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Abstract

Upcoming neutrino experiments, such as LBNF/DUNE and HyperK, demand accurate
theoretical models of the nucleus-neutrino cross section, particularly in the energy range
from a few MeV to GeV where the interaction is described by quasi-elastic and resonant
regions. These regions are described by the effective interaction of the entering neutrino
with a single nucleon within the nucleus. Effective field theories provide a framework
to model this interaction, which necessitates a non-perturbative input of fundamental
neutrino-nucleon interactions. Lattice QCD facilitates the determination of these inter-
actions from first principles. This thesis explores a crucial step in the ongoing effort to
identify the necessary input parameters for effective field theories by conducting a spectral
analysis of the nucleon spectrum in the positive and negative parity sectors. This study
presents the first explicit computation of the nucleon-pion-pion state and the first calcu-
lation of the nucleon-pion state at the physical pion mass using a fermion discretization
with good chiral properties.

The spectral analysis is conducted utilizing the exact distillation method, emphasizing
its effectiveness for baryonic quantities, especially concerning multi-hadronic states. This
sets the stage for future investigations, for example, for the calculation of form factors.
The research employs seven 2 + 1 domain-wall fermion ensembles, defined by pion masses
ranging from m, = 139 MeV to m, = 279 MeV, along with two distinct lattice spacings
(a1 = 1.730 GeV and a~! = 2.359 GeV) and multiple volumes (m,L = 3.8 —7.5). In the
positive parity sector, this thesis additionally offers a complete physical point extrapolation
of the nucleon mass to evaluate the robustness of the approach. To address the extensive
number of contractions from the correlator calculations, this thesis introduces an algorithm
to automate the contraction of correlation functions with a single nucleon at the source
and sink and any number of pions. The automated contractor is designed in such a manner
that it enables a smooth transition to the distillation method.
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1. Introduction

Neutrinos occupy a distinctive role in the standard model of particle physics. These neutral
particles with spin 1/2 interact within the standard model exclusively through the weak
nuclear force (see Fig. 1.1). Due to this limited interaction potential, neutrinos rarely
interact with other particles. For a quantitative example, approximately one light year
(~ 9.46 x 10'2 km) of lead is required for half of the neutrinos to interact with the medium
as they traverse through it'. Additionally, neutrinos are considered to be some of the most
abundant particles in the universe. On average, approximately a trillion neutrinos traverse
our bodies each second?.

This weak interaction potential of neutrinos has both advantages and disadvantages. An
advantage is that neutrinos allow us to observe parts of the universe typically difficult
to study with photons, such as the Sun’s core. In the core, photons, which have an
average free path roughly on the order of centimeters [1], undergo frequent scattering.
As a result, by the time they reach the surface, the electromagnetic radiation appears as
black-body radiation, providing no insights into the nuclear fusion processes within the
Sun. In contrast, neutrinos generated by fusion processes can traverse the Sun’s core with
minimal interference, thereby granting us insight into the fusion reactions occurring in the
Sun. The disadvantage is that this behavior significantly complicates their detection.
Beyond their role as unique messengers from otherwise inaccessible regions like the Sun’s
core, neutrinos also offer a promising avenue for probing some of the most fundamental
questions in cosmology and particle physics. The early universe created almost equal
amounts of matter and antimatter. Nevertheless, a minor disparity existed, with slightly
more matter present than antimatter [2, 3]. This disparity, referred to as matter-antimatter
asymmetry, is crucial because without it the universe would lack complex structures such
as stars and consequently life would not exist. This imbalance suggests that the CP
(charge conjugation and parity) symmetry must be violated. Precise measurement of
neutrino oscillation might allow us to measure this CP violation in the leptonic sector (see
Sec. 4.1). A potential finding of future neutrino experiments could be the detection of
indications of proton decay, a theorized process that is postulated by numerous beyond
the standard model (BSM) theories, thereby allowing for these theories to be evaluated.
Moreover, similar to the previously mentioned example of the Sun, neutrino detectors are
capable of detecting neutrinos produced during core-collapse supernovae. This capability
could improve our understanding of these phenomena, which play a crucial role in the
formation of neutron stars and black holes.

Neutrino detection is generally achieved with large-scale and highly sensitive detectors.
Detection occurs indirectly via secondary particles generated when a neutrino interacts
with a nucleus within the detector. Ch. 4 provides a detailed introduction to neutrino
detection. However, the key point here is that these detectors depend on the theoretical

!This numbers are provided in https://snews.bnl.gov/popsci/neutrino.html
2Source: https://novaexperiment.fnal.gov/what-is-a-neutrino/
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Figure 1.1.: Overview of the elementary particles in the standard model of particle physics.
Modified version of https://github.com/mlubej/standard-model

input. Providing a portion of this theoretical input serves as the primary motivation for
this thesis. The primary emphasis is on low-energy scattering events where neutrino ener-
gies are less than 10 GeV. At the tree level, these interactions are governed entirely by weak
force through the exchange of Z or W bosons. Nevertheless, when quantum corrections
are accounted for, contributions from other standard-model forces also arise: the strong
force, as described by quantum chromodynamics (QCD), and the electromagnetic force,
as explained by quantum electrodynamics (QED). In the case of neutrino-nucleus inter-
actions, the predominant contribution arises from QCD corrections. At low-energy scales
that are relevant to such interactions, the strong coupling of QCD prohibits a perturbative
description as used with other forces. Consequently, to address the QCD component, we
employ lattice QCD, which is a non-perturbative first-principles method for calculating
QCD observables.

The key measurable quantity for neutrino-nucleus scattering is the axial-vector current
with given initial and final states, more closely discussed in Ch. 4, particularly with respect
to the nucleon and its excited states. Calculating the axial vector current requires an
accurate understanding of the nucleon state spectrum. This thesis offers such a spectral
analysis using the exact distillation method, concentrating on nucleon, nucleon-pion, and,
for the first time, nucleon-pion-pion states. Additionally, it presents a spectral analysis
within the negative parity sector.

The chapters of this thesis are organized as follows: Ch. 2 presents a brief overview of
lattice QCD, emphasizing topics relevant to this thesis, such as hadron spectroscopy and
the study of nucleons on the lattice. Ch. 3 offers an introduction to group theory and its
application in constructing operators relevant for multi-hadronic states, including nucleon-
pion and nucleon-pion-pion states. Subsequently, Ch. 4 delves into neutrino physics with
an emphasis on the DUNE/LNBF experiments as a case study. The chapter concludes by
discussing the role that lattice QCD can play in providing theoretical support for neutrino
experiments. Ch. 5 provides a comprehensive overview of the technical aspects concerning
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the lattice computations and statistical analyses utilized throughout this thesis. Ch. 6
presents the findings of the thesis’ first project, focusing on a spectral analysis of the
omega baryon. The omega serves as an effective testing ground for various concepts due
to its relatively low computational demands. In Ch. 7, the second project is detailed,
which involves a spectral analysis of the rho mesons and two-pion states using the distilla-
tion method. This work is related to determining the long-distance window contribution
of hadronic vacuum polarization to the anomalous magnetic moment of the muon, as re-
ported in [4]. The subsequent chapter, Ch. 8, details the results of the aforementioned
spectral analysis of nucleon, nucleon-pion, and nucleon-pion-pion states in the positive
parity sector, along with an analysis of the negative parity sector. These analyses repre-
sent the main results of this thesis and are documented in [5]. The thesis concludes with
a concise summary and outlook in Ch. 9.






2. Lattice QCD

Quantum Chromodynamics (QCD) is the fundamental theory describing the strong force,
dictating the interaction between quarks and gluons (see Fig. 1.1). Lattice QCD is a non-
perturbative approach that discretizes space-time on a lattice, allowing for first principles
calculations of hadronic properties and interactions. The forthcoming chapter offers a
brief overview of lattice QCD, specifically focusing on topics relevant to this thesis. It
is not intended as a comprehensive introduction. For a broader introduction to Lattice
QCD, the reader is referred to standard textbooks [6, 7].

2.1. QCD in the Continuum

We start with the definition of the QCD action for a 3+1-dimensional continuum Minkowski
space-time

1
Sacnlw, v, A / d*e (Z¢ 2) (v Dy =m0 ) 9 D(@) + Str [Fu (@) F* ()]
(2.1)
The action involves n; quark fields ¢/(/)(z) representing various flavors (f): up, down,

strange, charm, bottom, and top. The quark field w(f )( ) for a specific flavor itself has
two independent indices, the spin index p = 0,1, 2,3 and the color index ¢ = 0,1,2. The
spin index is a consequence of the quarks transforming in the irreducible representation
(3,0)@(0, %) of the Lorentz group [8]. The local SU(3) gauge symmetry of QCD introduces
the so-called color charges, giving rise to the color index of the quark field. The adjoint
quark field 1) (z) is defined by ) (z) = 9T (2)7°, where 4° denotes the Minkowski -
matrix in the time direction defined in Sec. A.2. In the following, we will reconstruct the
QCD action in Eq. 2.1 with the help of symmetry considerations. Quarks are fermions,
and hence, in the free theory, they have to obey the Dirac equation, which is the Euler-

Lagrange equation of the action

oltyul = | 2390 @) 170 = m ) (). (22)

However, this action is not invariant under local SU(3) gauge transformations
(@) = ¢ (z) = Ua)p(x), (2.3a)
Y(z) = ¥ (@) = (@) @), (2.3b)

where (x) denotes a general SU(3) matrix. The action in Eq. 2.2 becomes invariant if
we replace the partial derivative with the covariant derivative, defined as

Dy(x) = 0y +igApu(z), (2.4)
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where we introduce the gluon fields A, (x) and the strong coupling constant g. The gluon
field consists of four components p = 0,1,2,3, similar to the four-vector potential in
quantum electrodynamics (QED). One main difference from QED, with the symmetry
group U(1), is that gluons have eight color charges, in contrast to the neutral photon
of QED. Therefore, the gluon field is a combination of eight gluon fields carrying color
charge a, represented by A,(z) = Y5_; 3¢ Af(z), where A, are the generators of SU(3),

also known as the Gell-Mann matrices. To ensure a gauge-invariant fermion action
Pl Al = [ d4x2w 2)(iv" Dy =m0 (@), (2.5)

it is necessary for the gluon field to transform as
i
Au(@) = Ay (x) = Q2) Au(2)Q () + E(auﬁ(x))m(w)- (2.6)

Given the transformation properties of the gluon field, we find that the covariant derivative
undergoes the following transformation:

Dy (z) = D, (z) = 0, +igA,(z) = Q(x) D, (x) QT (). (2.7)

Using this transformation behavior, we can then construct the pure gluonic part of the
action in Eq. 2.1 by first defining the field strength tensor

Fu(@) = = [Du(@), Du(@)] = 0p 4 (2) = 0, Au(2) + 19 [Au(@), A ()], (2.8)
where the commutator [A,(z), A, (x)] causes the self-interaction of the gluons and, as
a consequence, leads to the confinement of QCD [6]. The field strength tensor inherits
the transformational behavior of the gauge from the covariant derivative, i.e., F,,(z) —
F,(z) = Q(z) F, (2)Q7(z). Hence, it is easy to see that the gluonic part of the action in
Eq. 2.1, i.e.,

SalA] = % / A tr [Fu (2) ™ (2)], (2.9)

is invariant under gauge transformations. With that, we have defined the QCD action in
the continuum for a Minkowski space-time.

We can use the QCD action for the calculation of expectation values of the operator O
using the so-called path integral

(0) = / DI, v]D[A]eecr A0, 4, A], (2.10)

ZQep

with the gluonic measure
4 8
DAl =T 11 I d4s(=), (2.11)

the fermionic measure

Dy, v] = [T1] I] T] dv¥2(=)dv ) (=) (2.12)
f xT
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and QCD partition function
Zacn = [ DI, vipAJeiSacotial, (213)

A widely used technique for evaluating this integral is perturbation theory. This method
implies the expression of the QCD action as the sum of two components: the analytically
solvable free action, Sp, and the interaction action, Sin, such that Sqcp = So + gSins-
The path integral is then expanded as a power series in g. This expansion in powers of g
is often associated with Feynman diagrams.

A fundamental characteristic of QCD, as well as other quantum field theories, is the
running of the coupling constant. In QCD, this behavior signifies that the strength of the
strong interaction depends on the energy scale, diminishing at high energies and increasing
at low energies, as dictated by the renormalization group equations. At high energies, the
weak coupling results in asymptotic freedom, allowing quarks to interact as nearly-free
particles. In contrast, at low energies, the strong coupling leads to confinement, ensuring
that quarks and gluons remain permanently bound within hadrons. A more detailed
introduction to QCD from a perturbative perspective lies beyond the scope of this thesis,
and I refer the interested reader to standard references [9, 10].

In the low-energy regime, the relevant regime of this thesis, the perturbative expansion
fails to converge, necessitating the use of a non-perturbative approach. A well-established
first principles non-perturbative method is lattice QCD, which forms the foundation of
this work.

2.2. QCD on the Lattice

In lattice QCD, we want to numerically estimate the integral in Eq. 2.10. However,
because the factor €SP oscillates, it creates a severe numerical sign problem. To resolve
this, we perform the calculations in Euclidean space-time by substituting real time ¢ with
imaginary time 7 = it (a procedure known as Wick rotation). This change in metric also
modifies the definition of the v matrices (see Sec. A.2). The Wick rotation transforms the
operator expectation value from Eq. 2.10 into the Euclidean form

(O)E = !

—z— [ Db viplA) oo O, 4, (214)
QCD

with the Euclidean action S(gCD and partition function
ZEcp = / D[}, 4] D[ A] e~ FonlVv-4], (2.15)

Since SSCD is real, the oscillatory term e*3Qcp /Zqcp is replaced by e~ SGen /Z(gCD, which
is bounded between 0 and 1 and can be interpreted as a probability distribution. This
allows the Euclidean path integral in Eq. 2.14 to be computed via Monte Carlo integration.
One can also relate the Euclidean path integral formulation to the Hamiltonian operator
formalism. Assuming a finite Euclidean time extent T', the expectation value of an operator
O is given by

Tr (e’HT(’A))

<O>E,T = W

: (2.16)
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T T

Figure 2.1.: Sketch of a 2-dimensional lattice illustrating that the fermionic fields 1 (z) are
defined on the lattice points and the gauge links U, (x) connecting x and x+ fi.

where H is the QCD Hamiltonian. In Minkowski space-time, the corresponding expression
is
Tr (eiH T@)
O e = —7—="
Tr (elH T)

In this context, it is convenient to define the transfer matrices:

(2.17)

o In Minkowski space-time: Ty = e*H!

e In Euclidean space-time: T = e—Ht,

Both transfer matrices are used to compute the expectation values (O)7. In particular,
the eigenstates of the Hamiltonian are also eigenstates of both Th; and Tg, which means
that they span the same Fock space. Consequently, one can extract spectral information
and matrix elements in Minkowski space-time by performing calculations in Fuclidean
space-time.

To make the computation of Eq. 2.14 feasible, we need to make another restriction: We
have to discretize the space-time into N2 x N; points forming the set of lattice points

A = {(asng, asny, asn;, ang) | 0 < ng,ny,n, < Ny and 0 < ny < N}, (2.18)

where as and a; denote the lattice spacing in spatial and temporal directions, respectively.
Throughout this thesis, we use isotropic lattices, which have the same lattice spacing in
temporal and spatial directions, i.e., a = a; = as.

The discretized versions of the fermionic field ¢ and 1 are simply the field at the lattice
points ¢ (x) for € A (see Fig. 2.1). However, for the gauge fields A, more attention is
required. From the gauge invariance of the discretized version of ﬁDuw, one can deduce
that we need to define SU(3) link variables U, (z). These link variables can be connected
to the gauge fields A, via the gauge transporter along a curve C, ;4. connecting the
points x and x + af:

Uu(x) = Pexp (z/ A, - ds> : (2.19)
Cx,a:+aﬂ
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where P denotes the path ordering operator [9]. A more convenient way to define the
gauge link is to approximate the integral by [ orap Apds = aA,(z)+O(a?), which leads
to ’

Uu(z) = exp(iagA“(a:) + (’)(az)). (2.20)

Fig. 2.1 summarizes the role of the fermionic and gluonic fields in the discretized theory.
All fermionic fields v with flavor, spin, and color indices are defined at the lattice points
x € A. The gluonic fields are defined as part of the links U, between neighboring lattice
sites. In the path integral of Eq. 2.14, it is equivalent to integrating over the gluonic
fields and the link variables. The only subtlety is that one has to be careful since A, are
elements of the Lie algebra, whereas the link variables are elements of the Lie group. In
the following, we will always use the integration over the link variables that leads to the
Euclidean expectation value of O on the lattice described by

()i = —5 / D[, ¢ D[U] e SGen VU o, v, U], (2.21)
CD

E
24

which is then solved using Monte Carlo techniques, which is elaborated more at the end
of Sec. 2.7.
The remaining part to discretize is the action, which is part of the following two sections.

2.3. lwasaki Gauge Action

Generally, there are multiple ways to formulate a gauge action on the lattice. The simplest
version is the Wilson gauge actions defined as

SwlU] = § > > Retr{1 - RV (@)}, (2.22)

zeA p<v

with g = g% and the plaquette

RV (@) = Up(2)Us(x + @)U (z + 2)U (), (2.23)

representing the shortest loop of link variables possible (cf. Fig. 2.2). In the construction
of the plaquette, we use the relation that

U_u(z) = Ul(x — afy), (2.24)

and ji denotes an unit vector in the p direction. Using the gauge transformation of the
link U, (x) given by

Up(2) = Ul(z) = Qa)U, ()2 (@ + ), (2.25)
yields the result that the plaquette transforms under gauge transformations like
RV (2) = RUD(2) = Q2)RE D (2)Q1 (2). (2.26)

Calculating the trace of the plaquette results in a gauge-invariant expression, leading to the
action as shown in Eq. 2.22. Using Eq. 2.20 and repeating the Baker-Campell-Hausdorff
formula

exp(A) exp(B) = exp (A + B+ %[A, Bl + .. ) (2.27)
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Figure 2.2.: Depiction of the plaquette and rectangle used to construct gauge actions.

yields for the plaquette that

Rl(},,”)(:r) = exp (iaZQFW(x) + O(a3)>. (2.28)

1x1)

The expanded version of this expression for R! inserted into the definition of Wilson

gauge action (cf. Eq. 2.22) yields

Z > tr[Fu (z)?] + O(a?), (2.29)
JJEA wsv
where a* > zea converges for a — 0 and N — oo to the space-time integral of Eq. 2.1 and
hence we have recovered the QCD action in the continuum limit.
As mentioned above, there are multiple ways to define a gauge action on the lattice. One
natural expansion of the Wilson gauge action of Eq. 2.22 is to include 2 x 1 rectangle
terms, which are constructed by

REV(z) = Up(@)Up(x + @)Uy (z + 20)US(z + & + f)U} (z + 2)UJ (@) (2.30)

g

The graphic on the right of Fig. 2.2 symbolizes the 2 x 1 rectangle. The extended gauge
action is then

StwasakilU] = = Z (co Z Retr{ 1x1)( } T e Z Retr{R@Xl)(m)}) 7 (2.31)

zeA u<v jIE2%

where we drop the constant part because of physical irrelevance. The prefactors ¢y and ¢;
are determined using renormalization group arguments to be close to the renormalization
group trajectory. Following [11], we obtain ¢; = —0.331 and ¢y = 1 — 8¢; as optimized
parameters yielding the Iwasaki gauge action, which is used for all the ensembles used
throughout this thesis.

2.4. Wilson Fermions

A naive gauge-invariant way to discretize the fermionic action is

S?‘[l/_)ﬂ/}v _(14 Z T/’Oé a,B x‘y)wﬁ( ) (232)

RIS

10
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where we impose Einstein sum convention for a,b,a, 8 and the naive discretized Dirac
operator D™ reads
Uu(x)abdﬁaﬂ,y — U;E(:C — aﬂ)dx_a,l7y

Dgﬂ(x’y) = Z ('Yu)ag % + méabdaﬁ&r,y. (2.33)
ab “w

The main problem with this naive approach can be seen by considering the propagator of
the free fermions in momentum space. For free fermions, the gluon fields vanish and we
find that U,(z) = 1. The Fourier transformation of Eq. 2.33 is given by

D(plg) = —

Al Z e~ T D (x|y)ehY, (2.34)

z,yEA

where |A| denotes the number of space-time points. Eq. 2.34 can be brought into the form
- i . .
D"(plg) = d(p —q) <m11 +o > W sm(zw)) =d(p—q)D"(p) (2.35)
"

for free quarks. We can compute the quark propagator by inverting the Dirac operator,
which gives A
[Dn<p)} -1 _ m]l2 — %Zu ’Y#‘Si;(p#a) .
2 k5 sin ()
Particularly interesting is the massless case, which reproduces in the a — 0 limit the
continuum free quark propagator

(2.36)

o _é ZM T sin(pua) a_—>(>) —1 ZM YuPp
m=0 gz 2, sin’(pua) p
where one can see that the continuum limit has one pole at (0,0,0,0) whereas for the
discretized version, we find 16 poles characterized by the individual momentum elements
being either p, = 0 or p, = m/a. These 15 unphysical poles with p # (0,0,0,0) are called
doublers, and, in general, one wants to decouple them from the continuum theory. In [12],
Wilson suggested a solution to this doubler problem by adding the so-called Wilson term
to the naive discretization. The Wilson term reads

(2.37)

O

(2.38)

Uu (-T)abaw—i-aﬂ,y - 25ab5:c,y + Ul (SC - aﬂ)abéx—aﬂ,y
—a Z ’
2a?
o
which is the discretization of —£8,,0,, and vanishes for @ — 0. This term has the effect that
doublers gain the mass m + 2¢/a, where ¢ denotes the number of momentum components

with the value p, = 7/a. For small lattice spacings, the doublers become heavy and
decoupled from the theory’s low modes. The final Wilson Dirac operator is then

4 1
DO%(x‘y) = (m + a) 5&55ab596,y "9, Z (1 - 'Yu)aﬂUu(x)abéera&y
ab p (2.39)
+(]l + ’Y,u)aﬁU):(x - a/j)ab(sx—aﬂ,y} s
and is embedded in the Wilson fermionic action

S, Ul =a* > o(x)DY (z|y)(y), (2.40)

T, yeN

with implicit matrix-vector multiplications in the color and spin space.

11



2. Lattice QCD

2.5. Chiral Symmetry in QCD

This section follows the arguments made in [6]. The Wilson term breaks one funda-
mental symmetry of massless QCD, the chiral symmetry. In Sec. 2.6, we will introduce
domain-wall fermions, a fermion discretization which strongly mitigates the chiral sym-
metry breaking. This section briefly introduces chiral symmetry in QCD and aims to
motivate the necessity of domain-wall fermions.

First, suppose that we have N; flavors of massless quarks. The QCD action is invariant
under chiral rotations for these massless fermions, which come in two types: vector and
axial vector transformations. The symmetry group for each of these transformations is the
unitary group U(NNy) and can be expressed as the direct product U(1) ® SU(Ny), where
SU(Ny) contains all special unitary Ny x Ny matrices with det(U) = 1. The algebra of
SU(Ny) has in total NJ% — 1 generators labeled T; for i = 1,... ,N]% — 1. The chiral vector
transformations are

Il
K

U (z) = e (), ¥'(x)
U (z) = e lig(z), W'(x)

(z)e L, (2.41)
(z)e~ T3, (2.42)

Il
K

where the first and second line denotes the Uy (1) and SUy (Ny) rotations, respectively.
Note that the fermionic vectors W and ¥ carry color, spin, and flavor indices. The chiral
or axial vector rotations are defined as

U (x) = B (), U(z) = U(x)e!, (2.43)
U (z) = 5T (z), V(z) = U(x)ersls, (2.44)

where the first and second line represent U4(1) and SU4(Ny) rotations, respectively.

As aforementioned, the QCD action for Ny massless fermions is invariant under all of
these transformations of the group SUy (Ny) ® SUs(Ny) ® Uy (1) ® Ua(1). However, for
the path integral, we observe that the U4(1) symmetry is explicitly broken by the path
integral’s measure, resulting in the so-called axial anomaly. Another observation is that
even though the action is invariant under SU4(Ny) rotations, the ground state of the
theory is not. This phenomenon is called spontaneous symmetry breaking, and its order
parameter is the chiral condensate, which is defined as

(W(@)(@)). (2.45)

A key aspect of spontaneous symmetry breaking is that it produces massless Nambu-
Goldstone bosons. In the case of SU4(2) chiral symmetry, these bosons manifest as pions.
However, because physical quark masses introduce a slight explicit breaking of SU4(2), the
pions acquire a small mass relative to the QCD scale Agcp. In this context, the pions are
called pseudo-Nambu-Goldstone bosons. Similar consideration can be given for SU4(3)
with the pseudo-Nambu-Goldstone bosons being pions, kaons, and the 7 meson. However,
the explicit symmetry breaking due to the strange quark mass is more substantial than
for the SUA(2) case.

12



2.6. Mébius Domain-Wall Fermions

2.6. Mdbius Domain-Wall Fermions
The chiral invariance of the massless QCD action yields the anti-commutator relation
Dvs + 5D =0, (2.46)

with the continuum Dirac operator D = >, 7, (0, +igAy). As discussed previously, the
Wilson term noted in Eq. 2.38 violates chiral symmetry, which results in the Wilson-Dirac
operator not fulfill Eq. 2.46. In 1981, Nielsen and Ninomiya established the no-go theorem,
which states that it is impossible to have a fermion discretization on the lattice that is free
of doublers while simultaneously satisfying Eq. 2.46, locality, hermiticity, and translational
symmetry [13-15].
Ginsparg and Wilson suggested one way around this no-go theorem in [16]. The idea is that
instead of fulfilling Eq. 2.46, the discrete Dirac operator has to fulfill the Ginsparg-Wilson
equation given by

D5 +v5D = aDvysD, (2.47)

which recovers Eq. 2.46 for a — 0. Furthermore, modifying the chiral rotation on the
lattice to

W) = S e (i (1 - §D(aly) ) ) wlo)
Y (2.48)

(@) = S 0w esp (i (1 5001 35 )

yields the invariance under these modified chiral rotations if the Dirac operator D satisfies
the Ginsparg-Wilson equation (c.f. Eq. 2.47). Note that we assumed only one flavor for
the modified chiral rotation in Eq. 2.48. If we want to add different flavors, we must
include Ny generators, like, 1 and T;.

A discrete Dirac operator satisfying Eq. 2.47 is the overlap operator expressed as
_1+m 1-—

m
Doy, = 5 1+ 5 Yssign[H], (2.49)

where H denotes a Hermitian kernel operator [17-23]. Due to the computational cost of
calculating the sign function in Eq. 2.49, an approximate overlap fermion discretization
known as domain-wall fermions is frequently favored. In the following, we will specifically
introduce M&bius domain-wall fermions. Moreover, by the end of this brief overview, we
will demonstrate that domain-wall fermions have a connection with overlap fermions.
For the following, we will follow [24]. The basic idea of domain-wall fermions is to introduce
an extra fifth dimension with the index s = 0,1, ..., L, in which the left- and right-handed
fermions are localized. In our setup, which follows [25], we label 5-dimensional fermionic
fields by U and ¥, and we get for the left- and right-handed states

Yp(z) = P-U(x,0) and ¢r(z)= PyV(z,Ls—1), (2.50)

with Py = % (1 £ ~5) denoting the chiral projection. Before introducing the domain-wall
fermionic action, we redefine the Wilson operator

DW(x‘y) = (4 + M5)5x7y - % [(ﬂ - VM)UM(x)éeraﬂ,y + (]l + ’VM)U;]:(y)(Sa:faﬂ,y] ) (2‘51)

13



2. Lattice QCD

where M5 is a negative real mass, which does not correspond to the fermion mass. The
domain-wall fermionic action can then be constructed by

SEWI, v, U] = Y U(z,s)DV(z, 5]y, q)T(y, q) (2.52)

x7y7s’q

with the Mobius domain-wall operator

DDW(xa sly,r) =Dy (z|y)dsr + D_(z|y) (5S+1,TP+ + 55—1,7“P—)

2.53
D (ely) (agbro i Py — bupsrioP) )

and the auxiliary operators Dy = bD" + 1 and D_ = ¢DW — 1. Following [24], we can
express the 4-dimensional projected fermion field as

P(x) = P_W¥(z,0)+ Py V(x, Ly — 1). (2.54)

The connection between domain wall and overlap can be seen by considering the effective

overlap operator

1+m 1—-m Shi
Dy = g L+ —5—seL, {75DMOb us] ; (2.55)

where €7, denotes an approximation of the sign function and the Mo6bius kernel given by

A b+c)DV

DMoblus — ( ) 2.56
2+ (b—c)DW (2.56)

Using the polar approximation of the sign function, we obtain for e;_ that [24]

(1+ Hs)Es — (1 — Hs)Es
Hs| = , 2.57
with Hs = 75 DM The approximation er,, has thereby the property that

lim ep [Hs] = sign|[Hs). (2.58)

Ls—00

The equivalence between overlap fermions and domain-wall fermions is strictly valid only
in the limit of Ly — oo. For finite values of L, there is inevitably some level of chirality
breaking. The residual mass myes serves as a measure of this chirality breaking, although
we will not discuss myes further here and instead refer the reader to [24] for further details.
However, empirical evidence suggests that for values of L around O(10), the effects of
chirality breaking are sufficiently mitigated. This mitigation of chirality breaking is the
primary reason for the use of domain-wall fermions throughout this thesis.

2.7. Wick’s Theorem

In the previous sections, we explored various methods for discretizing QCD on the lattice.
After establishing the QCD action on the lattice, the next task is the evaluation of the
path integral in Eq. 2.21 for a given operator . This section examines the scenario where
the operator is composed of a collection of fermionic operators. Initially, we decompose

14



2.7. Wick’s Theorem

the path integral from Eq. 2.21 into a gluonic component and a fermionic component,
yielding

(Ol =5 [ P (57 [ P vle s B I00.1.07) Zwle el (250)

=~ [ Pw1(©) Zelv)e 5 (2.60)

where the action is expressed as a sum of gluonic and fermionic parts, specifically S [, 1, U] =
Sr, v, U] 4+ Sg[U]. Additionally, we characterize the fermion partition function as

2+(0) = [ DI, pleSr 10, (2.61)
In this section, we will focus on the fermionic path integral expressed as
1 _ et _
O)p = W/D[¢7¢]€ Set U0, v, Ul. (2.62)

Rather than considering a generic operator O, we consider the expectation values of
fermion field products described by

(Or)p = <wé:’<x1>wé£2’<xz> A a0 () D (92) - .¢gn“)<yn>> L (2.63)
al az Qn, bl b2 bn F

where «;, 5; are spin indices, a;,b; are color indices, and f;,g; are flavor indices. The

fermion fields are located at x; and y;. Since fermions obey Fermi-Dirac statistics, they

are subject to anti-commutation, reflected in the rules

v (@)W () = o ()l (x)
b b

a a

o) <x>¢?}gg> (y) = —&}5” ()9S () (2.64)

a a

W (@09 (y) = 0P () (@).
b b

a a

for general indices and positions. The anticommutation properties of fermion fields allow
us to organize the fields by flavor such that

(OF)p = <H0§f)> : (2.65)
f

F

where each flavor-specific operator is given by

O = 9l (@) (@2) ... 05, (n )05 )0 (42) - 0 (- (2.66)
ay az an b1 b2 b
nf

Using Sg[, 1, U] = > P Dy = > S%f) [ ) ) U], we can factor the expecta-
tion value of Eq. 2.62 for the operator Op into the expectation values of single flavors in

the form of
(Or)p =1 (0)
f

. (2.67)
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2. Lattice QCD

with
1 - —SDG) () n
<@g‘>>f - / DD, pD)e S B D U 0D 1) ), 1 (2.68)
F

and the partition function Zl(r,f ) consisting of the same integral with Og) = 1. Due to this
factorability, we will only focus on fermion operators with single flavors in the remainder
of this section.
The anticommutative nature described in Eq. 2.64 enables us to apply Grassmann numbers
to represent fermion fields. A set of Grassmann numbers, labeled n; for i = 1,..., N,
follows the rule

ninj = —1jM (2.69)
for every index pair 4, j. This section outlines findings from calculations involving Grass-

mann numbers. For more information on how these numbers are handled and their proper-
ties, consult [6]. By swapping fermion fields for Grassmann numbers, the fermionic action

can be expressed as
n =Y n:Dijnj, (2.70)
]

where 7); constitutes another set of Grassmann numbers related to the -fields, and 1, j
integrates spin, color, and position into a unified index. The gauge field dependency U
is omitted for simpler calculations, but it is crucial to note that all results will implicitly
depend on U.

The fermion partition function utilizing Grassmann numbers is represented by the Matthews-
Salam formula:

Zp = /anan -dn1dmy exp (Z i Z]nj> = det[D], (2.71)
4,j=1

known as the fermion determinant. To compute expressions for general fermion expecta-
tion values, we introduce the generating functional with two additional sets of N Grass-
mann numbers 6; and ;. This functional is defined as:

W(0,60] = /Hdmdm exp ( > D + Z O, + Z nkﬁk) (2.72)

k,l=1

Carrying out the integrals yields

W0,0] = det[D exp( Z O ( ) (2.73)
n,m=1

The generating functional can be used to express expectation values of Grassmann numbers
as

1 0 0 o 0

- . —W1[0,0
Zr 005, 00;, " 00, 06;, 10,]

Mir Mgy - Nin i) (2.74)

0,6=0
Generally, performing this computation results in the renowned Wick’s theorem, which
is expressed as

(Mir o - - - ninﬁjn>F = (-1)" Z Sign(P)(Dil)ithl (Dil)izd‘PQ e (Dil)imjpnv (2.75)
P(12,...n)
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2.8. Quark Propagator and Smearing

where P(1,2,...,n) denotes all permutations of 1,2,...,n. The quark propagator, which
will be discussed in subsequent sections, is the inverse of the Dirac operator D.

Using Wick’s theorem, we deduce that the fermionic expectation value is represented as
a sum of products involving quark propagators, which depend on the gauge field U. To
finalize the evaluation of Eq. 2.14, the following integral must be calculated:

(0) = % / DU]O;[U] det [DW[U]] e=5e1VT, (2.76)

where O [U] = <Og) [U]) ¢. The evaluation of this integral is carried out numerically using
Monte Carlo methods. The procedure involves generating N gauge configurations U; for

i =1,..., N, which are distributed following the probability P(U) =[] det {D(f) [U]] e—SclUl,
This technique allows for the approximation of the integral as:

N
(0) ~ %Zl‘[of[m]. (2.77)
i=1 f

The set of gauge configurations U; is known as the ensemble. Due to the substan-
tial computational expense associated with calculating the fermion determinant, setting
det [D(f )} = 1 is a common practice for heavier quarks, effectively disabling the sea quarks
of that flavor. When all fermion determinants are set to one, Eq. 2.76 is evaluated in what
is known as the quenched approximation. This thesis exclusively employs ensembles where
the fermion determinants for light quarks, specifically up- and down-quarks, alongside the
strange quark, are calculated, commonly called (2 + 1) fermion ensembles. Here, 2 refers
to the equal masses of the up- and down-quarks in our ensembles. There are various ef-
fective strategies for generating ensembles with and without sea quarks. For nonquenched
ensembles, the Hybrid Monte Carlo algorithm is frequently used to generate gauge config-
urations. However, since this thesis relies on pre-established gauge configurations from the
RBC/UKQCD collaborations (see Sec. 5.1 for more information), an in-depth discussion
of ensemble generation is not included, although [6, 26] is suggested for readers seeking
more details.

2.8. Quark Propagator and Smearing

As shown in Eq. 2.75, the expectation values of fermionic operators can be represented as
sums of products of quark propagators defined by

Fas(aly) = <w§:f> ()0 <y>> = [D<f>};§ (=]y), (2.78)

b

where the capital letter F' is substituted with the corresponding flavor label, for instance,
a propagator for an up quark is denoted by U(z|y), and so forth. The discretized Dirac
operator can generally be represented by a matrix of dimensions (V -4-3) x (V -4-3).
This matrix is notably large for practical lattice sizes. Although the Dirac operator itself
is sparse, its inverse is not, making it impractical to compute the propagator across all
space-time configurations.
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2. Lattice QCD

A typical solution is to solve the quark propagator for specific sources V*, where we use 4
to label different source specifications. The propagator F" is then the solution of

DFi =V*, (2.79)
which is .
Fi(z) = > [DY] 5 Vi(y). (2.80)
a y,5,b ab b

Eq. 2.79 is generally addressed through Krylov subspace techniques, including conju-
gate gradient [27], BiCGStab [28], GMRES [29], or through state-of-the-art multigrid
approaches [30]. In this thesis, we consistently employ an optimized form of conjugate
gradient!. The source can be vector-like as shown in Eq. 2.80 or matrix-like. An example
of a matrix-like source is the point source, defined as

VA () = 6(y = y0)950 Onbo- (2.81)
bbo

In the study of hadron spectroscopy, as elaborated in Sec. 2.10, the use of non-local sources
can often be more advantageous. A straightforward generalization of point sources is the
use of sums of point sources, referred to as box sources. These are defined by the equation

J,N
ViR = Y 8 — 1)500m, (2.82)
bbo y'€B(§,N)

where the three-dimensional box comprises lattice points with spatial coordinates y; =
(i + k;a) mod L, with k; = 0,1,..., L, and sharing the temporal coordinate with 7. A
drawback of box sources is their lack of gauge invariance, which requires gauge fixing, which
is covered in Sec. 2.9. The scenario in which the box encompasses all spatial points in a
specific time slice is called a wall source. Point, box, and wall sources are predominantly
used in Ch. 6.

In addition to box sources, there is also a way to create non-local gauge-invariant sources.
An example is Gaussian smeared sources introduced in [31]. The idea is to smear a point
source with the Gaussian smearing operator

G(n,o) = (1 + Z;A)n , (2.83)

with the three-dimensional Laplace operator

A(U. D)b(z) = i Up(2)(z + aft) + U;(:;a— af)y(x — ap) — 2@[;(55)7

pu=0

(2.84)

the smearing parameter o, and the number of smearing steps n. Another smearing pro-
cedure, which is heavily used throughout this thesis, is the distillation method, which has
its own dedicated section (cf. Sec. 5.7).

"Example code for the calculation of quark propagators in the distillation framework can be found un-
derhttps://github.com/lehner/gpt/blob/master/applications/distillation/64I-peramb.py
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2.9. Gauge Fixing

Due to symmetry considerations, it is advantageous to not only identify a source but also

. f
define a sink {VO{ (:17)} , thus establishing the propagator between source and sink as
a

. f _
P = Y 3 Vi) [DV],; GlnViw) (2:85)
zaayBbt @ ab b
The introduction of sinks is particularly beneficial for techniques that require identical
operators at both the source and the sink, such as the GEVP method (see Sec. 5.9). Note
that the propagator introduced in Eq. 2.80 is equivalent to a point sink in Eq. 2.85.
A useful property of the aforementioned propagators is the so-called y5-hermicity stating

vsFys = F1, (2.86)

where the adjoint operations act on spin and color indices and the positions which lead to
the component representation

(75)aa/Fa'/b3'(x\y)(’Y5)B'6 = [Fﬁba(y\x)]* : (2.87)

with an implicit sum over repeated indices.

2.9. Gauge Fixing

As noted, the box source specified in Eq. 2.82 lacks gauge invariance. However, as long as
the gauge-invariant information is still in the correlation function, we obtain this gauge-
invariant part as a signal. For a sufficiently large sample over the gauge orbit, that
is, the set of configurations connected via gauge transformation, the gauge-dependent
contributions do not contribute to the mean, but add noise. Using Monte Carlo integration,
we naturally sample over the gauge orbit. Hence, by fixing the gauge degree of freedom,
we can enhance the signal of our observable [32].

In this thesis, the Coulomb gauge fixing is employed, represented by the continuum ex-
pression

> 9A; =0, (2.88)

where 4 signifies the spatial dimensions. Gauge fixing fundamentally involves using the
local gauge transformation Q(x) to satisfy the specified gauge fixing conditions. Specif-
ically, for Coulomb gauge fixing, the condition involves identifying a field Q(x) € SU(3)
such that the functional

FylQ] = 4N1|A > Z Re Tr{Q(a:)Ui(x)QT(x + a%)} (2.89)

reaches a stationary point with respect to €2 [33]. Since there are no links in the temporal
direction, it is also possible to compute the gauge fixed gauge field for the individual
time slices in parallel. The stationary point of Eq. 2.89 can be computed using standard
optimization algorithms, whose performance can be measured by

0= 3|1A| > T{A@)A @), (2.90)
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2. Lattice QCD
with the discrete derivative of the gauge fields
Az) = (Ai(z) — Ailz — o)), (2.91)

with A being connected to U through U, = e™994u [34)2.

2.10. Hadron Spectroscopy

In the following, we consider expectation values of two fermion operators O; and Os of
the kind

Crz(2,y) = (O1(2)O}(v)) (2.92)

which we call two-point correlation function. Here, the operator (’);(y) creates states at
position y and O; destroys states at x. It is emphasized that both operators often overlap
not just with one state but with a tower of states sharing the same quantum numbers as
the operator. We will discuss these tower of states more in the following sections.

Often it is more convenient to express Eq. 2.92 in the momentum representation. For this,
we consider the discrete Fourier transformation and its inverse for an arbitrary function

f:

f(p,t) \/7 Z e PTf (g 1), (2.93)

TEA3

Tz

PEA3

flax,t) P f(pt), (2.94)

where A3 denotes the set of all spatial lattice points and A3 the set of all momenta on the
lattice, which have the form p = “In where n is a integer vector with entries 0 <n; < N
and N being the number of spac1al lattice points in one direction. With the help of the
Fourier transformation we can define the operator in momentum basis as

O1(p,t) = | A | > e PO () t) (2.95)
xrcA3

Ol(p,t) = ] 3’ S ePrOl(a,t). (2.96)
TEA3

In the following, we will use the operator in momentum basis as default, and therefore we
drop the tilde notation for the operators. Eq. 2.92 in momentum space is then given by

Cra(t, to, p) = <01(P,750 + t)Og(P7t0)> ; (2.97)

where both operators must have the same momentum due to momentum conservation and
have a time separation of ¢.

2Code example for the gauge fixing can be found under https://github.com/lehner/gpt/blob/master/
applications/gauge_fix/coulomb.py
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2.11. Nucleons and Pions on the Lattice

We can express C15(t, tg, p) in the trace representation from Eq. 2.16 to obtain

S (mle 70, (p, t + t0) Ok (p, 1) |m)

ClQ(tvthp) = A . (298)
2o (mle= T m)
The use of the Heisenberg picture and that H |n) = &, |n) yields then
—EmT ,—(En—Em)t 10) ol
012(]5’ tO;p) — Zmn e e <m’ 1(p)’n> <TL‘ 2(p)’m> ) (299)

Sme T

For a large temporal extent and a finite mass gap Fy = & — & we can approximate
Eq. 2.99 by

Cha(t, to,p) = > (0|0 Ol (p)|0)eFnt 2.100

12(t, to, p) = Y _(0|O1(p)[n) (n|O3(p)[0)e """, (2.100)
n

with F, = &, — &, where & denotes the vacuum energy.
We can use the correlation function to obtain information about the spectrum of the theory
with overlap with the operators O; and Oy by defining the so-called effective energy

1 OlQ(t—I—navthp)
aFEug(t,n) = ——1lo < > 2.101
ea(tm) n 8 Cra(t, o, p) ( )
Using Eq. 2.100, we can approximate the effective energy by
1 _ —anAEQ
aEeg(t,n) = aEy + 'ygeie*AEQt +0 (e*AEﬁ) +0 (e*QAEQt) , (2.102)
n

(001 12)(2|0} o)
(001 ]1) (1|0 0)
effective mass decays exponentially to a plateau at the energy of the combined ground
state of 01 and Oy with the energy F;. This behavior can be used to measure the energy
of states in lattice QCD. In instances where both the source and sink operators are at rest,
we consistently refer to the effective mass in our analysis of Eq. 2.101. Additionally, the
ground state energy is then analogous to a mass and is denoted by Fy = M. In Sec. 5.9
we will also discuss a more involved method to obtain spectral information, the so-called
GEVP method. This method also allows us to make stronger statements about the excited
states.

with v9 = and AFE,, = E, — Ey. From this form, we can see that the

2.11. Nucleons and Pions on the Lattice

In this section, we examine operators O which create pion or nucleon states, focusing on
their two-point correlation function given by

C(t) = (O(t)OT(0)). (2.103)
In the case of a generic pion, the interpolating operator can be expressed as

Ox () = i ()5, (2.104)
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and upon application of Wick’s theorem, it results in the expression

Crn(t,P) = (On(p,t)OL(p,0)) (2.105)
= =Y e PEY (0 [y (2ly) 1 Gilyl)ys)) (2.106)
T,y

where G; denotes the quark propagator related to v;, which is either an up- or down-
quark. Normally, the y5-hermicity property of G;(y|z) (as outlined in Eq. 2.86) is used to
formulate a computationally simpler version

Crnlt,p) = 3”7 (i |Gy(aly)Glaly)] ) (2.107)
Yy

utilizing the same source for both G; and Gj. In lattice QCD, correlation functions
are statistically estimated (see Sec. 5.2 for more details). Thus, we describe the results
using the expectation value along with its standard deviation, often referred to as noise.
Generally, the pion correlation function exhibits a favorable signal-to-noise ratio.
The same situation does not apply to the nucleon. We use the nucleon operator defined
by

ON(x)a = Eabc(P+¢a(x))a [ub(l')TC’%dc(x)} 5 (2'108)
where ¥ can be an up or down quark, depending on whether we are considering protons or

neutrons. Using Eq. 2.108 we can derive the fully contracted correlation function expressed
as

Cn(t.p) = (On(p, )0 (p,0)) (2.109)
=S e (o [P [ (tr, [QYN(aly)| + QYN (aly)) Glaly)]]) (2.110)
Yy

where the diquark structure is given by

ap (@ly) = QUU(=ly)C5, Cs D([y)]ap (2.111)
= Y eactave [U (@ly)Cyslory [Crs D(xly)lsy - (2112)
~,b,¢,b" ¢! cc!

[35] and [36] demonstrated that it is possible to forecast the signal-to-noise ratio for a
correlation function C', which is defined as

(C)

StN(C) = . (2.113)
VAICP?)
In the context of the nucleon, the resulting signal-to-noise ratio is given by
T
t
StN(C) = (O (1O (0)) (2.114)

VIOk(0x (0K 008 (0))
The signal <(9N(t)(’);rv (0)), can be approximated for large source-sink separations ¢ by

(ON (O} (0)) ~ e M, (2.115)
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(|C17) = (0L (1) ON(H)OK(0)ON(0))
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Figure 2.3.: Sketch of the origin of the signal-to-noise degradation of the nucleon corre-
lation function. The left part of the picture shows the interpretation of the
variance correlation function <O}LV (t)(’)N(t)O}LV(O)O ~(0)) as the correlation of
a nucleon and anti-nucleon pair. The right part of the pictures shows the
interpretation of the correlation function of three pions.

since the lowest energy state is the nucleon. For the variance term <O;V(t)ON(t)O;rV (0)ON(0)),
we need to do a careful analysis of the two nucleon spectrum. Although a nucleon and
an anti-nucleon propagating state is part of the spectrum, the same holds true for three
propagating pions, as depicted in Fig. 2.3. However, for ensembles of physical relevance,

it is observed that three pions are lighter compared to two nucleons, which leads to the
approximate behavior of the variance correlation function given by

(OK (HON()OK(0)ON(0)) ~ e, (2.116)

Merging the components, we find that the signal-to-noise ratio behaves according to

3

StN(C) ~ e~ (Mn=3ma)t, (2.117)
implying that, at sufficiently large time intervals ¢, the noise dominates the signal. Con-
sequently, in nucleon spectroscopy, obtaining maximal information from shorter time dis-
tances, where contributions from highly excited states are anticipated, is of critical im-
portance. The remainder of this thesis will explore various approaches to address this
issue.

23






3. Group Theory and Operator Construction

3.1. The Double-Cover of the Full Octahedral Group

In the following, we will discuss the basics of the group theory of finite groups, which
covers the elemental principles required to understand the following chapters. For a more
comprehensive introduction, we refer to standard textbooks like [8, 37], which is also the
basis for this short introduction.

A group is defined as a set G together with a binary operation * that satisfies the following
properties:

1. Closure: For all a,b € G, a+xb € G
2. Associativity: For all a,b,c € G, (a*b)xc=ax (b*c)

3. Identity: There exists an element e € G such that for alla € G, axe=exa=a

4. Inverses: For all a € G, there exists an element ¢! € G such that a x a=! =

altxa=e
First, we will focus on finite groups, i.e., groups with finite number of elements |G|. Such
finite groups can be characterized by the multiplication table in which individual entries
M,y of the square matrix |G| x |G| are defined as My, = a * b.
Generally, we work with representations of a group G in a vector space V on the field K.
A representation of a group G in a vector space V is defined as p : G — GL(V), where
GL(V) is the general linear group of V', which preserves the homomorphism property

for all a,b € G : p(a*b) = p(a) - p(b), (3.1)

where - denotes the matrix multiplication. A representation is called reducible if we can
find a unitary matrix U such that

0 pa(a)

The representation is called irreducible if it is not reducible. A useful measure of the rep-
resentation of individual group elements p(a) is the character x,(a) of the representation,
which is defined as the trace of the representation matrix:

Yola) = Trlp(a)]. (3.3)

Up(a)UT = (m(a) 0 ) = p1(a) ® p2(a) forall a € G. (3.2)

We can order the group elements in conjugate classes defined by

C, = {gag_l\g € G} , (3.4)
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3. Group Theory and Operator Construction

where the character of the elements in the conjugate class is the same since

Xp(gag™") = Tr[p(gag™")] = Tr[gp(a)g™"] = Tr[p(a)] = x,(a). (3.5)

Thus, it suffices to determine the character of representations for just one element within
each conjugate class and to denote the character of the class A by x,()\). By employing
Schur’s lemma, we derive an orthogonality relation for the irreducible representations of
the group G:

1 *
(plr") = = D xila)xp (@) = = D> mxs(A)xy (A) =6, (3.6)
|G| = G| 5

where n) represents the number of elements in the conjugacy class A. Each representation
o can be expressed as a direct sum of irreducible representations p;, i.e., 0 = ; pi,
thus, the character of the representation ¢ is the sum of the characters of the irreducible

representations p;:
a) = > xpi(a). (3.7)

With the orthogonality relation in Eq. 3.6 the multiplicity of the irreducible representation
p in the representation o can be computed by

E |G‘ Z XO' ’G| Z Z sz ) = Zépip' (38)
acG i aeq@ P

Furthermore, we can use the orthogonality relation to construct the projection operator
P,_,, onto the subspace of the irreducible representation p in the representation o:

Prsy = T2 S @) a), (39)
|G| aceG

where dim[p] is the dimension of the irreducible representation p. The eigenvalues of the
projection operator are 1 or 0, and the eigenvectors corresponding to the eigenvalues 1
transform in the irreducible representation p. To reduce the degeneracy of the eigenvalues,
it is often beneficial to calculate the eigenvectors of o(g) P, ,, which still transform in the
irreducible representation p and are also the eigenvectors of o(g).

The aforementioned tools can now be applied to analyze the group theory associated with
the lattice. For spectroscopy, we are interested in the eigenstates of the QCD-Hamiltonian.
Hence, it is helpful to consider the Hamiltonian’s symmetry. In the continuum, the Lorenz
symmetry reduces to the group of three-dimensional rotations Os. O3 consists of the sym-
metry group of rotations SO(3) and discrete parity transformations Zg, therefore Og is
isomorphic to SO(3) ® Zs. In three dimensions, parity transformations reflect all coordi-
nates, which can be easily discretized on the lattice. For the discretization of rotations,
we must impose rotations by a multiple of 90°. This set of discretized rotations forms the
finite group O isomorph to the symmetric group Sy, i.e., the group of all permutations of
four elements. Combined with the Zo parity symmetry, we end up with the full octahedral
group Op, ~ O ® Zs.

However, the continuum theory tells us that to describe half-integer spin states, we have
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3.1. The Double-Cover of the Full Octahedral Group

to consider the double cover of the rotational group SO(3), which is SU(2). The meaning
of SU(2) being the double cover of SO(3) is that the mapping f : SU(2) — SO(3) has the
property that f(U) = f(=U) for every U € SU(2). Similarly, spin states on the lattice
are described by the double cover of the full octahedral group O;‘f. Because O;‘f is finite,
one can show that every group action can be generated by a repeated application of 90°
rotations around two predefined directions, for example, the x and z directions and the
parity transformation.

One way to find all group actions is to consider the action of a 90° rotation around the x
and z axis on a spinor, given by

0() B ) = Sp(REw.0) = == (14 77) V(R ) (3.100)
o) B (2) = S.p(R ) = \}i (14 v70) $(R 1), (3.10D)

and its transformational behavior under parity:
Y(w) D (@) = p(—a, 1). (3.10¢)

The representation matrices can be computed similarly as described in [9] by translating
everything into the Euclidean metric. With repeated use of the transformations intro-
duced in Eq. 3.10, we can find the representation for all 96 group elements, which then
can be used to calculate all irreducible representations, as shown above. The character
table of Og, which consists of the character of each irreducible representation and each
class, is shown in Tab. 3.1. There, we can see that Og has in total 16 irreducible rep-
resentations structured in the following way: Each irreducible representation has either
even (g) or odd (u) parity and has a counter irrreducible representation, which behaves
the same under rotations but different under parity transformations. Excluding parity,
we get five bosonic irreducible representations, Ay, Ao, E/,T1, and T, and three fermionic
irreducible representations, G1, G2, and H. Bosonic irreducible representations are also
irreducible representations of O and are discretized representatives of the integer spin
states in the continuum. Likewise, the fermionic irreducible representations represent
half-integer states. The dimensions of the individual irreducible representations can be
read off by the character of the identity shown in the second column of the table. The
values of the character table are checked against the values in Tab. 6.5 of [38].

By discretizing the space, we reduce the countable infinite irreducible representations
{¢} of SU(2), where £ denotes the spin, to the eight irreducible representations of O.
Given that we can recover the continuum as a — 0 and L — oo, it is necessary for
the information of the SU(2) irreducible representations to be integrated within the Oj,
irreducible representations. In essence, the SU(2) irreducible representations are subduced
into the lattice irreducible representations [39]. We do not consider parity since it is
preserved during subduction. The character of the trivial representation is always 1.
Hence, we can infer that {0} subduces to A;. Furthermore, comparing the representation
of {3} with Gy, we find that {3} subduces to G;. The subduction of the remaining
irreducible representations can be computed iteratively by using the relation

Xey1(9) = xe(9)x1(9) = X, 1(9), (3.11)

1
2
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3. Group Theory and Operator Construction

Trre Class\ ;' P R RR RP R RR RP R RR RP R'P PRR RRP RERP
Ay 11 11 1 1 1 1 1 1 1 1 1 1 1 1
Ay 1 1 -1 1 1 -1 1 1 -1 1 1 -1 -1 -1 —1 ~1
Ay 1 -1 1 1 1 -1 -1 -1 1 1 1 ~1 1 1 —1 1
Ag, 1 -1 -1 1 1 1 -1 -1 -1 1 1 1 -1 -1 1 ~1
E, 2 0 2 2 -1 0 0 0 2 2 -1 0 2 ~1 0 ~1
E, 2 0 -2 2 -1 0 0 0 -2 2 -1 0 —2 1 0 1
Tig 3 1 3 -1 0 1 1 -1 -1 3 0 1 3 0 -1 0
Thu 3 1 -3 -1 0 -1 1 —1 1 3 0 -1 -3 0 1 0
Ty 3 -1 3 -1 0 -1 -1 1 -1 3 0 ~1 3 0 1 0
Tou 3 -1 -3 -1 0 1 ~1 1 1 3 0 1 -3 0 ~1 0
Gig 2 V2 2 0 1 V2 =2 0 0 -2 -1 -2 =2 1 0 ~1
Giu 2 V2 -2 0 I V2 V2 0 0 -2 -1 2 2 -1 0 1
Gag 2 —vV2 2 0 1 =2 2 0 0o -2 -1 V2 =2 1 0 ~1
Gay 2 —V2 -2 0 1 V2 V2 0 0 -2 -1 -2 2 ~1 0 1
H, 4 0 4 0 -1 0 0 0 0 -4 1 0 -4 -1 0 1
H, 4 0 -4 0 -1 0 0 0 0 -4 1 0 4 1 0 —1

Table 3.1.: Character table of the double cover of the full octahedral group Qm. The classes are represented by the following labels:
I is the identity, R represents 90F rotations, P is the parity transformation, and R’ labels rotations perpendicular to R.
See also [38].
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3.2. Isospin

Bosonic Fermionic

SU(2) o7 SU(2) o?

0 Ay 1/2 Gy

1 T 3/2 H

2 EaTs 5/2 Go® H

3 AT & Ty 7/2 GG H

4 A ETI T 9/2 G1®2H

5 Eq®2T o1 11/2 | G1® Ge ®2H

6 Al Ao EdT & 2T,

Table 3.2.: SU(2) irreducible representations subduced into Oy, irreducible representations

which is a direct consequence of the tensor product [37]

el ={es oo 1) a1

The subduction of SU(2) irreducible representations up to ¢ = 6 is shown in Tab. 3.2.
The group theory explained in this section is relevant for efficient operator construction
for hadron spectroscopy, especially for multi-hadronic operators, which are discussed in
Sec. 3.4.

3.2. Isospin

In lattice QCD, it is a standard procedure to set the masses of the light quarks, i.e., the up
and down quarks, to the same value my = m, = my. This choice generates an additional
symmetry, the isospin symmetry described by the SU(2)-group. Thus, the description of
the isospin is analogous to the description of the spin in non-relativistic quantum mechanics
discussed in multiple standard textbooks [40, 41]. Similar to the discussion of the spin in
non-relativistic quantum mechanics, we define the isospin operators I, fy, and I, fulfilling
the commutation relation

A

[fav fb] = 1€abele- (3.13)
Additionally, we define the Casimir operator
P=I+I+12 (3.14)

Since [f 2] 2] = 0, we know that eigenstates of I? are also eigenstates of I., and thus we
can define isospin states |j, m) satisfying the following eigenvalue equations

I |jm) = j(j + 1) |jm), (3.15a)
I |jm) = m|jm), (3.15b)

where j denotes the total isospin of the state and m = —j,—j + 1,...,5 — 1,j. The
and

> and

states of the up and down quarks are isospin states and have the form |u) = %,

|d) =

N[—= N
~

1 _
29

%,—%>, respectively. For the anti-particle states, we obtain |u) =
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3. Group Theory and Operator Construction

2= -|1.1).

The product of two isospin states |j1,m1) and |j2, m2) can be computed by

Ji J2
|, M ji,ge) = >, Y. ljima; jama) (jima, jamalJ, M g1, j2) (3.16)

ml—_.jl m2__.]2
where (j1my, joma|J, M; j1, j2) denotes the Clebsch-Gordan coefficients.
For mesons consisting of an antiquark and a quark, we obtain an isosinglet of I = 0 state
and an isotriplet of states with I = 1. For pseudo-scalar mesons, we obtain the isosinglet
state

_ Lo -
1) = 10,0) = ——5(|aw) + |dd)), (3.17)

which is similar to the n-meson but without the strange quark contribution and, therefore,
no physical state. The isotriplet pseudo-scalar states are the three types of pion defined
by

]7r+> I1,1) = ‘du> (3.18a)
) = 11.0) = () [ad)). (3.150)
[77) =1, -1) = |ud) . (3.18¢)

A color singlet of three quarks forms a baryon with a half-integer isospin. For isospin j = %
we obtain nucleons in the form of protons |p) and neutrons |n) with the quark contents

=35 ) = luud (3.19)
In) = ‘;—;> — |udd) . (3.19b)

Additionally to the nucleon states, one can also find j = % states labeled as A baryons
ordered by their quark content and, thus, also by their electric charge in the following
way:

‘A++> ’; g> = |uuu) , ‘A+> = ‘2,;> = |uud)
A% = ;,—;>:|udd>, A = 2,—2>zyddd). (3.20)

Throughout the rest of this thesis, we will primarily consider pions and nucleons. One focus
lies on the usage of multi-hadronic operators. Hence, in the following, we will compute
different isospin projections that we will use throughout this thesis.

First, we consider two distinguishable pions guaranteed by giving both pions different
momentum. Performing the calculation using Eq. 3.16 yields the following isospin j = 1

states,
- ). o
> |77) = |77) ’7r+>) , (3.21Db)
|1, —1;7m) = 7 (‘7‘(0> |7=) = |77) ‘7T0>) , (3.21c)

|1, 1;77r) =

1,0, ) =
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3.2. Isospin

and the isospin j = 0 state

0,0; 7mr) = \}g (‘71'+> |T7) + |7 7) ‘7r+> - ‘7T0> ‘7T0>) . (3.22)

There are also five j = 2 states that are irrelevant for the following. The j = 1 isospin
projection is relevant for Ch. 7, considering multiple pion-pion states with different mo-
menta and relevant. If the momenta of both pions vanish, then the pions can become
indistinguishable, and we have |7*) |77) = |7) |7%) for arbitrary i,j = 4,0, —. For this
case, all j = 1 states disappear and the j = 0 state simplifies to

|0,0; 7" 7") = \}g (2 ‘77+> |7™) — ’770> ’770>) , (3.23)

where 7" 7" indicates that both pions are at rest.
In Ch. 8, we investigate nucleon pion states in the isospin channel j = % The projection
can be computed similarly as the pion-pion states and yields

‘1, 1;N7r> - \/§|n> ") - \1f p) [+, (3.240)
‘; > \f|p Y| |n [7°) (3.24D)

The product of pion and nucleon states also yields projections for j = %, which read

L 5e) =)
S Live)= } DEREPIEDY (3.250)
Z,—;;Nw> = lp )+ \/;|n> ), (3.25¢)
;,—2;N7r> = |n) 7). (3.25d)

The j = % projections are not relevant for the remainder of the thesis. However since, for
3

3 %; Nm > is orthogonal to N7T> and the ground state of j = 3 is different

example, 2 y 33

from j = %, we can use ’5, §;N7r> to cross-check ’5, %,Nﬂ'>
In addition to the N states, we also consider the N7w states in Ch. 8. Unlike in Ch. 7,
both pions remain stationary in this context. The isospin j = % projection is then given
by

1 - 0

55N = =[x >—7|p>\ ) n®) (3.260)
1 1
S L Nrr) = ‘+ -y - ‘0’0. 3.26b
35N = =[x e) = = [ ) (3.260)
Since we are in the isosymmetric limit, we can expect that the states with the same isospin
2, 2> namely, |p),

N 7r7r> for all nucleon quantities throughout this thesis.

j behave 51m11arly For this reason, we are only considering the states

N7r> and

2’2’ 2’27
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3. Group Theory and Operator Construction

3.3. Wigner-Eckart Theorem

As established in previous sections, it is possible to construct a state that transforms
according to G'14 with an isospin of I = % and I, = %, using various states that include
a proton or several hadrons. In this section, our focus will once more be on the isospin
characteristics while assuming the projection associated with the appropriate irreducible
representation of the full octahedral group.
Using the bra-ket notation covered in the previous section, a correlation function can be
defined as

Cpralt) = (A|B). (3.27)

For the specific case of the correlation function Cny_snr, it is represented by
Cotmonn(t) = (NaINT) = Ztnr ) = L2 n0fn) — Y2 o) + ().
(3.28)
assuming that [N7) has isospin I = £ and I, = . Here, the notation [n7") = |n) |7T)
is used. To evaluate this correlatlon function, 1t is necessary to calculate each term.
Nevertheless, using the Wigner-Eckart theorem, we can derive relations among some of
these correlation functions, which will be elaborated upon further.
The Wigner-Eckart theorem states that for any spherical tensor T*) with rank k, it holds
that
(Gm| T j'my = (§'m/kq|jm) GIIT®||5"), (3.29)

with the isospin eigenstates |jm), the SU(2) Clebsch-Gordan coefficients (j'm’kq|jm), and
the reduced matrix element (j||7%)||5") [42]. We use two different spherical tensors for
finding the relations, the first one is the scattering operator S of rank 0 with the matrix
elements

(Gm|S|5'm’y = S 85157 (3.30)
Also useful is the rank 1 pseudo-scalar operator P with the entries
PF(z) = —d(z)y u(z), (3.31)
P@) = 5 (@) ulo) - dw)r (@) (3.32)
P~ (z) = u(z)y°d(z). (3.33)

We can use both tensors to deduce the following relations:

rmlp) = == (n* ) (3.342)
(pr®|pr®) = 12(p770]n7r )+ (nwt |nmT) (3.34b)
(pr°7°lp) = —(pr 7 |p) (3.34c)

(pr°nOpr¥70) = (pr T~ |pr®n) + 2(pr T |prt AT (3.34d)
(pr T |pr®) = V2(pr®n0|na ) (3.34e)
(07| pr®) — %(m 2Oty + Va(prt e ) (3.34f)
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3.4. Operator Construction

Moreover, it also true that (A|B) = (B|A)*. The correlation function from Eq. 3.28 then
can be rewrite as

L<p7r0|7”L71"'r>. (3.35)

V2

A similar simplification is possible for other correlation functions, which significantly re-
duces the computational cost. Nonetheless, this relation is applicable not only to cost
reduction but also serves a valuable role in verifying the automatically generated Wick
contractions, as presented in [43].

(N7|NT) = (nnt| nat) —

3.4. Operator Construction

In Sec. 2.10, we have already discussed the importance of the choice of interpolating
operators. In this section, we will define the operators used throughout this thesis.

First, we define the relevant single-hadron operators, starting with the pion. The pion is
a pseudo-scalar meson, meaning it is invariant under rotations and has negative parity. A
general meson interpolating operator is

m(@) = i(@)T (), (3.36)

where ; denotes the fermions with flavor ¢ and I' a general y-structure. We also imply an
implicit summation over color and spin indices. To reconstruct the pseudo-scalar character
of the pion, we have to find a ~-structure fulfilling

S[R]'T,S[R] = 'y, for an arbitrary R, (3.37a)
Ylaye = —I'r, (3.37b)

where S[R] denotes the transformation behavior of a spinor under rotation R, i.e., ¢ (x, t) it
S[R}4(RTx,t). In Sec. 3.1, we have already shown that it is sufficient to only consider 90°
rotations around the z- and z-axis, since repeated products of both can generate every
other rotation. Eq. 3.37b is a consequence of the negative parity of the pion, for which we
use the spinor transformation introduced in Eq. 3.10b. One can show that both

Ir=7 and T'r=vys (3.38)

fulfill the conditions of Eq. 3.37. However, for the rest of this thesis, we will always use

O (z) = i(2)7510; (). (3.39)
Taking the isospin into account, we get the isotriplet of interpolating operators:
Or+ () = —d(2)y5u(z), (3.40a)
Oro(2) = 5 (ia)suta) = dla)ad(o)). (3.40b)
Oy () = u(z)ysd(x). (3.40c¢)

In Ch. 7, we will additionally consider the p-meson, a vector meson. The irreducible
representation of a vector is three-dimensional. Therefore we define a set of three ~-
structures, {I',,,T'y,,I's.}, transforming as

S[R)'T,,S[R] =T ..., (3.41)
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3. Group Theory and Operator Construction

where R -7 denotes the rotation of the unit vector in ¢-th direction. For example, in the
case of R = R, and I',, we obtain

S[R.]'T,,S[R.] =T,,. (3.42)

Furthermore, we require that I', completes the parity transformation defined in Eq. 3.37b.
We can show that I'), = v; and I', = ~;; satisfy the vector transformation. However, in
the following, we only consider

O, (2) = Yi(z)yp(z), with k = 2,y, 2, (3.43)

with additional isospin projection similar to the pion case in Eq. 3.40.

The quark and anti-quark pairs in mesons are automatically guaranteed to be a color-
singlet state if both quarks have the same color index, which we have already implied for
the interpolator operator definitions. In contrast, a set of three quarks forming a baryon
is not automatically color-singlet. A state is a color singlet if it is colorless. There are two
options to form a colorless state. First, a combination of anticolor and color (see mesons)
or the sum of red, blue, and green. The second one can be constructed by the usage of
the anti-symmetrical Levi-Civita symbol, yielding

Ob,aﬁ'y(x) = 5abc¢£}a($)wl{25 (w)wé%y(x)a (344)

where the spin («, ,7) and flavor (f1, fa2, f3) are chosen to reflect the wanted spin and
isospin structure, respectively. Furthermore, for the color indices, we imply the Einstein
sum convention. To incorporate additionally the spin structure, we define the baryon
operator, following [6], to be

Opa(@) = cabe (PTG (2))a [ (2) TP (@) (3.45)

with implicit matrix/vector multiplication for the spin components. I'4 and T'® are chosen
so that the operator transforms in the wanted irreducible representation, e.g., G4 for
nucleons. One can show that operators with

(T4, T8) = (1,Cs), (75, C), and (1,i7,Crys) (3.46)

transform in the Gy irrep, where C' = i7,7; denotes the charge conjugation matrix. The
parity of the operator in Eq. 3.45 is determined by the projection matrix P* = %( 1+vy).
Throughout this thesis we will use the standard ~-structure (1, Cys5) yielding the nucleon
operators

Oyt (2)ar = Eape( PEa(2))0 [ub(x)Tc%dC(x)] : (3.47a)
O, (2)a = Cape(PEda(2))a [db(m)TC%uc(x)} , (3.47h)

where + denotes the parity of the state. The operator O+ , is associated with the isospin
state (I = %, I, = %), representing the proton under positive parity conditions. Similarly,

with analogous reasoning, O,,+ , corresponds to the isospin state (I = %, I, = —%), which
identifies the neutron within the positive parity domain. Note that the diquark structure
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3.4. Operator Construction

within the square brackets of Eq. 3.47, transforms trivially under parity and rotation
structure, and therefore, the whole operator transforms like a spinor under rotations, i.e.,

Ons () B Os(2)a _ZS JagOn+ (R @, t)g, (3.48)

where O+ denotes a general nucleon operator and can be either O+ or O,+. Due to the
explicit parity transformation, the operators already have a definite parity and transform
like

Ont(2)a B Ohys (1)) = 2Oy (—2, 1)a. (3.49)

Until now, we have considered local operators O(z), yet in most cases, we are interested
in operators with a definite spatial momentum p. Such an operator is constructed using
the discrete Fourier transformation (cf. Eq. 2.95), yielding

O(p,t) = —wPO (g, 1), (3.50)

mLe
where A3 denotes the number of spatial lattice points. The momenta p are discretized
and have components of the form p; = %k‘i, with —L;/2 < k; < L;/2 and L; the number
of lattice points in the i-th direction. '

Next, we move on to multi-hadronic operators. First, consider the two-pion operators
relevant for Ch. 7. There, the goal is to find two-pion states with the same transformational
behavior as the p -meson, i.e., in the lattice irreducible representation 71, and with isospin
I = 1. Since pions are pseudo-scalar particles, a finite momentum is needed to create a
vector-like structure. One can show that the pion operator with definite momentum p
transforms under rotations R and parity transformations P like

Ox(p,t) B O'(p/,t) = O(Rp, 1), (3.51a)
Ox(p,t) B O'(p,t) = —O(—p,1). (3.51b)

Combining two finite momentum pion operators with back-to-back momentum yields an
operator with zero total momentum and a non-trivial transformational behavior under
rotation, which reads

O7‘r17l’2 (t‘p) = Oﬂ'l (p: t)oﬂ'Q(_p7 t)? (352)

where m; and 7y are operators of the isotriplet of pions, i.e., #* or 7°. The two-pion

operator Oy, , has not yet been projected on specific irreducible representations of Oy,.
For the projection, we consider the set of operators with all momenta from the orbit of an
initial signature momentum. The orbit of an vector g € R? in the group G is defined as

G-q={g-qlg€G}. (3.53)

Each orbit can be labeled with a signature momentum defined as a positive ordered vector
q= (n m, {), with £ > m > n > 0. Given that the size of the lattice only determines the
prefactor 27t/ L, we will omit it when referring to the signature momenta henceforth. Note
that the squared Euclidean norm of these integer signature momenta is also an integer.
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3. Group Theory and Operator Construction

The projection of the operator defined in Eq. 3.52 onto the irreducible representation A is
then given by
Aj
Oriming) ()= Y. O Omm(tiqy). (3.54)
qiEOz-q

where the C’i(A’J ) can be computed using the group theory techniques described in Sec. 3.1
and j denotes the indexing within irreducible representations A, where 0 < j < dim(A).
Furthermore, for momenta g with ||g||3 < 9, which are the only relevant momenta through-
out this thesis, we find only at most one signature momentum q fulfilling ||gy||3 = N
for every N < 9. In the following, we will label the corresponding signature momenta
by N, for example, we label the signature momentum (0,0,1) by 1. For the signature
momentum 1 the relevant 77, operator has the form

Oﬂ’lﬂ'z,Tm (t; 1)j = O7r1 (péj’ t)OWQ(_péjv t) - Om(_péjv t)OWQ (péj7 t)? (355)

with p = 27” and é; the unit vector in j-th direction. In Ch. 7, we consider the signatures
1,2.3.4,5,6 and 8.

We can use the procedure to construct nucleon-pion and nucleon-pion-pion operators rel-
evant for Ch. 8.

To construct a nucleon-pion operator with positive parity, a back-to-back momentum con-
figuration must be applied to the nucleon and pion. This requirement arises from the
inherent negative parity of the pion. We can define the nucleon-pion operator without any
GG1 projection, reading

O(Nw)i (t§ q)a = ON+ (Q7 t)aow(_Qa t) + ON“' (_Q7 t)aon((L t)? (356)

where the sign in the superscript of (N7)* indicate the parity of the state. The projection
onto the positive parity OZ irreducible representation Gi4 for momentum signature 1 is
calculated using group theory yielding

ONm,Gry (t: Vo = Zas0(vmy+ (8 982) g + 50 (vmy+ (1 0y ) g + X550 vy + (5 pEx) g, (3.57)

with an implicit sum over 8 and ¥/ = 1 ® ¢/ with ¢/ denoting the Pauli matrices. The
operator is identical to the one used in [44-46]. The parity of two pions at rest is positive,
and therefore, we can construct a nucleon-pion-pion operator with all particles at rest,
which naturally transforms in the G1,4 irreducible representation and can be defined as

ONmr,Glg (t; O)a = 0N+ (Oa t)aoﬂ(oa t)OTF(Ov t)' (3'58)

Within the negative parity sector, it is feasible to formulate a nucleon-pion operator with-
out back-to-back momentum configuration, i.e., with 0 momentum signature. Following
[47], we define
ONﬂ‘,Glu(t;O)Oé = ’75ON+ (07t)a077(0at)‘ (3'59)
An analogous negative parity operator to the one described in Eq. 3.57 can be specified
by modifying the projection from G14 to G1,. This provides
ONTr,Gm (t’ 1)& = O(Nw)* (t;péx) + O(Nw)* (t;péy) + O(Nw)* (t;péz)v (360)

which is similar to the operator described in [44]. In the negative parity sector, nucleon-
pion-pion states are excluded from our considerations. Consequently, we have established
the relevant single- and multi-hadronic operators containing pions and nucleons utilized
in this thesis.
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4. Neutrino Physics

In 1930, Wolfgang Pauli proposed the existence of neutrinos to account for the apparent
violation of energy conservation observed in radioactive S-decays. During that period, (-
decay was hypothesized to involve the transformation of a neutron into a marginally lighter
proton accompanied by the emission of an electron. Nevertheless, the principles of energy
and momentum conservation dictate that electrons should possess a fixed energy, whereas
experiments revealed that electrons appear with a spectrum of energies. Pauli suggested
the existence of an (nearly) undetectable neutral particle, the neutrino, to resolve this
discrepancy. With the inclusion of the neutrino, 8-decay is represented by

n—p+e + e, (4.1)

where an electron-flavored antineutrino is created. In 1956, Clyde Cowan and Frederick
Reines provided experimental confirmation of Pauli’s hypothesis by achieving the first
detection of neutrinos. They utilized neutrinos generated from the [-decays of fission
products within a nuclear reactor. The detection apparatus comprised two water tanks,
which served as a sufficient target for the rare interactions of antineutrinos with protons
in water molecules, as described by

vet+p—n+et. (4.2)

The positrons formed during these interactions annihilated with electrons, resulting in the
emission of two gamma photons, which were subsequently detected.

Unlike other fermions in the standard model, neutrinos are consistently detected as left-
handed, i.e., v5¢;, = —wr'. This characteristic poses challenges when attempting to
assign mass to neutrinos through interactions with the Higgs field, using the Yukawa
coupling. Consequently, since experimental data only offer an upper limit for neutrino
mass, neutrinos were traditionally considered massless.

This paradigm of massless neutrinos got challenged by the detection of solar neutrinos,
which indicated a discrepancy between the predicted and observed neutrino flux originating
from the Sun. The Sun emits electron-type neutrinos. However, measurements taken
on Earth showed fewer electron-neutrinos than anticipated. In 1957, Bruno Pontecorvo
proposed a resolution to this solar neutrino issue. His idea postulated that the electron-
neutrinos transform their flavor during their journey from the Sun to Earth. This suggests
two characteristics of neutrinos:

1. The eigentime of neutrinos evolves, suggesting that they must travel slower than the
speed of light and, therefore, must have mass.

2. The neutrinos’ mass eigenstates must differ from their flavor eigenstates.

! Anti-neutrinos are consistently detected as right-handed
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4. Neutrino Physics

Evidence supporting neutrino oscillation was experimentally demonstrated by the Super-
Kamiokande and Sudbury Neutrino Observatories, and this discovery was honored with
the Nobel Prize in Physics in 2015 [48, 49]. For a comprehensive introduction to the
historical context of neutrino physics, see [50, 51].

4.1. Neutrino Oscillation

As previously stated, neutrinos possess distinct mass and flavor eigenstates. The flavor
eigenstates can be represented as a linear combination of the mass eigenstates via

‘VO& Z az‘yl ’ (43)

where a = e, u, 7 denotes the flavor index and ¢ = 1,2,3 the mass index. Here, U,;
denotes the elements of the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix. The
PMNS matrix is generally parameterized as follows [52]:

1 0 0 C13 0 813e—i5cp Cc12 si2 0 eim 0 0
U= 0 Co3 S23 0 1 0 —S12 (12 0 0 6”12 0 (44)
0 —S893 (23 _813€i5cp 0 C13 0 0 1 0 0 1

Here, ¢;; = cos(f;;) and s;; = sin(f;;), and dcp represents the charge-parity (CP) vi-
olation phase. The phases 71,79 provide additional degrees of freedom when neutrinos
are considered Majorana fermions. However, in this study, we assume that neutrinos are
Dirac fermions, thus setting n; = 79 = 0. Significant experimental efforts are underway to
accurately measure the mixing angles ¢;; and the CP phase dcp by investigating neutrino
oscillations, which will be discussed below. The determination of Majorana phases remains
speculative and could potentially be achieved by observation of neutrino-less double beta
decay [53], a phenomenon not yet observed.

The evolution of the mass eigenstates |v;) can be represented using plane waves, yielding

vi(t)) = e F v (0)) (4.5)

where E; = (/p? + m? represents the energy, m; denotes the mass and p; is the mo-
mentum of the energy eigenstate v;. Given their small mass, neutrinos are effectively
ultra-relativistic. Thus, p; = p; = p = F, allowing us to approximate:

2

E; = \/p? +m] ~p+2E (4.6)

Moreover, given the ultra-relativistic characteristics of neutrinos, they move near the light
cone, resulting in t &~ L, where L represents the distance covered.
The flavor state |v,) described in Eq. 4.3 evolves according to the equation:

Vo (t) ZU* e'Pit |1, (0)), (4.7)

which demonstrates that the flavor state composition changes over time. After traveling
a distance L, the probability that we observe the neutrino with flavor 5 is expressed as

. 2
Pag = |(v3lva(?) —\ZU;UﬁjeW : (4.8)
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Figure 4.1.: The probability of detecting the vg flavor state as a function of L/E in
[km/GeV], starting from an initial v, flavor state, is examined. The initial
flavor states, arranged from left to right, are electron, muon, and tau neutri-
nos.

utilizing the orthogonality condition of the neutrino mass states, (vj|v;) = d0;;. A more
convenient written form of this equation is [52]

Pop =00 — 4> _ Re[UaiU;Uz;Usj] sin® Xy

< (4.9)
+2) Im[UaiUjUs;Us,] sin 2X55,
i<j
where , ) )
X = % = 1.267A£2"j ML//% (4.10)
and Am2 = m2 — m? is introduced.

J
Using the most recent estimates for U as given in [54], it is found that Re[Un;UZ,U;;Ug;s] >

Im[Uq;Uj,U;,;Up;l, which means that the probability, at leading order, is an even function.
As a consequence, measuring P,g is only sensitive to the absolute values of the mass-
squared differences |Am?j

The assumptions that give rise to Eq. 4.9 hold only in vacuum. It was discovered that when
neutrinos travel through matter, their oscillatory dynamics is different from the vacuum,
an effect known as the Mikheyev-Smirnov-Wolfenstein effect [55-57]. This effect enabled
for the accurate determination of the sign of Am3; due to matter effects inside the Sun.
However, the sign of Am%; and Am3, remains to be determined, but it is established that
|AmZ,| > |Am3;|, which results in two potential mass hierarchies:

e the Normal Hierarchy, ms > mo > m

o the Inverted Hierarchy, my > mq > mg
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4. Neutrino Physics

Fig. 4.1 shows the evolution of the probability of Eq. 4.9 for a initial pure neutrino of
flavor a = e, u, 7. As parameters, the central values of the IC24 with Super-Kamiokande
atmospheric data fit of NuFit 6.0 [54] are used.

4.2. DUNE/LBNF Experiment

This section presents the DUNE/LBNF experiment as an example of neutrino detection
efforts. The DUNE/LBNF is a neutrino experiment that is presently being built. Upon
completion, neutrinos will be generated at Fermilab within the Long Baseline Neutrino
Facility (LBNF) and directed toward a neutrino detector located 1300 km away at the
Sanford Underground Research Facility. The primary objectives of this experiment include
obtaining accurate measurements of the parameters that control the oscillation processes
vy — Ve and v, — e, as cited in [58]. Specifically, consisting of:

e measuring dcp — should dop # 0,m, this would offer the first indications of CP
violation within the leptonic sector and could thus provide an explanation for the
matter-antimatter asymmetry observed in the universe,

o determining the neutrino mass hierarchy by identifying the sign of Am3,,

e conducting precision tests of the three-flavor neutrino oscillation model.

Furthermore, the DUNE experiment aims to explore signs of proton decay, which may
provide valuable information regarding the Grand Unification of Fundamental Forces. In
addition, if neutrinos of a core-collapse supernova event occurring within the boundaries
of our galaxy reach the Farth during the operational period of DUNE, it might enable
observation and quantitative analysis of its electron neutrino (v,) flux.

A short description of the experiment is that within the Long-Baseline Neutrino Facility
(LBNF), a beam composed of muon-flavored neutrinos and antineutrinos is generated. Still
located at Fermilab, this beam undergoes analysis using a magnetized neutrino detector.
This detector yields detailed information regarding the energy spectrum and composition
of the neutrino beam at its point of origin. Subsequently, the neutrino beam travels ap-
proximately 1300 kilometers beneath the Earth’s surface, ultimately reaching the Sanford
Underground Research Facility. At this location, the primary neutrino detector, which
features state-of-the-art liquid-argon time projection chamber (LArTPC) technology, is
installed. Readers interested in more detailed technical information are referred to [58,
59]. Fig. 4.2 provides an illustration of this composition.

Fig. 4.3 demonstrates the process by which a concentrated neutrino beam is produced at
LBNF. Initially, the main injector, which functions as a particle accelerator, delivers the
primary proton beam for LBNF. This proton beam subsequently collides with a target,
producing scattered particles such as neutrons, pions, kaons, and others. The charged
pions and kaons are then directed using a device known as a magnetic horn to a focused
beam. Due to the inherent instability of pions and kaons, they eventually decay into
charged leptons and neutrinos. Because of the conservation of momentum, the beam
remains focused as it strikes a concrete block, which absorbs the charged leptons, while
allowing the neutrinos to pass through with minimal disturbance.

Providing a detailed description of neutrino detectors’ operations exceeds the scope of this
thesis. Nonetheless, the core operation of the far detector can be summarized as follows.
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Figure 4.2.: Sketch of the Deep Underground Neutrino Experiment. The source of the

picture is https://www.dunescience.org/
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Figure 4.3.: Sketch of the creation of muon-flavored (anti)neutrinos at LBNF. The sketch
shows the creations through the decay of pions, which is only one of many
decays leading to neutrinos.
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Figure 4.4.: The plots on the left and right depict the cross sections of neutrinos and
antineutrinos as they relate to energy. These illustrations highlight contri-
butions from fundamental processes that include quasielastic scattering, res-
onance production, and deep-inelastic scattering. The illustration is sourced
from [63].

The detector comprises four LArTPC modules with a combined volume of 70 kilotons of
liquid argon. Within these LArTPC modules, an electric field is applied. If a neutrino
interacts with an argon nucleus, charged particles are produced. These particles ionize
the surrounding argon and generate scintillation light. The electric field causes ionization
electrons to drift toward the wire planes, where they are collected and recorded. The
collected electron data, along with scintillation light information, facilitates the precise
three-dimensional reconstruction of the event.

4.3. Neutrino-Nucleus Scattering

For optimal scientific outcomes, experiments rely on a priori knowledge of potential scatter-
ing events. Theoretical understanding can provide such insights across a broad spectrum
of energy regimes, each presenting its unique challenges and, therefore, often addressed as
separate issues. The subsequent section will explore how lattice QCD can offer valuable
insights for the modeling of Neutrino-Nucleus Scattering. This summary is fundamentally
based on the insights offered by [60].

Typically, the nuclei employed in neutrino detection are of medium to large size, such
as carbon, oxygen, or, specifically for DUNE, argon. Presently, direct lattice QCD cal-
culations for neutrino-nucleus scattering are not feasible. Nevertheless, these scattering
processes can be approached using effective field theories, for which lattice QCD offers
non-perturbative, first-principle calculations of nucleon inputs [60-62]. Consequently, the
following discussion will emphasize neutrino-nucleon scattering, which is currently feasible
to calculate on the lattice.

Fig. 4.4 depicts the cross sections for neutrinos and antineutrinos, demonstrating the con-
tributions from distinct fundamental processes at specific neutrino energy levels. Gener-
ally, we can recognize three main processes: quasi-elastic scattering, resonance production,
and deep-inelastic scattering.
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Figure 4.5.: Nucleon level Feynman diagrams of the relevant regimes, from left to right:
quasi-elastic, resonance and deep-inelastic scattering. The blob represents
non-perturbative QCD contributions.

At the nucleon scale, quasi-elastic scattering involves, for example, the incident neutrino
converting the targeted nucleon into its isospin partner while emitting a charged lepton,

vep—0Tn, and vyn— 0 p. (4.11)

In the leading order of electroweak interactions, the process involves the exchange of a W
boson, as shown in the diagram on the left diagram of Fig. 4.5. Since these scattering events
are relevant to low nucleon energies, the strong interaction is non-perturbative, thus the
QCD interaction indicated by the blob in the diagram cannot be computed using standard
perturbation theory. Lattice QCD is thus employed in such cases. The interaction of a
nucleon with the W boson can be characterized by the matrix element of the axial vector
current Ay, represented as

(N'(p+ Q)| AL(@)|N(P) = ulp + @) | Ga(Q*) + Gp(Q7) 5 | 157 ulp),  (4.12)
where the axial-vector current is defined as Aj, = 1Z’YM’Y5TG’¢. Here, 7% serves as the
isospin operator, and 7, and 5 are gamma matrices. Furthermore, the matrix element
contains two Lorentz covariant components, consisting of the axial form factor G4 and the
pseudo-scalar form factor G p along with their respective Lorentz structures. The nucleon
spinor with momentum p is indicated as u(p), and the momentum transfer is defined by
Q? = ¢® — (Eptq — Ep)?. The energy of the initial nucleon state is represented as E.
Lattice QCD research includes numerous investigations that compute various components
of these matrix elements, such as those in [64-73] among others.

Chiral perturbation theory at leading-loop order has demonstrated that these axial form
factors display significant excited-state systematics [74, 75] originating from nucleon-pion
(N7) contamination. More current investigations have analyzed the chiral perturbation
theory of the pion-nucleon sigma term, which shares physical characteristics similar to
the axial vector current, up to the next-to-next-to-leading order (NNLO) [76] and further
confirmed the existence of exited-state systematics. Such is also the case when considering
the influence of the A-resonance [64].

Various research efforts have attempted to address Nm contamination using different
methodologies [66, 67, 71, 77-79], focusing on three-quark interpolating operators. How-
ever, recent studies have investigated the integration of five-quark operators [43, 46, 80]
and seven-quark operators [81], intended to improve the coupling with multi-hadronic
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states such as N7 and N7w. The inclusion of multi-hadronic operators alongside conven-
tional nucleon operators has proven effective in forming nucleon states with reduced N7
contamination [46, 80]. This thesis builds upon these efforts and intends to incorporate
N7 operators within a comprehensive GEVP analysis.

At the nucleon scale, the resonance region encompasses neutrino interactions with nucle-
ons, described by the reactions

Nuvy,— X ¢ and Nip— X (T, (4.13)

where X represents resonances such as A(1232) or Roper resonance N (1440), which sub-
sequently decay into N7 or N7w states. These processes are illustrated in the middle
diagram of Fig. 4.5. Calculating the elements of the axial vector matrix using lattice
QCD poses a significant challenge. For the A(1232) resonance, exploratory lattice studies
are conducted with quark masses heavier than their physical values, where A(1232) re-
mains stable [82-84]. With respect to the Roper resonance, the situation is different. The
method of generating a state similar to the Roper resonance on the lattice remains an un-
resolved scientific question [45, 85, 86]. Recent investigations propose that the resonance
is probably due to strong meson-baryon interactions, thereby highlighting the significance
of multi-hadronic operators [87]. Particular attention is paid to the N7m operators. Being
the first investigation that includes N77 states through a comprehensive analysis of the
generalized eigenvalue problem, this thesis seeks to offer results that are beneficial for
addressing this unresolved issue.

The final regime, namely deep inelastic scattering (depicted in the right diagram of
Fig. 4.5), is beyond the scope of this thesis. For further details on this regime, the reader
is directed to [60].

This section has outlined the relevance of the nucleon spectrum for understanding neutrino-
nucleus scattering processes. Ch. 8 presents a detailed nucleon spectral analysis, which
constitutes a central result of this thesis.
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5.1. Ensembles

Tab. 5.1 presents all the ensembles used in this thesis, each generated by the RBC-UKQCD
collaborations. These ensembles implement the Iwasaki gauge action (see Sec. 2.3) and
feature Ny = 2 + 1 Mébius domain-wall fermion (refer to Sec. 2.6) sea quarks. The upper
part of the table refers to the ensembles utilized in the nucleon spectroscopy chapter
(Ch. 8) related to the study [5]. The lower part enumerates the ensembles employed in
Ch. 7, which performs a sub-analysis of [4].

5.2. Statistics

Due to the probabilistic nature of Monte Carlo calculations, expectation values, repre-
sented as (), are calculated using specific probability distributions. As a result, in the
following section we will provide a brief review of probability theory based on [6, 88, 89].
Consider a vector X = (X1,...,X,)? of multivariate random variables from R", charac-
terized by the probability density function (PDF) px(z). The expectation of a function
f :R™ — R that is based on the random variables X is given by

($0) = [ da" f@hpx (o). (5.1)
The mean, or expectation, of X is represented by the vector
(X) = ((X1),.. .. (X)), (5.2)

with each component calculated as

(X)) = [ da"zipx (a). (5.3)

In addition to the first moment of the probability distribution px, the covariance matrix,
considered as the second central moment, is of significance and is defined as

Cov[X] = (X = (X)) (X — (X))") = (XXT) - (X} (x)", (5.4)

resulting in an n x n matrix. We call X; independent if the relationship px(z) =

px, (z)...px, (x) holds.
Consider n independent random variables X7,..., Xy, each characterized by the proba-

bility density function p(z), with an expectation value (X;) = p and a finite covariance
Cov[X;]. The mean of these random variables can be expressed as

zn:Xi, (5.5)
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Ens-Id | L3xT xLs | my/MeV | mg/MeV | a='/GeV | Neont | Ne | maL
4 243 x 48 x 24 | 274.8(2.5) | 530.1(3.1) | 1.7312(28) | 94 | 60 | 3.8
D 323 x 64 x 24 | 274.8(2.5) | 530.1(3.1) | 1.7312(28) | 60 | 60 | 5.1
9 323 x 64 x 12 | 278.9(4.9) | 531.2(4.9) | 2.3549(49) | 60 | 60 | 3.8
L 643 x 128 x 24 | 278.9(4.9) | 531.2(4.9) | 2.3549(49) | 20 | 60 | 7.6
1 323 x 64 x 24 | 208.1(1.1) | 514.0(1.8) | 1.7312(28) | 34 | 60 | 3.8
3 323 x 64 x 24 | 211.3(2.3) | 603.8(6.1) | 1.7312(28) | 34 | 60 | 3.8
C 643 x 128 x 24 | 139.32(30) | 499.44(88) | 1.7312(28) | 25 | 120 | 5.2

481 | 483 x 96 x 24 | 139.32(30) | 499.44(88) | 1.7312(28) | 27 | 60 | 3.9
641 | 643 x 128 x 12 | 138.98(43) | 507.5(1.5) | 2.3549(49) | 31 | 60 | 3.8
961 | 963 x 192 x 12 | 131.29(66) | 484.5(2.3) | 2.6920(67) | 18 | 200 | 4.7
C 643 x 128 x 24 | 139.32(30) | 499.44(88) | 1.7312(28) | 18 | 200 | 5.2

Table 5.1.: Summary of all the ensembles utilized in this thesis, where N, denotes the
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number of eigenmodes of the Laplace operator that are used. The upper half
of the tables presents the ensembles applied for Ch. 8, and the lower half
displays those for Ch. 7. Ensemble C is employed in both chapters, although
a different number of Laplace eigenmodes are applied. Each ensemble consists
of Ncons independent configurations. The lattice spacings a are determined by
the physical pion mass ensembles 481, 641, and 961. Ensembles 4, D, 1, 3, and
C align with 481, while ensembles L and 9 correspond to 641. Furthermore, for
ensembles differing solely in volume, the same pion and kaon masses are used.
The ensembles are originally generated for the g-2 effort of the RBC/UKQCD
collaborations [4].



5.3. Statistics Analysis

The central limit theorem states that as n increases, the distribution of X tends toward a

normal distribution with the mean (X) = y and the covariance Cov[X] = 1Cov[X;].
For a single random variable X with samples z1,...,xxy € R™ drawn from the probability

density function px(x), the sample mean is unbiased and can be calculated as

1 N
.i'N = N;xl, (5.6)

where unbiasedness implies limy_,o Zy = (X). The unbiased estimation of variance is
defined as

. 1 XN

Var| X| = —— x; —In)2 5.7
In this thesis, our primary focus is on functions of the mean, represented as f((z)), which
we typically approximate by

f(x)) = f(@N). (5-8)

There are various techniques to estimate variance, including bootstrap [90] and jackknife
resampling [91]. In this work, we use the jackknife method, which constructs mean esti-
mates by excluding one element at a time. The configuration with one element omitted is
defined as

N
- 1 Z . 1
i=1,i%j

The jackknife estimate of the variance for f is given by

Var'[f, X] = ~—— 3 (f(&;) — £(2))*. (5.10)

N-1x
N <

J=1

5.3. Statistics Analysis

The following statistical analyses are performed using QStatPy [92]. The Python library
takes its inspiration from JKS [93]. The idea is to create a lightweight database system
structured as nested dictionaries, consisting of three hierarchical layers:

1. The overall tag, which describes the ensemble along with a description of the original
quantity, such as the nucleon two-point function for ensemble 4.

2. The sample tag refers to the jackknife samples of relevant secondary quantities, like
the effective mass, or the jackknife samples themselves. At this level, one sample
tag often also identifies the raw data, usually denoted as CONFIG.

3. The configuration tag, which specifies the sample configuration. For jackknife sam-
ples, there is an extra tag called mean, representing the ensemble average. Moreover,
the configuration tag points to the jackknife sample excluding the data from this
specific configuration.
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The typical utilization scenario is demonstrated through an example. Assume that our
aim is to investigate the nucleon two-point function within ensemble 1. The configuration
identifiers used for ensemble 1 include 1-400, 1-410, up to 1-730, representing the configu-
ration labels. We begin by uploading the raw correlation data, formatted as np.array, into
the database, adopting the general label ens1/N2N, which stands for nucleon to nucleon
for ensemble 1. For the raw data sample tag, CONFIG is commonly used. Subsequently, we
generate jackknife samples, which are organized under the tags ens1/N2N and jk-mean,
along with the specific configuration tags. In this context, 1-400 denotes the jackknife
mean that excludes this particular configuration. Additionally, for the jackknife samples,
we create an entry labeled mean for storing the complete mean. These jackknife samples
are then used for every derived quantity, such as the effective mass curve, where the mean
and variance are calculated using Eq. 5.8 and Eq. 5.10, respectively.

In scenarios where various correlation functions are significant, such as in the case of the
GEVP, we are able to merge the distinct jackknife samples into a single unified jackknife
sample. When both global tags share the same configuration, this process is quite straight-
forward. However, if they possess different configurations, the jackknife samples for the
missing configuration are assigned the mean value.

5.4. Markov Chain and Autocorrelation

The gauge configurations used to evaluate the correlation functions are part of a Markov
chain. Typically, a Markov chain is defined by a random variable X that undergoes
stochastic evolution in discrete increments. The variable value at step 7, known as Markov
time, is determined solely by the preceding step 7—1. In lattice QCD, we focus exclusively
on irreducible and aperiodic Markov chains, which have the characteristic of converging to
a stationary distribution after a sufficiently long Markov time 7. However, since the chain
element at Markov time 7 depends on the prior step, some autocorrelation between the two
elements is expected. Only for greater Markov time separations does the autocorrelation
become negligible. The algorithm significantly influences the level of anticipated autocor-
relation in use. Moreover, for the initial element of the Markov chain, known as the seed,
we often select elements that are rare events in the stationary distribution. Therefore,
we must first allow the Markov chain to equilibrate to the stationary distribution and
then utilize the samples from the equilibrated chain for our computations. In addition
to equilibration, we also want our samples to be independent of each other. Here, we
typically use only every n-th element of the chain for our calculation to avoid significant
autocorrelation. To quantify the autocorrelation, we define the autocorrelation function
between Markov time 79 and 71

Cx(11,70) = (Xr; = (X)) (Xry = (X))) - (5.11)

For the chain in equilibrium, the autocorrelation function is invariant under Markov time
shifts and, therefore, only depends on the Markov time separation 7 = 1 — 79, yielding

Cx (1) = Cx(m1,70). (5.12)
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Without time separation, the autocorrelation function is the variance Cx (0) = 0% of X.
Typically, one normalizes the autocorrelation function according to this variance to obtain

_ Cx()

In equilibrated, irreducible, and aperiodic Markov chains, the autocorrelation function
diminishes exponentially, which can be represented as

(5.13)

-

px (T) ~ exp (— ) ; (5.14)
TX,exp

where Ty cxp denotes the exponential autocorrelation time. Due to noise influencing the

autocorrelation function, it is often better to estimate the exponential Markov time using

the integrated Markov time 7x jn¢, defined by

C
1 T
TX,iIlt = 5 + E PX(T) ~ /dT@ TXexp = TX’exp, (515)
T=1

where a cutoff C' is introduced to ensure that p(7) values beyond C' are not used due to
unreliability.

Throughout this thesis, we always use gauge configurations of an equilibrated Markov
chain, which are separated large enough that we can treat the configurations as uncorre-
lated. For a more detailed discussion of Markov chains, we refer to [6, 88], which is also
the basis for this short introduction.

5.5. Fitting

In the analysis done throughout this thesis, we use different fitting procedures. Hence,
the following section introduces the general fitting procedure in the context of Bayesian
inference. In general, the idea of fitting is to describe some given data D by a model M.
The model M depends on a set of parameters 6 that are optimized to give the best fit. In
Bayesian inference terminology, this involves maximizing the posterior probability, which
is calculated using Bayes’ theorem:

P(D|M)P(M)
P(D)

and represents the probability of the model M given the data D. The calculation of
the posterior requires the prior probability P(M), the likelihood P(D|M), and the data
probability P(D), the latter being model independent and not affecting the optimization of
P(M|D). In the absence of prior knowledge regarding the probabilities of various models,
the prior probability is generally assumed to be constant. This simplifies the optimization
of the posterior probability P(M|D) to that of the likelihood P(D|M).

Assume that the data set consists of the input variables z; € R™ and the corresponding
output variables y; € R. Our model M utilizes the input variables x; along with the model
parameters 8 to predict the output variables. According to the central limit theorem, the
deviation €; between the model predictions and actual data,

P(M|D) = (5.16)

& =Y — M(l’l, 0), (517)
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can be approximated as a multivariate normal distribution with a mean of zero and a
finite covariance matrix 3. The probability distribution of the data given the model M is
expressed as

P(D|M) ~ —1€TE_15> : (5.18)

1
det[z](2m)" eXp( 2

Optimizing P(D|M) is equivalent to minimizing the expression

2(0) =3 (v — M(2::0)) [57]

ij

(yj — M(z;;0)). (5.19)

ij

Minimization is achieved through standard optimization algorithms, among these, the
Levenberg-Marquardt algorithm has been identified as particularly advantageous [94, 95].
Therefore, throughout this thesis, Levenberg-Marquardt has been employed for all fitting
procedures. The optimized x? values are characterized by a distinct distribution known
as the chi-square distribution, which is represented by the probability density function
(PDF)
_ 1 k)21 —z/2

p(x, k) @F(kzﬁ)x e , (5.20)
where k signifies the degrees of freedom. In the context of our analysis, k is determined by
subtracting the number of parameters to optimize, indicated as K, from the total number
of data points N. Consequently, k can be expressed as k = N — K. The mean value of the
chi-square distribution is k, and therefore we expect that the y? values have a high chance
of being close to k. This property serves to introduce a single measure that characterizes
the quality of fit: the reduced chi-square

2
X
Xoed = T (5.21)

A value of X?ed close to 1 suggests a good fit, as this is the most probable scenario.
Nevertheless, the limitation of the reduced chi-square is that it omits the shape of the
distribution, which significantly depends on the number of degrees of freedom. Thus, a
better metric for fit quality is the p-value

P= /X:o dap(z, k), (5.22)

which quantifies the probability of observing a larger x? value. To achieve a satisfactory
fit, the p-values must exceed a predetermined threshold Fy. In our study, we opt for a
threshold value of Py = 0.05.

A typical use case of fitting throughout this thesis is the fitting of effective mass curves
m(t) in a fit range window 79 < ¢ < 71. To properly minimize Eq. 5.19, we need a reliable
estimate of the covariance matrix X = ((m(t) — (m(¢)))(m(t') — (m(t')))) for t,¢' within
the time window. Unfortunately, due to limited statistical data, the covariance matrix is
often poorly determined, which can destabilize the fit. Consequently, it is common to treat
individual time slices as uncorrelated, thus considering the covariance matrix as diagonal,
that is, ¥;; = Ui(t)2(5,-j. This fitting approach, termed an uncorrelated fit, is applied in
various situations throughout this thesis. Removing the correlation between various time
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5.6. All Mode Averaging

slices undermines the statistical interpretation of the optimized x?, thus rendering the p-
value an unreliable indicator of the quality of the fit. In these cases, we instead rely on the
reduced chi-square value as an alternative measure of fit quality, aiming for this value to be
minimized as much as possible. In this context, assuming that the individual data points
are uncorrelated, x? denotes the average squared difference between the model predictions
and the data points, weighted by the uncertainty associated with the data points.
To test the predictive power of our fits, we introduce another measure called the extrapo-
lation check defined as the tension of the data point (79 —a, m(79—a)) and the prediction
of the fit M (m9 — a), that is,

S z[m(m a) — M(7y a,.B)] ’ (5.23)

[m(ro —a) — M (19 — a; 0)]

where o[X] and E[X] denote the standard deviation and expectation value of X. In this
thesis, we select one of the fitting ranges that meets the extrapolation check with tensions
of |o7,—a| < 2. There exist certain exceptions in Sec. 8.2, where no fitting range that
satisfies this tension is obtained. Thus, the range with the least tension is selected.

5.6. All Mode Averaging

In lattice QCD, acquiring accurate results necessitates sufficient statistical data, which
can be achieved by increasing the number of elements in the Markov chain. However,
when calculating correlation functions, we do not always take advantage of all available
information from gauge configurations. As discussed in Sec. 2.8, we usually solve the
quark propagator only for a subset of space-time combinations, often focusing on particular
points or chosen sources. The invariance of space-time ensures that this selected subset
still yields accurate results, albeit with a reduction in the stochastic data utilized, thereby
increasing the statistical error. Determining the inverse of the Dirac matrix is a resource-
intensive task, especially concerning domain-wall fermions. However, by calculating a
matrix that closely approximates the true quark propagator, we can significantly reduce
computational expenses. These approximations are called "sloppy" solves. It is important
to note that technically we do not compute the exact inverse, as algorithms allow only an
approximate solution with a certain residual. Nevertheless, for sloppy solves, our approach
involves relaxing the stopping criterion of the inversion process even further. In addition,
we reduce machine precision to single floating point calculations in our framework to
further minimize computational costs.
The concept of all-mode averaging (AMA), as initially proposed in various formats in [96—
98], revolves around the extension of statistical samples using inexpensive and imprecise
solutions. In this thesis, the approach involves determining the sloppy solution for a
collection of sources A. The exact solutions are calculated only for a smaller subset Ay C A.
If one relied solely on the sloppy solutions, a bias could be introduced. This bias can be
quantified by assessing the difference between the exact and approximate solutions within
the subset Ay, expressed as

<B>Ao = (X — S>A07 (5.24)

where S denotes the sloppy, and X the exact solution for the corresponding quantity.
When Aj is chosen as a representative subset of A, it can be determined that the expec-
tation value (B) remains consistent between different sets. In other words, (B)j, = (B)a.
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Figure 5.1.: Left: Comparison of statistical uncertainties in the nucleon two-point corre-
lation function for ensemble 4 when using all-mode averaging (AMA) versus
relying solely on exact solutions, demonstrating the improvement in precision
achieved with AMA. Right: Ratio of the bias to the exact solution, quantify-
ing the systematic effect introduced by the approximation. Both results are
obtained using the distillation method.

This outcome is employed to calculate the unbiased overall expectation value, expressed
as

(F)a = (B)a, + (9)a- (5.25)

When the variance of B is significantly smaller than that of .S, and the covariance between
B and S is minimal, which are conditions commonly observed in practice, the variance of
the total F' is primarily determined by the variance of S for the entire set A, given by

Var[F]j =~ Var[S])y < Var[X],. (5.26)

Fig. 5.1 illustrates the impact of the AMA enhancement on the two-point nucleon cor-
relation function. The plot on the left shows a noticeable reduction in statistical noise
when implementing the AMA improvement compared to relying solely on the exact solu-
tion. Meanwhile, the right-hand graph displays the relative bias compared to the exact
solution. It is evident that this bias is insignificant, being six orders of magnitude smaller
than the exact signal. Consequently, both the variance of the bias and its covariance with
the imprecise correlation function are effectively negligible.

5.7. Distillation

In Sec. 2.8, we touched on various smearing techniques, including the distillation method,
although we did not elaborate on it there. This section aims to provide a concise in-
troduction to the distillation method. Originally presented in [99], the method uses the
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eigenvectors of the gauge-covariant Laplace operator. These eigenvectors serve as smeared
sources, facilitating an effective overlap with the low-mode states characteristic of the
theory.

In this thesis, we employ the Laplace operator defined by the equation

1 ~
L(x,y) = —dxy + 6a2 Z (Ui(x)éx,yfai + U;f(x - C”)‘Sx,erai) ) (5.27)
We find the eigenvectors by solving the eigenvalue problem expressed as
> Lx,y)V ' (y) = V'(x)X", (5.28)
y

ensuring that the eigenvalues are in ascending order, where A > A" for m > n. The corre-
sponding eigenvectors are V™. To enhance the long-range properties, Gaussian smearing
is applied to the Laplace operator’s link variables U;. The parameters of the smearing
process are p = 0.1 and N = 30. We utilize a four-dimensional smearing approach. How-
ever, to preserve temporal locality, we neutralize all time slices except within a small range
around t—a, t,t+a. Only the central slice ¢ is preserved after smearing, and this procedure
is repeated for each time slice of the setup (see [100] for additional details).

The eigenvectors from Eq. 5.28 serve as the sources to solve the Dirac equation relating
to the quark propagator G. This equation is formulated as follows:

YD W Dula, )Gty tayy) = VI (x), (5.29)
Yy op

where the spin and color indices are not explicitly shown. Quark propagators that use V"
as their source components are commonly referred to as half-perambulators.
Employing the eigenvectors as sinks results in the formation of perambulators, which
are defined as

G (ty,ta) = YD VI (ty, y) Gty ta, y), (5.30)
Yy c

For simplicity, we omit the explicit spin indices. It is essential to note that the perambu-
lator does not include a color index, as such indices are integrated by contracting with the
Laplace eigenmodes. Perambulators can be understood as propagators within the eigen-
mode basis of the Laplace operator. For the usual number of modes employed, we truncate
contributions from high-mode states. The impact of this truncation is observable in the
negative parity sector described in Sec. 8.2. However, the primary benefit of using peram-
bulators is that, while their computation is costly, they offer significant storage efficiency.
This becomes evident when comparing a perambulator that utilizes 60 eigenmodes for the
ensemble 4 to an all-to-all propagator on a 243 x 48 lattice, where the latter demands
roughly 0.5 x 10 times more storage.

The distillation method can also be interpreted as a procedure for smearing quark fields.
This is done by defining the distillation operator as follows:

Ny
Ofe.y. e = Y VE@.t) [VEw.0)]' (5.31)
k=1
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which results in the smearing of a point-like quark field through the expression:

wac ZD T, Y, )ee Yo, (Y)- (5.32)

The quark propagator of the smeared quarks is related to the perambulator by the basis
transformation

G le) = (V8 (y, 805 o (@, 1) ) = Zvn Yo ty) G by t) [V (@,1,)] T (5.33)

cc’

Substituting this smeared quark propagator into the pion correlation function from Eq. 2.106
results in

Con(tp) = = (tr [g™™ (£,0)P™" (0, =p) 56" ™ (0, )75 P"™ (£, p) | ) (5.34)
with the momentum insertion P(t, p) specified as

P (¢, p) ZZ [V (x, )] =PV (x, t). (5.35)

One can show that correlation functions that involve only mesons can be developed ex-
clusively through the use of perambulators and momentum insertions. This approach
highlights the significant benefit associated with the distillation method. After we have
calculated the perambulators for the necessary quarks, all that remains is to combine the
various distillation components, specifically the perambulator and momentum insertion
relevant to mesons.

Baryons add an extra layer of complexity to the situation. Let us first review the nucleon
correlation function mentioned in Eq. 2.110. This correlation function has been identified
as the sum of two distinct terms:

Tvcys,cvsp,c (P, Ze ip(y-=) [tfs[QNN(fU\y)]G(ﬂy)} : (5.36)

LG, 05,6 (P f—ze P, [QVY (2ly)Galy)] (5.37)

which collectively form the nucleon correlation function as:

CnN(t,p) = (tr [P+ (Tucns,cvsD,6(Py t) + Lucss,crsp.c (P, 1)]) - (5.38)

The terms represent different types of contractions that occur in general baryon correlation
functions. We define contractions similar to those in Eq. 5.36 as trace-full contractions,
whereas those similar to Eq. 5.37 are termed as trace-less contractions. By employing
perambulators, both terms can be reformulated to

’ ’ / s’ ’ T
T(p,t)aar = £ (6, P) U (1,0)(C15)2 (Cs) s DI (1, 0)G 16 (£,0) [€77 ™ (0.p)]  (5:39)

’ ’ / ro ! ! T
L(p, aar = £ (LRI UL (£,0)(Crs)15 (Cs) 3 DY (1 0)GE5 (1,0) [€7 ™ (0.p)| . (5.40)
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Figure 5.2.: The profile W(r) is expressed as Y, ; v/tre [O(zx,  + 7, ¢)0(x + r, x, )] for all
the ensembles utilized in [5]. In particular, the data points for ens D, ens 1,
and ens 3 coincide, demonstrating that the pion mass does not influence the
smearing effect observed in the distillation method.

where there is an implicit summation over repeated indices and the indices of T and LL are
dropped for visual reasons. We further introduce the modified elementals by

Ermt, p) = Z capeVi(x, )V (x, t) V™ (2, t)e P, (5.41)
xr

which resembles the structure utilized in previous works like [47] and [101]. However, in our
approach, we exclude any inclusion of the spin structures. To reduce the computational
cost associated with the calculation and storage of these elements, we can exploit the
permutation properties of the Levi-Civita tensor. It is sufficient to compute all ordered
tuples (¢,n,m) where ¢ < n < m. The remaining permutations o(¢,n,m) can then be
derived using

gotbnm) — sign[o (¢, n, m)|EM™. (5.42)
This reduces the computational cost by a factor of
N (N.—1)(N.—-2) 1 1 1
N,) = = — —. A4
R(NC) 6N3 6 2N, + 3N? (543)

In addition, the distillation operator mentioned in Eq. 5.31 allows us to introduce a mea-
sure of the effective smearing width in this distillation process called the profile. This
profile is defined by the following equation:

U(r) = Z\/trc [z, +7r,)0(x + 7, x,t)]. (5.44)

Fig. 5.2 shows the complete set of profiles for the ensembles utilized in Ch. 8. It is evident
from the figure that ensembles 4 and 9 exhibit the sharpest profiles, suggesting that these
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04/05 | p nrt pr® prta— prO7°
p 2 4 6 12 26
nmt 4 12 16 36 84
pr® 6 16 26 60 138
prtn~ |12 36 60 144 372
pr¥7® |26 84 138 372 882

Table 5.2.: Number of non-vanishing diagrams for each correlation function C45(t, p,q) =

(0a(t,P)OL(0,q)).

ensembles’ distillation smearing has the greatest overlap with the theory’s high-mode
states.

5.8. Automatic Wick Contraction

This section will explore general correlation functions involving a single nucleon and any
number of pions at both the source and the sink. The objective is to automate the con-
traction of these correlation functions utilizing Wick’s theorem (refer to Sec. 2.7), and
subsequently translate these contracted correlation functions into a combination of pre-
computed distillation elements, such as perambulators, momentum insertions, and modi-
fied elementals. A Python code for implementing this automatic contraction is available
in [102].

This automated Wick contraction is especially relevant for Ch. 8, where we consider spec-
troscopy of the nucleon, nucleon-pion, and nucleon-pion-pion states. Here, due to the
sheer amount of contraction, summarized in Tab. 5.2, the need for automatic contractions
of the correlation functions arises.

To make the explanation of the algorithm behind the automatic contraction more com-
prehensible, we first make the following assumptions without loss of generality:

1. The nucleon operators at the sink consistently take the form
Op(x)e = Eabcpg(_xua,a(x)u@b(x)dMC(x)Fgw (5.45a)

On(x)e = Eabch;da,a(:L‘)dgyb(a:)umc(:v)f‘gw, (5.45D)

whether dealing with a proton p or a neutron n at the sink. It is crucial that the
coordinates x, the spin indices («, 3,7), and the color indices (a, b, ¢) are specifically
associated with the nucleon in the sink. We further abbreviate these sets of position,
spin and color indices as

A= (z,a,a), B=(z,6,b), C=(z,7,c). (5.46)

2. Like the nucleon at the sink, we consistently use nucleon operators for the source:

O;)(y)p = 5a’b’c/d'y/,c’(y)aﬁ’,b’(y)aa’,a’(y)rg’w’ (7tp+)o¢/p (5.47&)
O'ITL (y)p = 5a’b’c"a'y’,c’(y)cz 1y (y)Ja’,a/ (y)Fg’fy’(FYtP-i_)a’p: (5'47b)

56



5.8. Automatic Wick Contraction

and we also use the shorthand notation:
A/ - (% 0/7 a/)a B/ = (y7 5/7 bl)a C/ = (ya 7/7 C,>. (548)

3. For the representation of pions, we utilize the operators

O+ (2) = dsr,a (2)T55us,d(2) 0 as (5.49a)
Oﬂ—(w) e’,e’(w)r de e( )66’5, (549b)
O (q) = e p (TG cuc £(q)d s, (5.49c¢)
OWS(S) Uy g (@t g (8)0 g1, (5.49d)

where we use the letter abbreviations

D =(z,6,d), FE=(w,ee), F=(q,(f), G=I(sn,9) (5.50)

together with their respective primed versions. Note that these letters are not specif-
ically assigned to individual pions. Instead, we first determine the alphabet for the
pions at the sink and proceed to those at the source. The operator of the neutral
pion is given by

1
Oro(2) = 7 (Or,(2) = Ony(2)) - (5.51)
We further will use the fact that
O, =-0r and 0/, =-0 . (5.52)
u/d u/d

Under the given assumptions regarding the structure of the various operators, we will
examine the algorithm for automatic Wick contraction systematically, using the following
correlation function as an example:

Cn7r+,n7r+(t7p’ Z e P (@=2) e’ (y_w)<on(x)§(97r+(z)07r_(w)ojl(y)p% (553)

x,Y,z,Ww

where the nucleon-pion configuration exhibits back-to-back momenta at both the source
and the sink.

1. Insert the definitions of the operator
Inserting the interpolating operators yields for the correlation function

Z efip‘(mfZ)e’iQ'( )5ab65a’b’ /FBWPB/ ,P (’)/3]3 )a’prg’grz;(sd’d(see’
w?y7z7w
X <dAdB’U,CJD/uDﬂE/dEﬁC/JB/CZA/> s (5.54)
with the above introduced short-hand notation ug = uq,q(x), where  belongs to A, B
and C.
2. Ordering of the fermion fields

The next step is to bring all fermion fields in the expectation value to a predefined order
by applying the anticommutation relations defined in Eq. 2.64, for which we get

— <dAdBuCCZD/uD’fLE/dEﬂC/JB/JA/> = <dACZD/dBCZB/dECiA/>d (uCﬂE/uDﬂC/>u, (5.55)

o7



5. Technical Details and Framework

where we split the fermion expectation value into the different flavors.
3. Applying Wick’s theorem
Applying Wick’s theorem (see Eq. 2.75) onto the fermion expectation values yields

— <dAdBquD/uD'UJE/dEﬂC/CZB/CZA/> =
— Dap Dpp DpaUcpUpcr + Dap D DeaUcc'Upgr
+ Dap' DpaDppUcpUpcr — Dap DpaDEpUcc'Uppg:
+ Dap'Dpp DpaUceUpcr — Dap Dpp DeaUccUpgr (5.56)
— Dap'Dpa DEpUcp'Upcr + Dap Dpa DeppUcc'Upp
— DaaDppDppUcpUpcr + DaaDpp DEpUcc'Upp
+ DaaDpp DeppUcpUpcr — DaaDpp DepUcc'Upgr,

where we extend the short-hand notation to propagators such that

Gap = Gop(zly), (5.57)
ab’
where G can be U for up and D for down quarks, respectively.
4. Finding all sequential propagators
The following stage involves organizing all propagators that are not connecting x and y,
into sequences that form connections between the source and sink nucleons. This particular
sequence is termed a sequential propagator, and it can be expressed as

Saor(@ly) = Y. G (@lan)e ™ PTG (wi]wz) . e PTG (2aly), (5.58)
aa’ X1, Tn  aby b1bs bna’
where the specific positions x1,...,x, correspond to the locations of the pions with re-
spective momenta pq,...,p, and Gamma structure I'". In this framework, the pions are

fixed at a particular time ¢,, but for the purpose of momentum projection, we perform a
summation over the entire 3-dimensional lattice.
At times, propagators connecting the distinct pions create a loop that does not attach
to the source or sink nucleons. Assuming S is the sequential propagator symbolizing the
loop, the complete contraction of this loop can be achieved by employing a trace, resulting
in

L= ePorrertr [S(my o) (5.59)

Tn+1

which resembles a purely mesonic correlation function.
In our example, we obtain in total four different sequential propagators, which are

. +
Séy(ﬂfly;p) = Z e Dag (w12)00al 515 Usy (21). (5.60a)
ac’ dc’
(z|y; q) Z e i YU, e (z|w)der I e Do (wly), (5.60Db)
ca’ ce ea’
aa S0 (zly; P, q) Zewz i wDa&’( |z)5d/dF5/5U5€ (2[w)derelge Deat (wly),  (5.60c)
ea

L (@ly; p,q) Ze i ”’ZU ($|w)5e/eF§/2D65’(w| )5d’dr5'5Ué'y( zly),  (5.60d)

cc dc’
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Figure 5.3.: Diagram topologies for the example correlation function n7™ — nzx*. The
sequential propagator and mesonic loops are highlighted by colors.

and one mesonic loop of the form of a pion two-point function reading

L(p,q) = Z e 1AW Z gy [U(z\w)F”iD(w|z)F”+] . (5.61)

By incorporating these sequential propagators and loops into the expression for the cor-
relation function, we derive

Z efip-zeiq-ygabcga,b/c/rg,yrg,v/ Pg; (73P+)O/p
a:7y
1 2 3 1 2
X (_SAC’DBB’SCA’ -+ SAA’DBB’UCC’ + SAC’DBA’SCB’
— S35 DpaUccr + Dap SperSéar — Dap SpaUccr (5.62)
- DAB’DBA’Sé’C’ + Dap'DparUccr L — DAA’SEC“S%B’
—I—DAA/S%B/UCC/ + DAA/DBB’Sé'C’ - DAA/DBB’UCC’L) .
Fig. 5.3 illustrates all the topologies of the diagrams to which these contractions are
associated, with the sequential propagator and mesonic loops marked by color.
5. Classify the contractions

Currently, all correlation functions integrate three sequential propagators linking x to y,
along with an arbitrary number of meson loops. Consider a single diagram of this form:

Ci(t, p, q)gp =0 Z 672’p'weiq'y6abc€a/b/c/I%’,Yrg/,y/ Pg(; (’ytPJr)a/p (5.63)
w?y
x (A4,i,BBiyCoic [[ Li)u. (5.64)
%
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Index pairs Diagram contribution X

(AA"), (BB"),(CC") | +tr {tr,[QBT®, TTC]JA} | +T[BT®,T7C, A]
(AA"),(BC"),(CB") | —tr{trs[Q[B,ITTCI'*]]JA} | —T[B,TTCI?, A]
(AB'),(BA"), (CC") | —tr.{Q[AT®, TTC]|B} ~L[ATS, TTC, B]
(AB"), (BC"),(CA") | +tr{Q[AL'*,B|IITTC} +L[AT®, B, T7C|
(AC),(BB'),(CA") | —tr.{Q[A,BI*|I"C} ~L[A,BIS, 17C]
(AC"),(BA'),(CB') | +tr{Q[A,T"CT*]B} +L[A,TTCT?, B]

Table 5.3.: List for classification of different diagram contributions depending on the index
pairs of the corresponding propagators. The rightmost column shows the dia-
gram contribution in terms of trace-full and trace-less contractions defined in
Eq. 5.36 and Eq. 5.37. The diquark structure Q[A, B] is defined in Eq. 2.112.

where A signifies the propagator associated with the first index A, and so on. The second
indices remain variable, with i4,ip,ic € {A’, B',C"}. The sign of the diagram is denoted
by o. The notation (.) implies averaging over the gauge fields, as each product of prop-
agators continues to rely on the gauge field U. The product [[; L; indicates all mesonic
loops.

Contracting the remaining color and spin indices results in structures similar to those of
the nucleon two-point function in Eq. 2.110. Depending on the pair of indexes of the
propagators, we obtain trace-full or trace-less contractions as defined in Eq. 5.36 and
Eq. 5.37, respectively. In general, we obtain

Ci(t,p,q p—aZe Zp"”‘eiq'yPJr ao/HL (P )arps (5.65)

where X has one of the forms shown in Tab. 5.3.
For the example used throughout this section, we obtain the final form of the correlation
function

an+,n71'+ (tvp7 q)fp = Z e—ip-meiqug;(,YtP-k)a/p

Yy
<( (St, DTS, 17$%) + T[DrS, 17U, §3] + L[S!, 17 ST, D]
L[S0, 17U, D] + LD, 81, 178%) + L[DT?, 17U, §3) (5.66)
L[DT?, 1754 U] — L[DrS, 17U, D|L + T[S°, 1T ST, D]
+T[ $°18 17U, D] + T[S, 175%, D] — T[DFS,FTU,D]L)M,>U.

6. Translate into distillation objects
The last step is to translate the contractions into products of distillation object, that is,
elementals, peramulators, and momentum insertions.
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Diagram Distillation Toolbox

Tt ot
E Momentum Insertion

@ Perambulator

g Elementals

Figure 5.4.: Sketch of the distillation method being a toolbox for the calculation of corre-
lation functions. The fundamental building blocks are elementals, momentum
insertions and perambulator. The sketch shows diagram X as example of the
channel n7t — nrt.

n n

O O

In Sec. 5.7, the translation of trace-full and trace-less contractions into the distillation
framework has already been addressed (see Eq. 5.39 and Eq. 5.40). The last aspect to
consider is the method for translating sequential propagators into a sequential perambula-
tor. The general sequential propagator from Eq. 5.58 can be transformed using momentum
insertions and perambulators into the sequential perambulator

St terty) = (G90) 7 (et P (1)
mimo mpn'
X (g(fz))ﬁl& (t1,12) ... (g(f")>5naf (tnsty), (5.67)

where the times t; correspond to the space-time points x;. The mesonic loop of Eq. 5.59
can be then transformed to

L=t [SE )P (5.68)

The translations provided in this section hold true only when the distillation quark smear-
ing is applied to all quarks within the correlation function. When this condition is met,
employing the distillation framework with precomputed distillation objects becomes ex-
tremely effective. A key advantage is the ability to compute general N+3 ;™ — N+3_, m;
correlation functions without performing any additional quark inversion. Typically, each
correlation function of this type is reduced to tensor contractions involving distillation
objects. The dimensions of these objects are as follows:

e N, x N, x 4 x 4 for perambulators
e N. x N, for momentum insertions
e N.x N, x N, for modified elementals

based on the specified time positions of the operators. The relevant tensor projections
for this thesis were all possible on single nodes with at most 32 GB of RAM used. In a
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metaphorical sense, the distillation objects resemble bricks that can be used to build the
correlation function from them, which is illustrated in Fig. 5.4.

Nevertheless, this line of reasoning overlooks the necessity of computing the distillation
objects, which requires numerous quark inversions to obtain perambulators. Therefore, the
decision whether employing the distillation framework is beneficial ultimately involves a
trade-off analysis. For projects involving the calculation of numerous correlation functions
of a similar nature, such as multi-hadronic correlation functions, as discussed in this thesis,
distillation proves to be a promising approach.

In the end, the contractions derived using the automatic Wick contraction tools are tested
against the Wick contraction code of GPT [103] for a significant subset of correlation
functions. Unlike the automatic Wick contraction code discussed here, the GPT code
does not offer the general functional form of the contractions but rather computes the
individual contractions for specified propagators, matrix configurations, and positions.

5.9. Generalized Eigenvalue Problem (GEVP)

This thesis frequently employs the generalized eigenvalue problem (GEVP). Consequently,
the following section provides a brief overview of GEVP within the context of lattice QCD.
The usage of GEVP in Lattice QCD was initially introduced by the ALPHA Collaboration
in 2009 [104]. The main idea is to use a set of operators O; for i = 1,..., N to form the
matrix of correlation functions with entries

Cij(t.to) = (O(t)Ol(to) ), with i, j=1,...,N. (5.69)

In Ch. 7, the operators examined are pion-pion interpolating operators with different
configurations of back-to-back momentum, together with a momentum zero rho operator.
In the chapter dedicated to nucleon spectroscopy, namely Ch. 8, we use two separate
groups of operators:

o for the positive parity sector, a nucleon operator, a nucleon-pion operator with back-
to-back momentum, and nucleon-pion-pion operators are employed

« for the negative parity sector, we utilize a nucleon operator alongside two nucleon-
pion operators: one with stationary particles and the other with back-to-back mo-
mentum.

The operator representation for the individual correlation function is expressed as a sum-
mation of functions decaying exponentially, which takes the form

Cii(t) = 3 (0|0i|n) (n] OF|0)e~Ent (5.70)

n

where E,, are the ascending energy levels of all states sharing identical quantum numbers.
The matrix element (0|O;|n) represents the overlap between the interpolating operator
and the finite-volume state |n).

Solving the generalized eigenvalue problem

C(t)vn(tatO) = )\n(tatO)C(tO)Vn(ta tO)a (571)
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for fixed ¢ and ty yields the first N eigenenergies of the system using the eigenvalues
An(t,to). Under the assumption that the system contains only N states, the eigenvalues
have the form [104, 105]

An(t, tg) = e Enlt=to), (5.72)
The eigenenergies are derived from the eigenvalues as expressed in
)\n (t + a, to))
E t)=—1 ———— | =ak,. 5.73
Bu(t) = —log (500} — o, (573)

Typically, more than N states are involved in the correlation functions. The contribution
from excited states can be approximated by

aEBegn(t) = aB, + anef(ENH—En)t’ (5.74)

assuming ¢y > t/2 and disregarding higher-order excited states [104]. In the analyzes, we
typically choose a constant difference dt = t — g = a, therefore, for ¢ > 2a the assumed
condition is fulfilled.

For sufficiently large t, the effective masses associated with the various GEVP modes
converge to constant values. Similarly, the entries of the eigenvectors Vj,,,,(t, tg) also reach
constant values in this regime, thus allowing us to introduce a new optimized operator set
via the basis transformation

On = Vam(t,to)Om, fort > a. (5.75)

These operators O,, exhibit negligible overlap with eigenstates m # n, allowing the con-
struction of correlation functions with reduced excited state contamination.

5.9.1. Normalization of eigenvectors

The matrix of eigenvectors V has two different directions to normalize. First, the eigenvec-
tors a,, V), also act as the eigenvectors of the GEVP. The second ambiguity comes from the
fact that the rescaled operators OF = 5;O; encompass the same physical representation
as O;, for any nonzero ;. This invariance yields the rescaled optimized operator

or = Z Vi O = Zﬁivmoz’ = Z Vi Oi, (5.76)

indicating that O,, can also be rescaled by adjusting V. When both types of rescaling for
V' are combined, we obtain

Vij = aiVijB;, (5.77)

where there is no implied summation over repeated indices.
The idea of our normalization scheme is to find a; and 3; such that

Z |‘7ij|2 =1 and Z |‘7ij|2 =1. (578)
i J

To establish this, we can typically identify such matrices by initially defining the auxiliary
matrix W whose elements are given by

Wij = Vi[>, (5.79)
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Figure 5.5.: Test for semi-definiteness of the GEVP in Sec. 8.1 for ensemble 4.

According to Sinkhorn’s theorem [106], which states that for any square matrix W with
strictly positive entries, there exist diagonal matrices D and F such that

W =DWE (5.80)
is doubly stochastic, meaning that
> Wij=1 and > Wj;=1 (5.81)
i J
Here, we consider D and E in the form
D = diag(a?,o?,...,a%) and E = diag(s3,53,...,8%). (5.82)
The left-hand equation in Eq. 5.81 can then be reformulated as
1= Wi => DuWiEy=> ;Wi (5.83)
i ikl i
= af|Vi P82 = > Vi, (5.84)
i i

thereby satisfying the first condition of Eq. 5.78. The second condition can be demon-
strated in an analogous manner.

A simple algorithm we use to compute V is to alternatively normalize all rows and all
columns of V', which is also called the Sinkhorn-Knopp algorithm [107].

5.9.2. Test Suite for GEVP

To assess the validity of the correlation function matrix employed in the GEVP, we utilized
a particular test. The basic idea is to consider a general 2 X 2 matrix

0= (G &) 629
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5.9. Generalized Eigenvalue Problem (GEVP)

Given that the matrix must be Hermitian for all values of ¢, it is clear that Cyo(t) and
C11(t) are positive, and Cp1(t)* = Cio(t), which are themselves useful tests. The minimal
eigenvalue of C(t) is expressed as

1
A0 = 5 (Coo(®) + Cur 1) = y/(Coo®) — Cur(0)? +4C0(0)Cin (1)) (5.36)
and by ensuring semi-definiteness, i.e., A\(t) > 0, we derive the condition

 Con(t)Cuolt)
~ Coo(t)Cri(t) =t (5:87)

In addition, as t becomes large, when the correlation functions are mainly influenced by
the ground state, the ratio R approaches 1.

For general N x N correlation matrices, this test can be repeated for every pair of indices
(i,7) with ¢,57 =1,..., N and i < j.

Fig. 5.5 illustrates the ratios for all positive parity operator combinations considered in
Sec. 8.1, specifically a nucleon operator N, a nucleon-pion back-to-back operator N7, and
a nucleon-pion-pion operator N7w. It is observed that all the ratios tend towards 1 as
t increases. In addition, a steady increase is noticed, though it is in general not strictly
necessary.

0 < Rou(t)
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6. Omega Spectroscopy

The objective of this chapter is to identify the spectrum of projected and non-projected
operators associated with the Q-baryon. At first glance, the omega baryon, which consists
only of strange quarks, appears to be unrelated to the nucleon spectrum and neutrino-
nucleon scattering. However, due to the heavier strange quark mass, the inversions of the
Dirac operator are less computationally expensive and the omega baryon has in general a
better signal-to-noise ratio [108]. Therefore, the omega mass is commonly used to set the
scale of the ensembles [109-111], which indirectly also affects the results of the nucleon
spectrum analyses. Furthermore, because of its advantages properties, the omega baryon
is a useful testing ground for developing new methods in the context of baryon physics.
Ref. [109] employs omega interpolating operators that have a non-zero overlap with states
that transform within the irreducible representations H and G; of the octahedral group.
The Q-baryon has a spin of J = 2, which is subduced into H (see Sec. 3.1). Consequently,
a correctly projected operator for the 2-baryon overlaps only with H, necessitating the
projection of the operator applied in [109]. In this context, we will examine whether there
is a shift in the ground and first excited states of the spectrum when using both the
operator from [109] and a projected version. All calculations in this chapter are performed
on ensemble 4 with the same number of configurations stated in Tab. 5.1.

Beginning with the non-projected operator as outlined in [109], we employ the interpolating
operator

Oa(x)a,i = €abe(Pr5a())a {Sb(x)TC%‘Sc(J?)} ; (6.1)

which maintains a form analogous to Eq. 3.47, yet now incorporates an additional free
index 14, establishing the diquark’s vector structure. As a result of this additional vector
structure, we see that the operator transforms within the representation G1®71T7 ~ G1 P H.
The operator from Eq. 6.1 is utilized for calculating the correlation function:

Canp(terty) = 3 > {0 (2)a,iOh(Y)a)- (6.2)

a,i T,Y

The contraction of Eq. 6.2 results in:

Coau(tety) = =233 (trs [Prtre [try [Q2(aly)] S(aly) + 208 @y S(ly)]] ) -

(6.3)
where S(x|y) is the strange quark propagator and the diquark structure is defined as
Q?Q(x’y)aﬁ = Z Eabca'lt/ ¢ ’[ (m\y)% ]a'y [071 (x‘y)]ﬁ'y : (64)

! /
! Al
da yhebe ce

In this study, we evaluate the correlation function using wall and box sources, with each
box having a size of 6 sites (refer to Sec. 2.8), and point sinks. We further apply Coulomb
gauge-fixing to enhance the signal of the correlation function (see Sec. 2.9). To improve the
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DP DP
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H, 1 % —i—% Qooo H, 1 % +% \/39002
Hy 1|32 +1|V3Qn H, 1|3 43| Qoos+2Q012
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H, 2|2 -3]V3Q H, 2|3 -2|Q

g 2 D) 133 u D) D) 333

Table 6.1.: Projected €2 operators in the Dirac-Pauli representation. The operator are
derived in [112].

statistics of the box sources, stochastic Zg sources [113] with three hits are utilized. This
approach involves dividing the three-dimensional sublattice into uniform boxes of size 6,
followed by the multiplication of a random variable n € {1, HT‘/@, 1—7\/32} to each box. As
stated in [113], this strategy can enhance statistical accuracy while maintaining the same
computational expense as employing a single box per source. Observing this improvement,
we adopt gauge-fixed Zs box sources for our analysis. The correlation function with the
wall source is denoted by npWP, while the one with the box source is labeled as npBP.
The energies of the ground state and the first excited state are determined through a cor-
related constrained fit applied simultaneously to the effective mass from both correlation
functions. The constrained fit process works as follows:

1. We calculate the effective mass for npWP and npBP as follows:

C(t+a)
off(t) = —1 —). .
amet) = —1og (55 ) (65)
2. Both effective mass curves are fitted simultaneously using the model function:
ft,m,E, A) = m+ Ae”(E-mt (6.6)

where the parameters m and E are constrained to be the same for both curves. The
resulting fit provides the parameter set as

B = (m,E, AanPaAanP)- (67)

The first line of Tab. 6.2 presents the fitting outcomes, with the selection of fit ranges
based on a comparison of several possibilities, ultimately choosing one that meets the
criteria for an optimal fit as described in Sec. 5.5. In the top illustration of Fig. 6.1, the
effective masses of npWP and npBP are depicted by data points in their respective colors.
The model prediction, achieved from the constrained fit, is represented by the colored
band and is based on the filled data points.
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Figure 6.1.: Effective mass plots used in the individual constrained fits. The colored bands
indicate the model predictions resulting from correlated constrained fits to the
filled data points, which are shown in matching colors.
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Constrained tag ‘ Tags ‘ Fit ranges ‘ amgq amgy p-value
npConstrained | npWP  npBP (8,16)  (8,16) | 0.9963(49) 1.380(83) 0.84
pGEVP GEVP0O GEVPI1 | (7,12) (6,9) | 1.024(12) 1.30(11)  0.98
pCombined pHOHO pH1H1 | (10,16) (7,16) | 1.011(13)  1.437(44) 0.92

Table 6.2.: Fit results from the various constrained fits performed in this analysis. Fit
ranges are determined by systematically testing multiple intervals and selecting
those that meet the criteria described in Sec. 5.5. The overlap factors A are
omitted, as they are not relevant for the spectral analysis.

In alignment with [112], we use the projected operator expressed as

055 (@) = caestin) (@)sizy (@) (@), (6.8)
which is defined in the Dirac-Pauli representation (further details can be found in Sec. A.2).
It is important to note that the operator indicated in Eq. 6.8 has not yet been projected.
The specific projections onto the irreducible representations of the octahedral group are
shown in Tab. 6.1. The operator in Eq. 6.8 can brought to DeGrand-Rossi representation,
which is the default basis throughout this thesis, by applying the unitary transformation

Yaa = Vha = Uagtipy and Do — Phe = VgaUba, (6.9)
with the transformation matrix

71 (1 + v572)
V2

on the individual fermions in Eq. 6.8. For the projected operators shown as shown in
Tab. 6.1 we observe that two distinct embeddings of the irreducible representation H,

exist. This implies that there are two orthogonal sets of operators corresponding to the

irreducible representation H, and J, = —|—%,+%, —%, —%. These operators enable us to

perform a GEVP analysis using the correlator matrix

Conpijltety) => Y (Qw,ri@, W), (6.11)

.y Jzzfgf

U= (6.10)

njw

11
2027

where Qg ;. ; refers to the projected operator as detailed in Tab. 6.1 with respect to
the irreducible representation H,, the spin z-component J., and the embedding ¢. In the
generalized eigenvalue problem (GEVP), we set a fixed distance t — ty = a, allowing us to
estimate the effective masses of various modes using

aEoft j(t) ~ aEj + Aje” N TEDL (6.12)

where N indicates the number of modes in the GEVP, which is N = 2 in this study. The
second row of Fig. 6.1 presents the curves for both effective masses, similar to those seen
in the non-projected constrained fitting scenario. We apply a constrained fit approach for
both effective masses, with only one shared parameter, F. The chosen fitting ranges are
determined according to the criteria specified in Sec. 5.5. For consistency, we also perform
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Figure 6.2.: Comparison of the mass estimates obtained from different analysis approaches.

The colored band represents the result from the constant correlated fit.

a constrained fit of the correlation functions Coqp; for @ = 0,1. These are depicted in
the lower row of Fig. 6.1, denoted pHOHO for ¢ = 0 and pH1H1 for ¢ = 1.
The mass estimates from both fits are detailed in Tab. 6.2, together with the fit ranges and

corresponding p-values. A summary of the ground state and excited state mass estimates
using three different approaches is depicted in Fig. 6.2. To analyze the consistency of these
approaches, a correlated fit is performed on all data points. In terms of the first excited

state, all energy estimates are consistent with each other and align well with the average.
For the ground state, some discrepancies are observed, particularly between the non-
projected constrained fit (npConstrained) and the projected GEVP fit (pGEVP). However,
the p-value for the constant fit across all data points does not suggest any significant

tensions.

71






7. Two-Pion and Rho Meson Spectroscopy

This chapter explains the second project of this thesis, focusing on a spectroscopy study
of the p-meson and two-pion states sharing identical quantum numbers. The p-meson pos-
sesses spin J = 1, negative parity, and isospin I = 1. In this chapter, we will consistently
employ two-pion states characterized by these quantum numbers.

This research is undertaken in the context of evaluating the long-distance window contri-
bution of the hadronic vacuum polarization (HVP) to the muon’s anomalous magnetic mo-
ment, g—2 [4]. Typically, the leading order HVP contribution within the time-momentum
representation is calculated as

ap VPO =3 " w (1), (7.1)
t=0

where the weights incorporate the effects of the photon and muon [114], though they
are not relevant to the following spectroscopy analysis. The correlation function C(t) is
expressed as

C =33 Y Uil0)50)). (72)

T j=0,1,2

with the vector current defined as

Jj(x) = iZQf\ilf(a:)’yj\Ilf(a:). (7.3)
f

As outlined in Ch. 2, the correlation function can be expressed through its spectral repre-
sentation

Cty =5 3 Y lmlhjore (74)

j=0,1,2 n

where jj represents the zero-momentum vector operator, and |n) and E,, are the Hamil-
tonian’s eigenstates and eigenenergies, respectively. Specifically, we obtain energies F,, for
states characterized by spin J = 1, isospin I = 1, and negative parity.

In the study of the muon’s anomalous magnetic moment, the HVP contribution is generally
divided into three distinct window contributions, the short-distance, intermediate, and
long-distance windows. These are mathematically expressed as follows:

HVP LO _ _SD w LD
a, =a, +a, +a;", (7.5)
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where the contributions are given by:

P(to, A ZC wi[1 — O(t, tg, A)], (7.6a)

W (to, t1, A ZC Jw[O(t, to, A) — O(t, 11, A)], (7.6b)

Py, A) =" CtywO(t, t1, A), (7.6¢c)
t=0

with O(t,#/,A) = 1 (1+tanh[(t —¢')/A]). In this case, the parameters are chosen as

=04 fm, t; = 1.0 fm, and A = 0.15 fm. In particular, the long-distance window
focuses on correlation functions at extended times. However, typically at these times the
signal is often significantly affected by noise, as explained by Lepage’s argument (refer
to Sec. 2.11). A strategy to avoid this problem involves evaluating the overlap factors
]<n|jj|0>|2 and determining the energies F,,. These parameters can then be utilized to
reconstruct the correlation functions via

[(n]J;|0) [Pe=Ent, (7.7)

||M2

where N denotes the number of states 1ncorp0rated in the reconstruction. At large Eu-
clidean time ¢ and sufficiently large N, we achieve CV (t) = C(t) while remaining within
statistical uncertainties.

This prompts the subsequent spectral analysis of the p-spectrum, paying particular at-
tention to two-pion states. This analysis is performed in all the ensembles listed in the
lower section of Tab. 5.1, specifically ensembles C, 481, 641, and 961. In the subsequent
discussion, only ensemble C' is presented, as it exemplifies all characteristics discovered in
the analyses.

The study involves a GEVP analysis using a set of operators that includes a p interpolating
operator and several two-pion operators with back-to-back momentum, as detailed in
Sec. 3.4. To briefly recap, the p interpolating operator is given by

0,,(0,t) Z¢Z x, t)y(x,t), with p=2x,y,2, (7.8)

where the indices ¢ and j are chosen to obtain the relevant isospin states. Concerning the
two-pion states, these are described by

Om7r2(t;p) = Om (p7 t)owz(_pat)ﬂ (79)

where the structure of the pion operators O, is similar to that in Eq. 7.8, but v, is re-
placed with ~5. The isospin projections of the two-pion states are depicted in Eq. 3.21.
Each operator is smeared by distillation (refer to Sec. 5.7). For ensembles 481 and 641, we
employ momentum configurations 1, 2, 3, 4, while for ensembles C and 961, we also include
5,6,8. In Tab. 7.1, the direct sums of irreducible representations (irreps) of the full cubic
group, corresponding to the vector space spanned by the two-pion operators with an ex-
plicit momentum configuration, are illustrated. For the momentum configurations 5 and
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Table 7.1.: Direct sum of irreducible representations of the full cubic group associated with
two-pion operators carrying back-to-back momentum. A detailed discussion is
provided in Ch. 3.

6, we observe that the irreducible representation 717, appears twice in the vector space.
Consequently, two variations of projected operators can be defined. Fig. 7.1 provides a vi-
sualization of the linear combinations of the T7,-projected operators in various momentum
configurations. The basis set differs by momentum configuration and is derived through
repeated application of group elements on the momentum signature. However, they are
structured such that operators at even indices are paired with their parity flipped coun-
terparts, that is, the operator at the 2n-th position, O, (q,t)Oxr,(—q,1), is succeeded by
Oxr, (—q,t)Oxr,(g,t) at the (2n 4 1)-th position. An observation depict in Tab. 7.1 is that
we have typically operator combinations of the type

Ory (P: 1) Oy (=P, 1) = Ory (=P, 1) Oy (P, 1), (7.10)

which ensures the negative parity of the state.

In the subsequent discussion, the smeared rho operator is denoted as rho, and the various
two-pion operators are marked as 2pi.q, where ¢ denotes the momentum configuration.
In cases where there are two versions of the operator, we distinguish between them by
using 2pi.q.v1 and 2pi.q.v2. We perform a GEVP analysis (see Sec. 5.9 for additional
information) using the stated operators, with a fixed time difference At = a. The effective
energies for each GEVP mode are illustrated in Fig. 7.2. The black-dashed lines represent
the energies of the non-interacting pion pairs, computed as

Eqr(p) = 2\/ m% + p?, (7.11)

associated with various momentum configurations. In addition, the red dashed line marks
the 770 MeV energy level, which approximates the energy of the p-meson. For momen-
tum configurations with only one version of the operator, including the p-meson energy,
plateaus of the effective energy curves are observed near the non-interacting energy levels.
Some modes exhibit energies below, and others above, the non-interacting energy, sug-
gesting attractive and repulsive interactions, respectively. Close to the states, where there
are two distinct forms of operators, an extra state emerges above what is anticipated from
the non-interacting states.

Fig. 7.3 presents the normalized eigenvectors for all GEVP modes at t = 6a. These
eigenvectors are normalized as described in Sec. 5.9.1. Each bar indicates the overlap of
the respective GEVP mode with the operators within the GEVP basis. The dominant
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Figure 7.2.: Effective mass plots for the GEVP eigenstates for ensemble C. The colored
bands, corresponding to the colors of the data points, depict the outcomes of
excited state fits using the model f(¢t,m, A, E) = m + Ae=E=m)t which in-
corporates all filled data points. The dashed lines indicate the non-interacting
energy level of back-to-back pions, whereas the red dot-dashed line denotes
770 MeV, which is roughly the p meson mass in the continuum.
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Figure 7.3.: Eigenvectors from the GEVP at t/a = 6 for ensemble C, which are normalized
in accordance with Sec. 5.9.1.

78



481 641 961 C
aEy | 0.3025(13) | 0.22369(39) | 0.16231(90) | 0.25413(95)
aF; | 0.38927(95) | 0.28737(83) | 0.20640(82) | 0.3181(14)
aEy | 0.4548(38) | 0.3364(18) | 0.24303(84) | 0.3716(31)
aEs | 0.4961(58) | 0.3776(22) | 0.2705(19) | 0.4147(32)
aEy | 0.544(15) | 0.4229(42) | 0.2869(21) | 0.4367(49)
aBEs | — — 0.3082(27) | 0.4642(58)
aBg | — — 0.3193(20) | 0.4845(65)
aEr | — — 0.3354(29) | 0.5066(79)
aBs | — — 0.3488(63) | 0.5309(58)
aBy | — — 0.389(11) | 0.5940(96)

Table 7.2.: Energy estimates of the individual GEVP modes obtained from excited-state
fits using the model f(t,m,A, E) = m + Ae~(E=m)t ghown for the ensembles
listed in the lower part of Tab. 5.1.

operator aligns with expectations based on the plateau of the corresponding effective
energy curve.

The energies of the distinct GEVP modes are determined using excited state fits on the
effective energy, utilizing the model

f(t, A,m,E) = m + Ae”(F—m)t, (7.12)

where, unlike in Ch. 6, no constrained fit is applied. The fit intervals are selected to meet
the criteria outlined in Sec. 5.5. Given the limited number of independent configurations,
the fits are executed without correlation.

Tab. 7.2 presents the energy estimates for the various ensembles. These estimates, together
with the overlap factors shown in, for instance, Fig. 7.3, are utilized to reconstruct the
correlation function CV(t), as detailed in [4].
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8. Nucleon-Pion and Nucleon-Pion-Pion
Spectroscopy with Distillation

This chapter provides a description of the findings described in [5]. The study involves
the calculation of the nucleon spectrum in both the positive and negative parity sectors,
with particular attention to the N7 and N77 states. Additionally, in the positive-parity
sector, we conduct an extrapolation of the nucleon mass to the physical point. This chapter
presents the main results of this thesis.

Analyses of the GEVP are performed using a fixed temporal separation At = a, enabling
the fitting of excited states with the function

f(t,m,E,A) = m + Ae”E=m)1, (8.1)

where m represents the mass of the state, F the excited state’s energy, and A is an overlap
factor.

8.1. Positive Parity Sector
8.1.1. Individual Ensemble GEVP

In the positive parity sector, a 3 x 3 generalized eigenvalue problem (GEVP) is con-
structed using the nucleon interpolating operator (Eq. 2.108), the p-wave nucleon-pion
operator (Eq. 3.57), and the s-wave nucleon-pion-pion operator (Eq. 3.58). This analysis
is performed on the ensembles listed in the upper part of Tab. 5.1. The discussion in this
section focuses on ensemble L, as its results are representative of the general behavior
observed across all analyzed ensembles.

The effective masses ameg(t) corresponding to the three lowest GEVP modes are presented
in Fig. 8.1, along with the effective mass curve obtained from the two-point nucleon func-
tion, shown in red for reference. All mass curves exhibit well-defined plateaus within
a temporal region where the signal-to-noise ratio remains favorable and the modes are
clearly distinguishable. Each curve is modeled using the functional form described in
Eq. 8.1, with fits applied to the filled data points. The predictions of the resulting models
are visualized as shaded bands, matched in color to their respective data sets, and rep-
resenting the 1o confidence intervals. The criteria governing the choice of fit ranges are
detailed in Sec. 5.5, in particular, the end points of the fit ranges are manually selected to
lie within good signal-to-noise behavior to ensure fit stability.

In Fig. 8.1, the dashed horizontal line labeled N denotes the average nucleon mass ex-
tracted from the fit to GEVP mode 0. Additional lines indicate the expected non-
interacting energies of multi-hadron states. Specifically, the energy of the N7 state is
given by

aBnr = a <\/ my + 2+ /m2 +p2) , (8.2)
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Figure 8.1.: Comparison of the effective energies obtained from the three lowest GEVP
modes with the effective mass extracted from the nucleon two-point function
on ensemble L. Colored bands, matching the data point colors, represent the
results of excited-state fits using the model described in Eq. 8.1, based on
all filled data points. The dashed line labeled N indicates the central value
of the nucleon mass extracted from the excited-state fit to GEVP mode 0.
The additional lines, labeled N7 and N7, correspond to the non-interacting
energy levels of the N7 state in a p-wave and the N77 state in an s-wave,
respectively. Shaded regions around these lines depict the corresponding 1o
uncertainty estimates.
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Figure 8.2.: Left: The data points show the effective mass difference Ameg between GEVP
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mode 0 and the nucleon two-point function for ensemble L, as defined in
Eq. 8.4. The red band represents an exponential fit to the filled data points,
based on the functional form f(t; A, AE) = Ae?Ft, Right: The extracted
energy gap aAFE from this fit is displayed and compared to energy differences
obtained from the GEVP analysis, namely En,r — My and En, — My.



8.1. Positive Parity Sector
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Figure 8.3.: GEVP eigenvectors evaluated at ¢/a = 12 for ensemble L, normalized accord-
ing to the Sinkhorn-Knopp algorithm described in Sec. 5.9.1.

where my is the fitted nucleon mass, m, is the pion mass taken from Tab. 5.1, and p
denotes the momentum, with ap = sz The non-interacting energy of the N7m system is
approximated by

aE Nz = mn + 2m;. (83)

A key observation in Fig. 8.1 is the small difference between the effective mass of GEVP
mode 0 and that of the standard two-point nucleon correlator. This difference is quantified
as

aAmeg(t) = amSEVEO(t) — am?B' (1), (8.4)

and shown in Fig. 8.2. The observed discrepancy is at the per mille level, underscoring
the precision of the comparison.

To further interpret this difference, we approximate the effective mass from the two-point
function as

amggt(t) :CmeN_i_ANWe*(E'Nﬂ*mz\l)t_i_ANmref(ENmrme)t_i_AN*ef(EN*me)t7 (85)

where the terms represent contributions from multi-hadron and excited baryon states. In
contrast, since the Nm and N77 operators are included in the GEVP basis, these states
are projected out in GEVP mode 0, leaving an effective mass described by

amSFEVPO (1) = ampy 4+ A/ N*e (EN"=mn)t (8.6)
The resulting difference Ameg(t) is therefore expected to follow an exponential behavior:
aAmeg(t) oc e~ Ex—m)t, (8.7)

where X denotes either the N7w or Nnw state, depending on which dominates. The red
band in Fig. 8.2 shows the fit of this form to the data, using the same range selection
criteria used in the effective mass fits described earlier.

The right panel of Fig. 8.2 compares the extracted energy gap AE = Ex —my from this
single-exponential fit to the corresponding energy differences determined directly from the
GEVP spectrum. The fitted value is found to be consistent within 20 of the gap Enqr —

83



8. Nucleon-Pion and Nucleon-Pion-Pion Spectroscopy with Distillation

My, suggesting that the N7m state represents the dominant multi-hadron contamination
in the nucleon two-point function for this ensemble and operator basis.

Additional information is provided by Fig. 8.3, which shows the normalized GEVP eigen-
vectors at t/a = 8 for ensemble L, using the normalization scheme described in Sec. 5.9.1.
The composition of the eigenvector indicates that GEVP mode 0 is primarily dominated
by the nucleon operator, mode 1 by the N7 operator, and mode 2 by the N7wm operator.
In particular, the N7 state (mode 2) exhibits a larger component of the nucleon inter-
polator than the N7 state (mode 1), which is in agreement with the results of the fit of
Ameg. The significant excited-state contamination observed in GEVP mode 0 highlights
the presence of additional contributions beyond those considered here, motivating future
investigations using an expanded operator basis.

In the case of the other ensembles, we achieve results that are largely similar. We can
differentiate the distinct eigenmodes, and all effective masses either converge to the nu-
cleon mass or approach the energy level of the associated non-interacting particles (see
Fig. A.1). Additionally, for every ensemble, we note only a minimal difference between the
O0th mode of the GEVP and the nucleon 2-point function. The exponential fit applied to
this difference reveals energy gaps within a range of 20 from one of the gaps determined
by the GEVP. For the eigenvectors of the additional ensembles, we identified that the
primary contribution aligns with the anticipated state based on its energy. Moreover, it
is generally found that the state with the second highest contribution from the nucleon
operator corresponds to the state whose energy gap is closest to the estimated energy gap
derived from the single exponential fit of Ameg.

In summary, we find that the contributions of N7 and Nzw to the nucleon two-point
function are negligible for estimating the nucleon mass, consistent with previous findings
in [74, 75] through chiral perturbation theory. For the N7 and N7 states, we develop new
operators that do not overlap with the ground state or other multi-hadronic states present
in the GEVP operator set. Fig. 8.4 provides a comprehensive overview of the energies for
all N, Nmw, and N77 states across different ensembles. In the majority of ensembles, the
energies of multi-hadronic states match the non-interacting particle energies, except for
ensemble 9, which shows a 20 discrepancy.

All ensemble fit results are presented in Tab. A.1, with a brief description provided in
Sec. A.3.

8.1.2. Finite Volume Correction

To account for finite volume effects in the positive parity sector, we apply the correction
derived from relativistic SU(2); baryon chiral perturbation theory (BxPT), following the
formulation presented in [115, 116]. The finite volume shift in the nucleon mass is given
by

mpy (L) — my(00) = Ay(L) + Ap(L), (8.8)

where A, (L) and Ay(L) denote the contributions at orders O(p?) and O(p*), respectively.
The leading-order correction, A, (L), takes the form

3g4mom?2 [
Ay (L) = £46772f2/0 dz %: Ky (L]n]\/m%aﬂ +m2(1 — x)) , (8.9)
77 n#0
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Figure 8.4.: Summary of the extracted energy levels across all ensembles.

8.1. Positive Parity Sector
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Data points
represent the energies obtained from the individual GEVP analyses in the
positive parity channel. The color coding identifies each state: the nucleon is
shown in blue, the N7 state in orange, and the N77 state in green. Solid blue
lines indicate the central value of the nucleon mass, while additional lines mark
the expected non-interacting energies of the N7 and N7 systems. Shaded
bands around these reference lines depict the associated 1o uncertainties of
the non-interacting energy estimates.
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Figure 8.5.: Finite volume (FV) corrections to the nucleon masses for the various ensem-
bles. Open symbols indicate the nucleon masses prior to applying the finite
volume correction, while solid symbols represent the corrected values.

where K denotes the modified Bessel function of the second kind, and the sum runs
over all non-zero integer vectors n in three dimensions. The parameters g4, fr, and mg
correspond to the axial coupling, the pion decay constant, and the nucleon mass in the
chiral limit, respectively.

The next-to-leading order correction, Ay(L), introduces additional low-energy constants
c1, co, and c3, and is given by

_ 3mi Ki(L|n|my) Ks(L|n|m;)

where K7 and Ko are also modified Bessel functions of the second kind.

For the evaluation of the finite volume corrections, we adopt the values g4 = 1.2754(13)
and fr = 92.07(84) MeV, as reported by the Particle Data Group [52]. The nucleon mass
in the chiral limit is taken to be mg = 0.8566(17) GeV, following the determination in [117].
The low-energy constants (LECs) ¢1, ¢2, and c3 are extracted from the N3LO heavy-baryon
chiral perturbation theory (HBx PT) within the A-less framework, based on the HB-r N
data in [118]. The specific values used are ¢; = —1.11(3) GeV ™!, ¢ = 3.17(3) GeV~!, and
c3 = —5.67(6) GeV~!. These values are consistent with those obtained from alternative
formulations, such as the HB-NN approach and covariant chiral perturbation theory,
indicating that there are no significant discrepancies between the methods.

Fig. 8.5 illustrates the impact of finite-volume corrections on the nucleon mass estimates
for selected ensembles. In particular, ensembles ens4 and ensD, which differ only in vol-
ume, exhibit significantly improved agreement following the application of the correction.
Before correction, the discrepancy between their nucleon mass values is approximately
2.8, which is reduced to 0.70 after correction, thereby supporting the reliability of the
applied methodology. A similar trend is observed for ensembles ensL and ens9, which
also differ only in volume.

Statistical uncertainties in the input parameters are propagated by generating synthetic
jackknife samples, where each parameter is sampled from a Gaussian distribution defined
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8.1. Positive Parity Sector
by its central value and the uncertainty quoted.

8.1.3. Physical Point Extrapolation of the Nucleon Mass

The extrapolation to the continuum limit and to the physical masses of pion and kaons,
also called physical point extrapolation, is performed using a model-averaging approach
based on the Akaike Information Criterion (AIC) [119, 120]. The AIC for a given model
is defined as

AIC = 2k + x* (8.11)

where k denotes the number of fit parameters and x? is the chi-square value of the fit.
This criterion enables the construction of a weighted average for the parameter of interest,
here denoted as 3, via

B=) PM)Bu, (8.12)
M
where M indexes the models considered, and S is the estimate of 5 from model M. The
weight assigned to each model is given by its AIC-derived probability,
e*AICM

= ZM’ e_AICM’ :

Statistical uncertainties are quantified using jackknife resampling, while the systematic
uncertainty associated with model averaging is computed as the variance of the weighted
model estimates,

P(M) (8.13)

Var(B)sys = ZP(M>(BM - B)% (8.14)
M

The functional forms considered in model averaging are designed to capture the depen-
dence of the nucleon mass on the lattice spacing a, the pion mass m,, and the kaon mass
my. Given that domain-wall fermions exhibit discretization effects at O(a?), we include a
term of the form cja? to account for lattice artifacts. The models are further constructed
to ensure that the constant term My corresponds to the nucleon mass evaluated at the
physical pion and kaon masses, m2 and m%, respectively.

In terms of the hadronic mass dependence, we examine several parameterizations. For
the kaon mass, we consider linear, quadratic, or no dependence. For the pion mass, two
different ansétze are employed: (i) functional forms inspired by chiral perturbation theory,
beginning with quadratic terms and optionally extended to cubic order to test consistency,
following the approach in [115], and (ii) linear dependence models, as proposed in [121].
A total of nine models are evaluated as part of the model averaging procedure, with a
detailed overview provided in Tab. 8.1. Representative results from one of these models,
a linear dependence on the pion mass combined with a quadratic dependence on the kaon
mass, are shown in Fig. 8.6. This figure includes three subplots, each illustrating the
nucleon mass as a function of one model parameter, while the remaining two parameters
are fixed at their physical values. The projection of the initial data points to the physical
point is visualized by gray transparent points and their corresponding extrapolated values,
indicated by solid black markers. The horizontal red lines denote the confidence interval
1o for the prediction of the nucleon mass, and the vertical dashed lines mark the physical
values of the pion and kaon masses.
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The results of the remaining models are summarized in Fig. A.6, Fig. A.7, and Fig. A.8,
categorized by the form of their dependence on pion mass (linear, quadratic, and quadratic
with cubic extension, respectively).

In this study, the pion and kaon masses, as well as the lattice spacing, were not determined
on a per-configuration basis. To account for the associated statistical uncertainties, we
generate synthetic data that reproduce the same statistical properties as the ensemble-
averaged quantities. These synthetic values are treated identically to the measured data in
the analysis, and their uncertainties are propagated using the single-elimination jackknife
procedure.

Tag Model function M(a,my, mg)

m(1)K(0) My + coa® + c1(my — m2)

(1)K (1) My + coa® + c1(mgz —m2) + ca(myg — m%)

m(1)K(2) My + coa® + c1(my — m2) + CQ(m%{ — (mK)Q)

m(2)K(0) My + coa® + c1(m2 — (m9)?)

m(2)K (1) My + coa? + e1(m2 — (m2)?) + ca(mgx — m%)

m(2)K(2) | My + coa® + ci(m — (m))*) + ca(mi — (m)?)

m(2,3)K(0) | My + coa® + c1(my — (m3)?) + c2(my — (m3)?)

m(2,3)K(1) | My + coa® + c1(m3 — (m3)?) + ca(mi — mi) + e3(mi — (m3)?)
m(2,3)K(2) | My + coa® + c1(m3 — (m3)?) + ca(m¥ — (m)?) + c3(m3 — (m3)?)

Table 8.1.: Overview of all models used for the physical point extrapolation.

The fit results for the nine models considered in the extrapolation analysis are summarized
in Tab. 8.2. From these results, we observe that the kaon mass dependence is statistically
insignificant and that the cubic pion mass term is not well constrained by our data, a
result that is expected given the limited number of pion mass values (three) available in
this study. In particular, the slope extracted from the linear pion-mass model is consistent
with the estimate obtained via the "ruler approximation" discussed in [121].

The model probabilities P(M), shown in Fig. 8.7, indicate a mild preference for the linear
model over the others. Based on the model averaging procedure, we arrive at a final
estimate for the nucleon mass at the physical point:

My = 0.926(21)g1a1 (06)sys GeV, (8.15)

which agrees with the experimentally observed value of the nucleon mass within one stan-
dard deviation.
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Model: M(a,m,, mx) = My + c1a*> + ca(my — mb) + c3(m% — (m%)?), Tag: [7(1)K(2)]
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Figure 8.6.: Fit results for the extrapolation to the physical point. Each subplot illustrates
the dependence of the fitted model on one of the variables: the lattice spacing
a, the pion mass m,, or the kaon mass mg. The original data are shown as
transparent grey points, while the corresponding projections to the physical
values of the remaining parameters are indicated by solid black points. Red
horizontal lines mark the 1o confidence interval for the extrapolated nucleon
mass, and vertical lines indicate the physical values of the pion and kaon
masses.
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8. Nucleon-Pion and Nucleon-Pion-Pion Spectroscopy with Distillation

Tag My /GeV  co/GeV? o M AP Gev x?/dof  p-value
r(1)K(0) | 0.924(21) 0.073(52) 0.987(83) — — — 0.89/4  0.93
r()K(1) | 0.923(22) 0.072(52) 0.990(83)  0.02(11) — — 0.85/3  0.84
m(1)K(2) 0.910(21) 0.112(49) 0.993(82) — 0.011(96) — 0.73/3 0.87
Tag Mn/GeV  co/GeV? ¢ - GeV cél) c§2) -GeV ¢z CGeV?:  x2?/dof p-value
m(2)K(0) | 0.935(21) 0.081(55)  2.14(18) — — — 1.67/4  0.80
r(2)K(1) | 0.931(22) 0.079(55)  2.17(19)  0.07(11) — — 1.15/3  0.76
T(2)K(2) | 0.931(22) 0.079(55)  2.17(19) — 0.065(98) — 1.15/3  0.76
m(2,3)K(0) | 0.926(23) 0.074(52)  4.3(2.3) — — —6.2(6.5) 0.89/3  0.83
7(2,3)K(1) | 0.926(23) 0.074(53)  3.9(2.6)  0.04(12) — —4.9(7.5)  0.77/2  0.68
7(2,3)K(2) | 0.926(23) 0.074(53)  3.9(2.7) — 0.04(11)  —4.9(7.6) 0.77/2  0.68
Table 8.2.: Results from the various extrapolations to the physical point. Model labels
correspond to those defined in Tab. 8.1. The coefficients cgl) and 052) represent
the prefactors of the linear and quadratic kaon-mass terms, respectively.
(1)K (0) 1
7(2)K(0) 1
7(2,3)K(0) 1
T(1)K(1) 1 | |
(2)K(1) 1 : i
m(2,3)K(1) 1
m(1)K(2) 1
T(2)K(2) 1 | |
m(2,3)K(2) £ 1 :

model average

0.89

090 091

092 0.93
]\/[N [GeV]

0.94

0.95

Figure 8.7.: Left: Model probabilities computed using the Akaike Information Criterion
(AIC). Right: Nucleon mass estimates from each individual model, along with
the model-averaged result as defined in Eq. 8.12. Vertical lines indicate the
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experimental values of the proton and neutron masses.

spond to those provided in Tab. 8.1.

Model labels corre-



8.2. Negative Parity Sector

8.2. Negative Parity Sector

The spectral analysis in the negative parity sector is performed using a generalized eigen-
value problem (GEVP) constructed from three interpolating operators: the nucleon oper-
ator with negative parity projection (see Eq. 3.47), the nucleon-pion operator with both
particles at rest (cf. Eq. 3.59), and the nucleon-pion operator in a back-to-back momentum
configuration (cf. Eq. 3.60).

Fig. 8.8 presents the effective mass curves extracted from the GEVP analysis for ensemble
9, shown alongside the effective mass of the two-point negative parity nucleon function,
represented by red data points. As in the positive parity channel, excited-state fits are
performed on all effective mass curves. The black dashed lines indicate the energies of
the non-interacting N7 states, where the nucleon mass input is taken from the fits in
the positive parity channel. For reference, the gray dash-dotted lines correspond to the
masses of the two lowest-lying negative parity nucleon resonances, N(1535) and N (1650),
as reported by the Particle Data Group [52]. The corresponding normalized eigenvectors
at time slice t/a = 8 are shown in Fig. 8.9, using the normalization procedure described
in Sec. 5.9.1.

The GEVP modes that exhibit the strongest overlap with multi-hadronic states display
a clear and statistically robust signal. In contrast, the nucleon two-point correlation
function in the negative parity channel suffers from significant signal-to-noise degradation.
A similar pattern is observed across the remaining ensembles, as shown in Fig. A.4, with
the corresponding eigenvectors presented in Fig. A.5. In particular, the signal quality
of the nucleon two-point function is, in most cases, even poorer than that observed for
ensemble 9. One plausible explanation is that the number of high modes included in the
distillation setup is insufficient to adequately resolve higher energetic single-particle states.
This interpretation is supported by the observation that the two ensembles with the most
pronounced and stable signals, namely ensembles 4 and 9, also possess the narrowest
smearing profiles, as illustrated in Fig. 5.2.

Despite the limitations in signal quality for the nucleon two-point function, all ensembles
exhibit a clear and consistent signal for the multi-hadronic states. In contrast to the
positive parity sector, the nucleon two-point correlator in the negative parity channel
shows a substantial overlap with the nucleon-pion states. However, a more refined analysis
in this sector would likely require an increase in the number of Laplacian eigenmodes in
the distillation framework or the adoption of an alternative strategy to incorporate the
distillation space, such as the approach proposed in [122]. As in positive parity analysis,
the results of excited state fits performed within the GEVP framework are summarized in
Tab. A.2, with additional details provided in Sec. A.3.
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Figure 8.8.: Effective mass curves of the GEVP eigenstates (modes 0, 1, and 2) in the
negative parity sector for ensemble 9, compared with the effective mass from
the corresponding nucleon two-point function. The black dashed lines indicate
the non-interacting energies of the nucleon-pion system with both particles
at rest (N7(999) and with back-to-back momentum of magnitude |p| = 2
(N7(0D) The grey bands surrounding these lines denote the 1o uncertainty
in the energy estimates. Dash-dotted lines correspond to the physical masses

of the negative parity nucleon resonances N(1535) and N (1650).
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Figure 8.9.: Negative parity GEVP eigenvectors at ¢/a = 8 for ensemble 9, renormalized
according to the scheme described in Sec. 5.9.1.
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In Ch. 6, we carried out a comparison between non-projected and projected omega opera-
tors. We utilized a GEVP analysis for the projected operators and employed constrained
fits for both types. The comparison of the ground and first excited state energies reveals
no notable differences, suggesting that non-projected operators are equally effective in de-
termining the omega mass. Nevertheless, because projecting the operator generally does
not require extra computational effort, it is advisable to include it.

The p and two-pion spectroscopy discussed in Ch. 7 confirmed the effectiveness of the dis-
tillation method for the spectral analysis needed to reconstruct the long-distance window
of the hadronic vacuum polarization’s contribution to the muon’s anomalous magnetic mo-
ment. Additionally, we showed that for momentum configurations involving back-to-back
two-pion states with two 71, irreducible representations included in the vector space, both
operators play a crucial role in performing an accurate spectral analysis. Currently, it is
a plausible hypothesis that the extra states might be associated with J = 3 states. This
could be examined by, for example, analyzing Ay projected states and would be a natural
extension to this project.

In Ch. 8, distinct conclusions can be drawn for the two parity channels examined in this
chapter. In the positive parity sector, the results are unambiguous and stable across all
ensembles detailed in the upper part of Tab. 5.1 using a GEVP built from three inter-
polating operators: the nucleon, a nucleon pion, and, newly introduced in this study, a
nucleon-pion-pion operator. For all ensembles, the ground state signal is distinct, leading
to precise mass extraction with relative uncertainties between approximately 0.3% and 2%.
The energies of multi-hadronic excited states agree with the corresponding non-interacting
levels, as shown in Fig. 8.4. A slight anomaly occurs in ensemble 9, where both the N7
and N7 energies are roughly 20 below the predicted non-interacting values. However, the
broader significance of this discrepancy is unclear.

Additionally, our results support the expectation of chiral perturbation theory that the
Nm and N7 states contribute negligibly to the two-point nucleon function [74]. This is
evidenced by the minimal difference between the effective mass extracted from the two-
point function and that of the ground-state GEVP mode. We quantify this suppression
by analyzing the effective mass difference between the two observables. An exponential fit
to this difference yields an energy gap that is consistent, within 20, with the gap obtained
from the GEVP spectrum between the ground state and the excited state with the next-
largest overlap with the nucleon interpolator, as determined from the GEVP eigenvectors.
Following the spectral analysis, we applied finite-volume corrections to the nucleon masses
based on the SU(2) baryon chiral perturbation theory. To validate these corrections, we
examined ensemble pairs that differ solely in spatial volume: ensembles 4 and D, and
ensembles L and 9. In both cases, the corrected nucleon masses agree within statistical
uncertainties.

We also performed a continuum and physical point extrapolation of the nucleon mass
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using nine distinct fit models incorporating linear, quadratic, and quadratic-plus-cubic
pion-mass dependencies. All models yielded reasonable values of x?/dof, enabling the use
of model averaging through the Akaike Information Criterion. The final nucleon mass
result is consistent with the experimental values of the proton and neutron within the
quoted uncertainties:

My = 0.926(21)sa1(06)sys GeV (9.1)

The effects of isospin breaking and QED were not included in this analysis, as overall
uncertainties remain too large for these effects to be relevant. The main objective of
this study was to evaluate the suitability of our distillation setup, which was originally
optimized for the RBC/UKQCD g — 2 program, for baryon spectroscopy. Our findings
confirm that this setup is also well suited for baryon physics, providing a solid foundation
for future investigations.

In the negative parity sector, we conducted a similar GEVP analysis using a basis con-
sisting of a nucleon interpolator and two nucleon-pion operators (with both at rest and
back-to-back momentum configurations). The main limitation in this channel arises from
the relatively small number of Laplacian eigenmodes used in the distillation smearing.
While the multi-hadronic states are resolved with similar clarity as for the positive parity
case, the nucleon two-point function exhibits a significantly degraded signal-to-noise ratio.
This limitation is most apparent in ensembles with broader smearing profiles. Conversely,
ensembles with narrower smearing, particularly ensembles 4 and 9, produce the clearest
signals, supporting the conclusion that a larger number of distillation modes is required
to perform a more sophisticated analysis of negative parity baryons.

Continuing on the research outlined in this thesis, several promising directions for future
studies become apparent. An intuitive progression from spectroscopy analysis involves
using the optimized operators derived from the GEVP to calculate the form factors for a
variety of processes, including N — N, N — Nz, and N — N#7w. Furthermore, another
intriguing path involves calculating the transition form factors for N — A, which are
of considerable significance for simulating neutrino-nucleon interactions within the res-
onance regime. Moreover, detecting Roper resonance signals through nucleon-pion and
nucleon-pion-pion scattering through distillation techniques and the Liischer method rep-
resents another relevant direction, particularly due to its importance in neutrino-nucleon
scattering within the resonance regime [60].
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A. Appendix

A.1. Conventions

In particle physics, it is conventional to adopt natural units, where Planck’s constant and
the speed of light are given by
h=c=1. (A.1)

Within this system, all quantities are expressed in orders of energy, generally GeV, and
the relation between energy and distance is established as

0.19732 GeV = 1 fm™ . (A.2)

Natural units are employed consistently throughout this thesis.

In addition, we follow the convention that 4-vectors are typically denoted by non-bold
lowercase letters such as z, y, z, etc. These 4-vectors comprise a temporal component %,
and a spatial vector x, represented by

x = (x,t), (A.3)

where the spatial vector is always represented by the corresponding bold lowercase letter.
In this thesis, the indexing usually follows the convention used in programming languages,
starting at zero. We denote spin indices by lowercase Greek letters (a, 3,7,9,...), with
« indexed as 0,1, 2,3, and color indices by lowercase Latin letters (a, b, ¢, ... ), indexed as
a=0,1,2.

A.2. Gamma Matrices

The Minkowski gamma matrices are elements of a Minkowski Clifford algebra defined by
the anticommutator relation

(h "y =+ = 201, (A.4)

where g, = diag(1, —1, —1, —1) indicates the Minkowski metric tensor and p, v = t,z,y, 2.
To derive the Euclidean gamma matrices from the Minkowski ones, we set

Yo = =i W = =iy v = =i =, (A.5)

which satisfy the Euclidean anticommutator relations

{'Y;u Y= 20,014, (A.6)

where 6, is the Euclidean metric. Additionally, the fifth gamma matrix is defined as

V5 = YaVy V2Vt (A.7)
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By default, we use the DeGrand-Rossi basis, which is used as a standard basis in the
software packages GRID [129] and GPT [103]. The gamma matrices in the DeGrand-Rossi
basis are defined by

(0 o (0 —ie,\ [0 .\ [0 1

where o; represent the Pauli matrices. In this basis the fifth gamma matrix is

- (% —(1)12> | (4.9)

The charge conjugation matrix C, relevant for the definition of baryon operators, which
is defined through
Cy,Ct = _757 (A.10)

is in the chiral representation given by
C' =iy (A.11)

In Ch. 6, instead of utilizing the chiral representation, we opt for the Dirac-Pauli repre-
sentation defined by the gamma matrices

op) (0 —ioj op) (1o 0O

where j spans x,y, 2.

A.3. Summary of Fit Results of the Nucleon Spectroscopy

This section summarizes the fit results from Ch. 8. For ensembles with a minimum of 60
independent configurations, such as ensemble 4, D, or 9, we employ correlated fits within
the positive parity channel. For stable correlated fits in the negative parity channel, a
larger set of statistical data is needed. Thus, only Ensemble 4 is involved in correlated
fits in this scenario. Tab. A.l provides the fit results across all ensembles, including
the effective mass curves in the positive parity sector, while Tab. A.2 details those in the
negative parity sector. Both tables contain eight columns, beginning with the fit tag, which
identifies the effective mass curve being fitted. N2N denotes the nucleon 2-point function,
whereas tags starting with GEVP refer to specific GEVP modes. The next column specifies
the fit range of the chosen fit, followed by the parameters in the subsequent two columns.
The results for the overlap factor A are excluded due to the error overestimation caused by
an asymmetrical distribution of the individual jackknife samples. The value o-_1, derived
from the extrapolation criterion in Eq. 5.23, evaluates the discrepancy between the first
excluded data point of the fit and the expected value of the model. Ideally, this value
should be less than 2, but sometimes no fit range meets this requirement, particularly in
the negative parity channel. The following column displays the reduced y? value, which is
the x? value divided by the degrees of freedom. We preferred the reduced x? over the p-
value because a combination of correlated and uncorrelated fits is used. The final column
indicates whether the fit is correlated (c) or uncorrelated (uc).
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A.3. Summary of Fit Results of the Nucleon Spectroscopy

positive parity

Tag ‘ range ‘ ol ‘ aB™* ‘ Oro—1 ‘ x> /dof ‘ type
Ensemble-4

GEVPO | 4-12 | 0.6358(24) | 1.83(23) 2.23 0.93 c
GEVP1 | 4-10 | 0.9458(55) | 1.86(21) 1.75 1.73 d
GEVP2 | 4-10 | 0.9857(80) | 1.94(54) 0.61 0.35 c
N2N 5-12 | 0.6375(32) | 1.62(29) 1.40 1.18 c
Ensemble-D

GEVPO | 4-12 | 0.6244(23) | 1.48(16) 0.87 0.25 d
GEVP1 | 4-12 | 0.9004(29) | 1.59(10) 0.30 0.88 c
GEVP2 | 4-12 | 0.9362(35) | 1.60(10) 0.43 0.52 ¢
N2N 5-12 | 0.6248(24) | 1.44(15) 0.93 0.24 d

Ensemble-L
GEVPO | 6-18 | 0.4511(42) | 1.02(
GEVP1 | 6-18 | 0.6123(52) | 1.11(
GEVP2 | 6-18 | 0.6839(53) | 1.16(
N2N 7-18 | 0.4510(42) (
Ensemble-9
GEVPO | 5-17 | 0.4622(26) | 0.898(71) | -1.11 1.26
GEVP1 | 6-15 | 0.661(18) 0.877(90) | 0.50 0.69
GEVP2 | 5-15 | 0.7151(65) | 1.044(70) | -3.28 1.75
N2N 6-17 | 0.4621(32) | 0.851(63) | -1.81 1.58
Ensemble-1
GEVPO | 3-14 | 0.5909(41)
GEVP1 | 3-10 | 0.8260(58)
GEVP2 | 3-10 | 0.8432(70) | 1.51
(44)

1.17 0.47 uc
0.73 0.71 uc
0.46 0.31 uc
1.15 0.50 uc

o o0 o0

) [-03L ] 010 | uc

) | -087 | 015 | uc

) | -2.00 | 0.16 uc
N2N 4-15 | 0.5918 )

Ensemble-3
GEVPO | 2-10 | 0.5919(40) | 1.433(87) | 2.15 0.76 uc
GEVP1 | 4-10 | 0.811(31) 1.05(30) -1.87 0.29 uc
GEVP2 | 3-10 | 0.8521(68) | 1.53(14) -2.00 0.12 uc
N2N 3-11 | 0.5930(42) | 1.406(83) | 2.17 0.83 uc

Ensemble-C
GEVPO | 4-18 | 0.5475(88) (
GEVP1 | 4-18 | 0.6856(86) (
GEVP2 | 4-18 | 0.7076(93) | 1.47(
N2N 5-18 | 0.5473(90) (

-0.54 0.13 uc

1.33(24) 0.80 0.48 uc
) 0.87 0.38 uc
2) | 076 | 037 | uc
) 0.73 0.45 uc

Table A.1.: Summary of all excited-state fits of the GEVP and two-point effective mass
curves with the fit form from Eq. 8.1 for the different ensembles in the posi-
tive parity sector. The last column denotes whether a fit is correlated (c) or
uncorrelated (uc).
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negative parity

Tag ‘ range ‘ ol ‘ aB™* ‘ Org—1 ‘ x> /dof ‘ type
Ensemble-4

GEVPO | 4-9 0.7841(35) | 1.64(19) 1.44 2.31 c
GEVP1 | 4-9 0.971(26) 1.59(85) 0.42 0.53 c
GEVP2 | 3-7 1.0058(82) | 3.19(13) 2.96 0.44 ¢
N2N 4-10 | 0.928(17) 2.2(1.3) -0.42 | 0.03 ¢
Ensemble-D

GEVPO | 4-7 0.7782(27) | 1.59(17) 0.57 0.00 uc
GEVP1 | 3-5 0.8958(38) | 1.523(51) | -8.47 | 0.00 uc
GEVP2 | 2-5 0.918(23) 1.81(19) 3.79 0.55 uc
N2N 3-7 0.865(24) 1.58(16) 3.67 0.83 uc
Ensemble-L

GEVPO | 4-38 0.5732(80) | 1.13(11) 0.38 0.41 uc
GEVP1 | 4-7 0.6313(87) | 1.32(12) 1.38 0.14 uc
GEVP2 | 2-6 0.690(52) 1.19(16) -1.35 | 0.03 uc
N2N 4-7 0.679(87) 1.18(40) -0.93 | 0.04 uc
Ensemble-9

GEVPO | 4-10 | 0.5698(33) | 0.983(44) | -0.41 | 0.06 uc
GEVP1 | 4-10 | 0.686(50) | 1.23(62) | 0.63 | 0.01 uc
GEVP2 | 4-10 | 0.7176(52) | 1.138(57) | -0.19 | 0.12 uc
N2N 5-11 | 0.627(42) | 1.03(32) | 0.75 | 0.02 uc

Ensemble-1

GEVPO | 4- 10 | 0.7064(53) | 1.62(5
GEVP1 | 3-8 | 0.8399(64) | 1.45(1

2) 0.36 0.08 uc
0) -3.43 0.04 uc

GEVP2 | 3-6 0.8(1.4) 1.1(1.9) -1.17 0.06 uc
N2N 4-10 | 0.802(98) 1.39(77) -0.36 0.18 uc
Ensemble-3

GEVPO | 4-8 0.703(11) 1.13(28) -1.05 0.25 uc
GEVP1 | 2-6 0.837(49) 1.53(36) 0.20 0.26 uc
GEVP2 | 3-6 0.8661(55) | 3.0(1.1) 0.77 0.19 uc
N2N 4-7 0.800(29) 1.85(61) 0.39 0.15 uc
Ensemble-C

GEVPO | 3-7 0.621(11) 1.24(11) -1.66 0.48 uc
GEVP1 | 2-6 0.6825(55) | 1.412(40) | -1.86 1.06 uc
GEVP2 | 2-5 0.723(93) 1.35(31) 1.46 0.33 uc
N2N 3-6 0.711(82) 1.35(28) 1.52 0.32 uc

Table A.2.: Summary over all excited state fits of the GEVP and two-point effective mass
curves with the fit form from Eq. 8.1 for the different ensembles in the nega-
tive parity sector. The last column denotes whether a fit is correlated (c) or
uncorrelated (uc).
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Figure A.1.: Overview plots of the remaining ensembles showing the same results as de-
picted in Fig. 8.1 for all other ensembles of this study.
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Figure A.2.: Overview plots of the remaining ensembles showing the same results as de-
picted in Fig. 8.2 for all other ensembles of this study.
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Figure A.3.: Overview plot of all GEVP eigenvectors. The plots depict the same eigenvec-

tors as Fig. 8.3 for the remaining ensembles of this study. The reference time
slices can vary between the different ensembles and are chosen so that the
effective mass is converged to the state’s mass while still having a moderate

signal-to-noise ratio.

113



A. Appendix

T T 1.2
% GEVP mode 0 % GEVP mode 0
(Ensemble 4 ) # GEVP mode 1 (Ensemble D] # GEVP mode 1
— 3 GEVP mode 2 L1 = [ — 3 GEVP mode 2
¥ Nucleon 2pt }: ¥ Nucleon 2pt
) = =10
E% » E% N(1650)
s ¥ ir § (001)
i 09 fneadE = 5
1T s T
AF—(000).
Ed 3 0.8 3
T T
3 4 6 7 8 9 3 6 7 8
t/a t/a
T T
$  GEVP mode 0 ~$  GEVP mode 0
Ensemble 1 #  GEVP mode 1 Ensemble 3 % GEVP mode 1
“7"" & GEVP mode 2 | ===7 &  GEVP mode 2 |
¥ Nucleon 2pt 4 ¥ Nucleon 2pt
= 1] - = e 1 |
‘% 7(001) T ‘% L
Fos g
»
0.80 1 T -
. < i B !
0.75 -
N7 (000) =n -
3 4 5 7 9 10 6 7 8 9 10
t/a t/a
0.85 m 1.2 T T
% GEVP mode 0 \k % GEVP mode 0
0.80 (Ensemble ,_] £ GEVP mode 1 11 £ GEVP mode 1
¥ GEVP mode 2 \ ¥ GEVP mode 2
0.75 R, B
‘\,"‘1(‘50) ¥ Nucleon 2pt L0y 1650] ¥ Nucleon 2pt
— N (16 . i
g o 2 09 hnftsas Al
® 65 4. m335) g > T .
s £(001) b T S 08 e IE
0.60 1
N,”(OOU) - £ - J J\ 0.7 N 7 (001) ha
0.55 hil N (000) )
“» - 0.6 il T T i
0.50 | : = 1 I B
5 6 8 9 10 11 12 13 3 4 7 8 9 10
t/a t/a

Figure A.4.: Overview over the GEVP effective masses of the remaining ensembles in the
negative parity sector. The plots are similar to Fig. 8.8
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Figure A.5.:

Overview plot of all negative parity GEVP eigenvectors. The plots depict the
same eigenvectors as Fig. 8.9 for the remaining ensembles of this study. The
reference time slices can vary between the different ensembles and are chosen
such that the effective mass is converged to the state’s mass while still having
a moderate signal-to-noise ratio.
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Model: M(a,m,,mg) = My + c1a* + ca(m, —m8) + ca(mg — m%), Tag: [7(1)K(1)]
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Figure A.6.: Overview of the linear models for the continuum and physical point extrap-
olation. The plots are similar to Fig. 8.6.

116



A.4. Additional Figures
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Figure A.7.: Overview of the quadratic models for the continuum and physical point ex-
trapolation. The plots are similar to Fig. 8.6.
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Model: M(a, mr, mg) = My + c1a® + ca(m2 — (m2)?) + c3(m2 — (m2)?), Tag: [r(2,3)K(0)]
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Figure A.8.: Overview of the quadratic models with a cubic term for the continuum and
physical point extrapolation. The plots are similar to Fig. 8.6.
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