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Summary

Let I" be a residually finite group, and A, be a residual chain in I'. Let j € N and F
be a field. We define the Betti number gradient resp. the torsion homology gradient
by

~ bi(AyF ~ log tors H,;(A;; Z

bj(T, A;F) = liﬁgpm and ¢;(I,Ay) = li?if)lolp & T /]\E] 5 Z)
This thesis is mainly concerned with vanishing results for these two invariants.

Inspired by inheritance results for classical homological properties, we consider
the notion of an equivariantly bootstrappable property. Roughly speaking, equiv-
ariantly bootstrappable properties are classes of chain complexes over group rings
satisfying inheritance axioms for the degree, suspensions, mapping cones, and in-
ductions. From these axioms, we obtain the Bootstrapping Theorem: We can
demonstrate that a group has a given bootstrappable property by constructing an
action on a CW-complex with suitable stabilisers.

As a main example of a bootstrappable property, we consider the algebraic cheap
rebuilding property. It is inspired by Abért—Bergeron—Fraczyk—Gaboriau’s (geo-
metric) cheap rebuilding property [ABFG24]. Like geometric cheap rebuilding,
algebraic cheap rebuilding implies the vanishing of Betti number gradients and tor-
sion homology gradients. We show that all infinite amenable groups have the alge-
braic cheap weak rebuilding property, thus recovering a result by Kar—Kropholler—
Nikolov [KKN17, Corollary 2] that the torsion homology gradients of amenable
groups vanish.

In degree 1, we extend vanishing results to the class of inner-amenable groups.
We use a structure theorem of Tucker-Drob [Tuc20] to obtain suitable subgroups,
to which we can apply the Bootstrapping Theorem.

In Chapter 4, we consider the two dynamical constants measured embedding di-
mension and measured embedding volume, which provide upper bounds on the
Betti number gradient resp. the torsion homology gradient. The main result of
that section is the monotonicity of measured embedding dimension and measured
embedding volume under weak containment. This theorem provides upper bounds
on (torsion) homology growth that are independent of the fixed residual chain.
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Introduction

In algebraic topology, one of the most fundamental invariants of topological spaces
are the Betti numbers, named after the Italian mathematician Enrico Betti. Intu-
itively, the j-th Betti number measures the number of ‘j-dimensional holes’ in a
topological space. More formally, we define the j-th Betti number of a topological
space X as the dimension of its j-th homology group, i.e.

b;j(X;F) = dimy H;(X;F) € NU {00},

where F is a field. The number can depend on the chosen field; often we choose
F=Q. For CW-complexes and simplicial complexes, the Betti numbers are al-
gorithmically computable. Moreover, they have nice algebraic properties, e.g. for
products, they satisfy the Kiinneth formula [Hat02, Corollary 3B.7], they are in-
variant under homotopy equivalence and there is a Mayer—Vietoris sequence.

This thesis is mainly concerned with vanishing of Betti number gradients and
torsion homology gradients of groups. We will explain these notions in the first
part of the introduction. The main theorems will be stated starting from Section 4.

Recall that a (model for a) classifying space for a group I' is a path-connected
CW-complex X with fundamental group m1(X) = I', whose universal covering X
is contractible. For each group, classifying spaces exist and are unique up to ho-
motopy equivalence [Hat02, Theorem 1B.8]. We thus refer to its homotopy type
as the classifying space BI'. Thus, for a group I', we define its Betti numbers by
b;j(I'; F) := b;(BI;F). In the following, we often assume property F;, i.e. that there
exists a classifying space that consists of finitely many cells up to some dimen-
sion j € N. This implies in particular property FP; (see Section 1.6).

Convention. The natural numbers N contain 0.

1 /2-Betti numbers

Betti numbers can behave quite erratically under (even finite-index) subgroups. For
example, the group I' = PSL(2,Z) = Z/2 x Z/3 satisfies by (I'; Q) = 0. It contains
the free group Fy of rank 2 as a subgroup of index 6 and by (F»; Q) = 2. Hence,
in general bi( - ;Q) does not scale with the index, nor does it satisfy any other
meaningful relation.

Instead of considering Betti numbers, it can therefore be beneficial to consider
the following variant, originally introduced by Atiyah [Ati76] in an effort to study
solutions of elliptic differential equations. Liick defines the j-th ¢2-Betti number of
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Introduction

a group I as
2 .
bN(T) = dimnr H;(BT; £2T) € [0, o],

where dimp denotes the von Neumann dimension and H;(BT;¢T") denotes the
0?-homology. For an introduction to these notions, we refer to the books by Liick
[Liic02] and Kammeyer [Kam19).

Substantial work has been done by Cheeger-Gromov. In particular, all /2-Betti
numbers of infinite amenable groups vanish [CG86, Theorem 0.2].

Definition 1 (amenable group). A group I' is called amenable if there exists a
left-invariant mean on I', i.e. a function p: P(I') — [0, 1] that is finitely additive,
satisfies u(I') = 1, and pu(yA) = pu(A) forally e ' and A C T

Cheeger—Gromov’s work shows that in the theory of £2-Betti numbers, amenable
groups are ‘small’.

2 (Torsion) homology growth

An interesting viewpoint is opened up by Liick’s approximation theorem [Liic94,
Theorem 0.1]: A countable group I' is residually finite, if there exists a chain
A = (Ai)ien

F=A0DA1D...

of finite-index, normal subgroups satisfying (), A; = {1}. We call such a sequence
a residual chain of T'.

Theorem 2 (Liick’s approximation theorem, [Kam19, Theorem 5.3]). Let I' be a
residually finite group, and suppose that there is a model for BT of finite type (i.e.
in every dimension, there are only finitely many cells). Then, for all j € N and all
residual chains Ay of ', we have
(A Q)

B (T) = lim ~m=b )

i (O = lim =
In particular, the sequence on the right-hand side is convergent and the limit is
independent of the residual chain.

For residually finite groups, we can consider the right hand side of Liick’s ap-
proximation theorem as a definition of the Betti number gradient.

This viewpoint of ‘stabilising’ Betti numbers under finite, regular coverings has
the advantage that it is easy to generalise: For instance, we can replace the field Q
by a general field F. We define

> bj(As; F)
bi(I', Ay; F) == limsup =,
(5 A E) isoo L1 A4
Note that in this case, in general, it is unknown whether the limsup is a proper
limit, and whether the limit depends on the chosen residual chain. Note that if I’

viii



2 (Torsion) homology growth

is of type F;, i.e. admits a classifying space with finite j-skeleton, then Ej(F, A F)
is finite by the following argument: Let C' be the number of j-cells in a model
for BI'. Then, BA; admits a model, where the number of j-cells is C' - [I" : A;].
Thus, b](Az,F) < C- [F : AZ]

When considering homology with integer coefficients, we can also focus on the
torsion part: By tors A, denote the cardinality of the torsion subgroup of an abelian
group A. Then, we define

~ , log tors H;(Ai; Z)
t:(T, A,) := limsu I
i ) z‘—>oop [T 2 Ay

We use the convention log oo = oo.

Remark 3 (directed systems). We can generalise the definitions of by, and 1, to
directed systems of subgroups (instead of a chain of subgroups).

We additionally define

~ . rky H;(Ai; Z)
bi(I', Ay; Z) := lim sup ——2—2"~2
i ) e [T A

Note that we have Zj(P, AN Z) = /b\j(F, A Q).

There are more invariants defined in a similar way by ‘stabilisation’ along a
residual chain, e.g. the rank gradient [Lac05] or stable integral simplicial volume
[L6h18].

If T is finitely presented, a calculation shows that in degree 1, tors Hy(A;;Z)
admits an upper bound that is exponential in [I' : A;] [Berl8, Section 2]. Thus,
t (T', A,) is finite. On the other hand, without the assumption on finite presenta-
tion, in general, there is no bound on torsion: More precisely, for every function
f: N —= N, there exists a finitely generated, residually finite group I' and a residual
chain A, of I" such that

logtors Hi (A Z) > f([T': A4))

for all i € N [KKN17, Theorem 3].

Surprisingly though, no example of a finitely presented group I' that satisfies
1 (T, A,) > 0 is known [ABFG24, Introduction]. At the same time, it is a widely-
accepted conjecture that for a closed hyperbolic 3-manifold M, (7 (M),A.) is
proportional to the hyperbolic volume of M and thus positive. Lé proved that
B (w1 (M), A,) < Y2 11418, Theorem 1.1].

Conjecture 4 ([Berl8, Conjecture 6.1] [Lé18, Conjecture 1.3]). Let M be a closed
hyperbolic 3-manifold and A, be a residual chain of 71 (M). Then,

£ (r (M), A,) = Voé(f ).
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Introduction

The torsion homology growth detects the difference in gj(F,Ai;F) for different
fields F: Avramidi-Okun-Schreve show that for a flag triangulation L of RP?, the
corresponding right-angled Artin group (RAAG) Ay, satisfies

b3(AL, A Q) = 0 # 1 = by(Ar, Ay, Fo)

for every residual chain A, of A7, [AOS21, Corollary 2]|. Note that by the universal
coefficient theorem, Hs(A;;F3) is determined by Hs3(A;; Q) and the Fa-summands
in H3(A;;Z) and Ha(A;;Z). Because Hs(A;;Q) grows sublinearly in [[' @ Ay]
and H3(A;;Z) is torsion-free [AOS21, p. 713], we obtain that Hs(A;;Z) contains
many Fo-factors, implying that

?Q(AL,A*) > 0.

In number theory, torsion homology growth of certain arithmetic subgroups
of SLo(Z]i]) parametrises field extensions over quadratic number fields [Ber18, Sec-
tion 4].

Since Liick’s approximation theorem (Theorem 2) yields an analytic description
of gn(F, Ay; Q) by b (T), it is natural to ask the following question.

Question 5. Is there an analytic description of ZR(F, Ay; F) for finite fields F? Can
we describe ¢, (I", A,) analytically?

In the latter case, the following is conjectured.

Conjecture 6 ([KKL23, Conjecture 6.11]). Let M be an aspherical (i.e. the uni-
versal covering M of M is contractible), closed manifold of odd dimension 2m + 1.
Assume that 71 (M) is residually finite and let A, be a residual chain of m (M).

Then,
2m+1

> (1Y B(m(M). ) = o (wa(M) ~ D),

j=0
where the right-hand side denotes the £2-torsion of M (for a definition, we refer to
the books by Liick [Liic02, Chapter 3] and Kammeyer [Kam19, Chapter 6]).

3 Vanishing (torsion) homology gradients

In order to show vanishing of the Betti number gradients, it is sufficient to find
suitable bounds on the number of cells of classifying spaces. Let I' be a residually
finite group with residual chain A, and ¢ € N. Suppose that there exists a model
for BA; with C; cells of dimension j € N. Then, for all fields F, we have

~ b;(BA;; )
b;(I', Ay;F) = limsup L—r—~
(1 A B) = limsup =1
< limsu :
- i—>oop [F : Az}



4 Bootstrappable properties

Thus, if we can find suitable classifying spaces with lim sup;_, ., [FC—/\] =0, we can

show that Bj(F, A F)=0.

For the vanishing of the torsion homology gradient, we do not only need to
control the number of cells but also the boundary maps. Essentially all known
vanishing results for torsion homology growth rely on Gabber’s estimate (compare

e.g. [BGS20]).

Lemma 7 (Gabber). Let (X, 0) be a chain complex consisting of finitely generated
based free Z-modules. Then,

log tors H;(X; Z) < rk(X;) - log, ||0j41]]

where ||0j41]| denotes the operator-norm of the differential 0j41: X1 — X;
with respect to the ¢*-norms on Xjt1 and X induced by the bases, and we set
log, = max{log,0}.

Note that the original estimate was phrased for £2-norms [Sou99]. We will instead
work with the ¢'-norm.

A sophisticated way of showing vanishing of Betti number and torsion homology
gradients was recently introduced by Abért—Bergeron—Fraczyk—Gaboriau through
the (geometric) cheap rebuilding property [ABFG24]. In this thesis, we add the
word “geometric” to distinguish it from the algebraic cheap rebuilding property,
which we will present later. Roughly speaking, for n € N, a residually finite group I
has the (geometric) cheap n-rebuilding property, if for all Farber sequences (A;);en
(a notion generalising residual chains, see Definition 2.1.4), the following holds in a
uniform way: If ¢ is large enough, we can find a CW-model of BA; with few cells up
to dimension n, maintaining tame norms on the cellular boundary operators and
homotopies to the canonical covering of BI', corresponding to the subgroup A; C I'.
For the precise definition, see Definition 2.1.6. The geometric cheap n-rebuilding
property implies vanishing of the Betti number gradient up to dimension n. This
is because

N . Cz

bi(I' A TF) < hl;iilolp T A

where C; denotes the minimal number of j-cells in a model for BA; and the con-
ditions in the definition of geometric cheap n-rebuilding assure that the right hand
side converges to zero. Moreover, the torsion homology gradients vanish up to
degree n — 1. This is a consequence of a similar argument, using bounds on the
number of cells and boundary operators that are made such that Gabber’s estimate
(Lemma 7) yields vanishing of the torsion homology gradients.

4 Bootstrappable properties

Abért—Bergeron—Fraczyk—Gaboriau prove a robust ‘bootstrapping’ criterion for the
geometric cheap n-rebuilding property [ABFG24, Theorem F| (see Theorem 2.1.8),
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Introduction

which has been used for proving the vanishing of the torsion homology gradients e.g.
for SL4(Z) (where d > 3) [ABFG24, Theorem B], polynomially growing mapping
tori [AGHK23|, and outer automorphisms of free Coxeter groups [GGH22, Theo-
rem 1]. Inspired by these applications and classical results, we introduce the notion
of an equivariantly bootstrappable property in a joint paper with Li-Loh—Moraschini—
Sauer [LLMSU24|. An equivariantly bootstrappable property over a ring R is a fam-
ily BY, that for every n € Z and for every group I € ¢ contains a class BL of chain
complexes over the group ring RI', that satisfy inheritance axioms for the degree,
suspensions, mapping cones, and inductions of chain complexes (see Definition 1.2.1
and Definition 1.4.1). We may restrict the potential groups to a suitable is-class of
groups, denoted by <, i.e. a class that is closed under isomorphisms and subgroups
(e.g. the class of residually finite groups). From an equivariantly bootstrappable
property B¢ = (BL)nezreq, we obtain a family By = (By,)nez of classes of groups
as follows: For all n € Z, define

B, = {I' € ¢ | 3 a projective RT-resolution X of R with X € BL}.

Classical examples for equivariantly bootstrappable properties come from algebraic
finiteness properties (see Section 1.6)

The main motivation for introducing the notion of equivariantly bootstrappable
properties is the following Bootstrapping Theorem.

Theorem A (Theorem 1.5.3). Let BY be an equivariantly bootstrappable property
of an is-class & of groups over a ring R (see Definition 1.4.1). LetT' € $,n € N
and 2 be a I'-CW-complex. If all of the following conditions hold, then I' € B,,.

(i) The complex Q is (n — 1)-acyclic over R;
(ii) The quotient T\Q™ is compact;
(iii) For every cell o of Q with dim(o) < n, the stabiliser I's is in B, _gim(o)-

Starting from the group of integers, we can use the Bootstrapping Theorem to
establish bootstrappable properties for fundamental groups of graphs of groups,
elementary amenable groups, and chordal RAAGs (see Section 1.7). It is natural
to ask if the results for elementary amenable groups extend to all amenable groups.

Question 8 (Question 1.7.4). Let B¢ be an equivariantly bootstrappable property
of an is-class < of groups over a ring R and n € N. Suppose that Z € B, for
all 7 < n. Let T € { be an infinite amenable group of type FPo,. IsT' € B,, ?

5 Algebraic cheap rebuilding

While the geometric cheap rebuilding property satisfies the Bootstrapping Theo-
rem (Theorem 2.1.8), we do not expect it to be induced by an equivariantly boot-
strappable property in our sense. This is our main motivation for considering the
following equivariantly bootstrappable properties.

Xii



5 Algebraic cheap rebuilding

The main examples for equivariantly bootstrappable properties in a joint pa-
per with Li-Loh—Moraschini-Sauer [LLMSU24] are the algebraic cheap rebuilding
properties, which we introduce in the three variants CR*<> (cheap rebuilding), CWR*<>
(cheap weak rebuilding), and CDY (cheap domination). Let T' be a residually fi-
nite group. Roughly speaking, an RI'-chain complex X lies in CR*O, if for every
residual chain A, of ', the following holds: Whenever i is large enough, we can
write Z ®za, X as a retract of a ‘small’ complex Y;. Here, ‘small’ means that the
ranks of the chain modules of Y;, the operator norms of the differentials in Y; as
well as in the homotopy retraction are small (in comparison to X). For CWRY
and CD?, we demand fewer conditions (for the precise definitions, see Section 2.4).

Theorem B (Theorem 2.4.6). The classes CDY and CRY define equivariantly
bootstrappable properties.

The class CWR*<> only partially satisfies the axioms of an equivariantly boot-
strappable property. Yet, these properties are good enough to obtain a modified
Bootstrapping Theorem (Theorem 2.4.10).

Algebraic cheap rebuilding is an algebraic analogue of Abért—Bergeron—Fraczyk—
Gaboriau’s geometric cheap rebuilding, and also implies vanishing of (torsion) ho-
mology gradients.

Theorem C (Theorem 2.5.1). Let n € N and I' be a residually finite group.

(i) If T' € CD,, then, for j < n, all coefficient fields F and residual chains A,
we have

~

b;(T, A F) = 0.
(ii) If T' € CWR,,, then, for j <n — 1 and residual chains A, we have

t:(T, Ay) = 0.

(iii) If T € CWR,, is of type FP,11, then, for all residual chains A, we have

t(T',A,) = 0.

Many amenable groups satisfy the property CWR,, for every n € N.

Theorem D (Theorem 2.8.5). Let n € N and I' be a residually finite infinite
amenable group of type FP,,. Then, I' satisfies CWR,,.

As a corollary, we obtain that torsion homology and Betti number gradients of

infinite amenable groups vanish, recovering a result by Kar—Kropholler—Nikolov
[KKN17, Corollary 2].
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6 Inner-amenable groups

There is another class of groups where the bootstrapping principle works particu-
larly well, namely the class of inner-amenable groups.

Definition 9 (inner-amenability, [Eff75; Tuc20]). A group I is called inner-amenable
if there exists an atomless conjugation-invariant mean, i.e. a function p: P(I") —
[0, 1] that is finitely additive, satisfies u(I') = 1, pu({v}) = 0 and p(A") = pu(A) for
ally €T and A CT. Here, AV :={y~1-A.-y |z € A}.

All infinite amenable groups are inner-amenable (Example 3.1.5(1)). From a
structure theorem for inner-amenable groups, we obtain the following theorem.

Theorem E (Theorem 3.3.3). Let BY be an equivariantly bootstrappable property
of an is-class & of groups over a ring R. Suppose that the following conditions are
satisfied:

(i) All infinite groups in { satisfy By.
(ii) The integers 7 satisfy Bj.

Then, all finitely generated, virtually torsion-free inner-amenable, non-amenable
groups in < satisfy By.

By applying this theorem to BY = CR*O, we obtain the following result.

Theorem F (Corollary 3.3.4). Let T' be a finitely generated, residually finite,
virtually torsion-free, inner-amenable group. Then, for all fields F and residual
chains Ay, we have

~

by (T, Ay; F) = 0.

If, additionally, I' is of type FP2, we have
4 (T, A,) = 0.

The first part was already known by work of Chifan—Sinclair-Udrea [CSU16,
Corollary D] and later reproved by Tucker-Drob [Tuc20, Theorem 5]. It is natural
to ask if the results can be generalised to higher degrees.

Question 10 (Question 3.3.5). Let B be an equivariantly bootstrappable property
of an is-class ¢ of groups over a ring R and n € N>3. Suppose that the two
conditions of Theorem E are satisfied. Do all virtually torsion-free, inner-amenable,
non-amenable groups in ) (satisfying suitable finiteness properties) satisfy B,, 7

If the answer is affirmative, this would in particular apply to cheap rebuilding,
thus Theorem F would generalise to higher degrees.
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7 A dynamical approach

7 A dynamical approach

Inspired by the geometric and algebraic cheap rebuilding properties, we aim to in-
troduce a dynamical analogon. The basic principle is the following: The asymptotic
behaviour along finite-index subgroups is encoded in the dynamical system given by
the profinite completion. Recall that the profinite completion is defined as follows.

Definition 11 (profinite completion). Let I" be a residually finite group and let
Ay = (Aj)ier be a residual chain (indexed over I = N) or the system of all finite-
index normal subgroups in I'. For each i € I, we equip I'/A; with the normalised
counting measure and the action of I' by left translation. If A; C A;, we have
the canonical projection I'/A; — I'/A;. By taking the (inverse) limit over the
system A, with inclusions, we obtain a standard probability space /A\*, called the
profinite completion of I w.r.t. Ay, together with a free action I' ~ A.. The
probability measure is given by the normalised Haar measure on A, [Weid0, §7,
Appendice II].

Previously, it was established that Q-Betti number gradients (see [Gab02] in
combination with Theorem 2), rank gradients [AN12] and stable integral simplicial
volume [LP16] are encoded in the profinite completion. In a joint project with
Li-Loh-Moraschini-Sauer [LLMSU25], we introduce the measured embedding di-
mension medim,, as an upper bound to b, and the measured embedding volume
mevol,, as an upper bound to %, (see Section 4.3).

Theorem G (Theorem 4.3.4). Let n € N and I' be a residually finite group of
type FP,11. Let A, be a residual chain or the system of all finite-index normal
subgroups of I'. Let Z denote the integers or a finite field. Then,

b (T, Ay; Z) < medim? (I ~ A,)
£, (T, A,) < mevol, (I ~ A).

The basic principle for defining the measured embedding dimension resp. volume
is the following: Given a free probability measure preserving action a: I' ~ (X, )
of a group I" on a standard probability space (X, ), we consider the crossed product
ring L (X) %, ' and an L% (X) #, [-resolution C, of L>°(X). We say that « is
‘small’” if there exists an L*°(X) %, I'-chain map Cy — D, extending the identity
on L*°(X) to an L>°(X) %, I'-chain complex D, that is ‘small’ Here, ‘small’ refers
to small dimension of the chain modules (in the case of medim,,) or small lognorm
(in the case of mevol,), a quantity that we consider as a refinement of the expression
“dim Dy, -log, [|02, ]|, mimicking the bound in Gabber’s estimate (Lemma 7). For
the precise definitions, see Section 4.3.

It is a common theme for dynamical quantities to be monotone under weak con-
tainment (see cost [Kecl0, Corollary 10.14] and integral foliated simplicial volume
[FLPS16, Theorem 1.5]). We prove that the same holds for medimZ and mevol,,
providing evidence that these are indeed dynamical quantities.
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Theorem H (Theorem 4.7.1). Letn € N and T' be a countable group of type FP, 41
and let a: T'~ (X, 1), B: T~ (Y,v) be free probability measure preserving actions
of I' on standard probability spaces. Let o be weakly contained in 5. Let Z denote
the integers or a finite field. Then, we have

medimZ () < medim? (a),

mevol,(3) < mevol, (a).

In measured group theory, monotonicity under weak containment is a useful
property as it sometimes allows to replace an action by a different action that is
potentially better-understood. As an application, we obtain upper bounds that
are independent of the action (see Section 4.8). Thus, this result is related to the
question if (torsion) homology growth is independent of the fixed residual chain.

On the other hand, we can ask if theses dynamical quantities are orbit equivalence
invariants.

Question 12. Let I" and A be orbit equivalent groups (see [Furll, Section 2.2]).
Let Z denote the integers or a finite field. Is

medim?Z (I' ~ I') = medim? (A ~ A)
mevol,(I' ~ I') = mevol, (A ~ A)

for all n € N7

8 Organisation of the Thesis

In Chapter 1, we consider the notion of an (equivariantly) bootstrappable property.
The key feature is the Bootstrapping Theorem 1.5.3.

Chapter 2 is dedicated to the prime example of an equivariantly bootstrap-
pable property, called algebraic cheap rebuilding. It is largely inspired by Abért—
Bergeron—Fraczyk—Gaboriau’s geometric cheap rebuilding, which we review in Sec-
tion 2.1. We show that algebraic cheap rebuilding implies the vanishing of homology
gradient invariants (Section 2.5) and discuss the example of the group of integers
(Section 2.7) and amenable groups (Section 2.8).

In Chapter 3, we deduce the results about equivariantly bootstrappable properties
of inner-amenable groups.

Chapter 4 considers a dynamical viewpoint. We define the quantities medim
and mevol, which are upper bounds to (torsion) homology growth. A large part
of the chapter is dedicated to proving monotonicity of these invariants under weak
containment (see Section 4.7).

9 Contributions

I will briefly outline my contributions and new results in this thesis. The main
results are the following:

xvi



9 Contributions

Theorem E and Theorem F already appeared in a published paper of mine
[Usc24]. In this thesis, the proofs are presented in Chapter 3 and adapted
to the setting in Chapters 1 and 2. In particular, I introduce the notion of
a bootstrappable action property in order to incorporate Abért—Bergeron—
Fraczyk—Gaboriau’s geometric cheap rebuilding into the setting.

Theorem H, presented in Chapter 4, is my own project.

Theorem A, Theorem B, Theorem C and Theorem D are contained in a
joint project with Li-Loh—Moraschini-Sauer [LLMSU24]. In this project, I
was mainly involved with the Novikov—Shubin invariants, the choice of the
1-norm instead of the 2-norm, the vanishing of torsion homology growth in
top degree, and amenability.

Theorem G is contained in another joint project with Li-Loh—Moraschini—
Sauer [LLMSU25] and is a prerequisite for the relevance of Theorem H. I was
particularly involved with the approximation of lognorm with dense subalge-
bras.
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1 The bootstrapping principle

Many homological properties of groups satisfy inheritance results. For a (bi-infinite)
sequence B, = (B,,)nez of classes of groups, the following properties are desirable:

(i) Let I' be the fundamental group of a finite graph of groups (e.g., an amalga-
mated product or an HNN-extension) and n € N. If all the vertex groups lie
in B, and all edge groups lie in B,,_1, then I' € B,,.

(ii) Let 1 = N - I' = @ — 1 be a group extension and n € N. If N € B,
for all m < n and @Q is of type F,, then I' € B,,. (Recall that a group Q
is of type F, if there exists a model for the classifying space K(I',1) with
finite n-skeleton.)

A classical example is given by defining B,, to be the class of groups satisfying FP,,
(see Section 1.6).

In the following, we will define stronger conditions on the classes B,,, of which the
two aforementioned conditions are special cases. We first consider chain complexes
over a fixed ring (e.g. the group ring of a fixed group) in Section 1.2. We generalise
to the setting of equivariantly bootstrappable properties, which are families Bf,
where x ranges over the integers and <) ranges over a class of groups (see Section 1.4).
Finally, this yields classes of groups (B;,),ez (see Definition 1.4.2).

The following definitions emerged in a joint project with Li-Loh—Moraschini—
Sauer [LLMSU24]| in an effort to axiomatise the concept of (geometric) cheap re-
building introduced by Abért—Bergeron—Fraczyk—Gaboriau (see Section 2.1).

1.1 Preliminaries on chain complexes

We recall some basics on chain complexes, suspensions, cones and homotopy com-
mutative cubes. In this section, we omit proofs that are straightforward computa-
tions. They can be found in the paper [LLMSU24].

Definition 1.1.1 (Suspension). Let X be a chain complex and k € Z. The k-fold
suspension of X is the chain complex ¥¥X with chain modules (X¥X); := Xk
and differentials 8j2kX = (—1)’“8;(_ g Similarly, if f: X — Y is a chain map, we
define =¥ f: XX — XFY by (ZFf); = fi_s.

For k = 1, we write ¥ instead of X1

Definition 1.1.2 (Cone). Let f: X — Y be a chain map between chain complexes.
Then, the cone of f is defined to be the chain complex Cone(f) with chain mod-
ules (Cone(f)); = X;—1 @ Y; and differentials d;: Cone(f); — Cone(f);—1 given
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by
j(z,y) = (—0;1(2),0] (y) + fi-1(x)).

Example 1.1.3. Let f: X — Y be a chain map. Then, the inclusion defines a
chain map Y — Cone(f).

In analogy to skeleta of CW-complexes, we define the following notion.

Definition 1.1.4 (skeleton of a chain complex). Let X be a chain complex and
n € Z. Then, the n-skeleton of X is defined as the chain complex X (™ with chain
modules (X™); == X; if j < n and (X(™); := 0 otherwise. The differentials are
given by 8JX ™= 8]).( if < n and zero otherwise. Similarly, we define X>™ by
replacing all modules in degrees < n with zero modules.

An important observation is that every chain complex is isomorphic to a mapping
cone in the following ways.

Example 1.1.5 (Splitting a chain complex). Let X be a chain complex and n € N.
Let f: 2~14(X®™) - X(™ be the chain map given by f, = 822_1 and zero in all
other degrees. Then, Cone(f) is isomorphic to X.

Definition 1.1.6 (homotopy commutative square). A homotopy commutative square
consists of chain maps

Y
(1.1.1)

N o

I
On
—F W

together with a chain homotopy H: goa ~ bo f, i.e. a family of maps H;: X; —
W41 such that for all j € Z

O oH;j+Hj 100" =goa—bof. (1.1.2)
Note that in the case H = 0, the square is strictly commutative.

We often employ homotopy commutative squares to obtain maps between map-
ping cones [Wei95, Section 1.5].

Lemma 1.1.7 (induced map on mapping cones). Let a homotopy commutative
square as in Equation (1.1.1) be given. Then, we obtain an induced chain map

(a,b; H): Cone(f) — Cone(g)

given by
(a,b; H)j(x,y) = (aj-1(x),b;(y) — Hj-1(2)).

in degree j € Z.
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Lemma 1.1.8. Let f: X — Y be a chain map. Then, there exists a short exact
sequence of chain complezes

0—Y % Cone(f) &> 2X — 0,

which splits degreewise. Consequently, there exists a natural long exact sequence of
homology groups

-+ = Hj(X) = H;j(Y) = Hj(Cone(f)) = Hj—1(X) = Hj_1(Y) — - --

Lemma 1.1.9. Suppose we have a homotopy commutative square as in Defini-
tion 1.1.6. We have the following diagram:

x -ty > Cone(f)

al On J” G0 Jwom

Z—— W » Cone(g)

If the chain maps a and b are weak equivalences, then so is (a,b; H).

Ultimately, we will need a “higher” functoriality of the mapping cone with respect
to cubes that are coherently homotopy commutative. We introduce the following
definition: A homotopy commutative cube consists of six homotopy commutative
squares

X/ ! Y
\ Or /
x 1 Ly
Ao l o Jb G | Om (1.1.3)
Z — w
¢ w
/ OG \
A w’
g/
where
H:goa~bof;

H:god ~Vof;
:(oa~ad of;
twob~bov;
L floExvof;
g ol ~wog;

Q= W



1 The bootstrapping principle

together with a map ®: X, — W/ ,, called the filler of the cube, such that

w’ X
Orr20®j = Bjo1 005 = (1.1.4)
wj+1on—Hj’-ofj—i—Bjofj—g;-+1oAj+Gjoaj—b;+1on.

The right hand side in Equation (1.1.4) is the sum of all six maps X, — W/, in
Diagram (1.1.3), where opposite faces of the cube contribute with opposite signs.

Lemma 1.1.10 ([LLMSU24, Lemma 2.3]). Let a homotopy commutative cube as
in Diagram (1.1.3) be given. Then, the following square is homotopy commutative

Cone(f) _ o), Cone(f)

(a,b;H)l Ow l(a/,b/;H’)
Cone(g) G Cone(g’)

where U: Cone(f). — Cone(qg’).11 is defined as

\Ilj(:n,y) = (—Ajfl(l‘)aBj(y) - ‘I)jfl(f’?))'

1.2 Bootstrappable properties for chain complexes
We first introduce bootstrappable properties of chain complexes over a fixed ring.

Definition 1.2.1 (Bootstrappable property). Let R be a ring. A sequence B, =
(Bn)nez of classes of R-chain complexes is a bootstrappable property of R-chain
complezxes if it is closed under isomorphisms and satisfies the following axioms:
Let X be an R-chain complex and n € Z.

(B-deg) Degree. If X is concentrated in degrees > 0, then X € B,, for all m < 0;
(B-susp) Suspension. We have X € B,, if and only if XX € B,,41;

(B-cone) Mapping cone. Let f: X — Y be an R-chain map. If X € B,_; and Y € B,,
then Cone(f) € B,,.

An easy example is given by interpreting B, as ‘finitely generated in degrees < n’,
which obviously satisfies all three axioms. We will give more complex examples in
Section 1.8 and Chapter 2. We first record some immediate consequences of the
definition.

Lemma 1.2.2. Let B, be a bootstrappable property of R-chain complezes.
(i) If n € Z and X is concentrated in degrees > n, then X € B,,.

(i) If X,Y €B,, then X &Y € B,,.
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Proof.

(1) We obtain that X~ ("D X is concentrated in degrees > 0, thus =) € B_;
by Axiom (B-deg). Then, a repeated application of Axiom (B-susp) yields
that X = yrtiy-(+)x ¢ B,,.

(ii) Since X @Y = Cone(0: X1 X — Y), we obtain X @Y € B,, from Axiom (B-
susp) and Axiom (B-cone). O

1.3 Projective replacements

In this section, we recall the technique of projective replacements. Starting with
a resolution of a module M and projective resolutions of the modules occurring in
the resolution, we can build a new resolution of M consisting of projective modules
that satisfies additional properties.

Let R be a ring and M be an R-module. Recall that a projective resolution of M
is an chain complex X consisting of projective R-modules that is concentrated in
non-negative degrees, together with an augmentation map e€: Xg — M such that
the augmented complex X, — M is exact. A weak equivalence is a chain map that
induces isomorphisms on homology in all degrees.

Proposition 1.3.1 (Projective replacement [Bro82b, Lemma 1.5] [LLMSU24,
Proposition 2.12]). Let X be a chain complex that is concentrated in degrees > 0.

For each j >0, let P7 = (P?)i>0 be a projective resolution of the module X;. Then,

~

there exists a projective chain complex X together with a filtration (X[k])kzo and a
chain map q: X — X such that for every k > 0, the following hold:

(i) We have X9 = PO,
(ii) X s the mapping cone of a chain map XF1PF — Xk=1]
(iii) The restriction ¢*: XM — X®) is q weak equivalence.

In particular, the chain modules of)? are of the form

and q: X = X is a weak equivalence.

Proof. We prove the claim by induction over & € N. We set X0 .= PO and
¢": P° — X defined by the augmentation P(? — Xp in degree 0 and zero in all
other degrees. Since P is a resolution of Xy, the chain map ¢° is a weak equivalence.

For the induction step, assume that the chain complex X1 and a weak equiv-
alence ¢F!: X1 5 x*-1 have been constructed. We consider the following
diagram:
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k-1 pk X[k—1]

sk | |
X

Ek_le O X (k=1)

where e¥: P* — X}, is given by the augmentation Pé“ — X in degree 0 (and zero in
all other degrees). Note that in all degrees, ¥¥~'P* consists of projective modules

k—1

and ¢ is a weak equivalence. Thus, there exists a chain map 8,? : ph-1pk

X [k=1] making the square homotopy commutative [Bro82b, Lemma 1.1]. We de-
fine X[¥ .= Cone(8;¥) and ¢": XM 5 x (k) = Cone(9Y) to be the induced chain
map on mapping cones. We thus have a (homotopy commutative) diagram of map-
ping cone sequences as follows.

yk—1 pk % X [k—1] Xk
— X

o |
X

]
qk
yh-1Xx, i) x (k—1) (k)

By Lemma 1.1.9, because ¥ ¥ and ¢F!

map ¢". R
Finally, we take the colimit X := colimy X¥ and ¢ := colimy, ¢*. By construction,

we have R '
XM = @ P,

jti=n,
0<j<k

are weak equivalences, so is the chain

and thus )?,[ﬁ = )/(:n for k > n. Consequently, we also have )/(\'n = @jﬂ»:n PZJ

Since homology commutes with directed colimits [Sta25, Lemma 00DB] and all
maps (qk) 1 are weak equivalences, the map ¢ is a weak equivalence. ]

Proposition 1.3.2 (bootstrapping for chain complexes). Let By be a bootstrappable
property of R-chain complexes and n € N. Let X be an R-chain complex that is
concentrated in degrees > 0. Suppose that for all j < n, the R-module X; admits
a projective resolution PJ lying in Bn—j. Then, there ewists a projective R-chain
complex X € B,, that is weakly equivalent to X.

Proof. Case 1: Suppose that X is of finite length, i.e. there is k& € N such that X
is concentrated in degrees < k. By Proposition 1.3.1, there exists a projective
replacement X that is weakly equivalent to X. Moreover, we have a filtration

Pozf[o}gf[l}g...gf[k]:)}:,

where for all j < n, the complex XUl is the mapping cone of a map ¥/~ PJ — Xbi-1,
We prove the claim by induction: We have P° € B,,_( by assumption. For the
induction step, assume XU~ € B,. By assumption, we have PJ € B,.—;, thus by
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Axiom (B-susp), we obtain ¥/~1PJ € B,,_;. Thus, XUl € B,. Finally, we obtain
that X = X[kl € B,,.

Case 2: Let X be arbitrary (possibly of infinite length). For j > n, let PJ
denote an arbitrary projective resolution of X;. By Example 1.1.5, X is isomorphic
to Cone(92,4): -1 (xGm)) - X where the chain map is given by dX. 1 in

—

degree n. By Proposition 1.3.1, there are projective replacements ¢ x(n) 5 x0)

and ™ X(n) — X&) with respect to the resolutions (P7);. We consider the
following diagram:

—

s-1(X () X

E—l(q(>n))l Jq(n)

aX
»-H(x ) o x(n)

The R-chain complex ¥~ (X (>m)) is projective and the R-chain map q™ is a weak

equivalence, thus we can lift 87),;1 up to homotopy to 87)1(“: »HXGn)) 5 XxX()
that is an R-chain map [Bro82b, Lemma 1.1]. We now define X := Cone(d,, )
and q¢: X — X to be the induced map on mapping cones (see Lemma 1.1.7). We

thus have the following diagram of mapping cone sequences.

—
—

— X
(X)) 2 X ()

X

E—I(q(>n))l Jq(n) lq
X

X

S-1(xCmy 2y xm)

As a cone over projective R-chain complexes, X is projective. Lemma 1.1.9 yields
that ¢ is a weak equivalence. By Case (1), we obtain that X (™ lies in B,. The

construction in Proposition 1.3.1 yields that $71(X(>7) is concentrated in de-
grees > n, thus lies in B,_; by Lemma 1.2.2. By Axiom (B-cone), we conclude

that X = Cone(9),,) € By,. O

1.4 Bootstrappable properties for groups

We will now define a notion of an equivariantly bootstrappable property for groups.
In order to relate chain complexes over group rings for different groups, we demand
compatibility with the induction functor. We define an is-class of groups as a class
of groups that is closed both under isomorphisms and taking arbitrary subgroups.
We use the symbol < to denote such a class of groups. The most common examples
in this thesis are the class of all groups and the class of residually finite groups.

Definition 1.4.1 (Equivariantly bootstrappable property). Let R be a ring and
let $ be an is-class of groups. An equivariantly bootstrappable property of chain
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complezes over R is a family BY = (BL)re¢ nez, where BL is a class of RI'-chain
complexes for all I' € { and n € Z such that Bl is a bootstrappable property
of RI'-chain complexes, and, moreover, for all n € Z, the following holds:

(B-ind) Induction. Let I' € {, let A be a subgroup of I'; and let X be an RA-chain
complex. If X € B4, then indy X := RT ®pa X € B,

From an equivariantly bootstrappable property, we obtain a bootstrappable prop-
erty of groups.

Definition 1.4.2 (Bootstrappable property of groups). Let BY be an equivari-
antly bootstrappable property of chain complexes over R. We define the associated
class B,, as follows:

B, = {I' € & | 3 a projective RT-resolution X of R with X € BL}.

We call a family of classes of groups a bootstrappable property of the is-class <
of groups whenever it arises in this way from some equivariantly bootstrappable
property of chain complexes over R. We denote the intersection Bo = [,,cz Bn.

Many bootstrappable properties additionally satisfy the following restriction ax-
iom.

(B-res) Restriction to finite index subgroups. Let I' € <, let A be a finite index
subgroup of I'; and let X be an RI'-chain complex. If X € Bg , then we have
resh, X € BS.

1.5 The Bootstrapping Theorem

The main motivation for defining bootstrappable properties is the following boot-
strapping theorem. It allows to “bootstrap” a property of a group from properties
of its stabilisers. In typical applications, we will start with a “small” group (typi-
cally Z) where we can show a certain property by hand, and then work our way up
using the Bootstrapping Theorem. For the latter, we have to construct actions that
have stabilisers that we have already verified the desired bootstrappable property
for.

Definition 1.5.1 (bootstrappable action property). Let & be an is-class of groups
and B, = (By,)nez be a sequence of group properties for groups in ). We say that B,
is a bootstrappable action property over a ring R if for all groups I' € {,n € N and
all '-CW-complexes (2, we have that if the following conditions hold, then I' € B,,.

(i) Q1is (n — 1)-acyclic over R (i.e., H;(Q; R) = H;(pt; R) for all j <n —1);
(ii) T\Q™ is compact; and

(iii) For every cell o of Q with dim(c) < n, the stabiliser I', lies in B,,_gim(0);
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The main class of examples are bootstrappable properties of groups. We first
start with an algebraic observation.

Theorem 1.5.2 (Bootstrapping theorem, algebraic version). Let BY be an equiv-
ariantly bootstrappable property of an is-class & of groups over a ring R. LetT' € {
andn € N. Let X be an RI'-resolution of the trivial RU'-module R. Suppose that for
all j < n, the RT'-module X; is isomorphic to a finite direct sum @aesj R[I'/T,],
where L'y is a subgroup of I' lying in B,,—;. Then, I" € B,,.

Proof. For each j < n and o € 5}, because I'; € B,,_j, there exists a projec-
tive R[[',]-resolution P’ of R lying in BL ;- By axiom (B-ind), we obtain that the
projective R[I']-resolution
Pi = indp,, P°
o€S;

of X; lies in B};_j. For j > n, we pick any resolution P’. In this case, we have
Pi c Bgfj by Axiom (B-deg). We apply Proposition 1.3.1 to X (without the
augmentation map) and (P7)jcy. We obtain a projective chain complex X with
a filtration ()? k1) gen and a chain map g¢: X 5 X , which is a weak equivalence.
Since X is a resolution of R, and X is projective, also Xisa projective resolution
of R. We will show that X € BL. By Proposition 1.3.1, we have X0 = po ¢ BL.
Moreover, for all k¥ € N, the chain complex X is the mapping cone of a chain
map XF-1PF )?[k —1]. Since P* ¢ BL ., repeated application of Axiom (B-
susp) yields that X*~1P¥ ¢ Bl . Axiom (B-cone) yields that XMW ¢ BL. We
obtain by induction that X e BL. Proposition 1.3.1 also yields that X is the
mapping cone of a chain map ¥ — X ("] where Y is a chain complex concentrated in
degrees > n. Thus, by Lemma 1.2.2, we have Y € BL_| and Axiom (B-cone) yields

that X € BL. Since Xisa projective resolution of R, this shows that I' € B,,. [
This implies the following topological version.

Theorem 1.5.3 (Bootstrapping Theorem, [LLMSU24, Theorem 3.6]). Bootstrap-
pable properties have the bootstrappable action property.

Proof. Let B® be an equivariantly bootstrappable property of chain complexes
over R that induces B,. Let I' € &, n € N and 2 be a '-CW-complex satisfying the
conditions (i)—(iii) in Definition 1.5.1. We can attach cells in dimensions > n and
assume that  is acyclic. Thus, the associated cellular RI-chain complex X of €,
together with the augmentation, is exact in all degrees. Moreover, for all j < n,
the RI-module is isomorphic to a finite direct sum P g R[I'/T's], where I' is
the stabiliser of a cell o (running over all orbits in  of a given dimension) lying in
By—;. We can thus apply Theorem 1.5.2 to conclude. ]

Note that properties can satisfy the bootstrapping theorem property without
even being associated to a property for chain complexes. This will be very handy
when dealing with geometric cheap rebuilding (see Theorem 2.1.8).
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Remark 1.5.4. The construction in the proof of Theorem 1.5.2 is an algebraic
version of a topological ‘blow-up’ construction by Liick [Liic00; MS20] and Ge-
oghegan [Geo08], given as follows: Let © be a I'CW-complex and let classifying
spaces (BI'y), for its cell stabilisers be given. Then, there exists a free I'-CW-
complex Q that is (non-equivariantly) homotopy equivalent to €, and, roughly
speaking, obtained from € by replacing each I'-orbit of cells I'/T'; x o with the
free I-CW-complex indll:o BT, x o. Thus, if 2 is (non-equivariantly) contractible,

we obtain that () /T is a classifying space for I'.

1.6 Classical examples: Algebraic finiteness properties

Classical examples of an equivariantly bootstrappable property are given by al-
gebraic finiteness properties of chain complexes. For an introduction, we refer to
Brown’s book [Bro82a, Chapter VIII]. We work over an arbitrary ring R. Whenever
we drop the ring from the notation, it is understood that R = Z.

Definition 1.6.1. Let T' be a group and n € Z. The class FGL(R) consists of
all RI’-chain complexes X satisfying for all j < n that the RI-module X} is finitely
generated.

Definition 1.6.2. Let n € Z. A group I' is of type FP,(R) if there exists a
projective RI-resolution P of the trivial RI-module R satisfying P € FGL(R).

By definition, a group lies in FG,(R) if and only if it is of type FP,(R). In
particular, it is easy to see that the group of integers Z and all finite groups lie
in FGo(R).

Lemma 1.6.3. Let { denote the is-class of all groups. The family FG*O(R) is an
equivariantly bootstrappable property of chain complexes over R that additionally
satisfies Axiom (B-res).

Proof. 1t is straightforward to verify that Axioms (B-deg), (B-susp) and (B-cone)
hold. For Axiom (B-ind), let A C T be a subgroup and M be a finitely generated
RA-module, generated by z1,...,zg. Then, indgM = RI' ®pa M is generated
by 1 ® x1,...,1 ® . In particular, it is finitely generated. Applying this fact
degreewise yields Axiom (B-ind). In order to verify Axiom (B-res), note that for a
finite index subgroup A C I', we have resy RI' & (RA)A Thus restrictions of
finitely generated modules are again finitely generated. Applying this fact degree-
wise yields Axiom (B-res). O

Remark 1.6.4. Note that, instead of demanding finite generation in all degrees
< n, we could have only demanded finite generation in degree n and we could
have still obtained an equivariantly bootstrappable property satisfying Axiom (B-
res). However, the above setup has the advantage that FG,,,;(R) C FGL(R), which
fits better with the examples we will develop in this thesis (e.g. algebraic cheap
rebuilding, see Chapter 2).
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1.7 Consequences of the Bootstrapping Theorem

We obtain the Bootstrapping Theorem 1.5.3 for FG,(R), which is a classical the-
orem [Bro87, Proposition 1.1]. We give another example related to cohomological
dimension.

Definition 1.6.5. Let I' be a group and n € Z. The class ZL(R) consists of
all RI'-chain complexes X satisfying X,, = 0.

The class Z¢ relates to cohomological dimension in the following way.

Lemma 1.6.6. Let I' be a group and n € N. Then, I' lies in the associated class of
groups Zn11(R) if and only if cdr(I") < n. Here, cdg(T") denotes the cohomological
dimension of I' over the ring R.

Proof. We use the result that cdg(I') < n if and only if there exists a projec-
tive RI-resolution of R of length at most n [Bro82a, Lemma VIII.2.1]. Thus,
if cdr(I') < n, there exists a projective RI'-resolution X of R with X, 11 = 0,
thus I' € Z,11(R). Conversely, if I' € Z,41(R), i.e. there is a projective RI-
resolution X of R with X171 = 0, we can set X; = 0 for £ > n + 1. Thus,
cdg(T) < n. O

Lemma 1.6.7. Let  denote the is-class of all groups. The family Z9 is an
equivariantly bootstrappable property of chain complexes over R that additionally
satisfies Axiom (B-res).

Proof. All the axioms are straightforward to verify. O

We thus obtain the Bootstrapping Theorem 1.5.3 for Z¥. This is a weakening of
the following classical theorem, which doesn’t assume co-compactness of the action.

Theorem 1.6.8 ([Bro82a, Exercise VIII.2.4]). Let I' ~ X be an action of a group
on an acyclic CW-complex. Then,

cdI' < sup{cdT', + dimo},

where o ranges of all cells of X.

1.7 Consequences of the Bootstrapping Theorem

We record immediate consequences of the Bootstrapping Theorem 1.5.3 for a gen-
eral property B,. Recall that the finiteness property FP*<> was defined in Defini-
tion 1.6.2.

Proposition 1.7.1. Let B, be a bootstrappable property of an is-class & of groups
over a ring R. For all n € Z, we have:

(i) (Graph of groups). Let ' € { be the fundamental group of a finite (connected)
graph of groups. (For an introduction to this subject, see [Ser80, Section 1.5].)
If all vertex groups lie in B,, and all edge groups lie in B,,_1, then I' € B,,.

11



1 The bootstrapping principle

(ii) (Extensions). Let I' € & be a group containing a normal subgroup N such
that the quotient T'/N s of type FP,(R). (This is the case, e.g., if T' is
of type FP,(R) and N is of type FP,_1(R).) If N € Bj for all j < n,
then I' € B,,.

(iii) (Finite extensions). Let I' € & and let N be a finite index normal subgroup
of I'. If N € Bj for all j < n, then I' € B,,.

(iv) (Finitely generated infinite abelian groups). Let I' € { be a be a finitely
generated, infinite abelian group. If Z € B; for all j < n, then I' € B,

Proof. (i) The claim follows by application of the Bootstrapping Theorem 1.5.3
to the Bass-Serre tree [Ser80, Section I.5].

(ii) Write @ := I'/N for the quotient, which by assumption is of type FP,(R).
Hence, there exists an RQ-resolution P of R such that P; is finitely generated,
free for all j < n [Bro82a, Proposition VIII.4.3]. We then consider the RI'-
resolution given by the restriction resr_.g P of R and apply Theorem 1.5.2.

(iii) This follows from Part (ii) because finite groups are of type Fo, thus in
particular of type FPo(R).

(iv) From Part (ii), we obtain that Z™ € B, for all m € Nsg. As I' contains
some Z™ as a finite index normal subgroup, by Part (iii), we obtain that
I' e B,. O

We spell out consequences of this for some classes of groups. The underlying
principle remains the same: From the group Z, we ‘bootstrap’ our way up using
the inheritance properties in Proposition 1.7.1. We will also see the same principle
later (see e.g. Theorem 3.3.3 for an application to inner-amenable groups).

In the following examples, let B, be a bootstrappable property of an is-class <
of groups over a ring R and n € N.

Example 1.7.2 (Polycyclic-by-finite groups). Let I' € <) be an infinite polycyclic-
by-finite group. If Z € B; for all j < n, then I' € B,,.

Proof. The group I' contains a finite-index normal subgroup A that is poly-infinite-
cyclic [CD21, Lemma 5.11], i.e., A admits a subnormal series whose factors are
infinite cyclic. By Proposition 1.7.1 (iii), it suffices to show that A € B; for all j < n.
Let

1:A0<1A1<1~"<1Ak:A

be a subnormal series of A with infinite cyclic quotients. Since Ay = Z, we have
Ay € Bj for all j < n. By induction on the length k of the subnormal series, assume
that Ay_; € B; for all j <n. By Proposition 1.7.1 (ii), we obtain that A = Aj, € B;
for all j < n. O

12



1.7 Consequences of the Bootstrapping Theorem

We can even bootstrap properties to infinite, elementary amenable groups of
type FP. Recall that the class of elementary amenable groups is the smallest class
that contains all finite groups, all abelian groups, and that is closed under taking
subgroups, quotients, extensions and directed unions [Day57, Section 4].

Example 1.7.3 (elementary amenable groups). Let I' € > be an infinite elemen-
tary amenable group of type FP,. If Z € B, for all j < n, then I' € B,,.

Proof. We use a characterisation of Kropholler—-Martinez—Pérez—Nucinkis [KMNO09,
Theorem 1.1]: We have either of the following:

(i) T is infinite polycyclic-by-finite, or

(ii) T’ contains a normal subgroup N such that

o N is a strictly ascending HNN-extension H*p ; over a finitely generated,
virtually nilpotent group, and

o I'/N is a Euclidean crystallographic group.

In the first case, we have I' € B,, by Example 1.7.2. In the second case, Euclidean
crystallographic groups are virtually Z* for some k € N [Biel2], thus of type Fo,
thus by Proposition 1.7.1 (ii), it suffices to show that N € B; for all j < n. The
HNN-extension N = Hxp; is strictly ascending, so H must be infinite. The infinite
finitely generated virtually nilpotent group H is infinite polycyclic-by-finite and
hence lies in B; for all j < n by Example 1.7.2. HNN-extensions are a particular
example of fundamental groups of graphs of groups, thus Proposition 1.7.1 (i) yields
the claim. O

Question 1.7.4. Does the statement of the above Example 1.7.3 generalise to the
class of amenable groups?

For the definition of amenability, see Definition 1 in the Introduction. We will
obtain a positive answer for this question for the property CWR, in Theorem 2.8.5.

We can also bootstrap properties of Z to certain right-angled Artin groups (ab-
breviated RAAGs). Recall that a finite simplicial graph G induces a presentation
of a RAAG as follows: For every vertex, we have a generator. We add the relation
that two generators commute if their corresponding vertices are connected by an
edge in G. A graph is called chordal if it does not contain cycles of length > 4 as
full subgraphs.

Example 1.7.5 (Chordal RAAGs). Let G be a non-empty connected finite simpli-
cial graph that is chordal. Suppose that the associated right-angled Artin group Ag
is contained in . If Z € B; for all j < n, then Ag € B,,.

Proof. 1t is a classical result [Dir61, Theorem 1] about chordal graphs that either

(i) G is complete, or

13



1 The bootstrapping principle

(ii) there exist full proper subgraphs G, Gs of G such that G = G; U Gy and the
intersection Gy := G N Gy is complete.

In the first case, Ag is an infinite, finitely generated, free abelian group, thus in B,
by Proposition 1.7.1 (iv). In the latter case, we have that Ag splits as Ag, *ag Ag,.
In particular, it is the fundamental group of a graph of groups, consisting of two
vertex groups and one edge group. By induction, we can assume that Ag,, Ag, € B,,.
Finally Ag, is a free abelian group. Because G is non-empty and connected, Ag,
must be non-trivial. Thus, Ag, € B,—1 by Proposition 1.7.1 (iv). Hence, Ag € B,
by Proposition 1.7.1 (i). O

In Section 3.4, we will bootstrap the property B; to general Artin groups. In the
following, we investigate a few consequences of the additional axiom (B-res).

Proposition 1.7.6. Let R be a ring and < be an is-class of groups. Let BY be an
equivariantly bootstrappable property of chain complexes over R that additionally
satisfies (B-res). For all n € Z, the following hold:

(i) (Finite index subgroups). Let I' € { and let A be a finite index subgroup
of I'. IfT" € B, then A € B,,.

(i) (Finite index overgroups). Let I' € { and let A be a finite index subgroup
of I'. If A€ Bj for all j <n, then I" € B,,.

(iii) (Commensurated subgroups). Let I' € { and let A be a commensurated
subgroup of I' (i.e., for all v € T, the intersection A Ny~ Ay has finite index
both in A and in vy~ 'Avy). Furthermore, let T be of type F, and A be of
type Fru_1. If A € B for all j <n, then I € B,,.

Proof. (i) If T lies in B, by definition, there exists a projective RI-resolution P
of R lying in BL. By Axiom (B-res), the restriction resk P lies in B5. It is a
projective RA-resolution of R, witnessing that A € B,.

(ii) Suppose that A € B; for all j < n. The normal core Corer(A) = nwel“ A"
has finite index in A. Here, we write AY := y~!A~. Thus, Corer(A) € B, for
all 7 < n by part (i). Then, Proposition 1.7.1 (iii) yields that I' € B,,.

(iii) We consider the Schlichting completion G of T' relative to A, i.e., the clo-
sure of the image of the translation action 7: I' — Sym(I'/A), where we
equip Sym(I'/A) with the topology of pointwise convergence. For details
on the Schlichting completion, see [SW13, Section 3|, where the Schlichting
completion is called the relative profinite completion. We have that G is a
locally compact totally disconnected group and the closure U of 7(A) is a
compact-open subgroup. A result of Bonn-Sauer yields that UN7(I") = 7(A)
[BS24, Section 2]. Since I' is of type F, and A is of type F,,_1, there is a
contractible G-CW complex 2 with compact-open stabilisers such that the
n-skeleton is co-compact. Bonn—Sauer say that G has type F,, in this case

14



1.8 (?-invariants

[BS24, Definition 3.1, Theorem 1.2]. Every compact-open subgroup K of G
is commensurable with U (i.e. H N K has finite index in both H and K).
Thus, the stabilisers of the I'-CW-complex res; {2 are commensurable with A
and hence lie in B; for all j < n by Parts (i) and (ii). We can apply the
Bootstrapping Theorem 1.5.3 to conclude that ' € B,,. ]

1.8 /%-invariants

We survey some examples presented in an article with Li-Léh—Moraschini-Sauer.
More precisely, we show that vanishing of ¢?-homology, of £2-Betti numbers and
of Novikov-Shubin invariants are equivariantly bootstrappable properties. In this
thesis, we state the results. The proofs can be found in the article [LLMSU24,
Section 4.2]. For background on (2-invariants, we refer to Liick’s book [Liic02]. We
work over the ring R = Z and denote by N'T the group von Neumann algebra.

(2-invisibility

Definition 1.8.1 (¢-invisibility). Let I" be a group and n € Z. The class I}
consists of all ZI'-chain complexes X satisfying for all j < n that

Hj(NF ®zr X) = 0.

A group I' thus lies in I, if and only if H;(I;NT) = 0 for all j < n. Groups
that lie in |, are said to be £2-invisible. For an overview on ¢?-invisibility and its
relevance for the Zero-in-the-spectrum Conjecture, we refer to Liick’s book [Liic02,
Chapter 12]. We point out a few remarkable facts: For a group I of type Fo,, we ob-
tain that it lies in | if and only if H;(I'; ¢2T") = 0 for all j € Z [Liic02, Lemma 12.3].
The class lp is the class of non-amenable groups [Liic02, Lemma 12.11 (4)]. There
is a product formula: If T’y € I, an I'y € |,,,, then I'y x T’y € Iy, 4py41 [Liic02,
Lemma 12.11 (3)].

Proposition 1.8.2 ([LLMSU24, Proposition 4.5]). Let { denote the is-class of all
groups. The family |9 is an equivariantly bootstrappable property of chain complexes
over Z that additionally satisfies Aziom (B-res).

As a consequence, we obtain the Bootstrapping Theorem 1.5.3 for |, which is
implicit in the work of Sauer—Thumann [ST14, Proof of Theorem 1.1]. This result
can be used to provide examples of £?-invisible groups of type Fu,, which are given
by certain local similarity groups [ST14]. We do not know whether there exists
an ¢?-invisible group of type F.

(?-acyclicity Similarly, we obtain results for vanishing of £2-Betti numbers.

Definition 1.8.3 (¢2-acyclicity). Let I be a group and n € Z. The class Al consists
of all ZI'-chain complexes X satisfying for all ;7 < n that

dimpr Hj(./\/T‘ Qzr X) =0.
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1 The bootstrapping principle

Here, by dimar, we denote the von Neumann dimension over NT.

Then, a group I lies in A,, if and only if its ¢?-Betti numbers b§2) (T') = 0 for
all j < n. Groups that lie in Ay, are called ¢?-acyclic. For an overview on ¢2-
acyclicity, we refer to Liick’s book [Liic02, Section 7.1]. We point out some facts:
The class Ag is the class of infinite groups [Liic02, Theorem 6.54 (8)]. All infinite
amenable groups lie in Ay, [Liic02, Corollary 6.75]. Clearly, |,, is contained in A,
and this inclusion is strict for each n € N, as witnessed by infinite amenable groups.

Proposition 1.8.4 ([LLMSU24, Proposition 4.7]). Let { denote the is-class of
all groups. The family AY is an equivariantly bootstrappable property of chain
complexes over Z that additionally satisfies Axiom (B-res).

Consequently, we obtain the Bootstrapping Theorem 1.5.3 for A, which was
proved (in a slightly weaker form) by Jo [Jo07, Theorem 3.5].

Novikov-Shubin invariants and capacity The Novikov-Shubin invariants are spec-
tral invariants measuring the difference between ¢2-acyclicity and ¢2-invisibility. We
refer to Liick’s book [Liic02, Chapter 2] for an introduction. Following the setup
developed by Liick—Reich—Schick [LRS99], we state the results in terms of the ca-
pacity, which is reciprocal to the Novikov-Shubin invariants. Capacity takes values
in the extended range of numbers

[0, 00] = {0~} LU [0, o0

We extend the usual ordering on [0, 00] by 0~ < 0 and the arithmetic operations
as expected.

Definition 1.8.5. Let I' be a group, n € Z and « € [0, oc].

e The class CI\/IE consists of all ZI' chain complexes X satisfying for all j < n
that the NT-module H;(NT ®zr X) is cofinal-measurable [LRS99, Defini-
tion 2.1].

e The class C(< k)L consists of all ZI'-chain complexes X € CML satisfying for
all 5 < n that

CNT (Hj(./\/T Qzr X)) < K.

Here, ¢y is the capacity of NT-modules [LRS99, Section 2], i.e. the reciprocal
of the Novikov-Shubin invariant.

« Similarly, we define the class C(< x)L by replacing the inequality with a strict
equality.

All cofinal-measurable modules have von Neumann dimension 0. In particular,
this implies that CM,, is a subclass of A,,. Note that we have I}, = C(< 07)L.
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1.8 (?-invariants

Proposition 1.8.6 ([LLMSU24, Proposition 4.9]). Let { denote the is-class of
all groups. The families CM?,C(< 07)2,C(< 0)9, and C(< )¢ are equivari-
antly bootstrappable properties of chain complexes over Z that additionally satisfy
Aziom (B-res).

Consequently, we obtain the corresponding versions of the Bootstrapping Theo-
rem 1.5.3.

Example 1.8.7. The group of integers Z lies in A, as it is infinite and amenable,
and for the same reason not in |,, for any n € N. Moreover, we have that H;(Z; N'Z)
is cofinal-measurable for all j € Z, and ¢o(Z) = 1 and ¢;(Z) = 0~ for j > 1 [LRS99,
Theorem 3.7 (4)].
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2 Algebraic cheap rebuilding

We introduce a notion called the algebraic cheap rebuilding property. It is heav-
ily inspired by Abért—Bergeron—Fraczyk—Gaboriau’s (geometric) cheap rebuilding
property [ABFG24], which was introduced to show the vanishing of (torsion) ho-
mology growth. Roughly, the geometric cheap rebuilding property is satisfied for
a residually finite group I' if for every residual chain A, we can find an ‘efficient’
model for BA;, once the index [[' : A;] is large enough. In this context, ‘efficient’
is quantified in terms of a small number of cells, operator norms of the bound-
ary maps and homotopies involved. In the following, we coin an algebraic version
of this definition, by demanding certain bounds on norms and ranks of projective
resolutions.

We first recall Abért—Bergeron—Fraczyk—Gaboriau’s definition of geometric cheap
rebuilding (Section 2.1) before stating the relevant definitions (until Section 2.4).
We show that algebraic cheap rebuilding implies the vanishing of (torsion) homol-
ogy growth (Section 2.5). Moreover, we characterise algebraic cheap rebuilding in
degree 0 (Section 2.6) and state the example of the group of integers (Section 2.7).
Finally, we show that amenable groups satisfy the algebraic weak cheap rebuilding
property (Section 2.8).

The following notions, except for Abért—Bergeron—Fraczyk—Gaboriau’s geomet-
ric cheap rebuilding, emerged in an article of the author together with Li—Loh—
Moraschini-Sauer [LLMSU24, Section 4.4]. I was particularly involved in working
out the details why in our setting, it is better to work with the 1-norm instead of
the 2-norm (esp. Section 2.7). Moreover, I contributed particularly to the proof
that in the top degree, the logarithmic torsion homology growth vanishes in pres-
ence of CWR,, (Section 2.5) and to making the topological argument for amenable
groups algebraically precise (Section 2.8).

2.1 Geometric cheap rebuilding

The (geometric) cheap rebuilding property was introduced by Abért—Bergeron—
Fraczyk—Gaboriau in order to show vanishing results for Betti numbers and torsion
gradients. The majority of their results builds on the fact that this notion is a
bootstrappable action property. In the following, we recall the definition of the
cheap rebuilding property, following the article by Abért—Bergeron—Fraczyk—Gabo-
riau [ABFG24].

First, we define the notion of a rebuilding of a CW-complex and its quality.
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2 Algebraic cheap rebuilding

Definition 2.1.1 (rebuilding [ABFG24, Definition 1]). Let n € N and let Y be a
CW-complex with finite n-skeleton. An n-rebuilding of Y is a tuple (Y,Y’, g, h, P),
consisting of the following data:

(i) Y’ is a CW-complex with finite n-skeleton,
(i) g: Y™ =Y’/ and h: Y™ — Y™ are cellular maps that are homotopy

inverse to each other up to dimension n—1, i.e., hogy(n-1) = id}y (n-1) within
Y™ and go hy/(n-1) = id}ys(m-1) within Y’ and

(iii) a cellular homotopy P: [0,1] x Y(»~1 — Y (") between the identity and hog,
i.e.7 P(O, ) - ldTy(n—l) and P(l’ ) = h (¢] gry(n—l)

We often write (Y,Y”), leaving the maps implicit.
Definition 2.1.2 (quality of a rebuilding, [ABFG24, Definition 2]). Given real

numbers T > 1,k > 1, we say that an n-rebuilding (Y,Y”, g, h, P) is of quality
(T, k) if we have for all j <n

|X'0)| < kT X)) (cells bound)
masx{1og g5 og 143 0g 1o, log %1} < (1 +1ogT)  (norms bound)

where | - | denotes the number of cells and the norms || - || are the operator norms
associated to the canonical £2-norms on the cellular chain complexes given by the
basis of open cells. Moreover, & is the cellular boundary map on Y’, and g and h
are the chain maps respectively associated to g and h, and p: Ce(Y) = Cey1(Y) is
the chain homotopy induced by P in the cellular chain complexes:

Cu(Y) 25 e o — CL(Y) = Co(Y)
— ~— —
gn || hn Pn—1 P g1||hy PO go || hg
7 s o)
Cp(Y') = -+ = C(Y) — Co(Y).

In the words of Abért—Bergeron—Fraczyk—Gaboriau, the above definition captures
“an intrinsic tension between ‘having few cells’ and ‘maintaining tame norms’ ”
[ABFG24, p. 7.

Abért—Bergeron—Fraczyk—Gaboriau eventually apply this notion to classifying
spaces of subgroups. In order to obtain a notion for groups, we demand a uniform
rebuilding along subgroups stemming from Farber sequences. We first recall the
definition of a Farber sequence.

Definition 2.1.3 ([ABFG24, Section 10.1]). Let I" be a countable group and let
Sub% denote the space of finite index subgroups of I' with the topology induced
from the topology of pointwise convergence on {0,1}"". For v € T', we consider the
following function.

P [{gI" | vgI" = gI'"}|
fxp . : Subp — [0,1], I+ T T
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2.1 Geometric cheap rebuilding

Definition 2.1.4 (Farber sequence [ABFG24, Definition 10.1]). A sequence (I';);en
of subgroups of I' is a Farber sequence if it consists of finite index subgroups and
for every v € I' \ {e}, we have lim;_, fxp ,(I';) = 0.

Note that Farber sequences in I' exist if and only if I is residually finite. The most
common example of Farber sequences are residual chains, i.e., nested sequences of
finite index normal subgroups whose intersection is trivial.

Definition 2.1.5 (Farber neighbourhood [ABFG24, Definition 10.2]). Let I' be a
residually finite group. An open subset U C Sub% is a I'-Farber neighbourhood if
it is invariant by the conjugation action of I' on Sub% and every Farber sequence
in Sublﬂ eventually belongs to U.

Finally, we can define the cheap n-rebuilding property.

Definition 2.1.6 ([ABFG24, Definition 10.5]). Let I' be a countable group and
n € N. Then, I" has the (geometric) cheap n-rebuilding property if it is residually
finite and there is a K (I, 1)-space X with finite n-skeleton and a constant kx > 1
such that the following holds: For every real number T" > 1, there exists a Farber
neighbourhood U = U(X,T) C Subl: such that for every finite covering ¥ — X
with 71 (Y') € U, there is an n-rebuilding (Y,Y”) of quality (T, kx).

We denote by GCR,, the class of residually finite groups satisfying the geometric
cheap n-rebuilding property.

The main motivation for this definition are its consequences on vanishing of Betti
number and torsion gradients.

Theorem 2.1.7 ([ABFG24, Theorem 10.20]). Let n € N and I be a residually
finite group that has the geometric cheap n-rebuilding property. Then, for every
Farber sequence (A;)ien, coefficient field F and 0 < j < n, we have

~

bj(I' A F) =0
and for 0 < j <mn-—1, we have

(I, Ay) = 0.
If, additionally, T is of type Fn41, we have

tn(T,A) = 0.

Abért—Bergeron—Fraczyk—Gaboriau state the following version of a bootstrapping
theorem.

Theorem 2.1.8 ([ABFG24, Theorem 10.9]). The class GCR = (GCRy,)nen has the
bootstrappable action property (see Definition 1.5.1).

Together with the fact that Z € GCR [ABFG24, Lemma 10.10], Abért—Bergeron—
Fraczyk—Gaboriau establish vanishing (torsion) homology groups for certain exam-
ples. We mention two of them.
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2 Algebraic cheap rebuilding

Theorem 2.1.9 ([ABFG24, Theorem A and C|). Let d > 3. Then I := SL4(Z)
has the geometric cheap (d — 2)-rebuilding property.

In particular, let (A;)ien be a sequence of pairwise distinct finite index subgroups
of I'. Then, using a strengthening of Theorem 2.1.7 in this case, for every field F
and j < d— 2, we have

bj(T,Ay;F) =0 and ;(T,A,) = 0.

Theorem 2.1.10 ([ABFG24, Theorem D]). Let S be an orientable surface of
genus g > 0 with b boundary components. Then, I' .= MCG(S), i.e. the map-
ping class group of S, has the geometric cheap (g, b)-rebuilding property, where

.b) 29— -2  ifb=0
al(g,b) = .
g 20—3+b ifb>0

In particular, Theorem 2.1.7 yields that for all Farber chains (A;)ien in T, for every
field F and j < a(g,b), we have

b;j(T,Ay;F) =0 and ;(T,A,) = 0.

2.2 Quantitative homotopy retracts of chain complexes

In order to work towards the definition of algebraic cheap rebuilding, we aim to
quantify the size of homotopy retracts. We will work over the ring Z. A free Z-
module endowed with a Z-basis is called based free. The basis of such a Z-module
induces an /!-norm. In the following, norms | - |1 of elements will always refer to
this ¢'-norm, unless otherwise stated. For a linear map f: M — L between based
free Z-modules, we denote by || f|| the operator norm with respect to the ¢/!-norms
on M and L. A Z-chain complex is based free if every chain module is based free.

A homotopy retract of a chain complex X is a tuple (X, X’ £, &', Z) consisting of
chain maps £: X — X', ¢: X’ — X and a chain homotopy Z: idx ~ & o£. When
leaving the maps implicit, we just write (X, X’) for a homotopy retract.

Definition 2.2.1 (Rebuildings). Let n € Z and X, X’ be based free Z-chain com-
plexes such that X; and X J’ are finitely generated for all j < n. Let T,k € R>;.
We say that a homotopy retract (X, X', £, &', =2) is

o an n-domination of X of quality (T, k) if for all j <n

rkz (X)) < kT rkz(X;);

o a weak n-rebuilding of X of quality (T, k) if for all j <n

rkz(X}) < kT~ " rky(X;);
max{ |95 ||, [1g]1} < exp(w)T™;
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2.2 Quantitative homotopy retracts of chain complexes

o an n-rebuilding of X of quality (T, k) if for all j <n
rkz (X)) < kT rkz(X;);
max{ |05 ||, [1€11, 1611, 1Z511} < exp(w) T

By definition, an n-rebuilding is in particular a weak n-rebuilding of the same
quality. A weak n-rebuilding is also an n-domination of the same quality. For
T' < T, an n-domination of quality (7, k) is in particular of quality (7", ). How-
ever, the analogous statements for weak n-rebuildings and n-rebuildings do not
hold.

Remark 2.2.2. The above definition of n-rebuildings for chain complexes is an
algebraic version of Abért—Bergeron—Fraczyk—Gaboriau’s geometric definition of n-
rebuildings for CW-complexes (see Definition 2.1.1 and Definition 2.1.2). We point
out the main differences:

e We require a homotopy retract in all degrees, not just a truncated homotopy
equivalence.

o We work with the ¢£!-norm on based free Z-modules, not with the ¢?>-norm.
This simplifies some calculations. We could also work with the £2-norm and
all results, especially on vanishing of homology gradients (Proposition 2.2.3),
would still hold, with potentially different constants.

o We ask for control on the norm of the homotopy Z; in degrees j < n (as
opposed to degrees j < n—1). This is needed in the proof of Proposition 2.3.2.

There is no obvious implication between the algebraic and geometric notions. Still,
we consider the geometric one, introduced by Abért—Bergeron—Fraczyk—Gaboriau,
to be more general. The definitions above are mainly chosen so to cover the main
example of the circle (Example 2.2.8) and to induce equivariantly bootstrappable
properties (see Theorem 2.4.6).

The definition is designed in such a way such that the following estimate on
(torsion) homology holds.

Proposition 2.2.3.
(i) Let (X, X' £,&2) be an n-domination of quality (T, k). For j < n, we have
rkz, H;j(X) < kT kg (X).
(ii) Let (X, X', £,&,2) be a weak n-rebuilding of quality (T, k). For j <n—1, we

have
log tors H;(X) < k*T " rkg(X;)(1 +logT)

Proof. In both cases, since (X, X’ £,£',2) is a homotopy retract, we have idy ~
¢ o &. In particular, £ induces an inclusion H,(X) < H.(X').
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2 Algebraic cheap rebuilding

(i) We thus have

I‘kZ H](X) S I‘kZ HJ<X/)
< rkz(X}) (trivial bound)
< KT rkgz(X;). (n-domination)

(ii) For 7 <n — 1, using Gabber’s estimate (Lemma 7), we obtain

log tors H;(X) < log tors H;(X")
< rkz(X;)log, ||6JX+,1|| (Gabber’s estimate)
< KT ' 1kz(X;)k(1 +1ogT). (weak n — rebuilding) O

Example 2.2.4. Suppose that X is a Z-chain complex and that there exists a
uniform x € R>; such that for all 7" € R>q, the complex X admits a weak n-
rebuilding of quality (7, ). Then, Proposition 2.2.3 shows that H;(X) = 0for j <n
(as KT~1 — 0 for T — o) and logtors H;(X) =0 for j <n —1 (as T"!logT — 0
for T — o0) . Later, we will make use of an asymptotic version of this argument
(Theorem 2.5.1).

Remark 2.2.5. It is worth pointing out that while we obtain bounds in the rank
of homology up to degree n, we only obtain bounds for torsion homology up to
degree n — 1. This is because Gabber’s estimate requires control on the norm of
the differential ajil in degree j + 1. However, by imposing additional finiteness
requirements, it is often possible to obtain control on torsion homology in degree n
as well (see e.g. Theorem 2.5.1 (iii)).

Remark 2.2.6. The additional conditions in the definition of an n-rebuilding (Def-
inition 2.2.1) ensure controlled norms when taking mapping cones (see Proposi-
tion 2.3.2). This will be the essential point why rebuildings define an equivariantly
bootstrappable property while weak rebuildings do not seem so (see Remark 2.4.8).

The following are algebraic versions of (topological) homotopy retracts of circles
[ABFG24, Proof of Lemma 10.10].

Example 2.2.7. For d € N, let S04 be the chain complex with chain modules

@?:_01 Z<U¢> for 7 = 0;
Sj[o’d] = @?;01 Z(ei)y for j =1;
0 otherwise;
and differential 0 (e;) = viy1 — v; for ¢ € {0,...,d — 1} considered modulo d.

We construct an n-rebuilding (S, SI911) of quality (d,1). There is a homotopy
retract (S[O’d}, SO e ¢l =), where the chain maps &: Slo.dl _y g0 and ¢: S0
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2.2 Quantitative homotopy retracts of chain complexes

510 are given by

&o(v) =wvg  for all 4

Erler) = {eo if i = 0;

0  otherwise;

& (vo) = vo;
-1

&ieo) =D e
i=0

and the chain homotopy Z: idgp.q >~ ¢ o { is given by

_ 0 if i = 0;
Eo(vi) = .
—ej—--+—eq—1 ifie{l,...,d—1}.

For all j € Z, we have
tkz (S) < a7 rkg (S0,
[0,1] _
197771 <05 G < 1 (gl <d; |1E5] < d.
Hence, for all n € Z, the homotopy retract (S S01) is an n-rebuilding of
quality (d,1). For T < d, the pair (S04, S0 provides a weak n-rebuilding of
quality (7,1), but in general not an n-rebuilding of quality (7, 1).

Example 2.2.8. For d € Nand T" € R>; with 7" < d, we construct an n-rebuilding
of S04 of quality (T',2). Choose a sequence of integers 0 = ag < a1 < - -+ < @y, = d
with

T/2<agy1—ap <T

for all k € {0,...,m—1}. There is a homotopy retract (S04, §0™ ¢ ¢/ =) where
the chain maps &: S04 — §0m and ¢: §0OM — S04l are given by

fo(vi) = ifie {ak_l +1,... ,ak};

er if i = a; for some k;
i(e) = )
0 otherwise;

56(’01) = Vaq,;;
fi(ei) =€q + -+ €a;11—1;

and the chain homotopy Z: idgp.«q >~ ¢ o { is given by

_ 0 if ¢ = ay for some k;
Eo(vi) =

—€j — = €q—1 ifi e {ag_1+1,...,a5 —1}.
For all j € Z, we have

tky (S0 < 2171 1y (810
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2 Algebraic cheap rebuilding

[0,m] -
1077 <25 gl <1 NG <T; |5l <T.
Hence, for all n € Z, the homotopy retract (S 0.4 g [O’m]) is an n-rebuilding of
quality (T,2).
2.3 Rebuilding mapping cones

The main goal of this section is the rebuilding of mapping cones of chain complexes.
In the case of direct sums, we obtain slightly better bounds for the quality of the
rebuildings involved. We spell out this case.

Lemma 2.3.1. Let X = (X, X", £,¢,Z) and Y = (Y, Y, 0,0, T) be homotopy
retracts of Z-chain complexes. Define

XoY =XV, X' oY (pv,d @, 20T).
Letn € N and let T, kx, ky € R>1. Set k= max{kx, Kvy}.
(i) The tuple X &Y is a homotopy retract;

(ii) If X is an n-domination of quality (T,kx) and Y is an n-domination of
quality (T, ky), then, X ®Y is an n-domination of quality (T, k).

(iii) If X is a weak n-rebuilding of quality (T, kx) and Y is a weak n-rebuilding of
quality (T, ky), then, X ®Y is a weak n-rebuilding of quality (T, k).

(iv) If X is an n-rebuilding of quality (T,rkx) and Y is an n-rebuilding of qual-
ity (T, Kky), then, X ®Y is an n-rebuilding of quality (T, k).

Proof. (i) This is a straightforward calculation.

(ii) Let X,Y be n-dominations of the claimed qualities. For all j < n, we have
I‘kz(XJ/- D Y;’) = rkz(XJ,-) + I“kz;(Y},)
< ixT kg (X;) + oy Ttk (Y))
< KT kg (X; @ Y5).

(iii) Suppose that X,Y are weak n-rebuildings. In addition to the results of
Part (ii), we have for all j < n (because we're dealing with the ¢!-norms):

105" @ 0" || < max{[|o;" [I, 10} 1I}
< max{exp(rkx)T"*, exp(ry)T"Y }
< exp(k)T".

We also have ||&; @ vj|| < exp(r)T".

26



2.3 Rebuilding mapping cones

(iv) Similar to the computations in Part (iii), we obtain
max{|[¢ & V||, |E; & L5} < exp(x)T"
for all 7 < n. O

Proposition 2.3.2 (Rebuilding of mapping cones). Let X = (X, X', £,¢,E) and
Y = (V.Y 0,0, T) be homotopy retracts of Z-chain complexes. Let f: X —Y be
a chain map and define the chain map ' :=vo fo&: X' —Y'. Consider the tuple

C(f) = (Cone(f), Cone(f'), (§,vi—vo foE), (£ v To fol) L),
where L: Cone(f), — Cone(f)sy1 is defined as
Lj(z,y) = (=Ej-1(2), T;(y) + Tj 0 fj 0 Ej1(2)).
Letn €N, let T, kX, kY € R>1, and set
k=% + kY +log3 +max{log, ||f;|| | j < n}.
Then the following hold:
(i) The tuple C(f) is a homotopy retract;

(ii) If X is a (n — 1)-domination of quality (T, x*X) and Y is an n-domination of
quality (T, kY), then C(f) is an n-domination of quality (T, k);
(iii) If X is a (n — 1)-rebuilding of quality (T,xX) and Y is a weak n-rebuilding
of quality (T,kY), then C(f) is a weak n-rebuilding of quality (T, k);
(iv) If X is a (n — 1)-rebuilding of quality (T,k%X) and Y is an n-rebuilding of
quality (T,kY), then C(f) is an n-rebuilding of quality (T, k).
We point out that in Part (iii), X is assumed to be an (n — 1)-rebuilding, and not

only a weak (n — 1)-rebuilding. This slight modification will be responsible for why
only a weaker bootstrapping theorem for CWR holds (see Theorem 2.4.10).

Proof. (i) The following cube is homotopy commutative:

X' & v’

\ O—vofoE /
f

— Y

X
3 O= id){ Oo Jidy Oy v’ Orofogf
X

f
id idy
/ O

|

S
h<

(2.3.1)
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2 Algebraic cheap rebuilding

with K, = —T,410 figr1 024 Xix — Yiqo. Indeed, one easily checks that the
upper and outer squares are homotopy commutative. The other four squares
are clearly homotopy commutative. We check that K is a filler of the cube:

O—Tjofjogéofj—}—'fjofj—fj+1oEj+O+U;+lovj+1ofj+1oEj
=Tjo fjo(idx; —f}ofj) — (idy,,, —U;~+1ovj+1)ofj+105j
=Tj0fj0(0105+E5j-1005) = (8]420 Yjr1+ Tj00j41) 0 4105,
:TjofjoEj_loﬁj‘X—6%_20Tj+1ofj+105j
:3f+20Kj—Kj,1OOJX.

By Lemma 1.1.10, the homotopy commutative cube (2.3.1) induces a homo-
topy commutative square of mapping cones

Cone(f) (Gizvolom) Cone(f")

(ideidY§0)l OL J(ﬁ'vU';Tofof')
Cone(f) W COHG(f)

where
Li(z,y) = (~Ej-1(2), Tj(y) — Kj—1(2)).
Hence C(f) is a homotopy retract of chain complexes.
(i) Suppose that X is an (n — 1)-domination of quality (7,x%X) and Y is an
n-domination of quality (7, xY). Then we have for all j <n
rkz(Cone(f");) = rkz(Xj_;) + rkz(Y})
< KT kg (Xj21) + 8 YT kg (Y))
< kTt (I‘kz(Xj_l) + I‘kz(ij))
= wT ! tkg(Cone(f);).

(iii) Suppose that X is an (n — 1)-rebuilding of quality (T, k*) and Y is an n-weak
rebuilding of quality (T, xY). Additionally to Part (ii), we have for all j < n
C 4 ’ ’
105" <1034+ 10) 1+ gl 15l - NG
< exp(nx)T”X + exp(ﬁ;Y)T”Y—l—
exp(rY +log, || fj—1] + )T Hlogs fi-all+%
< Bexp(K™ + kY +log, || f )T T Hogs il

< exp(RX + 1Y + log, || fj-1] + log 3T+ Hom il +hos
< exp(k)T".
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2.3 Rebuilding mapping cones

Note that for this inequality, we needed to have control on H{;_l ||. We do so
if X is an (n — 1)-rebuilding. In general, we would not have this control if X
were just a weak (n — 1)-rebuilding. Similarly, we obtain

1€, 03 —v o fo )l < [I§—all + vl + [logll - 51 - IZj-all < exp(x)T™

(iv) Suppose that X is an (n — 1)-rebuilding of quality (7,x%*) and Y is an n-
rebuilding of quality (T, xY). Additionally to Part (iii), we have for all j < n

1€, v5 —v o foB);ll < |I§-all + l[vsll + lvsll - Lf5]] - [[Ej-1 ]} < exp(r)T™;

€', 0" o fo&)ill < N&5—ull + W5l + 11T —all - [1f5—1 1l 1651 ]| < exp(r)T™;
1511 < 1Zg—2 L+ 10+ W51 150 IZ-all < exp(s) T

by similar computations. O

We finish this section with the result that homotopy retracts, dominations and
weak rebuildings are closed under compositions. A similar statement (involving a
degree shift) is true for rebuildings, though we will not require it here. The following
is the algebraic version of [ABFG24, Lemma 6.3].

Lemma 2.3.3. Let X = (X, X', £,¢ ) and Y = (X', X", v,0",Y) be homotopy
retracts of Z-chain complexes. Consider the tuple

YoX:= (X, X" vo& o, E+E0T0k).
Letn €N, let T, S, kX, kY € R>1, and set k= 2k¥ kX. Then the following hold:
(i) The tuple Y o X is a homotopy retract;

(ii) If X is an n-domination of quality (T,xX) and Y is an n-domination of
quality (S,kY), then Y o X is an n-domination of quality (ST, k);

(iii) If X is a weak n-rebuilding of quality (T, k%) and Y is a weak n-rebuilding of
quality (S,kY), then Y o X is a weak n-rebuilding of quality (ST, k).

Proof.

(i) A straight-forward calculation shows that Z+¢ 0T o€ indeed provides a chain
homotopy between the chain maps idy and & o0’ ov o €.

(ii) Suppose X and Y are n-dominations of quality (T, x%X) and (T,xY), respec-
tively. For all j < n, we have

rkz (X)) < £Y S rkg (X)) < £YSTIRET kg (X;) < K(ST) ™ rkz(X).

(iii) Suppose X and Y are weak n-rebuildings of quality (7,x%) and (T,xY),
respectively. Additionally to Part (ii), we have for all j <n
10711 < exp(s¥)T" < exp(m)T";
HY Kix K
[ 0 &l < llvsll - €511 < exp(¥) S exp(x™)T™" < exp(r)(ST)"

Hence Y o X is a weak n-rebuilding of quality (ST, k). O
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2 Algebraic cheap rebuilding

2.4 Algebraic cheap rebuilding

We always work over the ring R = Z. Let I' be a residually finite group. For

a subgroup A of I', and a ZI'-chain complex X, we write X\ = Z ®Qza resRX

for the Z-chain complex of A-coinvariants. Similarly, for a ZI'-module M, we

write My = Z Qza res/F\ M. We consider the is-class <> of residually finite groups.
We record the following basic properties:

Lemma 2.4.1. Let I' be a group and A be a finite-index subgroup of I'. Let M be
a free ZI'-module of finite rank. Then, the coinvariants My are a free Z-module of
rank

I‘kzMA = [F : A] -I'kZFM.

Proof. Because both restriction and tensor products are compatible with direct
sums, it suffices to show the claim for M = ZI'. As ZA-modules, we have resR 7 =

@[P:A] ZA, thus
My = Z &gy PZA= P Loz ZA = P Z,
[[:A] [[:A] [T:A]
implying the claim. O
Lemma 2.4.2. Let ' be a group. The following hold:

(i) Let A be a finite index normal subgroup of T'. Let A be a subgroup of T' and
let M be a ZA-module. Then there is an isomorphism of Z-modules

that is natural in M;

(ii) Let A be a finite index normal subgroup of T'. Let A be a subgroup of I' and
let X be a ZA-chain complex. Then there is a natural isomorphism of Z-chain
complexes

(indy X)a = @ Xana;
[C:A]
[AANA]

(iii) Let f: M — L be a ZI'-chain map between based free ZI'-modules. Let A be a
subgroup of I'. Then the induced map fr: Mpx — L of based free Z-modules

satisfies || fall < [If1I-
Proof. (i) We have natural isomorphisms of Z-modules
(indy M)p =2 Z[A\T] @zr (indy M) = Z[A\T] ®@zr (ZT @74 M)
27T @z M2 P ZINNA\NA]@za M= P Mana.
[[:A] [C:A]

[A:ANA] [A:ANA]

For the second to last isomorphism, it is crucial that A is normal in I'.
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2.4 Algebraic cheap rebuilding

(ii) This follows directly from the first part.
(iii) Consider the diagram of based free Z-modules

ML

w| |

MA —_— LA
I

where pps and py, are the obvious projections. For m € My, there exists m €
M with ppr(m) = m and |m|; = |m|;. Then we have

|fa(m)|r = |faopm(m)|y = |pro f(m)|r < llpLll - IfI - 1My < [If] - [mly

and hence || fall < [|f]]-
OJ

Lemma 2.4.3. Let I' be a group, f: X — Y be a linear map between ZI'-chain
complexes and A be a subgroup of I'. Then, there is a natural isometric isomorphism
of mnormed chain complezes

Cone(fr) = Cone(f)a

Proof. 1t is straightforward to check that the map defined by (k Rz, l ® y) —
kl® (z,y) for k,l € Z,x € X;_1,y € Yj for all j € Z induces an isomorphism. [

Inspired by the definition of Abért—Bergeron—Fraczyk—Gaboriau’s geometric cheap
rebuilding property (Definition 2.1.6), we make the following definition:

Definition 2.4.4 (Algebraic cheap rebuilding). Let I' be a residually finite group
and let n € Z. The class CRL (resp. CWRL, CD!') consists of all based free ZI-chain
complexes X lying in FGL(Z) satisfying the following: there exists x € R>; such
that for all 7' € R>1 and all residual chains A, in I', there exists i9 € N such that for
all i > ig, the Z-chain complex X, admits an n-rebuilding (resp. weak n-rebuilding,

n-domination) of quality (T, ). We repeat the just stated (for CRL) in symbols:

3&21 szl vA*res. chain in T’ ElioEN ViZio E|n—rebuilding of X, of quality (Tx)"

Recall that we obtain associated classes of residually finite groups as follows: A
group I" lies in CR,, (resp. CWR,,, CD,,) if the trivial ZI'-module Z admits a based
free resolution X lying in CRL (resp. CWRL, CD!). In this case, we say that I’
satisfies the algebraic cheap n-rebuilding property (resp. algebraic cheap weak n-
rebuilding property, algebraic cheap n-domination property. A group lies in CR,o
(resp. CWRy, CDo) if it lies in CR,, (resp. CWR,,, CD,,) for all n € Z (compare

Definition 1.4.2).
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2 Algebraic cheap rebuilding

Remark 2.4.5. Compared to Abért—Bergeron—Fraczyk—Gaboriau’s notion of geo-
metric rebuilding, the main difference apart from those pointed out in Remark 2.2.2
is that we only work with residual chains, not with general Farber chains. This is
conceptually easier, and provides a more ‘hands-on’ approach. We suspect that
similar statements to those presented in this thesis hold when working with Farber
chains. We expect this to be technically more involved, but might come at the ad-
vantage of having Axiom (B-res) satisfied. For residual chains, we couldn’t verify
Axiom (B-res) since normal subgroups of finite-index subgroups do not have to be
normal in the ambient group.

Theorem 2.4.6. The classes CD*<> and CRY define equivariantly bootstrappable
properties. The class CWRY satisfies the Azioms (B-deg), (B-susp) and (B-ind).

Proof. The Axioms (B-deg) and (B-susp) are straightforward to verify. For Ax-
iom (B-cone), suppose that I' is a residually finite group, f: X — Y is a ZI'-chain
map between ZI'-chain complexes. Suppose that X € CDE_I (resp. CRE_I), wit-
nessed by the constant xX and Y € CDL (resp. CRL), witnessed by kY. Let T > 1
and A, be a residual chain in I'. Then, by hypothesis, there exists iX € N such that
for all 7 > ¥, the complex X, admits an (n — 1)-domination (resp. -rebuilding)
of quality (T,~%X). Similarly, there exists i¥ € N such that for all i > iY, the
complex Yy, admits an n-domination (resp. -rebuilding) of quality (T,xY). We
set i = max{iX,i¥}. For i > i, we consider the Z-chain map fa, o X, = Y,
between Z-chain complexes. Note that Cone(f)a, = Cone(fa,) (see Lemma 2.4.3).
From Proposition 2.3.2, we obtain that Cone(fs,) admits an n-domination (resp.
-rebuilding) of quality (7', k;), where

ki =K% + kY +log3 + max{log ||(f;)a,]l | 7 < n}.
Note that, because ||(f;)a;ll < || f; (see Lemma 2.4.2 (iii)), we have
ki < ki=rX FrY + log 3 + max{log || f;|| | 7 < n}.

Thus, we obtain an n-domination (resp. -rebuilding) of quality (7, k).

It remains to show Axiom (B-ind). Let I' be a residually finite group, A C T’
be a subgroup and X be a ZA-chain complex with X € CD5 (resp. X € CWR%,
X € CR%), witnessed by a constant x. We need to show that indi X € CDL
(resp. CWRL, CRL). Let 7> 1 and A, be a residual chain in I'. Then, A; := ANA;
is a residual chain in A. Thus, there exists ig € N such that for all ¢ > iy, the Z-
chain complex X, admits an n-domination (resp. weak n-rebuilding, n-rebuilding)
of quality (T, k). Note that by Lemma 2.4.2 (i), we have an isomorphism of Z-chain

complexes

(C:A;
[A:4]

(indEX)Ai = @ XA,
T:A;]

Thus, by Lemma 2.3.1, (indy X), admits an n-domination (resp. weak n-rebuilding,
n-rebuilding) of quality (7', k). Thus, inng € CD£ (resp. CWRg, CRE). O
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2.4 Algebraic cheap rebuilding

As a corollary, we obtain the Bootstrapping Theorem 1.5.3 for CD and CR, which
we spell out in the following.

Corollary 2.4.7 (Bootstrapping theorem for CD, CR). Let T' be a residually finite
group, n € N and Q be a I'-CW-complez, satisfying the following conditions:

(1) Q is (n —1)-acyclic over Z (i.e., H;j(S;Z) = H;(pt; Z) for all j <n —1);
(i) T\Q™ is compact;

(iii) For every cell o of Q with dim(o) < n, the stabiliser Ty lies in CD,,_gim(o)
(resp, CRn—dim(o))'

Then, T' € CD,, (resp. CRy,).

We will mainly build on this corollary to establish the cheap rebuilding property,
starting with the group of integers (see Proposition 2.7.1).

Remark 2.4.8. Note that for CWRY, we could not show the Axiom (B-cone),
because in Proposition 2.3.2, we only have a weaker inheritance result for weak
rebuildings of mapping cones. We spell out the weaker version for CWR;> as

follows.

Theorem 2.4.9. Let f: X — Y be a ZI'-chain map. If X € CR£_1 andY € CWRE,
then Cone(f) € CWRL.

This works analogously to the proof of Theorem 2.4.6. We spell out the argument
for the convenience of the reader.

Proof. Let kX > 1 be a constant witnessing that X € CRL | and Y be a constant
witnessing that Y € CWRE. Let T > 1 and A, be a residual chain in I'. Then, by
hypothesis, there exists i* € N such that for all i > i*, the complex X A; admits
an (n — 1)-rebuilding of quality (7,x%). Similarly, there exists i¥ € N such that
for all 4 > iY¥, the complex Yj, admits a weak n-rebuilding of quality (7,xY). We
set i = max{iX,i¥}. For i > ip, we consider the Z-chain map fy, : Xp, — Ya,
between Z-chain complexes. Note that Cone(f)s, = Cone(fs,) (see Lemma 2.4.3).
From Proposition 2.3.2(iii), we obtain that Cone(fs,) admits a weak n-rebuilding
of quality (T, k;), where

ki =KX+ kY +log3 + max{log, [|(f;)a;]l | § < n}.
Note that, because ||(fj)a,;|l < ||fj]| (see Lemma 2.4.2 (iii)), we have
ki < k=K 4+ kY +log3 + max{log, ||f;l| | j < n}.
Thus, we obtain a weak n-rebuilding of quality (T, k). O

In spite of the fact that cheap weak rebuilding does not define a bootstrappable
property, we still obtain a weaker version of the bootstrapping theorem.
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Theorem 2.4.10 (modified bootstrapping theorem for CWR). Let T be a residually
finite group, n € N and Q be a I'-CW-complez, satisfying the following conditions:

(1) Q is (n —1)-acyclic over Z (i.e., H;j(4;Z) = H;j(pt; Z) for all j <n —1);
(i) T\Q™ is compact;
(iii) For every vertex v of 2, the stabiliser Ty, lies in CWR,,;
(iv) For every cell o of Q with 0 < dim(o) < n, the stabiliser I'y lies in CR,,_gim(q)-
Then, I' € CWR,,.

The argument works in analogy with the proof of the Bootstrapping Theo-
rem 1.5.3. For the convenience of the reader, we spell out the crucial points of
the argument, highlighting the differences.

Proof. As in the proof of the Bootstrapping Theorem 1.5.3, we can assume that € is
acyclic. We obtain that the associated ZI'-chain complex X consists in degrees < n
of finite direct sums Zaesj Z]I'/T,], where I'; € CR,,—; for o € S;,0 < j <n
and I'y € CWR,, for o € Sp.

We now need an analogue of the algebraic bootstrapping theorem (Theorem 1.5.2).
Note that CWR, (which is implied by CR,) satisfies the Axioms (B-deg), (B-susp)
and (B-ind) (see Theorem 2.4.6). We have to replace the use of Axiom (B-cone).

The argument goes as follows: For each 0 < j < n and o € §j, because I'; €
CR,,—j, there exists a projective Z[I';]-resolution P? of Z lying in CRg_j. For j =0
and o € Sy, there exists a projective Z[I',]-resolution P? of Z lying in CWRL. By
axiom (B-ind), we obtain that the projective R[I']-resolution

Pi = indr, P°
O'GSj

of X; lies in CR},_; for 0 < j < n and in CWR], for j = 0. For j > n, we
pick any resolution P7. In this case, we have P7 € CR,_; by Axiom (B-deg).
We apply Proposition 1.3.1 to X (Without the augmentation map) and (P?);en.
We obtain a projective chain complex X with a filtration (X K] ey and a chain
map q: X - X, which is a weak equivalence. Since X is a resolution of Z, and X
is projective, also Xisa projective resolution of Z. We will show that X € CWRF
By Proposition 1.3.1, X = po ¢ CWRF Moreover, for all k£ € N, the chain
complex X is the mapping cone of a chain map ¢~ lPk - X [k —1]. Since P* ¢
CRn 1> Tepeated application of Axiom (B- susp) yields that XF~1PF ¢ CRF _1- We
can thus apply Theorem 2.4.9 to obtain that X Xk ¢ CWRF By induction, we obtain
that X € CWRF Proposition 1.3.1 also yields that X is the mapping cone of
a chain map Y — X[, where Y is a chain complex concentrated in degrees > n.
Thus, by Lemma 1.2.2, we have Y € CR};_I. Thus, Theorem 2.4.9 yields that Xe
CWRg . Since X is a projective resolution of Z, this shows that I' € CWR,,. O
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We close this section with a remark on equivariant cheap rebuildings.

Remark 2.4.11 (Equivariant rebuilding). Let I" be a group and let (X, X', £, ¢/, E)
be a ZI-homotopy retract of based free ZI-chain complexes lying in FGL(Z). In-
spired by the definition of an n-rebuilding (see Definition 2.2.1), we suppose that
there exist real numbers T, x > 1 such that for all j < n, we have

I‘kZF(X]/-) < HT_l I‘kZF(Xj);
max{ |07 [, 1§11, €511, 12511} < exp(s)T™.

Let A be a finite index subgroup of I'. The ZI'-homotopy retract (X, X’) descends
to a homotopy retract (Xa, X} ). Moreover, for all j < n, we have

rkz((X4);) = [I': Arkzp (X)) (Lemma 2.4.1)
< [F : A]RTil I‘kZF(Xj)
= kT 1kz (X)) (Lemma 2.4.1)

Furthermore, the functor (—)a does not increase the norm of maps (Lemma 2.4.2 (iii) ),
and we obtain

max{[[ (O3 )1, 1 (€a)slls 1(€R)51s 1(Ea)sll} < exp(r)T™

Thus, (Xa, X)) is an n-rebuilding of quality (7, ). Similar statements hold for
weak rebuildings and dominations.

2.5 Vanishing of homology gradient invariants

Similar to geometric rebuilding (cf. Theorem 2.1.7), the properties CD,, and CWR,,
are designed to yield vanishing (torsion) homology gradients.
The finiteness properties FG and FP were introduced in Section 1.6.

Theorem 2.5.1. Let n € N and I' be a residually finite group.

(i) If T' satisfies CD,,, then, for j < n, all coefficient fields F and residual
chains (A;)ien, we have

~

b;(I', Ay F) = 0.
(ii) If T' € CWR,, then, for j <n — 1 and residual chains (\;);en, we have

t;(T, A) = 0.

(iii) Let X be a ZT-chain complex with X € CWRY, and X € FG,,,{(Z). Then, for
all residual chains (A;)ien, we have

tn(X,A,) = 0.
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2 Algebraic cheap rebuilding

(iv) If T € CWR,, is of type FP,, 11, then for all residual chains (A;);en, we have

(T, Ay) = 0.

Proof. (i) The fact that I' € CD,, is witnessed by a based free resolution X

(i)

(iii)
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of the trivial ZI'module Z and some x« > 1. Then, for all T" > 1, there
exists 79 € N such that for all ¢ > ig, there exists an n-domination X //\z of Xy,
of quality (T, k). By Proposition 2.2.3 (i), we have for j <n

dimF Hj (Au F) < dimF Hj (X//\Z N F)
< dimp F ®7 X},

= rkZ )(//\I
< KT rkz(Xy,)
< KT L rkyp(X) - [T Ay (Lemma 2.4.1)
Thus,
~ di H,; Ai; F _
b(I', A F) = limsuplmF—]() < kT rkgp(X).
i—00 [T : Ay

As tkzr(X) < oo and this inequality holds for all T > 1, we obtain that
bj(F, A*,F) =0.

Let I' € CWR,,, witnessed by a based free resolution X and constant x >
1. Let j < n—1 and (A;)ien be a residual chain in I Let 7" > 1. By
definition of CWR,,, there exists ig € N such that for ¢ > 4, the based free Z-
complex X,, admits a cheap weak n-rebuilding of quality (7, k). Thus, by
Proposition 2.2.3 (ii), we have

log tors H;(Xa,; Z) < kT ' tky ((Xa,);) (1 + logT)
= kT 1kgr(X;) - [T Ay]- (1 +1logT) (Lemma 2.4.1)

Thus,
~ , log tors H;(Ai; Z)
ti(T,A) =1 S
y log tors H;(X,; Z)
= limsu
oo D1 Ay

< KT 'rkgr(X;) - (1 +1ogT).
As tkzr(X;) < oo and T~ 'logT — 0 for T — oo, we obtain %}-(F,A*) =0.

The crucial point for requiring that j < n — 1 in the second part is that
in Proposition 2.2.3 (ii), we require control on the boundary operator in de-
gree j + 1 < n. We do not have this control here. However, we can use the
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following trick: Let X € CWRL be witnessed by the constant x and X €
FG%_H. Let A be a residual chain. By definition, for all 7" > 1, there ex-
ists 79 € N such that for all 7 > ¢, the Z-chain complex X, admits a weak n-
rebuilding (X, X} ,§,¢', ) of quality (T, x). We have H@f_ﬁi” < 10X 11| by
Lemma 2.4.2 (iii) and the latter quantity is finite because X, 41 is finitely
generated over ZI'. We define another Z-chain complex X /’(Z with the chain
modules

0 ifj>n+2;

(XK)i = (Xant1 ifj=n+1;
(Xp);  Hfj<m

and differentials

0 it j >n+2;
X3 XA, e
{“)jAZ = fnoﬁn_ﬁi ifj=n+1,;
X’
o, if j <n.

J

Consider the partial chain maps £: Xa, — X and £': X} — X, defined
up to degree n + 1 as follows:

E . id(XAi)n+1 ifj:n+1;
7 if j < n;
: S ‘
&= ld(XA,-)nH —=n 8n+A1 iftj=n+1;
/ ¢ if j <n.

We have constructed

XA, X
0,41 Aq
(XAi)n+1 *+1> (XAz)n — (XAi)nfl —_—
XA

id —En00,, id &n &n no1 n—1

i X;\

(XA )n+1 g?‘). (X;\)" — (X;\i)n71 _— -
no n+lz 6n @

The Z-chain homotopy = provides a partial chain homotopy between id Xa,
and & o up to degree n. In particular, H,, (Xy,;Z) is a retract of Hn(XXi; 7)
and hence

log tors Hy (Xy,; Z) < logtors H, (X} ; Z).

We have
l"kZ((XXi)n) = Tkz((X;\i)n)
< kT~ " 1kz, ((X,)n)
= KT : Ag] rkzr (Xn) (Lemma 2.4.1)
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2 Algebraic cheap rebuilding

and

"

XN XA,
log, (10,1 | = log, 1€ 0 0,11 |
X,
< 10g+ HgnH + 10g+ ||an4/-\i”
< w(1+1logT) +log, |97l
We can now use Gabber’s estimate (Lemma 7) to conclude that

~ log tors H,, (X}
t(X, Ay) < limsup & n(XK)

i—o0 [ : Ay
< kTt rkZF(Xn)(/f(l +logT) + log H(‘),iil”)

Since [|0:X || < oo, taking T — oo shows that t(X,A,) = 0.

Since I is of type FP,, 41, there exists a based free ZI'-resolution Y of Z lying
in FG,_,(Z). Tt suffices to show that ¥ € CWR}. Then, Part (iii) yields the
claim.

By assumption, I' lies in CWR,,, thus there exists a based free ZI'-resolution X
of Z lying in CWRE witnessed by a constant x. Fix a ZI'-chain homotopy
equivalence between Y and X given by the Fundamental Lemma of homo-
logical algebra. Since Y and X lie in FGL(Z), there exists 4 € R>q such that
for every finite index subgroup A of I', the ZI'-chain homotopy equivalence
between Y and X descends to a weak n-rebuilding (Y, Xx) of quality (1, u)
by Remark 2.4.11.

Let T > 1 and A, be a residual chain in I'. By assumption X € CWRE,
thus there exists ig € N such that for all ¢ > ig, there exists a weak n-
rebuilding (Xa,, X)) of quality (7,x). Lemma 2.3.3 (iii) yields that the
composition of the weak n-rebuildings (Yj,, Xa,) and (Xy,, X} ) is a weak n-
rebuilding (Ya,, X}xl) of quality (7,2ku). Hence, Y € CWRE is witnessed by
the constant 2ku.

O

Remark 2.5.2. While CWR, implies vanishing of logarithmic torsion homology
growth, it does not seem to be a bootstrappable property. This was the main mo-
tivation for defining CR,, as it is strong enough to be equivariantly bootstrappable
and also implies CWR,.

2.6

Algebraic cheap rebuilding in degree 0

Proposition 2.6.1. We have
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2.6 Algebraic cheap rebuilding in degree 0

Proof. It is obvious from the definition that CRy € CWRy C CDy.

Suppose that I' € CDg, witnessed by a free ZI'-resolution X € CDg of Z with
constant x as in Definition 2.4.4. We show that I' is infinite. Let T > 1 and A, be
a residual chain in I'. Thus, by definition, there exists iy = io(7") € N such that for
all ¢ > 4g, there is a 0-domination X/’\Z, of Xp,, i.e

rkz (X4, )o) < KT rkz ((Xa,)o)
= kT : Ay] rkyr (Xo). (Lemma 2.4.1)

Since Ho(X) = Z, we also have Hy(Xy,) = Z, which by the property of being a
homotopy retract is contained in Ho(X} ). Thus, rkz, ((X /’\i)o) > 1, implying that

1< rkz((X/,\i)o) < IiT_l[F : Al] rkZF(Xo),

hence
T

k- tkzr(Xo)

Since for every 1" > 1, we can find a suitable iy € N, we obtain that [I' : A;] = oo
as ¢ — 0o, i.e., I' is infinite.

Now, suppose that I' is an infinite, residually finite group. We want to show
that I' € CRy. Fix a based free ZI-resolution X of Z with X, = ZI,95(1) =
1,X; = @2, and 9% (e,) = v — 1. Here e, € X; denotes the ZI'-basis element
corresponding to v € T'. We will show for every finite index subgroup A of T,
that X admits a O-rebuilding of quality (7, 1) for all T < [I' : A]. Since I is
infinite and residually finite, we can find finite-index subgroups of arbitrarily large
index. Thus, this shows that X lies in CR}, witnessed by the constant x = 1.

Now, let A be a finite index subgroup of I'. Choose a set S of right-coset repre-
sentatives for A\ I' with 1y € S. Consider the isomorphism of ZA-modules

resh ZI' = @ZA
S
s i eg

=t (1) ey

where eg is the ZA-basis element corresponding to s € S and ¢(y) € S is such
that Ay = At(v). Under this isomorphism, the based free ZA-resolution I”GSRX
of Z is given in degrees 1 and 0 by

- Pz resa O, @ZA
I'xS

where

resg af((e(%s)) = s*yt(sv)_let(sv) — es.
Let Y be a based free ZA-resolution of Z with Yy = ZA. Then there exist mutually
ZA-chain homotopy inverse ZA-chain maps £: res AX — Y with &(es) = 1 and
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2 Algebraic cheap rebuilding

¢ Y — resk X with &(1) = e1.. The ZA-chain homotopy =: id,eqr x = ot is
given in degree 0 by Zo(es) = —e(s-14). By construction, we have

rkza (Yo) < [I: A] 7 rkga (res, Xo);
max{[|3g ||, 1€oll, 1€l [IZoll} < 1.

Hence by Remark 2.4.11, the ZA-homotopy equivalence between resRX and Y
descends to a O-rebuilding (X, Yy) of quality (7,1) for all 7' < [I": A]. O

2.7 The fundamental example: the group of integers

The fundamental example of a group satisfying cheap rebuilding in all degrees —
and actually the main example where we can verify this property by hand — is the
group of integers.

Proposition 2.7.1. The group of integers Z lies in CRy, thus in CWRy and CD.

Proof. Recall that the group ring of the integers is isomorphic to the ring of Laurent
polynomials Z[(t)] = Z[t,t~']. We need to provide a suitable free resolution of Z
over this ring. We consider the following resolution X:

0 — X1 = Z[(t)] 25 Xo = Z[(t)] 2 Z — 0,

where 01(t) =t — 1 and 9y(t) = 1. Set k := 2. Let T > 1 and A, be a residual
chain in the group of integers. Fix iy € N such that [I' : A;)] > T. Let i > ig. We
have A; = d; - Z = <tdi> for d; .= [I' : A;] > T. Thus, Xj, is isomorphic to Sl0.di]
as defined in Example 2.2.7, which admits an n-rebuilding of quality (7',2) for
every n € Z by Example 2.2.8. O

2.8 Amenable groups

Inspired by the work of Kar—Kropholler—Nikolov [KKN17], we present a proof
that amenable groups satisfy the algebraic cheap weak rebuilding property (Def-
inition 2.4.4), thus implying the vanishing of the (torsion) homology gradients.
This argument appeared in the article with Li-Loh—Moraschini-Sauer [LLMSU24,
Section 5.

Recall that amenable groups admit left-invariant means (see Definition 1 in the
Introduction). In this section, we use a characterisation using Fglner sequences that
are compatible with residual chains (Theorem 2.8.4) and work over the ring R = Z.

Lemma 2.8.1. Let 0 — A i) X %Y — 0 be a short ezact sequence of free

Z-chain complexes. If the inclusion f is nullhomotopic, then there exists a Z-chain
map h: Y — X such that idx >~ hog.
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2.8 Amenable groups

Proof. The obvious Z-chain map ¢: Cone(f) — Y makes the following diagram
commute.
X —— Cone(f)

\Ek\y

The map ¢ is a weak equivalence by the long exact sequences in homology and
the Five Lemma. Since Cone(f) and Y are free Z-chain complexes, the weak
equivalence ¢ is a chain homotopy equivalence. Let r: Y — Cone(f) be a chain
homotopy inverse of ¢g. Then the composition r o g is chain homotopic to the
inclusion X < Cone(f). Set h: Y — X to be the composition

(ida,idx;H)
—=

h:Y 5 Cone(f) Cone(0) 2 TA® X & X,

where H is a chain homotopy between the nullhomotopic inclusion f and the zero
map 0, and po is the projection to the second summand. By construction, the
composition h o g is homotopic to idx. O

In the following, we will prove an ‘augmented’ version of Lemma 2.8.1. Recall
that a based short exact sequence of based free Z-modules is a short exact sequence

oKL ML L0
of based free Z-modules with fixed bases Ix, Ins, and Iy, respectively, such that
fUg) C Iy and g(In \ f(Ix)) = I.. We say that f(K) is a based submodule of M.
For based free Z-chain complexes, we obtain corresponding degreewise notions of
based subcomplexes and based short exact sequences.

Let X be a based free Z-chain complex that is concentrated in degrees > 0. Con-
sider the standard augmentation map €: X9 — 7Z that maps each Z-basis element
of Xoto 1 € Z. We say that X is augmented over Z if e00{* = 0. If X is augmented
over Z, we define the augmented chain compler X¢ associated to X as the based
free Z-chain complex with chain modules

Xj ifj>0;
7 ifj=-1;

X]’? =

and differentials

gx* oF ifj > 1
J e ifj=0.

If X is augmented over Z, then so is every based subcomplex of X. We say that
the inclusion f: A — X of a based subcomplex is augmentedly nullhomotopic if the
Z-chain map f¢: A® — X¢ given by

[ fi it g >0;
J idg if j =—1;
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2 Algebraic cheap rebuilding

is nullhomotopic. In this case we also say that A is augmentedly contractible in X.
For a Z-chain complex Y that is concentrated in degrees > 0, we denote by Y
the Z-chain complex with chain modules

Vo Y ity =1
J Yo®Z ifj=0;
and differentials

grt oY if j > 2;
T @Y,0) ifj=1.

Lemma 2.8.2. Let0 — A i> X %Y — 0 be a based short ezact sequence of based
free Z-chain complezxes that are concentrated in degrees > 0. If X is augmented
over Z and the inclusion f is augmentedly nullhomotopic, then there exist Z-chain
maps g7: X = YT and ht: YT — X such that idx ~ hT o g™.

Moreover, let n € N and suppose that for all j < n the Z-module X; is finitely
generated. Denote

| 1kz (X)) . .
T =min{ —22 |0<j<ny, ﬁ::max{l,max lo X lo<j<n }
Ly o< {log, 9511 [0.<j < n}
Then, for all T € R>y with T < T', there exists a weak n-rebuilding (X,Y ™) of
quality (T, k).

Proof. We have a short exact sequence of free Z-chain complexes

O—>A€f—€>X5i>Y—>O,

where, by abuse of notation, g: X¢ — Y is the Z-chain map given by g: X — Y in
degrees > 0 and by zero in degree —1. Lemma 2.8.1 yields a Z-chain map h: Y —

X¢ such that there exists a chain homotopy H: idxe ~ h o g. We define the chain
maps g7: X =YV and h™: YT — X by

+. )G if j > 1;
T Vo) itj=0;
ho@H,1 ifj:().

We have constructed

);:2 g2 N }\/’2 ha );:2
a5 oy a5
~ a . ~ hl ~
X1 > Y1 X1
X (8Y,0) X
> (go’e) - hO@H71 >
X, —%° L yiaz X,
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2.8 Amenable groups

Then one easily checks that H,>¢ provides a chain homotopy idx ~ h* o g™.
Now, suppose that X is finitely generated for all j < n. For all j < n, we have

rkz(Y;") < T'"'rkg(X;5) < T kg (X5);
+

18} 1l < 195 < exp(x);
lg; Il < 2.

Hence (X,Y ™) is a weak n-rebuilding of quality (T, ). O

In the following, when we write lim; . Z—: for a;,b; € Z, we assume implic-
itly b; # 0 for all large enough ¢ € N.

Proposition 2.8.3. Let I be an infinite residually finite group and let n € N.
Let X be a based free ZI'-resolution of Z (with the standard augmentation) such
that the ZI'-module X; is finitely generated for all j < m. Suppose that for all
residual chains Ay in T, there exists ig € N such that for all i > iy, the based free
Z-chain compler X' = X, = 7Z ®z[A;] reSRi X admits a based subcomplex A' that
is augmentedly contractible in X* such that for all j € {0,...,n}, we have

. rkz(X;) — I‘kz(A;)
lim .
1—00 rkZ (ij)

— 0. (2.8.1)

Then I' € CWR,,.

Proof. Set k := max{1, max{log, \|aJXH | 7 < n}}. Let T € R>; and let A, be
a residual chain in T'. For i > ig, we denote by Y? := X?/A? the quotient chain
complex. For all j € {0,...,n}, we have

by assumption. Moreover, in degree 0 we have

rkZ(Yoi) +1 0
1—00 rkz(Xé) N
using that lim; o rkZ(Xé) = oo because I is infinite. Together, we have

L (.
=00 1k (V7))

Hence there exists ig € N such that for all i > ig

min{m ‘ogjgn}zT.
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2 Algebraic cheap rebuilding

By Lemma 2.4.2 (iii), we have
187 < 1185 < exp(x).

The based free ZI'-resolution X of Z is in particular augmented over Z and thus,
so is the based free Z-chain complex X?. Hence Lemma 2.8.2 applies and yields a
weak n-rebuilding (X*, (Y?)T) of quality (T, x). O

Condition (2.8.1) means that asymptotically the subcomplex A? is ‘large’ in X.
We will apply Proposition 2.8.3 in the context of amenable groups to appropriate
subcomplexes coming from Fglner sequences. We first recall the notion of a Fglner
sequence.

Let I' be a finitely generated group and let S be a finite generating set of I
For a subset F' of I', we write OsF = {y € F | v-s € I'\ F for some s € S}.
We also write intg(F) := F'\ OsF. A Folner sequence in T' with respect to S is a
sequence Fy, = (F;);en of non-empty finite subsets of I' satisfying

. #OsF;
lim =

1—00 i

0.

A finitely generated group is amenable if and only if it admits a Fglner sequence with
respect to one (hence all) finite generating sets [BHV08, Theorem G.5.1]. Residually
finite amenable groups admit Fglner sequences satisfying additional properties:

Theorem 2.8.4 (Weiss [Wei0O1][KKN17, Theorem 7]). Let T' be a finitely generated
amenable group that is residually finite and infinite. Let S be a finite generating
set of I' and let Ay be a residual chain in I'. Then there exists a Folner sequence F
in I' with respect to S such that for all i € N, the set F; is a set of right-coset
representatives for A;\I'.

We say that a Falner sequence Fy as in Theorem 2.8.4 is compatible with the
residual chain A,.

Theorem 2.8.5. Let n € N and let I' be an infinite residually finite and amenable
group of type FP,. Then I' € CWR,.

Proof. Since T is of type FP,, there exists a based free ZI'-resolution X of Z such
that the free ZI-module X; is finitely generated for all j < n [Bro82a, Proposi-
tion VIII.4.3]. The differentials 01, ...,d, are given by (right-)multiplication with
matrices My, ..., M,, respectively, whose entries are in ZI'. Let S be a finite
generating set of I' containing all group elements appearing in the entries of the
matrices My,...,M,. For j > 0, denote by S’ the finite set of all words with
letters in S of length < j. Let A, be a residual chain in I'. By Theorem 2.8.4,
there exists a Fglner sequence F, in I with respect to the finite generating set S7*!
that is compatible with the residual chain A,. For all i € N, we consider the based
free Z-chain complex X' := X\, = Z R®zA;] reSRi X. For ¢ large enough, we will
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2.8 Amenable groups

construct a based subcomplex A of X that is augmentedly contractible in X? such
that for all j € {0,...,n}, we have

rkZ(XJZ:) - rkZ(Aﬁ) 0

lim

1—>00 I‘kZ (ij)

Then Proposition 2.8.3 yields that I' lies in CWR,,.

Now, since the ZI'-resolution X is based free, for all j € N we have an isomor-
phism of ZI'modules X; = @ 1; £, where I; is the set of basis elements. The
differential 0;: X; — X,_; is given by (right-)multiplication with the (I; x I;_1)-
matrix M; = (mfl)kaﬁlgjf“ where mfl = D scs )\fl(s)s € ZT' with )\fl(s) € Z.
Consider the isomorphism of Z[A;]-modules

resy, ZI' = (P Z[A;]
F;
f < er
vt e,

where ey is the Z[A;]-basis element corresponding to f € Fj, and t, € S is such
that A;y = A;t,. We can identify the Z-chain modules of X i as

X} = Z g resh, X; = L ogp, (PP LA = D Z
Ij Fi Ij ><Fi

Under this identification, the differential 8;: X} — X]’:_l maps the Z-basis ele-
ment e f) € X; for (k, f) € I; x Fj to

D> MHs)equsy € Xjr-

lEIj,1 sES

Define the based subcomplex A* of X? by

@I]' Xintsj+1(Fi) Z lf .] E {O’ A 7n}’
0 if j>n+1.

Al =

The chain complex A’ is well-defined, as the differential 8;: X;: — X;_l restricts
to a differential A;- — A}fl. For j < m, the index set I; is finite by assumption.
Hence, for all j < n, we have

lim rkZ(X;) _rkZ(A;) = lim ;- #0gi+1(F) < lim M

. = =0.

It remains to show that the inclusion A* — X°* is augmentedly nullhomotopic.
The inclusion A — X' factors through the projection X — X° via the Z-chain
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map A’ — X that maps the Z-basis element ek, ) € A;- = @Ijxint

Sitl(F

to f-ep € X; =P I ZI'. In particular, we obtain a factorisation of the <a11>1g—
mented inclusion (A%)¢ — (X%)¢ through X¢. Since X is a free ZI'-resolution of Z,
the augmented Z-chain complex X¢ is contractible. Hence the augmented inclu-
sion (A%)® — (X*)? is nullhomotopic. O

By Theorem 2.5.1, we recover the following known result [CG86; LLS11; KKN17].

Corollary 2.8.6. Let n € N and let I' be an infinite residually finite amenable
group of type FP,,. Then I' satisfies the following: For every residual chain A, and
every field F, we have

~

bj(I' A F) =0
for all 3 <n and
tj(IAL) =0

for all j <n —1. If, additionally, T is of type FP,11 we have
tn (T, Ay) = 0.
for every field F.

As a consequence of the modified Bootstrapping Theorem 2.4.10 for CWR, and
Example 1.7.3, we obtain:

Corollary 2.8.7. Let ' be a residually finite fundamental group of a finite graph of
groups and let n € Z.. If all vertex groups are infinite amenable of type FP, and all
edge groups are infinite elementary amenable of type FPo, then for every residual
chain Ay, of ' and j < n —1, we have

(T, Ay) = 0.

Proof. Let € be the associated Bass-Serre tree [Ser80, Section 1.5]. Then, I' acts
on €. As a (connected) tree, Q is acyclic. Moreover, the action is cocompact. For
every vertex of ), the stabiliser is the corresponding vertex group, thus infinite
amenable of type FP, by assumption and hence lies in CWR,, by Theorem 2.8.5.
For every edge, the stabiliser is the corresponding edge group and therefore infinite
elementary amenable of type FP,, by assumption, hence it lies in CR,,_; by Exam-
ple 1.7.3. For this, we used that Z € CR,_1 (Proposition 2.7.1). Thus, the modified
Bootstrapping Theorem for CWR (Theorem 2.4.10) yields that I' € CWR,,. The
claim then follows from Corollary 2.8.6. O

Remark 2.8.8 (¢£2-Torsion). The above Corollary 2.8.7 has the following relevance:
Li-Thom [LT14, Theorem 1.3] show that non-trivial amenable groups of type FL
have vanishing ¢?-torsion. (A group I' is of type FL if the trivial ZI'-module Z
admits a finite free resolution.) Hence the fundamental group of a finite graph of
non-trivial amenable groups that are of type FL has vanishing ¢2-torsion [Liic02,
Theorem 3.93].
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2.8 Amenable groups

Let I" be a residually finite fundamental group of a finite graph of groups with
non-trivial amenable vertex groups of type FL and non-trivial elementary amenable
edge groups of type FL. Then the ¢2-torsion p(® (T") vanishes by the above, and T"
satisfies tAj(F, A,) = 0 for every residual chain A, and all j € Z by Corollary 2.8.7.
In particular, we have

pA(1) =0 =3 (~1)7 - (T, A).

320

This confirms Liick’s approximation conjecture [Liic13, Conjecture 1.11 (3)] for L2-
torsion for the group I'.
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3 Inner-amenable groups

A group I is called amenable if there exists a left-invariant mean (Definition 1 in
the Introduction). The definition stems from an article by von Neumann [Neu29] in
the context of paradoxical decompositions. Similarly, amenable actions of a group
on a set were defined. These two definitions are compatible in the following sense:
A group is amenable if and only if its action I' ~ I' by left translation is. Instead
of the left translation action, it is also interesting to consider the action I' ~ I’
by conjugation. This leads to the notion of inner-amenable groups. This class was
originally defined by Effros [Eff75] in an attempt to characterise property Gamma.
Effros showed that property Gamma of the group von Neumann algebra implies
inner-amenability of the group and asked whether the converse also holds. This
was answered negatively by Vaes [Vael2].

In this chapter, we give an introduction to the class of inner-amenable groups.
We then prove a structure theorem for inner-amenable groups, allowing us to apply
the Bootstrapping Theorem 1.5.3.

The material presented here was already published for Abért—Bergeron—Fraczyk—
Gaboriau’s geometric cheap rebuilding [Usc24]. In contrast to the published paper,
we present everything in terms of the axiomatic approach provided by the boot-
strapping principle that was developed in Chapter 1.

3.1 Definition and examples

We follow a definition of Tucker-Drob.

Definition 3.1.1 (Inner amenability [Tuc20, Definition 0.7]). A group I is inner-
amenable if the conjugation action I' ~ I' admits an atomless conjugation-invariant
mean, i.e., if there exists a finitely additive probability measure p: P(I') — [0, 1]
such that the following conditions hold:

(i) (atomlessness) For all g € T, we have u({g}) = 0.
(ii) (conjugation-invariance) For all subsets A C I" and v € I', we have
W(AT) = u(A).
Here, we use the notation A7 == {y~1. 2.~ |z € A}.

Remark 3.1.2. It is important to point out that the definition of inner-amenability
by Tucker-Drob, which we follow, is more restrictive than the original definition by
Effros. Effros’ approach does not demand atomlessness of the measure, but only
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3 Inner-amenable groups

that the measure is not concentrated on the identity element. As a consequence,
fewer groups are inner-amenable in our setting, e.g., Z/2 x F is inner-amenable in
Effros’ setting (as one can define a mean concentrating on the non-trivial element
of the centre) but is not in our setting (by Proposition 3.1.3, this would imply
inner-amenability of F», which contradicts Example 3.1.5 (xii)). One advantage
of requiring atomlessness of the mean in the definition is that inner-amenability
becomes a commensurability invariant. If we do not require atomlessness, the
inheritance to finite-index subgroups requires the group to be of finite type and
to have infinite conjugacy classes [GH91, Théoréeme 1(ii)]. Note that Duchesne—
Tucker-Drob—Wesolek do not state these conditions because they also work in the
atomless setting [DTW21, Proposition 2.7(1)].

For ICC groups (i.e., groups where every non-trivial conjugation class is infinite),
the two notions coincide.

Note that our definition implies that inner-amenable groups are infinite.

Proposition 3.1.3 (Finite-index subgroups [DTW21, Proposition 2.7(1)]). Let I'
be an inner-amenable group. Let A C T be a finite-index subgroup. Then, A is also
inner-amenable.

It is worth noting that Duchesne—Tucker-Drob—Wesolek show stronger, more uni-
form results, namely that there exists an atomless conjugation-invariant mean p
on I' such that for every finite-index subgroup A, we have pu(A) = 1 [DTW21,
Proposition 2.3].

Proof of Proposition 3.1.3. We give a simplified version of the proof of Duchesne—
Tucker-Drob—Wesolek [DTW21, Section 2]. Let p be an atomless conjugation-
invariant mean on I'.  We define a new mean /i % u: P(A) — [0,1], called the
convolution, by

fox p(A) = /eF pu(y - A) dp().

Because v — pu(y - A) is a non-negative bounded map, the integral is well-defined
and converges [AB06, Chapter 11.2]. It is straightforward to verify that % p is
again an atomless conjugation-invariant mean on I'. For a subset A C A, we define

_ fixpu(A
A )

~— | —

It is easy to verify that py is an atomless conjugation-invariant mean on A. The
only non-trivial part is its well-definedness, i.e., it remains to show that fixpu(A) > 0.
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Let n:=[I": A] < co and pick left coset representatives 71, ...,7, of A in I". Then,

:Z/ p(yi - A) du(v) (y-A=7i-A)
.

which is positive, as the sum without the squares satisfies

n

D p(vi-A) =p@) =1, O
=1

Moreover, also the converse holds.

Proposition 3.1.4 (Finite-index subgroups [DTW21, Proposition 2.7(1)]). Let I’
be a group and A C I be a finite-index subgroup that is inner-amenable. Then, I’
is inner-amenable.

For the convenience of the reader, we give a simplified version of the proof by
Duchesne—Tucker-Drob—Wesolek.

Proof of Proposition 3.1.4. By Proposition 3.1.3, the normal core Corer(A) is inner-
amenable. Since this is a finite-index normal subgroup of I'; we can assume without
loss of generality that A is a normal subgroup of I'. Let i be a conjugation-invariant
mean for A and let y1,...,7, € I' be a family of (left) coset representatives for A.
Then, a conjugation-invariant mean for A is given by

1 n
m — . Vi
w(A) = - ;:1 (A% NA)
forall ACT. ]

We collect some examples and inheritance properties of inner-amenable groups
that can be found in the literature.

Example 3.1.5.

(i) Infinite amenable groups are inner-amenable, because we can choose bi-in-
variant means [Gre69, Lemma 1.1.1 and Lemma 1.1.3].

(ii) Products A x I'; where A is inner-amenable, and I' is an arbitrary group, are
inner-amenable [BH86, Corollaire 2(iii)].
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3 Inner-amenable groups

(iii) T is inner-amenable if it is an extension 1 — IV — T' — I — 1, where I" is
inner-amenable and I'” is amenable [BH86, Corollaire 2(iv)].

(iv) Direct limits of inner-amenable groups are inner-amenable [BH86, Corol-
laire 2(v)].

(v) All Baumslag-Solitar groups BS(m,n) (where m,n # 0) are inner-amenable
[Sta06, Exemple 3.2].

(vi) For an abelian group H = A, every HNN-extension HNN(A, H, K, ¢) is inner-
amenable [Sta06, Exemple 3.3].

(vii) There is a criterion for the inner-amenability of non-ascending HNN ex-
tensions [DTW21, Theorem 1.2]. Two specific examples are given by Kida
and Ozawa, where the associated subgroups are cyclic [Kid14, Theorem 1.1
and 1.4].

(viii) There is a criterion for inner-amenability of wreath products [DTW21, The-
orem 1.5].

(ix) Groups that are (JS-)stable, McDuff or have property Gamma, are inner-
amenable [DV18, Figure 1]. Sufficient conditions for stability can be found in
the article by Tucker-Drob [Tuc20, Theorem 18, Corollary 19].

(x) Thompson’s group F' is inner-amenable [Jol97]. In fact, it is even stable
[Tuc20, Corollary 21].

(xi) Thompson’s groups 7" and V' are not inner-amenable [HO17, Theorem 4.4].
(xii) Nonabelian free groups are not inner-amenable [BH86, Corollaire 3(iii)].

(xiii) Discrete ICC groups having property (T) are not inner-amenable [BHS86,
Corollaire 3(i)].

Similar to amenability, there is a characterisation in terms of Falner-sequences.

Lemma 3.1.6 (inner-Fglner sequence [BH86, Théoreme 1(F)]). A countable group
T" is inner-amenable if and only if it admits an inner-Fglner sequence, i.e., a sequence
(Fn)nen of finite, nonempty subsets of I' with lim,_,o |F,| = 00 such that for all
vel,

L E)AR
n—00 ||

Here, A denotes the symmetric difference.
Note, that the condition on atomlessness discussed in Remark 3.1.2 imposes the
condition that |F,| — oo.

Another large class of examples was pointed out to me by Francesco Fournier-
Facio.
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Example 3.1.7. Let I' be a countably infinite group with commuting conjugates,
i.e., for every finitely generated subgroup H < I, there is f € I' such that H
commutes with H/. Then, I is inner-amenable.

Proof. We will show that I' admits an inner-Fglner-sequence (Lemma 3.1.6). Be-
cause I" is countable, we may enumerate I' = {9, 7v1,...}. Since I has commuting
conjugates, for all n € N, there is f, € I' such that {vp,...,7,} commutes with
{(v)?, ..., (va)/}. In particular, this implies that Fy, := {(70)/,..., (v2)"} de-
fines an inner-Fglner sequence. ]

Together with Example 3.1.5((iii)), we obtain that the following groups are inner-
amenable.

Example 3.1.8. Let I' be a countable group with commuting conjugates or a group
extension of the form

1—H —T —K—1,

where H is countable with commuting conjugates and K is amenable. Then, I' is
inner-amenable.

In particular, this includes countable groups of piecewise linear or piecewise
projective homomorphisms of the real line [FL23, Proof of Theorem 1.3] such as
Thompson’s group F. More examples of this type can be found in the work of
Fournier-Facio and Lodha [FL23].

A natural question to ask is whether the result of Fournier-Facio and Lodha that
second bounded cohomology vanishes for group extensions as in Example 3.1.8
[FL23, Theorem 1.2] extends to all inner-amenable groups. Already the group
Zx F» shows that this is not the case, as the second bounded cohomology HZ(Zx F)
retracts onto HZ(F2) % 0 [Joh72, Proposition 2.8][Fril7, Section 2.6].

3.2 A structure theorem for inner-amenable groups

In the following, we will develop a structure theorem for inner-amenable groups,
stating the existence of a chain of g-normal subgroups. We recall the definition of
the latter notion.

Definition 3.2.1 (g-normality [Pop06, Definition 2.3]). Let I" be a group. A sub-
group A C T is g-normal if there exists a generating set S C I' such that for
all s € S, the intersection A N A? is infinite. In this case, we will denote A <, I"
and we say that such a generating set S witnesses the g-normality of A in I'.

Example 3.2.2. Let I' be an infinite group and A C I' be a subgroup of finite
index. Then, A <, I'. Indeed, for all v € I', the subgroup A N A" is of finite index,
thus infinite.
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3 Inner-amenable groups

Example 3.2.3. Infinite, normal subgroups are ¢g-normal as every generating set is
a witness. However, in general, not every generating set is a witness. For example,
in the semi-direct product Z* x S, where the symmetric group acts by permutation
of the coordinates, the subgroup A = 72 x {0} x {0} of Z* is g-normal in Z* x S,
but not normal. More precisely, g-normality of A is witnessed by a generating set
built from a generating set of Z? and transpositions, but there are permutations o
such that ANA7 = {1}.

Example 3.2.4. If A <, I and T is finitely generated, we can pick a finite gen-
erating set as a witness. Indeed, suppose that a (possibly infinite) set S C I" is a
witness. Because I' is finitely generated, there is a finite subset S’ C S that is a
generating set. By definition, also S’ then is a finite witness for the g-normality.

Remark 3.2.5. The notion of g-normality fits into a whole family of weak notions
of normality, see e.g. wg-normality [Pop06, Definition 2.3] or (n-step) s-normality
[BFS14, Definition 1.1].

The following is contained in an article by Tucker-Drob [Tuc20, Section 4]. In
order to make the exposition clearer, we will spell out the arguments in an elemen-
tary way for our purposes. The main ingredient is the following classical theorem
attributed to Rosenblatt, for which we first recall the notion of an amenable action.

Definition 3.2.6 (amenable action). Let I" be a group. An action of " on a set X
is amenable if there exists an invariant mean, i.e. a finitely additive probability
measure p: P(X) — [0, 1] such that for all A C X and v € I', we have

u(y - A) = p(A).
Note that a group I' is amenable if and only if the left translation action I' ~ I is.

Theorem 3.2.7 (Rosenblatt’s theorem [Ros81, Proposition 3.5] [HO17, Proposi-
tion 4.2]). Let T be a non-amenable group that acts amenably on X. Let p be an
atomless, invariant mean for this action. Then,

p({z € X | T, is not amenable}) = 1.
Here, I'y denotes the stabiliser of an element x € X.
This has the following consequence for inner-amenable groups.

Corollary 3.2.8 ([Tuc20, Lemma 4.2]). LetI" be an inner-amenable, non-amenable
group. Then, there exists an element of T\ {e} with non-amenable centraliser.

Proof. We apply Rosenblatt’s theorem (Theorem 3.2.7) to the conjugation ac-
tion I' ~ I'. This action is amenable because I is inner-amenable. Because there is
an atomless mean for this action, the set {:1: € I' | I'; is not amenable} must con-
tain a nontrivial element. Note that for « € I', since we consider the conjugation
action, we have

Ip={yel|a"=a}={yel|z-y=v-2} = Cr(a),

which is the centraliser of z. O
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The following theorem about non-amenable subgroups of inner-amenable groups
was observed by Tucker-Drob.

Theorem 3.2.9 ([Tuc20, Theorem 4.3(i)]). Let I" be a torsion-free, inner-amenable
group and L C T' be a non-amenable subgroup. Then, there exists a subgroup K
such that

L <, K<, T

We give a direct proof of this fact, starting from Rosenblatt’s theorem.
Proof. For all v € I', we denote its centraliser by Cr(vy). We set
Sp=={y €T | LNCr(y) is non-amenable }

and K = <L U SL>F' The generating set L U Sy, witnesses that L <, K.

It remains to show that K <, I'. Note that for v € I, the intersection L N Cr(v)
is the stabiliser of v of the conjugation action L ~ I'. As the restriction of the
conjugation action I' ~ I', it is an amenable action. We can pick an atomless
conjugation-invariant mean p on I'. Thus, Rosenblatt’s theorem (Theorem 3.2.7)
implies that u(Sr) = 1, and hence u(K) = 1. Let v € I'. Then, by conjugation-
invariance of p, we have p(K?7) = p(K) = 1. Because u(I') = 1, this implies that
uw(K N K7) =1. In particular, K N K7 is infinite. O

In the presence of finiteness properties, we can impose the subgroups to be finitely
generated.

Lemma 3.2.10. Let L, K,T" be groups, I' and L be finitely generated and K be
torsion-free. Assume that L <, K <, I'. Then, there exists a finitely generated
subgroup K' C K such that

L<,K <,T.

Proof. Let St be a generating set of I' witnessing that K <, I', let Sk be a gen-
erating set of K witnessing that L <, K and let S; be a finite generating set
of L. Because I' is finitely generated, we can assume that St is finite. Let s € Sr.
Because ST witnesses the g-normality of K in I', the set K N K? is infinite. In
particular, we can pick a nontrivial element in ks € K NK*®\ {e}. We can therefore
pick words ws and ug in Sg U S[_(l such that in the group I', we have

ks =ws =51 ug-s. (3.2.1)

Because we are considering only finitely many words, the set S of letters ¢ for which
there exists s € St such that ¢ appears in w; or us, is finite. We set K’ := <§USL>F.
By construction, K’ is finitely generated. The generating set SU Sy, witnesses that
L <, K’ (because S is a subset of the witness S k). The generating set St witnesses
that K’ <, I': Let s € Sp. Then, Equation (3.2.1) shows that K’ N K'® is non-
trivial. Because K’ N K'® is contained in K, which is torsion-free, the intersection
must be infinite, as desired. O
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3 Inner-amenable groups

Altogether, we obtain the following structure theorem. Recall that a group I' is
virtually torsion-free if there exists a finite-index subgroup IV C I" that is torsion-
free.

Corollary 3.2.11 (structure theorem for inner-amenable groups). Let I' be a
finitely generated, virtually torsion-free, inner-amenable, non-amenable group. Then,
there exist g € T'\ {e} and finitely generated subgroups L, K,T" such that

Z=(g)<qL<qK<,I"<,T.

Proof. Because I is virtually torsion-free, there is a finite-index subgroup IV C T"
that is torsion-free. Example 3.2.2 yields that I" <, I'. Moreover, note that as
a finite-index subgroup of a finitely generated group, I" itself is finitely gener-
ated. Then, I' is also inner-amenable by Proposition 3.1.3 and non-amenable.
Thus, by Corollary 3.2.8, there exists an element g € T \ {e} with non-amenable
centraliser Crv(g). Since Crv(g) is non-amenable, there exists a finitely generated
subgroup L C Crv(g) that is non-amenable [Day57, p. 517, Property (K)]. In partic-
ular, <g> = 7 is central, thus ¢g-normal in L. Theorem 3.2.9 yields an intermediate
subgroup K with L <, K <, I''. Finally, Lemma 3.2.10 yields that K can be
chosen to be finitely generated. O

3.3 Bootstrapping for inner-amenable groups

The structure theorem for inner-amenable groups (Corollary 3.2.11) yields a strat-
egy to prove that certain equivariantly bootstrappable properties hold for inner-
amenable groups. We can show that the Bootstrapping Theorem 1.5.3 enables the
transport through g-normality.

Lemma 3.3.1 (Transport through ¢-normality). Let B, be a bootstrappable action
property of an is-class { of groups (see Definition 1.5.1). Let T' € { be finitely
generated and suppose that all infinite subgroups of I' satisfy Bo. Let A <, 1" be a
q-normal subgroup. If A € By, then I' € B;.

Proof. 1t suffices to construct an action of I' as in the Bootstrapping Theorem 1.5.3.
Choose a generating set S of I witnessing the g-normality of A. Because I is finitely
generated, we can choose S to be finite. We define a graph 2 = (V, E') with vertex
set V :=T/A and edge set

E:={{gA,gsA} | g €T, s € S}.

Then, left-translation defines an action I' ~ . Since S is a generating set, €2 is
connected, i.e., O-acyclic. Moreover, F\Q(l) is compact, as it contains a single 0-
cell and at most |S| many 1-cells. Finally, we need to examine stabilisers. Vertex
stabilisers are conjugate to A, thus satisfy By by assumption. For edge stabilisers,
fix an edge {gA, gsA} for some g € A and s € S. Its stabiliser contains

A A AT (As OA)(QS)’l’
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3.3 Bootstrapping for inner-amenable groups

which is infinite, because S witnesses the g-normality of A. As an infinite subgroup
of I', the stabiliser of {gA, gsA} thus satisfies By by assumption. The Bootstrapping
Theorem 1.5.3 yields that I' satisfies Bj. O

Remark 3.3.2. There’s also a more conceptual way of obtaining suitable actions
from a ‘blow-up’ construction, based on a technique by Liick and Weiermann (see a
previous paper by the author [Usc24, Section 5] for the proof in the setting of this
thesis).

Combining Lemma 3.3.1 with the structure theorem for inner-amenable groups
(Corollary 3.2.11), we obtain the following result.

Theorem 3.3.3 (Bootstrappable properties for inner-amenable groups). Let B,
be a bootstrappable action property of an is-class & of groups. Suppose that the
following conditions are satisfied:

(i) All infinite groups in { satisfy By.

(ii) The integers 7. satisfy Bj.
Then, all finitely generated, virtually torsion-free, inner-amenable, non-amenable
groups in < satisfy By.

Proof. Let I' be a finitely generated, virtually torsion-free, inner-amenable, non-
amenable group. Then, by Corollary 3.2.11, there exist g € I' \ {e} and finitely
generated subgroups L, K,I" such that

Z=(g)<qL<qK<,I"<,T.

By assumption <g> & 7 satisfies B1. By repeated application of Lemma 3.3.1, we
obtain that I' € B;. O

By applying the theorem to B, = CR,, we obtain the following corollary.

Corollary 3.3.4. Let I" be a finitely generated, residually finite, virtually torsion-
free, inner-amenable group. Then, I' lies in CWRy and thus, for all fields F and
residual chains (A;)ien, we have

~

bi(I', Ay;F) = 0.
If, additionally, I" is of type FP2, we have
(T, As) = 0.

Proof. By Theorem 2.5.1, it suffices to show that I' satisfies CWR;. We consider
the is-class ¢ of all residually finite groups. If T" is amenable, then it satisfies CWRy
by Theorem 2.8.5. If I" is non-amenable, we apply Theorem 3.3.3 to the stronger,
equivariantly bootstrappable property B, = CR, (see Theorem 2.4.6). Indeed, all
infinite, residually finite groups satisfy CRy (Proposition 2.6.1) and Z satisfies CR;
(Proposition 2.7.1). O
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3 Inner-amenable groups

Using ergodic-theoretic methods, the vanishing of the first £2-Betti number, which
by Liick’s Approximation Theorem 2 is equal to by (I', A,; Q), was already proved
for all countable inner-amenable groups by Chifan—Sinclair—Udrea [CSU16, Corol-
lary D]. Later, Tucker-Drob proved that the cost of these groups is equal to 1, thus
also implying the vanishing of the first #2-Betti number [Tuc20, Theorem 5].

It is natural to ask if the result generalises to higher degrees.

Question 3.3.5. Let B, be a bootstrappable action property of an is-class < of
groups and n € N>9. Suppose that the two conditions in Theorem 3.3.3 are satis-
fied. Do all virtually torsion-free, inner-amenable, non-amenable groups (satisfying
suitable finiteness properties) in < satisfy B,, ?

In order to demonstrate that this question has a positive answer, we would need
new insights about the structure of inner-amenable groups. The following example
shows that inheritance along g-normal subgroups does not hold for higher degrees.

Example 3.3.6. We consider the bootstrappable action property CWR,. We have
ZSqZXFQ SqFQXFQ,

where the first inclusion is given by the inclusion in the first factor, and the second
inclusion is induced by Z < Fb, given by mapping 1 € Z to one of two free
generators of Fy. Then, Z € CWRy (Proposition 2.7.1) and Z x F» € CWR
(apply Proposition 1.7.1(ii) to CR,). However, Fy x Fy ¢ CWR3, as this would
imply vanishing of the Betti number gradients in degree 2 (Theorem 2.5.1(i)), but
we have by(Fy x Fy, A; Q) = 1 # 0 for every residual chain A, of Fy x Fy [Kam19,
Theorem 4.15(i)].

Note that this does not answer Question 3.3.5 in the negative, as Fy X F5 is not
inner-amenable [BH86, Théoreme 5(f) and 5(c)].

Remark 3.3.7. Tracing back the proof of Theorem 3.3.3, we use multiple times
that we can construct actions of the form I' ~ €, where () is a graph with vertex
set I'/A, A € B; and for a generating set S, we have for all s € S that AN A is
infinite, thus lies in By. It seems plausible that for higher degrees, we need to require
a condition in the spirit of a result by Bader—Furman—Sauer [BFS14, Theorem 1.3],
such as the following: For all £k € N and ~1,...,7 € I', we have that

ANAT Q- NA* € B, .

It is not known whether we can always find a suitable chain of finite-index subgroups
in inner-amenable groups.

On the other hand, for right-angled Artin groups, Question 3.3.5 admits a positive
answer.

Proposition 3.3.8. Let B, be a bootstrappable action property of an is-class  of
groups and n € N such that Z € B,. Let I" be a non-trivial, right-angled Artin
group that is inner-amenable. Then, I satisfies By,.

Proof. By a result of Duchesne—Tucker-Drob—Wesolek, I' splits as a direct product
with Z [DTW21, Corollary 4.21]. We can then conclude by Proposition 1.7.1(ii). O
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3.4 More consequences of transport through g-normality

We end this chapter by recording a few more consequences of the transport through ¢-
normality (Lemma 3.3.1) that are not related to inner-amenability.

Definition 3.4.1 (chain-commuting). A group I' is chain-commuting if there exists
a finite generating set {7o,...,7} for I' of elements of infinite order such that for
all i € {0,...,k — 1} we have that the commutator [;,v;+1] is trivial.

Application of transport through g-normality yields the following.

Proposition 3.4.2. Let B, be a bootstrappable action property of an is-class & of
groups such that the following conditions are satisfied:

(i) All infinite groups in { satisfy By.
(ii) The integers 7. satisfy Bj.
Let T € & be a chain-commuting group. Then, I' satisfies B.

Proof. Let {70,...,7} be a generating set witnessing that I' is chain-commuting.
Set I'; == <fyo, . ,’Yz‘>p- Because ¢ is closed under taking subgroups, we have that
I'; € &. It is straightforward to verify that I'; <, I';4q for i € {0,...,k —1}. Thus,
we can apply Lemma 3.3.1 to the chain

ZgFO Squ Sq Squ:Fa
and obtain that I € By. ]
This allows us to apply this result to Artin groups with connected nerve.

Corollary 3.4.3. Let B, be a bootstrappable action property of an is-class & of
groups such that the following conditions are satisfied:

(i) All infinite groups in { satisfy By.
(ii) The integers 7 satisfy Bj.
Let I' € & be an Artin group with connected nerve. Then, I lies in Bi.

Proof. By Proposition 3.4.2, it suffices to show that I' is chain-commuting. Since
the nerve of I' is connected, we can find a finite sequence of standard generators
of T (possibly with repetitions) such that for every two subsequent generators s
and t, the corresponding vertices in the nerve v, v¢ are connected by an edge. Note
that the generators s and ¢ do not necessarily commute (unless the exponent of
the edge is 2), but this means that the Artin group <s,t> is spherical. Thus, the
centre of <s,t> is infinite cyclic [BS72, Satz 7.2]. Denote one generator of this
centre by v ;. Thus, the sequence (s,vs¢,t) is chain-commuting. By concatenation
of these sequences, we obtain a chain-commuting generating set for I'. O
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3 Inner-amenable groups

We also obtain the following corollary for products.

Corollary 3.4.4. Let B, be a bootstrappable action property of an is-class { of
groups such that the following conditions are satisfied:

(i) All infinite groups in { satisfy By.
(ii) The integers Z satisfy By.

Let T' and A be infinite groups such that I' contains Z as a subgroup. Then, I' x A
lies in B;.

Proof. Let H C I be isomorphic to Z. Then, H is a normal subgroup of H x A,
thus g-normal by Example 3.2.3. Hence,

Z=H<,HxA<, T xA,

where the latter is witnessed by any generating set of I' x A. Thus, twofold appli-
cation of Lemma 3.3.1 yields that I' x A € Bj. O
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4 A dynamical upper bound and weak
containment

We consider a dynamical viewpoint on (torsion) homology growth. The basic prin-
ciple is the following: The asymptotic behaviour along finite-index subgroups is en-
coded in the dynamical system given by the profinite completion (see Definition 11
in the Introduction). We introduce the dynamical invariants measured embedding
dimension (medim) and measured embedding volume (mevol) of a probability mea-
sure preserving (pmp) action on a standard probability space (see Section 4.3).
Measured embedding dimension and volume are upper bounds to (torsion) homol-
ogy growth (Theorem 4.3.4). The main part of this chapter is concerned with
proving that medim and mevol are monotone under weak containment of actions
(see Definition 4.4.1). The proof is concluded in Section 4.7 and some applica-
tions are given in Section 4.8. In preparation, we develop techniques regarding
the translation of chain complexes and maps to a different action (see Section 4.5)
and making almost chain complexes strict (see Section 4.6). We begin this chap-
ter by fixing the algebraic notions (Section 4.1) and some explicit computations
(Section 4.2).

Most of the content is based on a joint project with Kevin Li, Clara Loh, Marco
Moraschini, and Roman Sauer [LLMSU25|. The theorem on monotonicity under
weak containment (Theorem 4.7.1) is my own project.

For the whole section, we fix the following setup.

Setup 4.0.1. In this chapter, let Z denote the integers Z with the standard norm
or a finite field with the trivial norm.

4.1 Decompositions, norms and almost equality

In this section, we consider the following situation.

Setup 4.1.1. Let I" be a countably infinite group, a: I' ~ (X, 1) be an (essentially)
free probability measure preserving action on a standard probability space. The
latter implies that (X, uu) is (non-equivariantly) isomorphic to the interval [0, 1] with
the Lebesgue measure.

4.1.1 Rings and modules

We write L>(X) for the ring of essentially bounded measurable functions X — Z
considered up to equality p-almost everywhere (with pointwise addition and mul-
tiplication). Note that because balls in Z are finite, essentially bounded functions
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4 A dynamical upper bound and weak containment

are exactly the functions that can be represented by finite Z-linear combinations
of characteristic functions on measurable subsets of X.

We define the crossed product ring L% (X ) %o I' as the free L>°(X)-module with
basis I', endowed with a ring structure given by the following multiplication: For
A € L>®(X) and v € T', denote by (A,7v) the inclusion of A into the summand
indexed by . For A\, N € L*°(X) and v, € ', we define

A7) - (Vo) = (A (- V), v o),
where the function v - X is defined by (v - X)(x) = N (y'z). We spell out the
following example, for it will appear often in this thesis.
Example 4.1.2. Let v,n € I' and U,V C X be measurable subsets. We denote
by xv € L*>°(X) the characteristic function of U. Then, in L>(X) *, I', we have

(xv;7) - (xv,n) = (xuryv,1m)-

4.1.2 Marked decompositions

Definition 4.1.3 (marked projective module). A marked projective L>°(X) %o I'-
module is a triple (M, (4;)icr, ), consisting of

o an L>°(X) %, [-module M,
e a finite family (A;);cs of measurable subsets of X, and
o an L*(X) xq I-isomorphism ¢: M — @@, ;(L¥(X) *o T) - (xa,,1).
In the following, we will abbreviate for i € I:
(Ai), = (L®(X) % T) - (x4;,1) © M.

We often just write M = @, I<Ai>a and leave the isomorphism ¢ implicit. More-
over, we define the dimension of the marked projective module (M, (A)ier, cp) over
L>®(X) %, [ by
dim, M = Z w(A;)
i€l
and the rank by
rk M = |I].
Definition 4.1.4 (marked decomposition). Let M = @, I<Ai>a be a marked pro-
jective L>°(X) *q I'-module. A marked decomposition is the canonical L>(X) %, I'-

isomorphism
M= @40\ B, © BB,
icl el

induced by a family (B;);c; of (possibly empty) measurable subsets B; C A;. We
call @, (4 \ Bi>a and @, I<Bi>a marked summands of M. There are canonical
embeddings of the marked summands into M. We often denote a marked decompo-
sition just by the family (B;);es. Similarly, we can define marked decompositions
into more than two summands.
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4.1 Decompositions, norms and almost equality

Lemma 4.1.5 (maps between marked projective modules). Let

M=@D(A), wd N=@(B),

iel jeJ

be marked projective modules over L (X) %o, I and f: M — N be an L>®(X) %, I'-
linear map. Then, f is given by right-multiplication with a matric z := (2 j)icr,jeJ,
where z; ; € L(X) xq I'. Thus, there is a finite family (Uy)rek of pairwise disjoint,
measurable subsets of X and a finite subset ' C I" and a;;r~ € Z such that for
alli eI, 5 € J, we have

Zig= Y Gijkey (XaU ) (4.1.1)
(kyy)EKXF

In particular, if 1 € I,j € J,k € K,y € F such that a; .~ # 0, we have LA N
Ui C B;.

Proof. Because f is a linear map between left-modules, it is given by right-multi-

plication with a matrix z over L>(X) %, I'. The coefficient z; j € L=(X) %, I' is a

finite sum of elements of the form a - (xy,7), where a € Z,y € T'and U C X is a

measurable subset of X. Since U = v - (y~1U), we can write 2; j in the above form

by potentially subdividing and regrouping the U to make them pairwise disjoint.
For the second claim, note that

(™) (an D) - oY) = (14,000 1) € (Bj),,

if and only if v~ A; N U, C B; (up to a null-set) by Lemma 4.1.6 below. Note that
the lemma below cites Equation (4.1.1), which we already proved. O

Lemma 4.1.6 (recognising marked summands). Let M = <B>a be a marked sum-
mand andx € M. Letmy: L®(X) xq I' — L (X) be the L>°(X)-linear projection to
the summand corresponding to the identity element 1 € T'. Assume thata € Z,a # 0
and A C X such that m(x) = a-xa. Then, <A>a C M.

Proof. 1t suffices to show that A\ B is a null-set. Because z € M = (L*°(X) *, ') -
(xB,1), we have z = X\ - (xp, 1) for some

A= Z a‘(k,’y) : (X"/UmV)v
(kyy)EKXF

with K and F' C T finite sets, a(;,) € Z, and Uy C X, as in Equation (4.1.1).
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4 A dynamical upper bound and weak containment

Then, we have

G XA\B = XA\B 0" XA (pointwise equality)
=m(xa\B ")
=71 <(XA\37 1) : Z Ak,~) * (X'yUk,’Y) : (X37 1)>
(ky)EKXF
= Z Q(k,1) " XA\B * XUy * XB (projection)
keK
=0 (A\B)N B =)

Thus, we have a - x 4\p = 0 almost everywhere with a # 0, which is only possible
if u(A\ B) =0. O

Remark 4.1.7. The presentation in Equation (4.1.1) is unique up to subdividing
the partition (Ug)gex further and adding zeros. Thus, by subdividing further, we
can assume that Uy C Bj and yUy, C A; if therearei € [ and v € F with a; j ¢~ # 0.

We record that whenever we have an L*°(X) %, I'-linear map between marked
projective modules, we are in the following setup.

Setup 4.1.8. Let

M=), wd N - BB,

il jeJ

be marked projective modules over L>°(X) %, ['and f: M — N be an L>°(X) %, I'-
homomorphism given by right-multiplication with a matrix z := (2; j)icr jes that is
given as follows: There is a finite family (Uy)rex of pairwise disjoint, measurable
subsets of X and a finite subset F' C I' and a family (a; ;i )icr,jeskekyeF OVer Z
such that for all 1 € I,j € J, we have

Zg= Y, igky (GUGY):
(ky)EKXF

Moreover, for alli € I,j € J,k € K,y € F with a; ;1 # 0, the following hold:
(i) v 'AiNUx € Bj;
(ii) U C By;
(iii) Uk C A;.

Often, we will estimate norms by the following quantity.
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4.1 Decompositions, norms and almost equality

Definition 4.1.9. Let f: M — N be an L%°(X) %, I'-homomorphism between
marked projective L (X) %, I-modules. Let P be a presentation of f as specified
in Setup 4.1.8. We define

Q(f, P) = > | @i j k|

(4,9,kyy)EIX IX KX F

and

Q(f) = mﬁnQ(fa P)7

where the minimum is taken over all possible presentations of f. Note that this
is indeed a minimum, as norms of elements in Z lie in N. If z € L®(X) %, T,
define Q(z) = Q(f.), where f,: L®(X) %o ' = L®(X) %, I' is the map given by
right-multiplication with z.

If n: <A>a — L>®(X) is an L*°(X) %, [-linear map, we define

Qn) = Q(e(n(xa,1))),

where 1: L®(X) < L*°(X) %, ' is the canonical inclusion into the summand in-
dexed by 1 € . Finally, if n: M = @,.;(A;), — L®(X) is an L>°(X) %, [-linear
map, we define

Q) =>-Q(l 4y )

el
Lemma 4.1.10. We record a few basic properties of this quantity.

(i) Let f: M — N be an L*(X) *q I'-homomorphism between marked projective
modules over L>®(X) o I' and M = My & My be a marked decomposition.
Then,

(ii) Let f: M — N and g: N — P be L®(X) %, ['-homomorphisms between
marked projective L°(X) xq I'- modules. Then,

Qgeo f) <Q(g)- Q)

(iii) Let fi: M — Ny and fo: M — Ny be L™°(X) %, ['-homomorphisms between
marked projective L*™°(X) x,, I'-modules. Then, (fi, f2): M — N1 & Ny sat-
isfies

Q((f1, f2)) < Q(f1) + Q(f2)-

Proof. These properties follow from straightforward computations. O
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4 A dynamical upper bound and weak containment

4.1.3 Norms

We use the 1-norm to measure the size of elements in marked projective modules
and consider the associated operator norm for homomorphisms between marked
projective modules.

Definition 4.1.11. Let A C X and A € L*>(A). Then, we define the norm of A by

Al = / Al di.
A

Definition 4.1.12. Let A € X and A € (A) C L>°(X) %, . Then, A can be
written as a finite sum A = > (Ay,7), and we define its norm by

Al =D I
verl

We extend this norm to the ¢!-norm |- |; on marked projective modules. We
can thus define norms of homomorphisms as the operator norm (with respect to
the ¢'-norms).

Definition 4.1.13 (operator norm). Let f: M — N be an L*°(X) %, ['-homomor-
phism between marked projective L>°(X) %, I'-modules. Then, the norm of f is
the operator norm || f||, i.e. the least real number ¢ such that

Veenm |f(z)lr < c- [z

Remark 4.1.14. From the explicit description of the operator norm (Lemma 4.2.1),
we obtain that the operator norm of L>(X) x, [-homomorphisms between marked
projective L>°(X) %, I'-modules is always finite and in fact an integer.

4.1.4 Lognorm

Let f: M — N be an L*°(X) %, I'-homomorphism between marked projective mod-
ules over L>°(X) x, I". We consider the quantity lognorm,, f to refine the expression
“dimy N -log, || - ||, which is the analogue of the expression in Gabber’s estimate
(Lemma 7 in the Introduction).

Definition 4.1.15 (lognorm). Let f: M — N be an L*°(X) %, I'-homomorphism
between marked projective L>°(X) %, I'-modules.

e The marked outer rank of f is defined as
mrk, f == inf{dim, N’ | N C N is a marked direct summand with
f(M)C N'} € [0,dimg N]
o We define
lognorm!, f := min{dim, M, mrk.(f)} - log, | f-

Here, log, = max{log, 0} denotes the truncated logarithm.
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4.1 Decompositions, norms and almost equality

o Let D(M) denote the class of all finite marked decompositions of M. If
(M;)ier € D(M), we set

lognorm?, (f, (Mi)ie[) = Z lognorm!, (f|as,: M; — N).
i€l

¢ Finally, we set

lognorm,, f = . ei%f(M) lognorm!, (f, M..) € R>y.

Note that the marked outer rank is an approximation from above to “dimg, f(M)”.
The example of the diagonal map A: (X) — (X) @(X)_shows that f(M) is not
necessarily a marked projective summand (see Lemma 4.1.6) and that the marked
outer rank can be greater than the dimension of the domain: In this case, we have

mrko, A =2>1= dima<X>a.

Note that we define lognorm,, in terms of marked decompositions. Thus, the value
lognorm,, f might depend on the marked structure.

4.1.5 Almost equality

We introduce a measure for the difference between two morphisms between marked
projective modules.

Definition 4.1.16 (almost equality). Let 6 € Ryg and f,g: M — N be maps
between marked projective L (X) *, I'-modules. We write f =5 g if there exists a
marked decomposition M = My @ M; with

fimo = 9l and  dimg My < 6.

In this case, we say that f and g are almost equal with error at most §. Similarly,
for \,k € L*°(X), we write A =5 k if there exists a measurable subset A C X with

AMa=kla and p(4)>1-04.
We state the following elementary example.
Lemma 4.1.17. Let v € " and U,V C X be measurable subsets. Let fi; be the
L>®(X) %o D-linear map L®(X) %o I' — L®(X) %o ' given by right-multiplication
with (xyu,7) and fy: L2(X) %o I' = L®(X) %o I' be the L*°(X) o I'-linear map

given by right-multiplication with (x,v,7). Set 6 .= p(UAV'), where & denotes the
symmetric difference. Then, fu =5 fv.
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4 A dynamical upper bound and weak containment

Proof. 1t suffices to show that the maps fy and fy coincide on
(X\(UaV)) = (UNV)) &(X\y(UUuV)),,

where the isomorphism is to be understood in the category of L>°(X) %, I'-modules.
Indeed, we have

X~(UNV)s 20)

Xy(UNV), 1)- (XW”Y%

X0 Y)

XX\y(UUV)> 1) - (xyv,7)- [

(Xywnvys 1) - (o, 7) =

(XX\'y(UUV)? ]-) ’ (X’yUa )

(
= (
(
= (

We record three elementary inheritance properties for almost equality. The proofs
are straightforward and therefore omitted.

Lemma 4.1.18. Let fi, fo,91,92: M — N be maps between marked projective
modules over L™ (X) o I'. Let 81,02 € Rsg such that f1 =5, g1 and fa =5, g2.
Then,

f1+ f2 =5146, 91 + 92.

Lemma 4.1.19. Let f,g,h: M — N be maps between marked projective L>°(X) x,, I'-
modules. Let 6,¢ € Rsg such that f =5 g and g =c h. Then f =5, h

Lemma 4.1.20. Let M = ®iel<Ai>a and N = EBJEJ< > be marked projective
L>®(X) %o [-modules. Let f,g: M — N be L>(X) %, I'- homomorphzsms Foriel
and j € J, let f;;, gij: <Ai>a — <Bj>a denote the restrictions to the specified
summands in the domain and codomain. Let § € Rsq such that for alli € I,j € J,
we have f; ; =5 gij. Then, we have f =155 9-

Almost equality does not behave well enough with operator norms. We introduce
the following controlled modification.

Definition 4.1.21. Let M, N be marked projective L (X) %, I'-modules, and let
f,f'+ M — N be L*°(X) 4 I-homomorphisms and §, K € Rs. We say that f
is (0, K)-almost equal to f' if there exists a marked decomposition M = My & M,
such that

f’Mo = f/|M0 and dimg My <4 and ”f|M1 - f/‘Ml” < K.
In this case, we write f =5 f’.

The quantity lognorm, behaves as follows under almost equality with this mod-
ification.

Lemma 4.1.22 (lognorm and almost equality, [LLMSU25, Proposition 6.4(iv)]).
Let f, g: M — N be L>®°(X) %o I'-homomorphisms between marked projective mod-
ules over L>°(X) xq I'. Let 6, K € Ryo. If f =5k g, then

lognorm,, f <lognorm, g + ¢ - log, K
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4.1 Decompositions, norms and almost equality

4.1.6 Almost chain maps and complexes
Almost equality allows us to define almost chain complexes.

Definition 4.1.23 (almost chain complex). Let n € N and § € Rsg. A marked
projective (8, n)-almost L>°(X) %o I'-chain complez is a sequence (D, n) of the form

Dnir 2% Dy — - — Dy 25 10X

consisting of marked projective L>°(X) %, I'-modules Dy, ..., Dy 11 and L*®(X) %, I'-
homomorphisms 1 =: 0y, 01, - . . , Ops1 such that

er{O,...,n} Or 0011 =50
and such that n is J-surjective, i.e. there exists z € Dy with n(z) =5 1.

Note that in particular, an (ordinary) chain complex of marked projective mod-
ules over L*°(X) ., I' that augments to L*°(X) is a (J, n)-almost chain complex for
all § € R~ and n € N. In the following, we will sometimes write strict chain com-
plex for an ordinary chain complex to highlight the difference. All chain complexes
over crossed product rings in this chapter are marked projective.

Definition 4.1.24 (almost chain map). Let d,e € R~, let n € N and let (C,, ()
and (D, n) be marked projective (9, n)-almost L>°(X) %, I'-chain complexes. An
(e,m)-almost L (X) %4 I'-chain map C, — D, extending the identity on L>°(X) is
a sequence (fr: Cp = Dy)reqo,.. ng1y of L%°(X) #q I'-homomorphisms with

no fO e C and vre{l,“.,n+1} 87~D © fr =€ fr—l o 87~C

Lemma 4.1.25 (compositions of almost chain maps). Let d,e, A € Rsg, n € N, and
let (Cy,C), (Dy,n) and (Ey,0) be (A, n)-almost chain complezxes. Let f: C. — D, be
a (8,n)-almost chain map and g: D, — E, be an (€,n)-almost chain map extending
the identity on L>°(X). Then, we have that the composition go f: Cy — E, is
a (Q(f,n) - €+ 0,n)-almost chain map extending the identity on L*°(X). Here,

we define Q(f,n) = max{Q(fo),...Q(fn)}. (For the definition of Q, see Defini-
tion 4.1.9.)

Proof. For i € {0,...,n}, we have
0F o (gio fi) =Ny (fiye (9i1007) 0 fi [LLMSU25, Lemma, 3.6(iii)]
=5 gi—10 (fic1007) [LLMSU25, Lemma 3.6(ii)]

Thus, by Lemma 4.1.19, the maps 0F o (g; o f;) and (g;—1 o fi—1) 09 almost agree,
with error bounded by

Ni(fi) €+0<Q(f,n)-e+4.

Note that Ni(f;) is defined in [LLMSU25, Definition 2.27] and is bounded from
above by Q(f,n) (Remark 4.2.4). O
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4 A dynamical upper bound and weak containment

4.1.7 A Gromov-Hausdorff distance for chain complexes

Definition 4.1.26 (marked symmetric difference). Let M = @, (M;), be a
marked projective L(X) #, T-module and let N = @,.;(4:),_, N' = @, (4}),
be marked projective summands of M. Then we define the marked symmetric
difference of N and N' by

NoN =H(An4]),.
iel

Definition 4.1.27 (Gromov—Hausdorff distance, homomorphisms). Let f: M — N,
' M"— N’ be L*°(X) %, I'-homomorphisms between marked projective modules
over L®(X) %, ', and let 6, K € Ryg. We write dgH(f, 1) < & if there exist
marked projective L>°(X) %, I'-modules L, P and marked embeddings ¢: M — L,
oM — L,¢p: N— P,v': N — P with the following properties:

o dima (M) ¢'(M')) <6
o dimy (p(N)© ¢/ (N')) <6

o F =5k F', where F := o fom,, F' := /o f'om, and 7, 7y are the marked
projections associated with the marked embeddings ¢ and ¢’, respectively.

M —— N

We call dfj;(-) the K-Gromov-Hausdorff distance. Note that for the triangle in-
equality, we need to sum the constants in the place of K [LLMSU25, Proposi-
tion 3.17].

Maps that are close in the Gromov—Hausdorff sense have similar dimensions and
lognorm,. We make this more precise in the following.

Lemma 4.1.28 ([LLMSU25, Proposition 3.14((i)) and 6.4((v))]). Let f: M — N
and
f's M — N’ be L®(X) x4 T-homomorphisms between marked projective L (X)) x4 T-
modules. Let 6, K € Ryq such that dé(H(f, ') <. Then,

|dimq M — dimy M'| <8 and lognorm, f < lognorm, f'+ ¢ -log, K.

We extend the notion of Gromov—Hausdorff distance to chain complexes.
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Definition 4.1.29 (Gromov-Hausdorff distance for chain complexes [LLMSU25,
Definition 3.16]). Let n € N, let (Dx,n), (D%, n’) be marked projective L>(X) %, I'-
chain complexes (up to degree n + 1), and let d, K € R~.

We then say that d&y;(Ds, D}, n) < § if there exist marked projective L%(X) %4 I'-
modules P,..., P,11 and marked embeddings ¢,: D, — P,, ¢.: D. — P, for
all 7 € {0,...,n + 1} with the following properties:

o Forall r € {0,...,n+ 1}, we have
dime (¢ (Dr) © ¢, (D)) < 6.
o Forallre{0,...,n+ 1}, we have
F, =5k F,

where F,. := @,_1 00, 07y, and F) = ¢]_, 00, oy . Here, P_y = L>(X)
and ¢ = idpe(x) = ¢ ;.

Doy 2 p Do —2 (X))
<Pn+1£1\7"wn+1 Sﬂn\f{mpn j}%o H
Fn+1
Py ::::: :::::3 L>(X)
n+1 , F(g
‘%-kl}l et ‘Pn]l WOIrT% H
Dy T D, Dy — L(X)

In the same way, we will define the Gromov—Hausdorff distance for sequences
of L>®(X) % I'-homomorphisms of marked projective L>°(X) %, ['-modules ending
with an L%(X) %, [-homomorphism to L>°(X). In particular, this includes the
case of almost chain complexes.

4.2 Explicit descriptions
We describe the operator norm and the marked outer rank explicitly.
4.2.1 Operator norm

There is the following explicit description of the operator norm.

Lemma 4.2.1. Let f: M — N be an L*°(X) %, I'-homomorphism between marked
projective L (X) o I'-modules. Then, in the notation of Setup 4.1.8, we have

1 =maxmax{ > laisuol | LS K x Fwith u( () AUL) > 0.
’ jed kel (k)L

In particular, we have || f|| € N.
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4 A dynamical upper bound and weak containment

We first show that we can restrict to modules of the form L*>(A).

Lemma 4.2.2. Let AC X and f: <A>a — N be an L*>®(X) *q I'-homomorphism
between marked projective L°°(X) xo I'-modules. Then,

1= [1flzoeal-

Here, f|fe(4) denotes the precomposition of f with the canonical inclusion L>(A) —
L(X) 4 F znto the summand induced by the identity element.

Proof. For v € I', we define f,: L°(A) — N by

fy(9) = f((xx,7) - (9,1))

for all g € L°(A). By definition of the /-norm on <A>a, it is clear that

1f1] = sup || £
vel

It thus suffices to show that for v € I', we have || f,|| < || fi]|. Indeed, because f
is L>°(X) %o I-linear, for all g € L*°(A), we have

15 @)l = || F((xx,7) - (9, D) ],
= || (xx7) - F((g: 1),
= [|f((g: )l
<[ fll - 1gl,

where in the penultimate line, we note that multiplication with (xx,~) defines an
isometry because the action of « preserves the probability measure u. O

For the proof of the explicit description of the operator norm, we need the fol-
lowing computation.

Lemma 4.2.3. Let f: <A>a — <B>a be an L*°(X) x, ['-homomorphism, given as
in Setup 4.1.8, i.e. by right multiplication with

Z = Z Ak~ - (X’YUM’Y))

(ky)EKXF

where ap € Z, and F C T' is a finite set, and (Uy)rex are pairwise disjoint
measurable subsets of B and yU, C A whenever a # 0. For L C K x F, we
define

U(L) = ﬂ YU N ﬂ A\ yUy.
(k)el (ky)e(EXF)\L

Then, (U(L))rck xF s a family of pairwise disjoint subsets of A, and for L C K x F,

f( XU L)7 Zaﬁ XU )

yel’
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4.2 Explicit descriptions

where
0, if U(L) = 0;
Ay = Ak, if there exists k € K with (k,v) € L;
0, else

Note that because the Uy are pairwise disjoint, there is at most one k € K
with (k,7) € L unless U(L) = 0.

Proof. Tt is straightforward to check that the U(L) are pairwise disjoint. We note
that for (k,v) € K x F, we have

L) if (k L
U(L) Ay = ) k) €L (4.2.1)
0 if (k,v) ¢ L
Thus, we have
Flxwwy D) = oD Y. ary (6o )
(ky)eKXF
= Z Ay - (XU(L) U )
(k,y)EKXF
= Z Ak py (XU(L)KY) (Equation (4.2.1))
(k,y)EL
= Zafﬁ ' (XU(L)a'Y)' O
yel’

We can now prove the explicit description of the operator norm.

Proof of Lemma 4.2.1. Because the operator norm is defined with respect to the ¢!-
norm on M, we can assume without loss of generality that M = <A>a. We will
therefore drop the index i from the notation. Let m be the maximum on the right
hand side of the claim, i.e.

m = max{ Z |aj k| ‘ LC K xFst. p( ﬂ YU) > 0}.
jed,(ky)eL (ky)eL

In order to prove that || f|| > m, let L,, C K x F be a subset realising the maximum,

ie.
m = Z lajr~| and ,u< ﬂ ’yUk)>0.

JE€J, (k) ELm (k,y)ELm

If we assume maximality of L,,, we also have pu(U(L,,)) > 0. We consider the
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4 A dynamical upper bound and weak containment

characteristic function = := (x(r,,), 1) as a witness and compute

r) = Z|fj(XU(Lm))’1

Jj€J

=> 1> alr - (v ) (Lemma 4.2.3)
1

jeJ ' ~el

- Z Z ’ @« ,’y (Lm)) (Def El—norm)

jeJ vel’

=m- |$‘1

Since |z|1 = pw(U(Ly,)) > 0, this proves that ||f|| > m.
To show the converse inequality, note that there is a canonical isomorphism

(4),= D (WL,

LCKxF

where U(L) is defined as in Lemma 4.2.3. Equipping the right hand side with
the £!-norms of the summands, the canonical isomorphism of L>(X) *, I-modules
is an isometry. Thus, it suffices to prove that |f(z)|y < m - |z|; for L C K X F
and z € (U(L)) . By Lemma 4.2.2, it suffices to consider elements g € L>(U(L)) C
<U(L)>a. The calculation in Lemma 4.2.3 shows that

@ =>_1fil9)h

jed
S ]
vyel

JjeJ

< (ZXtakol) - lah

jeJ vel

<m-|gl. O

Remark 4.2.4. Inspired by this explicit description of the operator norm, we
defined the quantity @ (see Definition 4.1.9). From Lemma 4.2.1 we obtain that
Ifll < Q(f). Straightforward calculations show that @ also provides an upper
bound to the co-norm || - ||, to N7 and to Ny [LLMSU25, Definition 2.27].

4.2.2 Marked outer rank

Lemma 4.2.5. Let f: M — N be an L*°(X) %o I'-homomorphism between marked
projective L (X) *o I'-modules. Then, in the notation of Setup 4.1.8, we have

mrk,, f = Zu( U 7_1AiﬂUk>.

jeJ (4,k,y)EIX K XF,
i j,k,~70
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4.2 Explicit descriptions

Proof. Since the marked outer rank is defined via marked decompositions, we can
assume without loss of generality that N = <B>a. We will thus drop j € J from
the notation. Let
B = U ’y_lAi N Ug.
(i,k,y)EIXKXF,
Qi k70

It suffices to show that <B’ >a is the smallest marked projective summand of N
containing f(M).

We first show that the image is contained in this summand. We denote by 7p\ p/
the canonical projection to the marked summand <B \ B/ >a. For all 1 € I, we have
that 7p\pro f | < Ai> is given by right-multiplication with the element

@

(XAN 1) : E ai,k,'y ' (X’YU}N"Y) ' (XB\B’? 1)
(kY)EKXF,
i k470

= E A5k~ * (XAiﬁ'yUkﬂfyB\fyBH ’Y)
(k,y)EKXF,
aj,k,~7#0

— 0’
because

AiNAUy NyB\YB' C~v(v tA;NUy \ B)
Cy(y ' ANUN\ (v AN TUR))
= 0.

This shows that f(M) C (B'),_.

Conversely, let (ig, ko,70) € I x K x F such that a;, iy, 7# 0. It suffices to show
that <76 1Ai0 N Uk0>a is contained in every marked projective summand contain-
ing f(M). Indeed, let m: L®(X) %o I' = L*°(X) be the L>(X)-linear projection
to the summand indexed by 1 € I'. We have

1 © f((XUk07761) : (XAiov 1))
-1
=m0 f(XUkom'yoflAiO:PyO )

-1
:m((XUkomolAioﬁo )‘(k )EK Fai07k7’Y'(X’YUk77)>
YY) ELX

_ . . —1
= Wl( E , @ig ke y (XUkomglAiomglfyUkv’Yo ’Y))
(ky)eKXF

= E Fig k0 " XUy iy Asg MU (projection)
keK

= iskon Xt A, (U} pairwise disjoint)
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4 A dynamical upper bound and weak containment

Since @y ky,yo # 0, we obtain from Lemma 4.1.6 that (Uy, N 70_1A¢0>a is contained
in the marked direct summand generated by f(M). O

4.3 Measured embedding dimension and volume

We consider the quantities medim? and mevol,. We first fix the following setup.

Setup 4.3.1. Let I" be a countable group, a: I' ~ (X, ) be an essentially free
probability measure preserving (pmp) action on a standard probability space.

Let n € N. We assume that the group I is of type FP,,+1. Thus, we can fix a
free ZI'-resolution C, — Z of the trivial ZI'-module Z with finitely generated free
modules in degrees < n+1. By Schanuel’s lemma [Bro82a, Proposition VIII.4.3], we
can additionally assume that Cy = ZT" and that the augmentation map n: ZI' — Z
is given by mapping all y € I"to 1 € Z.

We now tensor with L>°(X) %, I' and obtain a free L>(X) %, I'-resolution

Cf = (LOO(X) *o F) Qzr Cy — (LOO(X) *q F) Qgr 4 = LOO(X),

that is finitely generated in degrees < n + 1. The isomorphism is an isomorphism
in the category of L*°(X) %, I'-modules. Recall that ZI' embeds into L (X) %, I’
as an extension of the embedding Z — L*°(X) via constant functions. Note that
L>®(X) %4 ' is a flat ZI'-module [LLMSU25, Proposition 2.10].

Note that by elementary homological algebra, the subsequent definitions of medimf
and mevol,, will be independent of the choice of C,.

Definition 4.3.2 (a-embedding). An a-embedding is a pair consisting of a marked
projective augmented L>°(X) %, I'-chain complex D, — L% (X)) and an L (X) *4 I'-
chain map C¢ — D, extending the identity on L°°(X) in degree —1. We write A(a)
for the class of all marked projective augmented complexes arising in a-embeddings.

For every real-valued isomorphism invariant A of marked projective and aug-
mented L>®(X) x,, I'-chain complexes, we define

A = inf A(D, — L*(X)).
(@)=, dnE a2 (X))

The two most important instances will be the following;:

Definition 4.3.3 (medim, mevol [LLMSU25, Section 1.1]). In the situation of
Setup 4.3.1, we define the following:

o For the measured embedding dimension over Z in degree n, we set
A(D, — L*®(X)) = dimg Dp.

and define medim? (a) = A(a).
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4.3 Measured embedding dimension and volume

e In the case that Z = Z, for the measured embedding volume in degree n, we
set
A(Dy — L*(X)) = lognorm, 854’11.

and define mevol, (a) = A(a).

The main motivation for introducing medim and mevol is the bound to (torsion)
homology growth they provide.

Theorem 4.3.4 ([LLMSU25, Theorem 1.2]). Letn € N and I" be a residually finite
group of type FP,11. Let Ay be a residual chain or the system of all finite-index
normal subgroups of I'. Then,

b (T, Ay; Z) < medim? (I ~ A,)
tn(T, Ay) < mevol, (I ~ IAX*)

Note that the profinite completion A, was defined in the Introduction (Defini-
tion 11) for the system of all finite-index normal subgroups of I' and is defined
similarly for a single chain (see Example 4.4.3).

Remark 4.3.5. Instead of working over the crossed product ring L>®(X) %, T,
we could also define medim and mevol over the equivalence relation ring, which is
defined as follows: Let

R =Rr~x = {(z,7-2) ‘ veX,yel}

be the orbit relation of a. Note that the measurable structure on R is induced by
the one on X x X. We equip R with the measure v that is defined as follows: For
all A C R, let

v(4) = [ #(AN (L} x X)) dula),

Let ZR be the equivalence relation ring of R with coefficients in Z, i.e.,
ZR = {f € L*(R;Z) | sup #{y | f(z,y) # 0} < oo,
xe

sup #{z | f(z,y) # 0} < o0}

yeX

and this ring carries the convolution product defined by

(f-9)@,y) = D fl,2)9(2,y)

z€[z]R

for all x,y € X and the topology induced by the co-norm. If a: ' ~ (X, u) is
essentially free, there is a canonical inclusion L>®(X) %, I' < ZR, defined by

(f,7) = (V- zx) = f(v - 2))
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4 A dynamical upper bound and weak containment

for all f € L>°(X) and v € I'. Moreover, the image of this inclusion is ¢!-dense
in ZR. It can be shown by approximation techniques that we obtain the same
notions of mevol and medim when replacing the crossed product ring L>(X) %, I’
with the equivalence relation ring ZR in Definition 4.3.3. In general, it could be
advantageous to work with the equivalence relation ring to tackle problems related
to orbit equivalence. However, in our setup, the crossed product ring simplifies the
arguments for the monotonicity under weak containment (see Section 4.7).

4.4 Weak containment

We briefly recall the definition of weak containment, a few examples, and a useful
characterisation. This section summarises results from the literature, and does not
rely on the previous sections.

Definition 4.4.1 (weak containment [Kec10, p. 64]). Let I be a group and a: I' ~
(X,p)and B: I' ~ (Y, v) be probability measure preserving actions of I" on standard
probability spaces. We say that « is weakly contained in 8 (in symbols a < f3) if
for all n € N, measurable sets Ay,..., A, C X, finite sets F C I" and € > 0, there
are measurable sets By,..., B, CY such that

Vaer Vijet, .y I0(Y*(4) N A;j) — (P (B;) N B;)| <.

Example 4.4.2. Let I" be a group and a: I' ~ (X,u) and 5: ' ~ (Y,v) be
probability measure preserving actions of I' on standard probability spaces. It is
straightforward to check that @ < o x 3, where a x f: I' ~ (X X Y, ® v) is the
product action.

Example 4.4.3. Let I' be a residually finite group and A, be a residual chain
of I'. Let (X, u) be the inverse limit of the system (I'/A;);en, equipped with the
Haar measure. Then, we have an action I' ~ X via left translation. This action
is weakly contained in the profinite completion action I' ~ T (see Definition 11 in
the Introduction).

For countably infinite groups, there is a smallest action with respect to weak
containment.

Example 4.4.4 (Bernoulli shift). Let (X, u) be a non-trivial probability space
(i.e. u is not concentrated in one point) and I' be a countably infinite group. The
Bernoulli shift of I" on X is the action of I' on [[. X (endowed with the product
measure) via shifting of the factors. Abért and Weiss proved that every Bernoulli
shift of I' is weakly contained in every free probability measure preserving action
of I' [AW13, Theorem 1].

Example 4.4.5 (amenable groups). Let I' be an infinite amenable group and
a: '~ (X, p) and 5: T' ~ (Y, v) be free probability measure preserving actions on
standard probability spaces. Then, a < 3 [Kecl0, p. 91].
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4.4 Weak containment

Definition 4.4.6 (ergodic action). An action I' ~ (X, pu) is ergodic if for every
measurable subset A C X with I'- A = A, we have

w(A)=0 or u(X\A) =0.

Definition 4.4.7 (EMD* [Kecl2, Definition 4.4, Proposition 4.5]). An infinite
countable residually finite group I' satisfies EMD* if every ergodic standard prob-
ability action of I' is weakly contained in the profinite completion action I' ~ T'.

For the examples below, note that Tucker-Drob proved that for all groups prop-
erty EMD* is equivalent to a similarly defined property MD [Tucl5, Theorem 1.4].
Example 4.4.8 (EMD*). The following groups satisfy EMD*:

 countable free groups [Kecl2, Theorem 3.1, Proposition 4.5]

residually finite infinite amenable groups [Kecl0, Proposition 13.2]

o fundamental groups of closed surfaces [BT13, Theorem 1.4]

o fundamental groups of closed hyperbolic 3-manifolds [FLPS16, Corollary 3.11]
More examples can be found in the survey by Burton and Kechris [BK20, pp. 2698f].

Many dynamical invariants are monotone under weak containment (see cost
[Kec10, Corollary 10.14] and integral foliated simplicial volume [FLPS16, Theo-
rem 1.5]). In Theorem 4.7.1, we will prove monotonicity of measured embedding
dimension and measured embedding volume under weak containment. We will work
with a characterisation of weak containment using weak neighbourhoods.

Definition 4.4.9 (weak neighbourhoods, [Kecl0, Section 1(B)]). Let I' be a group
and (X, p) be a standard probability space. The weak topology on the space of
probability measure preserving actions I' ~ (X, ) is defined by the following basic
open neighbourhoods: Let a: I' ~ X, I C I be finite and n € N, A;,..., 4, C X
be measurable and € € R . Then,

{B: T~ X | Vaer Yieq,.my #((77A)A(PA)) < €}

is open in the weak topology.

Proposition 4.4.10 ([Kecl0, Proposition 10.1]). Let o, 8: T' ~ (X, ) be proba-
bility measure preserving actions. Then, « is weakly contained in 3 if and only if
in every weak neighbourhood U of a, there is 3’ € U such that 3 is isomorphic to 3
(as actions on standard probability spaces).
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4 A dynamical upper bound and weak containment

4.5 Translating actions

Let a and 8 be probability measure preserving actions of a group I' on a stan-
dard probability space (X, ). In this section, we consider modules or maps de-
fined over L>(X) * I', and we produce “corresponding” L>(X) xg I'-modules or
L*>*(X) # I'-chain maps.

4.5.1 Definition and direct consequences

Definition 4.5.1 (translation of modules). Let M = @,c;(A;), be a marked
projective module over L™(X) %, I'. We define the translation of M to [ as the
marked projective module Mg over L>(X) g I" via

Mpg = @<Ai>5-

i€l

Remark 4.5.2. It is immediate from the definition of the dimension (Defini-
tion 4.1.3) that dimg Mg = dim, M.

We can also translate maps to the action .

Definition 4.5.3. Let f: (L%(X) %o I)™ — (L*°(X) %, ') be a linear map be-
tween marked free L>°(X) %, I-modules. Recall from Setup 4.1.8 that f is given
by right multiplication with a matrix z over L>(X) %, I', where

Zig= > ke (Xeum),
(ky)EKXF

and (Ug)ker is a finite family of disjoint subsets of X, the set F' C T is finite,
and a; .~ € Z. We define the translation of f to 5 to be the L*°(X) xg I'-linear
map fg: (L>(X) *g I')™ — (L>°(X) x5 I')" defined by right multiplication with the
matrix 23 = ((28)s,j)icr jes that is defined by

(z8)ig = D igky (o0,07):
(ky)EKXF

It is straightforward to show that fg is well-defined and does not depend on the
chosen presentation of z in Setup 4.1.8.

More generally, let f: M = ®iel<‘4i>a — N = ®j€J<Bj>a be a linear map
between marked projective L (X)) #, I'-modules. We define its translation to 8 by

fﬁ ::WNﬁO(LNOfO’]TM)gobMﬁ:Mﬂ—)Nﬂ,

where ty: N — (L®(X) % I)I/! and iy Mg — (L%°(X) #p ) denote the
canonical marked inclusions and the maps 7y, : (L>(X) %5 Dl — Nj as well
as 7t (L°(X) %o T)I — M denote the canonical marked projections.
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4.5 Translating actions

Remark 4.5.4. The action « is replaced by 3 in three spots:

 In the generation of modules: we generated an L>°(X) x5 I-module instead
of one over L>(X) %, I

o In the multiplication of the matrix: we multiply over L>(X) *g .

o In the coefficients: we multiply with x. sy, , where 7 now acts via 8 on U.
Previously, we considered the action via a.

Remark 4.5.5. From Definition 4.1.9, it follows that () is monotone under trans-

lation, i.e. Q(fz) < Q(f).

For complexes obtained from ZI'-chain complexes by tensoring, there is an easy
description of the translation.

Lemma 4.5.6. Let C, — Z be a free ZI'-chain complex. Then, there is a canonical
isomorphism of L>(X) xg I'-chain complexes

(L®(X) %0 T) @71 Cu) 4 & (L¥(X) 5 T) @71 C.
If Cy = ZT' and the augmentation map n: Z1I' — Z is given by sending all v € T’

tol € Z, then we can define an augmentation map (L (X) %o I')®zrCy — L*(X)
and the isomorphism can be extended by the identity on L*°(X) in degree —1.

Proof. The tensor product and the translation are compatible with direct sums, so
we can work componentwise. Without loss of generality, we assume C; = ZT.
Then, we have isomorphisms of L>(X) x3 I'-modules

((L2(X) #a T) @21 Cj) 4 = (L2(X) %o T)
= (<X>a)[3

= <X>5
= (LOO(X) *g F) Kzr Cj.

B

For the boundary maps, because all of the above isomorphisms are compatible with
direct sums, we can suppose that d;41: ZI' — ZT is given by right-multiplication

with
Z Ay - 7Y.

vyel
Then, (L>®(X) *q I') ®zr 041 is given by right multiplication with

D oay (xx) =Y ay (X ey )

yel vyel

Thus, its translation ((L>(X) *q I') @21 8j+1)ﬂ to [ is given by

Zav-(xng,v).

yel’
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4 A dynamical upper bound and weak containment

Because 77X = v*X, this agrees with (L°°(X) #5 ') ®zr 0;11. For the extension
to degree —1, we define n: (L®°(X) %, ') @zr Cp = L®(X) %' = L*(X) as
the L°°(X)-linear extension of n((\, 7)) := A for all A € L*°(X) and v € I'. Note
that this map is (L*°(X) %, I')-linear. O

4.5.2 Almost functoriality of translation
Compositions behave well under translation in the following sense:

Lemma 4.5.7 (composition estimate). Let f: M — N and g: N — P be linear
maps over L°(X) o ' and 6 € Rsg. Then, there exists a weak neighbourhood U
of a such that for all 8 € U, we have
(9o f)g=s9s0 fs-
Proof. By Lemma 4.1.20 and Lemma 4.1.18, we can assume that M = <A>a,
N = <B>a and P = <C>a. By Lemma 4.1.5, we are in the situation of Setup 4.1.8,
i.e. f and g are given by multiplication with elements z¢,z, € L®(X) %, I, re-
spectively. Since sums behave well with almost equality (Lemma 4.1.18), we can
assume without loss of generality that
Zf=a-(Xyew,v) and zg=0-(xnev,n).

where a,b € Z, y,n € ' and W C B and V C C are measurable subsets. We
define U to be the weak neighbourhood of « defined by F := {n7'},n =2, A; =
W, Ay .=V, and € :=§ (in the notation used in Definition 4.4.9).
Then, g o f is given by right-multiplication with
zf - 2g = ab - (Xyewryenav, 1)
= ab - (X(yn)o((=1)ewnv)> Y1)
Thus, for all § € U, the translation (g o f)s is given by right-multiplication with

(a1 wewy ) (4.5.1)
Similarly, gg o fg is given by right-multiplication with

n) (4.5.2)

ab - (x

CLb X 3
( (B (1) P ww)

Note that the expressions in Equation (4.5.1) and Equation (4.5.2) differ only by an
a resp. B in the exponent of =1 (indicating via which action 5! is acting on W;
this is highlighted with a circle in the equation). Thus, by Lemma 4.1.17, (g o f)g
and gg o fg are almost equal with error at most
p(Om)? (=W N V)a(m) ()W n V)
= u(((™H W nV)a((nH)’wnv))
<4,

where the last inequality is given by the choice of the weak neighbourhood U. [

82



4.5 Translating actions

Corollary 4.5.8 (translation of chain complexes). Letn € N, § € Ryg and (Dx,n)
be a marked projective chain complex over L(X)*q, ' with an augmentation
map n: Dy — L*(X). Then, there exists a weak neighbourhood U of v such that for
all B € U, the translated sequence ((Dy)g,ng) is a marked projective (9,n)-almost
chain complex.

Proof. We apply Lemma 4.5.7 multiple times. Define U to be the intersection
of the neighbourhoods where the estimate holds for 9, o 9,41 for r € {0,...,n}.
Moreover, because 7 is an augmentation, there exists z € Dy with n(z) = 1. Thus,
in a suitable neighbourhood, we have ng(zg) =s 13 = 1. Note that z3 was also
defined in Definition 4.5.3. 0

Corollary 4.5.9 (translation of chain maps). Letn € N, § € Ry and f.: Cx — D,
be an L®(X) xq I'-chain map between marked projective chain complexes (Cy, ()
and (D4, n) extending the identity on L°°(X). Then, there exists a weak neighbour-
hood U of o such that for all B € U, the translations of the chain complexes (Cy)a
and (Dy)g are marked projective (§,n)-almost chain complezes and moreover, the
map (f«)g: (Cv)g — (Dy)g is a (6,n)-almost chain map.

Proof. We apply the above Corollary 4.5.8 to C and D, and intersect the result-

ing neighbourhoods. Moreover, we apply Lemma 4.5.7 with error term g to the

compositions 7 o fo, 32 o f. and f._1 09 for r € {1,...,n + 1}. We intersect

.
all resulting neighbourhoods of a to obtain a neighbourhood U. In degree —1, for

all 8 € U, we have
ng o (fo)g =s/2 (no fo)s = Cp-
Moreover, for r € {1,...,n + 1}, we have
(0P)5 0 (fr)s =572 (0F © fr)s

=(fr-10 arc)ﬂ
=572 (fr-1)g 0 (07 )

Thus by Lemma 4.1.19, we obtain that (8°)z 0 (f.)s =5 (fr—1)5 © (9)s. O

4.5.3 Continuous change of invariants

We show that the marked outer rank, the norm and lognorm change continuously
in the action in the following sense:

Lemma 4.5.10 (translation and marked outer rank). Let f: M — N be an
L°(X) %, -homomorphism between marked projective modules and 6 € R~g. Then,
there exists a weak neighbourhood U of o such that for oll B € U, we have
mrkg fg < mrk, f+ 9.
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Proof. By Lemma 4.2.5, we have (in the notation of Setup 4.1.8)

mrk, f = Zu U (v HeA;n Uk)>

jeJ (4,k,y)EIX K X F,

a; j k,~70
Thus, for every action 3, we have
mrkg fg — mrk, f < Z ,u(((’y_l)aAi N Uk)A((*y_l)ﬁAi N Uk))
(4,5,k,y)EIXIX K XF,
a; j k70
< > p((H* AN Up)a((v P AN U))
(4,9,k,y)EIXIXKXF
<9,
where the last inequality holds in a suitable weak neighbourhood U that is defined
as in Definition 4.4.9 with error term € := W (or € := 1 if the denominator
is zero), and the (A;);cr as the test sets. O

Lemma 4.5.11 (translation and norm). Let f: M — N be an L>®(X) x4 I'-ho-
momorphism between marked projective L°°(X) %o ['-modules and 6 € R~g. Then,
there exists a weak neighbourhood U of a such that for all p € U, the following
holds: There is an L*°(X) * I'-homomorphism fj: Mg — Ny such that

fo=squ fp and |fall < |Ifl and f3(Mp) C fs(Mp).

Proof. By an analogue of Lemma 4.1.20, we can assume that M = <A>a. We will
thus drop ¢ € I from the notation. Let P be a presentation representing f as in
Setup 4.1.8 such that Q(f, P) = Q(f). Fix the notation of that setup. Pick a weak
neighbourhood U of a where for all v € F,k € K and 8 € U, we have

J

AP < ——
(Y Uty k)_|KHF|

Let B € U. We define
A = U ’yaUkA’y’BUk
(ky)EKXF

and A’ .= A\ A”. We set M' = <A/>B and M" = (A" N A>B' Hence, we have
an isomorphism of L*°(X)*gI'-modules Mz = M’ & M". By construction, we
have that dimg M” < p(A”) < 6. We define fé = fgota omy, where my is
the projection onto the marked summand M’ and t4 : M’ — M is the canonical
marked embedding. In particular,

fé|M/:fﬁ|M/ and fé|M//:O
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4.5 Translating actions

and f5(Mp) C fs(Mg). Moreover, note that for L C K x F, we have

An N U, C N U (4.5.3)
(kv'Y)eL (ky'Y)EL

Thus, by the explicit description of the operator norm (Lemma 4.2.1), we have

151l = max{ Z laj k| ‘ L C K x F with M(A' N ﬂ vﬂUk) > 0} (Lemma 4.2.1)

JET(k)EL (k7)€L

< max{ Z laj k| ’ L C K x F with u( m ’yaUk> > 0} (Equation (4.5.3))
j€J,(ky)EL (ky)eL

= f]- (Lemma 4.2.1)

It remains to estimate || fg|as~||: we have

18l are ]l < 1l 51l
< Q(fs) (Remark 4.2.4)
< Q(f). (Remark 4.5.5) O

We use these two estimates to show that also lognorm is continuous in the action.

Lemma 4.5.12 (translation and lognorm). Let f: M — N be an L (X) %4 I'-ho-
momorphism between marked projective modules and € € R<g. Then, there exists a
weak neighbourhood U of « such that for all B € U, we have

lognormg f < lognorm,, f + €.

Proof. We set 0 = m > 0 (or 6 := 1if log, Q(f) = 0). By definition
of lognorm,,, there exists a marked decomposition (M;);c; of M over L>®(X) %, I"
with

€

Zlognorm’a(ﬂMi: M; — N) = lognorm!, (f, (M;);cr) < lognorm, f + 5

el

(4.5.4)

To simplify notation, we will assume that M = M, consists of a single summand
and estimate the change of lognorm!, (f|ys,) under translation. (The general case
will then follow by dividing the allowed error by |I|, which stays constant during
this proof.)

By Lemma 4.5.10, there exists a weak neighbourhood U; of «a, such that for all
B € Uy, we have mrkg fg < mrk, f + . Moreover, by Lemma 4.5.11, there exists a
weak neighbourhood U; of «, such that for 5 € Us, there exists fé: Mg — Ng with

fa=squ fp and |Ifsll < IfIl and f5(Mps) C fs(Mp).

85



4 A dynamical upper bound and weak containment

We define U := Uy N Usy. Then, for all § € U, we have

lognormyg fp

< lognormg(f3) + 6 - log, Q(f) (Lemma 4.1.22)
< lognormj(f5) + 6 - log, Q(f) (Def. of lognorm)
= min{dimg Ma, mrkg(fé)} -log, ||fé” + 4 -log, Q(f)

= min{dim, M, mrkﬂ(fé)} ~log, |If5ll + 6 - log, Q(f) (Remark 4.5.2)
< min{dima M, mrks(fs)} -log, || /5] + 0 -log, Q(f)  (f3(Mp) S fs(Mp))
< min{dimy M, mrky f + 6} -log, || f5]l 4+ 0 - log, Q(f) (B ely)
< min{dimq M, mrk, f + 8} -log ||| + 0 - log, Q(f) (L£50 =< 11£1D
< min{dimq, M, mrk, f} -log, || f|| + 26 - log, Q(f) (Remark 4.2.4)
< lognorm,, (f) + % (Def. of ¢)
< lognorm,, f + ¢ (Equation (4.5.4))O

4.6 Strictification

The two main results of this section are the following;:
o Every almost chain complex is ‘close’ to a strict chain complex (Theorem 4.6.3).
o Every almost chain map is ‘close’ to a strict chain map (Theorem 4.6.4).

We call the construction of a strict chain complex (resp. map) ‘strictification’ of the
almost chain complex (resp. map). The results were previously proved in the joint
paper [LLMSU25], and we only deduce more abstract versions of these theorems
here.

Let a: I' ~ (X, ) be an essentially free probability measure preserving action
on a standard probability space. We consider modules over the crossed product
ring L>=(X) %, I

4.6.1 Chain complexes

We bound the complexity of the input data by the following notion:

Definition 4.6.1 (translation-invariant constant). Let (X, ) be a standard prob-
ability space, I' be a group and n € N. A translation-invariant constant is a
family of maps k = (ks)ser., that, given 6 € R5g, an essentially free probability
measure preserving action a: I' ~ (X, u) and an (augmented) marked projective
(6,n)-almost chain complex (D,,n) of L*°(X) %, [-modules, assigns a positive real
number k5(Dy,n) such that the following holds:

Let 6 € Ryg, a: ' ~ X and (D,,n) be a marked projective (§/2,n)-almost
chain complex over L>°(X) #, I'. Then, there exists a neighbourhood U of « (see
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4.6 Strictification

Definition 4.4.9) such that for every 8 € U, we have that ((D.)g, 1) is a (4, n)-
almost chain complex and

ks((Ds)g:mp) < kg2(Dsym) + 1.
We often write k5(Dy) instead of rs(Dx,n).

In a similar fashion, we can define translation-invariant constants of almost chain
maps between almost chain complexes.

Definition 4.6.2 (translation-invariant constant of chain complexes). Let (X, u)
be a standard probability space, I' be a group and n € N. A translation-invariant
constant is a family of maps (ks)scr., that, given § € Ryo, an essentially free
probability measure preserving action a: I' ~ (X, ) and a (d,n)-almost chain
map fi: Cix — D, between augmented marked projective (d, n)-almost chain com-
plexes, assigns a positive real number s(fs) such that the following holds:

Let § € Ryg, a: I' ~ X and f.: Cx — D, be a (§/2,n)-almost chain map
between marked projective (§/2,n)-almost chain complexes. Then, there exists a
neighbourhood U of a such that for every g € U, we have that (fi)g: (Cy)g —
(Dy)p is a (0,n)-almost chain map between (4, n)-almost chain complexes and

ks((f)p) < kopa(fi) + 1.

Theorem 4.6.3. Let (X, u) be a standard probability space, T' be a group, n €
N. Then, there exist monotone increasing functions K,p: Rsg — Rso, and a
translation-invariant constant £ = (Ks)ser., Such that for every essentially free
probability measure preserving action o: I' ~ (X, ), § € Rsg and every marked
projective (6,n)-almost L°°(X) o I'-chain complex (Dy,n), there exists a marked
projective (strict) L°°(X) %o I'-chain complex (D.,7) (up to degree n+ 1) such that

dgl({m(D*))(f)*7D*,n) < K(k5(Dy)) - 6.

Moreover, D, can be chosen such that the following hold:

(i) Foreach j € {0,...,n}, the module D; is a submodule of ﬁj and the inclusion
map D, — D, is a (K(ks(Dy)) - 0,n)-almost chain map.

(ii) We have k5(Dy) < p(rs(Dy)).

Proof. We employ [LLMSU25, Theorem 4.8] to define K: For the fixed n € N
and z € R-g, we define K(z) to be one of the K € Ry, for which [LLMSU25,
Theorem 4.8] holds (with & = x). Without loss of generality, we can assume that
the function K is monotone increasing. We define « as follows: Let a: I' ~ (X, )
be an essentially free probability measure preserving action, § € Rsg and (D, n)
be a marked projective (d,n)-almost chain complex of L*°(X) . I'-modules. We
define

ks = inf Q(z),
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4 A dynamical upper bound and weak containment

where z ranges over all z € Dy with 7(z) =5 1. We then define
ﬁﬁ(D*’ 77) = max{/ﬁ:;, Q(U)> Q(alD)7 R Q(671D+1)7rkD17 R ran+1} + 1.

Note that @ is monotone (see Remark 4.5.5) and rk is invariant under translation.
For the (almost-) invariance of #’, note that if 2z € Dg such that n(z) =52 1, then
the composition estimate (Lemma 4.5.7) shows that in a suitable neighbourhood U,
we have for all 5 € U that ng(zg) =5 1. Moreover, Q(23) < Q(z). Thus, we can find
a neighbourhood as in the translation-invariance condition. Note that because ' is
defined as an infimum, we add the “4+1” in the definition of a translation-invariant
constant to obtain an open neighbourhood. Thus, s defines a translation-invariant
constant.

We show that the functions K and k satisfy the desired conditions: Let a: I' ~
(X,un), 0 € Ryp and (Dy,n) be a marked projective (§,n)-almost chain com-
plex. We write kp = k5(Dx) and Kp = K(ks(D«)). We have (in the notation
of [LLMSU25]) & (D+) < kp, because Ni(-), Na(-), || and || - || are bounded from
above by Q(-) (see Remark 4.2.4). Thus, [LLMSU25, Theorem 4.8] yields a marked
projective L>®(X) o I-chain complex (Dy,7) (up to degree n + 1) with

d&5(Dy, Diyn) < Kp - 6.

Moreover, [LLMSU25, Theorem 4.8] states that the inclusion map D, < 1/5* is
a (Kp - d,n)-almost chain map. For the second statement, we have to dive into the
details of the proof of [LLMSU25, Theorem 4.8] and proceed by induction over the
degrees. We advise the reader to simultaneously have a look at [LLMSU25], as we
are also using the notation from that paper. The proof of [LLMSU25, Lemma 4.10]
yields that Kg(ﬁ*) < k(D). Furthermore, that proof shows that Do =Dy® (B),,
for some B C X and thus,
rkﬁo = I‘kD(] + 1.

Lemma 4.1.10 then shows that
QM) < QM) + QM)

=Q(n) + Q1 —n(2)) (Proof of [LLMSU25, Lemma 4.10])
< Q)+ (1 +QMm) - Q)
< pO(Hé(D*))

for the function po: = — 1+ = + 2. R
For the inductive step, assume that D,_; and 8,? have been constructed and
satisfy the theorem with the function p,_1. The proof of [LLMSU25, Lemma 4.10]
constructs D, as D, ® E,, where tk E, < rkD,, and dim, F, is bounded by a
function in ks(D,). Moreover, Lemma 4.1.10 yields that
Q@) < Q@) + 1k B, - Q(3)) - Q(9r41)
< Q) (L+1k Dy - Q(0r41))
> (Q(ar—l—l) + rkEr) : (1 +1kD, - Q(ar—l—l))
= (Q(arJrl) + rkDr) : (1 + rkDr : Q(arJrl))a

ASVAN
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4.6 Strictification

which is bounded from above by a function in kg (ZA?*) Moreover, in degree n + 1,
we have

~ ~

Q(an—i-l) = Q(an—i-l)
Q(anJrl) + rk En
Q(anJrl) + rk Dna

~

which is also bounded from above by 2 - ks(Dy). Finally, by construction, we have
rk D, < 2-rk D,. Altogether, we obtain that

VANVAN

~

ks(Dy) < p(rs(Dy)),

where p is defined to be the maximum of all the upper bounds encountered so
far. O

4.6.2 Chain maps

We can also strictify chain maps between (strict) chain complexes. We fix a
free L*°(X) %o I'-resolution (C, () of L*°(X) as in Setup 4.3.1.

Theorem 4.6.4. Let (X,pu) be a standard probability space, I' be a group, n €
N. Then, there exists a monotone increasing function K: Rsg — Rsg and a
translation-invariant constant k such that for all a: T' ~ X, § € Rsg and for
every (8,n)-almost chain map fy: (Cy, () = (Ds, 7)) between (strict) marked projec-
tive L>°(X) o I'-chain complezes, extending the identity on L*(X), there exists

a strict marked projective L*°(X) *q I'-chain complex D, with
K(rs(f)) = A
dg "Dy, D) < K (r5(f2)) - 6

that admits a chain map f*: C, = D, extending the identity on L>°(X).

Proof. Given a: I' ~ (X, ), 0 € Ry and a (0, n)-almost-chain map f: Cy, — ﬁ*,
we define

ris(f) = max{Q((), QOY), -, Q(9741), QM) Q). - Q).
Q(fo),--,Q(fn)} + 1.
Because () is monotone under translation (Remark 4.5.5), x is a translation-invariant
constant. We employ [LLMSU25, Theorem 4.15] to define the map K: R~y — Rxy,

which can be assumed to be monotone.
Because the norm is bounded by @ (Remark 4.2.4), in the notation of [LLMSU25],

~

we have max{k,(Cy),vn(Cy)} < ks(fx) and kp (D) < ks(f). Moreover, kp(fx) <
ks(f«). Thus, [LLMSU25, Theorem 4.15] yields a marked projective L>°(X) x, I'-
chain complex (D,,n) with

dBGsUD(D,, D, n) < K(rs(f.)) - 6

that admits a chain map f*: C, — IND* extending the identity on L*(X). O
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4 A dynamical upper bound and weak containment

4.7 Monotonicity under weak containment

The main goal of this section is to prove the following monotonicity result for
measured embedding dimension and volume under weak containment of actions.

Theorem 4.7.1 (weak containment). Let n € N and T" be a group of type FP,4+1
and let a: T'~ (X, 1), B: T~ (Y,v) be free probability measure preserving actions
of T' on standard probability spaces. Let o < 3. Let Z denote the integers (equipped
with the standard norm) or a finite field (equipped with the trivial norm). Then,
we have

medim? () < medim? (a),

mevol,(3) < mevol, (a).

Remark 4.7.2. The proof of this theorem consists of several steps. We give a
roadmap to the proof outlining the main ideas:

(i) In the setting of Setup 4.3.1, we fix an a-embedding from C¢ to an aug-
mented L*°(X) %, [-chain complex D, with dimg D;, (resp. lognorm, 92, ,)
‘close’ to medimZ a (resp. to mevol,(c)).

(ii) Because « is weakly contained in 3, the action [ is (isomorphic to) an action
B': T ~ X ‘close’ to « in the weak topology (see Proposition 4.4.10).

(iii) We can translate D, from o to 3’ (see Section 4.5) and obtain (D,)s. How-
ever, in general, (Dy)g will no longer be a chain complex, but only an almost
chain complex over L>(X) #z I' and the a-embedding C¢ — D, translates

to an almost chain map c? - (Dy)gr over L>(X) x5 I'. The error depends
on the previous distances.

(iv) We can strictify (D)g to obtain a (strict) L°°(X) #g I'-chain complex D..
We obtain an almost 3’-embedding to this complex.

(v) We can also strictify the almost 3’-embedding to obtain a strict L>(X) g I'-
chain map C? "D, toa (different) strict chain complex D,.

(vi) If ' is ‘close’ enough to «, the strictified chain complex D, is ‘close’ to D,
thus dimgr D, (vesp. lognormg dP. 1) is ‘close’ to dimg D, (resp. lognorm, 2, ;).

(vii) We can make the error arbitrarily small, thus proving the claim.

The main difficulty is making the notions of closeness precise and controlling the
distances. These distances depend on one another, thus some work needs to be
done to obtain global control on the errors.

The key approximation is contained in the following lemma.
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4.7 Monotonicity under weak containment

Lemma 4.7.3. Let n € N and T be a group of type FPp41, and let a: T ~ (X, )
be a free probability measure preserving standard action. Let f.: C¥ — D, be an «-
embedding and € > 0. Then, there exists a weak neighbourhood U of o such that
for all B € U, there exists a B-embedding C — D, satisfying

dimg ﬁn <dimy D, +€¢ and lognormlg 8;?“ < lognorm,, P a1 €

Proof. We fix a free ZI'-resolution C, — Z of the trivial ZI'-module Z with finitely
generated ZI'-modules in degrees < n + 1 and Cy = ZI" with n: Cy — Z as the
standard augmentation map (see Setup 4.3.1). As in the definition of medimZ and
mevol, (Definition 4.3.3), we set C% := (L®°(X) %o ') @ zr Cx. Let fi: C¢ — D,
be the given a-embedding, i.e. an L>(X) %, I'-chain map extending the identity
on L*°(X). By Lemma 4.5.12, we can pick a neighbourhood U such that for all
B € U, we have

lognormﬂ(aﬁrl)g < lognorm, 92, + 3
We fix a translation-invariant constant s, and monotone increasing maps K and p as
in Theorem 4.6.3. Moreover, we fix a translation-invariant constant and monotone-
increasing constant as in Theorem 4.6.4. By taking the maximum, we can also
denote the latter by « resp. K. We restrict the neighbourhood U to a potentially
smaller neighbourhood that additionally satisfies the translation-invariance condi-
tion in Definition 4.6.1 (for § := §). We define

M = [K (max{rs(1.), 2 plrs(D.)}) - QU m) + 1) K (sgyol(De) + 1)
and choose § € Ry such that

M-6<e and M -log, (M -6)< and 9 <e.

N

Note that Q(f,n) was defined in Lemma 4.1.25. By Corollary 4.5.9, we can re-
strict U to a neighbourhood of « such that for all 5 € U the translated chain com-
plex (Dy)s is a (d,n)-almost chain complex and (f)s: (C’f)g — (D) is a (0,n)-
almost chain map. By Lemma 4.5.6, we have (C¢)g =

Let 8 € U. We first strictify (D.)g. By Theorem 4.6. 3 we obtain a strict marked
projective L>°(X) %5 I'-chain complex D, such that the inclusion i,: (D) g = D,
is a (K(rs((Ds)g)) - 6,n)-almost chain map and

~

K (r5((Ds
dgg " PN (De (D2)5m) < K(rs(D2)5)) - 6.
By translation-invariance and because of our choice of U, we have

K6((Di)p) < Kgy2(Dy) + 1.

Because K is monotone-increasing, we can directly use K (ks/2(Dx)+1) as an upper
bound in the following. Then, by Lemma 4.1.25, we have that the composition
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4 A dynamical upper bound and weak containment

o(fi)p: c? = (D )g is a (Q(fg,n) - K(ks/2(Ds) +1) -0 +6,n)-almost chain map.
Note that Q(fﬁ, ) < Q(f’ )

Now, we can strictify the chain map: By Theorem 4.6.4, there exists a strict
marked prOJectlve LOO(X ) *g I'-chain complex D, admitting a (strict) L>(X) x5 I'-
chain map CY — D, extending the identity on L>(X) with

dgl({m(z*o(f*)a))(D*7D*,n) < K(ks(is o (fo)p)) - Q(f,n) - K (ks2(Ds) +1) - 6.

Thus, C’f — D,isa B-embedding. From the explicit descriptions of the translation-
invariant constants (see the proofs of Theorem 4.6.3 and Theorem 4.6.4), we obtain
that

ks(ix 0 (f)g) < max{ks(f.), 2 ks(Ds)} < max{rs(f.), 2 plrs(Dy))}.

Thus, because the Gromov-Hausdorff distance satisfies a modified version of the
triangle inequality [LLMSU25, Proposition 3.17], we obtain

&l (Ds, (D2)g,m) < M -6
with
M = [K(max{/{g(f*), 2 -p(/{(s(D*))}) -Q(f,n)+1 ‘K(“6/2(D*) +1),

as defined at the beginning of this proof. For the dimension, we thus obtain that

dimg D, < dimg(Dy)g + M -0 (Lemma 4.1.28)
=dimy Dy, + M -6 (Remark 4.5.2)
< dimy, D,, + €. (choice of §)

For the lognorm, we have

lognorm 8§+1 < lognormﬁ(ﬁnDﬂ)g + M -log, (M -6) (Lemma 4.1.28)

< lognorm5(67?+1)g + % (choice of 9)
< lognorm, 921 +e. (choice of U) O

We can now prove the theorem that measured embedding dimension and volume
are monotone under weak embeddings.

Proof of Theorem 4.7.1. We show how to deduce the statement for mevol,. The
proof for medimTZL works analogously by replacing every occurrence of ‘lognorm,, 0,41’
by ‘dim, D,

Note that property FP,4; implies that mevol,(a) < oco. Let € € Ryg. By
definition of mevol,,, there is an a-embedding C'¢ — D, with

lognorm,, 0%, ; < mevol,(a) + e.
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4.8 Applications

Because a < 3, in every weak neighbourhood U of «, there is 3’ € U such that §’ =
B (Proposition 4.4.10). Thus, Lemma 4.7.3 yields a weak neighbourhood U of «
and B/ € U with 8 2 3 such that there is a #-embedding C — D, with

lognormy, 051 < lognorm, 9, + €.

As B' = 3, this defines a S-embedding C° — D,. Thus,

mevol, (3) < lognormg oP
< lognorm,, 87?+1 +e
< mevol,(a) +2-e.

Taking the limit ¢ — 0 yields the claim. O

4.8 Applications

We collect direct applications of the inheritance of measured embedding dimension
and volume under weak containment (Theorem 4.7.1).

Corollary 4.8.1. Let I' be a residually finite group of type FPh11 and Ay be a
residual chain of I'. Let B: T' ~ (X, u) be the profinite completion of the residual
chain Ay (see Example 4.4.3). Let a: T' ~ (Y, v) be a probability measure preserving
action such that o < 8. Then, for all n € N, we have

/b\n(F,A*; Z) <medim?(a) and t,(T,A,) < mevol,(«).

Proof. We have

b(T, Ay; Z) < medim?Z (B) (Theorem 4.3.4)
< medim? (a) (Theorem 4.7.1)
and the analogous results hold for ¢,, and mevol,, by the same theorems. O

In particular, the above corollary holds for a being a Bernoulli shift (Exam-
ple 4.4.4), i.e. a Bernoulli shift provides an upper bound to the measured embedding
dimension resp. volume of every action.

Corollary 4.8.2 (EMD*). Let T be an infinite, residually finite group of type FP, 41
that satisfies EMD* (see Definition 4.4.7; e.g. free groups, surface groups, funda-
mental groups of hyperbolic 3-manifolds). Let a: T' ~ X be an essentially free
ergodic standard probability measure preserving action. Then, for every residual
chain Ay in T" and n € N, we have

/b\n(I‘,A*; Z) <medim?(a) and t,(T,A,) < mevol, ().

In particular, if mevol,(«) = 0, then t,(T,A,) = 0 for every residual chain A,.
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4 A dynamical upper bound and weak containment

Proof. Since T' satisfies EMD*, the action « is weakly contained in the profinite
completion I' ~ I'. Let I'y be the system of all finite-index normal subgroups of I'.
Then, since b,, is defined via a lim sup, we have

by (T, As; Z) < by (D, Ty Z)

< medim?(I' A T) (Theorem 4.3.4)
< medim? (a) (Theorem 4.7.1)
and the analogous results hold for t, and mevol,,. O

Recall that if I' is the fundamental group of a hyperbolic 3-manifold, we ex-
pect t1(I', Ay) to be positive (see Conjecture 4 in the Introduction).

Corollary 4.8.3 (amenable groups). Let I' be an infinite amenable group of type
FPht1 and a: T~ (X, p) and B: T ~ (Y, v) be free probability measure preserving
actions on standard probability spaces. Then,

medim? (a) = medim?(3) and mevol,(a) = mevol,(3).

Proof. By Example 4.4.5, we have a < § and 8 < «. Then, Theorem 4.7.1 yields
the claim. ]

A separate argument [LLMSU25, Theorem 11.11] shows that we even have

medim?Z (o) = medimZ(8) =0 and mevol,(a) = mevol,(3) = 0.
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