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Abstract

We consider the mathematical analysis and homogenization of a moving boundary problem posed for a
highly heterogeneous, periodically perforated domain. More specifically, we are looking at a one-phase
thermo-elasticity system with phase transformations where small inclusions, initially periodically dis-
tributed, are growing or shrinking based on a kinetic under-cooling-type law and where surface stresses
are created based on the curvature of the phase interface. This growth is assumed to be uniform in each
individual cell of the perforated domain. After transforming to the initial reference configuration (utilizing
the Hanzawa transformation), we use the contraction mapping principle to show the existence of a unique
solution for a possibly small but ¢ independent time interval (¢ is here the scale of heterogeneity).

In the homogenization limit, we recover a macroscopic thermo-elasticity problem which is strongly non-
linearly coupled (via an internal parameter called height function) to local changes in geometry. As a direct
by-product of the mathematical analysis work, we present an alternative equivalent formulation which lends
itself to an effective pre-computing strategy that is very much needed as the limit problem is computationally
expensive.
© 2025 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

Phase transformations are complex processes in which different phases grow or shrink at
the expense of other phases. Notable examples are liquid-solid transitions as in the water-ice
system or solid-solid transformations as they are happening in alloy steels with, e.g., the pas-
sage from austenite to pearlite phases. Especially in the cases of solidification or solid-solid
transformations, these dynamics often occur on the microscale and can lead to complex patterns
and microstructures that influence the macroscopic properties of the system [4,13,36]. Although
these transformations are usually driven by temperature, mechanical effects often play a major
role in the overall process as potentially different phase densities and localized surface stresses
are intrinsically involved [11,33]. As critical geometric changes happen on a length scale much
smaller than the characteristic scales observable in laboratory experiments, it is crucially impor-
tant to derive effective models which are able to explain how measurable material parameters
change depending on the microstructure evolution.

In this work, we investigate a prototypical thermoelasticity scenario, where a one-phase
Stefan-type problem is coupled one way to a quasi-stationary elasticity system. The underly-
ing geometry is a connected, perforated domain that is initially periodic. The small periodicity
parameter ¢ < 1 indicates where the perforations (holes) are allowed to grow or shrink according
to the local temperature average via kinetic undercooling (see, e.g., [3,39]) but without surface
tension. The curvature of the phase interface and the resulting surface stresses are accounted for
in the mechanics part of the problem. We use the Hanzawa transformation framework [23,39],
where phase growth is characterized by a height function that tracks the changing geometry.
This framework, which sometimes is also called direct mapping method (e.g., [37]), allows for
a quite general treatment of moving boundary problems. After transforming the problem into
fixed coordinates, we are able to show that there exists a unique weak solution to the moving
boundary problem for a small but e-independent time interval. We then conduct a rigorous limit
process ¢ — 0 via two-scale convergence to arrive at a homogenized two-scale model, where
the changes at the microscopic level are accounted for via the coefficients of the limit partial
differential equation.

In most cases, it is difficult to establish rigorous homogenization results for moving boundary
problems. The main reason is the necessity for results of higher regularity with delicate con-
trol in terms of the small parameter ¢. For specific problems, however, a couple of results are
available; we point out obstacle and flame propagation problems; see, for instance, [26,27], and,
respectively, [7]. Related results on the homogenization of Stefan-type problems are given in
[41], where a one-phase Stefan problem with rapidly oscillating coefficients was considered, and
in [45], where a doubly nonlinear two-phase problem is considered. For moving boundary prob-
lems in which inclusions of a perforated domain are allowed to grow or shrink, most results are
restricted either to the linear case, where the evolution is prescribed (e.g., [13,15,19]), or to phase
field approximations, where the geometric changes are not explicitly tracked (e.g., [25,32,34]).
Steps towards handling fully coupled moving boundary problems posed in perforated domains
have been done recently. We mention in particular [48], where the authors investigated the
homogenization of a reaction-diffusion-precipitation system, where the evolution of microstruc-
tures is explicitly parameterized via a radius function describing the growth/shrinkage of balls. A
similar model was investigated and homogenized in [21]. Both these works feature a somewhat
restricted growth rate with hard-coded growth stops, i.e., there is a maximal (minimal) radius
from where no further growth (shrinkage) is possible.

Compared to the existing literature, our work brings several novelties:
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e No stopping criteria. There are no stopping criteria encoded in the growth functions. As a
consequence, the existence result is only local in time. In particular, showing the existence of
an ¢-independent time interval (which makes it possible to consider ¢ — 0) is more involved.

e More general geometry. Although we still assume a uniform growth at the level of the cells,
we are considering a more general geometric setup compared to the growing or shrinking
balls. In our setup, any C>-regular inclusions can be considered. This is done by character-
izing the evolution by a height function and employing the Hanzawa transformation [38].
Since this transformation can also be used to describe a non-uniform cell evolution, this is
also an important step toward this more general case.

o Interfacial stresses. Related works consider the case of precipitation of chemical substances
on the surfaces inside porous media (cf. [19,21,35]). Although these models are similar to
phase transition models, there are also important differences. For one, inherently geometric
quantities like the curvature (to account for surface stresses) have to be tracked within the
problem.

This article is structured as follows. In Section 2, we introduce the setup of the moving geom-
etry and the mathematical model equations of our system. This is followed by Section 3, where
we list and discuss our mathematical assumptions. We also present here our concept of weak
solution. In Section 4, we investigate the mathematical analysis of the ¢-dependent problem and
show that there is a unique local-in-time weak solution (see Theorem 4.9). Next, Section 5 is ded-
icated to the derivation of the homogenization limit ¢ — O (Theorem 5.3). Finally, in Section 6,
we discuss our results and point to future work relevant for this setting.

2. Setting and preliminaries

In this section, we provide the specific geometric setup, present the mathematical model,
and collect assumptions on the coefficients and data. In Section 2.1, we introduce the Hanzawa
transform, which we use to track geometric changes, and we state some important auxiliary
results. We also present some important lemmas that we rely on in the analysis of our problem in
Section 2.2. In general, we use C > 0 to denote any generic constant whose precise value might
change even from line to line, but is always independent of ¢ and T, as well as, sometimes, other
parameters that are explicitly pointed out.

First,let S = (0, T), T > 0, represent the time interval of interest and let a bounded Lipschitz
domain © C R represent the spatial domain. For technical reasons, we assume that €2 is a finite
union of axis-parallel cubes with corner coordinates in Z3. We denote the outer normal vector of
Q by v=v(x). Now, let Y = (0, 1) denote the standard unit cell, and let Z C ¥ be a C3 regular
domain with Z C Y. Removing Z from Y, we get the Lipschitz domain Yo = Y \ Z, whose
external and internal boundaries are given by dY and I' := 9Z, respectively. With nr =nr(y),
y €T, we denote the normal vector of I" pointing inside of Y. See Fig. 1 for a representation of
this set-up.

Now, let &g > 0 be chosen such that €2 can be perfectly tiled with g9Y cells and set ¢, =
27 "¢gq. For readability, we will omit the » in ¢, and interpret ¢ — 0 as &, — 0 for n — co. We
introduce the finite index set Z, = {k € 73 e(Yo+k) C 2.} and use it to index individual cells
Ye r :=€(Yo + k) and their internal interfaces through I'; x := e(I" 4+ k) for all k € Z;. Please note
that |Ye x| = &3|Yp| and [Texl = 2|I'|. From this we built up the initial perforated domain and
its internal interface
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Fig. 1. Left: The geometry of the unit cell with the inclusion Z. Right: Visualization of a tubular neighborhood Ur (grey
area) introduced in Section 2.1 inside which the interface is allowed to grow. Please note that these are cross sections as
we are working in 3D.
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Fig. 2. Left: A two dimensional cross section of the initial periodic geometry. Right: The changed geometry of this cross
section at some time ¢ > 0 with growth and shrinkage in different parts of the domain. Please note that these are cross
sections as we are working in 3D.

Qo =int| (JeMo+h |, Te=an|Je@+k
keZ, ke,

We introduce time-dependent domains 2. (¢) and I, (¢) for t € (0, T), see Fig. 2. The normal
vector at I';(¢) that points inside €2.(¢), is denoted by n.(z, y) for all y € I'; (). We assume that
the outer boundary 92 does not change in time and introduce the space-time sets

0. =i} xQ:0),  ze=J) xTe0).

teS teS

Fort € S, and x € Q.(t), let u; = u (¢, x) denote the deformation and 6, = 6. (¢, x) the tem-
perature. The bulk equations for the one-phase thermoelasticity problem are given as (for more
details on the modeling, we refer to [6,28])

—div(Ce(ue) —ab:l3) = fo  in Qe, (1a)
pco 0, —div(KVO,) =g, in Q.. (1b)

Here, C € R3*3%3x3 ig the stiffness tensor of elasticity, @ > 0 the thermal expansion coefficient,
p > 0 the mass density, ¢ > 0 the heat capacity, K € R3*3 the thermal conductivity, and f;,
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g are volume source densities for stresses and heat, respectively. In addition, e(v) = 1/2(Vv +
VuT) denotes the linearized strain tensor and I3 the identity matrix. Here, we are neglecting the
heat dissipation term, y div d;u, with dissipation coefficient y > 0, as is often done in similar
problems [46].

The phase transformation and as a consequence the geometric changes are assumed to be
driven by the local average of the temperature via the law of kinetic undercooling:

|
Veh = ——— O.(t, x)do. (1c)
T Tes ()] i

Ce (1)

Here, ve x: S — R for k € Z,; denotes the normal velocity (in direction of nr) of the interfaces.
Therefore, positive average temperatures at the interface I'; x lead to cell shrinkage (Yo + k)
and, correspondingly, negative averages to growth.

The phase transformation might induce additional surface forces and we assume these forces
to be proportional to the mean curvature of the interface:

—(Ce(ug) — abI3)n, = —e*ks00n: on . (1d)

Here, op > 0 is the coefficient of surface tension and «, is the mean curvature of the interface.
The scaling via &2 counters the effects of both the interface surface area and the curvature itself,
note that ||, |ke| ~ &~ L.

In a similar way, the release of heat across the interface is assumed to be given via the latent

heat L € R:
—KVO, -ng=¢eLv, in X, (le)

where v, denotes the normal velocity of the interface. Here, the scaling via ¢ counters the effect
of the interface surface area. More complex interface conditions than equations (1d) and (le)
arise if the interface is allowed to be thermodynamically active thereby requiring us to formulate
separate balance equations for surface stress and surface heat, we refer to [49].

Finally, we pose homogeneous Dirichlet conditions for the momentum equation and homoge-
neous Neumann conditions for the heat equation as well as initial conditions for the temperature:

u, =0 on § x 09, (1)
—KVO,-v=0 on § x 9L, (1g)
0:(0) =6p on 2, (1h)

where 6. is some (possibly highly heterogeneous) initial temperature distribution.

Remark 2.1 (The averaging assumption). Please note that the averaging condition Eq. (1c) is
chosen for mathematical reasons to avoid local velocity gradients. In principle, local gradients
can be captured with the Hanzawa transformation, but it is not yet clear how to incorporate those
into homogenization settings. We note that this approach with local averaging is a relatively
common approach to tackle such problems, cf. [19,48]. The main obstacle in treating the case
without averaging, i.e., replacing Eq. (I1¢) with ve x = 6; ¢, are the additional e-uniform estimates
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needed in the analysis. With the averaging assumption, standard energy estimates together with
L®°-bounds are sufficient (cf. Lemma 4.6). Without it, additional estimates in the form of

VOl Lo (@, (1)) + €1Vl Lo (@, 1)) < C

with C independent of ¢ are necessary; see for example [8,15].

We note that due to the connectedness of ©2.(¢), we expect 6, to be strongly converging and,
as a result, to be independent of the micro variable in the homogenization limit. For that reason,
we expect

1

O.(t,y) — ——— O.(t,y)d 0 0

(2, 7) ICor(0)] / . (t,y)do | — (e—=0)
Le k(1)

almost everywhere on I';(#). This indicates that this modeling assumption is also physically
reasonable in this specific case.

A comment regarding the notation: We do not distinguish between the corresponding norms
for scalar, vector, or matrix valued spaces, e.g., we write || - ||Lq(q) for functions in L9(S2),
L1 (9)3, as well as LY (Q)3 %3 In each case, the norm is understood as the Bochner norm, with
the Euclidean norm used for vector-valued functions and either the Frobenius or operator norm
for matrices, depending on the context. For example, for ¥ € Lz(Q)3X3, we have

1

2

Wl 2 = f|w(x>|2dx
Q

where | - |2 denotes the norm on R3*3 (either Frobenius or operator norm). Since |A|pp <

|AlFr < /3 |Alop for all A € R3*3, we can switch between these norms. Whenever specific
estimates (i.e., without generic constants) are claimed (as in Lemma 4.1 for F; = Ds, with
| Fe |l 2o (@) < 2), the operator norm is used.
2.1. Coordinate transform

We start by introducing some rudimentary concepts of differential geometry and point to [30,

38] for an in-depth overview and discussion. As a C3 interface, I" admits a tubular neighborhood
U C Y as depicted in Fig. 1. Moreover, there exist a; > 0 (i =1, 2)! such that the function

A:T'x(—ay,a) > U, A(y,s)=y +snr(y)
is a C? diffeomorphism whose inversion is given by

AT U ST x (—a,a), ANy =(P@(),dO))

! These are the radii of balls for which the interface satisfies interior and exterior ball conditions.
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where P denotes the projection operator onto I' and d the signed distance function (positive in
Yy and negative in Z). Next, we introduce the shape tensor, or Weingarten map,

Lp: T — R¥3, Lr(y):D( Vo) >

Vo)l

where p is any C? level set function for I'.> Here and in the following, we use D to denote the
Jacobian matrix of any vector valued function and note that Df = (V )T for any real valued
function f: R3 — R. The Weingarten map is symmetric and its operator norm therefore is given
by |Lr(y)| =max;—; 7 |«;| where the eigenvalues k1, x2 € R are the principal curvatures of I"
at y € I'.? Finally, we set a* = min{a, a3} and have 0 < a* < (2|Lr|(y))~" which implies
|Lr(y)| < (2a*)~!. The mean curvature field k : I' — R of the interface I' is given by

1
k(y)= EtTLF(J/)

and we have x € C1(I") since " is C3. Finally, we set a* = min{ay, ay}. In the following lemma,
we characterize some derivatives that will come up in the analysis.

Lemma 2.2. The derivatives of d and P are given via (y € U)

Vd(y) =nr(P(y)),
DP(y)=M(P(y),d(y)) Id—nr(P(y)) @ nr(P(y)))

where
M:T x (a1, a2) - R¥3, M(y,s)=(0d—sLr(y))"".

In addition, we have the implicit relation

D?d(y) = —Lr(P(»)(d —d(y)Lr(P(»)))~".

Proof. The derivatives are given in [38, Chapter 2, Section 3.1]. The invertibility of (Id —s L(-)) -1
over I' x (aj, ay) follows by 2|L(y)| < min{al,az}_1 =1/e*. O

Generally speaking, a Hanzawa transform is a coordinate transformation between different
interfaces which are normally parametrizable; i.e., where the change can be measured in terms
of a height function describing the change of I" inside the tubular neighborhood U. As we are
considering uniform growth (or shrinkage) in each individual cell (see Eq. (1c)), this transfor-
mation is easy to describe. To that end, let x : R — [0, 1] be a smooth cut-off function which
satisfies

2 The shape tensor is independent of the choice of level set, see [38, Section 2.1].
3 The third eigenvalue is 0 as Lpnr =0.
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() x(r)=1forre (—%‘, "3—2), (i) x(r) =0 for r ¢ (—23ﬂ, ?),

4
(iii) sign(r)x'(r) <0, (i0) X'l = —-

Lemma 2.3. Let h € (—a1/10, @2/10) and T'(h) = {y + hn(y) :y € T'}. Then the C? transforma-
tion s: Y — Y defined by

s(x) =x + hnr(P(x))x (d(x)) (2)
satisfies s(I') = I'(h) as well as
IDsllze@) <2, I1Ds™ Iz <2.

The curvature of X can be calculated via

k: (—%, %) xT >R, k(hy) =t [(Id —er(y))*‘Lp(y)] .

Proof. Since I'(h) is in the tubular neighborhood of I' and the height parameter 4 is con-
stant, s(I") = I'(h) and the C>-regularity of s, follows immediately. We introduce the function
f:[—a1, a2l = [—a1,a2] with f(r) =r + hx(r).* With f'(r) =14 hy'(r) and |x'| < 4/a*
injectivity of f follows for all & € (—a1/10, @2/10). In addition, as f is continuous and f(—a;) =
—ay and f(ay) = az, f is also onto. Now, assume there are two points x1, x» € U such that
s(x1) = s(x2) which implies P(x;) = P(x2) (points are only moved in normal direction). With
d(s(x1)) =d(s(x2)), we find that

d(x1) +hx(d(x1)) =d(x2) + hx(d(x2)).
Since f is injective, we have x| = x»; hence injectivity of s. From here, the regularity of s~! and
the bounds for the Jacobians can be argued via direct calculations. We refer to [14, Lemma 2.9]
where this is done in detail. The curvature identity is a special case of [38, Section 1.2]. O
Note that the range of possible & can be extended (too, e.g., (—a1/2, @2/2)) at the cost of weaker
estimates for || Ds™!|| 1(@). As a next step, we extend this transformation to the rescaled, e-

periodic initial geometry. To that end, we introduce e-periodic interface and its corresponding
tubular neighborhood

ree=qn| Je@r+o ], ve=an| |Jew+h
keZ3 keZ3

By a simple scaling argument, this leads to the C>-diffeomorphism

Ag: Te X (—eay, ear) — U,

4 This function f describes the behavior of s alongside any normal ray.

8



M. Eden and A. Muntean Journal of Differential Equations 452 (2026) 113764

2 z

2 3 4

—_

Fig. 3. Simple example demonstrating the construction of [x] and {x} in RZ.
with the corresponding inverse

A7 U — Te x (—ear, eaz),  A7'(x) = (Pe(x), de (x))

where P, denotes the projection operator onto I, and d, the signed distance function. Please
note that, by construction, P, and I'; are directly related to the Y -periodic functions P and I via

=[]+ 2]). avo=a([2])
€ e €
Here, [-] : R" — Z" and {-} : R" — Y are defined via (see also Fig. 3)
[x] =k suchthat x — [x] € [0, )", {x}=x—[x].
Due to this periodicity, the results from Lemma 2.3 can be directly transferred:

Corollary 2.3.1. Let h: T, — (—a1/10, 22/10) and let

Fe(h) = |ty +ehne(y) -y €T +k).
keZ,

Then the C? transformation s, : 2 — Q2 defined by

de
5e(X) = x + eh(Pe(x)) ne (Pe(x)) x ( ix)> 3
satisfies s(I's) = Tg(he) as well as

IDselloo@) <2, 1IDs; iz <2

For the curvature of T'c(h) with respect to the curvature of I', we have

Kot (—%1, %2) xT >R, ke(h,y)=g"" tr[(ld—er(y))*lLr(y)] .

Proof. Taking any e-cell e(Y + k) for k € Z,, we can apply Lemma 2.3 to get a transfor-
mation sgx: €(Y + k) — (Y + k). Now, since s.x = Id in a neighborhood of dY due to
the cut-off function y vanishing, we can glue these transformations smoothly via s.(x) :=

9



M. Eden and A. Muntean Journal of Differential Equations 452 (2026) 113764

ZkeIE 115(7+k)(x)§8,k (x), where §¢ ; denotes the zero-extension of s, k. Since the (Y + k)-cells

perfectly tile the domain 2 for all ¢, this implies s, : Q@ — € as well as its C2-regularity.
The curvature identity is just a basic rescaling of the corresponding result in Lemma 2.3. O

To account for the changes in time, let, for t € S, I'y(tf) C U, and let h: § x T, —
(—a1/10, a2/10) be height functions satisfying

Te(t) = | {y +eh(t. ne(y) : y el +k)).
keZ,

Then, we can apply Corollary 2.3.1 at every point in time to get a parameterized family of
transformations s, (¢, -) whose regularity with respect to time is determined by the time regu-
larity of 4. With the normal velocity function v,, the height functions are explicitly given via
he(t, k) = [y ve(z, k) dr.

Remark 2.4 (Example: Growing and shrinking balls). One relatively simple example of this
setup with the Hanzawa transformation is balls which are allowed to grow and shrink. To that
end, let I' = 9B, (y), where B, (y) denotes the ball of radius r centered at y = (0.5, 0.5). In this
case, we may choose a; = a; = 0.25 and can refer to [48, Section 2.2.1.] for an explicit form of
a corresponding transformation.

2.2. Additional auxiliary results
There are some additional auxiliary results that we will rely on in the analysis of the full

problem. To formulate these results, we need to talk about how the geometries change with the
height functions. To that end, for h: Z, — (—a1/10, a2/10), we set (as in Corollary 2.3.1)

Te(h) = |y +ehe(®ne () 1y €T+ ).
ke,

In addition, we take €2.(%) C 2 to be the corresponding connected domain with internal bound-
ary I'; (h), that is, 02, (h) =Tz (h) U 9.

Lemma 2.5 (Extension operators). Let h: I, — (—a1/10, a2/10). There is a family of linear ex-

tension operators P p, : HY(Q:(h))? > HY(Q)3 and a constant C > 0 (which is independent of
e and h) such that

1Penellmi) < Cllelui@,my:  NePerp)liizq) < Clle @l a1, m)
forall 9 € HY (2. (h))3. Here, e(¢) = 1/2(Vo + VoT') denotes the symmetric gradient.

Proof. For every constant 4 (i.e., periodic geometry), this is a standard result for perforated
domains (we refer to [10, Section 2.3] and [25, Section 4.3] for the symmetric gradient); and

5 Please note that this is only possible since the cell growth is uniform. Without this assumption, the height function is
more difficult to characterize, see [38].

10
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since we are only looking at inclusions and have no changes in topology or connectivity, we can
choose the constant C independent of 4, i.e.,

C:= sup Cp < o0.
—ayj/10<h<a/10

That this is indeed possible is shown in full mathematical rigor and in a more general and abstract
setup in [18, Theorem 3.1].
Now, for variable h: Z, — (—a1/10, @2/10), we can locally extend and glue together in the same
way as in the standard periodic case like [10, Section 2.3]. O
Lemma 2.6 (Trace operators). There is a C > 0 such that
(i) Trace theorem.

elolsr, < C 1012, + &2 1V0I g, | (e H @),

(ii) Trace theorem for an individual cell.

lvllir, ) =€ E||U||Ll(a(y+k)) + ||VU||L1(£(Y+k)):| (ve H'(e(Y +K))).
(iii) Trace theorem for bounded functions.
Il < ol (e H' () NLP ().
Proof. For (i), we refer to [24, Lemma 3(b)]. For (ii), we rely on a scaling argument. We note

that I'; x = e(I"+ k) and, w.l.o.g., take kK = 0 as k is just a translation. We employ the substitution
y > y =Y/e and get

/Iv(y)|d0=€2/|v(§)|d5§82C /Iv(i)ldiJr/IVyv(i)ldi
Y

Teo r Y

Substituting back, yields

/Iv(y)ldafflc /Iv(y)ldy+8/|Vyv(y)|dy
ey

Ieo Y
For (iii), since v :=v + ||[v||L>(Q,) € H'(Q,) is non-negative, it holds v > 0 on I'; in the sense
of traces. Consequently, v > —||v| 1= (q,) on I's. The upper bound v < ||v| = (q,) follows via
v—lvllee@y. O
We introduce

Hyo(Q:) ={ue H () : u=00n9Q}

11
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where we have the following inequalities:
Lemma 2.7 (Inequalities for perforated domains). There is a C > 0 such that
(i) Poincaré’s inequality.
Wl 2, + 1Vl 20,) < ClIVVIL2,) (€ Haa(Re)).
(ii) Korn’s inequality.
IVl 20,y < Clle) 20, (v € Han(Re)?).
Proof. For (ii): [12], and for (iii) [24, Lemma 5.3(b)]. O
3. Assumptions and weak formulations
We start by formulating the assumptions we place on our geometry and data.
(A1) The coefficients «, p, ¢, 00 € R are all positive and L € R. The heat conductivity K €

R3*3 is symmetric and positive definite, and the stiffness tensor C € R3*3*3%3 satisfies
the symmetry conditions

Cijt =Cjiki = Cijik =Cuiij (, j, k,1=1,2,3)

and the positivity condition CM : M > ¢|M|?* for some ¢ > 0 and for all symmetric M
R3X3.
(A2) The volume source densities f; € L2(S; C*1(Q)) and g, € L>°(S; C*1(Q)) satisfy

sup (”fs”LZ(S;CO,l(ﬁ))S + ||88||L00(5;C0.1(§))) < Q.
e>0
In particular, their Lipschitz constants, L s and L, are uniform in &.
(A3) The initial geometry I'; is periodic and C>-regular and, as a consequence, its curvature
function k. : T, — R is C!.
(A4) The initial condition 6y, € L°°(£2) satisfies

sup |60 [| Lo () < 0.
e>0

(AS) There are limit functions f € L%(S x ©)3 and g€ L%(S x ) such that fe — f strongly
in L%(S x )3 and 8¢ — g strongly in L?(S x Q) for e — 0.
(A6) There is a limit function 6y € Lz(Q) such that 6y, — 6y strongly in L2(Q) for e — 0.

We point out that Assumptions (A1)—(A4) enable us to solve the e-moving boundary problem
and Assumptions (A5) and (A6) are needed purely for the limit process ¢ — 0.

Remark 3.1 (Regularity assumptions). There is room to weaken some of the above assumptions.
For example:

12
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e The volume source densities only need to be Lipschitz continuous in the tubular neighbor-
hood U, C 2 where the interface is allowed to move, see also [48].

e It is also possible to consider non-linear right hand sides. In case of Lipschitz continuity,
e.g., the results presented in [48] could easily be adapted to the problem presented here. As
this introduces some additional technical difficulties, we went with the linear case here.

e For the initial geometry I, C2-regularity is enough to make sense of the Hanzawa trans-
formation. However, the Hanzawa transformation relies on the normal vector to parametrize
the transformation which incurs loss of regularity. To stay in C?, this makes it necessary to
either introduce a smooth reference interface [38] or a suitable phantom geometry [22] and
thereby introduces additional local variations in the height functions making the analysis
(with respect to the scale parameter) of the problem much more involved.

Our concept of weak formulation corresponding to System (1) is given as:
Definition 3.2 (Weak solution in moving domains). We say that
(Ve e, 0) € L) 5 L2(Q0)* x L(Qe)
is a weak solution with moving domains, when

(i) (ue(t),0:(1)) € H'(Q:(1))? x H'(Q:()) for almost all # € S, 6,(0) = 6, and 3,6, €
L*(Qe).
(ii) The domain changes are characterized via the height function h.(¢, k) = fot ve(7,k)drt in
the sense of Corollary 2.3.1.
(iii) The interface velocity is driven by the local temperature averages:

1
Ug([,k):m / Qg(t,x)da.

Le k(1)

(iv) The weak form for (u., 6;) given by

/Ce(ug):e(v)dx— / ozé’,;divvdx—i—s2 / Keopng - vdo = f fe - vdx,

Qe (1) Qe (1) Fe(t) Qe (1)

/pcB,OE(pdx—}— / KV@S-Vgodx—i—s/ng(pda: / gepdx,
Qe (1) Qe (1) Le (1) Qe (1)

holds for all (v, ¢) € H]o(Q (1)) x H'(Q(r)) and almost all ¢ € S.

Due to the moving domains, it is difficult to work with Definition 3.2. Although we are able
to describe the changing domains via the height function by using the Hanzawa transformation
via Corollary 2.3.1, we still need to refer back to some fixed reference geometry to conduct the
analysis of that problem.

To that end, assume that a C!-function s.: S x £ — Q (such that s.(z,-) is a C!-
diffeomorphism for all ¢ € S) describes the moving domains and set F, = Ds, and J, = det F.
We introduce reference (i.e., with respect to the reference geometry) parameter functions

13
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1 T
At S x Q> RYPP A B =~ <F€TB + (F;TB) ) ,

Cr,e‘: S x Qg — R3X3X3X3,
Are: S X Qe — R3*3,
Cret S X Qe —> R,

Kre: S x Qe — R,

the transformation related functions

Wre: S X Q. — R,
Vet S xTg — R3,

Hyo: SxTy — R¥3,

and the transformed source densities

Journal of Differential Equations 452 (2026) 113764

Cr,s = Js-Azce-Am
Ore = JSaFg_Tﬂ
cre = Jepcd,

Kye=J.FIKFT

-1
Wy, = Fg 0S¢,

Ve = Je Lg,

fr,e: S x Qe — R3, fr,e = Js]?e,

8re: SxQe—> R, g o=J:Z,

~ -1
H, ¢ = Jeooke F

(4a)

(4b)
(40)
(4d)
(4e)

(4f)
(4
(4h)

(41)
(4))

where fof afunction f: Q. — R”" denotes the pullback f 1 §x Qg — R”" defined via f (¢, x) =
f(t,s:(t,x)). Please note, that we have two different, but related, velocities now: The normal
velocity in fixed coordinates, v, defined on the interface I'; and the velocity of the coordinate
transform, w,, defined on €2.. When the motion s, is given via the Hanzawa transform in the

sense of Corollary 2.3.1, it automatically satisfies Jow, ¢ - g = v, On S X Ig.
The corresponding weak formulation for the problem in fixed coordinates is given as:

Definition 3.3 (Weak solution in initial domains). We say that

(Ve, e, 0re) € L(S)e x L2(S; Hlg(R2:)) x L2(S; H'(2:))

is a weak solution with respect to the initial domains when

(i) 60,:(0) =00, and 0;(cr,ebr¢) € LZ(S X £2¢).
(ii) The domain changes are characterized via the height function h.(¢, k) = fot ve(7,k)drt in
the sense of Corollary 2.3.1 and the functions in (4) are given in terms of the corresponding

transformation s;.

(iii) The velocity is driven by the local temperature averages:

ve(t, k) =

1

0, (t, x)do.
el / "
rsk

14
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(iv) The weak form for (u, ¢, 6, ¢) given by

/Cr,ge(ur,s) ce(v)dx — /Qr,saryg :Vudx +82/ Hy¢ng-vdo = / fre - vdx,
Qe Le Qe

Qe

/at (Cr,ser,s) pdx + f (Kr,sver,s + Cr,swr,sgr,s) -Vodx +¢ / Vrepdo = / 8repdx
Qe Qe Le Qe

holds for all (v, ¢) € H;}Q(Qg)3 x H'(Q,) and almost all # € S.

We want to point out that the two different perspectives, Definition 3.2 vs Definition 3.3, are
equivalent given the assumed regularity via the pullback.

In other words, (ve, ue, 8¢) is a solution in the sense of Definition 3.2 if and only if (ve, i, 55)
is a solution in the sense of Definition 3.3.

4. Analysis of the e-problem

In this section, we investigate the e-dependent moving boundary problem and show that there
is a unique solution (vg, Ur¢, 6y ) in the sense of Definition 3.3 over some possibly small but
e-independent time interval (0, ¢*) C S. We start by first establishing some important results
regarding the geometry changes (Section 4.1), before we go on to transform our problem into
the initial configuration (Section 4.2). After showing some important e-uniform estimates in
Section 4.3, we are then able to show the existence of a unique solution utilizing the contraction
mapping principle (see Theorem 4.9).

The general argument outlined in this section is as follows:

(i) Local existence for prescribed velocity: For every M > 0, there is a positive time horizon
Ty such that for every velocity function v, bounded by M leads to a unique weak solution
6y over (0, Ty).

(ii) Self mapping property: There exists a threshold value M* > 0 such that for all velocity
functions v, bounded by M* the corresponding solutions 6, . in turn lead to velocities
bounded by M*.

(iii) Fixed-point argument: The self-mapping has a unique fixed-point which is a solution in
the sense of Definition 3.3. This solution exists at least on (0, Ty+).

4.1. Tracking of the interface and estimates

As a first step, we show that a prescribed normal velocity leads to a well defined motion that
tracks the growing or shrinking interfaces. To that end, we take a function v: S x Z, — R and
look at the changing geometry. This means that in every cell e(Y + k) for k € Z, the interface

e(I" + k) is growing or shrinking with velocity v (¢, k) at times ¢ € S.

Lemma 4.1 (Motion problem). Let v: S x I, — R be the normal velocities describing the move-
ment of the interfaces I i for k € I, and assume that they satisfy

M :=max |Jv(k)|| Loo(s) < 00.
keZ,

15
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Then, there exist a time horizon Ty := a*/10M where a* = min{ay, ap} and height parameters
he: [0, Ty] X Ze — (—a1/10, 42/10) such that

e ={y +ehe (re| Z])ne) : vere]  @ero. .

Also, the motion s.: [0, Ty ] x @ —> Q defined via

se(t,Xx)=x+¢ {hg (t’ & [@]) ne(Pe(x)) X (dff‘)) , x €U )
0 , x ¢ Ug

satisfies s¢(0, ) =1d, s.(t, Q) = Q, and s¢(t, Ts) = [e(t). Moreover, sy (t,-) € C*(Q) and

IDse () lzoy,  I1Dss () llzoq) <2

Proof. Forany y e[, ¢ [%] denotes the unique k € Z, such that y € ¢(I" 4 k) (see also Fig. 3).
As a consequence, we can alternatively characterize the evolving surface via

Te(t) = | {y +ehet, bne(y) = y €T+ k).
iel,

The height functions can be explicitly calculated via

t

hs(t,y)=fvs(f, [yvDdr (v ele).
0

For Corollary 2.3.1 to hold, we need —a; < 10h.(t, k) < ap which is satisfied whenever t <
a*/10M. As a consequence, we can apply Corollary 2.3.1 for every t € [0, Tyy]. O

This transformation s, describes and tracks the changing geometry with reference to the pe-
riodic, initial geometry I'; via the normal velocities ev. With a slight abuse of notation, we
introduce the inverse (at every point in time) transformation s 11 [0, Ty ] x @ — Q as the unique
function satisfying s, I (t,5:(t, x)) = x for all (¢, x) € [0, Ty] x Q. In the following, for every
t >0, let

Ve(t) := L0, 1) .
We point out that every v, € V,(¢) can be uniquely identified with a piecewise constant func-
tion v, € L°((0,t) x Q) where the constant value in any cell (Y + k) C Q is taken to be

the corresponding k-value of v,. We introduce the Jacobian matrix Fy(z, x) = Ds.(t, x) and its
determinant J, (¢, x) = det F,(¢, x) and obtain the following estimates:

Lemma 4.2. Let M > 0 and v € Vo(Ty) such that |v| < M. Also, let sg: [0, Ty ] X Q — Q be
the corresponding motion function given by Lemma 4.1. Then,

16
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SM
[Fe@®llLe@) =14+ —;
a

-1 10M M
t, \Fy Ollpe <1+ a—*t’ IJe @)oo <1+ Ca—*t,
where C > 0 does not depend on M, t, and ¢. The inverse motion is bounded as
s (1) = 1d | L) < 26 M1

Moreover, there is a constant ¢ > 0 (independent of M, t, and ¢€) such that ¢ < J.(t, x) as well
as

F'a,0F 7,08 -6 >clg]* (£ eRY).

Finally,

_ SM
18, Fe ()l ooy + 180 Fy ' (0 | ooy + 19: Je (D) | Lo (@) < prad

Proof. The Jacobian of s; is given via Fy =1d on Q; \ U, and Fy =1d+eDvy;; on U, where v,
is given as

Yelt.3) = he(t, 8 [e7 Poo) e (P o) 1 (o)

We note that &, is constant for any given cell and let k € Z, and x € (Y + k). Calculating the
spatial derivative of ¥, in x, we therefore find that

d; r d, T
D%(f’x)=he(f7’<)"e(Pe(x))V<x (%)) +he(t,k)D(ne(Pg(X)))X< i”) .

With Lemma 2.2, we arrive at

dg (x)
>

Dyre(t,x) =& he (1, ) ' ( > [ne(Pe(x) @ ne(Pe(x))]

dg (x)

+he(t, k)x ( ) Le(Pe(x))M¢(de(x), Pe(x)) [Id —ng (Pe(x)) ® ne(Pe(x))].  (6)

Based on the scaling properties of I'; (in particular, |L.(y)| < 1/2¢* and |M,(r, y)| <2 for all
—apy <r <aj,y €Iy see Section 2.1 and specifically Lemma 2.2) and the properties of y, we
see that

5
leDyre (2, x)] < — max |hg(t, k).
a* kel

With h.(t, k) = fot ve(7, k)dt and |vg| < M, the first estimate

SM
[ Fe@llLoeo@) <1+ ——t
a

17
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follows. With the same argument, it also follows that |Id — F, (¢, x)| < Sa—/f:’t < 1. For the inverse

Jacobian, we can then employ the Neumann series to get
|F7 e x) —1d| < (1= | ld=Fe(t, 0D 7!
Now, as 5M/q*t < 1/2 for all ¢ € [0, Ty,], it further follows that

1 ) sM 0\ 7! 10M
F7 ) -1 < - d-F@oh < (1-=1) <1+—r.
a a

Let o1¢(t,x) > 02(t,x) > 03,(¢t,x) > 0 denote the eigenvalue functions of F.. Then,
|Fe(t, )| = 01,6 (t.0), |[F (6, 0] = 05 ) and |/, (1, )| = [T, 07,6 (1. x). Now, with

3 oM \? M
e, x)| <016, x)" < |1+ ——1) <14+C—t
’ a* a*
for a sufficiently large C > 0 (but independent of M, ¢, ¢). Similarly, we get
SM
[ Je(t,x)| 21 -=C—1t>c>0 @)
a

where ¢ > 0 does also not depend on M, t, ¢). For the inverse motion, let y € Q and take x =
(s¢)~1(z, y); this implies y = s, (¢, x) and therefore

y=x+¢ehe(t,k)ng(Pe(x))x (de(x)).
Via implicit differentiation, we find that

0=, (56 (7,5, (1, 9))) = dyse (¢, 5,1 (2, ) + Felt, 57 (6, y)dys 2, p)

implying

~1
s () == [Fetes | dustsT @y,

Here, 0;s.(t, s;l(t, y)) = ev(t, k) where k € Z, such that y € (Y + k). Integrating with respect
to time, we get

t

—1
sg_l(t,y)—Id=—8/[F€(t,s8_1(t, ) IRICAOL

0

which then yields the estimate

t
Isg ' (1) = 1d || Lo (e < 28[max|v(r)|dr
keZ,
0
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By construction, the matrix F~'(r, x) F~T (¢, x) is symmetric and positive definite at every
point (¢, x). That the bound is uniform can be seen via the determinant estimates (using Eq. (7)
and 24¢ < % for all r € [0, Ty ])

a*

1 - 1
Je(t,x)2 — (14 C)2

det(F~'(t, x))F T (t,x)) =

For the time derivatives, we first note that v(-, k) € L°°(0, Tyy) implies h (-, k) € W°(0, Tjy)
for all k € Z, which in turn implies F.(-, x), Jo(-, x) € W12°(0, Tyy) for all x € €. With this in
mind, we note that d; F, =0 on Q; \ U, and 9; F, = €9; DY, on U,. Looking at Eq. (6), we see
that the only time dependency is due to 4. Therefore,

dg (x)
&
dg (x)

¥ Fe(t,x) = dhe(t, k) X’ ( > [ne(Pe(x) @ ne(Pe(x))]

+ 0he(t, k) x ( ) Le(Pe(x))M¢(de(x), Pe(x)) [Id —ne (Pe(x)) ® ne(Pe(x))].

Now, all parts can be estimated exactly as before with the only difference being the height func-
tion. With h.(t, k) = fot ve (7, k) dt and |vg| < M, we have |0;h.| < M. Then (with |x’| < 4m/a*,
|Lg| < 1/2a*, and [ M| < 2),

SM
0 Fe(t, 01 <25 D
a

For the fixed-point argument it is also crucial to understand how this transformation behaves
under small changes in the normal velocity:

Lemmad.3. Let M > 0 and vV, v® € V. (Ty) such that |v®| < M. Also, let s i = 1,2, be the
corresponding transformations, and let t € (0, Tyr). Then there is a constant C > 0 (independent
of e, t, and M) such that

1 2 1y—1 2)y—1
s — s o yx) + 16D ™ = ) Nize <)
t

<eC | max vk, 1) — vP(k, 7)|dr.
ke,
0

Also, for the Jacobian matrices and determinants Fg(i), Jg(i) , it holds

IFD — FP | poo0.0x9) + IED) ™ = (FO) Mooy <) + 1T = I 0.0y x2)
t

<C | max vk, 1) — v P (k, 7)|d.
kel,
0

Finally, for the time derivatives,
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170 @) = 8.2 Ol e < Cmax oDk, 1) = v @k, 1.

Proof. This can easily be ascertained directly via the definition of the transformation (see
Eq. (5)) by incorporating the estimates established in Lemma 4.2. O

In the analysis of the moving boundary problem, we are using the cell-uniform Hanzawa
transformation to transform the moving geometry into the fixed reference configuration. The
following corollary is necessary for some of the estimations for the pull-back.

Corollary 4.3.1. Let M > 0 and let vie Ve(Tum) such that [vi] <M, i=1,2, with corresponding
Hanzawa transformations s}: [0, Ty ] x Q — Q. Also, let f: Q — R" be Lipschitz continuous
(constant L). For fi: [0, Ty] x Q2 defined via fi (t,x) := f(sé)_l(t, X)),

t

17 () — ROl <eCL g;%xw(”(k, 7) — v (k, 7)|dr.
J ke

Proof. This is an immediate consequence of Lemma 4.2 and the Lipschitz continuity. O
4.2. Analysis in initial domain

Using the motion function s, for a given normal velocity function v, € V,(T)s) with bound
|ve] < M (Lemma 4.1), the thermo-elasticity problem can be transformed into a problem posed
in the initial domain. As a direct result of Lemma 4.2 the coefficients and data functions are all
bounded uniformly in ¢, i.e.,

Ur,e

”ér,«‘?”L:’O((O,TM)XQ) <Cforé e {Cr,£9 e, Cre, Kre, ?» Vie, eHy ¢, fr,£s gr,a} .

Moreover, there exists a constant ¢ > 0 (independent of &€ and M) such that, for all (0, Tys) x €2,

cre(t,x)>c, Cre(t,x)B:B>c|B*, K,(t,x)& &> clg|? (8)

for all symmetric B € R**3 and for all £ € R>. Here, the positivity of C, . is not immediately
obvious: For every u € H 1(€2,)? with u = 0 on the external boundary 9€2, we have

/Cr,se(”) re(u)dx = / Ce(t) : e(un) dx > C”e(ﬂ)niz(gzg(t))v
Qe Qe (1)

where #(t, x) = u(t, s¢(t, x)). With Korn’s inequality and Lemma 2.5, this implies after trans-

forming back to the reference coordinates

[ ot ewar = Vil < clle@lsg,
Qe
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The last inequality holds because ||Vu||iz(§z€) = lle@)|?, @) T 1V2(Vu — vul)l3, @, (mote

that e(u) and 1/2(Vu — Vul) is an orthogonal decomposition of Vu). As this holds for all test
functions u € H'(2,)3, positivity of C, . follows.
Lemma 4.4. Let M > 0 and let v/ € Vo (Tyy) with [vi| < M, j =1,2. Also, let £, be any of the

pull-back coefficient functions, i.e., S,{a € {er,g, oc,j,g, Cre, Kr e} Also, let t € (0, Ty). There exist
a C > 0 which is independent of ¢, t, and M such that

t
1€} — &2l Lo (0.0 x ) < C/;{IéaIXIvl(f) —v3(7)|d.
O £

For the source terms &, ¢ € { fr.e, gr.e}, it holds

t
167 = &rell2q0.nxe) < €U +e>/1;;%x v'(r) — v*(0)|dr,
0 €

where the Lipschitz constants are incorporated into C. In addition, the curvature surface stresses
H, satisfy

t
el ~ Bl 0apry = C [ maxio! (0 = (o)1 dr.
i

Proof. For the coefficient functions, this follows directly from the estimates given in Lemmas 4.2
and 4.3 and the definition of the coefficients via the pull-back. For the source terms, the additional
& term is due to the Lipschitz continuity and Corollary 4.3.1. For the curvature term, we first
estimate

1
elH,, — HllLeo.nx2 < C / max [v! (7) = vA(D)] dt + CelR; =R l1©0.0xr)
J kel

where we have used the curvature characterization given in Corollary 2.3.1 and Mt < 1. For
the second term on the right hand side, we take the corresponding height functions 4 (¢, k) =
fot v’ (7) dr and note that the curvatures are completely characterized by the height function and
the point on the interface, see Corollary 2.3.1. As a consequence,

ellRy — K7 L o.nxry = & max llce (b (2, k). ) — ke (W (t.K), ¥) |l Lo(0.0)xT)
Concentrating on the curvatures,

ece (' (1,10, y) = tr| A=A’ (1, ) Le () ' Le ().
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we see that the right hand side does not explicitly depend on ¢. Moreover, / is small and the right
hand side depends smoothly on the height leading to

elice (W' (1, k), ) — ke (W2 (1, k), )| < Clh' (1, k) — K2 (1, k)|. O

We now look at the problem in reference coordinates for a prescribed normal velocity, i.e., we
take the weak form in Definition 3.3 where v, € V. (Ty) in (iv) is a prescribed function. This
problem is a linear singularly coupled, implicit PDE which been analyzed in detail and shown
to admit a unique weak solution with certain e-uniform estimates in more complicated situations
[17]. For that reason, we will not reproduce the detailed analysis here but instead only present
the parts of the analysis which are necessary for the fixed-point argument.

Lemma 4.5 (Existence theorem for prescribed velocity). Let M > 0, let v € Vo (Ty) such that
|v| < M and let Assumptions (A1)-(A4) be satisfied. Then, there exists a unique (U, 0¢) €
L2(0, Ty Hyo(R2)° x H'(Q)) with 8,6, € L*((0, Tyy) x Q) and with 6,.:(0) = 0y solving
the variational system (iv) in Definition 3.5.

Proof. This has been shown in [17, Theorem 3.7] for a two-phase thermoelasticity system with
a more intricate coupling. As we are concerned with a one-phase system without dissipation,
it can easily be applied in our setting. As our velocities are cell-uniform, i.e., constant for the
interfaces in a given cell (Y + k), they also satisfy the assumption there. Similarly, the abstract
result [43, Chapter III, Propositions 3.2 & 3.3] can be applied directly to get a unique temperature
field 6, . The deformation u, . can then be established via Lax-Milgram utilizing the positivity
of Cr,. O

We need specific e-uniform estimates of these solutions. In addition to the standard energy
estimates, we also have to establish e-uniform boundedness of the temperatures to be able to

control the growth of the domains.

Lemma 4.6 (Energy estimates). Let M > 0 and let v € V. (Ty) with |v| < M. We have

M
16r.ell Looo,r: 2202, + 1IVOrell L2¢0.0x0y3 < C+ a—*t),

forall t € (0, Ty;) where C is independent of M and . Moreover,

10 (cr,eOr, ) 120,702 1 (2 )%y T 11Orll L0 (0, Ty x20) < C-

Proof. Taking the weak form for the temperature in reference coordinates and testing with 6, ,
we have

fat (cr,ser,s) er,e dx + / (Cr,ewr,ser,e + Kr,evgr,e) : ver,e dx + / 8U9r,s do = / gr,ser,s dx.
Qe Qe Ie Qe

Using the positivity of ¢, and K, . and the product rule for the time derivative nets us
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d 2 2
a ”9}”,8 ||L2(Q€) + ”Ver,s ”LZ(QS)

= C/ (|gr,8| + lcrellwrel[VOre| + |8zcr,e||9r,s|) |6y | dx +/8|U||9r,e| do,
Qs Ie

and, making use of the estimates for J; and F,; (Lemma 4.2), we are led to

d 2 2
a ”9}”,8 ”LZ(QE) + ”V@r,s ”Lz(Qg)
cM
=C1+ ?Z) (||9r,8||L2(Qg) + ”9r,£”L2(QS) ||ver,8||L2(Qg))
) CM
+ CMUBre g + MU+ =060 1.

From here (after subsuming the gradient term on the left hand side via Young’s inequality),
Gronwall’s inequality and the trace inequality lead to the desired energy estimates. Using these
estimates and testing with any ¢ € H'(€,) with @1l g1,y < 1 yields

10: (cr.e6r. ) 20,73 B (2,)%) < C-

To show that 6, ; is bounded, we introduce for k > 0

Orc—k forb,..>k
§ke=10 for |6l <k , Ac(t,k)={(x)€(0,7) x Q2 : |0e(7, x)| >k}
Ore+k forf,..<—k

and note that & . is a valid test function satisfying 0:&x ¢ = XA, (t,k)0:0r.e» VEk,e = XA, (1,k) VOre
as well as & .0, > |§k,5|2. Moreover, 6, , € L*((0, Ty) x 2.) if and only if there is k > 0 such
that & . = 0 almost everywhere.

Utilizing & . as a test function, we are able to estimate

1
Sk O gy + €I VEe 7200 xe

= S 0rcre 0 s (16661320 e + IKEke L1 0.1x2))

| =

+18rellL2ca, o) kel L2¢0.0x2)

t '
—//cr’sw,,ger,g~V§k,8dxdt—//ev$k,gdadr.

0 0 T,
For the convection term, we obtain
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t
- / / e - Vi ededr <6C (I8, e+ 1V8ke1 220y + K214 0.
0 Q,

and for the interface term (using the trace theorem and Holder’s and Young’s inequalities)

t
- //SVr,eEk,e dodr <C (||§k,s||L1((o,;)><gz£) +‘9”V5k,8”L1((0,z)><§28))
0 Ig

= € (1606122001 &1 V8122 0y ) + 14 01)

Putting these estimate together, we have (using € < 1 and ||g ¢ |lco < k)

166,612 0 + IV8ke1220 ey = € (16861320 + K214 001

This implies the existence of C > 0 (independent of ¢ and M) such that |6, | < C almost every-
where in (0, Tys) x Q2. Here, we refer to the classical argument in [29, Theorem 6.1] and for the
non-dependence on ¢ to [48, Lemma 6] and [5, Theorem 3.4]. O

Please note that using the C? diffeomorphism s, given by Lemma 4.1, the push-forwards of
the solution (4,,6y.¢), e (t, X) = (¢, 57 (¢, x)) and O (t, x) = 6,.(t, 57" (£, x)), solve the
moving boundary problem in the sense of Definition 3.3 with condition (iii) replaced by the
prescribed velocity v.

Lemma 4.7 (Lipschitz estimates). Let j = 1,2, M > 0, and v/ € Ve (Ty,) with [v/| < M. Also,

let 6} ¢ be the corresponding temperature solution given via Lemma 4.5. Then,

t
||ér,e||LO°(0,z;L2(£25)) + ”ér,é‘”Lz(O,t;Hl(Qs)) = C(e)/kme%)j [v(z, k)| dT
0

where C(g) may depend on & and where we use the bar-notation to denote differences with
respectto j, e.g., O =6}, —62..

Proof. We test the weak form of the temperature equation with ¢ = ér, ¢, take the difference of
the two equations, and use the available estimates. As we do not have to track the ¢-dependencies
here, this is straightforward (we refer to [47, Lemma 6] for details). 0O

4.3. Fixed-point argument

In this section, we introduce a fixed-point problem formulation and combine the results from
the previous Sections 4.1 and 4.2 to establish the existence of a unique solution to the System
(1). In a first step, we utilize the results from the preceding sections to introduce the fixed-point
formulation. We emphasize that the following two critical results from Section 4.2, Lemmas 4.5
and 4.6 are valid for any M > 0:
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(i) Starting with a velocity v € Vi (T)r) with |[v| < M, we get a temperature distribution 6, €
L2(0, Ty H'(Q)).
(ii) Moreover, [0, ¢l L0, 7)) x.) < C where C > 0 does not depend on ¢ or M.

This, crucially, allows us to play with the value of M and show that, as long as M is sufficiently
large, the new velocity given by (Eq. (1c))

Ve(t, k) = |Flk| /Gr,g(t,x)da ©)

Fs,k
is itself bounded by M over (0, Tjs). However, please note that larger values of M imply a

smaller time interval (0, Tjs), so choosing larger values also comes with a cost. Combining the
two statements (i) and (i), we get the M independent number

M* :=sup{l|0, ¢l L0, Ty)x Q) 1V E Ve(Tm), V| <M }. (10)

Since M* is independent of M it, in particular, has the same value for M = M*. Now, we set
T* := T+ and introduce, for r € (0, T*),

We®) =9 € L20,1; H'(R0) © 19101 x5 = M*

equipped with the L2(0,1; H! (R2¢))-norm. As a closed subset of the Banach space L%(0, T*;
H' (), We(t) is a complete metric space.

Lemma 4.8. Let & € W, (T*) and take the corresponding velocity according to Eq. (9), i.e.,

1
|F£,k|

Ue(t, k) = /ﬁ(l,x)da (te(0,T"), kely).

rs,k

Then, |vs| < M.

Proof. As (1) € H'(Q,) for almost all ¢ € (0, T*) as well as 191l Lo (0,7 x ) < M*, this
follows via Lemma 2.6.(iii) and Eq. (10). O

Then, starting with any ¢ € W, (¢) for ¢t € (0, T*), constructing a velocity via Lemma 4.5,
and calculating the new temperature via Section 4.2, we land again in W,(¢). This holds for all
t € T*. More formally, Eq. (9) induces an operator

1
Ll W) = (ve VaM*) : v <M*), Llo@ k)= T /ﬂ(t,x)da
&,k

rs,k
and, in turn, Section 4.2 induces an operator [,g: {fveVe(M*) : |v] < M*} - Wc(r). As a
consequence, L, := EZ o Lé: We(t) — W (t) and, by construction, any function ¢ satisfying

L¢(¥) = ¥ solves the moving boundary problem over (0, ).
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In a first step, we are going to show that there is a unique weak solution for a possibly very
small and e-dependent time interval (0, ;) to then argue that there must be a minimal time
horizon ¢*, independent of ¢, such that t* < .. As a result, we have a short-time solution on a
time-independent interval (0, t*).

Theorem 4.9 (Existence for Moving Boundary Problem). There is t* > 0 such that there is a
unique solution (by¢, ve) € We (t*) x Ve (t*) to the moving boundary problem.

Proof. We prove this statement in two steps.
(i) Existence for short e-dependent time interval. We need to show that £, is a contraction
for a potentially small time interval (0, T,) C (0, T*), i.e., there exists a g, € (0, 1)

[1Le(D1) — £8(02)”L2((0,Ts);H1(Q)) <g:l01 — 292||L2((0,T£);1L11(Q))

for all ¥, % € W,.
Now, let ¥ € W,(¢) and set v, ; = Eg(ﬁi) for i = 1,2. With Lemma 4.7, we already know
that

t
1L:@01) = Le@) 20,011 ) < C(€) / max [v,1 (7, k) = ve2(r. k)| de
J ez

where C(e) > 0 does not depend on ¢ or ¥;. The velocities are given by

1

Ve,i (T, k) = ol
&,

/ ﬂi(‘f, }/)dG

rs,k
and, for any k € Z, and almost every t € (0, T%), it holds

1

[Ve,1(T, k) — ve 2(7, k)| <
|Fs,k|

/ [91(7, y) — Pa2(1, ¥)| do.

Fe,k

With |T'g x| = €2|T'| and the trace theorem for an individual cell (Lemma 2.6.(ii)), this implies

V61 (7. K) = 06,2 (1. 00 = 5 (191() = 021, + 2NV @) = VD ir, )

&3
and therefore also

max |ve, 1 (T, k) — ve 2(T, k)|
ke,

C
< S (191(®) = 2211, +IVO1D) = V2D, )
ke,

C
=3 (I191(x) = 92Dl L1, + eIVI1(R) = V2D 11 (0,))
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This results in

1Le(D1) — Le@D 1200011 (02))

t

/ (191 () = 92Dl 1 + EIVOLD) — T2 11
0

_Ce
~ &

Utilizing Holder’s inequality in both space and time, we get

C(e)|2|t

1£e(@1) = Le@D 1200, 11 (20)) = W

191 = D2l 220,011 (20 ))-

Consequently, £, is a contractive map on W, () whenever t < Ci%ﬂu In the following, we take
T, = % and apply the contraction mapping principle to get a unique solution 6, . € W, (T¢)
satisfying L (6, ¢) = 0, ¢ over (0, T;).

(ii) Extension of the solution to e-independent interval. At this moment, existence is only
guaranteed for an e-dependent time interval with lim,_, 7, = 0.° We want to extend the solution
as far as possible and assume that 7" is the maximal time horizon. To that end, let C; > 0 be the
smallest constant such that

1Le (1) — ‘CE‘(ﬁz)”LZ(O’t;H'(QS)) < Cetll9 — D2l p20,1: 1 (220))

for all ¢ € (0, T}) and all ©¥; € W,(T;). Due to the analysis in Step (i), such C; exists with

ceIQl
Ce = =51

to be the unique solution where ;5 = C_ I _ § and where § > 0 is a small number. Based on our
a priori estimates, we know

. If we can establish sup,. ; Cs < 00, the statement follows. We take 0, . € W (t;,5)

Sup [|0r.¢ | o0 (0,1, 5) x 20) < M™,
§>0

and, because there is no norm blow-up in this time interval, the solution can be extended to
Ore € We(Co 1) In this situation, we have for the corresponding height functions

t
e (2, K| sf|v€<r,k>|dst;1M*-
0

IfCc, 15 0 (even for a subsequence), we can find sufficiently small ¢, for all » € N such that
|he| < a*/n. This, however, implies that we can further extend the solution which in turn means
that sup,. o Ce <o00. O

6 This is problematic as a homogenization limit for ¢ — 0 is meaningless in this case.
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5. Homogenization

In this section, we present the homogenization limit of the moving boundary problem. As
similar problems and their homogenization have already been considered in detail, we skip most
of the details. For details regarding the method of two-scale convergence in general, we point
to [2,31], and for specific scenarios with similar homogenization procedures, to [15,19,48]. We

2 ) ..
use vy — v to denote two-scale convergence in the sense of [31, Definition 1] where we say that
w, € L2(2) two-scale converges to w € L%($2 x Y) when

/ws(t,x)(p (x, g) dx = f / w(t, x, y)e(x,y)dydx
QY

Q

for all test functions ¢ € C3°(S2; C°(Y)). Here,
CP(Y):={peC®R) : ¢is Y-periodic.}

If, in addition,

Iim [|well72¢00 = w72
8_)0|| ez = wll2xr

. 2 2 2
we say that w, strongly two-scale converges to w (notation w, — w). If w, = w and v; — v

and v, € L°°(R2), then w,v, KL wv. Please note that these definitions can easily be extended to
the time-dependent setting (as outlined in [31]) treating it as a parameter. This convergence result
for products is what allows us to pass to the limit in all transformation-related quantities. We also
introduce (for A =Y, Yp)

H# (A) = {¢ € HILC(R) D@ is A-periodic} .

For functions ¢ = ¢ (x, y) depending on two spatial domains, x € 2 and y € Yy, we use sub-
scripts x, y to signify the corresponding differential operators, i.e., Vy¢ and V,¢ denote the
gradient with respect to x €  and y € Y, respectively. Based on the results of the preceding
section, we have a unique solution

(Ure, Ore, Ve) € L2(S™; Hyo () x L2(S*; H' () x Ve(T*)

of the moving boundary problem and want to find the limit problem for ¢ — 0. Here, we have
set $* = (0, T*). For the velocities, we work with its piecewise-constant (in space) represen-
tation v, € L°°(S* x Q). We start by looking at the limit behavior of functions related to the
transformation:

Lemma 5.1. Let 0, — v strongly in L*(S* x Q) and ||vllec < M. Then the transformation
s(t,x,-): Y = Y for almost all (t,x) € S* x Q via Lemma 2.3 with height functions h(t, x) =
fot v(t, x)dt is well defined. Moreover, for the corresponding Jacobian matrix F = Ds and the
determinant J = det F, it holds
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FE3F F'AFY L300 anSa
Proof. Since v is bounded by M and S* is sufficiently small, Lemma 2.3 can be applied to get
the Hanzawa transformation. In this setup, the strong two-scale convergence was shown in [47,

Lemma 3.3] in the stationary setting. For the time dependent case, see [48, Lemma 10]. O

In complete analogy to the e-case in Eq. (4), we introduce the limit coefficients with respect
to the initial domain:

1 T
A: S x Q x Yy — RI3X3x3, AB:§<F_TB+(F_TB) )

CriSxQxYy— R>333 0 —JATCA,

o S x Qx Yy— R, oap=JaF T,

¢ SxQxYy— R, cr = Jpcy,

Ky S xQxYy— R, K, =JF'KkFT,
v Sx QxT—R3, v = JLT,

Hy: Sx QxT — R¥>3, H, = Jook F~ L.

With this, we can immediately follow the corresponding convergences for the coefficient func-
tions:

Corollary 5.1.1. Let 0, — v strongly in L%(S* x ) and ||v||se < M. Then,

2 2 2
Cr,s — Cy, Op e —> O, Cre = Cr,
2 2
K, = K,, wye — 0.

Moreover, it holds
82/‘Hr,8ng~wda—> //H,nwﬂdodx,
T Qr
s/‘vm(pda—)//v,(pdodx
T QT
forall y € C°(R) and all p € C™(Q).

Proof. With F; —2> F, Fg’1 —2> F~1 and J, —2> J the limits for C,¢, o, cre, and K, follow

immediately. Due to [|9;S¢[lco < €C, Wy ¢ —2> 0 is also clear. The surface integral limits follow
from the surface integral for two-scale converging functions, see [1, Theorem 2.1]. Please note
that due to the curvature scaling, we have H, , ~ g1 (see Corollary 2.3.1) which accounts for
the additional & power in front of the surface integral. O
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Next, we focus on the convergence of the solutions:

Lemma 5.2 (Convergence limits). There are functions (u,0) € L?(S*; HOl () x HY(Q)) such
that

6. — 0 inL*(S*xQ), ure(t) > u(t) in L*(Q) foralmostallt € S*.

In addition, there are (u1,01) € L*(S* x Q; Hj (Y0)® x Hj (Yo)) such that

2 2
Viupe = xy,Vu+Vyur, Vo, — xy,V0 + V,01.

Also,
Ve =0 inLP(S*xQ)

forevery 1 < p < oo. Finally,

B (Cr.eOre) — O / c,dyd | in L2(S* x Q)

Yo
These convergences possibly only hold for subsequences.

Proof. The weak convergence for deformation and temperature are a result of the a priori es-
timates (Lemma 4.6) and the y-independency of the limits a consequence of their gradient
estimates. The pointwise in time strong convergence of u, . follows via the compact embedding
HO1 () C Lz(Q). The strong convergence for the temperature can be established via a com-
pactness argument similar to [44, Theorem 1]: with the energy estimates in Lemma 4.6 and the
Lipschitz estimates in Lemma 4.3, we can apply [20, Proposition 6.1, Remark 6.2.(ii), Propo-
sition 6.3.] to get strong convergence by estimating |J.(t + A, x) — J.(¢, x)| against A. The
two-scale convergence of the gradients is a direct consequence of the a priori estimates ([31,
Theorem 20]).

For the velocity V, = v, with v, € V,(T™*), the corresponding a priori estimate || U | .o (5% x )
< M only secures weak convergence in L”(S* x 2). With the velocity

1
Ug(l,k) = m / 6‘,’8(t,0)d6
Pe.k

and its piecewise constant counter part 9, (with the value of any k € Z, taken on the correspond-
ing e-cell e(Y + k)), we calculate

/vg(t x)clx_ﬁ Z /e,g(r o)do = — o /ere(z o)do.

Q kIEFk
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Here, we gain one power of ¢ as the individual cells with constant values are of size ¢, i.e.,
& = |e(Y + k)|. With the use the periodic unfolding operator 7,: LP(S x I';) - LP(S x Q2 x I')
defined via (To) (¢, x, y) = @(t, [x/e] + ey) and the fact & fl"g pdo = [, [r Tepdo dx,” we get

//(Q(I,x)—f)g(t,x)) dxdt:|—;‘|///(9(t,x)—7;9r,g(t,x,a)) do dx dr.
st Q s QT

Now, 7:6, . — 0 strongly in L2(S* x Q x Yp) where 6 is constant in Y. Moreover, VyTebre = 0
since || V6, ¢ |2 is bounded uniformly in ¢, see also [48, Theorem 17] for more details for the same
argument. As a result, 0, — 6 strongly in L2(S* x ).

For the time derivative we first note that there is a weak limit # such that 0;(c, ¢6¢,) — ¥ in

L%(S* x Q) (as a consequence of the energy estimates Lemma 4.6) and that ¢, (6, . —2> ¢0 (due

to cre € L(S* X Q), ¢re 3 ¢r, and 6, . — 6 in L2(S* x )). From here, we conclude that
9 = 3([y, ¢r dy6) via integration by parts. O

Now, let ¢ € C8°(Q)3, Y1 € CP (8% C§°(Yo))3, ¢ € C®(Q), and ¢ € CX(Q; CZ°(Yp)) and
set Yo (x) =¥ (x) +ev(x, x/e) and ¢ (x) = p(x) + €1 (x, x/e). Using (Y, ¢.) as test functions
in the weak form Definition 3.2.(iv), we have

/ Creelitn.e) - () dx — f Opsttre - Ve dx + £ / Hyene - Ve do = / Froe - W d,
e Qe

Qe Qe

/at(cr,aer,a)(ps dx + / (Kr,sver,s +Cr,£wr,ser,£) - Ve dx +£/vr,£(ps do Z/gr,s(padx
Qe Qe e Qe

Using the structure of the test functions and the convergence results given in Lemmas 5.1 and 5.2
and Assumption (AS5), we can pass to the limit ¢ — 0 and get:

/ / G, (e(u) + ey(un) : (e() + ey (1)) dy dx — / f By (V9 + Vyy1) dy dx

Q Yy Q Yy

+//H,n-1ﬂd0://]f~¢dydx, (11a)
Qr

Q Yy

/a, fc, ay, | pdx + / K, (V6 4 V,61) - (Vo + Vyg) dy d

Q Yo Q
+8//vr¢da://Jg¢dx (11b)
Qr

Q: Yo

7 Fora reference, we point to [9, Section 4].
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From here there are two main steps remaining to arrive at the final limit problem: (i) characteriz-
ing and eliminating u1 and 6; via solutions of cell problems and (i) going back to a formulation
in moving domains. The decoupling step is standard and it is essentially the same procedure as
for other homogenization problems (cf. [13,17,19,21]) and, for step (ii), we refer to [47] where
this was rigorously done in detail for a very general setup.

With the limit in (11) in mind, we introduce some additional sets and functions to express the
limit transformation. First, we take Yy (¢, x) = s(¢, x, Yp) and I'(z, x) = s(¢, x, ') to denote the
transformed unit cell and the interior interface, respectively. Note that this implies Yo (¢, x)| =
fYo J(t,x,y)dy. We also introduce the cell solutions 7; € LZ(S* x Q; H# Yo)), j=1,2,3,as
the unique zero-average solution to

/ K (Vynj+e;) Vypdy=0 (¢ € Hi(Y0))
Yo(t,x)
and the functions wu i, j, k =1, 2, 3, as the unique zero-average solution to
Cey(mjk +djx)  ey(9)dy =0 (¢ € Hy (Yo)?).
Yo(t,x)
Here, e; are the euclidean unit normal vectors and dj;: ¥ — R3 is given via djx(y) =

(¥jd1k» ¥ 02k, y;j63k) where 8 is the Kronecker delta. We further introduce the following effective
coefficient functions:

¢: 5" xQ—R, o(t,x)=1Yo(t, x)|,
or: S x Q— R, or(t, x) =II'(t, x)l,
K*: §* x Q — R¥3, Kl-";.(t,x) = / K (Vynj(t,x,y) +€j) -e; dy,
Y()(f,x)
H*: 5% x Q@ — R3, H*(t,x) = / Hr(t,x, y)n(y)do,
T(t,x)

C*: $*x Q> R ch it x) = / Cey (wij + dij) : ey (urr) dy.
Yo(t,x)

Theorem 5.3 (Homogenization limit). The limit functions (u, 0) € L2(S*; HO1 () x HY(Q)) with
8,0 € L2(S* x Q) are the unique weak solutions of the following problem:

/(C*e(u)—9a¢]l):e(¢)dx=/¢f~1ﬁdx+/7—l*-wdx, (12a)
Q Q Q

/8, (c¢>t9)<pdx+/K*V9oV(pdx—i—/qurQ(pdx:/(bg(pdx (12b)
Q Q Q

Q
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forall (Y, @) € H'(Q)? x H'(Q). The microstructure evolves with the normal velocity v=20.

Proof. With the results from Lemmas 5.1 and 5.2, we can pass to the limit ¢ — 0 to get (11).
The specific form of the limit system follows via the typical decoupling arguments using the
cell solutions and the coefficient functions. For more details regarding this process in a similar
system, we point to [48, Section 4] and to [17]. O

Please note that this problem is still highly nonlinear, as all coefficients depend on the mi-
crostructure evolution and therefore the history of the temperature. There is an alternative way
to formulate this problem via the height functions A(¢, x) = fot v(t, x)dr. For any given height
function h € L%(S* x Q) all relevant microstructure quantities can be calculated. We introduce
the notation Y((%) to denote the domain corresponding to that height via Lemma 2.3 and simi-
larly ¢ (k) and so on. The limit problem can then be written in the following way:

Corollary 5.3.1. An alternative characterization of the limit problem is given as: Find (u,0,h) €
L2(S*; H} () x HY(Q) x L>®(Q)) with 8,0 € L*(S* x Q) such that

/(C*(h)e(u) —Oagp (M) :e(y)dx +/’H*(h) “Yrdx = /c/)(h)f -Ydx, (13a)
Q Q Q

/a, (c¢>(h)9)<pdx+/K*(h)V9~V<pdx+/L¢r(h)9godx=/¢(h)g(pdx, (13b)
Q Q Q Q
t

h=/9dt (13¢)

0
forall (Y, ) € HY(Q)? x HY(Q).
6. Discussion

We rigorously derived the homogenization limit of a phase transformation problem for a per-
forated media — System (12) is our main result. There are several natural ways to apply and
eventually to extend our results. For one thing, adjusting our methods for two-phase systems can
be done relatively easily as long as the normal velocity is still linked to the average of the inter-
face temperature. The second phase would add some additional complexity due to the coupling
and the homogenization result will depend on whether the heat conductivity inside the inclusions
is fast or slow (corresponding to no scaling vs. scaling with £).

Another important further question pertains to the connectedness of the inclusions: What hap-
pens in the case that the inclusions are also connected (in a similar manner as in [16])? This
naturally complicates any transformation as the non-trivial part of the transformation cannot be
restricted to the individual cells. In the current setting of cell-uniform growth this is impossible
since continuity of the height function across neighboring cells is needed to construct a global
transformation (see e.g., Corollary 2.3.1). As a consequence, the height function would need to
have the same value in every cell. We expect this to be resolvable by smoothing between different
height functions in neighboring cells. Naturally, this leads to additional technical difficulties as
the gradient of the height function now comes into play as well.
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This brings us to the next important, and more difficult, extension: phases grow without in-
formation on averaged temperatures as in Eq. (1c). In that case, the height function is not forced
to be cell-uniform and will likely vary along any individual interface I'¢ . Since the Hanzawa
method used to transform the domains is set up to handle variable height functions, it can easily
be accommodated to cope with this change. Moreover, using the framework of maximal parabolic
regularity (cf. [38]), showing the existence of a unique weak solution is feasible. In fact, there
are already promising results for a prescribed normal velocity forcing the evolution [15] or when
the complete microstructure evolution is prescribed [19]. The main issue now is the availability
of additional e-independent regularity estimates; they are needed to ensure the construction of
an ¢-independent interval where solutions to the microscopic problem are expected to exist; such
controlled estimates are difficult to obtain for the case of perforated media. Higher and e-uniform
regularity estimates (e.g. for the gradients) are needed for this to work; this is particularly diffi-
cult here due to the perforated nature of the two-phase setup; we refer to [42] where a specific
2D free boundary problem was treated using higher regularity estimates. For our specific case,
we do not expect that the presence of non-uniform height functions changes the structure of the
homogenization limit (cf. Remark 2.1), but in other situations this might not be the case.

Finally, we plan to take a closer look at the computability of our limit problem. We want to
emphasize that the alternative version given by System (13) is very well suited for numerical
simulations due to the availability of a precomputing strategy. Looking first at System (12) it
is clear that although it no longer features scale heterogeneity, it is still prohibitively expensive
from a computational point of view. This is simply due to the inherent nonlinearities (moving
boundary problems are posed at the microscopic level) and due to the complex scale coupling,
e.g., the macroscopic temperature is driving the moving boundary at the microscopic level. For
example, looking at the case of a Picard-type iteration resolving the nonlinearities: for every it-
eration, at every time step ¢, and for every node point x, several elliptic cell problems have to
be solved. Compare the System (12) with System (13), where we can set up a precomputing
strategy: for a predefined set of height values 4;, calculate the corresponding functions and coef-
ficients (e.g., K*(h;)) and interpolate between these values. As a consequence, such a procedure
reduces significantly the computational cost by lowering the number of microscopic problems to
be solved: Since the effective permeabilities/diffusivities are generally quite stable with respect
to the size of inclusions (see, e.g., [40]) as long as clogging and similar degeneracies are ex-
cluded, this precomputing/interpolation step should be relatively inexpensive and easy to set up.
With precomputing, we might need to solve around 10-20 cell problems overall to already get a
pretty good interpolation of /& > K*(h) whereas without it we are talking about a number in the
order of (At - H)~! (with time step size A7 and H the macroscopic grid size).®

Of course, this strategy introduces additional approximation errors and assumes some kind of
stability to justify interpolation. We are currently in the process of analyzing the needed stability
property and are preparing a suitable numerical schemes for this (and similar) limit moving
boundary problems.

8 There are alternative but related approaches like a look-up table where already calculated values of X*(h) are stored
and potentially reused on the fly.
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