Ann. Henri Poincaré Online First
© 2025 The Author(s) I A les Henri Poi ”
https://doi.org/10.1007/s00023-025-01593-9 nnales Henr Foincare

Check for
updates

Original Paper

Holographic Mixing and Fock Space
Dynamics of Causal Fermion Systems

Claudio Dappiaggi, Felix Finster®, Niky Kamran and
Moritz Reintjes

Abstract. A limiting case is considered in which the causal action principle
for causal fermion systems describing Minkowski space gives rise to the
linear Fock space dynamics of quantum electrodynamics. The quantum
nature of the bosonic field is a consequence of the stochastic description
of a multitude of fluctuating fields coupled to non-commuting operators,
taking into account dephasing effects. The scaling of all error terms is
specified. Our analysis leads to the concept of holographic mixing, which
is introduced and explained in detail.
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1. Introduction

This paper is part of the research program aimed at getting a precise connec-
tion between causal fermion systems and quantum field theory (QFT). This
research program was initiated in [20,21] by the abstract construction of a
quantum state of a causal fermion system for any fixed time. In [23], this
construction was extended, allowing for the description of general entangled
states, but the question remained of how to derive dynamical equations for
the time evolution of this quantum state. In the present paper, we resolve
this question by deriving these dynamical equations and formulating them in
terms of a unitary time evolution on bosonic and fermionic Fock spaces. More
precisely, we obtain standard quantum electrodynamics (QED) in Minkowski
space with an ultraviolet cutoff in the limiting case where different types of
error terms can be neglected. We specify the scaling behavior of all these error
terms. This analysis opens the door for going beyond standard QED by work-
ing out correction terms (as will be discussed in the outlook in Sect. 8). We
also plan to write a detailed survey article on the connection between causal
fermion systems and QFT [4].

Compared to the previous papers cited above, where the goal was to re-
late the mathematical structures of a causal fermion system to corresponding
objects of QFT, we now need to delve deeper into the dynamical equations of
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causal fermion systems. More precisely, the analytic backbone of the theory of
causal fermion systems is the causal action principle, a variational principle for
the measure describing the causal fermion system. The dynamics of the causal
fermion system are then governed by the corresponding Fuler—Lagrange (EL)
equations, being nonlinear equations formulated in spacetime. By linearizing
these equations, one obtains the so-called linearized field equations, which are
the starting point for the detailed analysis of the causal action principle, in-
cluding the resulting nonlinear dynamics. The present work is based on and
makes essential use of results in [16], where the linearized field equations were
analyzed in detail for causal fermion systems describing Minkowski space. Our
main objective is to show that the dynamics of these linearized fields together
with their coupling to matter can be described in a well-defined limiting case
as a unitary time evolution of a quantum state on fermionic and bosonic Fock
spaces.

We now give a brief outline of our methods and results. We take the
following results from [16] as the basic input:

(i) The dynamics of the wave functions in a causal fermion system describing
Minkowski space can be described by a Dirac equation of the form

(ig+B—m)yp =0, (1.1)
where B is a nonlocal potential, i.e., an integral operator of the form
(B0)@) = [ D)o dy. (12)

The integral kernel B(x,y) is nonlocal on a scale £y, lying between the
length scale ¢ of the ultraviolet regularization (which can be thought of
as the Planck scale) and the length scale £,cr0 of macroscopic physics
(which can be thought of as the Compton scale),

£ < linin < Lonacro - (1.3)

In simple terms, fy,;n can be regarded as the minimal length scale on
which the analysis on the light cone and the resulting formalism of the
continuum limit as developed in [7,11] apply.

(ii) The nonlocal potential B is composed of a collection of vector poten-
tials A, with a € {1,... N}. More precisely,

N
By) =3 Au(T5L) Laly— ), (14)

where the L, are fixed complex-valued kernels. The number N of these
fields is very large and scales like

Zmin
N~ —. 1.
: (15)

We note that, in the special case L,(y — z) = §*(y — ), the potential A, can
be regarded as a classical electromagnetic potential. If L, is a nonlocal kernel,
the potential A, can still be regarded as being classical, but its coupling to
the wave functions is modified by L,. We also remark that the ansatz (1.4)
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poses no restrictions on the form of the nonlocal potential (for details, see the
approximation argument in Lemma 3.4), but the scaling of the number N of
summands (1.5) clearly gives constraints for the form of the potential.

To summarize, the Dirac equation (1.1) describes the propagation of
Dirac waves in the presence of a multitude of classical background fields, which
are nonlocal on a small scale £,;,. Apart from these results from [16], our analy-
sis is based on two additional assumptions. First, in order for the potentials A,
to have a notable effect, they must clearly be nonzero. It seems easiest and
physically sensible to describe them stochastically by Gaussian fields:

(iii) The potentials A, are non-vanishing and can be described stochastically
by Gaussian fields.

As we shall see in detail later in this paper, the above assumptions do not yet
give rise to bosonic quantum fields. One important ingredient which is still
missing is related to the local gauge freedom of electrodynamics. Namely, a
classical electromagnetic potential A, leads to local phase transformations of
the Dirac wave functions. (For basics, see the beginning of Sect. 4.2.) Like-
wise, the potentials in (1.4) also lead to local phase transformations, but only
of those wave functions to which the corresponding potential couples. This
gives rise to a decomposition of the wave functions into many components,
each experiencing different relative phase transformations. We refer to these
components as holographic components and the resulting mechanism as holo-
graphic mizing. It is one of the main tasks of the present paper to model holo-
graphic mixing mathematically and to work out the resulting effects. Here, we
do not yet enter the details but merely state in general our second additional
assumption:

(iv) The potentials A, lead to dephasing effects.

Here, by dephasing we mean the common effect in quantum theory that a
superposition of wave functions becomes small if the summands are “not in
phase” (for example, by involving independently chosen or random phase fac-
tors). This effect is often described by the closely related notions of destructive
interference or decoherence. We here prefer the more specific notion of dephas-
ing.

The main lesson from the present paper is that implementing the above
assumptions (i)—(iv) in a coherent mathematical setting gives rise to bosonic
quantum fields. Moreover, in a specific limiting case, the coupling of the bosonic
fields to the Dirac wave functions gives rise to QED. This limiting case involves
a specific choice of the covariances of the Gaussian stochastic fields, in agree-
ment with Lorentz invariance on macroscopic length scales. In this way, we
obtain a derivation of QFT in the time-dependent setting with Lorentzian sig-
nature from the fundamental and broader causal action principle. Even more
generally and independent of causal fermion systems, our methods and results
apply to any physical theory satisfying the above assumptions (i)—(iv), thereby
giving a connection to quantum field theory.

We proceed by explaining in words how the above assumptions are con-
nected to the appearance of bosonic quantum fields. Let us begin by noting
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that studying similarities and connections between random processes and QFT
has a long history. The striking similarities between the Wiener process and
the Euclidean path integral (see, for example, [36,42]) inspired attempts to
describe the “quantization” of a classical system using stochastic notions. The
most prominent approach in this direction is Nelson’s mechanics [44]. From
the more mathematical point of view, there is a close and well-established
connection between a suitable class of random distributions and the n-point
functions of Euclidean QFTs, as highlighted by the stochastic quantization
program [43,45]. On the other hand, the dynamics of a random distribution
is often encoded by nonlinear stochastic partial differential equations with an
additive or a multiplicative white noise. When the linear part of these equa-
tions is ruled either by a parabolic or by an elliptic partial differential operator,
the solution theory is well-understood provided that the nonlinearity is suffi-
ciently tame. Both para-controlled calculus [38] and regularity structures [40]
are efficient frameworks to prove existence and uniqueness of solutions. For
our purposes, it is not necessary to enter the details of these formulations, but
it suffices to highlight that they rely on an algorithmic construction of the
solution, based on a graph expansion. This is necessary in order to cope with
ill-defined products of distributions which are a consequence of the singular
structure of the white noise. We point out that this graph expansion is rem-
iniscent and has close similarities to the expansion into Feynman diagrams,
being at the heart of the textbook approach to perturbative QFT. These sim-
ilarities and the presence of the same structural hurdles as in QFT (like, for
example, renormalization) are not a mere accident, as has been studied more
in depth in [2]. Herein, an algorithm was devised to construct the solution and
the correlation functions of a stochastic, nonlinear partial differential equation
adapting the language and the tools of the algebraic approach to QFT, in
particular the Epstein—Glaser renormalization scheme.

In view of these connections and similarities, the reader may wonder what
the difference between a quantum field and a classical stochastic field actually
is. So, what is it that makes a field “quantum”? This questions can be answered
in various ways. On the level of Feynman diagrams, one difference is that, for
a classical stochastic field, the bosonic lines in the loops are described by
fundamental solutions (meaning by solutions of the homogeneous equations;
for details see again [34]), whereas quantum fields give rise to propagators
(i.e., Green’s operators like the Feynman propagator, being inhomogeneous
solutions). Another important difference is that, in statistical physics, one
takes the statistical average by integrating over the stochastic fields at the
very end when computing the statistical mean. In quantum physics, however,
the path integral, being an integral over field configurations, describes the time
evolution of the state |¥>, and probabilities are obtained by first computing
the path integral and then taking the expectation value of observables. Thus,
denoting the path integral or the probability integral by D¢, the difference can
be summarized symbolically as follows,

Statistical physics: /D(b (U] A|T)
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Quantum physics: <( / Do \11) ’A‘ ( / D¢ \If)>

where A denotes the observable. This means in particular that, in quantum
physics, we have separate Feynman diagrams for bra and ket, but there are no
bosonic lines connecting bra and ket.

One way of understanding how this basic difference between quantum
fields and classical stochastic fields comes about is that in QFT one has non-
commuting operators. For example, the Feynman propagator arises from a time
ordering of the bosonic field operators which satisfy the canonical commutation
relations (CCR). It is important to observe that with the above assumption (i)
non-commutativity comes into play. Namely, regarding the nonlocal potential
as a convolution operator (1.2), the convolution operators corresponding to
different potentials A, do in general not commute with each other. However,
our analysis will reveal that the assumption (i) together with the stochasticity
assumption (iii) alone is not sufficient for getting QFT. Instead, the fact that
we have many stochastic fields (ii) which give rise to dephasing effects (iv) will
be essential for obtaining QED.

We next explain in some more detail how bosonic quantum fields arise
in our setting. This connection is easier to make in momentum space. Taking
the Fourier transform of the kernel of the nonlocal potential (1.2) by setting

B(p, k) := /M d*z /M dty B(z,y) ePr=iky (1.6)

in operator products the adjacent momentum variables always coincide (like,
for example, in products involving Green’s operators (3.3)). Therefore, the
variable p — k tells us about the momentum change (or momentum transfer)
of the operator B. The field operator @q of momentum ¢ is obtained by fixing
this momentum change to ¢, i.e.,

By(p, k) == (2m)* 6 (p — k — q) B(p, k).

(For simplicity of presentation, we here disregard the spinorial degrees of free-
dom; for more precise formulas for scalar and vector fields, see (3.8), (3.35)
and (4.20).) By defining the field operators in this way, we have arranged that ¢
gives the desired momentum transfer inside the Feynman diagrams. Note that
the field operator is again a nonlocal operator. Moreover, the field operators
for different momenta will in general not commute with each other. In this
way, non-commutativity arises, being a basic feature of field operators. The
question whether this non-commutativity indeed gives rise to the CCR . is more
subtle. As already mentioned, it can be answered affirmatively only at the end
of our constructions using the assumptions (iii) and (iv) as additional ingre-
dients (see Theorem 4.1). In this setting, the CCR even arise naturally (see
Remark 4.2).

We next specify the structure of the error terms. The causal fermion
systems being considered involve several length scales:

3 regularization length (length scale of ultraviolet cutoff)
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Crnin length scale of nonlocality of potential B
Op length scale of holographic dephasing
{ macro length scale of macroscopic physics .

The regularization length € can be thought of as a length scale as small as
the Planck length. By the length scale of macroscopic physics, we mean the
smallest length scale accessible to experiments. The length scales £y,;, and £,
are largely unknown, except that they should lie between the two other length
scales, i.e.,

e Zmina €A7 < Emacro .

Our results apply to the two limiting cases £y < lpin and £ < fp. The
corresponding relative error terms are

x (1+o( 2 )) (1.7)

gmin

x (1+o(&i’lm) +O(£?—A“)) (1.8)

The error terms (1.7) are easier to obtain. They will be derived in Sect. 4.5
(see Theorem 4.3). The error terms (1.8) are physically more convincing be-
cause they allow the dephasing effects to happen on larger length scales (i.e.,
lower frequencies and smaller momenta). They will be derived with a different
method in Sect. 5.4 (see Theorem 5.1). We note that the present methods do
not cover the case that ¢4 and /y,;, are of the same order of magnitude. This
mainly technical issue will be excluded from our analysis.

As a final remark, we note that dephasing effects were first considered
in [23], and they were shown to be essential for the description of entangled
quantum states. However, from the mathematical point of view, the treat-
ment of dephasing in [23] is quite different from the methods in the present
paper. More precisely, in [23] unitary group integrals were considered, and
the different “dephased components” were recovered as saddle points of these
group integrals. In the present paper, however, the dephasing is analyzed using
stationary phase methods in position space. These methods seem so comple-
mentary that it is not yet clear if and how these techniques are related to each
other (see Sect. 7 for a discussion of this point).

The paper is organized as follows. Sect. 2 provides the necessary back-
ground on causal fermion systems and the causal action principle. It also re-
views the relevant results on the linearized field equations obtained in [16]. In
Sect. 3, we outline our strategy for obtaining bosonic field operators, which
should satisfy the CCR (Sect. 3.1). The general idea is that the nonlocality
of the bosonic potentials also introduces a non-commutativity, giving rise to
non-trivial commutation relations. The basic question is whether it is possible
to arrange the CCR. This question is first analyzed for a single scalar sto-
chastic field (Sect. 3.2). This stochastic field can be regarded as a classical
bosonic background field. However, it is nonlocal on the scale £,,;,. We show

respectively,
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that this setting allows to arrange that the CCR are satisfied in the stochastic
average, but not as operator equations. We proceed by analyzing if the sit-
uation improves if, instead of a single stochastic field, one considers a large
number N of fields (thus modeling the findings of [16] outlined above). This
gives additional freedom and flexibility, but not quite to the extent that the
CCR can be satisfied as operator equations. In Sect. 4, the holographic phases
are introduced. It is shown that, making use of resulting dephasing effects, it
does become possible to realize the CCR. The errors of the dephasing effects
are specified with the help of a stationary phase analysis. In Sect. 5, the Dirac
dynamics in the presence of holographic phases is developed. It is a subtle
question how to incorporate the phases into the Green’s operators. We show
that, by doing this properly, one can improve the scaling of the error terms
in the stationary phase analysis. In Sect. 6, the dynamics is formulated in the
language of Fock spaces. In Sect. 7, we explain how our constructions relate to
the quantum state as constructed in [21]. Section 8 concludes the paper with
a brief discussion of our results and of open problems. The appendices provide
mathematical tools for a more computational analysis of Dirac waves in the
presence of nonlocal potentials and holographic phases.

2. Preliminaries

This section provides the necessary background on causal fermion systems and
the linearized field equations.

2.1. Causal Fermion Systems and the Causal Action Principle

We begin with the abstract setting.

Definition 2.1. (causal fermion systems) Given a separable complex Hilbert
space H with scalar product (.|.)5¢ and a parameter n € N (the “spin dimen-
sion”), we let F C L(H) be the set of all symmetric operators on H of finite
rank, which (counting multiplicities) have at most n positive and at most n
negative eigenvalues. On ¥, we are given a positive measure p (defined on a
o-algebra of subsets of F). We refer to (3, F, p) as a causal fermion system.

A causal fermion system describes a spacetime together with all structures and
objects therein. In order to single out the physically admissible causal fermion
systems, one must formulate physical equations. To this end, we impose that
the measure p should be a minimizer of the causal action principle. which we
now introduce. For brevity of the presentation, we only consider the reduced
causal action principle where the so-called boundedness constraint has been
built incorporated by a Lagrange multiplier term. This simplification is no
loss of generality, because the resulting EL equations are the same as for the
non-reduced action principle as introduced, for example, in [11, Section §1.1.1].

For any z,y € &, the product zy is an operator of rank at most 2n.
However, in general it is no longer a symmetric operator because (zy)* = yz,
and this is different from zy unless z and y commute. As a consequence, the
eigenvalues of the operator xy are in general complex. We denote the rank of zy
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by k < 2n. Counting algebraic multiplicities, we choose A\7¥,..., A\}¥ € C as all
the nonzero eigenvalues and set A% ,,..., 5 = 0. We refer to the resulting
collection of complex numbers A\{?, ..., A5 as the non-trivial eigenvalues of xy.
Given a parameter £ > 0 (which will be kept fixed throughout this paper), we
introduce the x-Lagrangian and the causal action by

2n 2n 2
k — Lagrangian:  L(z,y) = ﬁ Z (|)\fy| - ’)\fy})Q + K (Z |)\fy|)
ij=1 —
’ ! (2.1)

causal action: S(p) = /rf EF,C(a:,y) dp(z) dp(y) . (2.2)

The reduced causal action principle is to minimize S by varying the measure p
under the following constraints,

volume constraint: p(F)=1 (2.3)
trace constraint: / tr(z) dp(z) =1. (2.4)
F

This variational principle is mathematically well-posed if H is finite-dimensional.
For the existence theory and the analysis of general properties of minimizing
measures, we refer to [1,8] or [25, Chapter 12]. In the existence theory, one
varies in the class of regular Borel measures (with respect to the topology
on L(H) induced by the operator norm), and the minimizing measure is again
in this class. With this in mind, we always assume that p is a regular Borel
measure.

We finally point out that the causal action principle is invariant under
unitary transformations, i.e., to joint transformations x — UzU~! of all space-
time point operators with U a unitary linear operator on H. The conservation
laws corresponding to this symmetry will be considered in Sect. 2.4.

2.2. The Physical Wave Functions and the Wave Evaluation Operator

Let p be a minimizing measure. Defining spacetime M as the support of this
measure,

M :=suppp C J.

the spacetimes points are symmetric linear operators on H. These operators
contain a lot of information which, if interpreted correctly, gives rise to space-
time structures like causal and metric structures, spinors and interacting fields.
(For details, see [11, Chapter 1].) Here, we restrict attention to those structures
needed in what follows. We begin with a basic notion of causality.

Definition 2.2. (causal structure) The points x and y are called spacelike sep-
arated if all the non-trivial eigenvalues A1”,..., A\5” have the same absolute
value. They are said to be timelike separated if the non-trivial eigenvalues are
all real and do not all have the same absolute value. In all other cases (i.e.,
if the )\fy are not all real and do not all have the same absolute value), the
points x and y are said to be lightlike separated.
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Restricting the causal structure of F to M, we get corresponding causal rela-
tions in spacetime. Before going on, we point out that this “spectral definition”
of causal structures is closely related but not equivalent to the standard no-
tions of causality in classical spacetimes. The correspondence is obtained by
considering so-called regularized Dirac sea configurations in Minkowski space,
in which case the above notions agree with the corresponding causal notions
in Minkowski space in the limiting case when the regularization length ¢ tends
to zero. (This is worked out in detail in [11, §1.2.5].) This analysis applies
similarly in Lorentzian spacetimes (see [12,18]). On the fundamental level, the
above definition can be supplemented by a functional distinguishing a time
direction. (For details, see [11, eq. (1.1.11) and §1.2.5].) Other constructions
of causal cone structures were given in [3, Section 4.1] and [30, Section 5]. In
simple terms, this analysis shows that, on large scales, a causal fermion system
has transitive causal order relations similar to a causal set. (For the general
context, see the review [47].) On small scales and on the fundamental level,
one still has causal relations, but they are not necessarily transitive.

Next, for every @ € F we define the spin space S, M by S, M = z(H); it
is a subspace of H of dimension at most 2n. It is endowed with the spin inner
product <.|.>-, defined by

<u|v-, = —(ulzv)g (for all u,v € S, M) . (2.5)

A wave function v is defined as a function which to every x € M associates a
vector of the corresponding spin space,

v M—H with Y(x) € S; M forall z € M. (2.6)

We remark that a wave function v is said to be continuous if for every x € M
and € > 0 there is § > 0 such that

IVIyl e @) — Vizlv(@)||, <e  forally € M with [ly—z|| <& (2.7)

(where || is the absolute value of the symmetric operator z on 3, and +/|z]
is the square root thereof). We denote the set of continuous wave functions
by C°(M,SM).

It is an important observation that every vector u € H of the Hilbert
space gives rise to a distinguished wave function. In order to obtain this wave
function, denoted by %", we simply project the vector u to the corresponding
spin spaces,

Pt M — 3, YU(z) = mpu € Sp M, (2.8)
where m, : H — S, M denotes the orthogonal projection operator to S, M C
. We refer to " as the physical wave function of u € H. A direct computation
shows that the physical wave functions are continuous (in the sense (2.7)).

Associating with every vector u € H, the corresponding physical wave function
gives rise to the wave evaluation operator

U H— CYM,SM), u— Pt (2.9)

The wave evaluation operator describes the whole family of physical wave
functions. All the structures in spacetime are encoded in ¥ and therefore



Holographic Mixing and Fock Space Dynamics

in the family of physical wave functions. This can be see, for example, by
expressing the spacetime point operators x € M as (for the derivation, see [11,
Lemma 1.1.3])

x=-U(x)" U(x). (2.10)
Here, U(z) : H — S, and its adjoint ¥(z)* : S, — H is taken with respect

to the corresponding inner products, meaning that the relation

<U(z)u| P = (u| U(x)" P)gc holds for all w € 7 and ¢ € S, .

2.3. The Restricted Euler—Lagrange Equations

We now state the Euler-Lagrange equations.

Proposition 2.3. Let p be a minimizer of the reduced causal action principle.
Then, the local trace is constant in spacetime, meaning that

tr(z) =1 forallz e M .

Moreover, there are parameters t,s > 0 such that the function € defined by

{: 5 —-R, l(x) == / L(z,y)dp(y) —c(tr(z) —1) —s (2.11)
M
18 minimal and vanishes in spacetime, i.e.,

fy =infl=0. (2.12)

For the proof of the EL equations and more details, we refer, for example, to
[16]. The parameter t can be viewed as the Lagrange parameter corresponding
to the trace constraint. Likewise, s is the Lagrange parameter of the volume
constraint.

We now work out what the EL equations mean for first variations of the
spacetime points. The starting point of our consideration is the formula (2.10),
which expresses the spacetime point operator in terms of the wave evaluation
operator. Using this formula, first variations of the wave evaluation opera-
tor ¥(z) (see (2.9)) at a given spacetime point x € M give rise to corresponding
variations of the spacetime point operator, i.e.,

u:=odx=—0U(x)" ¥(z)— U(x)" 0¥(x). (2.13)

The minimality of ¢ on M as expressed by (2.12) implies that the derivative
of ¢ in the direction of u vanishes, i.e.,

Dyl(z) =0 (2.14)

for all variations of the form (2.13) for which the directional derivative in (2.14)
exists. Here, the derivative Dy, can be understood geometrically as follows. The
linear operators in F of maximal rank (the so-called regular points) form a
manifold. (For details, see [24,31] or [25, Section 3.1].) The vector u in (2.13)
is a tangent vector of this manifold at x, and the left side in (2.14) is the
derivative of the function ¢ in the direction of this tangent vector.
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For the computations, it is more convenient to reformulate the restricted
EL equations in terms of variations of the kernel of the fermionic projector, as
we now explain. In preparation, we use (2.11) in order to write (2.14) as

/M Dy wL(z,y) dp(y) =t Dy tr(z), (2.15)

where the meaning of the index is that the directional derivative acts on the
first argument of the Lagrangian. For the computation of the first variation of
the Lagrangian, one can make use of the fact that for any p x g-matrix A and
any ¢ X p-matrix B, the matrix products AB and BA have the same nonzero
eigenvalues, with the same algebraic multiplicities (as is explained in detail in
[11, §1.1.2 after eq. (1.1.8)]). As a consequence, applying again (2.10),

zy = U(2)" (P(x) U(y)"T(y)) = (¥(2) V() T(y)) T(z)*,  (2.16)
where ~ means that the operators are isospectral (in the sense that they have

the same non-trivial eigenvalues with the same algebraic multiplicities). Thus,
introducing the kernel of the fermionic projector P(x,y) by

P(z,y) :=—-V(z)¥(y)" : SyM — S, M, (2.17)
we can write (2.16) as
xy ~ P(z,y) P(y,x) : SeM — S, M .

In this way, the eigenvalues of the operator product xy as needed for the
computation of the Lagrangian (2.1) are recovered as the eigenvalues of a
2n x 2n-matrix. Since P(y,z) = P(z,y)*, the Lagrangian £(z,y) in (2.1) can
be expressed in terms of the kernel P(x,y). Consequently, the first variation of
the Lagrangian can be expressed in terms of the first variation of this kernel.
Being real-valued and real-linear in 6 P(x,y), it can be written as

6L(x,y) = 2ReTrg, m(Q(z,y) P (z,y)*) , (2.18)

where Q(x,y) is a kernel which is again symmetric (with respect to the spin
inner product), i.e.,

Qz,y) : SyM — S; M and  Q(z,y)" =Q(y,x) . (2.19)

Here, Trg, ar denotes the trace on the spin space Sy M, and  P(x,y) is the first
variation of P(z,y) as a linear operator from S, M to Sy M. More details on
this method and many computations can be found in [11, Sections 1.4 and 2.6
as well as Chapters 3-5].

Expressing the variation of P(z,y) in terms of 6¥, the first variations of
the Lagrangian can be written as

Dy wL(x,y) = —2 Retr (5\11(1;)* Q(z,y) \I/(y))
Dy wL(x,y) = —2 Retr (\I/(x)* Q(x,y) 5\I/(y))

(where tr denotes the trace of a finite-rank operator on H). Using these for-
mulas, the restricted EL equation (2.15) becomes

Re /M tr (00 (z)* Q(z,y) (y)) dp(y) =t Retr (60 (2)* ¥(z)) .



Holographic Mixing and Fock Space Dynamics

Using that the variation can be arbitrary at every spacetime point, we obtain

/M Q(z,y) V(y) dp(y) =t ¥ (x) for all x € M,

where v € R is the Lagrange parameter of the trace constraint.

2.4. The Conserved Commutator Inner Product

The connection between symmetries and conservation laws made by Noether’s
theorem extends to causal fermion systems [26]. However, the conserved quan-
tities of a causal fermion system have a rather different structure, being for-
mulated in terms of so-called surface layer integrals. A surface layer integral
is a double integral of the form

/ﬂ (/M\Q(. ) L(x,y) dp(y)) dp(x)

where the two variables x and y are integrated over (2 and its complement,
and (---) stands for variational derivatives acting on the Lagrangian. Since
in typical applications, the Lagrangian is small if x and y are far apart, the
main contribution to the surface layer integral is obtained when both = and y
are near the boundary 9€2. With this in mind, a surface layer integral can be
thought of as a “thickened” surface integral, where we integrate over a space-
time strip of a certain width. For systems in Minkowski space as considered
here, the length scale of this strip is the Compton scale m~!. For more details
on the concept of a surface layer integral, we refer to [25, Section 9.1].

There are various Noether-like theorems for causal fermion systems, which
relate symmetries to conservation laws. (For an overview, see [28] or [25, Chap-
ter 9].) The conserved quantity of relevance here is the commutator inner prod-
uct (for more details, see [25, Section 9.4] or [26, Section 5] and [22, Section 3]):
The causal action principle is invariant under unitary transformations of the
measure p, i.e., under transformations

p—Up  with (Up)(Q) = p(U~t QU),

where U is a unitary operator on H and €2 C ¥ is any measurable subset. The
conserved quantity corresponding to this symmetry is the so-called commutator
inner product

o =21 [ dote) /Mc\zgy) -[ dpto) Javtn)

<) | Q(z,y) d(y) =2 , (2.20)

where 1, ¢ are wave functions (2.6) and  C M describes a spacetime region
(Q(x,y) is again the kernel in (2.19)). Here, conservation means that the com-
mutator inner product of any two physical wave functions 1 and ¢ (as defined
by (2.8)) vanishes for any compact Q C M. If Q is chosen to be non-compact,
the commutator inner product is in general nonzero. But, taking exhaustions,
the conservation law can be stated that the commutator inner product (2.20)
does not depend on the choice of €2 within a certain class of sets. This “class of
sets” can be specified systematically by working with equivalence classes (for
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details see [22, Section 3.2]). For our purposes, it suffices to restrict attention
to Minkowski-type spacetimes as introduced in [21, Section 2.8]. In this case,
there is a global time function 7' : M — R, and the commutator inner product
is well defined if €2 is chosen as the past of any time ¢,

Q=0Q;:= T_l((—oo,t}) .

The set £2; can be thought of as the past of the Cauchy surface at time ¢, so
that the surface layer integral describes a “thickened” integral over the Cauchy
surface. The conservation law states that the commutator product (|¢)* does
not depend on ¢t € R.

We finally remark that the commutator inner product is also independent
of the choice of the time function, within a large class of time functions, making
it possible to describe more general Cauchy surfaces. As this generalization will
not be needed here, we refer for the details to [22].

2.5. The Linearized Field Equations in Minkowski Space

The linearized field equations describe variations of the measure p which pre-
serve the EL equations. The linearized field equations play a central role in
the analysis of causal fermion systems, both conceptually and computationally.
From the conceptual point of view, the analysis of the linearized field equa-
tions reveals the causal nature of the dynamics and thereby clarifies the causal
structure of spacetime itself. From the computational point of view, being a
linear equation, it becomes possible to analyze the equations explicitly using
methods of functional analysis and Fourier analysis. Moreover, the linearized
field equations are an important first step toward the analysis of the nonlinear
dynamics as described by the EL equations (for example, perturbatively using
the methods developed in [15]). The linearized field equations were derived
and formulated in [27]. They were first analyzed in [3] using energy methods.
In [16], the EL equations and linearizations thereof (the so-called linearized
field equations) were studied in detail for causal fermion systems describing
Minkowski space. In this setting, the abstract structures of a causal fermion
system become more concrete, opening the door for a detailed analysis.

We now explain what these findings mean for the structure of the dy-
namics in the presence of linearized fields for causal fermion systems describ-
ing Minkowski space. In this setting, the physical wave functions (2.8) can be
represented by usual spinorial wave functions in Minkowski space. Moreover,
the spin inner product (2.5) goes over to the usual pointwise inner product on
Dirac spinors, i.e.,

<p|p-(z) = ¥(x)d(z) = ¥(2) " o (2), (2.21)

where ¥ (x) is sometimes referred to as the adjoint spinor. (For more details on
the correspondence of the abstract objects with objects in Minkowski space,
see [11, Section 1.2].) Moreover, in the Minkowski vacuum, the linearized field
equations can be described by a Dirac equation in Minkowski space

(ig = m)d(x) =0,
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where, for ease of notation, the superscript u of the wave function was omit-
ted. In the interacting situation, one must insert potentials into the Dirac
equation. It turns out that the linearized field equations do not allow only for
homogeneous classical fields (like plane electromagnetic waves), but instead for
a plethora of fields coupling to different wave packets propagating in different
directions. The reason for this surprisingly large space of linearized solutions
can be understood in non-technical terms from the fact that the causal La-
grangian (2.1) is invariant under phase transformations of the kernel of the
fermionic projector (2.17) of the form

P(z,y) — @Y Pz y) (2.22)

with a real-valued function A(x,y) which is anti-symmetric (i.e., A(z,y) =
—A(y, ) for all z,y € M). This invariance generalizes the local gauge invari-
ance of electrodynamics, which is recovered by choosing A(z,y) = A(x) — A(y)
with A a real-valued function. (For basics, see again the beginning of Sec-
tion 4.2.) This more general invariance, which can be understood as a direction-
dependent local gauge freedom, is the underlying reason for the appearance
of many additional linearized fields. More details on this point and its mathe-
matical underpinning can be found in [16].

We here proceed by stating how the dynamics in the presence of this mul-
titude of linearized fields is described mathematically. As already mentioned in
the introduction, the resulting Dirac equation involves a nonlocal potential B
with integral kernel B(z,y) (see (1.1) and (1.2)). This integral kernel is of the
form

N
B(z,y) = ZBa(xTHj) La(y — ), (2.23)

where B, (x) are multiplication operators acting on the spinors and the L, are
smooth complex-valued functions. The factors in the nonlocal potential are
symmetric in the sense that

B,(z)* = By(z)  and  La(€) = Lo(—£) (2.24)

(where the star is the adjoint with respect to the spin inner product). The
number N of these potentials is very large and scales like (1.5) with £y, in
the range (1.3). The scale ¢y, also determines the scale of the nonlocality
of the potential. It is an important consequence of (2.24) that the nonlocal
potential is symmetric, meaning that

B(z,y)" = B(z,y) - (2.25)
The conserved commutator inner product (2.20) takes the following form
(Yld)t == /<1/) |7 ¢4 ) AP (2.26)
i de <) Bayew. (220

0<t yO>t

i /wo>t a /y% d'y <y (z) | B(z,y) ¢(y)-a - (2.28)
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FIGURE 1. A homogeneous solution in momentum and posi-
tion space

Note that (2.26) is the usual scalar product on Dirac wave functions. The ad-
ditional summands (2.27) and (2.28) can be understood as correction terms
which take into account the nonlocality of the potential B in (2.21). The
mathematical structure of these additional terms is again that of a surface
layer integral. Making use of the symmetry of the nonlocal potential (2.25),
a straightforward computation shows that current conservation holds in the
sense that the quantity is independent of the time ¢. (For the derivation, see
[19, Proposition B.1].) We remark that this conservation law holds more gen-
erally for arbitrary Cauchy surfaces. (For more details, see [19, Appendix B].)

In [16], the structure of the potentials in (2.23) is specified in some more
detail, as we now outline. Considering the kernel L,(y — x) as a convolution
operator, its Fourier transform L, defined by

L) i= [ La(g) e dte (2.29)

is a multiplication operator in momentum space. The symmetry property
in (2.24) means that the function Ly is real-valued. In Fig. 1, the functions L
and L, are depicted in a typical example.
On the left side, the support of L, is shown on the lower mass shell.
Given that a parameter wp, is in the range
1

—
£

S, Wmin S

— (2.30)
for frequencies smaller than —wyi,, the function Lq is supported inside a cone
of opening angle

1
V émin Wmin )
This function is smooth in the sense that its derivatives have the scaling be-
havior

19:

1
¥ (Wmin + |‘UD)S
(for any s € N). For frequencies larger than —wy,i,, the support of the func-
tion L, is a bit more spread out, as indicated by the light gray region on the

(2.31)

|D°L(p)] < (
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left of Figure 1. Taking the Fourier transform, the corresponding function L,
can be thought of as a wave packet localized in space on the scale £y, as
shown on the right of Figure 1.

Next, the potential B, in (2.23) is vectorial. Thus, it can be written as

Ba = (Aa); o (2.32)

with potentials A, which can be thought of as nonlocal generalizations of an
electromagnetic potential. In a suitable gauge, they satisfy the homogeneous
wave equation with an error term,

04, = O(lmin D*A,) (2.33)

where D3 A, denotes the third derivatives of A,. Thus, the error term is of the
multiplicative order lin /fmacro, Where £iacro is the length scale on which the
potential A, varies. These error terms and their scaling behavior are worked
out in detail in [16]. In this paper, it is also shown that the functions L, and A,
can be computed iteratively in an expansion in powers of iin/fmacro. Here,
we do not need the details, but it suffices to work with the error term (2.33).

The symmetry of the nonlocal potential (2.25) can be expressed more
conveniently by introducing the indefinite inner product

<|.> : C®(M,SM) x C°(M,SM) — C,

<lo> = [ <@ ote)- s (239

(where C*°(M,SM) denotes the smooth wave functions in Minkowski space,
and the subscript zero indicates compact support). This indefinite inner prod-
uct endows the wave functions with a Krein structure; we denote the corre-
sponding Krein space by (K, <.|.>). The symmetry of the nonlocal potential
implies that the Dirac operator in (1.1) is symmetric with respect to the Krein
inner product. Taking the Fourier transform and using Plancherel’s theorem,
the Krein inner product can also be expressed in momentum space. In what
follows, it will sometimes be convenient to consider wave functions in spacetime
as vectors in the Krein space (K, <.|.>).

3. Dynamics in the Presence of Stochastic Nonlocal Potentials

3.1. Strategy for Obtaining Bosonic Field Operators

We consider the Dirac equation (1.1) in the presence of a nonlocal potential
of the form (1.2) and (2.23). We again assume that the potential is symmetric
(see (2.25) and (2.24)). Solutions of the Dirac equation can be constructed
with the help of the retarded perturbation series
o0

7 n
b= (—snB)"v, (3.1)

n=0
where s/ is the retarded Dirac Green’s operator defined as follows. As is
common in QFT, we usually prefer to work in momentum space, denoting the
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four-momenta by p, k and ¢q. Then, the retarded Dirac Green’s operator is the
operator of multiplication by the distribution

+
sh (p) = lim prm

_. 3.2
eNO0 p?2 — m2 + igp? (32)

The Fourier transform of B given by (1.6) has the corresponding symmetry
property
B(p, k)" = B(k,p).

Now, the operator products in the perturbation series (3.1) can be built up of
integral expressions of the form

4
/ é L2 sion) Blon.p) s m2) Blra.pe) -+ (3.3)
We remark that this perturbation expansion is well defined to every order,
provided that the dynamical potentials contained in B are smooth and fall off
sufficiently fast at infinity. (This can be proved similar to [11, Lemma 2.1.2],
noting that the nonlocal kernels give rise to additional convolutions.) Follow-
ing the usual procedure in perturbative QFT, we shall not enter the question
of convergence of this perturbation expansion. Instead, we consider the per-
turbation series as an asymptotic series. In simple situations (for example,
if B is a smooth multiplication operator), the left side of (3.1) can be defined
even non-perturbatively (for example, using the theory of linear hyperbolic
systems; see, for example, [25, Chapter 13]). But, even in this case, it is not
obvious whether the right side of (3.1) converges and coincides with the left
side. In [32], it was shown that the series converges in suitable function spaces,
provided that the nonlocal potential B is sufficiently small. Even if this result
applies, the subtle issue remains that it is not clear whether the stochastic
averages may be taken order by order in perturbation theory. As already men-
tioned, here we shall disregard these issues, taking the naive point of view that
the perturbative description should make sense provided that the dynamical
potentials are sufficiently small.

In order to get a connection to bosonic quantum fields, the factors B in
the above perturbation expansion would have to be replaced by field operators
acting on the bosonic Fock space. Our general strategy is to show that, making
use of the nonlocality of the potential B, these factors can indeed be interpreted
as such field operators, without the need to “quantize” them. The crucial step
for making this strategy work is to show that these operators satisfy the CCR,
as we now make precise. Decomposing B into the Dirac covariants,

B(;v,y) :Bj(xay) fyj+(1)(gj7y)]l ’ (34)

we can speak of the vector and scalar components of these fields. (The pseudo-
scalar, axial and bilinear contributions will not be considered here.)

Having a Maxwell field in mind, we will be mainly concerned with the
vector component. Nevertheless, for ease of presentation, we begin with the
scalar component. We are aiming at getting a connection to a massless real
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scalar field. The corresponding field operators, denoted by ¢(x), satisfy the
CCR

[¢(2), ¢(y)] = K(z,y), (3.5)

where K (x,y) is the causal fundamental solution

Klow)i= [ G 602 ) ) = L 5(@) ) (39)

(where we set £ := y — x, and €(t) is the usual sign function). Taking the
Fourier transform,

da - . . .
o(x) Z/#% e with ¢l =6y,

the CCR take the form

(64, 60'] = 2m)* (g + ¢') 6(¢%) e(¢”) , (3.7)
because then

d4q d4q/ R

6(01:000)] = [ ol [ by ] e

— / i 8(q?) e(q°) e 19t = K (7, y)
(271_)4 ) b

as desired. The coupling of the scalar quantum field to the Dirac field is de-

scribed again by (3.1), but with B replaced by factors ¢. Likewise, in momen-

tum space, the operator products in (3.3) become

Sﬁz(pl) pr—ps 5@1(1)2) Gpy—ps -

This motivates us to define the field operators by
bq(kr,kr) == (2m)* 0% (k1 — kr — q) ®(kr, kR) - (3.8)

Our goal is to show that, under suitable assumptions on B, the so-defined
field operators really satisfy the desired commutation relations (3.7). To this
end, we proceed in several steps. We first try to arrange the commutation
relations by choosing ® as a nonlocal Gaussian field (Sect. 3.2). Our analysis
will show that (3.7) can be arranged in the statistical mean, but not as an
operator equation. Next, following (2.23), we consider instead of one scalar
field a multitude of stochastic vector potentials (Sect. 3.3). This gives us more
freedom, but, as we shall see, it will not be sufficient for satisfying the CCR
as operator equations. Nevertheless, this analysis will be a preparation for the
constructions in Sect. 4, where it will be shown that the CCR hold naturally
once holographic mixing is taken into account.
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3.2. Example of a Nonlocal Stochastic Scalar Field

We consider a nonlocal scalar potential. Thus, in (3.4) we set B; to zero and
choose @ as

r+y
o(a.y) = W(52) Lly =), (3.9)
where the kernel L is complex-valued and symmetric in the sense that
L(§) = L(=¢) -

Moreover, we choose W as a real-valued Gaussian stochastic field with mean
Z€ro,

<W(z)>» =0, <W(z)W(y)>»=h(y — ), (3.10)
with a covariance h(y — x) which is real and symmetric, i.e.,
hE) =h(€) =h(—€) forallée M. (3.11)
Transforming to momentum space, we obtain
<W(g)>=0, <W(QW()>=02m)'"d"q+d) ), (3.12)
and (3.11) translates into
h(q) = h(—q) = h(q)  forallqe M. (3.13)

Moreover, being defined as the covariance of a real-valued field, the function h
must have the positivity property that for any test function f € C§°(M,R),

0 < <<( [ d4a:) > [ a [ atyniy-o) 1 ).
(3.14)

Using that convolution in position space corresponds to multiplication in mo-
mentum space, this inequality is equivalent to h being positive,

h(g) >0 forallge M. (3.15)

We next transform the nonlocal potential to momentum space by taking
the inverse transformation to (1.6),

d'ky [ d'kr _—
D(z,y) = / L / o & (kg k) e Ratikay

(2m)*t ) (2m)*
d*p d'q - q 4\ ipeti
- [ =2£ | 21 % 1 1) gipétigC 1
/ (2r) / (2r) (p+ 2P 2) ¢ ’ (3.16)
where we set
y+x
f =Yy—-x, C = 2 .

Using (3.9), we obtain

o(p+2p—1)=Wia) Lk). (3.17)
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3.2.1. The Statistical Mean of the Commutator. Taking (3.8) as the definition
of the field operator gZ;q, we would like to satisfy the CCR (3.7). The question
is whether these commutation relations can be obtained by a suitable choice
of the covariance h. As an intermediate step toward answering this question,
we now compute the statistical mean of the commutator. First, using (3.8),

by byt a4 o) = [ 52 [ G5 bbb d + 0 dulod) 606)

=k +q+q k+q) @k +q.k)Pk).

For the operator product on the left side, we also use the short notation

by (qu|k (k) - (3.18)

We thus obtain
[¢q’v¢q]|k
:<i>(k+q+q’ k+q)O(k+q.k)—@(k+q+q k+q)0(k+q k)
" ( (s+5) ~E(era+5) L+ %)
( k+q+ ) keg)-L(k+d+3)L(k+3) )
(3.19)
Taking the statistical mean with the help of (3.12) gives

<[q, b]|,>
= @2m)* 6*(q+ ¢) h(q) (L(k + ) L(k + g) - L(k - %) i(k - g)) .
In order to get agreement with (3.7), we need to arrange that
2 2 \? A\ _ o2 0
h(q) Lk+§ —L k‘—§ =0(q°) e(q”) - (3.20)
These equations can be solved explicitly, as illustrated by the following simple
example.

Proposition 3.1. Choosing

A 0 A~
L(p):(c+%) and h(q):2lzo| 5(q?) (3.21)

the field operators ¢§q defined by (3.8) and (3.17) for W the Gaussian field with
covariance (3.12) satisfy the CCR asymptotically for large C'; more precisely,

<[borde]> = @n) Mot d) 6P ele’) +0(55) . (322)

Proof. By direct computation,

i(mg)z—ﬁ(k—gf:zqu%‘l.
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Using this result together with the formula for h(g) in (3.21) in (3.20) gives
the result. O

We note that the function i has the desired symmetry properties (3.13)
and is positive (3.15). We also remark that the error term in (3.22) could be
avoided by choosing f/(p) as a function involving a square root. This has the
disadvantage, however, that the computation of the Fourier transform becomes
more difficult. This is why we here prefer to work with (3.21).

3.2.2. The Commutator in Position Space. In order to complete the picture,
we proceed by rewriting the above findings to position space. We first compute
the covariance in position space.

Lemma 3.2. The Fourier transform of the distribution h(q) in (3.21) is given
by

11
- 1672 |7

h(x) o (17| - |°])
Proof. The following method was already used in [14, Section 5]. We first note

that, for any € > 0,

/ e(t) e * 7l g=iw(t=7) gr

— 00

> 1 d . 1 1 ,
_ @ —e7] 7zw(t77)d _ 7( ) —iwt
/ «(7) iw—cee(T) dr ¢ ‘ g iw—eJrz'w—i—e ¢

— 00

and thus

° ; PP _,
lim e(r) eIl et gy — 9j — 7wt
eNo J_ w

(where “PP” denotes the principal part). Hence,

1 . ] o0 ) .
ﬁé(qQ) e(q®) e = —i lim [ () eI 6(¢%) e(¢%) e+ dr

Integrating over ¢ gives

h(z) = %g\n}) e(r) eI Ko(a® — 7, 7)

where K is again the causal fundamental solution (3.6), because

4
Ko(w) = = [ G5 8(a) ea) =

4
- / (;34 5(q*) €(q”) €7 = K(z) = —5 6(2%) e(2) .

Thus

)

hz) = —— 1 /Oo e(r) =< 5((:1:0 . |:?:|2) e(z® — 1),

—— 5 11In
1671‘2 eNo J_
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and carrying out the 7-integral gives

11
h(z) = — .
(@)= —T622 277

This concludes the proof. O

(=2) (] — 2°]) -

Note that the function h has the desired symmetry properties (3.11).
Finally, it is instructive to see how the CCR arise in position space. To
this end, we introduce the field operator ¢(x) as the Fourier transform of ngSq
in the variable ¢,
boki) = [ LG ey k) e
¢z (i, R)—/(Qﬂ_)4 bq(kr, kr) e 9"

Using (3.8), (3.17) and (3.21), we obtain

N ) N ~rk k .
bu(kp, kg) = ®(kp, kg) e—ilkL—kr)z _ W (ks — kg) L(%) e ilkL—kn)z

. KO 4+ kO )
— W(kr — k (C’ L R) —i(kL—kr)z
(ke —kr) (C+ =557 ) ¢
Next, we also transform the variables kr, and kg to position space by setting
“d*kr [ d*kr
tntois0) = [ o | oy
. d*kr, d*kr k% +k% —ikryr+ikpyr ,—i(kL —kr)z
_ / G /7(%)4 W (kp — kr) (c+ T )e e .
The term linear in C' depends only on the difference of momenta k; — kg
and thus depends to the operator of multiplication by W (x). Using that linear
factors in momentum space correspond to partial derivatives in position space,
we can carry out the Fourier integrals to obtain the simple formula

b (kL7 kR) e*ikLyL+ikRyR

6(z) = 6 = CW(z) + % {iDy, W ()}, (3.23)

where D; = 0; is a differential operator. Now, the commutation relations can
be verified by direct computation.

Proposition 3.3. The field operators ¢(x) in (3.23) satisfy the canonical com-
mutation relations in the statistical mean up to errors of the order O(C~2),
i.e.,
1
<[o(a). o(y)]> = K(z.9) + 0( 55
Proof. Using (3.23), we obtain
1

[0(@), 6(y)] = C* [W (@), W(y)] + 5 [W(@), {iD, W(y)}]

=+ % [{szW(m)}’W(y)]

1

. y 1
4 Tel) [{th, W(z)}, {iDs, W(y)}} + O(@)
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Taking the statistical mean gives

<[¢(x),d(y)]> = iDyoh(y —x) —i Dyoh(y —z) + O i)

CQ
1 o1 1 0 = 1
_ZZ@h(E)—&—O(@) =2 @ ae©! ‘_5o)+o(§>
i 1 0 i1 = 1
= 5 g aw O 1€’ |)+0(C2)zﬁﬁaua—s%)e(ﬁ%w(@)
] 3.6 1
= 15 0(€) €+ 0(55) B K +0(5).
as desired. O

3.2.3. Going Beyond the Statistical Mean. With the constructions so far, we
have arranged that the CCR are satisfied for the statistical mean of the com-
mutator (3.22). However, in order to get a connection to QFT, we need to
make sure that the CCR hold without taking the statistical mean (because
the statistical mean is taken only when computing the expectation value of an
observable in a quantum measurement). To state it differently, we need to make
sure that the CCR also hold when taking the statistical mean of composite
expressions, i.e.,

<Lo(x1) - pap) [0(2), 0(Y)] D(api1) - P(4)>
= K(z,y) <¢(x1) - (;S(zp) ¢(xp+1) T ¢(xq)>> )

where the dots stand for any combination of field operators. Let us verify
whether this relation is satisfied. Applying the Wick rules gives pairings of the
field operators. If the two field operators inside the commutator are paired
with each other, we get the statistical mean as computed in Proposition 3.1.
But we also need to take into account the contributions when the operators
inside the commutator are paired with operators outside. In order to analyze
these contributions in a clear setting, it is convenient to consider the statistical
mean of the combination

[¢(2), ¢(y)] ® o(21) ® P(x2) ,

where the tensor product means that we do not specify what these operators
act on or are multiplied by. In this formulation, our task is to show that

<[p(x), d(y)] @ Pp(x1) @ Pp(w2)> = K(2,y) 1 © <p(w1) ® P(w2)> (3.26)

(possibly up to certain error terms). This amounts to showing that the contri-
butions by pairings of operators inside the commutator with operators outside
are negligible. We refer to relations of the form (3.26) that we the CCR are
satisfied in the operator sense.

Let us evaluate the condition (3.26) in the concrete example of Proposi-
tion 3.1. Using (3.23) and (3.24),

<[o(x),p(y)] ® Pp(x1) ® P(a2)>
=i C?P<(W(z)W(y) — W(y) W(x)) W(x) W(z:) 1@ 11>+ 0(C),

(3.25)
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and applying the Wick rules with covariance (3.10) gives
<[6(2), 6(y)] © d(a1) @ $(wz)> = C2 (h(w1 - 22) K(2,y)) (3.27)
*202( h(z — ) h(zs —y) = by — ) h(z1 —y) (3.28)
+ (w1 — @) h(ws = y) + (w2 — ) bz —y) ) +O(C) . (3.20)
The terms in the last two lines violate the CCR.
3.3. A Multitude of Nonlocal Vector Potentials

In the previous section, we saw that with a classical nonlocal potential with
Gaussian distribution we can realize the CCR hold in the statistical mean (3.1).
But it was impossible to arrange the CCR as operator equations (see the con-
sideration after (3.25)). In order to improve the situation, we proceed in several
steps. In this section, instead of a single potential we consider a multitude of
potentials labeled by a € {1,...,N}. Moreover, we shall work with vector
potentials denoted by AJ (with j a tensor index). This ansatz reflects the
structure of the solutions of the linearized fields in Minkowski space as discov-
ered in [16]. In Sect. 4, we will proceed by building in holographic phases.

Our starting point is again the nonlocal Dirac equation introduced in
Section 2.5. We thus consider the Dirac equation (1.1) with a nonlocal po-
tential B of the form (2.23), where the kernels L, are complex-valued and
symmetric (2.24). Before moving on, we point out that this ansatz by itself is
no loss of generality, but that all the constraints on the form of the potential
are imposed merely by the the scalings (1.5) and (2.31).

Lemma 3.4. Every nonlocal potential B(x,y) can be approzimated by the ansatz
(1.4), with an error going to zero if N — oo.

Proof. We represent the nonlocal potential similar to (3.16) as

d'p dlq 4 q 9\ ipe+iaC
Bla,y) = / (2n) / 2n) Blo+gr-3)e

(with B as in (1.6)). Now, we approximate the integrand by a sum

B(p+ p—f) ZW

Similar to a Riemann sum, the error of thls approximation can be made ar-
bitrarily small by choosing the functions L, to be supported in small cubes
and letting the length of the sides of the cubes tend to zero and N to infinity.
Transforming back to position space gives the ansatz (1.4). O

Next, we specialize the setting by assuming that the potentials B, are
vectorial (2.32), and that the corresponding potentials A7 are real-valued. This
ansatz ensures in particular that the nonlocal potential is symmetric (2.25).
This guarantees that a nonlocal version of current conservation holds. (For
details, see [19, Proposition B.1].) We remark that this setup is similar to that
in [29], except that here we restrict attention to the linear dynamics.
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In analogy to (3.10), we treat the potentials A, as Gaussian fields, i.e.,
<AL@)> =0,  <A(0) Af)> =y — o)
with covariance matrices hflkb(y — ) which are real and symmetric, i.e.,
W €) = W (€) = i (=€) forall¢ € M. (3.30)

These covariances will be specified below. Transforming to momentum space,
similar to (3.12) we obtain

<Al(@)>=0,  <Al(q) Af(¢)> = (2m)* 6*(q+q) k' (q) . (3.31)
and (3.30) translates into
R (q) = hl(—q) = hy? (q) forall g€ M . (3.32)

Moreover, extending the positivity argument (3.14) to the vector-valued case,
we find similarly to (3.15) that the matrices hffb must be positive semi-definite,
ie.,

> (@ uluf >0 forall g€ Mand ue M x CN ~C* _(3.33)
7,k,a,b

Using (2.23) and (2.32), similar to (3.17), in momentum space the poten-
tial takes the form

B (p + 4 ) Z A (q (3.34)
The symmetry of the potential means that
Bk, kr)* = Blkg, kL),
and therefore
A(q)*=A(—q) and  Lu(p)* = La(p) .

Keeping in mind that we now have a vector potential, we define the
corresponding field operators ‘Bg in analogy to (3.8) by

BI (hp k) = (2m)" 0% (kr, — kr — q) B (ki k) (3.35)

where B7 are the vector components of (3.34), i.e.,
B (p+ ) Z Ai(q
Using (3.34), we obtain

N
B (ke ki) = 2m) 04 (ke — ki — @)D Al(a) L (20

a=1
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3.3.1. Computation of the Commutator in Momentum Space. Similar to (3.26),
our goal is to compute the statistical mean of the following tensor product,

<[Bi, Bl (3.37)

-
, @ B[ @ BL[,>

where we again used the notation (3.18). We begin by computing the commu-
tator in momentum space similar to (3.19),

[BE, B[, = B*(k+q+d k+q) B (k+qk)
—BIk+q+d . k+q¢)B*(k+d k)
N A ~

=Y Al(g) Aj(

a,b

X (Lbk+q+ )Ea(mg) L<k+q+ )Lb(k+2/)>.

We proceed with a Taylor expansion of the functions L, and Ly in qgand ¢
(this expansion is admissible in view of the smoothness assumption (2.31)),

1

By, B3], +0(a’d") +0(¢”d") +0(¢”¢")
= > M@ Ak o (080) L+ 5 10 (O0L) - § (L) L)
a,b=1 k
N
+ Z Al (q) Af(d) ¢" (; (OiLy) Lo — (91La) Ly, — % (alLb)>
a,b=1 k
=Y Aie) Af(d) ((ql OLy) Lo — (¢ 0L Lb)
a,b=1
N
= Y (d4h@) A5a) - A)(a) " A5(a) ) (A1Ls) Lo
a,b=1

Noting that each partial derivative of Ly, yields in position space a scaling
actor (y — x); ~ fmin, we can write the error terms in the shorter form

N
By Bl = D (qlﬁi(Q) Ay (q') = Al (q) qdfl’é(ff)) (OLs) La

a,b=1
X (1 + O(qgrmn) + O(qlzmin)) . (338)

When substituting this formula into (3.37) and writing the two last factors
in this equation with the help of (3.36), we can take the statistical mean by
forming Gaussian pairings using (3.31). When doing so, we get two different
types of contributions: Those where the two factors A, and A, in (3.38) are
paired with each other (so-called inner pairings), and those where each of
these factors is paired with one of the additional factors in the tensor prod-
uct (3.37) (outer pairings). For the contributions involving the inner pairings,
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the statistical mean factorizes as

<[Bi,B7)]

1l
,>®<B[, ® B,

1l nl’
, © B[, ® B,

p> = <<[@Z’@é']

k’>>'

Therefore, it suffices to arrange that the statistical mean of the commutator
is of the desired form (similar to what was accomplished for the scalar field in
Proposition 3.1). Similar to the contribution (3.27) for the scalar field, the con-
tributions involving inner pairings are the good terms which realize the CCR.
For the contributions involving outer pairings, however, we are not allowed to
take the statistical mean of the commutator. Similar to the contributions (3.28)
and (3.29) for the scalar field, these contributions are not of the desired form.

Having a multitude of fields makes it possible to distinguish the inner
and outer pairings also in a different way. For simplicity, we assume that the
covariance fﬂabk(q) in (3.31) has is diagonal in the indices ab, i.e.,

hik (q) = dap B3 (q) (3.39)

with new functions iL{lk(q) (This can indeed be arranged by diagonalizing the
covariance, as will be explained in detail in the proof of Theorem 4.1].) Then,
in view of the factor d,; in (3.39), for the inner pairings the two indices a and b
in (3.38) coincide, whereas for outer parings these two indices will in general
be different. In particular, the contributions with inner pairings become large
compared to the contributions with outer pairings if

(5lﬁb) Lo < LoLa for all @ and b # a . (3.40)

Here, it is a subtle point to give the symbol < a precise meaning. Before
explaining this point, let us clarify the general mechanism by specifying the
scalings if for simplicity we assume that the left side of (3.40) is zero for
all a # b. In this case, the contributions with inner pairings scale like

Z(...)a@)(...)b@(...)bNNQ’

a,b

whereas the contributions with outer pairings scale like

> (Bap)® (- )a®@ ()~ N.

a,b

Therefore, the contributions with outer pairings are smaller by a scaling fac-
tor 1/N.

In order to specify what we mean by (3.40), we first have a closer look at
the form the nonlocal potentials as shown in Fig. 1. As explained in Sect. 2.5,
the function L, is supported in the gray region on the left of Fig.e 1. Likewise,
the product LoLy is supported in the intersection of the corresponding gray
regions, as shown in Fig. 2.

The derivative in (3.40) gives a scaling factor of one over the size of this
intersection region, i.e.,

1

(ali/b) i/a ~ i/bi/a if b 7é a . (341)

Wmin
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supp IA/a M supp ﬁb

FIGURE 2. Estimate of (8lﬁb) L,

In the case a = b, however, the function ﬁi is supported in the whole shaded
region in Fig. 1. Since this shaded region has a spike-like form for large |w|,
the derivative only gives a scaling factor £pin,

(0 La) Lo ~ loin LoLg . (3.42)

According to (2.30), the parameter wy;, is typically much larger than 1/6pin,
in which case (3.41) really is much smaller than (3.42), as desired.

This consideration points to a mechanism to the effect that the contribu-
tions with outer pairings become small. Note that this mechanism is based on
two facts: That we have a multitude N of fields, and that these fields couple
to the sea states as shown in Fig. 1. Although it might look promising at first
sight, this mechanism turns out not to be sufficient for satisfying the CCR
as operator equations. The reason for this shortcoming can be understood in
words as follows. In order to satisfy the CCR as operator equations, we must
make sure that the equation (3.40) holds in the operator sense. Having multi-
plication operators in momentum space, this means that (3.40) should hold for
any p € M. However, the scaling behavior in (3.41) and (3.42) does not hold
uniformly for all p € M. In fact, in (3.41) we considered p with [p°] < wmin
(otherwise the operator product vanishes), whereas in (3.42) we considered
the high-frequency region |p°| > wmin where the shaded region in Fig. 1 has
a spike-like form. With this in mind, the scalings in (3.41) and (3.42) do not
hold as operator equations.

This problem will be resolved in Sect. 4 by taking into account the gauge
phases of the potentials A,. Before explaining how this works, we conclude this
section with a few clarifying considerations. In the next section, we make the
just-described no-go result precise. In Sect. 3.3.3 we complement the picture
by computations in position space.

3.3.2. Shortcoming of the Ansatz. We now explain in more detail why the
above ansatz (2.23) with vectorial stochastic potentials (2.32), (3.31) is not
quite sufficient for implementing the CCR. Our argument is more general than
the consideration in the previous section, because we shall not make use of the
specific form of the homogeneous solutions as depicted in Fig. 1. Beginning
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from (3.36) we compute the following statistical mean with the help of (3.31),

< Z Al (q) La(pr) A5(d') Lo(pr)> = (27)* 6*(a + ¢') K7*(g,pL. pR)
a,b=1
with
. N A~ -
E%(q,pr,pr) = Y i)\ (q) La(pr) Lu(pr) - (3.43)
a,b=1
Using the notation (3.18), we thus obtain
il 4 - g, q
<Bglp BIr§/|p/>> = (2m)* 6% (g + ¢ K]k(qap + 57]7/ - 5) .
Next, similar to (3.26) we consider the product

o -
[B;7Bél]p®gr|k
. Sl aEl ol
= ‘Bfl‘erq’ T|k 7' Ip+q ‘BZ|p 3T|k ‘BT'}k’ :
Its statistical mean can be computed with the Wick rules to
1 P,
(27T)8<<[23 , B, @ B, @ B,
_ <4 I\ g4 ’ ij 9 9
—5(q+q)5(7"+7")(K (q,p 5P 2)
ij T
- K (q,p+ P+ )) (r,k+ ok 2) (3.44)
+6*(qg+7)0 K““ qp—l—q gk_g>sz<q/p+g/ k"—q—/>
2’ 2 ’ 2’ 2
_ Kk _ 9\ gt ‘L, r_d
K (qp+ 2>K( pHat ook 2) (3.45)
4 T e T T S|
+0*(qg+r)6 q+r< ¢p+q + 2,k 2)K <q,p+2,k 2)
/ /
_ prik q ., 9 gl qa , 4
K <q7p+2,k 2)K (q7p+q+2,k 2)) (3.46)

In (3.44), the two operators in the commutator are paired. This pairing gives
the desired commutation relations. In (3.45) and (3.46), however, the oper-
ators of the commutator are paired with operators outside. These contribu-
tions should vanish. Since ¢,q’ and k, k' can be chosen arbitrarily, it follows
that (3.45) and (3.46) must vanish separately. Moreover, using that ¢ and ¢’
can be chosen independently, we obtain the separate conditions

q,p+q +27 B Qap+27 B
/ / / /
Kjl(/ C]7k/_qi):[(jl(/ gk/_g)
Q7p+2a 9 Q7P+CI+2’ 9 )
to be satisfied for all ¢,q" and k,%’. The first equation means that K does

not depend on the second variable. Since the function K7* is symmetric in its
second and third variables (as is obvious from (3.43)), we conclude that it is
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also independent of the third variable. Hence, the covariance depends only on
the first variable. But then also (3.44) vanishes, so that the CCR are violated.

3.3.3. The Commutator in Position Space. Similar as in Sect. 3.2.2, we now
compute the commutator in position space. We set

j d'q g,
Bl (kL,kr) = (27434(1%’/@%)6

7)

kL _ ]{;R (k’L ;‘ kR) e—i(kL—kR)m ) (347)

uMz

Transforming to position space, we obtain (again using the notation (3.2.2))

gjz(ylnyR) - / W/ (27)4 'BJI (p+ §7p _ §) eIJf-HQC

N[ [ A s etiad i
Z/w/ (271')4 Aa(‘]) La(p)e e

a=1

Aj(yL+yR

a

] =

+ il?) Lo(yr —yL) -
1

9
Il

This formula shows that the argument = simply describes a translation of the
nonlocal potential in position space.
Next, it is useful to introduce the notation

(D7A)(z,y) = (y —x) A(z,y) .

This notation is motivated by the fact that the factor (y — x)? corresponds to
a partial derivative in momentum space (as one verifies in detail by differenti-
ating (2.29)). This also explains the product rule

9,(AB) = (9;A)B+ A(D;B)
(where AB is the product of two convolution operators).

Lemma 3.5. For any x,y € M, the commutator of the field operators defined
by (3.47) is given in position space by

N

[B].B,] (yr, yr) = % > (alAg(g+x) AF(C+y) — 0 AR (¢ +y) Ag(g”))
a,b=1
X (La (D'Ly) + (D'Ly) La) (yr — y) + O(£?)
with
_ YL+ yr
(=5

Proof. First,
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[B]zvglzﬂ (yL7yR)
N
— z /d4z {Aﬂ(yL;Z +:c> Lo(z —yr) A§<Z+yR

— Z/d4 Ab(yL+Z+y>Lb(z—yL)Aj< +yR+x>La(yR—z)}.

a,b=1

+ y) Ly(yr — Z)}

In the arguments of the potentials A, and Ay, we use the transformations
Yyo+z YL+ YrR | Z—YR Z+Yr _Yrt+Yr  Z—YL
= d =
2 > 2 o 2 > 2
and expand in powers of the last summands. We thus obtain

N
[BI, BE](yr,yr) = Al (C+z) AR (C+y)

a,b=1
></d4z{La(zfyL)Lb(yRfz)*Lb(Z*yL)La(nyZ)}
1 Y .
+3 D> AL (C+a) AF(CH)
a,b=1

X /d4z {(z —yr) La(z —yL) Lo(yr — 2) — Lu(z —yr) (2 —yr)" La(yr — 2)}

1 N

5(1; AT (C+z) BAE (¢ + )

X/ d*z{ La(z —yr) (z —yr) Lb(yR_Z)_(Z_yR)lLb(Z_yL)La(yR_Z)}
+0(0?)

Being complex convolution operators, the operators L, and L; clearly com-
mute. Therefore, the zero-order terms drop out. The remaining first-order
terms can be written as

N
(B2, BE] (v, yr) = 5 Y OAL(C+x) AF(C+y)

x (La (9'Ly) + (®'Ly) La) (yr — yL)
N
+% > AL+ x) QA (C+)

x (= (®'La) Ly — Ly (D'La)) (yr — y1) + O(¢) ,
giving the result. 0

As is verified by a straightforward computation, the formula of this lemma
is indeed the Fourier transform of (3.38). Also, the error terms agree, if one
keeps in mind that in the last proof, every factor ¢ comes with a derivative
acting on the potential, which in momentum space gives rise to a factor q or ¢'.
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We finally remark that the above argument (3.41) and (3.42) in which
we made use of smoothness properties of L, and Ly can be recast in position
space by saying that the operator product L,L; is typically of much shorter
range than the operator L2.

4. Holographic Mixing

The analysis of the previous section showed that a nonlocal potential of the
form (2.23) is not sufficient for realizing the CCR as operator equations. The
general idea in order to overcome this problem is to take into account that,
similar to gauge phases of classical electrodynamics, the potentials A, in (1.4)
give rise to phase factors. Having a multitude of N potentials yields N different
phase factors. Consequently, relative phase factors should lead to dephasing
effects. In this section, we will work out this mechanism and its consequences in
detail. The mechanism is referred to as holographic mizing. Holographic mixing
is a specific feature of causal fermion systems. For this reason, we introduce
it in detail step by step. After a few general considerations (Sect. 4.1), we
begin under simplifying assumptions with an analysis of momentum-dependent
gauge transformations (Sect. 4.2). We proceed by specifying the form of the
dynamical gauge potentials in the presence of holographic phases (Sect. 4.3).
Then, we will show that these potentials naturally satisfy the CCR (Sects. 4.4
and 4.5). In Sect. 5, the dynamical equations including holographic phases will
be derived.

4.1. Basic Concepts Behind Holographic Mixing

The concept of holographic mixing evolved in various steps over several years.
Before entering the detailed constructions, we now give a brief outline of how
holographic mixing developed. It is one of the basic features of causal fermion
systems that one can go beyond classical spacetimes and allow for the descrip-
tion of spacetimes which have a non-smooth, possibly discrete, microstructure
or which on small scales resemble a “quantum spacetime” with “quantum geo-
metric” structures (as is made precise in [18]). Since in the setting of causal
fermion systems, the geometric structures of spacetime are encoded in the fam-
ily of all physical wave functions, such novel or generalized spacetime structures
are implemented by working with physical wave functions having a non-trivial
behavior on small scales. This concept was first introduced in [9, Section 4]
under the name microscopic mizing. Refinements of this concept were used in
[10, Section 3] for getting a first connection between causal fermion systems
and QFT. Subsequently, in [11, §1.5.3] microscopic mixing came up from a
somewhat different perspective by studying a decomposition of the measure p
of the causal fermion system into many components, with the purpose of de-
creasing the causal action in the vacuum. This point of view was followed up
in [13, Section 5], where also the term fragmentation was introduced. A more
systematic study of fragmentation and the resulting dynamics of the causal
fermion system was carried out in [15, Section 5].
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A simple way of understanding fragmentation is the observation that the
measure p of the causal fermion system does not necessarily need to be the
push-forward of the volume measure of a classical spacetime. One method for
constructing more general measures is to take convex combinations of mea-
sures, leading to the ansatz

N
pchapa with ¢, > 0 and anzl. (4.1)

a=1

If each measure is constructed from a classical spacetime, then M, := supp pq
is diffeomorphic to Minkowski space (or to a curved spacetime). In this case,
the spacetime M := supp p of the causal fermion system is the union of all the
sub-spacetimes M,,

The resulting physical picture is that spacetime consists of N copies of classical
spacetimes, each with its own physical wave functions and corresponding space-
time structures. This has similarities with taking a “superposition” of classical
spacetimes, except that the coefficients ¢, in the linear combination (4.1) must
all be positive (in order to ensure that p is a positive measure). The decom-
position of spacetime into sub-spacetimes becomes a bit clearer by writing the
corresponding wave evaluation operator ¥ : H — CO(M, SM) (see (2.9)) as

N
=3 Xar, (@) a(2), (4.2)

where ¥, : 5 — C°(M,, SM,) are the wave evaluation operators of the sub-
spacetimes.

Clearly, the fact that taking convex combinations is mathematically al-
lowed does not necessarily mean that measures of the form (4.1) should occur
in physics. One argument in favor of (4.1) is that this ansatz makes it possible
to decrease the causal action. Indeed, rewriting the causal action as

S(p) Z Cacb/ L(z,y) dpa(x) dpy(y)

a,b=1 FxF

Zc S(pa) +ancb/ L(z,y) dpa(z) dpy(y) ,

a#b

the first sum can be arranged to give a scaling factor 1/N (for example, by
choosing S(p.) = S(pp) and setting ¢, = 1/N for all a,b € {1,...,N}). The
summands for a # b, on the other hand, can be made small using dephas-
ing effects. This becomes clear by transforming the wave evaluation operators
according to
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\I]a _>\Ilaua;

where U, are unitary operators on H. In this case, the kernel of the fermionic
projector transforms according to

X, (2) Pz, y) xar, (¥) = =X, (2) Yalz) Uo(y)" X, (y)
— =X, () Yo () Ua Uy Wi (y)™ Xar, () -

In the case a = b, the unitary operators drop out, showing that S(p,) remains
unchanged. In the case a # b, however, the unitary operator U, U; can be
arranged to be small due to dephasing. (For more details, see [11, §1.5.3].)

Considerations along this line explain why fragmentation occurs naturally
when minimizing the causal action principle. This also means that dephasing
effects between the physical wave functions in spacetime should be of physical
relevance. Nevertheless, fragmentation is not a fully convincing concept for
the following reasons. One difficulty is to describe fragmentation dynamically.
How do the sub-spacetimes interact with each other? What is the resulting
“effective” dynamics of the whole system? Another, more conceptual problem
is that, thinking of a fully interacting situation, it does not seem to be a sensible
concept to speak of individual sub-spacetimes. Should one not consider M
instead as a whole, without decomposing it into sub-spacetimes? Thinking
about these questions led to holographic mizing as a preferable method for
describing the above dephasing effects. To this end, we generalize (4.2) by an
ansatz for the wave evaluation operator (2.9) as a linear combination

N
T() =Y @ W,(z)  with U, :H— COM,SM), (4.3)
a=1

and A, are real-valued functions. Note that, in contrast to (4.2), we no longer
have sub-spacetimes. Instead, all the mappings ¥, (z) are defined in the whole
spacetime z € M. The dephasing effects are described by the phase factors e«
which may oscillate on small length scales, thereby implementing the original
concept of a non-trivial microstructure of spacetime. The name “holographic
mixing” is inspired by the similarity to a hologram in which several pictures
are stored, each of which becomes visible only when looking at the hologram
in the corresponding coherent light.

One advantage of holographic mixing (4.3) is that it fits better to the
structure of the linearized field equations in Minkowski space as unveiled in
[16], because the summands ¥, can be associated with the physical wave
functions lying in the support of the functions La (i.e., the shaded regions in
Fig. 1). These summands are no longer localized in separate sub-spacetimes (as
in (4.2)), but rather correspond to “subsystems” in Minkowski space formed of
wave functions propagating into a common null direction. Another advantage
of this description is that the phase functions e« can be associated with
local phases corresponding to the potentials A,. (This is also why we use the
same notation with a subscript a.) This also gives an explanation for why
these phase functions come about. Moreover, it will become possible to derive
dynamical equations for the system including holographic phases. Finally, the
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F F

e

—suppp “—supp p

FIGURE 3. A measure obtained by fragmentation (left) and
by holographic mixing with fluctuations (right)

concept of holographic mixing ties in nicely with the constructions in [23],
where dephasing effects also play a crucial role.

The critical reader may wonder how fragmentation (4.1) and holographic
mixing (4.3) are related to each other, and how it comes about that both
methods can be used to describe interacting causal fermion systems. In non-
technical terms, this can be understood as follows. (A more detailed expla-
nation of this point from a slightly different perspective can be found in [25,
Chapter 22].) In the limit when N gets large, the fragmented measure p goes
over to a measure with enlarged support. (See the gray region on the left of
Fig. 3.) Integrating with respect to this measure does not only involve an in-
tegral over the four-dimensional spacetime (indicated by the black line on the
left of Fig. 3), but it also involves an integration over the “internal degrees
of freedom” corresponding to the directions which are transverse to the four-
dimensional spacetime. This situation bears similarity to the path integral for-
mulation of QFT if one identifies the above “internal degrees of freedom” with
field configurations. As explained above, in the method of holographic mixing,
spacetime M := supp p remains four-dimensional. But, keeping in mind that
we allow for high-frequency fluctuations, the measure could still approximate
the measure described by fragmentation (as shown by the black line on the
right of Fig. 3, noting that high frequencies correspond to low regularity in
position space, as drawn for simplicity by a non-smooth curve). With this in-
tuitive picture, it becomes clear why, from the mathematical point of view,
fragmentation and holographic mixing can be used equivalently. However, it
seems that the method of holographic mixing is more suitable for the analysis
of the causal action principle.

We finally remark that the concept of holographic mixing is also related
to Everett’s multiverse interpretation of quantum theory and the collapse of
the wave function. We refer the interested reader to [29,33].

4.2. Momentum-Dependent Phase Transformations

In order to develop our methods, we begin with the behavior of Dirac wave
functions under local gauge transformations. The local gauge transformations
of electrodynamics are described by the joint transformation

() — e ()
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of all wave functions, with A a real-valued function. The Dirac operator of the
vacuum transforms according to
i — e (i) e N =i+ (9A) .

The additional term (@A) is the standard coupling term to the gauge po-
tentials A; = 0;A. Before going on, we point out that, in order to capture
dephasing effects, we need to cover the case that the phase functions like e*
have rapid oscillations on small length scales. Such oscillatory phase functions
cannot be treated with a simple perturbation expansion. Therefore, it will not
suffice for our purposes to take the Dirac operator i@ + (JA) as the starting
point. Instead, it is preferable to work with the phase factors e*** where the
oscillations are manifest. This observation will serve as a guiding principle for
the following constructions.

As summarized in Sect. 2.5, it is the main conclusion of the analysis in
[16] that the causal action principle admits a larger class of homogeneous fields.
Rather than just the electromagnetic field, there is a plethora of fields described
by nonlocal potentials (see (1.1), (1.2) and (2.23)). These fields are related
to the corresponding local gauge invariance (2.22) of the causal Lagrangian.
This suggests that nonlocal potentials should give rise to corresponding phase
factors, also leading to dephasing effects. In order to analyze how such effects
can be modeled mathematically, we proceed step by step and begin with the
situation that the different phase factors act on orthogonal subspaces of the
wave functions in spacetime. To this end, we consider a family (L,)1=1,.. v of
homogeneous scalar operators, i.e.,

(La) (z) = / Ly -a)b(y) dy  and  Li(y-a)eC, (44)

which for simplicity we again assume to be smooth. Moreover, we assume that
the L, form a complete set of projection operators, i.e.,

N
L,Ly =6, L, and ZLa =1. (4.5)
a=1
Now, for each a € {1,..., N} we introduce a real-valued phase function A,
and introduce the operator U by
N
(UP)(x) ==Y e (L) () . (4.6)
a=1

In order to simplify the situation further, we also assume that the images of
the summands are orthogonal and again complete, i.e.,

N
Lye Haetho 1 — 6. Ly and Z eha [,e e =1, (4.7)
a=1
Then, the above operator U is unitary on L?(M,C), because

N N
UU*= Y et LyLye ™™ =) et L,e7™ =1 (4.8)
a=1

a,b=1
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N N
UU=Y Lee™e™L,=) L,=1. (4.9)
a=1

a,b=1

Now, the vacuum Dirac operator transforms to

i — UGP)U Z ehe Ly (i) Ly e = Ze“\“ Lq (i@) e (4.10)

a,b=1
1 N X
=3 id <;em“ L e_”\“> —5 ; [ig, o] Ly e e
1 > iA —iA . o A —iA
—|—2<Ze @ Lge ")z@—&— Ze “ L [id, ]

N
=id + % D et ((@Aa) Lo+ La (@Aa)) e e (4.11)

(In the last step, we again used the completeness relation in (4.7).) With this
transformation, we introduced an interaction operator into the Dirac operator.
It can be written as in (1.1) with a nonlocal potential B = B, given by

y) = % Z piha(2) <(@Aa(x)) Lo(y— )+ Lo(y — x) (@Aa)(y)) o—iha()
(4.12)

Before going on, we explain the connection to the potential in (2.23).
We first point out that the form of the potential (2.23) was derived in [16]
for linearized fields in the Minkowski vacuum. Therefore, in order to make the
connection, we also need to linearize (4.12) to obtain

N
B y) = 5 3 ((PRa(@) Laly — ) + Luly — ) (90 () + O(A2)

a=1

Next, we need to assume that the phase functions are smooth and do not
oscillate on the length scale £,,;, of the nonlocality, i.e., if

1 .
|DPAG| S @ |[Ao]  with €y >l (4.13)

Under this condition, we may expand the phase functions in a Taylor series.
Indeed, writing

M@ =AY haw) = aa (P24 Y)

with ¢ := y — 2 and expanding in powers of £, the potential (4.12) can be
written as

N
ry) =3 S @A) (T L) Lily — ) (4.14)

a=1 kK
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with new potentials and kernels

Ao =— 0"\, and Li(y—z):=(y—2)" L,(y — z),
where k runs over all multi-indices. The first expansion term with x = 0
is exactly of the form (2.23) with 4, = 9A,. Combining a with s to a new
summation index, also the higher-order terms can be written in the form (2.23).
We finally point out that summing from 1 to N in (4.6) merely is a
matter of convenience, which will later facilitate to get a connection between
the dynamical potentials and the gauge phases. But at this stage, the number
of summands in (4.6) could be chosen arbitrarily. Taking the limit where the
number of summands tends to infinity, one can also describe situations where
the sum becomes a momentum integral, giving rise to the continuous ansatz

4
Wie) = [ Gz [ Ayt e ),

involving a momentum-dependent phase function A(z,p). This ansatz may be
of advantage for explicit computations.

4.3. Dynamical Gauge Potentials Including Holographic Phases

The method for introducing gauge phases introduced in the previous section
was too simple for two reasons. First, choosing the operators L, as projection
operators (4.5) is not compatible with the form of the operators L, in the
nonlocal potential B in Sect. 2.5 (see (2.23) and the discussion of the support
of L, shown in Fig. 1). Second, assuming that the images of the summands
in (4.6) are orthogonal (4.7) seems too restrictive. In order to improve the
situation, we need to drop conditions (4.5) and (4.7). Thus, we consider the
operator U of the form (4.6) with general phase functions A, and homogeneous
scalar operators (4.4). Then, this operator is no longer unitary on L?(M,C),
because in (4.8) and (4.9) summands with a # b do not drop out. In more
general terms, we must take into account that the different phase components
interact with each other. In what follows, we will explain step by step how
this can be done. This section is devoted to the first step, which consists
in specifying the form of the dynamical gauge potential in the presence of
holographic phases.

The simplest approach is to proceed similarly to (4.10) by introducing
the holographic phases into the Dirac operator again by the transformation

i@ — UGPHU™ . (4.15)

Let us analyze how a nonlocal potential of the form (2.23) and (2.32) trans-
forms under the operator U of the form (4.6). Including the nonlocal potential
in the transformation (4.15), we obtain

i+ B — U@+ B)U* = i@ + Br + Bayn ,

where B, is again the holographic gauge potential (in the simplest case given
again by (4.12)) and
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3dyn(x; y) = (UBU*) (SU, y)

N
= Z / d42’1 / d422
M M

a,b,c=1
x ehal®) (2 — ) Ac(zl R

2

) Le(zo — 21) Li(y — 2z2) e” @)

(4.16)
This consideration shows that the dynamical potentials naturally contain dif-
ferent phase factors on the left and on the right. Moreover, the momentum
change of the operator sandwiched between these phase factors is determined
by the potential A.. The potential (4.16) has the disadvantage that it is some-
what complicated. Therefore, we now generalize it using a compact notation.
First, introducing in position space the notation

(A5 L) (w,y) = A(* ; D) Ly - )

(and likewise in momentum space by taking the Fourier transform of this ex-
pression), the integral operator corresponding to the nonlocal potential (4.16)
can be written as

N
Bayn = Z e Ly (Ao Le) Ly e ™. (4.17)
a,b,c=1
In order to further simplify the notation, we take the ansatz
N
Bagn = Y et (Ao LE,) e ™ (4.18)
a,b,c=1
which includes potentials A, as well as homogeneous operators LS, with a,b, c €

{1,..., N}. Clearly, the potential (4.18) should again be symmetric, meaning
that

Az(z) = Al(z)  and  Lg (&) = L, (=€) -

We conclude this section with a discussion of the new ansatz (4.18). We
begin by pointing out that it is very general and covers a large class of nonlocal
potentials. The following constructions will not depend on how precisely the
potential Bgyy is chosen.

In order to related the new ansatz (4.18) to (4.17), one can choose Lj ,
as the product L, L, L.. However, this does not quite give back (4.17), because
in general

Ac > (La L. Lb) 7é L, (Ac > Lc) Ly . (419)

Nevertheless, the mathematical structure of these expressions is quite similar,

so much so that their difference will be of no relevance for what follows. Indeed,

all our considerations and computations apply also to (4.17), in which case one

can take the right side of (4.19) as the definition of the operation A, > LGy
Another class of potentials which seems sensible is to choose

z,b = d(C, a, b) La Lb



Holographic Mixing and Fock Space Dynamics

with real coefficients d(c, a,b). This choice has the desirable property that for
large momenta (i.e., if the frequency p in Fig. 1 is chosen as p’ < —wpyin) the
product L, L vanishes unless a = b, so that the potential simplifies consider-
ably.

We finally note that, in the case without holographic phases, our general
ansatz (4.18) reduces to

N N
Bayn =y _Ac>Le  with  Loi= Y LS,
c=1 a,b=1
giving back (2.23). With this in mind, we can regard (4.18) as a natural gen-
eralization of (2.23), obtained by suitably inserting the holographic phases.

4.4. Realizing the Canonical Commutation Relations

We now define the field operators in analogy to (3.35) by
N

B, =

o>

J,c : nic . iAg Fi c —ilAy
wb.q with B, =€ (Al > L5,)e , (4.20)
a,b,c=1

where Ag’q is the plane-wave component, i.e.,
Al (x) = Al(q) emiam (4.21)
When taking products of these operators,

nic @k, iNa ( AJ —iAp+iA k —iA.
Bgzﬁhq Bd,Z,q’ =e (A'z:,q DLZ,b) ettt (Af,q’ DLﬁ,e) e ", (4.22)

the intermediate phase factor e~*A»1iA4 ogcillates rapidly unless b = d. There-
fore, we expect that the leading contributions are obtained in the case b = d,
ie.,

Ble BT . B By (4.23)
This approximation will be justified in Sect. 4.5 using a stationary phase anal-
ysis, which will also give a precise scaling of the error terms. In order not to
distract from the main construction, we here restrict attention to the leading
contributions, disregarding the error terms with the notation “~”. We thus
obtain

Rpic @k f iAo j k f —ile
BybgBieq ™ Obd e’ (Aiq > Lg,b) (Aﬁq, > Lb,e) e’
and
(B4, By
~ Z e’LAa ((Ajc,q > Ltcz,b) (A?,q/ > Lg,e) - (Alz,q/ > Lg,b) (A;‘,q I>L£,e)) eilAﬁ
a,b,c,e,f=1

N
= Y Al Af(e) et [(B> Lg ) (By o L) = (Byr o LY ) (Byo Li )] e
a,b,c,e, f=1
where we used (4.21) and defined E, as the operator of multiplication by a
plane wave of momentum g, i.e.,

(Bp)(@) = e 97 y(a). (4.24)
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In order to write these formulas in a more compact form, it is useful to
introduce a matrix notation by setting

L¢ = (Lg,b)a,b:17...,N and D= (eiA“ Oub )a b=1. N (425)
making it possible to write the above commutator more compactly as
N
B, BE]~ S Allg) Aj(¢) (D [(EB,> L), (B> L)) D7)
a,c.e,f=1 e
(4.26)

We remark that, at this point, one could expand the operators E,>L¢ and E, >
L7 in a Taylor series in ¢ using that ¢/min < 1. This would lead to a formalism
similar to that used in Sect. 3. (See, for example, Lemma 3.5.) We prefer not
to work with this expansion, also in order to clarify that such an expansion is
not really essential for the CCR.

We are now ready to state and prove the main result of this section.
We again assume that the potentials flfl(q) are Gaussian with mean zero and
covariance given by (3.31).

Theorem 4.1. (Realizing the canonical commutation relations) Considering a
nonlocal potential involving holographic phases (4.18), the bosonic field opera-
tors defined by (4.20) can be arranged by a suitable choice of the operators L,
in (4.17) and of the covariance in (3.31) to satisfy the CCR in the operator
sense, i.e., (in analogy to (3.26))

<[BI,BE] @ BL @ Bl> ~ (2m) 6% (¢ + ¢) K7%(q) 1@ <BL @ BL>
(4.27)

where K (q) is the causal fundamental solution of the Maxwell field. Here, “~”
refers to the approzimation (4.23). (The errors of this approzimation will be
specified in Theorems 4.3 and 5.1.)

In the example of the Feynman gauge, the causal fundamental solution takes
the form

K7*(q) = g"" 6(¢*) e(¢°) -

Our methods apply similarly also to other choices of gauge. We note that, in
view of the nonlocality of the potential B, also the causal fundamental solution
in the CCR will be regularized on the length scale ¢,,;,. We do not need to
make this explicit here, because the regularization can be absorbed into the
error terms.

Proof of Theorem /.1. Taking the statistical mean of (4.26), we obtain
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~ (21)1 6% (g + ¢') Z Qi ( [(E,>L°), (E,qDLf)]D—l)

a,e

(4.28)

This formula can be further simplified. We recall that the covariance
has the symmetry and positivity properties (3.32) and (3.33). The symmetry
property (3.32) implies that the matrix ﬁ(q) is Hermitian. Therefore, it can
be diagonalized, having positive eigenvalues A\; and corresponding eigenvec-
tors ¢g € C*N with complex components, i.e.,

AR0) ZAd )2 (ba(a))k -

Using this formula in (4.28), we obtain

N 4N
<[}, By]>~ @m)' g +¢) Y. D (D [Mi(g). Mi(—q)] D)
a,e=1d=1 ’
with
M(q) ==V Xala) Y (6a(@))] (Eq> L) (4.29)
N
=V alg) Z a(@)f (B> L7). (4.30)

We note that, using again the symmetry properties (3.32), by suitably ordering
the eigenvectors of h(q) and h(—q) we can arrange that

(M (—a))" = Mj(q) (4.31)

(where the star is the Hermitian adjoint of an N x N-matrix).

In this formulation, the stochastic field and its coupling to the fermions
is described by the family of matrices MJ(¢g) with j a tensor index, d €
{1,...,4N} and ¢ € M. Apart from the symmetry condition (4.31), these
matrices can be chosen arbitrarily. This brings us into the position to satisfy
the CCR, which (in analogy to (3.5) and (3.7)) we write as (4.27). In order to
satisfy the CCR in the statistical mean, we must satisfy the relation

ZZ( M (—g)] Dfl)ae:ffjk(q)ﬂzc. (4.32)
a,e=1d=1 ’

Moreover, in order to ensure that the outer parings are negligible (as defined
and explained after (3.38)), it suffices to satisfy for all ¢ # —¢’ the conditions

(M) (q), ME(q)] < [MZ(q), ME(—q)]. (4.33)
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In order to satisfy conditions (4.32) and (4.33), we proceed as follows.
Noting that (4.33) involves the commutator of an operator with its own ad-
joint (see (4.31)), the commutator can be arranged to be large, even if the
operators have a small rank. Using this fact, for every d and ¢ one chooses the
operators MY (¢) in such a way that (4.32) holds. This can be done in agreement
with the concept described in Sect. 2.5 that the operators L, are projection
operators to subspaces of K (see also Fig. 1). Next, the condition (4.33) can
be satisfied by choosing the covariance in such a way that the images of the
operators M, (q) and MF(¢') for d # e or q # ¢’ are orthogonal, up to errors
which can be made arbitrarily small by choosing N large.

We finally point out that the positivity condition (3.33) can be satisfied
by adding to hé’; a sufficiently large multiple of the identity matrix §7%§,.
This has no effect on the CCR, because the identity matrix drops out of the
commutator. g

Remark 4.2. The above arguments even show that the CCR arise naturally,
as we now explain. It is easiest to argue directly with the operators M (q) in-
troduced in (4.29), which we regard as a family of stochastic operators on the
Krein space (K, <.|.>) (as introduced after (2.34)). It is important to observe
that these operators act as matrices on the holographic components labeled
by a € {1,..., N} (as one sees from the matrix notation introduced in (4.25)).
The typical situation is that a holographic component a is mapped to itself or
to other holographic components in a commuting way (like the contributions
obtained in (4.17) to zero order in an expansion in ¢fy;, ). The non-commuting
character of these operators can typically be regarded as a small correction (ob-
tained either by higher orders in an expansion in gf,;, or by a coupling of the
holographic components described in the next paragraph below). Clearly, in
the commutators in (4.32) and (4.33) only these small corrections contribute.
The images of these corrections are typically low-dimensional subspaces of IC
(as can be understood from the factors L¢ in (4.29); see again Fig. 1). Conse-
quently, in a stochastic description, the images of two such operators will be
orthogonal up to errors which tend to zero if N tends to infinity. The commu-
tator on the right of (4.33), on the other hand, is typically not small because
one operator is the adjoint of the other (see (4.31)), meaning that these two
operators are not statistically independent. This explains (4.33). Moreover,
it becomes clear why the left of (4.32) is typically not small. It remains to
explain why the right side in (4.32) has this specific form. Here we can ar-
gue with causality and symmetries: Combining (3.31) and (4.32) with the fact
that the propagator Ki* is causal, these conditions mean that these stochastic
operators should satisfy causality in the sense that they are uncorrelated for
points with spatial separation. Moreover, the precise form of the propagator
in (4.32) follows from the assumption of local Lorentz covariance. Clearly, here
the notions “causality” and “Lorentz covariance” are to be understood modulo
the effects of the regularization, which break Lorentz symmetry on the length
scale £pin.
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We finally explain how this qualitative picture can be understood from
the constructions in [16]. In this description, the holographic components cor-
respond to null directions along the mass cone (as depicted in Fig. 1). In [16,
Section 9.3], the linearized field equations are analyzed using the so-called
mass cone expansion. The zero order in this expansion is local in rays along
the mass cone, meaning that the linearized field equations decouple into in-
dependent equations for each holographic component. This corresponds to
the above-mentioned commuting contributions to the operators M (q). The
higher orders in the mass cone expansion, however, describe a coupling of the
holographic components, giving rise to non-commuting contributions to these
operators. O

4.5. Stationary Phase Analysis of the Error Terms

In (4.23), we used the approximation where in the operator products (4.22)
we disregarded the terms involving oscillatory factors e”*» =« with a # b. We
now justify this approximation by working out the corresponding correction
terms. To this end, we choose two compactly supported wave functions v, ¢ in
spacetime and consider the Krein inner product

<¢|3abq deq P>
/d4 / d'z [ dty <(e) | BLG (2.2) Byl (z0) (y)- . (4.34)
M

We are interested in the situation where the phase factors oscillate on a length
scale which is much smaller than ¢,,;;,. In this limiting case, we can compute the
operator products in the stationary phase approximation, giving the following
result:

[1%

Theorem 4.3. (Error estimates, method I) The approzimation “~” introduced
in (4.23) holds up to relative errors with the scaling behavior (1.7).

The remainder of this section is devoted to the proof of this theorem.
Before entering the detailed computations, we determine the scaling behavior
and the errors of this approximation. We begin with the case b = d where
the operator product involves no intermediate phase factors, giving rise to the

integral
—iq—“éz ¢ ( _ ) —iq
e aplz—x)e
M

In this case, the scaling of the integral is given simply by the value of the
integrand times the volume of the integration domain, i.e.,

~ LSy — 2) LY (Y — ) b - (4.35)

12ty

Lf Jy—2)dz.

In the case b # d, however, intermediate phase factors arise, giving integrals
of the form

| e

ap(z—x)e” iA(An2)- Ad(z)) —iq/ =5t Lg’e(y —2)d*z. (4.36)
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Now, the main contribution to the integral comes from the critical points of
the phase function A, — Ay. In order to determine the scalings, let us assume
that this function has an extremal point at zy, i.e.,

0
O

Then, the phase is stationary provided that

(Ap — Ag)(20) = 0.

|zj—zg‘ <ta,

where £, is again the length scale on which the phase functions oscillate (4.13).
Therefore, the integral scales like

~ LS (20 — 3) L) (y — 20) £ - (4.37)

Comparing (4.35) with (4.37), one sees that the dephasing decreases the size
of the operator products for each stationary point by a scaling factor

( ‘a )4 . (4.38)

gmin

The errors of the stationary phase approximation can be quantified by ex-
panding the other functions in (4.36) in a Taylor series about the stationary
points, giving scaling factors £ /fmin. Therefore, the error of the stationary
phase approximation is of the desired order (1.7). We conclude that, under the
assumption £y < fnin, the stationary phase approximation is justified. The
dephasing effect can be described by scaling factors (4.38), which are typically
very small.

The analysis of the error terms becomes more involved because we also
must take into account their combinatorics. In particular, the operator prod-
ucts for b # d may still be relevant if the number of stationary points is very
large. The remainder of this section is devoted to a detailed analysis of the
resulting counting. Keeping in mind that the results of this analysis will not
be used later in this paper, it may be skipped by the reader more interested in
the improved scaling in Sect. 5.4. Before quantifying the counting, we collect
the relevant formulas of the stationary phase approximation.

Lemma 4.4. Evaluating the inner product (4.34) in the stationary phase ap-
proximation gives the following results, up to errors of the order (1.7). In the
case b=d,

1
<t | BIC BRI >—c/d4z
1By By ¢ Z \/|detD2A (zr)] /|det D2A.(yy)|
X <Y(zy) | e’A“(m’“) Al(q) et LG 4 (z = ap)

x Ak(q) e T2 L] (g — 2) e 70 gy) -
(4.39)
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with a numerical constant c. Here (xk,yr) with k € {1,..., Ky} denote the
critical points of the phase functions determined by the equations
0 q — .
Eei (Aa(x) — 5% + Imlog (1/)(3:) LG (2 — x))) =0 (4.40)
0 q’ f
A Ac(y) — oY + Imlog (Ld,e(y - 2) (b(y)) =0. (4.41)

Likewise, in the case b # d,
< | B BRS g

abq b,e,q’
Z 1 1
\/\ detDQA (k)] \/| det D2(Ap — Ag)(21)| \/\ det D2A.(yx)|

X <a)(x) \ o) Ad(q) e ™ LSy (24 — ) o=t (Ao —Aa(z0)
x Ak(q) e TS LE (g — 21) e e gy )= (4.42)

where the critical points (zg, 2k, yr) with k € {1,..., K3} are determined by
the equations

% <Aa(x) — g:z: + Imlog (M ap(z— x))) =0
(4.43)

(- 802+ 2t = L et (1, — ) L - 2)) ) =0
(4.44)

o (=) = Lyt (L0 = 2)0(0) ) =o0.
(4.45)

Proof. Using (4.20) in (4.34), we obtain

k,
<v| B, Baly o>

/d4 /d4 / dhy <(x) | e AT(q) e 5 LS (2 — x)

—z(Ab(z) Ag Z)) Ak( ) e—zq Lf ( _ ) —ile(y) (b( )
In the case b = d, the intermediate phase factor vanishes,

< | BYG Byl o>

.4 ~be,q’
[t d4z/ dly <) | Al(q) e
M M
x Af(g) e T L (g~ 2) e (y)-

In the case b # d, we can also apply the stationary phase approximation to
the z-integral. O

L3 (2 — )
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We now describe the method for evaluating the sums over the stationary
points. Here, we need to take into account that the formulas for the expectation
values in Lemma 4.4 involve phase factors, which means that summing over
the stationary points may lead to cancellations due to dephasing. This effect
can be treated systematically as follows.

In preparation, we specify the number of stationary points further. Clearly,
the two equations (4.40) and (4.41) (and similarly the three equations (4.43)—
(4.45)) are coupled because both equations involve both z and y. However,
they decouple when only the functions A, and A. are taken into account.
Therefore, the solutions of these coupled equations can be obtained by first
computing the stationary points of A, and A. and then treating the other
functions in (4.40) and (4.41) perturbatively (giving again an expansion in
powers of £p /lmin). We do not need to enter the details of this construction.
This procedure shows that the total number of stationary points is given by

Ky ~K? and Ks3~K?,

where the parameter K denotes the average number of stationary points of
the functions A,.

We begin with the formula (4.39) in the case b = d. First, we recall that
evaluating each stationary point gives a scaling factor (4.38). It is convenient
to introduce the abbreviation

o= ( 2 )4 <1. (4.46)

Emin

Therefore, each summand in (4.39) has the scaling

o 12
~ a2 |Lo,o’ Erlr?in
(where for ease of notation, we leave out the factors i, ¢, Ag(q) and A’}(q' )
and do not specify the arguments and indices of the operator Lg’o). Next, one
must keep in mind that the product of the kernels Lg (2 —x3) and Lg ,(yx — 2)
vanishes unless the points z; and y; are close on the scale £,,;, in the sense
that

|21 — i | < lmin - (4.47)

This reduces the number of stationary points to be taken into account by a
factor which we denote by

B<1. (4.48)

If the stationary points xz; and y; are close even on the scale
Ly, ie., if

2] —yl]| S ta, (4.49)

then the phase function Ay (z) — Aq(yk) is close to zero. As a consequence,
there are no relative phases, and no dephasing occurs. Therefore, the total
contribution of these stationary points to (4.39) is obtained simply by counting
the number of such stationary points. For this counting, we must take into
account that the condition (4.49) reduces the number of stationary points
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by an additional factor « (because, given xy, the four-volume of the ball in
which y, may lie is reduced by a factor «). Moreover, we must keep in mind
that, to leading order in £ /lmin, the equations in (4.40) and (4.41) have
the same solutions, implying that there are at least K stationary points which
satisfy (4.49). Therefore, the total number of stationary points satisfying (4.47)
is given by (1 4+ 8K )K. We thus obtain the scaling

< | BIS BMS o>~ (14 afK)K o? |12, |7 02, (4.50)

a,b,g “b,e,q’ min

Before going on, we point out that the number aFK tells us about the average
number of stationary points inside a ball of radius ¢, . In order for the station-
ary phase approximation to be sensible, the distance of the stationary phases
must be much larger than ¢,. This leads to the condition

afK < 1. (4.51)

Therefore, we may leave out the summand aSK in (4.50) to obtain

<y | B BN p> ~ Ka? |L2’o|2 012 without dephasing . (4.52)

a,b,qg T b,e,q min

If the stationary points do not satisfy (4.49), we can treat the factors
e!Mal@e)=Aa(ur) stochastically as random phases. Therefore, the amplitude of
the sum is obtained by multiplying the amplitude of one summand by the
square root of the number of summands. This gives the scaling

< | BPS BES o>~ \/BK? o? ‘LZ,OF 022 with dephasing . (4.53)

a,b,qg “b,e,q min

Note that, in view of (4.48), this contribution is much smaller than (4.52).

In the case b # d, we can proceed similarly. Yet, we must keep in mind
that also the z-integral is evaluated in the stationary phase approximation.
Therefore, each summand in (4.42) has the scaling

o |2
~ a3 ’Lop’ grlr?in'

(For ease of notation, we again leave out the factors v, ¢, A7(q) and A’Ji (¢").) It
all three points xy, yr and zj are close to the scale /5, we have no dephasing.
When counting the number of corresponding stationary points, we must keep
in mind that, similar as explained above, there are at least K stationary points
satisfying (4.49), and in this case there is also a solution z; which is close to
and y; on the scale £5. We thus obtain the scaling

<] BIc

a,b,qg “b,e,q’

BT o>~ (14 a?B°K2) K o® |12, | 012

min *
In view of (4.51), we can leave out the summand o?3?K?, i.e.,

<v|B7;

a,b,qg “b,eq

BRI ¢>~ Ka? ’Lg7o|2 012 without dephasing . (4.54)

min
If none of the points zy, yx and z; are close to the scale £5, we obtain
<1 | @i’;’q fﬁf:e{q/ o>~ /K3 o |L§7o| 02 with dephasing .
(4.55)
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Finally, there is an additional contribution if two of the points xx, ¥ and zj
are close to the scale /5, but not the third point. They have the scaling

R nk,f 3 2 12
<p|BYG Byl o>~ \/afPK3a® L2, |70,

Since this is much smaller than (4.55), we may disregard these contributions
in what follows.

The precise scaling behavior of the above stationary phase contribu-
tions (4.52), (4.53) and (4.54), (4.55) will be important when working out
corrections to the Fock space dynamics (see Section 8). For the purpose of
the present paper, it suffices to note that, apart from the constraints in (4.46),
(4.48) and (4.51), the parameters a, # and K can be chosen arbitrarily. There-
fore, all the stationary phase contributions can be made arbitrarily small by
choosing « sufficiently small. In this way, we can arrange that the error terms
are indeed of the desired form (1.7).

5. The Dirac Dynamics with Holographic Mixing

5.1. Preparatory Considerations

We now briefly outline the path taken by the authors to arrive at the for-
mulation of the dynamical equations with holographic mixing. Although not
quite straightforward, these considerations may nevertheless explain and mo-
tivate the subsequent construction of the holographic Green’s operator (in
Section 5.2). At the beginning of Sect. 4.3, we argued that the conditions (4.5)
and (4.7) are too restrictive and must be relaxed. If this is done, the op-
erator U defined by (4.6) is no longer unitary. Introducing the holographic
phases again by (4.15) has the disadvantage that, rewriting the Dirac operator
similar to (4.11) as the sum i@ + B, of the vacuum Dirac operator and a per-
turbation, the operator B, involves a differential operator whose coefficients
are convolution operators including the holographic phases. As a consequence,
the operator Bp can no longer be regarded as a small perturbation, and it
cannot be treated perturbatively in a straightforward way. In order to by-
pass this difficulty, one can try to construct a unitary operator V on the Krein
space (K, <.|.>) (introduced after (2.34)) which again involves the holographic
phases. Then, the procedure

00— V)V = % (i0) VV* — % [id, V] V* + % VV* (i) + % v [ig, V]
= Za + Ba
with
By = f% [id, V] V* + % v [ig,v*], (5.1)

gives rise to a potential Bp which, due to its commutator structure, is no
longer a differential operator. We refer to V' as the unitary holographic mixing
operator. The obvious question is how to choose or construct this operator.
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One strategy is to begin with a potential of the form (4.14); in the simplest
case

N r+y

Bala.y) = Y (040 (5) Laly — ). (5.2)

a=1

and to construct a unitary operator V' with the property that
V(@E@)V* =i + Ba .

A perturbative treatment in powers of B, is not suitable because the oscil-
latory phase factors must be treated non-perturbatively. But, as is worked
out in detail in Appendix A, a resummation technique makes it possible to
compute V in an

expansion in powers of £yin/la . (5.3)
Here, all phase factors e*« are taken into account non-perturbatively. How-
ever, there remains the limitation that the length scale £, on which the phase
factors oscillate (see (4.13)) must be much larger than f,;,. At present, it is
not clear whether this condition is satisfied in physically realistic situations.
For this reason and for the sake of mathematical generality, it seems preferable
not to rely on an expansion of the form (5.3).

In order to avoid the expansion (5.3), one can construct the operator V'
non-perturbatively, for example, by taking the polar decomposition of the op-
erator U. To this end, one merely needs to assume that

U : L*(M,C) — L*(M,C) is bounded and has a bounded inverse.

(Note that, for technical simplicity, we restrict attention to mappings which
act trivially on the spinor indices, making it possible to work in the Hilbert
space L?(M, C) rather than the Krein space (K, <.|.>) introduced after (2.34).)
Then, the operator V' defined by

V=U (UU) "% : L3(M,C) — L2(M,C) (5.4)

is unitary, as desired. This abstract method has the disadvantage that the
operator V' can no longer be given explicitly. Yet, as illustrated in Appendix B,
it can still be computed using microlocal techniques, but again under the
assumption £ > £oin.

Above we outlined various methods for defining and analyzing a unitary
holographic mixing operator V. It turns out that these methods are not yet
sufficient, because there is the general problem that the fermionic Green’s
operator is incompatible with the bosonic commutation relations. We now
explain the basic difficulty, which will be resolved by the constructions in
Sect. 5.2. We write the Dirac equation as

0= (i@ + B —m) =V(ig — m)V*9 + Bagn? , (5.5)
where V' is a unitary operator on the Krein space (K, <.|.>) (for example, the
operator (5.4)), and Bqyy is the dynamical gauge potential (for example, of

the form (4.18)). Considering the operator V(i@ —m)V*1 as the unperturbed
operator, the corresponding Green’s operator is given explicitly by Vs, V*,
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where s,, is a Dirac Green’s operator (like, for example, the retarded Green’s
operator as given in momentum space by (3.2)). Now, we can treat Bqyn per-
turbatively, giving rise to the perturbation series

b= i (- VsmV*‘den)n Vi
n=0

=Vy - (Vsm V*)‘den Vi + (VSmV*)den (Vsm V*)den Vip—-- -
(5.6)

This perturbation series describes the dynamics of the system completely.
Therefore, it should correspond to the Dyson series in perturbative QFT.

It is useful to consider V's,, V* as the effective Green’s operator; we also
refer to it as the holographic Green’s operator and denote it by

sl .= Vs, V*.

In Sects. 4.4 and 4.5 we showed that the potential Bgy, can be regarded
as being composed of the bosonic field operators, which act on the Krein
space (K, <.|.>) and satisfy the CCR. In order to make use of these commuta-
tion relations in (5.6), the bosonic field operators must also be commuted with
the holographic Green’s operators. In the setting of QFT, this is unproblem-
atic, because the bosonic and fermionic field operators act on different spaces
(the bosonic and fermionic Fock space, respectively), and therefore they com-
mute by construction. In our setting, however, all field operators act on the
same space: the Krein space (K, <.|.>) formed of one-particle wave functions
in Minkowski space. Therefore, the bosonic field operators will in general not
commute with the holographic Green’s operator. Arranging such commutation
relations poses non-trivial conditions for the choice of the unitary holographic
mixing operator.

In order to satisfy these conditions, we need more freedom for the choice
of the holographic Green’s operator. A first step in this direction is to drop
the condition that V' be unitary. Thus, we let V' be an operator on the Krein
space (K, <.|.>) which is merely assumed to be invertible, i.e.,

VvVt K=K

(More precisely, we assume that V and V ~! are continuous with respect to the
Krein topology.) Writing the Dirac equation again in the form (5.5), the only
difference compared to the above setting is that we need to carefully distinguish
between V* and V! as well as between V and (V~1)*. In particular, the
holographic Green’s operator now becomes

sholi= (V) s, VL (5.7)

Likewise, in the perturbation expansion (5.6) we need to replace the fac-
tors Vs, V* by this holographic Green’s operator.

The next and final step is to observe that it is not crucial for our construc-
tions that the Dirac operator and the Green’s operator are of the form (5.5)
and (5.7). Instead, we can work more generally with a pair of operators D"°!
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hol

and s™" with the following properties:

(Dh‘)l)* = D"l (symmetry of the Dirac operator) (5.8)
(Dh‘)l — m) shol =1 (defining property of the Green’s operator) . (5.9)

Here the symmetry is needed in order to obtain a conserved inner product
which generalizes (2.26)—(2.28). More precisely, this inner product can be con-
structed as follows. In case that the operator D" —m can be written as an in-
tegral operator with a locally integrable kernel, denoting this kernel by Q(z, y)
one can work directly with (2.20). In case that the integral kernel is a singular
distribution on the diagonal x = y, one needs to first regularize, then compute
the surface layer integral (2.20) and finally remove the regularization. For ex-
ample, for the singular kernel Q(z,y) = (i, — m)§*(y — z), this procedure
gives back, up to a prefactor, the usual Dirac scalar product (2.26).!

Of course, working in the general setting (5.8) and (5.9), one faces the
computational difficulty that the solutions of the holographic Dirac equa-
tion (D" —m) = 0 can no longer be obtained from standard Dirac solutions
by a perturbative treatment. From the conceptual point of view, however, the
holographic Dirac equation provides a clean and simple way of describing the
dynamics including holographic phases. This will be worked out in more detail
in the next section.

5.2. The Holographic Green’s and Dirac Operators

We now return to our ansatz for the dynamical potential involving holographic
phases (4.18). We have the situation in mind that the considered wave func-
tion v can be decomposed into a sum of holographic components

N
b= ey, (5.10)

a=1
with wave functions 1, ...,%y whose momenta are much smaller than 1/¢,.

Then, using again the approximation (4.23) of disregarding dephased contri-
butions, the potential (4.18) acts componentwise, i.e.,

N

Bayn =~ Z e (A LS )ty -

a,b,c=1

I More precisely, choosing a test function n € C§° (M, Rg) which is symmetric (i.e., n(—=§) =
n(§) for all & € M), setting
1 T —y
5 .
Q' (@y) = 55 (9, —m)n(*57)
and choosing 2 as the past of the Cauchy surface at time t, a direct computation using
integration by parts yields for any smooth v and ¢

i imy ( [ aot@) [ dot) = [ aote) [ dp(y)) <) | Q° (2, ) $w)=a

M\Q \Q

= C/<¢ |70 (4, z) AP

with ¢ a nonzero constant.
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This corresponds to the concept that, similar to classical gauge phases, the
holographic phase factors cannot be observed but merely describe a mixing
of internal degrees of freedom. Following this concept, the Green’s operator
should also act on each holographic component irrespective of the holographic
phases, i.e.,

N
ShOlw ~ Z et (5m¢a) , (5'11)
a=1

where s, is again the vacuum Dirac Green’s operator. Following up on the ex-
planation in the last paragraph of Remark 4.2, we note that the relation (5.11)
is also motivated by the constructions in [16] which show that the Green’s op-
erator s"°! should act on each holographic component like the vacuum Dirac
Green’s operator.

A simple and direct way of implementing the relation (5.11) is to define
the holographic Green’s operator by

N
shol .= Zem“ S €, (5.12)
a=1

This Green’s operator can be arranged to be advanced or retarded simply by
choosing s,, = sy, or s, = sb,, respectively. It acts on wave functions by

N
Sh()lw _ Z eiA“ (Smwa) + Z eiA” Sm (e—iAa-&-iAb 1/’17) )

a=1 a,b=1,...,N with a#b

The summands for a # b are small for the following reason. The phase fac-
tor typically gives rise to high-frequency wave functions. Due to the decay of
the Green’s operator for large momenta, these high-frequency contributions
become very small when acted upon by the Green’s operator. More precisely,
they give rise to errors of the order

X (1 + O(Emacro/fx)) :

This can be made precise with a stationary phase analysis as worked out in
Sect. 4.5. We conclude that the holographic Green’s operator (5.12) indeed
satisfies the condition (5.11).

Having introduced the holographic Green’s operator, we can arrange (5.9)
by defining the holographic Dirac operator by

phol ._ (Shol)*l +m.

(Here, we need to assume that the inverse exists.) Using (5.12), this operator is
again symmetric (5.8). This symmetry property is needed in order for current
conservation to hold, and it is indeed the only assumption needed for this
conservation law. In order to see this, we write the holographic Dirac equation
as

/ Q" (z,y) b(y) d'y =0,
M
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where QP! is a distributional kernel which is symmetric in the sense that

Q" (z,y)" = Q" (y,x)

(where the star is the adjoint with respect to the spin inner product). Then,
the commutator inner product (2.26)—(2.28) can be generalized and written
again in the form (2.20) with the kernel Q™ replaced by Q"!(xz,y) (as was
explained in more detail after (5.9)). Although this conservation law will not
enter the subsequent constructions, it is important conceptually because it
yields a scalar product on the physical wave functions even in the interacting
regime.

5.3. The Holographic Perturbation Expansion
We now insert the dynamical gauge potentials (4.18) into the holographic Dirac
equation,

(D" + Bayn —m) 1 = 0.

The corresponding perturbation expansion becomes
b= (—s""Bayn)" . (5.13)
n=0

Using (5.10), (4.18) and (5.12), we can proceed as in Sect. 4.4 and work with the
approximation (4.23), leaving out all terms involving rapidly oscillating phase
factors. We again use a matrix notation in the components (4.25). Moreover,
we use a vector notation for the fermionic waves

[Y> = (V)a=1,...N

and similarly with the tilde. We thus obtain the holographic perturbation ex-
pansion

oo N
>~ [— sm Y Ay DL’)} > (5.14)
b=1

n=0

The error of this approximation will be worked out in detail in the next section.

5.4. Improved Scaling of the Error Terms

We now adapt the stationary phase analysis of the error terms in Sect. 4.5
to the perturbation expansion (5.13). Our main finding will be that, as a
consequence of the intermediate Green’s operators, the scaling behavior of the
error terms improves considerably:

4

Theorem 5.1. (Error estimates, method II) The approximation “~” intro-
duced in (4.23) holds up to relative errors with the scaling behavior (1.8).

The major improvement compared to (1.7) is that it becomes unnecessary
to assume that £y < lpi,. Instead, we can work with the opposite limiting
case lyin < £, which also makes it possible to apply the perturbative and
microlocal techniques outlined in Appendices A and B.
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The remainder of this section is devoted to the proof of this theorem. Our
starting point is the expectation value of an operator product of the general
form

<tp | "0 Ky e Ky e'®2 .o et K e ¢ (5.15)

where the factors K, are homogeneous operators (either s, or Lg ,), and et
are products of two adjacent phase factors, which we write as

P, = _Aag + Abz (516)

with parameters ag, by € {0, ..., p}. We write the operator products as multiple
integrals in position space,

<t | e Ky e Ky - et K, ' >
= / d*zg - - / d4zp <(z0) | ¢'®o(@0) Ki(xy — xo) et®1(@1) Ko(xg — 1)
M M

- P Ky(zp —xp-1) e'®r(wr) P(xp)>- .

We now transform to the new integration variables
T and oi=ap— a1 with £ € {1,...,p}
to obtain
<t | e Ky e Ky - et K, ' >
= / d4x0/ d*é - / d4§p <ah(xo) | ci®o(zo0) Ky(&) i ®1(x1) Ks(&)
M M M
. ez(bpfl(-@pfl) Kp(gp) ezép(xp) ¢(mp)>' ,

where the variables z1,..., 2, are expressed in terms of xg and &;,...,&, by

Tp=x0+& +- -+ &

We now carry out the integrals successively. The zg-integral involves all the
phase factors and the wave functions ¢ and ¢ but not the kernels K,. (Note
that these kernels do not depend on z¢.) Therefore, we get a contribution only
if all the phases cancel. Using the form of the phase factors (5.16), we conclude
that there must be a permutation o € S, with

ay = ba(g) for all ¢ = 0,...,p. (5.17)

The error of this approximation can again be specified with the stationary
phase analysis. Similar to (4.38) the error terms involve scaling factors

Iy 4
(o)
We next carry out the integrals over &, {,—1, ..., & in this order. The
integral over £, takes the form

/M Kp(&) P& T) (&, + ¢) d*¢,
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with ¢, == xo + & + -+ + §p—1. We need to consider the cases K, = s,
and K, = Lg , separately. In the first case, we integrate the Dirac matrices by
parts,

/ si(€) e EH0) (¢ + ¢) d'e
M

=/ Sp2(€) (i +m) (") ¢(¢ + ) d'¢,

where the factors S/, are the Klein-Gordon Green’s operators, which in po-
sition space take the form (see, for example, [11, eq. (2.2.6)]),

Spaly) = 5= 6((y — 2)) O« ~ )

w2 B (VT 7)

I Jm (-

O((y—z)*) 02" —¢°) .

Being smooth, the Bessel function can be treated as in Sect. 4.5. In the contri-
bution involving the §-distribution, however, we can carry out the time integral
to obtain

/ S)(€) (i +m) 7€) g(¢ + () die
M

= o [ @ m) (O e+ )

- - d3¢.
271' R3 2 |£|

§0=—¢|

Now, we can again use the stationary phase method, but in three dimensions.
Every stationary point gives rise to a scaling factor

()
gmacro '
Moreover there may be a stationary point near the origin. Here the factor 1/ |§|

effectively reduces the dimension by one (as is obvious in polar coordinates).
We thus get the scaling factor
()
émacro .

But the stationary points near the origin are combinatorially suppressed be-
cause there is at most one of them. One should also keep in mind that the
derivative z‘(})i gives scaling factor E/_\l. Nevertheless, at least one factor £,
remains, giving rise to error terms of the form

x(1+O( fa )) (5.18)

gmacro

We next consider the case K, = Lg ,. In this case, an explicit analysis
is possible in two complementary limiting cases. If £y < £, We can proceed
with the stationary phase analysis of Section 4.5. In the opposite limiting
case fnin < fp, on the other hand, we may expand the phase factor in a
Taylor series. As a consequence, we do not get dephasing effects. In general
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(in particular, if we are in none of the above limiting cases), no computational
tools are available for analyzing the integral explicitly.

The other integrals over ,_1,...,& can be carried out similarly. The re-
sult on the phase factors e'®¢ with phases ®, given by (5.16) can be described
systematically as follows. We first note that, writing the perturbation expan-
sion (5.13) in the form (5.15), the factors K, are alternating Green’s operators
and factors Lg ,. More precisely,

S 1f £ is odd
Ke= {Lgﬁo if £ is even .

Moreover, the total number p of such factors is odd. As explained above, the
stationary phase method applies to all factors s,,, i.e., to all the integrals

51753%"7&11

(with odd subscripts). Carrying out the last integral over &, gives (as shown
in detail above) the condition that the phase factor ®, is trivial,

ePr =1, (5.19)
According to (5.16), this means that
ap=b, . (5.20)

Next, integrating over &,_o gives the condition that

oiPp—2Fi®y 1 +i®y _ |

Using (5.19) and again (5.16), we conclude that

Aa,,,z — Abp72 =+ Aa,,,l — Abp71 =0.

This condition can be satisfied in two ways, namely
either a,—o =by—2, ap—1 =bp_1
or ap—2 = bp—17 ap—1 = bp_g .

Proceeding inductively, one obtains for each ¢ the alternative conditions

forall £=3,5,...,p. (5.21)

either ay_o =by_o, ap_1 =0by_1
or ag_g="bp_1, ar_1="bp»

Finally, using all these relations, the condition (5.17) obtained by carrying out
the xp-integral simplifies to the condition

apg = b() . (522)

We point out that, at this stage, we applied the stationary phase method only
to the Green’s operators s,,. Therefore, the error terms scale like (5.18). We
also note that, so far, the parameter £,,;, has not yet come into play.

We next write out parts of the operator products in the perturbation
expansion (5.13) in detail

E coogtha g emiha gile (Ac > L;f) e by g T L

a,....f
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In the first case in (5.21), this simplifies to

Z oetha s (Ac> LS y) 5m e"He . (5.23)

a,b,c

This gives back precisely the approximation used in (5.14). The interesting
point is that now we also have the second case in (5.21), which gives

3 e g i mM) (f b L ) e AR 5 emia

a,b,c
Due to the additional phase factors e=(A«=4+) this operator product can in
general not be simplified further. But it simplifies in the limiting case £, >
limin. Namely, in this limiting case, the operator Ly , acts on the phase factors

like a multiplication operator, so that we obtain
iA c —iA N
Z-~-e “ S (Ao Liy) sme” Do 1+O(€‘) . (5.24)
abye min

Writing both contributions (5.23) and (5.24) in the matrix notation (4.25),
they can be combined to

S s (ACDLC—FACDTr(LC) 11) S (1+o( fa )> . (5.25)

émin

c

After these preparations, we are ready to analyze the commutation rela-
tions, following the procedure in Sect. 4.4. The difference of (5.25) compared to
the formalism in Sect. 4.4 is the additional term involving the trace in (5.25).
This difference can be implemented by modifying the matrices L by a multiple
of the identity matrix, as is made precise by the replacement rule

L¢ — L+ Tr(LC) 1.

Since the identity matrix drops out of all commutators, all the methods and re-
sults in Sect. 4.4 remain valid. In particular, we can satisfy the conditions (4.32)
and (4.33). In this way, we have realized the CCR (4.27), up to errors of the
form (1.8). We finally remark that the combinatorics of the stationary points
could be analyzed similarly to what described in Sect. 4.5.

6. Description with Bosonic and Fermionic Fock Spaces

6.1. Separating the Fermionic and Bosonic Degrees of Freedom

In Sect. 4 it was shown that decomposing the nonlocal perturbation opera-
tor Bayn of the form (4.18) according to their momentum transfer (4.20), the
resulting operators @ZI can be identified with the bosonic field operators which
satisfy the commutation relations (4.27). Clearly, starting from the bosonic
field operators, we obtain the dynamical gauge potential by integrating over g,

d*q .
B = [ Gy 0%
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The goal of this section is to study the bosonic field operators in the pertur-
bation expansion (5.13). Before entering the construction, we point out that
the operator Bgy, in (5.13) has two tasks. On the one hand, in view of the
CCR (4.27), it plays the role of the bosonic field operators. On the other hand,
in the operator products in (5.13) it changes the momenta of the fermionic wave
functions. In order to get into the standard formalism, we need to disentangle
these two tasks such as to obtain separate operators acting on the bosonic and
fermionic degrees of freedom.

Using again the approximation of dropping all rapidly oscillating contri-
butions (5.14), we obtain

T~ = _1\n d4q1 d4qn
>3 (-1 =
N
X Z Sm (Abl (q1) Eq, & Lbl) ©Sm (Abn (gn) Eq, > Lb”>|1/}> )
biyebn=1

where E, again denotes the operator of multiplication by a plane wave (4.24).
Here, the symbol “~x” again means that we allow for error terms of the
form (1.7) or (1.8). Working with this approximation gives us the conservation
of energy-momentum within the perturbation expansion. This fact is crucial
for the following construction steps. For clarity, we write out the momenta at
each operator,

oy e [ 2 d*qn d'p
[(@)>~ Y (1) /R (2n)? /R (2m)* /R (2m)*

n=0
N
X Z e—z(q1+~~+qn+p) v wbl,...,b" (qla ceey QTL,p)
bi,...,bp,=1
with
’ll)blv"wbn (Q17 e 7qnap) = 5m|P+Q1+"'+Qn Abl (Q1) (EQ1 > Lb1)|p+q2+..,+qn
< esml oAb, (n) (Bq, > L) [0(0)> .

Using that the kernels E,, > L% (p + g/ + -+ + ¢, p + qeg1 + -+ + qn) are
complex-valued and thus act trivially on the spinors, we may factor them out
to obtain

Vor,eobn (0055 G P) = Sm‘p+ql+~~+qn 7" sm|p+qz+~~+qn 7 Sm|p+qn 7
(6.1)
X (A () B o L) |y (A4 (gn) Bg, 2 1) [9(0)> -
(6.2)

Now, (6.1) corresponds to the usual fermionic tree diagram involving the Dirac
matrices and the momentum transfer g, at each leg. The factors in (6.2), on
the other hand, can be written as a bosonic operator product acting on [¢>,

(A7 (@) Eq, > L) (A2 (q2) Eqy o L) -+ (A} (qn) By, > L) [1h> . (6.3)
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Now, we can commute the bosonic operators using the commutation relations
as worked out in Sect. 4.4, keeping the fermionic diagram (6.1) and the mo-
menta therein fixed. In this way, we have separated the bosonic and fermionic
degrees of freedom in the desired way.

The factorization (6.1) and (6.2) also give a direct understanding of how
the fermionic and bosonic degrees of freedom are encoded in the causal fermion
system: The fermionic degrees of freedom describe the low-frequency behavior
of the wave function (modulo gauge phases); this is why in (6.1) the momenta
are shifted by ¢1,...,q,. The high-frequency behavior of the wave function,
however, encodes the bosonic degrees of freedom, as is obvious from the fact
that the bosonic operators in (6.2) act on the components a € {1,..., N} of
the holographic components.

In order to formulate these considerations in a mathematically clean way,
it is helpful to let the operators in the above perturbation series act on a
pair of functions, one being a standard spinorial wave function, and the other
consisting of N complex-valued functions in spacetime,

b @ ¢> € K C®(M,C)N. (6.4)
We then replace the operatoréib(q) E,>Lb by
viE, ® (Al(q) B> 1Y) . (6.5)

Now, the Dirac matrices appear in the first factor, acting on the spinorial
wave function. The second factor, on the other hand, contains a matrix acting
on CV. Note that the operator E, describing the momentum shift acts both on
the first and the second factor. This has the effect that if ¢ and ¢ have the same
momentum, then this property is preserved, in agreement with the momenta
in (6.1) and (6.2). But now the operator (6.5) may act more generally on a
tensor product ¥ ® ¢ where ¢ and ¢ have different momenta. This is needed
once the bosonic operators in (6.3) are commuted.
Finally, we simplify the notation by setting

N
A(q) =" A)(q) E,> L
b=1

j d'q j
Using the above results, the operators A7 can be identified with the usual
bosonic field operators.

6.2. Incorporating the Fermionic Fock Space

In order to get into the setting of QFT, the remaining task is to also rewrite
the spinorial wave functions and Green’s operators in terms of field operators
acting on a fermionic Fock space. Moreover, we want to formulate the whole
dynamics in the standard formalism of QED. To this end, we again drop all
rapidly oscillating contributions and begin with the perturbation series (5.14),
again allowing for error terms of the form (1.7) or (1.8). Acting with the Dirac
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operator and working again with pairs of functions (6.4), we obtain the Dirac
equation

(@1 +vuEQA —m) | @¢>=0.

This Dirac equation can be written in the Hamiltonian form as

(i@tfH)|¢®¢>:0, (6.6)
where the Hamiltonian is of the form
H=Hy+V

with the standard Dirac Hamiltonian Hy := —ivofy’ﬁ + m~° and the nonlocal
operator V given by

V=-"A"yE®A)=—-(/E®A;),

where we used the standard notation o/ := %47 (see, for example, [48]). The
operator H acts on the fermionic component as a purely spatial operator.
(Indeed, Hy is the usual Dirac Hamiltonian, whereas v; E is a multiplication
operator in position space.) Therefore, we can consider the Hamiltonian equa-
tion (6.6) as an evolution equation on the function space

v ® ¢> € L*(R?,C*) @ C°(M,C)N . (6.7)

Next, we want to rewrite the dynamics in terms of fermionic Fock spaces.
For clarity, we proceed in two steps. The first step is to rewrite (6.6) equiva-
lently as the evolution equation for a one-fermion state on the Fock space. In
the second step we will move on to many-fermion states. In the first step we
can proceed in the standard way. Working for convenience in position space,
we introduce the fermionic field operators U and ¥ by their equal-time anti-
commutation relations

{ve(@), VP ()i} =6*P 3 () and  {T(),T7FH)} =0. (6.8)
Now, we replace the function |¢) ® ¢> in (6.7) by the Fock vector
U> = Ui ()]|0>® ¢,

where |0> denotes the fermionic vacuum vector and

Tl(y) = /R UT(7) (7)) dPx .

Then, the dynamics of |¥> is described by the Schrédinger equation

10| ¥> = H|U> (6.9)
with the “second-quantized” Hamiltonian computed by
d* - -
H= [ & (\I/(t,i‘)THO\I/(t,f) +/ @ ‘)14\11(15,5)*% e’qm\Il(t,:E)@AJ(q))
R3 s

:/ U(t,7) (Ho — o/ A, (t,7))U(t, 7) dx
R3

This is the standard Hamiltonian of QED.
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Before moving on to many-fermion states, it is convenient to describe the
fermions instead of equal-time anti-commutation relations by covariant CAR
for general spacetime points 2 = (¢,Z) and y = (t',7) as

{0 (), 97 ()"} = 2 (km(2,9)7°) 5
{0 (@), ¥ (y)} = 0= {2%(2)", ¥’ (y)"},

where k,, is the causal fundamental solution of the vacuum Dirac equation
(defined as the difference of the advanced and retarded Dirac Green’s opera-
tors divided by 2mi). This has the advantage that the bosonic CCR and the
fermionic CAR are described in a similar formalism (cf. (4.27) and (6.10)). In
more physical terms, the free fields are described in the Heisenberg picture
(where the field operators are time-dependent and satisfy the homogeneous
field equations). Accordingly, in the Hamiltonian we need to omit the free
Hamiltonians (of both the bosonic and fermionic fields), giving rise to the
Hamiltonian of QED in the interaction picture

(6.10)

H= f/ U(t, 7)1 At ) U (t, T) d*x . (6.11)
R3

We now come to the question of how a many-fermion state is to be de-
scribed in our setting. This question is rather subtle, as we now explain in
detail. We saw that the nonlocal Dirac equation (1.1) can be written in the
Hamiltonian form (6.6). In this description, the microscopic structure of the
physical wave function is described by the function ¢ € C>°(M, C)", whereas
its macroscopic form is described by a usual Dirac wave function 1. Clearly, the
causal fermion system is composed of many physical wave functions. The naive
idea is to describe each of them as in (6.6) and to take their anti-symmetrized
product, i.e.,

(U> = |1y @ p1> A+ AL @ ¢r> (6.12)

(Here, L denotes the total number of physical wave functions, including those
describing the Dirac sea; here for ease in presentation we choose L to be finite.)
Considering the anti-symmetrized product (6.12) as the quantum state of the
system is problematic, as we now explain. Suppose we want to let a fermionic
field operator Wf(¢)) act on |[U>. Then, 9 is a fermionic wave function. The
naive ansatz

TH() [U> = [> A [1hy @ p1> A A b @ >

does not work, because the first factor does not have a bosonic component,
so that anti-symmetrization is ill-defined. Building in a bosonic component ¢
makes mathematical sense,

TH() [ U> = [ @ ¢> A |th1 @ d1> A+ A br @ pr> (6.13)

but this raises the question how ¢ is to be chosen. As the vacuum? Or as the
physical bosonic state? This is unclear, showing that also the ansatz (6.13)
is not a sensible concept. More generally, it is essential to anti-symmetrize
only the fermionic degrees of freedom. The resulting totally anti-symmetric
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fermionic wave function should then be tensored with the bosonic degrees of
freedom.

In order to implement this concept in our construction, we need a simpli-
fying assumption, which we refer to as the bosonic Fock space approximation.
It states that the bosonic field operator can be approximated by a matrix act-
ing on the index a = 1,..., N (similar as in the matrix notation (4.25)) which
does not change the spacetime dependence of the bosonic component ¢. Thus,
using again the notation (6.7), we assume that

N
Ajlb@¢>=p@A;0> and  (A;0)%(2) =Y (A;), ¢'(x).
b=1
(6.14)

Under this assumption, the spacetime dependence of the bosonic component
is irrelevant and can be dropped. Then, the bosonic component is described
only by the index a € {1,..., N}, making it possible to write

N
Yo >= [0 da>,
a=1

where (¢4)a=1,. N can be identified with the canonical basis of CV. Now, we
define the Fock state by

N
(U> =Y YA AYE © Ba (6.15)
a=1

We point out that the fermionic wave functions all carry the same bosonic
index a. Therefore, as desired, the anti-symmetrization takes into account only
the fermionic degrees of freedom. The fermionic field operator act on this Fock
state in an obvious way. The action of the bosonic field operators, on the other
hand, is defined by

N
.Aj|\IJ> = Z ’L/)il/\/\’t/)z & (Aj)z(bb'
a,b=1
This definition has the advantage that the commutation relations are, re-
spected, because, for example,

N
ApAj[U> = 3" i A AYE @ (Ar)§(A))] e -
a,b,c=1
Having specified how the fermionic and bosonic field operators act on the
state |U> defined by (6.15), it is also clear how the Hamiltonian H of QED
given by (6.11) acts on |¥>.
Likewise, the Hamiltonian acts on the Fock space according to

N

HIW> = 7 (@ BY) A AE 4 0 Ao A (0TBYE) ) @ (A3 6o
a,b=1
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We note that, as a consequence of the bosonic Fock space approximation, the
product structure in (6.15) is not preserved by the time evolution. Instead,
the state is described by a general vector in Ff @ FP, where FP effectively
describes all the “bosonic” factors ¢, € CV in (6.15). In this way, we also
obtain fermionic entanglement.

With the Schrédinger equation (6.9) with the Hamiltonian (6.11), we

have rewritten the dynamics in the notions of standard QED. For clarity and
completeness, we now outline the construction steps needed for the pertur-
bative description and point out how the standard constructions need to be
modified in each step.

()

(iii)

First, one needs to choose the quantum state w at an initial time. One
way of doing so is to specify w as a positive linear functional on the
algebra generated by the bosonic and fermionic field operators. More
concretely, one can make use of the fact that we introduced the field
operators as acting on tensor products of wave functions, giving a natural
representation on a Fock space F. Then, w can be represented by a density
operator on F. In the simplest case of a pure state, w can be written
as w = |U>< V| with a unit vector ¥ € F.

When describing a scattering process, the situation is particularly simple
because we may assume that the system is non-interacting initially. Then,
the causal fermion system is described by solutions of the vacuum Dirac
equation. In non-technical terms, the initial fermionic state is chosen as
the Hartree—Fock state formed of all physical wave functions, i.e.,

U=y A Ay

where (1¢)¢=1,... f is an orthonormal basis of (J, (.|.)s¢). This equation
becomes mathematically meaningful in the infinite-dimensional case f =
oo by choosing w as a regularized quasi-free Hadamard state.

The Schrodinger equation (6.9) can be solved perturbatively with the
Dyson series. The only modification in our setting is that the bosonic
field operators A7 contained in the potential V are nonlocal in space
and time on the scale ;.. The reader interested in more details on this
Dyson series is referred to [29].

Next, one needs to specify the initial state |¥(¢p)>. The easiest choice
is the vacuum |0> determined as usual by the condition that it van-
ishes when acted upon by the annihilation operators. In preparation, for
the bosonic operators, one implements the usual frequency splitting by
writing A7 = a7 + (a’)', where the operators

4 N ) 4 N
o= [ ke wa @)= [ e A

are composed of all positive and negative frequencies, respectively. (Note
that the dagger can be regarded as the adjoint on the Krein space
(K, <.].>).) Then, the vacuum is characterized by the conditions

T (x)]|0> =0 = a’ (x)]0> for all o, j and z € M . (6.16)
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Clearly, instead of the vacuum one can also choose an initial state |¥(¢p)>
involving particles and anti-particles and/or photons. This state is ob-
tained by acting on the vacuum |0> with a finite number of creation
operators.

(iv) Expectation values of the state |¥(t)> at a later time ¢ can be computed
to every order in perturbation theory by expanding the time-ordered ex-
ponential in the Dyson series and using the canonical commutation and
anti-commutation relations together with the relations (6.16) character-
izing the vacuum. This gives the standard Feynman diagrams, involving
both fermionic and bosonic loops. The time ordering in the Dyson series
has the effect that the diagrams are formed of the Feynman propagators,
characterized by the property that positive frequencies propagate to the
future, whereas negative frequencies propagate to the past.

(v) In view of the ultraviolet cutoff on the scale ¢, all obtained Feynman
diagrams are well defined and finite. Using the standard renormalization
techniques, one could analyze the limiting case € N\, 0 when the ultraviolet
regularization is removed.

We conclude with a remark concerning Haag’s theorem [39,41,46], which states
that that an interacting quantum field theory in the interaction picture cannot
be unitarily equivalent to a free field theory. The critical reader may wonder
whether our description is meaningful in view of this no-go theorem. The point
is that, in our setting, the interaction potential is nonlocal, thus breaking
Poincaré invariance. Therefore, we are not abiding by the hypotheses of this
theorem and, more generally, of the local quantum physics approach.

7. The Dynamics of the Quantum State

In [20,21,23], an interacting causal fermion system was described at any time ¢
by a quantum state w’. We now explain how the above description of the
dynamics on Fock spaces can be related to the dynamics of this quantum
state. Before beginning, we point out that the construction of the quantum
state applies in a more general setting than the constructions in the present
paper. In particular, the separation of the fermionic and bosonic degrees of
freedom in Sect. 6.1 is possible only under additional assumptions and involves
error terms. In case that these assumptions are not satisfied, the constructions
in [21,23] still give a dynamics of a quantum state. However, it will differ from
the standard unitary time evolution on Fock spaces.

We recall that, in the setting of algebraic QFT, a quantum state is defined
as a positive linear mapping from the algebra of observables A (defined from
linear fields in the vacuum) to the complex numbers. For convenience we choose
a state which can be written as the expectation value of a density operator o*
acting on the Fock space F,

wW'(A) = tre(ctA) forall Ac A.
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The density operator, in turn, can be written in bra/ket notation as

ot = an Z \I’fa>< Z \IIZ:,B
BETa

aceS aE®,

with T, an index set depending on a. In the case of a pure state, the set G has
only one element, so that the density operator can be written as
L L
RG]
a=1 p=1
where L denotes the number of Fock components.

The methods employed for the construction of the quantum state in
[21,23] are quite different from the techniques used here. The general idea
behind the construction is to “compare” the interacting measure p at a given
time ¢ with the vacuum measure. The freedom in identifying the Hilbert spaces
of the interacting and the vacuum causal fermion systems is described by a
unitary operator U € G, where G is a compact group § ~ U(N) of unitary
operators on the Hilbert space H. In order to obtain information independent
of this unitary freedom, we integrate over the unitary group. More precisely,
the refined partition function is defined by

Z{/(Oé>57ﬁ) = ][9 dMS (u<) ][9 dﬂS (u>) eaN‘J‘ﬁ, (ﬁ«,Tu<,u>p) ,

where V is the spacetime region under consideration, and Ty is a certain
nonlinear surface layer integral. The refined state is introduced by

wh (o) = Mﬁdus(ud]ﬁdug(%) ONTY (5.7 s ) (),

(7.1)

where the dots on the left stand for an operator in the observable algebra A
formed of the linearized fields in the vacuum spacetime, whereas the dots on
the right stand for suitable surface layer integrals which again involve the
linearized fields in the vacuum.

This construction yields a quantum space at any time ¢t. However, it is a
shortcoming of this approach that it does not tell us about the time evolution
of the quantum state. This shortcoming is overcome with the constructions of
the present paper, which make it possible to rewrite the dynamics in terms
of a unitary time evolution on Fock spaces. Nevertheless, the present results
do not make the constructions in [21,23] obsolete. On the contrary, it seems
that these constructions complement those in the present paper, giving a dif-
ferent perspective and thereby giving a more complete picture of the quantum
dynamics.

On a technical level, at present it is unclear how to relate the refined
state (7.1) to the constructions in the present paper. But on a conceptual
level, the constructions fit together nicely, as we now briefly explain. The
unitary operators U. and Us in (7.1) may compensate for the dephasing of
the wave functions in the interacting spacetime relative to the vacuum. More
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concretely, with specific choices of these unitary operators one may “detect”
the different summands of the dephasing operator U in (4.6) and similarly of
the unitary holographic mixing operator V' (as defined by (5.4)). Likewise, the
entanglement as found in [23, Section 6] by evaluating the low-energy saddle
points should be related to and arise dynamically as a consequence of the
bosonic Fock space approximation introduced in (6.14). Making these relations
and correspondences mathematically precise seems an interesting topic for
future research.

8. Remarks and Outlook

In this paper, QED was derived in a well-defined limiting case from a more
fundamental physical theory. Corrections to this limiting case are physical
predictions by the theory of causal fermion systems to be tested in future ex-
periments. Therefore, it is of utmost importance to work out and analyze dif-
ferent correction terms, which at present are subsumed in the error terms (1.7)
or (1.8). We now discuss a few of these corrections, leaving the detailed analysis
as future research projects.

Before beginning, we point out that the description of the dynamics by
a nonlocal operator (2.23) in the Dirac equation involves many unknowns.
It leaves us with the freedom in choosing the operators L, as well as the
covariances of the corresponding Gaussian stochastic fields B,. This freedom
was partially removed by the requirement of satisfying the linearized field
equations and of getting covariant commutation relations on scales much larger
than /;,. But even then, we are left with a many freedoms in choosing the
unknowns. This situation also made our analysis rather involved, because we
had to carefully analyze to what extent these unknowns affect our end results.
In order to improve the situation, one needs to derive stronger structural results
which would impose further constraints on the form of the nonlocal potential.
As long as such stronger results are not available, one should consider (2.23)
as a suitable ansatz for describing the microscopic structure of spacetime. Our
lack of knowledge on the microstructure of spacetime is reflected in the freedom
in choosing the operators L, and the stochastic fields B,. Taking the statistical
mean amounts to taking averages of the unknown microstructure. Our analysis
shows that, doing so in a suitable way, does indeed give rise to an effective
description by bosonic quantum fields. The fact that this limiting case comes
with error terms gives the hope that, by quantifying the errors, one can get
corrections to standard quantum field theory. But clearly, these corrections will
again depend on the above-mentioned unknowns. The goal is to find corrections
which, in our stochastic description, take a simple and quantifiable form. One
strategy is to consider the high-precision measurements of QFT (like the Lamb
shift or the spectrum of the hydrogen atom) and try to work out corresponding
corrections. Alternatively, one could consider cosmological phenomena. Going
into details seems premature and should better be the objective of future
research.
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Clearly, the first question in this context concerns the values of the pa-
rameters £, and fni,. Thus, how large are the corrections to be expected?
At present, not much is known about these parameters, except that £, lies
between the Planck scale and the length scale of macroscopic physics (1.3).
This lack of knowledge is also the reason why we kept our analysis as general
as possible by allowing for error terms of the form (1.7) or (1.8). Thinking of
the phase factors e« as being generated by the stochastic potentials A,, the
assumption 5 > f;, seems favorable. But at present, even this is not clear.
The number N of the stochastic potentials is determined by £y (see (1.5)).
Another unknown is the strength of the stochastic fields as described by the
covariances (3.31). Clearly, these covariances are partly determined by the

CCR.

A promising approach to reduce the number of unknowns is to make use
of the fact that the parameter £,,;, as well as the covariances also arise in
the collapse phenomena as worked out in the non-relativistic limit in [29]. In
this case, the nonlocality of the potential in time gives rise to non-symmetric
potentials in the non-relativistic limit, which are crucial for the reduction of
the wave function in the measurement process. These connections give the
hope that the effective parameters in the resulting collapse model will give
information on /;, and the strength of the stochastic fields, which will in
turn pose constraints or even give predictions for the corrections to QED.

In addition to the corrections presently contained in our error terms,
there are also corrections to QED of a different nature due to the nonlocality
in time and the nonlinearity of the EL equations. These effects are closely
related to the collapse phenomena as analyzed and discussed in [29]. Finally,
corrections arise when going beyond the bosonic Fock space approximation
introduced in (6.14). The exact dynamics cannot be formulated on a tensor
product of a bosonic and a fermionic Fock space. Working out what this means
quantitatively is a challenging problem for the future.

Apart from these corrections to QED, it is also an important open prob-
lem to extend our methods to non-abelian gauge fields. Generalizing the meth-
ods to the gravitational field would lead to a mathematically precise formula-
tion of quantum gravity.
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Appendix A. A Perturbation Expansion in Powers of £,,;,, /€A

This section provides a detailed construction of the unitary holographic mixing
operator. Our starting point is the Dirac operator including holographic gauge
potentials of the form (5.2), i.e.,

L

D:=i)+B  with B(r,y)iz(w“)(

a=1

r+y
2

) Laly— o). (A1)

Our goal is to construct a unitary operator on the Krein space,
V:K—=K unitary on (K, <.|.>), (A.2)
which has the property that the Green’s operator s, of as defined by
(D-m)§, =1
has the representation
Sm = Vs, V* (A.3)
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(where the star denotes the adjoint with respect to the Krein inner prod-
uct <.|.> in spacetime).

Our method is to apply perturbative techniques as developed in [6,17,
35] (see also [11, Section 2.1] or [25, Chapter 18]). Before stating our result,
we must introduce the spectral decomposition of the Dirac operator in the
vacuum. Since we want to compute the Green’s operators, we must take into
account all the eigenspaces of the Dirac operator, including the imaginary
eigenvalues (as first done in [5, Section 2.1]).

Definition A.1. For ¢ € R and m € RU R, m # 0, we define the following
tempered distributions in momentum space,

P, (k) :=6(k* — a) (A.4)
P (k) = % (F+m) 0(k* —m?) . (A.5)

Likewise, for m = 0 we set

po(k) == F5(k?).

We also regard these distributions as multiplication operators in momentum
space.

By direct computation, one verifies that these distributions are solutions
of the Klein—-Gordon and Dirac equations, respectively. More precisely,

(k* —a)P,(k) =0  and (F—m) pm(k) =0. (A.6)

Products of the above operators are well defined if we work with a §-
normalization in the mass. Indeed, by direct computation one finds that

P, P, =6(k* —a) 6(k* —b) = §(a—b) P, (A7)

o = L () () 582 — ) 5 (8 — (?)

= o(m? — (m2) L (02 4 () Rt ) 8 (K2 — ()

= o — (') 2 ) (4 ) (82— (o)

= g o =) 2 o) (k) 50— )

= 0 — ) 2L () 50— (m)?) = (m — ) - (AS)

Moreover, a straightforward computation using the symmetry properties under
reflections k — —k yields the following completeness relations,

/ Pada:/ §(k* —a)da =1

/ P dm = ml 2m 6(k* — m?) dm
RUIR

R+UiR+T T
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= [ 602 ¥y am) =1,

where dm denotes the Lebesgue measure on R U iR. In view of (A.6) and
the completeness relations, the distributions P, and p,, can be viewed as the
spectral projection operators of the Klein—-Gordon and Dirac equations, re-
spectively. Note that, in contrast to the situation for symmetric operators on
Hilbert spaces, the spectrum of the Dirac operator is complex and the corre-
sponding spectral projections are not symmetric but

Dy = Pmr

(as is obvious from (A.5)). The corresponding functional calculus is obtained
by integrating over the spectral parameter. For example,

/ aPada:/ a 0(k* — a) da = k*

—00 —o0
/ m pm dm = 2|m| § 0(k* —m?)dm = =id,,
RUIR R+UIRT
and using that multiplication in momentum space corresponds to differenti-

ation in position space, one recovers the Klein—-Gordon and Dirac operators.
Moreover, the symmetric Dirac Green’s operator can be defined by

PP
Sm = DA (A.9)
" /]Rui]R H—m g
Here, “symmetry” refers to the fact that
Sy = Smr -

Before going on, we make two remarks. We first point out that the above
spectral theorem does not have an abstract underpinning, because there is
no general spectral theorem for symmetric operators on Krein spaces. More-
over, we note that in the case that m is real, the symmetric Green’s operator
as defined by (A.9) coincides with the mean of the advanced and retarded
Green’s operators. In the case that m is imaginary, however, the connection to
the causal Green’s operators is not clear. The advanced and retarded Green’s
operator can still be constructed in position space using the theory of linear
symmetric hyperbolic systems (as explained, for example, in [25, Chapter 13]).
However, these solutions increase exponentially in time. Consequently, they are
ill-defined as tempered distributions, making it impossible to take their Fourier
transforms. In what follows, we bypass these issues by restricting attention to
the symmetric Green’s operators.

After these definitions, we are in the position to state the main result of
this appendix.

Theorem A.2. LetT be the integral operator on the Krein space (IC, <.|.>) with
integral kernel

L
T(z,y) ;:ZAa(”;;y) La(y — 7). (A.10)
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We introduce the following operator involving the double commutator [[@,T], T,

@::i/o e 1 [[9,T],T] " ds . (A.11)

Then, the unitary holographic mixing operator V satisfying (A.2) and (A.3)
can be written as
V= Vin dm
RUIR
where the operators V,,, are defined in terms of the following perturbation series
n G,

= el i (= 5m€)" pm (]l + Z 22;,;,}) (Bm)p>

n=0
B, := 72 e(m?) Z ( — Gsm)n/ CpmC ( — Sm G)npm
n,n’=0

(where e(m?) denotes the sign function).

We note for clarity that the operator el is defined via a spectral calculus
on (K, <.|.>) or alternatively by the power series

. 2 (iD)F
ezI‘ :Z(k')

k=0

(Thus, one takes powers of the nonlocal operator, not the exponential of the in-
tegral kernel.) Using that I is symmetric on (K, <.|.>), it follows that (e'')* =
' showing that the operator €'l is unitary on the Krein space (K, <.|.>).
The remainder of this appendix is devoted to the proof of this theo-
rem. Having Green’s operators to our disposal, the potential B in (A.1) can
be treated perturbatively. However, using the specific structure of this po-
tential, we can even treat generalized phase factors non-perturbative, as we
now explain. By direct computation, one verifies that B can be written as a
commutator,

=[9,17,
where T is the operator defined in (A.10). Moreover, we set
S =T s e, (A.12)

This operator is an approximate Green’s operator of the Dirac operator with
nonlocal gauge potentials, as is made precise in the next lemma.

Lemma A.3. For any m € RUR,
(Z@ + B) Sm = Eém ) (A13)

where the operator E is given by

1
=4 s8I —isI’ s .
E= / (1 - 5) e [[§,T],T] = d
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Proof. Using (A.9), we can rewrite (A.12) as
PP . .
gm — / ezl" P e—zF )
RUR 4 — T
Therefore, it suffices to prove that
(948 - 1) (T p,) = E (" p,).

In order to derive this relation, we make use of the well-known formula for the
commutator with an exponential?

1
[@,e"] = /0 e @, iT] e dr (A.14)

We thus obtain

(i — ) (e pu) = [i@, €] p = —/0 e [9,1] e p, dr
—[@,17] eil‘pM +/O Hav I‘\LeiTF] 1= Py dr

showing that

1
(Za+3 _ M)(einM) :/(; [[@,F],B”F] efi'rI‘ (einu) dr

Again using (A.14), the last integral can be simplified as follows,

1 1 1
/ [[§.1],¢™] e_”FdT:/ dr / dr’ ™ [[3,T],irT] e T
0 0 0

T =8 e T s
:{TdT/:dS}:Z/O dr o ds " [[9,T],T] e=™"
1 1 _ _ 1 ' _
= z/ ds/ dr " [[9,T],T] e ™" = z/ (1—s)e™[[3,T],T] e ™" ds.
)

( s 0
This concludes the proof. O

Now, we can treat the operator F in (A.13) perturbatively, giving the
following result.

Lemma A.4. For any m € RU R, the Green’s operator S,, corresponding to
the operator (i@ + B) has the form

n=0

2For the proof, one uses that, for any N € N,
N—

[@,eir]=[<7’, ZF/N Z T % aezI‘/N} 0 N=k=1

Expanding for large N, the commutator on the right becomes [@,iT']/N + O(N~2). Viewing
the sum as a Riemann sum and taking the limit N — oo gives (A.14).
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Proof. A direct computation using (A.13) gives

n n 1 ifn=0
] B)(— S E Sm = E(- Sm K S — .
(1@4‘ )( S ) S ( S ) $ +{_E(—§mE)n 1ém1fn>0.
Summing over n gives the result. O

The following lemma generalizes formulas from [17, Lemma 2.1] to the
case of imaginary mass parameters.

Lemma A.5. For any m,m’ € RUR,
PP

Pm Sm’ = Sm/ Pm = 7 Pm (A15)
m-—m
PP
S = o (s = ) + 7 ) Sm =) p (AL

Proof. The relation (A.15) follows immediately from (A.9) and (A.7). The
proof of (A.16) is more subtle. In the case m,m’ € R, one can argue with the
support properties of the causal Green’s operators. (For details, see [17, proof
of Lemma 2.1].) Here, instead we carefully analyze regularized distributions in
the complex plane. If m is real, we write the principal part in (A.9) as

1 I / 1 d
Sm = = lim _ .

QE\OS:i RUiR,ufm+ZS€pu 'u
Now, the two summands can be treated individually by using the distribu-
tional relation (for details, see, for example, [11, eqs (1.2.33), (1.2.33) and
Exercises 1.10-—1.12])

1 PP
= — Fi . Al
51{% T+ e T Fimo(@) ( 7

In order to extend this method to the case where u and m can be both either
real or purely imaginary, we must regularize such as to avoid poles on both the
real and the imaginary axes. This can be achieved, for example, by setting

1. / 1
Sm = = lim -
2eN0 Z Jr.uir, p—m+ (1 —i)s

where we used the abbreviation
R, :=R\ (—2¢,2¢).

(Cutting out a neighborhood of the origin has the purpose of avoiding poles
if m and p are close to zero.) If m is real, we can again use (A.17). If m is
imaginary, however, one must take into account that the Lebesgue measure dm
differs from the contour integral dz along the imaginary axis by a factor i. We
thus obtain the distributional relation

1 PP

ehir(l]u—mi(l—i)e:u—m:FmJ(m)(s('u_m) (A.18)

dp,
- Pudp

with
(m).i{lifmeR
T = Vit meiR.
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Using (A.7), we write the left side of (A.16) as
1

Z 1m
£,e’\.0
~ s,8' ==+

1 1
/REUiRE w—m—+ (1—i)se p—m'+ (1 —1i)s’e

Pu dp

Sm Sm/ =

(A.19)

Next, we use the partial sum decomposition

1 1
p—m+(1—i)se p—m'+ (1 —1i)s'e

B ( 1 - 1 ) 1
S \p-—m+A—i)se p—m' +(1—i)s'e’ ) m—m/ — (1 —i)(sc —s'e)’
(A.20)

Now, we first take the limit e N\, 0. (Of course, taking the limits in another
order gives the same end result.) Then, in the last factor in (A.20) we can
leave out . Applying (A.18) gives

1. 1 1

— lim - -

20 p—m+(L—i)se p—m' + (1 —i)s'e

/PP 1 1
S \p—m op—m'+(1—d)se ) m—m + (1 —i)se"

Next, we take the limit ¢’ \, 0 and apply again (A.18). We thus obtain

1 1 1
— lim lim - -
4eNoeN0 £~ p—m+ (1—id)se u—m'+ (1 —1i)s'e

4 S

PP PP 1 < PP
+

PP —— ,u_m/—iwsla(m’)é(,u—m’))

m—m
PP PP PP PP 9 )
:Mfmm*m’_ufm’mfm’—’—ﬂ O'(m) 5(M—m/)5(m—m’)

E—

Using this identity in (A.19) gives (A.16), concluding the proof. O
We next want to compute an operator which maps the unperturbed to

the perturbed solutions. Our first ansatz is

o0

Un = Z ( — 3m E)neir Pm -

n=0

Exactly as in the proof of Lemma A.4, one verifies that this operator maps to
solutions, i.e.,

(id+B—-—m)Uy,=0.
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However, the normalization is not correct, because (for more details, see similar
computations in [17])

(Uﬁ)* Un = Z Pm/ e ( - Eém’)n ( — Sm E)n el Pm
n,n’=0
=§(m—m')
<pm + 72 e(mg) Z pme T ( — Eém)"/ Ep, E ( — S, E)n et pm)
n,n’=0
with
P = €T pme” . (A.21)
We write this result in the short form
(U) " Upy = 6(m —m") pro (1 + Ay
with

Ay, =% e(m?) Z e~ ( — Eém)n/ Ep, E ( — Sm E)n el p, .

n,n’=0

Following the rescaling procedure in [17], we set

_1
Vi o= U (14 4,) 7%
where the last factor is defined by the perturbation series given by the Taylor
series, i.e.,
(2n — 1!
nl2m

(1+ Am)‘% =1+ i(—l)”

n=1

(Am)" .
Then,

(Vi) Vi = 8(m = ') (1 (A)) ™ o (1 A) (14 Ap)
= 6(m —m') pm ,

as desired. As a consequence, the operator

V.= Vi dm
RUIR

is unitary, because

VYV = / dm’ dm (Vin)* Vi
RUZR RUIR

RUIR

Therefore, the perturbed spectral projectors can be written as

ﬁm = mev* ’
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and the corresponding symmetric Green’s operators are given in analogy to
(A.9) by

PP PP
— / Dm At = / Vo Vidu =Vs,V*.
RUiR f — T RUiR f— MM
The statement of Theorem A.2 is obtained by rewriting §,, and p,, in terms
of s,, and p,, using (A.12) and A.21, and noting that

1
e TRl = z/ (1—23) e~ {1=s)0 [[@, F],F] 0= gg =@,
0

where in the last step we transformed the integration variable according to s —
1 —s and used (A.11).

Appendix B. Microlocal Expansion of the Unitary Holographic
Mixing Operator

In this appendix, we explain how the unitary holographic mixing operator V'
defined by (5.4) can be expanded in powers of £y, /£a. Clearly, this expansion
is sensible only if £y > fuyin, as is made precise in (4.13). Our method is
inspired by the pseudo-differential calculus and microlocal analysis; for the
general context see, for example, [37]. In preparation, we expand the phase
factors in (4.6) in a Taylor expansion about the arithmetic mean of the left
and right arguments of the kernel. Thus, setting

E=y—=x and C::y;x,

we expand

N N
U({E7 y) = Z eiAa(I) La(fE, y) = Z eiAa((—ﬁ/Q) La(xu y)
a=1

a=1

Ny £\n
_§ : iha(C _3
"X g O (23) Bl

(where k is a multi-index). We also write this expansion as

U= i U@
p=0

with

N
U (z,y):= > Z%(anema@))(fg) Lo(z,y). (B.1)

rwith |k|=p a=1""

This has the advantage that the index p tells us about the scaling power
in £p/lmin. Indeed, counting orders starting from L, with the order zero, we
have

U =0 (bwin/t1)") -
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For what follows, it is crucial that these operator commute to leading
order in £y /lpin, 1.€.,

[U(”), U(Q)] — O((Emin/gA)erqul) (B.2)

and similarly for U* and mixed commutators. In order to see how this comes
about, one should keep in mind that if the kernels in (B.1) do not depend on (,
then the operators U® and U(® are multiplication operators in momentum
space, which clearly commute. Therefore, the commutator in (B.2) is nonzero
as a consequence of a linear expansion of the (-dependent factors in (B.1),
giving an additional scaling factor i, /lA.

Clearly, the above formalism also applies to U* or to composite operators.
In general terms, the contributions to the resulting expansions can be written
as

Az, y) = f(¢) K(§) ,

where the kernel K (&) decays on the scale £y, and the derivatives of f({)
scale in powers of 1/¢5. Under these assumptions, one can introduce a an ap-
proximate spectral calculus and one can compute approximate inverses, where
“approximate” means that we allow for errors of the order (i, /¢x. This is
made precise in the next lemma.

Lemma B.1. (microlocal spectral calculus) Given a function g € C*(C,C)
with go f € C*(M,C) and go K e Ll(]\;L(C), the operator g,i(A) defined by
d*k 5 _
(s ) ) = (90 1O [ gz a(K(E) e

satisfies the approximate spectral calculus

The microlocal inverse

Sy L d'k 1 ik
Am (@)= 5 / @ Bk

18 an approximate inverse even up to second-order corrections, i.e.,

Ak A =14 0((lwin/02)")

Proof. We write the operator product with integral kernels,
(gml(A) gml(A)) (Sﬂ, y)

:/M (gof)(x;—Z) (gof)(HTy) (gok)(k’) (gok)(k) d*z.

Replacing the arguments of go f and go f by ¢ := (x + y)/2 gives an error of
order {pin/la. Then, we can carry out the z-integral, giving the result.
For the inverse, we obtain the formula

f f(+9)/2)
x+z/2

(Anh A)(z.y) a2 K(zy)d'z,  (B3)
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where K ~!(x,y) is the Fourier transform of 1/K (k). We now expand the quo-
tient in the integrand about x,

M_l+8jf(x) <z+y72x x+z72x>+o<( min/fA)Q)

fle+z)/2 f(z) 2 2
oW, o
=14 S € 4 O((lsn/04)7)

Since this expansion does not involve z, we can carry out the z-integral in (B.3).
Using the relation

/ K Y, 2) K(z,y)d*z = §*(x —y) ,
M
, the factor £ in the linear expansion term drops out, giving the result. O

Using the above formalism, we can compute V and the potential By
in (5.1) order by order. We now illustrate this expansion by a computation to
zeroth order. We begin with the operator U defined in (4.6),

N
Ulz,y) =Y e Lo(a,y) + O(lmin/ln)

a=1
N

(U U)(z,y) = Y e e OFNO (L, Ly) (2, y) + O (Lnin/La)
a,b=1

. A R NP AN S A
* -2 — R —iMq (¢)+iAp(C) —ik(xz—y)
((U U) )(x,y) /(%)4 (azb_:le L. (k) Lb(k)) e

—I—O(Emin/ﬁ,\).

Consequently, the operator V' given by (5.4) takes the form
N

V(z,y) = /d4k <Z€ZA"(OL(1 >

dt

D=

e~ MalO+iM(O) [ () Lb(k)> e~ tk(z—y) + O(Cmin/ln)

8
‘\TMZ N

—

N
<Z€ iAq(C) Ld )

d=1

Vi (z,y) :/

y ( Z e O=iMO) | (k) ﬁb(k)> ) 4 O (6min/Lr) -

a,b=1

N

Using these formulas in (5.1), we obtain

[i9, V"] (@, y)
_ _%/(;l“TI; <d§:lemd<<> Fa )( ﬁ: (aO=iR(O) (1) ﬁb(k)y

a,b=1
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X

> F@A)(O) OO L (k) L)) e

a,b=1
¥ ( @10 ¢ Ly(h))

(
(

ezA a(Q)—iAp(C) La(k) Lb(k)) e—ik(x—y) + O(me/g/\)

X

a,b=1

Bayn(z,y) =V [z@, V*}

L[ d'% (S~ ina©-in(© ; o
— 2 1Ay
=5/ Gy ( Yoe La(k) Lb(k))

a,b=1

N
< (30 (= @A+ @M)(O) OO L) Lufh) )

a,b=1
d'k = o—iMa(O+iha(Q) P
+ [ G (d;wm)(o Lol L)
o ( ; ¢iha(O=i80(©) [ (1 ﬁb(k))l TEED L O (Bin /1)
1 d'k = iha(Q)—iAp(C) 7 -
=3 e (2 (00000 + 030) 0 Lty L)
" ( S O8O | (k) ib(k)>_l e FED) O (i /Ln)

a,b=1

1 / i 2o (@200 + @A) O L (k) Lu()
) 27 )4 N iMa(C)—ihy(C) 7 N
J (2m) Za,b71eA (©) (©) La(K) Ly (k)

efik(sz + O(fmin/&\) :

If we expand this potential to first order in the phase functions A,, assuming

that

i:La:]l,
a=1

we recover the potential (5.2), giving a connection to the perturbative treat-
ment in Appendix A. However, we point out that the above formula for
Bayn(z,y) is much more general due to the additional phase factors evalu-

ated at C.
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