
Mathematische Zeitschrift          (2026) 312:28 
https://doi.org/10.1007/s00209-025-03904-6 Mathematische Zeitschrift

On exact categories and their stable envelopes

Victor Saunier1,2 · Christoph Winges3

Received: 5 January 2025 / Accepted: 10 October 2025
© The Author(s) 2025

Abstract
We show that Klemenc’s stable envelope of exact ∞-categories induces an equivalence
between stable ∞-categories with a bounded heart structure and weakly idempotent com-
plete exact ∞-categories. Moreover, we generalise the Gillet–Waldhausen theorem to the
connective algebraic K-theory of exact ∞-categories and deduce a universal property of
connective algebraic K-theory as an additive invariant on exact ∞-categories. A key tool is
a generalisation of a theorem due to Keller which provides a sufficient condition for an exact
functor to induce a fully faithful functor on stable envelopes.
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1 Introduction

Exact categories were invented by Quillen in [23] to get around the following problem: if
R is a regular ring, then there exist two equivalent presentations of K0(R), either as the
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group-completion of the set of isomorphism classes of objects in the additive category of
finitely generated projective modules, or by considering the category of finitely presented
modules and further modding out by exact sequences. Exact categories provide an interpo-
lation between these two extremes.

Barwick observed in [2] that a suitable formulation of the definition of an exact category
can be adopted verbatim to define the notion of an exact ∞-category as an additive ∞-
category equipped with a notion of exact sequences, see Sect. 2. Small exact ∞-categories
and exact functors between them assemble into an ∞-category Exact.

Minimally, every additive ∞-category becomes an exact ∞-category by declaring only
the split bifibre sequences to be exact. Maximally, a stable ∞-category carries an exact
structure in which every bifibre sequence is an exact sequence. It is easy to check that the
∞-categories Catadd of additive∞-categories and Catst of stable∞-categories both become
full subcategories of Exact in this way. The inclusion of Catadd into Exact admits a right
adjoint by taking the underlying additive ∞-category of an exact ∞-category, and we will
recall in Sect. 3 results of Klemenc which show that the inclusion of Catst admits a left adjoint

St : Exact → Catst

called the stable envelope.
For ordinary exact categoriesE, the studyof the functorE → Db(E) to the boundedderived

category has received plenty of attention; here, we understand Db(E) as the localisation of
the category of bounded chain complexes in E at the quasi-isomorphisms. Keller in [15] and
subsequently Porta in [22] have provided universal properties for this map when considering
the homotopy category of Db(E) and its triangulated structure, and refining it via the theory
of derivators. If E is abelian, then Antieau, Gepner and Heller have given in [1] a universal
property of the bounded derived category as a stable category equipped with a t-structure. For
an arbitrary exact category E, Bunke, Cisinski, Kasprowski and the second author have given
in [8] a universal property of the stable ∞-category Db(E), thus showing that it coincides
with the stable envelope St(E).

Returning to the general case of exact ∞-categories E, Klemenc has shown in [17] that
the canonical map E → St(E) is fully faithful, closed under extensions and detects exact
sequences. In particular, combined with the above, this is a version of the Gabriel–Quillen
embedding theorem in the context of higher categories. See Sect. 3 for more details.

The main goal of this paper is to study further properties of the adjunction St : Exact �
Catst : inc, and to discuss some consequences of these results for algebraic K-theory.

We can recast the fully faithfulness of E → St(E) in the light of a more general phe-
nomenon. The category Abfg of finitely generated abelian groups is a full subcategory of
Spω, the ∞-category of compact spectra, and it is closed under extensions. Passage to stable
envelopes induces a map

St(Abfg) � Db(Z) → Sp.

It is well-known that this map is not fully faithful. However, as Klemenc’s result shows, there
are many cases where a full subcategory closed under extensions does induce a fully faithful
map (in fact an equivalence) upon passage to stable envelopes. Our first result identifies a
property which guarantees that taking stable envelopes preserves fully faithfulness.

Definition 1.1 Let E be an exact ∞-category and let U be a full subcategory closed under
extensions. Then U is left special in E if for every projection p : x � v with x ∈ E and
v ∈ U, there exists a morphism f : u → x with u ∈ U such that the composite p ◦ f : u → v

is a projection in U.
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Left special subcategories have received a certain amount of attention in the study of exact
categories. We have borrowed the term from [26], but the condition itself goes back to at least
[16]. In fact, Theorem 4.5 establishes the following generalisation of [16, Theorem 12.1].

Theorem 1.2 (Keller’s criterion) Let E be an exact ∞-category. If U ⊆ E is a left special
subcategory of E, then the induced functor St(U) → St(E) is fully faithful.

This also holds for right special inclusions, i.e. those inclusions whose opposite is left
special. Since the composite of a left and a right special inclusion need not be special on
either side, this provides many other examples. An alternative proof of Theorem 4.5 can be
found in [20].

For a general exact∞-category E, the construction of St(E) proceeds as follows. Consider
Stadd(E), the stabilisation of the underlying additive∞-category of E. This admits a tractable
model as the Spanier–Whitehead stabilisation of Pf

�(E), which is by definition the smallest
full subcategory of P�(E) := Fun×(Eop,Sp≥0) containing the image of the (enriched)
Yoneda embeddingよ : E → P�(E) and closed under finite colimits. In particular, Stadd(E)

is a full subcategory of Fun×(Eop,Sp).
Then, to build St(E), it suffices to force the image of the non-split exact sequences of E

to be exact. This can be achieved by considering for each exact inclusion i : x � y with
cofibre z the canonical comparison map

c(i) : cofib(よ(i)) →よ(z).

Denote the cofibre of c(i) by E(i). Defining Ac(E), the category of acyclics over E, to be
the stable subcategory of Stadd(E) generated by objects of the form E(i), the stabilisation of
E can be defined as the Verdier quotient

St(E) := Stadd(E)/Ac(E)

of Stadd(E) by the subcategory of acyclics.
In [19], Neeman shows that if E is an idempotent-complete exact category, then Ac(E)

admits a bounded t-structure. He also identifies the heart as the category of effaceable functors
Eop → Ab, as defined by Schlichting in Lemma 9 of Section 11 of [27].

It is shown in [24] that this phenomenon holds in the higher worldwhenE is the underlying
additive category of a stable ∞-category and [17] hints at this phenomenon more generally
for every exact ∞-category E. Proposition 3.9 and Corollary 3.12 show that this is indeed
the case.

Proposition 1.3 For every exact ∞-category E, the stable ∞-category Ac(E) carries a
bounded t-structure whose heart eff(E) is the full subcategory consisting precisely of objects
of the form E(i) for some exact inclusion i . In particular, all objects in the heart are effaceable
in Schlichting’s sense.

This statement has also been observed by Efimov [9, Proposition G.7].
Since Pf

�(E) is a full subcategory of Stadd(E), it has an essential image in St(E), which
we denote St≥0(E). Adapting Klemenc’s arguments, we are able to show in Theorem 3.15
the following refinement of the Gabriel–Quillen embedding; see Sect. 2 for terminology.

Theorem 1.4 Let E be an exact ∞-category. Then j : E → St≥0(E) exhibits E as an
extension-closed full subcategory, and the induced exact structure on E coincides with the
given exact structure. In addition, the following are equivalent:

(i) E is weakly idempotent complete;
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(ii) E is closed under fibres of projections in St≥0(E).

By a theorem of Sosnilo [28], see also Proposition 3.2 below, the stable ∞-category
Stadd(E) carries a bounded weight structure as it is the stable envelope of the underlying
additive ∞-category of E — in particular, the weight heart of this structure is the weak
idempotent completion of the underlying additive∞-category ofE. In addition, takingweight
hearts induces an equivalence between stable ∞-categories with bounded weight structures
and weakly idempotent complete additive ∞-categories. Since St(E) is a Verdier quotient of
Stadd(E), it also inherits a structure that we now describe:

Definition 1.5 Let C be a stable ∞-category. A heart structure on C is a pair of full subcate-
gories (C≥0,C≤0) satisfying the following properties:

(i) C≥0 is closed under extensions and finite colimits, and C≤0 is closed under extensions
and finite limits;

(ii) for every x ∈ C, there exists a cofibre sequence

x≤0 → x → �x≥0

with x≤0 ∈ C≤0 and x≥0 ∈ C≥0.

Denote C≥n := �nC≥0 and C≤n := �nC≤0. Then the heart structure (C≥0,C≤0) is bounded
above if C = ⋃

n∈Z C≤n , and it is bounded below if C = ⋃
n∈Z C≥n . It is bounded if it is

both bounded above and bounded below.
Let D be another stable ∞-category with heart structure (D≥0,D≤0). A heart-exact

functor f : C → D is an exact functor satisfying f (C≥0) ⊆ D≥0 and f (C≤0) ⊆ D≤0.
Define the ∞-category of bounded heart categories Cat♥ as the ∞-category of small

stable ∞-categories with a bounded heart structure and heart-exact functors between them.

Remark 1.6 To illustrate the distinction, recall from [5, 14, 21] that a weight structure on
a stable ∞-category C is a pair of full subcategories (C≥0,C≤0) satisfying the following
properties:

(i) C≥0 and C≤0 are closed under retracts;
(ii) for every x ∈ C, there exists a cofibre sequence

x≤0 → x → �x≥0

with x≤0 ∈ C≤0 and x≥0 ∈ C≥0;
(iii) for every x ∈ C≤0 and every y ∈ C≥0, the mapping spectrum homC(x, y) is connective.

By [14, Lemma 3.1.2], the subcategory C≥0 is closed under extensions and finite colimits and
C≤0 is closed under extensions and finite limits. So any weight structure is a heart structure.
Moreover, [14, Lemma 3.1.2] shows that either part of a weight structure determines the
other part through the orthogonality condition (iii).

Heart categories were introduced by the first author in [25, Definition 2.1], where it was
shown that if C is a bounded heart category, then St(C♥) → C is an equivalence. As we
will show in Sect. 5, this result can also be recovered via Keller’s criterion. In loc. cit., the
generalisation of Sosnilo’s result for heart structures was not touched upon. Using the above
material, we can give the following answer:

Theorem 1.7 LetE be an exact ∞-category. Then there is a bounded heart structure on St(E)

whose heart is the weak-idempotent completion of E.
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In consequence, there exists an adjunction

St : Exact � Cat♥ :(−)♥

which identifies Cat♥ with the full subcategory of weakly idempotent complete exact ∞-
categories.

Moreover, this adjunction restricts to the adjunction

Stadd : Catadd � Catwt :(−)♥

obtained by Sosnilo in [28, Corollary 3.4], which identifies the ∞-category of stable ∞-
categories with bounded weight structure with the full subcategory of weakly idempotent
complete additive ∞-categories.

The following statement about the interaction between algebraic K-theory and stable
envelopes can be deduced from [25, Theorem 3.1] by following Quillen’s original arguments
for the resolution theorem of [23]. We will provide a short argument in Sect. 5 explaining
how to assemble the proof.

Theorem 1.8 (Gillet–Waldhausen) Let E be an exact ∞-category. Then

K( j) : K(E) → K(St(E))

is an equivalence, where K denotes connective algebraic K-theory.

Since St(E) actually is the bounded derived category in the case of an exact category E

by [8, Corollary 7.4.12], this is a generalisation of [29, Theorem 1.11.7], justifying its name.
In fact, the above discussion allows us to prove a version of the universal characterisation of

algebraicK-theory proven byBlumberg,Gepner andTabuada [4].Namely, the notion of semi-
orthogonal decompositions admits a straightforward generalisation to exact ∞-categories,
and we say that an invariant is additive if it sends those decompositions to (split-)exact
sequences of a stable category.

Theorem 1.9 The natural transformation �∞ι → K of functors Exact → Sp is initial
amongst natural transformations �∞ι → F with target a functor F which is additive and
invariant under passage to the stable envelope.

Note that by [25, Theorem 3.3], being invariant under passage to the stable envelope is
equivalent to satisfying the resolution theorem (see [23, Theorem 3] and [25, Theorem 1.4])
and being invariant under weak-idempotent completion. In particular, theorems 2 and 3 of
Quillen’s seminal paper [23] identify properties of the K-theory functor which allow for the
formulation of a universal property.

Finally, let usmention that Keller’s criterion implies that St sends semi-orthogonal decom-
positions of exact ∞-categories to semi-orthogonal decompositions of stable ∞-categories.
In particular, it follows that the additive non-commutative motives of Blumberg, Gepner and
Tabuada are a full subcategory of a similar construction for exact ∞-categories.

Conventions

Throughout the body of this article, we adopt the following conventions:

• From this point onwards, the word "category” means "∞-category”.
• We denote by An the category of anima/∞-groupoids/spaces/weak homotopy types.
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• If we want to emphasise that a category has discrete mapping anima, we will refer to it
as a “1-category” or “ordinary category”.

• For an arbitrary category C, we denote by HomC the mapping anima of C. If C is stable,
we use homC to denote the mapping spectra of C.

• If C is a category with finite products, we denote by Fun×(C,−) the full subcategory of
functors preserving finite products. If C is additive, we also use the notation Fun⊕(C,−).
If C andD are stable categories, Funex(C,D) denotes the category of exact functors from
C to D.

• IfA andB are wide subcategories of a category C, we say thatA is closed under pushouts

along B if every span y
f←− x

g−→ z with f inA and g inB can be completed to a pushout
square, and for any such pushout square the induced morphism z → y ∪x z also lies in
A, and similarly for pullbacks.

2 Exact categories

Let us recall the basic definitions concerning exact categories, see [2, Section 3].

Definition 2.1 An exact category is an additive category E together with a choice of two
wide subcategories inE and prE, the (exact) inclusions and (exact) projections, such that the
following properties are satisfied:

(i) for every object x ∈ E, the unique morphism 0 → x is an inclusion and the unique
morphism x → 0 is a projection;

(ii) the class of inclusions is stable under pushouts along arbitrary maps, and the class of
projections is stable under pullback along arbitrary maps;

(iii) for a commutative square

x y

x ′ y′

i

p q

j

the following are equivalent:

(a) the morphism i is an inclusion, the morphism p is a projection, and the square is a
pushout;

(b) the morphism j is an inclusion, the morphism q is a projection, and the square is a
pullback;

Any square of this form is called an exact square. If x ′ � 0, we also say that x
i−→ y

q−→ y′
is an exact sequence.

We will typically denote inclusions by feathered arrows � and projections by two-headed
arrows �.

Let (E′, inE′, prE′) be another exact category. An exact functor f : E → E′ is a reduced
functor which sends exact squares to exact squares.We denote by Exact the category of small
exact categories and exact functors. Moreover, we use Funex(E,E′) to denote the category
of exact functors from E to E′.

Remark 2.2 (i) We will typically suppress the chosen subcategories inE and prE from nota-
tion.
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(ii) An exact functor in particular sends inclusions to inclusions and projections to projec-
tions.

There is a number of standard diagram lemmas that make it convenient to work with exact
categories. The most central one is the following.

Lemma 2.3 ([17, Proposition A.1] and [2, Lemma 4.7]) Let E be an exact category and
consider a commutative square

x y

x ′ y′

i

j

in which i and j are inclusions as indicated. Then the following are equivalent:

(i) the square is bicartesian;
(ii) the square is a pushout;
(iii) the induced map cofib(i) → cofib( j) on cofibres is an equivalence.

Moreover, in this case there exists an exact sequence x � x ′ ⊕ y � y′.

Lemma 2.3 implies that a functor between exact categories is exact if and only if it
preserves exact sequences. This in turn is equivalent to requiring that the functor is an exact
functor between the underlying Waldhausen categories [2, Proposition 4.8].

Moreover, a version of the five lemma holds for inclusions and projections in an exact
category.

Lemma 2.4 Let E be an exact category and consider a commutative diagram

x y z

x ′ y′ z′
f g h

with both rows exact. Assume that f is an inclusion. Then h is an inclusion if and only if the
induced map x ′ ∪x y → y′ is an inclusion. If this is the case, g is also an inclusion.

Proof The proofs of [7, Proposition 3.1 & Corollary 3.2] can be copied almost verbatim. ��
Another easy consequence is Quillen’s “obscure axiom”.

Lemma 2.5 Let E be an exact category. Suppose that p : x → y is a morphism in E which
admits a fibre and that there exists a morphism f : x ′ → x such that p f is a projection in E.
Then p is a projection.

Proof The proof of [7, Proposition 2.16] can be copied almost verbatim. ��
It will often be convenient to assume the following additional property on the underlying

additive category of an exact category.

Definition 2.6 An additive category A is weakly idempotent complete if for every retraction
diagram i : a � b :r there exists an object a′ ∈ A and a morphism s : b → a′ such that
r + s : b → a ⊕ a′ is an equivalence.
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Example 2.7 (i) Every idempotent complete additive category is weakly idempotent com-
plete.

(ii) Every stable category is weakly idempotent complete.
(iii) For an ordinary ring R, the additive 1-category of finitely generated, stably free R-

modules is weakly idempotent complete. If there exists a stably free R-module which
is not free, it follows that the category of finitely generated free R-modules is not weakly
idempotent complete.
Since the idempotent completion of both of these categories is the category of
finitely generated projective R-modules, the category of finitely generated, stably free
R-modules is idempotent complete if and only if every finitely generated projective R-
module is stably free. This is equivalent to the statement that K̃0(R) := coker(K0(Z) →
K0(R)) is trivial.

(iv) The heart of a heart category (C,C≥0,C≤0) is weakly idempotent complete: every
retraction diagram in C♥ admits a complement in C. The resulting complement is both
a fibre of a morphism in C≤0 and a cofibre of a morphism in C≥0, so it lies in C♥ as
well.

The following notion provides an easy way to build new exact categories from a given
exact category.

Definition 2.8 LetE be an exact category and letU be a full subcategory. ThenU is extension-
closed in E if it contains a zero object and for every exact sequence u � y � w with
u, w ∈ U, we also have y ∈ U.

Lemma 2.9 If U is an extension-closed subcategory of the exact category E, then

inU := {i ∈ U ∩ inE | cofib(i) ∈ U} and prU := {p ∈ U ∩ prE | fib(p) ∈ U}
define the structure of an exact category on U.

Proof Since U is extension-closed, it is a full additive subcategory of E. For the remaining
axioms, it suffices to show that U is closed under pushouts along morphisms in inU and

under pullbacks along morphisms in prU. If w ← u
i−→ v is a span in U with i ∈ inU,

then the pushout y fits into an exact sequence w � y � cofib(i) in E. Since U is closed
under extensions, it follows that y ∈ U. The case of pullbacks along morphisms in prU is
analogous. ��

If we do not say anything else, extension-closed subcategories will always be equipped
with the exact structure coming from Lemma 2.9.

We will also be interested in the following property that an extension-closed subcategory
may or may not satisfy.

Definition 2.10 Let E be an exact category and let U be an extension-closed subcategory.
Then U is closed under fibres of projections if for every exact sequence x � v � w with
v,w ∈ U, we also have x ∈ U.

3 The Gabriel–Quillen embedding

Let us begin by providing more details of Klemenc’s construction of the Gabriel–Quillen
embedding. If A is additive, the functor

�∞ : Fun×(Aop,Sp≥0) → Fun×(Aop,An)
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is an equivalence by [10, Corollary 4.9] and provides a lift

よ : A → Fun×(Aop,Sp≥0) =: P�(A)

of the Yoneda embedding to connective spectra. Recall that Pf
�(A) denotes the category

of finite additive presheaves, the smallest full subcategory of P�(A) which contains the
essential image of the Yoneda embedding and is closed under finite colimits. It is prestable
by [17, Proposition 3.5] and the upgraded Yoneda embeddingよ : A → Pf

�(A) is the initial
additive functor from A with finitely cocomplete target [17, Proposition 3.2].

Recall for example from [18, SectionC.1.1] that the fully faithful inclusionCatst → Catrex

into the category of small, pointed categories with finite colimits and finite colimit-preserving
functors admits a left adjoint

SW : Catrex → Catst

called the Spanier–Whitehead stabilisation. If C is a pointed category with finite colimits, its
Spanier–Whitehead stabilisation is explicitly given by

SW(C) � colim
(
C

�−→ C
�−→ C

�−→ . . .
)
.

Definition 3.1 Define
Stadd(A) := SW(Pf

�(A))

as the Spanier–Whitehead stabilisation of the category of finite additive presheaves.

By the universal property of SW, the stable category Stadd(A) comes equipped with a
functor A → Stadd(A) such that the restriction functor

Funex(Stadd(A),C) → Fun⊕(A,C)

is an equivalence for every stable category C.
In particular, there exists an adjunction

Stadd : Catadd � Catst : fgt
where fgt denotes the forgetful functor. Since the inclusion functor Sp≥0 → Sp preserves
colimits, we obtain an induced fully faithful functor

Stadd(A) → Fun×(Aop,Sp)

which identifies Stadd(A) with the smallest full stable subcategory of Fun×(Aop,Sp) con-
taining each of the spectrum-valued presheavesよ(x) : Aop → Sp≥0 ⊆ Sp for x ∈ A.

An important property of Stadd(A) is the following.

Proposition 3.2 (Bondarko, Sosnilo) Let A be a small additive category. Then Stadd≥0 (A) :=
Pf

�(A) ⊆ Stadd(A) is the positive part of a bounded weight structure on Stadd(A).

Proof This is part of the proof of [28, Corollary 3.4] and is discussed in more detail in [25,
Proposition 2.13]. For the reader’s convenience, we also record a proof here.

Since Stadd(A) is the Spanier–Whitehead stabilisation of Stadd≥0 (A), every object becomes

an object of Stadd≥0 (A) after a finite number of suspensions. Define

Stadd≤0 (A) := {X ∈ Stadd(A) | homStadd(A)(X , Y ) is connective for all Y ∈ Stadd≥0 (A)}.
Note that every representable presheaf is contained in Stadd≤0 (A). Moreover, if X is the cofibre

of a morphism between two objects in Stadd≤0 (A), then �−1X ∈ Stadd≤0 (A). In particular, every
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object in Stadd≥0 (A) becomes an object of Stadd≤0 (A) after a finite number of desuspensions

because the representable presheaves generate Stadd≥0 (A) under finite colimits. As every object

is some iterated desuspension of an object in Stadd≥0 (A), the same assertion is true for every

object in Stadd(A).
Since Stadd≥0 (A) is prestable, both Stadd≥0 (A) and Stadd≤0 (A) are closed under retracts. Since

the orthogonality relation 1.6 (iii) holds by definition, we are left with checking that every
object admits a weight decomposition. For this, it will be sufficient to show that for every
X ∈ Stadd≥0 (A) and every k ≥ 0, there exists a weight decomposition of degree k, by which we

mean a cofibre sequence X ′ → X → X ′′ with�−k X ′ ∈ Stadd≤0 (A) and�−k−1X ′′ ∈ Stadd≥0 (A).

Let C be the full subcategory of Stadd(A) consisting of those objects which admit a π0-
surjectionよ(x) → X for some x ∈ A. Then every representable presheaf is contained in C.
For any span X1 ← X0 → X2 of objects in C, the inducedmorphism X1⊕ X2 → X1∪X0 X2

is a π0-surjection, so C is closed under finite colimits.
In particular, Stadd≥0 (A) ⊆ C. Consequently, for every object X ∈ Stadd≥0 (A) there exist

some x ∈ A and a cofibre sequenceよ(x) → X → Y with �−1Y ∈ Stadd≥0 (A).
Assume that X ′ → X → X ′′ is a weight decomposition of degree k. Then there exists a

πk-surjection �kよ(x ′′) → �−1X ′′ for some x ′′ ∈ A. Letting Y denote the cofibre of this
morphism, we obtain another cofibre sequence

Y → Y ∪�−1X ′′ X ′ → X .

Since よ(x ′′) and �−k X ′ both lie in Stadd≤0 (A), it follows that �−k−1(Y ∪�−1X ′′ X ′) ∈
Stadd≤0 (A). By construction, �−k−1Y ∈ Stadd≥0 (A), so rotating the above fibre sequence yields
a weight decomposition of degree k + 1. By induction, we conclude that every object in
Stadd≥0 (A) admits a weight decomposition of each degree. ��
Remark 3.3 Using Bondarko’s weight complex functor, which is by definition the exact func-
tor Stadd(A) → Kb(hoA) induced by the projection onto the homotopy category, one can
check directly that the heart of the weight structure in Proposition 3.2 is a weak idempotent
completion of A. This assertion also follows from the more general Proposition 5.4 below.

Assume now that E is an exact category. Forgetting the exact structure on E, it still
makes sense to consider the additive stabilisation Stadd(E). Recall from the introduction the
definition of the object E(i) associated to an exact inclusion i in E. Then an exact functor
Stadd(E) → C restricts to an exact functor E → C if and only if it maps each E(i) to zero.

Definition 3.4 (i) The category Ac(E) of acyclics over E is the smallest full stable subcate-
gory of Stadd(E) which contains all objects of the from E(i).

(ii) Define St(E), the stable envelope of E, as the Verdier quotient

St(E) := Stadd(E)/Ac(E).

By construction, there is an exact functor j : E → St(E).

The following can be assembled from [17, Proposition 4.17] and [17, Proposition 4.22].

Theorem 3.5 (Klemenc) Let E be an exact category. Then j : E → St(E) is fully faithful and
the restriction functor

j∗ : Funex(St(E),C) → Funex(E,C)

is an equivalence for every stable category C.
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In particular, St upgrades to a functor which takes part in an adjunction

Exact Catst.
St

where the right adjoint is the fully faithful inclusion equipping a stable category with the
maximal exact structure.

Corollary 3.6 For every exact category E, the functor St(Eop) → St(E)op induced by jop is
an equivalence.

Proof This follows by unwinding the universal property supplied by Theorem 3.5:

Funex(St(Eop),C) � Funex(Eop,C) � Funex(E,Cop)op

� Funex(St(E),Cop)op � Funex(St(E)op,C)

��
Remark 3.7 Note that for every stable category C (equipped with the maixmal exact struc-
ture) and every additive category A (equipped with the split exact structure), we have
Funex(C,A) � 0: such a functor F : C → Amaps X → 0 → �X to a split-exact sequence,
so F(X) � 0.

However, the orthogonal complement of Catst in Exact contains more than just additive
categories. Via the embedding E → St(E), we obtain a notion of mapping spectra in E. If
E has finite cohomological dimension in the sense that these mapping spectra are uniformly
bounded below, then E is also right-orthogonal to Catst: any object in the image of an exact
functor F : C → E may be written as an arbitrarily high desuspension of another object, so
we obtain for every X ∈ C, every Y ∈ E and every natural number l some object X ′ ∈ C and
an isomorphism

πk HomE(F(X), Y ) � π0 HomSt(E)(F(X ′),�l−kY );
the right hand term vanishes for l sufficiently large by assumption.

Resuming the above, we have seen that for every exact E, there is a diagram

E⊕ E

Ac(E) Stadd(E) St(E)

j

Here, E⊕ denotes the split-exact category E, the bottom row is a Verdier sequence of stable
categories and the vertical maps are exact and fully faithful functors. In the following, we
prove a refinement of Klemenc’s result that E → St(E) exhibits E as an extension-closed full
subcategory [17, Proposition 4.25]. First, we study the category of acyclics, which admits a
fairly explicit description.

Definition 3.8 An additive functor F : Eop → Ab is weakly effaceable if for every x ∈ E

and α ∈ F(x) there exists a projection p : x ′ � x in E with p∗α = 0.

Proposition 3.9 Let F : Eop → Ab be an additive functor. Then the following are equivalent:

(i) F is equivalent to E(i) for some inclusion i of E;
(ii) there exists a projection p : y � z in E such that

F � coker(π0よ(p) : π0よ(y) → π0よ(z));
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(iii) there exists a morphism f : y → z in E such that

F � coker(π0よ( f ) : π0よ(y) → π0よ(z))

and F is weakly effaceable.

Moreover, E(i) is discrete for every inclusion i of E.

Proof Let x
i

� y
p

� z be an exact sequence in E. Then c(i) fits into the following commu-
tative diagram in Fun×(Eop,Sp≥0):

よ(x) よ(y) cofib(よ(i))

よ(x) よ(y) よ(z)

よ(i)

id id c(i)

よ(i)

The top row is a cofibre sequence while the bottom row is a fibre sequence, so cofib(c(i)) is
discrete. In particular, cofib(c(i)) � coker(π0よ(p)). This proves the equivalence of (i) and
(ii), and shows that E(i) is always discrete.

Assume (ii). By the preceding discussion, F(t) can be identified with the quotient of
π0 HomE(t, z)by the subgroupofmorphismswhich factor over p. Given amorphism f : t →
z, form the pullback t ×z y. Then the structure map q : t ×z y → t is a projection, and the
composition t ◦ q factors over p by construction. Hence F is weakly effaceable.

For the converse, assume (iii). Since F is weakly effaceable, there exists a projection
p′ : y′ � z such that the composite

π0よ(y′) π0よ(p′)−−−−−→ π0よ(z) → F

is trivial. Then p := f + p′ : y ⊕ y′ → z is a projection by Lemma 2.4, and F �
coker(π0よ( f + p′)) since the images of π0よ( f ) and π0よ(p) agree by construction. ��
Definition 3.10 Denote by eff(E) ⊆ Fun×(Eop,Ab) the full subcategory of objects satisfying
the equivalent conditions of Proposition 3.9.

Proposition 3.11 Identifying Stadd(E) with a full subcategory of Fun×(Eop,Sp), an object A
is acyclic if and only if π∗ A is concentrated in finitely many degrees and πk A lies in eff(E)

for each k.

Proof LetA denote the full subcategory of additive presheaves A : Eop → Sp such that π∗ A
is concentrated in finitely many degrees and πk A lies in eff(E) for each k. Then A contains
all objects E(i) by Proposition 3.9, and it is a stable subcategory by [17, Corollary 3.13].
Hence Ac(E) ⊆ A.

Conversely, an induction along the Postnikov tower shows that every object in A is con-
tained in the stable subcategory generated by eff(E).

��
In particular, from the above proposition, we can deduce the following generalisation of

[19, Lemma 1.2].

Corollary 3.12 The Postnikov t-structure on Fun×(Eop,Sp) restricts to a bounded t-structure
on Ac(E) whose heart is equivalent to eff(E).
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Proof This is immediate from Proposition 3.11.
��

We will show in Sect. 5 that the image under the Verdier projection Stadd(E) → St(E) of
the bounded weight structure on Stadd(E) of Proposition 3.2 is the positive part of a bounded
heart structure on St(E). As a first step in this direction, let us denote by St≥0(E) the essential
image of Stadd≥0 (A) in St(E). Then we observe the following.

Lemma 3.13 The full subcategory St≥0(E) is closed under finite colimits and extensions in
St(E).

Proof This follows by combining Proposition 4.4, Proposition 4.7 and (the proof of) Corol-
lary 4.8 in [17]. ��
Lemma 3.14 The embedding E → St≥0(E) exhibits E as a left special subcategory.

Proof The following argument is contained in the proof of [17, Proposition 4.25], but let us
spell it out to highlight the key points.

Consider an exact sequence X → Y → j(z) in St≥0(E). The formula for mapping anima
in the Verdier quotient Stadd(E)/Ac(E) together with [17, Proposition 4.6] imply that the
boundary map j(z) → �X can be represented by a zig-zag

よ(z)
d−→ G

s←− �F

in Pf
�(E), where F is a preimage of X under the localisation functor and cofib(s) is acyclic.

By Proposition 3.11, there exists a projection p : y � z in E such that the composite map

よ(y)
d◦よ(p)−−−−→ G → cofib(s) is nullhomotopic. Hence d ◦よ(p) lifts to �F . Since sus-

pensions in Pf
�(E) ⊆ Fun×(Eop,Sp≥0) are computed pointwise, �F is 1-connective. It

follows that the zig-zagよ(y)
d◦よ(p)−−−−→ G

s←− �F represents the trivial map in St≥0(E), and
consequently j(p) lifts to Y .

We are left with showing that E is closed under extensions in St≥0(E). Given a cofibre
sequence j(x) → Y → j(z), the preceding discussion implies that there exists a commuta-
tive diagram

j(x ′) j(y) j(z)

j(x) Y j(z)

j(i) j(p)

id

in which both rows are cofibre sequences. Lemma 2.3 implies that the left square is a pushout
in St≥0(E). Since i is an inclusion and j preserves pushouts along inclusions, it follows that
Y � j(x ∪x ′ y). ��

The following theorem generalises the classical Gabriel–Quillen embedding [29,
Appendix A].

Theorem 3.15 (Gabriel–Quillen embedding theorem [17, Theorem 1.2]) Let E be an exact
category. Then j : E → St≥0(E) exhibits E as an extension-closed full subcategory, and
the induced exact structure on E coincides with the given exact structure. In addition, the
following are equivalent:

(i) E is weakly idempotent complete;
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(ii) E is closed under fibres of projections in St≥0(E).

Proof The full subcategory E is extension-closed by Lemmas 3.13 and 3.14. [17, Proposi-
tion 4.25] shows that the two exact structures on E coincide, but one can also argue directly

as follows: if j(x)
j(i)−−→ j(y)

j(p)−−→ j(z) is a cofibre sequence in St(E), it is also a cofibre
sequence in St≥0(E). Since E is left special in St≥0(E), the morphism p becomes a projection
after precomposition with some morphism g : y′ → y in E. Since j is fully faithful, i is a
fibre of p in E. Quillen’s “obscure axiom” 2.5 implies that p is a projection, and we are done.

Suppose that E is weakly idempotent complete and consider a cofibre sequence X →
j(y)

j(p)−−→ j(z) in St≥0(E). By Lemma 3.14, there exist an exact sequence x ′ � y′ q
� z and

a morphism g : y′ → y in E such that q � p ◦ g. This implies that the induced commutative
square

j(x ′) j(y′)

X j(y)

g

is a pushout. By Lemma 2.3, there exists an exact sequence j(x ′) → X ⊕ j(y′) → j(y).
Since the essential image of j is closed under extensions, the object X ⊕ j(y′) is equivalent
to an object in E. It follows that X is equivalent to an object in E by weak idempotent
completeness.

Conversely, let i : x → y be a morphism in E which admits a retraction r : y → x .
Then cofib( j(i)) exists in St≥0(E), and we have j(y) � j(x) ⊕ cofib( j(i)). Hence j(r) is

a projection in St≥0(E), and there exists an exact sequence cofib( j(i)) → j(y)
j(r)−−→ j(x).

Since E is closed under fibres of projections, it follows that cofib( j(i)) is equivalent to an
object in E. ��

4 Keller’s criterion

Equippedwith our understanding of theGabriel–Quillen embedding,we are nowable to prove
Keller’s criterion by elementary methods of homological algebra. The following notions are
directly adapted from [11, Chapitre II]. Note that what we call a “δ-functor” is an “exact
δ-functor” in Grothendieck’s language.

Definition 4.1 Let E be an exact category.

(i) A δ-functor on E is a sequence of additive functors

{Fn : Eop → Ab}n≥0

together with a sequence of homomorphisms

{δn : Fn(x) → Fn+1(z)}n≥0

for each exact sequence x � y � z in E such that the following holds:

(a) for each exact sequence x � y � z, the induced sequence

F0(z) → F0(y) → F0(x)
δ0−→ F1(z) → F1(y) → F1(x)

δ1−→ . . .

is exact;
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(b) for each morphism of exact sequences

x y z

x ′ y′ z′

in E and each n ≥ 0, the induced square

Fn(x ′) Fn+1(z′)

Fn(x) Fn+1(z)

δn

δn

commutes.

(ii) A transformation τ : F ⇒ G of δ-functors is a sequence of natural transformations
{τ n : Fn ⇒ Gn}n≥0 such that for each exact sequence x � y � z the induced
square

Fn(x) Fn+1(z)

Gn(x) Gn+1(z)

δn

τ n τ n+1

δn

is commutative.
(iii) A δ-functor F is universal if for every δ-functor G on E, every natural transformation

F0 ⇒ G0 extends uniquely to a transformation of δ-functors F ⇒ G.

A universal δ-functor is uniquely determined by its 0-th component. The following lemma,
which allows us to recognise universal δ-functors, goes back to Grothendieck [11, Proposi-
tion 2.2.1]. See also [6, Proposition 4.2] for the characterisation of universality using weakly
effaceable functors. We include a proof for the reader’s convenience.

Lemma 4.2 Let E be an exact category and let F be a δ-functor on E. If Fn is weakly
effaceable for every n ≥ 1, then F is universal.

Proof Let G be an arbitrary δ-functor on E and suppose that τ : F ⇒ G is a transformation
of δ-functors. Consider α ∈ Fn+1(x). Since Fn+1 is weakly effaceable, there exists an exact

sequence x ′′ i
� x ′ p

� x such that p∗α = 0. From the commutativity of the diagram

Fn(x ′′) Fn+1(x) Fn+1(x ′)

Gn(x ′′) Gn+1(x) Gn+1(x ′)

δn

τ n
x ′′

p∗

τ n+1
x τ n+1

x ′
δn p∗

and the exactness of the first row, it follows that there exists an element β ∈ Fn(x ′′) with
δn(β) = α. Hence τ n+1

x (α) = δn(τ n
x ′′(β)). By induction, we conclude that τ is uniquely

determined by τ 0.
Moreover, this argument shows that if τ n is already defined, then τ n+1

x (α) := δn(τ n
x ′′(β))

is the only possible definition for τ n+1
x .We need to show that this is well-defined and additive;

compatibility with the coboundary maps δn holds by definition.
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If β and γ are two preimages of α under δn , then their difference lies in the image of
Fn(x ′) → Fn(x ′′). Since τ n is a natural transformation, exactness of the lower row in the
above diagram implies δn(τ n

x ′′(β − γ )) = 0.

Suppose that y′′ j
� y′ q

� x is another exact sequence with q∗α = 0. Since Fn+1 is
additive, we then also have (p + q)∗α = 0 ∈ Fn+1(x ′ ⊕ y′). Let β denote a preimage of
α in Fn(fib(p + q)), and define βx and βy to be the image of β in Fn(x ′′) and Fn(y′′),
respectively. Then it follows from naturality of τ n that

δn(τ n
x ′′(βx )) = δn(τ n

fib(p+q)(β)) = δn(τ n
y′′(βy)).

This shows that τ n+1
x is well-defined. Additivity of τ n+1

x follows immediately since the
preceding discussion implies that we may choose the sum of two given preimages as a
preimage of a sum in Fn+1(x).

We are left with showing that τ n+1 is a natural transformation. Let f : x → y be a
morphism and let α ∈ Fn(y). Choose a projection q : y′ � y such that q∗α = 0, and pick
a preimage β of α under δn . Define p : x ′ := x ×y y′ → x to be the pullback of p along
f , and let f ′ : x ′ → y′ be the second structure map so that we obtain a morphism of exact
sequences

x ′′ x ′ x

y′′ y′ y

f ′′

p

f ′ f
q

Then the naturality of δn implies that δn(( f ′′)∗β) = f ∗δn(β) = f ∗α. From the naturality
of both τ n and δn , we conclude that

τ n+1
x ( f ∗α) = δn(τ n

x ′′(( f ′′)∗β)) = δn(( f ′′)∗τ n
y′′(β)) = f ∗δn(τ n

y′′(β)) = f ∗τ n+1
y (α).

��

Lemma 4.3 Let E be an exact category. Then

RHomn
E(−, y) := π0 HomSt(E)(−, �n j(y)) : Eop → Ab

is weakly effaceable for every n ≥ 1.

Proof The calculus of fractions formula for Verdier quotients implies that an arbitrary mor-
phism j(x) → �n j(y) can be represented by a zig-zag

よ(x)
f−→ Y

s←− �nよ(y)

such that cofib(s) is acyclic. Since π0 cofib(s) is weakly effaceable by Proposition 3.11, there
exists a projection p : x ′ � x in E such that f ◦ p factors over �nよ(y). Suspensions of
additive presheaves are computed pointwise, so �nよ(y) is n-connective. This implies that
every morphismよ(x ′) → �nよ(y) is trivial. ��

Corollary 4.4 Let E be an exact category. Then the sequence

RHomE(−, y) := {
RHomn

E(−, y)
}

n≥0

refines to a universal δ-functor.
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Proof Let x0
i

� x1
p

� x2 be an exact sequence in E. Then j(x0) → j(x1) → j(x2) is a
fibre sequence in St(E), and we obtain

δn : RHomn
E(x2, y) → RHomn+1

E (x0, y)

as the boundary map on the homotopy groups of the induced fibre sequence of mapping
spectra

homSt(E)( j(x0), j(y)) → homSt(E)( j(x1), j(y)) → homSt(E)( j(x2), j(z)).

This equips RHomE(−, y) with the structure of a δ-functor. Corollary 4.3 shows that
RHomn

E(−, y) is weakly effaceable for all n ≥ 1, so universality follows from Lemma
4.2. ��

The following generalises [16, Theorem 12.1]. See also [12, Exposé VIII, Proposition 4.1]
for the case of abelian categories.

Theorem 4.5 (Keller’s criterion) Let E be an exact category. If U ⊆ E is a left special
subcategory of E, then the induced functor St(U) → St(E) is fully faithful.

Proof Denote by Û the full subcategory of St(U) given by those objects U such that the
induced map

homSt(U)( jU(−), U ) → homSt(E)( jE(−),St(inc)(U ))

of mapping spectra is an equivalence. Since we require an equivalence of mapping spectra,
Û is a full stable subcategory of St(U). In order to show Û = St(U), it is therefore enough
to show that Û contains the essential image of jU.

Let v ∈ U, so that St(inc)( jU(v)) � jE(v). Then the induced map

HomSt(U)( jU(−), jU(v)) → HomSt(E)( jE(−), jE(v))

of mapping anima is an equivalence because j is assumed to be fully faithful. We are left with
showing that this map also induces an isomorphism on negative homotopy groups. Since U
is a left special subcategory of E, the restricted functors

RHomn
E(inc(−), v) : Uop → Ab

are weakly effaceable for n ≥ 1 by Corollary 4.3, so inc∗ RHom is a universal δ-functor on
U by Lemma 4.2. As RHom0

U(−, v) � inc∗ RHom0
E(−, v) by assumption, it follows that Û

contains the essential image of jU. ��
Corollary 4.6 ([25, Theorem 2.9]) Let C be a stable category with a bounded heart structure.
Then the induced functor St(C♥) → C is an equivalence.

Proof Recall from [25, Definition 1.3] that the inclusion A → B of an extension-closed
subcategory into an exact category is resolving if the following holds:

(i) for every exact sequence x � y � z with y ∈ A we also have x ∈ A;
(ii) for every object z ∈ B there exists a projection y � z with y ∈ A.

In particular, such a subcategory is left special: given an exact sequence x � y � z with
z ∈ A, pick a projection y′ � y with y ∈ A; then the first condition implies that the
composite y′ � z is a projection in A.

The proof of [25, Theorem 2.9] shows that C♥ → C≥0 is a composition of resolving
functors. Since the heart structure is bounded, it follows by induction that C♥ is left special
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in C≥0. Theorem 4.5 implies that St(C♥) → C is fully faithful. Since C is generated by C♥,
it follows that this functor is also essentially surjective.

��
There is an evident dual version of Keller’s criterion.

Definition 4.7 An extension-closed subcategory U of an exact category E is right special if
Uop ⊆ Eop is left special.

Corollary 4.8 If U ⊆ E is a right special subcategory of the exact category E, then St(U) →
St(E) is fully faithful.

Proof This follows from Theorem 4.5 and Corollary 3.6. ��
Remark 4.9 It is not true without further assumptions that the inclusion of an extension-
closed subcategory induces a fully faithful functor on bounded derived categories. Examples
are provided by stable∞-categories which admit a t-structure, but do not contain the bounded
derived category of their heart as a full subcategory. Concretely, one can take for C the stable
∞-category of bounded spectra with finitely generated homotopy groups and for U the full
subcategory of Eilenberg–MacLane spectra of finitely generated abelian groups.

Moreover, there exist extension-closed subcategories which are neither left nor right spe-
cial, but still induce fully faithful functors on stabilisations. For example, consider an additive
category A as an extension-closed subcategory of its stabilisation St(A). For any a ∈ A, the
map 0 → a is a projection in St(A) because St(A) is stable. However, no projection b � a
in A factors over 0 unless a � 0—this also shows that it is important to consider only the
positive part of the heart structure on St(A) in Lemma 3.14.

Similarly, no inclusion in A can factor over the zero map 0 : a → 0 for non-trivial a.
However, the induced functor St(A) → St(St(A)) � St(A) is an equivalence.

One can also use Theorem 4.5 together with the Gabriel–Quillen embedding to show that
every exact category admits a weak idempotent completion.

Lemma 4.10 Let E be an exact category. Define

E� := {X ∈ St(E) | ∃ x, x ′ ∈ E : X ⊕ j(x ′) � j(x)}.
Then E� is an extension-closed subcategory of St(E), and the restriction functor

Funex(E�,D) → Funex(E,D)

is an equivalence for every weakly idempotent complete exact category D.
In particular, the induced exact functor St(E) → St(E�) is an equivalence.

Proof Let X
i−→ Y

p−→ Z be a cofibre sequence in St(E)with X , Z ∈ E�. Choose x, x ′, z, z′ ∈
E such that X ⊕ j(x ′) � j(x) and Z ⊕ j(z′) � j(z). Then

X ⊕ x ′ ⊕ 0
i⊕id⊕0−−−−→ Y ⊕ x ′ ⊕ z′ p⊕0⊕id−−−−→ Z ⊕ 0 ⊕ z′

is also a cofibre sequence. Since E is closed under extensions in St(E) by Lemma 3.13 and
Theorem 3.15, it follows that Y ⊕ x ′ ⊕ z′ also lies in the essential image of j . Hence E� is
extension-closed in St(E).
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Now consider the commutative diagram

Funex(E�,D) Funex(E,D)

Funex(E�,St(D)) Funex(E,St(D))

Funex(St(E�),St(D)) Funex(St(E),St(D))

� �

The lower vertical morphisms are equivalences by the universal property of St. Since E ⊆
E� ⊆ St(E) are inclusions of extension-closed subcategories and E is left special in St(E),
it follows that E is also left special in E�. Theorem 4.5 implies that St(E) → St(E�) is an
equivalence, and it follows that the bottom and middle horizontal arrows are equivalences.

The upper vertical morphisms are fully faithful. SinceD is weakly idempotent complete,
an exact functor E� → St(D) restricts to an exact functor E → D if and only if it restricts
to an exact functor E� → D. This means that the upper square is a pullback, so the lemma
follows. ��

5 Bounded heart categories

This section contains the proofs of Theorems 1.7 and 1.8. Our main goal is to show that St(E)

always carries a bounded heart structure.

Definition 5.1 Let E be an exact category and let X ∈ St(E).

(i) The object X admits a length 0 resolution if it is equivalent to an object in the essential
image of j ;

(ii) the object X admits a length n + 1 resolution if there exists a cofibre sequence X ′ →
j(x) → X in St(E) such that X ′ admits a length n resolution.

Lemma 5.2 For each X ∈ St≥0(E) there exists some n ≥ 0 such that X admits a length n
resolution.

Proof The required resolutions exist already in Stadd(E) because this category carries a
bounded weight structure by Proposition 3.2.

��
Lemma 5.3 Let E be a weakly idempotent complete exact category and let n ≥ 0. Consider
a cofibre sequence

X → Y → Z

in St≥0(E). Then the following holds:

(i) If Y admits a length n resolution and Z admits a length n + 1 resolution, then X admits
a length n resolution.

(ii) If X and Z admit length n + 1 resolutions, then Y admits a length n + 1 resolution.
(iii) If X and Y admit length n resolutions, then Z admits a length n + 1 resolution.
(iv) If Y and Z admit length n + 1 resolutions, then X admits a length n + 1 resolution.

Proof The proof assertions (i), (ii) and (iv) can be copied almost verbatim from [23, Lemma
on p 102].
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We prove all statements simultaneously by induction on n. For (i), choose a cofibre
sequence Z ′ → j(z) → Z such that Z ′ admits a resolution of lengthn and letY := Y ×Z j(z).
Then Y is an extension of objects admitting resolutions of length n. If n = 0, the object Y also
admits a resolution of length 0 by Theorem 3.15; for n > 0 it follows by induction from (ii)
that Y admits a length n resolution because there exists a cofibre sequence Z ′ → Y → Y .
From the cofibre sequence X → Y → j(z), we conclude that X also admits a length n
resolution: if n = 0, this holds by Theorem 3.15 because E is weakly idempotent complete,
otherwise this follows from the inductive assumption.

For (ii), choose a cofibre sequence Z ′ → j(z) → Z as above and define Y as before.
Since E is left special in St≥0(E) by Lemma 3.14, there exists a projection p : y � z such
that j(p) factors over Y → j(z). The fibre of the composite projection j(y) → Z is an
extension of Z ′ and a representable object, so it admits a length n resolution by the inductive
assumption. Now choose a cofibre sequence X ′ → j(x) → X such that X ′ admits a length
n resolution. Then the transformation of cofibre sequences

j(x) j(x ⊕ y) j(y)

X Y Z

is a pointwise projection by Lemma 2.4. The fibre of j(x ⊕ y) → Y is an extension of
objects admitting length n resolutions. The inductive assumption implies that Y admits a
length n + 1 resolution.

For (iii), the claim is obviously true for n = 0. Otherwise, choose a cofibre sequence
Y ′ → j(y) → Y such that Y ′ admits a length n resolution. Then the fibre of the composite
projection j(y) → Z is an extension of X by Y ′, so (ii) implies that Z admits a length n + 1
resolution.

For (iv), choose again a cofibre sequence Y ′ → j(y) → Y such that Y ′ admits a length
n resolution. Then (i) implies that the fibre of the composite projection j(y) → Z admits
a resolution of length n. It follows from (iii) and the cofibre sequence Y ′ → fib( j(y) →
Z)) → X that X admits a resolution of length n + 1. ��

Recall once more from Proposition 3.2 that Stadd(E) carries a bounded weight structure
with Stadd≥0 (E) = Pf

�(E), and that we denote the essential image of Stadd≥0 (E) in St(E) by
St≥0(E).

Proposition 5.4 Let E be an exact category. Then (St≥0(E),St≤0(E)) is a bounded heart
structure on St(E), where St≤0(E) denotes the essential image of Stadd≤0 (E) under the Verdier

projection Stadd(E) → St(E).
The induced exact functorE → St(E)♥ exhibits the heart as a weak idempotent completion

of E.

Proof The full subcategory St≥0(E) is closed under extensions and finite colimits by Lemma
3.13, and every object X ∈ St(E) fits into a cofibre sequence X≤0 → X → �X≥0 with
X≥0 ∈ St≥0(E) and X≤0 ∈ St≤0(E) since such a decompostion already exists in Stadd(E).
We have to show that St≤0(E) is closed under extensions and finite limits.

Consider an arbitrary exact category D. By Corollary 3.6, the canonical functor
St(Dop) → St(D)op is an equivalence. This applies in particular to the split-exact struc-
ture onD, so we also have an equivalence Stadd(Dop)

∼−→ Stadd(D)op. By Sosnilo’s theorem
[28, Corollary 3.4], this is in fact an equivalence ofweighted categories, and therefore restricts
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to an equivalence Stadd≤0 (Dop) � Stadd≥0 (D)op. From the commutativity of the diagram

Stadd(Dop) Stadd(D)op

St(Dop) St(D)op

�

�

we conclude that the lower horizontal arrow restricts to an equivalence

St≤0(D
op) � St≥0(D)op.

ChoosingD = Eop, we conclude that St≤0(E) is closed under extensions and finite limits in
St(E).

Since (Stadd≥0 (E),Stadd≤0 (E)) is a bounded weight structure by Proposition 3.2 and

Stadd(E) → St(E) is essentially surjective, the heart structure (St≥0(E),St≤0(E)) is bounded.
By definition, the functor j : E → St(E) factors over the heart of this heart structure.

Since St(E)♥ is weakly idempotent complete, we obtain an induced fully faithful func-
tor E� → St(E)♥. Since St≥0(E) is generated by E under finite colimits and St≤0(E)

is generated by E under finite limits (and similarly for E�), it follows that the inclusion
E ⊆ E� induces an equivalence of bounded heart categories (St(E),St≥0(E),St≤0(E))

∼−→
(St(E�),St≥0(E

�),St≤0(E
�)). In particular, it suffices to show that E → St(E)♥ is an equiv-

alence whenever E is weakly idempotent complete.
So assume that E is weakly idempotent complete and let X be an object in St(E)♥. Then

Lemma 5.2 together with the preceding discussion implies that X admits a length n resolution
in St≤0(E)op for some n ≥ 1. If n = 0, then X lies in the essential image of j by definition.
If n ≥ 1, we find an exact sequence X → j(x) → X ′ in St≤0(E) such that X ′ admits a
length n − 1 resolution. By induction, X ′ lies in the essential image of j . Since X also lies in
St≥0(E) and E is closed under fibres of projections in St≥0(E) by Theorem 3.15, it follows
that X lies in the essential image of j . ��
Corollary 5.5 Let E be an exact category and let (C,C≥0,C≤0) be a stable category with a
heart structure. Then the restriction functor

j∗ : Funex((St(E),St≥0(E),St≤0(E), (C,C≥0,C≤0)) → Funex(E,C♥)

is an equivalence.

Proof The triple (St(E),St≥0(E),St≤0(E)) is a bounded heart structure by Proposition 5.4.
Consider the commutative square

Funex((St(E),St≥0(E),St≤0(E)), (C,C≥0,C≤0)) Funex(E,C♥)

Funex(St(E),C) Funex(E,C)

j∗

j∗

The universal property of St implies that the lower horizontal arrow is an equivalence, and
both vertical arrows are fully faithful.

Suppose that an exact functor f : St(E) → C restricts to an exact functor E → C♥. Since
St≥0(E) is generated by E under finite colimits, it follows that f (St≥0(E)) ⊆ C≥0. Dually,
f (St≤0(E)) ⊆ C≤0 because St≤0(E) is generated by E under finite limits.
Conversely, a heart-exact functor f : St(E) → C evidently restricts to a functor St(E)♥ →

C, and therefore also to an exact functor E → C♥.
This means precisely that the above square is a pullback, which proves the corollary. ��
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The main theorems follow by combining the preceding results.

Proof of Theorem 1.7 Corollary 5.5 shows that the functor (−)♥ : Cat♥ → Exact admits a left
adjoint. Let (C,C≥0,C≤0) be a bounded heart category. The induced functor St(C♥) → St(C)

is an equivalence by Corollary 4.6 and restricts to an equivalence on hearts by Proposition
5.4 because hearts of heart structures are weakly idempotent complete. Since the positive
and negative part of a bounded heart structure are generated by the heart under finite colimits
and limits, respectively, it follows that the counit of this adjunction is an equivalence. The
characterisation of the essential image of (−)♥ also follows from Proposition 5.4.

To see that this adjunction restricts to Sosnilo’s adjunction between additive categories and
categories with a bounded weight structure, observe that the category Ac(A) vanishes for an
additive categoryAwith the split-exact structure. Hence the heart structure from Proposition
5.4 is the canonical weight structure on Stadd(A). ��
Proof of Theorem 1.8 The inclusion E → E� induces an equivalence in K-theory by the
cofinality theorem [3, Theorem 10.19]. Applying Lemma 4.10, we may assume without loss
of generality that E is weakly idempotent complete.

Since St≥0(E) → St(E) is a Spanier–Whitehead stabilisation: the induced functor
SW(St≥0(E)) → St(E) is fully faithful because St≥0(E) is prestable, and it is essentially
surjective because the heart structure on St(E) is bounded below. Therefore, it suffices to
show that the inclusion functor E → St≥0(E) induces an equivalence in K-theory. Note that
E is closed under extensions and fibres of projections in St≥0(E) by Theorem 3.15.

For n ≥ 0, denote by En the full subcategory of objects in St(E) which admit a length n
resolution.

By Lemma 5.3, the full subcategoryEn is closed under extensions and fibres of projections
in En+1. The resolution theorem [25, Theorem 1.4] therefore implies that K(En) → K(En+1)

is an equivalence for all n. Since
⋃

n En = St≥0(E) by Lemma 5.2 and K-theory commutes
with filtered colimits, it follows that K(E) → K(St≥0(E)) is an equivalence. ��

6 The universal property of K-theory of exact categories

The goal of this section is to prove a universal property of the connective K-theory of exact
categories by leveraging the previous parts as well as work of [4]. We begin by introducing
our version of additivity in the context of exact categories.

Recall that S2(E), the degree 2 part of theWaldhausen S•-construction, is an exact category
whenever E is an exact category. Thinking of S2(E) as the category of exact sequences
x � y � z in E, inclusions and projections are defined pointwise (see Lemma 2.4). Given
two extension-closed subcategories A and B of E, denote by E(A,E,B) ⊆ S2(E) the full
subcategory on the exact sequences a � x � b satisfying a ∈ A and b ∈ B.

Definition 6.1 Let E be an exact category. An ordered pair (A,B) of extension-closed sub-
categories of E is a semi-orthogonal decomposition of E if the functor

e : E(A,E,B) → E, (a � x � b) �→ x

is an equivalence of exact categories.

Let us record a number of equivalent characterisations of semi-orthogonal decompositions.

Proposition 6.2 Let E be an exact category, and let (A,B) be an ordered pair of extension-
closed subcategories of E. Then the following are equivalent:
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(i) the pair (A,B) is a semi-orthogonal decomposition;
(ii) it holds that:

(a) the inclusion functor i : A → E admits a right adjoint p and the inclusion functor
j : B → E admits a left adjoint q;

(b) the functors p and q are exact;

(c) the sequences A
i−→ E

q−→ B and B
j−→ E

p−→ A are bifibre sequences in Exact;
(d) the counit i p(x) → x is an inclusion and the unit x → jq(x) is a projection for all

x ∈ E.

(ii) the inclusion functor i : A → E admits an exact right adjoint p such that the counit
i p(x) → x is an inclusion for all x ∈ E, and B = ker(p);

(iv) the inclusion functor j : B → E admits an exact left adjoint q such that the unit x →
jq(x) is a projection for all x ∈ E, and A = ker(q);

(v) it holds that:

(a) for every x ∈ E, there exists an exact sequence a � x � b with a ∈ A and b ∈ B;
(b) for every a ∈ A and b ∈ B, we have HomE(a, b) � 0;

In particular, the exact sequence from (va) is functorial in x. It will be denoted by
p(x) � x � q(x) in the sequel.

(c) for every projection y � z in E, the induced map p(y) → p(z) is a projection in A;

(vi) there exist exact functors p : E → A and q : E → B and an exact sequence of functors
p � id � q in E such that the inclusion map is the counit of an adjunction and the
projection is the unit of an adjunction;

Proof Suppose (A,B) is a semi-orthogonal decomposition. To prove (i) ⇒ (i i), it suffices
to check that E(A,E,B) always satisfies the properties of (i i).

The exact functor i ′ : A → E(A,E,B) given on objects by a �→ (a
id
� a � 0), has an

exact right adjoint p′ given by (a � x � b) �→ a, and the counit of this adjunction is given
by the canonical transformation

a a 0

a x b

id

Moreover, e ◦ i ′ � i and thus p := p′ ◦ e−1 is the desired right adjoint to i . By considering
opposite categories, we also have that j ′ � e−1 ◦ j : B → E(A,E,B) admits an exact left
adjoint q ′ whose unit is a projection. Hence, to prove (i) ⇒ (i i), it suffices to check that
E(A,E,B) always satisfies the properties of (i i).

The above has already showed (iia), (iib) and (iid). It also follows thatB is the localisation
of E at the unit morphisms andA is the localisation of E at the counit morphisms. Observing
that q ′ vanishes precisely on the objects in the essential image of i ′, it follows that q ′ is a
localisation at the collection of projections with fibre in the essential image of i ′, and dually
for p′ and j ′. In particular, the sequences of (iic) are fibre sequences in Exact since those are
computed underlying.

If f : E(A,E,B) → D is an exact functor vanishing on the essential image of i ′, it
necessarily inverts all projections whose fibre lies in A, so it induces an exact functor
B → D. This shows that restriction along q ′ is a fully faithful functor Funex(B,D) →
Funex(E(A,E,B),D) with essential image those exact functors vanishing on the essential
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image of i ′. In particular, q ′ is the cofibre of i ′ in Exact so that A
i ′−→ E(A,E,B)

q ′
−→ B is a

bifibre sequence. Passing to opposite categories, we also have that B
j ′−→ E(A,E,B)

p′
−→ A

is a bifibre sequence. This proves (i) ⇒ (i i).
Obviously, (i i) implies both (i i i) and (iv).
Let us show (i i i) ⇒ (iv). Setting q(x) := cofib(i p(x) � x) to be the cofibre of the unit

morphism, it is straightforward to check that this yields a left adjoint to the inclusion j : B →
E. Since it preserves colimits, exactness of q will follow from q preserving inclusions. If
x � y is an inclusion, consider the induced commutative diagram

p(x) p(y) p(z)

x y z

q(x) q(y) q(z)

whose upper row is exact by assumption. By Lemma 2.4, it follows that x ∪p(x) p(y) → y
is an inclusion, and therefore q(x) → q(y) is also an inclusion.

Moreover, an object x ∈ E lies in A if and only if i p(x) → x is an equivalence, which
happens precisely if its cofibre is trivial. Since this cofibre computes q(x), it follows that
A = ker(q).

By considering opposite categories, we also have (iv) ⇒ (i i i).
Assuming (iii), we have just seen that holds, and (vc) follows from the exactness of p.

Since p is right adjoint to the inclusion of A, we have for a ∈ A and b ∈ B that

HomE(a, b) � HomA(a, p(b)) � 0

because B = ker(p). So (vb) holds as well.
Assume (v). If a � x � b is an exact sequence with a ∈ A and b ∈ B, then we obtain

for all a′ ∈ A a fibre sequence

HomE(a′, a) → HomE(a′, x) → HomE(a′, b) � 0,

so a ∈ A is a right adjoint object to x . Similarly, b ∈ B is a left adjoint object of x , so
we obtain adjoint functors p : E → A and q : E → B. Since p preserves projections by
assumption, it follows that p is an exact functor.

To see that q is exact, it suffices to show that q preserves inclusions. For any exact sequence
x � y � z, we obtain a commutative diagram

p(x) x q(x)

p(y) y q(y)

The induced morphism p(y) ∪p(x) x → y is an inclusion by Lemma 2.4 because p(z) � z
is an inclusion. Applying Lemma 2.4 again, we conclude that q preserves inclusions. This
proves (vi).

Finally, if (vi) holds, the functor

f : E → E(A,E,B), x �→ (p(x) � x � q(x))

provides an exact section to e. Since q is left adjoint to j , there exists a natural transformation
τ : f ◦ e → id. By assumption, we obtain for every object a � x � b of E(A,E,B) a
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commutative diagram with exact rows and columns

p(a) p(x) 0

a x b

0 q(x) q(b)

In particular, the map q(x) → b determining the component of τ at x is an equivalence, and
so τ is an equivalence, proving (i). ��
Remark 6.3 By taking opposite categories, one observes that condition 6.2. (vc) can be
replaced by the assumption that q preserves inclusions.

Remark 6.4 If E is stable and A and B are full stable subcategories, all equipped with their
maximal exact structures, note that conditions 6.2. (iib) and 6.2. (iid) are vacuous. This
recovers one of the usual characterisations of semi-orthogonal decompositions of stable
categories. Semi-orthogonal decompositions of stable categories are also called semi-split
Verdier sequences.

A functor F : Catst → Cwith target a stable category sends semi-splitVerdier sequences to
(necessarily split) exact sequences if and only if it is an additive invariant (see [13, Proposition
2.4]).

Definition 6.5 (i) A functor F : Exact → Sp is said to be additive if it sends semi-orthogonal
decompositions of exact categories to split exact sequences of spectra.

(ii) A functor F : Exact → Sp is said to be invariant under passage to the stable envelope if
it sends the natural transformation id → St to an equivalence.

Denote by ι : Catst → An the underlying ∞-groupoid functor. The following statement
provides a universal property for the functor K : Catst → Sp, first proved in [4].

Theorem 6.6 (Blumberg–Gepner–Tabuada) The natural transformation �∞ι → K of func-
torsCatst → Sp is initial amongst natural transformations �∞ι → F with target an additive
invariant F.

Proof Instead of [4, Theorem 1.3], we use the non-necessarily idempotent-complete version
of the universal property provided by [13, Theorem 5.1]. It says that the transformation
ι → �∞ K is initial among group-like additive functors Catst → An under the groupoid
core. Observing that group-like additive functors Catst → An are the same as additive
functors Catst → Sp≥0, we have for every additive functor F : Catst → Sp equivalences

Nat(�∞ι, F) � Nat(�∞ι, τ≥0F) � Nat(K, τ≥0F) � Nat(K, F)

because taking connective covers preserves additive functors and the connective K-theory
functor takes values in connective spectra. ��

The functor K : Exact → Sp has the following universal property.

Theorem 6.7 The natural transformation �∞ι → K of functors Exact → Sp is initial
amongst natural transformations �∞ι → F with target a functor F which is additive and
invariant under passage to the stable envelope.

123



   28 Page 26 of 28 V. Saunier, C. Winges

Proof Let F : Exact → Sp be an additive functor which is invariant under passage to the
stable envelope. Write i : Catst → Exact for the inclusion functor, which is right adjoint to

St. Then we have a natural equivalence F
�−→ F ◦ i ◦ St which induces

Nat(K, F) � Nat(K, F ◦ i ◦ St) � Nat(K ◦i, F ◦ i)

Since F is additive, so is F ◦ i (but now as a functor from Catst) so that by Theorem 6.6,
�∞ι ◦ i → K ◦i induces an equivalence

Nat(K, F) � Nat(�∞ι ◦ i, F ◦ i).

Adjoining back and using the invariance under passage to the stable envelope again, we can
rewrite the right hand side as Nat(�∞ι, F), which concludes the proof. ��
Remark 6.8 Up to passing from the 1-categorical to the ∞-categorical world, the above
theorem implies that Theorem 2 and Theorem 3 of Quillen’s original article on higher K-
theory [23] capture the properties for which the K-theory of exact categories is universal.

Observe in particular that this implies that K is right Kan extended from its values on
Catst. In fact, we can show a more general result. First, note the following.

Lemma 6.9 Let (A,B) be a semi-orthogonal decomposition of E. Then the inclusion A ⊆ E

is left special and the inclusion B ⊆ E is right special.

Proof Let x � y � a be an exact sequence in E with a ∈ A. Then p(a) → a is an
equivalence, so the commutative triangle

p(y)

y a

witnesses that A is left special in E. By considering opposite categories, it follows that B is
right special in E. ��
Proposition 6.10 The functor St : Exact → Catst preserves semi-orthogonal decomposi-
tions.

Proof Given a semi-orthogonal decomposition (A,B), we want to show that the pair
(St(A),St(B)) is a semi-orthogonal decomposition of St(E). Let i : A → E and j : B → E

be the inclusion functors.
Due to Lemma 6.9, Keller’s criterion Theorem 4.5 and its dual version Corollary 4.8 imply

that St(i) and St( j) are fully faithful.
Now, note that St is in fact a 2-functor: for any two exact categories E1,E2, there is a

functor

Funex(E1,E2) Funex(E1,St(E2)) � Funex(St(E1),St(E2))
( jE2 )∗

which recovers the functoriality of St on arrows of Exact when taking underlying ∞-
groupoids. In particular, it follows that St preserves adjunctions.

Since j : E → St(E) is exact, the functor Funex(E,E) → Funex(St(E),St(E)) is exact
with respect to the pointwise exact structure.

Combining these observations, we see that (St(A),St(B)) satisfies condition (vi) of
Lemma 6.2, so we are done. ��
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In particular, it follows from the proposition that the category Funadd(Catst,Sp) of addi-
tive invariants defined on Catst identifies as the reflexive subcategory of Funadd(Exact,Sp)
spanned by those additive invariants defined on Exact which are invariant under passage to
the stable envelope, or equivalently, which are right Kan extended from Catst.

Remark 6.11 For the sake of completeness, let us point out that in complete analogy to
the case of stable categories �∞ K : Exact → An is also the initial group-like additive
invariant under the groupoid core. The proof of this statement presented in [13, Section 5]
generalises in straightforward fashion from stable to exact categories after taking note that
the additivity theorem holds for the connective K-theory of exact categories. This in turn can
be seen by observing that the proof of additivity in [13, Section 4] also works for the Q-
construction applied to exact categories. Alternatively, one combines the additivity theorem
for Waldhausen categories proved by Barwick [3] with the fact that the Q-construction is the
edgewise subdivision of the S•-construction.

This universal property is different from the one established in Theorem 6.7 since there
exist additive invariants which are not invariant under passage to the stable envelope. For
example, the functor E �→ K(Funex(Spω,E)) is an additive invariant, restricts to the ordinary
K-theory functor on stable categories, but vanishes on exact 1-categories.
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