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Quantum Chaos as an Essential Resource for Full Quantum State Controllability
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Using the key properties of chaos, i.e. ergodicity and exponential instability, as a resource to
control classical dynamics has a long and considerable history. However, in the context of controlling
“chaotic” quantum unitary dynamics, the situation is far more tenuous. The classical concepts of
exponential sensitivity to trajectory initial conditions and ergodicity do not directly translate into
quantum unitary evolution. Nevertheless properties inherent to quantum chaos can take on those
roles: i) the dynamical sensitivity to weak perturbations, measured by the fidelity decay, serves a
similar purpose as the classical sensitivity to initial conditions; and ii) paired with the fact that
quantum chaotic systems are conjectured to be statistically described by random matrix theory,
implies a method to translate the ergodic feature into the control of quantum dynamics. With those
two properties, it can be argued that quantum chaotic dynamical systems, in principle, allow for
full controllability beyond a characteristic time that scales only logarithmically with system size
and 5™, In the spirit of classical targeting, it implies that it is possible to fine tune the immense
quantum interference with weak perturbations and steer the system from any initial state into any
desired target state, subject to constraints imposed by conserved quantities. In contrast, integrable
dynamics possess neither ergodicity nor exponential instability, and thus the weak perturbations
apparently must break the integrability for control purposes. The main ideas are illustrated with
the quantum kicked rotor. The production of revivals, cat-like entangled states, and the transition
from any random state to any other random state is possible as demonstrated.
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I. INTRODUCTION

concept of chaos in quantum mechanics as somewhat

Out-of-equilibrium classically chaotic dynamical sys-
tems are naturally expected to relax, equilibrate, or ther-
malize rapidly. They evolve ergodically, approaching ar-
bitrarily close to every available phase space point, and
any initially localized continuous density of initial condi-
tions spreads exponentially rapidly, eventually covering
the available phase space uniformly. Guiding such sys-
tems toward some desired precise final state would seem
to pose insurmountable barriers. However, it has long
been shown how classical chaos can be considered a re-
source for efficient control. More precisely, in the theory
of classical targeting [1-6] ergodicity and exponential in-
stability guarantee fast transport pathways between any
two available states, requiring only small perturbations.

The unitary evolution of quantum mechanics is dis-
tinctly different from classical dynamical evolution. De-
spite various attempts at defining quantum Lyapunov
exponents or dynamical entropy [7-9], the unitary dy-
namics of bounded, isolated quantum systems is not ex-
ponentially unstable, i.e. effectively Lyapunov exponents
must vanish, and unitary evolution is reversible in a way
that classical dynamics is not [10, 11]. Furthermore, the
quantum concept of ergodicity cannot rely on the exis-
tence of a phase space, and depending upon the context,
ergodicity in quantum systems can take on slightly dif-
ferent meanings; more on this below.

The absence of strict quantum equivalents of classi-

cal ergodicity and exponential sensitivity renders the
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problematic. Nevertheless, the useful moniker, quantum
chaos (itself an oxymoron), transmits the important no-
tion that there are manifestations of chaos in quantum
mechanics for systems with classical chaotic limits and
special properties even for those without. It is therefore
natural to ask whether quantum chaos can serve an anal-
ogous purpose for controlling quantum unitary dynamics
as ergodicity and instability do for controlling chaotic
classical dynamics.

In the rapidly advancing field of quantum technologies
and quantum computation, the ability to steer the dy-
namics of quantum systems plays a crucial role. Promi-
nent methods, such as quantum optimal control [12-19]
and shortcuts to adiabaticity [20-23], enable the high pre-
cision control of quantum states through tailored time-
dependent external fields. Compared to classical dynam-
ics though, little is known about how quantum chaos
affects controllability of quantum dynamics; see how-
ever [24-26]. Recently it was shown that the concepts
of classical targeting can be extended to guide quantum
states along fast solutions of their classical limit [27—
29]. Although effectively an interesting and potentially
useful coherent approach to quantum simulation, so far
it is restricted to Schréodinger quantum dynamics and
many-body bosonic systems with rather localized quan-
tum states which are constrained to remain so. This
naturally excludes many interesting possibilities such as
entangled states or many-body fermionic and spin sys-
tems.

The purpose of this work is to demonstrate that quan-

tum chaos does provide a resource for control even with-
out an existing classical limit, relying on analogous er-
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FIG. 1. Schematic illustration of quantum chaos as a resource
for control. In a quantum chaotic system, an initially localized
state (upper panel), after a very brief evolution time, relaxes
into a complicated state (center) that is distributed over the
available energy surface. In the same way, however, chaos
enables a weak perturbation of the system such that shortly
afterward the state converges to any desired final state, for
example a cat-like entangled state (lower panel).

godicity and exponential instability properties applica-
ble in a general quantum setting. More specifically the
universal behavior of quantum chaotic dynamics enables
the fine tuning of the huge amount of quantum inter-
ference inherent to their unitary evolution, in order to
rapidly control the system into arbitrary target quantum
states. A precursor to this approach is the identification
of quantum revivals in a fully chaotic quantum stadium
billiard [30].

Thus, quantum chaos as a resource conceptually would
signify that whatever the initial state of interest, it
swiftly devolves into some kind of a random-like state,
only to reform seemingly magically and rapidly to the
desired final state. This is schematically illustrated in
Fig. 1 in which a localized state disperses rapidly into a
complicated random-like state only to reemerge in a very
short time scale as a localized cat-like entangled state.
The evolving state spreads wildly with many parts in-
terfering with other parts, but by design small perturba-
tions generate the necessary interferences leading to the
desired target state. The main challenge is making small
alterations to all the quantum interferences in such a way
as to arrive at the desired target state.

This paper is structured as follows. Section IT examines
the translation of the classical concepts of ergodicity and
instability into quantum mechanics. In Sec. III quan-

tum chaos as a resource for full state controllability is
illustrated with the quantum kicked rotor. In particular,
the ideas are demonstrated for a revival, as well as the
preparation of a cat-like and a completely random state.
Section IV ends with a summary and possible directions
of future research.

II. INSTABILITY AND ERGODICITY IN
QUANTUM SYSTEMS

As prerequisites for the application to quantum con-
trol, two generic properties of quantum chaotic systems
are introduced. First, the sensitivity to weak perturba-
tions as measured by the fidelity decay implies relevant
scales for the weakness of the control parameters and
the swiftness of the control time. Combining that with
an ergodic property enabling a construction of dynamical
ensembles, which mimic essential properties found in ran-
dom matrix ensembles, full state controllability emerges.

A. Dynamical sensitivity to weak perturbations
and relevant control times

In classical chaotic targeting a key ingredient is the
ability to steer the state of a system with only small
perturbations, relying on the exponential sensitivity of
the dynamics as given by the Kolmogorov-Sinai entropy,
hks, [31, 32] i.e. the sum of positive Lyapunov exponents,
>~;Aj [33]. For quantum systems a measure of their sen-
sitivity to perturbations is Peres’ fidelity decay [34]

Ca(t) = |{afe!™/Me= ot/ Ma) |2 e
also referred to as the Loschmidt echo [35, 36], with
H=Hy+eH, , (2)

an unperturbed Hamiltonian Hy and an e-dependent
weak generic perturbation H,., possibly time-dependent.
The unperturbed energy expectation value of the initial
state |«) is assumed to be E. Semiclassical theory applied
to quantum chaotic dynamical systems gives precise an-
swers in terms of perturbation strength regimes and rates
of decay in terms of ¢, hks, and classical action diffusion
constants [37, 38], with the greatest concern here being
in the Fermi Golden rule and Lyapunov regimes [35, 39].
In fact, it is actually the € value at the boundary between
these two regimes that, in the case where a semiclassical
limit exists, is of greatest interest; see arguments ahead.

In terms of quantum control, an arbitrary initial state
in a chaotic dynamical system would rapidly evolve into
a state that typically has an overlap with the desired
target state on the order of 1/N, where N is the effective
dimensionality of the Hilbert space to which the initial
and target state belong. Consider the case in which the



energy width of the initial and target states correspond
approximately to the Thouless energy [40], AEry, then

N ~ AErwpy(E) ~ Vn/gh” (3)

(D being the number of degrees of freedom and g be-
ing a factor accounting for some symmetry), which is
the Thouless energy multiplied by the symmetry specific
density of states, py(FE). This is also approximately the
total phase space volume, Vry,, within the Thouless en-
ergy window divided by a Planck cell size of h” and g.
For a generic case, in order for the initial state to be
transferred into the target state, the system’s dynamics
needs to be sufficiently altered by the control time ¢* that
C,(t) has roughly decayed to 1/N. In quantum chaotic
systems with the perturbation strong enough to be in the
Fermi Golden rule regime, the exponential decay rate is
given by I' = 2mp,(E)e®v2, o /h, where vyms is the root
mean square (rms) of the matrix elements of H..

For a given ¢, the time by which the perturbation has
sufficiently altered the dynamics (such that C,(t) has
decayed to roughly 1/N) is then given by

‘ hln N . (@)
27Tvr2msp9(E)62
In the context of quantum control, this constitutes the
minimal time to steer an initial state into any desired
target state by weakly perturbing the system. Usual
notions of quantum speed limits based on the minimum
uncertainty relation [41-44], like the Mandelstam-Tamm
bound, give the minimal time to move away from itself,
whereas Eq. (4) represents the time scale at which ev-
ery possible state in a quantum chaotic system can in
principle be reached.
In those quantum chaotic systems for which a classi-
cal limit exists, a critical time scale is the so-called log-
time [45, 46],

T= L InN, (5)
hks
which can be thought of crudely as the shortest time
scale it takes for an initially localized or nearly minimal
uncertainty state to spread to all the phase space cells.
It should be noted that this is a very short time scale,
which grows very slowly with system size, numbers of
degrees of freedom, and i — 0; see Appendix A. This
has a strong influence on the fidelity decay. As € is in-
creased within the Fermi Golden rule regime, the decay
gets more and more rapid until it saturates at the Lya-
punov regime [35] with the decay governed by hxs and
no longer dependent on the strength e. So again Eq. (5)
is the shortest workable control time scale that can be ar-
ranged with a vanishingly small perturbation as 7z — 0.
If instead the control time t* is fixed, in view of Eq. (4)
the minimum perturbation strength for C, (¢t*) to be suf-
ficiently decayed is roughly

hAln N
* ~Y e ———— 6
‘ 27TU1?msp9(E)t* ( )

Semiclassical analysis [37, 38] generates an alternative ex-
pression to Eq. (6) within the Fermi Golden rule regime:

In N
oy, 7
¢ 2K (B)t* Q
with K(F) a classical diffusion constant. Increasing e*
up to the point that the fidelity saturates shortens t* to
7. This occurs for

. hks

€ ~n SK(E) (8)
where everything inside the square root is purely clas-
sical, and the strength of the perturbation needed to
control the quantum dynamics scales proportionally to
h and thus is vanishing in the 7 — 0 limit. For this
relation to hold, the control time must be chosen to be
approximately the logtime, Eq. (5).

Up to this point in the discussion, the relations involv-
ing control time and perturbation strength scales emerge
from the analysis of Peres’ quantum fidelity decay for
quantum chaotic systems. However, there is a missing
critical ingredient, which is “can quantum chaos actually
provide a resource for control and if so in what way?”.
To address this, the arguments below involving quantum
ergodicity must be taken into account.

B. Mimicking random matrix ensembles with weak
perturbations

In contrast to classical ergodicity, quantum ergodic-
ity is often understood to mean that in the A — 0
limit almost all the individual eigenstate densities con-
verge to uniform coverage of the available phase space
(coarse grained over h” volumes), i.e. the theorem of
Shnirelman, Colin de Verdiere, and Zelditch [47-49], the
random wave hypothesis, and it’s generalization to a mi-
crocanonical density in a Wigner representation [50, 51];
see also [52, 53]. There may be exceptional cases, such
as quantum scarred eigenstates [54], but they are of van-
ishing measure. The implication is that the expecta-
tion values of smooth operators over individual eigen-
states generally converge to their microcanonical aver-
ages as i — 0. Similarly, the intensity average of any
initially localized state after a sufficiently long propaga-
tion time would also behave similarly to the individual
eigenstates [55]. Application to many-body systems leads
to the eigenstate thermalization hypothesis [56, 57].

In the context of random matrix theory (RMT), which
is generally used to identify whether a specific system is
quantum chaotic [58, 59], especially for those systems
without classical analogs, ergodicity takes on a some-
what related, but different meaning. To say that the
RMT ensembles of Wigner-Dyson [60-62] are strongly
ergodic means that statistical measures calculated across



the spectrum of a single member of the ensemble con-
verge to the corresponding ensemble averages as the di-
mensionality of the system N — oo [63].

There is an alternative ergodic concept of greater in-
terest for purposes of control, which is straightforward
to see from the joint probability densities for the classic
Gaussian ensembles, i.e.

p(H)dH = cgexp {—Z\TTT (H2)] dH | (9)

normalized so that the semicircular level density is radius
two, and 8 = 1, 2,4 for the orthogonal, unitary, and sym-
plectic ensembles, respectively. Using the diagonalizing
similarity transformation

A=UgHU; ", (10)

to change variables in the joint probability density gen-
erates

N
p(H)dHoc [] 1E; — Bl e 2= BildA dUp , (11)
j>k=1

where dUpg is the appropriate Haar measure (i.e. orthog-
onal, unitary, symplectic), and the S power of the Van-
dermonde determinant is essentially responsible for the
properties of level repulsion and long range spectral rigid-
ity [64-66].

The key points are that, probabilistically speaking
across the ensemble, every eigenbasis is equally likely,
each eigenbasis is completely independent of the spec-
trum, and every non-degenerate N-dimensional spectrum
has some weight in the ensemble, which can be viewed as
a kind of ergodicity, and a resource for quantum control.
Imagine desiring to evolve an arbitrary initial state |ay)
into an arbitrary final state |a¢) (orthogonal to |a;)) at
time t*. There is always a nonvanishing measure of RMT
ensemble members that accomplish this endeavor. For a
simple example, there would be ensemble members with a
pair of eigenvectors given by (|a;) £ |as)) /v/2 possessing
whatever energy separation one wished. The shorter the
desired t*, the greater the energy spacing required. This
is but a single possibility from a myriad of them. The es-
sential difficulty of controlling the dynamics is identifying
the useful Hamiltonian members of the ensemble, which
after the similarity transformations lead to spectra and
eigenbases suitable for the desired outcome. Although
they are numerous, they are also vanishingly rare within
the ensemble (exponentially so) as N — oo.

Taken seriously, the association of RMT to strongly,
fully chaotic dynamical systems implies that an ensemble
of very weak perturbations should generate an ensemble
behaving very much like the random matrix ensembles.
Indeed, in 1983 Pechukas [67] argued that a system with
a parametrically varying Hamiltonian would generate a
Vandermonde determinant-like joint probability locally
in the spectrum, and in 1988 [68], Wilkinson imagined
a dynamical ensemble due to variations of semiclassical

quantizations. Here it turns out to be sufficient to in-
voke weak random perturbations in order to generate a
dynamical system ensemble.

For any true physical system dynamics, continuity re-
quires non-zero time for information about the initial
state to be almost entirely lost. If there is a classical
analog, then there is an Ehrenfest time scale 75 [69],
which is roughly the logtime for chaotic systems, i.e.
T ~ 7. However, the Wigner-Dyson RMT ensembles,
due to their invariance under orthogonal, unitary, or sym-
plectic transformations, scramble any information about
the initial state almost immediately on a time scale T,
approximately given by

TRMT 1
~—=0, 12
TH N ( )

relative to the Heisenberg time 7y; see Appendix B. To
have a proper non-vanishing scrambling time, there must
exist weak matrix element correlations that enforce the
continuity of the dynamics. The Wigner-Dyson RMT en-
sembles with a complete absence of matrix element cor-
relations do not possess a true logtime 7 > 0.

Thus, a chaotic Hamiltonian with a weak random
perturbation cannot create an ensemble that is strictly
equivalent to Eq. (11), as the matrix element correlations
required for the existence of a logtime do exist. Neverthe-
less, we argue that it comes close enough for control pur-
poses. First point, the level velocities associated with ef[c
are of order v,ps, which in terms of & is of O(1) whereas
the density of states is of O(h~P). Thus, in changing
€ from 0 up to €*, the system would go through innu-
merable avoided crossings, thl/l\S scrambling the eigen-
states from the initial ones of Hy, which themselves ap-
peared as though they were random to within the mi-
crocanonical constraints [50, 51]. This leads approxi-
mately to the desired Haar measure behavior of the per-
turbed eigenstates. Secondly, those same avoided Cross-
ings would tend to decorrelate the association of Hy’s
eigenstates and eAigenvalues with the association found
between Efo + €*H.’s eigenstates and eigenvalues.

Finally, it is possible to make a minor modification of
Pechukas argument [67] to account for the distinction be-
tween an ensemble of very weak random perturbations as
opposed to a single parametrically varying Hamiltonian.
Again considering the inilumera’tlle avoi(ied crossings be-
tween the two systems, Hy and Hy + ¢* H., the local cor-
relations between the two spectra would be vanishingly
small, and would become two independent realizations of
spectra possessing a statistics incorporating the Vander-
monde determinant. The value of €* though vanishing
in the 2 — 0 limit, would be large enough that any en-
semble of independent ﬁc operators would generate an
ensemble extremely similar to Eq. (11) with its essential
properties. Note that in Eq. (11) the Gaussian factor
is irrelevant for the eigenvalues locally in the spectrum
as it just constrains the overall level density [66]. Since
every spectrum and eigenbasis occurs there, one would



expect an ensemble of different ﬁc operators to be suf-
ficiently close to every eigenbasis and spectrum as to be
a resource for quantum control. In particular, even the
presence of those exponentially rare ensemble members
that are needed for control would be represented.

In the context of many-body systems, the more
physically motivated embedded random matrix en-
sembles in which the body rank of the operators is
restricted [70-72], say for example including just one-
and two-body operators, it is not possible to make such
a strong blanket statement about the existence of all
possibilities as expressed in Eq. (11). These ensembles,
unlike the Wigner-Dyson ensembles, have far fewer
defining matrix element parameters than eigenvalue
and eigenvector components. On the other hand, such
restricted systems with just two-body operators that
possess a classical limit are generally quite capable
of developing strongly chaotic dynamics with positive
Lyapunov exponents. There’s no classical distinction.
Furthermore, the arguments about multiple avoided
crossings and pseudo-random matrix elements between
unperturbed eigenstates belonging to a local energy
domain not possessing selection rules and thus con-
necting all states remain. Thus, focusing on controlled
dynamics that only rely on a local-in-energy part of
the spectrum and associated eigenfunctions, it seems
plausible that quantum chaos provides a similar resource
for many-body quantum systems as for simple chaotic
systems involving single particles or idealized maps.

III. IMPLEMENTATION WITH THE
QUANTUM KICKED ROTOR

The key principles outlined above are showcased for the
paradigmatic quantum kicked rotor in strongly chaotic
and integrable regimes. Over several decades, the model
has been used to illustrate a large number of dynamical
effects such as the absence of diffusion [10] and the Lloyd
model of Anderson localization [73]. It has the advantage
of simplicity and a tunable parameter altering the dy-
namics from integrable to fully chaotic [74]. There have
been many realizations with ultracold atom experiments
for reasons as diverse as exploring diffusion, decoherence,
localization, the metal-insulator transition, forward and
backscattering, as well as the quantum boomerang ef-
fect [75-82].

A. Hamiltonian and optimal control approach

The unperturbed Hamiltonian is given by

~ 2 K o=
Ho(q,p) = 5 = {5 cos(2rg) D 8(t—m). (13)

n—=—oo

For kicking strengths K greater than roughly 27 the ana-
log classical system’s dynamics are strongly chaotic [83],

whereas for K = 0, the dynamics are integrable. In
the chaotic limit the Lyapunov exponent is known to be
A = hks ~ In(K/2) [74, 84]. The Floquet operator of the
unitary quantum dynamics is given by

. ~)

~ 1K
Uy = exp( 22 ) exp [4 27 cos27rq} . (14)

One way to envision the creation of a dynamical ensemble
is by applying a very weak perturbation to the system in
the form of spatial disorder

N
Z e, cos(2mkq) | (15)
k=1

where each ensemble member is characterized by a vector
€ = (€1,...,en) determining the strength of the disorder
harmonics. The correspondir}\g peArttirbed quantum dy-
namics is then just given by U = UyUz with

. N
- = exp [;Zek cos(27r/<:§)] . (16)

k=1

Since the system is quantized on the unit torus, the max-
imum number of harmonics is N. To have the 3N pa-
rameters to control the full eigenbasis and the spectrum,
it is possible to introduce two weak intermediate kicks,
similarly to the case constructed in Ref. [28].

Suitable ensemble members can be identified using
quantum optimal control [15, 18, 19] by minimizing the
cost function

S[E = 1= [{asT(")|as) | + ulel® (17)

where the second term is the target fidelity F with |oy)
being the initial state and |af) being the target state.
The hyperparameter p is set sufficiently large so as to
penalize perturbation intensities greater than necessary
in order to encourage the control procedure to converge
toward the minimal perturbation strength, (Vz),,,.. This
permits the scaling argument of Eq. (7) (or Eq. (8)) to
be checked properly ahead.

In practice, Eq. (17) is minimized numerically using a
deterministic, gradient-free optimization algorithm (here
using Powell’s method). Despite its simplicity and the
large parameter space (up to 3N), the minimization reli-
ably converges without fine tuning p. The target fidelity
optimization procedures are run several times with dif-
ferent random initial seeds. Each run generates a unique
vector € that differs significantly in detail, though not
scale, from those acquired with different initial seeds.
Gratifyingly and as optimistically anticipated, the run-
to-run variance of the target fidelity (between the initial
seeds) remains negligibly small indicating that (Vz),,,. is
indeed converged sufficiently close to its minimally re-
quired scale. The variations in the results are consis-
tent with the dynamical ensemble property (and random
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FIG. 2. A revival of an initially localized state in a quantum
kicked rotor (K = 8, N = 256). The state fully disperses
in both controlled and uncontrolled time evolution seen in
the middle panel of (a). The controlled state however recon-
structs at ¢t = ¢* = 10 with fidelity F = 0.99 (lower panel of
(a)), whereas the uncontrolled state does not. The revival is
compelled by the very weak ((Vz)rms = 0.049), barely visible,
finely tuned spatial disorder displayed in (b).

matrix ensemble) that there exists an enormous num-
ber of ways in which the unitary evolution can be di-
rected towards the target state; see the arguments given
in Sec. II B after Eq. (11).

Naturally, to apply optimal control with ever increas-
ing system sizes eventually becomes challenging, espe-
cially if having many-body systems and their exponen-
tially growing Hilbert spaces in mind. To this end it
would be necessary to find algorithms that identify the
suitable ensemble in a more efficient way with respect to
the scaling with the Hilbert space dimension.

B. Control in the chaotic regime: reviving,
cat-like, and random states

Reviving state: A special control example is the revival
of an initially localized state |a) at an arbitrarily chosen
time ¢t* = 10 as shown in Fig. 2. For this example, only
the N eigenenergies need to be controlled (no intermedi-
ate kicks), because every system whose spectrum fulfills
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FIG. 3. Quasienergy distribution of the Floquet operator Ue.
In the uncontrolled case (a), the phases of the quasienergies
and initial state intensities |c,|? (indicated by the radius of
the dots) distribute without any regular structure on the unit
circle. However, by weakly perturbing the quantum kicked
rotor with a fine tuned potential (b), the phases are adjusted
in just the right way, such that those corresponding to the
largest intensities all line up at ¢ = ¢* = 10. The resulting
constructive interference then lead to a revival of the initial
state.

the relation F,t* = 2whm,, + ¢, creates a revival, since
at this time

(] T(#)]a)| =

3 Jen[Pem R

n

= e’ =1.

n

(18)
This means that it is sufficient to introduce spatial disor-
der to the main kick using Eq. (15). The necessary root
mean square value of the perturbation (Vz)yms is less then
one percent of the kicking strength K, such that the per-
turbed potential is almost imperceptibly different from
the unperturbed one; see Fig. 2. As expected for strongly
chaotic dynamics, the state quickly spreads out over the
whole configuration space. At an intermediate time there
is no way to identify which state is controlled and which
is uncontrolled. However at ¢ = t* the controlled state
fully reconstructs. As Fig. 3 reveals, the finely tuned dis-
order lines up the phases of the largest intensities |c,|?

at t*, forcing the constructive interference of Eq. (18).
Cat-like target state: Since the ergodic, RMT-like
structure of the dynamical ensemble implies full state
controllability, any arbitrary target can be prepared in
the quantum kicked rotor by just weakly perturbing the
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FIG. 4. An initially localized state steered toward a cat-like
state (K = 8, N = 256,t" = 5). Similarly to the revival case,
Fig. 2, the initial state fully disperses before emerging as a cat-
like state at the control time. For full state controllability, the
main kick is weakly perturbed and two additional weak kicks
are inserted in between main kicks. The finely tuned weak
perturbation has a (Vz)rms = 0.0115, and the initial state is
directed almost perfectly (F > 0.999) toward the desired cat
state. The uncontrolled evolution remains random looking at
the control time.

potential (and adding two intermediate weak kicks to
have sufficiently many free parameters). This includes in-
teresting cases like well-defined superpositions as shown
in Fig. 4, where instead of reviving, the initially local-
ized state is steered toward a cat state, as schematically
shown in Fig. 1. Again the fine-tuned perturbation is so
weak that it is not worth displaying, since the difference
is not really visible just as in Fig. 2b).

Random initial and target states: As expected the ini-
tial and final state do not need to be localized. In fact,
random amplitudes for the initial and target state can be
selected as shown in Fig. 5. Neither the initial random
state, the intermediate evolved state, nor the perturbed
potential are illustrated there since they behave exactly
as in the earlier examples. For the three cases presented
here, i.e. Fig. 2 to 5, the achieved target fidelity is so
nearly perfect (F > 0.99) that the difference in the over-
lap between the controlled time evolved state and the
target state is barely visible.

That the quantum chaotic universal behavior makes
the system fully controllable through only weak pertur-
bations is further supported by Fig. 6. The target fidelity
(individually optimized and averaged over a sample of
randomly picked, orthogonal initial and target states),

random state
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FIG. 5. An initially random state is steered toward an orthog-
onal random state (K = 8, N = 256,t" = 5). As it evolves,
the initial state goes through a series of random-looking states
settling on the target state at the control time. For full state
controllability, the main kick is weakly perturbed and two ad-
ditional weak kicks are inserted in between main kicks. The
finely tuned weak perturbation has a (Vz)ims = 0.0094, and
the initial state is directed almost perfectly (F = 0.999) to-
ward the desired random state.

saturates after a very short time. This is only possible
because the optimized disorder, €, which maximizes the
target fidelity, is enough for C,(¢) to decay to 1/N by
the control time t*, which is one of the main assertions
in the above discussion. Due to the white noise struc-
ture of Eq. (15), the disorder potential does not lend it-
self to semiclassical treatment without accounting for the
diffraction due to the high harmonic components. Nev-
ertheless, the perturbation strength as measured by the
root mean square of € still vanishes in the limit A — 0
as predicted by Eq. (7); see Fig. 7. If the form of the
perturbation applied to the system allows for semiclas-
sical analysis, one should be able to predict the slope of
Fig. 7, as well as the minimum control time as measured
by the logtime analytically based on Eq. (5) and Eq. (8)
respectively.

C. Control in the integrable regime

Since neither the ergodicity nor the chaotic dynam-
ical fidelity decay behaviors discussed can be expected
to hold for integrable systems [85], there is no equiva-
lent argument that €* vanishes in the A — 0 limit. A
priori, it may seem that this implies that initially in-
tegrable dynamical systems lack controllability through
weak perturbations. However, a perturbation that effec-
tively breaks integrability would bring the system back
to the above argumentation for chaotic dynamical sys-
tems. Recall that although individual trajectories in in-
tegrable systems are stable, integrable systems are struc-
turally unstable. Perturbations tend to destroy integra-
bility [86], and even small random, disorder-like pertur-
bations can very effectively accomplish this task (chaotic
systems are the opposite, trajectories are unstable, but
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FIG. 6. Full state controllability in the strongly chaotic quan-
tum kicked rotor (N = 128, K = 8, = 25). A sample of
randomly picked, orthogonal initial and target states can be
controlled by perturbing the main kick and adding two weak
intermediate kicks. After a short time the target fidelity (a)
saturates to one and its variance over the sample (error bars)
disappears, indicating perfect controllability independent of
initial and target state. When looking at the fidelity decay
(b) for a perturbation € corresponding to a specific control
case, Cqo(t) decays to 1/N by the control time as shown for
t* = 5,10, 20.
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FIG. 7. Strength of the perturbation in the A — 0 limit
(large N). The root mean square of the perturbation € needed
to control any initial state into any target state (t* = 5)
in the chaotic regime of the quantum kicked rotor (K = 8)
decreases approximately linearly with shrinking i = 1/(27N)
as predicted by fidelity decay arguments.

the system dynamics is structurally stable [37], i.e. per-
turbations tend to leave the system chaotic). Perhaps, it
should not be surprising that the quantum kicked rotor
exhibits full controllability even for the integrable case
K = 0. It turns out that, in fact, any potential of the
form of Eq. (15) with (€)yms > € is sufficient to alter the
dynamics from integrable to strongly chaotic, see Fig. 8.
This is to be expected from the nature of this disorder
perturbation, which tends towards a white noise poten-
tial with N — oo, since each additional high k** har-
monic contributes to breaking integrability quadratically
with respect to k. For smooth perturbations, it may not
be possible to arrange controllability with €* — 0, how-
ever, for the disorder potential applied to the K = 0 case,
Fig. 9 shows the same behavior as for the chaotic regime.
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FIG. 8. Integrability breaking through weak disorder. The
classical kicked rotor is completely integrable for K = 0,
which is highlighted by the surface of section in panel (a);
the trajectories are stable and form straight lines. Nonethe-
less, arbitrary state preparation is possible with high fidelity
(F > 0.999) by applying only a weak disorder potential de-
rived from minimizing Eq. (17). A perturbation of this form,
even though small in intensity, is enough to alter the dynam-
ics into a strongly chaotic regime, as shown by the chaotic sea
in the surface of section in panel (b).
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FIG. 9. Strength of the perturbation in the A — 0 limit
(large N). The root mean square of the perturbation € needed
to control any initial state into any target state (t* = b5)
decreases approximately linearly with shrinking i = 1/(27N)
even in the integrable regime of the quantum kicked rotor
(K =0).

IV. SUMMARY

In conclusion, a quantum chaotic system’s dynamical
sensitivity to weak perturbations and its ability to mimic
random matrix ensembles enables full controllability on
very short time scales. Only a very weak perturbation is
required with a strength vanishing more or less linearly
as i — 0. The quantum kicked rotor nicely illustrates the
main predicted features where control worked extremely
well. There are no limitations on the choice of initial and
final states so long as they respect the same symmetries
and lie within the same Hilbert space. It also happened
that not much difference occurred starting with the in-
tegrable kicked rotor, but closer inspection showed that
the white-noise-like weak perturbation was sufficient to
destroy integrability in that case.

Decades ago work began on showing that exponential
instability and ergodicity enable the control of classi-



cally chaotic dynamical systems [2]. The question has
remained, however, as to whether there is a parallel for
quantum chaotic systems. Since the exponential insta-
bility and ergodicity concepts do not directly translate
from classical mechanics into quantum mechanics, it is
first necessary to identify corresponding or analogous fea-
tures. Semiclassical theories of Peres’ fidelity decay have
established generic regimes that describe the quantum
sensitivity to perturbations [35, 37, 38]. This sensitivity
gives rise to decay features and scales that serve as the
closest corresponding feature to the exponential instabil-
ity of classically chaotic systems.

As for ergodicity, the most useful analogous quantum
feature is the ability of perturbations to quantum chaotic
systems to mimic closely three features of random matrix
ensembles, i.e. within a relevant Hilbert space of some
effective dimensionality, all eigenbases are equally prob-
able, the eigenbases have no correlations with the spec-
trum, and finally, every spectrum has some weight in
the ensemble. Together with the sensitivity mentioned
above, these features enable rapid full controllability. Dy-
namical continuity prevents physical systems from having
a perfect realization of these random matrix properties,
but the arguments presented above suggest that for evo-
lution beyond the so-called logtime a constructed dynam-
ical ensemble is sufficiently close to the random matrix
ideal.

Recall that the logtime is an extremely short timescale
and that it grows very slowly with 7 — 0 and system
size or numbers of degrees of freedom tending to infin-
ity, and thus it implies that control can be achieved ex-
tremely quickly even in many-body systems with large
numbers of degrees of freedom; see Appendix A. In fact,
in the context of full controllability there are similarities
between the Mandelstam-Tamm bound [41] and the log-
time. For example, the perfect isotropy of the Wigner-
Dyson ensembles guarantees that the control time and
the Mandelstam-Tamm bound would be equivalent; see
Appendix B. However, due to dynamical continuity (lack
of perfect isotropy) the logtime, which occurs later than
the Mandelstam-Tamm bound, is the time at which any
and every target state can be reached from any and every
initial state through control with a vanishing perturba-
tion strength as i — 0.

There are a number of directions of possible future re-
search. The distinction between embedded random ma-
trix ensembles, where the body rank of the operators are
limited, and the Wigner-Dyson ensembles also suggests
that there cannot be perfect isotropy for a further rea-
son in dynamical ensembles constructed with many-body
systems. The ideas presented here would be straightfor-
ward to apply to, say, the Bose-Hubbard model or spin
chains in order to see whether there are further subtleties
for such systems. It would also be interesting to investi-
gate implications for the purposes of quantum comput-
ing, such as the control of quantum gates. There has been
a great deal of interest in random unitary evolutions,
e.g. see [87-91], in the work described above any random

initial state can be rapidly evolved into any other with
straightforward optimal control methods (e.g. Fig. 5).

Another direction involves the full development of
semiclassical theory for the control process. In cases
where the system has a well defined classical analog and
the ensemble of perturbations involves smooth operators,
first order semiclassical perturbation theory is applicable.
There the trajectories of the unperturbed system can be
used to calculate the phase changes due to the perturba-
tions. That would generate a linear system of algebraic
equations whose solutions should give an alternate route
to optimizing control parameters to the usual optimal
control equations. In this way it may be possible to treat
much greater parameter numbers and even identify a re-
duced parameter set.
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Appendix A: Brevity of logtime

A critical feature of the logtime is its brevity and how
slowly it scales with i — 0 and system size or numbers of
degrees of freedom tending to infinity. Note this implies
that full controllability can theoretically be achieved ex-
tremely quickly even in many-body systems with large
numbers of degrees of freedom. To understand the log-
time’s scaling, insert the relationship between the effec-
tive Hilbert space dimension NN, total phase space vol-
ume, and Planck cell volume of Eq. (3) into Eq. (5). This
generates

1
1 V1n

= hks nghD

(A1)

Since the Kolmogorov-Sinai entropy is the sum of the
positive Lyapunov exponents, hxs = Zf:_ll Aj, and there
are D — 1 of them, for large D, the entropy more or less
equals the number of degrees of freedom times the mean
Lyapunov exponent, A, i.e. hks = DA. Also, by defining
an effective phase space volume per degree of freedom,
V1, such that Vry, = VP, the D-dependence of Eq. (A1)

can be largely removed giving

Vi

:jl—
TR

(A2)



(g"/P ~ 1). To imagine an example logtime, consider an
ideal gas in a cubic box whose interactions generate colli-
sions which are almost point-like. For a fixed momentum
per degree of freedom, A would be roughly proportional
to the density since its origin is due to collisions, and
V1 /h would just count the mean number of de Broglie
wavelengths of a particle across the box length. Thus,
the logtime at constant pressure and temperature would
roughly just be logarithmic in the de Broglie wavelength
count across the box length.

Appendix B: Wigner-Dyson Ensemble Scrambling
Time

The Wigner-Dyson ensembles generate an unphysical
dynamics in the sense that an equivalent of the logtime
(or equivalently a scrambling time scale) found in chaotic
dynamical systems lacks the logarithmic growth with NV,
e.g. Eq. (5). Whereas a localized initial state in a dynam-
ical system cannot reach every orthogonal state in the
same time due to continuity of its dynamics, hence the
logtime, these ensembles can reach every initially orthog-
onal state due to the perfectly flawless isotropy of these
ensembles. The isotropy guarantees that any state can
be reached in the same timescale that the autocorrelation
function decays to 1/N. Comparing the autocorrelation
function decay to the Heisenberg timescale by consider-
ing their ratio, gives a dimensionless scale for the decay,
which is suitable for comparison with a true dynamical
system.

As mentioned earlier in the text, to within O(1/N)
corrections the eigenvalue density is a semicircle of ra-
dius two for the Wigner-Dyson ensembles normalized as
in Eq. (9). Therefore, the unit-normalized level density,
p(E), is given by

o(B) = /12

o (B1)

Since the mean eigenvalue spacing, D(E), is the inverse of
the density, for energies not too far from the center of the
semicircle, D(E) ~ 7/N. This is used below to calculate
both the Heisenberg timescale and the scrambling time.
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In the evolution operator, let the timescale at which
neighboring levels typically differ by a 27 phase difference
be the Heisenberg time scale, 7i. Straightforward alge-
bra generates the following approximation for the bulk
of the eigenvalues near the center of the spectrum,

2mh

~ 2hN .
pE) =

TH = (B2)

As for the autocorrelation function of some specialized
or localized state, |a), no matter how it is defined, across
the Wigner-Dyson ensemble it would appear as a Haar-
random state relative to the eigenbasis. Hence, the au-
tocorrelation function, see Eq. (18), has no correlation
between its spectra and eigenstates, and thus the en-
semble average between the eigenstate expansion coeffi-
cients and spectrum separates. Each coefficient averages
to 1/N, thus

-2

5 Ji(2t/h) '

- (B3)

Let the autocorrelation function decay timescale, Tru,
correspond roughly to the first zero of J;(2t/h). Then,

TRMT - 1.9k - i
T 26N N

(B4)

Compare this result to the logtime-Heisenberg timescale
ratio for the kicked rotor, which is given by

T _lnN

TH - AN <B5)
The only way to roughly equate these expressions would
lead to the identification of the effective Lyapunov expo-
nent (or Kolmogorov-Sinai entropy) of the Wigner-Dyson
ensembles equaling In N or tending toward infinite insta-
bility with 7 — 0 and/or system size.
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