 
(6.35) that

‖(∂h
t φ, ∂h

t ψ)‖L∞(0,T ;(H1
L,β )′) + ‖(∂h

t φ, ∂h
t ψ)‖L2(0,T ;H1) ≤ C. (6.36)

Hence, the time derivative (∂tφ, ∂tψ) exists in the weak sense and satisfies

(∂tφ, ∂tψ) ∈ L∞(0, T ; (H1
L,β)′) ∩ L2(0, T ;H1).
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As a consequence, we thus have

(φ,ψ) ∈ W 1,∞(0, T ; (H1
L,β)′

)∩ H 1(0, T ;H1). (6.37)

If L ∈ [0,∞), testing (3.6a) with (μ − βmean (μ, θ) , θ − mean (μ, θ)) ∈ H1
L,β , and employing 

the bulk-surface Poincaré inequality (see (P6)) together with Young’s inequality, we find that

‖ (μ, θ)‖2
L,β ≤ C‖ (∂tφ, ∂tψ)‖2

(H1
L,β )′ + C‖ (v,w)‖2

L2 . (6.38)

Here, we used once more that |φ| ≤ 1 a.e. in Q and |ψ | ≤ 1 a.e. on Σ. In the case L = ∞, the 
estimate (6.38) can be derived similarly by choosing (μ − 〈μ〉Ω, θ − 〈θ〉Γ) as the test function.

In view of the regularity (6.37) established above, as well as the regularity of the velocity 
fields v and w, we conclude

t �→ ‖ (μ(t), θ(t))‖L,β ∈ L∞(0, T ), (6.39)

and, in particular,

(∇μ,∇Γθ) ∈ L∞(0, T ;L2). (6.40)

Step 2: By means of elliptic regularity theory we now show (μ, θ) ∈ L2(0, T ;H2).
In view of the regularities established in Step 1, and using that v and w are divergence-free in 

Ω and on Γ, respectively, we find that

∫
Ω 

∇μ(t) · ∇ζ dx +
∫
Γ 

∇Γθ(t) · ∇ΓζΓ dΓ

+ σ(L)

∫
Γ 

(βθ(t) − μ(t))(βζΓ − ζ ) dΓ

= −
∫
Ω 

∂tφ(t)ζ dx −
∫
Γ 

∂tψ(t)ζΓ dΓ

−
∫
Ω 

∇φ(t) · v(t)ζ dx −
∫
Γ 

∇Γψ(t) · w(t)ζΓ dΓ

(6.41)

for almost all t ∈ [0, T ] and all (ζ, ζΓ) ∈ H1
L,β . This means that the pair (μ(t), θ(t)) is a weak 

solution of the bulk-surface elliptic problem

− Δμ(t) = −∂tφ(t) − ∇φ(t) · v(t) in Ω,

− ΔΓθ(t) + β∂nμ(t) = −∂tψ(t) − ∇Γψ(t) · w(t) on Γ,{
L∂nμ(t) = βθ(t) − μ(t) if L ∈ [0,∞),

∂nμ(t) = 0 if L = ∞ on Γ
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for almost all t ∈ [0, T ]. Applying regularity theory for elliptic problems with bulk-surface cou
pling (see Proposition A.1 with p = 2), we find that

‖ (μ(t), θ(t))‖H2 ≤ C‖ (−∂tφ(t) − ∇φ(t) · v(t),−∂tψ(t) − ∇Γψ(t) · w(t))‖L2

≤ C‖ (∂tφ(t), ∂tψ(t))‖L2 + C‖ (∇φ(t),∇Γψ(t))‖L∞‖ (v(t),w(t))‖L2

≤ C‖ (∂tφ(t), ∂tψ(t))‖L2 + C‖ (φ(t),ψ(t))‖W1,∞‖ (v(t),w(t))‖L2

for almost all t ∈ [0, T ]. Squaring and integrating this inequality in time from 0 to T yields 
(μ, θ) ∈ L2(0, T ;H2).

Step 3: We next show (φ,ψ) ∈ L∞(0, T ;W2,6) ∩ (
C(Q) × C(Σ)

)
, (μ, θ) ∈ L∞(0, T ;H1)

and (F ′(φ),G′(ψ)) ∈ L∞(0, T ;L6).
To prove these regularities, we restrict ourselves to the case L ∈ [0,∞). If L = ∞, we can 

argue analogously (with obvious modifications).
First, note that, in view of Theorem 3.4, we have

μ = −Δφ + F ′(φ) a.e. in Q, (6.43a)

θ = −ΔΓψ + G′(ψ) + α∂nφ a.e. on Σ, (6.43b){
K∂nφ = αψ − φ if K ∈ [0,∞),

∂nφ = 0 if K = ∞ a.e. on Σ. (6.43c)

Due to regularity theory for bulk-surface elliptic systems (see Proposition A.1 with p = 6), we 
further have the estimate

‖ (φ(t),ψ(t))‖W2,6 ≤ C
(‖ (μ(t), θ(t))‖L6 + ‖ (F ′(φ(t)),G′(ψ(t)

)‖L6

)
(6.44)

for almost all t ∈ [0, T ]. Our goal is to estimate the right-hand side of (6.44). To do so, we first 
notice that by the Miranville–Zelik inequality (see [52, Appendix A.1] or [32, p. 908]), there 
exist positive constants c1, c2 and a non-negative constant c3 such that

c1‖F ′
1(φ)‖L1(Ω) + c2‖G′

1(ψ)‖L1(Γ) − c3

≤
∫
Ω 

F ′
1(φ)(φ − βmean (φ,ψ)) dx +

∫
Γ 

G′
1(ψ)(ψ − mean (φ,ψ)) dΓ.

(6.45)

Next, we multiply (6.43a) and (6.43b) by 
(
β2 |Ω| + |Γ| )−1

β and 
(
β2 |Ω| + |Γ| )−1, respectively, 

and employ integration by parts. This yields

|mean (μ, θ)| ≤ C
(
1 + ‖F ′

1(φ)‖L1(Ω) + ‖G′
1(ψ)‖L1(Γ)

)
. (6.46)

Furthermore, multiplying (6.43a) and (6.43b) by φ − βmean (φ,ψ) and ψ − mean (φ,ψ), re
spectively, using integration by parts as well as the bulk-surface Poincaré inequality, we infer
47 



P. Knopf and J. Stange Journal of Differential Equations 439 (2025) 113408 
∫
Ω 

F ′
1(φ)(φ − βmean (φ,ψ)) dx +

∫
Γ 

G′
1(ψ)(ψ − mean (φ,ψ)) dΓ

= −
∫
Ω 

F ′
2(φ)(φ − βmean (φ,ψ)) dx −

∫
Γ 

G′
2(ψ)(ψ − mean (φ,ψ)) dΓ

+
∫
Ω 

(μ − βmean (μ, θ))(φ − βmean (φ,ψ)) dx −
∫
Ω 

|∇φ|2 dx

+
∫
Γ 

(θ − mean (μ, θ))(ψ − mean (φ,ψ)) dΓ −
∫
Γ 

|∇Γψ |2 dΓ

−
∫
Γ 

∂nφ
(
αψ − φ − (α − β)mean (φ,ψ)

)
dΓ

≤ C
(
1 + ‖(μ, θ)‖L,β + γ (K)‖∂nφ‖L2(Γ)

)
,

(6.47)

where γ (K) = 1{0}(K) denotes again the characteristic function of the set {0}. This yields

‖F ′
1(φ)‖L1(Ω) + ‖G′

1(ψ)‖L1(Γ) ≤ C
(
1 + ‖(μ, θ)‖L,β + γ (K)‖∂nφ‖L2(Γ)

)
(6.48)

a.e. on [0, T ]. Hence, in view of (6.46), we obtain

|mean (μ, θ)| ≤ C
(
1 + ‖(μ, θ)‖L,β + γ (K)‖∂nφ‖L2(Γ)

)
. (6.49)

Then, returning to the proof of Proposition 6.1, in particular (6.13) in the case K ∈ (0,∞] and 
(6.17) in the case K = 0, we find that

‖(F ′
1(φ),G′

1(ψ))‖Lr ≤ C
(
1 + ‖(μ, θ)‖Lr + γ (K)‖∂nφ‖Lr(Γ)

)
≤ C

(
1 + ‖(μ, θ)‖L,β + γ (K)‖∂nφ‖Lr(Γ)

) (6.50)

for any r ∈ [2,6]. Here, we made again use of the bulk-surface Poincaré inequality.
If K ∈ (0,∞], we readily deduce that (F ′

1(φ),G′
1(ψ)) ∈ L∞(0, T ;L6) as well as 

|mean (μ, θ)| ∈ L∞(0, T ). Thus, by means of the bulk-surface Poincaré inequality, we get

‖(μ, θ)‖L2 ≤ C
(
1 + ‖(μ, θ)‖L,β

)
. (6.51)

In combination with (6.39) and (6.40), this proves (μ, θ) ∈ L∞(0, T ;H1). Then, we readily 
deduce from (6.44) that

(φ,ψ) ∈ L∞(0, T ;W2,6).

If K = 0, we additionally need to take care of the normal derivative ∂nφ. To this end, choosing 
r = 2 in (6.50) and exploiting the estimate (6.49), elliptic regularity theory yields that
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‖(φ,ψ)‖H2 ≤ C
(‖(μ, θ)‖L2 + ‖(F ′(φ),G′(ψ))‖L2

)
≤ C

(
1 + ‖(μ, θ)‖L,β + ‖∂nφ‖L2(Γ)

)
.

(6.52)

Then, employing again the trace theorem as in Step 6 of the proof of Theorem 3.4 (cf. (4.45)) 
and using Ehrling’s lemma along with an absorption argument, we obtain

‖(φ,ψ)‖H2 ≤ C
(
1 + ‖(μ, θ)‖L,β

)
. (6.53)

In view of (6.39), this yields (φ,ψ) ∈ L∞(0, T ;H2). In particular, we thus have ∂nφ ∈
L∞(0, T ;L2(Γ)). Due to (6.48) and (6.49), we infer (F ′

1(φ),G′
1(ψ)) ∈ L∞(0, T ;L2) as 

well as |mean (μ, θ)| ∈ L∞(0, T ). In combination with (6.39) and (6.40), this proves that 
(μ, θ) ∈ L∞(0, T ;H1). Next, by the trace embedding H 1(Ω) ↪→ L4(Γ), we deduce that ∂nφ ∈
L∞(0, T ;L4(Γ)). Thus, choosing r = 4 in (6.50), we find that (F ′

1(φ),G′
1(ψ)) ∈ L∞(0, T ;L4), 

which in turn provides (φ,ψ) ∈ L∞(0, T ;W2,4). Finally, using the continuous embeddings 
W 1,4(Ω) ↪→ W 3/4,4(Γ) ↪→ L∞(Γ), we have ∂nφ ∈ L∞(0, T ;L∞(Γ)). Therefore, choosing 
r = 6 in (6.50), we deduce (F ′

1(φ),G′
1(ψ)) ∈ L∞(0, T ;L6), from which we finally conclude 

(φ,ψ) ∈ L∞(0, T ;W2,6).
Lastly, as we know from Step 1 that φ ∈ H 1(0, T ;H 1(Ω)), we use the compact embedding 

H 2(Ω) ↪→ H 7/4(Ω), the continuous embeddings H 7/4(Ω) ↪→ H 1(Ω) and H 7/4(Ω) ↪→ C(Ω), 
and the Aubin–Lions--Simon lemma to deduce that

φ ∈ C([0, T ];H 7/4(Ω)) ↪→ C([0, T ];C(Ω)) ∼ = C(Q).

Analogously, we infer ψ ∈ C(Σ).
This means that all claims are established, apart from the regularities F ′(φ) ∈ L2(0, T ; 

L∞(Ω)) and G′(ψ) ∈ L2(0, T ;L∞(Γ)). The proof of these statements can be found in Sec
tion 7, see Proposition 7.1 and Proposition 7.2. �
7. Separation properties

This chapter is devoted to the proof of Theorem 3.11, which states the separation properties. 
Before presenting the proof of Theorem 3.11, we first establish two important propositions.

Proposition 7.1. Under the assumptions made in Theorem 3.7 it holds that

G′(ψ) ∈ L2(0, T ;L∞(Γ)). (7.1)

Proof. Let k ∈ N and consider as in the proof of Proposition 6.1 the truncation ψk := σk ◦ ψ , 
where σk is defined in (6.3). For s ≥ 2, we already showed that

‖G′
1(ψk)‖s

Ls(Γ) ≤ C
(
1 + ‖θ‖Ls(Γ) + dG‖ψ‖Ls(Γ) + γ (K)‖∂nφ‖Ls(Γ)

)‖G′
1(ψk)‖s−1

Ls(Γ),

where dG was a constant only depending on G, cf. (6.15) and (6.18). Now, invoking Hölder’s 
inequality, we obtain
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‖G′
1(ψk)‖s

Ls(Γ) ≤ C(1 + |Γ|)
(

1 + ‖θ‖L∞(Γ) + dG‖ψ‖L∞(Γ)

+ γ (K)‖∂nφ‖L∞(Γ)

)
‖G′

1(ψk)‖s−1
Ls(Γ)

(7.2)

almost everywhere on [0, T ]. As before, γ (K) = 1{0}(K) denotes the characteristic function of 
the set {0}. Since (φ,ψ) ∈ L∞(0, T ;W2,6) and θ ∈ L2(0, T ;H 2(Γ)), we use the embeddings 
H 2(Γ) ↪→ L∞(Γ) and W 1,6(Ω) ↪→ W 5/6,6(Γ) ↪→ L∞(Γ) to infer that

(1 + |Γ|)(1 + ‖θ‖L∞(Γ) + dG‖ψ‖L∞(Γ) + γ (K)‖∂nφ‖L∞(Γ)

)
≤ C(1 + |Γ|)(1 + ‖θ‖H 2(Γ) + dG‖ψ‖H 2(Γ) + γ (K)‖φ‖W 2,6(Ω)

)
≤ C

(
1 + ‖θ‖H 2(Γ)

)=: cΓ(t)

for almost all t ∈ [0, T ]. Using this estimate to bound the right-hand side of (7.2), we conclude

‖G′
1(ψk(t))‖L∞(Γ) ≤ cΓ(t) < ∞ (7.3)

for almost all t ∈ [0, T ]. Furthermore, it is straightforward to verify that ψk(t) → ψ(t) a.e. on Γ
for almost all t ∈ [0, T ] as k → ∞. We also recall that |ψk(t)| < 1 and |ψ(t)| < 1 a.e. on Γ for 
almost all t ∈ [0, T ]. Consequently, we have

G′
1(ψk(t)) → G′

1(ψ(t)) a.e. on Γ as k → ∞ (7.4)

for almost all t ∈ [0, T ]. In combination with (7.3), this proves

‖G′
1(ψ(t))‖L∞(Γ) ≤ cΓ(t) < ∞ (7.5)

for almost every t ∈ [0, T ]. Finally, taking the square on both sides of (7.5) and integrat
ing with respect to time from 0 to T , we eventually conclude in view of the regularities 
ψ,θ ∈ L2(0, T ;H 2(Γ)) that G′

1(ψ) ∈ L2(0, T ;L∞(Γ)). As an immediate consequence, we in
fer G′(ψ) ∈ L2(0, T ;L∞(Γ)). �
Proposition 7.2. Under the assumptions made in Theorem 3.7 it holds that

F ′(φ) ∈ L2(0, T ;L∞(Ω)). (7.6)

Proof. To prove the desired regularity, we handle the cases K ∈ (0,∞] and K = 0 separately. 
Without loss of generality, we assume α �= 0. The case α = 0 can be handled similarly and the 
computations are even easier. As in the proof of Proposition 6.1, we consider for k ∈ N the 
functions φk := ασk ◦ (α−1φ) and ψk := σk ◦ ψ , where σk is defined as in (6.3).

The case K ∈ (0,∞]. For r ≥ 2 and k ∈ N , we already showed that∫
Ω 

∣∣F ′
1(φk)

∣∣r dx +
∫
Γ 

∣∣G′
1(ψk)

∣∣r dΓ

≤
∫ ( |μ| + dF |φ| ) ∣∣F ′

1(ψk)
∣∣r−1 dx +

∫ ( |θ | + dG |ψ | ) ∣∣G′
1(ψk)

∣∣r−1 dΓ (7.7)
Ω Γ 
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− σ(K)

∫
Γ 

(αψ − φ)
(
αG′

1(ψk)
∣∣G′

1(ψk)
∣∣r−2 − F ′

1(αψk)
∣∣F ′

1(αψk)
∣∣r−2

)
dΓ,

cf. (6.6)-(6.12). Here, dF and dG are some constants depending only on F and G, respectively. 
Using the regularity G′(ψ) ∈ L2(0, T ;L∞(Γ)), which was already proven in Proposition 7.1, 
along with the domination property (2.2), we obtain for the last term on the right-hand side of 
(7.7) the estimate

− σ(K)

∫
Γ 

(αψ − φ)
(
αG′

1(ψk)
∣∣G′

1(ψk)
∣∣r−2 − F ′

1(αψk)
∣∣F ′

1(αψk)
∣∣r−2

)
dΓ (7.8)

≤ 2σ(K) |Γ| ‖G′
1(ψk)‖r−1

L∞(Γ) + 2r−1κr−1
1 σ(K) |Γ| ‖G′

1(ψk)‖r−1
L∞(Γ) + 2r−1κr−1

2 σ(K) |Γ| .

Thus, by combining the above estimates (7.7) and (7.8), we deduce by applying Hölder’s and 
Young’s inequality

‖F ′
1(φk)‖r

Lr (Ω) + ‖G′
1(ψk)‖r

Lr (Γ)

≤ (‖μ‖Lr(Ω) + dF ‖φ‖Lr(Ω)

)‖F ′
1(φk)‖r−1

Lr(Ω) + (‖θ‖Lr(Γ) + dG‖ψ‖Lr(Γ)

)‖G′
1(ψk)‖r−1

Lr(Γ)

+ 2σ(K) |Γ|
((

1 + 2r−2κr−1
1

)‖G′
1(ψk)‖r−1

L∞(Γ) + 2r−2κr−1
2

)
≤ 1

2
‖F ′

1(φk)‖r
Lr (Ω) + 1

2
‖G′

1(ψk)‖r
Lr (Γ)

+ 1

r

(
2(r − 1)

r

)r−1 (
‖μ‖Lr(Ω) + ‖θ‖Lr(Γ) + dF ‖φ‖Lr(Ω) + dG‖ψ‖Lr(Γ)

)r

+ 2σ(K) |Γ|
((

1 + 2r−2κr−1
1

)‖G′
1(ψk)‖r−1

L∞(Γ) + 2r−2κr−1
2

)

almost everywhere on [0, T ]. Thus, absorbing the respective terms and taking the r-th root, we 
find

‖F ′
1(φk)‖Lr(Ω) + ‖G′

1(ψk)‖Lr(Γ)

≤ 2 · 21/r

[
1 

r1/r

(
2(r − 1)

r

)(r−1)/r (
‖μ‖Lr(Ω) + ‖θ‖Lr(Γ) + dF ‖φ‖Lr(Ω) + dG‖ψ‖Lr(Γ)

)

+ (2σ(K) |Γ|)1/r
((

1 + 2r−2κr−1
1

)1/r‖G′
1(ψk)‖(r−1)/r

L∞(Γ) + 2(r−2)/rκ
(r−1)/r
2

)]
(7.9)

≤ C
(

1 + ‖μ‖Lr(Ω) + ‖θ‖Lr(Γ) + dF ‖φ‖Lr(Ω) + dG‖ψ‖Lr(Γ)

)

almost everywhere on [0, T ] for all r ∈ [2,∞) and a constant C > 0 independent of r . Next, 
since (φ,ψ) , (μ, θ) ∈ L2(0, T ;H2) and H2 ↪→ L∞ we find
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∣∣F ′
1(φk(x, t))

∣∣+ ∣∣G′
1(ψk(z, t))

∣∣
≤ ‖F ′

1(φk(t))‖L∞(Ω) + ‖G′
1(ψk(t))‖L∞(Γ)

≤ C
(

1 + ‖μ‖H 2(Ω) + ‖θ‖H 2(Γ) + dF ‖φ‖H 2(Ω) + dG‖ψ‖H 2(Γ)

)
≤ C

(
1 + ‖ (μ(t), θ(t))‖H2

)
(7.10)

for almost all x ∈ Ω, z ∈ Γ and t ∈ [0, T ]. Furthermore, it is straightforward to verify that 
φk(t) → φ(t) a.e. in Ω for almost all t ∈ [0, T ]. We also recall that |φk(t)| < 1 and |φ(t)| < 1
a.e. on Ω for almost all t ∈ [0, T ]. Consequently,

F ′
1(φk(t)) → F ′

1(φ(t)) a.e. in Ω as k → ∞ (7.11)

for almost all t ∈ [0, T ]. Analogously, we infer

G′
1(ψk(t)) → G′

1(ψ(t)) a.e. on Γ as k → ∞ (7.12)

for almost all t ∈ [0, T ]. In combination with (7.10), this proves

∣∣F ′
1(φ(x, t))

∣∣+ ∣∣G′
1(ψ(z, t))

∣∣≤ C
(
1 + ‖ (μ(t), θ(t))‖H2

)
< ∞, (7.13)

for almost all x ∈ Ω, z ∈ Γ and t ∈ [0, T ], which directly implies

‖F ′
1(φ(t))‖L∞(Ω) + ‖G′

1(ψ(t))‖L∞(Γ) ≤ C
(
1 + ‖ (μ(t), θ(t))‖H2

)
< ∞ (7.14)

for almost all t ∈ [0, T ]. Finally, taking the square on both sides of (7.14) and integrating with 
respect to time from 0 to T , we eventually conclude in view of the regularities (φ,ψ) , (μ, θ) ∈
L2(0, T ;H2) that 

(
F ′

1(φ),G′
1(ψ)

) ∈ L2(0, T ;L∞). As an immediate consequence, we infer (
F ′(φ),G′(ψ)

) ∈ L2(0, T ;L∞).
The case K = 0. For fixed r ≥ 2 and k ∈N , we test the equation

μ = −Δφ + F ′(φ) a.e. in Q

once more with ηk := ∣∣F ′
1(φk)

∣∣r−2
F ′

1(φk). The crucial difference compared to the case K ∈
(0,∞] is that we now have the trace relation φk = αψk a.e. on Σ at hand. Integrating the resulting 
equation and performing integration by parts, we thus deduce that

∫
Ω 

∣∣F ′
1(φk)

∣∣r dx ≤
∫
Ω 

( |μ| + dF |φ| ) ∣∣F ′
1(φk)

∣∣r−1 dx

−
∫
Γ 

∂nφ F ′
1(αψk)

∣∣F ′
1(αψk)

∣∣r−2 dΓ.

To control the last term involving the normal derivative ∂nφ, we employ the domination property 
(2.2) together with the regularities ∂nφ ∈ L∞(0, T ;L∞(Γ)) and G′

1(ψk) ∈ L2(0, T ;L∞(Γ)) to 
obtain
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−
∫
Γ 

∂nφF ′
1(αψk)

∣∣F ′
1(αψk)

∣∣r−2 dΓ

≤ 2r−2
∫
Γ 

|∂nφ| (κr−1
1

∣∣G′
1(ψk)

∣∣r−1 + κr−1
2

)
dΓ

≤ 2r−2 |Γ| ‖∂nφ‖L∞(Γ)

(
κr−1

1 ‖G′
1(ψk)‖r−1

L∞(Γ) + κr−1
2

)
.

This yields

‖F ′
1(φk)‖r

Lr (Ω) ≤
(
‖μ‖Lr(Ω) + dF ‖φ‖Lr(Ω)

)
‖F ′

1(φk)‖r−1
Lr(Ω)

+ 2r−2 |Γ| ‖∂nφ‖L∞(Γ)

(
κr−1

1 ‖G′
1(ψk)‖r−1

L∞(Γ)
+ κr−1

2

)

≤ 1

2
‖F ′

1(φk)‖r
Lr (Ω) + 1

r

(
2(r − 1)

r

)r−1 (
‖μ‖Lr(Ω) + dF ‖φ‖Lr(Ω)

)r

+ 2r−2 |Γ| ‖∂nφ‖L∞(Γ)

(
κr−1

1 ‖G′
1(ψk)‖r−1

L∞(Γ) + κr−1
2

)
almost everywhere on [0, T ]. Proceeding as in the case K ∈ (0,∞] and invoking (7.5) from the 
proof of Proposition 7.1, we infer

‖F ′
1(φ(t))‖L∞(Ω) + ‖G′

1(φ(t))‖L∞(Γ) ≤ C
(
1 + ‖ (μ(t), θ(t))‖H2

)
< ∞ (7.15)

for almost all t ∈ [0, T ]. From this estimate, we finally conclude 
(
F ′(φ),G′(ψ)

) ∈ L2(0, T ;L∞)

and thus, the proof is complete. �
Proof of Theorem 3.11. The proof of part (a) simply follows by using the regularity F ′(φ) ∈
L2(0, T ;L∞(Ω)) and G′(ψ) ∈ L2(0, T ;L∞(Γ)) established in Proposition 7.1 as well as Propo
sition 7.2. In particular, due to (7.14), we can choose

δ(t) := 1 − max
{(

F ′
1

)−1(
c(t)

)
,
(
G′

1

)−1(
c(t)

)}
with

c(t) := C
(
1 + ‖ (μ(t), θ(t))‖H2

)
,

for almost all t ∈ [0, T ], where C is chosen as in (7.14) if K ∈ (0,∞] or (7.15) if K = 0.
Since the proofs of (b) and (c) work similarly (with obvious modifications), we will only show 

the latter. First, recall that from (S5) there exist constants C1,C2 > 0 and λ ∈ [1,2) such that

∣∣F ′′(s)
∣∣≤ C1e

C2
∣∣F ′

1(s)
∣∣λ

for all s ∈ (−1,1). (7.16)

Next, since d = 2, we know that for all u ∈ H 1(Ω) and r ∈ [2,∞) it holds

‖u‖Lr(Ω) ≤ CΩ

√
r‖u‖H 1(Ω) (7.17)
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for some constant CΩ depending only on Ω (see, e.g., [57, p. 479]). Consequently, we infer from 
(7.9) that

‖F ′
1(φ)‖Lr (Ω) ≤ C

√
r
(
‖ (μ, θ)‖L∞(0,T ;H1) + ‖ (φ,ψ)‖L∞(0,T ;H1)

)
≤ C

√
r

(7.18)

almost everywhere on [0, T ] for all r ∈ [2,∞). This inequality allows us to argue similarly to 
the proof of [25, Theorem 3.1], and we deduce that

∫
Ω 

∣∣∣eC2
∣∣F ′

1(φ)
∣∣λ ∣∣∣m dx ≤ C(m) (7.19)

for all m ∈ N and some constant C(m) depending on m and the constant C from (7.18). In view 
of (7.16), inequality (7.19) with m = 6 immediately entails that

‖F ′′
1 (φ)‖L∞(0,T ;L6(Ω)) ≤ C. (7.20)

Thus, utilizing the chain rule as well as the continuous embedding H 2(Ω) ↪→ W 1,6(Ω) we obtain

‖∇F ′
1(φ)‖L∞(0,T ;L3(Ω)) ≤ ‖F ′′

1 (φ)‖L∞(0,T ;L6(Ω))‖∇φ‖L∞(0,T ;L6(Ω))

≤ C‖φ‖L∞(0,T ;H 2(Ω)) ≤ C.
(7.21)

Finally, using (7.18) written for r = 3, and exploiting the continuous embedding W 1,3(Ω) ↪→
C(Ω), we infer from (7.21) that

‖F ′
1(φ(t))‖L∞(Ω) ≤ ‖F ′

1(φ)‖L∞(0,T ;W 1,3(Ω)) ≤ C =: C� (7.22)

for almost every t ∈ [0, T ]. Since Theorem 3.7 implies that φ ∈ C(Q), the inequality (7.22)
holds true even for every t ∈ [0, T ]. Lastly, taking δ� := 1 − (F ′

1)
−1(C�), leads to the desired 

conclusion. �
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Appendix A. Lp regularity theory for bulk-surface elliptic systems

Proposition A.1. Suppose that Ω ⊂ Rd with d ∈ {2,3} is a bounded domain of class C2 with 
boundary Γ := ∂Ω, and let α ∈ R and K ∈ [0,∞] be arbitrary. Moreover, suppose that the pair 
(f, g) ∈ Lp with p ≥ 2 fulfills the compatibility condition

{
α |Ω| 〈f 〉Ω + |Γ| 〈g〉Γ = 0 if K ∈ [0,∞),

〈f 〉Ω = 0 and 〈g〉Γ = 0 if K = ∞,

and assume that the pair (u, v) ∈H1
K,α is a weak solution of the bulk-surface elliptic problem

− Δu = f in Ω, (A.1a)

− ΔΓv + α∂nu = g on Γ, (A.1b)⎧⎪⎨
⎪⎩

u = αv if K = 0,

K∂nu = αv − u if K ∈ (0,∞),

∂nu = 0 if K = ∞
on Γ, (A.1c)

which means that

(
(u, v), (ζ, ξ)

)
K,α

= (
(f, g), (ζ, ξ)

)
L2 for all (ζ, ξ) ∈ H1

K,α.

Then, it holds

u ∈ W 2,p(Ω), (A.2a)

v ∈ W 2,p(Γ), (A.2b)

and there exists a constant C > 0 independent of u and v such that

‖(u, v)‖W2,p ≤ C‖(f, g)‖Lp . (A.3)

Proof. We will consider the cases K = 0, K ∈ (0,∞) and K = ∞ separately. In this proof, the 
letter C denotes generic positive constants that are independent of u and v.

The case K = 0. The regularity theory for bulk-surface elliptic system developed in [40, 
Theorem 3.3] already yields (u, v) ∈ H2 and the equations in (A.1) are fulfilled in the strong 
sense. Therefore, in the following, we assume p > 2. Moreover, [40, Theorem 3.3] provides the 
estimate

‖(u, v)‖H2 ≤ C‖(f, g)‖L2 . (A.4)

Recalling that the boundary is a (d − 1)-dimensional submanifold of Rd , Sobolev’s embedding 
theorem implies

u|Γ = αv ∈ Wt,p(Γ) with t = 5 + d − 1 − d
.

2 p 2 
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Since f ∈ Lp(Ω), we use elliptic regularity theory for Poisson’s equation with an inhomoge
neous Dirichlet boundary condition (see, e.g., [6, Theorem 3.2] or [10, Theorem A.2]) to deduce

u ∈ Ws,p(Ω) with s = min

{
2,

5

2
+ d

p
− d

2 

}
≥ 1 + 2 

p
.

This directly entails

∇u ∈ Ws−1,p(Ω) ↪→ W2/p,p(Ω).

Since 2 
p

− 1 
p

= 1 
p

is positive and not an integer, the trace theorem (see, e.g., [6, Chapter 2, 
Theorem 2.24]) implies

∂nu ∈ W 1/p,p(Γ) ↪→ Lp(Γ).

Since g ∈ Lp(Γ), applying regularity theory for the Laplace–Beltrami equation (see, e.g., [58, 
Lemma B.1]), we thus conclude (A.2b) along with the estimate

‖v‖W 2,p(Γ) ≤ C‖g‖Lp(Γ). (A.5)

This, in turn, yields

u|Γ = αv ∈ W 2,p(Γ).

Hence, by means of elliptic regularity theory for Poisson’s equation with an inhomogeneous 
Dirichlet boundary condition (see, e.g., [6, Theorem 3.2] or [10, Theorem A.2]), we conclude 
that (A.2a) holds with

‖u‖W 2,p(Ω) ≤ C
(‖f ‖Lp(Ω) + ‖v‖W 2,p(Γ)

)≤ C‖(f, g)‖Lp . (A.6)

Combining (A.5) and (A.6), we obtain (A.3).
The case K ∈ (0,∞). Also in this case, the regularity theory for bulk-surface elliptic system 

developed in [40, Theorem 3.3] already provides (u, v) ∈ H2 and the equations in (A.1) are 
fulfilled in the strong sense. Therefore, in the following, we assume p > 2. Using the trace 
theorem as well as Sobolev’s embedding theorem, we have

u ∈ H 2(Ω) ↪→ H
3
2 (Γ) ↪→ Wt,p(Γ) with t = 2 + d − 1

p
− d

2 
.

In particular, we also have v ∈ H 2(Γ) ↪→ Wt,p(Γ). This directly implies

∂nu = 1 
K

(
αv − u

) ∈ Wt,p(Γ).

Since g ∈ Lp(Γ), applying regularity theory for the Laplace–Beltrami equation (see, e.g., [58, 
Lemma B.1]), we thus conclude (A.2b) with
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‖v‖W 2,p(Γ) ≤ C
(‖g‖Lp(Γ) + ‖∂nu‖Wt,p(Γ)

)
≤ C

(‖g‖Lp(Γ) + ‖(u, v)‖H2

)≤ C‖(f, g)‖Lp .
(A.7)

Moreover, as f ∈ Lp(Ω), we use elliptic regularity theory for Poisson’s equation with an inho
mogeneous Neumann boundary condition (see, e.g., [6, Theorem 3.2] or [10, Theorem A.2]) to 
deduce

u ∈ Ws,p(Ω) with s = min

{
2,3 + d

p
− d

2 

}
≥ 1 + 2 

p

along with the estimate

‖u‖Ws,p(Ω) ≤ C
(‖f ‖Lp(Ω) + ‖∂nu‖Wt,p(Γ)

)
≤ C

(‖f ‖Lp(Ω) + ‖(u, v)‖H2

)≤ C‖(f, g)‖Lp .
(A.8)

Since 1 + 2 
p

− 1 
p

= 1 + 1 
p

is positive and not an integer, the trace theorem implies

u|Γ ∈ W 1+1/p,p(Γ).

This entails

∂nu = 1 
K

(
αv − u

) ∈ W 1+1/p,p(Γ).

Hence, using again elliptic regularity theory for Poisson’s equation with an inhomogeneous Neu
mann boundary condition (see, e.g., [6, Theorem 3.2] or [10, Theorem A.2]), we conclude that 
(A.2a) holds with

‖u‖W 2,p(Ω) ≤ C
(‖f ‖Lp(Ω) + ‖∂nu‖W 1+1/p,p(Γ)

)
≤ C

(‖f ‖Lp(Ω) + ‖u‖Ws,p(Ω)

)≤ C‖(f, g)‖Lp .
(A.9)

Combining (A.7) and (A.9), we obtain (A.3).
The case K = ∞. In this case, the Poisson–Neumann problem 

(
(A.1a), (A.1c)

)
and the 

Laplace–Beltrami equation (A.1b) are completely decoupled. Applying elliptic regularity for 
Poisson’s equation with homogeneous Neumann boundary condition (see, e.g., [6, Theorem 3.2] 
or [10, Theorem A.2]) and regularity theory for the Laplace–Beltrami equation (see, e.g., [58, 
Lemma B.1]), respectively, we directly conclude (A.2a) and (A.2b) along with estimate (A.3).

As the regularities (A.2a) and (A.2b) as well as the estimate (A.3) have been established for 
every choice K ∈ [0,∞], the proof is complete. �
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