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ABSTRACT: We use the well established duality of topological gravity to a double scaled
matrix model with the Airy spectral curve to define what we refer to as topological gravity
with arbitrary Dyson index 3 (3 topological gravity). On the matrix model side this is
an interpolation in the Dyson index between the Wigner-Dyson universality classes, on
the gravity side it can be thought of as interpolating between orientable and unorientable
manifolds in the gravitational path integral, opening up the possibility to study moduli space
volumes of manifolds “in between”. Using the perturbative loop equations we study correlation
functions of this theory and prove several structural properties, having clear implications
for the generalised moduli space volumes. Additionally we give a geometric interpretation
of these properties using the generalisation to arbitrary Dyson index of the recently found
Mirzakhani-like recursion for unorientable surfaces. Using these properties, we investigate
whether 3-topological gravity is quantum chaotic in the sense of the Bohigas-Giannoni-Schmit
conjecture. Along the way we answer this question for the symplectic Wigner-Dyson class,
not studied in the literature yet, and establish strong evidence for quantum chaos for this
version of the theory, and thus for all bosonic varieties of topological gravity. We further
argue for quantum chaoticity in the general 3 case, based on novel constraints we find to
be obeyed by genuinely non-Wigner-Dyson parts of the moduli space volumes. As for the
general 3 case the universal behaviour expected from a chaotic system is not known fully
analytically we give a novel way to approach it, starting with the result of (3 topological
gravity and compare the results to a numerical evaluation of the universal result.
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1

Introduction

The duality of Jackiw Teitelboim (JT) gravity with a specific matrix model, first described

in [1], has attracted a lot of attention in recent years and sparked a plethora of insights

into two-dimensional quantum gravity. We give a short recapitulation of the aspects of this

duality relevant for the present work in section 2.1.!

'We would like to clarify, that by “duality” of a matrix model with a gravitational theory we always mean
the order-by-order agreement of the topological (perturbative) expansions of the two theories. More details
can be found in section 2.1.



The original version of the duality was given for a setting where the gravitational path
integral, which defines correlation functions in JT gravity, is restricted to contain only
orientable manifolds. There, the dual matrix model belongs to the unitary symmetry class.
From the seminal work [2] the full classification of symmetry classes of random matrices
is known to be tenfold. Consequently, the question was asked if the duality of the matrix
model to JT gravity in the unitary symmetry class extends to a duality for all the symmetry
classes and if so, what the dual gravitational theory is. This was answered affirmatively in [3],
where it was found that the direct generalisation of the theory by allowing also unorientable
manifolds in the path integral yields theories that are dual to the orthogonal or the symplectic
symmetry class which together with the unitary symmetry class form the so-called Wigner-
Dyson classes. The realisation of the other seven symmetry classes requires the inclusion of
supermanifolds in the gravitational theory. We shall restrict our discussion to the bosonic
case on the gravitational side, i.e. to the Wigner-Dyson classes on the matrix model side.

A particularly interesting aspect of this duality is the ability to study geometric objects
appearing in the gravitational theory, specifically moduli space volumes, with matrix model
techniques. This relation, i.e. that of the volumes of the moduli spaces of orientable hyperbolic
surfaces of genus g with finitely many geodesic boundaries of given lengths, known as the
Weil-Petersson (WP) volumes, with a unitary matrix model was known prior to the discovery
of the JT /matrix model duality [4]. The relation for unorientable surfaces was proven by
relating the perturbative expansion of the matrix model in the orthogonal symmetry class
to a generalisation of Mirzakhani’s well known recursion relation for the orientable WP
volumes [5] to the unorientable case in [6]. This is especially interesting due to the moduli
space volumes for unorientable hyperbolic surfaces suffering from problems, like being actually
divergent and in need of regularisation, not necessary for their tame orientable brothers [7, 8].
Though these problems can be overcome and the recursion for the volumes given in [6] can
be iterated for small genus and numbers of boundaries, working on the matrix model side of
the duality and inferring the WP volumes from there, the approach used here, has proven
to be the more economic way to determine these objects.

Additionally to working on the matrix model side, it is useful not to study directly the
theory of JT gravity but first a simplification of this theory, known as the Airy model or
topological gravity. This theory can be regarded as the low-energy limit of JT gravity: the
leading-order contribution to the JT gravity genus 0 density of states, pgT = ﬁ sinh (277\/@),
corresponds to the Airy density of states 5 VE =: pgiry. Furthermore, in terms of WP
volumes, this theory gives the behaviour of the full WP volumes for large boundary lengths in
the orientable case [9, 10]. It still does so in the unorientable case where additionally it does
not have any divergences, i.e. it produces the leading-order contributions to the non-divergent
part of the full WP volumes [6]. The study of unorientable topological gravity was started
with giving the first-order genuinely unorientable contribution in [10] and extended to explicit
results to higher and structural results to all orders in [11]. Harnessing these results and the
used matrix model techniques, the general structure of the full unorientable WP volumes
was found in [12], though a proof thereof is a matter of present investigation.

Matrix models, such as the ones dual to JT and topological gravity are thus useful tools
to study moduli space volumes efficiently. In order to state the aims of this work it is useful



to briefly recall the definition of a matrix model, a more complete review of which can be
found e.g. in [13]. A matrix model can be defined by a partition function written as an
integral over the respective class of matrices one is interested in with respect to a measure
determined by the choice of a potential V', which for our case of interest can be assumed to
be a polynomial. For the Wigner-Dyson case those classes are complex hermitian (unitary),
quaternionic hermitian (symplectic) and real symmetric (orthogonal) matrices. These classes
of matrices have the property that all their elements are diagonalisable. Consequently, if one
restricts to observables dependent only on the spectrum of the matrices one can integrate out
the diagonalising matrices? and write the partition function as an integral over the eigenvalues
only. Then, the partition function defining the matrix model reads [3]

,Z:N/ndMAMN%%%ZlW“% (1.1)
RN

with A = (A1,...,An), the matrix size N and A being a normalisation constant not relevant
in the following. Furthermore, A(A) denotes the Vandermonde determinant defined as
Am) = T y=. (1.2)
1<i<j<N
Interestingly, the choice of matrix ensemble has now boiled down to the value of the so-called
Dyson index 3, where 3 = 2 corresponds to the unitary, 3 = 1 to the orthogonal and 3 =4
to the symplectic symmetry class. However, at the level of eq. (1.1) there is no reason not to
choose a general value 3 € R, which enables one to interpolate between the Wigner-Dyson
classes. This generalisation beyond the Wigner-Dyson classes has been intensively studied in
the last decades; an extensive list of references can be found in [14], extending many known
results for the Wigner-Dyson classes by an interpolation in terms of the Dyson index to change
between the classes. Of most direct importance for our work here is the realisation of the
Gaussian matrix model for arbitrary 3 as a specific ensemble of tridiagonal matrices in [15],
enabling the numerical computations shown later. It is interesting to note, that one can further
extend the direct generalisation to arbitrary Dyson index of eq. (1.1) by choosing functions
fy9: Ry — R, which have the property that Be{lv,2,4} : f(B) =g(B) = B and by writing
z:N/<mmmW@fW92;WM (1.3)
o . .

This also forms a valid generalisation of the Wigner-Dyson cases depending on two arbitrary
functions. As we will see in the main text, at least for the perturbative setting which we
are interested in, it is possible to eliminate the dependence on the function g and hence
reduce the degree of ambiguity to choosing one function. Performing all computations for
the choice f(f3) =  and the mapping by another choice for f(f3) after the desired evaluation,
one can thus address this more general case by considering only the direct generalisation
we discussed previously.

The way we treat transitions between symmetry classes is not the only available method
to do this based on matrix models. The most well-known method uses the so-called Pandey-
Mehta model [16], which is a matrix model in its original version describing the transition

2For historic reasons the respective (compact) groups of matrices determine the names of the symme-
try classes.



from the orthogonal to the unitary symmetry class. In this model, the considered matrix
Hpyp is devised as

Hpy = HY + Hy, (1.4)

where the matrices Hj are chosen from the Gaussian ensembles for the specified value of f3.
They depend on a parameter « in such a way that Hpy; is from the orthogonal ensemble in
the case of & = 0 and in the unitary ensemble at o = 1, while being in a crossover regime
in between. The range of this model can be modified to treat the other possible transitions
between symmetry classes [17]. However, to the best of our knowledge, it is not possible to
find a variety of the model which allows for a crossover between all three Wigner-Dyson classes
by varying a single parameter. In the classic setting of using random matrix theory to describe
universal properties of a quantum chaotic system, this model has a distinct advantage over
the transitional procedure we use here. This is due to the possibility to describe a transition
from the orthogonal (presence of time-reversal symmetry) to the unitary (no time-reversal
symmetry) symmetry class by turning on e.g. a magnetic flux in a previously time-reversal
invariant system, i.e. by adding a time-reversal breaking term to the Hamiltonian. This is
essentially what is implemented in the Pandey-Mehta model. Hence it is not surprising that
in the universal regime these systems upon breaking time-reversal symmetry agree with its
prediction, as shown using semiclassical methods in [18-20] and seen in explicit examples like
in spin chains [21]. However, in our setting, this way of interpolating between the ensembles
is less appealing. This is due to the fact, that for JT /topological gravity the connection with
a matrix model does not arise via the agreement of certain universal observables but as a
precise perturbative duality. Hence, we can study, in fact define, the gravitational theory dual
to the arbitrary Dyson index generalisation of the matrix model by extending this duality.
Notably, by this we can treat all Wigner-Dyson classes and transitions between them at once.

The aim of the first part of this work now is precisely to apply this thought of interpolating
between the symmetry classes by considering a varying  to the matrix model dual to
topological gravity in the Wigner-Dyson classes. Specifically, we will generalise the method
used in [11] for the case of 3 = 1 to arbitrary § to compute correlation functions of the
general 3 matrix model perturbatively. Using these, we assume the duality to hold also for
the general 3 case and define general 3 Airy WP volumes (V;]ﬁn) using the matrix model
to give the, to our knowledge, only way to define moduli space volumes that interpolate
between the purely orientable and purely unorientable setting in a sensible way. Doing
this, we find and prove the general structure of the Vgﬁn based on the transformation of
perturbative contributions of matrix model correlation functions under p — %. By this,
and based on the explicit results we work out, we can firmly establish that the ng?n have
additional contributions that are vanishing in all the Wigner-Dyson classes, hence showing
that moduli space volumes defined in this way are not mere interpolations of the weights of
orientable and unorientable manifolds but rather encompass contributions that suggest the
interpretation of being neither orientable nor unorientable. Extending the Mirzakhani-like
recursion for the unorientable WP volumes of [6] to general Dyson index we give a geometric
interpretation of the general structure (which we show also to apply in the case of JT gravity)
and the non-Wigner-Dyson contributions to the moduli space volumes.



In the second part of this work we will turn to another important aspect of the duality,
the possibility to study the implications of quantum chaos on moduli space volumes. This
connection comes about via the famous conjecture due to Bohigas, Giannoni and Schmit
(BGS) [22] that quantum chaos for a given quantum system can be classified by checking
whether the expectation value of certain “universal” observables in this system coincides
with that in the Gaussian matrix model of the system’s symmetry class in the respective
regime of universality. The observable that we shall be interested in mostly is the spectral
form factor, specifically its canonical form, being defined as

ko1, B) == (Z(5 +it) Z(5 — it)) 5 (L5)

i.e. the connected correlation function of (thermal) partition functions of complex conjugate
complex temperatures in a matrix model with the Dyson index (3. The matrix model in
question for the present work will be the matrix model dual to topological gravity. Importantly,
the canonical SFF, which in the following is always meant when speaking of a SFF unless
stated otherwise, is model dependent while the microcanonical SFF only depends on the
symmetry class, i.e. the Dyson index in the universal regime. However, one can show that the
late-time limit of the canonical SFF can indeed be computed from only the microcanonical SFF
for the respective symmetry class and the leading-order density of states [11]. Consequently,
agreement of the late-time SFF as computed from topological gravity /JT gravity with the
corresponding prediction of universal RMT can be seen as an indication of chaos in the
sense of the BGS conjecture. This has been successfully studied so far for the unitary [10]
and orthogonal [11, 12] symmetry classes and we give more information and details on
this in section 2.2.

The aim of this work regarding this topic is twofold. First, we close the gap in the
literature by studying the symplectic symmetry class (f = 4) for which we pursue the
established route of computing first the prediction of universal RMT for the late time SFF
and then comparing to the corresponding result from topological gravity. We find agreement
up to 74 where we utilize the techniques used in [11] to successfully show the corresponding
statement for the orthogonal case.

Second, we study the case of arbitrary (3, where the relevant correlation functions in
topological gravity have been worked out in the first part of this work. For this setting,
the established way ceases to work since, to our knowledge, the universal RMT result, i.e.
the result for the microcanonical SFF for the Gaussian matrix model with arbitrary Dyson
index, has not been fully computed analytically in the literature (the highest order results, in
the sense of an expansion of the microcanonical SFF for small times, we are aware of are
given in [23, 24]%). The alternative way we find to approach the question of chaoticity in 8
topological gravity is the following: first, we study the constraints imposed on the Airy WP
volumes in the unorientable case 3 = 1,* by matching to the universal RMT SFF, extending
the study started in [11]. These constraints can be seen as the imprint of quantum chaos in the
WP volumes. Remarkably, those constraints® are obeyed by the genuinely non-Wigner-Dyson

3We thank P.J. Forrester for pointing out these references to us.
4They are the same as those for p = 4.
SWith one exception that is, however, expected as explained in the main text.



part of the WP volumes discussed above which we interpret as a strong sign for the persistence
of quantum chaos for arbitrary Dyson index. Building on this, we can now deduce information
on the putative universal microcanonical SFF for arbitrary 3 by computing it from the 3 Airy
WP volumes. In this direction, we give a novel way to do so by finding the “uplift” to the
setting of arbitrary Dyson index of the universal RMT results for the Wigner-Dyson classes.
As evidence for our results beyond our analytical arguments we compare to a numerical study
of the Gaussian microcanonical SFF for arbitrary § using the expression of this matrix model
as an ensemble of tridiagonal matrices in [15], mentioned above. We find good agreement in
the limits imposed by us not taking into account the non-Wigner-Dyson parts of the WP
volumes, establishing the feasibility of our approach to find the universal RMT result for
arbitrary . The completion of this study, i.e. taking into account the non-Wigner-Dyson
contributions is subject of present work to be presented elsewhere [25].

The paper is structured as follows. In section 2.1 we give necessary background on
the relation of JT /topological gravity with matrix models and in section 2.2 on the role
of quantum chaos in this duality. We then give a compact overview of the main results
of this work in section 2.3. Section 3 deals with the first part of this paper as described
above, i.e. the study of topological gravity for arbitrary Dyson index. For this, we first
recapitulate the perturbative solution of the loop equations in section 3.1 which we then use
to compute the perturbative contributions to certain correlation functions in section 3.2. In
order to better understand those, we find their general structure in terms of § in section 3.3
which translates to that of the 3 Airy WP volumes we compute in section 3.4. To give
a better geometric understanding of 3 topological gravity we discuss the generalisation
of Kontsevich diagrammatics [26] to this setting and a Mirzakhani-like recursion for JT
gravity for arbitrary Dyson index in section 3.5. We then turn to the inquiries regarding
quantum chaos in arbitrary  topological gravity in section 4. To address this question
we first compute the late time SFF for 3 topological gravity in section 4.1. Using this
result, we discuss the presence of quantum chaos in the sense of the BGS conjecture for
the symplectic symmetry class in section 4.2 and for the case of arbitrary 3 in section 4.3.
We conclude in section 5. In the appendices we first give collections of some of our results
for the perturbative expansion of resolvents (section A) and Airy WP volumes (section B).
Then, we give the proofs of several statements needed for establishing the general structure
of correlation functions in terms of 3 in sections C and D and the proof of the general
structure itself in section E. In section F we give technical details on how to easiest bring
our results for the correlation functions into the general form we prove, while the proof of
a geometrical statement used for the geometric variety of said proof in the main text is given
in section G. In section H we derive the prediction of universal RMT for the late-time SFF
in the symplectic symmetry class. Section I gives further background for the comparison
of this result with topological gravity.
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Figure 1. Manifold contributing at genus g = 3 to the correlation function of three partition functions
with (complex) inverse temperatures (1, 82, 53. In grey are the “trumpets”, cut off along geodesic
boundaries of lengths by, bs, bs.

2 Background and main results

Before going into the main part of the paper, we collect some important background from
the literature to fix notation and to make the discussion more self-contained. The reader
familiar with this may continue with a summary of our main results in section 2.3.

2.1 Relation of matrix models with topological/JT gravity

The objects primarily studied in JT gravity are connected correlation function of partition
functions. These correlation functions, caused by the possibility to split the gravitational
path-integral, by which they are computed, into a sum over contributions of manifolds of
different topology, in fact different genus, have a topological expansion of the following form [3]

<HIZ(5”> = ¥ Al (2.)

c g:O,%,l,...

The different contributions to the correlation function at genus g are given by [1, 3]

n 9]
Zg,n(ﬁlv"wﬁn) = lH/O bl dbl Zt(ba Bl)‘| ‘/g,n(blv'-')bn)) (22)
i=i
with the “trumpet” partition function
Z4b,B) : ! 7% (2.3)
(b,B) = \/me , .
and the Vg (b1, ..., b,) denoting for JT gravity the Weil-Petersson volumes, i.e. the volumes

of the moduli space of hyperbolic two-manifolds of genus g and n geodesic boundaries of



lengths by, ...,b,. The expression in eq. (2.2) can be thought of as “glueing” a hyperbolic
two-manifold of genus 0 with an asymptotic boundary of renormalised length 3; and a geodesic
boundary of length b (the “trumpet”) to a hyperbolic manifold of potentially non-zero genus
along a geodesic boundary of the same length while doing so for each partition function in
the correlator. This is illustrated in figure 1. In this framework, the different varieties of
(bosonic) JT gravity can be constructed by allowing only orientable hyperbolic manifolds
which is dual to a matrix model of unitary symmetry class (f = 2), or also admitting
unorientable ones which will then result in a duality with a matrix model of orthogonal
(B = 1) or symplectic (f = 4) symmetry class [3]. In order to state this duality, which is
at the heart of this work, we define n-point resolvents

n
1
R =|]T 2.4
(xlv 71.71) H rl‘l—H’ ( )
where in the following the abbreviated notation
I={x1,...,zn}, (2.5)

is often used. For the type of matrix models of interest here, i.e. double-scaled matrix models,
there is a topological expansion like that for JT gravity given by

MM
0 R e st 2.6

—_nl
g_0’§’17“'

where the algorithm to actually work out the Rg/[ M(T) for the matrix models of interest will
be the considered in the main text. The correlation functions of resolvents are of course
also computable from the correlation functions of partition functions and vice versa, so the
statement of the duality amounts to saying that the computation of the correlation functions
of choice for a specific matrix model and for JT gravity give the same result. For our purpose,
it is best to translate this to a relation of the Weil-Petersson volumes, the prime objects of
interest on the gravitational side, to the resolvents, which are the most natural objects to
consider on the matrix model side. Doing this, one finds that the duality implies

no, 9 ;
‘/g,n(bla---ybn) :[’_1 [RgﬂM(_Z%7'--7_Z%)H < bz >¢(b17-'-7bn)1¢ (27)
i=1 t

where £7! denotes the inverse Laplace transformation. This statement, for the uni-
tary /orientable case, has been shown first in [4] considering a matrix model of unitary
symmetry class with a leading-order density of states

T (E) = ﬁ sinh (27v/E), (2.8)

that later was shown to be that of JT gravity [1]. Specifically, the proof worked by showing
that the recursion determining the perturbative contributions to the matrix model correlation
functions is equivalent to Mirzakhani’s well known recursion [5] enabling the computation
of the moduli space volumes.



For the case of unorientable JT gravity, the claim of duality was first made and motivated
in [3] and extended in [6] by giving a generalisation of Mirzakhani’s recursion to the unori-
entable setting and showing, like in the orientable case, that this is equivalent to the matrix
model recursion of the matrix model determined by pgT for the orthogonal symmetry class.
The unorientable case is considerably more complicated than the orientable case, because
the moduli space volumes are divergent objects requiring regularisation. Nevertheless, it is
possible to work out explicit results for the whole volumes for low genus and numbers of
boundaries as done in [6] and extended, with a different but related regularisation in [12].

A way to avoid some of the complications of divergent volumes is to consider the
regularisation independent parts of the unorientable volumes, which can be shown to be
related to the low-energy limit of JT gravity, known as “topological gravity” or the “Airy
model”, i.e. a matrix model with the leading-order density of states

oy () = VE. (2.9)
For this limit, as performed in [11], the volumes can be computed to much higher genus
and numbers of boundaries which enables a thorough study of their properties, which was
vital to the consideration and already showed many of the features found for the full JT
case. Consequently, also the generalisation to arbitrary 3 performed in section 3 will mainly
focus on the Airy model.

2.2 Chaos in topological/JT gravity

An important application of the explicit computations of (Airy) Weil-Petersson volumes is
the possibility to show agreement of the topological/JT gravity correlation functions with
the predictions of universal RMT for the canonical SFF, this being proof of chaoticity of
the respective theory.

The canonical spectral form factor is defined as

)

(e50)7”

kp(t,B) = (Z(B+i)Z(B—it))eg~ Y,

|
9*075717---

(2.10)

where the topological expansion is induced by that of the two-point correlation function of
partition functions and we included indices of 3 to make explicit that the respective object
depends on the choice of ensemble. It was shown in [11], that for a matrix model given by the
leading-order density of states pg for a Wigner-Dyson choice of 3 in the so-called “r-scaled”
limit (i.e. t — oo, €% — oo with 7 = et fixed)

. . -5
Kp(T, B) = esc)hgoo e kp(t, B)
T::e’:got fixed

:/ dEefQﬁEpo(E)—Q/ dEe*Q'BE,oO(E)/ dxcos(
0 0 0 po(E)

[T dEe 8, (B) — /OodEe_QﬁE E)bP (T>
/ po(E) - [ p(EW (5t s

x) Th(z) (2.11)



Here T? and thus bP can be determined from the Gaussian ensemble of the respective Wigner-
Dyson class and the analytical results for them are given in [17]. The cases already considered
in the literature are = 2 [10, 27] and B = 1 [11]. For the Airy density of states one finds

2
Te 8P

8

Hi(Ta ﬁ) = 2’%3(7—1 6) - [F(O? 267—2)(1 - eSBTQ)

3
2 . . 2
+ 16872 5 F (1, 13 5. 2:867 ) + rErfi <\/8572> - (2.12)

B o) n (_1)n+m(2)2m 7_2 n
;(; <m>!<n—m>!<n—’3)> (20°) ]

1 1
i B (V7). 2.13)

Perturbative agreement of the topological/JT gravity result for the canonical SFF with this

K3 (7, B)

prediction for 3 = 2 has been shown in [10] with the specific properties of the orientable WP
volumes necessary for this to happen worked out and explored in [9, 28]. With perturbative
agreement we specifically mean that both sides of eq. (2.11) agree as power series in 7 and f.
This is the natural form one finds (after 7 scaling) for the topological/JT gravity SFF while
for the universal RMT answer one can find it by expanding the exact result. Explicitly, for
the case of B =1 (eq. (2.12)) the first terms of this expansion can be found to be [11]

s T 72 v + log (2872) + % 5 8V2mB ,
Fi(r ) = o J2mB T Tt 3r
B4y +4log (2672) — 1= 64(27)*
+ ( - 15) 5 157;2 +6 + 0(7_7)‘ (2'14)

For the unorientable case, as one could expect, the reasoning is more involved, as well for
the side of the WP volumes as the universal RMT side, but agreement was shown for the
unorientable Airy model in [11] and for unorientable JT gravity in [12].

An important complication, occurring already for the Airy model,% is the remaining
dependence on t of the coefficients of the expansion in 7 and S of the canonical SFF. To
better explain this, we rewrite

Kt BTt

g
kg (1, ) 2+1

s o . _ 1
kg (7—7 B) - 6501}7{200 90211 (650)29+17_29+1 tliglo gozll $29+1 T (215)
LRt A 29 ;:KEﬂVg(t7B)

For the orientable case, one finds that sum and limit can be interchanged and lim;—,, k57 (¢, 3)

is independent of t. For the unorientable Airy model, it was found in [11] that one can not

interchange sum and limit as starting from ¢g = % all x79(t, B) retain a ¢ dependence that

does not vanish with the limit. It was possible to make sense of this by grouping terms with
the same [ dependence and finding that by adding and subtracting certain hypergeometric

SActually only there, in the sense that of course the part of the JT result corresponding to the Airy limit
still contains it but the rest doesn’t, see [12] for details.

,10,



functions and using their asymptotic expansions for the limit ¢ — oo, it was possible to
remove the ¢ dependence. Explicitly, for the contribution to 733% one found [11]

(r2)°2 4 ...

3

)

1[-10 2\ V2T N2 V2 32 2(tr2)°  V2r
lg—klog(ﬂ)— (%) +W(t7> B T

(2.16)

where the dots indicate terms coming from higher orders in the topological expansion. Now,

tr2)? 7 37 —tr?
flt,7) = (4572 (62F2 (2,2;3, 3 —t72> — 4R <2; 3 2)) : (2.17)

For this function, it holds that

one defines

2(72t)2 (”2)2 s 2\k
= 2.1
fem) =2+ TR S ) (218)
O(16)
o 1 V2T 1/2

where the first line is the definition of the hypergeometric functions as a power series with
coeflicients ay, which has an infinite radius of convergence, and the second line is its asymptotic
expansion. The trick is to add f(¢,7) — f(¢,7), then write out its power series definition for
the first occurrence and finally to take the limit of ¢ — oo, resulting in

—% [; +1log (2672) — 'y] +0(7%), (2.20)
which is precisely the result at order 73 from the expansion of (7, 3) obtained from universal
RMT, eq. (2.14). It can be argued that by adding and subtracting another hypergeometric
function the remaining correction terms will be cancelled, however, this function is determined
by contributions of higher genus than those computed in [11] the relevant of which are given
in eq. (2.16).

Due to these complications, it is a non-trivial question whether the symplectic (3 = 4)
symmetry class, which has not been studied from this point of view, does show agreement
of the (perturbative) topological gravity canonical SFF with its RMT prediction. This is
answered affirmatively in section 4.2, thus completing the study of all Wigner-Dyson symmetry
classes/“standard” choices of manifolds in bosonic topological gravity, i.e. showing the presence
of quantum chaos, as seen through the lens of the BGS conjecture, for all (bosonic) cases.

2.3 Main results of this work

After having given the necessary background and notational conventions we give a brief
overview of the main results of this work.
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Structure of the resolvents for the general 3 Airy model. Solving the loop equations
for the Airy model for arbitrary Dyson index 3 in section 3, using the direct generalisation
i.e. f(B) =P, we find the explicit results for the resolvents up to g = 4,n = 1. Furthermore,
we show that they have the general structure

R5<I>:62;n_1< 0(1)p? znl (1B (( 1—6)(4—6))g‘i> (2:21)

for integer g and

1 9+3

YD) = g | 2 B) 3 Ry (DB (1-B)(4—p))rta (2.22)

for half-integer g, where the R; do not depend on 3. Actually, we show this structure to
be valid for all one-cut matrix models. For topological gravity, we also give the structure

of the RZ to be

0
2( ) = ;}:jgz’;)((s{;lm-:sv (2.23)
for ¢ = 0 with PgOm(I ) being a polynomial with rational coefficients of combined order
2(n — 1)(3g — 3 + n) and
RiL(I) = 5 PoulD) : (2.24)
;L:l( J) g-+2n— 3 ]<k (Z + Zk)(QngQ)

for the other cases. Again, Pgim(I ) is a polynomial with rational coefficients, now of the
combined order (n — 1)[3(n —2) + g(n + 6)].

Along the way we show the following interesting relation of resolvents for general 3
one-cut matrix models that are crucial for the proof of the aforementioned results. First,

RY(1) = RY(1), (2.25)

reducing the computation of contributions at genus 0 to n-point resolvents to the computation
of those for 3 = 2 which is a vast simplification. Second

2(gH11-1)
B) R, (2.26)

Ry (0 = (-1 (8

being vital for the proof of the general form of the resolvents and a crucial sanity check
for their explicit computation.

Structure of the WP volumes for arbitrary § topological gravity. We build on the

duality of the matrix model defined by the Airy spectral curve for the Wigner-Dyson classes
with topological gravity in its various bosonic incarnations discussed above by using the
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arbitrary 3 matrix model to define arbitrary  topological gravity. For the WP volumes of
this theory (and also those for JT gravity) we find the general structure

Vo gy o L [VBa®B 2= B L VBB (- B4 - B it g,
gn\") = 32g4n—1 +3 3y A pie 1y .
B (2~ B) P V)BT (1= B)(4 — )27 half int. g,
(2.27)
which for g > 1 notably includes genuinely non-Wigner-Dyson terms, i.e. non-zero terms

that vanish in all the Wigner-Dyson classes. The contributions at ¢ = 0 in the Airy case
have the form familiar from the orientable Airy WP volumes

o |&@]l,=3g—3+n n )
Vo)=Y CL b, (2.28)
GENE i=1
where C’C% € Q>0 and totally symmetric. The other contributions have, for n = 2, the form
Vi (b1, b2) = Vi~ (b1, b2)0(by — ba) + Vi~ 0(by — by), (2.29)
with
VP (b)) =Y OB, (2.30)
a1,a2€Ng
a1+ag=6g—2

where the Cy, o, € Q>0 are not necessarily symmetric under oy <+ ag. This is the form
familiar from the unorientable Airy WP volumes from [11]. For n > 2 one can make a
statement about the general form of the Airy WP volumes but it is more useful to use the
general structure of resolvents shown in the previous paragraph instead.

We also give a geometric interpretation of the WP volumes for arbitrary Dyson index
by discussing the generalisation of the Kontsevich diagrammatics and the Mirzakhani-like
recursion of [6] to this setting. Using the recursion we give a geometric proof for the general
structure in terms of the Dyson index of the (Airy) WP volumes.

Universal RMT SFF for GSE. We find the 7-scaled canonical SFF from the usual
combination of universal RMT results for fixed energy and the explicit form of the leading
level density. For the symplectic symmetry class we get

i(r8) = 13(5.8) - X (7.) (231)
with k5(%, /) defined in eq. (2.13) and

n=1

00 - \n
+ Z 415(27/61)'7-) (—log2ﬁ72 + 1 (n+ 1))

—I-Z ( 2n+1> (267_2)271;1
+Z 1( 2) 122F1(1 2k +1;2k + 2, §)

k! 2k +1 ’

(2.32)
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where v denotes the Euler-Mascheroni constant and o Fj(a, b; ¢, z) the Gauss Hypergeometric
function. Expanding it to the order to which we compute the contributions on the topological
gravity side we find

5 2 7-3(310g<5ﬁ)+37+1) N
Falr: B) = 87r6 \/;167\/3_ 4;7r _\/; 127-

N 577 (601og (;;737? +60y - 7) N \/2531?6 (2.33)
277 (112010g (875 ) + 11207 = 501)  [3435/278
- 2682807r - \[11057 +0(r).

Using the mechanism recalled in section 2.2 we show this is matched by the result we find
from topological gravity with 3 = 4 which up to g = % is given by

kMY (7, B)
i 7_+\/7 72 _\/BT4+63/276_4B5/278+
oo | 873 7\ 16/ 12 15 105
3 5

PR B (2, w_f(ﬂﬂ _w_f(“ﬁ) ;
w TS s 2 48 2 1920 5760 2 53760
A B B 5 (%) - JE

T 960 16 2 768 2 5120
T'p% | 8297 +ilo (%)+\/?881\/%T+

r | 80640 " 24 78\ 3 2 61440

T } (2.34)

Universal microcanonical SFF for general 3. Building on the agreement of the topo-
logical gravity result with the universal RMT prediction in the Wigner-Dyson classes and
other arguments, primarily its compliance to the constraints on the general 3 Airy WP
volumes equivalent to those fulfilled by those for 3 = 1 and = 4, we conjecture the
agreement to hold also for the non-Wigner-Dyson choices of the Dyson index. Building on
this we derive an important part of the, to our knowledge not yet fully computed, universal
microcanonical SFF for general Dyson index. Specifically, we show that its “Wigner-Dyson
part” i.e. the part arising from the uplift of the Wigner-Dyson contributions to arbitrary
3 in the regime of small times is given by

R T el (2.35)
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with

bp () =1~ ;33-1—(22?32[3)3: [(2 ~B+/B)log (1 - 3%)

)|

To justify this, we compare against numerical evaluations of the microcanonical SFF for an

) (2.36)
—F(2—[3—\/B>log(‘1—\rB

ensemble of general 3 Gaussian random matrices.

3 Topological gravity for arbitrary £

The object of this section is to study the behaviour of topological gravity for any 3, not
restricted to the unitary (f = 2) or orthogonal (3 = 1) cases as it was done in the previous
works on this subject. In order to perform this computation in the generality needed, we
build on the formalism used in [11] to compute correlation functions of topological gravity
for the case of 3 = 1. The idea there, and thus also here, is to use the duality of topological
gravity with a double-scaled matrix model with the Airy density of states at genus 0, i.e.
péiry(E) = %\/E . Consequently, the computation of some correlation function in the specified
matrix model suffices, to know the respective correlation function in topological gravity.

To compute the n-point correlation function of e.g. resolvents in a matrix model (which
then determine all other correlation functions by suitable integral transforms) it is necessary
to provide the spectral curve, derived from the genus g = 0 contribution to the density of
states and the symmetry class one wishes to consider. As we explained in the introduction,
this symmetry class is fully classified by the exponent 3 of the Vandermonde determinant
when rewriting the matrix integral as an eigenvalue integral. The generalisation beyond the
standard Wigner-Dyson classes is thus straightforward in this representation. It is given by
eq. (1.3) including the dependence on the two functions f and g. They are defined in the
introduction such that they coincide with the identity for the three Wigner-Dyson values of
3. Notably, in this representation the dependence on g can be absorbed into the potential
by defining V (z) = %V(x). Our approach to compute correlation functions will use the
so-called loop equations, which derive from the eigenvalue integral representation. In fact,
their derivation for a variable Dyson index 3 in the sense of eq. (1.1) has been comprehensively
reviewed in [3], i.e. we can use the results of [3] with replacements p — f(B) and V — V.
The dependence on the potential V' is included into the spectral curve in the loop equations
formalism enabling the definition of the matrix model just by using this object instead of
the potential. Hence, when defining the generalised matrix integral in this way, the only
remainder of the generalisation, eq. (1.3), is the function f. Thus, one can perform all
computations using f = idg, and then uniquely determine the result for an arbitrary choice
of f by mapping 3 — f(f). Therefore, we will use throughout the rest of the work f =idg,,
thereby keeping the possibility to introduce another choice for f(f) afterwards.

Having clarified how to generalise to arbitrary Dyson index, we will proceed with the
actual method we will use to compute the perturbative expansion of correlation functions,
the loop equations. One important step of [11], necessary for this computation, was to take
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the loop equations as derived in [3] and put them into a convenient form by transforming
to double-cover coordinates. We very briefly recall the necessary results in the following
section, details and the derivation are given in [11].

3.1 Recap: the perturbative loop equations in double-cover coordinates

The perturbative loop equations are a way to compute perturbatively the correlation functions
of n-point resolvents (cf. eq. (2.4)) of a matrix model with a given leading-order density of
states po(E). By a perturbative computation of the correlation function of these objects we
mean computing the coefficients of the topological expansion of the correlations functions given
in eq. (2.6). Note, that in the following we drop the superscript indicating the resolvent to be
computed from a matrix model as this is apparent. Here, we already restricted ourselves to the
case of interest, i.e. double-scaled one-cut matrix models, meaning that the support of po(E)
is [0,00) and that the size of the matrix N usually appearing in the topological expansion of
matrix model correlation functions is replaced by e% by the double-scaling procedure [1, 3].

As a first step in this computation, one has to compute the spectral curve y(x) for
the matrix model using [1]

lgr(l) y(x £ie) = Fimpo(z). (3.1)

Having found the spectral curve in “normal® coordinates, one finds that the spectral curve
has a cut precisely coinciding with the support of the leading-order density of states. For
the structure of the cut that we required here, one can thus simplify the solution of the
loop equations by going over to double-cover coordinates z € P! defined via z = —2z2. In
these coordinates, as shown in [11] based on [3], the loop equations, or rather the recursive
prescription to compute the contributions to the resolvent correlation functions arising from
them, can be written as

1 24y 1
— FP(—2"2,1), (3.2)

=
( ) 21z J—icotesiooteq 22 — 22 y(—2%)" Y

g

with ¢ > 0 and

2 . p—2 1 g 2 g 2 2
Fgﬁ(—z ,I) _T—ihazRg*%(_z ,I)—I—Rgfl(—z , —Z ,I)

/

+ 3 RE(=2% N)RE_, (=22, 1\) (3.3)

IDJh
" 1 1
By 2 2 R ) - Y. .2

+22 RO( Z, Zk)+B(22—Z2)2‘|Rg( Zvl\{ Zk})’

k=1 k

where Y is a notation for excluding Ry(—2?) and Ro(—22%, —22) from the sum. Excluded
from this procedure are some cases where g = 0 that require special treatment (see section C
for a recursion valid for all cases). In the following, to abbreviate the notation, we denote
the dependence on e.g. —z2 by just a dependence on z, keeping in mind the true quadratic
dependence. Computing the resolvents thus boils down to evaluating a contour integral along
the closed curve [e — i00, € + ico] € P! that can be evaluated by the residue theorem.
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3.2 Topological expansion of the 3 Airy model resolvents

Having recalled the procedure to compute resolvents of a matrix model of the type we are
interested in we specialize to the case of interest of this work, the Airy model. For this, we
first solve eq. (3.1) for py™ (E) = +~VE, finding

]

YA (z) =

2 ’ (3.4)
— yAiry(z) = 5%

Having found this, we are nearly ready to compute the topological expansion of the resolvents
for the Airy model. However, we have to treat first the special cases of g = 0.

The case of n = 2 was already considered in [3, 11] resulting in

1 1

RB(z ,29) = ————————5
0(1 2) ZB 21z2(21+z2)2

= éR(l)(zl, 22). (3.5)

The case of n = 3 is considered in [11] and yields

1 22d2 2
R (21,22, 23) = =— f 3TN
ol ) 2miz1 Jirye 2% — 23 y(2')

1 Bror B s
RE( o RE(+ ) + | Fohzs)  Ro(#20) (3.6)

B\(3-)" (#-22)

1
- @R(l)(zb 22, Z3)a
where the second line follows by using eq. (3.5). From these two cases one can already
suspect that

1

AR€<I>=:BH_1

RY(D), (3.7)

which is a generalisation of the relation of the § = 1 with the 3 = 2 resolvents of [3]. We
prove this statement, actually the slight generalisation to the one-cut case, in section C.
This relation is very useful insofar as by the algorithm given in [29] one has a very quick
way to compute the orientable genus 0 WP volumes of n boundaries from which one can
compute the R3(I) that in turn determine the contributions for 3 = 1 and thus by the
above relation that of general 3.

Having studied the special cases, we can turn to some examples for resolvents of non-
Zero genus.

g = % n = 1. For this case we find

-2 1 -2 1 2—-pB1 2 —
e =2 o) - B2 oy - 2P L -2 P re), ey
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where the replacement of Rq(—z2) by the spectral curve is justified, as they differ only by
analytic terms, which vanish under the following contour integration. Thus, by eq. (3.2) we find

2-p 1 z’2dz 21 _2-p1 1
5o 2-B 27 S
R% (2) = B 2miz /iR+e 22 52 4 B 2z ZB_e*SZ (2 = 2)(#' + 2) (3.9)
B-21 |
B 422’

which reproduces the result from [11] upon setting 3 = 1 and vanishes when setting = 2,

coinciding with the expectation for this symmetry class that is dual to orientable manifolds
1

that cannot have genus 5 or any non-integer genus, for that matter.

g = %, n = 2. Computing, again, first the relevant F' we find

1

-B1
Ff(z’, 29) = —— s
: B B(+”~3)" (3.10)

228 RB(2, 22)+2RB( VIRB(2, 29) +

9 _
frnd B2BF§1(2/’22)7
which directly implies
2-p3 2 — B 2t + 32023 + 32322 + 32321 + 23
RP(21,20) = 2 RY (21, 20) = 3.11
%(Zl 22) [32 %(Zl 22) [32 22:112:% (Zl n 22) 3 ( )

g = 1,n = 1. Here, one finds from eq. (3.3)

B B 8Z/RE’ (')
FP(2) = +RE (2, 2) + RZ (z’)Rz (')

/

el
2-p)?5 1] 1
:l B2 4+2[3]4z’4

Thus, one can compute the resolvent as

_[e-p)s 1] 1 2d 2 1
Rl(Z)[ B2 Z+% 27TZZ/iR+eZ’2—Z2Z/4Z/4
_ [e-p)?s 1 de’
_[ 62 5"_6 E 5'22 (Z/—Z)(Z/+Z)Z/3 (313)
o Je-p)Ps 1] 1
|55

This is the first occurrence of a resolvent being split into several parts, each associated
with either the 3 = 2 or the other two Wigner-Dyson classes. The distinction can be made
by noticing that there is a part of the result that is vanishing upon going to the unitary
symmetry class. On the gravity side of the duality one can think of this contribution as arising
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purely from orientable manifolds as those are the sole contributions to the gravitational path
integral when choosing the unitary symmetry class for the dual matrix model. Going over
to the case of unorientable manifolds in the path integral, i.e. 3 = 1 one can see that the
“orientable” contribution has doubled with respect to the orientable case which makes sense
geometrically as one counts every orientable manifold twice due to the two possibilities to
orient it. Thus, one can uniquely define the “orientable” contribution to the resolvent from
the general (3 result as the non-vanishing contribution in the case of 3 = 2. This would
suggest that every other contribution can be associated to a purely unorientable sector of
the gravitational path integral.

To investigate this further, we compute the resolvents up to g = 4, n = 1 which notably
involves the two-boundary resolvents up to g = &, some of which can be looked up in section A
and all of which are collected in the supplementary material. The aim of this investigation is
to find a general structure of the 3 dependence of the resolvents.

3.3 General structure of the 3 Airy model resolvents

The search for an underlying structure of correlation functions is often simplified by symmetries
of the considered theory. In the present case such a symmetry would be given by the invariance
of the contributions to the topological expansion of the multi-point resolvents under certain
transformations of 3. The guiding example of how such a transformation might look like
is given by the well known fact in the study of matrix models that the contributions to
the resolvents of the orthogonal and symplectic symmetry class are directly connected by
the relation ([3])

RL(I) = (-1)%220t =V RY(T). (3.14)

In fact, this relation is only an example of a more general invariance of the matrix models
rooted in the invariance of the integral definition of the correlation functions under (f, N) <>
(%, —%) (e.g [13] and references therein). At the level of resolvents, we show in section D
that for one-cut matrix models the relation above generalises to

4 2(g+|1]-1)
R} (1) = (-v(§)

RE(D). (3.15)
This relation now allows one to decompose the 3 dependence into invariant parts under f — %.
To make this more precise, it is useful to generically decompose the genus g contribution
to the n boundary resolvent as

RB(I) = BMNZPZ i (3.16)

with the P; being polynomials, the g; denoting the dependence on the z-variables that however
is of secondary importance here, and k£ € N. This can be motivated for example by looking
at the example of a not-decomposed resolvent with more complicated  dependence than the
ones presented so far at the beginning of section A but can also be seen rather directly by
looking at the recursion eq. (3.2) used to compute the resolvents. Considering and comparing
more results for different genera and numbers of boundaries one finds that the maximal order
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of the polynomials being decomposed into the P; is given by 2¢,7 i.e. one is looking for a
choice of basis for the 2g + 1-dimensional space of polynomials of degree 2g. Furthermore, we
observe that up to inverse powers of 2, which can be moved to the g;, the coefficients of the
polynomials are positive integers (or vanish).® While the whole of the resolvent transforms
according to eq. (3.15) upon 3 — %, for a generic choice of the P; this is not true for the
individual summands. This property, that the individual summands transform according to
eq. (3.15), is now what we require for the sought for invariant decomposition.

Using this definition, one quickly finds that demanding for the decomposing polynomials

P(5)=0(2) Pee) (3.17)

To see that this is a quite restrictive property, we consider an arbitrary polynomial with integer
coefficients of degree k, i.e. given by Py(B) := Z?:o b;p? with b € ZF. One directly finds

~é—_2932g $ (_1\2992(9—1) i
Pb<f5>_( Y (B) ig,;_kbg“"l( DRGNS (3.18)

Thus, the polynomial is invariant iff

being invariant amounts to

= (F1)M2 (3.19)

From this, one can infer two facts. First, for the polynomial to be invariant, it has to hold
that £ < 2g. This is in correspondence with our observation that the maximal occurring
polynomial order is indeed 2g. Second, choosing the b; for i € [0, g] in the integer genus and
1€ [O, g— %] in the half-integer genus case fixes the other b;. This implies that the space of
invariant polynomials is g + 1 dimensional in the integer genus case and g + % dimensional
in the half-integer genus case. Consequently, finding the required number of invariant basis
polynomials fixes a complete basis for the space of invariant polynomials occurring for genus g.

Starting with the most obvious option, we first try P (x) := x for which one directly finds

()-()'

This implies that for half-integer genus this can’t be invariant and for integer genus it’s only
invariant if ¢ = g. Thus, at most one element of the P} (x) can contribute. A more elaborate
choice that has the chance to be invariant would be to choose a € Z™, 7 € N™ with m € N
and consider [[i%,; [(ai — B)(a% — B)}nl. Here, the common exponent n; has been chosen
as this is the only way the expression can reproduce itself upon transforming 3. Adding
a monomial dependence leads to the candidate expression

PS 2 4(B) = rs’“ﬁ w-p) (o -8)]" (3.21)

"This one can prove then by induction, using the explicit form of Fg‘3 (2,1) in eq. (3.3). Of course, it is also
a corollary of our proof of the general structure of the resolvents in terms of 3 in section E.

8The emergence of factors of 2 in the denominator of the z-dependent part is expected at least for the
Wigner-Dyson cases. This is due to the representation of the resolvents in terms of ribbon graphs naturally
producing factors of 2zj in the denominator arising from propagators with sides of the same label.
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For this choice of polynomials one finds

itk (é) = (é)Q(HZ%M)Pa’,ﬁ,k(B): (3.22)

which is invariant iff k£ 4+ ;" n; = g for integer genus and never invariant for half-integer
genus. In fact, one can narrow down the choice of the a; to the cases of 2 and 1 since for
all other cases” there would appear coefficients that are not integers, in contrast to our
assumption on the coefficients to be purely from N. In the case of a; = 2, (a; — ) can
already be made invariant by itself, thus we allow for it to appear without a “partner”.
This results in the polynomials

$e(B) = B2 - B)’(1 - B)(4 - B (3.23)
Here, we find

) 2(a+c)+b

Poe(5) =0 (3) Pl (3:20

which can solve the invariance condition for both the integer and half-integer case. We
further decrease the number of degrees of freedom for this choice of basis by noting that
(1—B)(4—B) = (2—B)*—p which implies that as it is chosen now, there is an overcounting.
This can be avoided by choosing b to be the minimal value compatible with the invariance
condition. Thus we set b = 1 for the case of half-integer genus, which in turn implies
at+c=9g—5 belng equivalent to invariance. For integer genus we could set b = 0, but
for reasons that will be clear below we set b = 2, implying a + ¢ = g — 1 for the basis
entry to be invariant.

Now one can see, that for the half-integer genus case this already yields the required
g+ % basis polynomials while for integer genus one finds g from this choice which yields the
required g + 1 basis polynomials upon including Pg*. These basis polynomials are indeed
linearly independent as they all have different degrees.

Putting everything together, we find

1 g

RB<I>=WH< DB+ (2= B S Ry(DB 1—6)(4—6>>9i), (3.25)

g

for integer g and

1 g+3

RE(I) = Bl Z Ry(DB((1—PB)(4— B)IE |, (3.26)

for half-integer g, where the Rg do not depend on f3.
Before interpreting this structure, we present a few examples of resolvents being decom-
posed in the manner we propose to illustrate less abstractly that it works. For the method

9Except, of course, for a; = 4 which however yields the same basis polynomial as 1 and is thus excluded.
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we use to decompose the expressions, see section F. Starting with n = 1 we find

2-

R p(2) = — TR (3.27)
5(2 — B)2 1
151 -B)4—-p)2-p 22—
)=~ SU-BMCDC-D) 20 p) 2
1105(1 — B)(4 —B)(2—PB)%  3465(2 —B)? 105
RB(z) — — 1103 25)(9{(5421(?)( B _ v éﬁgzﬁ) - G (3.30)
RE(2) = — 1695(1 — B)*(2 = B)(4 —B)*  9067(1 - B)(2 - B)(4 - B)
5/2 - 6465214 64[54214
160(2 —
_ 6(32146)’ (3.31)

from which we can clearly see that the decomposition works. Going to n = 2 we present
the three lowest genus cases where the decomposition contains more than one term, i.e.

g € {1,3,2}.
52i+32222 4525 (2—B)?
8B227 25 16B32] 23 (21 +22)

11652822 417627 25+ 18421 25 + 17623 25 +1652% 28 +1002 zg+2523> )

R[f(zl, 29) = 1% (252?—#1002{2’2

(3.32)

(2—B)

1633210249 (21 + 29) 5
+37102425 + 87392521 + 37502520 + (21 ¢ 20) )
(1-B)2-B)4-B)

16B%210240 (21 + 22) ®

+181025 25 + 18652521 + 1866282 + (21 > 22))

Rr (21, 22) =

N|w T

X (256z}2 + 128029211 + 275222210 + 35902327

(3.33)

x (120212 + 6002021" + 12902321° + 17002327

35 (33210 + 272823 + 292823 + 292128 + 272228 + 33210)
643213233
n 5(1—B)(2—B)*(4—B)
256B5213243(21 + 22)0
X (243146 + 1458621° 25 4 3845421423 + 6132221323

R[QS (217 22) =

+ 7245521225 + 76032211 25 + 7773021°28 4 78412227
+T8T562525 + (21 ¢ 22))
n (2-B)

25634213233 (21 + 22)6
x (3811521 + 22869021° 25 + 60291021%22 + 95760221325
+ 111570721225 + 114681621125 4 115734621925 + 116058827 25
+ 11611562828 + (21 < 22)).

(3.34)
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Again, as it should be due to our above reasoning, the decomposition works and for these
examples its usefulness is apparent when comparing to the non-decomposed resolvent presented
in section A. To give another justification for the decomposition to be generic, we show in
section E that it is a “fixed point” of the loop equations in the sense of it being reproduced for
all contributions to the topological expansion of n-boundary resolvents if present for the input
to the loop equations. As this is the case, as seen from eq. (3.7), this shows the structure to
be general. In fact, we show a more general statement than the presence of the structure in
resolvents for topological gravity. Indeed, our proof, like the ones before, applies to the whole
set of one-cut matrix models and thus shows our general structure to appear there as well.

Having thus found the sought general structure, we can study its implications for the
interpretation of the general 3 resolvents. The first thing to note is that the three Wigner-
Dyson values for the Dyson index, given by 3 = 1 for the orthogonal, f = 2 for the unitary
and 3 = 4 for the symplectic case, are special as seen from the vanishing of several terms
of the general 3 result upon 3 being one of them.

Specifically for the unitary case of B = 2 we find that, as expected, all half-integer
contributions vanish and for integer genus the only contribution arises from Rg. The second
observation is the reason why we chose the minimal number of occurrences of (2 — f3) in
the non-monomial basis elements to be two. Had we not, which would have been a possible
choice of invariant basis as well, this would not have led to the nice interpretation of the term
arising from Rg being the only contribution at 3 = 2, i.e. in the case where the resolvents
are related to orientable manifolds on the gravity side of the duality.

Having done so, however makes the general structure a direct generalisation of the
structure we had observed for the lowest genus resolvents in the preceding section. This
specifically means that for integer genus Rg (multiplied with a known power of ) can be
thought of as being the part of the resolvent stemming, on the side of the gravitational path
integral, from the orientable part of moduli space while the other Wigner-Dyson contribution,
the ¢ = g term of the sum, arises from the purely unorientable part of moduli space.

Beginning with the contributions to the two-point correlation function of resolvents!®
one can (not surprisingly) also see this split from the z dependence of the R;. This is due to
the terms from ¢ = 0 having the dependence one is accustomed to from the unitary resolvents,
i.e. no terms of the form (z; — 2;)™ in the denominator, as we prove at the end of section E,
while those terms appear in all the other cases, clearly showing how they necessarily originate
from the unorientable part of moduli space.

For half-integer genus, there is of course no orientable contribution as it vanishes in the
unitary case and the i1 = g + % summand in eq. (3.26) is the only contribution in the other
Wigner-Dyson classes making this directly connected to the moduli space of unorientable
surfaces. However, the structure is a clear extension of this simple observations as there
manifestly are non-Wigner-Dyson terms which shows that a 3 matrix model is not just an
interpolation between the Wigner-Dyson classes but has genuine “general [3” contributions
not present for the standard ensembles.

10This is due to the one-point contributions all depending on the one variable z as zﬁq%l, leaving no room
for distinction between orientable/unorientable from this dependence.
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Having now completely explored the structure of the contributions to the resolvents, we
conclude this section by considering in more detail their dependence on the z;. It is best to
start with the part of the result for which the most is known, i.e. the orientable parts Rg([ ).
As we discussed in section 2, there is a direct link between the contributions to the topological
expansion of resolvents in the Airy model with the Airy WP volumes, given by eq. (2.7). In
the orientable case, their structure is known to be given by a polynomial in the boundary
lengths of combined order!! 2(3g +n — 3) (cf. eq. (3.40)). Inverting the relation eq. (2.7), we
find that this results in the following structure for the orientable part of the resolvent:

Pon(I)
n (Zi)6g+2n—3 ’

i=1

RYI) =

(3.35)

with the combined order of the polynomial Pgom given by 2(n — 1)(3g — 3+ n).

For the “unorientable” contributions, i.e. the Rg([ ) with ¢ > 1, the structure of the
volumes is more complicated, as it is discussed in the next section. However, we can make
some statements about these objects based on the results we found. Indeed, as it was
expected already from the study of the 3 = 1 case, in addition to the factors of z; one
had in the orientable case, there are now also powers of sums of the z; in the denominator.
As the individual contributions to the R,(I) have to be symmetric under permutation of
the arguments to preserve the symmetry of their combination, in fact all possible linearly
independent sums of two arguments for the given number of arguments have to appear
with the same power. For the case of n = 2, for the 3 = 1 model this power was found
to be 2g + n which we can see from our results to be reproduced by the general (3 results
for n = 2 as well as for all other considered values of n. Thus, it is reasonable (and in
agreement with all our results) to suspect

, P (D)
RE(I) = . , (3.36)
’ Jor ()T P I (2 2) )

where Pgim is again a polynomial. The combined order of Pgim can be motivated by observing

that before the decomposition the whole of R4(I) has the structure given by eq. (3.36).

Thus, for the orientable part to obtain the form of eq. (3.35), the sums have to cancel out,

meaning that for the unorientable part, their presence has to be accounted for by P;n having

a combined order that is precisely increased by the combined order of the product of sums.
n

Since there are §(n — 1) distinct unordered pairs, and thus distinct linearly independent

sums of two arguments, to be chosen from the n arguments, one finds

comb. order(Pgi,n) =2(n—1)(3g =3 +n) + §(n ~ 12 +2) (3.37)
= (n—1)[3(n—2) + g(n +6)],

which is in agreement with all the resolvents we have computed.

1By this, we mean that for each monomial constituting the polynomial the sum of powers of the individual
arguments is given by this number.
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3.4 The B Airy Weil-Petersson volumes

Having computed the resolvent for the general 3 matrix model with the Airy spectral curve,
we can now compute the objects of interest on the geometric side of the duality. The duality
is given by eq. (2.7), expressing the Airy WP Volume at genus g of n geodesic boundaries
of lengths b1, ..., by, Vg‘i,n)
resolvent at genus g. For the Wigner-Dyson classes this statement is actually the way

, by the contribution to the topological expansion of the n-point

to prove the duality by relating the recursion that is used on the matrix model side to
Mirzakhani’s recursion [5] for the orientable volumes [1, 4] or a Mirazkhani-like recursion for
the unorientable volumes [6]. For the general (3-case, as we pointed out in the introduction,
there is no geometric definition of “intermediate” (Airy) WP volumes in terms of intersection
numbers or a moduli space integral, as far as we know. Thus, the relation can be viewed as
the definition of the general 3 Airy WP volumes and we can study their properties through
the matrix model results. Explicitly put, collecting the boundary lengths in be R%,

Vyim(®) = £~ [RS(% ) ] (_522) , 5] : (3.38)

=1

The general structure of the resolvents, egs. (3.25) and (3.26), of course, induces a structure
of the same kind in the volumes i.e.

o (V) = Fagat o+ 1

- 1 {Vg,n<5>ﬁg+<2—f3>2 9 Vi BB - B)A— B it g,
(2-B) ST 2 Vi (BB ((1 - B)(4—B))? 2" half int. g.

(3.39)

The structure of the constituting Vévn,

thus have to distinguish between the V?

g7n’
Vyn- This, as we remarked above, is due to the Rg,n being the only contributions surviving

not surprisingly, derives from the Rf]. Specifically, we
only occurring for integer genus, and the other

in the unitary/orientable case of 3 = 2, thus demanding them to have the form expected for
the unitary setting, while the other Rz,n have the structure one is accustomed to from the
generic form found for the case of 3 =1 in [11]. Consequently, we find for the “orientable”

part of the volumes which can be nicely written for n boundaries [5]

||, =3g—3+4n n
. 20,
Vo (b) = b | Lt (3.40)
aeNy i=1

with CZ € Qx¢ and totally symmetric. The coefficients are indeed determined by the results
for the orientable Airy WP volumes in the literature since the volume should reduce to them
in the case of 3 = 2 and thus they differ only by a (known) power of two.

For the “unorientable” part, i.e. the rest of the contributions, this is not the case due
to the emergence of Heaviside f-functions of sums of lengths complicating matters. The
case easiest to present and also most relevant for the purpose of computing the SFF is that
of two boundaries, where one finds [11]

Vi (b1,b2) = Vo7 (b1, b2)0(by — ba) + Vi~ (b2, b1)6(ba — b1), (3.41)
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with

Vi (byb) = > C9EbbS2, (3.42)
aq,a2€Np
a1+ax=6g—2

where the Cy, o, € Q>0 are not necessarily symmetric under o <+ . This seems confusing
at first since the resolvents are symmetric under exchanges of the arguments. However, this is
taken care of by the f-functions as explained in [11]. We give the results for low genera here
and refer the reader for a more complete list to appendix B and the supplementary material.

Vll}g (bl, bz) =b (3.43)
2 2)2

VD(b1,by) = e b)” Igbz) (3.44)

VI (b bo) = 561 + 106362 + 8b3by + b3 (3.45)
9y 96 .

VL2 by by) = 3007 + 2106265 + 175b3b7 + 2106303 + 1056562 + 9165b1 + 5b% (3.46)
3/2\"h 72 40320 '

V22 (b, by = (64b7 + 448637 + 245b3b1 + 560b3bF + 1476503 + 175b5b; + 23b7) (3.47)
3/2 \"h T2 40320 '

As a consistency check for these results one can compare the V_gjn(l_)’) to the results in the
literature, which we did for all the cases we computed. For the V;i(g) a consistency check
is only possible for ¢ = g in the integer and i = g + % in the half-integer genus case, where
the result for f = 1 (with the “orientable” part, i.e. Vg,n(g), subtracted for integer genus)
should be reproduced, which we checked for all the considered cases. Those contributions
for lower ¢ are purely non-Wigner-Dyson and consequently so far only accessible by the
method discussed here.

For higher numbers of boundaries the amount of #-functions, necessary to preserve the
permutation symmetry of boundaries, increases. Specifically, now also products of #-functions
of sums of different numbers of boundary lengths appear, as one can see exemplary in the
case of (g,n) = (%, 3) we give in section B. The computation of these volumes is of course
possible and for the cases for which we computed the resolvents they can be found in the
supplementary material. However, a discussion of their general structure is quite more tedious
and less illuminating than the discussion for the case of two boundaries, while the structure
at the level of resolvents, which we discuss above, is an immediate generalisation of the
discussion for two boundaries. Consequently, we leave the implication of our findings for the
n > 3 resolvents on the corresponding Airy WP volumes for future work.

3.5 Geometrical construction of arbitrary 3 topological gravity/JT gravity

In order to get an idea, what the geometric interpretation of the arbitrary Dyson index
“moduli space” volumes is, it is worthwhile to consider their computation in a way inspired
by Mirzakhani’s recursion for orientable moduli space volumes. Talking about this, amounts
to briefly leaving topological gravity and going to JT gravity. Returning is easier than going
there, since the topological gravity behaviour is always given by the non-divergent leading-
order contribution of the full WP volumes appearing in JT gravity [6, 10, 12]. Geometrically,
one can understand this by thinking of a surface of some genus g with n boundaries and
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enlarging its boundary lengths. Doing this, since the area of the surface is constrained by
the Gauss-Bonnet theorem, the surface will increasingly look like a connection of thin strips,
yielding exactly the ribbon graphs appearing in a diagrammatic discussion of the Airy model
in terms of Kontsevich graphs [9, 26]. Fortunately, as for topological gravity, the duality
between a specific double-scaled matrix model and JT gravity is well established for the
orientable as well as the unorientable case ([3, 6, 12]) and consequently it is reasonable to
perform the generalisation to arbitrary Dyson index, already performed above for topological
gravity, also for the matrix model dual to JT gravity. In fact, since it is still a one-cut double-
scaled matrix model, the recursion for the resolvents eq. (3.2) and the following expression
for F, 9[3 (eq. (3.3)) remain valid while, of course, one has to insert now the JT gravity spectral
curve 't (2) = w. For our purpose the most interesting result, regarding the duality
in the unorientable case, is the discovery and proof of a Mirzakhani-like recursion for the
unorientable moduli space volumes, equivalent to the loop equations, in [6]. Plugging now
the additional factors needed for the generalisation to arbitrary Dyson index of the loop
equations and translating them to the Mirzakhani like relation along the lines of [6] one finds
IB L9
b1V (b, B) = / v dy by — T(by — b3 0) ] VT (W, B\by) (3.48)

4= / Wy / B A Dby, Y, V")
2 Jo 0

) (3.49)
< VT, B+ Y VRN, BOVETT (1, By)
h+h'=g
BlLJBz:B
1(2— 00
( B)/ b b c(by; V) VEIT (W, B), (3.50)
2 B 0 9-3

/
where we denote by Y the sum excluding the appearance of VOB’JT(b’ b)), VOB’JT (t'). Fur-
thermore, we use the notation of [6] for the functions T,D and c and refer the interested

reader there for their definition. It has to be noted, that the recursion needs as an input

Vﬁ JT V[S JT VIB JT
1

on the JT gravity side [6] or also from the loop equations on the matrix model side which

the results for which can be computed (for 3 = 1) from considerations
as an input still require only the spectral curve/leading-order density of states. Taking the
second route for the arbitrary [ case, we first note that

R([)57JT(217227Z3) QR%)J (Zl,ZQ,Zg) (351)

B

by our reasoning of eq. (3.6), which continues to hold due to being at the level before doing
the contour integral. For the same reason, here based on eq. (3.8), it holds that

RS (1) = 25 BR% I, (3.52)

Furthermore, it was already shown in [3] that for all one-cut double-scaled matrix models
it holds that

Rg(zl,zz) = éRcl)(zth). (3.53)
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Ll L]_

X

L
(a) Glueing corresponding to eq. (3.48). X has (b) Glueing corresponding to eq. (3.50). Y has
genus g with n — 1 boundaries. genus g — % and n boundaries. The surface

attached to the other boundary is a crosscap.
Ly

Ly
(¢) Glueing corresponding to eq. (3.49) (Dis- (d) Glueing corresponding to eq. (3.49) (Con-
connected part). X;/Xs have genera hy/hy nected part). X has genus g — 1 and n +
and ni/ne boundaries with hy + he = ¢ 1 boundaries.

and ny +ns =n — 1.

Figure 2. Depiction of the different “glueings” i.e. the separation of a surface of constant negative

curvature of genus g and n geodesic boundaries of lengths L1, ..., L, into a 3-holed sphere and another

such surface. These separations are the same as for the case of unorientable surfaces in [6]. The only

difference for our setting, eqs. (3.48)—(3.50), is, that there is an additional factor of % for the glueing

(2-B)
B

in case a) and an additional factor of for case b).

Since the integral transformation from resolvents to WP volumes is linear, these relations
translates to the WP volumes and hence all input to the recursion for the arbitrary f3
case is known.

At this point we could iterate the matrix model recursion to find, along the lines of [12],
results for some of the general 3 WP volumes. Since the main focus of this work is, however,
on topological gravity and our excursion to the JT setting is rather intended to give a
geometrical understanding of the results there, it is worthwhile to focus on the geometrical
interpretation of the Mirzakhani-like recursion egs. (3.48)—(3.50).
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For this purpose, it is useful to recall that the several integrals in this recursion (of course,
also in the “traditional” one, found by setting $ = 2) represent certain ways to attach a
3-holed sphere (a pair of pants) to a surface of a specific genus and number of boundaries
to build the desired surface. In figure 2, we collect all 4 ways that are possible where the
option a) corresponds to eq. (3.48), b) to eq. (3.50), d) to the sole volume and c) to the sum
over the product of two volumes in eq. (3.49). Going from the setting of = 1, discussed
in [6], to that of arbitrary Dyson index, the only change is in the cases a) and b), where an
additional factor of % in case a) and % in case b) is introduced. Both of these factors
can be understood intuitively. In case b) the factor can be thought of as arising from the
attachment of the crosscap which, as seen from eq. (3.52), has a dependence on the Dyson
index as % To understand the factor in the case a) it is useful to recall from [6], that
the additional factor 2 in eq. (3.48) in the 3 = 1 case as compared to the orientable setting
occurred due to the possibility, in the unorientable case, to glue the 3-holed sphere with or
without a change of orientation for a geodesic going from the boundary of length L to that
of length L;. Since there is only one possibility in the case of § = 2, this factor has to be

cancelled, which suggests that the additional factor is %

Iterating the 3 dependence as determined by the recursion yields precisely the general
structure of the WP volumes proven above. This is not surprising, since the arbitrary {3
Mirzakhani-like recursion is equivalent to the loop equations used to determine the general
structure. In order to get a geometric intuition for the structure, it is however instructive
to look at an example, for which we choose the case of g = %, n = 1. We find the following
decomposition, decomposing also the manifolds glued to the 3-holed sphere, to build a surface

of genus 2 and one boundary in the Mirzakhani-like recursion

i1 §>:°‘f@ a\<§£®
®

(3.54)

I®
2-B 1

For the first line we can read off the dependence on 3 to be Sroml et while for the second line

we find (%)3 The terms arising from the first line are thus of the general form already,
while the second is not. However, we can use (2 — )2 = (1 — B)(4 — B) + B to rewrite it as
a sum of a term of the form of the first line and one of the form as in the contribution to
the general structure apart from it. From this example it is now apparent that the general
structure we have proven, in a sense chosen, above does not correspond to the decomposition
of the volumes equivalent to that of the glueings of the Mirzakhani-like recursion. It is thus
interesting to note that its distinct advantage, being the decomposition into Wigner-Dyson

— 29 —



and non-Wigner-Dyson contributions, is consequently not a property immediately seen from
the glueing construction inherent to the Mirzakhani-like recursion.

However, due to it being the general structure of the matrix model correlation functions,
one can use it to derive a structure corresponding to this decomposition. This can be done by
transforming the manifestly non-Wigner-Dyson parts of the general structure of the volumes
to a structure that reflects the number of inserted crosscaps via (1 —)(4—B) = (2— )% — B.
Doing this, one finds for the integer genus case

- e (50 5

with

g—m—+1 .
y ym m i[ 91 i
Vi = (=1) +g+1 Z (_1)< )Vg,n, (3.56)

i=1 m—1

for m > 0 and l_)gm = Vg’n. For the half-integer genus case these considerations yield

1=

B 9_2 1 2 _ B 2m+1
Vo = Z_o [59—%+n—m_1 ( R ) Vgn, (3.57)
with
B g+f—m e I 1 — -
Von = (—1)m+o+s 3 (_1)z< an )vgm. (3.58)
=1

Of course, one could also go the inverse way of taking this structure to arrive at the one
proven above, giving a geometric argument justifying this structure is thus also one for the
one proven above. We proceed by giving such a geometric argument.

Before we go into the geometric proof of egs. (3.55) and (3.57), we would like to remark
that after this paper was accepted for publication, we became aware of [30], which actually
provides the equivalent statement for resolvents. However, they have a quite different proof,
do not investigate the implications for moduli space volumes and do not provide the structure,
split into Wigner-Dyson and non-Wigner-Dyson parts (egs. (3.25) and (3.26)), whose precise
form is of highest relevance for most of this work. Consequently, our discussion above is
not “just” a different proof for a known statement but rather an interesting statement on
its own which happens to imply, after the rewriting we performed to find egs. (3.55) and
(3.57), the statement already given in [30].

For the geometric proof we start by explicitly constructing a surface of genus g and n
geodesic boundaries from 3-holed spheres and crosscaps by the general 3 Mirzakhani-like
construction pictured in figure 2. We start by constructing the surface with the maximum
number of crosscaps, given by 2¢g. A particularly nice way to do this is depicted in figure 3,
where the surface is decomposed into two parts, one containing the boundaries and one
containing the crosscaps. The part containing the boundaries is built from n — 1 3-holed
spheres, glued in the depicted way as to yield a surface of genus 0 with n external boundaries
and one “internal” boundary to glue the genus carrying part. This is in turn constructed
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n-1 2g-2

Figure 3. Possible decomposition of a surface of genus g and n geodesic boundaries into 3-holed
spheres and crosscaps with the maximal number of crosscaps possible. The numbers below the first
and second part of this construction indicate how many 3-holed spheres/3-holed spheres with an
attached crosscap are needed.

from two parts, first 2g — 2 copies of the depicted glueing of a 3-holed sphere and a crosscap
such that the number of internal glueing boundaries is conserved, second the glueing of a
final 3-holed sphere capped off by two crosscaps. This construction evidently yields a surface
with n geodesic boundaries and 2¢g crosscaps, hence genus g. It is now an easy task to read
off the 3 dependence of this surface, which is built from n — 1 glueings a la figure 2(a), 2g — 2
a la figure 2(b) and two additional crosscaps, hence yielding the total dependence

ONCo .

which is precisely the dependence obtained in eq. (3.55) and eq. (3.57) upon taking the
maximal value for the summation index. It is useful to note here, that the summation
index due to it increasing the number of “crosscap” factors in the general structures can
be interpreted as determining the number of crosscaps in the respective contribution to the
volumes as 2m in the case of integer genus and 2m + 1 in the case of half-integer genus.

To find the contributions with a lower number of crosscaps geometrically one can
substitute two of the crosscaps at a time by a “hole”, hence keeping the total genus constant.
In the case of the final part one can do this by taking out the two crosscaps and glueing the
remaining two boundaries directly to one another. In the case of the other parts one takes
out two of the constituting blocks and replaces them with two 3-holed spheres as

e -

To obtain a surface with k crosscaps one obviously has to do a replacement of two crosscaps

%(kmax — k) times, where kpax denotes the maximal number of crosscaps possible which

is given by 2g. In terms of the  dependence this replacement cancels out two crosscap

factors and adds one % in both cases, hence the dependence on (3 of the contribution of
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the surface with k& crosscaps is given by

2m

1\"1/2 - p\29-20tk /1 \ 93k W(%) int. g

5 — = = 2m+1 , 3.61

(B) < B ) (B> (50T halfine g (361
g

1
gfm7§+n71

where in the last step we put, for reason of comparing with the general result, the number of
crosscaps k to be given by 2m in the integer genus and 2m + 1 in the half-integer genus case.
Comparing this dependence with the general structure put as in eq. (3.55) and eq. (3.57) shows
agreement, and consequently we have geometrically shown that all of the terms appearing
in the structure arise. To show that this is all the structures that are possible we show in
section G that all decompositions of the surfaces into the components found in the recursion
can be reorganised as to give the decomposition we have chosen above and thus can produce
no other structure in terms of dependence on 3 than the already discussed ones.

Hence, one can justify the “Mirzakhani-like” version of the general structure of the
WP volumes geometrically and thus also our other, Wigner-Dyson /non-Wigner-Dyson split,
version. In particular this implies, by the reduction of JT gravity to topological gravity/Airy
model in the large length limit, the general structure for topological gravity we had shown
already above and thus provides a deep geometric reason for it. For JT gravity itself, the
computation of the arbitrary f volumes would extend beyond the scope of this work and is
left for future study. A particularly interesting aspect of this study would be to observe the
dependence on  of the divergent parts of the WP volumes which due to their existence for
all unorientable incarnations will persist also in the theory for arbitrary Dyson index. This
is due to the fact that the divergent moduli space volume of the crosscaps is the ultimate
reason for these divergences and it would be interesting to study the interplay of this with
the splitting of the volume into contributions with well defined numbers of crosscaps as
induced by the general structure in terms of f3.

Regarding the geometric interpretation of our results in topological gravity, it is worthwhile
to consider the generalisation of the aforementioned Kontsevich diagrammatics, recalled e.g.
in [9-11]. This is an equivalent, though quite more tedious, way of computing correlation
functions in the matrix model dual to topological gravity. In essence, it is a diagrammatic
prescription that allows the computation of the (Laplace transformed) Airy WP volumes
of genus g and n boundaries by finding double-line diagrams (ribbons) with three-valent
vertices having the same Euler characteristic and number of boundaries. Here, a boundary
is defined by giving labels to both edges of all propagators and identifying those that are
connected via a vertex. This gives rise to a partition of the set of edges of propagators into a
finite number of subsets each of which is denoted as a boundary. In this language, one can
introduce unorientable contributions by allowing the propagators to “twist”, for an example
of this cf. the diagrams in figure 4. Specifically, it holds that!'?

229—2+n 6g—6+3n 1

LIVAY(Ly, . L) (21, 20)| = i T — 3.62
[V s L oo ) Wezpin | Aut(y)] kl;[l (k) + Zr(k) (362

12Note, that the proof of this statement requires Kontsevich’s theorem relating intersection numbers with
ribbon graphs (cf. [26]) which is unproven in the unorientable case. Hence, the generalisation of this statement
to the unorientable case and beyond it is non-trivial. Regarding the functional dependence of the left and
right hand side of the equation, we are however not aware of discrepancies.
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Here, Iy, is the set of all ribbon graphs (with labelled edges) of Euler characteristic 2 —2g—n
and n boundaries containing only 3-valent vertices, |Aut(y)| is the order of the automorphism
group of the graph v and [(k) and r(k) denote the labels of the left and right edge of the
kth propagator.

As the loop equations, the matrix model diagrammatics can be conveniently generalised to
the setting of arbitrary Dyson index. This is done, following [13], by defining a 3 propagator as

VA i D

, (3.63)

which is a result valid for all Wigner-Dyson classes that is readily generalised to the setting of
arbitrary Dyson index. Fron another perspective, this generalised propagator can be perceived
as giving an additional factor of (Q;BB) for each twisted propagator within a diagram.

As for the definition of the matrix model using the eigenvalue integral eq. (1.3), there
is an ambiguity in generalising the propagator to arbitrary Dyson index here, i.e. the
function of the Dyson index multiplying the twisted propagator could be any function
b(B) : Ry — R, coinciding with % at the Wigner-Dyson values of 3, and there could be
a function a(B) : Ry — Ry multiplying the untwisted propagator that assumes the value
1 at those values. Hence, the most general way to write an extension to arbitrary Dyson

index of eq. (3.63) would be

To reduce this to an ambiguity dependent on only one function, we can factor out a(f3) and
absorb it into a redefinition of NV due to it appearing now in front of every diagram with
a power #Edges = 6g — 6 4+ 3n = —3x4,n. The ambiguity remains in the prefactor of the
twisted propagator %. It is convenient to rewrite this function as
2 —h(B)
h(B)

which exemplifies that one can perform all computations with choosing h as the identity

(3.65)

and then reintroduce an arbitrary function h afterwards. This is precisely our procedure of
dealing with the ambiguity when using the loop equations to compute correlation functions.
One might expect intuitively that the choice of h = idg, coincides with the choice f = idg,
in the eigenvalue integral. This is supported by noting that the twisting of the propagator in
a graph is equivalent to inserting a crosscap in the surface dual to the graph. For f = idg,
the dependence of this on the Dyson index is given by multiplying the result for 3 = 1 by %
(eq. (3.8)), coinciding precisely with the factor of the twisted propagator for h = idg, . In this
way one can also justify not adding any (3 dependence to the prefactor of the non-twisted
propagator, since it corresponds to inserting nothing additional in the dual surface. Hence,
the two ambiguities are inter-related. To get coinciding results from the diagrammatics with
the loop equations one has to choose h = f. As above, we continue by setting h = idg,,
keeping the ambiguity in mind.

To illustrate the idea on an example, we consider the case of g = % and n = 2, for which
the Kontsevich diagrams for the 3 = 1 case have been studied in [10]. In general, one can
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OO0 &

Figure 4. Diagrams contributing to V%)Q, i.e. the elements of I‘%}Q.

show the graphs relevant for genus g and n boundaries to consist of 4g + 2n — 4 vertices, which
for the present case motivates us to consider the graphs with two vertices. In figure 4, we
give all the ribbon graphs with two boundaries one can build from two three-valent vertices
and twisted /untwisted propagators.

Here we note, that the graph in the first column and the graph in the first line of the
second column are those given in [10], while the others do not appear there. There is a good
reason why not to include them, for the case of 3 = 1, being that the graph in the third
column has the same contribution to the Laplace transformed Airy WP volume as that in
the first column, while that in the second line and column has the same contribution as that
above it. Consequently, they only contribute an additional factor of 2 which is captured by
the reasoning of [10]. For our case, however, it is vital to include these additional diagrams
since in the general (3 setting their contribution differs by an additional factor of (2;[5[3) from
the respective related graph. However, by this reasoning one can see directly that it holds that

1(2—@(2—&)2

£|VE(Ls. La)i (1,20 | = 5 )ﬁ[vg,g(Ll,Lﬂ; (s1,22)]

2
?2 BB) b (3.66)
- c[vg,Q(Ll,Lz);(zl,ZQ)].
This, by the linearity of the Laplace transform implies
9 _
VP (L1, Ly) = ( Bzﬁ)V}2(L1,L2), (3.67)
3 2

which is precisely what we obtained using the loop equations.' This gives already a good
intuition, on what the generalisation to arbitrary Dyson index means geometrically. In
fact, the diagrammatics suggest, that the individual contributions are still distinct ori-
entable/unorientable objects while their relative weights differ as determined by the way
the vertices are connected.

For now, however, this concludes our discussion of how to compute correlation functions
in one-cut double-scaled matrix models with arbitrary Dyson index and what their generic
dependence on the Dyson index is. The remainder of this work will now focus on leveraging
this new knowledge to investigate quantum chaoticity of arbitrary (3 topological gravity.

30Of course, one would also get the same result counting the diagrams multiplicities and computing the
orders of the respective automorphism groups, e.g. by inferring them from the orientable diagrams of the
same structure.
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4 Quantum chaos in topological gravity for arbitrary 37

As we explained in section 2, the presence of chaos, according to the BGS conjecture, manifests
itself in the spectral properties of a quantum system by rendering the spectral two-point
function to be, for small differences of the correlated energies, of a form that depends only
on the spectral density and the system’s symmetry class. This form is computed from the
Gaussian matrix model for the respective symmetry class and will in the following be referred
to as the RMT or “universal” prediction. For JT gravity, and thus also topological gravity, it
is more convenient to study correlation functions of partition functions. Consequently, the
probe for spectral statistics is a two-point function of partition functions, specifically with
complex conjugate complex inverse temperatures (cf. eq. (2.10)), the SFF. This quantity, for
large times, is related to the spectral two-point function, in fact its Fourier transform, via
eq. (2.11). Thus, a proof of quantum chaos in a variety of JT gravity/topological gravity,
can be performed by showing that its late time SFF matches the predictions of RMT that
is known for the Wigner-Dyson cases.

For the non-Wigner-Dyson cases however, this strategy has the problem that the RMT
prediction for the spectral two-point function is not fully available and, as far as we know,
is quite difficult to compute by the standard approach.'* Our approach provides a novel
way to study the spectral two-point function analytically, albeit perturbatively, through the
lens of the canonical SFF. In the following section we will begin this study by computing
the late time canonical spectral form factor for arbitrary f3.

4.1 The canonical spectral form factor

The contribution to the spectral form factor for a given genus ¢ and a Dyson index f3 is

K1, 8) = /DOO dby by /OOO b by 2 (1, b1) 2 (B, bo) VI (b1, ba), (4.)

with the trumpet partition function Z!(8,b) given in eq. (2.3), 81 = 8 + it and B2 = 5.
Using this, one can compute the /-v%(t, B) from the volumes stated above which then naturally
inherit their structure regarding the 3 dependence. We are interested in the “universal” part
of the form factor which means the behaviour at large time, i.e. times of order e¢%. The
large t behaviour!® of the contributions to the spectral form factor, split up according to
the structure in  found for the resolvents/volumes, is given by'°

n%(t,ﬂ)e%tﬁﬁ,

2—p  t2
B2 Vom/B (*3)

14By this, we mean the computation using orthonormal polynomials, given e.g. in [17].
5By this, we mean collecting only terms that after including the factors of ¢ from the genus expansion,

(4.2)

k2t 6) —

expanding square-roots as power series and introducing 7 are not vanishing upon %% — oo, i.e. all polynomial
terms of minimal order 2g + 1. For the non-polynomial terms, more care is needed and the limit is performed
as in [11], where more details can be found.

16To avoid confusion, we remark that in this equation the Dyson index B and the inverse temperature 3
both appear and should not be confused.
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t3(2—B)? (SIOg (%)—8) 943

Iiﬁ(t,ﬂ)% 377[53 —371_[32, (44)
3/2 (1-B)(2—PB)(4—B) 59¢%/2 4
K;[S (th)_> B4 ( 60\/7 [[t
3(53 ( \[tg/2+8\/>ft4> (4.5)
3t5(4—B)(2—B)?
kg (t, ) 32p5
B (1-B) (2 B)*(4—B) (189010g (%) ~3371)
B 945735
Bt5(2—B)? (601og(%)—151) 4515
B 15mp4 +57r[53’ (4.6)
52, t9(1-B)2(2—B)(4—Pp)? (2838528ﬁ3/2+31282t3/2—9669555\/i)
rp (6) == 532224/27 B0
19(1—B)(2~B)(4—B) (—558243845%/2+43966t3/2 + 141015718
26611202735
£5(2—p) (—51263/2+2t3/2—|—856\/i>
+ ; (4.7)
301274
166%t7
K%(tvﬂ)_)_21ﬂ_ﬁ4
L HT(A=B)*(2-P)*(1-B)®
1452971527 B7

2t
X (—41937420852+2338048t2+29059430452 log <B) —228918697rﬁt)

17(4-B)(2-B)*(1—B)
3632428800736

2t
X (6873427404862+ 16404992012 — 3680861184052 log <B> +13788724957r6t>

72— p)? (1151ﬁ2+2t2—48052 log (%))

15n B0 ) (4.8)
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t*(4-B)*(2-B)(1-B)*
% J—
28229160960+/27 38
X <—12044442009665/ 2 _95217056765t%/% +61149640t>/ 2+47197373065ﬁ2\/i)
+758(4fff’>)2(2ff5)(1f(5)2
22583328768001/27 37
X (70798377222144,35/ 2 1 4354879341003/

+38265437192¢°/2 — 22916260990542%2\/%)
n t8(4—B)(2—PB)(1—B)
2258332876800+/27 36
X (14650629842534465/ 2 4867012358203¢3/2

+64361951752¢5/2 — 37542514725263B2ﬁ)
15(2—B) (327686%/2 — 2521%/2+ 815/2 — 61674 /1
8401/27B5

One can perform a quick cross-check of these results by comparing to the results for the

+

: (4.9)

unitary (e.g. [10]) and orthogonal symmetry class ([11]) by plugging the corresponding values

17 This is, of course, expected as the resolvents

of the Dyson index and finding agreement
already agreed. However, at the level of the resolvents, there was no structural difference
between the contributions occurring for 3 = 1 and the purely non-Wigner-Dyson ones. For
the late time SFF there is a differences as one can see from the contribution at g = 2.
There, a term is found that contributes at ¢ for non-Wigner-Dyson B while vanishing in the
Wigner-Dyson classes, where the contribution of largest order is 2911 = ¢5. Already from
this, one can see that while the comparison to the prediction of universal random matrix
theory is involved already in the case of the unorientable ( = 1) incarnation of the Airy
model as compared to the orientable case, the task will be even more complex for the case of
general (3. Before going into this discussion however, we will use the result to give evidence
for its agreement with the predictions of universal random matrix theory in the remaining,
symplectic, symmetry class (f = 4) not yet studied in the literature.

4.2 The case of B = 4 (The symplectic class)

To compare to the prediction of universal RMT, we first have to compute this for the
present case of the Airy model and f = 4. We recall from section 2 that the 7-scaled
SFF, (7, ), is given by

K3 (1, B) = /0 - dEe ?PE py(E) — /0 - dEe2E po(E)bg (M) (4.10)

where for GSE, i.e. B = 4 one finds [17]

by (T ) = 1- 47rpg(E) + STFPZ(E) log (‘1 B 27rp€(E) D if 7 < po(E) . (4.11)
2mpo(E) 0 if 7> po(E).

'"Note, that there was a typo in [11] in the results for Ks and k3 which is corrected in the arxiv version.
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The full calculation of kj(7, ) can be found in appendix H, which results in an exact
expression. However, the expressions for the contributions to the SFF we found above from
the topological expansion are of the form of an expansion in powers of 7 which requires the
RMT result to be expanded in 7 in order to compare. The first orders are:

. - 5 2 3 (3 log (B%) +3v+ 1) 7/
B =55 TV R 1evE 87 Vi 12
B7° (601og (85 ) +607 = 7) [ 3/276 (4.12)
* 9607 Vi
8277 (11201og (8% ) + 11207 = 501) /7 485/278 .
B 268307 - \5105 +0(),

where v denotes the Euler-Mascheroni constant and we went up to the maximal order where
we can compare our results from the loop equations. Having found now the universal RMT
result we can compare to the results found from the loop equations. For this, we plug f =4
into the results obtained in section 4.1. Furthermore, we recall from section 2 the definition

g
R B) o

ka(T,B) = Jim > g T (4.13)
g:O,%,l,A.. N———
=rp?(t,8)

and read off the x?(t, 8) to find

Ky (t, B) — pwct (4.14)
w3 (1,6) - W (4.15)
k(L B) — — Sl 4(8%:) i 10, (4.16)
s - e - (117)
S50 o B (~6010g (%) +163) (418)

9607 3
5.3 1 /2 v (V1)

r (8 5) = 15\/;53/2 T 768v2r  1920v27 (4.19)
(\/5)4 P (—3360 log (%) +8297)

s$,3
: _ 4.2
r (4 8) = —5r60x 806407 (4.20)
3 5
H08) - [t g SIPVE ) L) (421)
4 A\ 105V 7 6144027 5120v/27 5376027

where — denotes that we only consider terms that are not vanishing upon ¢ — oco. Like for
the orthogonal case, which we recalled in section 2, we see that there are remaining instances
of t. They remain either as powers, if before 7-scaling the term was of higher order than
29+ 1 in t, or in the logarithms, where they have remained for reasons apparent momentarily.
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As for the orthogonal case, we now group terms having the same dependence on ( in their
prefactor. This is motivated by the observation that the contributions at given order in 7
to the universal RMT result have a common dependence of their prefactor on 8 and thus
contributions of different such prefactors do not mix. Consequently, we find

/ /
ky(7,8) = lim { T \/Z( r \/BT4+53 276—4ﬁ5 278—1—...)

00 %+ 163 12 15 105

T () wﬂf_f(ﬂ?’_t?#_ﬂﬁff

T 24 ' 48 B 218 V2 1920 5760 V2 m3760 T
3
LTl <%>_fl7ﬁf+fi’w+
7 1960 16 2\ 3 27768 2 5120
32 2 1 2t 1Vt
—i—T b —897—i-10g<>—i-\/?88 \[T—i—...
T | 80640 ' 24 3 2 61440

o } (1.22)

where the dots indicate contributions that arise at higher order in the topological expansion
than we consider here.

This is now the expression that has to coincide with eq. (4.12) to show that the variety
of topological gravity corresponding to 3 = 4 is chaotic. Considering first the terms in the
first line, which are independent on ¢, the limit of ¢ is trivial and we see full agreement with
the corresponding terms in eq. (4.12), as it was the case in [11] for f = 1. Things become
more interesting when considering the terms that retain a dependence on t, which one has
to consider independently, as suggested by what happens in the 3 = 1 case. Before going
into this discussion however, we note that the coefficients of the logarithmic terms here
coincide precisely to the coefficients of the logarithmic terms found from universal RMT,
giving already a strong indication that full coincidence can be achieved as the computations
are totally independent.

We start with the terms of order 733°, which can be slightly simplified to

> G - Covn(3) ) - U - -

(4.23)

We see three types of terms:

1. The term containing the logarithm and constants,

2n+1 18
2. terms of the structure c- (\/ET> for some'® ¢ € R and n € Ny and

3. terms of the structure!® ¢ - (t72)2 - (t72)" for some ¢ € R and n € Ny.

181t may be noteworthy that the denominators of the ¢ are the sequence OEIS A283433, which might suggest
that there is only one more term of this type at g = 9/2.
19T our case, we actually only see the term for n = 0 and would expect the next one to appear at g = 4.
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We argue in the following that, as for the case of 3 = 1, the terms of the last type form the
defining expansion of a certain function, which in the limit ¢ — oo, where it can be written
as its asymptotic expansion, cancels the terms of the second type and combines with the
first term to give the result expected from universal RMT.

Specifically, as by construction we only know finitely many terms of the second and
third type, one has to build up the “cancelling” function order by order. In section I we
give a method how to do so generically, whose results we use in the following. Specifically,

it leads us to consider the two functions
7 1
3 tTZ) (4.24)

f (t T, 6) 240 (tT ) QFQ (2,2; 16

fo(t, 7, B) = 240 (tT ) 1F1 (; ; 8\;%“-2> . (4.25)

The asymptotic expansions of these functions?’ is given by

5
2

5

fit, 7, B) 2oy 3log <t7‘2) +3y-9, (4.26)

folt T, B) =X \/Z\/ET, (4.27)

and their definitions as a power series with infinite radius of convergence, are given by

2

At T, B) = (t72)2 <2io - stzzoo +0 (#)) , (4.28)

falt, 7, B) = (t72)2 (24110 - 32()8@@ +0 (74)> . (4.29)

As done for the case of B = 1, we add and subtract the sum of both functions in the bracket

of eq. (4.23). Writing now the added sum as its defining series, we see that the term of the
third type we found to the order to which we considered the expansion is cancelled. Now we
take the large t limit, where the asymptotic expansion of the subtracted sum can be used.
Subtracting (4.26) from the logarithmic term of (4.23) we find

2
3log <2ﬁt> — 10 — 3log (t7'2) -3 +9=- (3 log <B7—2> + 37+ 1> ; (4.30)

which is exactly the term obtained from the universal prediction. Subtracting the asymptotic
expansion of fa(t,7,3) cancels the first term of the second type. Thus, by the present
manipulation we have shown the agreement of the result from topological gravity and the
universal RMT prediction up to O(73), in fact to O(74).

To go to higher orders, one has to cancel the additional terms of the second type. A
function that has a form useful for this would be

() () o (35 ) = () @

— (tr)" [(”2)2 _ 1%32/3 (”2)3 + O(t”‘)}. (4.32)

20The notation f =5 g does not only mean limt_,oog = 1, but the stronger (in the case g 4 0)
lim—oo (f —g) =0.
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However, for example, to cancel the next occurring term of second type, i.e. that of order

<\/ET>3 one would need to know the term of third type of order (¢72)% which will appear
only at genus 4 which would thus have to be computed to go an order higher.

Going to higher orders in the expansion of the universal result, one has to consider the
terms grouped with the prefactor 7°3, 7732 etc. in eq. (4.22). As noted above already, the
prefactor of the logarithm matches perfectly with those of the universal result, making it
highly plausible that one can find cancelling functions like f; that yield correspondence.
However, as we would need higher order terms to fix these, we can’t do this with the results
computed in this work.

4.3 Outlook: the general case
Coming back to the general case, we would first like to recall and compare recent results

from the literature on (Gaussian) general  matrix models.

The microcanonical SFF. These discussions mostly focus on the microcanonical SFF
kg(t,E), not to be mistaken for the canonical SFF rg(t,3) studied up to here. The two
quantities are related via

kp(t, B) = L7 [kp(t, B), 2, E]. (4.33)

Consequently, one can speak of a topological expansion of kg(t, E) as induced by that of
the canonical SFF. We are interested in the 7-scaled limit, where the universal prediction
for the microcanonical SFF, using eq. (2.11), is found as

k(7. E) = po(E) [1 —bg (%,oZ(E)ﬂ (4.34)

The dependence on time and energy of this object is, up to a prefactor of po(FE), purely
via the specific combination found in the argument of the function bg and consequently we

will use in the following x = W(E) to abbreviate the notation. For later use, we define
the normalised 7-scaled microcanonical SFF as

_ 1

Kp(x) = kp(T, ) =1 —bg(x). 4.35

As we have seen in the discussion of section 4.2 for 3 =4 and in [11] for B = 1, starting with
(’)(7’36) one has to be careful as taking the universal limit involves finding certain cancelling
functions. Consequently, we first restrict our discussion to the terms of lower order, which
can be transformed directly to yield

T 2—PB 72

T R NG

This can be used to find the expansion of bg for small arguments as

+0(). (4.36)

2 2.8
bylw) =1 - g +2- 22+ 0(a*), (4.37)

— 41 —



An important thing to note here is, that each of the contributions to bg except that at
O(2) stems from a contribution to a two-point correlation function at a specific order in the
topological expansion. Consequently, each order has to transform according to eq. (3.15) under
B — % and our result does so by construction. Explicitly, writing b% for the coefficient of 22
which originates from the genus g contribution to the SFF, this requirement can be put as

&7—(—1f9(2)ﬂm1%9 (4.38)

B = 3 3 .

For the genus 0 contribution, alternatively, one can use the result eq. (3.7), fixing the general

[ dependence by just knowing the 3 = 1 contribution. Interestingly, for g = % one can do

the same.?! This is due to the dependence on  being fixed by the general structure for

resolvents eq. (3.26), translated to bg. This leaves only one unknown constant which can
1

be fixed to be b by realising that the product of B dependent factors is one for B = 1.
Consequently, the general structure in terms of 3 in combination with the requirement to
give the correct limit in the case of 3 = 1 fixes the whole result up to O(mz). Before going
into the comparison with the literature, we recall, for convenience, the expressions of bg
for the three Wigner-Dyson classes to be [17]

1-2z+zxlog(l+2z) ifz<l
bi(x) = - ‘ , (4.39)
—1+4 zlog (22_1) ifx>1
1-— ifx <1
ba(x) = S (4.40)
0 ifx>1
1-2+Zlog(|1— if 2 <2
ba(r) = { L T2 Al e s (4.41)
0 ifx>2
which near x = 0 can be expanded as
bi(z) =1—2x+22° + (’)(:LA), (4.42)
ba(x) =1—, (4.43)
2
1T _ T 4
bae) =13 4+0@). (4.44)

This, as expected, is reproduced by our result.

Numerical evaluation of the microcanonical SFF. For the general 3 models, there
has been recent (numerical) work on the microcanonical SFF for the arbitrary f Gaussian
matrix model in [31]. For the numerical computation the authors used the implementation
of the general  Gaussian matrix model as an ensemble of certain tridiagonal matrices
found in [15]. Using this implementation, the matrix model result for the microcanonical
SFF can be computed as an average of the microcanonical SFFs of individual draws from
the ensemble that can be directly evaluated from the eigenvalues of the drawn matrices.
As it is customary for this sort of computation they use spectral unfolding, i.e. perform

21 Actually for all contributions originating from the Wigner-Dyson part of the volumes, as it is shown later.
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a mapping of the spectrum (details can be found in [31]) such that after the mapping its
density of states is constant, meaning pg = N%w with N, denoting the number of rows of the
chosen random matrix, prior to the computation of the microcanonical SFF for individual
realisations. This is done to ease the comparison with the analytical predictions that exist for
the Wigner-Dyson cases (eq. (4.34)) but depend on the density of states. By performing the
unfolding one can compare to this prediction if it is known and also compute the function
bg for the cases for which it is not known.

Based on good agreement with the numerical results evaluated in this way, [31] provides
an ansatz for the whole of bg in the region of f € [1,2] as

B .
bg"l(:c):—{l_ +BT zlog (1 + 2x) fo<1
1- 2+ 28al0g (32) 21 (4.45)
2 1
=2 @) + 2P )
and for z < 1 in the region of f € [2,4] as
A2 2 B-2
’ =1—-— 1 1-— 4.4
2 = 1= 2o+ B Zatog (1), (1.46)

Both anséitze coincide (in the range of their validity) with the analytical results for the
Wigner-Dyson cases as it is obvious for eq. (4.45) and can be seen directly upon putting
B € {2,4} for eq. (4.46) furthermore, they can be expanded at x = 0 to yield

by (z) = ; B 22+ 0(a*), (4.47)
63’2(:13)—1—[2595 2BB 2+0( ) (4.48)

We first note that the O(z) term agrees with our result and thus we give an analytical argument
for this numerical finding. For the next order our result nearly, but not completely, agrees. In
fact, the difference is an additional factor of B! in our result compared to the ansitze b’é’i.

At this point, it is integesting to consider the behaviour of the ansatz, specifically the
second order coefficient ng,z under 3 —> . To study this, we choose € [1,2], the range of
validity of b‘é’l. Now, under the mapping thls is sent to B € [2,4], i.e. the range of validity of

b’é’Q. Consequently, using eq. (4.38), we infer that it has to hold that

1 2\3 1
bt L (1)<B> by (4.49)
However, one finds
2\2(+1) 401 8§2—3% B—2 , a1l
(_1)<B) by = 55 243 =25 #by 7, (4.50)
&

which shows that the b?’i are not compatible with each other (and also not with itself, but
that was expected) if each order in the expansion for small 7 of the microcanonical SFF
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given by the ansétze is determined from the contributions to the topological expansion of
this object as determined from the loop equations.

A possible explanation for this would of course be that while for the Wigner-Dyson cases
the perturbative expansion does reproduce the microcanonical SFF order-by-order in the
expansion for small times, this ceases to be the case for the general (3 case, i.e. implying
that the general 3 model as determined by the loop equations is either not quantum chaotic
in the sense of the BGS conjecture or requires non-perturbative contributions that are not
accessible by our present approach. To put this to the test, we implemented the numerical
evaluation of the microcanonical SFF for the general 3 Gaussian matrix model as it was done
in [31] and compared it to our result bg and the ansétze b‘é’i. This comparison, for various
values of 3 € [1,4] can be found in figure 5, where the numerical result for the (connected
part of) the (normalised) microcanonical SFF2? is plotted as the blue line and our prediction
for it in green.?> The whole ansitze of [31] are plotted as the orange line and their expansion
up to second order, which is what can be compared to our result, is plotted in red. We
observe, that the orange curve for all values of 3 we consider here nicely follows the numerical
line. However, we also see for all considered values of 3 that our prediction is following the
numerical line with a smaller error than the ansatz appropriate for the respective regime
expanded to second order. Notably, we do not have to change from one ansatz to another
when switching from 3 € [1,2] to § € [2,4]. From this we conclude that our result for the
microcanonical SFF is a viable approximation to the microcanonical SFF for small times
over the whole regime of 3 € [1,4] which, as expected, requires extension to higher orders
in order to achieve the accuracy of the full bgl’i.

Before going into this discussion, we give some further comments pointing at the potential
of this study to yield an analytic result for the (universal) microcanonical SFF for the whole
range of p € R;. We will do this by studying the extension of the constraints imposed by RMT
universality on the (Airy) WP volumes in the Wigner-Dyson classes to arbitrary Dyson index.

Constraints on the 3 WP volumes. First, to recall these, we consider the constraints
that the fidelity to the universal RMT predictions imposed on the 3 =1 Airy WP volumes
of integer genus, as it was found in [11] and those on the 3 =2 (Airy) WP volumes as found
in [9, 28]. For the case of general 3 we suspect the volumes to be constrained by analogous
relations if the fidelity to universal RMT is preserved.

The constraints discussed in [28] for B = 1 were given by

KB=l()=0 4.51
s KB =0, (451)
with
- r1+4)ra+73) 41 a+1\ /y+1
=1 — m
K1) = Y Can e G AR DR BN | A IS VA C 2
a+y=6g—2 n+m=lI

a,y odd

22We always plot the normalised SFF in the following, so when referring to the plots we always mean this,
leaving stating that it’s “normalised” implicit, unless indicated otherwise.

ZNumerically, we compute the whole microcanonical SFF and subtract the disconnected part which, for
the unfolded spectrum, was evaluated in [31]. Analytically, our correlation functions are defined to be the
connected ones from the beginning.
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Figure 5. Comparison of the numerical evaluation of the normalised microcanonical SFF (cf.eq. (4.35))
for the general 3 Gaussian matrix model (blue line) with our prediction up to second order (green
line), the prediction of [31] to all orders (orange line) and up to second order (red line) for different
values of B € [1,4]. We used matrices of size N,, = 200, averaging over N,. = 8000 realisations.
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where the C, ,, are the coefficients of the 3 = 1 Airy WP volumes for by > by, i.e. of the
Vgl’>(b1, ba). Notably, these exactly coincide with the coefficients of the VJ-> for the general
[3 case, thus this part of the volumes fulfils the constraints by the fidelity to universal RMT
in the B = 1 case. Consequently, this part of the volumes fulfils the constraints for general
. In the same manner, the constraints imposed by fidelity to the universal result in the
unitary, i.e. B = 2 case that can be found in [28] are fulfilled by the ng2, being the only
part of the general volumes surviving in this case. Thus, we can infer that the part of the
general 3 volumes being directly related to the Wigner-Dyson result also in the general {3
case fulfils certain constraints. These have the implication of those parts of the volumes not
contributing terms to the canonical SFF that are of higher order in ¢ than expected from
fidelity to universal RMT, i.e. of no higher order than e%0 after 7-scaling. However, fidelity
in the Wigner-Dyson cases does not have any implications on non-Wigner-Dyson terms. Still,
we can check the constraints also for the non-Wigner-Dyson terms. The specific constraints
we can consider are those for ¢ = 2 and g = 3 which are given by

K§:1<O) X 2101,9 — 70377 + 505,5 — 707’3 + 210971, (4.53)

and

Kg):l (0) X 71501,15 — 14303,13 +55C5711 —350779 —1—3509,7 — 55C11,5 + 143013,3 — 715015’1,
(4.54)

K£:1(1) X 100101715 — 14303,134-3305711 —7C779 —709774-3301175 — 14301373—# 1001015,1.
(4.55)

Checking now the one constraint for g = 2 with the only non-Wigner-Dyson contribution in
this case, V21 ~ we find that it is not fulfilled. Interestingly, when checking the constraints for
g = 3 with the two non-Wigner-Dyson terms there, i.e. V§’> and V32’> we find that K?[f:l(O)
is fulfilled while K f =1(1) is not. We recall from [11] that the contributions arising from the
volumes that had to vanish for the 3 = 1 case and thus gave rise to the constraints were an
additional logarithmic term?* contributing at higher order than e for the constraints K Ezl(l)
for which 3¢g — [ was odd while in the case where it was even the contribution was polynomial
in ¢, although without dependence on 7, which is distinct from all other terms contributing to
the large time limit of the canonical SFF. Consequently, since 3 x2—-0=6and 3x3—-1=8
are even and 3 x 3 — 0 = 9 is odd we infer that the additional logarithmic terms cancel while
the polynomial term seems to survive. Presently we don’t have a good explanation for the
non-vanishing of the polynomial type of terms, though it is reasonable to assume that it is
involved in the cancellation of terms of remaining ¢ dependence of lower genus non-Wigner-
Dyson terms. For example, for the term arising from g = 2, there is a non-Wigner-Dyson
term arising at g = % that, assuming that the terms directly deriving from the Wigner-Dyson
contributions still cancel among themselves, can only be taken care of by this term (with
additional higher order terms, as expected). The cancellation of the logarithmic term however
can be understood as a good sign for fidelity of the canonical SFF to the predictions of

24 Actually with additional subleading corrections which a posteriori are however not of relevance for the
present discussion since these constraints are fulfilled.
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universal RMT since its presence would give a term that even by the mechanism of cancelling
terms of larger than expected order applied for the unorientable Wigner-Dyson cases could
not be cancelled, hence indicating disagreement with the universal RMT prediction that,
regardless of the specific form of the microcanonical SFF, is always (’)(eSO).

Adding to this discussion we note that these constraints on the unorientable volumes,
as it was already pointed out in [11], are only a subset of the full set of constraints fulfilled
by the Airy WP volumes to achieve fidelity to universal RMT in the Wigner-Dyson cases.
Going beyond that subset one has to consider all the contributions to the Airy WP volumes,
not only the contributions where both powers of the lengths are odd as it was done in [11]
in order to focus on the logarithmic terms. To assess whether such constraints even exist,
it is useful to study the contribution of the term b¢b36(by — by), in the WP volume to the
two-point correlation function of partition functions, denoted as I(«, ). This can, for even
o be evaluated as®®

1(a l(a
207+ g2 (T R (a4 4 0)) 2 (51) T (3+2)

e w7 +2) (31 + ) (7 ) G- HTG3

(4.56)

from which one can directly see that if one computes the contribution to the canonical SFF
from this, i.e. 1 = B + it, B2 = 5] the leading-order contribution is proportional to

6g—2+41

Br=(82+12) 7 (B+it). (4.57)

aty+1

(B1B2)

For the full contribution to the canonical SFF one has to take into account also the comple-
mentary term, i.e. b]b360(by — by), which can be computed directly by exchanging 31 «+ 32
in I(a, ). Consequently, the full contribution to the canonical SFF from this part of the
WP volume is proportional to

6g—1

(82 +12) 7 oct®t, (4.58)

which for g > 1 is of higher order than the maximal order compatible with universal RMT,
i.e. 29 + 1. For odd « the same statements follows from the expression for I(c,~y) for this
case, given in [11]. The vanishing of the naive leading-order can also be explained by the
requirement on the canonical SFF to be a real quantity. Employing this reasoning one is led
to conjecture that there generically is a contribution to every odd power k € [2g + 2,69 — 1]
of ¢ for the integer genus and to every even power k € [2g + 2,69 — 1] for the half-integer
case. To achieve agreement with universal RMT those contributions have to vanish. To
probe this, we evaluated the canonical SFF with an arbitrary choice of coefficients for the
contributions to the WP volume for = 1 or 3 = 4, i.e.

V7 (b1, bo) = > Cayanbh52, (4.59)
a1,a2€NQ
a1 +as=6g9—2

Z5For details see appendix D of [11].
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and found exactly the structure we conjectured. The constraints arising from this for

g € [1,%} are given by

g=1: 0= 20074 + 0173 — 03’1 — 204’0, (4.60)
3
g = B : 0=7Co7+5C16+3Co5+ C34 —Cy3—3C52—5Cs1 — 7C7 0, (4.61)
0 =35Co,7 +35C16 +25C2 5 + 9C3 4
—9C43 —25C52 — 35Cs1 — 35C7 ), (4.62)
g=2: 0=5C10+4C19+3C28+2C37+ Cyp
—Cp 4 — 2073 —3Cg2 —4C9 1 — 5C10,0, (4.63)
0 =55Cp,10 + 50C1 9 + 41C2 8 +29C3 7 + 15C4 6
—15C6 4 — 29C7 3 — 41Cg 2 — 50C9 1 — 55C" 0,0, (4.64)
0= 49500’10 + 42001’9 + 44102,8 + 39403’7 + 23504,6
—235C6,4 — 394C7 3 — 441Cg 2 — 420Cy 1 — 495C1 0,0, (4.65)
b
g= 5 i 0=13Ch13 +11C112 +9C2 11 + 7C310 + 5C49 + 3C58 + Cs 7
- C7,6 - 308,5 - 509,4 — 701073 — 9011,2 — 1101271 — 1301370, (4.66)

0 =3003Cq,13 + 2717C4 15 + 2343C11 + 1897C5.10 + 1395C,9

+ 853C5 g + 287C(.7 — 287C7 6 — 853C5 5 — 1395Cy 4

—1897C0,3 — 2343Cy1 5 — 2717C2.1 — 3003C3.0, (4.67)
0 = 63063C0,13 + 59345C] 12 + 5ATATCy 11 + 47509Cs, 10 + 37023C4

+ 23577C5 5 + 8099Cs 7 — 8099C7 ¢ — 23577Cx 5 — 37023C 4

— 47509C0 3 — BATATCy1 9 — 59345C12,1 — 63063C13,0, (4.68)
0 =105105Cy 13 + 145431C 15 + 100485C5, 11 + 80619Cs5 19 + 79065C g

+ 64863C5 5 + 25613C5 7 — 25613C ¢ — 64863C5 5 — 79065Cy 4

—80619C0,3 — 100485C 1 5 — 145431C)2,1 — 105105C)3.0. (4.69)

These constraints have to be fulfilled by all the contributions to the general 3 WP volume
for a given genus, i.e. all the V;’> with i > 0. Remarkably, this is also the case for all
the non-Wigner-Dyson contributions to the Airy WP volumes we computed.?” This gives a
strong sign for the agreement of arbitrary [3 topological gravity with universal RMT.

Partial resummation. Building on this, we give the first step how to obtain the arbitrary
3 universal microcanonical SFF from our results for the canonical SFF. For this first step,
we will harness mainly the understanding of the canonical SFF as arising for the Wigner-
Dyson classes, where it suffices to restrict to the cases of € {1,2}. For these cases, the
canonical SFF is obviously determined solely from the Wigner-Dyson part of the Airy WP

26The cancellations for the VS have been explored above.
*™n [32] this is discussed up to g = %, finding the arising constraints to be fulfilled by all contributions to
the B Airy WP volumes, likewise.
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volumes. As we remarked already above, this part of the general 3 Airy WP volumes is
fully determined by knowing the volumes for the unitary and orthogonal symmetry class.
Specifically, distinguishing the cases of integer and half-integer genus and using the general
structure of the Airy WP volumes eq. (3.39), we see that the Wigner-Dyson part of the
volume is given by

. 2g+n71 . 92— 2 . .
ng? WD (7 — T 1‘/;771( ) + wm{n( )—29+|1‘_1V92,n( )), (4.70)

for integer genus and

Si

VZYBNWD( ég-l—n—z g,n(_’)> (4.71)

for half-integer genus. For the case of n = 2, these volumes give rise to the canonical SFF
which matches the behaviour of universal RMT in the Wigner-Dyson cases. This is equivalent
to saying that the microcanonical SFF arising from these volumes is that of universal RMT for
the Wigner-Dyson classes. This connection is what we will use to compute the “Wigner-Dyson
part” of the universal microcanonical SFF for arbitrary 3.

For the present work we shall restrict our study in this direction to the regime before the

point of non-analyticity present in all Wigner-Dyson classes, i.e. to z = <1, leaving

2mwpo(E
the study of the full object for [25].2% For this regime we know from the stufiy( f())r the unitary
symmetry class that only the genus 0 contribution from the orientable part of the volumes is
relevant, while we know from section 4.2 and [11] that all of the unorientable part is relevant.
The orientable contribution to the Wigner-Dyson part of the microcanonical SFF or, directly
related, the contribution to the Wigner-Dyson part of the arbitrary (3 b(x), which we denote
as bEVD, we have already included in eq. (4.37). The unorientable contributions we can find
by noticing that for f = 1 the Airy WP volumes lead to b;(x) and consequently, since every
term of its expansion is thus linked to one and only one term in the topological expansion,
i.e. one Airy WP volume, we can uplift the result to arbitrary Dyson index by making use of
our knowledge of the generalisation of the Airy WP volumes to this setting (eq. (4.70) or

eq. (4.71)) and the linearity of the Laplace transform. Explicitly, we find

1
BW bh(x)+(2-B) 3 Wb;(:c% (4.72)

N
+
9€3-

2
bgVD()—l—gx—F 2-8)7>
geNL

where by g(x) denotes the term in the series expansion of b (x) originating from the genus
g WP volume and S the set of positive half-integers. To evaluate this, we expand b'(z),
given in eq. (4.39), to find

2g+162
1oy (FD)TT2% 500

28Note that for all except the symplectic symmetry class this is the point where b (z) changes domain in its
piecewise definition while for B = 4 at this point the function diverges.
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Figure 6. In a): the connected part of the (normalised) microcanonical SFF for values of the Dyson
index between 3 = 1 and 3 = 6, computed from the tridiagonal matrix ensemble of [15]. The black
line is the analytical result for f = 2, the colour of the other lines corresponds to the size of the
matrices N,,, averaged over N, realisations. Blue corresponds to N, = 200, N,. = 5000, green to
N,, = 400 N, = 1000 and orange to N,, = 1000, N, = 200. The plotted microcanonical SFFs are
naturally ordered in the regime before intersecting the 3 = 2 curve, where a larger SFF corresponds
to a smaller value of 3. As one can see clearly for all § > 2, a divergence like that for the GSE case
appears at = 1 while for all < 2 the transition to the plateau is smooth. In b): comparison of the
connected part of the normalised microcanonical SFF for the values of f = 1.4 and 3 = 3 from the
ensemble as in a) with N, = 1000, N,, = 200 (green lines), with the various predictions, the black
solid line ours (eq. (4.74)), the black broken one that from [31] (egs. (4.45) and (4.46)).

Using this, one can write

Wh, v 2 (2-B)? (-1 4?2\ (2-B) & 1 27\ 2k
W= e () e S e ()

2 2 422 2B 2
B leog (1_[;:) + (\/Bg)xartanh <\/%)

= 1—[23m+ (22?55)37[(2—[5—1-\/3) log (1—1—\2/%)

+(2—B—\/B)log(‘l—\2/%>],

where, in principle, we have to restrict ourselves to the region of convergence of the two

series, i.e. |z| < %\/E . However, one can continue the result analytically beyond this region
using the logarithm, as we have already rewritten the result in the last line. As a first sanity
check one can put 3 = 1 which yields the expected result. Secondly, plugging 3 = 4 the GSE
result is reproduced up to x = 1, which is the regime in which we are interested. This is
of course expected, but nevertheless one can note here that the combination of the GOE
result with the dependence on (3 for the individual terms we have explored here leads to
this result directly and no additional considerations are necessary.

Having found this result, it remains to compare it to a numerical evaluation of the
microcanonical SFF for the Gaussian matrix model for arbitrary (3 and the predictions of [31].
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Figure 7. Comparison of the numerical results at a specific point x,e¢ for the (normalised) micro-
canonical SFF subtracting the “ramp” with our analytical result eq. (4.74) and the ansatz of [31]. In
the main plot, the numerical results are put as the coloured dots with error bars, where the colours
correspond to the same choices of N,,, and N, as in figure 6(a). Furthermore, our prediction is put as
the solid black line, while that of [31] is put as the solid grey line. In the inset, all three results are
scaled by ([367_22), where we only put the best converged numerical results, i.e. that for N,, = 1000, and
retain their and the predictions’ depiction from the main plot.

We present the results for the (connected part of the) microcanonical SFFs; computed in the
way outlined above, for various choices of the matrix size N,, and numbers of realisations
averaged over (NN,.) in figure 6(a). It is interesting to note here that we observe a divergence
at x = 1 for all results with 3 > 2, while for all other values we observe a transition to the
plateau without divergences. This feature is not reproduced by our result (eq. (4.74)) which
for all cases except B € {1,2} diverges logarithmically at x = %\/B . This can be seen directly
in figure 6(b), where the numerical results for the values of 3 = 1.4 and 3 = 3 are depicted in
green while our prediction is put as the black solid line. These lines diverge at the expected
points, indicating that at this point latest, the effects from the non-Wigner-Dyson parts of
the Airy WP volumes are crucial. Consequently, we can only expect good results from our
prediction for all values of 3 > 1 if we restrict to a range of values of x smaller than z = %
Looking at the numerical curve we can, however, see very good agreement of our result with
the numerical data before the onset of the divergence. In fact, the agreement in this range is
better than that with the predictions of [31], put as the black broken line, which however
give a good approximation to the result over the whole range of x considered.

To better compare the two predictions with the numerical results, we do so in figure 7
for fixed values of z while varying 3 from =1 to = 6. Here, we chose two examples for
the reference values x,f which exemplify the behaviour we observe generically and decided
to present not the full microcanonical SFF but to subtract the arbitrary (3 generalisation of
the “ramp” which is identical in our prediction and in that of [31], as discussed above. We
plot, for the respective x,ef, as dots with error bars the numerical results for the choices of
the matrix and ensemble sizes IV, and N, where the colours represent the choice of these
in the same way as in figure 6(a). Furthermore, we put our analytical prediction as the
black and that of [31] as the grey solid line. In the inset, we plot the numerical result with
N,, = 1000 and the analytical predictions, all scaled by BB—_Z, which is a scaling suggested by
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our analytical result. Considering first figure 7(a), where we set z,of = 0.25, we note that
over the whole considered range of  our result agrees very well, nearly perfectly within
the error bars, with the numerical result, while the prediction of [31] shows clear deviations.
This becomes even more apparent when looking at the inset. In figure 7(b), where we put
Zret = 0.5, we can make the same observation, i.e. our predictions fitting nearly perfectly to
the numerical results, for f > 2. Going to smaller values of (3, we see that the numerics is
increasingly well described by the prediction of [31]. This, we attribute to the increasing
impact of the divergence at x = % [3 which for this range of 3 is progressively near to Zyef.
From the inset, we can observe the described behaviour even better.

Consequently, we find in the range where it is applicable, i.e. for values of x not influenced
by the divergence, better agreement of our analytical prediction (eq. (4.74)) with the numerical
results as compared to that of the predictions of [31] (cf. egs. (4.45) and (4.46)). This gives
rise to the reasonable expectation, that the extension of our prediction for bg(x) by the
non-Wigner-Dyson contributions will lead to an even better approximation of the numerical
result and possibly a full analytical result for the microcanonical SFF. What one can already
say for certain about this extension is, that it has to encompass the cancellation of the
divergence present in eq. (4.74) and replacing it by one at z = 1. This could potentially
result in the final result of computing the universal microcanonical SFF from 3 topological
gravity being actually of close similarity to that of [31]. As a final comment, let us briefly
remark that the series expansion of eq. (4.74) fully agrees with the Wigner-Dyson parts of the
analytic results for the series expansion of the microcanonical SFF for small x in [23, 24] (In
fact, with some additional work that is presented in [32], one can see that these results can
be reproduced up to (’)(ws) by our results for the topological expansion of the 3 topological
gravity SFF (eq. (4.2) to eq. (4.9)).

In conclusion, we can summarise that we find strong indicators pointing to the presence of
quantum chaos, in the guise of universal RMT behaviour, in topological gravity for arbitrary
Dyson index. First, the persistence of the constraints fulfilled by the Airy WP volumes
for =1 (and B = 4) in their non-Wigner-Dyson contributions indicates the possibility
of extension of the mechanism of cancellations necessary to find universal behaviour in the
GOE variety of topological gravity to the arbitrary 3 case. Secondly, building on this, we
could produce an analytical result for an important part of the universal microcanonical
SFF, based solely on the general structure of the Airy WP volumes we found in section 3.4.
The good agreement of this result, which notably is an expression valid for all values of f3
without necessitating the inclusion of several cases, with a numerical evaluation of the full
microcanonical SFF for arbitrary 3 Gaussian matrix models in its regime of validity gives
another strong sign for the presence of universal RMT behaviour. Furthermore, it opens up
the interesting possibility of a new way to study the whole universal microcanonical SFF
for arbitrary Dyson index analytically, a program for which the considerations presented
here may represent an important first step.
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5 Conclusion

In this paper we have successfully implemented the extension to arbitrary Dyson index of
the duality between topological gravity and the Airy matrix model in order to define the
general 3 Airy WP volumes that determine the perturbative expansions of the gravitational
correlation functions. The study of the general structure of these volumes in terms of {3
revealed that they are not mere interpolations between the orientable and unorientable Airy
WP volumes but rather entail contributions that are genuinely non-Wigner-Dyson. From the
geometric side, this observation is challenging insofar as, to our knowledge, the distinction
between orientable and unorientable is a dichotomy for surfaces. Consequently, geometrically
the naive idea of interpolating between orientable and unorientable by scaling the weights
of their contributions in the gravitational path integral would be tempting. Our study now
shows that the persistence of the duality to this setting implies that this is not the correct
way of defining moduli space volumes in between orientability and unorientability.

We gain further insight into this behaviour by our study of a generalisation of the
Mirzakhani-like recursion for the unorientable WP volumes to the setting of arbitrary Dyson
index. There, we first find an alternative, albeit equivalent, structure of the volumes in
terms of 3. In this alternative structure there is a one-to-one correspondence between the 3
dependence of a specific term in the volume and a particular decomposition of the respective
surface into 3-holed spheres (pairs of pants) and crosscaps, i.e. a particular contribution to
the volume for § =1 (or equivalently 3 = 4). From this point of view, the WP volumes are
indeed a superposition of orientable and unorientable contributions, resolving the tension of
the general structure of the volumes with the existence of only orientable and unorientable
surfaces. However, the weight of a specific surface depends on its properties beyond just
orientability /unorientability, like e.g. the number of crosscaps it contains. This structure
can thus be understood as the individual prefactors, which are generically non vanishing
for the Wigner-Dyson classes (though, of course, all unorientable contributions drop in the
unitary class), containing the Wigner-Dyson as well as the non-Wigner-Dyson behaviour.
Our original structure can be computed from this by essentially splitting up the contributions
into their Wigner-Dyson and non-Wigner-Dyson contributions and combining those that
now have the same dependence on the Dyson index.

This decomposition is preferential in the considerations of the second part of our work
where we investigated the question whether, in the sense of the BGS conjecture applied for
the SFF, arbitrary [ topological gravity is quantum chaotic. While this goes along the same
lines as for GOE (3 = 1) in the case of 3 = 4, for general Dyson index there is the immediate
problem that there is no full analytic result for the microcanonical SFF in this setting. In
the absence of this, we study the question of chaoticity of the theory by investigating the
constraints imposed on the Wigner-Dyson part of the Airy WP volumes by the fidelity to
the universal predictions of random matrix theory in these cases, actually extending the
discussion of [11]. Interestingly, we observe that almost all of the constraints are also fulfilled
by the non-Wigner-Dyson part of the Airy WP volumes for arbitrary Dyson index. This we
interpret as a strong sign for the fidelity of f topological gravity to a universal result, yet
to be determined analytically. We extend this discussion by comparing our (perturbative)
results for the microcanonical SFF in the universal regime for times before the plateau to
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the results of a numerical study of the Gaussian matrix model with arbitrary Dyson index
and an ansatz for the SFF proposed in the literature [31]. The comparison indicates good
agreement of our results with the numerics in the studied regime which is also present in
the proposed ansatz that is however at tension with certain symmetries of the perturbative
expansion of the SFF. Motivated by this agreement and to better compare with the ansatz,
we compute an important contribution to the general (3 universal microcanonical SFF, namely
the contribution of the Wigner-Dyson part of the theory, by putting together the general
structure in terms of , proven in the first part, and the known universal result for 3 = 1.
Comparison of this result with the numerics shows improved agreement. This is especially
pronounced when scaling the SFF in a particular 3 dependent way which also highlights
certain deviations of the proposed ansatz from the numerical result. However, our result is not
in full agreement with the numerical result due to the 3 dependent position of the divergence
of the microcanonical SFF, which from the numerics is to be expected at a time independent
of 3. This we believe to be corrected upon including the contributions of non-Wigner-Dyson
origin which is under present scrutiny [25].

Alternatively, it would be interesting to find the microcanonical SFF of the Gaussian
matrix model and arbitrary Dyson index by different means. One way to do this would, of
course, be to revisit the derivation of the “traditional” results given e.g. in [17] and find a
way to generalise the discussion to arbitrary . Apart from this, it is possible to consider any
derivation of the Wigner-Dyson results and examine its extendability. One example of such a
method could be the application of nonlinear o-model techniques (cf. e.g. [33]) to compute
the matrix integral for arbitrary Dyson index, potentially by rewriting the matrix model
of [15] as a superintegral. Another method, more inspired by geometry, would be to extend
the computation of correlation functions of branes in [1, 34], yielding the unitary version of
the universal two-point function of level densities, first to the unorientable setting and then
to that of arbitrary Dyson index. Along this line of thinking, it would be very interesting to
find an extension of the universe field theory (providing also access to the non-perturbative
regime of the theory) introduced in [35] to the unorientable/arbitrary Dyson index setting
which would also enable an analytical approach.

Beyond this interesting direction of research, there are several other things that would be
worth considering. First of all, there is the obvious question for the actual computation of the
WP volumes in JT gravity with arbitrary Dyson index. Of course, we have already studied
their general structure in the main text but it would nevertheless be interesting to study
the full results, in order to assess the correlation of their expected form as discussed in [12]
with the dependence on the Dyson index. Furthermore, this computation would enable the
study of the interplay of the dependence of the logarithmic divergences of the WP volumes,
regulated for example by the e-description of [6] or by using the matrix model dual to the
minimal string as in [12], with the Dyson index. One reason why this is interesting is rooted in
the observation, made in section 3.5, that there is a way to write the arbitrary WP volumes
in a form from which they manifestly are a sum of contributions arising from decompositions
of the surface with different numbers of crosscaps. Thus, one can speak of certain parts of a
volume as corresponding to a sector of moduli space with a well-defined number of crosscaps.
On the other hand, since the volumes’ divergences are purely a result of the divergence of the
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moduli space volume of the crosscap one is led to associate the decomposition of the volume
into parts of different degrees of divergence with a decomposition into parts of different
numbers of crosscaps. Performing the computation to find the arbitrary f WP volumes
for some examples, easiest along the lines of [12], would shed light on the interplay of this
intuition with the geometrically motivated one in terms of the Dyson index and would be an
important step in the study of the moduli space volumes of unorientable surfaces.
Furthermore, it would be interesting to go beyond the bosonic variations of JT /topological
gravity between all of which we can now tune by varying the Dyson index {3 and go to the
variety of the theory including supermanifolds in the gravitational path integral. For these
varieties of JT gravity the duality to a double-scaled matrix model, now with the super JT
SJT( 2) = — @
of JT gravity into account the dual matrix models exhaust the full ten-fold classification

spectral curve y = cos (2mz), persists as shown in [3]. Taking also these varieties
of random matrices [2]. As explained in [3], the considerations of the additional ensembles
require the inclusion of the additional parameter « into the definition of the matrix models via
a partition function (cf. eq. (1.1) in the bosonic setting). For these models, as for the bosonic
varieties, the loop equations enabling the computation of the perturbative expansion of matrix
model correlation functions can be written down not only for the values of («, 3) corresponding
to actual ensembles in the Altland/Zirnbauer classification but also for intermediate values.
This opens up the possibility to perform similar considerations as in this work for these
matrix models and study their behaviour for arbitrary values of the two parameters o and f3.
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A Collection of 3 resolvents

Here we collect a list of the lower genus and boundary resolvents for arbitrary 3 we computed,
referring for a complete list to the supplementary material. Before we start the list, for which
we use the invariant decomposition we have motivated in the main text, we present here
an example for the non-decomposed form of a resolvent

1
16B32] 23 (21 +22)4

+20(B(5B —18)-+20) (ZQzIJrzlz;) +33(B(5p—18)+20) (zgz?Jrz%zS) (A1)

Rf (21, 2) = [5(B(5B—18)+20)(5+25)

+16(B(11B—40)+44) (527 + 225 ) +8(B (238 —85)+92) 23 21 |,

whose 3 dependence is rather spurious compared to the decomposed version presented below.

In order to make the resolvents’ presentation more compact, we define

2n—1 n—i—lzn—l

. R 2 n—1_n+1
f(z1,22; a0, . an) = apzi" + a127" 22+ ... ap_12] zy T

5 Fanclzy +an—12]
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Ro(z1) =2 (A.2)
2 _
Rf/g(z) = 422[[33 (AB)
5(2 —B)? 1
R?( )=— (16622‘2 8B (44)
5(1-B)4-B)2-B) 202-B
R§/2(Z) == ( iéﬁszsx = ([3228 : (A-5)
1105(1 — B)(4 — B)(2—B)?>  3465(2 — B)? 105
RS(Z) = - ( 25)6([34,211)( ) - 25éﬁsz11) - 64[32z11 (A‘6)
b _ 0 1695(1 - B)*(2—B)(4—B)*  9067(1—B)(2—B)(4-B)
5/2(7’) = 645214 64p4,14
160(2 — B
B [5(3214) (A7)
R () - — 414125(1 — B)2(4 — B)2(2 — B)?
3 204836217
696205(1 — B)(4 — B)(2 — B)2
B 512p5217
4239235(2 — B)? 25025
— 0l 36T (A.8)
59025(1 — B)3(2 — B)(4 — B)3
RE/Q(Z) =- ( 2;[5(7220[3)( )
8709175(1 — B)2(2 — B)(4 — B)?
B 51236220
23421111(1 — B)(2 — B)(4 — B)  35840(2 — B) A9
- 512(5,20 S B (5-9)
1282031525(1 — B)3(2 — B)2(4 — B)3
Ri=) =~ (65536)B§z23 E—
~13859206175(1 — B)%(2 — B)*(4 — B)?
6553637223
_ 45213403895(1 — B)(2 — B)*(4 — B)
6553636223
44972612685(2 — )2 56581525
_ 5536877 ~ 1006557 (A.10)
n = 2.
Ro(z1, 29) 1 (A.11)

2Bz122 (21 + zg)

(B —2) (21 432022 + 32725 + 32128 + 23)
2B22224 (21 + 29)°

o (21,22125,100,165,176,184) 5z + 3322 + 52
16B32{ 23 (21 + 22) 4 8p2212]

Ryjo(z1,22) = (A.12)

R1<21,22) = (2 — f.’)) (A.13)
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Rgja(21, 22) =

(1= B)(2 — B)(4 — B)f (21, 225 120, 600, 1290, 1700, 1810, 1865, 1866)
16B421°23% (21 + 22) 5
(2= B)f (21,25:256, 1280, 2752, 3590, 3710, 3739, 3750)
1633210240 (21 + 22) ®

(A.14)

B Collection of 3 Airy WP volumes

Here we collect some of the results for the Airy WP volumes at low genus and number of

boundaries. For a complete list we refer to the supplementary material.

For the two-boundary case, making use of the symmetry of the Airy WP volumes

under by < b, we can focus on Vg?

2) (b1, b2), defined by Vq(bl, by) =: Vg> (b1,b2)0(by — ba) +

V7 (b2,b1)0(b2 — b1), which is a more convenient way of writing the volumes than writing
out the individual V} »(b1,ba)

Vij2(b1)

Vi(by) =

V32(b1)
Vo (b1, b2)

‘/172 (bla b2)

Vl> (bla b2)

V7o (b1, )

Vs~ (b1, b2)

Vo (b1, b2, b3)

2-B

= wa (B.1)
4832 24B '
_ (1 -B)(2—B)4—B) +b?(2—f5) (B.3)
3843 18032 ‘
26(—b1 + b)
= T, (B.4)
b1(2 - B)
:<[§27 (B.5)
_ (3bi + 106363 + 8b3by + b3) (2 - B)* (b +13)° (B5)
N 9633 48p2 ' '
=(“4-B)2-B)1-B)
y (3067 + 2106363 + 175b3bT + 2100363 + 1056367 + 9165b1 + 5b3)
4032034
(2-RB)
y (64b] + 448b3b7 + 245b3b] + 5600363 + 147b3b3 + 175b5b1 + 23b%) (B.7)
4032083 P
1-B)(2-B)%4 -
_( %4486[2()) [5(5 B) (22161° + 33156305 + 2880631 + 9282b309
+ 60486355 + 102906567 4 28806553 + 22356507 + 768b3b1 + 53bY)
92 _ 2
+ (2—B) (3465b1° + 519756265 + 30720b3b7 + 1623300368

23224320034
+ 645126503 + 1589706561 + 46080b5b3 + 325356567 + 10240b3b; + 1465b5°)
N b1 + 156365 + 58b3b% + 58b5bT + 156567 + b30
55296033 ’
4

= a7 (B.9)

(B.8)
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b3
VE(b1,b2,bs) = [ = 0(=br — b+ b3) — 0 (=by + by + by)

+9(b2—b1)(0(b1—b2+b3)+9(—bl+b2+bg)—2)+4}

1
+ S0 (b2 = b3) 0 (—b1 — by - b3) = (b + b3) 0 (b1 + by + bs)
+ 6 (by — b1) (b2 (8 (by — ba + b3) + 60 (=by + b2 + b3) — 2))
by (6 (—=by + by + bg) — 0 (b1 — by + by)) |

1
+ le{b%[_e(_bl —ba +b3) — 0 (—b1 + b2 + b3)
+6 (b = b1) (6 (b1 = ba + by) + 0 (—by +ba + bs) — 2) + 2]
+ 2b3bo {0 (—bl — by +bg) — 9(—b1 + by +bg)

+0 (b2 — b1) (0 (=b1 + by + bg) — 0 (by — by + b)) | (B.10)

+B3[ = 0/(=b1 — by + b) — 0 (=b + by + by)

+‘9(b251)(9(blb2+b3)+9(b1+b2+b3)2)+2]}

b b2
+%[0(b2_b1,b1_b2+b3)+9 —b1 — by + b3)
b

— 0 (br = b2) O (b1 + by + by) | + 20/ (bo — b1, by — b + bs)

6
+9(—b1—b2+b3)—0(61—52)9(—[)14—[)2—1—()3)4—2}
b
+ [0 (br— by 4 bs) 0 (b + b+ by)
—0/(by — b1) (6 (b1 — bo + bs) + 0 (=by + o + by) — 2) +2]
_ bib

5 [9 (—b1 — by +b3) —9(—51 + by +bg)

+9(b2—b1)(9(b1—bz+b3)+9(—b1+b2+bg)—2)}.

C Proof of the relation of resolvents of the 3 ensembles for g = 0

In this appendix we prove the relation eq. (3.7) of the genus 0 resolvents for arbitrary {3,
claimed in the main text. For convenience we recall that this relation was given by

1
= i
For the proof we will go along the lines of the derivation of the perturbative loop equations
in [3]. The starting point there are the loop equations for resolvents derived for a  matrix
model determined by a potential V' (x). Inserting the perturbative expansion of the resolvents

RE(I) RY(I). (C.1)

into these it is shown that for z near the cut one finds

2y(z)RE (x, 1) + FF (x,1) = (analytic in z), (C.2)
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which then by a dispersion relation argument yields the relations recalled in section 3.1. It
is important to note that while for the discussion in the main text it is sufficient to focus
on the case of double-scaled matrix models, i.e. the support of pg being R, the dispersion
relation argument is possible in the general one-cut case as well. From eq. (C.2) we can
already see that for a proof of our claim it suffices to show

F(a, 1) = &Fg(x,f), (C.3)
since a multiplicative factor carries through the dispersion relation computation for the
double-scaled as well as the one-cut case.

However, as we remarked in the main text there, the expressions for Fgf5 (z,I) for the
case ¢ = 0 are different from the general. The first task we have to perform though is
to derive this expressions.

Starting with the loop equations given by [3]%°

-V (P 1), = (1- ;) 0. (Rl 1), + (R(w. 2. D) + 3 (Rl ), (R, I\
J2I
(C.4)

we insert the perturbative expansion of the correlation functions of resolvents and collect
the r.h.s. in one sum. This yields

. > 1 2
(analytic) = N2 {(1—[3)8351135; (:U,I)—I—Rg_l(x,x,l)
g=0

2 & (z,I1\xy)—RB(I
+ > R, J)Rj (2, 1\J)~V'(x)R gz Q '2, 10
JeT k=1 k
h+h'=g

(C.5)
where by analytic we mean analytic in x near the cut. From this one finds one equation for

every order in N~!, labelled by g. The relevant case here is ¢ = 0, plugging this we find

n B B
(amalytic) = 3" RS (e, YRE (@, I\J) - V(@) RE (@, 1) + 2 3 0, Tol@:T\ww) = o (D)
JCl B i T = Lk

(C.6)

Analogously to [3], we pull the terms containing Ry(z) out of the sum and, assuming the
x), are away from the cut, move all terms from the sum over derivatives to the L.h.s. that
are analytic near the cut. Thus we find

(analytic) = [QRg(a:) — V’(a:)} R[3 (x, 1)+ Z RB (z, J)Rﬁ(x NJ)+ Z w7
JCI Bio (z—m)

2y(x) J#D
J4I

(C.7)

29Note, that the dependence on B is tacitly given here by the average only and thus there is no superscript
3 put on the observables.
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where we used the relation of the spectral curve y(z) with the potential defining the matrix
model. Thus we see that FgB (z,1) for g = 0 is given by*’

I
F(z,1) = > RE(x, J)RS (2, I\T) + % ZM. (C.8)
JCI (& — ax)*
J#0
JAI

Having found this we conclude our proof by showing eq. (C.3) by induction. The base clause
is given by the case I = {z1} for which one finds

2 Ry(x)

FP(x, 1) = 2202
0 ( ) B (.’E - 1‘1)2
which evidently fulfils the statement we would like to proof. Now we assume eq. (C.3) for
all lengths of I, k € N smaller than a given n € N. This implies eq. (C.1) for all k < n.3!

For |I| = n we find

(C.9)

n_ RB
Fi )= 3 RB(w. )R (a, 1\g) + 2 3 Fa T )
=l Bim (—ax)
g
Rb(z, J)R(x,1\J) 2~ Rylw,I\zy) .
= Z ol B|J|+\OI\J| + Ek:1 B\fil(m e (C.10)

ﬁ?

BnFO (x,1),

which completes the induction step and thus our proof.

D Relation of R? with R?

It is a well known fact in the study of matrix models that the resolvents of the orthogonal
and symplectic symmetry class are directly connected by the relation [3]

RL(I) = (-1)%220t =V RY(I). (D.1)

This relation follows directly from the loop equations and thus serves as a good sanity check
for our general expressions for the resolvents in dependence on  given in eq. (3.25) and
eq. (3.26). In fact, this relation is only an example of a more general invariance of the
matrix model given by the invariance of the integral definition of the correlation functions

under (3, N) < (3’ —NTE’) (e.g [13] and references therein). At the level of resolvents this
leads us to conjecture
4 0y (B 29 HI=D)
RE (1) = (-1 (5) RE(I), (D.2)

which we prove in the following by showing the relation to arise from the loop equations.

30Note, that this yields the results for F{ (x, ) in the special cases |I| = 1,2 given in the main text and
agrees with the general result in the other cases, where it’s applicable.
31Note, that the I appearing on eq. (C.1) has one element less than the I appearing in eq. (C.3).
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Let the RE(I) be the solutions to the loop equations for (3. First, for ¢ = 0 by eq. (3.7)
one has

4 pli-1 p2HI=D g 1
Ry (I) = 22(|1|71)R9(I) - (2) WRQ(D

_ (2)2(”_1)1%5(1'),

where we used eq. (3.7) to get to the last line. This shows our claim for the case of g = 0.

(D.3)

For g > 0 it is easiest to use the expression of the respective contribution to the n-boundary
resolvent as a contour integral, eq. (3.2), as arising from the loop equations. For convenience
we recall this expression to be

1 2421
M FB(_zQaI): (D4>

RP —22 1) = — 7{
( ) 211z Ji—icoteioote 2% — 22 y(—2"%)" 7

g

with ¢ > 0 and

2\ 1

Br_.2 —(1_= B2
Fj(=2%,1) .-(1 B)_QzazRg_é( 2%, 1)
I
+R§—1(_Z27_Z27[)
I
/
D.5
+ 30 BB D)RE (=2 1) (®-3)
127,k
1
“ 1 1
+2 RB(=2%, =2 + 5 ———— | RB (=22, 1\{-22)),
> | Zhs e L \{-2})
v

where 2,: is a notation for excluding Ry(z) and Ry(z, zx) from the sum. For the sake of
brevity we will use z in the arguments of the contributions to the resolvents in the following.
Due to the recursive nature of this way of computing the topological expansion we use
the cases of ¢ = 0, which we have shown above, as base clauses and perform the proof
by induction. Assuming thus that for all resolvents necessary to compute Rg(z, I), with
|I| =: n, our claim holds, it remains to show that this implies our claim for RS (z,I). To
do this, due to eq. (D.4), it suffices to show??

2\ 2(g+n) 4
) FP (=, 1), (D.6)

FB(e,1) = (—1)2g<[3

#2Note that RP(z,I) has n + 1 arguments.
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which we shall prove by considering each line of eq. (D.5) separately and plugging our base
assumption that the relation between 3 and % holds.

I= (1 - ;) (—1)%1 (;)2%2”_1_122@35’;(% I)

(1) (é)ﬂﬁn) (1 _ g’) 12283}25_;(,2, 1) (D.7)

() (e b,

(9=14+n+2-1) 4 (g+n) 1
= ()T R e = e (2) T R
(D.8)
2(g+n)
() )
! (ht|J+g—=h4n—[J]) 4 4
= 3 (_1)2h+292h<2>“+”g R oD )
I1DJh 8
21\ 2(gtn) 4
= (—1)29<) > Rf (2 J)R (2, 1\J) (D.9)
B 12J.h
e 2 2(g+n) 4
= ”g(B) ”I(BHB)
n 2\2 4 1 1 92\ 2(g+n—1) 4
=y (3) e g e W]( p(2) R
B 90 [ 2 2(g+n) n 4 B 1 4
=eve(G) X RS(z,zk>+4W]Rﬁ<z,f\{zk}> (D.10)
2(g+n)
)
[

Another way of performing the proof would of course be to use the general form of
the resolvents proven in section E and to show by an explicit computation that these obey
the relation eq. (D.2).

As a final comment, we note that our proof generalises directly to the general one-cut
case since it is purely based on the behaviour of F; gﬁ under the transformation of 3 and this
does not change upon going to the general one-cut case. The only modification occurs in
the necessity to modify eq. (D.4), which however doesn’t affect our argument.

E Proof of the general structure

Here we prove the statement made in the main text that the general form of the resolvents,
in terms of their B dependence, is given by egs. (3.25) and (3.26), i.e

1

Rﬁ(nzﬁw_l( oD+ (2 ZR’ B 1—(5)(4—@)“), (E.1)
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for integer ¢ and

1 g+3

Ry(I) = BT (2-5) 2::1 Ry (DB (1 = B)(A— B |, (E.2)

for half-integer g.

We will perform the proof by means of induction, where the base clause, due to recursive
nature of the computation of resolvents by means of the loop equations, is given already by
the form of Rg (21, z2) but can of course be thought of to be provided by the set of examples
computed in the main text that are in correspondence with the claimed structure. To be
more precise, we use the expression of the n 4+ 1 boundary and genus g resolvent in terms of
a contour integral, eq. (3.2), which we recall here for convenience:

1 Z/Zdzl 1
RB —22,I = 7% F, _2/271 ) E3
g( ) 2miz [—ico+e€,i00+€] 2,2 — 22 y(_zlz) g( ) ( )

with ¢ > 0 and

B_,2 P B (.2
Fj(=2%1): 3 _228zRg7%( 29, 1)
I
+RS (=22 =22 1)
II
/
E.4
+ S BB )RP (=22 1\)) (E4)
IDJh
II7
n 1 1
+2 RP 722,722 +-——|RP 722,1 —22 )
L Chs e L1 =22

v

where >’ is a notation for excluding Ro(—22) and Ro(—2z2, —2%) from the sum. Notably, this
excludes the cases of g = 0 where the claimed structure can however be seen already from
eq. (3.7), proven in section D. An important thing to be noted at this point is that the contour
integration doesn’t yield any additional 3 dependence which implies that the induction step
is already concluded if the claimed structure, i.e. that for genus g and n 4+ 1 boundaries,
can be observed in Fgﬁ(—z2, I). Additionally, as already remarked above in section D, this
shows the applicability of our proof for the more general case of one cut and not necessarily
double-scaled matrix models since the dependence on the spectral curve and hence the precise
shape of the cut only enters upon contour integration.

We will thus consider each line of eq. (E.4) separately and show that the claimed general
form is present. Due to the general form being split into the case of integer and half-integer
genus we treat these as two cases for each line. To abbreviate the following discussion we use
the shorthand notation of writing a dependence on —z? just as a dependence on z.
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I. For the case of integer g, g — % is half-integer and combining factors one finds that

(z,1), (E.5)

1
2

- CoBl g gy g Low
- [329+n — 2z -
1=
reproducing the claimed structure, eq. (E.1).
For half-integer g, g — % is integer. For this case, as for many of the following, it is

convenient to use the rewriting

(2-B)*=(1—B)(4—B)+B. (E-6)

By use of this and shifting the summation index, one finds

g+2 L
-BLE | X Ry DB - B -

2

" (E.7)

+ R DETH (- B - BT
1=2

g+2

where in the first line we set R RO 1 which is possible as R % was not defined before.

Taking the derivative inside the bracket and combining the two sums it is apparent that
the structure of eq. (E.2) is reproduced.

II. For the case of integer g, g — 1 is integer as well and by combining factors and shifting
the index one finds

1 i —i pi—
1= g | Rya(eoz DB+ Q= BB 0= B = WPy )| (B9
reproducing the expected structure. For half-integer g, g — 1 is half-integer and in a similar
fashion as for the integer case one finds

_ (2=

g+1

{329-‘1—71 Z BZ 1 B)}g+%_i7?’;_1(z7z7[)7 (E9>

being in correspondence with the expected structure for half-integer g.

ITI. For the case of half-integer genus, there is the possibility of h being an integer, then
g — h is half-integer and of h being half-integer which then implies g — h to be integer. For
the determination of the structure in terms of (3 it suffices, however, to consider the case of
half-integer h as for every integer h the case of h’' (half-integer) such that g — h’ = h has
already been considered. Keeping in mind the sum over J C I, for a fixed half-integer h
one has to evaluate RE(Z, J )Rsfh(z, I\J) := %. To abbreviate the following discussion we
will drop the arguments of the resolvents, as they are uniquely reconstructible by the lower
index. For the evaluation of x is will be useful to recall the form of the Cauchy product
for finite sums, given by

m—+k min (m,l)
ZZazbﬂ:’ﬂ = Z x Z anbi—p. (E.10)
i=1j=1 =2  n=max(1,l-k)
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Using this and eq. (E.6), one can evaluate the product of the respective general expres-
sions to find

9+2 ' '
rsgg+n S RAR, GBI - B4 - BT
i=14g—h
(2 o B) 9+% ) min (ng%,l)
~ g 2 BTA-RUA-BIT 3 RIRE (E.11)
=2 a=max (1,l—g+h)
(2 B B) gfé ) min (g—i—%,l-i—l)
IRt DL A (R ICE D DR e
=1 a=max (1,l+1—g+h)

which is of the form claimed for half-integer g, showing the claim for this case. Coming now
to the case of integer genus g, we have to consider two cases, as now this can be split into an
integer h and consequently an integer g — h or a half-integer h which also implies g — h to be
half-integer. Considering again the case of half-integer h first, one can evaluate

min (h+%,l+1)

(2_ ﬁ)Z J -1 g—l apl+l—a
= g ; B (1—B)4—B)] 3 RERIe (E.12)

a=max (I,H— % —g+h)

which is of the claimed form. Coming now to the case of integer h, the expansion yields

*= B2g+nROR
2SRRI - B B
i=14+g—h
g
+2-8)7 Y RMRABM(1-B)A- B
2B 3 RIRIE( - BB 1)
g min (g,l)
—@2-p)PY BN -BE-BF > RIRLS
=2 a=max (1,l—g+h)
min (g,l+1)
226“ )4 =B > RIRE

a=max (1,/+1—g+h)

This result is of the claimed form, showing the statement also for the case of integer g,
concluding the consideration of contribution III.

IV. Finally, this contribution is dealt with rather quickly. First, we note that the appearing
resolvent Rg (z,I\{z}) already is of genus g. Consequently, as it is one for n boundaries it
only lacks a factor of % to acquire the expected form eq. (E.2) or eq. (E.1) which is provided
by the terms in bracket of contribution IV after noting (cf. eq. (3.5))

R(z1, 2) = éRé(zl,zQ). (E.14)
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With the last argument we have thus shown that for the two cases of integer and half-
integer genus g F_(f (z,I) indeed is of the form claimed for the respective case. As stated
above, this structure is not modified upon computing the actual resolvent from this and thus
also RE (z,1) is of the claimed form. This concludes the induction step. O

Apart from the usefulness for the proof, the knowledge of F’ gﬁ in terms of the Rg enables
one to trace the origin of the Ry, to the combination of R, from which it is computed. This,
for example, opens up a possibility to simplify the computation of higher genus resolvents
by parallelization of the computation of the individual Rz 11

A more direct application, however, is found by observing the Rg terms to originate
solely in Rg, of lower genus and higher number of arguments or products of these of lower
genus and less arguments. Combining this with the basic fact that the Rg appear only for
integer genus, one can see directly that the recursion for these terms is just a rescaled version
of the recursion for the f = 2 matrix model. Now, one observes that the examples of lower
genus and number of arguments (in fact it suffices to consider the case of g = 1,n = 2) don’t
have a dependence on sums of arguments in the denominator, a property which is found for
all the terms for the 3 = 2 resolvents, and consequently, using that the recursion is a rescaled
[ = 2 recursion, contributions at higher genus and numbers of arguments likewise don’t.

F  Splitting of the 3 dependence

In this appendix we explain how to separate the expressions for the contribution to the
n-boundary resolvent at genus g > % into the invariant basis.

As a first step, the resolvents have to be multiplied by p297"~! in order to remove 3
from the denominator, i.e. we define the scaled resolvent RS (I) = [529+"*1R5(I ). This leaves
only a polynomial dependence on 3 of maximal order 2¢g, which is to be decomposed into
the invariant basis. As first step towards this we choose an orthonormal basis for the vector
space of polynomials of order 2¢, e.g. the Laguerre polynomials By = (L;(B)]i = 0,...,29)
orthonormal with respect to the scalar product

(9= [ e f@pgla)de, (F.1)
Using this, one can decompose
2g
RB(I) ZZ(Li,RE(I»Lz(B% (F.2)

=a; (I)

where the coefficients a;(I) carry the dependence on the resolvent’s arguments I = {z1,...,2,}.
Having done this decomposition, which is an explicit example for the generic decomposition
of the resolvent claimed in the main text (eq. (3.16)), going over to a desired basis By =

(bo, . .., bag) only amounts to computing the change of basis for the Laguerre polynomials,
i.e. to use
29
Lz(ﬁ) = Z (MB2,B1>ij bj(6)7 (F?’)
j=0
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with

MBz,Bl = M[%{By (F4)
(Ms, 8,),, = {Li, by). (F.5)

This is always possible for any basis By. Motivated by the discussion in the main text
we choose the bases

Bo= (B, B (2= B)((1—B)(4—B))°BI ..., (2= B)X(1 — B)(4—B))'B°)
(F.6)
for integer g and

By=(B"....BY 2 (2= B)((1— B)(4— B)°BI Y2, (2= B)(1— B)(4 - B))~/2p°)

(F.7)
for half-integer g. In fact, we take the invariant “basis”, which is of course only a basis for the
space of invariant polynomials, discussed in the main text and fill up to 2g + 1 basis elements
by adding the monomial of the orders not contained in the invariant “basis”. Putting things
together, the decomposition of the resolvent in our desired basis is given by

29 29
RED) = gm0 2 ail]) (M), b5 (B). (F.8)
1=0 =0

a;(I)

The effect of us carefully choosing an invariant basis is now, that the «; should always vanish
in this decomposition for i < g — 1 (integer genus) or ¢ < g — % (half-integer genus). This is
what we see for all the computed examples and what we could indeed prove in section E.

G Proof of the generality of the surface decomposition

In this appendix we show that any decomposition of a surface of genus g and n geodesic
boundaries into the parts prescribed by the arbitrary 3 Mirzakhani-like recursion, pictorially

3

represented in figure 2, can be “reshuffled” to yield either directly the decomposition in
figure 3 or one deriving from it by adding holes as discussed in the main text. In the following,
we refer to such a decomposition as an ordered decomposition. By “reshuflling” we mean
moving the constituent parts of the surface around in a way that does not change the 3
dependence of the whole decomposition.

To do this, we start with an arbitrary decomposition into the allowed building blocks.
We will now transform this to one of the ordered cases in two steps. First, we will move all
parts containing external boundaries to the left, recreating the first part of figure 3. Second,
we will reshuffle the parts building up the remaining, genus carrying, part as to reproduce
one of the ordered decompositions.

For the first part, if n = 1 we choose the external boundary as the starting point of
the genus carrying part and have achieved our goal for the boundary part already since
it’s empty in this case. If n > 2 there can be at most one 3-holed sphere containing two
external boundaries.
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If it is there, choose the boundary to which it is attached as the starting point for the
genus carrying part and take out the 3-holed sphere. Then, there are still n — 2 3-holed
spheres that contain an external boundary and are glued in an orientation as in case a)
(Here and in the following, cases x) refer to the ones discussed in figure 2) at two of their
boundaries. We take out these 3-holed spheres, glueing the structures attached to the two
formerly glued boundaries to one another.

If it is not there, there is one 3-holed sphere containing an external boundary to which
something is glued in the way prescribe by a case that is not a). Choose this external boundary
as the starting point for the genus carrying part. Similar to the other case, there are now
n — 1 3-holed spheres that contain an external boundary and are glued in an orientation as
in case a) at two of their boundaries. Proceed with them as in the other case.

In both cases, we have taken out a total of n — 1 3-holed spheres and have designated a
starting boundary for the genus carrying part. We now can assemble the 3-holed spheres
in the way done in the first part of figure 3 and attach them to the designated starting
boundary, by which we have achieved the separation aimed at.

Having done this, we are left with a decomposition of a surface with one geodesic boundary
to the left and genus g. We will bring it into one of the discussed forms by starting with the
3-holed sphere that contains this boundary and, potentially moving structures attached to it,
render the objects attached to it into a form appearing in the “ordered” decomposition. We
then proceed with the next attached 3-holed sphere in the same way. In order to do this,
additionally to the cases a), b), ¢) and d) discussed in figure 2 we introduce the additional
cases 1): like case b) with Y being a crosscap and ii): like d) with X being the surface of
genus 0 with two boundaries, i.e. the boundaries are glued to one another. Having introduced
these cases we can state our procedure. First, we note that case a) cannot appear with an
unglued boundary since we already removed all external boundaries. It can only appear
after a glueing of case d). Consequently, we can define for every appearing 3-holed sphere,
apart from these cases a, “left” boundary in the obvious way and choose an upper and lower
boundary, where we take the convention that if a crosscap is glued to a 3-holed sphere, it
is always glued to the lower boundary. The starting point for every step will be a 3-holed
sphere S identified by its left boundary, while the starting point for the whole procedure is
given by the unique 3-holed sphere containing the remaining external geodesic boundary.

Given S, the glueing is as in case

b) Then, the part is in the ordered form. Continue by setting S as the first 3-holed sphere
of Y

¢) Proceed along the lower boundaries of the glued 3-holed spheres forming X, until either
case i) or ii) are assumed (They are the only possibility for terminating the glueing).

i) Attach a crosscap to the lower boundary of S, attach a 3-holed sphere (that from
the end of X7) to the upper boundary. Attach to the lower boundary of this
another crosscap and to its upper boundary the rest of X; (i.e. with the final
3-holed sphere removed). Then attach X5 to the remaining, now unglued boundary
of X1. Set S as the first 3-holed sphere of Xj.
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ii) Attach a 3-holed sphere in the a) way to S, attach X7 (with the final 3-holed
sphere removed) to it. Finally, glue X to the unglued boundary of X; and proceed
by setting S as the first 3-holed sphere of Xj.

d) Then, the part is in the ordered form. Continue by setting S as the 3-holed sphere
attached to the type a) 3-holed sphere being glued to the present 3-holed sphere

i)/ii) Terminate, the decomposition is in one of the “ordered” forms.

All of these transformations do not change the B dependence of the decomposition since
either the constituent parts are only moved around or in the case c),ii) the factor of % from
the self glueing of the final 3-holed sphere is replaced by that from the a)-type glueing after
the prescribed modification. Furthermore, it is important to note, that in the reactions
to the cases that don’t terminate the procedure the genus of the (ordered) decomposition
left of the new S is increased. Hence, the procedure is guaranteed to terminate since the
genus of the decomposed surface is finite. Thus, since we have given all the possible cases
how something can be glued to a given S the procedure is complete and yields an ordered
decomposition which shows our claim.

H Derivation of the SFF from universal RMT for GSE

The integral to evaluate is recalled from the main text to be

mi(T,ﬁ):/OoodEewE /dEe’w ()b< T ) (HL.1)

27 po(E)
with
by <T> Y T T Smpom) 108 (‘ WD it 47 < pol8) : (H.2)
3770(E) 0 if = > po(E).

This motivates to define E, as the solution of po(Es) = £~ using which one can write the

integral as

E
s _ * —28E —28E _ T _ T
k3(7, B) [ ; dEe po(E) + . dEe <47r o log (‘1 270(E) D)]

Ex
— [ dE e 2Epy(E) + Tape2E
0 E, 41

o r H.3)
-, ar T T (
- g(‘ m@m
T o0 T T
dE E).—)— [ dEe 2P| <‘1—D
/ ¢ mm< of )’47r> PR T 2700 (E)

= nS(Q,B) —gX(TaB)y

where we can use the known result for the Airy model (eq. (2.13))

! Ext (/297). (H.4)

B0 =5
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What is left to evaluate is

T,p) = oodEefzﬁElo <‘1—TD
X (7,5) . g 2770(E)
Br _oop . © ysp - (H.5)
= e~ log| —= —1|dE + e lo (1 — )dE,
E. & (\/E ) 1B, 8 VE

where we now explicitly put po to be the Airy model density of states, i.e. po(E) = 217r VE.

This results in F, = (%)2 Integrating by parts yields:

X (1,8) = 7—256 log ﬁ_l —/ _2ﬁe S5 o dE
E=F, * — T

+ { 1 e‘wElog (1—7—)}00 —/Oo 1 e 2BE T dFE
-2p VE/)lpap, Jap, =28 9OF3 — 2B
1 —928E ( T ) 1 o —208F T H
E— *] 1) 4+— —  4E (H.6)
253°¢ S\ VE 28 e ¢ 2EE _2ms

0

1 o

= — e 2B | — ! L dE.
28 JE. 2VE (7’ — \/E) 2K

Now we note that the integral | gj (—e_ZfBE ﬁ) dF is related to the incomplete Gamma func-

tion as —%F (0,2BE,). The remaining integral is solved by substituting = = vE, dz = ﬁdE:

9] 1 o0 1
- / ¢~2PE dE. = — / e __qz, (H.7)
, WE (T - @) o T—x

(note that z, = 7). Now we shift the fraction using the shift operator. Doing this one
has to be careful since one has to split the integral in a way such that the different series
converge in each domain. Explicitly:

B /OO 6_2/8'7:2 1 dr — — /T 6—2/81'2 de " /OO 6_2,351:26—7'% ldx
T T x

T T—2 T T —
2 2
- o n 0o 00 n
_ —26x2 z —2Bz? (_T) d l
——/T e ZTn+1dx+/ e Z o d:v"xdx
2 n=0 T n=0 '
- oo n 0o 00/ _\n I
— —2fa? x —28x2 ( T) 1\ n:
= [ty des [ et S L
2 n=0 T n=0 ’
oo
- Z 006_2&277” dz — 76_2&27:371 dz
xn+1 T 7-n+1
n=0 T 2

oo 2
_ 1 9 (... BT

ol
|
NIE
R
V]
sy
\]
o
~——
~_—

where FE,(z) denotes the exponential integral.
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Putting all together, we find
1 [ B mc 1
X(T,B)z—/ e - ———  — — |dE
28 JE. VE (T—\/E) 2F

-5 (03 B e ) o () 0 00))

T > 1 —n 67’2
_ _?r (O,B2> +§O@E%+1 (2572) —7’;@ (2 Ey_4 <2> —25; » (2&2)) :
(H.9)

We are interested in a series expansion in 7, so we have to expand the occurring special
functions. For this, we use [36]

r(o,ﬁT;) log< ) Z( m;) , (H.10)

n=1

e n—1 s m
En(2) = ((n_)l)!(—logz+1/}(n)) > (m_(njl)m, neN,  (HII)
m#n—1

where v denotes the Euler-Mascheroni constant and v the Digamma function. The latter
can be represented as

1

— 1
— H.12
Z: = (H.12)
Additionally, we use
E,(2)=2""T(1 —n,z2), (H.13)
B 00 (_1)kxa+k
I'(a,z) =T (a) k;o ZICERS a ¢ —Np, (H.14)
which can be combined to find
En(2)=2""T'(1-n,z2) (H.15)
. . 00 1)k 1-n+k
=2"""T(1- 2" H.1
(1=n) kz I(1—n+k) (H.16)
0
:F(l—n)znfl—ii n ¢ NT. (H.17)
ikl (k—n+1)

This can be used to rewrite the latter two occurences of the Exponential integral in x (7, 3) as

B2 w1y (82\ T & V() )
Eéfg (2) - F( 2 > <2> B Z (k—i— n—H) k! (H.18)

o (n+1 L (287 )
By, (267%) = ( ) (267%) ;](H nyy (H.19)
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The treatment of the first occurence is a more complicated, since we have to distinguish
two cases:

(-1 (2872)"

9 r (_%) (2/67—2)g Db =0 W n ¢ 2Ny
(207) =\ (oot oy L) (H.20)
(%) ( log 267’ + ( )) Zk70 (kfg)k! n € 2Ny.

kA%

In total we find

T 00 _Bﬁ "
X(7.8) =— 415 (—7 — log (5;) - Z <2)> (H.21a)

|
=1 nn:

o —9872)" > (_ 7-2k
Jrzojﬁ (—2672) (710g2ﬁT2+¢(n+1))72w (H.21Db)

! =i (k—n) k!
© 1 2n + 1 ) 2n2+l 0 (-2ﬁ7‘2)k
+ Z « 43 r (_ 2 ) (267 ) B kg(k_QW (H.21c)
_ n+1 pr2 -7 <_L72)k
_ Z —2 ( 2 > <2> - ];)W (H.21d)
5 L (p (L) (garr) " 55 (C20r)" e
+§4g (F( )(26 ) ,;)(kJr’gH)k') (H.21e)

This simplifies considerably as the 1st, 2nd and 4th sum over k can be combined to find:

_ZZ 2,67' niojmi ( 2517;1) ii 257

w0 im0 ( n=0 k= 0(k+n+1)/€'

k#n
o0 o — 0 ) 1
=3 () Z( >QZ'+(1<:+"$I)M)
- QﬁT - . 1 00 1 (H.22)
*Z _2k—|—%+(2k+2>n(),Zn,:¢2k(k_g)(k+n;1>]

> 2BT ) 1
+2Hy, — 2H,
kz_% Qk‘—{— 1 4k 4k+1
= _ 2
L T 4kt1

=0,
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where we denoted the n-th harmonic number as H,. This implies

7_2 [e%s} _BLQ "
x(7,8) = 15 (—7 —log <B2> — Z (an‘)) (H.23a)

n=1
+ i 415(_2572)71 <_ log 2672 + 1 (n + 1)) (H.23b)
n=0 :
= 1 2n+1 2\ 25
+3 (- 28 (H.23c)
}QO 43 < 2 ) (27%)

< 1 /n+1 5#)”51
% —gnp (DY) (T2 (H.23d)
S 5

oo 1 122F1 12k’+1 2]€—|—2
S () 2
85\ 2 ) H 2k + 1

n+1

201 n+1 :
+;)46r< ) (20r) (H.23)

This expansion looks like it contains negative powers of 7, however, as can easily be
checked, (H.23d) and (H.23f) perfectly cancel each other, so our final result for (7, ) is

) 415( (5] )wa))

(H.23e)

+ i 257— ) (— log 2872 + 9 (n+ 1))

n Z < 2n + 1) (2572) 241

+i1 g2 l22F1(1,2k+1;2k+2;%)
2 | & 2%k + 1 '

Combining this with the well-known expansion of x5(7, 3), using eq. (H.3), yields the

(H.24)

expansion of k3(7, 3) as a power series in 7 and ( that is presented in the main text.

For completeness, we give a comparison of this result (summed up to n = 50) with a
numerical evaluation of the integral that defines x(7, ) in figure 8. Here, we choose an
exemplary value 3 = 1 and show values of 7 beyond which the function vanishes. As one
would expect, the two curves cannot be distinguished.

I Determination of the “cancelling” functions

Here we illustrate our method how to find the “cancelling” functions for the logarithmic
term and the first terms of second and third type for the 7339 contribution to the p = 4
T-scaled SFF.

What we are looking for generically is a function that asymptotically behaves as

a <log (thZ) +v - 3) + cVtr, (I.1)
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x (t, B)
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Figure 8. Comparison of a numerical evaluation of the integral definition of x(7,8) at and g =1
with the analytical result eq. (H.24) summed up to n = 50.

with a, b, c € R chosen such that subtracting this term cancels the term of the second type
and yields the logarithm expected from the universal result. Furthermore, it should have
the defining series expansion

d (t7'2)2 +0 ((t7'2)3>, (L.2)

with d € R chosen such that upon adding this expansion the first term of the third type is
cancelled. Specifically, for the case of 3 = 4, these values can be read off to be

s 1
= =1 = /= = . 1.
a=3, b , ¢ ,/2, d 130 (1.3)

We make an ansatz for the logarithmic part, using 9F5

2 2 . § Z 2\ t—o0 45A 2
A(tr?) oF, (2,2 5 i BiT ) EF o (log (16Bt7%) + 4 - 3) . (I.4)
By comparison this fixes B = % and A = %’3. Now we look at the defining expansion for this

function which, plugging already the found values for A and B, is given to the first orders as

2 57 ab? ab?
A(tr?) oF (2,2:2, = —Bt 2>:t24— 376 4 ... L5
(T> 22(”2’2’ 4 200 T " a2ma00" T (L.5)

Next we concern ourselves with taking care of the second type term. Generically, for all
type 2 terms we could choose the ansatz

C (t72)2 (tTQ)n 1Fy (g, g; —Dt72> iy (\/ZT) o ?’\/Zg;/ﬁﬁf, (1.6)

iff Re (D) > 0. Using n = 0 to reproduce the present term of order v/t we have

2 o0 D
) in (33 -ot) =3 vt @
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In order to match our expectations, it would thus have to hold that

cvVD 2 ) L 9mC?
ip2 VT = 603"~ € 16¢2 (L8)

We have to be careful, squaring in the second step means we apparently find solutions for

¢ < 0, which, upon closer inspection, do not work out, so we constrain ourselves to ¢ > 0.
If we consider the defining series for this function we find

22 3.9, 2\ _ 2\2 3 2N\3 | 3 2/, 2\*
C(tT ) 1Py 272,—Dt7‘ —C(tT ) — 5CD (tT ) + 14C’D (tT ) (1.9)
Consequently, we find that for the series expansion to conform to our requirement, it has
to hold that

b2
A+C=d = C=d- 2 — D= (L.10)
720
so we find
1 1 1 1
A=— B=— (C=—, D= —1. I.11
240’ 16’ 240’ 8+/100 ( )

Putting these into our ansatz, we arrive at the expressions for fi; and f» in the main text.
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