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1. Introduction

Let G be a group and denote by GOrb the orbit category of GG, which is the category of
transitive G-sets and G-equivariant maps. Additionally, let F': GOrb — M be a functor
to some cocomplete co-category, and let F be a family of subgroups of G.

Definition 1.1. The assembly map associated to G, F and F is the canonical morphism

Arp: C(;:J(gl(l)rﬁ)F — F(x), (1.1)

where GOrb is the full subcategory of GOrb comprising of the G-orbits with stabilisers
in F, and * is the final object of GOrb. ¢

The study of isomorphism conjectures concerns the question for which choices of the
group G, the functor F' and the family F the assembly map Ar r is an equivalence.
Questions of this type go back to the work of Farrell and Jones [28], who conjectured
that Ar p is an equivalence whenever F is the family VCyc of virtually cyclic subgroups
of G and F is a certain spectrum-valued functor coming either from the K-theory or
L-theory of integral group rings or stable pseudoisotopy theory. The formulation of their
conjecture in terms of GOrb-indexed functors is due to Davis and Liick [26].

Via surgery theory, the Farrell-Jones conjectures have interesting consequences in
manifold topology. For example, they imply the Borel conjecture about topological
rigidity of aspherical manifolds and the Novikov conjecture concerning the homotopy
invariance of higher signatures. For more background information on the Farrell-Jones
conjecture, we refer to the surveys [38,41,49] as well as Liick’s recent book [42].
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By virtue of the stable parametrised h-cobordism theorem [57], the Farrell-Jones
conjecture for stable pseudoisotopy theory is equivalent to the analogous conjecture for
Waldhausen’s A-theory functor [27, Sec. 3]; see also [29] for the functoriality of stable
pseudoisotopies. Moreover, A-theory is equivalent to the algebraic K-theory of group
rings over the sphere spectrum. Hence, the consideration of group rings over ring spectra
provides a uniform description of the original versions of the Farrell-Jones conjecture.

Due to extensive work of Bartels, Liick, Reich and many other authors, significant
progress was made on the Farrell-Jones conjecture for group rings over discrete coefficient
rings, which includes proofs of the conjecture for hyperbolic groups, CAT(0)-groups,
mapping class groups of surfaces, and many linear groups [16,14,53,3,17]. In fact, it was
realised to be technically convenient to consider not only associative rings, but arbitrary
additive categories as coefficients for the group ring [20]. In the sequel, we will refer to
the version of the Farrell-Jones conjecture for group rings over additive categories as the
linear Farrell-Jones conjecture.

In [51,27,36], the results about the linear Farrell-Jones conjecture were extended to
Waldhausen’s A-theory by describing the algebraic K-theory of spherical group rings in
terms of retractive spaces.

The present paper focusses on extending both the class of coefficients and the class of
invariants for which the conjecture holds.

As we will explain momentarily, this extension implies in particular the following
statement, which unifies the cases of discrete and spherical group rings.

Theorem 1.2. Let R be an E1-ring spectrum and let G be a group which is hyperbolic, or
virtually solvable, or a subgroup of GL,(Q), or acts isometrically, properly and cocom-
pactly on a finite-dimensional CAT(0)-space. Then there exists an equivalence

colim K(R[V]) = K(R[G]).
G/VEGvcyCOI‘b
For a more precise and more general version of this statement, see Example 1.9 and
Theorem 1.10 below. Theorem 1.14 provides a more comprehensive list of groups for
which the Farrell-Jones conjecture is known.

The setup for our generalisation is the following. We call an oo-category left-exact

if it is pointed and admits all finite limits. Then we denote by Cat{.ffi the oco-category

of small left-exact oco-categories and functors preserving finite limits. This co-category

contains the oo-category of small stable co-categories Catgy as a full subcategory.
Given a left-exact co-category with G-action C, i.e., an object of Fun(BG, Catf;jfi),

we define the functor
Cq :=j%(C): GOrb — Cat{_ffi (1.2)

as the left Kan extension of C along the inclusion functor j¢: BG — G'Orb which sends
the unique object of BG to the transitive G-set G. For a subgroup K of G, we can



4 U. Bunke et al. / Advances in Mathematics 489 (2026) 110788

calculate the value of C¢ on the orbit G/K using the pointwise formula for the left Kan
extension:

Cs(G/K) ~ c%l}{m Res%(C) . (1.3)
This construction provides a categorical description of the formation of group rings:
Proposition 1.3. Let R be an Eq-ring spectrum and denote by Perf(R) the stable oco-

category of perfect R-modules. Equipping Perf(R) with the trivial G-action, the induction
functor induces an equivalence

c%liGm Perf(R) = Perf(R[G]).

Proof. This result can be considered folklore; see [18, Corollary A.6] for a proof of a
highly structured version of this statement. O

A generalisation of Proposition 1.3 to twisted group rings is given in [37, Thm. 6.15].
For an additive category A, denote by Ch(A) the stable co-category obtained by
localising the category of bounded chain complexes over A at the chain homotopy
equivalences. For an additive category with strict G-action, the next result explains the
relationship of the functor Ch(A)g to the functors considered in the linear Farrell-Jones

conjecture.

Proposition 1.4. Let A be a small additive category equipped with a strict G-action. Then
COBth Ch(A) ~ Ch(A x¢ G/G) ,

where A xg G/G denotes the additive category defined in [20, Def. 2.1].

Proof. This follows by combining [4, Cor. 7.4.18] and [8, Thm. 3.3.1 & Rem. 3.3.6]. O

To introduce the class of invariants we are interested in, let M be a cocomplete stable
oo-category and consider a functor

H:Catl — M.
Definition 1.5. The functor H is called a finitary localising invariant if it preserves zero

objects and filtered colimits, and every fully faithful morphism C — D between left-exact
oo-categories induces a fibre sequence

H(C) — H(D) — H(D/C). ¢
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Remark 1.6. This definition of finitary localising invariant coincides with the notion car-
rying the same name in [4, Def. 2.5.5] for the following reasons. Every finitary localising
invariant in the sense of [4] satisfies Definition 1.5. Conversely, a finitary localising invari-
ant H in the sense of Definition 1.5 is invariant under idempotent completion because
C — Idem(C) is fully faithful with trivial cofibre. Moreover, standard arguments show
H sends the loop endofunctor 2: C — C to an equivalence, so H is invariant under
stabilisation. It is then straightforward to check that H satisfies [4, Def. 2.5.5].

By [4, Lem. 2.5.7], every finitary localising invariant arises by precomposing a finitary
localising invariant on stable oco-categories in the sense of [11] with the stabilisation
functor from Cat{;s”; to Cato:. ¢

Example 1.7. Our main example of a finitary localising invariant is the nonconnective
algebraic K-theory functor, see [11, Sec. 9]. Other possible choices include topological
Hochschild homology [12, Cor. 6.9] and related functors like TC™ [12, Cor. 6.15].

Note that all of these invariants also admit lax symmetric monoidal refinements by

[12]. ¢

In what follows, let H: Cat]ggf; — M be a finitary localising invariant and let C be a
small left-exact co-category with G-action.

Definition 1.8. We define the functor HCg := H o Cg : GOrb — M. ¢

Example 1.9. Consider the case that H is the nonconnective algebraic K-theory functor
K.

1. If R is an E;-ring spectrum, (1.3) and Proposition 1.3 imply that the functor
KPerf(R)g: GOrb — Sp

sends the transitive G-set G/K to the spectrum K(Perf(R[K])).

2. If we specialise to the sphere spectrum S and combine this with [4, Cor. 7.5.6], we
also obtain an identification of KPerf(S)s with the nonconnective A-theory functor
associated to the universal principal G-bundle considered in [51,27,13].

3. If A is a small additive category with strict G-action, Proposition 1.4 implies that
KCh(A)¢ is equivalent to the functors GOrb — Sp considered in the linear Farrell-
Jones conjecture. ¢

Building on the definition of wide covers from [16], Bartels introduced the axiomatic
condition of finite F-amenability in [1]. A more general, but also more technical, condition
is that of a Dress—Farrell-Hsiang—Jones group relative F [36, Def. 2.2], which we recall
in Definition 7.1. In the following, we abbreviate this term to DFHJ group.

Assume now in addition that H: Cati‘oe”; — M is lax monoidal with respect to

the symmetric monoidal structure on CatL®X

00, %

explained in Section 3.2 and some sta-
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bly monoidal structure on M, and that M admits countable products. The notion of a
phantom equivalence in M will be introduced in Definition 2.5. It is a weakening of the
notion of an equivalence, and every phantom equivalence is an equivalence whenever M
is compactly generated.

Let G be a group and let F be a family of subgroups of G. Our main result is the
following.

Theorem 1.10. If G is a DFHJ group relative F and H is a lax monoidal, finitary local-
ising invariant, then the assembly map

Ar pcg: é:gl(l)% HCg — H(c%lgn C) (1.4)
is a phantom equivalence.

Note that up to the identification of its target using (1.3), the map Ar gc,, in (1.4) is
the same as the one in (1.1). We prefer to state the theorem in this form since it explicitly
mentions the object H(colimpg C) that the assembly map tries to calculate. By virtue
of Example 1.9, this means in particular that the assembly map Ar kperf(r); 15 an
equivalence for every DFHJ group relative F, and consequently provides a description
of the nonconnective algebraic K-theory K(R[G]) of group rings over arbitrary E;-ring

spectra.

Remark 1.11. As observed by Reis [46], Theorem 1.10 continues to hold if we drop the
assumption that H is lax monoidal. ¢

Remark 1.12. Comparing with Example 1.7, the case of nonconnective algebraic K-theory
is still the most interesting. In fact, the Farrell-Jones conjecture for THH and T'C" is
known to hold unconditionally for all groups by [39, Thm. 6.1] and [40, Thm. 1.3 and
its proof]. 4

As in the case of the linear Farrell-Jones conjecture, allowing arbitrary left-exact oo-
categories as coefficients provides a number of useful inheritance properties which allow
us to extend the class of groups for which the conjecture holds beyond the class of DFHJ
groups.

In the following, we need the notion of a wreath product. Let G, F be groups. Then
the group G¥' of maps from F to G with the pointwise structure carries an action of F
by automorphisms induced from the left multiplication on itself. The wreath product of
G and F is by definition the semidirect product G F := G¥ x F. In particular, GF is
canonically a normal subgroup of G F.

Following [42, Sec. 13.5], our results can be combined into a single, comparatively
concise statement as follows.
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Definition 1.13. We say that the group G satisfies the Full Farrell-Jones conjecture for
H if the assembly map Aycyc Hog,» 1S @ phantom equivalence for every finite group F
and left-exact oo-category C with G ! F-action.

We denote the class of groups that satisfy the Full Farrell-Jones conjecture for H by
FIu. &

Given the results of Sections 5 to 8, the proof of the following theorem is a combination
of arguments scattered throughout the literature (see also [42, Thm. 13.32]). Its new
aspect is the additional flexibility in the choice of the functor H and the coefficients C.

Theorem 1.14. The class F Ty has the following properties:

1. If K is a subgroup of a group G in FJu, then K belongs to FJy.

2. Groups that act isometrically, properly and cocompactly on a finite-dimensional
CAT(0)-space belong to FTn.

3. Hyperbolic groups belong to F Jr.

4. Virtually solvable groups belong to FJy.

5. All subgroups of GL,,(Q) and GL,,(k(t)) belong to FTu, where k(t) is the function
field over a finite field k.

6. If L is a lattice in a locally compact, second countable Hausdorff group G such that
mo(G) is discrete and belongs to F Ty, then L belongs to FJTy.

7. Fundamental groups of connected manifolds of dimension at most 3 belong to F Ty .

8. Fundamental groups of graphs of virtually cyclic or of graphs of abelian groups belong
to fjH

9. The mapping class group of any closed, orientable surface with a finite number of
punctures belongs to FJy.

10. If G belongs to FJTg and G' is a group which contains G as a subgroup of finite
index, then G’ belongs to FJy.

11. If Gy and Gg belong to F Ty, then G1 x Go belongs to FJy.

12. IfI': I — Grp is a filtered diagram of groups and I'; belongs to F Ty for alli in I,
then colim; I' belongs to F Ty .

18. If m: G — Q is an epimorphism such that Q belongs to F T and w1 (C) belongs to
FIyg for every cyclic subgroup C' of Q, then G belongs to F Ty .

14. If (Gy)ier is a family of groups in FJm, then the free product x;c1G; belongs to
FJIn.

The proof of this theorem will be given in Section 8.

Remark 1.15. By Theorem 1.14.10, a group G satisfies the Full Farrell-Jones conjecture
if and only if the assembly map Aycyc mc,, is a phantom equivalence for every group
G’ which contains G as a subgroup of finite index and left-exact oco-category C with
G'-action. ¢
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Coming back to the original conjectures of Farrell and Jones, the methods of this ar-
ticle are insufficient to deal with the L-theoretic version of their conjecture. Forthcoming
work of the third author aims to rectify this by promoting the entire discussion to the
setting of Karoubi localising invariants on Poincaré categories as introduced in [23,22].

We conclude the introduction with an overview of the structure of this article and a
very rough sketch of the proof of Theorem 1.10.

The first part of Section 2 formulates an abstract criterion to decide that an assembly
map is a phantom equivalence. To this end, Section 2.1 contains some recollections about
assembly maps and the notion of phantom equivalence. This includes the well-known
statement that the assembly map can be described equivalently as the map obtained by
applying the G-homology theory induced by HCg (i.e., the colimit-preserving functor on
G-spaces extending HC¢) to the projection map ExG — * (see Lemma 2.2). Moreover,
a morphism f in a stable co-category is a phantom equivalence if and only if its cofibre
is a phantom object, which by Lemma 2.8 means that the morphism

cofib(f) — Iln cofib(£) /@ cofib(f)

induced by the diagonal is trivial. In particular, Theorem 1.10 follows if we can show
that the solid vertical transformation

Ar HCh

A ([l = > A
e /@ Ar nog v

[In HCa(ErG) /@y HCq(ErG) ——— [In HCa(*) /@, HC (%)

induces the zero map on the cofibres of the horizontal morphisms. As indicated by the
dotted part of the diagram, we will accomplish this by factoring the vertical transfor-
mation A over a variant of the assembly map, indicated by the horizontal dotted arrow,
which is in fact an equivalence.

For the proof of Theorem 1.10, we wish to construct such a factorisation using the
geometric assumptions on the group G. To this end, we modify the assembly map in a
way which allows us to make use of geometric data. To be able to accommodate such
geometric data, Section 2.2 establishes some basic vocabulary concerning G-bornological
coarse spaces, which were originally introduced in [6,7]. In Section 2.3, we introduce the
functor denoted by the placeholder symbol O in (1.5).

Using this extension, Definition 2.31 in Section 2.4 introduces the notion of a transfer
class. This concept axiomatises the data required to produce the desired factorisation of
the vertical transformation in (1.5), as we show in Proposition 2.33. Given this proposi-
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tion, the remainder of the proof is concerned with constructing transfer classes from the
given assumptions on the group G.

Deferring all details about transfer classes to Section 2.4, the argument now proceeds
roughly as follows. The extension of the G-homology theory induced by HCg comes from
the fact that we can perform what is called controlled algebra with any left-exact oco-
category over an arbitrary bornological coarse space. This has been worked out in detail
in [4] and is the main external input we require. The construction and key properties
of this gadget are recalled in Section 3.1. The oo-category of controlled objects over
a given G-bornological coarse space inherits a G-action, and we consider both the G-
invariants and G-coinvariants of this action. The G-invariants constitute a category of
controlled G-representations; after taking K-theory, this is sometimes called (coarse)
Swan theory. The G-coinvariants are a controlled manifestation of modules over the group
ring of G. It is well-known that representations act on modules over the group ring, and
Section 3 is entirely concerned with proving an analogous assertion for our categories
of controlled objects. A minimalistic version of this assertion, which is sufficient for the
proof of our main result, is Theorem 3.5. This in turn follows from the highly structured
Proposition 3.23.

The desired factorisation in (1.5) is constructed by letting a specifically chosen con-
trolled representation act on the G-coinvariants of controlled objects. Building such a
controlled representation requires us to import the point-set data provided by the DFHJ
condition into our setting. Section 4 shows how to do this using the notion of controlled
CW-complexes over a bornological coarse space from [13], which in turn builds on ear-
lier work of Weiss [55]. Fortunately, we do not require any of the properties of controlled
CW-complexes as a functor on bornological coarse spaces, so no familiarity with the
contents of [13,55] is required.

Even given such a controlled representation, what is still missing from the picture is a
criterion to decide when the horizontal dotted arrow in (1.5) really is an equivalence. Such
a criterion is given in Theorem 2.37. This is the most geometric part of the argument
and relies on the notion of an equivariant coarse homology theory. We have made a
conscious effort to make Section 2.5 as self-contained as possible, and the reader is
not required to be familiar with [7] and companion papers beyond the definition of
an equivariant coarse homology theory. Even so, the discussion in this section is also
independent of the following sections, and the trusting reader may accept Theorem 2.37
on good faith.

The construction of transfer classes is finally accomplished in Sections 5 to 7. Here,
Sections 5 and 6 cover two special cases of the DFHJ condition, namely the cases of
finitely F-amenable and Dress—Farrell-Hsiang groups. The construction of a transfer
class for finitely F-amenable groups which leads to Theorem 5.1 is rather involved and
makes full use of Section 4. Using a theorem of Oliver, the case of Dress—Farrell-Hsiang
groups is easier, and requires only the basic definitions introduced in Section 4. Finally,
Section 7 combines the methods of the two preceding sections to prove Theorem 1.10 for
arbitrary DFHJ groups.
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For an alternative, more detailed sketch of this argument which still ignores all tech-
nical difficulties, the reader may also consult [42, Sec. 24].

The final Section 8, which is independent of Sections 3 to 7, collects various inher-
itance properties of the assembly map in an abstract setting and combines these with
Theorem 1.10 to prove Theorem 1.14.

Conventions. In order to address size issues, we fix a sequence of four increasing
Grothendieck universes whose sets will be called very small, small, large, and very
large. The groups, bornological coarse spaces, CW-complexes etc will be very small.
The categories of these objects are small, but locally very small. The objects of Cat,
are small, locally very small co-categories, and this category itself is large, but locally
small. By CAT., we denote the very large, locally large oo-category of large, locally
small co-categories. It contains the subcategory Prij of compactly generated presentable
oo-categories and left adjoint functors preserving compact objects.

Acknowledgements. We thank Arthur Bartels for various discussions concerning the
proofs of the linear Farrell-Jones conjecture. In particular, the idea that the transfer
should arise from an action of controlled Swan theory on controlled K-theory is due to
him. We also profited from discussions with Thomas Nikolaus and Fabian Hebestreit re-
garding the contents of Section 3. We also thank the anonymous referee for their helpful
comments.

U. Bunke and C. Winges were supported by CRC 1085 Higher Invariants (Univer-
sitit Regensburg, funded by the DFG under grant number 224262486). C. Winges was
supported by the Max Planck Society and Wolfgang Liick’'s ERC Advanced Grant
“KL2MG-interactions” (no. 662400). D. Kasprowski and C. Winges were funded by
the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) under Ger-
many’s Excellence Strategy - GZ 2047/1, Projekt-ID 390685813.

2. Phantom equivalences and transfer classes
2.1. Assembly maps and phantom equivalences

In this section, we first explain in Lemma 2.2 that our definition of the assembly map in
(1.1) coincides with the classical definition of the assembly map in terms of (unreduced)
homology theories [26]. Then we introduce the notion of a phantom equivalence and
prove Lemma 2.8 which provides a criterion for detecting phantom equivalences.

Let Spc denote the oo-category of spaces. We use the notation PSh(C) for the oo-
category of Spc-valued presheaves on an oco-category C.

Let G be a group and let

yo: GOrb — PSh(GOrb)


scg17017
Hervorheben
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denote the Yoneda embedding of the orbit category of G into the category of Spc-valued
presheaves. By the universal property of the Yoneda embedding [44, Thm. 5.1.5.6], the
pullback along yo induces an equivalence of co-categories

Funcolim(Psh(GOrb), M) — Fun(GOrb, M)

for any cocomplete co-category M. Here the domain is the full subcategory of the func-
tor category Fun(PSh(GOrb), M) of colimit-preserving functors. The inverse of this
equivalence is given by the left Kan extension functor along the Yoneda embedding. For
a functor F': GOrb — M, we will also use the notation F' for its colimit-preserving
extension to presheaves.

We have a functor Elm: GTop — PSh(GOrb) which sends a topological G-space X
to the presheaf on GOrb sending S to the mapping space Mapgm,p, (S, X) considered
as an object in Spc. By Elmendorf’s theorem, the functor £lm presents the co-category
PSh(GOrb) as the localisation GTop[W '] of the category GTop at the class Wg of
equivariant weak equivalences. Under this equivalence, the colimit-preserving extension
of a functor F' in Fun(GOrb, M) to presheaves corresponds to the equivariant homology
theory HE(—; F): GTop — M associated to F' by Davis and Liick.

We now consider a family F of subgroups of G.

Definition 2.1. We define the classifying space of the family F to be the object
E := coli
7= golim vo
in PSh(GOrb). 4

Under the equivalence PSh(GOrb) ~ GTop[W '] given by Elmendorf’s theorem,
the presheaf ExG corresponds to the homotopy type of a G-CW-complex ExGCW in
G'Top which is also called the classifying space for the family F in equivariant homotopy
theory.

Lemma 2.2. The following maps in M are equivalent:

1. the assembly map Ar p: é:olérILF — F(x) in (1.1);
FUr
2. the map F(ExG) — F(x) induced by the projection ExG — *;
3. the Davis-Liick assembly map HE(ExGCW; F) — HY(x; F) induced by the projection
E]:GCW — k.

Proof. The equivalence of 2 and 3 is an immediate consequence of Elmendorf’s theorem
and of the identification of H%(—;F) with the colimit-preserving extension of F to
presheaves. We now show the equivalence of 1 and 2. Note that * ~ colimgoyb yo. Hence
we have a commutative diagram
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ErG += colim yo

* «+———— colim yo
GOrb

in PSh(GOrb). We now apply F to obtain the left half of the following diagram:

F(ExG) «——— F(coli «= colim F 2.1
(ExG) (golim yo) S200 (2.1)

o

F(%) +——— F(colimyo) «—— colim F
GOrb GOrb
The right horizontal maps are equivalences since the extension of F to PSh(GOrb)

commutes with colimits by definition. The outer square in (2.1) is the desired equivalence
between the maps in 1 and 2. O

Remark 2.3. The equivalence between the maps in 2.2.1 and 2.2.3 is also shown in [26,
Sec. 5. 4

If M is stable, then the assembly map is an equivalence if and only if its cofibre is
trivial. While we would like to prove that the cofibre is trivial, our arguments will only
show a weaker condition, namely that it is a phantom object. Therefore, in the following
we recall the notions of phantom objects and phantom equivalences.

Let M be a cocomplete oo-category. Recall that an object K in M is called compact
if the functor Mapy;(K,—): M — Spc preserves filtered colimits. Let M be an object
of M.

Definition 2.4. M is called a phantom object if Mapy; (K, M) ~ x for every compact
object K of M. ¢

Let m : M — M’ be a morphism in M.

Definition 2.5. The morphism m is called a phantom equivalence if Mapy; (K, m) is an
equivalence of spaces for every compact object K of M. ¢

Remark 2.6. A final object is a phantom object, and an equivalence is a phantom equiv-
alence. If M is compactly generated, the converses of these assertions are true. Indeed,
in a compactly generated oco-category a morphism m is an equivalence in M if and only
if Mapy; (K, m) is an equivalence in Spc for all compact objects K of M. If M is not
compactly generated, then the class of phantom equivalences is strictly bigger than the
class of equivalences.
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In a stable co-category, a morphism is a phantom equivalence if and only if its cofibre
is a phantom object. ¢

In the following we describe a simple criterion to recognise that an object M in M is a
phantom object. It will be used in the proof of Theorem 1.10. Recall that an co-category
M is called semi-additive if it is pointed, admits finite coproducts and products, and the
canonical comparison morphism from the coproduct to the product is an equivalence.

Let M be a semi-additive and cocomplete oco-category which in addition admits
countable products. Then for every object M in M we have a canonical morphism

DM — Iy M.

Definition 2.7. For an object M in M we define the object
/(M) = cofib(H M — [[ M)
N N

of M. ¢

Lemma 2.8. If the morphism

M 5T M — e (M)
N

is trivial, then M 1is a phantom object.

Proof. The assumption implies that the morphism diag: M — [[y M factors through
@Dy M. Let K be a compact object in M and let A be a compact object in Spc. Then
we consider for every morphism A — Mapy (K, M) and every n in N the following
commutative diagram:

id

//\)

A - Mapy (K, M) — Mapy (K, Py M) — Mapy (K, [ [ M}jrﬂ Mapy; (K, M)

n1,%
~
~
N
~ _ 0
-
-

~ 7 Mapy (K, @), M)

Since the sum over N is a filtered colimit of its finite partial sums and K is
compact, Mapy; (K, Py M) is also a filtered colimit of the sequence of spaces
(Mapp (K, D,y M))nen. As A is also compact, the dashed arrow exists for a suit-
able choice of n in N. Hence A — Mapy; (K, M) is zero. As Spc is compactly generated,
it follows that Mapy; (K, M) ~ . O
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2.2. Bornological coarse spaces

Throughout this article, we will make use of the language of bornological coarse spaces
introduced in [7]. See [9, Sec. 3] for a concise summary of the key notions.
For most of our purposes, it is sufficient to be familiar with the following:

o the definition of the category GBC of G-bornological coarse spaces [9, Def. 3.6 &
3.7);
o the notion of a my-excisive functor [4, Def. 4.6.1].

For the complete proof, we also require the concept of an equivariant coarse homology
theory [9, Def. 3.13] (the definition is also given in [4, Def. 5.3.2]), but this will only be
used in Section 2.5.

For the reader’s convenience, we give a quick outline of the basic notions mentioned
above. Let X be a set. An entourage on X is a subset of X x X. Regarding entourages
as relations on X, it makes sense to speak of the inverse U~! of an entourage U and the
composition U oV of two entourages U and V. Given an entourage U on X and a subset
A of X, the U-thickening U[A] of A is given by

UAl:={z e X | (Fac A: (z,a) eU)}. (2.2)

A G-bornological coarse space is a triple (X, B,C), where X is a G-set, B is a collection
of subsets of X called the bornology and C is a collection of entourages on X called the
coarse structure, subject to the following conditions:

1. B is invariant under the G-action on the power set of X, contains all singleton sets,
and is closed under taking finite unions and subsets;

2. C contains the diagonal, is closed under forming subsets, finite unions, inverses and
compositions;

3. the subposet C¢ of G-invariant entourages is cofinal in C;

4. for every B in B and U in C, the thickening U[B] is also in 5.

The members of B are called bounded, and members of C are called coarse entourages.
A morphism (X,B,C) — (X',B,C’) of G-bornological coarse spaces is an equivari-
ant map f between the underlying sets which is proper and controlled, meaning that
f~YB) C Band (f x f)(C) CC.

Two subsets Y, Z of a G-bornological coarse space are called coarsely disjoint if for
all y in Y and z in Z the set {(y, 2)} is not a coarse entourage.

Let E: GBC — M be a functor to a semi-additive co-category.

Definition 2.9. The functor E is called mg-excisive if for every partition (Y, Z) of an object
X in GBC into coarsely disjoint invariant subsets the canonical map E(Y) @ E(Z) —
E(X) is an equivalence. ¢
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If E is mp-excisive and (Y, Z) is a partition of X into coarsely disjoint invariant subsets,
then we have canonical projections F(X) — E(Y) and E(X) — E(Z). We now construct
analogous projections associated to a countable partition of X.

Construction 2.10. Assume that E is a mp-excisive functor from GBC to a semi-additive
oo-category. Let Y be a G-bornological coarse space, and let (Y},),en be a collection of
G-invariant, pairwise coarsely disjoint subsets of ¥ such that Y =, Ys,.

For every k in N we consider the partition (Yk,U,4; Yn) of Y. We then let

qF: E(Y) — E(Y})) denote the corresponding projection map. ¢

Since we intend to use geometric assumptions on G to show that Ar r is a phantom
equivalence, we have to extend the definition of the assembly map in such a way that
we are actually able to make use of these assumptions. In Definition 2.12 below, we will
state precisely in which sense we require the functor F': GOrb — M to extend to a
functor E: GBC — M. Via this extension, the techniques of coarse homotopy theory
become applicable to study the assembly map.

If S is a G-set, the following two bornological coarse structures are primarily of inter-
est: Smin,min denotes the G-bornological space given by S equipped with the minimal
coarse structure (which contains only subsets of the diagonal) and the minimal bornology
(which consists precisely of the finite subsets of S), while Syin,mas denotes S equipped
with the minimal coarse structure and the maximal bornology (which consists of all
subsets of S). The second case leads to a fully faithful functor

i: GOrb — GBC , S~ Sninmaz - (2.3)

Remark 2.11. For the reader familiar with controlled algebra, the meaning of the
bornological coarse structures Spin,min a0d Spin maez May become clearer by thinking
about the associated categories of controlled objects. Controlled objects over Sy,in.max
correspond to the S-indexed direct sum of the coefficient category, while controlled ob-
jects over Spin, min correspond to the S-indexed direct product [5, Rem. 10.8]. ¢

Let F': GOrb — M and E: GBC — M be functors.
Definition 2.12. F extends F' if there exists an equivalence F' >~ Eoi. ¢

Our proof of Theorem 1.10 will use the idea that if a functor E extends F in the sense
of Definition 2.12, then F' can be twisted by arbitrary G-bornological coarse spaces. We
can also twist E by arbitrary objects from PSh(GOrb). In the following we explain the
details.

The category GBC has a symmetric monoidal structure [7, Ex. 2.17] which will be
denoted by —® —. If X, Y are in GBC, then the underlying G-coarse space of X ® Y is
the cartesian product of the underlying G-coarse spaces of X and Y, but the bornology
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of X ® Y differs from the cartesian one and is generated by the subsets A x B for all
bounded subsets A of X and B of Y.
Let Y be in GBC and let E: GBC — M be any functor.

Definition 2.13. The functor
Ey =EY®-): GBC—>M
is called the twist of E by Y. ¢

Construction 2.14. Combining the embedding i from (2.3) with the symmetric monoidal
structure, we define the functor

i: GOrb x GBC — GBC, (S,X)—i(S) ® X = Spinmaz @ X . (2.4)
For any functor £: GBC — M, we define
E*: PSh(GOrb) x GBC - M (2.5)

as the essentially unique functor which is colimit-preserving in the first argument and
fits into the commutative diagram

GOrb x GBC —— GBC M .

yo X ichcl /

PSh(GOrb) x GBC

Note that there is an equivalence E* (yo(S),—) ~ Eg
S.

for any transitive G-set

min,max ( )

This extension process is furthermore compatible with adding twists in the sense that
E*(A,—)y ~ E{(A,-) for every Y in GBC and A in PSh(GOrb). ¢

Remark 2.15. Let F': GOrb — M be a functor and assume that £: GBC — M extends
F' in the sense of Definition 2.12. For X in GBC the functor

Et(—,X): PSh(GOrb) —» M

preserves colimits and therefore corresponds, via Elmendorf’s theorem, to an equivariant
homology theory on GTop. We consider E*(—, X) as the twist by X of the equivariant
homology theory determined by F'. The latter is recovered by inserting X = x. ¢

Remark 2.16. In this remark we assume that F: GBC — M is an equivariant coarse
homology theory. Then for Y in GBC the twist Fy: GBC — M by Y is again an
equivariant coarse homology theory [9, Lem. 3.16].
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For A in PSh(GOrb) we have an equivalence

A~ colim o(S
(yO(S)%A)Eyo/Ay (%)

and therefore an equivalence

ET(A, )~ colim
(yo(S)—A)€yo, 4

Smin,maw (7)

Since the axioms of an equivariant coarse homology theory are compatible with forming
colimits, the functor ET (A, —) is again an equivariant coarse homology theory. We con-
sider ET(A, —) as a twist by A of the equivariant coarse homology theory E. The latter
is recovered by inserting A = . ¢

2.8. (E,F)-proper objects

The goal of this subsection is the formulation of the notion of (E, F)-properness in
Definition 2.26. This notion axiomatises which variant of the original assembly map is
supposed to be an equivalence, and thus tells us how to define the horizontal dotted
arrow in (1.5).

Let us make an attempt to indicate how Definition 2.26 comes about without delv-
ing too much into technical details already. A key feature of the functor ET from the
preceding section is the existence of a natural equivalence

E+(7a Smin,maac) = EJF(* X S, *) (26)

for every G-set S. If the stabilisers of S lie in the family F, this implies that the pro-
jection map ExG — * induces an equivalence on E*(—, Siin maz)- To gain additional
flexibility, one would like to expand the class of G-bornological coarse spaces with this
property beyond G-sets. Since G-simplicial complexes are built combinatorially from G-
sets, one might hope that they provide reasonable candidates, provided that the functor
E™T was sufficiently excisive in the second variable. Of course, this depends on a choice
of bornological coarse structure on such a complex, and to our knowledge there is no
such bornological coarse structure for a single complex.

The lack of excisiveness of E+ for a single complex can be remedied by considering
sequences of G-simplicial complexes (W,,),. We turn the disjoint union [[,, W,, into a
G-bornological coarse space whose coarse structure has the property that propagation
in the W,-direction becomes arbitrarily small as n tends to co. In Definition 2.19, we
will introduce a variant EIl of E that takes such sequences as input. If E is a coarse
homology theory, EIl has a better chance of being excisive, but there is still the problem
that propagation in W, becomes only very small as n approaches co. Therefore, we
introduce a quotient E'V® of EIl which allows us to ignore an arbitrary finite number of
the complexes W,,.
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Since (2.6) is the key feature of ET that allows us to decide that ExG — % induces
an equivalence in certain cases, we want to retain such a property when passing to the
more complicated functor E'V®. As we are effectively dealing with N-indexed collections
of certain G-bornological coarse spaces, it will be convenient to enlarge the domain of
definition also in the first variable so we are able to plug in sequences of G-spaces.

We denote by GBC/n the slice category of G-bornological coarse spaces
over Nyin.min. By abuse of notation, we will denote objects p: X — Nyinmin in
GBC)n
(—=)nen to denote sequences indexed by the set N.

In the first step, we extend the functor in (2.4).

min,min

by their domain X. In the following, we use the abbreviation (—), for

min,min

Definition 2.17. We define the functor

—@n —: [[GSet x GBC),...,..., = GBC
N
such that it sends a sequence (77,), in [[y GSet and an object X in GBC)n,,,,, ... 0

the object (T},), ®n X in GBC given as follows:

1. its underlying set is [ [, (T, x Xp);
2. its bornology is generated by sets of the form HngN(Tn x X,) for N in N;
3. its coarse structure is generated by entourages of the form

[T(diag(T:,) x (U N (X5 x X))

n

for all entourages U of X.

The definition of the functor — ®N — on morphisms is the obvious one. ¢

Remark 2.18. Let S be in GSet and X be in GBC)y,,,, .., Consider the constant

sequence (S), as an object in [ GSet. Unwinding definitions, one checks that there is
a natural isomorphism

(S)HGN ®ON X = Smin,max ®X

of G-bornological coarse spaces, where the right hand side uses only the underlying
G-bornological coarse space of X and forgets the reference map to Npip min.

In the second step, we construct the analogue of the functor in (2.5) for sequences.
To this end, we consider the functor

¢: GSet X% PSh(GSet) 2% PSh(GOrb) (2.7)
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and form

A= (10 xid: (][] GSet) x GBC)m,......... = (][PSh(GOrb)) x GBC
N N N

min,min

(2.8)
Let E: GBC — M be a functor to a cocomplete co-category.

Definition 2.19. We define the functor

Bl (] PSh(GOrb)) x GBC/n —-M

min,min
N

as the left Kan extension as indicated in the following diagram:

(ITy GSet) x GBC % L GBC

al

(IIy PSh(GOrb)) x GBC

min,min

min,min

Since ¢, and therefore also ¢11, are fully faithful, the structural transformation of the
Kan extension provides an equivalence of functors Ell o /Il ~ F o @y.

In the following we relate the functor Ell defined above to the functor E in (2.5). The
precise statement will be given in Lemma 2.24 below. The construction of EIl, which
is analogous to that of E™, involves terms like E(Win,maz ® Y) for G-sets W. For
bounded Y such terms can be calculated using the values E(Smin maez ® Y) for G-orbits
S if E is hyperexcisive. We explain this notion next.

Let F: GBC — M be a functor to a cocomplete co-category.

Definition 2.20 (//, Def. 5.2.7]). The functor E is hyperexcisive if for every G-set W and
every bounded G-bornological coarse space Y the canonical morphism

colim

Y)— Ew, . Y
(S—>W)€G0rb/w ( ) Winin,maz ( )

S?nin,'maa;

is an equivalence. ¢

Hyperexcisiveness generalises mg-excisiveness to certain infinite partitions. Let GBCyq
be the full subcategory of GBC of bounded G-bornological coarse spaces. Restricting £
from (2.5) in the second argument to GBCpq, we obtain a functor E;';: PSh(GOrb) x
GBCpgq — M. In the following lemma we provide another characterisation of hyperex-
cisiveness of F in terms of the functor EJ dq-
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Lemma 2.21. The functor E is hyperexcisive if and only if Egd s a left Kan extension of

GSet x GBCyy Lminme=®= opa £y v
along ¢ x id: GSet x GBCygq — PSh(GOrb) x GBCy4.

Proof. Consider the diagram

GOrb x GBCpq Eo((=)min,maz®—)

. J EO((f)min,Tnaz@*
yo X id GSet x GBde M

indl
E/

PSh(GOrb) x GBCypqy

where the lower right triangle is defined to exhibit E’ as a left Kan extension. By Def-
inition 2.19, F is hyperexcisive if and only if the upper right triangle in the diagram
exhibits the horizontal arrow as a left Kan extension. If F is hyperexcisive, then E’ is an
iterated Kan extension. Since Eb+ 4 is defined to be the left Kan extension along yo x id,
we have E' ~ E/,.

Conversely, assume E’ ~ E; 4- The lower triangle commutes since £ xid is fully faithful.
From this we conclude that the upper triangle is also a left Kan extension. Hence E is
hyperexcisive. O

Given a G-set T, we can consider the presheaf ¢(T") in PSh(GOrb), using ¢ from
(2.7), and the G-bornological coarse space i(T') = Tynin,maz it GBC, using ¢ from (2.3).
The following corollary compares the twist of E;r 4 by ¢(T') as in Remark 2.16 with the
twist by Trin,maee as in Remark 2.15.

Corollary 2.22. If E is hyperexcisive, then there is a natural equivalence of functors
El;rd,Tmin (=, =)~ Efy(— x {T),—): PSh(GOrb) x GBCpq — M .

Proof. Since ¢ x id is fully faithful, Lemma 2.21 gives the marked equivalences in the
following chain of functors GSet x GBCyq — M:

E]j_d7Tmm,mam (6(7)3 *) é E((*)min,mam & Tmin,mam & *) = E((* X T)min,max & *)
~ By (U~ x T), =) = By (0(-) x (T),-) . (2.9)

The functor Ej, 7, is the left Kan extension of the first term in (2.9) along £xid. In
order to understand the corresponding left Kan extension of the last term in (2.9), note
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that colimits in PSh(GOrb) are universal. Therefore, — x ¢(T') is a colimit-preserving
endofunctor of PSh(GOrb). We conclude that the left Kan extension of the last term
in (2.9) is equivalent to E;"y(— x £(T), —). So the desired equivalence is obtained by Kan
extending equivalence (2.9). O

After this discussion of hyperexcisiveness, we continue with the comparison of the
functors Ell and E+. In order to state Lemma 2.24 below, we introduce more notation.
Let P be a subset of N.

Definition 2.23. We define the following functors:

1. pr,: [[y PSh(GOrb) — PSh(GOrb) denotes the projection onto the n-th compo-
nent;

2. fn: GBC)N,,; min — GBCra denotes the functor that sends X to X,.

3. cp denotes the endofunctor of GBC y
sending X to X \ U,,cp Xun;

4. up denotes the endofunctor id xcp of (][y PSh(GOrb)) x GBC n

that removes the preimage of P, thus

min,min

¢

Let E: GBC — M be a functor to a semi-additive and cocomplete co-category.

Lemma 2.24. If E is mg-excisive and hyperexcisive, there exists a natural equivalence
@E+o(prnxfn) @ Elloup ~ El
neprP

of functors (] [y PSh(GOrb)) x GBC y
and projection maps

— M. In particular, there are inclusion

min,min

E* o (pr, xfn) = E and E = E*o(pr, xfn) (2.10)
for every n in N.

Proof. The canonical inclusions induce for every sequence of G-sets (T},), and X in
GBC)n

a natural map

min,min

@ E(Thminmaz ® Xn) & E(Th)n ®ncp(X)) — E((Th)n®n X) . (2.11)
neP

This map is an equivalence since E is mp-excisive. As F is hyperexcisive, Corollary 2.22
gives a natural equivalence

E(Tn,min,maa:®Xn) ~ Eljd,Tn,min,mam(*’Xn) ~ E+(€(Tn)7Xn)

for every n in N. This allows us to identify (2.11) with a natural equivalence
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(PET o (pr, xfa) & Eloup)odl ~ Ellol
neP

of functors (J[y GSet) x GBC)n, ... ... — M. Taking left Kan extensions along i
yields a natural equivalence of functors on (]Jyy PSh(GOrb)) x GBC)n, ., ,....- Note
that the left Kan extension of the right hand side is by definition EIL

We need to identify the left Kan extension on the left hand side. The functor

(pr,, X fu)ner: (][ GSet) x GBC)n, ... = | (GSet x GBCya)
N nepP
has a left adjoint ¢p which sends (A, Y, )nep to
A, epP
(0 ") T va) -
g n §é Pt neP
Since the restriction of a functor along a right adjoint is the left Kan extension along

the left adjoint, the diagram

@, p (Bl o(£xid))
[L,ep (GSet x GBChq) ———= M (2.12)

(IIn GSet) x GBC ©,cp(EYo(xid)o(pr, xfn))

min,min

exhibits @,,c p(E1 o (¢ xid)o(pr, x f,)) as the left Kan extension of @, p (B0 (£ xid))
along ip. Moreover, ip fits into the commutative diagram

ip

HneP (GSet X GBde) (HN GSet) x GBC/N

egl N_ Pn

[L,ep (PSh(GOrb) x GBChq) ——— ([Iy PSh(GOrb)) x GBC y

min,min

min,min

where ip is left adjoint to (pr, X f,)nep. Consequently, the left Kan extensions of
@D,.cp(Ely o (¢ x id)) along M o ip and along ip o 51;,[ coincide. We now determine
these two Kan extensions.

The first iterated Kan extension is, in view of the Kan extension presented by (2.12),
the left Kan extension of @, p(E* o (¢ x id) o (pr,, x f,)) along IL.

For the second, note that the left Kan extension of @, . p(E; o (¢ x id)) along ZI; is
@D,,cp Efy- So the second iterated Kan extension is equivalent to @,,c p(ETo(pr,, X f»)).

A completely analogous argument applies to Elloup since up, considered as a functor
to its essential image, has a left adjoint given by the inclusion of the essential image. O
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We are finally ready to define the notion of (F, F)-properness. Denote by

diag: PSh(GOrb) — [ [ PSh(GOrb)
N

the diagonal functor. Let E: GBC — M be a mg-excisive and hyperexcisive functor with
values in a cocomplete stable oo-category. Finally, fix an object X in GBC/n

min,min "’

Then the inclusions in (2.10) induce a natural transformation

P E* (-, Xn) - Ell(diag(-), X): PSh(GOrb) — M .
neN

We are interested in its cofibre.
Definition 2.25. We define the functor

B0 (—, X) = cofib( @) E* (-, X,) - Ell(diag(~), X)) : PSh(GOrb) — M . ¢
neN

Let F be a family of subgroups of G and recall Definition 2.1 of the classifying space
ExG.

Definition 2.26. The object X in GBCn is called (E, F)-proper if the map

EY®(ErG, X) — EV®(x, X)
induced by the projection ExG — % is an equivalence. ¢

As explained in the introduction to this section, an object X in X in GBC/N,,,, ...

is expected to be (E,F)-proper if it arises from a sequence of G-simplicial complexes
with stabilisers in F. We will return to this question in Section 2.5.

2.4. Phantom equivalences from transfer classes

The crucial part of our proof of Theorem 1.10 consists of the construction of a transfer
class. In this subsection we introduce this notion in an axiomatic way. In Proposition 2.33
we show that the existence of such a transfer class implies that the assembly map is a
phantom equivalence. Thus, Proposition 2.33 will eventually yield the final step in the
proof of Theorem 1.10. The diagram (2.25) in the proof of Proposition 2.33 is the actual
implementation of the diagram (1.5) from the introduction.

We start with explaining the symmetric monoidal structure on the oco-category of
idempotent complete left-exact oo-categories. Recall that a left-exact co-category C is
called idempotent complete if it is closed under retracts in its pro-completion Pro,(C),
or equivalently, if the canonical functor C — Pro,(C) induces an equivalence of C with



24 U. Bunke et al. / Advances in Mathematics 489 (2026) 110788

the full subcategory Pro,(C)“ of cocompact objects in Pro, (C). We let Catlgff:perf be
tLex

o0, *

the full subcategory of Ca
We let SpciP” in Catf;ff:perf denote the oco-category of cocompact objects in the

of idempotent complete left-exact co-categories.

opposite of the category of pointed spaces. Equivalently, Spc2?* = (Spc¥)°P. The oo-
category Spc2P** has the universal property that the evaluation at the object S of

Spc”* induces an equivalence Fun"™(Spc?“, C) — C. In other words, specifying a

left-exact functor SpciP“ — C is equivalent to specifying an object of C.

The oco-category Catf;gjjgpeff has a symmetric monoidal structure ® with tensor unit
SpciP“. This means that for C and D in CatI;gf:pcrf7 the tensor product C ® D is
characterised by the following universal property: there is a functor C x D — C ® D
that is initial among all functors from C x D to some idempotent complete left-exact
oo-category which preserve finite limits in each variable separately. The full details will
be explained in Section 3.2.

On the next categorial level, the functor

. Lex,perf Lex,perf Lex,perf
—®—: Catg x Cat g} — Cat;

preserves colimits in both variables separately.
The definition of a transfer class depends on a choice of pentuple

(U, V,H,F) (2.13)
whose members we will describe in the following. The first two components are a functor
U: GBC — Cat P (2.14)

and a left-exact functor
n: Spce?® — U(x) . (2.15)

By the universal property of SpciP® explained above, specifying 7 is equivalent to
specifying an object in U (x).

Remark 2.27. Recall from Section 2.2 that GBC carries a symmetric monoidal structure
which we also denote by ®. If U has a lax monoidal structure, then U preserves algebra
objects. Since * is an algebra in GBC, we get an algebra U(x) in Cat{;ffi’perf. In this
case the unit of this algebra provides a canonical morphism SpciP” — U(x) which will
usually be our candidate for . 4

The third entry in the list (2.13) is another functor

V:GBC — Cat5oret (2.16)
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Definition 2.28. A weak U-module structure on V is given by the following data:

1. a natural transformation
pU(=) V(=)= V(-0-);
2. a commutative diagram

Spc © V(=) ~2% (k) @ V(-) (2.17)

NJ l

V() ———— V(e -)
of functors GBC — Cat{,ffi’perf. ¢

Remark 2.29. We use the word weak since Definition 2.28 requires only the minimal
amount of structure to make the proof of Proposition 2.33 below work. In the situations
we will actually consider (see Section 3.4), the functor U is a lax symmetric monoidal
functor, and V' is a module functor over U. ¢

Remark 2.30. In our applications below, we will only make use of weak modules which
are canonically derived from a given left-exact oco-category with G-action C. To provide
some intuition, recall that, for any ring R, the tensor product over Z induces an action
of the symmetric monoidal category of finitely generated free Z-modules with G-action
on the category of finitely generated projective R[G]-modules. Generalising to the left-
exact setting, the idempotent completion of colimpg C canonically refines to a module
over Fun(BG, Spc,?*), and the examples for U and V in Sections 5 to 7 generalise
this observation further to provide an action of “controlled Swan theory” on controlled
K-theory. See Section 3.4 for the explicit construction. ¢

The component H in the list (2.13) is a lax monoidal functor H: Catlgsf;’perf — M,
where the target M is assumed to be a monoidal, semi-additive and cocomplete co-
category which admits countable products. Given H, the morphism 7 in (2.13) induces
a morphism

e In — H(Spe®™) % gy s (2.18)
The final entry F of the list (2.13) is a family of subgroups of G.

We now fix a list as in (2.13). Furthermore, we assume that U and HV are my-excisive
(see Definition 2.9), and that the functor HV is hyperexcisive (see Definition 2.20). Recall
the morphisms ¢V : U(Nyin.min) — U({n}) ~ U(x) introduced in Construction 2.10.
Recall Definition 2.26 of (HV, F)-proper objects.
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Definition 2.31. A transfer class (X,t) for (U,n,V, H,F) consists of:

1. an object X in GBC)N,,,,, 1ins
to an (HV, F)-proper object;
2. a morphism ¢: 1y — HU(X)

called the transfer space, which admits a morphism

such that there exists a commutative diagram

1m HU (%) (2.19)

tJ/ J/diag
(H@{)n

where p: X — Nyin min denotes the structure morphism of X. ¢

Remark 2.32. Note that we only require the existence of a commutative diagram like
(2.19), not a preferred choice of a filler. In order to construct such fillers we will encounter
the situation where the morphism ¢ is obtained by specifying an object to in U(X). In
more detail, this object induces a left-exact functor y: Spe®®* — U(X) by the universal

property of SpciP®. This functor in turn yields ¢ as the composition
. op,w H (to)
t: 1pg — H(SpeP”) ——= HU(X) .

If ¢ arises in this manner and 7 is given by the object ng of U(x), a sequence of equivalences
((q¥ o p)(to) =~ 1o)nen in U(x) provides a filler for (2.19). 4

Let M be a stably monoidal and cocomplete stable co-category which admits count-
able products. Let H : Catggfi’perf — M be a lax monoidal functor which preserves sums,
and let F be a family of subgroups of G. Let C be in Fun(BG, Catf;fff;perf) and recall
Definition 1.8 of HCg.

Proposition 2.33. Assume that we are given:
1. a pair (U,n) asin (2.14) and (2.15) such that U is my-excisive (see Definition 2.9);
2. a functor V as in (2.16) having a weak U-module structure (see Definition 2.28) such

that

a) HV extends HCgq in the sense of Definition 2.12;
b) HV is mg-excisive and hyperexcisive (see Definition 2.20);

3. a transfer class (X,t) for (U,n,V,H,F) (see Definition 2.51).
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Then Ar e, colim HCg — H(colim C) is a phantom equivalence.
G7Orb BG

Proof. We let HV* denote the functor obtained from HV as an instance of (2.5). Since
HYV extends HCg, we have a natural equivalence HV*(—, %) ~ HCg(—) of functors
PSh(GOrb) — M. By Lemma 2.2, the assembly map Ar pc, is equivalent to the map
HVY(ExG,x) — HV T (*,%) induced by the projection ExG — . Let C' be the cofibre
of the assembly map. We want to show that C' is a phantom object. By Lemma 2.8, it
is sufficient to produce a factorisation of C' — II/@(C) over the zero object.

We let diag: PSh(GOrb) — [[y PSh(GOrb) denote the diagonal functor. As a first
step we will define a natural transformation

7: HV (=, %) — HVI(diag(—), X) ,

where HV I is as in Definition 2.19. Denote by jo: GOrb — GSet the inclusion functor.
Using the fact that the functor /Il in (2.8) is fully faithful and that yo ~ £ o jg for the
first equivalence, and the identification diag(—) ®n X = (—)min,maz ® X of functors
GOrb — GBC from Remark 2.18 for the second, we get an equivalence

HVI(diag(yo(-)), X) ~ HV (diag(ja(-)) ©n X) =~ HV ((=)minmaz @ X) .

By Construction 2.14, the functor HV ™ (—, x) is the left Kan extension of HV ((=)min.maz)
along the Yoneda embedding yo: GOrb — PSh(GOrb). Therefore, by the universal
property of the left Kan extension, in order to define 7 it suffices to give a natural
transformation

HV((_)min,mam’) — HV((_)min,mam & X) d:ef HVX((_)mzn,maaz) (220)

of functors GOrb — M, where HVx denotes the twist of HV by X (see Definition 2.13).

In fact, the transfer class gives rise to a natural transformation 7/: HV — HVy of
functors GBC — M that is defined using the lax monoidal structure of H and the weak
U-module structure p on V as the composition

H(p)

L9 HU(X) om HV —» HU(X) @ V) —2 HVx . (2.21)

' HV

The restriction of 7/ along the inclusion (—)min,maz: GOrb — GBC from (2.3) is the
desired transformation (2.20).

We consider the following diagram of functors PSh(GOrb) — M, in which the top
vertical transformations are induced by the canonical morphism p: X — Ny min in
GBC)nN,,..,.. min» and the bottom vertical transformations are induced by the projections
(2.10) from Lemma 2.24:
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HV*(—, %) ——— HVI(diag(-), X) ———— HVV®(— X) (2.22)

| J

HVH (dlag(—), N’min,min) — HVH/® (_7 Nminﬂnin)

| |

[y HV Y (= %) —————— [/@(HV (-, %))

In the following we argue that it commutes. The two squares on the right hand side
obviously commute. Commutativity of the triangle on the left can be checked after

restriction to the orbit category. Therefore, we must show that the diagram of functors
GOrb - M

-

HV((_)min,maz) ? HVX mzn maz (223)

JHVP

an min (( min max)

diag
l (43)m

HN HV((_)min,mam)

commutes. Here HV), is induced by p and the morphisms qY arise from my-excision for HV
by Construction 2.10. To see that the diagram (2.23) commutes, consider the following
diagram in which the morphisms ¢¥ also arise from Construction 2.10 by mp-excision for
U, and in which all unlabelled arrows are induced by the lax monoidal structure of H:

CA
HVNnLianin q—> HN HV (2.24)

TH(H) THN H(p)
H(U (%

(1) H(U(p)®id (H(q ®id
HVx < B (X) 0 VB U (Noimmin) @ V) s T H

T 1 T

HU (p)®id ®id),
HV 28 HUX) @ BV B0 (N inmin) © BV T (HU () @ HV)

The triangle involving the curved arrow HV, commutes by naturality of x. The bottom
left square commutes by the description of 7/ in (2.21), and both the bottom centre
square and bottom right square commute since H is a lax monoidal functor.

It remains to check that the top right square in (2.24) commutes. For n in N, let
in: {n} — N and j,: N\ {n} — N denote the inclusion maps. Consider the following
diagram:
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H((U(in)+U(jn))®id) pr®id
H(U(Nmin,min) ® V) | — H((U({n}) D U(Nﬁbimmin \ {n})) ® V) — H(U({n}) ® V)
H (U (in)®id)+H (U (j ) ®id) T /
H(p) H(U({n}) ® V) 53} H(U(Nmin,min \ {TZ}) ® V) H(p)
JH(H)QBH(H)
H(V (in))+H(V(jn)) pr
HWN imin) < HV({n})) & HV(Noninmin \ {n})) H(V)

Note that commutativity of the upper left triangle expresses the additivity of H(—® V).
The vertical morphism marked by ~ is an equivalence by additivity of H. The horizontal
morphisms marked by ~ are equivalences by mg-excision for U and HV, respectively,
using again that H is additive to see that HU is also mp-excisive. By naturality of u,
the lower part of the diagram also commutes. It follows that the large outer square
commutes, which settles the commutativity of the top right square in (2.24).

Tensoring (2.19) from the definition of a transfer class (Definition 2.31) with HV
yields an equivalence between the composition of the bottom horizontal morphisms in
(2.24) and the morphism

diag o

v EE0ED, TT(HU (+) © HV) |
N

Since V' is a weak U-module, condition (2) from Definition 2.28 implies that the entire
composition HV — [[y HV along the bottom right corner in (2.24) is equivalent to
the diagonal. We finally conclude that the left part of (2.22), and therefore the entire
diagram, commutes.

By Definition 2.31, X admits a morphism to an (HV, F)-proper object that we will
denote by W.

Evaluating the composition along the top right corner of (2.22) at ExG — x, we
obtain a commutative diagram

HVT(ExrG,x) ———— HV T (x,%) C

! | |

HVY®(ErG,X) —— HVV®(x, X) — cofib(HV®(ExG, X) — HVV®(x, X))

| ! !

HVV®(ExG,W) —— HVWV®(x, W) — cofib(HVVS(ExG, W) — HVV®(x, W))

| ! |

/e(HVT(ExG,x)) — [/@(HV T (x, %)) /g (C)

(2.25)
whose right column arises by taking cofibres of the horizontal maps. Due to the commuta-
tivity of (2.22), we conclude that the composition of the right vertical maps is equivalent
to the map C' — II/@(C) induced by the diagonal. Since W is (HV, F)-proper,
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cofib(HVY®(ExG, W) — HVV®(x, W)) ~ 0.

Hence the right vertical composition C' — II/@(C) vanishes, and C' is a phantom object
by Lemma 2.8. O

2.5. Ezxamples of (E, F)-proper objects

In order to check that a candidate (X, t) for a transfer class for (U,n, V, H, F) satisfies
Definition 2.31.(1) we must find a morphism from X to some (HV,F)-proper object
in GBC/N
sufficient supply of candidates for such (HV, F)-proper objects. It is an analogue of [16,

minmin- Lheorem 2.37, which is the main result of this section, provides a
Thm. 7.2] in our setting.

We consider a mp-excisive functor £: GBC — M which plays the role of HV above.
For certain statements in this section we will need the much stronger assumption that
E is an equivariant coarse homology theory [7, Def. 3.10], [9, Def. 3.13]. We recall this
notion in Definition 2.38 below. We assume that M is cocomplete.

As before, F denotes any family of subgroups of G. Furthermore, N is considered as
a discrete G-topological space with trivial G-action.

Construction 2.34. We consider a metric space W with an isometric G-action together
with a G-map p: W — N and set W,, := p~!({n}). We further assume that W is
equipped with a G-bornological coarse structure such that p defines a morphism W —
Ninin,min. We call the corresponding coarse structure Cy the original coarse structure
on W in order to distinguish it from the new coarse structure defined below. We assume
that the original coarse structure is compatible with the metric in the sense that there
exists some r in (0, 00) with U, € Cy, where

Up i={(w,w") e W x W | d(w,w") <r}
is the metric entourage of width r. Using the data described above, we construct an

object in GBC )y
and bornological structure as W. But the new coarse structure defined by

which we will denote by Wj,. It has the same underlying set

min,min

Cp = {U € Cw | sup {d(w,w’) | (w,w') € UN (W, x W,,)} == 0} (2.26)

is in general smaller than the original coarse structure Cyy.
The structure map to Nyyin min is the original map p which is still a morphism of
G-bornological coarse spaces. ¢

Remark 2.35. In the language of [6, Sec. 5.1] or [7, Sec. 9], Construction 2.34 can be
phrased as follows: the metric on the original bornological coarse space W induces a
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compatible uniform structure [6, Def. 5.4]. The big family W := (p~1([0,7n])),en pro-
vides a hybrid datum (W, W). The new coarse structure C;, defined above is the hybrid
structure associated to these data. This motivates the subscript h.

In particular, the metric on W may be replaced by any other metric that induces the
same uniform structure on W without changing the new coarse structure. ¢

In the present paper, a G-simplicial complex is a simplicial complex with an action of
G by automorphisms such that if g in G stabilises a point in the interior of a simplex, then
it stabilises the whole simplex. If we are just given a simplicial complex with a G-action,
then we can ensure this additional condition by taking the barycentric subdivision.

Construction 2.36. Suppose that W is a G-simplicial complex with a map of simplicial
complexes p: W — N. Then we define an object W), in GBC)n,,,, ..., as follows.

We equip W with the spherical path metric. In order to compare with [16], note that by
Remark 2.35 we could also work with the £'-metric provided W is finite-dimensional. We
furthermore choose the original coarse structure on W, in the sense of Construction 2.34,

to be the coarse structure Cr, (1) generated by the entourage

Uy = |J 2ZxZ.
ZGﬂ'o(W)

It is the maximal coarse structure on W with the property that the connected compo-
nents of W are coarsely disjoint. The original coarse structure obviously contains the
metric coarse structure associated to the spherical path metric and is therefore com-
patible with the metric. Finally, we equip W with the minimal bornology such that
p: W — Npin,min i proper.

Then let W, in GBC N
the structures defined above. ¢

be obtained by applying Construction 2.34 to W with

min,min

Let W be a G-simplicial complex and let Wy, in GBC),,.,, ..., be obtained from W

by applying Construction 2.36. Recall Definition 2.26 of an (E, F)-proper object, and
Definition 2.20 of hyperexcisiveness.

Theorem 2.37. Assume:

1. the simplicial complex W is finite-dimensional and its stabilisers belong to F;
2. E is a hyperexcisive equivariant coarse homology theory.

Then Wy, is (E, F)-proper.

The general outline of the proof of Theorem 2.37 is the same as in [16, Sec. 7]. We
will argue by induction on the dimension of the simplicial complex W. The case of 0-
dimensional complexes will be settled in Corollary 2.47, where we use the assumption that
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E is hyperexcisive and the assumption on the stabilisers of W. For the induction step,
we decompose a d-dimensional simplicial complex into a thickened version of its (d — 1)-
skeleton and a complex consisting of a disjoint union of d-dimensional simplices. For this
step, we need that F'V® has appropriate excision properties. The latter will be deduced
from the fact that F is an equivariant coarse homology theory, see Proposition 2.44.
For the induction step we must further deform the thickened (d — 1)-skeleton to the
actual (d—1) skeleton, and the disjoint union of simplices to the set of their barycentres.
For this step, we need a homotopy invariance property of E'V® which will be shown in
Proposition 2.51. The main argument for Theorem 2.37 starts close to the end of this

section.
We start with showing that EIl and E'® (see Definition 2.19 and Definition 2.25)
are equivariant coarse homology theories on GBC/n,,,,, ..., @s functors in their second

arguments. Recall that a functor F: GBC — M is an equivariant coarse homology the-
ory if it is coarsely invariant, coarsely excisive and u-continuous and annihilates flasques
(see [9, Def. 3.13]). These notions are explained in more detail in Definition 2.38 below.

As we want to consider functors on the slice category GBC n we must explain

what we mean by an equivariant coarse homology in this context.
We first recall some basic definitions from coarse geometry. We consider X in GBC
and denote its coarse structure by Cx. An equivariant big family ) on X is a filtered
family (Y;);er of invariant subsets of X such that for every ¢ in I and U in Cx there exists
j in I such that the thickening U[Y;] is contained in Y; (see (2.2)). If Z is a subspace of
X, then we define the big family ZNY := (ZNY;);er on Z. If F is any functor defined

on GBC, then we set

F(Y) := colim F(Y;)
il
provided the colimit exists.
Let N be a G-bornological coarse space with a discrete coarse structure (later we will
consider N' = Nyyin min). Let E': GBC,y — M be a functor to a cocomplete and stable
oo-category.

Definition 2.38. The functor E’

1. is coarsely invariant if E’ sends the morphism {0, 1}40,maez ® X — X over N to an
equivalence for every X in GBC y.

2. is mp-excisive if for every partition (Y, Z) of an object X in GBC,y into coarsely
disjoint, invariant subsets the inclusion maps induce an equivalence

E'(Y)® E'(Z) = E'(X) .

3. is coarsely excisive if E'(2) ~ 0 and for every X in GBC,y and every complementary
pair (]9, Def. 3.11]) consisting of an equivariant big family ) = (Y;);cr and an invariant
subset Z the induced square
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E'(ZNY) —— E'(2Z)

Ll

E'(Y) —— FE'(X)

is a pushout.

4. annihilates flasques if E'(X) ~ 0 for every X such that there exists an endomorphism
of X over N that implements flasqueness [9, Def. 3.12].

5. is u-continuous if the canonical map

colim E'(Xy) — E'(X)
vec§

is an equivalence for all X in GBC/y, where C)Cg' denotes the collection of G-invariant
entourages of X and Xy denotes the object of GBC,y obtained from X by replacing
the coarse structure on X by the coarse structure generated by U.

The functor £’ is an equivariant coarse homology theory on GBC y if it is coarsely
invariant, coarsely excisive, u-continuous, and annihilates flasques. ¢

Example 2.39. The restriction of an equivariant coarse homology theory along the forget-
ful functor GBC,y — GBC is an equivariant coarse homology theory on GBC,y. 4

In the following we discuss the statement that a coarse homology theory sends coarsely
excisive decompositions to pushouts. In the non-equivariant case this is shown, e.g., in
[6, Lem. 3.41]."

Let Y be an invariant subset of X and assume that U is in C§. If diag(X) C U,
then Y C U[Y]. In contrast to the non-equivariant case, this inclusion is not a coarse
equivalence in general.

The fact that the inclusion of a subset into its coarse thickening may not be a coarse
equivalence has the consequence that the generalisation of the definition of a coarsely
excisive decomposition from the non-equivariant to the equivariant case is not completely
straightforward. In order to formulate the conditions in a compact way we introduce the
following notion. Let X be in GBC and Y be an invariant subset of X.

Definition 2.40. We call the subset Y thickenable? if there exists a cofinal subset of U in
C§ such that diag(X) C U and the inclusion Y — U[Y] is a coarse equivalence. ¢

1 The equivariant statement has appeared in [7, Cor. 4.14]. Note that the definition of equivariantly
coarsely excisive pairs in this reference is not sufficient to prove the statement and should be replaced by
the conditions listed in Definition 2.41 below.

2 In [7], such subsets were called nice.
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For an invariant subset Y let
{v}:={UY]|Uec§}

denote the big family generated by Y, where C§ denotes the set of G-invariant subsets
of X. If Y is thickenable, then the canonical map F(Y) — F({Y}) is an equivalence for
any coarsely invariant functor F.

Consider X in GBC and a pair of invariant subsets (Y, Z) such that Y UZ = X.

Definition 2.41. We say that (Y, Z) is a coarsely excisive pair if the following holds:

. for every U in Cx there exists V in Cx such that U[Y]NU[Z] C V[Y N Z];

. Y is thickenable;

. Y N Z is thickenable;

. there exists a cofinal subset of V in C§ such that V[Y] N Z is thickenable. ¢

W N

Let E: GBC — M be an equivariant coarse homology theory. Let X be in GBC and
(Y, Z) be a partition of X into invariant subsets.

Lemma 2.42. If (Y, Z) is a coarsely excisive pair, then the induced square

L

E(YNZ) —— E(Z) (2.27)
E(Y) — E(X)

is a pushout.

Proof. Since FE is coarsely excisive, the square

J |

E{Y}nZ) —— E(2) (2.28)
E({Y}) —— BE(X)

is a pushout. We now argue that this square is equivalent to the square in (2.27). In
fact, the canonical inclusions of spaces induce a map from the square (2.27) to the
square in (2.28). We therefore must check that the induced maps on the left corners are
equivalences.

Condition 2.41.2 implies that E(Y) — E({Y'}) is an equivalence.

It remains to discuss the upper left corner. The canonical inclusions induce the fol-
lowing commutative diagram:
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E(YNZ) —— E{Y NZ}) — colim E{V[Y] N Z})

vec§

E({Y}n2)

Condition 2.41.3 implies that E(Y N Z) — E({Y N Z}) is an equivalence. By Condi-
tion 2.41.4, the morphism E(V[Y]|NZ) - E{V[Y]N Z}) is an equivalence for all V' in
some cofinal subset of C§{ Writing the right vertical map in the form

colim E(V[Y|NZ) = colim E{V[Y]NZ}) ,
vec§ vec§

we see that it is an equivalence. Finally, Condition 2.41.1 implies that the map E({Y N
Z}) = colimy cce E({V[Y] N Z}) is an equivalence. So E(Y N Z) — E({Y} N Z) is also
an equivalence. 0O

The same argument also proves the analogue in the relative situation. Let E': GBCy
— M be an equivariant coarse homology theory. Let X be in GBC,y and (Y, Z) be a
partition of X into invariant subsets.

Lemma 2.43. Assume that (Y, Z) is coarsely excisive as a pair in GBC. Then the induced
square

E(YNZ)— E'(2)

|

E(Y) — E'(X)
s a pushout.

Let E: GBC — M be a functor whose target is a cocomplete stable oco-category.
Furthermore, let A be in PSh(GOrb) and let (A,), be in [[jy PSh(GOrb).

Proposition 2.44. If E has any of the following properties, then EU((Ap),,—) and
Ee(A, —) inherit the same property:

coarse invariance;
To-excisiveness;

coarse exrcisiveness;
annihilation of flasques;

SANRRINCIR T

u-continuity.
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Proof. We first consider the case of Ell. Since all properties of functors GBC /Nonin.min —
M listed above are preserved under taking colimits, it suffices to check the case that
(An)n is a sequence of G-sets. So we must show that the functor

E((An)n ON (_)): GBC/Nmm,mm —-M
inherits the listed properties from E. This can be checked by a straightforward argument
which is similar to the proof of [7, Lem. 4.17].

The functor E* inherits each property in the list from E. The sum @, E* (4, (—),)
then has the analogous property on GBC where (—),: GBC)N,,,,, ... — GBC
sends X to its fibre X,, over n. By Definition 2.25, EWV®(A, —) fits in a cofibre sequence
with @,, E* (A, (—),) and Ell(diag(A), —). So the assertion that these two functors have

a property from the list implies that also E'V®(A, —) has the same property. O

min,min?

Suppose that Cj, and Cy are two original coarse structures on the metric space W
which satisfy the assumptions in Construction 2.34. If Cj;, C Cy, then the two new
coarse structures defined by (2.26) satisty C;, C Cj. So the identity on the underlying
sets is a morphism W; — W) in GBCn

min,min "

Lemma 2.45. The induced map EY®(— W}]) — EV®(— W},) is an equivalence. In par-
ticular, Wy is (E,F)-proper if and only if Wy, is (E, F)-proper.

Proof. By wu-continuity (Proposition 2.44), we have an equivalence

colim E®(— Wy) = EVe(— W) . (2.29)
UeChn
Furthermore, using Lemma 2.24 we check that the canonical inclusion induces an equiv-
alence

EVe(— o (W) = EVe(—, Wy) (2.30)

for every n in N, where c[g ) is as in Definition 2.23.3. Analogous equivalences exist for
W’ and U’ in Cj,.

Since C; C Cp, the map EWV®(— W) — EV®(— W},) is identified via (2.29) with the
canonical map

solim BV9(— W) = olim BV (-, W)
Let U be in Cj. By the compatibility of the original coarse structure Cj;, with the metric
assumed in Construction 2.34, there exists r in (0,00) such that {(w,w’) | d(w,w’) <
r} € C'. Using (2.26), there is n such that sup {d(w,w’) | (w,w’) € UN (W x Wi)} <r
for all integers k satisfying k > n. Consequently, there exists a map of posets t: C, =& N
such that cjg¢(,)(U) € Cj, for all U in Cp,.
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Since cjg,,,)(Wr) = C[O,n](WU|c[O ](W)) for every natural number n, the map ¢ induces

the diagonal arrow in the following commutative diagram:

lim EV®(—, W/,,) ———— colim EV®(—, W,
o P W) e £ )

I

colim EV(=, e (W) —— colim V(= ¢jo,y (W)

Both vertical maps are equivalences since they are induced by the maps from (2.30). It
follows from the two-out-of-six-property of equivalences that all maps in the diagram are
equivalences. O

We now start the induction argument for Theorem 2.37 and assume that W is 0-
dimensional. For the following lemma we only need that E: GBC — M is a mg-excisive
and hyperexcisive functor to a cocomplete co-category. Let (7},), be in [[y GSet. We
have a canonical projection

(Tn)n QN Nmin,min — Nmin,min

in GBC which we use to interpret (7,,)n ®N Nimin,min as an object of GBC /N, .-
It is furthermore useful to remember the definition of £: GSet — PSh(GOrb) in (2.7)
and Definition 2.19 of EII.

Lemma 2.46. There is a natural equivalence
EH(_7 (Tn)n ®N Nmin,min) = EH(_ X (E(Tn))na Nmin,min) (231)
of functors [ [ PSh(GOrb) — M.

Proof. The left functor in (2.31) is the left Kan extension of EI(Al(— (T,), ®n
Ninin,min)) along the fully faithful functor [[y¢. Consequently, its restriction along
[Ix ¢ is the left-hand term of the equivalence

The equivalence is induced by an obvious natural isomorphism in GBC/N,,., i -

It remains to identify the right-hand side of (2.31) with the left Kan extension (written
as ([ [y ©)r in the following) of the right-hand side of (2.32) along [ [ ¢. We first construct
a natural transformation

N
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Using that the functor ¢ in (2.7) preserves cartesian products, we get an equivalence

E((f X Tn)n QN Nmin,min) = EH((H e)(f) X (E(Tn))nv Nmin,min) (234)
N

of functors from [y GSet to M. The transformation (2.33) is now induced by (2.34)
and the universal property of the left Kan extension.

It remains to show that (2.33) is an equivalence. Let (A,), be in [[ PSh(GOrb).
By Definition 2.19 of Fll as a left Kan extension, the canonical map

colim EI((S,), on Novin,min)
(Sn—=An X(Tn))n€lL, GSet/(a,,), x ((Tn))n

— EN((A)n < (UT0))ns Nonin.min)

is an equivalence. The functor — x ({(T,))n: [[jy PSh(GOrb) — [[y PSh(GOrb) in-
duces a functor

H GSet(a,), — H GSet(a,), x(¢(T)n
neN neN

that is right adjoint to the functor given by composition with the projection maps (A, ), ¥
(U(T,))n — (Ay)n. Since right adjoints are cofinal [24, Cor. 6.1.13],% it follows that the
canonical map

(S Au)ncll, GSet) ). (( )n®N Nonin,min) ((An)n < (((T2)) min)

is an equivalence. In view of the pointwise formula for the left Kan extension, this is
precisely the statement that the evaluation of (2.33) at (A,), is an equivalence. O

Let W be as in Theorem 2.37. Let E: GBC — M be a u-continuous, mg-excisive and
hyperexcisive functor to a cocomplete co-category.

Corollary 2.47. If the simplicial complex W is 0-dimensional and its stabilisers belong to
F, then Wy, is (E, F)-proper.

Proof. Since W is discrete as a topological space, the original coarse structure on W
defined in Construction 2.36 is the minimal one. By Corollary 2.22, the map

E+(E]-'G7 Wn,min,maz) — E+(*7 Wn,min,ma:r)

is equivalent to the map

3 Note that [24] uses the term “final” for what we call cofinal and refers by “cofinal” to the dual concept.
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ET(ErG x {(W,,),*) — E1T(L(W,), %) (2.35)
for every n. Observe that Wy, = (W),),, N Nimin,min- Hence by Lemma 2.46 the morphism
Ell(diag(E£G), Wy) — EN(x, W)

is equivalent to
EN(E7G x €(Wn))n Nonin,min) = EL((CWn))n, Noninmin) - (2:36)

Since the stabilisers of W, belong to F, the projection map ExG x £(W,,) — £(W,,) is an
equivalence for every n. Applying this to (2.35) and (2.36), it follows that the induced
maps

P EN(EFGW,) — D ET(x,W,) and  Ell(diag(EFG), W),) — E(diag(x), W)
neN neN

are equivalences. It follows that the induced map on cofibres is an equivalence, so W}, is
(E, F)-proper (Definition 2.26). 0O

Let Z be a G-invariant subspace of a G-bornological coarse space X whose coarse and
bornological structures we denote by Cx and Bx.

Definition 2.48. The pair (X, Z) is relatively flasque if there is a morphism f: X — X
satisfying the following:

1. f is close to idx;

2. f(2) € Z;

3. for every U in Cx there exists k in N with f*(U[Z])
4. for every U in Cx we have also {J,,cn(f™ x f™)(U)
5. for B in By there exists k in N such that BN f¥(X) C
6

= b

. for every B’ in Z N By there exists k' in N such that U, f7"(B') =
UmEN f_m(B/) ‘

Note that X is flasque in the sense of [7, Def. 3.8] if and only if the pair (X, @) is
relatively flasque.
Let F be an equivariant coarse homology theory.

Proposition 2.49. If (X, Z) is relatively flasque, then E(Z) — E(X) is an equivalence.

Proof. Let Ncgp min denote the G-bornological coarse space with trivial G-action, min-
imal bornology and the coarse structure induced by the standard metric. Consider the
following pushout
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Z —

| l

Z ® Ncan min —_—

)

where i: Z — Z @ Negn,min sends z to (z,0). One checks that this pushout exists, see
[7, Prop. 2.21].

The pair (X, Z ® Negn.min) is a coarsely excisive pair on X. If we apply F, then by
Lemma 2.42 we get the pushout square

B(Z) —— E(X)

o ]

E(Z ® Neap.min) — BE(X)

The space Z ® Negn min is flasque. This fact is witnessed by the selfmap f': Z ®
Neanmin — Z @ Nean,min given by f'(z,n) = (z,n + 1). We claim that X is also
flasque. Since E is an equivariant coarse homology theory, it annihilates flasques. As-
suming the claim, we can therefore conclude that E(Z ® Negn min) =~ 0 =~ E()A() Hence
E(Z) — E(X) is an equivalence.

To show the claim we consider a map f witnessing relative flasqueness of (X, 7). We
define f: X — X by f(z) := f(z) for z in X \ Z, and by f(z,n) := (f(2),n+1) for z
in Z, n in N. Since f is close to idx, ]?is close to id, too.

If B in X is bounded, then BN (Z x N) C Z x [0,1] for some [ in N. By (5) in
Definition 2.48, there exists a natural number k such that B N f (X ) C Z & Nean,min-
As f shifts elements in Z ® N¢gpn, min, Condition 6 in Definition 2.48 ensures that B N
FEHEH(X) = @ for some k' in N.

It remains to show that V' := |, cn (f* x f)(U) is an entourage of X for every
entourage U. We consider separately the intersections of V with X x X, (ZxN)x(ZxN)
and the remaining part of V. The first two cases follow from (4) in Definition 2.48.
So we only need to consider the last case. By symmetry, it suffices to consider pairs
(f"( ) f”( ")) such that f”( ) € Z ® Nean,min and f”( ") € X. Let k be minimal such
that f (x) € Z ® Negn,min- Then by (3) in Definition 2.48 there is m depending only on
U such that f**™(2') € Z @ Nean min. It follows that

(F(@). F @) € | (f" x fM)(prx xpr)(U) x {(r,s) | |r —s| <m+m'},

neN

where m/ is the maximal distance of N-coordinates allowed by U. O

Let X be an object in GBC)n,,.,,. .., and let Z be an invariant subset of X. We

min,min

call the pair (X, Z) relatively flasque over Ny,ipn min if there exists an endomorphism
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as in Definition 2.48 which is also a morphism over Ny,ip min. Consider objects A in
PSh(GOrb) and (A,), in [[y PSh(GOrb).

Corollary 2.50. If (X, Z) is relatively flasque over Nyin min, then
EN(Ap)n, Z2) = EN((An)n, X)) and  EV®(A,2) — EV®(4,X)
are equivalences.

Proof. In the case of Ell it suffices to check the statement after restriction along ¢ from
(2.8). Thus let (T,), be in [y GSet. In view of Definition 2.19, we must then show that

E(Th)n®N Z) = E(Th)n ®n X)

is an equivalence. This follows from Proposition 2.49 since (T},),, ®n — sends relatively
to relatively flasque pairs in GBC.

Note that the pair of fibres (X,,, Z,) is relatively flasque for every n. Since E* (A4, —)
is an equivariant coarse homology theory, EY(A4, Z,) — ET(A, X,,) is an equivalence. In
view of Definition 2.25, this observation together with the statement for Ell imply the
statement for E/®. O

flasque pairs in GBC )y

min,min

We now turn to the promised homotopy invariance result.

Let X be a metric space with isometric G-action together with a G-map p: X — N.
Let Z be a G-invariant subset of X. Suppose that the metric d on X is a path metric.

We choose a coarse structure on X which is compatible with the metric. We further-
more equip X with the bornology which is the minimal one such that p : X — Npin min
is a morphism. Let X} be the bornological coarse space obtained by equipping X with
the coarse structure Cp, in (2.26) introduced in Construction 2.34. Then Zj; denotes the
subset Z with the structures induced from Xj,.

Let E be an equivariant coarse homology theory.

Proposition 2.51. Assume that there exists a map of sets ¥: [0,1] x X — X over N such
that the following holds:

\IJQ = idX 5

Ui(X) € Z;

(Vy)|z = idz for allt in [0,1];

We oWy = Winin(ste,1) for all s,t in [0,1];

U is Lipschitz with respect to the sum metric on [0,1] x X;

there exists N in N such that for every e in (0,00) we have ¥y (Uc[Z]) C Z.

S G o o=

Then EV®(—, 7)) — EV®(— X},) is an equivalence.
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Proof. By Lemma 2.45, we may replace the original coarse structure on X by the coarse
structure induced by p, i.e., the one generated by the entourage |J,,cpy Xn X Xi.

By u-continuity of EV® (see Proposition 2.44), it suffices to show that the inclusion
induces an equivalence

EV®(—, Zy) — E"®(—, Xy)

for every U in C&. Here Xy denotes the G-bornological coarse spaces obtained from X,
by replacing the coarse structure Cj, by the coarse structure generated by U, and Zy
denotes Z with the structures induced from Xy .

For a function ¢: N — (0, 00), define

Up :={(z,2") € X x X | p(x) = p(z') ANd(z,2") < ¢p(p(z))} . (2.37)

Using the description (2.26) of Cj, one checks that the set of entourages Uy indexed by
such functions satisfying lim,_,o, ¢(n) = 0 is cofinal in Cp,.

Fix a function ¢. Using Corollary 2.50, it is enough to show that (Xy,,Zy,) is
relatively flasque over Nyin min. So our task is to define the witness f satisfying the
conditions listed in Definition 2.48. We define the set map

X=X x— ‘Ifmin(l,qs(p(x)))(ﬂﬂ) .
Note that

FH(@) = Urnin(t ko(p(a)) () (2.38)

for all ¥ in N and z in X by Condition (4). Fix an element M in N that is larger
than the Lipschitz constant of . Observe that for any two points z, 2’ in X, satisfying
d(z,2") < M¢(n) we have (x,2") € U}' since d is a path metric.

We now check that f satisfies the conditions of Definition 2.48.

1. Since d(z, f(z)) < M min(1, ¢(p(x))), we have (z, f(z)) € U}" for every z in X. Hence
f is close to idx. This implies that f is a morphism of bornological coarse spaces.

2. The property f(Z) C Z is immediate from Condition 3.

3. Since every entourage of X, is contained in U, é) for some [ in N it suffices to consider
such entourages. By Condition 6, we have fN‘l(Ué)[Z]) C Z for every [ in N.

4. As in 3, it is sufficient to consider entourages of the form Uqﬂ. Since M bounds the
Lipschitz constant of ¥, we conclude from (2.38) that d(f*(z), f*(2")) < Md(z,2’).
Hence Upen (f x f5)(UL) € UM,

5. If B is a bounded subset of X}, then p(B) C [0,] for some [ in N. Since ¢ is positive,
we can choose k in N such that k- ¢(I’) > 1 for all I’ in [0,1]. Then BN f*(X) C Z
by (2.38).

6. For B and k as in 5 we have (J,,,, f7™(B) = Uen f7™(B). O
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Remark 2.52. An alternative way to show Proposition 2.51 is to use the equivariant
version of the Homotopy Theorem [6, Thm. 5.26]. It suffices to show the equivalence
after restriction along ¢ from (2.8). Then [6, Thm. 5.26] applies since the inclusion
S X Z — S x X is a uniform homotopy equivalence. However, note that the proof given
above is considerably simpler than the proof of [6, Thm. 5.26]. ¢

As explained in the outline of the proof of Theorem 2.37, we must show the theorem for
G-simplicial complexes W over N which are disjoint unions of d-dimensional simplices.
Such a complex can be written in the form

w =[] 7. x A,
neN

where (T7,), is in [Jy GSet. We then form the object W}, in GBC),,,,, ... by applying
Construction 2.36.

Proposition 2.53. If the stabilisers of Ty, belong to F for all n, then Wy, is (E, F)-proper.

Proof. Let W’ be the subspace of W given by the barycentres of the simplices. We claim
that Proposition 2.51 applies to the inclusion of W’ into W. Assuming the claim, we can
conclude that W}, is (E, F)-proper if and only if W] is (E, F)-proper. The proposition
then follows since W} is (E, F)-proper by Corollary 2.47.

In order to show the claim we must construct the map ¥: [0,1] x W — W. We define
¥ on each simplex of W separately. Using barycentric coordinates x and the barycentre
b, we define ¥ such that it acts on a simplex by

U, (2) = {x—min(l,ﬁ)(aj—b) z#b |
: ; 7

where ||—| is the Euclidean distance in R¢*l. The map ¥ moves the points of the
simplices with unit speed straightly towards the barycentres and then stops. One checks
that ¥ satisfies the conditions listed in Proposition 2.51. For Condition 5 and Condition 6,
one can use, for simplicity, the Euclidean metric since it is bi-Lipschitz equivalent to the
spherical metric. O

Proof of Theorem 2.37. We proceed by induction on the dimension of W. The 0-
dimensional case is covered by Corollary 2.47.

Suppose that W is d-dimensional with d > 0 and let sky—1 (W) denote the (d — 1)-
skeleton of W. We claim that there exists a pushout
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EWe(—, (I,en Tn x 0AY)),) —— EV®(— skq_1(W)y) (2.39)

| |

EVe(— (Ipen Tn x AY)p) ——— EVe(— w),)

of functors from PSh(GOrb) to M, where T, is the G-set of d-cells in W,,. Here we
consider [, cn Ty x A, T, cn Tr x A and sky—1 (W) as simplicial complexes over N
in their own right and equip them with the bornological coarse structures obtained by
applying Construction 2.36.

Assuming the claim, the projection p: ExG — * induces the following commutative

diagram
EVe(x,(I,yen Tn % 0A%);) EVe(x,skq_1(W)n)
Po
EVo(ExG, (I,en Tn X 0AY)) l EVe(ExG,sky_1(W)n)
h EVo (s, (I1,0en T x A%)n) ‘ EVe(x, W),)
p.
EV®(ExG, (,en Tn X A1) EVe(ExG, W)

in which the front and back faces are pushouts. The maps ps and py_1 are equivalences
by induction hypothesis. The map pa is an equivalence by Proposition 2.53. Then py is
also an equivalence, which is precisely the assertion of the theorem.

The remainder of this proof is devoted to the construction of the pushout square in
(2.39). Let Z be the topological subspace of W consisting of the disjoint union of the
%—rescaled top-dimensional simplices. Denote by 0Z the boundary of Z. We let Zj, and
07y, denote the objects of GBCn obtained by equipping both subsets with the
induced bornological coarse structure from Wj,.

min,min

We have an isomorphism [[, .y T X% A? 22 7 of G-simplicial complexes over N. But
note that the original coarse structure Cr(z) coming from the left-hand side is in general
smaller than the original coarse structure on Z induced from the original coarse structure
Cro(x) on X. So this isomorphism of simplicial sets in general only induces a morphism
(HneN T, X Ad)h — Zp in GBC/N
equivalence of functors

. By Lemma 2.45, it nevertheless induces an

min,min

EVe(— (T] T x A%)n) = EY®(—, Z4) . (2.40)
neN

Analogously, we have an equivalence

EVe(— ([] Tn x 0A%Y),) = EY®(—,02y) . (2.41)
neN
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Let Y be the complement of the interior of Z so that W =Y UZ and Y NZ =9Z. In
the following, we argue that (Y, Z) is a coarsely excisive pair in W},, see Definition 2.41.

Recall that the coarse structure Cj, of W), admits the cofinal set of entourages of the
form Uy introduced in (2.37). Using the fact that the metric on W is a path metric, we
have

UslZ]NUs[Y] C Ugl0Z] .

This verifies Condition 2.41.1.

In order to verify Condition 2.41.2, we show that the inclusion ¥ — Uy[Y] is an
equivariant coarse equivalence. To this end we must construct an inverse of the inclusion
up to closeness. On Y this inverse will be the identity. In order to define it on Ug[Y]\Y,
note that by our conventions about G-simplicial complexes, if g in G fixes a point in the
interior of a simplex, then it fixes a whole simplex. For every orbit [w] in (Uy[Y]\Y)/G,
we choose a representative w. Then w lies in the interior of some d-simplex. We define
the inverse such that it sends w to some point y in Y which belongs to the same simplex
and satisfies (w,y) € Uy,. Since the stabiliser of y contains the stabiliser of w, the map
can then be extended equivariantly to the whole orbit. Doing this construction for every
G-orbit separately gives the desired inverse on Ug[Y]\ Y.

We proceed similarly in order to show that Y NZ — UglY NZ] and Uy [Y]NZ —
Us[Ug [Y] N Z] are coarse equivalences for all ¢ and ¢’. This verifies Conditions 2.41.3
and 2.41.4.

Since (Y, Z) is a coarsely excisive pair in W}, and E®(A, —) is a coarse homology
theory for every A in PSh(GOrb) by Proposition 2.44, we have a pushout square

EVe (- 07),) —— EV®(—,V3) (2.42)

J |

EVe(— 7)) —— EVo(— W},)

of functors from PSh(GOrb) to M.

Using the equivalences (2.41) and (2.40), we can replace the left part of this pushout
square by the left part of the square in (2.39). In order to replace the right upper corner
of the square in (2.42) by the corresponding right upper corner of the square in (2.39),
it only remains to show that the inclusion j: sky—1 (W), — Y}, induces an equivalence

Gu: EV®(— sky 1 (W),) = EV®(—Y;,) . (2.43)
We want to apply Proposition 2.51 to the subset skq_1 (W) of Y. We must define the

deformation retraction ¥: [0,1] x Y — Y. On skq_1 (W), we let U be the constant
homotopy. On Y \ skq_1 (W), we define ¥ on each d-simplex of W separately using
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barycentric coordinates x and the barycentre b. The restriction of ¥ to the intersection
of a simplex with Y is given by

(z —b)

Ue(x):=b+ min(s,a(x))m ,

where a(z) is defined by

2 = bl

——— |1=0,...,d} .
(d+1).’L’Z—1|Z ’ 7}

a(z) := min{
This map moves the points with unit speed on the rays from the barycentres towards
the boundary of the simplices and then stops after the hitting time a(z). Observe that
U is well-defined since it does not move points on the boundary of d-simplices.

One again checks the conditions listed in Proposition 2.51. Using that the spherical
metric is bi-Lipschitz equivalent to the Euclidean metric on the simplices, one can again
use the latter metric to check Conditions 5 and 6. In order to see that the hitting
time is Lipschitz, note that there exists a neighbourhood of b which is contained in the
complement of Y.

By Proposition 2.51, we get an equivalence

gl BV (= skq_1(W),) = EVe(—Y}) | (2.44)

where skq_1(W)), denotes skq—1(W) equipped with the bornological coarse structure
induced from Y}, or equivalently, from W},. The identity of underlying sets is a morphism

Skdfl(W)h — Skdfl(W);L (2.45)
in GBC/N,,,, nin- We want to show that
EYo(— sky 1 (W)y) — EV®(— sky_1(W)}) (2.46)

is an equivalence. For d > 1 we have a bijection o (skg—1(W)) — mo(W). This implies
that the intrinsic original coarse structure on skq_1 (W) coincides with the one induced
from W, see Construction 2.36. In particular, for d > 1 the morphism in (2.45) is an
isomorphism and (2.46) is an equivalence.

It remains to consider the case d = 1. We fix A in PSh(GOrb). By u-continuity of
the functor E'®(A, —) (see Proposition 2.44.(5)), it suffices to show that

colim EV®( A, sko(W)y) — colim EV®(A, sko(W)y) (2.47)
U€eCh Uec;,

is an equivalence, where Cj, and Cj, denote the coarse structures of sko (W), and sko(W)),.
Since the metric space sko(WW) (with metric induced from W) is uniformly discrete,
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for every U in Cj or C; there exists n in N such that Uy is diagonal (see

0,n](skg(W))
Definition 2.23.(3) for the notation cjg ). By Lemma 2.24, we have an equivalence

EV&(A, co.n)(sko(W))) =2 E"®(A, sko(W)y) .

We conclude that the diagrams under the colimits of both sides of (2.47) are essentially
constant with value E"®(A, sko(W )diag(sko(w))). Combining the equivalences (2.46) and
(2.44), we get the desired equivalence in (2.43). O

Remark 2.54. Recognising the coarse structure C, of W} as a hybrid structure (see
Remark 2.35) and using the same reduction steps as in Remark 2.52, the claim that
(2.39) is a pushout square is a consequence of an equivariant version of [6, Thm. 5.22],
see also [6, Sec. 5.5]. Again, we provided a self-contained argument for the reader’s
convenience. ¢

3. Controlled objects as a symmetric monoidal functor

Proposition 2.33 provides a road map to the proofs of our main theorems. Given a
left-exact oo-category with G-action C and a finitary localising invariant H (see Defi-
nition 1.5), we need to extend the functor HC¢ (see Definition 1.8) from GOrb to a
functor HV defined on G-bornological coarse spaces as required in Proposition 2.33, and
we need to define a transfer class. Since our constructions of transfer classes, which are
discussed in Sections 5 to 7, rely on Theorem 2.37, the functor HV should be a hyper-
excisive equivariant coarse homology theory. Such an extension HV of HC¢ in terms of
controlled objects in C has been constructed in [4]. We will recall this construction in
Section 3.1.

The main goal of this section is to equip HV with a suitable weak module structure.
After collecting some auxiliary results in Section 3.2, we will show in Section 3.3 that
the categories of controlled objects from [4] admit a lax symmetric monoidal refinement.
Section 3.4 then uses this lax symmetric monoidal structure to define the desired weak
module structure.

3.1. Controlled objects in left-exact co-categories

We start with reviewing various classes of oo-categories which we will use in this
section.

By Cat., we denote the large oco-category of small oco-categories. It contains the
tLeX

large oo-category Caty’, of small left-exact oo-categories, i.e., pointed oco-categories
admitting finite limits, and finite limit-preserving functors. The latter in turn contains
the full subcategory Catlggf;’perf of idempotent complete objects.

We denote by Pra* the very large, essentially large oo-category of pointed, compactly

generated presentable oco-categories and left adjoint functors which preserve compact
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objects. We regard Pr(];* as a subcategory of the very large co-category CAT , of large
oo-categories by sending C to C°P. Define Catlgo]%i( as the image of this inclusion functor.

This means that Cat“PX is the very large, essentially large co-category of opposites

00, %
of pointed, compactly generated presentable oco-categories and right adjoint functors

which preserve cocompact objects. In particular, all objects of Catggi(
cplt
00, *

are complete.

Therefore, Catl(;gf is contained in the very large co-category CAT of large, complete

oo-categories and limit-preserving functors.
The pro-completion functor Proy,: Cati‘sf; — CatI;oE’i( restricts to an equivalence

Proy,: Catl(;oef;’perf = CatrgoEjf .
The inverse of the latter is given by the functor
(—)“: CathfX — Cathoret
which takes the subcategory of cocompact objects. The composition
Idem := (—)“ o Pro,,: Cati‘gfi — Catggﬁpcrf

is the idempotent completion functor.
The following diagram provides a quick overview on the various co-categories intro-
duced above and the functors relating them:

Idem
CatlyP™! — - — = = — - — 5 Catl) » Catee (3:1)
I Pro,,
2 (= = . -
4 ~ <
Cat[Y - - -5 CATZL - - 5 CATL, » CAT,

The solid part and the dotted parts commute separately, and the arrows labelled with
C are fully faithful.

We now recall the key definitions of [4, Sec. 3].

For a set X, let Px denote the power set of X. We regard Px as a poset with respect
to subset inclusions. It gives rise to a functor

P*: Set’® — Cat (3.2)

which sends X in Set to the poset Px and a map f: X — Y to the inverse image map

f~': Py — Px. We define the presheaf functor as the composition

PSh: Set x CAT.. 274, 0ato? x CAT.. Y Cat® x CAT. T CAT.. |
(3.3)
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where we regard P* as Cat.-valued via the nerve functor (which we will usually drop
from notation). This functor sends X in Set and C in CAT, to

PShc(X) := Fun(P, C)

in CAT,. The category C will be called the coefficient category. By functoriality, we
obtain an induced functor

PSh: GSet x Fun(BG,CAT,) — Fun(BG,CAT,,) . (3.4)
The forgetful functor u: GCoarse — GSet and the inclusion
it CAT®" — CAT (3.5)
induce the functor

u x i: GCoarse x Fun(BG, CAT" ) — GSet x Fun(BG, CAT.,) . (3.6)

Precomposing PSh from (3.4) with this functor, the resulting functor factors through
the functor

PSho (u x i): GCoarse x Fun(BG, CAT®") — Fun(BG, CAT2") . (3.7)

We will again use the notation PShe(X) for the value of PSho (u x i) on (X,C) in
GCoarse x Fun(BG, CAng%i).

Let X be in GSet. Given an entourage U on the set X, a subset B of X is called
U-bounded if B x B C U. We denote by P{P? the subposet of Px consisting of all
U-bounded subsets of X. Let C be in CATZE}EF. A presheaf M in PSh¢(X) is called a
U-sheaf if M (&) ~ 0 and the commutative diagram

M‘pgbd,op
pibder _~__, C (3.8)
78

L

|
PSP

exhibits M as a right Kan extension of its restriction to Pgbd’()p [4, proof of Lem. 3.2.10].
Let now X be in GCoarse. Then consider the full subcategory She(X) of PShe(X)

spanned by the presheaves which are U-sheaves for some coarse entourage U of X. By [4,

Cor. 3.2.23 & 3.2.26], the collection of subcategories of sheaves forms a full subfunctor

Sh: GCoarse x Fun(BG, CAT®" ) — Fun(BG, CATLY)
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of PSho (u x 7). Note that the subcategories She(X) of PShe(X) are only closed under
finite limits in general.
In the following we recall some constructions from [4, Sec. 3.5]. In [4], the coefficients

LEX

were assumed to belong to Cat but everything needed in the following extends

0O, % )
verbatim to coefficients in CAT‘;E};. For the moment we fix X in GCoarse and C in
CATf)gfi. Let U be a G-invariant entourage of X which contains the diagonal. The
U-thinning functor

U(-): Px = Px, Y UY):={reX|U[{z}]CY} (3.9)

is right adjoint to the U-thickening U[—] defined in (2.2). For a V-sheaf M, the composite
M oU(—) is a U~V U-sheaf by [4, Cor. 3.2.25], so U-thinning induces an endofunctor

U.: She(X) = She(X), M(=)— MoU(-).
Since U(Y') CY for every subset YV of X, there exists an induced natural transformation
oY id — U..
We consider the collection of morphisms

Wx.c = {M 25 UM | U e %™, M e She(X)} (3.10)

in She(X), where C)CE’A = {U € C§ | diag(X) C U}. As shown in [4, Prop. 3.5.3], the
Dwyer—Kan localisation

Ve(X) = Shc(X)[W)Zlc]

is also the localisation of Sh¢(X) at Wx ¢ in CAngj;. In other words, the canoni-

cal functor Sha(X) — V(X) satisfies a universal property in CATL® which is the

00, %
analogue of the universal property of the Dwyer—Kan localisation in CAT.,. By [4,
Lem. 3.6.2 & 3.6.5], this construction gives rise to a functor

V: GCoarse x Fun(BG, CAT®") — Fun(BG, CATLY) . (3.11)

Later, we will also need a similar localisation construction for the presheaf functor in
(3.4) which we describe next. For X in GCoarse and C in Fun(BG, CAT), both
the functor U, and the natural transformation Y are also defined on PShg(X) in
Fun(BG, CAT ). So we may consider the collection of morphisms

—~ U
Wx.c = {M 25 UM | Uec$®, MePShe(X)} (3.12)
in PShc(X). The Dwyer—Kan localisations

Ve(X) := PShe(X)[Wi ]



U. Bunke et al. / Advances in Mathematics 489 (2026) 110788 51

for all X in GCoarse and C in Fun(BG, CAT,,) assemble to a functor
V: GCoarse x Fun(BG, CAT,.) — Fun(BG, CAT,.) (3.13)

since the proof of [4, Lem. 3.6.2] extends verbatim to the present case, replacing the
left-exact localisation with the Dwyer—Kan localisation. Using [4, Prop. 3.5.3] and [4,
Lem. 3.6.2] with the left-exact localisation, we see that if we restrict the coefficients
along the inclusion i: CAT‘;’}& — CAT,, then we get a functor

V o (id xi) : GCoarse x Fun(BG, CAT®" ) — Fun(BG, CAT=™) . (3.14)

The natural transformation Sh — PSh o (u x ) induces a natural transformation Vo
Vo (id xi). Let X be in GCoarse and C be in Fun(BG, CAT';E}EF).

Lemma 3.1. The canonical functor \AfC(X) — VC(X) is fully faithful.

Proof. Let {x : PShc (X)— \N/'C(X) denote the localisation functor. By the same argu-
ment as for the localisation £x: Shc(X) — Ve(X) in [4, Prop. 3.5.3], one shows that
there are natural equivalences

colimycea Mappgp (x) (M, U N) ~ Map\“fc(x)(zX(M), (x(N))

for all M, N be in PShe(X). The mapping spaces in \A/'C(X) can be computed by the
same formula [4, Prop. 3.5.3]. Since Sh¢(X) is a full subcategory of PShg(X), the
lemma follows. O

Corollary 3.2. The natural transformation V> Vo (id x7) is the inclusion of a full
subfunctor.

For the discussion of small sheaves we further restrict the category of coefficient cat-

LEX
00, *

egories to the subcategory Cat of CAT(C};}';. In fact, in order to ensure functoriality
of the constructions below with respect to the coefficient categories it is crucial that the
functors in CatI;oE,i( preserve cocompact objects.

Let X be in GBC and C be in Fun(BG,CatIgoE,i(). We can evaluate She on the
underlying coarse space of X. We then use the bornology Bx of X in order to define a
full subcategory of sheaves by adding the condition that the values on bounded subsets
are cocompact. Recall that an object is called cocompact if it is compact in the opposite
category.

An object M in She(X) is called small if the evaluation M (B) is cocompact in C for
every B in Bx. The full subcategory Shi;man(X ) of small sheaves is an object of Catg;’f‘*

[4, Lem. 3.4.27]. We obtain by [4, Lem. 3.4.31] a full subfunctor

Sh***!': GBC x Fun(BG, Cat")') — Fun(BG, Cat’L%)
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of Sho (v x j), where v: GBC — GCoarse is the forgetful functor and

j: Catily — CATSE! (3.15)

00, *

is the inclusion. Localising at Wx ¢ N ShE*(X), we get the left-exact category with
G-action

Ve(X) = Shg™!(X)[(Wx.c N Shg™! (X))~ !]

in Fun(BG, Cati’f”;). By [4, Cor. 3.5.12, 3.6.3 & 3.6.6], the collection of these categories
for all X and C forms a full subfunctor

V: GBC x Fun(BG, Cat’) — Fun(BG, Cat’%) (3.16)

of Vo (v x 7).

Let GBC™" be the full subcategory of GBC spanned by the G-bornological coarse
spaces with minimal bornology, i.e. with the bornology given by the collection of finite
subsets. Then the continuous version V¢ of the functor V is defined as the left Kan
extension of V along the vertical inclusion functor in

GBC™ « Fun(BG, CatgoEff) L Fl.ll’l(BG, Cat};oeffk) (317)

|

GBC x Fun(BG, Cat’"))

Remark 3.3. A subset I’ of X is called locally finite if its induced bornology is the
minimal one, or equivalently, if F' with the induced bornological coarse structure belongs
to GBC™". By [4, proof of Lem. 5.1.16], V&(X) is the full subcategory of Vo (X) on
objects i,M, where i: FF — X is the inclusion of a locally finite subset and M is an
object in Vo (F'). 4

We define VoPe'f a5 the composition

vered: GBC x Fun(BG, Caty™X) Y5 Fun(BG, Cat's)

190, Fun(BG, Catleret) . (3.18)

Definition 3.4. We define the functors

vereh,G . limoverert  and Vgperf := colim oVe&rert
BG BG

from GBC x Fun(BG, Cat}FY) to Cati P, ¢
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If H is a finitary localising invariant (see Definition 1.5), then we know by [4,
Cor. 5.3.13] that HVC’perf is a hyperexcisive equivariant coarse homology theory. By
[4, Prop. 5.4.5], it extends HCg¢. More precisely, note that in Definition 3.4 of Vgperf,
one can switch the order of applying the colimit functor and the idempotent completion
functor. Then one can use the cited results from [4] since the natural transformation
H — H olIdem is an equivalence.

The result that we will use in Sections 5 to 7 is the following. Recall the notion of a
weak module structure from Definition 2.28. Let C be an object in Fun(BG, CatLEX).
As before, we write Vc perf  for the evaluation of V&Perf:G at the left-exact oo-category
SpciP considered as an obJect in Fun(BG, CatLEX) with trivial G-action. Similarly, we

write V& perf for the evaluation of Vgperf at C.

Theorem 3.5.

. The functor Vc peﬂiG is my-excisive.
. There is an equwalence VC perf G( x) ~ Fun(BG, Spcy™®).
. The functor V§ perf admzts a weak Vg peﬁia—module structure (n, p1).

. Under the Zdentzﬁcatwn from Assertwn 2, the morphism n: Spc®® — VEPILE (4 i,
* Spcs
Assertion 3 corresponds to the unique left-exact functor Spci?” — Fun(BG, SpciP®)

B WO~

sending S° to S°, the pointed space S° with the trivial G-action.

Any reader who is willing to accept Theorem 3.5 on good faith may directly skip
ahead to Section 4.

We will derive Theorem 3.5 from a highly structured result. Both V and V¢ refine to
lax symmetric monoidal functors (Propositions 3.15 and 3.16). The theorem will then
follow from the general observation that the G-orbits of a module with G-action become a
module over the G-fixed points of its coefficient algebra (see Construction 3.22). Proving
these assertions is the goal of the subsequent sections.

3.2. Monoidal preliminaries

In analogy to (3.1), we have a diagram

Idem
Catiﬁ’:perf 77777 . - Catg‘oe”; > Caty, . (3.19)

= — — 5 CATYP" — — 5 CATX » CAT

w,*
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It can be obtained from (3.1) by applying (—)°P. In the following we describe the en-
tries. By Catl(:‘o'iX we denote the large co-category of right-exact co-categories (i.e., small,

*

pointed oco-categories admitting finite colimits), and finite colimit-preserving functors.

Perf of idempotent complete right-exact oo-

It contains the full subcategory Catiﬁ’;
categories.

The ind-completion functor Ind,, : Cat?oe”fk — Prk

W, *

restricts to an equivalence
. Rex,perf = L
Ind,,: Cat5, — Pr,, .
Its inverse

(—)®: Pr;, — CatlooPe

cocplt
00, *

is the functor which takes the full subcategory of compact objects. By CAT we

denote the very large oo-category of large pointed cocomplete co-categories and colimit-
Rex

preserving functors. It is contained in the co-category CAT 77} of large right-exact oo-
categories and finite colimit-preserving functors. Finally, the right-exact version of the

idempotent completion functor is the composition
Idem := (—)? o Ind,, .

We now recall the symmetric monoidal structures on Catlggf;, Catlgocf;’pcrf and Cat&ff.
We will actually first discuss the right-exact case for which there is a good supply of
references. Then we translate to the left-exact case by applying the functor (—)°P.

In what follows, we regard Cat., as a symmetric monoidal co-category with respect
to the cartesian symmetric monoidal structure. We let Cat?jx denote the subcategory
of Caty, of small oo-categories which admit all finite colimits (we will also say finitely
cocomplete), and finite colimit-preserving functors. Applying [43, Cor. 4.8.1.4] to the
collection of finite simplicial sets, we obtain a symmetric monoidal structure ® on Catf‘oex
such that the forgetful functor Catlcj‘oeX — Cat,, is lax symmetric monoidal. It follows
from the definition of the symmetric monoidal structure on Cat2®* in [43, Not. 4.8.1.2]

that the structure map

CxD—=C®D

of the lax symmetric monoidal structure on the functor Cat2®™ — Cat,, is the initial
transformation among functors which preserve finite colimits in both variables separately.

Applying [43, Rem. 4.8.1.9], defining a lax symmetric monoidal functor M — Cate*
is equivalent to giving a lax symmetric monoidal functor M — Cat, which takes values
in CatoRc‘fx and has the property that all structure maps preserve finite colimits in each
variable separately.
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Let Spcﬁn denote the smallest full subcategory of Spc which contains the final object
and is closed under finite colimits. This category enjoys the universal property that
evaluation at the final object induces an equivalence

Fun®**(Spci*,C) ~ C (3.20)
for every finitely cocomplete co-category C [43, Rem. 1.4.2.6]. Using the exponential law
Fun(C x Spc™, D) ~ Fun(C, Fun(Spci®, D))

and the universal property of the tensor product in Catop”oex for the first equivalence
below, this implies for all C, D in Catopfx that

Fun®*(C @ Spc™, D) ~ Fun"™(C, Fun®**(Spc™®, D)) ~ Fun®*(C,D) . (3.21)

n

In particular, Spci™ is a tensor unit in CatoRoeX.

In the following we extend the above to pointed categories. Note that Catl;fx is a full

2k

subcategory of Cat®*. Following [23, Constr. 5.1.1], we show:
Lemma 3.6. There is an adjunction

— ®Spc™: Catl> = CatORf)’fk :incl .

Furthermore, Catgoe”; has a symmetric monoidal structure such that the functor — ®
Spc]{jn has a symmetric monoidal refinement, and the functor incl has a lax symmetric
monoidal refinement.

Proof. We will show that Spc{;m ® Spcgrl ~ Spcfrl and that the essential image of the
functor — @ Spcfi™: Cat}}f" — Cat?jx is Cati‘i’i. Then [43, Prop. 4.8.2.7] implies all
assertions.

Restriction along the functor

Spc™ — Spefi | X (v = X Ux)
induces an equivalence

(3.20)

Fun®*(Spcfi®, D) ~ Fun®™*(Spci®, D) (3.22)

Rex
00, %"

Next we show that for every C in Ca

for any D in Cat

the tensor product C ® Spct™ is pointed.

We will employ the fact that the initial object @p in a finitely cocomplete co-category

Rex
t [e%S)

D is also terminal if and only if the constant functor constg, : D — D with value @p is

adjoint to itself. Since Spcfjn is pointed, its endofunctor constg is adjoint to itself.

pci;m
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Using that C ® — preserves adjunctions, we see on the one hand that C® constey g, is
also adjoint to itself. Since C ® — preserves the empty colimit, we see on the other hand
that C ® constg, 4, ~ consty_ . . Hence C® Spcl™ is pointed.

Rex
00, %

For every D in Cat we have a natural equivalence

Fun"**(C @ Spcf®, D) ~ Fun™™(C, Fun®**(Spci”, D))

where the first equivalence is seen similarly as in (3.21). If C was already pointed, then
this equivalence for arbitrary D provides an equivalence C ® Spcffn ~ C. Applying this
relation for C ~ Spc™ we obtain the desired equivalence Spc™ @ Spef™ ~ Spefin.
Furthermore, the essential image of — ® Spci™ is Catiﬁﬁ. O

Rex

00, %

to a lax symmetric monoidal functor M — Cat, which takes values in C'atORoC)’fk and

Lemma 3.7. The datum of a lax symmetric monoidal functor M — Cat is equivalent

whose structure maps preserve finite colimits in each variable separately.
Proof. The composition of inclusions
incl
Catf‘oef; 2% Cat®™ - Cat., (3.23)

is lax symmetric monoidal by Lemma 3.6 and the preceding discussion. In addition, we
know that the structure maps of the lax symmetric monoidal structure of (3.23) preserve
finite colimits in each variable. Therefore, by postcomposing with (3.23), a lax symmetric
monoidal functor M — Cat?oe”,i gives a lax symmetric monoidal functor M — Cat
with the desired properties.

For the converse, let M — Cat., be a functor with the listed properties. As discussed
above, it gives rise to a lax symmetric monoidal functor F: M — Catgoex. Since F' takes
values in CatORci’i, the unit of the adjunction in Lemma 3.6 provides an equivalence

F(-) =~ F(-) & Spc™ .

Since the functor — ® Spc]{jrl in Lemma 3.6 is symmetric monoidal, we see that the
right-hand side of this equivalence and therefore F' is actually a lax symmetric monoidal
functor M — Catgjﬁ. O

The inclusion of the full subcategory Catl;{oe,’:perf of Cat®** spanned by the idempo-

o0, %

tent complete right-exact oco-categories is the right adjoint of a localisation
Rex Rex,perf | :
Idem: Cat.S”, — Cat """ :incl .

Unwinding universal properties, the canonical functors C — Idem(C) and D — Idem(D)
induce an equivalence
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Idem(C ® D) = Idem(Idem(C) ® Idem(D))

for all C and D in Cat}}oﬁ’;. It follows from this equivalence that Idem is compat-
ible with the monoidal structure in the sense of [43, Def. 2.2.1.6 and Ex. 2.2.1.7].

By [43, Prop. 2.2.1.9], we conclude that Catgoe”:perf inherits a symmetric monoidal
o

Spc® ~ Idem(Spci™), the tensor unit is given by the object Spc® of Cat?ﬁ’i’perf.

structure from Ca and Idem acquires a symmetric monoidal refinement. Since

The functor Ind,,: Catgoe”:perf — Prb* is an equivalence of categories with inverse

(—)eP: PrIL;* — Catiﬁ’i’perf. By transport of structure, we obtain an induced symmetric

monoidal structure on Prgﬁ* such that Ind, and (—)°? become symmetric monoidal
L

equivalences. The tensor unit of the structure on Prg , is given by the object Spc,.

The functor (—)°P taking the opposite category identifies the categories CatI;si,
Catiff;’perf and CatI;OE;( with Catgci’;, Catiﬁ’i’perf and PI‘{;*7 respectively. By trans-
port of structure, the latter categories acquire symmetric monoidal structures such that
the functors Idem: Catggi — Cat{,'gj:p“f and Proy, : Cat{;ﬁfj;pcrf = Cat{.‘ff admit sym-

metric monoidal refinements.

Remark 3.8. It is a consequence of the version of Lemma 3.7 for large categories that a
lax symmetric monoidal functor M — CATIC;;’; is the same as a lax symmetric monoidal
functor F': M — CAT, which takes values in CATI(;OCf; and has the property that all
structure maps preserve finite limits in each variable separately. It suffices to checks this
property for the structure maps F(M) x F(M') — F(M ® M) for all M and M’ in M.

The unit constraint of F' (as a lax symmetric monoidal functor with values in CAT )
is a functor u : * — F(x) determined by an object u(x) in F'(x). Then the unit constraint
of the corresponding lax symmetric monoidal functor M — CAT](;S; is the essentially

unique left exact functor Spi™°P — F(x) which sends S° to u(x). 4

In the following we record the compatibility of Dwyer—Kan localisation with lax
symmetric monoidal functors. Let C be a symmetric monoidal oco-category, and let
F:C — Caty, be a lax symmetric monoidal functor. Assume that for every object
C in C we are given a class W¢ of morphisms in F(C). We say that a functor F'(C) — D
inverts W if it sends the morphisms in Wg to equivalences.

Remark 3.9. We use the language of co-operads developed in [43] to model symmetric
monoidal co-categories and lax symmetric monoidal functors between them. We will
use the language of oco-operads only in this section and the next. In this language, a
symmetric monoidal structure on an oco-category C is given by a cocartesian fibration of
oo-operads C® — Fin, together with an equivalence between C and the fibre C% of C®
over (1) in Fin,. A lax symmetric monoidal refinement of a functor F': C — D is then
given by an operad map F®: C® — D® together with an equivalence between F and
the induced map Ff% : C% — D%)

Let us also remark that the datum of a cocartesian fibration of co-operads C® —

X
[oop)

O is equivalent to an operad map O%® — Cat’, where the latter is equipped with
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the cartesian symmetric monoidal structure (combine Def. 2.1.2.13, Rem. 2.4.2.4 and
Prop. 2.4.2.5 of [43]).

Elsewhere in this paper, we will simply speak about symmetric monoidal co-categories
and lax symmetric monoidal functors. ¢

Lemma 3.10. Suppose:

1. F(C) £, F(C") — F(C"WG! inverts We for all morphisms f: C — C' in C;

2. F(C) x F(C") = F(C®C') = F(C & C"[Wga o] inverts We x Wer for all C, C'
in C.

Then there exists a lax symmetric monoidal functor F: C — Cats such that

1. the value of F at C is equivalent to the Dwyer—Kan localisation F(C)[Wg'];
2. for every morphism f: C — C', its image F(f) is essentially uniquely determined by

being part of a commutative diagram

rc) 20 peny
L,

in which the vertical maps are the localisation functors.

Proof. Consider F as a cocartesian fibration of co-operads F® — C®. For C'in C, let W ¢
denote the collection of all morphisms in F(C) which become invertible in F(C)[W].
Regard C® as a marked oo-category (C®,:C®) by marking all equivalences. Using the
equivalences F(%l,...,Cn) ~ F(Cy)x...x F(C,), each fibre inherits a marking W¢, x ... x
W, . Let W be the marking of F® generated by these markings (see [32, Rem. 2.1.2] for a
more explicit description). The assumptions ensure that this defines a marked cocartesian
fibration (F®, W) — (C%,:C?) in the sense of [32, Def. 2.1.1]. By [32, Prop. 2.1.4],
we get a cocartesian fibration of oo-operads F®[W~!] — C® such that FO[W!]c ~
F(C)[Wgwl] Since F(C)[W;'] ~ F(C) [W(;l}, this cocartesian fibration corresponds to
the desired functor F. 0O

The next lemma will be used in Section 3.4. Let C be a small monoidal co-category
and D be a cocomplete monoidal co-category. Let I be any small co-category. Then
Fun(C, D) becomes a monoidal co-category via Day convolution. As a reminder, the
tensor product of F' and F’ in Fun(C, D) is given by a left Kan extension
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F(-)@pF(-)
CxC—> "D, (3.24)
®CJ \
FQF’

C

where F(—) ®p F'(—) denotes the pointwise tensor product of the functors F' and F’.
Both Fun(I,D) and Fun(I, Fun(C, D)) carry an induced (pointwise) monoidal struc-
ture. The pointwise structure on Fun(I, D) in turn gives rise to a monoidal structure on
Fun(C,Fun(I, D)), again via Day convolution.

Lemma 3.11. The exponential law
Fun(C,Fun(I,D)) ~ Fun(I, Fun(C, D))
refines to an equivalence of monoidal co-categories.

Proof. We will show that the exponential law induces an equivalence between the oco-
categories of O-algebras for every oco-operad O over the associative co-operad which will
be denoted by A.

Let M be a cocomplete monoidal oco-category which we interpret as a cocartesian
fibration M® — A. As an oo-operad, the pointwise monoidal structure on Fun(I, M) is
given by the pullback

Fun(I, M)® := Fun(I, M®) Xpyn(,4) A -

Let O — A be a morphism of co-operads. The relative case of [43, Rem. 2.1.3.4] yields
a canonical equivalence

Algp, 4(Fun(I, M)?) ~ Fun(L, Algy, 4 (M?)) . (3.25)

Let N be a small monoidal oo-category and consider the Day convolution Fun(IN, M)® —
A as defined in [43, Ex. 2.2.6.10]. Then the universal property of Fun(N,M)® given in
[43, Def. 2.2.6.1] specialises to an equivalence

Therefore, we have equivalences

(3.26)
Algo, 4(Fun(C,Fun(I,D))®) "~ Alg oy ,co).(Fun(l,D)®)

(3.25)
~ Fun(I,Alg oy ,cey/4(D®))

(3.26)
~” Fun(I, Algy, 4(Fun(C, D)?))
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(3.25)

AlgO/A(Rln(Ia Eln(ca D))®) .

For a monoidal oco-category C, denote by Mod(C) the oco-category of (left) module
objects in C in the sense of [43, Def. 4.2.1.13]. Informally, an object of Mod(C) is a pair
(A, M) consisting of an associative algebra A and an A-module M. In particular, there is
a forgetful functor Mod(C) — Alg(C), where the target is the co-category of associative
algebras in C.

Corollary 3.12. There exists a commutative diagram

Mod(Fun(C, Fun(I,D))) =5 Mod(Fun(I, Fun(C,D)))

| J

Alg(Fun(C,Fun(I, D))) —— Alg(Fun(I, Fun(C,D)))

in which the horizontal functors are equivalences and the vertical arrows are the forgetful
functors.

Proof. Consider the associative oc-operad A and the oc-operad LM from [43,
Def. 4.2.1.7]. As explained in [43, Ex. 4.2.1.16], the oo-category of (left) module ob-
jects in a monoidal co-category M is given by

Mod(M) := Alg, /4 (M)
and the oco-category of associative algebras in M is given by
Alg(M) := Alg 4/ 4(M) .

Since A is a suboperad of LM, the forgetful functors arise by precomposition with the
inclusion A — LM. Applying Lemma 3.11 in the cases M = Fun(C,Fun(I, D)) and
M = Fun(I, Fun(C, D)) proves the corollary. O

3.3. Controlled objects as symmetric monoidal functors

In this section, we refine (most of) the functors whose constructions were recalled in
Section 3.1 to lax symmetric monoidal functors. Let

k:=ioj: Catl®X - CAT

o0, %

(see (3.5) and (3.15) for notation) denote the inclusion. Then we are looking for a refine-
ment of the functor

PSho (id xk): Set x Cat>'y — CatllY (3.27)
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to a lax symmetric monoidal functor such that the product M ® M’ of M in PShg(X)
and M’ in PShe/ (X') is given by a right Kan extension

PP P M e, (3.28)

| >

Pg(pxX’
where M®M’ denotes the composition
MeM': PP x P —-CxC -CxeC . (3.29)

Moreover, the unit constraint of the lax symmetric monoidal structure will be given by
the essentially unique functor Spcf:n’OID — PShgp,cor (x) sending S9 to the object

— S0
U: PP - Spe,, {* ’ (3.30)
O *

of PShSngP(*).

Proposition 3.13. There exists a lax symmetric monoidal refinement of PSho (id xk) in
(3.27) whose structure maps PShe(X) x PShe/ (X') — PShege (X X X') are given
by the formation of right Kan extensions as displayed in (3.29), and whose unit is given

by (3.30).
Proof. We consider the functor
P: Set — Cat

that sends a set X to the poset Px and a map f : X — Y to the image map f(—) :
Px — Py (note that the definition on morphisms is different from the functor P* in
(3.2)). The lax symmetric monoidal structure on the functor P is given by the product
maps

’PXx'Py*)’PXxY, (A,B)b—)AXB
together with the unit constraint
up: {x} = P ={0 — {x}}, = {x}.

We denote by Set™ the oco-operad corresponding to the symmetric monoidal cate-
gory Set with the cartesian structure. Similarly, we let Prfj,:? denote the oco-operad
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corresponding to the symmetric monoidal oco-category Prw . explained in Section 3.2

with the symmetric monoidal structure inherited from Catiﬁ’;’perf via the equivalence
Rex,perf 2 L
Ind: Cat P — Prg
We now consider the lax symmetric monoidal functor P as an operad map

P*: Set™ — Cat™ and form the fibre product of co-operads

0% :=Set* x Pr®.
Fin. ?

The projections to the individual factors of O%® induce operad maps
Q: 0®° - Pri? — CATL
and
P: 0% - Set* 275 Cat* — Cat’, .

As recalled in Remark 3.9, the operad maps Q and P correspond to cocartesian fi-
brations of oco-operads ¢: Q® — O® and p: P® — O%, respectively. Applying [43,
Constr. 2.2.6.7], we obtain a fibration of co-operads

r: Fun®(P,Q)® — 0% | (3.31)

where we use the notation Fun®(P,Q)® as in [43]. Since the functor Q factors over
Prh? by construction, the assumptions of [43, Prop. 2.2.6.16] are satisfied. Hence it
follows that r is a cocartesian fibration of co-operads.

The straightening of r is a lax symmetric monoidal refinement of a functor

R: Set x Pr,, — CAT,

Recall that the symmetric monoidal structure on CatLEX is induced from the symmetric

monoidal structure on Pr via the equivalence CaltLEX o~ Pr . The lax symmetric

Sk

monoidal refinements of the functors

Set x Catl”X X%, gep » prl | By caT,, 25 CAT., (3.32)

induce a lax symmetric monoidal structure on the composition. In the following, we
verify the conditions stated in Remark 3.8 to show that the functor in (3.32) refines to
a lax symmetric monoidal functor with values in CATLex

For X in Set and C in CaltLEX we have

R(X,C°)°P ~ Fun(PY, C) (3.33)

by [43, Rem. 2.2.6.8]. Since the right-hand side of (3.33) clearly belongs to CATLex the
values of the functor in (3.32) on objects belong to CATLCX



U. Bunke et al. / Advances in Mathematics 489 (2026) 110788 63

The last paragraph of the proof of [43, Cor. 2.2.6.14] provides the following description
of the lax symmetric monoidal structure of R. A point in Mulp ((X;, C;)i=1,... n, (Y, D)) is
given by amap f: X;x...xX,, = Y and a functor ¢: Cy x...xC,, — D which preserves
colimits in each variable separately and preserves compact objects. The structure map

®r0: |[R(X:, Ci) » R(Y,D) (3.34)
=1

sends a collection (M;)i=1,.. n of functors M;: Px, — C; to a functor M; ®
...QM,: Py — D which fits into a left Kan extension diagram

[[iei Px; — [[i=1 Ci

f()oxl

Py

D (3.35)

We need the special cases for n = 1,2 of this observation.

We start with n = 1. Consider morphisms f: X — Y in Set and ¢: C — D in
Prgy*. For M in R(X,C), the image R(f,¢)(M) in R(Y,D) is equivalent to the left
Kan extension

PXLCLD

ff
()J %«b)(m

Py

Since f(—) has a right adjoint, namely the preimage functor f~!, the equivalence from
(3.33) identifies this left Kan extension with the composition

po—o f~t: Fun(PY,C) — Fun(Py", D) . (3.36)

Since this is a morphism in CATE.f?;, the functor in (3.32) takes values in CAT];;B?; on
morphisms, too.

In the case n = 2, the left Kan extension from (3.35) corresponds to the right Kan
extension in (3.28). Since the structure maps of the lax symmetric monoidal structure
of the functor in (3.32) arise as right Kan extensions, they preserve finite limits in each

argument. Therefore, we can conclude by Remark 3.8 that the functor in (3.32) refines

to a lax symmetric monoidal functor with values in CATI(;f,X*.
Next we compute the unit constraint of the lax symmetric monoidal functor R. Recall
that the tensor unit of Set x Prl _ is given by the pair ({},Spc,) which we regard

W,k
,Spc., . .
as a functor pt {hSped) gop Prfj}’* between the fibres of the cocartesian fibration
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0% — Fin, over (0) and (1), respectively. Here we denote by pt a point in the fibre
of O% — Fin, over (0). The map r from (3.31) has fibre Fun({*}, {*}) = {x} over pt,
while the fibre over (¥, Spc,) is Fun(P,, Spc,).

Using the description of cocartesian lifts given at the end of the proof of [43,
Cor. 2.2.6.14], the unit constraint ug of R is given by the left Kan extension

{x} —>— Spe,

N

P. Z{o — *}

of the unit of Spc, along the unit constraint up of the lax symmetric monoidal structure
on P. Since up sends * to *, the pointwise formula shows that ug is the essentially unique
functor sending @ to * and * to S°.

The specialisation of (3.35) to the case n = 2 shows that the tensor product of
presheaves is given by the right Kan extension in (3.28). Furthermore, the preceding
calculation shows that the unit constraint is determined by the presheaf ¢ from (3.30).

The only thing left to show is that there is an equivalence of functors

R ~ Funo (P*° x incl): Set x Pry,, - CAT ,

where incl: Pr‘{j’* — CAT is the inclusion functor. As explained in [43, Rem. 2.2.6.8],
FunO(P, Q)® comes equipped with a morphism of co-operads «: FunO(P,Q)® X O®
P® — Q% Restricting to the fibres over (1) in Fin,, this morphism induces a morphism

: o ® ® ®
Qqiy: Fun (P, Q)<1> XO%) P<1> — Q<1>
of co-categories over (9%> ~ Set X Pra*. The morphism a% corresponds to a morphism

~ . o pP®
a: Fan® (P, Q) = (Qf)"

to the exponential object in CAT /08, - Since the functor P: Set — Cat takes values
in the subcategory of left adjoint functors, the morphism p: Pf% — (’J%> is both a

®
cocartesian and a cartesian fibration. It follows from [33, Cor. A.3.10] that (Q%>)P<1> is
given by the cocartesian unstraightening of the functor

*°P xincl

0% Cat® x CAT., ™ CAT., .

L P
1y = Set x Pr, .

Since R is defined as the straightening of Fun® (P, Q)%, it suffices to show that & is an
equivalence of cocartesian fibrations. It is a reformulation of (3.33) that & is a fibrewise
equivalence. Hence we are left with showing that @ preserves cocartesian morphisms. As
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explained above, a cocartesian lift g of a morphism (f, ¢): (X, C) — (Y, D) in Set XPI‘E’*
to a morphism in FunO(P7 Q)%> is a functor M: Px — C together with the data of a
left Kan extension

Px L C L D.
f(—)l
R(f,0)(M)

Py

Because of R(f,¢)(M) ~ ¢ o M o f~! ~ Fun(P*(f),$)(M) the morphism a(g) is

P

®
cocartesian in (Q%) (1), This completes the proof of Proposition 3.13. O

The forgetful functor u: Coarse — Set has a symmetric monoidal structure, and the
functor Catlgo]%f — CATI;(‘f”fk has a lax symmetric monoidal structure, so

PSho (u x k): Coarse x Cat%ﬁf — CATI(;?”;
also inherits a lax symmetric monoidal structure.
Proposition 3.14. The full subfunctor
Sh o (id xj): Coarse x CatI(;OEj — CAT{;?”;
of PSho (u x k) inherits a lax symmetric monoidal structure.

Proof. By [43, Prop. 2.2.1.1], it is enough to show the following:

1. the unit constraint Spci™°P — PShg,cor (%) takes values in the full subcategory
Shgpcor (%);

2. for My in She, (X1) and Mz in She, (X3) the tensor product M; @ Ms belongs to
Sh(X1 X XQ,Cl ® Cg)

For 1, first observe by inspection that the presheaf I described by (3.30) is a sheaf.
Since U is the image of S° under the unit constraint, Spci™°P is generated by S° under
finite limits, and Shgpeor (*) is closed under finite limits, we conclude that the unit
constraint takes values in Shgpeor (*).

For 2, we first choose coarse entourages U; of X; and Us of X5 such that M is a
Ui-sheaf and M; is a Us-sheaf. We will show that M; ® My is a U; x Us-sheaf. Recall
that M7 ® M, is given by the right Kan extension
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M1®M>
ng X,P;)(I; E— Cl®CQ s
X
J/ M1 QMo

le ><X2

where ® was defined in (3.29). Let M| and M} be the restrictions of M; and M, to
’P)[ébd’(’p and ’P)Igbd’()p, respectively. Since the functor C; x Cy — C; ® Cy preserves
limits in each variable separately and sheaves are characterised as right Kan extensions

(see (3.8)), M1@M, is a right Kan extension of the functor

M! x M)
M{@Mj: PPHoP x pEbAer 122 0 x €y — C1 @ Ca

along the upper horizontal map in the commutative square

PU1bd ,op P)Igbd,op s PE X PR (3.37)

U1><U2 bd ,op J op
-
7))(1><)(2 7D)(1><)(2

By definition, M; ® Mj is a right Kan extension of M| &M} along the composition along
the top right corner (right and then down) in (3.37). By commutativity of this square,
M; ® M, is also a right Kan extension of M{@)Mé along the composition along the
bottom left corner in (3.37). Since j is fully faithful, M7 ® Ms is also equivalent to the
right Kan extension of j*(M; ® M) and therefore a (U; x Usz)-sheaf. This finishes the
verification of Condition 2. O

Recall that by Corollary 3.2 the functor V in (3.11) is a full subfunctor of the functor
Vo (id x4) in (3.14).

Proposition 3.15. The functor
V o (id xk): Coarse x CatI(;OEf — CAT{;:;
has a lax symmetric monoidal structure such that the localisation PSh o (u x id) — A4
refines to a natural transformation of lax symmetric monoidal functors. The full sub-
functor
o (id xj): Coarse x Catgol%i( — CATI(;OE’X*

inherits a lax symmetric monoidal structure.
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Proof. We will first construct a lax symmetric monoidal structure on the functor Vo
(id x k) considered as a CAT o-valued functor. To do this, we check that the assumptions
of Lemma 3.10 are satisfied for PSho (u x k).

Condition 1 of Lemma 3.10 is satisfied since V is a functor.

In order to check Condition 2, let C be in CatI;oE,i(, M be in PSh¢(X) and M’
be in PShe/(X'). Let U and U’ be coarse entourages of X and X', respectively, and
consider 0{;: M — U, M in /V[vfx,c as well as 0V, M’ — U, M’ in AW/X/7C/. The functor
U.M @ U.M’ is given by the right Kan extension

U(=)xU'(-) MM’
PP x PP PP X PP —— s CaC
X
l U MU, M’

op
PXXX’

Since U(—) x U’(—) is left adjoint as a functor P x P, — PY x P, the functor
U.M®U! M’ is a right Kan extension of M®M’ along the product of thickening functors
Ul-] x U'[-]: P x P — PY x PY,. Consequently, U, M @ U.M' also fits into the
following right Kan extension:

MM’
P;}p xP})(p, — R C

UI-IxU'-] |

PE x PY
U.MQU. M’
<]
op
Pxxx:
Since
[=IxU’|

U —
P x pop Y pop  pon
lx

|
(UxU")[-]

op op
—d
7DX><X’ PXXX’

commutes, it follows that UM @ UM’ ~ (U x U"),.(M ® M'). Under this identification,
oY, ® 6, is given by 911{4%%/: MM — (UxU).(M® M'). Hence 65, @ 0%, lies in
Weeeo, xox- N

Now Lemma 3.10 yields the desired lax symmetric monoidal refinement of Vo (id xk)
considered as a CAT ..-valued functor.

In justifying (3.14), we already observed that the underlying functor of Vo (id x k)
takes values in CATI(;OC)X*. To see that \~70(id x k) defines a lax symmetric monoidal functor



68 U. Bunke et al. / Advances in Mathematics 489 (2026) 110788

with values in CATL™ | Remark 3.8 reduces the problem to showing that the structure

00, %

maps
Ve(X) x Vo (X') = Vege (X @ X')

preserve finite limits in each variable separately. We fix an object M in PSh¢(X) and
consider the following diagram:

PSho (X)) 27, PShege (X ® X')

~ L Me— )
Vo (X)) ——— Vego (X @ X7)

where ¢, ¢/ and ¢” are the localisation maps. The lower horizontal map and the filler of
the diagram are obtained from the universal property of ¢’ as a localisation since the
composition along the top right corner sends all morphisms in WX/,C/ to equivalences.

By Proposition 3.13, the structure maps of PSh o (id xk) preserve finite limits in
each variable separately. In particular, the upper horizontal map preserves finite limits.
Since ¢ is a left-exact localisation [4, Prop. 3.5.3], it follows that ¢’ and the composition
" o (M ® —) are left-exact. Using the universal property of ¢’ as a localisation in left-
exact oo-categories, we now conclude that also the lower horizontal map is left-exact.
For reasons of symmetry, the same argument applies to the functor — ® M’ with M’ in
PShe/ (X).

By Remark 3.8, the unit constraint of V o (id x k) viewed as a lax symmetric functor
with values in CATL®® is given by the composition

Spci™ P 5 PShgycor (+) — Vpeor (%) (3.38)

where the first left-exact functor is essentially uniquely determined by the fact that it
sends SY to the sheaf U in (3.30).

The last assertion of the proposition follows in analogy to Proposition 3.14 by [43,
Prop. 2.2.1.1]. Since U is a sheaf, the unit constraint given by (3.38) takes values in the
full subcategory \Afspcgkp(*), and by Proposition 3.14 the tensor product of sheaves is
again a sheaf. O

Following the constructions outlined in Section 3.1, we now use bornologies to impose
finiteness conditions on sheaves. Therefore, we consider the category BC of bornological
coarse spaces. Since the forgetful functor v: BC — Coarse is symmetric monoidal and
the functor

LEX cplt
Cat ., — CAT .
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is lax symmetric monoidal, we obtain from Proposition 3.15 a lax symmetric monoidal
functor

xid Vo(id xj
BC x Cat{ff ~=5 Coarse x Cat{fi{ Volidxg), CATI(;S; .

Proposition 3.16. The full subfunctor
LEX Lex
V¢ BC x Caty,; — Cat %
of\A/' o (v X j) inherits a laxz symmetric monoidal structure.

Proof. Recall from Section 3.1 that V&(X) is the full subcategory of V(X)) on objects
1M, where i: F' — X is the inclusion of a locally finite subset and M is an object in
Vc(F) (hence represented by a small sheaf). In particular, V€ is a full subfunctor of V.

Again by [43, Prop. 2.2.1.1], it suffices to show that the unit constraint Spci™°P —
Vspeor (*) takes values in Vi o () and that for all My in Vg, (X1) and My in V§, (X3)
the tensor product M; ® My lies in V& o, (X; ® Xs).

Since SY is cocompact in SpciP, the sheaf U from (3.30) is small. This implies the
claim about the unit constraint.

Given M; in Vg (X1) and Ms in Vi, (X2), there exist for i = 1, 2 locally finite subsets
F; of X; and small sheaves N; in V¢, (F;) such that M; ~ j; .N;, where j;: F; — X, is
the respective inclusion map. Since there is a commutative diagram

~ ~ ® ~
Ve, (F1) X Ve, (F2) —— Ve,gc, (F1 ® Fh)

j1,*®j2,*J/ J/(jl@]é)*

~ ~ ® ~
VCI (Xl) X ch (XQ) E— VC1®C2 (Xl ®X2)

and F ® F5 is a locally finite subset of X7 ® X5, we only need to check that Ny ® N5 is a
small sheaf over F; ® Fy. By the pointwise formula for the Kan extension (3.28) defining
N7 ® Na, the value at a bounded subset B of F} ® F; is given by

(N1 ® No)(B) ~

~ lim Ni(B1) ® No(B2) .
(B1xB2)—=B€e((Pry xPr,),B)°P 1( 1) 2( 2>

Since B is finite, the indexing category of this limit is finite. Hence the smallness of N;
and Ny implies that (N7 ® N»)(B) is given by a finite limit of cocompact objects. O

Corollary 3.17. The functor
verat: BC x CathPX Yoy Catlex 1490 caglovret

oo,

has a lax symmetric monoidal refinement.
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Proof. This follows from Proposition 3.16 since Idem has a symmetric monoidal refine-
ment. O

3.4. Orbits as a module over fized points

Let G be a group. For a symmetric monoidal oco-category C, we equip the func-
tor category Fun(BG,(C) with the pointwise symmetric monoidal structure. Then the
lax symmetric monoidal functor V&P from Corollary 3.17 induces a lax symmetric
monoidal functor

Fun(BG,BC) x Fun(BG, Cati"X) — Fun(BG, Cat:>eT) .

Since GBC is a full symmetric monoidal subcategory of Fun(BG, BC), we can restrict
this functor to obtain the lax symmetric monoidal functor

GVePt: GBC x Fun(BG, Caty) — Fun(BG, Cat ) (3.39)
which is an equivariant version of Véperf,
Definition 3.18. We define the functors
VPG = lim oGVPe: GBC x Fun(BG, Catyy) — Cat S
and

V! = colim oGV Pl GBC x Fun(BG, CatilY) — CatilP . ¢

f . . . ..
Lemma 3.19. The functor VG G s coarsely invariant and my-excisive.

Proof. The functor Véperf is coarsely invariant by [4, Lem. 4.1.5 & 5.1.6]. Since the
forgetful functor Fun(BG, Catifffk’perf) — Cat};ffi’perf detects equivalences, it follows

c,perf,G
VC

that GV &P is coarsely invariant. Consequently, is also coarsely invariant.

Let X be a G-bornological coarse space and (Y, Z) be a partition of X into invariant
and coarsely disjoint subsets. Since Cat{;ff;perf is semi-additive [4, Lem. 2.1.38] and V&
is mp-excisive [4, Lem. 4.6.2 & 5.1.10(1)], the canonical inclusions of Y and Z into X
induce an equivalence

Ve(Y) @ Vg(2) = Ve(X)
Since both Idem and limps are additive functors, it follows that
V(éperf,G(Y) @ Vvéperf,G(Z) i> Véperf,G(X) ,

s perf,G . .
so VgPh™ is mp-excisive. O
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Remark 3.20. Let X be a G-bornological coarse space and (Y, Z) be a partition of X
into G-invariant and coarsely disjoint subsets. The canonical equivalence

c,perf,G c,perf,G o c,perf,G
VPG (y) g Vet z) 25 vepethd(x)

admits the following explicit inverse. The inclusions Py — Px and Pz — Px induce
restriction functors

(7)|y2 Shc(X) — Shc(Y) and (7)‘2: Shc(X) — Shc(Z) .

It follows from [4, Lem. 3.2.28 & 3.2.30] that the sum of these functors provides an
inverse to the canonical functor

Since (6%;))y ~ 9%}"; (and similarly for Z), the restriction functors send Wx ¢ from
(3.10) to Wy, and W ¢, respectively. Hence the restriction functors descend to functors
(=) : Ve(X) = Ve(Y) and (—)z: Ve(X) = Ve(Z) on the localisations. More-
over, they preserve small sheaves and thus restrict to functors Vg(X) — Ve (Y) and
Vc(X) — VC(Z).

The sum of these functors provides an inverse to the canonical functor

VelY)®Ve(Z2) — Vc(X) . (3.40)

These mutually inverse equivalences restrict to the continuous version Vg defined by the
left Kan extension diagram (3.17). Since Y and Z are G-invariant, all functors above have
canonical G-equivariant refinements. Hence we obtain the desired inverse by applying
limpg oldem to the equivariant version of (3.40). ¢

Remark 3.21. One can also show that V%perf’G preserves flasqueness in the sense of [4,
Def. 4.2.6]. This follows from [4, Lem. 4.2.16 & 5.1.8] using the fact that Idem and limpgg
are additive functors.

On the other hand, VPG ig not expected to be excisive for arbitrary complemen-
tary pairs since limpgg does not preserve cofibre sequences in Catg.ff;’perf. In particular,

,perf,G

postcomposing V¢ with homological functors will not give rise to coarse homology

theories. ¢

In the remainder of this section, we employ the lax symmetric monoidal structure on
GVeret from (3.39) to equip VePehE with a lax symmetric monoidal structure and
Vgperf with a module structure over V¢P'f:¢ The main ingredient lies in the following
construction.”

4 This construction was suggested to us by Thomas Nikolaus.
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Construction 3.22. Let C be a symmetric monoidal co-category which admits all BG-
indexed limits. Then by [43, Cor. 3.2.2.5], the co-category of commutative algebras
CAlg(C) in C admits all BG-indexed limits and the forgetful functor CAlg(C) — C
preserves all BG-indexed limits. For A in Fun(BG, CAlg(C)) we define A% := limpg A
in CAlg(C). The counit of the adjunction

(-): CAlg(C) = Fun(BG, CAlg(C)) : lim
provides a morphism A% — A in Fun(BG, CAlg(C)).

We now consider the co-category of modules Mod(C) whose objects are pairs (A4, M)
of a commutative algebra A and an A-module M in C. The functor Mod(C) — CAlg(C)
which forgets the module is a cartesian fibration by [43, Cor. 3.4.3.4(1)]. For A in
CAlg(C), we write Mod 4(C) for the fibre over A.

By [43, Rem. 2.1.3.4], the induced functor Fun(BG, Mod(C)) — Fun(BG, CAlg(C))
is identified with the cartesian fibration Mod(Fun(BG,C)) — CAlg(Fun(BG,()). Re-
garding A as an object in CAlg(Fun(BG,C)), the counit c: A — A then induces a
restriction functor between the fibres over A and A%:

¢": Mod 4(Fun(BG, C)) — Fun(BG, Mod 46 (C))

If C also admits BG-indexed colimits and the tensor product on C preserves BG-indexed
colimits in each variable separately, then [43, Cor. 4.3.2.5] shows that Mod 4¢(C) also
admits BG-indexed colimits and that the forgetful functor Mod 4 (C) — C preserves
BG-indexed colimits. Therefore, we have the composition

®: Mod 4(Fun(BG,C)) <> Fun(BG, Mod 4 (C)) <M2%, Mod e (C)  (3.41)

which fits into the commutative diagram

Mod 4 (Fun(BG,C)) —— Mod 46 (C) (3.42)

| |

colimpg

Fun(BG,C) ———  C
in which the vertical arrows take the underlying module object. ¢

In the following, we use the exponential law to regard the functor GVP from (3.39)
as a lax symmetric monoidal functor

GV©P: Fun(BG, Caty’)) — Fun(GBC, Fun(BG, CatyP)) | (3.43)

where we equip the outer functor category in the target with the Day convolution struc-
ture.
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Since limpg: Fun(BG, Catlgff;’perf) — Cati‘f?j;perf is lax symmetric monoidal, post-
composition with limpe induces by [45, Cor. 3.7] a lax symmetric monoidal functor

VerehS: Fun(BG, CatslY) — Fun(GBC, CatL P

which is a lax symmetric monoidal refinement of the functor denoted by the same symbol
in Definition 3.18.
Since Spcy’ (equipped with the trivial G-action) is the tensor unit of Fun(BG,
Cati‘gf), it refines to a commutative algebra object in Fun(BG, Cat{;oEjf
erf,G

quently, evaluating V&P at SpcyP yields a commutative algebra object Vggig{;G
in Fun(GBC, Cat5P™).

). Conse-

Proposition 3.23. There exists a functor VM fitting into a commutative diagram

Fun(BG, CatgoEf) M, Modyc pertic (Fun(GBC, CatI‘o‘g”:Perf)) (3.44)

Spcy

Fun(GBC, Cat5oP")
where the vertical arrow takes the underlying module object.

Proof. We begin by constructing the functor VM. Since GVPef from (3.43) is lax
symmetric monoidal, application of Mod induces a functor

Mod(GVeP): Mod(Fun(BG, Cat"X))
— Mod(Fun(GBC, Fun(BG, Cat:™*™))) .

As GVerert sends Spe? to GVg’gzﬁi, this functor restricts to a functor

Modgpcor (Fun(BG, CatY)) — Mod (Fun(GBC, Fun(BG, Cat 3 )))

GV
(3.45)
By [43, Prop. 3.4.2.1], there is an equivalence
Fun(BG, Cat}Y) ~ Modg.or (Fun(BG, Cat))) . (3.46)

Composing (3.46) with (3.45), we obtain the first arrow in the composition

VM': Fun(BG, Cat5’Y) — Mod .y .ret (Fun(GBC, Fun(BG, CatsP)))

o
SpcP

< Mod ;y = e (Fun(BG, Fun(GBC, CatkxP™))) .
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The lower equivalence in Corollary 3.12 allows us to interpret GVg pef,p as an algebra

in Fun(BG,Fun(GBC, Catf;jfiperf)) which we denote by the same symbol. The equiv-
alence marked by ! is then the restriction of the upper equivalence from Corollary 3.12
to the fibres over GVgEirf Now use the functor ® from (3.41) to define the functor
VM := & o VM’ appearing as the upper horizontal arrow in (3.44).

The commutativity of (3.44) follows from the commutativity of (3.42). O

Proof of Theorem 3.5. In this proof, we distinguish notationally between the object
SpclP of CatLEX and the object Spc? of Fun(BG, Cat’**) which is given by Spc?

0O, %

equipped with the trivial G-action.

Let C be an object in Fun(BG, CatLEX) We begin by defining the weak module

,perf,G

’perf over Vc or whose existence is part of Assertion 3.5.3. Let VM be

structure of V&

the functor from Proposmon 3.23. Then the module VM(C) encodes an action trans-
formation

Vc perf G V%p(e;rf N Vc perf
tLex7perf as

Define the natural transformation p between functors GBC x GBC — Cat .~
the composition

f,G ,perf
i VERO () 8 gt VAT ()

C,perf G c,perf
- (Vg )o(

O Fun(GBC,Catleret) ¥ C.G — ®a@BC —)

—-® — N
ao( GBC—) c,perf ° (

da o(—=®esc —)

where the first arrow is an instance of the transformation 7 in (3.24). The unit object 1
of Fun(GBC, Catggﬁ’perf) refines to a commutative algebra object. Since {*} — GBC
is a symmetric monoidal functor, evaluation at * defines a symmetric monoidal functor

Fun(GBC, Cat5P"") — CatLoyP by [45, Cor. 3.8]. It follows that 1(x) ~ Spe™®.

The commutative algebra object VC peﬂiG comes equipped with a unit morphism

€1 — Vggsrf ¢ Its evaluation at x in GBC therefore provides a functor

n: SpeP¥ ~ 1(x) — VEPILC (4

Spc

The module structure on VM (C) also encodes that the composition
1 ®Vc,perf e®id Vc,perf G ® Vc,perf [e] Vc,perf

is equivalent to the canonical identification 1 ® Véf)érf o~ Véf’érf. This gives rise to the
commutative diagram
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n®id

op,w c,perf c,perf,G c,perf
Spesr & Ver (<) 2, vgrete ) @ VersT(-)
c,per e®id c,perf,G c,perf
- (16 VEET) (x 0 ) <20 (VEPIES @ Ve k —) )
VcPErf( ) = Vc7perf(*®_)
C,G

in Fun(GBC, Cat ™) where the unlabelled vertical arrows are again instances of
7 in (3.24). This pr0\7/es that 7 and p define a weak module structure.

The following argument shows Assertion 3.5.2 that VC’perf % (%) ~ Fun(BG, Spc*)
in CatI;Sfiperf and identifies the map 7. -

As a first step, observe that evaluation at * induces an equivalence Shgp.or (*) =
Spcy? in CATLex Since * has a unique non-empty entourage, namely diag(x), the
localisation functor is an equivalence Shgycor () = \A/Spcgp(*). In view of the defini-
tion of small sheaves, we have an equivalence VC op(*) =5 Spc®¥. Since SpcP¥ s
idempotent complete, applying Idem induces an equwalence VC’perf (¥) = Spc*. The
description of the unit of the algebra VC’pe’rf (%) (see (3.30) and (338)) implies that the
unit morphism Spc2P* — V& peﬁi( ) is an inverse to this equivalence.

The object SpceP® is the tensor unit of Fun(BG, Catjggf;’perf). By [43, Cor. 3.2.1.9],
SpciP® carries an essentially unique commutative algebra structure and admits an es-

sentially unique map of commutative algebras Spci™* — Vggzr (). The preceding

observation shows that the underlying functor Spct®“ — Vggzﬁp(*) is an equiva-

op,w

f . .
lence, so we have an equivalence Spc; V°’per () of commutative algebras in

Fun(BG,CatLex’perf) Application of limpgg to this e equivalence yields an equivalence

limpg SpcP ~ Vggzﬁif(*) of commutative algebras in CatLe"’perf The underlying

left-exact oo-category of the left hand side is equivalent to Fun(BG Spcy™®) since
SpcyP carries the trivial G-action. This proves Assertion 3.5.2.

Under the identification limpg Spcy?® ~ Fun(BG, Spc,”®), the unit map of the
algebra limpgg SpciP® is given by the left-exact functor

Spc?¥ — Fun(BG, SpciP™)

which sends S° to S° as claimed by Assertion 3.5.4.

Vc perf G .

Finally, Spci

is mp-excisive by Lemma 3.19, which proves Assertion 3.5.1. O
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4. Controlled CW-complexes

The functors Vg’gzi’g and Véf)gf discussed in Section 3.1 will ultimately be fed into

Proposition 2.33 to prove the Farrell-Jones conjecture for certain classes of groups. The
c,perf

SpciP”
We will be able to obtain such models using the notion of controlled CW-complexes that

construction of transfer classes requires adequate point-set models for objects in V

we previously considered in [13] and that goes back to work of Weiss [55].

Section 4.1 recalls the definition of the category CW (X) of controlled CW-complexes
over a coarse space X. In Section 4.2, we discuss the realisation transformation
r: CW(X)? — Vgpeor(X), where Vgpeor(X) is an ambient oo-category which con-
tains V;’giﬂi (X) as a full subcategory. In Section 4.3, we consider bornological coarse
spaces X and discuss finiteness conditions on objects in CW (X)) which ensure that the

. . .. c,perf
corresponding images under r lie in Vspcop (X).

4.1. Controlled CW-complexes

A based CW-complex is a CW-complex @ together with a chosen 0O-cell in Q. A
morphism of based CW-complexes is a cellular and basepoint-preserving map. For @
a based CW-complex, we denote by z;(Q) the set of i-cells. Let 2(Q) = [;cn 2:(Q)
denote the set of all cells of (). Note that we regard @ as a relative CW-complex, so the
basepoint is not a member of zy(Q).

If A is a subset of Q, then we denote by A~ the minimal subcomplex of Q containing
A. For a cell g of Q we write ¢ < A if ¢ C ZCW. In particular, this defines a transitive
and reflexive relation on the set of cells z(Q). Note that ¢ < ¢’ implies dim(q) < dim(q’)
with equality precisely if ¢ = ¢’.

Let X be a set.

Definition 4.1. An X-labelled CW-complex is a pair (@, A) consisting of a based CTW-
complex @ together with a map A\: z2(Q) = X. 4

For a subcomplex @’ of @, we define the subset

Q") = A=(Q) (4.1)

of X.
Let (@, ) and (@', \') be two X-labelled CW-complexes and let U be an entourage
of X.

Definition 4.2. A U-controlled morphism (Q, \) = (Q’, ) is a morphism ¢: Q — Q' of
based CW-complexes such that for every ¢ in z(Q) we have

CwW

N(g(a) ) S UHA@))]
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see (2.2) for the definition of the thickening operation U[—]. An X-labelled CW-complex
is called U-controlled if its identity map is a U-controlled morphism. ¢

We now assume that X is in Coarse and denote the coarse structure on X by Cx.

Definition 4.3. An X-controlled morphism between X-labelled CW-complexes is a mor-
phism of based CW-complexes which is U-controlled for some U in Cx. ¢

Definition 4.4. An X-controlled CW-complex is an X-labelled CW-complex whose iden-
tity morphism is X-controlled. ¢

If the coarse space X is clear from the context, we also speak about controlled mor-
phisms and controlled CW-complexes.

For every map f: X — X' and every X-labelled CW-complex (@, A), we obtain an
X'-labelled CW-complex (Q, fo ). If f is a morphism of coarse spaces and ¢: (Q,\) —
(Q’,\) is an X-controlled map, the same map ¢ is also an X’-controlled map ¢: (Q, f o
N) = (@ f o X).

Let CAT be the very large category of large ordinary categories.

Definition 4.5. We define a functor CW: Coarse — CAT as follows:

1. The category CW (X)) is the category of X-controlled CW-complexes and controlled
morphisms.

2. If f: X — X' is a morphism between coarse spaces, then f,: CW(X) - CW(X’)
sends a controlled CW-complex (@, A) to fi(Q, \) := (Q, fo)), and sends a morphism
o: (Q,\) = (Q,N) in CW(X) to itself, regarded as a morphism ¢: (Q, f o A) —
(Q,foXN)in CW(X'). ¢

4.2. The realisation transformation

To relate localisations of 1-categories to localisations of oco-categories, the following
observation is useful. Let C be a category and let W be a subcategory of C. Recall
the notion of a calculus of left fractions from [31, Sec. 2]. If W satisfies a calculus of
left fractions, then Gabriel and Zisman construct a category WW~'C which has the same
objects as C and whose morphisms sets are given by the formula

H ~10(C, D) = li H C,D) . 4.2
onlyy IC( s ) (D:8’§I§WD/ OmC( ’ ) ( )

In particular, morphisms in W™!C are represented by zig-zags C L D' & D with w in
W. There is a canonical functor C — W~!C sending a morphism f: C — D to the class
of the zig-zag C' I pddp.
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Lemma 4.6. If W satisfies a calculus of left fractions, then the functor C — W™1C exhibits
W™IC as a localisation of C at W both in Cat and in Cat.

Proof. [31, Prop. 2.4] asserts that C — W~!C is the localisation of C at W in Cat.

For y in C, denote by W(y) the full subcategory of C,, spanned by the morphisms
which lie in W. The calculus of left fractions implies that W(y) is filtered. Since the
inclusion of Set into Spc preserves filtered colimits, the colimit

colim 1\ ew(y) Home (2, 3')

is the same in both categories.

By [24, 7.2.7 & Thm. 7.2.8] and [31, Prop. 2.4], the above colimit computes the
mapping spaces both of the localisation in Cat and in Cat.,, which implies that these
localisations are equivalent. O

Recall the functor V from (3.13). We proceed to construct a natural transformation
r: CWP — Vg con .
As a first step, we construct a natural transformation
rg: CWP — VTOp:p )

The same argument as in the proof of [4, Prop. 3.5.3] shows that for every X in Set,
the pair (PShm,per (X), WX) satisfies a calculus of left fractions, where W denotes the
class of morphisms introduced in (3.12) which compare each object with its thinned out
counterparts. With Lemma 4.6 we conclude that {fTopgp (X) is a 1-category. In particular,
in order to construct ry it suffices to specify a functor ro x : CW(X)°P — {/Top(,fp (X)
for every X in Coarse, and to check naturality.

Every object (@, A) of CW(X)°P gives rise to a presheaf

r0,x(Q,\): P¥ — Top®, Y — Q(Y), (4.3)

where Q(Y) is the largest subcomplex of @ such that A(Q(Y)) C Y, see (4.1) for notation.

Let ¢: (Q,A) — (Q',XN) be a U-controlled morphism in CW(X). Assume that
diag(X) C U and recall the U-thinning functor U(—): Px — Px from (3.9). If ¢ is
a cell in Q(U(Y)), then A(@¢") C U(Y) by definition. Then U[NG™)] C Y because
U(—) is right adjoint to U[—]: Px — Px. Since ¢ is U-controlled, it follows that

cw

N(o(a) ) CURMDY S UMM CY

So ¢(QU(Y))) C Q'(Y) for every Y in Px. Hence ¢ induces a morphism represented
by
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ro,x (Q", \') LN Uiro,x (Q, A) < 710,x(Q, A)

in \NITopip (X), where the second morphism is the canonical one. This finishes the con-
struction of the functor rg x. Omne checks explicitly that this construction yields a
well-defined transformation

To: CW*® — VTop‘,ip

between CAT-valued functors.

In the following, we implicitly use the inclusion CAT — CAT, given by the nerve in
order to view ry: CWP — \N/'Topgp as a natural transformation between CAT .. -valued
functors. The canonical functor

: Top® — Spc? (4.4)
induces the transformation
Py ‘N[Topip — Vspcgp .
Definition 4.7. We define the realisation transformation as the composition
r =1, 0rg: CWP — Vspcgp Y )

We now show that the realisation of every controlled CW-complex is a sheaf. This
will imply that r factors over the oo-category \A/'Spcgp from (3.11).

Let X be a set and U be a symmetric entourage of X which contains the diagonal.
Furthermore, let (Q,A) be in CW(X)°P. Recall the characterisation of U-sheaves in
terms of the diagram (3.8).

Proposition 4.8. If (Q, \) is U-controlled, then r(Q, ) is a U?-sheaf.
Proof. We have to show that the commutative diagram

r(Q,\)o1
Pg%d")p ——— Spc?

op
Px

exhibits r(Q, \) as a right Kan extension of r(Q, \) o¢ along 4, where P)U(de denotes the
subposet of Py containing the U2-bounded subsets of X. To make the argument easier to
parse, we apply (—)°P to the above diagram. As before, denote by ¢: Top, — Spc, the
canonical functor. Then we have to show that for every Y in Px the canonical morphism
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colim _ 4h(Q(Y")) = (Q(Y)) (4.5)

(Y'SY)Ei)Y

is an equivalence. Note that i/Y is isomorphic to the nerve of the subposet {Y’ € Px |
Y’ CY, Y’ is U?-bounded} of Py.

Since we need to calculate colimits of images of diagrams in Top, under ¥, we equip
Top, with the standard model structure. We claim that the underlying diagram

Qy:i/Y — Top,, (Y —=Y)— QYY)

is cofibrant in the projective model structure on Fun(:/Y, Top,). In fact, we will show
that @y is a cell complex in the diagram category. There is a canonical filtration

x=Qy'CQyCRYC...CQEC...CQy, (4.6)

where Q% sends Y to the n-skeleton of Q(Y”). The key observation is that an n-cell g of
Q is contained in Q(Y”) if and only if A(G"') C Y". It follows that colim,cn Q% = Qy.
Moreover, there exists for every n in N a pushout

11 (S™ x Hom,;y (A@“"), —))+ —— Q%
4€2n11(Q(Y)) L

!

(D™ x Homi/y()\(ch), N+ — Qgﬂ
q€zn+1(Q(Y))

in Fun(i/Y, Top,). Thus, the filtration in (4.6) exhibits Qy as a cell complex in
Fun(i/Y, Top,).
The comparison map from (4.5) factors as

colim _ p(Q(Y") = colim _Q(Y") = v(Q(Y)) .

(Y'=Y)ei/Y (Y'=Y)€i/Y

The first map is an equivalence since @)y is a cofibrant diagram in the projective model
structure.

Since A(g“") C U[{A(g)}], the set A(g%") is U%-bounded. It follows that colim; ;y Qy
= Q(Y). Hence the second map is also an equivalence. 0O

Recall the functor Sh and its localisation V: Coarse x CATffo)fi — CATI(;Oeffk7 see
(3.11). By Corollary 3.2, the natural transformation V — V o (id xi) realises V as a full
subfunctor.

Corollary 4.9. The realisation transformation factors over a transformation

r: CWP — Vgpcor .
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Proof. By Corollary 3.2, VC(X ) is the full subcategory of VC(X ) spanned by those
objects which are sheaves on X. Then the corollary follows from Proposition 4.8. O

There is a canonical notion of weak equivalence between objects in CW(X), namely
that of a controlled homotopy equivalence; these are the weak equivalences of the Wald-
hausen structure on CW (X)) considered in [13]. We close this subsection by recalling the
definition and showing that r inverts controlled homotopy equivalences.

Let X be a set and U be an entourage of X. Let (@, A) be an X-labelled CW-complex
which is U-controlled. Consider the unit interval [0,1] as a CW-complex with exactly
two 0-cells and one 1-cell. Then the cylinder [0, 1]+ A @ carries an induced CW-structure
and acquires a labelling via

20,104 A Q) 25 2(Q) » X
The cylinder on (@, A) is the X-labelled CW-complex

I(Q,\) :=([0,1]+ AQ,opr) . (4.7)

This complex is also U-controlled. The inclusions {0} — [0, 1] and {1} — [0, 1] determine
diag(X)-controlled morphisms ig, 1 : (@, A) = I(Q, \). Moreover, the projection [0, 1]+ A
Q — Q is a diag(X)-controlled morphism I(Q,\) — (Q, ).

Let (Q', \') be a second U-controlled CW-complex on X and consider two morphisms

¢07 ¢1 : (Qa )‘) - (le )‘l)

Definition 4.10. A U-controlled homotopy between ¢y and ¢; is a U-controlled morphism
H: I(Q,)\) = (Q',\) such that ¢g = Hoigand ¢y = Hoiy. ¢

Let ¢: (Q,A) — (Q',\) be a U-controlled morphism between controlled CW-
complexes.

Definition 4.11. The morphism ¢ is a U-controlled homotopy equivalence if there exist
a U-controlled map ¢': (Q',\') — (Q, A) and U-controlled homotopies ¢’ o ¢ ~ idg and
¢ o ¢/ ~/ ldQl .

If X is a coarse space, we call ¢ a controlled homotopy equivalence if it is a U-controlled
homotopy equivalence for some coarse entourage U of X. ¢

Remark 4.12. Since I(f.(Q,\)) = f.I(Q,\) for every morphism f: X — X’ of coarse
spaces, the induced functor f,: CW(X) — CW(X’) preserves controlled homotopy
equivalences. ¢

Remark 4.13. Controlled homotopy is an equivalence relation and is preserved under
composition with controlled maps. It follows that controlled homotopy equivalences sat-
isfy the two-out-of-six property. ¢
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Lemma 4.14. The realisation transformation r sends controlled homotopy equivalences to
equivalences.

Proof. Let X be in Coarse and (@, A) be in CW(X). It suffices to show that r sends
the projection I(Q,A) — (@, \) to an equivalence. We observe that ry sends this map
to a morphism represented by a map ro x(Q,\) = [0,1]4 A7o,x(Q, A) in PShrpgper (X).
Since this map becomes an equivalence after postcomposition with ¢, the map r(Q, \) —
r(I(Q,A)) is an equivalence in vspczp (X) o

4.3. Finiteness conditions

We consider a bornological coarse space X. Recall the functor V&Pt in (3.18). We

have a full subcategory Vg’giﬁi (X) of Vspcip (X). If (Q, \) is in CW(X)°P, then we have

r(Q, ) in \A/'Spcgp (X) by Corollary 4.9. In this subsection, we introduce the notion of
finite domination which ensures that r(Q, A) belongs to the subcategory Vg’;’zﬂi (X).

By construction, the functors V from (3.11), V from (3.16) and V¢ from (3.17), all
considered in the case of trivial G, give rise to a sequence of fully faithful functors

& e (X) = Vgpeor (X) = Vgpeor (X)) (4.8)

Spci?P
We consider X-controlled CW-complexes (K, k) and (Q,A) in CW(X). Recall that Bx
denotes the bornology of X.

Definition 4.15.

1. The X-controlled CW-complex (K, k) is locally finite if the subcomplex K(B) (see
(4.3) for notation) contains only finitely many cells for every B in Bx.
2. The X-controlled CW-complex (@, A) is finitely dominated if there exists a diagram

(@ N) 5 (K, k) B (Q.N)

in CW(X) such that (K, k) is locally finite and the composition p o is a controlled
homotopy equivalence.

3. We denote by CW(X) the full subcategory of CW(X) consisting of the finitely
dominated objects. ¢

Recall that u: BC — Coarse is the forgetful functor.

Lemma 4.16. The collection of subcategories CWfd(X) for all X in BC forms a full
subfunctor CW™: BC — CAT of CW o u.

Proof. If f: X — X’ is a morphism in BC and (Q, ) is in CW™(X), then we must
show that f.(Q,\) € CW™(X’). Consider a diagram (Q',N) — (K,x) — (Q,)) in
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CW(X) witnessing that (Q, ) is finitely dominated. Then the diagram f.(Q',\) —
f«(K k) = f«(Q,)\) witnesses that f.(Q,\) is finitely dominated since f, preserves
controlled homotopies by Remark 4.12 and f, (K, k) is locally finite since f is proper and
(K, k) is locally finite. O

We consider the composition of the realisation transformation with the canonical
inclusion into the idempotent completion

rpert Cwer 5, {/'Spcgp — Idem(vspcgp) . (4.9)

We apply Idem to the fully faithful functor Vg o (X) — \A/'Spcgp(X ) from (4.8). Since
Idem preserves fully faithfulness, the functor

VP (X) = Idem (Vi ov (X)) — Idem(Vgpeor (X))

identifies V;ng,f, (X) with a full subcategory of Idem(\A/'Spcgp (X)).

Let (Q, ) be in CW(X)°P.

Proposition 4.17. If (Q, \) is finitely dominated, then r%erf(Q, A) belongs to Vg’gigfp (X).
Proof. Suppose for the beginning that (K, k) in CW(X)°P is locally finite. We will
first show that rx (K, k) is a small sheaf. In view of Definition 4.7 and the definition of
smallness given in Section 3.1, we must show that (K (B)) belongs to Spci?* for every
B in Bx. This is the case since v sends finite CW-complexes to cocompact objects, and
(K, k) is a finite CW-complex K(B) by the assumptions on (K, k).

The subset k(K) of X is by assumption a locally finite subset of X. In particular,
rx (K, k) belongs to the image of i,: Vgpeor (K(K)) = Vgpeor (X), where i: k(K) = X
is the inclusion. By Remark 3.3, this implies that px (K, k) belongs to Vgpczp (X).

Suppose now that (@, ) is finitely dominated. Then Lemma 4.14 implies that
r2(Q, \) is a retract of P (K, k) for some locally finite (K,x) in CW(X)°P. So
r2(Q, \) belongs to Idem(Vg, or (X)) as claimed. O

In view of Proposition 4.17 we can make the following definition.
Definition 4.18. We let

rfd: CWer  vgrer
PCx«

be the natural transformation obtained by restricting the natural transformation

(1.9). #

Remark 4.19. Let X be a bornological coarse space and let Y be a union of coarse
components. Consider an object (Q, ) in CW(X). Since the subcomplex generated by
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a single cell of @ is necessarily supported on a coarse component of X, the subcomplex
Q(Y) coincides with the subcomplex spanned by all cells whose label lies in Y. Similarly,
ifo: (Q,\) — (Q', \) is a morphism in CW (X)), the image ¢(q) of a cell ¢ with A\(¢q) € Y
can only have non-trivial intersections with cells in Q(Y’). Consequently, there exists a
restriction functor

CW(X) = CW(Y), (Q N~ (QY),Now)) -

This functor preserves finitely dominated objects, so we also have a restriction functor
CWH(Xx) - cW(v).
Unwinding definitions, one checks that there exists a commutative diagram

CWH(x) —— cwi(y)

in which the functor (—)|y is the restriction functor from Remark 3.20. 4

In the remainder of this section, we formulate a criterion to recognise finitely domi-
nated objects in CW(X).
Let f: S — T be a map of topological spaces and let U be an entourage of 7.

Definition 4.20. The map f is U-bounded if f(S) is a U-bounded subset of T. ¢

Let T be a topological space, and let U be an open entourage of T' containing the
diagonal. We let Ty denote the coarse space obtained by equipping 71" with the coarse
structure generated by U. Define SingU(T) as the sub-simplicial set of the singular
complex Sing(T) consisting of the U-bounded singular simplices. Taking the geometric
realisation and adjoining a base point, we obtain the based CW-complex |Sing” (7).
Note that its set of cells z(|Sing” (T')|) is the set of non-degenerate singular simplices.
We equip [Sing” (T))|, with the labelling A: z(|Sing” (T))|) — T which sends a singular
simplex o: A" — T to o(b), where b is the barycentre in A”. The pair (|Sing” (T))|4, \)
is a controlled CW-complex over T

Definition 4.21. We set
CU(T) := (|Sing” (T)[+. A) in CW(Ty) . 4

Let T and T’ be topological spaces and X be a set with an entourage U. Suppose
that £: T — X and ¢': T" — X are functions between the underlying sets.
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Definition 4.22. A continuous map f: T" — T is U-controlled if

{C@ W) [teTICU . ¢

We define the cylinder on (7', ¢) as the pair

I(T,0) := (T x 0,1, T x [0,1] 25T 5 X) . (4.10)
Definition 4.23. A U-controlled homotopy is a U-controlled map I(T",¢') — (T,£). ¢

Remark 4.24. The notion of a U-controlled homotopy is usually phrased in terms of
open covers of T, see for example [34, Ch. IV.1]. If &/ is an open cover of T, then
U :=Uyey(V x V) is an open entourage of T, and the notion of U-homotopy reduces to
the definition in [34]. Similarly, every open entourage U containing the diagonal induces
an open cover Y := {V C T |V open and V x V C U} such that a U-homotopy in the
sense of [34, Ch. IV.1] is the same as a U-homotopy in the above sense. We will use this
translation in the proof of Proposition 4.28. 4

If U’ is a second open entourage on the topological space T such that U’ C U, then
there is a natural inclusion CV'(T)) — CV(T) in CW(Ty).

Lemma 4.25. The inclusion CU' (T) — CY(T) is a U-controlled homotopy equivalence.

Proof. Note that the inclusion is a homotopy equivalence by the excision property of
singular homology with respect to open coverings. The difficulty lies in showing that
the map is a controlled homotopy equivalence. For metric spaces this is done in [27,
Lem. 7.21(2)]. The same argument applies to spaces equipped with an open entourage:
whenever one speaks of §-control in the metric world, one replaces this by U-control. O

Construction 4.26. Let T be a topological space and X be a coarse space. Let V' be an
open entourage of T. Then CV(T) is an object of CW(Ty/). If £ : T — X is a function
such that ¢(V) is a coarse entourage of X, then ¢: T}y — X is a morphism of coarse
spaces.

Consider another topological space T'. If f: T" — T is a continuous map and V' is
an open entourage of 7" such that f(V') C V, then f induces a map Singvl (7)) —
Sing"(T). If ¢: T' — X is a second function such that f is U-controlled for some
coarse entourage U of X, it follows that ¢/(V') is a coarse entourage of X and the map
Sing"” (T") — Sing" (T") induces a controlled morphism

fo: £.CV(T") = £,CV(T)

in CW(X). We use this construction freely in the sequel. ¢



86 U. Bunke et al. / Advances in Mathematics 489 (2026) 110788

Let T and 7" be topological spaces and X be a coarse space. Let V' be an open
entourage of T. Suppose that £: T — X and ¢: T" — X are functions between the
underlying sets such that £(V') is a coarse entourage of X. Consider an ¢(V')-controlled
homotopy h: I(T',¢) — (T, ¥).

Lemma 4.27. There exist an open entourage V' of T' such that h;(V') CV fori=0,1
and a controlled homotopy between the induced morphisms h; y: e.CV(T) — £,.0V(T)
in CW(X).

Proof. For an arbitrary entourage V' of 7", denote by I(V') the entourage V' x [0, 1]
of T” x [0, 1]. Since h is continuous and [0, 1] is compact, there exists an open entourage
V' of T' such that (V') C h=1(V). In particular, h;(V') CV fori =0, 1.

Consider the cylinder I(CY'(T")) in CW(T},,), which was defined in (4.7). Since
[0,1] = |Al| and both Sing and geometric realisation commute with finite products, the
unit map A — Sing([0,1]) induces a map

Sing"” (1) x [0,1] = [Sing"” (1) x Sing([0, 1])| = [Sing" (1" x [0,1))|

which is a controlled morphism I(CV'(T")) — pr, CTV')(T" x [0,1]) in CW(T%,,), where
pr: 77 x [0,1] — T” denotes the projection. Using this morphism, we obtain an induced
controlled homotopy

1.0V (T")) = . 1(CV(T')) — £ pr, CTV)(T x [0,1]) 2% ¢,0V(T)
in CW(X) which restricts to hyy: £.CV (T") — £,CV(T) at its endpoints. 0

Let T be a locally compact topological space and U be an open entourage of T. We
assume that for every relatively compact subset B of T also the U-thickening U[B] (see
(2.2)) is relatively compact. Under this condition, we can consider the bornological coarse
space Ty ;. obtained by equipping 7" with the coarse structure generated by U and the
bornology of relatively compact subsets.

Proposition 4.28. If T is a locally compact ANR, then CY(T) belongs to CW™(Ty; ).

Proof. Using Remark 4.24 to translate into our terminology, there exist by [34,
Cor. 1V.6.2] a locally finite simplicial complex K, continuous maps a: T — K and
w: K — T and a U-homotopy h: w o o ~ idr of controlled maps (7,idr) — (7 idr).
By Lemma 4.27, there exist an open entourage V of T such that V and a~*w=1(V) are
contained in U and a controlled homotopy k: I(CV(T)) — CY(T) in CW(Ty;) from the
inclusion CY(T) — CY(T) to (woa)y: CV(T) — CY(T).

Note that (w o a)y factors as

CV(T) 25 w,cv O (K) 25 cU(T) .
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Replacing K by an appropriate iterated barycentric subdivision, we may assume that
all simplices in K are w™!(U)-bounded; note that the number of necessary subdivisions
is locally bounded, but may not be globally bounded. Denote by D(K) the tautologi-
cal object in CW (K ,-1(1)) given by K (labelling each simplex by its barycentre). By
[27, Lem. 7.21(3)], the canonical inclusion j: D(K) — C’“’_l(U)(K) admits an w=(U)-
controlled homotopy inverse ¢t. Consequently, wy o oy is controlled homotopic to the
composition

CV(T) 25 w,c* ' O)(K) 22 w, D(K) 224 w0 W) (K) 22 cU(T) .

Since w,D(K) is locally finite and the entire composition is controlled homotopic to the
inclusion CV(T) — CY(T), it is a controlled homotopy equivalence by Lemma 4.25.
Hence CV(T) lies in CW™(Ty ). O

5. Finitely F-amenable groups

This section is dedicated to the proof that the assembly map is a phantom equivalence
for finite homotopy F-amenable groups, a notion we will introduce in Definition 5.4
below.

Let G be a finitely generated group and F be a family of subgroups. Let C be a
left-exact oo-category with G-action and let H: Catgoefi — M be a functor to a sta-
bly monoidal and cocomplete stable co-category which admits countable products. We
consider the functor HCs: GOrb — Catgj,’;’perf introduced in Definition 1.8.

Theorem 5.1. Assume that

1. G is finitely homotopy F-amenable;
2. H is a lax monoidal, finitary localising invariant.

Then the assembly map
A : colim HCg — HCq(*
FHce: golim HCq a(*)
is a phantom equivalence.
Recall that the notion of phantom equivalence was introduced in Definition 2.5.
5.1. Finitely homotopy F-amenable groups
The notion of finite (homotopy) F-amenability goes back to [16,14,53], where it was
used to prove instances of the K-theoretic Farrell-Jones conjecture with coefficients in

additive categories. The formulation in Definition 5.4 below was given in [2, Def. 2.11 &
Thm. 2.12].
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Let G be a group and Z be a topological space.

Definition 5.2. A homotopy coherent G—action (T, Z) is a continuous map

0 k
I': H HGXOl])xGxZ —Z

with the following properties:

I'(gk,tks-- -5 91,11, 90, 2)

C(grste 595, T(gj—1,tj-1,.--,90,2)) t;=0,1<j<k
L(gr,te, - tj+1,9i95-1,t5-1,-- ., 90,2) t; =1,1<j<k

_ D(gk,tky- -, 92,t2,91,2) go=¢€ | R (5.1)
T(gk,ths-- -5 Gj+1,tj+1t5,G5-15---,90,2) g =€,1<j<k—1
L(gk—1,tk—1,---,90,2) gk =e€
T go=¢e¢k=0

Remark 5.3. Definition 5.2 is a special case of the notion of homotopy coherent diagram
introduced by Vogt [52]. It can be considered as a model (in the topologically enriched
context) for a functor BG — Spc whose underlying object is £(X), where £: Top — Spc
is the canonical functor, see [25] for further discussion. Since we do not want to elaborate
on the details of such a comparison and prefer to argue in a model-independent way as
much as possible, we are forced to take some detours in the following subsections which
allow us to use established facts about the localisation functor Top — Spc. In particular,
for this reason we work with the strictification of homotopy coherent G-actions described
in Construction 5.11. ¢

Let G be a finitely generated group and F be a family of subgroups.
Definition 5.4. The group G is finitely homotopy F-amenable if there exist
1. a collection (', Zy, )nen of homotopy coherent G-actions,

2. a collection (W,,),en of G-simplicial complexes,
3. a collection (f,)nen of continuous maps f,: Z, — W,

such that the following holds:

i. for every n in N the topological space Z,, is a compact AR?;

5 AR stands for absolute retract (with respect to the class of metrisable spaces). See [34, Sec. I11.6]. An
ANR (absolute neighbourhood retract) is an AR if and only if it is contractible [34, Thm. 7.1 & Prop. 7.2].



U. Bunke et al. / Advances in Mathematics 489 (2026) 110788 89

ii. for every n in N the stabilisers of W,, belong to F;

iii. sup dim W,, < o0;
neN
iv. for all k in N and all collections gg, ..., gy in G we have

n—oo

sup d(fn(rn(gkatka7t17g07z))agkg0fn<z)) 0. ’

(t1,...,tx)€[0,1])%

z€4n

In Condition 5.4.iv, we equip the simplicial complexes W,, with their spherical path
metrics (or alternatively with the £'-metric, see the discussion in Construction 2.36).

Remark 5.5. The condition formulated in Definition 5.4 is slightly weaker than the as-
sumptions in [2, Thm. 2.12] since we do not require a uniform bound on the dimension
of the ARs Z,,. In practice, however, the dimensions of the simplicial complexes W,, are
usually bounded in terms of the dimensions of the spaces Z,. In this case (Z,,), is a
collection of ERs® with uniformly bounded covering dimension. ¢

The proof of Theorem 5.1 relies on Proposition 2.33. We will apply this proposition
to the functors

V= Vet GBC — CatlP™ and U := VgPe,“: GBC — CathoyP" | (5.2)

o
pc:®

where V%f’gf is the evaluation of Véperf from Definition 3.4 at C and Vg’;’iégG is the
evaluation of VePri:G from Definition 3.4 at SpcS?. By Theorem 3.5, V admits a weak
module structure (7, 1) over the mp-excisive functor U, see Definition 2.28.

Let H: Catiffi — M be a lax monoidal, finitary localising invariant. By [4,
Prop. 5.4.5], the functor HV : GBC — M extends the functor HC from Definition 1.8
in the sense of Definition 2.12. We are going to construct a transfer class (X,¢) for the
tuple (U,n, V, H, F), see Definition 2.31. For an appropriate choice of X, the morphism
t will be determined by an object to in U(X) as explained in Remark 2.32. This means
that we have to produce a homotopy fixed point in Vg’gigi (X) from the point-set data
provided by the assumption that G is finitely homotopy F-amenable. The next section

describes an auxiliary construction which allows us to do this.
5.2. Shift categories

In this subsection, it is useful not to drop the nerve functor N: Cat — Cat,, from
notation. By abuse of notation, we write Cat[EquiV_l] for the essential image of the
nerve functor. This notation is motivated by the fact that the factorisation of the nerve
through its essential image Cat — Cat[EquiV_l] presents its target as the Dwyer—Kan
localisation of Cat at the equivalences of categories.

6 ER stands for Euclidean retract. These are precisely the finite-dimensional ARs.
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We denote the category of relative categories by RelCat. Its objects are pairs (C, W)
of C in Cat and a wide subcategory W of C. Morphisms (C,W) — (C',W’) in RelCat
are functors C — C’ sending W to W’. Given (C,W) in RelCat we can consider the
Dwyer—Kan localisation

0: N(C) = N(O)[W™] (5.3)

in Cat.,. The formation of these localisations is functorial with respect to morphisms
in RelCat and gives rise to a localisation functor

RelCat — Fun(A', Cat.,), (C,W)+— (¢: N(C) = NC)[W™]) .
Let (C,W) be in Fun(BG, RelCat). By functoriality, £ induces a canonical morphism
. . 1
lélcr;l N(C) — lérCr;l N@C)W™]. (5.4)

Hence we can produce objects on the right hand by providing objects on the left hand
side. To describe objects in the latter, it is useful to have an explicit model of limpg N(C).

Construction 5.6. For a category C with strict G-action we define a new category C"C.
In Lemma 5.7 we will show that its nerve models limpg N(C).

1. The objects of C'C are pairs (C, p) consisting of an object C of C together with a
collection p = (pg)gec of morphisms py: C' — g(C) satisfying the cocycle condition

9(pg)pg = pgg  forall g,¢’" in G . (5.5)

2. A morphism (C, p) — (C’,p) is given by a morphism f: C' — C’ in C such that the
diagram

c—1 ¢

p(g)l Jﬂl(g)
g(f)

9(C) —— g(C")
commutes for all g in G. ¢

Lemma 5.7. We have a natural equivalence

LN S lim N(C) - (5.6)

Proof. This can be shown similarly as [8, Thm. 3.4.3] which is an analogous result for
additive categories. In the following, we sketch the argument. One considers the model
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structure on the category of small categories given in [47] which models the localisa-
tion N: Cat — Cat[Equiv_'] from above. One then equips Fun(BG, Cat) with the
corresponding injective model category structure. Given C in Fun(BG, Cat), by the
general relation between homotopy limits in model categories and limits in the associ-
ated oo-categories explained, e.g., in [21, Prop. 13.6] or [44, Sec. 4.2.4], the co-category
limpa N(C) is represented by N(limpg RC), where RC is some fibrant resolution of C.
An explicit choice of a fibrant resolution is given by Fun(é,C), where G is the cat-
egory with G-action whose underlying G-set of objects is G with the left action by
G, and whose morphism sets between all pairs of objects consist of single points. The
group G acts on Fun((}',C) by conjugation. One checks by an explicit calculation that
limpg Fun(G,C) ~ Ch¢. 0

We would like to apply the above construction to the relative G-category (C,W) :=
(CWH(X), W(X)) for a certain G-bornological coarse space X, where W(X) is the sub-
category of controlled homotopy equivalences. However, CWfd(X ) itself turns out to be
too small to host the required homotopy invariants. In the following, we describe an en-
largement of general objects (C, W) in Fun(BG, RelCat) which will increase the chance
to find homotopy invariants, and which indeed will work in our concrete application.

We start with introducing a category Funly; (N,C) together with a factorisation of
¢ from (5.3) as

N(€) = N(Fungj (N, C)) = N(O[W '],

see Proposition 5.10 below. Since the category Funl};(N,C) is in general bigger than
C, it tends to be easier to construct objects in Fun'j. (N,C)"®. In summary, our aim is
to construct homotopy fixed points in N(C)[W ~!], but it is easier to do the construction
in the 1-categorical setting. For this we work in the auxiliary category Funl (N, C)
which is large enough to contain the needed fixed points, but is still explicit enough to
do the construction. The idea of enlarging C to the category Funly (N, C) is originally
due to Bartels and Reich [19, Sec. 8.2] and was also used in [16] for the construction of
a transfer.

Let C be in Cat. Considering N as a poset, we have the functor category Fun(N, C)
whose objects are given by sequences

Let T: N — N denote the functor given by T'(n) := n + 1. We call the restriction
T*: Fun(N,C) — Fun(N, () (5.7)

along T the shift functor. The canonical natural transformation idy — 7" induces a
natural transformation
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v: id = T*: Fun(N,C) — Fun(N,C) (5.8)

between the corresponding restriction functors.
If W is a set of morphisms in C, then we consider the full subcategory FunW(N, C)
of Fun(N, C) consisting of the objects (Cy,, fn)nen with f,, in W for all n in N.

Definition 5.8. We define the category Funlj (N, C) as follows:

1. The objects of Fun)} (N, C) are the objects of Fun" (N, C).
2. A morphism C' — D is an equivalence class of pairs (k, ¢) of k in N and a morphism
¢: C = TF*D in Fun" (N, C) subject to the equivalence relation generated by

(k,¢) ~ (k+1,T"*(vp) 0 9) ,

where vp is the natural transformation v from (5.8) evaluated at D. We denote the
equivalence class of (k, @) by [k, ¢].
3. The composition of morphisms is given by

[k, ¢l o [K,¢] = [k + K, T"* () o /] . &

One checks that composition in Fun', (N, C) is well-defined and associative.
Let

V :={ve | C € Fun" (N,C)} (5.9)

be the set of morphisms in Fun"’ (N, C) consisting of the components of v in (5.8). We
have a canonical functor

ty: Fun" (N,C) — Funl; (N, C) (5.10)
which is the identity on objects and sends a morphism ¢ to [0, ¢].
Lemma 5.9. The functor £y exhibits

1. Funl;. (N, C) as the localisation of Fun" (N,C) at V in Cat;
2. N(Funl} . (N,C)) as the localisation of N(Fun" (N,C)) at V in Cat..

Proof. Both assertions will follow from Lemma 4.6. Observe that the subcategory V
generated by V consists precisely of all maps vf: C — T%*C for k in N and C
in Fun"' (N,C). It is straightforward to check that V satisfies a calculus of left frac-
tions in the sense of Gabriel and Zisman [31, Sec. 2]. One checks that ¢y inverts V.
Hence the universal property of Gabriel-Zisman’s V™ 'Fun" (N,C) provides a functor
V-1Fun"' (N, C) — Funll,; (N,C). Comparing (4.2) with Definition 5.8.2, one sees that
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this functor is fully faithful and hence an equivalence of categories. So the lemma follows
from Lemma 4.6. O

Let (C, W) be in Fun(BG, RelCat). Then the projection N —  induces a morphism
j: C = Fun(N,C) . (5.11)

Proposition 5.10. There exists a commutative diagram

N(Fung;;, (N, C))

N(C)

in Fun(BG, Cat.,) which is functorial in the relative category (C,W).
If 7 = (Tn)nen is a morphism in Fun"’' (N,C) such that 7, belongs to W for all n,
then s(ly (7)) is an equivalence in N(C)[W1].

Proof. Let Fun'(N,C[W~!]) be the full subcategory of functors N — N(C)[W ~!] which
factor through the groupoid core of N(C)[W~']. The functor £,: N(Fun'"'(N,C)) —
Fun(N,N(C)[W~!]) induced by ¢ factors through Fun'(N,N(C)[W~!]). We obtain a
commutative diagram

N(Fun (N, C))

in Fun(BG, Caty), where jy is also induced by the projection N — x. Since £, inverts
all morphisms in V' from (5.9), the dashed arrow s’ exists by the universal property of
ly shown in Lemma 5.9. Since jy is an equivalence, we obtain the desired factorisation
by setting

s:=jyos .

The final assertion follows directly from the commutativity of the above diagram since
l, sends T to an equivalence. O
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5.83. The transfer class

Recall the abbreviations
L c,perf,G | Lex,perf L c,perf | Lex,perf
U= VEPehC: GBC — CatloP and V= V&' GBC — Catl:

from (5.2). We assume that G is a finitely homotopy JF-amenable group (see Defini-
tion 5.4) and that H: Catl(;fffk — M is a lax monoidal, finitary localising invariant
(see Definition 1.5). In this subsection we will construct a transfer class (X,¢) for
(U,n,V,H,F) (see Definition 2.31).

Suppose we are given a collection of homotopy coherent G-actions (I'y,, Zp,)nen and a
collection of maps (fy: Z, — Wy )nen, where W, is a G-simplicial complex for every n
in N. For the time being, we do not assume that these data satisfy any of the conditions
listed in Definition 5.4. Instead, we will gradually impose conditions as we develop our
construction. The goal is to provide some transparency where specific assumptions enter,
and to state intermediate steps in a way which makes them easier to reuse in Section 7.

Let X be a G-bornological coarse space (we use the symbol X because X has a
different meaning in this section, see Construction 5.11). As explained in Remark 2.32,

one way of defining a morphism
t: 1y — HU(X)
. . S . perf
is to specify an object in the left-exact oo-category limpg Vggzép (X).
In the following we explain how we will specify such an object. It is again useful not to
drop the nerve functor from the notation since we want to consider limits over BG of G-

categories, and for C in Fun(BG, Cat) the canonical functor N(limpg C) — limpg N(C)
is not an equivalence in general. By Remark 4.12 the functor CW extends to a functor

(CW" W): BC = RelCat , X — (CWH(X) W(X)),

where W(X) denotes the class of controlled homotopy equivalences in CW'™(X). By
Proposition 5.10, the functor FunYy, (N, CW'™) from Definition 5.8 fits into the follow-
ing commutative diagram

avy

N(CW'™) N(CW [ w-1] (5.12)

(5.10)0(5.11) T
Lyoj B -8

N(Funl (N, CW'™))

of functors from BC to Cat,,. The realisation transformation

’I“fd: N(wad)op - Vc,perf

SpciP
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from Definition 4.18 inverts all morphisms in W by Lemma 4.14. By the universal prop-
erty of the localisation ¢y from (5.12), we have another factorisation

T_fd

N(CWdyep vepert (5.13)

SpciP
X
Ly - '?fd

N(wad)[w;l]op

Composing the transformations described in (5.12) and (5.13) and applying limpg we
define the transformation

. limpg (Ti90s) . ¢,perf
rU grg N(Flln;?flft(N, wad))op L} %1’8 Vsscip (5.14)

of functors from BC to Cat.,. Using the equivalence
v N(Funli? (N, CWH())°P ") = lim N(Funle" (N, CWH (), (5.15)

from (5.6), it suffices to provide an object (M, p) in Fun;/}\fi(ff) (N, CWH(x))orhG ingtead
of an object in limpg N(Fun;/}\:i&f)(N, CW™(X)))°P. As explained in Construction 5.6,
such an object (M, p) consists of an object M in Fun:l\fi(ff) (N, CW' (X)) and a collection
p = (p(9))gec of morphisms p(g): gM — M satisfying the appropriate cocycle condition

(note that the direction of p(g) is reversed since we are taking the limit of the opposite
c,perf
SpcyP
will then represent the object determining the transfer class.

category). The object ry (¢(M, p)) inlimpg V (X) for an appropriate choice of (M, p)

To prepare for the construction of (M, p), we recall a construction of strictifications of
homotopy coherent G-actions (see Definition 5.2). This construction has been previously
employed for the proof of the A-theoretic Farrell-Jones conjecture [27] and is similar to
a construction appearing in [53].

Construction 5.11. Following [52, proof of Proposition 5.4] we associate to every homo-
topy coherent G-action I' on a topological space Z a strictification given by a G-space
X containing Z as a deformation retract. As a byproduct we obtain filtrations (5.19)
interpolating between Z and X.

The space X is given by

k
X=|[]TI@Gx01)xGx2z|/~,

E>0i=1

where ~ is the equivalence relation generated by
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Gkrths -5 92, 12,01, 2) go=e¢€
Gks ks -5 Gjr1stjsaty, gj—1,---,90,2) gj=e1<j<k—1
gk7tk7 e 7tj+1agjgj—1atj—1a . ,go,Z) tj = 171 S j S k}

(
(
(gkatk7~-~7gO7Z)N (
(gk7tk77" '7gj7r(gj—l7tj—17'"7907z)) t] = 071 < ] < k.

Let [gk,tk,- -, go, 2] denote the equivalence class of (g, tk,...,9go,2). The action of G
on X is defined by

g- [gk,tk,‘ .. 79072] = [ggkvtkv' .. 79072]'

We identify Z as a subspace of X such that z in Z corresponds to [e, z] in X. We define
a retraction

R: X —Z, R(gk tky---590,2]) :=T(grsths---,90,2) - (5.16)
The homotopy
H: X x[0,1] =X, ([gk,tks---590,2],u) = [e,u, gk, tk, - - -, Go, 2] (5.17)

exhibits Z as a strong deformation retract of X. In particular, the canonical embedding
from Z to X is a homotopy equivalence

Z=5X. (5.18)

This finishes the construction of the strictification.

We now assume that G is finitely generated. We regard G as a G-coarse space Geqp
by equipping the G-set G with the G-coarse structure generated by sets of the form
G(F x F), where F ranges through all non-empty finite subsets of G. For every generating
entourage S of G.q,, as above (note that it contains the diagonal), there is an induced
filtration

Z=Y,CV,C...CY,C...CX (5.19)

of X, where Y] is the subspace of

l k
(H [T (8'H{ed]  [0,1)) x 8 [{e}) Z) / ~

k=04i=1
consisting of the elements [gx, tx, gk—1, - - - ;, go, 2] With gx = e. In other words, we have
Y= {le,ths Gr-1,---,90,2) €EX | E<1,90,-.., 951 € S'[{e}]} . (5.20)

For every [ in N the homotopy H restricts to a deformation retraction Y; x [0,1] — Y
of Y; onto Z. In particular, the inclusion Z — Y] is a homotopy equivalence. ¢
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Construction 5.12. We are going to define the transfer space. Recall that we are given a
collection of homotopy coherent G-actions (I',, Z,,) and a collection of maps (f,: Z, —
Wi)nen. Let X, be the strictification of (T',,, Z,) provided by Construction 5.11. We
define the G-sets

X::HXn and X::HGxXn, (5.21)
neN neN

where X has the diagonal G-action. The G-set X will be the underlying G-set of the
transfer space. Let p: X — N be the canonical projection.

A part of Definition 2.31 of a transfer class is a morphism of the transfer space to
an (HV, F)-proper object. The latter will be given by the object p: Wi, = Npin min in

GBC )y obtained from the G-simplicial complex

W::HWn

neN

min,min

by application of Construction 2.36. Define for n in N the G-equivariant map
fl:Gx X, =Wy, (g,2) = gfa(Ra(97 ), (5.22)

where R, is the retraction from (5.16) associated to (I'y, Z,). The collection of maps
(f])nen gives rise to a G-equivariant map of G-sets

f=1lfx—-w. (5.23)

neN

Pulling back the bornological coarse structure on Wy, via f turns & into a G-bornological
coarse space over Ny, in min, Which is our choice of the transfer space. It further turns f
into a morphism X — W, in GBC /N ¢

min,min

We will later use that the G-set X also carries a topology since each X, is a topological
space. As such, the homotopy equivalence from (5.18) induces isomorphisms

1 G x m0(Zn) = mo(X) . (5.24)
neN
Denote by
i X2{epx X > X (5.25)

the inclusion map. We equip X with the bornological coarse structure pulled back from
X via ¢. Note that in general X is not a G-bornological coarse space since 4 is not
equivariant.
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We now start with the construction of the object M in Fun;?fi(ff) (N,CW™(X)). By
our standing assumption, G is finitely generated. So we can fix a generating entourage S
of Gean- Since S contains the diagonal, the iterated compositions of S form an increasing
chain of entourages

diag(G)C SC...cS"Ccstc... .
By Construction 5.11 applied to (T, Z,,), the choice of S determines a filtration of X,
by subsets
Yn,OngJ g gynl g an )

)

see (5.19). For every [ in N we then set

Y, = H Y,; and Y := H G xYy,,

neN neN

and get filtrations
YoCViC...CYC...CX and )yCVC...CY C...CX

of the bornological coarse spaces X and X. The filtrations are not G-invariant, but by
an inspection of (5.20) we have for every g in S"[{e}] and [ in N

9Y1 CYii, (5.26)

Lemma 5.13. If Condition 5./ .iv holds, then the set S x diag(Y}) is a coarse entourage
of X for everyl and r in N.

Proof. Since the coarse structure on X is pulled back from W}, along f, we need to show
that for every ! and r in N the image f(S" x diag(Y})) is a coarse entourage of W},. Since
S™ consists of finitely many G-orbits of pairs (g, ¢’) and f is G-equivariant, it suffices to
check that f({(g,¢')} x diag(¥})) is a coarse entourage of W}, for all g, ¢’ in G. In view
of (2.26) we must show that

sup d(f(g,9), f(g,y)) —0.
YEYn 1

Since S!'[{e}] is finite, the set of tuples gx_1,...,go which may appear as components
of points [e, tx, gr—1,- - -, go, 2] of Y} is finite. Unwinding the definition of f from (5.22),
expressing R,, in terms of I';, as in (5.16) and using the triangle inequality, we have for
every k in N and all go,...,g5-1 in G
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sup d(f(97 [evtkvgk*h --+5 90, Z])v f(g/u [e7tkagk717 -5 90, Z]))
(t1,..,tx)€[0,1]*
FASYAS

S sup ‘d(gfn(rn(gilatkagk—la'~'7907Z))7gk—1~~~90fn(z))

(5.27)

+ sup d(g fu(Cn(g" thy Gty -+ -5 90, 2))s Gke1 - - - G0 fn(2))
(t1,...,t1)€[0,1]"

z2€4y,
Since d is G-invariant, the term (5.27) equals
sup d(fn(rn(gilytkygk—la .-+, 90, Z))agilgk—l .. gofn(z)) )
2€EZn

and similarly for the other term. By Condition 5.4.iv, both summands tend to zero as
n—o0o. O

We now consider X = [, .y Xn and X =[], . G X X,, as topological spaces. Let
Y, X5 X (5.28)
denote the inclusion map and recall the definition of f from (5.23).
Lemma 5.14. If Condition 5.4.iv holds, then there exists a sequence
VoCWC...CViC... (5.29)
of coarse entourages of X such that

1. 'V is a subset of Y; X Y] for every | in N;
2. Vi is an open entourage of Y; containing il_lf_l diag(W) for everyl in N;
3. gVi CViy, for every l,r in N and every g in S"[{e}].

Proof. The bornological coarse space W), admits open coarse entourages. For example,
we could take the entourage

1
n . n n d na/ .
U {(wnw)) € Wo x W | dluwn,w)) < ——}

neN

Since the G-coarse structure on X is obtained by pulling back the coarse structure on W,
via the G-equivariant continuous map f and X is a union of components of X', pulling
back an open coarse entourage of Wy by f oi yields an open coarse entourage C' on X
which contains i1 f =1 diag(W).
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For every [ in N we define the entourage

Vi= [ @O

geS'[{e}]

of Y;. Since C is open and G acts continuously, gC' is also an open entourage of X for
every g in G. Hence V; satisfies Condition 2.

We now show that V; is a coarse entourage of X. We consider the composition of
entourages

V! = (({e} x S'[e]) x diag(Y;)) o Gi(C) o diag(G x Y;)
on X. Since ({e} x S'[{e}]) x diag(V;) C S’ x diag(V;), the first term is a coarse en-
tourage of X by Lemma 5.13. The set i(C) belongs to the G-coarse structure of X' by
construction. Therefore Gi(C') belongs to the G-coarse structure on X', too. Hence the
entire composition V}/ is a coarse entourage of X'. One checks that V; = i=*(V}/). So V; is

a coarse entourage of X since the coarse structure on X is induced via ¢ from X.
We finally show Condition 3. For every h in G we have

Wwi= | mgO)w -
geS![{e}]

By (5.26), h(gC))y, € (hgC)y,, for h € ST[{e}]. As hg € S"[{e}], it follows that
hV; C Vi4, as desired. O

From now on, we assume that Condition 5.4.iv holds. Then we choose a sequence
Wwenc...cv,c...
of entourages as in Lemma 5.14. Let
it Vi Yig (5.30)

denote the inclusion maps.
Definition 5.15. We define M in Fun(N, CW (X)) as follows:
1. M sends the object [ in N to the X-controlled CW-complex

M(l) := ;. CY (V) (5.31)

in CW(X), see Definition 4.21 and (5.28) for notation.
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2. M sends the morphism [ — [ + 1 in N to the morphism
M) = i, CYH(Y)) 25 iy o CYi1 (Yiy) = M(L+ 1)
see Construction 4.26 and (5.30) for notation. 4

Lemma 5.16.

1. The functor M belongs to the subcategory Fun”*) (N, CW (X)) of Fun(N, CW (X))
(see Definition 5.8).

2. If Z, is a compact ANR for every m in N, then M belongs to the subcategory
Fun”) (N, CW (X)) of Fun” ™) (N, CW (X)) (see Definition /.15.3).

Proof. To prove the first assertion, we have to show that j; 4 is a controlled homotopy
equivalence. Since controlled homotopy equivalences satisfy the two-out-of-three prop-
erty, it suffices to show that the structure map M (0) — M(l) is a controlled homotopy
equivalence for every [ in N.

As observed at the end of Construction 5.11, the deformation retractions H,, from
(5.17) associated to (I'y,, Z,) restrict to deformation retractions Hy, ;: Yy, % [0,1] = Y,
for every I in N. Their coproduct (over n in N) is a deformation retraction

K;: Y x[0,1] =Y

of Y; onto Yy. We first show that the diagram
Y, x [0,1]

K
Y,
fm‘ /ou
w

commutes, where f was defined in (5.23). Recall the explicit formulas (5.17) for H,,; and

(5.32)

(5.16) for the retraction R,,. Using the fourth case of (5.1) for the second equality and
the fifth case of (5.1) for the third equality, we see that

fli(Huu([e,th: Go1, - -5 90, 2] u))) = fr(e, Huu([e, te, g1, - -, 9o, 2], 1))
= Rn(Hp(le, thy gr—1, - - -5 G0, 2], 1))
= Rn([e;u-tg, gk—1,-- -, 9o, 2])
=Ln(gk—1,tk—1,---,90,2),

where f! is as in (5.22). Consequently,

w i (i (Hpa(le, tr, gr—1,- - 90, 2], 1))
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is constant for all n in N and [e, tk, gk—1,- - -, g0, 2] in Y, ;. Therefore, diagram (5.32)
comimutes.

This shows that K; is an iflf_l(diag(W))—controlled homotopy over Y;. By
Lemma 5.14.2, K is in particular a Vj-controlled homotopy.

By Lemma 4.27, it follows that there exists some open entourage V/ of Y; such that
K1 0(V)) €V, V/ = K;1(V/) CV; and K; induces a controlled homotopy

Koy~ Kjp: iz,*CVl' (V1) = i1..CV (V7). (5.33)

Let the retraction R : X — Yp be induced by the collection of retractions (Rj)n,eN
and write Rjy, for the restriction of R to Y;. Note that Ry, = Ko as maps to Y.
In particular, Ry, : (Y;,4) — (Yo,40) is Vi-controlled. Hence the map (Rjy,); below is
defined by Construction 4.26. Similarly, we have the map jo ;4 below. The starting point
of the homotopy in (5.33) is given by the composition

(R\Yl)ﬁ
—_—

Kios: i CY (V) 0., CI0d VD (Yg) 2285 4, cVi(yy)

Furthermore, its end point is
. / incl
Kiap =i (CY (V) == CY(Y)) -

The map K o is a controlled homotopy equivalence since Kj 1 4 is a controlled homotopy
equivalence by Lemma 4.25 and Remark 4.12, and these two maps are related by the
controlled homotopy (5.33).

Consider the composition

R L ;
( v, )4 ig,*cjovll(vl)(Yo) Jo,L.4 il,*CVl(YZ)-

o O () (V) 22 4y OV (1))
Since Ryy; o jo, = idy,, the composition of the first two arrows is a j ll(Vl)—controlled
homotopy equivalence, again by Lemma 4.25. Furthermore, jo 1,40 (Ry,)s = Ki0,3 is also
a controlled homotopy equivalence as shown above. So jy ;4 is a controlled homotopy
equivalence since controlled homotopy equivalences satisfy the two-out-of-six property.

The structure map M (0) — M (1) is given by the composition

i0.,CV0 (Vo) — g, CI0t (VD (Yp) 2205, ) cVi(yy) .

The first map exists since Vo C jj [ (Vi). Tt is a controlled homotopy equivalence by
another application of Lemma 4.25. Since jj ¢ 4 is also a controlled homotopy equivalence
as seen above, the structure map is a controlled homotopy equivalence. As argued at the
beginning of this proof, this implies Assertion 1.

We now show Assertion 2. Suppose that Z,, is a compact ANR for all n in N. We have
to show that M (1) lies in CW'™(X) for every I. Definition 4.15 is set up such that any
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object which is controlled homotopy equivalent to an object in cwid (X) also belongs
to CW™(X). In view of Assertion 1, which is already shown, we know that M(l) is
controlled homotopy equivalent to M (0) for every [ in N. Therefore, it suffices to show
that M (0) lies in CW™(x).

Since Yo = [],,cn
The entourage Vj is open in Yy by Lemma 5.14.2. If B is a relatively compact subset
of Yy, then N(B) := {n € N | BN Z, # @} is finite. Then N(V,[B]) = N(B) is
also finite and Vy[B] is relatively compact since it is contained in the compact subset
UneN(B) Z, of Vo. We conclude that Proposition 4.28 is applicable to Yy and Vj. It
asserts that C'"0(Yp) belongs to CW™ (Y v, rc). The map Yy v, re — Yo induced by the
identity of the underlying sets is a morphism in BC. Hence, by Lemma 4.16, we have
CY(Yy) € CW'™ (V). Again by Lemma 4.16, the object M (0) = ig..C"°(Yy) belongs to
CWH). o

Z, and each Z, is a compact ANR, Y} is a locally compact ANR.

Construction 5.17. In this construction we define a collection of isomorphisms

p=(p(g): gM — M)4ec (5.34)

which promotes M to an object (M,p) in Fun;/}\:i(ff)(N,CW(X))OP’hG, see Construc-
tion 5.6. Recall that we have fixed a generating entourage S of Gegn,min, and that
S”™ denotes the r-fold iterated composition of S with itself. Let g be in S"[{e}]. By
Lemma 5.14.3 and using (5.26), the multiplication map g - —: ¥; — Y4, induces a map

Sing"! (V) — Sing"+"(Yiy,), o g-0.
We want to show that the induced map
. y Vvl y W+r
gyt g*zl,*c (5/2) — Zl+r,*C <Y2+r) (535)

is a morphism of X-labelled CW-complexes in CW(X'), i.e., that g- — is an X-controlled
morphism, see Definition 4.3. A cell in g.i; .CY1(Y}) is given by a singular simplex
o: AF — Y] with the X-labelling (g, go(b)), where b denotes the barycentre of AF.
The image of this cell under g4 is the singular simplex g - o : A* = Y., with the la-
belling (e, go(b)). Hence gy is a controlled morphism if 4,4, ((S"[{e}] x {e}) x diag(Y;4»))
is a coarse entourage of X. In particular, g4 is controlled if 7;1,(S" x diag(Yi4,)) is a
coarse entourage of X. By virtue of Lemma 5.13, which can be applied since we assume
Condition 5.4.iv, this condition is satisfied.
Consequently, the morphism g4 from (5.35) defines a morphism

pu(9): gM(1) = gt OV (Y1) 5 it OV (YVigy) = M(I47) = (T M)(D)

in CW(X), where T™* is the r-fold iterate of the shift functor from (5.7). The collection
of these maps is a natural transformation
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(pu(9))ien: gM — T™"M
of functors from N to CW(X'). The morphism

p(g) == (Ir, pi(9))ien: gM — M

in ]F‘un:}\fi(ff)(N ,CW (X)) (see Definition 5.8.2 for notation) is independent of the choice
of r. Since S is a generating entourage, every g in G lies in S"[{e}] for some r in N. So
p(g) is defined for every g in G. ¢

Recall that we assume Condition 5.4.iv.

Lemma 5.18. If Z,, is a compact ANR for every n in N, then the pair (M, p) is an object
in Fun!Y (Y (N, C W' (x))orh€,

Proof. It remains to check the cocycle condition for p and that M takes values in
CW'™(X). For the cocycle condition note that for [ in N, g in S”[{e}] and h in S*[{e}]
the triangle

ha(gy)
h*g*il,*CVl (}/2) n h*il+r,*CVl+T(Y—l+r)

(hg)u /

i Vigrts
'Ll+r+s¢*0 Lrt (Y2+r+s)

obviously commutes. This implies p(h)h.p(g) = p(hg). This is the required relation (5.5)
since we work in the opposite category of Fun:}\fi(fi()(N, CW(X)).

The functor M takes values in CW™(X) by Lemma 5.16 since Z, is a compact ANR
for every nin N. 0O

In the present section, the arguments using the space X defined below are designed
to be reused in Section 7. For the purpose of proving Theorem 5.1, they are more com-
plicated than necessary, see Remark 5.23.

Construction 5.19. We construct another GG-bornological coarse space X which fits into
a commutative diagram

X X (5.36)

Nmin,min

where c is the canonical map sending a point to its connected component. The underlying
G-set is given by Xy := G X mp(X). We equip Xy with the smallest bornology such
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that po: Xy — Niin,min is proper, and the smallest coarse structure such that c is
controlled. ¢

Set
Sre =5 x diag(m (X)) . (5.37)

Since mo(X) = m(Yp) (as Yy is a deformation retract of X), we have S;, = ¢(S x
diag(Yp)). Hence by Lemma 5.13 applied in the case [ = 0 and r = 1 we see that Sy, is
a coarse entourage of Xjp.

We now construct a discrete version (D,d) in CW™ (X,)°PhG of the object (M, p)
from Lemma 5.18.

Construction 5.20. Consider the object
D = mo (i), 0128 (XD) (7 (X)) (5.38)

in CW(A&p), where mo(7) : mo(X) — Ap is induced by ¢ from (5.25). If Z,, is a compact
ANR for every n in N, then my(X,,) is a finite set since Z,, — X,, is one instance
of the homotopy equivalence (5.18), and D belongs to CWfd(Xo) by Definition 4.15.
Multiplication by a group element ¢ induces an isomorphism

g¢+ gumo (i), UM N (m (X)) — 70 (0), CNET D) (0 (X)) (5.39)

of Xp-labelled CW-complexes. By a similar computation as in Construction 5.17, this
morphism is Sy, -controlled (see (5.37)) if g is in S. So gy is an isomorphism in CW™ ()
for every g in G. The collection ¢ := (gy)g4ec satisfies the cocycle condition. Therefore,
we get the object (D, ) in CW™(x,)orhG, ¢

We continue to assume that each Z,, is a compact ANR and that Condition 5.4.iv holds

so that (M, p) and (D, §) are well-defined objects by Lemma 5.18 and Construction 5.20.
Consider the composition k in

» Fun /51 (N, W' ()G

e %

E\unW(Xo) (N, wad(Xo))OP’hG

CWfd (Xo)Op’hG

(5.40)
where 1€ and j"C are obtained from ¢y in (5.10) and j in (5.11) by applying the
(—)PS-construction from Construction 5.6. Recall the natural transformations

BT w fdy\\op : c,perf (5_2)
ry+ lim N(Funfie (N, CW' )P — lim VEPes, =" U
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from (5.14) and 4 : N(CW')or Vggiﬁi from Definition 4.18.
We have the solid part of the following diagram:

lim rf¢
BG

lim N(CW*(Xp))°P U (%) (5.41)

- fH
~
= >~ H rTyoc
M) S I Ut

lim N(Fun (") (N, CW*™ (X))°»

shift

Lemma 5.21. Assume:

1. Z, is a compact ANR with contractible components for every n in N;
2. the projection pr: Xy — 7o(X)min,min S a morphism of bornological coarse spaces
and proc : X — mo(X)min,min @S bornological.

Then there exist a functor m(ys 5y and a filler completing (5.41) to a commutative diagram
in CAT ..

Proof. To construct the functor m(yy, ), we make use of the following auxiliary construc-
tion. Let S be a G-set and

A% Ao B Sinmin (5.42)

be morphisms in GBC such that p o « is bornological. Consider (Q,\) in CW(A) and
(Qo, Ao) in CW(Ap). Cells of @ A Qo will be denoted in the form (g, qo). We consider
the subset of these cells

{(¢,90) € QN Qo|(poaoA)(q) = (por)(q)} - (5.43)

If (g, qo) is in this subset and (¢’, ¢) is a cell in (g, qO)CW, then (poaoA)(q') = (poro)(q))

since p.a.(Q, A) and p.(Qo, Ao) are Spin, min-controlled CW-complexes. Hence the subset
(5.43) determines a subcomplex Q ®g Qo of @ A Qp. We equip the subcomplex Q ®s Qo
with the A-labelling given by

(A ®s A0)(q,90) = Alq) -
We define a G-equivariant functor
®s: CW(A) x CW(4y) - CW(A)

which sends the pair of controlled CW-complexes ((Q, A), (Qo, Ao)) to
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(Q,\) ®s (Qo, M) = (Q ®s Qo, A ®5 o) -

This functor preserves controlled homotopies in each variable. Note that we have an
isomorphism

Q®s Qo= \/ Qpoa) () AQo(p™'(5)) (5.44)

ses

where Q(A’) for a subset A’ of A denotes the largest subcomplex of @ such that
AQ(A") C A’, and similarly for Qp. We claim that if (Q,A) and (Qo, \o) are locally
finite, then also (@, \) ®s (Qo, Ao) is locally finite. To this end, let A’ be a bounded
subset of A. Since p o « is bornological, the set p(ca(A)) is a finite subset of S. Using the
isomorphism (5.44), we see that ((Q,A) ®s (Qo, Mo))(A’) consists of finitely many cells.
This shows the claim.

It follows that ®g restricts to a G-equivariant functor

®g: CWH(A) x CW(4)) - CWH(4) .

Moreover, this functor respects controlled homotopy equivalences in both variables.
This construction is natural in the following sense: for every commutative diagram

in GBC such that poa and gof are bornological, we have ¢, (—®5—) = ¢.(—)Rs00,(—)-
By objectwise application, ®g induces a product functor

®g: Fun”W (N, CWH(4)) x Fun™“o)(N, CW(4,)) - Fun (N, cwW(4)) .
The product induces a product (denoted by the same symbol)
s Funy ! (N, CWH(4)) x Funjjii” (N, CW (4g)) = Fungjic? (N, CW(4))

which on morphisms is given by [I,7] ®s [I,70] := [I,T ®s T0] (see Definition 5.8, note
that we use representatives with the same first entry).

Applying the (—)"“-construction from Construction 5.6, we get the two-argument-
functor

m: Fun)p i) (N, CWH(4))°PhC x Funl i) (N, CW'4(4,))ophC
= Funy (Y (N, CW' (4))op 1€ (5.46)
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Like ®g, this functor is natural in the sense that ¢, om = mo (¢« X ¢o .), retaining the
notation from (5.45).

We now specialise (5.42) to X Sx,5 7T0(X)min,min- Note that pr is a morphism in
GBC and co pr is bornological by Assumption 2. Since Z,, is a compact ANR for every
n, Lemma 5.18 gives an object (M, p) in Funl/l\fi(ff)(N, CW'(x))orhG  Plugging (M, p)
into the first argument of the functor in (5.46), we define the desired functor

M = 0o Nm((M, p), K(-))) 017"+ lim N(CWH ()
= lim N(Funy i (N, CW' ()))°?
appearing in (5.41), where k is from (5.40), and ¢ is the natural transformation from

(5.6).
It remains to provide the filler of the triangle in (5.41). In view of the chain of equiv-

alences
_q 514y L e 1
ryotoN(k)or ~ lim7“olimsoroN(k)or
BG BG
(5.40)

li —fd i N hG N -hG —1
lim 7 o lim s 0 0 N(4F) 0 N(j"%) 0

! S . . ..
~ lim7 olim s o lim ¢y o lim j
BG BG  BG BG

where ! uses the naturality of ¢, we must provide a natural equivalence
ruocomy ~ryotoN(k)ou "

By the naturality of m, the commutative diagram

X % XO &
Ck Jid o (X)mzn,mzn

id /

XO —_— XO pr
gives rise to the equivalence
csomarp) = ¢ oo N(m((M, p), k(=) o™ = 1oN(m(c. (M, p), k(=) o™ . (5.47)

For every n in N the canonical map Y;,, — mo(Y,,) — mo(X) induces a morphism
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(5.31) (5.38) D

Tn: CM(n) Cain OV (V) = o (i), 2™ (X)) (0 (X))
One checks that the sequence 7 = (7, )nen is a natural transformation 7: ¢, M — j(D)
in the category Fun”’(*) (N, CW' (X)), where j(D) : N — CW'™(x,) is the constant
functor with value D.

Using (5.35) for the definition of p(g) and (5.39) for the definition of (g), one checks
explicitly that [0, 7]oc.p(g) = [0,d(g)o7] in Fun;/}\fi(ff‘))(N, CW™(&y)) for all g in G. So 7
is equivariant and therefore defines a morphism 7¢: ¢, (M, p) — k(D,d) in the category
Fun;/}\ji(fi(o)(N, CWM(X,))°PhG  where k is as in (5.40).

By inspection, we check that there is an equivalence

m(k(D,0), k(=) = k(=)

of functors from CW'™ (A;)oPhG to Fun;/}\f.(f) (N, CW'™(X;))PhG | The morphism 7¢

1
therefore induces a natural transformation

m(r% k(=)

o m(c.(M,p), k(—)) m(k(D,6),k(=)) ~ k()

The composition

(5.47) _1 ro(eN@@)

TU © Cx © M1, p) ry oo N(m(e.(M,p),k)) o rpotoN(k)or™!
is the desired natural transformation. This finishes the construction of a natural trans-
formation filling the triangle in (5.41).

It remains to show that this transformation is an equivalence. Since the forgetful

functor
. c,perf c,perf
lim VDT, (Xo) — VR (%)

is conservative, it is enough to show that ry sends the natural transformation o between
functors from CW™(X,) to Fun;/}\fi(ff)(N, CW™ (x))°P underlying o€ to an equivalence.
By the definition of ry in (5.14), it is enough to show that s(o) is an equivalence, where s
is as in (5.12). Since each component of Z,, is contractible and both maps Z,, — Y,, — X,
are homotopy equivalences, each component of 7 is a controlled homotopy equivalence by
Lemma 4.25. Hence s(o) is an equivalence by the last assertion of Proposition 5.10. O

Recall the definition of U from (5.2). Let H: Cat&fi’perf — M be a lax monoidal
functor. In the following, we use the notation introduced in Section 2.4. The morphism
Ny is defined in (2.18). Since U is mg-excisive by Theorem 3.5.1, Construction 2.10 applies
to define the functors ¢/ : U(Npin,min) — U(x). Recall that we are given a collection of
homotopy coherent G-actions (I'y,, Z,,) and a collection of maps (f,: Z,, = Wp)nen. The
is the G-set defined in (5.21) with the G-bornological
coarse structure described in Construction 5.12.

transfer space X in GBC /N

min,min
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Proposition 5.22. If Conditions 5./.1 and 5./.iv hold, then there exists a commutative

diagram
Int " HU(%) (5.48)
tJ/ Jdiag
HU(p) (H(a))n
in M.

Proof. We first construct the morphism ¢. Since Z,, is contractible and Z,, — X,, is a
homotopy equivalence for every n in N, and S, in (5.37) is a coarse entourage of Xj,
we have a factorisation

c Po
p: X = XO = Gcan,maz b2y Nmin,min — Nmin,min )

see Construction 5.19 for notation. Let m sz, ,) be the functor provided by Lemma 5.21
and recall the object (D, ) in CW™(X;,)°P"C given by Construction 5.20. We interpret
the object 7v (m(ar,p)(¢(D,0))) in U(X) (with ry as in (5.14)) as a left-exact functor

txy: SpcP? —» U(X) .

Then we define ¢ as the composition

t: 1 — H(Spe) 2% gy (ay

where the first morphism is the unit constraint of the lax monoidal functor H.
It remains to construct a filler of (5.48). The object (limpgrf)(¢(D,d)) in

limpg V;’IPJZ;,(XO) (see Definition 4.18 and (5.6)) determines a functor

tx,: Spe” = U(AD) -

Consider the diagram

SpcP U (5.49)

txo
tXJ/ J/diag
(a)n

U(c) U(po)
U(X) e U(XQ) E— U(Nmimmin) EE— HN U(*)

where pg and ¢ are as in (5.36). By Lemma 5.21 and naturality of ryy, we have an
equivalence
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U(€)(ro (miae y(D,8))) = lim 7 (u(D, )

Consequently, the triangle at the bottom left of diagram (5.49) commutes.

Recall from Theorem 3.5.4 that under the identification U(x) ~ Fun(BG, Spci¥*)
the unit morphism 7: Spc?®“ — U(x) is the unique left-exact functor which sends S°
to SY, the space SO equipped with the trivial G-action. We must therefore show that
Y (U(po)(limpg r'(¢(D, 6))) is also given by S°. By naturality of limpg rf and using
Remark 4.19, we have an equivalence

ay. (U (po) (lim 7" (u(D, 8))) = gy Lim r4(po (D 8)) ~ limn ™ (po,. (D(n), 6y p(n))) -

Unwinding Construction 5.20 of (D, §) and using m(X,,) = *, the restriction of pg «(D, )
in CW™ (N, ,in.min)""C to the coarse component {n} is given by (S°, (id)yeq). Finally
we have limpg rfdu(S°, (id)yeq) ~ S° by definition of the right-hand side. Hence the
trapezoid in (5.49) also commutes.

We now apply H to the outer square in (5.49) and precompose with the unit 1p; —
H(Spc®®) in order to get the desired filler of (5.48). O

Remark 5.23. The proof of Proposition 5.22 using Lemma 5.21 is more complicated than
it needs to be. The object ry(c(M, p)) determines a left-exact functor

ty: SpcP = U(X) .
One can check directly that

t: 1 — H(Spe) U9 gy

*
satisfies the conclusion of the proposition. Our presentation of the proof is written with
an eye towards Section 7 where such a direct argument is not possible and we need
Lemma 5.21. ¢

Proof of Theorem 5.1. We will deduce Theorem 5.1 from Proposition 2.33. In the fol-
lowing we verify its assumptions.

By the assumptions for Theorem 5.1, we have a collection of homotopy coherent G-
actions (T'y,, Z,, )nen and a collection of maps (f,: Zn, — W, )nen satisfying all conditions
listed in Definition 5.4. We can then construct a transfer class (X, t) for (U,n,V, H, F),
see Definition 2.31. The transfer space X is the G-bornological coarse space from Con-
struction 5.12. Furthermore, the morphism ¢: 1pg — HU(X) is given by Proposition 5.22.

Since H is a finitary localising invariant, the composite HV is a hyperexcisive equiv-
ariant coarse homology theory by [4, Cor. 5.3.13]. Due to Conditions 5.4.ii and 5.4.iii,
we can apply Theorem 2.37 to deduce that W), is (HV, F)-proper. The morphism from
X to an (HV, F)-proper object required by Definition 2.31.1 is the morphism f from
(5.23). Finally, diagram (2.19) in Definition 2.31.2 commutes by Proposition 5.22.
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The equivariant coarse homology theory HV extends HCg by [4, Prop. 5.4.5]. Like
every coarse homology theory, it is mp-excisive. This completes the verification of the
assumptions of Proposition 2.33, so Theorem 5.1 follows. O

6. Dress—Farrell-Hsiang groups

In this section, we introduce the Dress—Farrell-Hsiang condition (Definition 6.3) and
prove the following analogue of Theorem 5.1.
Let G be a group and F be a family of subgroups of G. Let C be a left-exact oo-

Lex
00, %

cocomplete stable oco-category which admits countable products. Recall Definition 1.8

category with G-action and let H: Cat — M be a functor to a stably monoidal and

and the assembly map (1.1).
Theorem 6.1. Assume that

1. G is a Dress—Farrell-Hsiang group with respect to F;
2. H is a lax monoidal, finitary localising invariant.

Then the assembly map
A]—',HCG : ngl(l)rx%) HCG — HCG(*)
is a phantom equivalence.

We will first introduce the Dress—Farrell-Hsiang condition. The remainder of the sec-
tion after Remark 6.4 is dedicated to the proof of Theorem 6.1.

The Dress—Farrell-Hsiang condition relies on the notion of a Dress group. We use the
notation K < H in order indicate that K is a normal subgroup of H.

Definition 6.2. A finite group D is a Dress group if there exist prime numbers p and ¢ and
subgroups P <C < D such that P is a p-group, C/P is cyclic and D/C' is a g-group. 4

For F a finite group we denote the family of Dress subgroups of F by D(F).
Let G be a finitely generated group, and let F be a family of subgroups of G.

Definition 6.3. The group G is a Dress—Farrell-Hsiang group with respect to F if there
exist

1. a collection (F},),en of finite groups;

2. a collection (ay,)nen of epimorphisms «,,: G — F;

3. a collection (W, p)neN,pen(F,), Where Wy, p is a D-simplicial complex for the sub-
group D = a;, }(D) of G;
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4. a collection (fn p)neN,pen(r,) of maps of sets f, p: G — Wy p
such that the following holds:

i. for every n in N and D in D(F,,) the stabilisers of W,, p belong to F N D;
ii. for every nin N and D in D(F,,) the map f,, p is D-equivariant, where the subgroup
D acts on G by left multiplication;

iii. sup dim W, p < oo;
neN,DeD(Fy,)
iv. for every g in G we have

sup d(fn,D(’yg)afn,D(’Y)) TH_OO) 0. ‘
DeD(F,),v€G

Remark 6.4. The simplicial complex W), p in Definition 6.3 is equipped with the spherical
path metric d which is used to formulate Condition 6.3.iv. Due to Remark 2.35 and
Assumption 6.3.iii, the spherical path metric may be replaced by the ¢'-metric. ¢

We now start with the proof of Theorem 6.1. As in the case of finitely homotopy
F-amenable groups, we rely on Proposition 2.33 to prove Theorem 6.1. Once more, we
consider the functor

V= Ve GBC — CatiPe
which admits a weak module structure (7, ) over the mp-excisive functor

U:=VgPe©: GBC — Catl oy
by Theorem 3.5. The composite functor HV: GBC — M is a hyperexcisive equivariant
coarse homology theory [4, Cor. 5.3.13] extending the functor HCg: GOrb — M [4,
Prop. 5.4.5] in the sense of Definition 2.12.

We now proceed to construct a transfer class (X, t) for (U,n,V, H, F). Choose collec-
tions

(Fn)n€N7 (a'rL)neNu (Wn,D)nGN,DGD(Fn) and (fn,D)nGN,DED(Fn)

as in Definition 6.3. Recall that for D in F(F,) we let D := a;,*(D) denote the corre-

n
sponding preimage. It is a subgroup of G.

Construction 6.5. We construct the transfer space X. This construction uses only the
collection of epimorphisms (&, )nen. Define the G-sets

X, = H G x G/D and X::HXn,

DeD(F,) n
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where we let G act diagonally on each summand of X,,. We denote by p: X — N the
canonical projection map. We equip X with the maximal bornology such that p becomes
a proper map to Ny min. Finally, we choose a generating entourage S of G and equip
X with the coarse structure generated by the entourage

IT 1II & xdiag(G/D). (6.1)

neN DeD(F,)

Note that this turns the projection to N into a morphism p: X — Nyipn min of G-
bornological coarse spaces. ¢

We now construct the morphism ¢: 1pg — HU(X) as in Section 5.3.

Construction 6.6. We construct a candidate (Q,(p(9))gec) for an object in
CW'(x)or:hG By [56, Cor. 2.10], there exists for every n in N a finite F),-simplicial
complex K/ whose underlying space is contractible and whose stabiliser groups belong
to D(F,,). We obtain a collection of G-simplicial complexes (K, )nen by letting G act
on K], via the epimorphism a,.

Let z(K,,) denote the set of cells of K,,, and let |—|: z(K,) — N denote the dimension
function. For every n in N, choose a section s,: z(K,/G) — z(K,) of the function
2(K,) = 2(K,/G) induced by the projection map. For k in N we let S% denote the
k-sphere, equipped with the CW-structure consisting of precisely one 0- and one k-cell
and with a disjoint basepoint adjoined.

Then we form the based G-CW-complexes

Qn = \/ (G/GSV,L(Q))-"- A S-‘il-ll and Q= \/ Qn - (6.2)

q€z(Kn/G) neN

Since the stabiliser of each cell in @ is the preimage under «,, of an element of D(F},),
we can define an X'-labelling on @ by

)\:z(Q)%H ]_[ G/Gsn(q)xz(S‘q‘)%H ]_[ G/Gs, (o)

neN g€z (K, /G) neN gez(K, /G)

—>H H {e} xG/DC X,

neN DeD(F,)

where the latter map sends gG, (4) (in the component of (n,q)) to (e,gGs, (4)) (in the
component of (n,a, (G, (g))))-
The canonical G-action on @) induces for every g in G a map

P(9): 9«(Q;A) = (Q,A) . ¢

Recall the description of objects in CWfd(X )oP-hG from Construction 5.6.
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Proposition 6.7. The X-labelled CW-complex (Q, \) together with the collection of maps
p=(p(9))gec defines an object in CW'™ (x)op-hG,

Proof. The X-labelled CW-complex (@, A) is diag(X)-controlled and locally finite. Hence
it belongs to CW'(X) in view of Definition 4.15. The cocycle condition for p is straight-
forward to verify.

It remains to show that p(g) is a morphism in CW™(X). Unwinding definitions, we
find for every point (n,q,7Gs, (4),2) in 2(Q) that

g )\(TL, q, ’7Gsn(q)v Z) = (TL, an(Gsn(q))y g, g’yan(Gsn(q)))

and

>‘(g : (n, q, ’YGsn(q)v Z)) = (Tl, an(Gsn(q))a €,970n (Gsn(q))) .

Note that the labels on the right hand sides differ only in their third entry. Since the
coarse structure on X is generated by the entourage in (6.1), this shows that p(g) is
X-controlled. O

The realisation map 7f4: CW P 5 VP iy qyces a natural transformation

Spcy?

limpa N(rfd)

G N(CWIdoPhG) Ly iy N(CWidop) lim VGPer, = U (6.3)
BG BG Pc«

where ¢ is the equivalence from (5.6). Hence we have an object % ((Q, \), p) in U(X).
We regard this object as a left-exact functor

ty: SpcX? — U(X) .

Definition 6.8. We define the morphism ¢ as the composition

t: 1 — H(Spe) U9 go(xy . ¢
Lemma 6.9. There exists a commutative diagram
In " HU (%) (6.4)
tJ/ J/diag
HU (p) (H(g)n

in M.
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Proof. We only need to construct a filler. Since the lower right corner of the diagram is
a product category, we can construct fillers one factor at a time.

Every finite based G-CW-complex A (with G-action ) provides an object 4% (A, o)
of U(x) which we interpret as a left-exact functor 7% (4, a): Spct®* — U(*). This
functor gives rise to a morphism

H(r'9(4,0))
ua: Iy — H(Spe®?) —— 22 gy (x) | (6.5)

where the first morphism is the unit constraint of the monoidal structure of H.

Let (n, 1) be the weak module structure provided by Theorem 3.5. Define ng: 1p —
HU (%) as in (2.18). By Theorem 3.5.4, we have ng =~ ugo.

Fix n in N. Since the underlying space of K, introduced in Construction 6.6 is con-
tractible, the projection map (K,)y — S° induces an equivalence ¢ ((K,).) —
rfdG(89) in U(x) by Lemma 4.14. Applying H and precomposing with the unit con-
straint, we obtain an equivalence

Ui,y —* wgo = na: Ing — HU () (6.6)

by virtue of Theorem 3.5.4. Since H is a localising invariant, every fibre sequence of left-
exact functors Fy — F; — F5 in FunLeX(C, D) induces an equivalence HFy + HF5 ~
H Fy; note that the target of H is stable, so addition of morphisms is well-defined. We
apply this to left-exact functors Spcy?® — U(*). As such functors are determined by
their evaluation at S°, fibre sequences of such functors correspond to fibre sequences in
U(x).

By Theorem 3.5.2, we have Fun(BG,Spc,™*) ~ U(x). Every cofibre sequence
of finitely dominated, based G-CW-complexes induces a fibre sequence in Fun(BG,
Spc®*) by application of ¢, Hence we obtain for each two consecutive steps
Kff) — K,(,,Hl) in the skeletal filtration of K, an equivalence

H(H O (K D)) + HEC(RTD) L /(KD),)) > HEO(RE),)

The G-CW-complex Q,, from (6.2) has a filtration by the subcomplexes QE] which consist
of the wedge summands containing a sphere of dimension at most i. Therefore, we have
an equivalence

H(r' G QM) + H(r' QI QM) ~ H(r™C(Qli+1))

for every ¢ in N. Since by construction (6.2) the wedge summands of @,, are indexed by
cells of K, we have isomorphisms

KK = Qi /Qll

it follows by a finite induction that
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H(r'C((Kp)+)) = Hr' " (Qn)): H(SpelP™) — HU (%) .
Consequently, we have
UK, S uQ,: Im — HU(x) .

Combining this equivalence with (6.6), we obtain an equivalence ng ~ ug, .

Note that the composite SpcoP” 1x, U(x) M U(Npin,min) corresponds by the
naturality of r&¢ to the object 7% (p.(Q,\),p). Using Remark 4.19, it follows that
qV oU(p) otx: Spc®* — U(x) corresponds to the object 7% (Q,,) of U(x). Hence we
have

H(q,) o HU(p) ot ~ uq, =~ nu -
This equivalence is the desired filler of the square in (6.4) for the factor indexed by n. O

Lemma 6.9 shows that (X,t) satisfies all conditions listed in Definition 2.31 except
2.31.1: we still have to verify that X admits a morphism to an (HV, F)-proper object.
Form the G-simplicial complexes

Wo= ] GxpWap., W=]]Wa
DeD(Fy,) neN

and let 7: W — N be the canonical projection. We let m: W), — Npip min denote
the object of GBC n
is a hyperexcisive equivariant coarse homology theory and W is a finite-dimensional

min.min ODtained by applying Construction 2.36 to W. Since HV
G-simplicial complex whose stabilisers belong to F by Conditions 6.3.i and 6.3.iii, The-
orem 2.37 shows that W}, is (HV, F)-proper.

Recall Construction 6.5 of the transfer space X'. Moreover, for every n in N and D in
D(F),) we have a G-equivariant map

fhp:GxG/D—Gx5Wyp, (9.9D)— (v, fap(v"'9))

since f,, p is assumed to be D-equivariant (Condition 6.3.ii). These maps give rise to the
G-equivariant map f, = HDeD(Fn) f;hD: X, — W, and the map (of underlying sets,
for the moment) f :=[[,cn fn: & = Wi

Lemma 6.10. The map f is a morphism of G-bornological coarse spaces over Npipn min.-
Proof. The bornological coarse structure on X is described in Construction 6.5. It is

obvious from the constructions that f is a proper map which is compatible with the
projections to N. To see that f is also controlled, it suffices to check that the image of
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IT II {.e)} xdiagG/D)

neN DeD(F,,)

under f is an entourage of W}, for every g in G. Since f(n, D, g,vD) = (7, fa.n (7" 19)),
this follows from the fact that

sup  d(fap(7719), fap(771)) T2 0
DeD(F,),veG

for every g in G by Condition 6.3.iv. O

This finishes the construction of the transfer class (X,t) for (U,n,V,H,F). Theo-
rem 6.1 follows now from Proposition 2.33.

7. Dress—Farrell-Hsiang—-Jones groups

This section combines the arguments of Sections 5 and 6 to prove a result which unifies
and generalises Theorems 5.1 and 6.1 and is instrumental in proving the Farrell-Jones
conjecture for virtually solvable groups (see Example 7.3).

Recall the notion of Dress groups from Definition 6.2. For a finite group F', we continue
to denote the family of Dress subgroups of F' by D(F).

Let G be a finitely generated group and F be a family of subgroups.

Definition 7.1. The group G is a Dress-Farrell-Hsiang—Jones group with respect to F
(or DFHJ group (with respect to F) for short) if there exist

a collection (F),),en of finite groups;
a collection (an)neN of epimorphisms oy, : G — Fy;
a collection (I'n,p, Zn,D)neN,pep(F,) of homotopy coherent G-actions;

S

a collection ( D)neN,DeD(F,), Where W, p is a D-simplicial complex for the sub-
) of G;

group D := a, (
D)neN ,DED(Fy,) of continuous maps me: G x Zn,D — Wn,D

5. a collection (f,

)

such that the following holds:

i. for every n in N and D in D(F,,), the topological space Z, p is a compact AR";
ii. for every n in N and D in D(F,,), the stabilisers of W,, p belong to F N D;

iii. sup dim W, p < oc;
neN,DED(F,)

iv. for every n in N and D in D(F},), the map f, p is D-equivariant, where D acts on
G X Zy,p by left multiplication on the left factor;

7 See Condition 5.4.i for an explanation of this notion.
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v. for all £ in N and go, ..., g in G we have

Sup d(fn,D('Y, Fn,D(gk, tk, ..., t1, 90, Z))v fn,D(’ygk -+ - 9o, Z)) n—)oo_) 0. ¢
DGD(F7L)77€G,

(t150-t1) €[0,1]%,
ZeZn,D

Remark 7.2. Definition 7.1 combines finite F-amenability (Definition 5.4) and the Dress—
Farrell-Hsiang condition (Definition 6.3) into a single notion:

1. If we choose F,, to be the trivial group for all n, we have for each n in N a single
homotopy coherent G-action (T, Z,), a single G-simplicial complex W,, and a G-
equivariant map f,: G x Z,, — W,,. Restricting f, to {e} x Z, yields a map as in
Definition 5.4 of finite homotopy F-amenability. Conversely, if f,,: Z, — W, is as in
Definition 5.4, then (g, z) — gfn(z) defines a map as in Condition 7.1.v.

2. If we choose all the spaces Z,, p to be points, the DFHJ condition reduces to being a
Dress—Farrell-Hsiang group.

3. As explained in Remark 6.4, the metric d in Condition 7.1.v is the spherical path
metric (or the (!-metric). 4

Example 7.3. Let w be a non-zero algebraic number which is not a root of unity. Let
Z[w,w~!] be the underlying abelian group of the subring of C generated by Z, w and
w™l. We let Z act on Z[w,w™] by group automorphisms via multiplication with w.
Then Z[w,w™!] x Z is DFHJ with respect to the family of virtually abelian subgroups
[36, Prop. 3.3]. Using the inheritance properties of the Farrell-Jones conjecture, this
implies by [54, Prop. 3.3] that the conjecture holds for all virtually solvable groups. See
the proof of Theorem 1.14 in Section 8 for further details. ¢

Let G be a finitely generated group and F be a family of subgroups. Let C be a

Lex s M be a functor to a stably

left-exact oo-category with G-action and let H: Cat
monoidal and cocomplete stable co-category which admits countable products. Recall

Definition 1.8 and the assembly map (1.1).
Theorem 7.4. Assume that

1. G is a Dress—Farrell-Hsiang—Jones group with respect to F;
2. H is a lax monoidal, finitary localising invariant.

Then the assembly map
A]—',HCG : C(:Zglélll‘t HCG — HCG(*)

s a phantom equivalence.
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The remainder of this section is dedicated to the proof of Theorem 7.4. As in Sections 5
and 6, Proposition 2.33 reduces the proof to the construction of a suitable transfer class,
see Definition 2.31. As in Sections 5 and 6, we consider the functor

.__ yoperf, Lex,perf
V= Vet GBC — Catles
which admits a weak module structure (7, ) over the mp-excisive functor
. yvoperf,G | Lex,perf
U = ViPa®: GBC — Cath™

by Theorem 3.5. The composite HV is a hyperexcisive equivariant coarse homology
theory by [4, Cor. 5.3.13] extending HC¢ [4, Prop. 5.4.5].

The transfer class associated to (U,n,V, H,F) will arise by combining the transfer
class of Section 6 with a fibrewise version of the transfer class from Section 5.1. Let G
be DFHJ group with respect to the family F. Choose collections

(Fu)nenN, (@n)nens (T'n,D,Zn,D)neN,pen(F,)> (Wn,D)neN,Den(r,) and
(fn.D)neN,DeD(F,)

as in Definition 7.1.
Since D(F,,) is a finite set and D has finite index in G for every D in D(F,), the
topological space

Zy = ]_[ G/D x Zn p (7.1)
DeD(F,)

is a compact ANR. Since G/D carries a G-action and Z, p comes equipped with a
homotopy coherent G-action, G/D x Z, p inherits a homotopy coherent G-action F/n, D
given by

F;L,D(glﬁtk? o 7t1agoa (735 Z)) = (gk .. '907ﬁ7 FH,D(gk7t/€7 o 7t1a90a Z)) . (72)

Taking coproducts, these homotopy coherent G-actions induce a homotopy coherent G-
action I',, on Z,.
For every n in N, we form the G-simplicial complex

Wn = H G Xﬁ Wn’D .
DeD(F,)

For D in D(F,), we define the map
fnp: G/Dx Zyp = Gx5Wap, (VD,2) = [y, fup(v™",2)]

which is well-defined since f,, p is D-equivariant by Condition 7.1.iv. We define
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fn = H fop: Zn — Wy
DeD(F,)

and let d denote the spherical path metric on the simplicial complex W,.

Lemma 7.5. For all k in N and go,...,gx in G we have

n—oo

sup d(fn(rn(gkvtkv7t17907(/}/ﬁ3z))),gk‘gofn(’\/EVZ)) 0.

(t1,e..,tr)€[0,1]F

(vD,z)€EZy

Proof. Using (7.2), we find that

f’rIL,D(F;L,D(gkvtka s at17905(7ﬁ7 Z)))
=gk ---907 fap(Y 90" - 95 Ton Gk tes - - - 1, 90, 2))]

and

G- 90S5 p(YD, 2) = [g - - 907, fap (Y1, 2)] -
So the assertion of the lemma is simply a rephrasing of Condition 7.1.v. O

Summing up, we have a collection (I'y,, Z,,)nen of topological spaces with homotopy
coherent G-actions, a collection of G-simplicial complexes (W),),en and a collection
(fn)nen of G-equivariant maps f,: Z, — W, such that

1. Z, is a compact ANR with contractible components for every n in N (by Condi-
tion 7.1.1);
2. the stabilisers of W, belong to F (by Condition 7.1.ii);

3. sup dim W,, < oo (by Condition 7.1.iii);
neN
4. for all £ in N and gg, ..., gr in G we have

sup  d(fu(Tnlgrsths---st1,90,7D, 2)), g - - gofu(vD, 2)) == 0
(t1,e..,tr)€[0,1]F
(vD,z)€Z,

by Lemma 7.5.

Note that this list of conditions is identical to the conditions of Definition 5.4 except that
Zy,, is not necessarily contractible. This allows us to use all statements from Section 5.3
except Proposition 5.22.

In particular, an application of Construction 5.12 provides G-bornological coarse
spaces X and Wj, over Ny in min and a morphism f: X — W of G-bornological coarse
spaces over Ny in min. Let px: X = Npip min denote the projection.
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Proposition 7.6. There exists a commutative diagram

nH

1M HU ()

tJ/ J/diag
H(px) (H(g;)n

in M.

Proof. By Construction 6.5, the epimorphisms (a,: G — Fy,)nen give rise to a G-
bornological coarse space 7 whose underlying set is [ [, . [1p ep(r,) G X G /D together
with a morphism p7: 7 — Nyin min (in Construction 6.5, this space is called X). The
isomorphism from (5.24), the definition of the spaces Z,, in (7.1) and that fact that each
Zn.p is contractible provides a canonical bijection 7 = mo(X).

Let the G-bornological coarse space Xy be given by Construction 5.19. Using that 7
and X have the same underlying set mo(X), Lemma 5.13 implies that the generating
entourage (6.1) of T is also an entourage of Xy. Hence we have an induced map i: 7 — Ap
of G-bornological coarse spaces over Nyin min-

By Construction 6.6, we obtain an object ((Q,\), p®) in CW™(T)P:hG  Recall the
transformation & from (6.3). Then the object &% ((Q, \), p?) in U(T) induces the
second morphism in the composition

tr: 1y — HU(SpeP”) — HU(T) .

Similarly, the object 74 (i, ((Q, \), p?)) in U(X}) induces the morphism
tx,: It — HU(Spe?®) — HU(X) .

Lemma 5.21 yields a commutative diagram

limBG rfd

lim N(CW(%p))°P U(Xo) (7.3)

m A’*

lim N(Fun} & (N, CW ()

in which ry is the natural transformation from (5.14).
Then i, ((Q, \), p%) is an object in lgg N(CW™(X))°P, where ¢ is the natural equiv-

alence from (5.6). Hence the object 7y (mar,p)(tix((Q, ), p%))) in U(X) induces the
morphism

ta: In — H(Spc®®) — HU(X) .
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Consider the following diagram:

1M HU (%) (7.4)
X)
ol o, HU(T) diag
HU(3)
HU(c) HU (po) (H(a))n

HU(X) ——— HU(Xy) —— HU(Npinmin) —— [Len HU (%)

We will first show that the triangle in the bottom left corner commutes. We have equiv-
alences

cxrum(arp) (1= ((Q, 1), p9)) = ruesmnr, ) (1 ((Q, A), p?))
~ lim ' (16.((Q, ), p?))

~ rfd’G(i*((Q’ A), PQ)) )

where the first equivalence uses the naturality of ry, the second equivalence follows from
the commutativity of (7.3), and the third equivalence uses the definition of & in (6.3).
In view of the definitions of ¢y and tx,, this equivalence of objects in U(Xp) induces an
equivalence

HU(c)otx ~tx, .

Both HU (i) o t1 and tx, are defined by the same object of U(Xy), so HU (i) oty ~ ty,.
Since i: T — Xp is a morphism over Nypin min, Wwe have HU (pr) ~ HU (po) o HU(3).

Finally, the remaining part of the diagram commutes by Lemma 6.9 (recall that T
corresponds to the G-bornological coarse space X in Lemma 6.9). O

Since the stabilisers of W belong to F and dim W < oo, Theorem 2.37 shows that
Wh, is (HV, F)-proper. Therefore, taking tx: 1py — HU(X) as in Proposition 7.6 yields
a transfer class (X, tx) for (U,n,V, H, F) (see Definition 2.31). Theorem 7.4 now follows
from Proposition 2.33.

8. Inheritance properties of the isomorphism conjecture

The class of groups which are DFHJ relative to the family of virtually cyclic subgroups
includes hyperbolic groups, CAT(0)-groups and the groups described in Example 7.3.
Due to various inheritance properties, one can show that the assembly map in Defini-
tion 1.1 is an equivalence for a much larger class of groups. The proofs of these inheritance
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properties use little more than the construction of the assembly map described in Sec-
tion 1.

We consider a cocomplete oo-category K and a functor F': K — M. Examples to keep
in mind are K = Cat{;g?i or K = CatZs and F being a finitary localising invariant. Note,
however, that we are making no assumptions about F' at the moment. We consider a
functor C: BG — K. Then, as in (1.2), we let

Cg :=j%(C): GOrb — K
denote the left Kan extension of C along j¢. As in Definition 1.8, we set
FCg:=FoCg: GOrb - M
and consider the assembly map
Arpces: nglci)r& FCg — FCq(x)
introduced in Definition 1.1.

Since we assume that M is cocomplete, the functor FCg has an essentially unique
extension to a colimit-preserving functor

Fc: PSh(GOrb) - M
such that Feoyon ~ FCg, where yo,: GOrb — PSh(GOrb) is the Yoneda embedding.
Note that, in contrast to the convention in Section 1, we use the symbol F¢ for this

extension.
Let ¢: H — G be a group homomorphism. Then there exists an adjunction

ind,: PSh(HOrb) = PSh(GOrb) : resy (8.1)
in which resy is given by precomposition with the induction functor
G x4 —: HOrb — GOrb ,

while indy is the unique colimit-preserving extension of the composition

HOrb £X*Z GOrb 2°% PSh(GOrb) .

Moreover, ¢ induces a functor B¢p: BH — BG.
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We will also make use of the auxiliary functors appearing in the following diagram:

YOou
G m
BH —— HOrb —— HSet — PSh(HOrb) (8.2)

BQSJ GXgp— J indg \H\ resg indg ll\ resy
-G G G

BG 1 GOrb —* s GSet —— PSh(GOrb)

\/

Yog

The functor s regards transitive H-sets just as H-sets, and £ regards H-sets as discrete
H-spaces to obtain objects in PSh(HOrb). In particular, ¢ is fully faithful and the
composition £ osf is equivalent to the Yoneda embedding yoy;. If we drop the restriction
functors, the above diagram commutes. Moreover, we have an equivalence ¢ o resy o~
resy ofC.

For D in Fun(BH,K), we let BpD: BG — K denote the left Kan extension of D

along B¢: BH — BG.

Lemma 8.1. If F' preserves arbitrary coproducts, then there exists a natural equivalence
Fp oresy ~ Fpgp

of functors PSh(GOrb) — M.

Proof. Since both Fp oresy, and Fpg,p are colimit-preserving functors, it suffices to
construct an equivalence between the restrictions of these functors along the Yoneda
embedding yo: GOrb — PSh(GOrb).
Recall that Fpgp o yog ~ F(B¢D)e by definition. Since 5% is fully faithful, the
G
)

equivalence id ~ (s *S!G yields the second equivalence in the chain

(BoD)g =~ jEBHD =~ 57 i BoD o s¢ ~ (indy )1sf jD o s¢ .

The last equivalence is given by the left and middle commutative squares in (8.2). Since
ind, is a left adjoint of resy, the left Kan extension functor (indy); is given by restriction
along resy. Hence

(indg)is 5D 0 5¢ ~ s D o resy 05

For every H-set X, the subcategory of the slice category 57){ formed by the inclusions of
H-orbits into X is discrete and cofinal. Thus, if E: HOrb — N is a functor such that
N admits arbitrary coproducts, the left Kan extension S,H E of E along s exists and
the canonical morphism
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IT E®) —sEX)

SeH\X
is an equivalence. Since F' preserves coproducts, it follows from this identification that
FosfljfDoresyo0s% =~ s (FDp) oresg0s© .
We conclude from this discussion that
Fpyp oyog =~ F(BoD)g =~ st (FDy) o resy 0s© . (8.3)
Since ¢ is fully faithful and thus id ~ (¢f1)*¢f we get the first equivalence in the chain
sH(FDy) ~ tH s (FDy) o 07 ~ Fp o 0

H

The second equivalence follows from ¢ o sf ~ yo,; and Fp ~ (yoy )1 FDg. Therefore,

we have

st/ (FDy) o resg 0s% ~ Fpotfo resg 0s®

~ Fp oresy of% 0 5% ~ Fp oresyoyos . (8.4)
Combining (8.3) and (8.4) gives the desired identification. O

As before, let ¢: H — G be a group homomorphism. Let F be a family of subgroups
of G. By

¢*F :={K < H|¢(K) e F}
we denote the induced family on H.
Corollary 8.2. If F' preserves arbitrary coproducts, then the assembly map

Aprpy: Hi?}ringDH — FDpg(*)

is equivalent to the assembly map
A]—',F(qu!D)G : colim F(B¢ID)G — F(B(,b!D)G(*)
G#Orb

Proof. We let ExG in PSh(GOrb) be the classifying space of G for the family F as
described in Definition 2.1. By Lemma 2.2, the assembly map Ar r(p¢,D) is equivalent
to the map

FB@D(E]:G) — FBd);D(*) (85)
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induced by the projection ErG — *. Using Lemma 8.1 in order to replace Fpysp by
Fp oresy and the equivalences resy(ErG) ~ Eg« rH and resg(*) ~ *, we see that the
map in (8.5) is equivalent to

FD(E¢*]:H) — FD(*)

induced by the projection E¢«rH — *. By Lemma 2.2 again, this map is equivalent to
A¢* F.Dy- O

Let H be a subgroup of G and let D be an object in Fun(BH, K). We denote the
inclusion of H into G by ¢: H — G (we use ¢ instead of ¢ to emphasise injectivity) and
use the notation F|g := ¢*F for the restriction of the family F to H.

Corollary 8.3 (Passage to subgroups). Assume that F preserves arbitrary coproducts.
If the assembly map Ar p(p,D)s 9 @ (phantom) equivalence, then the assembly map
Ar|, FDy 18 also a (phantom) equivalence.

Proof. In fact, Corollary 8.2 implies that Ar r(p,,p)s 18 equivalent to Az, rp,. O

Let now C be in Fun(BG, K) and use the notation res§ C := (B:)*C for the restric-
tion of C to an object in Fun(BH, K). Recall the induction functor ind, : PSh(HOrb) —
PSh(GOrb) from (8.1).

Lemma 8.4. There is a natural equivalence of functors

F.c~Fcoind,

resH

of functors PSh(HOrb) — M.

Proof. Since both functors are colimit-preserving, it suffices to find an equivalence
between the restrictions of these functors along the Yoneda embedding yoy, i.e., an
equivalence

F(res$ C)yy ~ FCq o (G x5 —) (8.6)
of functors HOrb — M. We have the chain of equivalences
resfy C~CoBr~ jfCoj%0Br~jfCo (G xy—)oj? (8.7)

of functors BH — K, where the first equivalence is the definition of resg, the second
follows from id ~ (§&)*j¢ since j€ is fully faithful, and the last uses the left square in
(8.2). We now apply jif! to (8.7) in order to get the first equivalence in (8.8) below. The

unit j (77)* — id induces the second arrow in the natural transformation
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(res C)y ~ j (jECo (G xy —) o j) = jECo (G xy —) (8.8)

of functors HOrb — K. We claim that the natural transformation (8.8) is an equivalence.
By the pointwise formula for the left Kan extension jf, its evaluation at S in HOrb is
the map

colim jC o (G x g (j™ o evl)) = j7C(G xu )
J/s

in KC, where evg 1 /HS — BH is the canonical functor. Since the induction functor G x g —
induces an equivalence of categories jf{g — j/G(G X g ), the left-hand side is equivalent
to

colim j&Co (¢ oengHS) ~ colim C oevngS ~ (jC)(G xu S) ,
j?Gst j/GGst

where the second equivalence is again a consequence of the pointwise formula for the left
Kan extension, this time for j!G . This finishes the proof of the claim.
We get the desired equivalence (8.6) by applying F' to the equivalence (8.8). O

Each of the following statements actually contains two statements, one for equiva-
lences, and another one for phantom equivalences under the additional assumption that
the target M of F' is stable. We will provide arguments for the case of equivalences. The
case of phantom equivalences is similar, using the observation that stability of M implies
that colimits of phantom objects are again phantom objects.

Let F/, F be families of subgroups of G such that 7’ C F. The relative assembly map
in the following statement is induced by the inclusion of index categories Gz Orb —
G]:OI‘b.

Proposition 8.5. If the assembly map A}-,|H7F(msg C)y 8 an equivalence for every H in
F, then the relative assembly map

AL : colim FCg — colim FC
"FCq G 7/ Orb ¢ GrOrb ¢

is an equivalence. If M is stable, the same assertion holds with “equivalence” replaced by
“phantom equivalence”.

Proof. It suffices to show that FCg|grorb is a left Kan extension of FCG|GF,0rb along
the inclusion functor Gz Orb — GrOrb. By the pointwise formula for the left Kan
extension, it is enough to check that the canonical map

colim FCg — FCq(G/H 8.9
G]_—/Ol‘b/(G/H) ¢ G( / ) ( )
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is an equivalence for every H in F. The functor G xg —: HOrb — GOrb induces an
equivalence

H]:/|HOI‘b o~ H]:/|H01‘b/* = G]:/Orb/(g/H)
which allows us to identify the map in (8.9) with the map

colim FCgo(Gxy—)— FCgo (G xg—)(*).

H}—/lHOI‘b

By Lemma 8.4, this map is equivalent to the assembly map

A}-/|H,F(resg Cu colim F(resg Cy — F(resg Cu(x),

H}-/‘HOrb

which is an equivalence by assumption. 0O

Corollary 8.6 (Transitivity Principle). Assume:

1. the assembly map Ar rc, s an equivalence;
2. for every H in F, the assembly map A;,‘H7F(resg C)y S an equivalence.

Then the assembly map Ar pc. is an equivalence. If M is stable, the same assertion
holds with “equivalence” replaced by “phantom equivalence”.

Proof. The composition

lim FC lim FC FC
golim FCq — colim FCq — FCq(x)

is equivalent to A/ pc, . The first map in this composition is the relative assembly map
A;’ FCg»> Which is an equivalence by Proposition 8.5, and the second map is the assembly
map Ar rc,, which is an equivalence by assumption. O

Let m: G — @ be an epimorphism of groups and H be a family of subgroups of @
such that 7*H C F.

Corollary 8.7. Assume that F preserves arbitrary coproducts. If

1. the assembly map Ay p(xc), 5 an equivalence,
2. the assembly map A;‘H’F(resg C)y s an equivalence for every H in mH,

then the assembly map Ar pc. is an equivalence.

Proof. Corollary 8.2 together with the first assumption implies that Ay rc. is an
equivalence. Now apply Corollary 8.6 to finish the proof. O
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The final abstract inheritance property concerns filtered colimits. Let I': I — Grp be
a filtered diagram of groups (without any assumptions on the structure maps). We then
set

G :=colim; T’

and let ¢;: I';; =& G denote the structure maps of the colimit. Let F be a family of
subgroups of G and let C be an object in Fun(BG, K).

Proposition 8.8 (Passage to filtered colimits). Suppose for every i in I that the assembly
map AquF,F(Bd);‘C)m is an equivalence. If F' preserves filtered colimits, then the assembly
map Ar pog 1S an’equivalence. If M is stable, the same assertion holds with “equiva-
lence” replaced by “phantom equivalence”.

Proof. Using Lemma 2.2 and the observation that resy, ExG ~ Eg:7I'; (see (8.1) for
resy, ), we see that Ar po, is equivalent to the map Fo(ErG) — Fc(x) induced by
the projection ExG — *, while Ay 7 p(Bg:c)r, 1S equivalent to FB¢;C(1"QS¢i ErG) —

FBd);‘C (*)
We claim that the assignment i — Fpgrc o resy, extends to a diagram

I — Fun®"™(PSh(GOrb), M)
such that
colim;c Fpgrcoresy, ~ Fc .
Since filtered colimits of (phantom) equivalences are (phantom) equivalences, this claim

implies the proposition.
‘We have functors

BI': I — Cat.,, I'Orb:I— Cate ,

where I'Orb sends an object 7 in I to I';Orb, and a morphism f: 4 — ¢ in I to the
induction functor I'y xp(sy —: I';Orb — T';yOrb. Applying PSh to I'Orb, this first
gives a diagram I°P — Cat,,, but taking the left adjoints of the structure maps we get
a diagram

PSh(I'Orb): I — Prk — CAT,. .
The morphisms j'*: BI'; — I';Orb assemble to a natural transformation j': BI' —

I'Orb, while the Yoneda embeddings yop, assemble to a mnatural transformation
yor: I'Orb — PSh(I'Orb).
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By passing to the associated cocartesian fibrations, we obtain morphisms

—_~—

BT 25 FOrb 2% PSh(I'Orb)

of categories over I, where both arrows preserves cocartesian morphisms. Moreover,
the diagrams BT', I'Orb and PSh(I'Orb) admit cocones with vertices BG, GOrb and
PSh(GOrb), respectively. Hence we have a commutative diagram

Bl — 5 T'Orb ——— PSh(I'Orb)

B¢l Ld)Orb JPSthrb)
.G

BG —' 5 gorb — ¢, PSh(GOrb)

whose left half lies in the image of the nerve functor N: Cat — Cat.,. The claim will
follow by comparing the left Kan extension functors arising from this diagram.

Since B sends filtered colimits of groups to filtered colimits in Cat.,, we have
colimy BT ~ BG. As colimits in Cat, can always be computed by localising the (total
space of the) associated cocartesian fibration at the collection of cocartesian morphisms
[44, Cor. 3.3.4.3], it follows that B¢ is a localisation. In particular, the restriction func-
tor B¢*: Fun(BG, K) — Fun(BI, K) is fully faithful. So the counit of the adjunction
(B¢, Bg*) induces an equivalence

B¢ (CoBg¢) ~C . (8.10)

Let E: m — N be a functor. If N has sufficiently many colimits, the values of the left
Kan extension ¢OrbiE of E along $Orb can be computed using the pointwise formula:

$Orb E(S) ~ colim
(T,Gxr;T—5))€¢0rb /g

It is straightforward to check that the indexing category ¢Orb,g is filtered since I is
filtered. Since F' preserves filtered colimits, it follows that

@Orb|(F o —) ~ F o ¢Orb(—) . (8.11)
We combine these observations to obtain the following chain of equivalences:

Fo = (yog)(FojC)

CL7 (yoa(F 0 j€Bé\(C o Bg))

~ (yog)i(F o ¢OrbyjF (C o Bg))
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LY (yog)1¢Orby(F o T (C o Bs))

~ PSh(¢Orb),(yo0)(F o jI (C o Bg))

We have to identify the last term. Using [44, Prop. 4.3.3.10], we see that

jf (C o Bo)|r,orb = j) ' (C o Bg;) (8.12)
for all ¢ in I. Consequently, we have

(vor, )1 (F 0 7 (C 0 Be))rom) "= (vor i(F o j7(C o Bey))

~ FBd);‘C . (813)

Now consider the morphism

—_~—

ind,: PSh(I'Orb) — I x PSh(GOrb)

whose components are the canonical projection to I and PSh(¢Orb). Considering ind,
as a morphism over I, it preserves cocartesian morphisms and satisfies indy [pgn(r, orb) =~
indy,. Therefore, we can apply [44, Prop. 4.3.3.10] a second time to see that

((indy )1 (500 (F' 0 5F(C 0 B))) |y xpsn(riomb)
~ (indy, )i (yor, )i ((F o j{*(C o Bg))

(8.13)
=~ (indg, ) Fpg;c

~ FB¢:§C oresy; , (814)

where the last identification follows from the fact that resy, is right adjoint to indg,.
Under the identification

Fun(I x PSh(GOrb), M) ~ Fun(I, Fun(PSh(GOrb), M)) ,

taking the left Kan extension along pr corresponds to taking the colimit over I. This
allows us to identify

PSh(¢Orb)y(y50)1(F o 5T (C 0 Be)) = pr(indy): (yor )i (F o jf (C o Bo))

(8.14) .
~ " colim;¢cy FB¢;C oresg, ,

which finishes the proof of the claim. O
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Remark 8.9. In the following proof, we will invoke Theorem 7.4, respectively its special
cases Theorems 5.1 and 6.1. In contrast to Definitions 5.4, 6.3 and 7.1, the literature
often establishes the existence of certain open covers instead of almost equivariant maps,
and uses the term “(strongly) transfer reducible” or a variant thereof instead of “finitely
homotopy F-amenable”. We refer to [16, Prop. 5.3] and [27, Thm.6.19] for an explanation
how the nerve construction produces almost equivariant maps from appropriate open
covers. We will tacitly use this translation in the sequel. ¢

Proof of Theorem 1.14. Recall Definition 1.13 of the class of groups FJg. For a group
G, we denote by FJr(G) the set of subgroups of G which belong to F 7.

If K is a subgroup of G, then K ! F is a subgroup of G F for every finite group F.
Hence (1) follows from Corollary 8.3. In particular, F 7 (G) is closed under passage to
subgroups and therefore is a family of subgroups.

If G acts isometrically, properly and cocompactly on a finite-dimensional CAT(0)-
space, then the same is true for the wreath product G F with any finite group F.
Building on [14,15], it was shown in [53, Thm. 3.4] that GUF is therefore finitely homotopy
VCyc-amenable in the sense of Definition 5.4. So Theorem 5.1 implies (2).

In the sequel, we will make frequent use of the following argument. Suppose that G
is a DFHJ-group with respect to a family of subgroups contained in FJg(G). Then
[36, Lem. 3.4] implies for every finite group F' that G F' is a DFHJ-group with respect
to the family 7 Jx (G F'). By Theorem 7.4, the assembly map Ar s, (), HCq,» 15 a0
equivalence for every object C in Fun(B(GlF), Catlggfi). Then Corollary 8.6 applied to
F =FJIu(GUF) and F' = VCyc shows that G belongs to F g .

We now show (3), so we assume that G is a hyperbolic group. As a special case of (2),
every virtually cyclic group belongs to FJg. By [16, Lem. 2.1], the hyperbolic group G
is finitely homotopy VCyc-amenable. So it is in particular a DFHJ-group with respect to
the family VCye, which itself is contained in FJg (G). The preceding argument therefore
shows that G belongs to FJ .

Before continuing with the concrete classes of groups listed in the theorem, we turn
to the closure properties of the class FJg.

If the group G’ contains a group G as a subgroup of finite index, then G’ is a subgroup
of GUF', where we set I := G'/ (e gGg~!. For any finite group F, the wreath product
G’ | F therefore embeds into (G F’) ! F', which in turn is a subgroup of G (F'  F).
Therefore, if G belongs to FJg, then G’ also belongs to F g by Corollary 8.3. This
proves (10).

Suppose that G and G2 belong to FJg and let F be a finite group. Note that (G1 x
G2)UF is a subgroup of (G1UF') x (G2l F'). Hence, it suffices to show that Aycye meg, e,
is an equivalence for any pair Gy and G such that Aycyc m(c,) g, Is an equivalence for
it = 1,2 and every C; in Fun(BG;, Catif”i). Applying Corollary 8.7 to the projection
pry: G1xG2 — G4 and using (1), it suffices to show that Avcye,HDy, .o, 18 an equivalence
for every virtually cyclic subgroup V; of G; and every D in Fun(B(V; x G3)), Catlggf;).
Another application of Corollary 8.7 to the projection pry: Vi X G — G5 shows, using
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(1), that it is enough to check that Aycye HEy, v, 18 an equivalence for every pair of
virtually cyclic subgroups V3 and V5 in G; and Ga, respectively, and for every E in
Fun(B(V; x V2), Cat{;f)’i). Since V] x V4 is virtually finitely generated abelian, this is a
consequence of (2). Hence (11) holds.

Let T be a filtered diagram of groups with colimit G and let F' be a finite group.
It is straightforward to check that the colimit of the diagram I'? F' obtained by taking
the wreath product with F' in each component is given by G ! F'. Hence Proposition 8.8
implies that G belongs to F 7y if I'; belongs to F 7y for all 4, which is precisely Assertion
(12).

We prove (13) next. Let F be a finite group and consider the induced epimorphism
7p: GUF — QUF. By Corollary 8.7 and using (1), it is enough to show that 75" (V)
belongs to FJy for all virtually cyclic subgroups V of @ ¢ F. The subgroup W :=
72 (V) NG (note that G¥ is a subgroup of G F') has finite index in 7" (V). So (10)
implies that it is enough to see that W belongs to F Jp. Let V¢ denote the image of
V N QY under the projection map Q¥ — @ to the f-th component. Then the group W
in turn embeds into the group [[;cp n~1 (V). Note that V; is virtually cyclic for every
[ in F. Hence 7~ (V) contains the preimage m~!(C) of a cyclic subgroup C of V; as a
subgroup of finite index. Since 7~1(C) belongs to FJy by assumption, it follows from
(10) that 7=*(V}) also belongs to FJg. Now (11) implies that [er 71 (V}) belongs
to FJTm. So W belongs to F T by (1).

Consider the canonical map p: Gy x Ga — G1 X Ga. Since (11) tells us that G x Go
belongs to FJx, (13) implies that it suffices to show that p~1(C) belongs to FJy for
every cyclic subgroup C of G; X G3. Let T' denote the Bass—Serre tree of G * G5. We
restrict the G *Ga-action on T to the subgroup p~1(C). The restriction of p to the vertex
stabilisers of this p~!(C)-action is injective, so all vertex stabilisers are isomorphic to
subgroups of C. By Kurosh’s theorem [50, Ch. 1, Thm. 14], p~%(C) is isomorphic to the
free product of a free group and a collection of such cyclic vertex stabilisers. Therefore,
p~1(C) is a filtered colimit of hyperbolic groups, and (14) follows from (3) and (12).

We now continue with Assertion (4). As another special case of (2), finitely generated,
virtually abelian groups belong to FJy. Applying (12), every virtually abelian group
belongs to FJx. By [36, Prop. 3.3], the groups Z[w,w 1] x Z described in Example 7.3
are DFHJ groups with respect to the family of virtually abelian subgroups, so they
belong to FJy. We now argue as in the proof of [54, Prop. 3.3] to conclude that (4)
holds. Note that this proof only makes use of closure properties we have also established
for FJTpy-

For Assertion (5), it is enough to show that GL,(Q) and GL,(k(t)) belong to FJy
due to (1). By (12), one only has to show that GL,,(Z[S™']) and GL,,(k[t][S™!]) belong
to FJm, where S denotes a finite set of primes in the respective ring. Let G denote one
of these groups. [48, Prop. 2.2 & 7.23] shows that there exists a certain family F such
that G is a DFHJ group with respect to F. By Corollary 8.6, it is enough to show that
all groups in F belong to FJg. This follows from the proof of [48, Thm. 8.12], which
applies also in our situation due to (4) and the closure properties of FJg.
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For Assertions (6), (7) and (8), we observe that the arguments in [35], [10, Sec. 7],
[58] respectively [30] use only properties of the class F Jy that have been established in
previous steps.

Using (4) and the closure properties of FJp, Assertion (9) follows by induction on
the complexity of the surface from [3, Cor. 9.1 & Lem. 9.2]. See also the proof of [3,
Lem. 9.3]. O
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