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 A B S T R A C T

We propose a novel framework for modeling large dynamic covariance matrices via heterogeneous autore-
gressive volatility and correlation components. Our model provides direct forecasts of monthly covariance 
matrices and is flexible, parsimonious and simple to estimate using standard least squares methods. We 
address the problem of parameter estimation risks by employing nonlinear shrinkage methods, making our 
framework applicable in high dimensions. We perform a comprehensive empirical out-of-sample analysis 
and find significant statistical and economic improvements over common benchmark models. For minimum 
variance portfolios with over a thousand stocks, the annualized portfolio standard deviation improves to 8.92% 
compared to 9.75–10.43% for DCC-type models.
1. Introduction

Multivariate volatility modeling and forecasting are central to risk 
and asset management, where the covariance matrix of returns is a 
critical input for optimal portfolio selection, dating back to Markowitz 
(1952). In practice, estimation of the covariance matrix poses two 
fundamental challenges. First, problems arise in high dimensions, i.e., 
when the number of assets is large relative to the sample size. Specifi-
cally, estimation risks emerge when parameters can only be estimated 
imprecisely from historical data, leading to unreliable portfolio weights 
and suboptimal out-of-sample portfolio performance. Second, since 
covariance matrices are typically estimated using daily returns, a tem-
poral mismatch occurs in the context of asset management, where 
forecasts over longer horizons (e.g., one month) are more relevant. This 
requires multi-step forecasting and temporal aggregation techniques 
(see, e.g., De Nard et al., 2021), which increases forecasting complex-
ity and reduces forecast accuracy if the model is misspecified (see, 
e.g., Ghysels et al., 2019). Despite progress on both ends, no current 
model simultaneously addresses the challenges of high dimensionality 
and the temporal mismatch. However, this is highly relevant for port-
folio managers as it has the potential for significant performance gains 
for individual stock portfolios.

In this paper, we propose a new framework for modeling large 
dynamic covariance matrices for optimal portfolio selection. Our model 

∗ Corresponding author.
E-mail addresses: igor.honig@ur.de (I. Honig), felix.kircher@ur.de (F. Kircher).

produces direct forecasts of the covariance matrix at common portfolio 
rebalancing frequencies (e.g., monthly), while exploiting the informa-
tion contained in daily returns. By employing shrinkage estimators of 
the covariance matrix, our model is applicable in settings with more 
than a thousand assets. In an empirical out-of-sample analysis, we show 
that our new framework yields statistically and economically signifi-
cant improvements over current benchmark models for the construction 
of high-dimensional minimum variance portfolios.

Our framework is motivated by the popular heterogeneous autore-
gressive (HAR) model of Corsi (2009) and builds on insights from 
Bollerslev et al. (2018). We start by constructing realized volatility 
features based on different aggregation levels that reflect economi-
cally motivated short- and long-term horizons. We then specify future 
monthly volatilities as a linear function of these volatility features 
and jointly estimate their dynamics via least squares to exploit the 
commonalities in realized volatilities across financial assets (see Boller-
slev et al., 2018). This approach yields a parsimonious component 
structure that approximates the apparent long memory properties of 
monthly volatilities. To enable separate dynamics in the correlations, 
we employ a similar component structure to model future monthly 
correlations based on new realized correlation features. In doing so, we 
obtain a versatile modeling framework for monthly covariance matrices 
based on daily returns that is computationally efficient and simple to 
implement.
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Our main contribution is twofold. The first contribution is our new 
model that we refer to as the ‘‘Multivariate Heterogeneous Exponen-
tial’’ (MHEx) model, extending the class of HExp volatility models 
by Bollerslev et al. (2018) to the multivariate case. Our approach to 
decomposing the return covariance matrix into (realized) volatilities 
and correlations draws inspiration from dynamic correlation models 
(as in Engle, 2002; Oh and Patton, 2016). A distinct feature of our 
model is its ability to produce smooth volatility and correlation dy-
namics. We achieve this by applying an exponential weighting scheme 
when constructing the realized volatility and correlation features. These 
enhancements offer increased flexibility and precision in estimating 
the covariance dynamics compared to the standard HAR approach. 
By directly modeling and forecasting monthly covariance matrices, 
we circumvent the problems associated with temporal mismatch and 
forecast aggregation that arise from daily models.

Our second contribution is to incorporate shrinkage estimators into 
our framework. Most applications of HAR models consider a small 
number of assets, say ten, where shrinkage is not essential. Shrinkage 
estimators of the covariance matrix, existing in linear (Ledoit and 
Wolf, 2003, 2004a,b) and nonlinear (Ledoit and Wolf, 2012, 2017, 
2020, 2022) forms, have been devised to mitigate estimation risks. 
In general, this is achieved by reducing the variance of the sample 
covariance matrix estimator at the expense of introducing bias. We 
show how to apply the nonlinear shrinkage function of Ledoit and Wolf 
(2020) to our realized correlation features, i.e., the components that 
determine future monthly correlations. This enables our framework to 
handle high-dimensional settings, which is important for the selection 
of individual stock portfolios.

We demonstrate the effectiveness of our MHEx model in an empir-
ical out-of-sample analysis. Our set of benchmark models includes: (a) 
the dynamic conditional correlation model with nonlinear shrinkage 
(DCC-NL) by Engle et al. (2019); (b) the dynamic approximate one-
factor model (AFM-DCC-NL) by De Nard et al. (2021); (c) a variant 
of the realized DCC model by Bollerslev et al. (2020b) with nonlinear 
shrinkage (RDCC-NL); (d) a scalar BEKK model inspired by Engle 
and Kroner (1995) with nonlinear shrinkage (BEKK-NL); and variants 
of these models. We use five data sets, comprising predefined port-
folios and individual stocks, with asset universes ranging from 10 
to 1500. Academic studies commonly examine predefined portfolios, 
whereas portfolio selection involving large numbers of individual stocks 
is particularly relevant for asset managers, as noted by Ledoit and 
Wolf (2017). We construct minimum variance portfolios and show 
that the gains from using our MHEx model over a static covariance 
matrix model increase with the number of assets. Our MHEx model 
consistently outperforms all benchmark models, achieving statistical 
significance at the 1% level across all data sets. For example, for 100 
portfolios based on size and book-to-market characteristics, the annu-
alized standard deviation of minimum variance strategies improves to 
8.62% using the MHEx model compared to 9.49% (9.27%) using the 
(R)DCC-NL model. The AFM-DCC-NL and BEKK-NL benchmark models 
perform similarly to the RDCC-NL model, with portfolio standard de-
viations of 9.21 and 9.25%, respectively. We also impose restrictions 
on the DCC-NL model parameters to jointly estimate the variance 
dynamics for all assets, which leads to improvements in out-of-sample 
performance. However, we find that the MHEx model consistently 
outperforms this restricted DCC-NL model.

Although the dynamic covariance matrix models offer superior 
forecasting performance, they tend to produce unstable and extreme 
portfolio weights for large stock portfolios. In particular, the uncon-
strained minimum variance portfolios exhibit high monthly leverage 
as well as turnover, which often exceed 200% and 100%, respectively. 
For enhanced practical applicability, we analyze minimum variance 
portfolios incorporating leverage and weight constraints. Under such 
portfolio constraints, the relative outperformance of the MHEx model 
over the (R)DCC-NL model increases consistently with the number of 
assets and is statistically significant at the 1% level for all but the 
2 
smallest data set. Specifically, for portfolios comprising the S&P 1500 
constituents, the standard deviation of a 130/30 minimum variance 
portfolio (with short positions limited to 30% of the initial capital) is 
reduced from 10.43% (9.75%) for the (R)DCC-NL model to 8.92% using 
the MHEx model. We find similar outperformance of the MHEx model 
relative to the AFM-DCC-NL, BEKK-NL, and restricted DCC-NL models. 
In summary, our MHEx model provides significant value in estimating 
dynamic covariance matrices, thereby facilitating minimum variance 
(or mean–variance) portfolio construction in high dimensions.

Our paper adds to the existing literature on modeling dynamic 
covariance matrices in high dimensions. In the context of dynamic 
conditional correlation models, De Nard et al. (2022) enhance the DCC-
NL model by incorporating daily OHLC data. Another common model 
class are factor copulas (see, e.g., Creal and Tsay, 2015; Opschoor et al., 
2021; Oh and Patton, 2023) and factor models (see, e.g., Bollerslev 
et al., 2019; Gribisch et al., 2020; De Nard et al., 2021; Alves et al., 
2024), which build on common observable or latent systematic factors 
and represent an effective technique for dimension reduction. For 
instance, Alves et al. (2024) estimate a vectorized HAR model with 
the LASSO to improve the accuracy of covariance matrix forecasts 
and minimum variance portfolio estimates. However, few studies, such 
as De Nard et al. (2021), consider forecasts beyond the daily frequency 
and explicitly target the monthly forecast horizon, which is the central 
focus of our analysis. Our paper thus provides pertinent methods and 
insights for medium-term risk modeling and forecasting in large-scale 
portfolio settings.

The paper is organized as follows. Section 2 describes our modeling 
and estimation framework for large dynamic covariance matrices and 
monthly portfolio selection. Section 3 details our empirical approach 
and discusses the main results of our out-of-sample portfolio analyses. 
Section 4 concludes.

2. Modeling large dynamic covariance matrices

Specifying a covariance matrix model is crucial for determining 
optimal portfolio weights in practice. Since the true covariance matrix 
is not directly observable, we rely on realized measures constructed 
from higher frequency daily returns. The realized covariance matrix is 
a consistent estimator of the true covariance matrix for ever finer sam-
pling intervals (see Barndorff-Nielsen and Shephard, 2004). However, 
two primary limitations prevent us from using high-frequency intraday 
data for the construction of lower frequency realized measures, which 
is common for large stocks or stock indices (see, e.g., Bollerslev et al., 
2020a, 2022; Andersen et al., 2023). First, high-frequency intraday data 
are unlikely to be available for the large number of individual stocks 
contained in the broad market or segment indices considered in this 
paper. Second, high-frequency intraday data are not available for the 
long time periods of more than 40 or 70 years analyzed in our empirical 
application. For these reasons, we construct monthly realized measures 
using widely available long histories of daily asset returns. We draw on 
literature that utilizes similar monthly realized (co)variation measures 
based on daily returns for applications such as portfolio construction 
and asset pricing, see Bollerslev et al. (2022), Bekaert et al. (2022), 
or Moreira and Muir (2017).1

Throughout the paper, we denote by 𝑡 = 1,… , 𝑇  the monthly 
time index, where 𝑇  is the sample size of monthly observations of a 
given data set. The subscript 𝑖 = 1,… , 𝑁𝑡 indexes assets in month 𝑡, 
with 𝑁𝑡 indicating that the number of investable assets varies over time. 
Monthly log returns are represented by the vector 𝑟𝑡 = (𝑟1,𝑡,… , 𝑟𝑁𝑡 ,𝑡)

′, 
and daily log returns by 𝑟𝑡,𝑘 = (𝑟1,𝑡,𝑘,… , 𝑟𝑁𝑡 ,𝑡,𝑘)

′ for day 𝑘 in month 𝑡.

1 In prior works, such measures of monthly realized (co)variances, dating 
back to Merton (1980), have been employed in French et al. (1987), Brailsford 
and Faff (1996), Jagannathan and Ma (2003), and Ang et al. (2009).
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2.1. Heterogeneous autoregressive volatilities and correlations

We employ a decomposition of the true but latent (𝑁𝑡×𝑁𝑡) monthly 
covariance matrix of asset returns 𝛴𝑡 = 𝐷𝑡𝑅𝑡𝐷𝑡, where 𝐷𝑡 is the 
diagonal matrix of 𝑁𝑡 return volatilities and 𝑅𝑡 is the correlation 
matrix of asset returns. To build our model, we apply an analogous 
decomposition to the ex-post covariance matrix estimator for 𝛴𝑡, which 
we refer to as RCOV𝑡, i.e., 

RCOV𝑡 = Diag
(

RV𝑡
)

RCOR𝑡 Diag
(

RV𝑡
)

, (1)

where Diag(RV𝑡
) denotes the diagonal matrix of 𝑁𝑡 monthly realized 

volatilities, and RCOR𝑡 is the monthly realized correlation matrix.
In each month 𝑡, we have 𝑁𝑡 investable assets with daily log returns 

𝑟𝑡,𝑘 collected over a total of 𝐾𝑡 days. We compute the vector of monthly 
realized volatilities as the sum of daily squared log returns, 

RV𝑡 =

√

√

√

√

𝐾𝑡
∑

𝑘=1
𝑟2𝑡,𝑘, (2)

i.e., we do not subtract the square of average daily returns. Instead, as 
is common in the finance literature, we assume that daily returns 𝑟𝑡,𝑘
have an expected value of approximately zero and are uncorrelated.

In practice, the RV𝑡 estimator will not be an error-free measure of 
the true monthly volatilities. Rather, the estimates obtained are subject 
to estimation errors that result from a natural upper bound on the 
values of 𝐾𝑡. Given these data limitations, we follow the literature (see, 
e.g., Barndorff-Nielsen and Shephard, 2002; Bollerslev et al., 2016) and 
similarly assume that the monthly RV2𝑡  estimates can be expressed as 
the true monthly variance of each asset plus an estimation error. The 
consistency property of RV2𝑡  for the true monthly variances, coupled 
with the assumption of serially uncorrelated estimation errors, provides 
a simple way to model the latent monthly variances via reduced form 
models for the observable realized variances. For example, assuming 
that each asset’s true monthly variance evolves according to a sta-
tionary AR(1) process, then (under strong conditions) the dynamics 
of the RV2𝑡  estimates allows for an ARMA(1,1) representation (see, 
e.g., Bollerslev et al., 2016). In an empirical application, Bekaert et al. 
(2025) show that an ARMA(1,1) model performs well for monthly 
idiosyncratic realized volatility forecasting with a large number of 
stocks. For our framework, we exploit the fact that the dynamics of 
an ARMA(1,1) model – or a more general ARMA(𝑝, 𝑞) model – can be 
well approximated by a long-lag autoregressive model, for which we 
propose a modified and refined version as described below.

Specifically, for the realized volatility dynamics, we consider a 
linear process 
RV𝑡 =

∑

𝑚∈RV

𝜙𝑚 ExpRV𝑚𝑡−1 + 𝜀𝑡, (3)

where 𝜙𝑚, 𝑚 ∈ RV, are scalar parameters, and 𝜀𝑡 is an error term. 
RV denotes the set of different centers of mass for the exponential 
weights in the variables ExpRV𝑚𝑡  as specified below. The model in (3) is 
formulated in terms of |RV| exponentially-weighted realized volatility 
measures, which are constructed based on past squared daily returns, 

ExpRV𝑚𝑡 =

√

√

√

√𝐾
𝐿−1
∑

𝑙=0

𝐾𝑡−𝑙
∑

𝑘=1
𝑤𝑚𝑡,𝑗 𝑟

2
𝑡−𝑙,𝑘, (4)

where 𝑗 = ∑𝑙
𝑟=0 𝐾𝑡−𝑟 − 𝑘 indexes exponentially decreasing weights (for 

𝑗 → ∞) for return observations in the past 𝐿 months, including the 
current month. The weights in (4) are defined as 

𝑤𝑚𝑡,𝑗 =
(1 + 1∕𝑚)−𝑗

∑𝑡−1
𝑘=0 (1 + 1∕𝑚)−𝑘

, (5)

for 𝑗 = 0,… ,𝑡 − 1, where 𝑡 =
∑𝐿−1
𝑙=0 𝐾𝑡−𝑙 is the total number of days 

over the previous 𝐿 months. The parameter 𝑚 determines how quickly 
the exponential weights decay to zero. For large  , 𝑚 is equivalent to 
𝑡

3 
the center of mass defined as ∑𝑡−1
𝑗=0 𝑤𝑚𝑡,𝑗 𝑗 for weights 𝑤𝑚𝑡,𝑗 . Thus, the 

parameter 𝑚 corresponds to the weighted average lag of days used to 
calculate ExpRV𝑚𝑡 , reflecting the component’s average time horizon.

For our empirical analysis, we choose common time horizons for 
the parameter 𝑚 of the ExpRV𝑚𝑡  variables, i.e., we specify RV =
{1,5,20,60,120,250,∞}. The special case 𝑚 = ∞ implies equal-
weighting of the squared daily returns in (4), hence ExpRV∞

𝑡  is equiv-
alent to the mean of squared daily returns over the past 𝐿 months. 
We choose 𝐿 = 60, i.e., five years, and use ExpRV∞

𝑡  as the long-run 
volatility component, similar to Bollerslev et al. (2018). In general, the 
choice of RV depends on the research question at hand. We opt for 
a rather large number of components because we did not encounter 
problems with overfitting in our empirical analysis. To match the 
monthly horizon of the realized volatility RV𝑡 modeled in (3), we apply 
a common scaling factor of 𝐾 = 21 in the definition of the ExpRV𝑚𝑡
variables in (4), following the convention that there are on average 
𝐾 = 21 trading days per month.

Our modeling approach for RV𝑡 is inspired by the HExp model as 
considered in Bollerslev et al. (2018) for intraday realized volatilities. 
The model resembles the structure of the univariate HAR model of Corsi 
(2009), which relies on a small number of predetermined volatility 
components to conveniently restrict the infinite-dimensional space of 
coefficients of a general AR(∞) process for RV𝑡. Although the HAR 
model has emerged as a widely used framework in many empirical 
studies, it has been refined in Bollerslev et al. (2018) to better capture 
important properties of financial time series by modifying the construc-
tion of the realized volatility components. In the original HAR model, 
the components are sample averages of realized volatilities over various 
time horizons (e.g., a day, a week, a month etc.), which results in a 
step-like function for the lagged RV𝑡’s. In contrast, using exponential 
weights as in (4) achieves smoothness in the lag function, with more 
recent daily observations having a greater impact on future volatility. 
Because only the construction of the model components is affected, 
and not the model structure itself, this approach maintains the benefits 
of the original HAR model. That is, our model in (3) can capture 
the long memory behavior of return volatilities. Our approach shares 
characteristics with the MIDAS approach using exponential Almon lags, 
as in Ghysels et al. (2019). Specifically, both forecast monthly variances 
(volatilities) directly based on exponentially weighting lagged daily 
realized variances (squared returns). However, the MIDAS approach 
requires estimating the parameters of the weighting function, whereas 
we use a set of predetermined volatility components, rendering our 
model highly flexible and simpler to estimate. For multivariate model-
ing of realized volatilities, Bollerslev et al. (2018) find that volatilities 
of different financial assets behave similarly over time, so that imposing 
common model parameters yields out-of-sample forecasting improve-
ments. Because this could be confirmed in our empirical application, 
we specify the model as in (3) with common parameters 𝜙𝑚, 𝑚 ∈ RV, 
for all assets.

We extend the above framework to the modeling of the dynamic 
realized correlation matrix RCOR𝑡. Analogous to the computation of 
realized volatilities in (2), we obtain the realized covariance matrix for 
month 𝑡 from daily returns as 

RCOV𝑡 =
𝐾𝑡
∑

𝑘=1
𝑟𝑡,𝑘 𝑟

′
𝑡,𝑘. (6)

Based on (1), we compute the monthly realized correlation matrix 
RCOR𝑡 = Diag

(

RV𝑡
)−1 RCOV𝑡 Diag

(

RV𝑡
)−1 , (7)

using (2) and (6). Due to the symmetry of the correlation matrix, only 
the dynamics of its lower triangular elements must be specified. We 
assume a linear process that is driven by lagged exponentially-weighted 
realized correlation components, i.e., 
𝜓
(

RCOR𝑡
)

=
∑

𝛾𝑚 𝜓
(

ExpRCOR𝑚𝑡−1
)

+ 𝜈𝑡, (8)

𝑚∈RCOR
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where 𝛾𝑚, 𝑚 ∈ RCOR, are scalar parameters, and 𝜈𝑡 is an error 
term. RCOR is the set of centers of mass for the realized correla-
tion components, and 𝜓(⋅) denotes the operator stacking all elements 
below the main diagonal of the correlation matrix into an 𝑁𝑡(𝑁𝑡 −
1)∕2-dimensional vector. The regressors in (8) are defined as 
ExpRCOR𝑚𝑡 = Diag

(

ExpRV𝑚𝑡
)−1 ExpRCOV𝑚𝑡 Diag

(

ExpRV𝑚𝑡
)−1 (9)

with ExpRV𝑚𝑡  as in (4) and 

ExpRCOV𝑚𝑡 = 𝐾
𝐿−1
∑

𝑙=0

𝐾𝑡−𝑙
∑

𝑘=1
𝑤𝑚𝑡,𝑗 𝑟𝑡−𝑙,𝑘 𝑟

′
𝑡−𝑙,𝑘, (10)

where 𝑤𝑚𝑡,𝑗 is given in (5).
For the correlation model, we specify RCOR = {10,20,60,120,

250,∞}, leaving out smaller values for 𝑚 because they lead to rather 
noisy behavior of the corresponding ExpRCOV𝑚𝑡  components with 𝑚 <
10. Similar to the ExpRV𝑚𝑡  variables in (4), we scale the ExpRCOV𝑚𝑡
variables in (10) by 𝐾 = 21 to match the monthly horizon of RCOV𝑡
defined in (6).

By construction, the model assumes the same dynamics for all 
entries in the realized correlation matrix. This reduces the number of 
parameters to be estimated and makes our model (8) less prone to 
overfitting, similar to the DCC model (discussed in Section 2.4). More-
over, this guarantees positive definiteness of the correlation matrix for 
suitable restrictions on 𝛾𝑚. Naturally, the correlation model (8) shares 
the main features of the volatility model (3). The use of exponentially-
weighted realized correlation components provides a parsimonious, 
flexible, and smooth specification of the dependence structure of re-
alized correlations upon their own past. The regression coefficients 𝛾𝑚
determine the relative influence, or weights, of the short- and long-
term realized correlation components used to approximate the apparent 
long memory behavior of stock return correlations. We refer to the 
framework presented above as the ‘‘Multivariate Heterogeneous Expo-
nential’’, or MHEx, model. Its name is derived from the HExp volatility 
model in Bollerslev et al. (2018) and the exponential weighting in the 
definition of the realized volatility and correlation components.

We identify three key advantages of our proposed framework. First, 
because the focus is on portfolio optimization, we require forecasts of 
the covariance matrix for the next month. We obtain these forecasts 
directly using (3), (8), and (1), thereby avoiding the need for a forecast 
aggregation scheme based on recursively obtained daily covariance ma-
trix estimates (as applied in De Nard et al., 2021). Second, we achieve 
high flexibility by modeling the dynamics of realized volatilities based 
on multiple exponentially-weighted components covering a wide range 
of short- and long-term realized volatility estimates. The same applies 
to the dynamic modeling of realized correlations, including the use of 
shrinkage estimators discussed in the next section to counteract the 
curse of dimensionality. Third, in particular for the realized correlation 
model, the use of predetermined components provides the advantage 
of simple implementation and computationally fast estimation. This 
is because the corresponding regression coefficients 𝛾𝑚 in (8) can be 
obtained with a suitable least squares estimator.

Remark 2.1.  Our modeling framework is specifically formulated from 
the perspective of an investor who updates portfolio weights at a 
monthly frequency based on daily data. In fact, given (3) and (8), 
our methodology can be characterized as a mixed-frequency approach, 
since monthly realized volatilities and correlations are determined by 
variables measured at a higher (daily) frequency. Consequently, while 
our framework can be easily adapted to model covariance matrices 
at lower frequencies (e.g., quarterly, semi-annually, etc.), it cannot 
be used in exactly the same way for daily portfolio choice, which 
could be another relevant practical application. For such an application, 
our modeling framework needs to be modified to accommodate high-
frequency intraday data. In practice, such data may not always be 
available for larger asset universes and, in particular, over long time 
periods as studied in this paper.
4 
2.2. Incorporating shrinkage estimators

It is well-known that in high dimensions – or for comparatively large 
𝑁∕𝑇  – the sample estimator of the covariance matrix, or the correlation 
matrix, is inadequate. This is because the number of free parameters in 
the matrix grows with 𝑁2, allowing for reliable estimates only when 
𝑇  is an order of magnitude larger than 𝑁 . Estimation errors become 
more severe for smaller 𝑇 , however, they can be mitigated by adding 
structure to the covariance matrix. The attempt to find an optimal 
balance between bias and variance of a covariance matrix estimator 
has led to shrinkage estimators. Linear shrinkage estimators were intro-
duced in Ledoit and Wolf (2004b) and extended to nonlinear shrinkage 
estimators, as in Ledoit and Wolf (2017) in the context of portfolio 
selection. Against this background, our goal is to make the MHEx model 
from Section 2.1 applicable to large portfolios. To do so, we propose a 
method to perform shrinkage on the exponentially-weighted (realized) 
correlation matrices.

Shrinkage estimators of the sample covariance matrix are developed 
under the assumption that observations are equally-weighted. We es-
tablish the connection between exponential and equal weighting of the 
data through the notion of effective sample size. Let 𝐸1 =

∑−1
𝑗=0 𝑤𝑗𝑋𝑗

be an estimator based on exponential weighting with weights 𝑤𝑗 , and 
𝐸2 = 1


∑−1
𝑗=0 𝑋𝑗 be an estimator based on equal weighting, where 

𝑋𝑗 is a stationary series of serially uncorrelated random variables, 
which could, e.g., be the product of standardized returns as for a 
correlation measure. Shrinkage is designed to reduce estimation risk 
by shrinking the variance of an estimator in exchange for increased 
bias. Therefore, analyzing the unconditional variances of 𝐸1 and 𝐸2, 
we get that Var(𝐸1

)

= 𝜎2𝑋
∑−1
𝑗=0 𝑤

2
𝑗 = 𝜎2𝑋∕ = Var

(

𝐸2
) when  =

1∕∑−1
𝑗=0 𝑤

2
𝑗 , where 𝜎2𝑋 = Var

(

𝑋𝑗
) and Var denotes the unconditional 

variance. The term 1∕∑−1
𝑗=0 𝑤

2
𝑗  represents the effective sample size for 

weights 𝑤𝑗 , which gives the sample size of an equally-weighted statistic 
with the same variance or estimation risk as the 𝑤𝑗 -weighted statistic. 
For the exponential weights in (5) we have that

1
∑𝑡−1
𝑗=0

(

𝑤𝑚𝑡,𝑗
)2 → 2 𝑚 + 1 for 𝑡 → ∞.

Therefore, to apply nonlinear shrinkage to ExpRCOR𝑚𝑡  in (9), we adopt 
the nonlinear shrinkage function from the sample correlation matrix 
based on the past 2𝑚 + 1 (equally-weighted) observations, which also 
imply a center of mass of 𝑚. The estimation risk and, as further shown 
below, the structure of the two correlation matrices based on the same 
data are comparable, indicating that the optimal shrinkage intensity 
is similar and the nonlinear shrinkage function can be seamlessly 
transferred to ExpRCOR𝑚𝑡 .

In our framework, we use the analytical nonlinear shrinkage esti-
mator of Ledoit and Wolf (2020), because it is computationally fast 
and performs well for both small and large samples. The main inputs 
for the Ledoit and Wolf (2020) nonlinear shrinkage estimator are 
the sample size relative to the matrix dimension and the vector of 
eigenvalues. The nonlinear shrinkage function transforms the sample 
eigenvalues based on a nonlinear function such that large eigenvalues 
tend to decrease while small eigenvalues increase, see Ledoit and Wolf 
(2017, 2020). Therefore, provided that the eigenvalue structure of both 
covariance matrices is reasonably similar, we can readily apply the 
eigenvalue transformation implied by the nonlinear shrinkage estima-
tor of the sample correlation matrix based on 2𝑚 + 1 observations to 
ExpRCOR𝑚𝑡 .

Fig.  1 illustrates this relationship. The left plot shows the 150 
largest eigenvalues of the sample correlation matrix based on 121 
observations for 492 firms in the S&P 500 index in 12/2022, with 
available data over the past five years, along with the ExpRCOR𝑚𝑡
estimator with 𝑚 = 60. The eigenvalue structure is noticeably similar 
and the largest eigenvalues are almost identical. Only the smaller 
eigenvalues of ExpRCOR𝑚𝑡  decay much slower because we use a five-
year estimation window, which means that observations older than 121 



I. Honig and F. Kircher Journal of Banking and Finance 178 (2025) 107505 
Fig. 1. Similarity of eigenvalues before and after shrinkage. Left: log eigenvalues of the sample correlation matrix based on 121 observations and of ExpRCOR𝑚𝑡  with 𝑚 = 60. Right: 
log eigenvalues of the nonlinearly shrunk sample correlation matrix based on 121 observations and of ExpRCOR𝑚𝑡  with 𝑚 = 60 after applying the nonlinear shrinkage function.
days are not discarded completely, as in the SampleCor(121) estimator, 
but receive successively less weight. The right plot shows the largest 
eigenvalues of both correlation matrices after nonlinear shrinkage. We 
apply the nonlinear estimator to standardized returns to shrink the 
sample correlation matrix based on 2𝑚 + 1 = 121 observations. We 
linearly interpolate, as well as extrapolate for the largest eigenvalues, 
the estimated nonlinear shrinkage function, which maps the original 
eigenvalues of the sample correlation matrix to the eigenvalues of the 
nonlinearly shrunk sample correlation matrix. We then use this nonlin-
ear shrinkage function to shrink ExpRCOR𝑚𝑡 . The result, as shown in Fig. 
1, again reveals a similar eigenvalue structure compared to the shrunk 
sample correlation matrix and a slower decay for the small eigenvalues 
of the shrunk ExpRCOR𝑚𝑡  matrix. We note that the eigenvectors of 
ExpRCOR𝑚𝑡  remain unchanged, as is the case in the nonlinear shrinkage 
approach of Ledoit and Wolf (2017, 2020). We employ this shrinkage 
methodology for all ExpRCOR𝑚𝑡 , as defined in (9), in our practical 
applications of the MHEx model.

2.3. Parameter estimation

In the following, we address the parameter estimation of our pro-
posed MHEx model. For each month 𝑡, the volatility model (3) is 
estimated via least squares with the following constraints on the re-
gression coefficients, i.e., the optimization problem for 𝝓 =

(

𝜙𝑚
)

𝑚∈RV
is

min
𝝓

𝑡−1
∑

𝑠=𝑡−𝑇E

(

RV𝑠 −
∑

𝑚∈RV

𝜙𝑚 ExpRV𝑚𝑠−1

)′

(11)

(

RV𝑠 −
∑

𝑚∈RV

𝜙𝑚 ExpRV𝑚𝑠−1

)

subject to
∑

𝑚∈RV

𝜙𝑚 = 1, 𝜙𝑚 ≥ 0 ∀𝑚 ∈ RV,

where 𝑇E denotes the sample size used to estimate the MHEx model. 
While the ExpRV𝑚𝑡  variables are all non-negative, we must also re-
strict the coefficients 𝜙𝑚 to be non-negative to ensure weakly posi-
tive estimates of volatilities. The sum-to-one constraint for 𝜙𝑚, 𝑚 ∈
RV, facilitates an interpretation in terms of forecast averaging, where 
the ExpRV𝑚𝑡  can be viewed as different individual forecasts of future 
volatility combined by weighted averaging.

We then estimate the correlation model (8) via least squares with 
the following constraints on the regression coefficients, i.e., the opti-
mization problem for 𝜸 =

(

𝛾𝑚
)

𝑚∈RCOR
 is

min
𝜸

𝑡−1
∑

𝑠=𝑡−𝑇E

(

𝜓
(

RCOR𝑠
)

−
∑

𝑚∈RCOR

𝛾𝑚 𝜓
(

ExpRCOR𝑚𝑠−1
)

)′

(12)

(

𝜓
(

RCOR𝑠
)

−
∑

𝛾𝑚 𝜓
(

ExpRCOR𝑚𝑠−1
)

)

𝑚∈RCOR

5 
subject to
∑

𝑚∈RCOR

𝛾𝑚 = 1, 𝛾𝑚 ≥ 0 ∀𝑚 ∈ RCOR.

We estimate the model with a non-negativity and sum-to-one constraint 
on the parameters 𝛾𝑚.2 In (12) and (13), ExpRCOR𝑚𝑡  refers to the 
exponentially-weighted realized correlation matrix (9) after application 
of the nonlinear shrinkage methodology described in Section 2.2. The 
number of observations in 𝜓 (

ExpRCOR𝑚𝑡
) grows rapidly in high di-

mensions (i.e., for large 𝑁𝑡), resulting in a huge sample size for the 
least squares estimator (12). For numbers of assets in the hundreds we 
therefore replace the 𝜓 operator with a 𝜓̃ operator, stacking only the 
elements of the first off-diagonal into an 𝑁𝑡 − 1 dimensional vector. 
The idea behind this is similar to the composite likelihood method, 
as used in Engle et al. (2019) and discussed in Section 2.4. In our 
application, the differences in the coefficient estimates for 𝛾𝑚 using 
𝜓̃ instead of 𝜓 in (12) are marginal, but the runtime of the analysis 
improves considerably.

Given the estimated coefficients 𝜙𝑚, 𝑚 ∈ RV, and ̂𝛾𝑚, 𝑚 ∈ RCOR, 
we predict monthly volatilities 𝐷̂𝑡, correlation matrices 𝑅𝑡, and covari-
ance matrices 𝛴𝑡 as

𝐷̂𝑡 ≡ Diag
(

R̂V𝑡
)

where R̂V𝑡 =
∑

𝑚∈RV

𝜙𝑚 ExpRV𝑚𝑡−1,

𝑅𝑡 ≡ R̂COR𝑡 =
∑

𝑚∈RCOR

𝛾̂𝑚 ExpRCOR𝑚𝑡−1 and

𝛴𝑡 ≡ 𝐷̂𝑡𝑅𝑡𝐷̂𝑡. (13)

The estimated correlation matrix 𝑅𝑡 and the covariance matrix 𝛴𝑡
are guaranteed to be valid covariance matrices because, given the 
constraints on the coefficients 𝛾̂𝑚, R̂COR𝑡 is a convex combination of 
positive definite matrices.

2.4. Comparison with alternative covariance matrix models

We now discuss two competing covariance matrix models consid-
ered in our empirical analysis and highlight their differences with our 
proposed framework.

2.4.1. The DCC-NL model
The DCC-NL model as proposed by Engle et al. (2019), and used 

in De Nard et al. (2021, 2022), is estimated in two steps via  (quasi) 

2 We have also considered the sparsity-encouraging LASSO, allowing the 
sum of coefficients 𝛾𝑚 to be less than one. The intuition here is to shrink the 
estimated correlations towards zero, which is a common approach to address 
estimation risks in large covariance matrices, similar to the linear shrinkage 
approach in Ledoit and Wolf (2004b). As this did not yield superior statistical 
and economic performance compared to the optimization problem formulated 
in (12), these results are not reported.
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maximum likelihood by assuming a multivariate normal distribution 
for the vector of daily asset returns. In the first step, the asset-specific 
daily conditional variances are estimated using a GARCH(1,1) model, 
𝜎2𝑖,𝑡,𝑘 = 𝜔𝑖 + 𝛼𝑖 𝑟2𝑖,𝑡,𝑘−1 + 𝛽𝑖 𝜎

2
𝑖,𝑡,𝑘−1, 𝑖 = 1,… , 𝑁𝑡, (14)

with GARCH parameters (𝜔𝑖, 𝛼𝑖, 𝛽𝑖), where we assume zero means for 
the daily log returns 𝑟𝑡,𝑘.3 In the second step, the dynamic conditional 
correlation matrix is estimated using correlation targeting as in Engle 
et al. (2019). That is, the DCC parameters (𝐶, 𝛼, 𝛽) in
𝑄𝑡,𝑘 = (1 − 𝛼 − 𝛽)𝐶 + 𝛼 𝑠𝑡,𝑘−1𝑠′𝑡,𝑘−1 + 𝛽 𝑄𝑡,𝑘−1,

𝑅𝑡,𝑘 = Diag
(

𝑄𝑡,𝑘
)−1∕2 𝑄𝑡,𝑘 Diag

(

𝑄𝑡,𝑘
)−1∕2

are estimated by first replacing the unconditional correlation matrix 
𝐶 by a nonlinear shrinkage estimate of the covariance matrix of the 
estimated standardized returns ̂𝑠𝑡,𝑘 = 𝑟𝑡,𝑘∕𝜎𝑡,𝑘.

In large dimensions, Engle et al. (2019) employ the composite 
likelihood method (Pakel et al., 2021), which circumvents the time-
consuming inversion of the conditional correlation matrix 𝑅𝑡,𝑘 by as-
sembling the likelihood for the full model from the likelihoods of 
adjacent pairs of assets only. Note that we take a similar approach when 
estimating the MHEx correlation model as described in Section 2.3, 
where only the correlations of adjacent pairs are considered. When 
estimating the DCC-NL model, we use the nonlinear shrinkage estimator 
from Ledoit and Wolf (2020) for 𝐶, and the composite likelihood 
whenever 𝑁𝑡 > 100.

To obtain monthly covariance matrix forecasts, we follow De Nard 
et al. (2021, 2022) and make multi-step forward predictions for each 
day 𝑘 within the next month, assuming 𝐾 = 21 days within a month. 
The covariance matrix forecast for the whole month 𝑡 is then derived 
by aggregating the daily forecasts as in 𝛴𝑡 =

∑𝐾
𝑘=1 𝛴𝑡,𝑘 with 𝛴𝑡,𝑘 =

𝐷̂𝑡,𝑘 𝑅𝑡,𝑘 𝐷̂𝑡,𝑘. Here, 𝐷̂𝑡,𝑘 is the diagonal matrix of multi-step variance 
forecasts, and 𝑅𝑡,𝑘 the multi-step correlation matrix forecast for day 𝑘.

To highlight the increased flexibility of our approach compared to 
the DCC-NL model, consider the first day of month 𝑡. The GARCH(1,1) 
model allows the ARCH(∞) representation

𝜎2𝑖,𝑡,1 =
𝜔𝑖

1 − 𝛽𝑖
+ 𝛼𝑖

∞
∑

𝑙=1

𝐾𝑡−𝑙
∑

𝑠=1
𝛽𝑗𝑖 𝑟

2
𝑖,𝑡−𝑙,𝑠, 𝑖 = 1,… , 𝑁𝑡,

with 𝑗 = ∑𝑙
𝑟=1 𝐾𝑡−𝑟 − 𝑠, for 𝜔𝑖, 𝛼𝑖, 𝛽𝑖 ≥ 0 and 𝛼𝑖 + 𝛽𝑖 < 1. This equation 

can be interpreted as the long-run variance plus an exponentially-
weighted realized variance component whose smoothing parameter 
or decay rate 𝛽𝑖 is asset-specific and estimated along with the other 
model parameters. This is in contrast to our MHEx volatility model 
from Section 2.1, which contains multiple exponentially-weighted com-
ponents with different pre-specified decay rates. Provided that these 
pre-specified parameters cover the space reasonably well, we gain in 
flexibility, allowing us to model the higher impact of more recent 
returns as well as the apparent long memory properties of realized 
volatilities. The GARCH(1,1) model has to compromise in this regard 
with only a single smoothing parameter. To some extent, this can 
be mitigated by considering higher order or multi-component GARCH 
models. However, model selection and estimation then becomes in-
creasingly cumbersome. The same reasoning applies to the DCC model 
for dynamic correlations compared to our MHEx correlation model 
from Section 2.1.

2.4.2. The RDCC-NL model
While the DCC-NL model is specified on daily returns, and monthly 

forecasts are derived by aggregating daily forecasts over the next 
month, a DCC-type model estimated directly on monthly returns could 
be preferable given our focus on monthly portfolio selection. DCC-type 

3 For the first day of each month, when 𝑘 = 1, the right-hand side (in slight 
abuse of notation) refers to the last day of the previous month.
6 
models, which include high-frequency data to improve their forecasting 
ability, are often called Realized DCC (RDCC) models, as in Bollerslev 
et al. (2020b) and Bauwens and Xu (2023). We define a RDCC-NL 
model analogously to Bollerslev et al. (2020b), however, we specify the 
model on monthly returns, use daily data within the model (instead 
of intraday data), and apply a nonlinear shrinkage estimator for the 
correlation matrix. The RDCC-NL model yields direct monthly covari-
ance matrix forecasts based on daily data, thus allowing a more direct 
comparison with our MHEx model from Section 2.1. The RDCC-NL 
model is defined by the following equations:

𝜎2𝑡 =
(

1 − 𝛼𝑣 − 𝛽𝑣
)

𝑉 + 𝛼𝑣 RV2𝑡−1 + 𝛽𝑣 𝜎
2
𝑡−1, (15)

𝑄𝑡 = (1 − 𝛼𝑞 − 𝛽𝑞)𝐶 + 𝛼𝑞 RCOR𝑡−1 + 𝛽𝑞 𝑄𝑡−1,

𝑅𝑡 = Diag
(

𝑄𝑡
)−1∕2 𝑄𝑡 Diag

(

𝑄𝑡
)−1∕2 ,

where RV𝑡 and RCOR𝑡 are defined as in (2) and (7) in Section 2.1, 𝑉
denotes the vector of long-run variances of the considered assets, 𝐶 is 
the long-run correlation matrix, and 𝜎2𝑡  and 𝑅𝑡 denote the vector of 
monthly conditional variances and the conditional correlation matrix, 
i.e., the conditional variances and correlation matrix of (simple) asset 
returns for month 𝑡.

In the RDCC-NL model specification, the lagged monthly realized 
volatilities RV𝑡−1 (based on daily returns within month 𝑡−1) replace the 
lagged monthly returns that would be used in a DCC model specified 
on monthly data. Similarly, the lagged monthly realized correlation 
matrix RCOR𝑡−1 replaces the outer product of lagged standardized 
monthly returns in the definition of the correlation dynamics. As a 
result, the RDCC-NL model uses the information from within-month 
returns more efficiently than a DCC model applied to monthly data, 
while allowing direct predictions of monthly covariance matrices. With 
the RDCC-NL model specification in (15), the unconditional variances 
and correlation matrix of monthly returns are essentially given by 𝑉
and 𝐶, assuming that the unconditional levels of RV2𝑡  and RCOR𝑡 are 
approximately equal to 𝑉  and 𝐶. Because the specification of the model 
on monthly returns implies that fewer observations are available for 
model estimation compared to the DCC-NL model estimated on daily 
returns, we specify 𝛼𝑞 and 𝛽𝑞 as common parameters for all assets in 
the variance equation in (15).

We estimate the RDCC-NL model similarly to the DCC-NL model 
via a two-step (quasi) maximum likelihood approach with variance and 
correlation targeting for 𝑉  and 𝐶. That is, we estimate 𝑉  as the mean 
of squared daily returns over the estimation period (scaled by 𝐾 = 21
to conform to a monthly horizon), and we estimate 𝐶 as the correlation 
matrix of daily returns via the nonlinear shrinkage estimator of Ledoit 
and Wolf (2020), which is applied to daily returns scaled to unit 
variance. In the first step, with 𝑉  and 𝐶 fixed, the common parameters 
𝛼𝑣 and 𝛽𝑣 of the variance equation are estimated by maximizing the 
mean log likelihood of demeaned monthly (simple) returns of all assets. 
In the second step, the parameters 𝛼𝑞 and 𝛽𝑞 of the correlation equation 
are estimated based on the devolatized (via the estimated volatilities 
from the previous step) monthly (simple) returns.4 In large dimensions, 
such as for single stock data sets with 𝑁𝑡 > 100, we use the composite 
likelihood method for parameter estimation of the RDCC-NL model, as 
described above for the DCC-NL model.

4 In our empirical application, we have tested different specifications of the 
RDCC-NL model, i.e., additionally including the lagged (standardized) monthly 
returns in the specifications in (15), explicitly subtracting the mean of RCOR𝑡−1
in the intercept specification, such as in (1 − 𝛽𝑞

)

𝐶−𝛼𝑞RCOR, estimating 𝑉  and 
𝐶 via daily or monthly returns, and applying nonlinear shrinkage to RCOR𝑡−1. 
The specification described in this section proved to be the most effective.
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Table 1
Data sets used in the empirical analysis, with full time period and start of the out-of-sample (OOS) test period.
 # Data set Abbreviation Time period Start OOS period 
 1 10 US industry portfolios FF10 01/1950–12/2022 01/1970  
 2 30 US industry portfolios FF30 01/1950–12/2022 01/1970  
 3 100 US Size-BM portfolios FF100 01/1950–12/2022 01/1970  
 4 S&P 500 index constituents SP500 01/1980–12/2022 01/1995  
 5 S&P 1500 index constituents SP1500 01/1980–12/2022 01/1995  
2.5. Portfolio optimization

In our empirical analysis, we focus on minimum variance portfolio 
optimization. As minimum variance portfolios require only the covari-
ance matrix as an input, they provide a natural testing ground for 
covariance matrix forecasts, where the resulting portfolio strategies can 
then be evaluated based on their realized out-of-sample variances. The 
weights of the population minimum variance portfolio are given by 

𝑤MINV,𝑡 =
𝛴−1
𝑡 1𝑁𝑡

1′𝑁𝑡𝛴
−1
𝑡 1𝑁𝑡

, (16)

where 1𝑁𝑡  denotes an 𝑁𝑡 × 1 vector of ones. The population covari-
ance matrix 𝛴𝑡 must be replaced by an estimate 𝛴𝑡 to obtain feasible 
portfolio weights 𝑤̂MINV,𝑡 in practice.

When implementing (16), 𝑤̂MINV,𝑡 can take large positive and neg-
ative values. This is often undesirable because it leads to a high 
concentration in certain assets. Therefore, portfolio optimization is usu-
ally implemented with constraints on the resulting portfolio weights. 
The minimum variance portfolio optimization problem with a lever-
age constraint and bounds on portfolio weights can only be solved 
numerically and is formulated as

min
𝑤
𝑤′𝛴𝑡𝑤 (17)

subject to 𝑤′1𝑁𝑡 = 1,
𝑁𝑡
∑

𝑖=1
|𝑤𝑖| ≤ 𝓁 and 𝑤𝑖 ∈

[

𝑤min, 𝑤max
]

,

𝑖 = 1,… , 𝑁𝑡,

where 𝓁 is the maximum gross leverage allowed, and 𝑤min and 𝑤max
are the lower and upper bounds on portfolio weights, respectively.

Remark 2.2.  The MHEx and DCC-NL approaches provide predictions 
for covariance matrices of monthly log returns, because they rely 
on daily log returns summing to monthly log returns. However, for 
portfolio optimization as described in this section, 𝛴𝑡 represents the 
covariance matrix of simple returns. For our practical application, 
the predicted covariance matrix of log returns provides a suitable 
approximation for the covariance matrix of simple returns, since the 
differences are negligible relative to forecasting errors and the typical 
differences between the covariances of different equities.5 Thus, we use 
the predictions of the MHEx and DCC-NL approaches defined in the 
preceding sections for 𝛴𝑡.

3. Empirical analysis

Our empirical analysis is designed as a (pseudo) out-of-sample test 
of the covariance matrix models described in Section 2 (and its variants 
described in Section 3.3). Because our practical application focuses on 
portfolio optimization, the primary objective of this analysis is to com-
pare the out-of-sample performance of estimated minimum variance 

5 For example, assuming a multivariate normal distribution for monthly 
log returns with expected returns of 0.005 and standard deviations of 0.05 
(i.e., 6% and 17% per annum) and a correlation of 0.5, the relative difference 
between the simple return covariance and the log return covariance is 1.4% 
(based on the properties of the lognormal distribution). As this affects all assets 
to some extent, it has virtually no effect on the estimated portfolio weights.
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portfolios. We perform backtesting exercises for five data sets with an 
increasing number of assets ranging from ten to over a thousand to 
evaluate the usefulness of the MHEx model for a wide range of potential 
applications.

3.1. Data sets

Our empirical analysis includes five data sets with corresponding 
time periods given in Table  1. The first three (FF) portfolio data sets 
are available on Kenneth R. French’s website, and the last two stock 
market index-based (SP) data sets are from Refinitiv Datastream. For 
each data set, we obtain data on daily total returns. As given in Table  1, 
we conduct the out-of-sample analysis (i) for applications to predefined 
portfolios, which implies a smaller number of assets to be modeled, 
such as ten or 30 industry portfolios or 100 stock characteristics-based 
portfolios, and (ii) for applications to single stocks, where the number 
of individual assets can be very large, such as the constituents of the 
S&P 500 and S&P 1500 indices.

The FF100 data set (see Table  1) contains a small number of missing 
values at the beginning of the sample. We therefore replace each 
missing value with the average value of the neighboring portfolios. End-
of-month constituent lists for the SP data sets are available starting in 
09/1989 for the S&P 500 and in 12/1994 for the S&P 1500. For the 
months prior to that, we use the first available constituent list. This 
only affects the estimation periods, where the first constituent list is 
always included, while the out-of-sample test periods begin after the 
first list is available.

We perform portfolio optimization using only stocks that are index 
constituents, i.e., the portfolio built for month 𝑡 consists of the index 
constituents at the end of month 𝑡 − 1. This approach avoids a look-
ahead bias and excludes micro-cap and illiquid stocks from investment. 
We require the stocks to have a complete daily return history for the 
past 60 months in order to make predictions with the MHEx model 
and to estimate the benchmark models given in Section 3.3. Due to 
this restriction, the number of stocks in the portfolio is generally less 
than 500 and 1500 for the SP500 and SP1500 data sets, respectively. 
Throughout the out-of-sample period, our SP500 portfolio contains an 
average of 480 stocks, and our SP1500 portfolio contains an average 
of 1360 stocks. While initially there are fewer stocks available with the 
required data history, the number of stocks within the last 20 years 
of the out-of-sample period is close to the total number of index 
constituents.

3.2. Empirical approach for parameter estimation and portfolio strategies

The (pseudo) out-of-sample analysis is conducted as follows. Data 
sets are divided into an initial estimation period and an out-of-sample 
test period. For the FF data sets starting in 1950, the out-of-sample test 
period starts in 1970 and ends in 2022, for the SP data sets, the out-of-
sample test period starts in 1995 and ends in 2022 (see Table  1). Given 
the 5 years required to calculate the variables for the MHEx model, 
initial estimation periods are 15 and 10 years, respectively. We extend 
the estimation window each month until the window reaches its final 
size of 𝑇E = 360 months, i.e., 30 years.6 We estimate the MHEx model 

6 The empirical results are robust to the length of the estimation window. 
A further expanding window yields virtually identical results (or marginally 
improves the performance of the MHEx model), but leads to slightly longer 
run times for estimation.
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from Section 2.1 before the start of each month of the out-of-sample 
test period as described in Section 2.3. We predict volatilities and 
correlations and compute the covariance matrix as given in (13). The 
predicted covariance matrix is used as an input for portfolio optimiza-
tion. We determine minimum variance portfolios without constraints on 
portfolio weights as in (16). In practice, it may be desirable to limit the 
size of individual portfolio positions or to impose restrictions on short 
sales. Therefore, we also perform the analysis for constrained minimum 
variance portfolios as given in (17).

3.3. Benchmark models

In the empirical analysis, we compare the MHEx approach for the 
estimation of large dynamic covariance matrices with other state-of-
the-art methods7:

• NL is a static covariance matrix estimator using the nonlinear 
covariance matrix shrinkage method from Ledoit and Wolf (2020) 
and a fixed estimation window as in Ledoit and Wolf (2017). We 
scale the static covariance matrix estimated from five years of 
daily returns (as for the DCC-NL model) by 𝐾 = 21 to obtain a 
prediction for the next month.

• DCC-NL is the well-established DCC model combined with a 
nonlinear shrinkage estimator for the unconditional covariance 
matrix, as introduced in Engle et al. (2019). Following Engle et al. 
(2019) and De Nard et al. (2021, 2022), we use the past five 
years of daily data to estimate the DCC-NL covariance model. We 
obtain a prediction for the next month from the DCC-NL model by 
aggregating the DCC-NL covariance matrix forecasts over 𝐾 = 21
days, following De Nard et al. (2021, 2022).

• JDCC-NL is similar to the DCC-NL model, but more restrictive 
with respect to the time-varying return variances which are now 
modeled jointly rather than on an asset-by-asset basis. The in-
tuition is to impose similar constraints on the model for the 
conditional daily return variances as we do in our MHEx model 
for monthly realized volatilities. Formally, the JDCC-NL model 
imposes additional constraints on the two GARCH(1,1) parame-
ters (𝛼𝑖, 𝛽𝑖) by setting 𝛼𝑖 = 𝛼 and 𝛽𝑖 = 𝛽 ∀𝑖 = 1,… , 𝑁𝑡, letting only 
the intercept 𝜔𝑖 to be asset-specific, see (14).

• AFM-DCC-NL is the approximate single-factor (or AFM1-DCC-
NL) model of De Nard et al. (2021) that imposes cross-sectional 
constraints on the (co)variances via a factor structure for the 
vector of asset returns using the Fama–French market factor, and 
then applies the DCC-NL model for the dynamic covariance matrix 
of the residuals from the factor model. Similar to the DCC-NL 
model, we use the past five years of daily data to estimate the 
AFM-DCC-NL covariance matrix model and obtain a prediction 
for the next month by aggregating the AFM-DCC-NL covariance 
matrix forecasts over 𝐾 = 21 days.

• AFM-JDCC-NL is similar to the AFM-DCC-NL model, but with ad-
ditional constraints on the parameters governing the time-varying 
residual variances, which are estimated jointly in a similar man-
ner to the JDCC-NL model.

• RDCC-NL is a Realized DCC model analogously to Bollerslev 
et al. (2020b), but applied to monthly returns, using daily data 
within the model and applying the nonlinear shrinkage estimator 
of Ledoit and Wolf (2020) to the correlation matrix. Because 
the RDCC-NL model is estimated based on monthly data, we use 
an estimation window of 30 years as for the MHEx model, see 
Section 3.2. The initial estimation periods at the beginning of the 
out-of-sample periods are 20 and 15 years for the FF and SP data 
sets, respectively, which are extended over time until the estima-
tion periods reach 30 years.8 The RDCC-NL model provides direct 

7 We thank the editor and anonymous referees for their helpful suggestions 
on additional benchmark models.
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predictions of conditional variances and correlation matrices for 
the next month based on (15), which we combine to a forecast of 
the monthly covariance matrix.

• BEKK-NL is the scalar BEKK(1,1) model inspired by Engle and 
Kroner (1995) where the true but latent return covariance matrix 
𝛴𝑡,𝑘 for day 𝑘 in month 𝑡 is modeled as9

𝛴𝑡,𝑘 = (1 − 𝛼 − 𝛽)𝛴 + 𝛼 𝑟𝑡,𝑘−1𝑟′𝑡,𝑘−1 + 𝛽 𝛴𝑡,𝑘−1.

Here, 𝛼 and 𝛽 are positive scalars. As in the DCC-NL model, 
the parameters are estimated via (quasi) maximum likelihood 
assuming a multivariate normal distribution for the vector of daily 
returns, and in large dimensions the composite likelihood method 
is used, see Section 2.4.1. The unconditional covariance matrix 𝛴
is estimated with the nonlinear shrinkage estimator of Ledoit and 
Wolf (2020). Among the dynamic benchmark models, the BEKK-
NL model imposes the strongest restrictions on the dynamics of 
individual daily variances and covariances, and it is feasible in 
high dimensions by the use of shrinkage methods.10 We use the 
past five years of daily data to estimate the BEKK-NL covariance 
model and obtain a prediction for the next month from the 
BEKK-NL model by aggregating the BEKK-NL covariance matrix 
forecasts over 𝐾 = 21 days.

• AFM-BEKK-NL applies a single-factor model to the vector of asset 
returns, similar to the AFM-DCC-NL model, but uses the BEKK-NL 
model for the dynamic covariance matrix of the residuals from the 
factor model. The past five years of daily data are used to estimate 
the AFM-BEKK-NL covariance matrix model and to obtain a pre-
diction for the next month by aggregating its covariance matrix 
forecasts over 𝐾 = 21 days.

• EW is an equally-weighted portfolio of assets which does not 
require any information about the return covariance matrix and 
is often used as a simple benchmark portfolio in empirical ap-
plications, see, e.g., DeMiguel et al. (2009) or Ledoit and Wolf 
(2017).

3.4. Performance evaluation

We evaluate the goodness-of-fit of the estimated models via mean 
squared errors (and similarly via mean absolute errors) for predicted 
volatilities, correlations, and covariances:

MSEVOL =
1

𝑇 − 𝑡oos + 1

𝑇
∑

𝑡=𝑡oos

(

R̂V𝑡 − RV𝑡
)′ (

R̂V𝑡 − RV𝑡
)

/

𝑁𝑡,

MSECOR = 1
𝑇 − 𝑡oos + 1

𝑇
∑

𝑡=𝑡oos

‖R̂COR𝑡 − RCOR𝑡‖2𝐹 ∕𝑁2
𝑡 ,

MSECOV = 1
𝑇 − 𝑡oos + 1

𝑇
∑

𝑡=𝑡oos

‖𝛴𝑡 − RCOV𝑡‖2𝐹 ∕𝑁2
𝑡 ,

8 For the SP data sets, it is ensured that the single stocks in the portfolio 
have a complete five-year return history (see Section 3.1). To estimate the 
model for more than five years, we divide the estimation period into five-year 
subperiods, in which the RDCC-NL model is applied to the index constituents 
at the end of each subperiod.

9 For the first day of each month, when 𝑘 = 1, the right-hand side (in slight 
abuse of notation) refers to the last day of the previous month.
10 As an additional benchmark model, we have examined a variant of 
the BEKK model by Bekaert and Wu (2000) with nonlinear shrinkage. We 
implemented the model, which includes a market index in the covariance 
matrix, by suitably restricting the parameter space to ensure its applicability in 
high dimensions. In our analysis, the model’s performance is similar to that of 
the BEKK-NL model, outperforming the AFM-BEKK-NL model. However, due 
to space constraints and given its parsimony, we only report the results for 
the BEKK-NL model.
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where 𝑡oos indexes the first month of the out-of-sample period, R̂V𝑡, 
R̂COR𝑡, and 𝛴𝑡 are the predictions of volatilities, correlation and co-
variance matrices, as given in (13) for the MHEx model, and ‖ ⋅ ‖𝐹
denotes the Frobenius norm of a matrix.

For each month 𝑡 in the out-of-sample period, we calculate monthly 
realized portfolio returns as ̃𝑟PF𝑡 = 𝑤̂′

𝑡 𝑟̃𝑡, where 𝑤̂𝑡 are estimated optimal 
portfolio weights for month 𝑡 and 𝑟̃𝑡 denotes the vector of monthly 
simple returns of the 𝑁𝑡 assets in the portfolio. We calculate daily 
realized portfolio returns as ̃𝑟PF𝑡,𝑘 = 𝑤̂′

𝑡,𝑘 𝑟̃𝑡,𝑘 for days 𝑘 = 1,… , 𝐾𝑡, where 
𝑤̂𝑡,𝑘 =

𝑤̂𝑡◦
∏𝑘−1
𝑗=1

(

1+𝑟̃𝑡,𝑗
)

𝑤̂′
𝑡

(

∏𝑘−1
𝑗=1

(

1+𝑟̃𝑡,𝑗
)

)  reflects that the portfolio weights 𝑤̂𝑡 from the 

beginning of the month change slightly as each day of the month passes, 
𝑟𝑡,𝑘 denote daily simple returns of the 𝑁𝑡 assets in the portfolio, and ◦
is the Hadamard product, which also applies to the product operator 
∏.

As portfolio performance statistics, we calculate annualized average 
portfolio returns (AV), standard deviations (SD), and Sharpe ratios (SR) 
from daily returns as

AV = 252
∑𝑇
𝑡=𝑡oos

𝐾𝑡

𝑇
∑

𝑡=𝑡oos

𝐾𝑡
∑

𝑘=1
𝑟̃PF𝑡,𝑘,

SD =

√

√

√

√

√

252
∑𝑇
𝑡=𝑡oos

𝐾𝑡

𝑇
∑

𝑡=𝑡oos

𝐾𝑡
∑

𝑘=1

(

𝑟̃PF𝑡,𝑘 − 𝑟̃
PF
)2
,

SR =

252
∑𝑇
𝑡=𝑡oos 𝐾𝑡

∑𝑇
𝑡=𝑡oos

∑𝐾𝑡
𝑘=1 𝑟̃

PF
𝑡,𝑘 − 𝑟̃

Rf
𝑡,𝑘

√

252
∑𝑇
𝑡=𝑡oos 𝐾𝑡

∑𝑇
𝑡=𝑡oos

∑𝐾𝑡
𝑘=1

(

𝑟̃PF𝑡,𝑘 − 𝑟̃
Rf
𝑡,𝑘 −

(

𝑟̃PF − 𝑟̃Rf
))2

,

where the underline (e.g. in 𝑟̃PF) represents average returns and 𝑟̃Rf𝑡,𝑘
denotes the daily risk-free rate, which we obtain from Kenneth R. 
French’s website.

For the estimated minimum variance portfolios, we test if the dif-
ferences in out-of-sample variances are statistically significant using 
the HAC inference method from Ledoit and Wolf (2011). The primary 
comparison is between our dynamic MHEx model and the dynamic 
benchmark models given in Section 3.3.

To analyze the properties and implementability of the portfolio 
strategies, we calculate the average gross portfolio leverage (LEV), 
the average proportion of negative portfolio weights (NEG), and the 
average monthly portfolio turnover (TO) as

LEV = 1
𝑇 − 𝑡oos + 1

𝑇
∑

𝑡=𝑡oos

𝑁𝑡
∑

𝑖=1
|𝑤̂𝑖,𝑡|,

NEG = 1
𝑇 − 𝑡oos + 1

𝑇
∑

𝑡=𝑡oos

1
𝑁𝑡

𝑁𝑡
∑

𝑖=1
1{𝑤̂𝑖,𝑡<0}, (18)

TO = 1
𝑇 − 𝑡oos

𝑇
∑

𝑡=𝑡oos+1

𝑁𝑡
∑

𝑖=1
|𝑤̂𝑖,𝑡 − 𝑤̂+

𝑖,𝑡−1|,

where 𝑤̂+
𝑡−1 denotes the vector of portfolio weights at the end of month 

𝑡 − 1 that result from holding the portfolio given by weights 𝑤̂𝑡−1
through month 𝑡 − 1 (for the SP data sets we also account for firms 
leaving and entering the portfolio).

3.5. Empirical results

In this section, we present empirical backtesting results of the opti-
mized portfolio strategies. First, we consider goodness-of-fit statistics 
of the estimated covariance matrix models. Second, we discuss the 
performance statistics and properties of unconstrained and constrained 
minimum variance portfolios.
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Table 2
Out-of-sample goodness-of-fit statistics for predicted volatilities (VOL), correlations 
(COR), and covariances (COV) from the static and dynamic covariance matrix models 
for the FF data sets.
 RMSE MAE

 VOL COR COV VOL COR COV

 FF10
 NL 2.860 0.203 53.468 1.883 0.138 18.760  
 BEKK-NL 2.249 0.180 49.326 1.358 0.122 14.729  
 AFM-BEKK-NL 2.168 0.190 47.737 1.312 0.130 14.257  
 DCC-NL 2.151 0.181 47.385 1.290 0.126 13.423 
 JDCC-NL 2.136 0.180 47.310 1.287 0.125 13.488  
 AFM-DCC-NL 2.174 0.190 47.579 1.318 0.130 14.163  
 AFM-JDCC-NL 2.173 0.190 47.580 1.320 0.130 14.178  
 RDCC-NL 2.236 0.189 49.568 1.291 0.131 13.623  
 MHEx 2.144 0.174 48.140 1.272 0.120 13.777  
 FF30
 NL 3.175 0.219 60.096 2.075 0.162 21.136  
 BEKK-NL 2.645 0.204 55.428 1.676 0.150 17.781  
 AFM-BEKK-NL 2.402 0.208 51.415 1.479 0.155 15.784  
 DCC-NL 2.390 0.203 52.222 1.439 0.153 15.084 
 JDCC-NL 2.384 0.202 52.044 1.449 0.152 15.168  
 AFM-DCC-NL 2.372 0.206 51.232 1.452 0.153 15.691  
 AFM-JDCC-NL 2.366 0.204 51.220 1.451 0.151 15.692  
 RDCC-NL 2.499 0.208 55.030 1.464 0.157 15.580  
 MHEx 2.381 0.192 53.134 1.420 0.143 15.574  
 FF100
 NL 3.088 0.192 60.661 1.967 0.143 21.241  
 BEKK-NL 2.783 0.185 57.320 1.774 0.137 19.244  
 AFM-BEKK-NL 2.393 0.192 50.637 1.473 0.146 15.437  
 DCC-NL 2.351 0.178 51.522 1.393 0.136 14.873  
 JDCC-NL 2.312 0.178 51.080 1.369 0.135 14.680 
 AFM-DCC-NL 2.312 0.182 50.544 1.393 0.137 15.291  
 AFM-JDCC-NL 2.304 0.182 50.470 1.395 0.137 15.306  
 RDCC-NL 2.489 0.195 56.081 1.491 0.152 16.074  
 MHEx 2.323 0.171 52.676 1.356 0.127 15.351  
Note: The table reports root mean squared errors (RMSE) and mean absolute errors 
(MAE) for the predictions of monthly realized volatilities, correlations, and covariances 
of percentage returns over the out-of-sample periods of the Fama–French data sets given 
in Table  1. Bold numbers indicate the lowest RMSE and MAE among the compared 
models.

3.5.1. Goodness-of-fit statistics
Tables  2 and 3 present goodness-of-fit measures for the static NL 

as well as the dynamic (AFM-)BEKK-NL, (J)DCC-NL, AFM-(J)DCC-NL, 
RDCC-NL, and MHEx covariance matrix models based on the portfolio 
(FF) and single stock (SP) data sets, respectively. We report RMSE and 
MAE for volatilities (VOL), correlations (COR), and covariances (COV), 
since the (J)DCC-NL, AFM-(J)DCC-NL, RDCC-NL and MHEx covariance 
matrix models are all estimated via two-step approaches. In terms of 
goodness-of-fit statistics, a distinction can be made between the FF 
(Table  2) and SP data sets (Table  3). The more pronounced unpre-
dictable risk, i.e., noise, in single stock returns is reflected in overall 
higher RMSE and MAE for the SP data sets. For the FF data sets, the 
RMSE for VOL (COR) predictions is between 2.10 and 3.20 (0.17 and 
0.22), while for the SP data sets, the RMSE lies between 4.85 and 7.22 
(0.24 and 0.26). When comparing the different models, the results show 
fairly similar goodness-of-fit measures for the dynamic models and clear 
improvements over the static NL model. For VOL (COR) forecasts, the 
RMSE and MAE of the dynamic models are mostly between 15 and 30% 
(3 and 15%) lower than those of the static model. The improvements 
of the MHEx model over the static NL model for COR predictions are 
greater for the FF data sets (11 to 14% relative improvement) than for 
the SP data sets (5 to 6% relative improvement). For COV forecasts, 
where the realized covariances are presumably more driven by outliers 
(compared to volatilities or correlations), we find about 8 to 15% lower 
RMSE and 15 to 30% lower MAE for the dynamic models. Comparing 
the dynamic models, the MHEx model has the lowest MAE for VOL 
and COR predictions for all five data sets. It also has the lowest RMSE 
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Table 3
Out-of-sample goodness-of-fit statistics for predicted volatilities (VOL), correlations 
(COR), and covariances (COV) from the static and dynamic covariance matrix models 
for the SP data sets.
 RMSE MAE

 VOL COR COV VOL COR COV

 SP500
 NL 6.272 0.259 105.888 3.942 0.209 37.997  
 BEKK-NL 4.908 0.254 93.058 2.806 0.203 29.828  
 AFM-BEKK-NL 4.856 0.256 90.411 2.803 0.205 29.533  
 DCC-NL 5.125 0.249 96.348 2.927 0.202 29.474  
 JDCC-NL 4.955 0.249 93.408 2.835 0.201 28.779 
 AFM-DCC-NL 4.955 0.253 90.610 2.855 0.203 28.897  
 AFM-JDCC-NL 4.972 0.251 90.236 2.855 0.201 28.906  
 RDCC-NL 5.161 0.253 95.939 3.078 0.204 31.526  
 MHEx 4.850 0.245 93.313 2.745 0.197 29.099  
 SP1500
 NL 7.216 0.255 113.234 4.697 0.207 43.849  
 BEKK-NL 5.951 0.250 101.735 3.419 0.200 36.216  
 AFM-BEKK-NL 5.851 0.253 97.449 3.382 0.203 35.240  
 DCC-NL 6.261 0.244 103.861 3.669 0.198 36.301  
 JDCC-NL 6.106 0.245 102.637 3.537 0.198 35.160  
 AFM-DCC-NL 6.034 0.249 97.227 3.501 0.200 34.264 
 AFM-JDCC-NL 6.059 0.247 97.170 3.508 0.199 34.305  
 RDCC-NL 6.178 0.249 103.998 3.741 0.200 37.897  
 MHEx 5.867 0.241 101.802 3.359 0.194 35.516  
Note: The table reports root mean squared errors (RMSE) and mean absolute errors 
(MAE) for the predictions of monthly realized volatilities, correlations, and covariances 
of percentage returns over the out-of-sample periods of the S&P 500 and S&P 1500 
data sets given in Table  1. Bold numbers indicate the lowest RMSE and MAE among 
the compared models.

for COR predictions for all five data sets and is consistently in the top 
four for VOL predictions, where the differences are rather small and the 
ranking is more variable. For COV forecasts, either the (J)DCC-NL or 
AFM-(J)DCC-NL models attain the lowest RMSE and MAE. In summary, 
the MHEx model ranks overall first in terms of goodness-of-fit measures, 
followed by the (AFM-)JDCC-NL and (AFM-)DCC-NL models. Thus, the 
more flexible specification for modeling volatilities and correlations in 
the MHEx model proves to be beneficial. The potential advantage of 
direct monthly forecasting with the RDCC-NL model over the (J)DCC-
NL and BEKK-NL models could not outweigh its drawback of being 
estimated based on less frequent (monthly) returns. The AFM-BEKK-NL 
model ranks second after the MHEx model in terms of RMSE and MAE 
for VOL predictions on the SP data sets, but yields mixed results for 
predicted volatilities, correlations and covariances over all data sets.

3.5.2. Results for unconstrained minimum variance portfolios
Tables  4 and 5 present out-of-sample performance measures for 

estimated minimum variance portfolios for the FF and SP data sets, 
respectively. The tables report results for unconstrained minimum vari-
ance portfolios as well as for minimum variance portfolios with weight 
constraints, which will be discussed in more detail in Section 3.5.3. In 
both tables, we focus on performance results based on daily returns 
as they provide more accurate estimates of out-of-sample standard 
deviations, which we consider to be the primary performance measure 
for minimum variance portfolios.

Across the five data sets, we find that all estimated minimum 
variance portfolios have significantly lower standard deviations than 
the equally-weighted portfolio (EW), indicating that the use of these 
covariance matrix estimates adds value within portfolio optimization. 
The annualized standard deviations of EW are between 16.0 and 17.5% 
for the FF data sets and between 20.0 and 21.5% for the single stock 
SP data sets, while the standard deviations for the minimum variance 
portfolios are between 8.1 and 12.2%. Most dynamic covariance matrix 
models, in particular the JDCC-NL, RDCC-NL, and MHEx models on 
all five data sets, lead to statistically significant improvements at the 
1% level over the static NL model. The MHEx model significantly 
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outperforms the NL model with absolute reductions in out-of-sample 
percentage standard deviations of 0.67, 0.80, 1.05, 1.27, and 1.78 
across the five data sets. These improvements over the NL model, e.g. 
from 9.67 to 8.62% for the FF100 data set, are economically significant 
and become larger as the number of assets and the diversification 
opportunities increase.

Comparing the results for the dynamic models, we find that the 
MHEx model outperforms all benchmark models in terms of out-of-
sample portfolio standard deviation on each data set. The outper-
formance versus each benchmark model is statistically significant at 
the 1% level for each data set. The JDCC-NL model ranks second 
overall across all data sets, followed by the AFM-JDCC-NL, RDCC-
NL, and BEKK-NL models. The ‘‘joint’’ JDCC-NL model outperforms its 
‘‘individual’’ DCC-NL counterpart in each data set (as does the AFM-
JDCC-NL compared to the AFM-DCC-NL, except for the SP1500 data 
set). The reduction in portfolio standard deviation is 0.39 on average 
and is statistically significant at the 1% level, except for the SP1500 
data set in Table  5. That is, imposing joint dynamics in the conditional 
variances across all assets in the DCC-NL model significantly improves 
the out-of-sample portfolio performance. The strongly restrictive scalar 
BEKK-NL model shows a good performance on the smaller data sets, 
e.g., the FF10 and FF30 data sets in Table  4, but does not perform as 
well on the larger SP data sets in Table  5, where it is outperformed 
by the more flexible JDCC-NL model. The reverse is true for the AFM-
JDCC-NL and to some extent for the RDCC-NL model. We find that 
the AFM-DCC-NL outperforms the DCC-NL for the larger (FF100 and 
SP) data sets, as in De Nard et al. (2022), but for the more restrictive 
JDCC-NL and BEKK-NL models, the AFM-JDCC-NL and AFM-BEKK-NL 
variants show diminished outperformance or even underperformance.

The MHEx model improves upon the JDCC-NL (RDCC-NL) model 
with reductions in standard deviations of 0.17 (0.36), 0.31 (0.34), 
0.44 (0.66) for the FF data sets in Table  4 and 0.67 (0.72), 0.93 
(0.68) for the SP data sets in Table  5. That is, for the unconstrained 
minimum variance portfolios, the gains over the JDCC-NL (RDCC-NL) 
model are typically greater for a larger number of assets. In addition 
to their statistical significance (at the 1% level), the reductions in 
out-of-sample standard deviations obtained with the MHEx model are 
economically meaningful. The results show that the use of the MHEx 
model is beneficial for selecting from predefined portfolios as well as 
individual stocks, confirming the advantages of direct estimation on 
and prediction of monthly variables, i.e., volatilities and correlations, 
as well as flexibility in the specification of their lag structure.

Remark 3.1.  Another way to enhance the compared models would 
be to incorporate intraday data, which could be OHLC data as in the 
IDR-DCC-NL model in De Nard et al. (2022) or high-frequency intraday 
returns as in the RDCC model in Bollerslev et al. (2020b) or the HExp 
model in Bollerslev et al. (2018). While for large individual stocks, 
OHLC data and intraday returns are available for recent subperiods, we 
use widely available daily returns as the common basis for comparison 
in this paper. In the same way that the IDR-DCC-NL model can yield 
improvements over the DCC-NL model, which could be of similar 
magnitude as the improvements with the MHEx model, we may expect 
improvements for our MHEx model by incorporating OHLC or intraday 
return data. Because our focus in this paper is on models based on daily 
returns, we reserve these extensions and analyses for future research.

With regard to out-of-sample Sharpe ratios, we find that the esti-
mated minimum variance portfolios outperform the equally-weighted 
portfolio for all data sets in Tables  4 and 5. A statistically significant 
outperformance relative to EW is achieved with the MHEx model for 
the FF100 portfolios (at the 1% level), for the SP500 data set (at the 
5% level), and for the SP1500 data set (at the 1% level). Comparing the 
dynamic MHEx model with the static NL model, the MHEx outperforms 
the static model at the 1% significance level for the SP data sets. 
The resulting out-of-sample Sharpe ratios are 0.92 (MHEx), 0.60 (NL), 
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Table 4
Out-of-sample performance measures of estimated unconstrained and 130/30 minimum 
variance portfolios based on different covariance matrix models for the FF data sets.
 Unconstr. portfolios 130/30 portfolios
 AV SD SR AV SD SR

 FF10
 EW 11.92 16.07 0.47 11.92 16.07 0.47 
 NL 12.02 12.20 0.63 12.92 13.04 0.66 
 BEKK-NL 11.94 11.72 0.65 12.02 12.69 0.61 
 AFM-BEKK-NL 12.62 12.22 0.68 12.69 13.12 0.64 
 DCC-NL 11.75 11.86 0.63 12.08 12.83 0.61 
 JDCC-NL 11.82 11.70 0.64 11.88 12.74 0.59 
 AFM-DCC-NL 11.87 12.14 0.62 12.64 13.03 0.64 
 AFM-JDCC-NL 11.99 12.06 0.64 12.62 13.06 0.64 
 RDCC-NL 11.18 11.88 0.58 11.85 12.77 0.59 
 MHEx 11.54 11.53∗∗∗ 0.63 11.52 12.68 0.57 
 FF30
 EW 11.93 16.83 0.45 11.93 16.83 0.45 
 NL 10.66 11.45 0.55 11.78 11.91 0.63 
 BEKK-NL 9.99 10.90 0.52 11.10 11.46 0.59 
 AFM-BEKK-NL 9.99 11.33 0.50 11.31 11.89 0.59 
 DCC-NL 11.37 11.31 0.62 11.79 11.75 0.64 
 JDCC-NL 10.84 10.96 0.60 11.58 11.56 0.63 
 AFM-DCC-NL 9.94 11.23 0.50 11.36 11.76 0.60 
 AFM-JDCC-NL 10.26 11.09 0.54 11.57 11.74 0.62 
 RDCC-NL 9.94 10.99 0.51 10.54 11.57 0.54 
 MHEx 10.27 10.65∗∗∗ 0.56 10.90 11.36∗∗∗ 0.58 
 FF100
 EW 12.87 17.43 0.49 12.87 17.43 0.49 
 NL 17.83 9.67 1.40 16.41 12.31 0.98 
 BEKK-NL 17.86 9.25 1.46 16.33 11.74 1.02 
 AFM-BEKK-NL 17.35 9.43 1.38 15.92 12.16 0.96 
 DCC-NL 16.48 9.49 1.28 15.34 11.59 0.95 
 JDCC-NL 17.11 9.06 1.41 15.98 11.36 1.03 
 AFM-DCC-NL 17.55 9.21 1.44 16.21 12.06 0.99 
 AFM-JDCC-NL 17.62 9.11 1.46 16.28 12.03 1.00 
 RDCC-NL 16.56 9.27 1.32 15.58 11.51 0.98 
 MHEx 16.10 8.62∗∗∗ 1.37 15.23 11.10∗∗∗ 0.98 
Note: The table reports the annualized means (AV), standard deviations (SD), and 
Sharpe ratios (SR) of daily out-of-sample percentage returns of estimated unconstrained 
and 130/30 minimum variance portfolios for the Fama–French data sets given in Table 
1. Bold numbers indicate the lowest portfolio standard deviations for each data set. *, 
**, and *** indicate significant differences in standard deviations between the MHEx 
model and the benchmark models at the 10%, 5%, and 1% levels.

and 0.54 (EW) on the SP500 data set and 1.15 (MHEx), 0.88 (NL), 
and 0.61 (EW) on the SP1500 data set. The MHEx model significantly 
outperforms (at least at the 5% level) the (AFM-)BEKK-NL, AFM-JDCC-
NL, and RDCC-NL models in terms of out-of-sample Sharpe ratios on 
the SP data sets. Between the MHEx and the other dynamic benchmark 
models, especially the JDCC-NL model, the Sharpe ratios are quite 
similar and there are no significant differences.

To further analyze the robustness of the empirical results in Ta-
bles  4 and 5, we break down the aggregate performance measures 
into rolling subperiods of the out-of-sample periods. Fig.  2 shows the 
annualized three-year rolling standard deviations for the estimated 
minimum variance portfolios using the NL, JDCC-NL, RDCC-NL, or 
MHEx models for the investment universes of predefined portfolios, 
as for FF100, and individual stocks, as for SP1500. The MHEx model 
consistently outperforms the static (NL) and dynamic (JDCC-NL, RDCC-
NL) benchmark models over time. This holds true for various periods 
of low market volatility as well as for periods of high volatility, such 
as the early 2000s, the 2007/2008 financial crisis, or the 2020 stock 
market crash. Fig.  2 shows that for practically all three-year subperiods 
between 1970 (1995) and 2022 for the FF100 (SP1500) data set, the 
MHEx model yields lower portfolio standard deviations than the NL, 
JDCC-NL, or RDCC-NL models. In general, the RDCC-NL and JDCC-
NL models follow each other quite closely, with occasional shifts in 
dominance over time. However, both are always, i.e., for all three-year 
subperiods, dominated by the MHEx model.
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Table 5
Out-of-sample performance measures of estimated unconstrained and 130/30 minimum 
variance portfolios based on different covariance matrix models for the SP data sets.
 Unconstr. portfolios 130/30 portfolios
 AV SD SR AV SD SR

 SP500
 EW 13.04 20.08 0.54 13.04 20.08 0.54 
 NL 8.88 11.30 0.60 10.17 11.99 0.67 
 BEKK-NL 9.35 11.14 0.65 10.63 11.34 0.75 
 AFM-BEKK-NL 9.24 11.49 0.62 10.52 11.89 0.71 
 DCC-NL 11.67 11.50 0.83 10.45 11.88 0.70 
 JDCC-NL 12.27 10.70 0.95 11.14 11.25 0.80 
 AFM-DCC-NL 10.47 10.86 0.77 10.84 11.62 0.75 
 AFM-JDCC-NL 9.70 10.66 0.71 9.84 11.58 0.67 
 RDCC-NL 10.32 10.74 0.76 9.99 11.32 0.70 
 MHEx 11.33 10.03∗∗∗ 0.92 10.82 10.87∗∗∗ 0.80 
 SP1500
 EW 15.20 21.44 0.61 15.20 21.44 0.61 
 NL 10.77 9.88 0.88 10.21 11.06 0.73 
 BEKK-NL 10.89 9.68 0.91 11.01 10.19 0.87 
 AFM-BEKK-NL 10.68 9.83 0.87 10.88 10.75 0.82 
 DCC-NL 11.94 9.22 1.07 11.40 10.43 0.89 
 JDCC-NL 12.24 9.03 1.12 10.97 9.88 0.90 
 AFM-DCC-NL 10.87 8.45 1.04 9.95 10.18 0.77 
 AFM-JDCC-NL 10.50 8.85 0.95 9.85 10.40 0.74 
 RDCC-NL 11.05 8.78 1.02 10.16 9.75 0.82 
 MHEx 11.40 8.10∗∗∗ 1.15 10.30 8.92∗∗∗ 0.92 
Note: The table reports the annualized means (AV), standard deviations (SD), and 
Sharpe ratios (SR) of daily out-of-sample percentage returns of estimated unconstrained 
and 130/30 minimum variance portfolios for the S&P 500 and S&P 1500 data sets given 
in Table  1. Bold numbers indicate the lowest portfolio standard deviations for each data 
set. *, **, and *** indicate significant differences in standard deviations between the 
MHEx model and the benchmark models at the 10%, 5%, and 1% levels.

Fig. 2. Annualized three-year rolling standard deviations of daily out-of-sample per-
centage portfolio returns of estimated minimum variance portfolios based on different 
covariance matrix models. The rolling window ends on the date indicated on the 𝑥-axis.
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From the out-of-sample analysis, we conclude that the MHEx model 
is the preferred (high-dimensional) covariance matrix model. It gen-
erally outperforms the static and dynamic benchmark models for un-
constrained minimum variance portfolio optimization in different in-
vestment universes and for arbitrary subperiods of the respective out-
of-sample periods. The next section examines the robustness of the 
performance statistics under reasonable portfolio weight constraints.

3.5.3. Results for constrained minimum variance portfolios
In terms of accuracy of dynamic covariance matrix estimation, the 

MHEx model compares favorably with the benchmark models. This is 
based on goodness-of-fit statistics and the out-of-sample performance 
of estimated unconstrained minimum variance portfolios. However, the 
unconstrained optimized portfolios have a large number of short posi-
tions, large absolute portfolio weights, high gross leverage, and high 
portfolio turnover, especially with the dynamic models, as discussed 
in more detail in Section 3.5.4. These characteristics render portfolio 
strategies relatively unattractive for practical implementation. To re-
examine the application of the models in a more practical setting, 
we introduce constraints into the portfolio optimization problem as 
formulated in (17) and compare the out-of-sample performance of the 
resulting estimated minimum variance optimal portfolios.

In this application, we limit the gross leverage to a maximum of 1.6, 
which represents a 130/30 long-short equity strategy, i.e., the portfolio 
then holds no more than 30% of its initial capital in short positions. 
This type of strategy is quite popular among the long-short strategies 
of investment funds, as discussed in Lo and Patel (2008). We further 
impose restrictions on the size of individual portfolio positions, which 
is common among investment funds. In our empirical application, 
portfolio positions are limited to 30% in absolute value for the FF10 
and FF30 industry portfolios, 10% for the FF100 stock characteristic 
portfolios, and 5% for the single stock SP data sets.11

The right-hand side columns of Tables  4 and 5 present the out-
of-sample performance statistics for the constrained 130/30 minimum 
variance portfolios for the FF and SP data sets, respectively. The 
standard deviations of the estimated minimum variance portfolios col-
lectively rise as a result of the constraints on portfolio weights. Focusing 
on the MHEx model, the smallest increase is from 10.65 to 11.36 for 
the FF30 data set, i.e., 0.71 in terms of annualized percentage standard 
deviation, while the largest increase is from 8.62 to 11.10, or 2.48, 
for the FF100 data set. These figures imply that the restrictions on the 
portfolio leverage and the size of individual portfolio positions have an 
economically relevant impact.

The estimated minimum variance portfolios show significantly
lower out-of-sample standard deviations than the equally-weighted 
portfolio. The improvements in terms of portfolio standard deviations 
with the MHEx model over the static NL model reduce slightly for the 
FF10 and FF30 industry portfolios, but remain robust for the FF100 and 
SP data sets, when comparing the constrained with the unconstrained 
portfolios. The improvements over the NL model range from 0.36 to 
2.14 and are statistically significant at the 1% level for all five data 
sets in Tables  4 and 5.

Comparing the dynamic models for the constrained portfolios, our 
MHEx model outperforms the benchmark models for all five data 
sets, with significant outperformance of the MHEx model at the 1% 
level only lacking for the FF10 data set. The improvements in terms 
of portfolio standard deviations, in particular over the JDCC-NL and 
RDCC-NL models (which rank second and third), are monotonically 
increasing with the number of assets, i.e., they are highest for the single 
stock data sets. Compared to the unconstrained minimum variance 

11 We have also considered limiting gross portfolio leverage to 2.0 or 1.0, 
i.e., 150/50 long-short equity portfolios and long-only portfolios, with the 
same bounds on portfolio weights. The conclusions from these results are 
similar to those discussed in this section.
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Fig. 3. Cumulative out-of-sample performance paths based on daily log returns of 
estimated unconstrained and 130/30 minimum variance portfolios. ‘‘EW’’ is the equally-
weighted portfolio, ‘‘Unconstr. MINV’’ and ‘‘Constr. MINV’’ refer to the unconstrained 
and 130/30 minimum variance portfolios based on the MHEx covariance matrix model.

portfolios, these differences between the JDCC-NL (RDCC-NL) and the 
MHEx model have decreased slightly, i.e., on average by 0.14. That is, 
for the FF30 and FF100 data sets, the MHEx model improves upon the 
JDCC-NL (RDCC-NL) model by 0.20 (0.21) and 0.26 (0.41), while for 
the SP500 and SP1500 data sets, the MHEx model yields improvements 
of 0.38 (0.45) and 0.96 (0.83) in terms of annualized percentage port-
folio standard deviations. In addition to their statistical significance, 
these reductions in out-of-sample standard deviations are economically 
meaningful, especially for the single stock portfolios. For the SP1500 
data set, the annualized standard deviations are 11.06% for NL, 9.88% 
for JDCC-NL, 9.75% for RDCC-NL, and 8.92% for MHEx. These results 
show that the MHEx model is the preferred high-dimensional covari-
ance matrix model for minimum variance portfolios under portfolio 
constraints.

Fig.  3 plots the cumulative out-of-sample performance paths from 
daily realized returns of the unconstrained (‘‘Unconstr. MINV’’) and 
130/30 (‘‘Constr. MINV’’) minimum variance portfolios based on the 
MHEx model for the FF100 and SP1500 data sets. For comparison with 
a simple benchmark index, we also show the paths of the equally-
weighted portfolio. In both charts, the performance paths of the es-
timated unconstrained and constrained minimum variance portfolios 
show stable performance over time and are visibly less volatile than 
EW, implying superior risk-adjusted performance, e.g., in terms of 
Sharpe ratio. The 130/30 minimum variance portfolio slightly under-
performs the unconstrained minimum variance portfolio since the early 
2000s. For the FF100 characteristics portfolio data set, the estimated 
minimum variance portfolios – with exceptions in the early 1970s and 
early 1980s – consistently outperform the equally-weighted portfolio 
over the 53-year out-of-sample period. For the SP1500 single stock 
data set, the estimated minimum variance portfolios end up below the 
equally-weighted portfolio, but show a stable performance and achieve 
their goal of producing a low volatility strategy with lower drawdown 
during periods of distress.
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Table 6
Portfolio weight statistics for estimated unconstrained and 130/30 minimum variance portfolios based on different covariance matrix models 
for the FF data sets.
 Unconstr. portfolios 130/30 portfolios
 MAX MIN NEG LEV TO MAX MIN NEG LEV TO

 FF10
 EW 0.10 0.10 0.00 1.00 0.02 0.10 0.10 0.00 1.00 0.02 
 NL 0.77 −0.26 0.43 2.11 0.11 0.30 −0.16 0.29 1.53 0.07 
 BEKK-NL 0.77 −0.30 0.44 2.25 0.77 0.30 −0.18 0.26 1.54 0.38 
 AFM-BEKK-NL 0.79 −0.32 0.41 2.30 0.79 0.30 −0.18 0.26 1.53 0.31 
 DCC-NL 0.71 −0.26 0.42 2.08 1.13 0.30 −0.18 0.27 1.55 0.67 
 JDCC-NL 0.73 −0.26 0.43 2.08 1.09 0.30 −0.18 0.27 1.54 0.67 
 AFM-DCC-NL 0.79 −0.30 0.42 2.18 0.80 0.30 −0.18 0.26 1.52 0.32 
 AFM-JDCC-NL 0.78 −0.30 0.42 2.22 0.85 0.30 −0.18 0.26 1.52 0.34 
 RDCC-NL 0.74 −0.20 0.44 1.82 0.63 0.30 −0.16 0.30 1.54 0.43 
 MHEx 0.76 −0.25 0.44 2.09 1.07 0.30 −0.17 0.28 1.53 0.63 
 FF30
 EW 0.03 0.03 0.00 1.00 0.03 0.03 0.03 0.00 1.00 0.03 
 NL 0.53 −0.19 0.46 2.84 0.21 0.29 −0.13 0.20 1.60 0.11 
 BEKK-NL 0.54 −0.21 0.45 2.97 0.71 0.29 −0.12 0.20 1.60 0.34 
 AFM-BEKK-NL 0.52 −0.20 0.44 2.86 0.73 0.29 −0.12 0.21 1.60 0.35 
 DCC-NL 0.50 −0.17 0.47 2.71 1.71 0.29 −0.12 0.22 1.60 1.03 
 JDCC-NL 0.51 −0.17 0.47 2.69 1.67 0.29 −0.11 0.22 1.60 1.04 
 AFM-DCC-NL 0.54 −0.20 0.44 2.77 0.91 0.29 −0.13 0.21 1.60 0.46 
 AFM-JDCC-NL 0.53 −0.19 0.45 2.75 0.90 0.29 −0.13 0.21 1.60 0.45 
 RDCC-NL 0.58 −0.15 0.47 2.52 0.91 0.29 −0.11 0.22 1.60 0.56 
 MHEx 0.51 −0.15 0.47 2.66 1.56 0.29 −0.11 0.22 1.60 0.95 
 FF100
 EW 0.01 0.01 0.00 1.00 0.02 0.01 0.01 0.00 1.00 0.02 
 NL 0.32 −0.15 0.48 5.01 0.50 0.10 −0.09 0.06 1.60 0.13 
 BEKK-NL 0.32 −0.15 0.48 5.18 1.08 0.10 −0.09 0.06 1.60 0.25 
 AFM-BEKK-NL 0.31 −0.14 0.48 4.97 1.06 0.10 −0.09 0.07 1.60 0.26 
 DCC-NL 0.29 −0.11 0.50 4.58 3.26 0.10 −0.09 0.07 1.60 1.20 
 JDCC-NL 0.30 −0.11 0.50 4.44 3.10 0.10 −0.09 0.07 1.60 1.23 
 AFM-DCC-NL 0.33 −0.14 0.50 4.86 1.72 0.10 −0.09 0.07 1.60 0.42 
 AFM-JDCC-NL 0.33 −0.14 0.50 4.86 1.66 0.10 −0.09 0.07 1.60 0.42 
 RDCC-NL 0.30 −0.12 0.50 4.63 2.34 0.10 −0.09 0.07 1.60 0.77 
 MHEx 0.29 −0.10 0.51 4.46 2.70 0.10 −0.09 0.07 1.60 1.07 
Note: The table reports the average maximum (MAX) and minimum (MIN) weights, proportion of negative weights (NEG), gross leverage (LEV), 
and turnover (TO) of estimated unconstrained and 130/30 minimum variance portfolios for the Fama–French data sets.
3.5.4. Portfolio weight statistics for unconstrained and constrained portfo-
lios

To analyze the empirical properties of the optimized portfolio 
weights for the FF and SP data sets in more detail, Tables  6 and 7 
present statistics on the weights for the estimated unconstrained and 
130/30 minimum variance portfolios, i.e., the average maximum and 
minimum portfolio weights, proportion of negative portfolio weights, 
gross leverage, and portfolio turnover, as defined in (18).

For the unconstrained minimum variance portfolios, the portfolio 
positions are quite large (especially for the smaller portfolios), e.g., the 
largest long position is over 70% on average for the FF10 data set and 
over 9% on average for the SP500 data set. The largest short positions 
are about three times smaller than the largest long positions, but the 
proportion of negative portfolio weights is consistently between 42 
and 50%, meaning that about half of the positions in the portfolios 
are short positions. Gross leverage for the unconstrained portfolios is 
considerably higher for the FF100 characteristic portfolios and the SP 
single stock data sets than for those based on the FF10 and FF30 data 
sets. For the former, the gross portfolio leverage ranges from 3.7 to 
5.8, while for the latter it ranges from 1.8 to 3.0. The portfolios based 
on the static covariance matrix model exhibit similar leverage to those 
based on the dynamic models, while the (AFM-)BEKK-NL model yields 
higher leverage than the other benchmark models, and the AFM-type 
models yield higher leverage than their respective counterparts. Using 
the MHEx model, average gross portfolio leverage is lowest among all 
covariance matrix models for the SP data sets in Table  7, and second 
lowest for the FF30 and FF100 data sets in Table  6.

In terms of portfolio turnover, the equally-weighted portfolio has 
the lowest average turnover, as its portfolio positions remain roughly 
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the same from period to period. The unconstrained minimum vari-
ance portfolios based on the static NL model display significantly 
lower turnover than those based on the dynamic models. The average 
monthly portfolio turnover generally increases with the number of 
assets, from 0.11 to 2.70 for the NL model and from 1.07 to 3.03 for 
the MHEx model across the five data sets. Among the dynamic models, 
BEKK-NL yields the lowest turnover for the portfolio-based FF30 and 
FF100 data sets in Table  6 (across all five data sets, it ranges from 
0.71 to 3.30). The MHEx model yields the lowest turnover for the 
SP1500 data set and second lowest turnover for the SP500 data set in 
Table  7. The DCC-NL and JDCC-NL models yield the highest portfolio 
turnovers for all data sets, while their AFM-type counterparts yield 
lower turnover.

The statistics for the unconstrained minimum variance portfolio 
weights show an average gross leverage above 1.6 for all optimized 
portfolios, so the leverage constraint is almost always binding for the 
constrained 130/30 portfolios. In the same vein, the average maximum 
portfolio weights for the constrained portfolios are at the specified 
upper bounds for the portfolio weights. The absolute average mini-
mum weights decrease due to the leverage constraint and thus are 
always greater than the lower bounds. In terms of the number of 
short positions, the average proportion of negative portfolio weights 
is greatly reduced by the leverage constraint, from about 50% for the 
unconstrained portfolios to less than 10% for the constrained portfolios 
for the FF100 and SP data sets, and to 20%–30% for the FF10 and 
FF30 data sets. Likewise, portfolio turnover is reduced as a result of 
the portfolio constraints. The average turnover decreases by 35%–75% 
for the estimated minimum variance portfolios. For example, for the 
SP1500 data set, the average monthly turnover with the MHEx model 
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Table 7
Portfolio weight statistics for estimated unconstrained and 130/30 minimum variance portfolios based on different covariance matrix models 
for the SP data sets.
 Unconstr. portfolios 130/30 portfolios
 MAX MIN NEG LEV TO MAX MIN NEG LEV TO

 SP500
 EW 0.00 0.00 0.00 1.00 0.07 0.00 0.00 0.00 1.00 0.07 
 NL 0.05 −0.04 0.44 4.69 1.53 0.05 −0.04 0.08 1.60 0.57 
 BEKK-NL 0.06 −0.05 0.45 5.32 2.63 0.05 −0.04 0.06 1.60 1.34 
 AFM-BEKK-NL 0.07 −0.05 0.45 5.75 2.73 0.05 −0.04 0.06 1.60 1.14 
 DCC-NL 0.13 −0.04 0.49 4.20 3.41 0.05 −0.03 0.09 1.60 1.64 
 JDCC-NL 0.09 −0.04 0.47 4.46 3.16 0.05 −0.03 0.09 1.60 1.50 
 AFM-DCC-NL 0.10 −0.05 0.45 4.77 2.68 0.05 −0.04 0.07 1.60 1.03 
 AFM-JDCC-NL 0.09 −0.05 0.46 4.90 2.41 0.05 −0.04 0.08 1.60 0.94 
 RDCC-NL 0.09 −0.04 0.47 4.64 2.85 0.05 −0.03 0.08 1.60 1.18 
 MHEx 0.09 −0.03 0.48 3.74 2.62 0.05 −0.03 0.10 1.60 1.43 
 SP1500
 EW 0.00 0.00 0.00 1.00 0.09 0.00 0.00 0.00 1.00 0.09 
 NL 0.02 −0.01 0.42 4.58 2.70 0.03 −0.02 0.06 1.60 1.12 
 BEKK-NL 0.02 −0.02 0.43 5.10 3.30 0.04 −0.02 0.05 1.60 1.60 
 AFM-BEKK-NL 0.02 −0.02 0.44 5.47 3.54 0.04 −0.03 0.04 1.60 1.54 
 DCC-NL 0.10 −0.01 0.48 3.99 3.78 0.05 −0.02 0.07 1.60 1.98 
 JDCC-NL 0.04 −0.01 0.48 4.45 3.63 0.05 −0.02 0.07 1.60 1.80 
 AFM-DCC-NL 0.06 −0.02 0.45 4.69 3.51 0.05 −0.03 0.07 1.60 1.50 
 AFM-JDCC-NL 0.04 −0.02 0.46 4.86 3.38 0.05 −0.02 0.07 1.60 1.43 
 RDCC-NL 0.05 −0.02 0.47 4.48 3.35 0.05 −0.02 0.07 1.60 1.54 
 MHEx 0.06 −0.01 0.48 3.81 3.03 0.05 −0.01 0.09 1.60 1.69 
Note: The table reports the average maximum (MAX) and minimum (MIN) weights, proportion of negative weights (NEG), gross leverage (LEV), 
and turnover (TO) of estimated unconstrained and 130/30 minimum variance portfolios for the S&P 500 and S&P 1500 data sets.
is 1.69 for the weight-constrained portfolio instead of 3.03 for the 
unconstrained portfolio. These statistics show that the practical im-
plementability of the portfolio strategies is greatly enhanced by the 
introduction of portfolio constraints. The constraints lead to a modest 
overall decrease in portfolio performance, however, using the MHEx 
model remains beneficial in this more practical setting.12

4. Conclusion

We propose a new framework for modeling and forecasting large 
dynamic covariance matrices for optimal portfolio selection. Our model 
produces direct forecasts of monthly covariance matrices using daily 
returns and enables smooth and separate dynamics for volatilities and 
correlations. Specifically, we model monthly volatilities and correla-
tions based on exponentially-weighted heterogeneous autoregressive 
components and estimate their dynamics via standard least squares 
methods. This results in a parsimonious yet flexible covariance matrix 
model that is computationally efficient and simple to implement. Incor-
porating shrinkage estimators into our model for correlations makes our 
framework applicable in high-dimensional settings, which is important 
for the selection of individual stock portfolios.

Empirical backtesting results confirm the benefits of our proposed 
MHEx model. We use the model for monthly portfolio selection and 
consider asset universes ranging from ten to 1500, where the assets are 
predefined portfolios or individual stocks. Minimum variance portfolios 
based on covariance matrix forecasts from our MHEx model deliver 
favorable out-of-sample performance statistics compared to (R)DCC-NL, 

12 We have also evaluated the portfolio performance with returns net of 
transaction costs (similar to Tables  4 and 5), assuming constant transaction 
costs of 10 or 50 bps. The impact of transaction costs on portfolio standard 
deviations is usually small and does not alter the ranking of the models 
and our conclusions. However, the impact on average returns can be large, 
depending on the level of transaction costs. To get an indication, annualized 
average trading costs can be estimated as twelve times the average monthly 
turnover (TO in Tables  6 and 7) times the constant transaction cost. To further 
reduce the turnover of optimized portfolios, turnover constraints should be 
implemented at the portfolio optimization stage, which may be relevant for 
practical portfolio management but is beyond the scope of this paper.
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AFM-DCC-NL, or BEKK-NL benchmark models. The differences in port-
folio standard deviations are statistically significant and economically 
meaningful for all empirical data sets. For the 100 portfolios formed 
on size and book-to-market, annualized portfolio standard deviations 
improve from 9.49% (9.27%) using the (R)DCC-NL model to 8.62% 
using our MHEx model. The AFM-DCC-NL and BEKK-NL perform sim-
ilarly to the RDCC-NL model, i.e., they still produce higher portfolio 
standard deviations than the MHEx model, with values of 9.21 and 
9.25%, respectively.

As unconstrained optimized portfolios often exhibit large portfolio 
positions, high portfolio leverage and high turnover, we consider a 
more practical setting with weight-constrained 130/30 long-short min-
imum variance portfolios. The differences in out-of-sample standard 
deviations remain statistically significant and economically meaningful 
for all but our smallest data set. For example, considering the universe 
of S&P 1500 constituents, the annualized portfolio standard devia-
tion improves to 8.92% using our MHEx model compared to 10.43% 
(9.75%) using the (R)DCC-NL model. Likewise, we find increasing 
outperformance of the MHEx model over the AFM-DCC-NL, BEKK-NL, 
and a restricted DCC-NL model. For large single stock data sets, the 
minimum variance portfolios based on our MHEx model significantly 
outperform portfolios based on a static covariance matrix model and 
the equally-weighted portfolio in terms of out-of-sample Sharpe ratio.

Our paper offers various directions for future research. To further 
enhance its forecasting ability, our model could be extended to incorpo-
rate semi-(co)variance and realized measures based on high-frequency 
intraday data. For example, Patton and Sheppard (2015) use intraday-
based semi-variances in a HAR model, Bollerslev et al. (2020b) use 
intraday-based semi-covariances in a DCC model, and De Nard et al. 
(2022) use range-based variance estimators in a DCC-NL model. In 
addition, for larger stock based data sets, more sophisticated panel 
methods could be used for model specification and estimation.
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