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1. Introduction

Let G be a group and denote by GOrb the orbit category of G, which is the category of 
transitive G-sets and G-equivariant maps. Additionally, let F : GOrb→M be a functor 
to some cocomplete ∞-category, and let ℱ be a family of subgroups of G.

Definition 1.1. The assembly map associated to G, ℱ and F is the canonical morphism

Aℱ,F : colim 
GℱOrb

F → F (∗) , (1.1)

where GℱOrb is the full subcategory of GOrb comprising of the G-orbits with stabilisers 
in ℱ , and ∗ is the final object of GOrb. ⧫

The study of isomorphism conjectures concerns the question for which choices of the 
group G, the functor F and the family ℱ the assembly map Aℱ,F is an equivalence. 
Questions of this type go back to the work of Farrell and Jones [28], who conjectured 
that Aℱ,F is an equivalence whenever ℱ is the family 𝒱𝒞yc of virtually cyclic subgroups 
of G and F is a certain spectrum-valued functor coming either from the K-theory or 
L-theory of integral group rings or stable pseudoisotopy theory. The formulation of their 
conjecture in terms of GOrb-indexed functors is due to Davis and Lück [26].

Via surgery theory, the Farrell–Jones conjectures have interesting consequences in 
manifold topology. For example, they imply the Borel conjecture about topological 
rigidity of aspherical manifolds and the Novikov conjecture concerning the homotopy 
invariance of higher signatures. For more background information on the Farrell–Jones 
conjecture, we refer to the surveys [38,41,49] as well as Lück’s recent book [42].
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By virtue of the stable parametrised h-cobordism theorem [57], the Farrell–Jones 
conjecture for stable pseudoisotopy theory is equivalent to the analogous conjecture for 
Waldhausen’s A-theory functor [27, Sec. 3]; see also [29] for the functoriality of stable 
pseudoisotopies. Moreover, A-theory is equivalent to the algebraic K-theory of group 
rings over the sphere spectrum. Hence, the consideration of group rings over ring spectra 
provides a uniform description of the original versions of the Farrell–Jones conjecture.

Due to extensive work of Bartels, Lück, Reich and many other authors, significant 
progress was made on the Farrell–Jones conjecture for group rings over discrete coefficient 
rings, which includes proofs of the conjecture for hyperbolic groups, CAT(0)-groups, 
mapping class groups of surfaces, and many linear groups [16,14,53,3,17]. In fact, it was 
realised to be technically convenient to consider not only associative rings, but arbitrary 
additive categories as coefficients for the group ring [20]. In the sequel, we will refer to 
the version of the Farrell–Jones conjecture for group rings over additive categories as the 
linear Farrell–Jones conjecture.

In [51,27,36], the results about the linear Farrell–Jones conjecture were extended to 
Waldhausen’s A-theory by describing the algebraic K-theory of spherical group rings in 
terms of retractive spaces.

The present paper focusses on extending both the class of coefficients and the class of 
invariants for which the conjecture holds.

As we will explain momentarily, this extension implies in particular the following 
statement, which unifies the cases of discrete and spherical group rings.

Theorem 1.2. Let R be an E1-ring spectrum and let G be a group which is hyperbolic, or 
virtually solvable, or a subgroup of GLn(Q), or acts isometrically, properly and cocom
pactly on a finite-dimensional CAT(0)-space. Then there exists an equivalence

colim 
G/V ∈G𝒱𝒞ycOrb

K(R[V ]) ∼−→ K(R[G]).

For a more precise and more general version of this statement, see Example 1.9 and 
Theorem 1.10 below. Theorem 1.14 provides a more comprehensive list of groups for 
which the Farrell–Jones conjecture is known.

The setup for our generalisation is the following. We call an ∞-category left-exact 
if it is pointed and admits all finite limits. Then we denote by CatLex

∞,∗ the ∞-category 
of small left-exact ∞-categories and functors preserving finite limits. This ∞-category 
contains the ∞-category of small stable ∞-categories Catex

∞ as a full subcategory.
Given a left-exact ∞-category with G-action C, i.e., an object of Fun(BG,CatLex

∞,∗), 
we define the functor

CG := jG! (C) : GOrb→ CatLex
∞,∗ (1.2)

as the left Kan extension of C along the inclusion functor jG : BG→ GOrb which sends 
the unique object of BG to the transitive G-set G. For a subgroup K of G, we can 
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calculate the value of CG on the orbit G/K using the pointwise formula for the left Kan 
extension:

CG(G/K) ≃ colim
BK 

ResGK(C) . (1.3)

This construction provides a categorical description of the formation of group rings:

Proposition 1.3. Let R be an E1-ring spectrum and denote by Perf(R) the stable ∞
category of perfect R-modules. Equipping Perf(R) with the trivial G-action, the induction 
functor induces an equivalence

colim
BG 

Perf(R) ∼−→ Perf(R[G]).

Proof. This result can be considered folklore; see [18, Corollary A.6] for a proof of a 
highly structured version of this statement. □

A generalisation of Proposition 1.3 to twisted group rings is given in [37, Thm. 6.15].
For an additive category A, denote by Ch(A) the stable ∞-category obtained by 

localising the category of bounded chain complexes over A at the chain homotopy 
equivalences. For an additive category with strict G-action, the next result explains the 
relationship of the functor Ch(A)G to the functors considered in the linear Farrell–Jones 
conjecture.

Proposition 1.4. Let A be a small additive category equipped with a strict G-action. Then

colim
BG 

Ch(A) ≃ Ch(A ∗G G/G) ,

where A ∗G G/G denotes the additive category defined in [20, Def. 2.1].

Proof. This follows by combining [4, Cor. 7.4.18] and [8, Thm. 3.3.1 & Rem. 3.3.6]. □
To introduce the class of invariants we are interested in, let M be a cocomplete stable 

∞-category and consider a functor

H : CatLex
∞,∗ →M .

Definition 1.5. The functor H is called a finitary localising invariant if it preserves zero 
objects and filtered colimits, and every fully faithful morphism C→ D between left-exact 
∞-categories induces a fibre sequence

H(C) → H(D) → H(D/C) . ⧫
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Remark 1.6. This definition of finitary localising invariant coincides with the notion car
rying the same name in [4, Def. 2.5.5] for the following reasons. Every finitary localising 
invariant in the sense of [4] satisfies Definition 1.5. Conversely, a finitary localising invari
ant H in the sense of Definition 1.5 is invariant under idempotent completion because 
C → Idem(C) is fully faithful with trivial cofibre. Moreover, standard arguments show 
H sends the loop endofunctor Ω : C → C to an equivalence, so H is invariant under 
stabilisation. It is then straightforward to check that H satisfies [4, Def. 2.5.5].

By [4, Lem. 2.5.7], every finitary localising invariant arises by precomposing a finitary 
localising invariant on stable ∞-categories in the sense of [11] with the stabilisation 
functor from CatLex

∞,∗ to Catex
∞. ⧫

Example 1.7. Our main example of a finitary localising invariant is the nonconnective 
algebraic K-theory functor, see [11, Sec. 9]. Other possible choices include topological 
Hochschild homology [12, Cor. 6.9] and related functors like TCn [12, Cor. 6.15].

Note that all of these invariants also admit lax symmetric monoidal refinements by 
[12]. ⧫

In what follows, let H : CatLex
∞,∗ →M be a finitary localising invariant and let C be a 

small left-exact ∞-category with G-action.

Definition 1.8. We define the functor HCG := H ◦CG : GOrb→M. ⧫

Example 1.9. Consider the case that H is the nonconnective algebraic K-theory functor 
K.

1. If R is an E1-ring spectrum, (1.3) and Proposition 1.3 imply that the functor

KPerf(R)G : GOrb→ Sp

sends the transitive G-set G/K to the spectrum K(Perf(R[K])).
2. If we specialise to the sphere spectrum S and combine this with [4, Cor. 7.5.6], we 

also obtain an identification of KPerf(S)G with the nonconnective A-theory functor 
associated to the universal principal G-bundle considered in [51,27,13].

3. If A is a small additive category with strict G-action, Proposition 1.4 implies that 
KCh(A)G is equivalent to the functors GOrb→ Sp considered in the linear Farrell--
Jones conjecture. ⧫

Building on the definition of wide covers from [16], Bartels introduced the axiomatic 
condition of finite ℱ-amenability in [1]. A more general, but also more technical, condition 
is that of a Dress–Farrell--Hsiang--Jones group relative ℱ [36, Def. 2.2], which we recall 
in Definition 7.1. In the following, we abbreviate this term to DFHJ group.

Assume now in addition that H : CatLex
∞,∗ → M is lax monoidal with respect to 

the symmetric monoidal structure on CatLex
∞,∗ explained in Section 3.2 and some sta
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bly monoidal structure on M, and that M admits countable products. The notion of a 
phantom equivalence in M will be introduced in Definition 2.5. It is a weakening of the 
notion of an equivalence, and every phantom equivalence is an equivalence whenever M
is compactly generated.

Let G be a group and let ℱ be a family of subgroups of G. Our main result is the 
following.

Theorem 1.10. If G is a DFHJ group relative ℱ and H is a lax monoidal, finitary local
ising invariant, then the assembly map

Aℱ,HCG
: colim 

GℱOrb
HCG → H(colim

BG 
C) (1.4)

is a phantom equivalence.

Note that up to the identification of its target using (1.3), the map Aℱ,HCG
in (1.4) is 

the same as the one in (1.1). We prefer to state the theorem in this form since it explicitly 
mentions the object H(colimBG C) that the assembly map tries to calculate. By virtue 
of Example 1.9, this means in particular that the assembly map Aℱ,KPerf(R)G is an 
equivalence for every DFHJ group relative ℱ , and consequently provides a description 
of the nonconnective algebraic K-theory K(R[G]) of group rings over arbitrary E1-ring 
spectra.

Remark 1.11. As observed by Reis [46], Theorem 1.10 continues to hold if we drop the 
assumption that H is lax monoidal. ⧫

Remark 1.12. Comparing with Example 1.7, the case of nonconnective algebraic K-theory 
is still the most interesting. In fact, the Farrell–Jones conjecture for THH and TCn is 
known to hold unconditionally for all groups by [39, Thm. 6.1] and [40, Thm. 1.3 and 
its proof]. ⧫

As in the case of the linear Farrell–Jones conjecture, allowing arbitrary left-exact ∞
categories as coefficients provides a number of useful inheritance properties which allow 
us to extend the class of groups for which the conjecture holds beyond the class of DFHJ 
groups.

In the following, we need the notion of a wreath product. Let G,F be groups. Then 
the group GF of maps from F to G with the pointwise structure carries an action of F
by automorphisms induced from the left multiplication on itself. The wreath product of 
G and F is by definition the semidirect product G ≀ F := GF ⋊ F . In particular, GF is 
canonically a normal subgroup of G ≀ F .

Following [42, Sec. 13.5], our results can be combined into a single, comparatively 
concise statement as follows.
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Definition 1.13. We say that the group G satisfies the Full Farrell–Jones conjecture for 
H if the assembly map A𝒱𝒞yc,HCG≀F is a phantom equivalence for every finite group F
and left-exact ∞-category C with G ≀ F -action.

We denote the class of groups that satisfy the Full Farrell–Jones conjecture for H by 
ℱ𝒥H . ⧫

Given the results of Sections 5 to 8, the proof of the following theorem is a combination 
of arguments scattered throughout the literature (see also [42, Thm. 13.32]). Its new 
aspect is the additional flexibility in the choice of the functor H and the coefficients C.

Theorem 1.14. The class ℱ𝒥H has the following properties:

1. If K is a subgroup of a group G in ℱ𝒥H , then K belongs to ℱ𝒥H .
2. Groups that act isometrically, properly and cocompactly on a finite-dimensional 

CAT(0)-space belong to ℱ𝒥H .
3. Hyperbolic groups belong to ℱ𝒥H .
4. Virtually solvable groups belong to ℱ𝒥H .
5. All subgroups of GLn(Q) and GLn(k(t)) belong to ℱ𝒥H , where k(t) is the function 

field over a finite field k.
6. If L is a lattice in a locally compact, second countable Hausdorff group G such that 

π0(G) is discrete and belongs to ℱ𝒥H , then L belongs to ℱ𝒥H .
7. Fundamental groups of connected manifolds of dimension at most 3 belong to ℱ𝒥H .
8. Fundamental groups of graphs of virtually cyclic or of graphs of abelian groups belong 

to ℱ𝒥H .
9. The mapping class group of any closed, orientable surface with a finite number of 

punctures belongs to ℱ𝒥H .
10. If G belongs to ℱ𝒥H and G′ is a group which contains G as a subgroup of finite 

index, then G′ belongs to ℱ𝒥H .
11. If G1 and G2 belong to ℱ𝒥H , then G1 ×G2 belongs to ℱ𝒥H .
12. If Γ : I → Grp is a filtered diagram of groups and Γi belongs to ℱ𝒥H for all i in I, 

then colimI Γ belongs to ℱ𝒥H .
13. If π : G→ Q is an epimorphism such that Q belongs to ℱ𝒥H and π−1(C) belongs to 

ℱ𝒥H for every cyclic subgroup C of Q, then G belongs to ℱ𝒥H .
14. If (Gi)i∈I is a family of groups in ℱ𝒥H , then the free product ∗i∈IGi belongs to 

ℱ𝒥H .

The proof of this theorem will be given in Section 8.

Remark 1.15. By Theorem 1.14.10, a group G satisfies the Full Farrell–Jones conjecture 
if and only if the assembly map A𝒱𝒞yc,HCG′ is a phantom equivalence for every group 
G′ which contains G as a subgroup of finite index and left-exact ∞-category C with 
G′-action. ⧫
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Coming back to the original conjectures of Farrell and Jones, the methods of this ar
ticle are insufficient to deal with the L-theoretic version of their conjecture. Forthcoming 
work of the third author aims to rectify this by promoting the entire discussion to the 
setting of Karoubi localising invariants on Poincaré categories as introduced in [23,22].

We conclude the introduction with an overview of the structure of this article and a 
very rough sketch of the proof of Theorem 1.10.

The first part of Section 2 formulates an abstract criterion to decide that an assembly 
map is a phantom equivalence. To this end, Section 2.1 contains some recollections about 
assembly maps and the notion of phantom equivalence. This includes the well-known 
statement that the assembly map can be described equivalently as the map obtained by 
applying the G-homology theory induced by HCG (i.e., the colimit-preserving functor on 
G-spaces extending HCG) to the projection map EℱG→ ∗ (see Lemma 2.2). Moreover, 
a morphism f in a stable ∞-category is a phantom equivalence if and only if its cofibre 
is a phantom object, which by Lemma 2.8 means that the morphism

cofib(f) → ∏︁
N cofib(f)/

⨁︁
N cofib(f)

induced by the diagonal is trivial. In particular, Theorem 1.10 follows if we can show 
that the solid vertical transformation

HCG(EℱG)
Aℱ,HCG

Δ

HCG(∗)

Δ□ ∼ □

∏︁
N HCG(EℱG)/

⨁︁
N HCG(EℱG)

∏︁
/
⨁︁Aℱ,HCG ∏︁

N HCG(∗)/
⨁︁

N HCG(∗)

(1.5)

induces the zero map on the cofibres of the horizontal morphisms. As indicated by the 
dotted part of the diagram, we will accomplish this by factoring the vertical transfor
mation Δ over a variant of the assembly map, indicated by the horizontal dotted arrow, 
which is in fact an equivalence.

For the proof of Theorem 1.10, we wish to construct such a factorisation using the 
geometric assumptions on the group G. To this end, we modify the assembly map in a 
way which allows us to make use of geometric data. To be able to accommodate such 
geometric data, Section 2.2 establishes some basic vocabulary concerning G-bornological 
coarse spaces, which were originally introduced in [6,7]. In Section 2.3, we introduce the 
functor denoted by the placeholder symbol □ in (1.5).

Using this extension, Definition 2.31 in Section 2.4 introduces the notion of a transfer 
class. This concept axiomatises the data required to produce the desired factorisation of 
the vertical transformation in (1.5), as we show in Proposition 2.33. Given this proposi
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tion, the remainder of the proof is concerned with constructing transfer classes from the 
given assumptions on the group G.

Deferring all details about transfer classes to Section 2.4, the argument now proceeds 
roughly as follows. The extension of the G-homology theory induced by HCG comes from 
the fact that we can perform what is called controlled algebra with any left-exact ∞
category over an arbitrary bornological coarse space. This has been worked out in detail 
in [4] and is the main external input we require. The construction and key properties 
of this gadget are recalled in Section 3.1. The ∞-category of controlled objects over 
a given G-bornological coarse space inherits a G-action, and we consider both the G
invariants and G-coinvariants of this action. The G-invariants constitute a category of 
controlled G-representations; after taking K-theory, this is sometimes called (coarse) 
Swan theory. The G-coinvariants are a controlled manifestation of modules over the group 
ring of G. It is well-known that representations act on modules over the group ring, and 
Section 3 is entirely concerned with proving an analogous assertion for our categories 
of controlled objects. A minimalistic version of this assertion, which is sufficient for the 
proof of our main result, is Theorem 3.5. This in turn follows from the highly structured 
Proposition 3.23.

The desired factorisation in (1.5) is constructed by letting a specifically chosen con
trolled representation act on the G-coinvariants of controlled objects. Building such a 
controlled representation requires us to import the point-set data provided by the DFHJ 
condition into our setting. Section 4 shows how to do this using the notion of controlled 
CW-complexes over a bornological coarse space from [13], which in turn builds on ear
lier work of Weiss [55]. Fortunately, we do not require any of the properties of controlled 
CW-complexes as a functor on bornological coarse spaces, so no familiarity with the 
contents of [13,55] is required.

Even given such a controlled representation, what is still missing from the picture is a 
criterion to decide when the horizontal dotted arrow in (1.5) really is an equivalence. Such 
a criterion is given in Theorem 2.37. This is the most geometric part of the argument 
and relies on the notion of an equivariant coarse homology theory. We have made a 
conscious effort to make Section 2.5 as self-contained as possible, and the reader is 
not required to be familiar with [7] and companion papers beyond the definition of 
an equivariant coarse homology theory. Even so, the discussion in this section is also 
independent of the following sections, and the trusting reader may accept Theorem 2.37
on good faith.

The construction of transfer classes is finally accomplished in Sections 5 to 7. Here, 
Sections 5 and 6 cover two special cases of the DFHJ condition, namely the cases of 
finitely ℱ-amenable and Dress–Farrell--Hsiang groups. The construction of a transfer 
class for finitely ℱ-amenable groups which leads to Theorem 5.1 is rather involved and 
makes full use of Section 4. Using a theorem of Oliver, the case of Dress–Farrell--Hsiang 
groups is easier, and requires only the basic definitions introduced in Section 4. Finally, 
Section 7 combines the methods of the two preceding sections to prove Theorem 1.10 for 
arbitrary DFHJ groups.
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For an alternative, more detailed sketch of this argument which still ignores all tech
nical difficulties, the reader may also consult [42, Sec. 24].

The final Section 8, which is independent of Sections 3 to 7, collects various inher
itance properties of the assembly map in an abstract setting and combines these with 
Theorem 1.10 to prove Theorem 1.14.

Conventions. In order to address size issues, we fix a sequence of four increasing 
Grothendieck universes whose sets will be called very small, small, large, and very 
large. The groups, bornological coarse spaces, CW-complexes etc will be very small. 
The categories of these objects are small, but locally very small. The objects of Cat∞
are small, locally very small ∞-categories, and this category itself is large, but locally 
small. By CAT∞ we denote the very large, locally large ∞-category of large, locally 
small ∞-categories. It contains the subcategory PrL

ω of compactly generated presentable 
∞-categories and left adjoint functors preserving compact objects.
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2. Phantom equivalences and transfer classes

2.1. Assembly maps and phantom equivalences

In this section, we first explain in Lemma 2.2 that our definition of the assembly map in 
(1.1) coincides with the classical definition of the assembly map in terms of (unreduced) 
homology theories [26]. Then we introduce the notion of a phantom equivalence and 
prove Lemma 2.8 which provides a criterion for detecting phantom equivalences.

Let Spc denote the ∞-category of spaces. We use the notation PSh(C) for the ∞
category of Spc-valued presheaves on an ∞-category C.

Let G be a group and let

yo: GOrb→ PSh(GOrb)

scg17017
Hervorheben
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denote the Yoneda embedding of the orbit category of G into the category of Spc-valued 
presheaves. By the universal property of the Yoneda embedding [44, Thm. 5.1.5.6], the 
pullback along yo induces an equivalence of ∞-categories

Funcolim(PSh(GOrb),M) → Fun(GOrb,M)

for any cocomplete ∞-category M. Here the domain is the full subcategory of the func
tor category Fun(PSh(GOrb),M) of colimit-preserving functors. The inverse of this 
equivalence is given by the left Kan extension functor along the Yoneda embedding. For 
a functor F : GOrb → M, we will also use the notation F for its colimit-preserving 
extension to presheaves.

We have a functor ℰlm : GTop→ PSh(GOrb) which sends a topological G-space X
to the presheaf on GOrb sending S to the mapping space MapGTop(S,X) considered 
as an object in Spc. By Elmendorf’s theorem, the functor ℰlm presents the ∞-category 
PSh(GOrb) as the localisation GTop[W−1

G ] of the category GTop at the class WG of 
equivariant weak equivalences. Under this equivalence, the colimit-preserving extension 
of a functor F in Fun(GOrb,M) to presheaves corresponds to the equivariant homology 
theory HG(−;F ) : GTop→M associated to F by Davis and Lück.

We now consider a family ℱ of subgroups of G.

Definition 2.1. We define the classifying space of the family ℱ to be the object

EℱG := colim 
GℱOrb

yo

in PSh(GOrb). ⧫

Under the equivalence PSh(GOrb) ≃ GTop[W−1
G ] given by Elmendorf’s theorem, 

the presheaf EℱG corresponds to the homotopy type of a G-CW-complex EℱGCW in 
GTop which is also called the classifying space for the family ℱ in equivariant homotopy 
theory.

Lemma 2.2. The following maps in M are equivalent:

1. the assembly map Aℱ,F : colim 
GℱOrb

F → F (∗) in (1.1);
2. the map F (EℱG) → F (∗) induced by the projection EℱG→ ∗;
3. the Davis–Lück assembly map HG(EℱGCW;F ) → HG(∗;F ) induced by the projection 

EℱG
CW → ∗.

Proof. The equivalence of 2 and 3 is an immediate consequence of Elmendorf’s theorem 
and of the identification of HG(−;F ) with the colimit-preserving extension of F to 
presheaves. We now show the equivalence of 1 and 2. Note that ∗ ≃ colimGOrb yo. Hence 
we have a commutative diagram
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EℱG colim 
GℱOrb

yo≃

∗ colim
GOrb

yo≃

in PSh(GOrb). We now apply F to obtain the left half of the following diagram:

F (EℱG) F ( colim 
GℱOrb

yo)≃ colim 
GℱOrb

F

Aℱ,F

≃

F (∗) F (colim
GOrb

yo)≃ colim
GOrb

F
≃

(2.1)

The right horizontal maps are equivalences since the extension of F to PSh(GOrb)
commutes with colimits by definition. The outer square in (2.1) is the desired equivalence 
between the maps in 1 and 2. □
Remark 2.3. The equivalence between the maps in 2.2.1 and 2.2.3 is also shown in [26, 
Sec. 5]. ⧫

If M is stable, then the assembly map is an equivalence if and only if its cofibre is 
trivial. While we would like to prove that the cofibre is trivial, our arguments will only 
show a weaker condition, namely that it is a phantom object. Therefore, in the following 
we recall the notions of phantom objects and phantom equivalences.

Let M be a cocomplete ∞-category. Recall that an object K in M is called compact 
if the functor MapM(K,−) : M → Spc preserves filtered colimits. Let M be an object 
of M.

Definition 2.4. M is called a phantom object if MapM(K,M) ≃ ∗ for every compact 
object K of M. ⧫

Let m : M →M ′ be a morphism in M.

Definition 2.5. The morphism m is called a phantom equivalence if MapM(K,m) is an 
equivalence of spaces for every compact object K of M. ⧫

Remark 2.6. A final object is a phantom object, and an equivalence is a phantom equiv
alence. If M is compactly generated, the converses of these assertions are true. Indeed, 
in a compactly generated ∞-category a morphism m is an equivalence in M if and only 
if MapM(K,m) is an equivalence in Spc for all compact objects K of M. If M is not 
compactly generated, then the class of phantom equivalences is strictly bigger than the 
class of equivalences.
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In a stable ∞-category, a morphism is a phantom equivalence if and only if its cofibre 
is a phantom object. ⧫

In the following we describe a simple criterion to recognise that an object M in M is a 
phantom object. It will be used in the proof of Theorem 1.10. Recall that an ∞-category 
M is called semi-additive if it is pointed, admits finite coproducts and products, and the 
canonical comparison morphism from the coproduct to the product is an equivalence.

Let M be a semi-additive and cocomplete ∞-category which in addition admits 
countable products. Then for every object M in M we have a canonical morphism ⨁︁

N M →
∏︁

N M .

Definition 2.7. For an object M in M we define the object

∏︁
/
⨁︁(M) := cofib

(︁⨁︂
N

M →
∏︂
N

M
)︁

of M. ⧫

Lemma 2.8. If the morphism

M
diag −−→

∏︂
N

M → ∏︁
/
⨁︁(M)

is trivial, then M is a phantom object.

Proof. The assumption implies that the morphism diag : M →
∏︁

N M factors through ⨁︁
N M . Let K be a compact object in M and let A be a compact object in Spc. Then 

we consider for every morphism A → MapM(K,M) and every n in N the following 
commutative diagram:

A MapM(K,M)

id

MapM(K,
⨁︁

N M) MapM(K,
∏︁

N M)prn+1,∗
MapM(K,M)

MapM(K,
⨁︁n

i=0 M)
0

Since the sum over N is a filtered colimit of its finite partial sums and K is 
compact, MapM(K,

⨁︁
N M) is also a filtered colimit of the sequence of spaces 

(MapM(K,
⨁︁n

i=0 M))n∈N . As A is also compact, the dashed arrow exists for a suit
able choice of n in N. Hence A→ MapM(K,M) is zero. As Spc is compactly generated, 
it follows that MapM(K,M) ≃ ∗. □
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2.2. Bornological coarse spaces

Throughout this article, we will make use of the language of bornological coarse spaces 
introduced in [7]. See [9, Sec. 3] for a concise summary of the key notions.

For most of our purposes, it is sufficient to be familiar with the following:

• the definition of the category GBC of G-bornological coarse spaces [9, Def. 3.6 & 
3.7];

• the notion of a π0-excisive functor [4, Def. 4.6.1].

For the complete proof, we also require the concept of an equivariant coarse homology 
theory [9, Def. 3.13] (the definition is also given in [4, Def. 5.3.2]), but this will only be 
used in Section 2.5.

For the reader’s convenience, we give a quick outline of the basic notions mentioned 
above. Let X be a set. An entourage on X is a subset of X ×X. Regarding entourages 
as relations on X, it makes sense to speak of the inverse U−1 of an entourage U and the 
composition U ◦V of two entourages U and V . Given an entourage U on X and a subset 
A of X, the U -thickening U [A] of A is given by

U [A] := {x ∈ X | (∃ a ∈ A : (x, a) ∈ U)} . (2.2)

A G-bornological coarse space is a triple (X,ℬ, 𝒞), where X is a G-set, ℬ is a collection 
of subsets of X called the bornology and 𝒞 is a collection of entourages on X called the 
coarse structure, subject to the following conditions:

1. ℬ is invariant under the G-action on the power set of X, contains all singleton sets, 
and is closed under taking finite unions and subsets;

2. 𝒞 contains the diagonal, is closed under forming subsets, finite unions, inverses and 
compositions;

3. the subposet 𝒞G of G-invariant entourages is cofinal in 𝒞;
4. for every B in ℬ and U in 𝒞, the thickening U [B] is also in ℬ.

The members of ℬ are called bounded, and members of 𝒞 are called coarse entourages. 
A morphism (X,ℬ, 𝒞) → (X ′,ℬ′, 𝒞′) of G-bornological coarse spaces is an equivari
ant map f between the underlying sets which is proper and controlled, meaning that 
f−1(ℬ′) ⊆ ℬ and (f × f)(𝒞) ⊆ 𝒞′.

Two subsets Y , Z of a G-bornological coarse space are called coarsely disjoint if for 
all y in Y and z in Z the set {(y, z)} is not a coarse entourage.

Let E : GBC→M be a functor to a semi-additive ∞-category.

Definition 2.9. The functor E is called π0-excisive if for every partition (Y,Z) of an object 
X in GBC into coarsely disjoint invariant subsets the canonical map E(Y ) ⊕ E(Z) →
E(X) is an equivalence. ⧫
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If E is π0-excisive and (Y,Z) is a partition of X into coarsely disjoint invariant subsets, 
then we have canonical projections E(X)→ E(Y ) and E(X)→ E(Z). We now construct 
analogous projections associated to a countable partition of X.

Construction 2.10. Assume that E is a π0-excisive functor from GBC to a semi-additive 
∞-category. Let Y be a G-bornological coarse space, and let (Yn)n∈N be a collection of 
G-invariant, pairwise coarsely disjoint subsets of Y such that Y =

⋃︁
n Yn.

For every k in N we consider the partition (Yk,
⋃︁

n ̸=k Yn) of Y . We then let 
qEk : E(Y ) → E(Yk) denote the corresponding projection map. ⧫

Since we intend to use geometric assumptions on G to show that Aℱ,F is a phantom 
equivalence, we have to extend the definition of the assembly map in such a way that 
we are actually able to make use of these assumptions. In Definition 2.12 below, we will 
state precisely in which sense we require the functor F : GOrb → M to extend to a 
functor E : GBC → M. Via this extension, the techniques of coarse homotopy theory 
become applicable to study the assembly map.

If S is a G-set, the following two bornological coarse structures are primarily of inter
est: Smin,min denotes the G-bornological space given by S equipped with the minimal 
coarse structure (which contains only subsets of the diagonal) and the minimal bornology 
(which consists precisely of the finite subsets of S), while Smin,max denotes S equipped 
with the minimal coarse structure and the maximal bornology (which consists of all 
subsets of S). The second case leads to a fully faithful functor

i : GOrb→ GBC , S ↦→ Smin,max . (2.3)

Remark 2.11. For the reader familiar with controlled algebra, the meaning of the 
bornological coarse structures Smin,min and Smin,max may become clearer by thinking 
about the associated categories of controlled objects. Controlled objects over Smin,max

correspond to the S-indexed direct sum of the coefficient category, while controlled ob
jects over Smin,min correspond to the S-indexed direct product [5, Rem. 10.8]. ⧫

Let F : GOrb→M and E : GBC→M be functors.

Definition 2.12. E extends F if there exists an equivalence F ≃ E ◦ i. ⧫

Our proof of Theorem 1.10 will use the idea that if a functor E extends F in the sense 
of Definition 2.12, then F can be twisted by arbitrary G-bornological coarse spaces. We 
can also twist E by arbitrary objects from PSh(GOrb). In the following we explain the 
details.

The category GBC has a symmetric monoidal structure [7, Ex. 2.17] which will be 
denoted by −⊗−. If X,Y are in GBC, then the underlying G-coarse space of X ⊗ Y is 
the cartesian product of the underlying G-coarse spaces of X and Y , but the bornology 
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of X ⊗ Y differs from the cartesian one and is generated by the subsets A × B for all 
bounded subsets A of X and B of Y .

Let Y be in GBC and let E : GBC→M be any functor.

Definition 2.13. The functor

EY := E(Y ⊗−) : GBC→M

is called the twist of E by Y . ⧫

Construction 2.14. Combining the embedding i from (2.3) with the symmetric monoidal 
structure, we define the functor

˜︁i : GOrb×GBC→ GBC , (S,X) ↦→ i(S)⊗X = Smin,max ⊗X . (2.4)

For any functor E : GBC→M, we define

E+ : PSh(GOrb)×GBC→M (2.5)

as the essentially unique functor which is colimit-preserving in the first argument and 
fits into the commutative diagram

GOrb×GBC
˜︁i

yo× idGBC

GBC E M

PSh(GOrb)×GBC
E+

.

Note that there is an equivalence E+(yo(S),−) ≃ ESmin,max
(−) for any transitive G-set 

S.
This extension process is furthermore compatible with adding twists in the sense that 

E+(A,−)Y ≃ E+
Y (A,−) for every Y in GBC and A in PSh(GOrb). ⧫

Remark 2.15. Let F : GOrb→M be a functor and assume that E : GBC→M extends 
F in the sense of Definition 2.12. For X in GBC the functor

E+(−, X) : PSh(GOrb) →M

preserves colimits and therefore corresponds, via Elmendorf’s theorem, to an equivariant 
homology theory on GTop. We consider E+(−, X) as the twist by X of the equivariant 
homology theory determined by F . The latter is recovered by inserting X = ∗. ⧫

Remark 2.16. In this remark we assume that E : GBC → M is an equivariant coarse 
homology theory. Then for Y in GBC the twist EY : GBC → M by Y is again an 
equivariant coarse homology theory [9, Lem. 3.16].
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For A in PSh(GOrb) we have an equivalence

A ≃ colim 
(yo(S)→A)∈yo/A

yo(S)

and therefore an equivalence

E+(A,−) ≃ colim 
(yo(S)→A)∈yo/A

ESmin,max
(−) .

Since the axioms of an equivariant coarse homology theory are compatible with forming 
colimits, the functor E+(A,−) is again an equivariant coarse homology theory. We con
sider E+(A,−) as a twist by A of the equivariant coarse homology theory E. The latter 
is recovered by inserting A = ∗. ⧫

2.3. (E,ℱ)-proper objects

The goal of this subsection is the formulation of the notion of (E,ℱ)-properness in 
Definition 2.26. This notion axiomatises which variant of the original assembly map is 
supposed to be an equivalence, and thus tells us how to define the horizontal dotted 
arrow in (1.5).

Let us make an attempt to indicate how Definition 2.26 comes about without delv
ing too much into technical details already. A key feature of the functor E+ from the 
preceding section is the existence of a natural equivalence

E+(−, Smin,max) ≃ E+(−× S, ∗) (2.6)

for every G-set S. If the stabilisers of S lie in the family ℱ , this implies that the pro
jection map EℱG → ∗ induces an equivalence on E+(−, Smin,max). To gain additional 
flexibility, one would like to expand the class of G-bornological coarse spaces with this 
property beyond G-sets. Since G-simplicial complexes are built combinatorially from G
sets, one might hope that they provide reasonable candidates, provided that the functor 
E+ was sufficiently excisive in the second variable. Of course, this depends on a choice 
of bornological coarse structure on such a complex, and to our knowledge there is no 
such bornological coarse structure for a single complex.

The lack of excisiveness of E+ for a single complex can be remedied by considering 
sequences of G-simplicial complexes (Wn)n. We turn the disjoint union 

∐︁
n Wn into a 

G-bornological coarse space whose coarse structure has the property that propagation 
in the Wn-direction becomes arbitrarily small as n tends to ∞. In Definition 2.19, we 
will introduce a variant E

∏︁
of E that takes such sequences as input. If E is a coarse 

homology theory, E
∏︁

has a better chance of being excisive, but there is still the problem 
that propagation in Wn becomes only very small as n approaches ∞. Therefore, we 
introduce a quotient E

∏︁
/
⨁︁

of E
∏︁

which allows us to ignore an arbitrary finite number of 
the complexes Wn.



18 U. Bunke et al. / Advances in Mathematics 489 (2026) 110788 

Since (2.6) is the key feature of E+ that allows us to decide that EℱG → ∗ induces 
an equivalence in certain cases, we want to retain such a property when passing to the 
more complicated functor E

∏︁
/
⨁︁
. As we are effectively dealing with N-indexed collections 

of certain G-bornological coarse spaces, it will be convenient to enlarge the domain of 
definition also in the first variable so we are able to plug in sequences of G-spaces.

We denote by GBC/Nmin,min
the slice category of G-bornological coarse spaces 

over Nmin,min. By abuse of notation, we will denote objects p : X → Nmin,min in 
GBC/Nmin,min

by their domain X. In the following, we use the abbreviation (−)n for 
(−)n∈N to denote sequences indexed by the set N.

In the first step, we extend the functor in (2.4).

Definition 2.17. We define the functor

−⊗N − :
∏︂
N

GSet×GBC/Nmin,min
→ GBC

such that it sends a sequence (Tn)n in 
∏︁

N GSet and an object X in GBC/Nmin,min
to 

the object (Tn)n ⊗N X in GBC given as follows:

1. its underlying set is 
∐︁

n(Tn ×Xn);
2. its bornology is generated by sets of the form 

∐︁
n≤N (Tn ×Xn) for N in N;

3. its coarse structure is generated by entourages of the form∐︂
n 

(diag(Tn)× (U ∩ (Xn ×Xn)))

for all entourages U of X.

The definition of the functor −⊗N − on morphisms is the obvious one. ⧫

Remark 2.18. Let S be in GSet and X be in GBC/Nmin,min
. Consider the constant 

sequence (S)n as an object in 
∏︁

N GSet. Unwinding definitions, one checks that there is 
a natural isomorphism

(S)n∈N ⊗N X ∼ = Smin,max ⊗X

of G-bornological coarse spaces, where the right hand side uses only the underlying 
G-bornological coarse space of X and forgets the reference map to Nmin,min. ⧫

In the second step, we construct the analogue of the functor in (2.5) for sequences. 
To this end, we consider the functor

ℓ : GSet yo −→ PSh(GSet) Res −−→ PSh(GOrb) (2.7)
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and form

ℓ
∏︁

:= (
∏︂
N

ℓ)× id : (
∏︂
N

GSet)×GBC/Nmin,min
→ (

∏︂
N

PSh(GOrb))×GBC/Nmin,min
.

(2.8)
Let E : GBC→M be a functor to a cocomplete ∞-category.

Definition 2.19. We define the functor

E
∏︁

: (
∏︂
N

PSh(GOrb))×GBC/Nmin,min
→M

as the left Kan extension as indicated in the following diagram:

(
∏︁

N GSet)×GBC/Nmin,min

⊗N

ℓ
∏︁

GBC E M

(
∏︁

N PSh(GOrb))×GBC/Nmin,min

E
∏︁

. ⧫

Since ℓ, and therefore also ℓ
∏︁

, are fully faithful, the structural transformation of the 
Kan extension provides an equivalence of functors E

∏︁
◦ ℓ

∏︁
≃ E ◦ ⊗N .

In the following we relate the functor E
∏︁

defined above to the functor E+ in (2.5). The 
precise statement will be given in Lemma 2.24 below. The construction of E

∏︁
, which 

is analogous to that of E+, involves terms like E(Wmin,max ⊗ Y ) for G-sets W . For 
bounded Y such terms can be calculated using the values E(Smin,max⊗ Y ) for G-orbits 
S if E is hyperexcisive. We explain this notion next.

Let E : GBC→M be a functor to a cocomplete ∞-category.

Definition 2.20 ([4, Def.   5.2.7]). The functor E is hyperexcisive if for every G-set W and 
every bounded G-bornological coarse space Y the canonical morphism

colim 
(S→W )∈GOrb/W

ESmin,max
(Y ) → EWmin,max

(Y )

is an equivalence. ⧫

Hyperexcisiveness generalises π0-excisiveness to certain infinite partitions. Let GBCbd

be the full subcategory of GBC of bounded G-bornological coarse spaces. Restricting E+

from (2.5) in the second argument to GBCbd, we obtain a functor E+
bd : PSh(GOrb)×

GBCbd → M. In the following lemma we provide another characterisation of hyperex
cisiveness of E in terms of the functor E+

bd.
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Lemma 2.21. The functor E is hyperexcisive if and only if E+
bd is a left Kan extension of

GSet×GBCbd
(−)min,max⊗− −−−−−−−−−−→ GBC E −→M

along ℓ× id : GSet×GBCbd → PSh(GOrb)×GBCbd.

Proof. Consider the diagram

GOrb×GBCbd E◦((−)min,max⊗−)

yo× id GSet×GBCbd
E◦((−)min,max⊗−)

ℓ×id

M

PSh(GOrb)×GBCbd
E′

where the lower right triangle is defined to exhibit E′ as a left Kan extension. By Def
inition 2.19, E is hyperexcisive if and only if the upper right triangle in the diagram 
exhibits the horizontal arrow as a left Kan extension. If E is hyperexcisive, then E′ is an 
iterated Kan extension. Since E+

bd is defined to be the left Kan extension along yo× id, 
we have E′ ≃ E+

bd.
Conversely, assume E′ ≃ E+

bd. The lower triangle commutes since ℓ×id is fully faithful. 
From this we conclude that the upper triangle is also a left Kan extension. Hence E is 
hyperexcisive. □

Given a G-set T , we can consider the presheaf ℓ(T ) in PSh(GOrb), using ℓ from 
(2.7), and the G-bornological coarse space i(T ) = Tmin,max in GBC, using i from (2.3). 
The following corollary compares the twist of E+

bd by ℓ(T ) as in Remark 2.16 with the 
twist by Tmin,max as in Remark 2.15.

Corollary 2.22. If E is hyperexcisive, then there is a natural equivalence of functors

E+
bd,Tmin,max

(−,−) ≃ E+
bd(−× ℓ(T ),−) : PSh(GOrb)×GBCbd →M .

Proof. Since ℓ × id is fully faithful, Lemma 2.21 gives the marked equivalences in the 
following chain of functors GSet×GBCbd →M:

E+
bd,Tmin,max

(ℓ(−),−) ! ≃ E((−)min,max ⊗ Tmin,max ⊗−) ≃ E((−× T )min,max ⊗−)
! ≃ E+

bd(ℓ(−× T ),−) ≃ E+
bd(ℓ(−)× ℓ(T ),−) . (2.9)

The functor E+
bd,Tmin,max

is the left Kan extension of the first term in (2.9) along ℓ×id. In 
order to understand the corresponding left Kan extension of the last term in (2.9), note 
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that colimits in PSh(GOrb) are universal. Therefore, − × ℓ(T ) is a colimit-preserving 
endofunctor of PSh(GOrb). We conclude that the left Kan extension of the last term 
in (2.9) is equivalent to E+

bd(−× ℓ(T ),−). So the desired equivalence is obtained by Kan 
extending equivalence (2.9). □

After this discussion of hyperexcisiveness, we continue with the comparison of the 
functors E

∏︁
and E+. In order to state Lemma 2.24 below, we introduce more notation. 

Let P be a subset of N.

Definition 2.23. We define the following functors:

1. prn :
∏︁

N PSh(GOrb) → PSh(GOrb) denotes the projection onto the n-th compo
nent;

2. fn : GBC/Nmin,min
→ GBCbd denotes the functor that sends X to Xn.

3. cP denotes the endofunctor of GBC/Nmin,min
that removes the preimage of P , thus 

sending X to X \
⋃︁

n∈P Xn;
4. uP denotes the endofunctor id×cP of (

∏︁
N PSh(GOrb))×GBC/Nmin,min

. ⧫

Let E : GBC→M be a functor to a semi-additive and cocomplete ∞-category.

Lemma 2.24. If E is π0-excisive and hyperexcisive, there exists a natural equivalence⨁︂
n∈P

E+ ◦ (prn×fn) ⊕ E
∏︁
◦ uP ≃ E

∏︁

of functors (
∏︁

N PSh(GOrb))×GBC/Nmin,min
→M. In particular, there are inclusion 

and projection maps

E+ ◦ (prn×fn) → E
∏︁

and E
∏︁
→ E+ ◦ (prn×fn) (2.10)

for every n in N.

Proof. The canonical inclusions induce for every sequence of G-sets (Tn)n and X in 
GBC/Nmin,min

a natural map⨁︂
n∈P

E(Tn,min,max ⊗Xn) ⊕ E((Tn)n ⊗N cP (X)) → E((Tn)n ⊗N X) . (2.11)

This map is an equivalence since E is π0-excisive. As E is hyperexcisive, Corollary 2.22
gives a natural equivalence

E(Tn,min,max ⊗Xn) ≃ E+
bd,Tn,min,max

(∗, Xn) ≃ E+(ℓ(Tn), Xn) 

for every n in N. This allows us to identify (2.11) with a natural equivalence
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(︁⨁︂
n∈P

(E+ ◦ (prn×fn)) ⊕ E
∏︁
◦ uP

)︁
◦ ℓ

∏︁
≃ E

∏︁
◦ ℓ

∏︁

of functors (
∏︁

N GSet) × GBC/Nmin,min
→ M. Taking left Kan extensions along ℓ

∏︁
yields a natural equivalence of functors on (

∏︁
N PSh(GOrb)) × GBC/Nmin,min

. Note 
that the left Kan extension of the right hand side is by definition E

∏︁
.

We need to identify the left Kan extension on the left hand side. The functor

(prn×fn)n∈P : (
∏︂
N

GSet)×GBC/Nmin,min
→
∏︂
n∈P

(︁
GSet×GBCbd

)︁
has a left adjoint iP which sends (An, Yn)n∈P to

(︂(︁{︄An n ∈ P

∅ n / ∈ P

)︁
n
,
∐︂
n∈P

Yn

)︂
.

Since the restriction of a functor along a right adjoint is the left Kan extension along 
the left adjoint, the diagram

∏︁
n∈P

(︁
GSet×GBCbd

)︁ ⨁︁n∈P (E+
bd◦(ℓ×id))

iP

M

(
∏︁

N GSet)×GBC/Nmin,min

⨁︁
n∈P (E+◦(ℓ×id)◦(prn×fn))

(2.12)

exhibits 
⨁︁

n∈P (E+◦(ℓ×id)◦(prn×fn)) as the left Kan extension of 
⨁︁

n∈P (E+
bd◦(ℓ×id))

along iP . Moreover, iP fits into the commutative diagram

∏︁
n∈P

(︁
GSet×GBCbd

)︁
ℓ
∏︁
P

iP (
∏︁

N GSet)×GBC/Nmin,min

ℓ
∏︁

∏︁
n∈P

(︁
PSh(GOrb)×GBCbd

)︁ ˜︁iP (
∏︁

N PSh(GOrb))×GBC/Nmin,min

where ˜︁iP is left adjoint to (prn×fn)n∈P . Consequently, the left Kan extensions of ⨁︁
n∈P (E+

bd ◦ (ℓ × id)) along ℓ
∏︁
◦ iP and along ˜︁iP ◦ ℓ

∏︁
P coincide. We now determine 

these two Kan extensions.
The first iterated Kan extension is, in view of the Kan extension presented by (2.12), 

the left Kan extension of 
⨁︁

n∈P (E+ ◦ (ℓ× id) ◦ (prn×fn)) along ℓ
∏︁

.
For the second, note that the left Kan extension of 

⨁︁
n∈P (E+

bd ◦ (ℓ× id)) along ℓ
∏︁
P is ⨁︁

n∈P E+
bd. So the second iterated Kan extension is equivalent to 

⨁︁
n∈P (E+◦(prn×fn)).

A completely analogous argument applies to E
∏︁
◦uP since uP , considered as a functor 

to its essential image, has a left adjoint given by the inclusion of the essential image. □
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We are finally ready to define the notion of (E,ℱ)-properness. Denote by

diag : PSh(GOrb) →
∏︂
N

PSh(GOrb)

the diagonal functor. Let E : GBC→M be a π0-excisive and hyperexcisive functor with 
values in a cocomplete stable ∞-category. Finally, fix an object X in GBC/Nmin,min

. 
Then the inclusions in (2.10) induce a natural transformation⨁︂

n∈N
E+(−, Xn) → E

∏︁
(diag(−), X) : PSh(GOrb) →M .

We are interested in its cofibre.

Definition 2.25. We define the functor

E
∏︁
/
⨁︁
(−, X) := cofib

(︂⨁︂
n∈N

E+(−, Xn) → E
∏︁

(diag(−), X)
)︂

: PSh(GOrb) →M . ⧫

Let ℱ be a family of subgroups of G and recall Definition 2.1 of the classifying space 
EℱG.

Definition 2.26. The object X in GBC/Nmin,min
is called (E,ℱ)-proper if the map

E
∏︁
/
⨁︁
(EℱG,X) → E

∏︁
/
⨁︁
(∗, X)

induced by the projection EℱG→ ∗ is an equivalence. ⧫

As explained in the introduction to this section, an object X in X in GBC/Nmin,min

is expected to be (E,ℱ)-proper if it arises from a sequence of G-simplicial complexes 
with stabilisers in ℱ . We will return to this question in Section 2.5.

2.4. Phantom equivalences from transfer classes

The crucial part of our proof of Theorem 1.10 consists of the construction of a transfer 
class. In this subsection we introduce this notion in an axiomatic way. In Proposition 2.33
we show that the existence of such a transfer class implies that the assembly map is a 
phantom equivalence. Thus, Proposition 2.33 will eventually yield the final step in the 
proof of Theorem 1.10. The diagram (2.25) in the proof of Proposition 2.33 is the actual 
implementation of the diagram (1.5) from the introduction.

We start with explaining the symmetric monoidal structure on the ∞-category of 
idempotent complete left-exact ∞-categories. Recall that a left-exact ∞-category C is 
called idempotent complete if it is closed under retracts in its pro-completion Proω(C), 
or equivalently, if the canonical functor C→ Proω(C) induces an equivalence of C with 
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the full subcategory Proω(C)ω of cocompact objects in Proω(C). We let CatLex,perf
∞,∗ be 

the full subcategory of CatLex
∞,∗ of idempotent complete left-exact ∞-categories.

We let Spcop,ω
∗ in CatLex,perf

∞,∗ denote the ∞-category of cocompact objects in the 
opposite of the category of pointed spaces. Equivalently, Spcop,ω

∗ = (Spccp
∗ )op. The ∞

category Spcop,ω
∗ has the universal property that the evaluation at the object S0 of 

Spcop,ω
∗ induces an equivalence FunLex(Spcop,ω

∗ ,C) → C. In other words, specifying a 
left-exact functor Spcop,ω

∗ → C is equivalent to specifying an object of C.
The ∞-category CatLex,perf

∞,∗ has a symmetric monoidal structure ⊗ with tensor unit 
Spcop,ω

∗ . This means that for C and D in CatLex,perf
∞,∗ , the tensor product C ⊗ D is 

characterised by the following universal property: there is a functor C ×D → C ⊗D
that is initial among all functors from C ×D to some idempotent complete left-exact 
∞-category which preserve finite limits in each variable separately. The full details will 
be explained in Section 3.2.

On the next categorial level, the functor

−⊗− : CatLex,perf
∞,∗ ×CatLex,perf

∞,∗ → CatLex,perf
∞,∗

preserves colimits in both variables separately.
The definition of a transfer class depends on a choice of pentuple

(U, η, V,H,ℱ) (2.13)

whose members we will describe in the following. The first two components are a functor

U : GBC→ CatLex,perf
∞,∗ (2.14)

and a left-exact functor

η : Spcop,ω
∗ → U(∗) . (2.15)

By the universal property of Spcop,ω
∗ explained above, specifying η is equivalent to 

specifying an object in U(∗).

Remark 2.27. Recall from Section 2.2 that GBC carries a symmetric monoidal structure 
which we also denote by ⊗. If U has a lax monoidal structure, then U preserves algebra 
objects. Since ∗ is an algebra in GBC, we get an algebra U(∗) in CatLex,perf

∞,∗ . In this 
case the unit of this algebra provides a canonical morphism Spcop,ω

∗ → U(∗) which will 
usually be our candidate for η. ⧫

The third entry in the list (2.13) is another functor

V : GBC→ CatLex,perf
∞,∗ . (2.16)
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Definition 2.28. A weak U -module structure on V is given by the following data:

1. a natural transformation

μ : U(−)⊗ V (−) → V (−⊗−) ;

2. a commutative diagram

Spcop,ω
∗ ⊗ V (−)

η⊗id

≃

U(∗)⊗ V (−)

μ

V (−) ≃
V (∗ ⊗ −)

(2.17)

of functors GBC→ CatLex,perf
∞,∗ . ⧫

Remark 2.29. We use the word weak since Definition 2.28 requires only the minimal 
amount of structure to make the proof of Proposition 2.33 below work. In the situations 
we will actually consider (see Section 3.4), the functor U is a lax symmetric monoidal 
functor, and V is a module functor over U . ⧫

Remark 2.30. In our applications below, we will only make use of weak modules which 
are canonically derived from a given left-exact ∞-category with G-action C. To provide 
some intuition, recall that, for any ring R, the tensor product over Z induces an action 
of the symmetric monoidal category of finitely generated free Z-modules with G-action 
on the category of finitely generated projective R[G]-modules. Generalising to the left
exact setting, the idempotent completion of colimBG C canonically refines to a module 
over Fun(BG,Spcop,ω

∗ ), and the examples for U and V in Sections 5 to 7 generalise 
this observation further to provide an action of ``controlled Swan theory'' on controlled 
K-theory. See Section 3.4 for the explicit construction. ⧫

The component H in the list (2.13) is a lax monoidal functor H : CatLex,perf
∞,∗ → M, 

where the target M is assumed to be a monoidal, semi-additive and cocomplete ∞
category which admits countable products. Given H, the morphism η in (2.13) induces 
a morphism

ηH : 1M → H(Spcop,ω
∗ ) H(η) −−−→ HU(∗) . (2.18)

The final entry ℱ of the list (2.13) is a family of subgroups of G.
We now fix a list as in (2.13). Furthermore, we assume that U and HV are π0-excisive 

(see Definition 2.9), and that the functor HV is hyperexcisive (see Definition 2.20). Recall 
the morphisms qUn : U(Nmin,min) → U({n}) ≃ U(∗) introduced in Construction 2.10. 
Recall Definition 2.26 of (HV,ℱ)-proper objects.
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Definition 2.31. A transfer class (X, t) for (U, η, V,H,ℱ) consists of:

1. an object X in GBC/Nmin,min
, called the transfer space, which admits a morphism 

to an (HV,ℱ)-proper object;
2. a morphism t : 1M → HU(X)

such that there exists a commutative diagram

1M
ηH

t

HU(∗)

diag

HU(X)
p

HU(Nmin,min)
(H(qUn ))n ∏︁

n∈N HU(∗)

(2.19)

where p : X → Nmin,min denotes the structure morphism of X. ⧫

Remark 2.32. Note that we only require the existence of a commutative diagram like 
(2.19), not a preferred choice of a filler. In order to construct such fillers we will encounter 
the situation where the morphism t is obtained by specifying an object t0 in U(X). In 
more detail, this object induces a left-exact functor ˆ︁t0 : Spcop,ω

∗ → U(X) by the universal 
property of Spcop,ω

∗ . This functor in turn yields t as the composition

t : 1M → H(Spcop,ω
∗ ) H(ˆ︁t0) −−−→ HU(X) .

If t arises in this manner and η is given by the object η0 of U(∗), a sequence of equivalences 
((qUn ◦ p)(t0) ≃ η0)n∈N in U(∗) provides a filler for (2.19). ⧫

Let M be a stably monoidal and cocomplete stable ∞-category which admits count
able products. Let H : CatLex,perf

∞,∗ →M be a lax monoidal functor which preserves sums, 
and let ℱ be a family of subgroups of G. Let C be in Fun(BG,CatLex,perf

∞,∗ ) and recall 
Definition 1.8 of HCG.

Proposition 2.33. Assume that we are given:

1. a pair (U, η) as in (2.14) and (2.15) such that U is π0-excisive (see Definition 2.9);
2. a functor V as in (2.16) having a weak U -module structure (see Definition 2.28) such 

that

a) HV extends HCG in the sense of Definition 2.12;
b) HV is π0-excisive and hyperexcisive (see Definition 2.20);

3. a transfer class (X, t) for (U, η, V,H,ℱ) (see Definition 2.31).
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Then Aℱ,HCG
: colim 

GℱOrb
HCG → H(colim

BG 
C) is a phantom equivalence.

Proof. We let HV + denote the functor obtained from HV as an instance of (2.5). Since 
HV extends HCG, we have a natural equivalence HV +(−, ∗) ≃ HCG(−) of functors 
PSh(GOrb) →M. By Lemma 2.2, the assembly map Aℱ,HCG

is equivalent to the map 
HV +(EℱG, ∗) → HV +(∗, ∗) induced by the projection EℱG→ ∗. Let C be the cofibre 
of the assembly map. We want to show that C is a phantom object. By Lemma 2.8, it 
is sufficient to produce a factorisation of C → ∏︁

/
⨁︁(C) over the zero object.

We let diag : PSh(GOrb) →
∏︁

N PSh(GOrb) denote the diagonal functor. As a first 
step we will define a natural transformation

τ : HV +(−, ∗) → HV
∏︁

(diag(−), X) ,

where HV
∏︁

is as in Definition 2.19. Denote by jG : GOrb→ GSet the inclusion functor. 
Using the fact that the functor ℓ

∏︁
in (2.8) is fully faithful and that yo ≃ ℓ ◦ jG for the 

first equivalence, and the identification diag(−) ⊗N X ∼ = (−)min,max ⊗ X of functors 
GOrb→ GBC from Remark 2.18 for the second, we get an equivalence

HV
∏︁

(diag(yo(−)), X) ≃ HV (diag(jG(−))⊗N X) ≃ HV ((−)min,max ⊗X) .

By Construction 2.14, the functor HV +(−, ∗) is the left Kan extension of HV ((−)min,max)
along the Yoneda embedding yo: GOrb → PSh(GOrb). Therefore, by the universal 
property of the left Kan extension, in order to define τ it suffices to give a natural 
transformation

HV ((−)min,max) → HV ((−)min,max ⊗X) def= HVX((−)min,max) (2.20)

of functors GOrb→M, where HVX denotes the twist of HV by X (see Definition 2.13).
In fact, the transfer class gives rise to a natural transformation τ ′ : HV → HVX of 

functors GBC→M that is defined using the lax monoidal structure of H and the weak 
U -module structure μ on V as the composition

τ ′ : HV
t⊗id −−−→ HU(X)⊗M HV → H(U(X)⊗ V ) H(μ) −−−→ HVX . (2.21)

The restriction of τ ′ along the inclusion (−)min,max : GOrb → GBC from (2.3) is the 
desired transformation (2.20).

We consider the following diagram of functors PSh(GOrb) → M, in which the top 
vertical transformations are induced by the canonical morphism p : X → Nmin,min in 
GBC/Nmin,min

, and the bottom vertical transformations are induced by the projections 
(2.10) from Lemma 2.24:
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HV +(−, ∗) τ

diag

HV
∏︁

(diag(−), X) HV
∏︁
/
⨁︁
(−, X)

HV
∏︁

(diag(−),Nmin,min) HV
∏︁
/
⨁︁
(−,Nmin,min)

∏︁
N HV +(−, ∗) ∏︁

/
⨁︁(HV +(−, ∗))

(2.22)

In the following we argue that it commutes. The two squares on the right hand side 
obviously commute. Commutativity of the triangle on the left can be checked after 
restriction to the orbit category. Therefore, we must show that the diagram of functors 
GOrb→M

HV ((−)min,max) τ ′

diag

HVX((−)min,max)

HVp

HVNmin,min
((−)min,max)

(qVn )n∏︁
N HV ((−)min,max)

(2.23)

commutes. Here HVp is induced by p and the morphisms qVn arise from π0-excision for HV

by Construction 2.10. To see that the diagram (2.23) commutes, consider the following 
diagram in which the morphisms qUn also arise from Construction 2.10 by π0-excision for 
U , and in which all unlabelled arrows are induced by the lax monoidal structure of H:

HVNmin,min

(qVn )n ∏︁
N HV

HVX

HVp

H(U(X)⊗ V )
H(μ) H(U(p)⊗id)

H(U(Nmin,min)⊗ V )

H(μ)

(H(qUn⊗id))n∏︁
N H(U(∗)⊗ V )

∏︁
N H(μ)

HV

τ ′

t⊗id
HU(X)⊗HV

HU(p)⊗id
HU(Nmin,min)⊗HV

(H(qUn )⊗id)n∏︁
N(HU(∗)⊗HV )

(2.24)

The triangle involving the curved arrow HVp commutes by naturality of μ. The bottom 
left square commutes by the description of τ ′ in (2.21), and both the bottom centre 
square and bottom right square commute since H is a lax monoidal functor.

It remains to check that the top right square in (2.24) commutes. For n in N, let 
in : {n} → N and jn : N \ {n} → N denote the inclusion maps. Consider the following 
diagram:
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H(U(Nmin,min)⊗ V )

H(μ)

H((U({n})⊕ U(Nmin,min \ {n}))⊗ V )∼
H((U(in)+U(jn))⊗id) pr⊗ id

H(U({n})⊗ V )

H(μ)H(U({n})⊗ V )⊕H(U(Nmin,min \ {n})⊗ V )
H(U(in)⊗id)+H(U(jn)⊗id)

H(μ)⊕H(μ)

pr
∼

H(VNmin,min
) H(V ({n}))⊕H(V (Nmin,min \ {n}))

prH(V (in))+H(V (jn))

∼ H(V )

Note that commutativity of the upper left triangle expresses the additivity of H(−⊗V ). 
The vertical morphism marked by ∼ is an equivalence by additivity of H. The horizontal 
morphisms marked by ∼ are equivalences by π0-excision for U and HV , respectively, 
using again that H is additive to see that HU is also π0-excisive. By naturality of μ, 
the lower part of the diagram also commutes. It follows that the large outer square 
commutes, which settles the commutativity of the top right square in (2.24).

Tensoring (2.19) from the definition of a transfer class (Definition 2.31) with HV

yields an equivalence between the composition of the bottom horizontal morphisms in 
(2.24) and the morphism

HV
diag ◦(ηH⊗id) −−−−−−−−−→

∏︂
N

(HU(∗)⊗HV ) .

Since V is a weak U -module, condition (2) from Definition 2.28 implies that the entire 
composition HV →

∏︁
N HV along the bottom right corner in (2.24) is equivalent to 

the diagonal. We finally conclude that the left part of (2.22), and therefore the entire 
diagram, commutes.

By Definition 2.31, X admits a morphism to an (HV,ℱ)-proper object that we will 
denote by W .

Evaluating the composition along the top right corner of (2.22) at EℱG → ∗, we 
obtain a commutative diagram

HV +(EℱG, ∗) HV +(∗, ∗) C

HV
∏︁
/
⨁︁
(EℱG,X) HV

∏︁
/
⨁︁
(∗, X) cofib

(︁
HV

∏︁
/
⨁︁
(EℱG,X) → HV

∏︁
/
⨁︁
(∗, X)

)︁
HV

∏︁
/
⨁︁
(EℱG,W ) HV

∏︁
/
⨁︁
(∗,W ) cofib

(︁
HV

∏︁
/
⨁︁
(EℱG,W ) → HV

∏︁
/
⨁︁
(∗,W )

)︁
∏︁
/
⨁︁(HV +(EℱG, ∗)) ∏︁

/
⨁︁(HV +(∗, ∗)) ∏︁

/
⨁︁(C)

(2.25)
whose right column arises by taking cofibres of the horizontal maps. Due to the commuta
tivity of (2.22), we conclude that the composition of the right vertical maps is equivalent 
to the map C → ∏︁

/
⨁︁(C) induced by the diagonal. Since W is (HV,ℱ)-proper,
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cofib
(︁
HV

∏︁
/
⨁︁
(EℱG,W ) → HV

∏︁
/
⨁︁
(∗,W )

)︁
≃ 0.

Hence the right vertical composition C → ∏︁
/
⨁︁(C) vanishes, and C is a phantom object 

by Lemma 2.8. □
2.5. Examples of (E,ℱ)-proper objects

In order to check that a candidate (X, t) for a transfer class for (U, η, V,H,ℱ) satisfies 
Definition 2.31.(1) we must find a morphism from X to some (HV,ℱ)-proper object 
in GBC/Nmin,min

. Theorem 2.37, which is the main result of this section, provides a 
sufficient supply of candidates for such (HV,ℱ)-proper objects. It is an analogue of [16, 
Thm. 7.2] in our setting.

We consider a π0-excisive functor E : GBC → M which plays the role of HV above. 
For certain statements in this section we will need the much stronger assumption that 
E is an equivariant coarse homology theory [7, Def. 3.10], [9, Def. 3.13]. We recall this 
notion in Definition 2.38 below. We assume that M is cocomplete.

As before, ℱ denotes any family of subgroups of G. Furthermore, N is considered as 
a discrete G-topological space with trivial G-action.

Construction 2.34. We consider a metric space W with an isometric G-action together 
with a G-map p : W → N and set Wn := p−1({n}). We further assume that W is 
equipped with a G-bornological coarse structure such that p defines a morphism W →
Nmin,min. We call the corresponding coarse structure 𝒞W the original coarse structure 
on W in order to distinguish it from the new coarse structure defined below. We assume 
that the original coarse structure is compatible with the metric in the sense that there 
exists some r in (0,∞) with Ur ∈ 𝒞W , where

Ur := {(w,w′) ∈W ×W | d(w,w′) ≤ r}

is the metric entourage of width r. Using the data described above, we construct an 
object in GBC/Nmin,min

which we will denote by Wh. It has the same underlying set 
and bornological structure as W . But the new coarse structure defined by

𝒞h :=
{︂
U ∈ 𝒞W | sup

{︁
d(w,w′) | (w,w′) ∈ U ∩ (Wn ×Wn)

}︁ n→∞ −−−−→ 0
}︂

(2.26)

is in general smaller than the original coarse structure 𝒞W .
The structure map to Nmin,min is the original map p which is still a morphism of 

G-bornological coarse spaces. ⧫

Remark 2.35. In the language of [6, Sec. 5.1] or [7, Sec. 9], Construction 2.34 can be 
phrased as follows: the metric on the original bornological coarse space W induces a 
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compatible uniform structure [6, Def. 5.4]. The big family 𝒲 := (p−1([0, n]))n∈N pro
vides a hybrid datum (W,𝒲). The new coarse structure 𝒞h defined above is the hybrid 
structure associated to these data. This motivates the subscript h.

In particular, the metric on W may be replaced by any other metric that induces the 
same uniform structure on W without changing the new coarse structure. ⧫

In the present paper, a G-simplicial complex is a simplicial complex with an action of 
G by automorphisms such that if g in G stabilises a point in the interior of a simplex, then 
it stabilises the whole simplex. If we are just given a simplicial complex with a G-action, 
then we can ensure this additional condition by taking the barycentric subdivision.

Construction 2.36. Suppose that W is a G-simplicial complex with a map of simplicial 
complexes p : W → N. Then we define an object Wh in GBC/Nmin,min

as follows.
We equip W with the spherical path metric. In order to compare with [16], note that by 

Remark 2.35 we could also work with the ℓ1-metric provided W is finite-dimensional. We 
furthermore choose the original coarse structure on W , in the sense of Construction 2.34, 
to be the coarse structure 𝒞π0(W ) generated by the entourage

Uπ0(W ) :=
⋃︂

Z∈π0(W )

Z × Z .

It is the maximal coarse structure on W with the property that the connected compo
nents of W are coarsely disjoint. The original coarse structure obviously contains the 
metric coarse structure associated to the spherical path metric and is therefore com
patible with the metric. Finally, we equip W with the minimal bornology such that 
p : W → Nmin,min is proper.

Then let Wh in GBC/Nmin,min
be obtained by applying Construction 2.34 to W with 

the structures defined above. ⧫

Let W be a G-simplicial complex and let Wh in GBC/Nmin,min
be obtained from W

by applying Construction 2.36. Recall Definition 2.26 of an (E,ℱ)-proper object, and 
Definition 2.20 of hyperexcisiveness.

Theorem 2.37. Assume:

1. the simplicial complex W is finite-dimensional and its stabilisers belong to ℱ ;
2. E is a hyperexcisive equivariant coarse homology theory.

Then Wh is (E,ℱ)-proper.

The general outline of the proof of Theorem 2.37 is the same as in [16, Sec. 7]. We 
will argue by induction on the dimension of the simplicial complex W . The case of 0
dimensional complexes will be settled in Corollary 2.47, where we use the assumption that 
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E is hyperexcisive and the assumption on the stabilisers of W . For the induction step, 
we decompose a d-dimensional simplicial complex into a thickened version of its (d− 1)
skeleton and a complex consisting of a disjoint union of d-dimensional simplices. For this 
step, we need that E

∏︁
/
⨁︁

has appropriate excision properties. The latter will be deduced 
from the fact that E is an equivariant coarse homology theory, see Proposition 2.44. 
For the induction step we must further deform the thickened (d − 1)-skeleton to the 
actual (d−1) skeleton, and the disjoint union of simplices to the set of their barycentres. 
For this step, we need a homotopy invariance property of E

∏︁
/
⨁︁

which will be shown in 
Proposition 2.51. The main argument for Theorem 2.37 starts close to the end of this
section.

We start with showing that E
∏︁

and E
∏︁
/
⨁︁

(see Definition 2.19 and Definition 2.25) 
are equivariant coarse homology theories on GBC/Nmin,min

as functors in their second 
arguments. Recall that a functor E : GBC→M is an equivariant coarse homology the
ory if it is coarsely invariant, coarsely excisive and u-continuous and annihilates flasques 
(see [9, Def. 3.13]). These notions are explained in more detail in Definition 2.38 below. 
As we want to consider functors on the slice category GBC/Nmin,min

, we must explain 
what we mean by an equivariant coarse homology in this context.

We first recall some basic definitions from coarse geometry. We consider X in GBC
and denote its coarse structure by 𝒞X . An equivariant big family 𝒴 on X is a filtered 
family (Yi)i∈I of invariant subsets of X such that for every i in I and U in 𝒞X there exists 
j in I such that the thickening U [Yi] is contained in Yj (see (2.2)). If Z is a subspace of 
X, then we define the big family Z ∩ 𝒴 := (Z ∩ Yi)i∈I on Z. If F is any functor defined 
on GBC, then we set

F (𝒴) := colim
i∈I 

F (Yi)

provided the colimit exists.
Let N be a G-bornological coarse space with a discrete coarse structure (later we will 

consider N = Nmin,min). Let E′ : GBC/N →M be a functor to a cocomplete and stable 
∞-category.

Definition 2.38. The functor E′

1. is coarsely invariant if E′ sends the morphism {0, 1}max,max ⊗X → X over N to an 
equivalence for every X in GBC/N .

2. is π0-excisive if for every partition (Y,Z) of an object X in GBC/N into coarsely 
disjoint, invariant subsets the inclusion maps induce an equivalence

E′(Y )⊕E′(Z) ≃−→ E′(X) .

3. is coarsely excisive if E′(∅) ≃ 0 and for every X in GBC/N and every complementary 
pair ([9, Def. 3.11]) consisting of an equivariant big family 𝒴 = (Yi)i∈I and an invariant 
subset Z the induced square
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E′(Z ∩ 𝒴) E′(Z)

E′(𝒴) E′(X)

is a pushout.
4. annihilates flasques if E′(X) ≃ 0 for every X such that there exists an endomorphism 

of X over N that implements flasqueness [9, Def. 3.12].
5. is u-continuous if the canonical map

colim
U∈𝒞GX

E′(XU ) → E′(X)

is an equivalence for all X in GBC/N , where 𝒞GX denotes the collection of G-invariant 
entourages of X and XU denotes the object of GBC/N obtained from X by replacing 
the coarse structure on X by the coarse structure generated by U .

The functor E′ is an equivariant coarse homology theory on GBC/N if it is coarsely 
invariant, coarsely excisive, u-continuous, and annihilates flasques. ⧫

Example 2.39. The restriction of an equivariant coarse homology theory along the forget
ful functor GBC/N → GBC is an equivariant coarse homology theory on GBC/N . ⧫

In the following we discuss the statement that a coarse homology theory sends coarsely 
excisive decompositions to pushouts. In the non-equivariant case this is shown, e.g., in 
[6, Lem. 3.41].1

Let Y be an invariant subset of X and assume that U is in 𝒞GX . If diag(X) ⊆ U , 
then Y ⊆ U [Y ]. In contrast to the non-equivariant case, this inclusion is not a coarse 
equivalence in general.

The fact that the inclusion of a subset into its coarse thickening may not be a coarse 
equivalence has the consequence that the generalisation of the definition of a coarsely 
excisive decomposition from the non-equivariant to the equivariant case is not completely 
straightforward. In order to formulate the conditions in a compact way we introduce the 
following notion. Let X be in GBC and Y be an invariant subset of X.

Definition 2.40. We call the subset Y thickenable2 if there exists a cofinal subset of U in 
𝒞GX such that diag(X) ⊆ U and the inclusion Y → U [Y ] is a coarse equivalence. ⧫

1 The equivariant statement has appeared in [7, Cor. 4.14]. Note that the definition of equivariantly 
coarsely excisive pairs in this reference is not sufficient to prove the statement and should be replaced by 
the conditions listed in Definition 2.41 below.
2 In [7], such subsets were called nice.
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For an invariant subset Y let

{Y } := {U [Y ] | U ∈ 𝒞GX}

denote the big family generated by Y , where 𝒞GX denotes the set of G-invariant subsets 
of X. If Y is thickenable, then the canonical map F (Y ) → F ({Y }) is an equivalence for 
any coarsely invariant functor F .

Consider X in GBC and a pair of invariant subsets (Y,Z) such that Y ∪ Z = X.

Definition 2.41. We say that (Y,Z) is a coarsely excisive pair if the following holds:

1. for every U in 𝒞X there exists V in 𝒞X such that U [Y ] ∩ U [Z] ⊆ V [Y ∩ Z];
2. Y is thickenable;
3. Y ∩ Z is thickenable;
4. there exists a cofinal subset of V in 𝒞GX such that V [Y ] ∩ Z is thickenable. ⧫

Let E : GBC→M be an equivariant coarse homology theory. Let X be in GBC and 
(Y,Z) be a partition of X into invariant subsets.

Lemma 2.42. If (Y,Z) is a coarsely excisive pair, then the induced square

E(Y ∩ Z) E(Z)

E(Y ) E(X)

(2.27)

is a pushout.

Proof. Since E is coarsely excisive, the square

E({Y } ∩ Z) E(Z)

E({Y }) E(X)

(2.28)

is a pushout. We now argue that this square is equivalent to the square in (2.27). In 
fact, the canonical inclusions of spaces induce a map from the square (2.27) to the 
square in (2.28). We therefore must check that the induced maps on the left corners are 
equivalences.

Condition 2.41.2 implies that E(Y ) → E({Y }) is an equivalence.
It remains to discuss the upper left corner. The canonical inclusions induce the fol

lowing commutative diagram:
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E(Y ∩ Z) E({Y ∩ Z}) colim
V ∈𝒞GX

E({V [Y ] ∩ Z})

E({Y } ∩ Z)

Condition 2.41.3 implies that E(Y ∩ Z) → E({Y ∩ Z}) is an equivalence. By Condi
tion 2.41.4, the morphism E(V [Y ] ∩ Z) → E({V [Y ] ∩ Z}) is an equivalence for all V in 
some cofinal subset of 𝒞GX Writing the right vertical map in the form

colim
V ∈𝒞GX

E(V [Y ] ∩ Z) → colim
V ∈𝒞GX

E({V [Y ] ∩ Z}) ,

we see that it is an equivalence. Finally, Condition 2.41.1 implies that the map E({Y ∩
Z}) → colimV ∈𝒞GX E({V [Y ] ∩ Z}) is an equivalence. So E(Y ∩ Z) → E({Y } ∩ Z) is also 
an equivalence. □

The same argument also proves the analogue in the relative situation. Let E′ : GBC/N

→ M be an equivariant coarse homology theory. Let X be in GBC/N and (Y,Z) be a 
partition of X into invariant subsets.

Lemma 2.43. Assume that (Y,Z) is coarsely excisive as a pair in GBC. Then the induced 
square

E′(Y ∩ Z) E′(Z)

E′(Y ) E′(X)

is a pushout.

Let E : GBC → M be a functor whose target is a cocomplete stable ∞-category. 
Furthermore, let A be in PSh(GOrb) and let (An)n be in 

∏︁
N PSh(GOrb).

Proposition 2.44. If E has any of the following properties, then E
∏︁

((An)n,−) and 
E

∏︁
/
⨁︁
(A,−) inherit the same property:

1. coarse invariance;
2. π0-excisiveness;
3. coarse excisiveness;
4. annihilation of flasques;
5. u-continuity.
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Proof. We first consider the case of E
∏︁

. Since all properties of functors GBC/Nmin,min
→

M listed above are preserved under taking colimits, it suffices to check the case that 
(An)n is a sequence of G-sets. So we must show that the functor

E((An)n ⊗N (−)) : GBC/Nmin,min
→M

inherits the listed properties from E. This can be checked by a straightforward argument 
which is similar to the proof of [7, Lem. 4.17].

The functor E+ inherits each property in the list from E. The sum 
⨁︁

n E
+(A, (−)n)

then has the analogous property on GBC/Nmin,min
, where (−)n : GBC/Nmin,min

→ GBC
sends X to its fibre Xn over n. By Definition 2.25, E

∏︁
/
⨁︁
(A,−) fits in a cofibre sequence 

with 
⨁︁

n E
+(A, (−)n) and E

∏︁
(diag(A),−). So the assertion that these two functors have 

a property from the list implies that also E
∏︁
/
⨁︁
(A,−) has the same property. □

Suppose that 𝒞′W and 𝒞W are two original coarse structures on the metric space W
which satisfy the assumptions in Construction 2.34. If 𝒞′W ⊆ 𝒞W , then the two new 
coarse structures defined by (2.26) satisfy 𝒞′h ⊆ 𝒞h. So the identity on the underlying 
sets is a morphism W ′

h →Wh in GBC/Nmin,min
.

Lemma 2.45. The induced map E
∏︁
/
⨁︁
(−,W ′

h) → E
∏︁
/
⨁︁
(−,Wh) is an equivalence. In par

ticular, W ′
h is (E,ℱ)-proper if and only if Wh is (E,ℱ)-proper.

Proof. By u-continuity (Proposition 2.44), we have an equivalence

colim
U∈𝒞h

E
∏︁
/
⨁︁
(−,WU ) ≃−→ E

∏︁
/
⨁︁
(−,Wh) . (2.29)

Furthermore, using Lemma 2.24 we check that the canonical inclusion induces an equiv
alence

E
∏︁
/
⨁︁
(−, c[0,n](WU )) ≃ → E

∏︁
/
⨁︁
(−,WU ) (2.30)

for every n in N, where c[0,n] is as in Definition 2.23.3. Analogous equivalences exist for 
W ′ and U ′ in 𝒞′h.

Since 𝒞′h ⊆ 𝒞h, the map E
∏︁
/
⨁︁
(−,W ′

h) → E
∏︁
/
⨁︁
(−,Wh) is identified via (2.29) with the 

canonical map

colim
U ′∈𝒞′h

E
∏︁
/
⨁︁
(−,W ′

U ′) → colim
U∈𝒞h

E
∏︁
/
⨁︁
(−,WU ) .

Let U be in 𝒞h. By the compatibility of the original coarse structure 𝒞′W with the metric 
assumed in Construction 2.34, there exists r in (0,∞) such that {(w,w′) | d(w,w′) ≤
r} ∈ 𝒞′. Using (2.26), there is n such that sup

{︁
d(w,w′) | (w,w′) ∈ U ∩ (Wk ×Wk)

}︁
≤ r

for all integers k satisfying k ≥ n. Consequently, there exists a map of posets t : 𝒞h → N

such that c[0,t(u)](U) ∈ 𝒞′h for all U in 𝒞h.
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Since c[0,n](WU ) = c[0,n](WU|c[0,n](W )
) for every natural number n, the map t induces 

the diagonal arrow in the following commutative diagram:

colim
U ′∈𝒞′h

E
∏︁
/
⨁︁
(−,W ′

U ′) colim
U∈𝒞h

E
∏︁
/
⨁︁
(−,WU )

colim
U ′∈𝒞′h

E
∏︁
/
⨁︁
(−, c[0,t(U ′)](W ′

U ′)) colim
U∈𝒞h

E
∏︁
/
⨁︁
(−, c[0,t(U)](WU ))

Both vertical maps are equivalences since they are induced by the maps from (2.30). It 
follows from the two-out-of-six-property of equivalences that all maps in the diagram are 
equivalences. □

We now start the induction argument for Theorem 2.37 and assume that W is 0
dimensional. For the following lemma we only need that E : GBC→M is a π0-excisive 
and hyperexcisive functor to a cocomplete ∞-category. Let (Tn)n be in 

∏︁
N GSet. We 

have a canonical projection

(Tn)n ⊗N Nmin,min → Nmin,min

in GBC which we use to interpret (Tn)n ⊗N Nmin,min as an object of GBC/Nmin,min
. 

It is furthermore useful to remember the definition of ℓ : GSet→ PSh(GOrb) in (2.7)
and Definition 2.19 of E

∏︁
.

Lemma 2.46. There is a natural equivalence

E
∏︁

(−, (Tn)n ⊗N Nmin,min) ≃ E
∏︁

(−× (ℓ(Tn))n,Nmin,min) (2.31)

of functors 
∏︁

N PSh(GOrb) →M.

Proof. The left functor in (2.31) is the left Kan extension of E
∏︁

(ℓ
∏︁

(−, (Tn)n ⊗N

Nmin,min)) along the fully faithful functor 
∏︁

N ℓ. Consequently, its restriction along ∏︁
N ℓ is the left-hand term of the equivalence

E((−)⊗N ((Tn)n ⊗N Nmin,min)) ≃ E((−× Tn)n ⊗N Nmin,min) . (2.32)

The equivalence is induced by an obvious natural isomorphism in GBC/Nmin,min
.

It remains to identify the right-hand side of (2.31) with the left Kan extension (written 
as (
∏︁

N ℓ)! in the following) of the right-hand side of (2.32) along 
∏︁

N ℓ. We first construct 
a natural transformation

(
∏︂
N

ℓ)!E((−× Tn)n ⊗N Nmin,min) → E
∏︁

(−× (ℓ(Tn))n,Nmin,min) . (2.33)
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Using that the functor ℓ in (2.7) preserves cartesian products, we get an equivalence

E((−× Tn)n ⊗N Nmin,min) ≃ E
∏︁

((
∏︂
N

ℓ)(−)× (ℓ(Tn))n,Nmin,min) (2.34)

of functors from 
∏︁

N GSet to M. The transformation (2.33) is now induced by (2.34)
and the universal property of the left Kan extension.

It remains to show that (2.33) is an equivalence. Let (An)n be in 
∏︁

N PSh(GOrb). 
By Definition 2.19 of E

∏︁
as a left Kan extension, the canonical map

colim 
(Sn→An×ℓ(Tn))n∈

∏︁
n GSet/(An)n×(ℓ(Tn))n

E
∏︁

((Sn)n ⊗N Nmin,min)

→ E
∏︁

((An)n × (ℓ(Tn))n,Nmin,min)

is an equivalence. The functor − × (ℓ(Tn))n :
∏︁

N PSh(GOrb) →
∏︁

N PSh(GOrb) in
duces a functor ∏︂

n∈N
GSet/(An)n →

∏︂
n∈N

GSet/(An)n×(ℓ(Tn))n

that is right adjoint to the functor given by composition with the projection maps (An)n×
(ℓ(Tn))n → (An)n. Since right adjoints are cofinal [24, Cor. 6.1.13],3 it follows that the 
canonical map

colim 
(Sn→An)n∈

∏︁
n GSet/(An)n

E
∏︁

((Sn×Tn)n⊗NNmin,min) → E
∏︁

((An)n×(ℓ(Tn))n,Nmin,min)

is an equivalence. In view of the pointwise formula for the left Kan extension, this is 
precisely the statement that the evaluation of (2.33) at (An)n is an equivalence. □

Let W be as in Theorem 2.37. Let E : GBC→M be a u-continuous, π0-excisive and 
hyperexcisive functor to a cocomplete ∞-category.

Corollary 2.47. If the simplicial complex W is 0-dimensional and its stabilisers belong to 
ℱ , then Wh is (E,ℱ)-proper.

Proof. Since W is discrete as a topological space, the original coarse structure on W
defined in Construction 2.36 is the minimal one. By Corollary 2.22, the map

E+(EℱG,Wn,min,max) → E+(∗,Wn,min,max)

is equivalent to the map

3 Note that [24] uses the term ``final'' for what we call cofinal and refers by ``cofinal'' to the dual concept.
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E+(EℱG× ℓ(Wn), ∗) → E+(ℓ(Wn), ∗) (2.35)

for every n. Observe that Wh
∼ = (Wn)n⊗NNmin,min. Hence by Lemma 2.46 the morphism

E
∏︁

(diag(EℱG),Wh) → E
∏︁

(∗,Wh)

is equivalent to

E
∏︁

((EℱG× ℓ(Wn))n,Nmin,min) → E
∏︁

((ℓ(Wn))n,Nmin,min) . (2.36)

Since the stabilisers of Wn belong to ℱ , the projection map EℱG×ℓ(Wn) → ℓ(Wn) is an 
equivalence for every n. Applying this to (2.35) and (2.36), it follows that the induced 
maps⨁︂
n∈N

E+(EℱG,Wn) →
⨁︂
n∈N

E+(∗,Wn) and E
∏︁

(diag(EℱG),Wh) → E
∏︁

(diag(∗),Wh)

are equivalences. It follows that the induced map on cofibres is an equivalence, so Wh is 
(E,ℱ)-proper (Definition 2.26). □

Let Z be a G-invariant subspace of a G-bornological coarse space X whose coarse and 
bornological structures we denote by 𝒞X and ℬX .

Definition 2.48. The pair (X,Z) is relatively flasque if there is a morphism f : X → X

satisfying the following:

1. f is close to idX ;
2. f(Z) ⊆ Z;
3. for every U in 𝒞X there exists k in N with fk(U [Z]) ⊆ Z;
4. for every U in 𝒞X we have also 

⋃︁
m∈N(fm × fm)(U) ∈ 𝒞X ;

5. for B in ℬX there exists k in N such that B ∩ fk(X) ⊆ Z;
6. for every B′ in Z ∩ ℬX there exists k′ in N such that 

⋃︁
m≤k′ f−m(B′) =⋃︁

m∈N f−m(B′). ⧫

Note that X is flasque in the sense of [7, Def. 3.8] if and only if the pair (X,∅) is 
relatively flasque.

Let E be an equivariant coarse homology theory.

Proposition 2.49. If (X,Z) is relatively flasque, then E(Z)→ E(X) is an equivalence.

Proof. Let Ncan,min denote the G-bornological coarse space with trivial G-action, min
imal bornology and the coarse structure induced by the standard metric. Consider the 
following pushout
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Z

i

X

Z ⊗Ncan,min
ˆ︁X

,

where i : Z → Z ⊗ Ncan,min sends z to (z, 0). One checks that this pushout exists, see 
[7, Prop. 2.21].

The pair (X,Z ⊗ Ncan,min) is a coarsely excisive pair on ˆ︁X. If we apply E, then by 
Lemma 2.42 we get the pushout square

E(Z)

E(i)

E(X)

E(Z ⊗Ncan,min) E( ˆ︁X)

.

The space Z ⊗ Ncan,min is flasque. This fact is witnessed by the selfmap f ′ : Z ⊗
Ncan,min → Z ⊗ Ncan,min given by f ′(z, n) = (z, n + 1). We claim that ˆ︁X is also 
flasque. Since E is an equivariant coarse homology theory, it annihilates flasques. As
suming the claim, we can therefore conclude that E(Z ⊗Ncan,min) ≃ 0 ≃ E( ˆ︁X). Hence 
E(Z) → E(X) is an equivalence.

To show the claim we consider a map f witnessing relative flasqueness of (X,Z). We 
define ˆ︁f : ˆ︁X → ˆ︁X by ˆ︁f(x) := f(x) for x in X \ Z, and by ˆ︁f(z, n) := (f(z), n + 1) for z
in Z, n in N. Since f is close to idX , ˆ︁f is close to idˆ︂X , too.

If B in ˆ︁X is bounded, then B ∩ (Z × N) ⊆ Z × [0, l] for some l in N. By (5) in 
Definition 2.48, there exists a natural number k such that B ∩ ˆ︁fk( ˆ︁X) ⊆ Z ⊗ Ncan,min. 
As ˆ︁f shifts elements in Z ⊗ Ncan,min, Condition 6 in Definition 2.48 ensures that B ∩ˆ︁fk+k′+l( ˆ︁X) = ∅ for some k′ in N.

It remains to show that V :=
⋃︁

n∈N( ˆ︁fn × ˆ︁fn)(U) is an entourage of ˆ︁X for every 
entourage U . We consider separately the intersections of V with X×X, (Z×N)×(Z×N)
and the remaining part of V . The first two cases follow from (4) in Definition 2.48. 
So we only need to consider the last case. By symmetry, it suffices to consider pairs 
( ˆ︁fn(x), ˆ︁fn(x′)) such that ˆ︁fn(x) ∈ Z ⊗Ncan,min and ˆ︁fn(x′) ∈ X. Let k be minimal such 
that ˆ︁fk(x) ∈ Z ⊗Ncan,min. Then by (3) in Definition 2.48 there is m depending only on 
U such that fk+m(x′) ∈ Z ⊗Ncan,min. It follows that

( ˆ︁fn(x), ˆ︁fn(x′)) ∈
⋃︂
n∈N

(fn × fn)(prX × prX)(U)× {(r, s) | |r − s| ≤ m + m′} ,

where m′ is the maximal distance of N-coordinates allowed by U . □
Let X be an object in GBC/Nmin,min

and let Z be an invariant subset of X. We 
call the pair (X,Z) relatively flasque over Nmin,min if there exists an endomorphism 
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as in Definition 2.48 which is also a morphism over Nmin,min. Consider objects A in 
PSh(GOrb) and (An)n in 

∏︁
N PSh(GOrb).

Corollary 2.50. If (X,Z) is relatively flasque over Nmin,min, then

E
∏︁

((An)n, Z) → E
∏︁

((An)n, X) and E
∏︁
/
⨁︁
(A,Z) → E

∏︁
/
⨁︁
(A,X)

are equivalences.

Proof. In the case of E
∏︁

it suffices to check the statement after restriction along ℓ
∏︁

from 
(2.8). Thus let (Tn)n be in 

∏︁
N GSet. In view of Definition 2.19, we must then show that

E((Tn)n ⊗N Z) → E((Tn)n ⊗N X)

is an equivalence. This follows from Proposition 2.49 since (Tn)n ⊗N − sends relatively 
flasque pairs in GBC/Nmin,min

to relatively flasque pairs in GBC.
Note that the pair of fibres (Xn, Zn) is relatively flasque for every n. Since E+(A,−)

is an equivariant coarse homology theory, E+(A,Zn) → E+(A,Xn) is an equivalence. In 
view of Definition 2.25, this observation together with the statement for E

∏︁
imply the 

statement for E
∏︁
/
⨁︁
. □

We now turn to the promised homotopy invariance result.
Let X be a metric space with isometric G-action together with a G-map p : X → N. 

Let Z be a G-invariant subset of X. Suppose that the metric d on X is a path metric.
We choose a coarse structure on X which is compatible with the metric. We further

more equip X with the bornology which is the minimal one such that p : X → Nmin,min

is a morphism. Let Xh be the bornological coarse space obtained by equipping X with 
the coarse structure 𝒞h in (2.26) introduced in Construction 2.34. Then Zh denotes the 
subset Z with the structures induced from Xh.

Let E be an equivariant coarse homology theory.

Proposition 2.51. Assume that there exists a map of sets Ψ : [0, 1]×X → X over N such 
that the following holds:

1. Ψ0 = idX ;
2. Ψ1(X) ⊆ Z;
3. (Ψt)|Z = idZ for all t in [0, 1];
4. Ψs ◦Ψt = Ψmin(s+t,1) for all s, t in [0, 1];
5. Ψ is Lipschitz with respect to the sum metric on [0, 1]×X;
6. there exists N in N such that for every ϵ in (0,∞) we have ΨNϵ(Uϵ[Z]) ⊆ Z.

Then E
∏︁
/
⨁︁
(−, Zh) → E

∏︁
/
⨁︁
(−, Xh) is an equivalence.
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Proof. By Lemma 2.45, we may replace the original coarse structure on X by the coarse 
structure induced by p, i.e., the one generated by the entourage 

⋃︁
n∈N Xn ×Xn.

By u-continuity of E
∏︁
/
⨁︁

(see Proposition 2.44), it suffices to show that the inclusion 
induces an equivalence

E
∏︁
/
⨁︁
(−, ZU ) → E

∏︁
/
⨁︁
(−, XU )

for every U in 𝒞Gh . Here XU denotes the G-bornological coarse spaces obtained from Xh

by replacing the coarse structure 𝒞h by the coarse structure generated by U , and ZU

denotes Z with the structures induced from XU .
For a function ϕ : N → (0,∞), define

Uϕ := {(x, x′) ∈ X ×X | p(x) = p(x′) ∧ d(x, x′) ≤ ϕ(p(x))} . (2.37)

Using the description (2.26) of 𝒞h, one checks that the set of entourages Uϕ indexed by 
such functions satisfying limn→∞ ϕ(n) = 0 is cofinal in 𝒞h.

Fix a function ϕ. Using Corollary 2.50, it is enough to show that (XUϕ
, ZUϕ

) is 
relatively flasque over Nmin,min. So our task is to define the witness f satisfying the 
conditions listed in Definition 2.48. We define the set map

f : X → X, x ↦→ Ψmin(1,ϕ(p(x)))(x) .

Note that

fk(x) = Ψmin(1,kϕ(p(x)))(x) (2.38)

for all k in N and x in X by Condition (4). Fix an element M in N that is larger 
than the Lipschitz constant of Ψ. Observe that for any two points x, x′ in Xn satisfying 
d(x, x′) ≤Mϕ(n) we have (x, x′) ∈ UM

ϕ since d is a path metric.
We now check that f satisfies the conditions of Definition 2.48.

1. Since d(x, f(x)) ≤M min(1, ϕ(p(x))), we have (x, f(x)) ∈ UM
ϕ for every x in X. Hence 

f is close to idX . This implies that f is a morphism of bornological coarse spaces.
2. The property f(Z) ⊆ Z is immediate from Condition 3.
3. Since every entourage of XUϕ

is contained in U l
ϕ for some l in N, it suffices to consider 

such entourages. By Condition 6, we have fN ·l(U l
ϕ[Z]) ⊆ Z for every l in N.

4. As in 3, it is sufficient to consider entourages of the form U l
ϕ. Since M bounds the 

Lipschitz constant of Ψ, we conclude from (2.38) that d(fk(x), fk(x′)) ≤ Md(x, x′). 
Hence 

⋃︁
k∈N(fk × fk)(U l

ϕ) ⊆ UM ·l
ϕ .

5. If B is a bounded subset of Xh, then p(B) ⊆ [0, l] for some l in N. Since ϕ is positive, 
we can choose k in N such that k · ϕ(l′) ≥ 1 for all l′ in [0, l]. Then B ∩ fk(X) ⊆ Z

by (2.38).
6. For B and k as in 5 we have 

⋃︁
m≤k f

−m(B) =
⋃︁

m∈N f−m(B). □
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Remark 2.52. An alternative way to show Proposition 2.51 is to use the equivariant 
version of the Homotopy Theorem [6, Thm. 5.26]. It suffices to show the equivalence 
after restriction along ℓ

∏︁
from (2.8). Then [6, Thm. 5.26] applies since the inclusion 

S ×Z → S ×X is a uniform homotopy equivalence. However, note that the proof given 
above is considerably simpler than the proof of [6, Thm. 5.26]. ⧫

As explained in the outline of the proof of Theorem 2.37, we must show the theorem for 
G-simplicial complexes W over N which are disjoint unions of d-dimensional simplices. 
Such a complex can be written in the form

W =
∐︂
n∈N

Tn ×Δd ,

where (Tn)n is in 
∏︁

N GSet. We then form the object Wh in GBC/Nmin,min
by applying 

Construction 2.36.

Proposition 2.53. If the stabilisers of Tn belong to ℱ for all n, then Wh is (E,ℱ)-proper.

Proof. Let W ′ be the subspace of W given by the barycentres of the simplices. We claim 
that Proposition 2.51 applies to the inclusion of W ′ into W . Assuming the claim, we can 
conclude that Wh is (E,ℱ)-proper if and only if W ′

h is (E,ℱ)-proper. The proposition 
then follows since W ′

h is (E,ℱ)-proper by Corollary 2.47.
In order to show the claim we must construct the map Ψ : [0, 1]×W →W . We define 

Ψ on each simplex of W separately. Using barycentric coordinates x and the barycentre 
b, we define Ψ such that it acts on a simplex by

Ψs(x) :=
{︄

x−min(1, s 
∥x−b∥ )(x− b) x ̸= b

b x = b
,

where ∥−∥ is the Euclidean distance in Rd+1. The map Ψ moves the points of the 
simplices with unit speed straightly towards the barycentres and then stops. One checks 
that Ψ satisfies the conditions listed in Proposition 2.51. For Condition 5 and Condition 6, 
one can use, for simplicity, the Euclidean metric since it is bi-Lipschitz equivalent to the 
spherical metric. □

Proof of Theorem 2.37. We proceed by induction on the dimension of W . The 0
dimensional case is covered by Corollary 2.47.

Suppose that W is d-dimensional with d > 0 and let skd−1(W ) denote the (d − 1)
skeleton of W . We claim that there exists a pushout
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E
∏︁
/
⨁︁
(−, (

∐︁
n∈N Tn × ∂Δd)h) E

∏︁
/
⨁︁
(−, skd−1(W )h)

E
∏︁
/
⨁︁
(−, (

∐︁
n∈N Tn ×Δd)h) E

∏︁
/
⨁︁
(−,Wh)

(2.39)

of functors from PSh(GOrb) to M, where Tn is the G-set of d-cells in Wn. Here we 
consider 

∐︁
n∈N Tn × ∂Δd, 

∐︁
n∈N Tn ×Δd and skd−1(W ) as simplicial complexes over N

in their own right and equip them with the bornological coarse structures obtained by 
applying Construction 2.36.

Assuming the claim, the projection p : EℱG → ∗ induces the following commutative 
diagram

E
∏︁
/
⨁︁
(∗, (

∐︁
n∈N Tn × ∂Δd)h) E

∏︁
/
⨁︁
(∗, skd−1(W )h)

E
∏︁
/
⨁︁
(EℱG, (

∐︁
n∈N Tn × ∂Δd)h)

p∂

E
∏︁
/
⨁︁
(EℱG, skd−1(W )h)

pd−1

E
∏︁
/
⨁︁
(∗, (

∐︁
n∈N Tn ×Δd)h) E

∏︁
/
⨁︁
(∗,Wh)

E
∏︁
/
⨁︁
(EℱG, (

∐︁
n∈N Tn ×Δd)h)

pΔ

E
∏︁
/
⨁︁
(EℱG,Wh)

pd

in which the front and back faces are pushouts. The maps p∂ and pd−1 are equivalences 
by induction hypothesis. The map pΔ is an equivalence by Proposition 2.53. Then pd is 
also an equivalence, which is precisely the assertion of the theorem.

The remainder of this proof is devoted to the construction of the pushout square in 
(2.39). Let Z be the topological subspace of W consisting of the disjoint union of the 
2
3 -rescaled top-dimensional simplices. Denote by ∂Z the boundary of Z. We let Zh and 
∂Zh denote the objects of GBC/Nmin,min

obtained by equipping both subsets with the 
induced bornological coarse structure from Wh.

We have an isomorphism 
∐︁

n∈N Tn ×Δd ∼ = Z of G-simplicial complexes over N. But 
note that the original coarse structure 𝒞π0(Z) coming from the left-hand side is in general 
smaller than the original coarse structure on Z induced from the original coarse structure 
𝒞π0(X) on X. So this isomorphism of simplicial sets in general only induces a morphism 
(
∐︁

n∈N Tn ×Δd)h → Zh in GBC/Nmin,min
. By Lemma 2.45, it nevertheless induces an 

equivalence of functors

E
∏︁
/
⨁︁
(−, (

∐︂
n∈N

Tn ×Δd)h) ≃−→ E
∏︁
/
⨁︁
(−, Zh) . (2.40)

Analogously, we have an equivalence

E
∏︁
/
⨁︁
(−, (

∐︂
n∈N

Tn × ∂Δd)h) ≃−→ E
∏︁
/
⨁︁
(−, ∂Zh) . (2.41)
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Let Y be the complement of the interior of Z so that W = Y ∪ Z and Y ∩ Z = ∂Z. In 
the following, we argue that (Y,Z) is a coarsely excisive pair in Wh, see Definition 2.41.

Recall that the coarse structure 𝒞h of Wh admits the cofinal set of entourages of the 
form Uϕ introduced in (2.37). Using the fact that the metric on W is a path metric, we 
have

Uϕ[Z] ∩ Uϕ[Y ] ⊆ Uϕ[∂Z] .

This verifies Condition 2.41.1.
In order to verify Condition 2.41.2, we show that the inclusion Y → Uϕ[Y ] is an 

equivariant coarse equivalence. To this end we must construct an inverse of the inclusion 
up to closeness. On Y this inverse will be the identity. In order to define it on Uϕ[Y ]\Y , 
note that by our conventions about G-simplicial complexes, if g in G fixes a point in the 
interior of a simplex, then it fixes a whole simplex. For every orbit [w] in (Uϕ[Y ] \Y )/G, 
we choose a representative w. Then w lies in the interior of some d-simplex. We define 
the inverse such that it sends w to some point y in Y which belongs to the same simplex 
and satisfies (w, y) ∈ Uϕ. Since the stabiliser of y contains the stabiliser of w, the map 
can then be extended equivariantly to the whole orbit. Doing this construction for every 
G-orbit separately gives the desired inverse on Uϕ[Y ] \ Y .

We proceed similarly in order to show that Y ∩ Z → Uϕ[Y ∩ Z] and Uϕ′ [Y ] ∩ Z →
Uϕ[Uϕ′ [Y ] ∩ Z] are coarse equivalences for all ϕ and ϕ′. This verifies Conditions 2.41.3
and 2.41.4.

Since (Y,Z) is a coarsely excisive pair in Wh and E
∏︁
/
⨁︁
(A,−) is a coarse homology 

theory for every A in PSh(GOrb) by Proposition 2.44, we have a pushout square

E
∏︁
/
⨁︁
(−, ∂Zh) E

∏︁
/
⨁︁
(−, Yh)

E
∏︁
/
⨁︁
(−, Zh) E

∏︁
/
⨁︁
(−,Wh)

(2.42)

of functors from PSh(GOrb) to M.
Using the equivalences (2.41) and (2.40), we can replace the left part of this pushout 

square by the left part of the square in (2.39). In order to replace the right upper corner 
of the square in (2.42) by the corresponding right upper corner of the square in (2.39), 
it only remains to show that the inclusion j : skd−1(W )h → Yh induces an equivalence

j∗ : E
∏︁
/
⨁︁
(−, skd−1(W )h) ≃−→ E

∏︁
/
⨁︁
(−, Yh) . (2.43)

We want to apply Proposition 2.51 to the subset skd−1(W ) of Y . We must define the 
deformation retraction Ψ : [0, 1] × Y → Y . On skd−1(W ), we let Ψ be the constant 
homotopy. On Y \ skd−1(W ), we define Ψ on each d-simplex of W separately using 
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barycentric coordinates x and the barycentre b. The restriction of Ψ to the intersection 
of a simplex with Y is given by

Ψs(x) := b + min(s, a(x)) (x− b) 
∥x− b∥∞

,

where a(x) is defined by

a(x) := min{ ∥x− b∥∞
(d + 1)xi − 1 | i = 0, . . . , d} .

This map moves the points with unit speed on the rays from the barycentres towards 
the boundary of the simplices and then stops after the hitting time a(x). Observe that 
Ψ is well-defined since it does not move points on the boundary of d-simplices.

One again checks the conditions listed in Proposition 2.51. Using that the spherical 
metric is bi-Lipschitz equivalent to the Euclidean metric on the simplices, one can again 
use the latter metric to check Conditions 5 and 6. In order to see that the hitting 
time is Lipschitz, note that there exists a neighbourhood of b which is contained in the 
complement of Y .

By Proposition 2.51, we get an equivalence

j′∗ : E
∏︁
/
⨁︁
(−, skd−1(W )′h) ≃−→ E

∏︁
/
⨁︁
(−, Yh) , (2.44)

where skd−1(W )′h denotes skd−1(W ) equipped with the bornological coarse structure 
induced from Yh, or equivalently, from Wh. The identity of underlying sets is a morphism

skd−1(W )h → skd−1(W )′h (2.45)

in GBC/Nmin,min
. We want to show that

E
∏︁
/
⨁︁
(−, skd−1(W )h) → E

∏︁
/
⨁︁
(−, skd−1(W )′h) (2.46)

is an equivalence. For d > 1 we have a bijection π0(skd−1(W )) → π0(W ). This implies 
that the intrinsic original coarse structure on skd−1(W ) coincides with the one induced 
from W , see Construction 2.36. In particular, for d > 1 the morphism in (2.45) is an 
isomorphism and (2.46) is an equivalence.

It remains to consider the case d = 1. We fix A in PSh(GOrb). By u-continuity of 
the functor E

∏︁
/
⨁︁
(A,−) (see Proposition 2.44.(5)), it suffices to show that

colim
U∈𝒞h

E
∏︁
/
⨁︁
(A, sk0(W )U ) → colim

U∈𝒞′h
E

∏︁
/
⨁︁
(A, sk0(W )U ) (2.47)

is an equivalence, where 𝒞h and 𝒞′h denote the coarse structures of sk0(W )h and sk0(W )′h. 
Since the metric space sk0(W ) (with metric induced from W ) is uniformly discrete, 
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for every U in 𝒞h or 𝒞′h there exists n in N such that U|c[0,n](sk0(W )) is diagonal (see 
Definition 2.23.(3) for the notation c[0,n]). By Lemma 2.24, we have an equivalence

E
∏︁
/
⨁︁
(A, c[0,n](sk0(W )U )) ≃ E

∏︁
/
⨁︁
(A, sk0(W )U ) .

We conclude that the diagrams under the colimits of both sides of (2.47) are essentially 
constant with value E

∏︁
/
⨁︁
(A, sk0(W )diag(sk0(W ))). Combining the equivalences (2.46) and 

(2.44), we get the desired equivalence in (2.43). □
Remark 2.54. Recognising the coarse structure 𝒞h of Wh as a hybrid structure (see 
Remark 2.35) and using the same reduction steps as in Remark 2.52, the claim that 
(2.39) is a pushout square is a consequence of an equivariant version of [6, Thm. 5.22], 
see also [6, Sec. 5.5]. Again, we provided a self-contained argument for the reader’s 
convenience. ⧫

3. Controlled objects as a symmetric monoidal functor

Proposition 2.33 provides a road map to the proofs of our main theorems. Given a 
left-exact ∞-category with G-action C and a finitary localising invariant H (see Defi
nition 1.5), we need to extend the functor HCG (see Definition 1.8) from GOrb to a 
functor HV defined on G-bornological coarse spaces as required in Proposition 2.33, and 
we need to define a transfer class. Since our constructions of transfer classes, which are 
discussed in Sections 5 to 7, rely on Theorem 2.37, the functor HV should be a hyper
excisive equivariant coarse homology theory. Such an extension HV of HCG in terms of 
controlled objects in C has been constructed in [4]. We will recall this construction in 
Section 3.1.

The main goal of this section is to equip HV with a suitable weak module structure. 
After collecting some auxiliary results in Section 3.2, we will show in Section 3.3 that 
the categories of controlled objects from [4] admit a lax symmetric monoidal refinement. 
Section 3.4 then uses this lax symmetric monoidal structure to define the desired weak 
module structure.

3.1. Controlled objects in left-exact ∞-categories

We start with reviewing various classes of ∞-categories which we will use in this 
section.

By Cat∞ we denote the large ∞-category of small ∞-categories. It contains the 
large ∞-category CatLex

∞,∗ of small left-exact ∞-categories, i.e., pointed ∞-categories 
admitting finite limits, and finite limit-preserving functors. The latter in turn contains 
the full subcategory CatLex,perf

∞,∗ of idempotent complete objects.
We denote by PrL

ω,∗ the very large, essentially large ∞-category of pointed, compactly 
generated presentable ∞-categories and left adjoint functors which preserve compact 
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objects. We regard PrL
ω,∗ as a subcategory of the very large ∞-category CAT∞ of large 

∞-categories by sending C to Cop. Define CatLEX
∞,∗ as the image of this inclusion functor. 

This means that CatLEX
∞,∗ is the very large, essentially large ∞-category of opposites 

of pointed, compactly generated presentable ∞-categories and right adjoint functors 
which preserve cocompact objects. In particular, all objects of CatLEX

∞,∗ are complete. 
Therefore, CatLEX

∞,∗ is contained in the very large ∞-category CATcplt
∞,∗ of large, complete 

∞-categories and limit-preserving functors.
The pro-completion functor Proω : CatLex

∞,∗ → CatLEX
∞,∗ restricts to an equivalence

Proω : CatLex,perf
∞,∗

≃−→ CatLEX
∞,∗ .

The inverse of the latter is given by the functor

(−)ω : CatLEX
∞,∗ → CatLex,perf

∞,∗

which takes the subcategory of cocompact objects. The composition

Idem := (−)ω ◦ Proω : CatLex
∞,∗ → CatLex,perf

∞,∗

is the idempotent completion functor.
The following diagram provides a quick overview on the various ∞-categories intro

duced above and the functors relating them:

CatLex,perf
∞,∗

⊂

≃

CatLex
∞,∗

Idem

⊂
Proω

Cat∞

⊂

CatLEX
∞,∗

≃(−)ω

CATcplt
∞,∗ CATLex

∞,∗ CAT∞

. (3.1)

The solid part and the dotted parts commute separately, and the arrows labelled with 
⊂ are fully faithful.

We now recall the key definitions of [4, Sec. 3].
For a set X, let 𝒫X denote the power set of X. We regard 𝒫X as a poset with respect 

to subset inclusions. It gives rise to a functor

𝒫∗ : Setop → Cat (3.2)

which sends X in Set to the poset 𝒫X and a map f : X → Y to the inverse image map 
f−1 : 𝒫Y → 𝒫X . We define the presheaf functor as the composition

PSh : Set×CAT∞
𝒫∗,op×id −−−−−−→ Catop

∞ ×CAT∞
(−)op×id −−−−−−→ Catop

∞ ×CAT∞
Fun −−−→ CAT∞ ,

(3.3)
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where we regard 𝒫∗ as Cat∞-valued via the nerve functor (which we will usually drop 
from notation). This functor sends X in Set and C in CAT∞ to

PShC(X) := Fun(𝒫op
X ,C)

in CAT∞. The category C will be called the coefficient category. By functoriality, we 
obtain an induced functor

PSh : GSet× Fun(BG,CAT∞) → Fun(BG,CAT∞) . (3.4)

The forgetful functor u : GCoarse→ GSet and the inclusion

i : CATcplt
∞,∗ → CAT∞ (3.5)

induce the functor

u× i : GCoarse× Fun(BG,CATcplt
∞,∗) → GSet× Fun(BG,CAT∞) . (3.6)

Precomposing PSh from (3.4) with this functor, the resulting functor factors through 
the functor

PSh ◦ (u× i) : GCoarse× Fun(BG,CATcplt
∞,∗) → Fun(BG,CATcplt

∞,∗) . (3.7)

We will again use the notation PShC(X) for the value of PSh ◦ (u × i) on (X,C) in 
GCoarse× Fun(BG,CATcplt

∞,∗).
Let X be in GSet. Given an entourage U on the set X, a subset B of X is called 

U -bounded if B × B ⊆ U . We denote by 𝒫Ubd
X the subposet of 𝒫X consisting of all 

U -bounded subsets of X. Let C be in CATcplt
∞,∗. A presheaf M in PShC(X) is called a 

U -sheaf if M(∅) ≃ 0 and the commutative diagram

𝒫Ubd,op
X

M
|𝒫Ubd,op

X C

𝒫op
X

M

(3.8)

exhibits M as a right Kan extension of its restriction to 𝒫Ubd,op
X [4, proof of Lem. 3.2.10].

Let now X be in GCoarse. Then consider the full subcategory ShC(X) of PShC(X)
spanned by the presheaves which are U -sheaves for some coarse entourage U of X. By [4, 
Cor. 3.2.23 & 3.2.26], the collection of subcategories of sheaves forms a full subfunctor

Sh : GCoarse× Fun(BG,CATcplt
∞,∗) → Fun(BG,CATLex

∞,∗)
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of PSh◦(u× i). Note that the subcategories ShC(X) of PShC(X) are only closed under 
finite limits in general.

In the following we recall some constructions from [4, Sec. 3.5]. In [4], the coefficients 
were assumed to belong to CatLEX

∞,∗ , but everything needed in the following extends 
verbatim to coefficients in CATcplt

∞,∗. For the moment we fix X in GCoarse and C in 
CATcplt

∞,∗. Let U be a G-invariant entourage of X which contains the diagonal. The 
U -thinning functor

U(−) : 𝒫X → 𝒫X , Y ↦→ U(Y ) := {x ∈ X | U [{x}] ⊆ Y } (3.9)

is right adjoint to the U -thickening U [−] defined in (2.2). For a V -sheaf M , the composite 
M ◦ U(−) is a U−1V U -sheaf by [4, Cor. 3.2.25], so U -thinning induces an endofunctor

U∗ : ShC(X) → ShC(X) , M(−) ↦→M ◦ U(−) .

Since U(Y ) ⊆ Y for every subset Y of X, there exists an induced natural transformation 
θU : id → U∗.

We consider the collection of morphisms

WX,C := {M θU
M −−→ U∗M | U ∈ 𝒞G,Δ

X , M ∈ ShC(X)} (3.10)

in ShC(X), where 𝒞G,Δ
X := {U ∈ 𝒞GX | diag(X) ⊆ U}. As shown in [4, Prop. 3.5.3], the 

Dwyer–Kan localisation

ˆ︁VC(X) := ShC(X)[W−1
X,C]

is also the localisation of ShC(X) at WX,C in CATLex
∞,∗. In other words, the canoni

cal functor ShC(X) → ˆ︁VC(X) satisfies a universal property in CATLex
∞,∗ which is the 

analogue of the universal property of the Dwyer–Kan localisation in CAT∞. By [4, 
Lem. 3.6.2 & 3.6.5], this construction gives rise to a functor

ˆ︁V : GCoarse× Fun(BG,CATcplt
∞,∗) → Fun(BG,CATLex

∞,∗) . (3.11)

Later, we will also need a similar localisation construction for the presheaf functor in 
(3.4) which we describe next. For X in GCoarse and C in Fun(BG,CAT∞), both 
the functor U∗ and the natural transformation θU are also defined on PShC(X) in 
Fun(BG,CAT∞). So we may consider the collection of morphisms

˜︂WX,C := {M θU
M −−→ U∗M | U ∈ 𝒞G,Δ

X , M ∈ PShC(X)} (3.12)

in PShC(X). The Dwyer–Kan localisations

˜︁VC(X) := PShC(X)[˜︂W−1
X,C]
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for all X in GCoarse and C in Fun(BG,CAT∞) assemble to a functor

˜︁V : GCoarse× Fun(BG,CAT∞) → Fun(BG,CAT∞) (3.13)

since the proof of [4, Lem. 3.6.2] extends verbatim to the present case, replacing the 
left-exact localisation with the Dwyer–Kan localisation. Using [4, Prop. 3.5.3] and [4, 
Lem. 3.6.2] with the left-exact localisation, we see that if we restrict the coefficients 
along the inclusion i : CATcplt

∞,∗ → CAT∞, then we get a functor

˜︁V ◦ (id×i) : GCoarse× Fun(BG,CATcplt
∞,∗) → Fun(BG,CATLex

∞,∗) . (3.14)

The natural transformation Sh→ PSh ◦ (u× i) induces a natural transformation ˆ︁V→˜︁V ◦ (id×i). Let X be in GCoarse and C be in Fun(BG,CATcplt
∞,∗).

Lemma 3.1. The canonical functor ˆ︁VC(X) → ˜︁VC(X) is fully faithful.

Proof. Let ˜︁ℓX : PShC(X) → ˜︁VC(X) denote the localisation functor. By the same argu
ment as for the localisation ℓX : ShC(X) → ˆ︁VC(X) in [4, Prop. 3.5.3], one shows that 
there are natural equivalences

colimU∈𝒞Δ
X

MapPShC(X)(M,U∗N) ≃ Map ˜︁VC(X)(˜︁ℓX(M), ˜︁ℓX(N))

for all M,N be in PShC(X). The mapping spaces in ˆ︁VC(X) can be computed by the 
same formula [4, Prop. 3.5.3]. Since ShC(X) is a full subcategory of PShC(X), the 
lemma follows. □
Corollary 3.2. The natural transformation ˆ︁V → ˜︁V ◦ (id×i) is the inclusion of a full 
subfunctor.

For the discussion of small sheaves we further restrict the category of coefficient cat
egories to the subcategory CatLEX

∞,∗ of CATcplt
∞,∗. In fact, in order to ensure functoriality 

of the constructions below with respect to the coefficient categories it is crucial that the 
functors in CatLEX

∞,∗ preserve cocompact objects.
Let X be in GBC and C be in Fun(BG,CatLEX

∞,∗ ). We can evaluate ShC on the 
underlying coarse space of X. We then use the bornology ℬX of X in order to define a 
full subcategory of sheaves by adding the condition that the values on bounded subsets 
are cocompact. Recall that an object is called cocompact if it is compact in the opposite 
category.

An object M in ShC(X) is called small if the evaluation M(B) is cocompact in C for 
every B in ℬX . The full subcategory Shsmall

C (X) of small sheaves is an object of CatLex
∞,∗

[4, Lem. 3.4.27]. We obtain by [4, Lem. 3.4.31] a full subfunctor

Shsmall : GBC× Fun(BG,CatLEX
∞,∗ ) → Fun(BG,CatLex

∞,∗)
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of Sh ◦ (v × j), where v : GBC→ GCoarse is the forgetful functor and

j : CatLEX
∞,∗ → CATcplt

∞,∗ (3.15)

is the inclusion. Localising at WX,C ∩ Shsmall
C (X), we get the left-exact category with 

G-action

VC(X) := Shsmall
C (X)[(WX,C ∩ Shsmall

C (X))−1]

in Fun(BG,CatLex
∞,∗). By [4, Cor. 3.5.12, 3.6.3 & 3.6.6], the collection of these categories 

for all X and C forms a full subfunctor

V : GBC× Fun(BG,CatLEX
∞,∗ ) → Fun(BG,CatLex

∞,∗) (3.16)

of ˆ︁V ◦ (v × j).
Let GBCmb be the full subcategory of GBC spanned by the G-bornological coarse 

spaces with minimal bornology, i.e. with the bornology given by the collection of finite 
subsets. Then the continuous version Vc of the functor V is defined as the left Kan 
extension of V along the vertical inclusion functor in

GBCmb × Fun(BG,CatLEX
∞,∗ ) V Fun(BG,CatLex

∞,∗)

GBC× Fun(BG,CatLEX
∞,∗ )

Vc

(3.17)

Remark 3.3. A subset F of X is called locally finite if its induced bornology is the 
minimal one, or equivalently, if F with the induced bornological coarse structure belongs 
to GBCmb. By [4, proof of Lem. 5.1.16], Vc

C(X) is the full subcategory of VC(X) on 
objects i∗M , where i : F → X is the inclusion of a locally finite subset and M is an 
object in VC(F ). ⧫

We define Vc,perf as the composition

Vc,perf : GBC× Fun(BG,CatLEX
∞,∗ ) Vc −−→ Fun(BG,CatLex

∞,∗)
Idem −−−→ Fun(BG,CatLex,perf

∞,∗ ) . (3.18)

Definition 3.4. We define the functors

Vc,perf,G := lim
BG 
◦Vc,perf and Vc,perf

G := colim
BG 

◦Vc,perf

from GBC× Fun(BG,CatLEX
∞,∗ ) to CatLex,perf

∞,∗ . ⧫
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If H is a finitary localising invariant (see Definition 1.5), then we know by [4, 
Cor. 5.3.13] that HVc,perf

C,G is a hyperexcisive equivariant coarse homology theory. By 

[4, Prop. 5.4.5], it extends HCG. More precisely, note that in Definition 3.4 of Vc,perf
G , 

one can switch the order of applying the colimit functor and the idempotent completion 
functor. Then one can use the cited results from [4] since the natural transformation 
H → H ◦ Idem is an equivalence.

The result that we will use in Sections 5 to 7 is the following. Recall the notion of a 
weak module structure from Definition 2.28. Let C be an object in Fun(BG,CatLEX

∞,∗ ). 
As before, we write Vc,perf,G

Spcop
∗

for the evaluation of Vc,perf,G at the left-exact ∞-category 

Spcop
∗ considered as an object in Fun(BG,CatLEX

∞,∗ ) with trivial G-action. Similarly, we 

write Vc,perf
C,G for the evaluation of Vc,perf

G at C.

Theorem 3.5. 

1. The functor Vc,perf,G
Spcop

∗
is π0-excisive.

2. There is an equivalence Vc,perf,G
Spcop

∗
(∗) ≃ Fun(BG,Spcop,ω

∗ ).
3. The functor Vc,perf

C,G admits a weak Vc,perf,G
Spcop

∗
-module structure (η, μ).

4. Under the identification from Assertion 2, the morphism η : Spcop,ω
∗ → Vc,perf,G

Spcop
∗

(∗) in 
Assertion 3 corresponds to the unique left-exact functor Spcop,ω

∗ → Fun(BG,Spcop,ω
∗ )

sending S0 to S0, the pointed space S0 with the trivial G-action.

Any reader who is willing to accept Theorem 3.5 on good faith may directly skip 
ahead to Section 4.

We will derive Theorem 3.5 from a highly structured result. Both ˆ︁V and Vc refine to 
lax symmetric monoidal functors (Propositions 3.15 and 3.16). The theorem will then 
follow from the general observation that the G-orbits of a module with G-action become a 
module over the Gfixed points of its coefficient algebra (see Construction 3.22). Proving 
these assertions is the goal of the subsequent sections.

3.2. Monoidal preliminaries

In analogy to (3.1), we have a diagram

CatRex,perf
∞,∗

⊂

≃

CatRex
∞,∗

⊂

Idem

Indω

Cat∞

⊂

PrL
ω,∗

≃(−)cp

CATcocplt
∞,∗ CATRex

∞,∗ CAT∞

. (3.19)
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It can be obtained from (3.1) by applying (−)op. In the following we describe the en
tries. By CatRex

∞,∗ we denote the large ∞-category of right-exact ∞-categories (i.e., small, 
pointed ∞-categories admitting finite colimits), and finite colimit-preserving functors. 
It contains the full subcategory CatRex,perf

∞,∗ of idempotent complete right-exact ∞
categories.

The ind-completion functor Indω : CatRex
∞,∗ → PrL

ω,∗ restricts to an equivalence

Indω : CatRex,perf
∞,∗

≃−→ PrL
ω,∗ .

Its inverse

(−)cp : PrL
ω,∗ → CatRex,perf

∞,∗

is the functor which takes the full subcategory of compact objects. By CATcocplt
∞,∗ we 

denote the very large ∞-category of large pointed cocomplete ∞-categories and colimit
preserving functors. It is contained in the ∞-category CATRex

∞,∗ of large right-exact ∞
categories and finite colimit-preserving functors. Finally, the right-exact version of the 
idempotent completion functor is the composition

Idem := (−)cp ◦ Indω .

We now recall the symmetric monoidal structures on CatLex
∞,∗, CatLex,perf

∞,∗ and CatLEX
∞,∗ . 

We will actually first discuss the right-exact case for which there is a good supply of 
references. Then we translate to the left-exact case by applying the functor (−)op.

In what follows, we regard Cat∞ as a symmetric monoidal ∞-category with respect 
to the cartesian symmetric monoidal structure. We let CatRex

∞ denote the subcategory 
of Cat∞ of small ∞-categories which admit all finite colimits (we will also say finitely 
cocomplete), and finite colimit-preserving functors. Applying [43, Cor. 4.8.1.4] to the 
collection of finite simplicial sets, we obtain a symmetric monoidal structure ⊗ on CatRex

∞
such that the forgetful functor CatRex

∞ → Cat∞ is lax symmetric monoidal. It follows 
from the definition of the symmetric monoidal structure on CatRex

∞ in [43, Not. 4.8.1.2] 
that the structure map

𝒞 × 𝒟 → 𝒞 ⊗𝒟

of the lax symmetric monoidal structure on the functor CatRex
∞ → Cat∞ is the initial 

transformation among functors which preserve finite colimits in both variables separately.
Applying [43, Rem. 4.8.1.9], defining a lax symmetric monoidal functor M→ CatRex

∞
is equivalent to giving a lax symmetric monoidal functor M→ Cat∞ which takes values 
in CatRex

∞ and has the property that all structure maps preserve finite colimits in each 
variable separately.
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Let Spcfin denote the smallest full subcategory of Spc which contains the final object 
and is closed under finite colimits. This category enjoys the universal property that 
evaluation at the final object induces an equivalence

FunRex(Spcfin,C) ≃ C (3.20)

for every finitely cocomplete ∞-category C [43, Rem. 1.4.2.6]. Using the exponential law

Fun(C× Spcfin,D) ≃ Fun(C,Fun(Spcfin,D))

and the universal property of the tensor product in CatRex
∞ for the first equivalence 

below, this implies for all C, D in CatRex
∞ that

FunRex(C⊗ Spcfin,D) ≃ FunRex(C,FunRex(Spcfin,D)) ≃ FunRex(C,D) . (3.21)

In particular, Spcfin is a tensor unit in CatRex
∞ .

In the following we extend the above to pointed categories. Note that CatRex
∞,∗ is a full 

subcategory of CatRex
∞ . Following [23, Constr. 5.1.1], we show:

Lemma 3.6. There is an adjunction

−⊗ Spcfin
∗ : CatRex

∞ ⇆ CatRex
∞,∗ : incl .

Furthermore, CatRex
∞,∗ has a symmetric monoidal structure such that the functor − ⊗

Spcfin
∗ has a symmetric monoidal refinement, and the functor incl has a lax symmetric 

monoidal refinement.

Proof. We will show that Spcfin
∗ ⊗ Spcfin

∗ ≃ Spcfin
∗ and that the essential image of the 

functor − ⊗ Spcfin
∗ : CatRex

∞ → CatRex
∞ is CatRex

∞,∗. Then [43, Prop. 4.8.2.7] implies all 
assertions.

Restriction along the functor

Spcfin → Spcfin
∗ , X ↦→ (∗ → X ⊔ ∗)

induces an equivalence

FunRex(Spcfin
∗ ,D) ≃ FunRex(Spcfin,D)

(3.20)
≃ D (3.22)

for any D in CatRex
∞,∗.

Next we show that for every C in CatRex
∞ the tensor product C⊗ Spcfin

∗ is pointed. 
We will employ the fact that the initial object ∅D in a finitely cocomplete ∞-category 
D is also terminal if and only if the constant functor const∅D

: D→ D with value ∅D is 
adjoint to itself. Since Spcfin

∗ is pointed, its endofunctor const∅
Spcfin∗

is adjoint to itself. 
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Using that C⊗− preserves adjunctions, we see on the one hand that C⊗ const∅
Spcfin∗

is 
also adjoint to itself. Since C⊗− preserves the empty colimit, we see on the other hand 
that C⊗ const∅

Spcfin∗
≃ const∅

C⊗Spcfin∗
. Hence C⊗ Spcfin

∗ is pointed.
For every D in CatRex

∞,∗ we have a natural equivalence

FunRex(C⊗ Spcfin
∗ ,D) ≃ FunRex(C,FunRex(Spcfin

∗ ,D))
(3.22)
≃ FunRex(C,D) ,

where the first equivalence is seen similarly as in (3.21). If C was already pointed, then 
this equivalence for arbitrary D provides an equivalence C⊗ Spcfin

∗ ≃ C. Applying this 
relation for C ≃ Spcfin

∗ we obtain the desired equivalence Spcfin
∗ ⊗ Spcfin

∗ ≃ Spcfin
∗ . 

Furthermore, the essential image of −⊗ Spcfin
∗ is CatRex

∞,∗. □
Lemma 3.7. The datum of a lax symmetric monoidal functor M→ CatRex

∞,∗ is equivalent 
to a lax symmetric monoidal functor M → Cat∞ which takes values in CatRex

∞,∗ and 
whose structure maps preserve finite colimits in each variable separately.

Proof. The composition of inclusions

CatRex
∞,∗

incl −−→ CatRex
∞ → Cat∞ (3.23)

is lax symmetric monoidal by Lemma 3.6 and the preceding discussion. In addition, we 
know that the structure maps of the lax symmetric monoidal structure of (3.23) preserve 
finite colimits in each variable. Therefore, by postcomposing with (3.23), a lax symmetric 
monoidal functor M → CatRex

∞,∗ gives a lax symmetric monoidal functor M → Cat∞
with the desired properties.

For the converse, let M→ Cat∞ be a functor with the listed properties. As discussed 
above, it gives rise to a lax symmetric monoidal functor F : M→ CatRex

∞ . Since F takes 
values in CatRex

∞,∗, the unit of the adjunction in Lemma 3.6 provides an equivalence

F (−) ≃ F (−)⊗ Spcfin
∗ .

Since the functor − ⊗ Spcfin
∗ in Lemma 3.6 is symmetric monoidal, we see that the 

right-hand side of this equivalence and therefore F is actually a lax symmetric monoidal 
functor M→ CatRex

∞,∗. □
The inclusion of the full subcategory CatRex,perf

∞,∗ of CatRex
∞,∗ spanned by the idempo

tent complete right-exact ∞-categories is the right adjoint of a localisation

Idem: CatRex
∞,∗ → CatRex,perf

∞,∗ : incl .

Unwinding universal properties, the canonical functors C→ Idem(C) and D→ Idem(D)
induce an equivalence
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Idem(C⊗D) ≃−→ Idem(Idem(C)⊗ Idem(D))

for all C and D in CatRex
∞,∗. It follows from this equivalence that Idem is compat

ible with the monoidal structure in the sense of [43, Def. 2.2.1.6 and Ex. 2.2.1.7]. 
By [43, Prop. 2.2.1.9], we conclude that CatRex,perf

∞,∗ inherits a symmetric monoidal 
structure from CatRex

∞,∗ and Idem acquires a symmetric monoidal refinement. Since 
Spccp

∗ ≃ Idem(Spcfin
∗ ), the tensor unit is given by the object Spccp

∗ of CatRex,perf
∞,∗ .

The functor Indω : CatRex,perf
∞,∗ → PrL

ω,∗ is an equivalence of categories with inverse 
(−)cp : PrL

ω,∗ → CatRex,perf
∞,∗ . By transport of structure, we obtain an induced symmetric 

monoidal structure on PrL
ω,∗ such that Indω and (−)cp become symmetric monoidal 

equivalences. The tensor unit of the structure on PrL
ω,∗ is given by the object Spc∗.

The functor (−)op taking the opposite category identifies the categories CatLex
∞,∗, 

CatLex,perf
∞,∗ and CatLEX

∞,∗ with CatRex
∞,∗, CatRex,perf

∞,∗ and PrL
ω,∗, respectively. By trans

port of structure, the latter categories acquire symmetric monoidal structures such that 
the functors Idem: CatLex

∞,∗ → CatLex,perf
∞,∗ and Proω : CatLex,perf

∞,∗
≃ → CatLEX

∞,∗ admit sym
metric monoidal refinements.

Remark 3.8. It is a consequence of the version of Lemma 3.7 for large categories that a 
lax symmetric monoidal functor M→ CATLex

∞,∗ is the same as a lax symmetric monoidal 
functor F : M → CAT∞ which takes values in CATLex

∞,∗ and has the property that all 
structure maps preserve finite limits in each variable separately. It suffices to checks this 
property for the structure maps F (M)×F (M ′) → F (M ⊗M ′) for all M and M ′ in M.

The unit constraint of F (as a lax symmetric monoidal functor with values in CAT∞) 
is a functor u : ∗ → F (∗) determined by an object u(∗) in F (∗). Then the unit constraint 
of the corresponding lax symmetric monoidal functor M → CATLex

∞,∗ is the essentially 
unique left exact functor Spfin,op

∗ → F (∗) which sends S0 to u(∗). ⧫

In the following we record the compatibility of Dwyer–Kan localisation with lax 
symmetric monoidal functors. Let 𝒞 be a symmetric monoidal ∞-category, and let 
F : 𝒞 → Cat∞ be a lax symmetric monoidal functor. Assume that for every object 
C in 𝒞 we are given a class WC of morphisms in F (C). We say that a functor F (C)→ 𝒟
inverts WC if it sends the morphisms in WC to equivalences.

Remark 3.9. We use the language of ∞-operads developed in [43] to model symmetric 
monoidal ∞-categories and lax symmetric monoidal functors between them. We will 
use the language of ∞-operads only in this section and the next. In this language, a 
symmetric monoidal structure on an ∞-category 𝒞 is given by a cocartesian fibration of 
∞-operads 𝒞⊗ → Fin∗ together with an equivalence between 𝒞 and the fibre 𝒞⊗⟨1⟩ of 𝒞⊗
over ⟨1⟩ in Fin∗. A lax symmetric monoidal refinement of a functor F : 𝒞 → 𝒟 is then 
given by an operad map F⊗ : 𝒞⊗ → 𝒟⊗ together with an equivalence between F and 
the induced map F⊗⟨1⟩ : 𝒞

⊗
⟨1⟩ → 𝒟⊗⟨1⟩.

Let us also remark that the datum of a cocartesian fibration of ∞-operads 𝒞⊗ →
𝒪⊗ is equivalent to an operad map 𝒪⊗ → Cat×∞, where the latter is equipped with 
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the cartesian symmetric monoidal structure (combine Def. 2.1.2.13, Rem. 2.4.2.4 and 
Prop. 2.4.2.5 of [43]).

Elsewhere in this paper, we will simply speak about symmetric monoidal ∞-categories 
and lax symmetric monoidal functors. ⧫

Lemma 3.10. Suppose:

1. F (C) F (f) −−−→ F (C ′) → F (C ′)[W−1
C′ ] inverts WC for all morphisms f : C → C ′ in 𝒞;

2. F (C) × F (C ′) → F (C ⊗ C ′) → F (C ⊗ C ′)[W−1
C⊗C′ ] inverts WC ×WC′ for all C, C ′

in 𝒞.

Then there exists a lax symmetric monoidal functor F : 𝒞 → Cat∞ such that

1. the value of F at C is equivalent to the Dwyer–Kan localisation F (C)[W−1
C ];

2. for every morphism f : C → C ′, its image F (f) is essentially uniquely determined by 
being part of a commutative diagram

F (C)
F (f)

F (C ′)

F (C)
F (f)

F (C ′)

in which the vertical maps are the localisation functors.

Proof. Consider F as a cocartesian fibration of ∞-operads F⊗ → 𝒞⊗. For C in 𝒞, let WC

denote the collection of all morphisms in F (C) which become invertible in F (C)[W−1
C ]. 

Regard 𝒞⊗ as a marked ∞-category (𝒞⊗, ι𝒞⊗) by marking all equivalences. Using the 
equivalences F⊗(C1,...,Cn) ≃ F (C1)× . . .×F (Cn), each fibre inherits a marking WC1× . . .×
WCn

. Let W be the marking of F⊗ generated by these markings (see [32, Rem. 2.1.2] for a 
more explicit description). The assumptions ensure that this defines a marked cocartesian 
fibration (F⊗,W ) → (𝒞⊗, ι𝒞⊗) in the sense of [32, Def. 2.1.1]. By [32, Prop. 2.1.4], 
we get a cocartesian fibration of ∞-operads F⊗[W−1] → 𝒞⊗ such that F⊗[W−1]C ≃
F (C)[W−1

C ]. Since F (C)[W−1
C ] ≃ F (C)[W−1

C ], this cocartesian fibration corresponds to 
the desired functor F . □

The next lemma will be used in Section 3.4. Let C be a small monoidal ∞-category 
and D be a cocomplete monoidal ∞-category. Let I be any small ∞-category. Then 
Fun(C,D) becomes a monoidal ∞-category via Day convolution. As a reminder, the 
tensor product of F and F ′ in Fun(C,D) is given by a left Kan extension
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C×C
τ

F (−)⊗DF ′(−)

⊗C

D

C
F⊗F ′

, (3.24)

where F (−) ⊗D F ′(−) denotes the pointwise tensor product of the functors F and F ′. 
Both Fun(I,D) and Fun(I,Fun(C,D)) carry an induced (pointwise) monoidal struc
ture. The pointwise structure on Fun(I,D) in turn gives rise to a monoidal structure on 
Fun(C,Fun(I,D)), again via Day convolution.

Lemma 3.11. The exponential law

Fun(C,Fun(I,D)) ≃ Fun(I,Fun(C,D))

refines to an equivalence of monoidal ∞-categories.

Proof. We will show that the exponential law induces an equivalence between the ∞
categories of 𝒪-algebras for every ∞-operad 𝒪 over the associative ∞-operad which will 
be denoted by 𝒜.

Let M be a cocomplete monoidal ∞-category which we interpret as a cocartesian 
fibration M⊗ → 𝒜. As an ∞-operad, the pointwise monoidal structure on Fun(I,M) is 
given by the pullback

Fun(I,M)⊗ := Fun(I,M⊗)×Fun(I,𝒜) 𝒜 .

Let 𝒪 → 𝒜 be a morphism of ∞-operads. The relative case of [43, Rem. 2.1.3.4] yields 
a canonical equivalence

Alg𝒪/𝒜(Fun(I,M)⊗) ≃ Fun(I,Alg𝒪/𝒜(M⊗)) . (3.25)

Let N be a small monoidal ∞-category and consider the Day convolution Fun(N,M)⊗ →
𝒜 as defined in [43, Ex. 2.2.6.10]. Then the universal property of Fun(N,M)⊗ given in 
[43, Def. 2.2.6.1] specialises to an equivalence

Alg𝒪/𝒜(Fun(N,M)⊗) ≃ Alg(𝒪×𝒜N⊗)/𝒜(M⊗) . (3.26)

Therefore, we have equivalences

Alg𝒪/𝒜(Fun(C,Fun(I,D))⊗)
(3.26)
≃ Alg(𝒪×𝒜C⊗)/𝒜(Fun(I,D)⊗)

(3.25)
≃ Fun(I,Alg(𝒪×𝒜C⊗)/𝒜(D⊗))

(3.26)
≃ Fun(I,Alg𝒪/𝒜(Fun(C,D)⊗))
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(3.25)
≃ Alg𝒪/𝒜(Fun(I,Fun(C,D))⊗) . □

For a monoidal ∞-category 𝒞, denote by Mod(𝒞) the ∞-category of (left) module 
objects in 𝒞 in the sense of [43, Def. 4.2.1.13]. Informally, an object of Mod(𝒞) is a pair 
(A,M) consisting of an associative algebra A and an A-module M . In particular, there is 
a forgetful functor Mod(𝒞) → Alg(𝒞), where the target is the ∞-category of associative 
algebras in 𝒞.

Corollary 3.12. There exists a commutative diagram

Mod(Fun(C,Fun(I,D))) ≃ Mod(Fun(I,Fun(C,D)))

Alg(Fun(C,Fun(I,D))) ≃ Alg(Fun(I,Fun(C,D)))

in which the horizontal functors are equivalences and the vertical arrows are the forgetful 
functors.

Proof. Consider the associative ∞-operad 𝒜 and the ∞-operad ℒℳ from [43, 
Def. 4.2.1.7]. As explained in [43, Ex. 4.2.1.16], the ∞-category of (left) module ob
jects in a monoidal ∞-category M is given by

Mod(M) := Algℒℳ/𝒜(M)

and the ∞-category of associative algebras in M is given by

Alg(M) := Alg𝒜/𝒜(M) .

Since 𝒜 is a suboperad of ℒℳ, the forgetful functors arise by precomposition with the 
inclusion 𝒜 → ℒℳ. Applying Lemma 3.11 in the cases M = Fun(C,Fun(I,D)) and 
M = Fun(I,Fun(C,D)) proves the corollary. □
3.3. Controlled objects as symmetric monoidal functors

In this section, we refine (most of) the functors whose constructions were recalled in 
Section 3.1 to lax symmetric monoidal functors. Let

k := i ◦ j : CatLEX
∞,∗ → CAT∞

(see (3.5) and (3.15) for notation) denote the inclusion. Then we are looking for a refine
ment of the functor

PSh ◦ (id×k) : Set×CatLEX
∞,∗ → CatLEX

∞,∗ (3.27)
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to a lax symmetric monoidal functor such that the product M ⊗M ′ of M in PShC(X)
and M ′ in PShC′(X ′) is given by a right Kan extension

𝒫op
X × 𝒫op

X′
M ˆ︁⊗M ′

C⊗C′ ,

𝒫op
X×X′

M⊗M ′

(3.28)

where M ˆ︁⊗M ′ denotes the composition

M ˆ︁⊗M ′ : 𝒫op
X × 𝒫op

X′ → C×C′ → C⊗C′ . (3.29)

Moreover, the unit constraint of the lax symmetric monoidal structure will be given by 
the essentially unique functor Spcfin,op

∗ → PShSpcop
∗ (∗) sending S0 to the object

𝒰 : 𝒫op
∗ → Spc∗, 

{︄
∗ ↦→ S0 ,

∅ ↦→ ∗
(3.30)

of PShSpcop
∗ (∗).

Proposition 3.13. There exists a lax symmetric monoidal refinement of PSh ◦ (id×k) in 
(3.27) whose structure maps PShC(X) × PShC′(X ′) → PShC⊗C′(X × X ′) are given 
by the formation of right Kan extensions as displayed in (3.29), and whose unit is given 
by (3.30).

Proof. We consider the functor

𝒫 : Set→ Cat

that sends a set X to the poset 𝒫X and a map f : X → Y to the image map f(−) :
𝒫X → 𝒫Y (note that the definition on morphisms is different from the functor 𝒫∗ in 
(3.2)). The lax symmetric monoidal structure on the functor 𝒫 is given by the product 
maps

𝒫X × 𝒫Y → 𝒫X×Y , (A,B) ↦→ A×B

together with the unit constraint

u𝒫 : {∗} → 𝒫∗ = {∅→ {∗}}, ∗ ↦→ {∗} .

We denote by Set× the ∞-operad corresponding to the symmetric monoidal cate
gory Set with the cartesian structure. Similarly, we let PrL,⊗

ω,∗ denote the ∞-operad 
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corresponding to the symmetric monoidal ∞-category PrL
ω,∗ explained in Section 3.2

with the symmetric monoidal structure inherited from CatRex,perf
∞,∗ via the equivalence 

Ind: CatRex,perf
∞,∗

≃−→ PrL
ω,∗.

We now consider the lax symmetric monoidal functor 𝒫 as an operad map 
𝒫× : Set× → Cat× and form the fibre product of ∞-operads

𝒪⊗ := Set× × 
Fin∗

PrL,⊗
ω,∗ .

The projections to the individual factors of 𝒪⊗ induce operad maps

Q : 𝒪⊗ → PrL,⊗
ω,∗ → CAT×∞

and

P : 𝒪⊗ → Set× 𝒫× −−→ Cat× → Cat×∞ .

As recalled in Remark 3.9, the operad maps Q and P correspond to cocartesian fi
brations of ∞-operads q : Q⊗ → 𝒪⊗ and p : P⊗ → 𝒪⊗, respectively. Applying [43, 
Constr. 2.2.6.7], we obtain a fibration of ∞-operads

r : Fun𝒪(P,Q)⊗ → 𝒪⊗ , (3.31)

where we use the notation Fun𝒪(P,Q)⊗ as in [43]. Since the functor Q factors over 
PrL,⊗

ω,∗ by construction, the assumptions of [43, Prop. 2.2.6.16] are satisfied. Hence it 
follows that r is a cocartesian fibration of ∞-operads.

The straightening of r is a lax symmetric monoidal refinement of a functor

R : Set×PrL
ω,∗ → CAT∞ .

Recall that the symmetric monoidal structure on CatLEX
∞,∗ is induced from the symmetric 

monoidal structure on PrL
ω,∗ via the equivalence CatLEX

∞,∗ ≃ PrL
ω,∗. The lax symmetric 

monoidal refinements of the functors

Set×CatLEX
∞,∗

id×(−)op −−−−−−→ Set×PrL
ω,∗

R −→ CAT∞
(−)op −−−→ CAT∞ (3.32)

induce a lax symmetric monoidal structure on the composition. In the following, we 
verify the conditions stated in Remark 3.8 to show that the functor in (3.32) refines to 
a lax symmetric monoidal functor with values in CATLex

∞,∗.
For X in Set and C in CatLEX

∞,∗ , we have

R(X,Cop)op ≃ Fun(𝒫op
X ,C) (3.33)

by [43, Rem. 2.2.6.8]. Since the right-hand side of (3.33) clearly belongs to CATLex
∞,∗ the 

values of the functor in (3.32) on objects belong to CATLex
∞,∗.
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The last paragraph of the proof of [43, Cor. 2.2.6.14] provides the following description 
of the lax symmetric monoidal structure of R. A point in Mul𝒪((Xi,Ci)i=1,...,n, (Y,D)) is 
given by a map f : X1×. . .×Xn → Y and a functor ϕ : C1×. . .×Cn → D which preserves 
colimits in each variable separately and preserves compact objects. The structure map

⊗f,ϕ :
n ∏︂

i=1
R(Xi,Ci) → R(Y,D) (3.34)

sends a collection (Mi)i=1,...,n of functors Mi : 𝒫Xi
→ Ci to a functor M1 ⊗

. . .⊗Mn : 𝒫Y → D which fits into a left Kan extension diagram

∏︁n
i=1 𝒫Xi

∏︁
i Mi

f(−)◦×

∏︁n
i=1 Ci

ϕ
D

𝒫Y

M1⊗...⊗Mn

(3.35)

We need the special cases for n = 1, 2 of this observation.
We start with n = 1. Consider morphisms f : X → Y in Set and ϕ : C → D in 

PrL
ω,∗. For M in R(X,C), the image R(f, ϕ)(M) in R(Y,D) is equivalent to the left 

Kan extension

𝒫X
M

f(−)

C
ϕ

D

𝒫Y

R(f,ϕ)(M)

Since f(−) has a right adjoint, namely the preimage functor f−1, the equivalence from 
(3.33) identifies this left Kan extension with the composition

ϕ ◦ − ◦ f−1 : Fun(𝒫op
X ,C) → Fun(𝒫op

Y ,D) . (3.36)

Since this is a morphism in CATLex
∞,∗, the functor in (3.32) takes values in CATLex

∞,∗ on 
morphisms, too.

In the case n = 2, the left Kan extension from (3.35) corresponds to the right Kan 
extension in (3.28). Since the structure maps of the lax symmetric monoidal structure 
of the functor in (3.32) arise as right Kan extensions, they preserve finite limits in each 
argument. Therefore, we can conclude by Remark 3.8 that the functor in (3.32) refines 
to a lax symmetric monoidal functor with values in CATLex

∞,∗.
Next we compute the unit constraint of the lax symmetric monoidal functor R. Recall 

that the tensor unit of Set × PrL
ω,∗ is given by the pair ({∗},Spc∗) which we regard 

as a functor pt ({∗},Spc∗) −−−−−−−→ Set × PrL
ω,∗ between the fibres of the cocartesian fibration 



64 U. Bunke et al. / Advances in Mathematics 489 (2026) 110788 

𝒪⊗ → Fin∗ over ⟨0⟩ and ⟨1⟩, respectively. Here we denote by pt a point in the fibre 
of 𝒪⊗ → Fin∗ over ⟨0⟩. The map r from (3.31) has fibre Fun({∗}, {∗}) ∼ = {∗} over pt, 
while the fibre over (∗,Spc∗) is Fun(𝒫∗,Spc∗).

Using the description of cocartesian lifts given at the end of the proof of [43, 
Cor. 2.2.6.14], the unit constraint uR of R is given by the left Kan extension

{∗}

u𝒫

S0

Spc∗

𝒫∗ ∼ = {∅→ ∗}
uR

of the unit of Spc∗ along the unit constraint u𝒫 of the lax symmetric monoidal structure 
on 𝒫. Since u𝒫 sends ∗ to ∗, the pointwise formula shows that uR is the essentially unique 
functor sending ∅ to ∗ and ∗ to S0.

The specialisation of (3.35) to the case n = 2 shows that the tensor product of 
presheaves is given by the right Kan extension in (3.28). Furthermore, the preceding 
calculation shows that the unit constraint is determined by the presheaf 𝒰 from (3.30).

The only thing left to show is that there is an equivalence of functors

R ≃ Fun ◦ (𝒫∗,op × incl) : Set×PrL
ω,∗ → CAT∞ ,

where incl : PrL
ω,∗ → CAT∞ is the inclusion functor. As explained in [43, Rem. 2.2.6.8], 

Fun𝒪(P,Q)⊗ comes equipped with a morphism of ∞-operads α : Fun𝒪(P,Q)⊗ ×𝒪⊗

P⊗ → Q⊗. Restricting to the fibres over ⟨1⟩ in Fin∗, this morphism induces a morphism

α⟨1⟩ : Fun𝒪(P,Q)⊗⟨1⟩ ×𝒪⊗
⟨1⟩

P⊗⟨1⟩ → Q⊗⟨1⟩

of ∞-categories over 𝒪⊗⟨1⟩ ≃ Set×PrL
ω,∗. The morphism α⊗⟨1⟩ corresponds to a morphism

ˆ︁α : Fun𝒪(P,Q)⊗⟨1⟩ → (Q⊗⟨1⟩)
P⊗

⟨1⟩

to the exponential object in CAT∞/𝒪⊗
⟨1⟩

. Since the functor 𝒫 : Set→ Cat takes values 
in the subcategory of left adjoint functors, the morphism p⟨1⟩ : P⊗⟨1⟩ → 𝒪⊗⟨1⟩ is both a 

cocartesian and a cartesian fibration. It follows from [33, Cor. A.3.10] that (Q⊗⟨1⟩)
P⊗

⟨1⟩ is 
given by the cocartesian unstraightening of the functor

𝒪⊗⟨1⟩ ≃ Set×PrL
ω,∗

𝒫∗,op×incl −−−−−−−→ Catop
∞ ×CAT∞

Fun −−−→ CAT∞ .

Since R is defined as the straightening of Fun𝒪(P,Q)⊗⟨1⟩, it suffices to show that ˆ︁α is an 
equivalence of cocartesian fibrations. It is a reformulation of (3.33) that ˆ︁α is a fibrewise 
equivalence. Hence we are left with showing that ˆ︁α preserves cocartesian morphisms. As 
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explained above, a cocartesian lift g of a morphism (f, ϕ) : (X,C) → (Y,D) in Set×PrL
ω,∗

to a morphism in Fun𝒪(P,Q)⊗⟨1⟩ is a functor M : 𝒫X → C together with the data of a 
left Kan extension

𝒫X
M

f(−)

C
ϕ

D

𝒫Y

R(f,ϕ)(M)

.

Because of R(f, ϕ)(M) ≃ ϕ ◦ M ◦ f−1 ≃ Fun(𝒫∗(f), ϕ)(M) the morphism ˆ︁α(g) is 
cocartesian in (Q⊗⟨1⟩)

P⊗
⟨1⟩ . This completes the proof of Proposition 3.13. □

The forgetful functor u : Coarse→ Set has a symmetric monoidal structure, and the 
functor CatLEX

∞,∗ → CATLex
∞,∗ has a lax symmetric monoidal structure, so

PSh ◦ (u× k) : Coarse×CatLEX
∞,∗ → CATLex

∞,∗

also inherits a lax symmetric monoidal structure.

Proposition 3.14. The full subfunctor

Sh ◦ (id×j) : Coarse×CatLEX
∞,∗ → CATLex

∞,∗

of PSh ◦ (u× k) inherits a lax symmetric monoidal structure.

Proof. By [43, Prop. 2.2.1.1], it is enough to show the following:

1. the unit constraint Spcfin,op
∗ → PShSpcop

∗ (∗) takes values in the full subcategory 
ShSpcop

∗ (∗);
2. for M1 in ShC1(X1) and M2 in ShC2(X2) the tensor product M1 ⊗M2 belongs to 

Sh(X1 ×X2,C1 ⊗C2).

For 1, first observe by inspection that the presheaf 𝒰 described by (3.30) is a sheaf. 
Since 𝒰 is the image of S0 under the unit constraint, Spcfin,op

∗ is generated by S0 under 
finite limits, and ShSpcop

∗ (∗) is closed under finite limits, we conclude that the unit 
constraint takes values in ShSpcop

∗ (∗).
For 2, we first choose coarse entourages U1 of X1 and U2 of X2 such that M1 is a 

U1-sheaf and M2 is a U2-sheaf. We will show that M1 ⊗M2 is a U1 × U2-sheaf. Recall 
that M1 ⊗M2 is given by the right Kan extension
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𝒫op
X1
× 𝒫op

X2

M1 ˆ︁⊗M2

×

C1 ⊗C2

𝒫op
X1×X2

M1⊗M2

,

where ˆ︁⊗ was defined in (3.29). Let M ′
1 and M ′

2 be the restrictions of M1 and M2 to 
𝒫U1bd,op
X1

and 𝒫U2bd,op
X2

, respectively. Since the functor C1 × C2 → C1 ⊗ C2 preserves 
limits in each variable separately and sheaves are characterised as right Kan extensions 
(see (3.8)), M1ˆ︁⊗M2 is a right Kan extension of the functor

M ′
1ˆ︁⊗M ′

2 : 𝒫U1bd,op
X1

× 𝒫U2bd,op
X2

M ′
1×M ′

2 −−−−−→ C1 ×C2 → C1 ⊗C2

along the upper horizontal map in the commutative square

𝒫U1bd,op
X1

× 𝒫U2bd,op
X2

×

𝒫op
X1
× 𝒫op

X2

×

𝒫(U1×U2)bd,op
X1×X2

j
𝒫op
X1×X2

. (3.37)

By definition, M1⊗M2 is a right Kan extension of M ′
1ˆ︁⊗M ′

2 along the composition along 
the top right corner (right and then down) in (3.37). By commutativity of this square, 
M1 ⊗ M2 is also a right Kan extension of M ′

1ˆ︁⊗M ′
2 along the composition along the 

bottom left corner in (3.37). Since j is fully faithful, M1 ⊗M2 is also equivalent to the 
right Kan extension of j∗(M1 ⊗M2) and therefore a (U1 × U2)-sheaf. This finishes the 
verification of Condition 2. □

Recall that by Corollary 3.2 the functor ˆ︁V in (3.11) is a full subfunctor of the functor ˜︁V ◦ (id×i) in (3.14).

Proposition 3.15. The functor

˜︁V ◦ (id×k) : Coarse×CatLEX
∞,∗ → CATLex

∞,∗

has a lax symmetric monoidal structure such that the localisation PSh ◦ (u × id) → ˜︁V
refines to a natural transformation of lax symmetric monoidal functors. The full sub
functor

ˆ︁V ◦ (id×j) : Coarse×CatLEX
∞,∗ → CATLex

∞,∗

inherits a lax symmetric monoidal structure.
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Proof. We will first construct a lax symmetric monoidal structure on the functor ˜︁V ◦
(id×k) considered as a CAT∞-valued functor. To do this, we check that the assumptions 
of Lemma 3.10 are satisfied for PSh ◦ (u× k).

Condition 1 of Lemma 3.10 is satisfied since ˜︁V is a functor.
In order to check Condition 2, let C be in CatLEX

∞,∗ , M be in PShC(X) and M ′

be in PShC′(X ′). Let U and U ′ be coarse entourages of X and X ′, respectively, and 
consider θUM : M → U∗M in ˜︂WX,C as well as θU ′

M ′ : M ′ → U ′∗M
′ in ˜︂WX′,C′ . The functor 

U∗M ⊗ U ′∗M
′ is given by the right Kan extension

𝒫op
X × 𝒫op

X′

U(−)×U ′(−)

×

𝒫op
X × 𝒫op

X′
M ˆ︁⊗M ′

C⊗C′

𝒫op
X×X′

U∗M⊗U ′
∗M

′

Since U(−) × U ′(−) is left adjoint as a functor 𝒫op
X × 𝒫op

X′ → 𝒫op
X × 𝒫op

X′ , the functor 
U∗M ˆ︁⊗U ′∗M ′ is a right Kan extension of M ˆ︁⊗M ′ along the product of thickening functors 
U [−] × U ′[−] : 𝒫op

X × 𝒫op
X′ → 𝒫op

X × 𝒫op
X′ . Consequently, U∗M ⊗ U ′∗M

′ also fits into the 
following right Kan extension:

𝒫op
X × 𝒫op

X′

U [−]×U ′[−]

M ˆ︁⊗M ′

C⊗C′

𝒫op
X × 𝒫op

X′

×

𝒫op
X×X′

U∗M⊗U ′
∗M

′

Since

𝒫op
X × 𝒫op

X′

U [−]×U ′[−]

×

𝒫op
X × 𝒫op

X′

×

𝒫op
X×X′

(U×U ′)[−]
𝒫op
X×X′

commutes, it follows that U∗M ⊗U ′∗M
′ ≃ (U ×U ′)∗(M ⊗M ′). Under this identification, 

θUM ⊗ θU
′

M ′ is given by θU×U ′

M⊗M ′ : M ⊗M ′ → (U × U ′)∗(M ⊗M ′). Hence θUM ⊗ θU
′

M ′ lies in ˜︂WC⊗C′,X⊗X .
Now Lemma 3.10 yields the desired lax symmetric monoidal refinement of ˜︁V◦ (id×k)

considered as a CAT∞-valued functor.
In justifying (3.14), we already observed that the underlying functor of ˜︁V ◦ (id×k)

takes values in CATLex
∞,∗. To see that ˜︁V◦(id×k) defines a lax symmetric monoidal functor 
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with values in CATLex
∞,∗, Remark 3.8 reduces the problem to showing that the structure 

maps

˜︁VC(X)× ˜︁VC′(X ′) → ˜︁VC⊗C′(X ⊗X ′)

preserve finite limits in each variable separately. We fix an object M in PShC(X) and 
consider the following diagram:

PShC′(X ′)
M⊗−

ℓ′

PShC⊗C′(X ⊗X ′)

ℓ′′

˜︁VC′(X ′)
ℓ(M)⊗− ˜︁VC⊗C′(X ⊗X ′)

where ℓ, ℓ′ and ℓ′′ are the localisation maps. The lower horizontal map and the filler of 
the diagram are obtained from the universal property of ℓ′ as a localisation since the 
composition along the top right corner sends all morphisms in ˜︂WX′,C′ to equivalences.

By Proposition 3.13, the structure maps of PSh ◦ (id×k) preserve finite limits in 
each variable separately. In particular, the upper horizontal map preserves finite limits. 
Since ℓ′′ is a left-exact localisation [4, Prop. 3.5.3], it follows that ℓ′′ and the composition 
ℓ′′ ◦ (M ⊗ −) are left-exact. Using the universal property of ℓ′ as a localisation in left
exact ∞-categories, we now conclude that also the lower horizontal map is left-exact. 
For reasons of symmetry, the same argument applies to the functor −⊗M ′ with M ′ in 
PShC′(X ′).

By Remark 3.8, the unit constraint of ˜︁V ◦ (id×k) viewed as a lax symmetric functor 
with values in CATLex

∞,∗ is given by the composition

Spcfin,op
∗ → PShSpcop

∗ (∗) ℓ−→ ˜︁VSpcop
∗ (∗) , (3.38)

where the first left-exact functor is essentially uniquely determined by the fact that it 
sends S0 to the sheaf 𝒰 in (3.30).

The last assertion of the proposition follows in analogy to Proposition 3.14 by [43, 
Prop. 2.2.1.1]. Since 𝒰 is a sheaf, the unit constraint given by (3.38) takes values in the 
full subcategory ˆ︁VSpcop

∗ (∗), and by Proposition 3.14 the tensor product of sheaves is 
again a sheaf. □

Following the constructions outlined in Section 3.1, we now use bornologies to impose 
finiteness conditions on sheaves. Therefore, we consider the category BC of bornological 
coarse spaces. Since the forgetful functor v : BC→ Coarse is symmetric monoidal and 
the functor

CatLEX
∞,∗ → CATcplt

∞,∗
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is lax symmetric monoidal, we obtain from Proposition 3.15 a lax symmetric monoidal 
functor

BC×CatLEX
∞,∗

v×id −−−→ Coarse×CatLEX
∞,∗

ˆ︁V◦(id×j) −−−−−−→ CATLex
∞,∗ .

Proposition 3.16. The full subfunctor

Vc : BC×CatLEX
∞,∗ → CatLex

∞,∗

of ˆ︁V ◦ (v × j) inherits a lax symmetric monoidal structure.

Proof. Recall from Section 3.1 that Vc
C(X) is the full subcategory of VC(X) on objects 

i∗M , where i : F → X is the inclusion of a locally finite subset and M is an object in 
VC(F ) (hence represented by a small sheaf). In particular, Vc is a full subfunctor of ˆ︁V.

Again by [43, Prop. 2.2.1.1], it suffices to show that the unit constraint Spcfin,op
∗ →

VSpcop
∗ (∗) takes values in Vc

Spcop
∗

(∗) and that for all M1 in Vc
C1

(X1) and M2 in Vc
C2

(X2)
the tensor product M1 ⊗M2 lies in Vc

C1⊗C2
(X1 ⊗X2).

Since S0 is cocompact in Spcop
∗ , the sheaf 𝒰 from (3.30) is small. This implies the 

claim about the unit constraint.
Given M1 in Vc

C1
(X1) and M2 in Vc

C2
(X2), there exist for i = 1, 2 locally finite subsets 

Fi of Xi and small sheaves Ni in VCi
(Fi) such that Mi ≃ ji,∗Ni, where ji : Fi → Xi is 

the respective inclusion map. Since there is a commutative diagram

ˆ︁VC1(F1)× ˆ︁VC2(F2)
⊗

j1,∗⊗j2,∗

ˆ︁VC1⊗C2(F1 ⊗ F2)

(j1⊗j2)∗

ˆ︁VC1(X1)× ˆ︁VC2(X2)
⊗ ˆ︁VC1⊗C2(X1 ⊗X2)

and F1⊗F2 is a locally finite subset of X1⊗X2, we only need to check that N1⊗N2 is a 
small sheaf over F1⊗F2. By the pointwise formula for the Kan extension (3.28) defining 
N1 ⊗N2, the value at a bounded subset B of F1 ⊗ F2 is given by

(N1 ⊗N2)(B) ≃ lim 
(B1×B2)→B∈((𝒫F1×𝒫F2 )/B)op

N1(B1)⊗N2(B2) .

Since B is finite, the indexing category of this limit is finite. Hence the smallness of N1
and N2 implies that (N1 ⊗N2)(B) is given by a finite limit of cocompact objects. □
Corollary 3.17. The functor

Vc,perf : BC×CatLEX
∞,∗

Vc −−→ CatLex
∞,∗

Idem −−−→ CatLex,perf
∞,∗

has a lax symmetric monoidal refinement.
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Proof. This follows from Proposition 3.16 since Idem has a symmetric monoidal refine
ment. □
3.4. Orbits as a module over fixed points

Let G be a group. For a symmetric monoidal ∞-category 𝒞, we equip the func
tor category Fun(BG, 𝒞) with the pointwise symmetric monoidal structure. Then the 
lax symmetric monoidal functor Vc,perf from Corollary 3.17 induces a lax symmetric 
monoidal functor

Fun(BG,BC)× Fun(BG,CatLEX
∞,∗ ) → Fun(BG,CatLex,perf

∞,∗ ) .

Since GBC is a full symmetric monoidal subcategory of Fun(BG,BC), we can restrict 
this functor to obtain the lax symmetric monoidal functor

GVc,perf : GBC× Fun(BG,CatLEX
∞,∗ ) → Fun(BG,CatLex,perf

∞,∗ ) (3.39)

which is an equivariant version of Vc,perf .

Definition 3.18. We define the functors

Vc,perf,G := lim
BG 
◦GVc,perf : GBC× Fun(BG,CatLEX

∞,∗ ) → CatLex,perf
∞,∗

and

Vc,perf
G := colim

BG 
◦GVc,perf : GBC× Fun(BG,CatLEX

∞,∗ ) → CatLex,perf
∞,∗ . ⧫

Lemma 3.19. The functor Vc,perf,G
C is coarsely invariant and π0-excisive.

Proof. The functor Vc,perf
C is coarsely invariant by [4, Lem. 4.1.5 & 5.1.6]. Since the 

forgetful functor Fun(BG,CatLex,perf
∞,∗ ) → CatLex,perf

∞,∗ detects equivalences, it follows 
that GVc,perf

C is coarsely invariant. Consequently, Vc,perf,G
C is also coarsely invariant.

Let X be a G-bornological coarse space and (Y,Z) be a partition of X into invariant 
and coarsely disjoint subsets. Since CatLex,perf

∞,∗ is semi-additive [4, Lem. 2.1.38] and Vc
C

is π0-excisive [4, Lem. 4.6.2 & 5.1.10(1)], the canonical inclusions of Y and Z into X
induce an equivalence

Vc
C(Y )⊕Vc

C(Z) ≃−→ Vc
C(X) .

Since both Idem and limBG are additive functors, it follows that

Vc,perf,G
C (Y )⊕Vc,perf,G

C (Z) ≃−→ Vc,perf,G
C (X) ,

so Vc,perf,G
C is π0-excisive. □
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Remark 3.20. Let X be a G-bornological coarse space and (Y,Z) be a partition of X
into G-invariant and coarsely disjoint subsets. The canonical equivalence

Vc,perf,G
C (Y )⊕Vc,perf,G

C (Z) ≃−→ Vc,perf,G
C (X)

admits the following explicit inverse. The inclusions 𝒫Y → 𝒫X and 𝒫Z → 𝒫X induce 
restriction functors

(−)|Y : ShC(X) → ShC(Y ) and (−)|Z : ShC(X) → ShC(Z) .

It follows from [4, Lem. 3.2.28 & 3.2.30] that the sum of these functors provides an 
inverse to the canonical functor

ShC(Y )⊕ ShC(Z) → ShC(X) .

Since (θUM )|Y ≃ θ
U|Y
M|Y

(and similarly for Z), the restriction functors send WX,C from 
(3.10) to WY,C and WZ,C, respectively. Hence the restriction functors descend to functors 
(−)|Y : ˆ︁VC(X) → ˆ︁VC(Y ) and (−)|Z : ˆ︁VC(X) → ˆ︁VC(Z) on the localisations. More
over, they preserve small sheaves and thus restrict to functors VC(X) → VC(Y ) and 
VC(X) → VC(Z).

The sum of these functors provides an inverse to the canonical functor

VC(Y )⊕VC(Z) → VC(X) . (3.40)

These mutually inverse equivalences restrict to the continuous version Vc
C defined by the 

left Kan extension diagram (3.17). Since Y and Z are G-invariant, all functors above have 
canonical G-equivariant refinements. Hence we obtain the desired inverse by applying 
limBG ◦Idem to the equivariant version of (3.40). ⧫

Remark 3.21. One can also show that Vc,perf,G
C preserves flasqueness in the sense of [4, 

Def. 4.2.6]. This follows from [4, Lem. 4.2.16 & 5.1.8] using the fact that Idem and limBG

are additive functors.
On the other hand, Vc,perf,G is not expected to be excisive for arbitrary complemen

tary pairs since limBG does not preserve cofibre sequences in CatLex,perf
∞,∗ . In particular, 

postcomposing Vc,perf,G with homological functors will not give rise to coarse homology 
theories. ⧫

In the remainder of this section, we employ the lax symmetric monoidal structure on 
GVc,perf from (3.39) to equip Vc,perf,G with a lax symmetric monoidal structure and 
Vc,perf

G with a module structure over Vc,perf,G. The main ingredient lies in the following 
construction.4

4 This construction was suggested to us by Thomas Nikolaus.
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Construction 3.22. Let 𝒞 be a symmetric monoidal ∞-category which admits all BG
indexed limits. Then by [43, Cor. 3.2.2.5], the ∞-category of commutative algebras 
CAlg(𝒞) in 𝒞 admits all BG-indexed limits and the forgetful functor CAlg(𝒞) → 𝒞
preserves all BG-indexed limits. For A in Fun(BG,CAlg(𝒞)) we define AG := limBG A

in CAlg(𝒞). The counit of the adjunction

(−) : CAlg(𝒞) ⇆ Fun(BG,CAlg(𝒞)) : lim
BG 

provides a morphism AG → A in Fun(BG,CAlg(𝒞)).
We now consider the ∞-category of modules Mod(𝒞) whose objects are pairs (A,M)

of a commutative algebra A and an A-module M in 𝒞. The functor Mod(𝒞) → CAlg(𝒞)
which forgets the module is a cartesian fibration by [43, Cor. 3.4.3.4(1)]. For A in 
CAlg(𝒞), we write ModA(𝒞) for the fibre over A.

By [43, Rem. 2.1.3.4], the induced functor Fun(BG,Mod(𝒞)) → Fun(BG,CAlg(𝒞))
is identified with the cartesian fibration Mod(Fun(BG, 𝒞)) → CAlg(Fun(BG, 𝒞)). Re
garding A as an object in CAlg(Fun(BG, 𝒞)), the counit c : AG → A then induces a 
restriction functor between the fibres over A and AG:

c∗ : ModA(Fun(BG, 𝒞)) → Fun(BG,ModAG(𝒞))

If 𝒞 also admits BG-indexed colimits and the tensor product on 𝒞 preserves BG-indexed 
colimits in each variable separately, then [43, Cor. 4.3.2.5] shows that ModAG(𝒞) also 
admits BG-indexed colimits and that the forgetful functor ModAG(𝒞) → 𝒞 preserves 
BG-indexed colimits. Therefore, we have the composition

Φ : ModA(Fun(BG, 𝒞)) c∗ −→ Fun(BG,ModAG(𝒞)) colimBG −−−−−→ModAG(𝒞) (3.41)

which fits into the commutative diagram

ModA(Fun(BG, 𝒞)) Φ ModAG(𝒞)

Fun(BG, 𝒞)
colimBG 𝒞

(3.42)

in which the vertical arrows take the underlying module object. ⧫

In the following, we use the exponential law to regard the functor GVc,perf from (3.39)
as a lax symmetric monoidal functor

GVc,perf : Fun(BG,CatLEX
∞,∗ ) → Fun(GBC,Fun(BG,CatLex,perf

∞,∗ )) , (3.43)

where we equip the outer functor category in the target with the Day convolution struc
ture.
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Since limBG : Fun(BG,CatLex,perf
∞,∗ ) → CatLex,perf

∞,∗ is lax symmetric monoidal, post
composition with limBG induces by [45, Cor. 3.7] a lax symmetric monoidal functor

Vc,perf,G : Fun(BG,CatLEX
∞,∗ ) → Fun(GBC,CatLex,perf

∞,∗ )

which is a lax symmetric monoidal refinement of the functor denoted by the same symbol 
in Definition 3.18.

Since Spcop
∗ (equipped with the trivial G-action) is the tensor unit of Fun(BG, 

CatLEX
∞,∗ ), it refines to a commutative algebra object in Fun(BG,CatLEX

∞,∗ ). Conse
quently, evaluating Vc,perf,G at Spcop

∗ yields a commutative algebra object Vc,perf,G
Spcop

∗

in Fun(GBC,CatLex,perf
∞,∗ ).

Proposition 3.23. There exists a functor VM fitting into a commutative diagram

Fun(BG,CatLEX
∞,∗ ) VM

Vc,perf
G

ModVc,perf,G
Spc

op
∗

(Fun(GBC,CatLex,perf
∞,∗ ))

Fun(GBC,CatLex,perf
∞,∗ )

(3.44)

where the vertical arrow takes the underlying module object.

Proof. We begin by constructing the functor VM. Since GVc,perf from (3.43) is lax 
symmetric monoidal, application of Mod induces a functor

Mod(GVc,perf) : Mod(Fun(BG,CatLEX
∞,∗ ))

→Mod(Fun(GBC,Fun(BG,CatLex,perf
∞,∗ ))) .

As GVc,perf sends Spcop
∗ to GVc,perf

Spcop
∗

, this functor restricts to a functor

ModSpcop
∗ (Fun(BG,CatLEX

∞,∗ )) →ModGVc,perf
Spc

op
∗

(Fun(GBC,Fun(BG,CatLex,perf
∞,∗ ))) .

(3.45)
By [43, Prop. 3.4.2.1], there is an equivalence

Fun(BG,CatLEX
∞,∗ ) ≃ModSpcop

∗ (Fun(BG,CatLEX
∞,∗ )) . (3.46)

Composing (3.46) with (3.45), we obtain the first arrow in the composition

VM′ : Fun(BG,CatLEX
∞,∗ ) →ModGVc,perf

Spc
op
∗

(Fun(GBC,Fun(BG,CatLex,perf
∞,∗ )))

! ≃ModGVc,perf
Spc

op
∗

(Fun(BG,Fun(GBC,CatLex,perf
∞,∗ ))) .
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The lower equivalence in Corollary 3.12 allows us to interpret GVc,perf
Spcop

∗
as an algebra 

in Fun(BG,Fun(GBC,CatLex,perf
∞,∗ )) which we denote by the same symbol. The equiv

alence marked by ! is then the restriction of the upper equivalence from Corollary 3.12
to the fibres over GVc,perf

Spcop
∗

. Now use the functor Φ from (3.41) to define the functor 
VM := Φ ◦VM′ appearing as the upper horizontal arrow in (3.44).

The commutativity of (3.44) follows from the commutativity of (3.42). □
Proof of Theorem 3.5. In this proof, we distinguish notationally between the object 
Spcop

∗ of CatLEX
∞,∗ and the object Spcop

∗ of Fun(BG,CatLEX
∞,∗ ) which is given by Spcop

∗
equipped with the trivial G-action.

Let C be an object in Fun(BG,CatLEX
∞,∗ ). We begin by defining the weak module 

structure of Vc,perf
C,G over Vc,perf,G

Spcop
∗

whose existence is part of Assertion 3.5.3. Let VM be 

the functor from Proposition 3.23. Then the module VM(C) encodes an action trans
formation

α : Vc,perf,G
Spcop

∗
⊗Vc,perf

C,G → Vc,perf
C,G .

Define the natural transformation μ between functors GBC × GBC → CatLex,perf
∞,∗ as 

the composition

μ : Vc,perf,G
Spcop

∗
(−)⊗CatLex,perf

∞,∗
Vc,perf

C,G (−)

→ (Vc,perf,G
Spcop

∗
⊗Fun(GBC,CatLex,perf

∞,∗ ) Vc,perf
C,G ) ◦ (−⊗GBC −)

α◦(−⊗GBC−) −−−−−−−−−→ Vc,perf
C,G ◦ (−⊗GBC −) ,

where the first arrow is an instance of the transformation τ in (3.24). The unit object 1
of Fun(GBC,CatLex,perf

∞,∗ ) refines to a commutative algebra object. Since {∗} → GBC
is a symmetric monoidal functor, evaluation at ∗ defines a symmetric monoidal functor 
Fun(GBC,CatLex,perf

∞,∗ ) → CatLex,perf
∞,∗ by [45, Cor. 3.8]. It follows that 1(∗) ≃ Spcop,ω

∗ .
The commutative algebra object Vc,perf,G

Spcop
∗

comes equipped with a unit morphism 

ϵ : 1→ Vc,perf,G
Spcop

∗
. Its evaluation at ∗ in GBC therefore provides a functor

η : Spcop,ω
∗ ≃ 1(∗) → Vc,perf,G

Spcop
∗

(∗) .

The module structure on VM(C) also encodes that the composition

1⊗Vc,perf
C,G

ϵ⊗id −−−→ Vc,perf,G
Spcop

∗
⊗Vc,perf

C,G
α−→ Vc,perf

C,G

is equivalent to the canonical identification 1⊗Vc,perf
C,G ≃ Vc,perf

C,G . This gives rise to the 
commutative diagram
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Spcop,ω
∗ ⊗Vc,perf

C,G (−)
η⊗id

≃

Vc,perf,G
Spcop

∗
(∗)⊗Vc,perf

C,G (−)

μ(1⊗Vc,perf
C,G )(∗ ⊗ −)

ϵ⊗id

≃

(Vc,perf,G
Spcop

∗
⊗Vc,perf

C,G )(∗ ⊗ −)

α

Vc,perf
C,G (−) ≃ Vc,perf

C,G (∗ ⊗ −)

in Fun(GBC,CatLex,perf
∞,∗ ), where the unlabelled vertical arrows are again instances of 

τ in (3.24). This proves that η and μ define a weak module structure.
The following argument shows Assertion 3.5.2 that Vc,perf,G

Spcop
∗

(∗) ≃ Fun(BG,Spcop,ω
∗ )

in CatLex,perf
∞,∗ and identifies the map η.

As a first step, observe that evaluation at ∗ induces an equivalence ShSpcop
∗ (∗) ≃−→

Spcop
∗ in CATLex

∞,∗. Since ∗ has a unique non-empty entourage, namely diag(∗), the 

localisation functor is an equivalence ShSpcop
∗ (∗) ≃−→ ˆ︁VSpcop

∗ (∗). In view of the defini
tion of small sheaves, we have an equivalence Vc

Spcop
∗

(∗) ≃−→ Spcop,ω
∗ . Since Spcop,ω

∗ is 
idempotent complete, applying Idem induces an equivalence Vc,perf

Spcop
∗

(∗) ≃−→ Spcop,ω
∗ . The 

description of the unit of the algebra Vc,perf
Spcop

∗
(∗) (see (3.30) and (3.38)) implies that the 

unit morphism Spcop,ω
∗ → Vc,perf

Spcop
∗

(∗) is an inverse to this equivalence.
The object Spcop,ω

∗ is the tensor unit of Fun(BG,CatLex,perf
∞,∗ ). By [43, Cor. 3.2.1.9], 

Spcop,ω
∗ carries an essentially unique commutative algebra structure and admits an es

sentially unique map of commutative algebras Spcop,ω
∗ → Vc,perf

Spcop
∗

(∗). The preceding 

observation shows that the underlying functor Spcop,ω
∗ → Vc,perf

Spcop
∗

(∗) is an equiva
lence, so we have an equivalence Spcop,ω

∗ ≃ Vc,perf
Spcop

∗
(∗) of commutative algebras in 

Fun(BG,CatLex,perf
∞,∗ ). Application of limBG to this equivalence yields an equivalence 

limBG Spcop,ω
∗ ≃ Vc,perf,G

Spcop,ω (∗) of commutative algebras in CatLex,perf
∞,∗ . The underlying 

left-exact ∞-category of the left hand side is equivalent to Fun(BG,Spcop,ω
∗ ) since 

Spcop,ω
∗ carries the trivial G-action. This proves Assertion 3.5.2.

Under the identification limBG Spcop,ω
∗ ≃ Fun(BG,Spcop,ω

∗ ), the unit map of the 
algebra limBG Spcop,ω

∗ is given by the left-exact functor

Spcop,ω
∗ → Fun(BG,Spcop,ω

∗ )

which sends S0 to S0 as claimed by Assertion 3.5.4.
Finally, Vc,perf,G

Spcop
∗

is π0-excisive by Lemma 3.19, which proves Assertion 3.5.1. □
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4. Controlled CW-complexes

The functors Vc,perf,G
Spcop

∗
and Vc,perf

C,G discussed in Section 3.1 will ultimately be fed into 
Proposition 2.33 to prove the Farrell–Jones conjecture for certain classes of groups. The 
construction of transfer classes requires adequate point-set models for objects in Vc,perf

Spcop
∗

. 
We will be able to obtain such models using the notion of controlled CW-complexes that 
we previously considered in [13] and that goes back to work of Weiss [55].

Section 4.1 recalls the definition of the category CW(X) of controlled CW-complexes 
over a coarse space X. In Section 4.2, we discuss the realisation transformation 
r : CW(X)op → ˜︁VSpcop

∗ (X), where ˜︁VSpcop
∗ (X) is an ambient ∞-category which con

tains Vc,perf
Spcop

∗
(X) as a full subcategory. In Section 4.3, we consider bornological coarse 

spaces X and discuss finiteness conditions on objects in CW(X) which ensure that the 
corresponding images under r lie in Vc,perf

Spcop
∗

(X).

4.1. Controlled CW-complexes

A based CW-complex is a CW-complex Q together with a chosen 0-cell in Q. A 
morphism of based CW-complexes is a cellular and basepoint-preserving map. For Q
a based CW-complex, we denote by zi(Q) the set of i-cells. Let z(Q) :=

⋃︁
i∈N zi(Q)

denote the set of all cells of Q. Note that we regard Q as a relative CW-complex, so the 
basepoint is not a member of z0(Q).

If A is a subset of Q, then we denote by A
CW the minimal subcomplex of Q containing 

A. For a cell q of Q we write q ≤ A if q ⊆ A
CW . In particular, this defines a transitive 

and reflexive relation on the set of cells z(Q). Note that q ≤ q′ implies dim(q) ≤ dim(q′)
with equality precisely if q = q′.

Let X be a set.

Definition 4.1. An X-labelled CW-complex is a pair (Q,λ) consisting of a based CW
complex Q together with a map λ : z(Q) → X. ⧫

For a subcomplex Q′ of Q, we define the subset

λ(Q′) := λ(z(Q′)) (4.1)

of X.
Let (Q,λ) and (Q′, λ′) be two X-labelled CW-complexes and let U be an entourage 

of X.

Definition 4.2. A U -controlled morphism (Q,λ) → (Q′, λ′) is a morphism ϕ : Q→ Q′ of 
based CW-complexes such that for every q in z(Q) we have

λ′(ϕ(q)
CW

) ⊆ U [{λ(q)}]
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see (2.2) for the definition of the thickening operation U [−]. An X-labelled CW-complex 
is called U -controlled if its identity map is a U -controlled morphism. ⧫

We now assume that X is in Coarse and denote the coarse structure on X by 𝒞X .

Definition 4.3. An X-controlled morphism between X-labelled CW-complexes is a mor
phism of based CW-complexes which is U -controlled for some U in 𝒞X . ⧫

Definition 4.4. An X-controlled CW-complex is an X-labelled CW-complex whose iden
tity morphism is X-controlled. ⧫

If the coarse space X is clear from the context, we also speak about controlled mor
phisms and controlled CW-complexes.

For every map f : X → X ′ and every X-labelled CW-complex (Q,λ), we obtain an 
X ′-labelled CW-complex (Q, f ◦λ). If f is a morphism of coarse spaces and ϕ : (Q,λ) →
(Q′, λ′) is an X-controlled map, the same map ϕ is also an X ′-controlled map ϕ : (Q, f ◦
λ) → (Q′, f ◦ λ′).

Let CAT be the very large category of large ordinary categories.

Definition 4.5. We define a functor CW : Coarse→ CAT as follows:

1. The category CW(X) is the category of X-controlled CW-complexes and controlled 
morphisms.

2. If f : X → X ′ is a morphism between coarse spaces, then f∗ : CW(X) → CW(X ′)
sends a controlled CW-complex (Q,λ) to f∗(Q,λ) := (Q, f ◦λ), and sends a morphism 
ϕ : (Q,λ) → (Q′, λ′) in CW(X) to itself, regarded as a morphism ϕ : (Q, f ◦ λ) →
(Q′, f ◦ λ′) in CW(X ′). ⧫

4.2. The realisation transformation

To relate localisations of 1-categories to localisations of ∞-categories, the following 
observation is useful. Let 𝒞 be a category and let 𝒲 be a subcategory of 𝒞. Recall 
the notion of a calculus of left fractions from [31, Sec. 2]. If 𝒲 satisfies a calculus of 
left fractions, then Gabriel and Zisman construct a category 𝒲−1𝒞 which has the same 
objects as 𝒞 and whose morphisms sets are given by the formula

Hom𝒲−1𝒞(C,D) := colim 
(D→D′)∈𝒲D/

Hom𝒞(C,D′) . (4.2)

In particular, morphisms in 𝒲−1𝒞 are represented by zig-zags C f −→ D′
w ←− D with w in 

𝒲. There is a canonical functor 𝒞 → 𝒲−1𝒞 sending a morphism f : C → D to the class 
of the zig-zag C

f −→ D
id←− D.
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Lemma 4.6. If 𝒲 satisfies a calculus of left fractions, then the functor 𝒞 → 𝒲−1𝒞 exhibits 
𝒲−1𝒞 as a localisation of 𝒞 at 𝒲 both in Cat and in Cat∞.

Proof. [31, Prop. 2.4] asserts that 𝒞 → 𝒲−1𝒞 is the localisation of 𝒞 at 𝒲 in Cat.
For y in 𝒞, denote by 𝒲(y) the full subcategory of 𝒞y/ spanned by the morphisms 

which lie in 𝒲. The calculus of left fractions implies that 𝒲(y) is filtered. Since the 
inclusion of Set into Spc preserves filtered colimits, the colimit

colim(y→y′)∈𝒲(y) Hom𝒞(x, y′)

is the same in both categories.
By [24, 7.2.7 & Thm. 7.2.8] and [31, Prop. 2.4], the above colimit computes the 

mapping spaces both of the localisation in Cat and in Cat∞, which implies that these 
localisations are equivalent. □

Recall the functor ˜︁V from (3.13). We proceed to construct a natural transformation

r : CWop → ˜︁VSpcop
∗ .

As a first step, we construct a natural transformation

r0 : CWop → ˜︁VTopop
∗ .

The same argument as in the proof of [4, Prop. 3.5.3] shows that for every X in Set, 
the pair (PShTopop

∗ (X),˜︂WX) satisfies a calculus of left fractions, where ˜︂WX denotes the 
class of morphisms introduced in (3.12) which compare each object with its thinned out 
counterparts. With Lemma 4.6 we conclude that ˜︁VTopop

∗ (X) is a 1-category. In particular, 
in order to construct r0 it suffices to specify a functor r0,X : CW(X)op → ˜︁VTopop

∗ (X)
for every X in Coarse, and to check naturality.

Every object (Q,λ) of CW(X)op gives rise to a presheaf

r0,X(Q,λ) : 𝒫op
X → Topop

∗ , Y ↦→ Q(Y ) , (4.3)

where Q(Y ) is the largest subcomplex of Q such that λ(Q(Y )) ⊆ Y , see (4.1) for notation.
Let ϕ : (Q,λ) → (Q′, λ′) be a U -controlled morphism in CW(X). Assume that 

diag(X) ⊆ U and recall the U -thinning functor U(−) : 𝒫X → 𝒫X from (3.9). If q is 
a cell in Q(U(Y )), then λ(qCW ) ⊆ U(Y ) by definition. Then U [λ(qCW )] ⊆ Y because 
U(−) is right adjoint to U [−] : 𝒫X → 𝒫X . Since ϕ is U -controlled, it follows that

λ′(ϕ(q)
CW

) ⊆ U [{λ(q)}] ⊆ U [λ(qCW )] ⊆ Y .

So ϕ(Q(U(Y ))) ⊆ Q′(Y ) for every Y in 𝒫X . Hence ϕ induces a morphism represented 
by
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r0,X(Q′, λ′) ϕop −−→ U∗r0,X(Q,λ) ← r0,X(Q,λ)

in ˜︁VTopop
∗ (X), where the second morphism is the canonical one. This finishes the con

struction of the functor r0,X . One checks explicitly that this construction yields a 
well-defined transformation

r0 : CWop → ˜︁VTopop
∗

between CAT-valued functors.
In the following, we implicitly use the inclusion CAT→ CAT∞ given by the nerve in 

order to view r0 : CWop → ˜︁VTopop
∗ as a natural transformation between CAT∞-valued 

functors. The canonical functor

ψ : Topop
∗ → Spcop

∗ (4.4)

induces the transformation

ψ∗ : ˜︁VTopop
∗ → ˜︁VSpcop

∗ .

Definition 4.7. We define the realisation transformation as the composition

r := ψ∗ ◦ r0 : CWop → ˜︁VSpcop
∗ . ⧫

We now show that the realisation of every controlled CW-complex is a sheaf. This 
will imply that r factors over the ∞-category ˆ︁VSpcop

∗ from (3.11).
Let X be a set and U be a symmetric entourage of X which contains the diagonal. 

Furthermore, let (Q,λ) be in CW(X)op. Recall the characterisation of U -sheaves in 
terms of the diagram (3.8).

Proposition 4.8. If (Q,λ) is U -controlled, then r(Q,λ) is a U2-sheaf.

Proof. We have to show that the commutative diagram

𝒫U2bd,op
X

r(Q,λ)◦i

i

Spcop
∗

𝒫op
X

r(Q,λ)

exhibits r(Q,λ) as a right Kan extension of r(Q,λ) ◦ i along i, where 𝒫U2bd
X denotes the 

subposet of 𝒫X containing the U2-bounded subsets of X. To make the argument easier to 
parse, we apply (−)op to the above diagram. As before, denote by ψ : Top∗ → Spc∗ the 
canonical functor. Then we have to show that for every Y in 𝒫X the canonical morphism
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colim 
(Y ′→Y )∈i/Y

ψ(Q(Y ′)) → ψ(Q(Y )) (4.5)

is an equivalence. Note that i/Y is isomorphic to the nerve of the subposet {Y ′ ∈ 𝒫X |
Y ′ ⊆ Y, Y ′ is U2-bounded} of 𝒫X .

Since we need to calculate colimits of images of diagrams in Top∗ under ψ, we equip 
Top∗ with the standard model structure. We claim that the underlying diagram

QY : i/Y → Top∗, (Y ′ → Y ) ↦→ Q(Y ′)

is cofibrant in the projective model structure on Fun(i/Y,Top∗). In fact, we will show 
that QY is a cell complex in the diagram category. There is a canonical filtration

∗ = Q−1
Y ⊆ Q0

Y ⊆ Q1
Y ⊆ . . . ⊆ Qn

Y ⊆ . . . ⊆ QY , (4.6)

where Qn
Y sends Y ′ to the n-skeleton of Q(Y ′). The key observation is that an n-cell q of 

Q is contained in Q(Y ′) if and only if λ(qCW ) ⊆ Y ′. It follows that colimn∈N Qn
Y
∼ = QY . 

Moreover, there exists for every n in N a pushout

∐︁
q∈zn+1(Q(Y ))

(Sn ×Homi/Y (λ(qCW ),−))+ Qn
Y

∐︁
q∈zn+1(Q(Y ))

(Dn+1 ×Homi/Y (λ(qCW ),−))+ Qn+1
Y

in Fun(i/Y,Top∗). Thus, the filtration in (4.6) exhibits QY as a cell complex in 
Fun(i/Y,Top∗).

The comparison map from (4.5) factors as

colim 
(Y ′→Y )∈i/Y

ψ(Q(Y ′)) → ψ( colim 
(Y ′→Y )∈i/Y

Q(Y ′)) → ψ(Q(Y )) .

The first map is an equivalence since QY is a cofibrant diagram in the projective model 
structure.

Since λ(qCW ) ⊆ U [{λ(q)}], the set λ(qCW ) is U2-bounded. It follows that colimi/Y QY

∼ = Q(Y ). Hence the second map is also an equivalence. □
Recall the functor Sh and its localisation ˆ︁V : Coarse × CATcplt

∞,∗ → CATLex
∞,∗, see 

(3.11). By Corollary 3.2, the natural transformation ˆ︁V→ ˜︁V ◦ (id×i) realises ˆ︁V as a full 
subfunctor.

Corollary 4.9. The realisation transformation factors over a transformation

r : CWop → ˆ︁VSpcop
∗ .
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Proof. By Corollary 3.2, ˆ︁VC(X) is the full subcategory of ˜︁VC(X) spanned by those 
objects which are sheaves on X. Then the corollary follows from Proposition 4.8. □

There is a canonical notion of weak equivalence between objects in CW(X), namely 
that of a controlled homotopy equivalence; these are the weak equivalences of the Wald
hausen structure on CW(X) considered in [13]. We close this subsection by recalling the 
definition and showing that r inverts controlled homotopy equivalences.

Let X be a set and U be an entourage of X. Let (Q,λ) be an X-labelled CW-complex 
which is U -controlled. Consider the unit interval [0, 1] as a CW-complex with exactly 
two 0-cells and one 1-cell. Then the cylinder [0, 1]+∧Q carries an induced CW-structure 
and acquires a labelling via

z([0, 1]+ ∧Q) pr −→ z(Q) λ−→ X .

The cylinder on (Q,λ) is the X-labelled CW-complex

I(Q,λ) := ([0, 1]+ ∧Q,λ ◦ pr) . (4.7)

This complex is also U -controlled. The inclusions {0} → [0, 1] and {1} → [0, 1] determine 
diag(X)-controlled morphisms i0, i1 : (Q,λ) → I(Q,λ). Moreover, the projection [0, 1]+∧
Q→ Q is a diag(X)-controlled morphism I(Q,λ)→ (Q,λ).

Let (Q′, λ′) be a second U -controlled CW-complex on X and consider two morphisms 
ϕ0, ϕ1 : (Q,λ) → (Q′, λ′).

Definition 4.10. A U -controlled homotopy between ϕ0 and ϕ1 is a U -controlled morphism 
H : I(Q,λ) → (Q′, λ′) such that ϕ0 = H ◦ i0 and ϕ1 = H ◦ i1. ⧫

Let ϕ : (Q,λ) → (Q′, λ′) be a U -controlled morphism between controlled CW
complexes.

Definition 4.11. The morphism ϕ is a U -controlled homotopy equivalence if there exist 
a U -controlled map ϕ′ : (Q′, λ′) → (Q,λ) and U -controlled homotopies ϕ′ ◦ ϕ ∼ idQ and 
ϕ ◦ ϕ′ ∼ idQ′ .

If X is a coarse space, we call ϕ a controlled homotopy equivalence if it is a U -controlled 
homotopy equivalence for some coarse entourage U of X. ⧫

Remark 4.12. Since I(f∗(Q,λ)) ∼ = f∗I(Q,λ) for every morphism f : X → X ′ of coarse 
spaces, the induced functor f∗ : CW(X) → CW(X ′) preserves controlled homotopy 
equivalences. ⧫

Remark 4.13. Controlled homotopy is an equivalence relation and is preserved under 
composition with controlled maps. It follows that controlled homotopy equivalences sat
isfy the two-out-of-six property. ⧫
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Lemma 4.14. The realisation transformation r sends controlled homotopy equivalences to 
equivalences.

Proof. Let X be in Coarse and (Q,λ) be in CW(X). It suffices to show that r sends 
the projection I(Q,λ) → (Q,λ) to an equivalence. We observe that r0 sends this map 
to a morphism represented by a map r0,X(Q,λ) → [0, 1]+ ∧ r0,X(Q,λ) in PShTopop

∗ (X). 
Since this map becomes an equivalence after postcomposition with ψ, the map r(Q,λ)→
r(I(Q,λ)) is an equivalence in ˆ︁VSpcop

∗ (X) □
4.3. Finiteness conditions

We consider a bornological coarse space X. Recall the functor Vc,perf in (3.18). We 
have a full subcategory Vc,perf

Spcop
∗

(X) of ˆ︁VSpcop
∗ (X). If (Q,λ) is in CW(X)op, then we have 

r(Q,λ) in ˆ︁VSpcop
∗ (X) by Corollary 4.9. In this subsection, we introduce the notion of 

finite domination which ensures that r(Q,λ) belongs to the subcategory Vc,perf
Spcop

∗
(X).

By construction, the functors ˆ︁V from (3.11), V from (3.16) and Vc from (3.17), all 
considered in the case of trivial G, give rise to a sequence of fully faithful functors

Vc
Spcop

∗
(X) → VSpcop

∗ (X) → ˆ︁VSpcop
∗ (X) . (4.8)

We consider X-controlled CW-complexes (K,κ) and (Q,λ) in CW(X). Recall that ℬX

denotes the bornology of X.

Definition 4.15. 

1. The X-controlled CW-complex (K,κ) is locally finite if the subcomplex K(B) (see 
(4.3) for notation) contains only finitely many cells for every B in ℬX .

2. The X-controlled CW-complex (Q,λ) is finitely dominated if there exists a diagram

(Q′, λ′) i−→ (K,κ) p−→ (Q,λ)

in CW(X) such that (K,κ) is locally finite and the composition p ◦ i is a controlled 
homotopy equivalence.

3. We denote by CWfd(X) the full subcategory of CW(X) consisting of the finitely 
dominated objects. ⧫

Recall that u : BC→ Coarse is the forgetful functor.

Lemma 4.16. The collection of subcategories CWfd(X) for all X in BC forms a full 
subfunctor CWfd : BC→ CAT of CW ◦ u.

Proof. If f : X → X ′ is a morphism in BC and (Q,λ) is in CWfd(X), then we must 
show that f∗(Q,λ) ∈ CWfd(X ′). Consider a diagram (Q′, λ′) → (K,κ) → (Q,λ) in 
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CW(X) witnessing that (Q,λ) is finitely dominated. Then the diagram f∗(Q′, λ′) →
f∗(K,κ) → f∗(Q,λ) witnesses that f∗(Q,λ) is finitely dominated since f∗ preserves 
controlled homotopies by Remark 4.12 and f∗(K,κ) is locally finite since f is proper and 
(K,κ) is locally finite. □

We consider the composition of the realisation transformation with the canonical 
inclusion into the idempotent completion

rperf : CWop r −→ ˆ︁VSpcop
∗ → Idem(ˆ︁VSpcop

∗ ) . (4.9)

We apply Idem to the fully faithful functor Vc
Spcop

∗
(X) → ˆ︁VSpcop

∗ (X) from (4.8). Since 
Idem preserves fully faithfulness, the functor

Vc,perf
Spcop

∗
(X) = Idem(Vc

Spcop
∗

(X)) → Idem(ˆ︁VSpcop
∗ (X))

identifies Vc,perf
Spcop

∗
(X) with a full subcategory of Idem(ˆ︁VSpcop

∗ (X)).
Let (Q,λ) be in CW(X)op.

Proposition 4.17. If (Q,λ) is finitely dominated, then rperf
X (Q,λ) belongs to Vc,perf

Spcop
∗

(X).

Proof. Suppose for the beginning that (K,κ) in CW(X)op is locally finite. We will 
first show that rX(K,κ) is a small sheaf. In view of Definition 4.7 and the definition of 
smallness given in Section 3.1, we must show that ψ(K(B)) belongs to Spcop,ω

∗ for every 
B in ℬX . This is the case since ψ sends finite CW-complexes to cocompact objects, and 
(K,κ) is a finite CW-complex K(B) by the assumptions on (K,κ).

The subset κ(K) of X is by assumption a locally finite subset of X. In particular, 
rX(K,κ) belongs to the image of i∗ : VSpcop

∗ (κ(K)) → VSpcop
∗ (X), where i : κ(K) → X

is the inclusion. By Remark 3.3, this implies that pX(K,κ) belongs to Vc
Spcop

∗
(X).

Suppose now that (Q,λ) is finitely dominated. Then Lemma 4.14 implies that 
rperf
X (Q,λ) is a retract of rperf

X (K,κ) for some locally finite (K,κ) in CW(X)op. So 
rperf
X (Q,λ) belongs to Idem(Vc

Spcop
∗

(X)) as claimed. □
In view of Proposition 4.17 we can make the following definition.

Definition 4.18. We let

rfd : CWfd,op → Vc,perf
Spcop

∗

be the natural transformation obtained by restricting the natural transformation 
(4.9). ⧫

Remark 4.19. Let X be a bornological coarse space and let Y be a union of coarse 
components. Consider an object (Q,λ) in CW(X). Since the subcomplex generated by 
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a single cell of Q is necessarily supported on a coarse component of X, the subcomplex 
Q(Y ) coincides with the subcomplex spanned by all cells whose label lies in Y . Similarly, 
if ϕ : (Q,λ) → (Q′, λ′) is a morphism in CW(X), the image ϕ(q) of a cell q with λ(q) ∈ Y

can only have non-trivial intersections with cells in Q(Y ). Consequently, there exists a 
restriction functor

CW(X) → CW(Y ), (Q,λ) ↦→ (Q(Y ), λ|Q(Y )) .

This functor preserves finitely dominated objects, so we also have a restriction functor 
CWfd(X) → CWfd(Y ).

Unwinding definitions, one checks that there exists a commutative diagram

CWfd(X)

rfd

CWfd(Y )

rfd

Vc,perf
Spcop

∗
(X)

(−)|Y
Vc,perf

Spcop
∗

(Y )

in which the functor (−)|Y is the restriction functor from Remark 3.20. ⧫

In the remainder of this section, we formulate a criterion to recognise finitely domi
nated objects in CW(X).

Let f : S → T be a map of topological spaces and let U be an entourage of T .

Definition 4.20. The map f is U -bounded if f(S) is a U -bounded subset of T . ⧫

Let T be a topological space, and let U be an open entourage of T containing the 
diagonal. We let TU denote the coarse space obtained by equipping T with the coarse 
structure generated by U . Define SingU (T ) as the sub-simplicial set of the singular 
complex Sing(T ) consisting of the U -bounded singular simplices. Taking the geometric 
realisation and adjoining a base point, we obtain the based CW-complex |SingU (T )|+. 
Note that its set of cells z(|SingU (T )|) is the set of non-degenerate singular simplices. 
We equip |SingU (T )|+ with the labelling λ : z(|SingU (T )|) → T which sends a singular 
simplex σ : Δn → T to σ(b), where b is the barycentre in Δn. The pair (|SingU (T )|+, λ)
is a controlled CW-complex over T .

Definition 4.21. We set

CU (T ) := (|SingU (T )|+, λ) in CW(TU ) . ⧫

Let T and T ′ be topological spaces and X be a set with an entourage U . Suppose 
that ℓ : T → X and ℓ′ : T ′ → X are functions between the underlying sets.
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Definition 4.22. A continuous map f : T ′ → T is U -controlled if

{(ℓ′(t), ℓ(f(t))) | t ∈ T ′} ⊆ U . ⧫

We define the cylinder on (T, ℓ) as the pair

I(T, ℓ) := (T × [0, 1], T × [0, 1] pr −→ T
ℓ−→ X) . (4.10)

Definition 4.23. A U -controlled homotopy is a U -controlled map I(T ′, ℓ′) → (T, ℓ). ⧫

Remark 4.24. The notion of a U -controlled homotopy is usually phrased in terms of 
open covers of T , see for example [34, Ch. IV.1]. If 𝒰 is an open cover of T , then 
U :=

⋃︁
V ∈𝒰 (V ×V ) is an open entourage of T , and the notion of U -homotopy reduces to 

the definition in [34]. Similarly, every open entourage U containing the diagonal induces 
an open cover 𝒰 := {V ⊆ T | V open and V × V ⊆ U} such that a 𝒰-homotopy in the 
sense of [34, Ch. IV.1] is the same as a U -homotopy in the above sense. We will use this 
translation in the proof of Proposition 4.28. ⧫

If U ′ is a second open entourage on the topological space T such that U ′ ⊆ U , then 
there is a natural inclusion CU ′(T ) → CU (T ) in CW(TU ).

Lemma 4.25. The inclusion CU ′(T ) → CU (T ) is a U -controlled homotopy equivalence.

Proof. Note that the inclusion is a homotopy equivalence by the excision property of 
singular homology with respect to open coverings. The difficulty lies in showing that 
the map is a controlled homotopy equivalence. For metric spaces this is done in [27, 
Lem. 7.21(2)]. The same argument applies to spaces equipped with an open entourage: 
whenever one speaks of δ-control in the metric world, one replaces this by U -control. □
Construction 4.26. Let T be a topological space and X be a coarse space. Let V be an 
open entourage of T . Then CV (T ) is an object of CW(TV ). If ℓ : T → X is a function 
such that ℓ(V ) is a coarse entourage of X, then ℓ : TV → X is a morphism of coarse 
spaces.

Consider another topological space T ′. If f : T ′ → T is a continuous map and V ′ is 
an open entourage of T ′ such that f(V ′) ⊆ V , then f induces a map SingV

′
(T ′) →

SingV (T ). If ℓ′ : T ′ → X is a second function such that f is U -controlled for some 
coarse entourage U of X, it follows that ℓ′(V ′) is a coarse entourage of X and the map 
SingV

′
(T ′) → SingV (T ) induces a controlled morphism

f♯ : ℓ′∗CV ′
(T ′) → ℓ∗C

V (T )

in CW(X). We use this construction freely in the sequel. ⧫
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Let T and T ′ be topological spaces and X be a coarse space. Let V be an open 
entourage of T . Suppose that ℓ : T → X and ℓ′ : T ′ → X are functions between the 
underlying sets such that ℓ(V ) is a coarse entourage of X. Consider an ℓ(V )-controlled 
homotopy h : I(T ′, ℓ′) → (T, ℓ).

Lemma 4.27. There exist an open entourage V ′ of T ′ such that hi(V ′) ⊆ V for i = 0, 1
and a controlled homotopy between the induced morphisms hi,♯ : ℓ′∗CV ′(T ′) → ℓ∗C

V (T )
in CW(X).

Proof. For an arbitrary entourage V ′ of T ′, denote by I(V ′) the entourage V ′ × [0, 1]2
of T ′ × [0, 1]. Since h is continuous and [0, 1] is compact, there exists an open entourage 
V ′ of T ′ such that I(V ′) ⊆ h−1(V ). In particular, hi(V ′) ⊆ V for i = 0, 1.

Consider the cylinder I(CV ′(T ′)) in CW(T ′V ′), which was defined in (4.7). Since 
[0, 1] ∼ = |Δ1| and both Sing and geometric realisation commute with finite products, the 
unit map Δ1 → Sing([0, 1]) induces a map

|SingV
′
(T ′)| × [0, 1] → |SingV

′
(T ′)× Sing([0, 1])| ∼ = |SingI(V

′)(T ′ × [0, 1])|

which is a controlled morphism I(CV ′(T ′)) → pr∗ CI(V ′)(T ′× [0, 1]) in CW(T ′V ′), where 
pr: T ′ × [0, 1] → T ′ denotes the projection. Using this morphism, we obtain an induced 
controlled homotopy

I(ℓ′∗CV ′
(T ′)) ∼ = ℓ′∗I(CV ′

(T ′)) → ℓ′∗ pr∗ CI(V ′)(T ′ × [0, 1]) h♯ −→ ℓ∗C
V (T )

in CW(X) which restricts to hi,♯ : ℓ′∗CV ′(T ′) → ℓ∗CV (T ) at its endpoints. □
Let T be a locally compact topological space and U be an open entourage of T . We 

assume that for every relatively compact subset B of T also the U -thickening U [B] (see 
(2.2)) is relatively compact. Under this condition, we can consider the bornological coarse 
space TU,rc obtained by equipping T with the coarse structure generated by U and the 
bornology of relatively compact subsets.

Proposition 4.28. If T is a locally compact ANR, then CU(T ) belongs to CWfd(TU,rc).

Proof. Using Remark 4.24 to translate into our terminology, there exist by [34, 
Cor. IV.6.2] a locally finite simplicial complex K, continuous maps α : T → K and 
ω : K → T and a U -homotopy h : ω ◦ α ∼ idT of controlled maps (T, idT ) → (T, idT ). 
By Lemma 4.27, there exist an open entourage V of T such that V and α−1ω−1(V ) are 
contained in U and a controlled homotopy k : I(CV (T )) → CU (T ) in CW(TU ) from the 
inclusion CV (T ) → CU (T ) to (ω ◦ α)♯ : CV (T ) → CU (T ).

Note that (ω ◦ α)♯ factors as

CV (T ) α♯ −→ ω∗C
ω−1(U)(K) ω♯ −→ CU (T ) .
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Replacing K by an appropriate iterated barycentric subdivision, we may assume that 
all simplices in K are ω−1(U)-bounded; note that the number of necessary subdivisions 
is locally bounded, but may not be globally bounded. Denote by D(K) the tautologi
cal object in CW(Kω−1(U)) given by K (labelling each simplex by its barycentre). By 

[27, Lem. 7.21(3)], the canonical inclusion j : D(K) → Cω−1(U)(K) admits an ω−1(U)
controlled homotopy inverse t. Consequently, ω♯ ◦ α♯ is controlled homotopic to the 
composition

CV (T ) α♯ −→ ω∗C
ω−1(U)(K) ω∗t −−→ ω∗D(K) ω∗j −−→ ω∗C

ω−1(U)(K) ω♯ −→ CU (T ) .

Since ω∗D(K) is locally finite and the entire composition is controlled homotopic to the 
inclusion CV (T ) → CU (T ), it is a controlled homotopy equivalence by Lemma 4.25. 
Hence CU (T ) lies in CWfd(TU,rc). □
5. Finitely 𝓕 -amenable groups

This section is dedicated to the proof that the assembly map is a phantom equivalence 
for finite homotopy ℱ-amenable groups, a notion we will introduce in Definition 5.4
below.

Let G be a finitely generated group and ℱ be a family of subgroups. Let C be a 
left-exact ∞-category with G-action and let H : CatLex

∞,∗ → M be a functor to a sta
bly monoidal and cocomplete stable ∞-category which admits countable products. We 
consider the functor HCG : GOrb→ CatLex,perf

∞,∗ introduced in Definition 1.8.

Theorem 5.1. Assume that

1. G is finitely homotopy ℱ-amenable;
2. H is a lax monoidal, finitary localising invariant.

Then the assembly map

Aℱ,HCG
: colim 

GℱOrb
HCG → HCG(∗)

is a phantom equivalence.

Recall that the notion of phantom equivalence was introduced in Definition 2.5.

5.1. Finitely homotopy ℱ-amenable groups

The notion of finite (homotopy) ℱ-amenability goes back to [16,14,53], where it was 
used to prove instances of the K-theoretic Farrell–Jones conjecture with coefficients in 
additive categories. The formulation in Definition 5.4 below was given in [2, Def. 2.11 & 
Thm. 2.12].
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Let G be a group and Z be a topological space.

Definition 5.2. A homotopy coherent G--action (Γ, Z) is a continuous map

Γ :
∞ ∐︂
k=0

⎛⎝ k∏︂
j=1

(G× [0, 1])×G× Z

⎞⎠→ Z

with the following properties:

Γ(gk, tk, . . . , g1, t1, g0, z)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Γ(gk, tk . . . , gj ,Γ(gj−1, tj−1, . . . , g0, z)) tj = 0, 1 ≤ j ≤ k

Γ(gk, tk, . . . , tj+1, gjgj−1, tj−1, . . . , g0, z) tj = 1, 1 ≤ j ≤ k

Γ(gk, tk, . . . , g2, t2, g1, z) g0 = e

Γ(gk, tk, . . . , gj+1, tj+1tj , gj−1, . . . , g0, z) gj = e, 1 ≤ j < k − 1
Γ(gk−1, tk−1, . . . , g0, z) gk = e

x g0 = e, k = 0

⧫ (5.1)

Remark 5.3. Definition 5.2 is a special case of the notion of homotopy coherent diagram 
introduced by Vogt [52]. It can be considered as a model (in the topologically enriched 
context) for a functor BG→ Spc whose underlying object is ℓ(X), where ℓ : Top→ Spc
is the canonical functor, see [25] for further discussion. Since we do not want to elaborate 
on the details of such a comparison and prefer to argue in a model-independent way as 
much as possible, we are forced to take some detours in the following subsections which 
allow us to use established facts about the localisation functor Top→ Spc. In particular, 
for this reason we work with the strictification of homotopy coherent G-actions described 
in Construction 5.11. ⧫

Let G be a finitely generated group and ℱ be a family of subgroups.

Definition 5.4. The group G is finitely homotopy ℱ-amenable if there exist

1. a collection (Γn, Zn)n∈N of homotopy coherent G-actions,
2. a collection (Wn)n∈N of G-simplicial complexes,
3. a collection (fn)n∈N of continuous maps fn : Zn →Wn

such that the following holds:

i. for every n in N the topological space Zn is a compact AR5;

5 AR stands for absolute retract (with respect to the class of metrisable spaces). See [34, Sec. III.6]. An 
ANR (absolute neighbourhood retract) is an AR if and only if it is contractible [34, Thm. 7.1 & Prop. 7.2].
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ii. for every n in N the stabilisers of Wn belong to ℱ ;
iii. sup 

n∈N
dimWn <∞;

iv. for all k in N and all collections g0, . . . , gk in G we have

sup 
(t1,...,tk)∈[0,1]k

z∈Zn

d(fn(Γn(gk, tk, . . . , t1, g0, z)), gk . . . g0fn(z)) n→∞ −−−−→ 0 . ⧫

In Condition 5.4.iv, we equip the simplicial complexes Wn with their spherical path 
metrics (or alternatively with the ℓ1-metric, see the discussion in Construction 2.36).

Remark 5.5. The condition formulated in Definition 5.4 is slightly weaker than the as
sumptions in [2, Thm. 2.12] since we do not require a uniform bound on the dimension 
of the ARs Zn. In practice, however, the dimensions of the simplicial complexes Wn are 
usually bounded in terms of the dimensions of the spaces Zn. In this case (Zn)n is a 
collection of ERs6 with uniformly bounded covering dimension. ⧫

The proof of Theorem 5.1 relies on Proposition 2.33. We will apply this proposition 
to the functors

V := Vc,perf
C,G : GBC→ CatLex,perf

∞,∗ and U := Vc,perf,G
Spcop

∗
: GBC→ CatLex,perf

∞,∗ , (5.2)

where Vc,perf
C,G is the evaluation of Vc,perf

G from Definition 3.4 at C and Vc,perf,G
Spcop

∗
is the 

evaluation of Vc,perf,G from Definition 3.4 at Spcop
∗ . By Theorem 3.5, V admits a weak 

module structure (η, μ) over the π0-excisive functor U , see Definition 2.28.
Let H : CatLex

∞,∗ → M be a lax monoidal, finitary localising invariant. By [4, 
Prop. 5.4.5], the functor HV : GBC→M extends the functor HCG from Definition 1.8
in the sense of Definition 2.12. We are going to construct a transfer class (X, t) for the 
tuple (U, η, V,H,ℱ), see Definition 2.31. For an appropriate choice of X, the morphism 
t will be determined by an object t0 in U(X) as explained in Remark 2.32. This means 
that we have to produce a homotopy fixed point in Vc,perf

Spcop
∗

(X) from the point-set data 
provided by the assumption that G is finitely homotopy ℱ-amenable. The next section 
describes an auxiliary construction which allows us to do this.

5.2. Shift categories

In this subsection, it is useful not to drop the nerve functor N: Cat → Cat∞ from 
notation. By abuse of notation, we write Cat[Equiv−1] for the essential image of the 
nerve functor. This notation is motivated by the fact that the factorisation of the nerve 
through its essential image Cat→ Cat[Equiv−1] presents its target as the Dwyer–Kan 
localisation of Cat at the equivalences of categories.

6 ER stands for Euclidean retract. These are precisely the finite-dimensional ARs.
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We denote the category of relative categories by RelCat. Its objects are pairs (𝒞,W )
of 𝒞 in Cat and a wide subcategory W of 𝒞. Morphisms (𝒞,W ) → (𝒞′,W ′) in RelCat
are functors 𝒞 → 𝒞′ sending W to W ′. Given (𝒞,W ) in RelCat we can consider the 
Dwyer–Kan localisation

ℓ : N(𝒞) → N(𝒞)[W−1] (5.3)

in Cat∞. The formation of these localisations is functorial with respect to morphisms 
in RelCat and gives rise to a localisation functor

RelCat→ Fun(Δ1,Cat∞), (𝒞,W ) ↦→
(︁
ℓ : N(𝒞) → N(𝒞)[W−1]

)︁
.

Let (𝒞,W ) be in Fun(BG,RelCat). By functoriality, ℓ induces a canonical morphism

lim
BG 

N(𝒞) → lim
BG 

N(𝒞)[W−1] . (5.4)

Hence we can produce objects on the right hand by providing objects on the left hand 
side. To describe objects in the latter, it is useful to have an explicit model of limBG N(𝒞).

Construction 5.6. For a category 𝒞 with strict G-action we define a new category 𝒞hG. 
In Lemma 5.7 we will show that its nerve models limBG N(𝒞).

1. The objects of 𝒞hG are pairs (C, ρ) consisting of an object C of 𝒞 together with a 
collection ρ = (ρg)g∈G of morphisms ρg : C → g(C) satisfying the cocycle condition

g(ρg′)ρg = ρgg′ for all g, g′ in G . (5.5)

2. A morphism (C, ρ) → (C ′, ρ′) is given by a morphism f : C → C ′ in 𝒞 such that the 
diagram

C
f

ρ(g)

C ′

ρ′(g)

g(C)
g(f)

g(C ′)

commutes for all g in G. ⧫

Lemma 5.7. We have a natural equivalence

ι : N(𝒞hG) ≃−→ lim
BG 

N(𝒞) . (5.6)

Proof. This can be shown similarly as [8, Thm. 3.4.3] which is an analogous result for 
additive categories. In the following, we sketch the argument. One considers the model 
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structure on the category of small categories given in [47] which models the localisa
tion N: Cat → Cat[Equiv−1] from above. One then equips Fun(BG,Cat) with the 
corresponding injective model category structure. Given 𝒞 in Fun(BG,Cat), by the 
general relation between homotopy limits in model categories and limits in the associ
ated ∞-categories explained, e.g., in [21, Prop. 13.6] or [44, Sec. 4.2.4], the ∞-category 
limBG N(𝒞) is represented by N(limBG R𝒞), where R𝒞 is some fibrant resolution of 𝒞. 
An explicit choice of a fibrant resolution is given by Fun( ˜︁G, 𝒞), where ˜︁G is the cat
egory with G-action whose underlying G-set of objects is G with the left action by 
G, and whose morphism sets between all pairs of objects consist of single points. The 
group G acts on Fun( ˜︁G, 𝒞) by conjugation. One checks by an explicit calculation that 
limBG Fun( ˜︁G, 𝒞) ≃ 𝒞hG. □

We would like to apply the above construction to the relative G-category (𝒞,W ) :=
(CWfd(X),𝒲(X)) for a certain G-bornological coarse space X, where 𝒲(X) is the sub
category of controlled homotopy equivalences. However, CWfd(X) itself turns out to be 
too small to host the required homotopy invariants. In the following, we describe an en
largement of general objects (𝒞,W ) in Fun(BG,RelCat) which will increase the chance 
to find homotopy invariants, and which indeed will work in our concrete application.

We start with introducing a category FunW
shift(N, 𝒞) together with a factorisation of 

ℓ from (5.3) as

N(𝒞) → N(FunW
shift(N, 𝒞)) → N(𝒞)[W−1] ,

see Proposition 5.10 below. Since the category FunW
shift(N, 𝒞) is in general bigger than 

𝒞, it tends to be easier to construct objects in FunW
shift(N, 𝒞)hG. In summary, our aim is 

to construct homotopy fixed points in N(𝒞)[W−1], but it is easier to do the construction 
in the 1-categorical setting. For this we work in the auxiliary category FunW

shift(N, 𝒞)
which is large enough to contain the needed fixed points, but is still explicit enough to 
do the construction. The idea of enlarging 𝒞 to the category FunW

shift(N, 𝒞) is originally 
due to Bartels and Reich [19, Sec. 8.2] and was also used in [16] for the construction of 
a transfer.

Let 𝒞 be in Cat. Considering N as a poset, we have the functor category Fun(N, 𝒞)
whose objects are given by sequences

C0
f0 −→ C1

f1 −→ C2
f2 −→ . . . .

Let T : N → N denote the functor given by T (n) := n + 1. We call the restriction

T ∗ : Fun(N, 𝒞)→ Fun(N, 𝒞) (5.7)

along T the shift functor. The canonical natural transformation idN → T induces a 
natural transformation



92 U. Bunke et al. / Advances in Mathematics 489 (2026) 110788 

v : id → T ∗ : Fun(N, 𝒞) → Fun(N, 𝒞) (5.8)

between the corresponding restriction functors.
If W is a set of morphisms in 𝒞, then we consider the full subcategory FunW (N, 𝒞)

of Fun(N, 𝒞) consisting of the objects (Cn, fn)n∈N with fn in W for all n in N.

Definition 5.8. We define the category FunW
shift(N, 𝒞) as follows:

1. The objects of FunW
shift(N, 𝒞) are the objects of FunW (N, 𝒞).

2. A morphism C → D is an equivalence class of pairs (k, ϕ) of k in N and a morphism 
ϕ : C → T k,∗D in FunW (N,C) subject to the equivalence relation generated by

(k, ϕ) ∼ (k + 1, T k,∗(vD) ◦ ϕ) ,

where vD is the natural transformation v from (5.8) evaluated at D. We denote the 
equivalence class of (k, ϕ) by [k, ϕ].

3. The composition of morphisms is given by

[k, ϕ] ◦ [k′, ϕ′] := [k + k′, T k′,∗(ϕ) ◦ ϕ′] . ⧫

One checks that composition in FunW
shift(N, 𝒞) is well-defined and associative.

Let

V := {vC | C ∈ FunW (N, 𝒞)} (5.9)

be the set of morphisms in FunW (N, 𝒞) consisting of the components of v in (5.8). We 
have a canonical functor

ℓV : FunW (N, 𝒞) → FunW
shift(N, 𝒞) (5.10)

which is the identity on objects and sends a morphism ϕ to [0, ϕ].

Lemma 5.9. The functor ℓV exhibits

1. FunW
shift(N, 𝒞) as the localisation of FunW (N, 𝒞) at V in Cat;

2. N(FunW
shift(N, 𝒞)) as the localisation of N(FunW (N, 𝒞)) at V in Cat∞.

Proof. Both assertions will follow from Lemma 4.6. Observe that the subcategory 𝒱
generated by V consists precisely of all maps vkC : C → T k,∗C for k in N and C
in FunW (N, 𝒞). It is straightforward to check that 𝒱 satisfies a calculus of left frac
tions in the sense of Gabriel and Zisman [31, Sec. 2]. One checks that ℓV inverts V . 
Hence the universal property of Gabriel–Zisman’s 𝒱−1FunW (N, 𝒞) provides a functor 
𝒱−1FunW (N, 𝒞) → FunW

shift(N, 𝒞). Comparing (4.2) with Definition 5.8.2, one sees that 
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this functor is fully faithful and hence an equivalence of categories. So the lemma follows 
from Lemma 4.6. □

Let (𝒞,W ) be in Fun(BG,RelCat). Then the projection N → ∗ induces a morphism

j : 𝒞 → FunW (N, 𝒞) . (5.11)

Proposition 5.10. There exists a commutative diagram

N(𝒞) ℓ

ℓV ◦j

N(𝒞)[W−1]

N(FunW
shift(N, 𝒞))

s

in Fun(BG,Cat∞) which is functorial in the relative category (𝒞,W ).
If τ = (τn)n∈N is a morphism in FunW (N, 𝒞) such that τn belongs to W for all n, 

then s(ℓV (τ)) is an equivalence in N(𝒞)[W−1].

Proof. Let Funι(N, 𝒞[W−1]) be the full subcategory of functors N → N(𝒞)[W−1] which 
factor through the groupoid core of N(𝒞)[W−1]. The functor ℓ∗ : N(FunW (N, 𝒞)) →
Fun(N,N(𝒞)[W−1]) induced by ℓ factors through Funι(N,N(𝒞)[W−1]). We obtain a 
commutative diagram

N(𝒞) ℓ

j

N(𝒞)[W−1]

jW

N(FunW (N, 𝒞))
ℓ∗

ℓV

Funι(N,N(𝒞)[W−1])

N(FunW
shift(N, 𝒞))

s′

in Fun(BG,Cat∞), where jW is also induced by the projection N → ∗. Since ℓ∗ inverts 
all morphisms in V from (5.9), the dashed arrow s′ exists by the universal property of 
ℓV shown in Lemma 5.9. Since jW is an equivalence, we obtain the desired factorisation 
by setting

s := j−1
W ◦ s′ .

The final assertion follows directly from the commutativity of the above diagram since 
ℓ∗ sends τ to an equivalence. □
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5.3. The transfer class

Recall the abbreviations

U := Vc,perf,G
Spcop

∗
: GBC→ CatLex,perf

∞,∗ and V := Vc,perf
C,G : GBC→ CatLex,perf

∞,∗

from (5.2). We assume that G is a finitely homotopy ℱ-amenable group (see Defini
tion 5.4) and that H : CatLex

∞,∗ → M is a lax monoidal, finitary localising invariant 
(see Definition 1.5). In this subsection we will construct a transfer class (𝒳 , t) for 
(U, η, V,H,ℱ) (see Definition 2.31).

Suppose we are given a collection of homotopy coherent G-actions (Γn, Zn)n∈N and a 
collection of maps (fn : Zn → Wn)n∈N , where Wn is a G-simplicial complex for every n
in N. For the time being, we do not assume that these data satisfy any of the conditions 
listed in Definition 5.4. Instead, we will gradually impose conditions as we develop our 
construction. The goal is to provide some transparency where specific assumptions enter, 
and to state intermediate steps in a way which makes them easier to reuse in Section 7.

Let 𝒳 be a G-bornological coarse space (we use the symbol 𝒳 because X has a 
different meaning in this section, see Construction 5.11). As explained in Remark 2.32, 
one way of defining a morphism

t : 1M → HU(𝒳 )

is to specify an object in the left-exact ∞-category limBG Vc,perf
Spcop

∗
(𝒳 ).

In the following we explain how we will specify such an object. It is again useful not to 
drop the nerve functor from the notation since we want to consider limits over BG of G
categories, and for 𝒞 in Fun(BG,Cat) the canonical functor N(limBG 𝒞) → limBG N(𝒞)
is not an equivalence in general. By Remark 4.12 the functor CWfd extends to a functor

(CWfd,𝒲) : BC→ RelCat , 𝒳 ↦→ (CWfd(𝒳 ),𝒲(𝒳 )) ,

where 𝒲(𝒳 ) denotes the class of controlled homotopy equivalences in CWfd(𝒳 ). By 
Proposition 5.10, the functor Fun𝒲shift(N,CWfd) from Definition 5.8 fits into the follow
ing commutative diagram

N(CWfd)
ℓ𝒲

(5.10)◦(5.11)

ℓV ◦j

N(CWfd)[𝒲−1]

N(Fun𝒲shift(N,CWfd))

s

(5.12)

of functors from BC to Cat∞. The realisation transformation

rfd : N(CWfd)op → Vc,perf
Spcop

∗
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from Definition 4.18 inverts all morphisms in 𝒲 by Lemma 4.14. By the universal prop
erty of the localisation ℓ𝒲 from (5.12), we have another factorisation

N(CWfd)op rfd

ℓ𝒲

Vc,perf
Spcop

∗

N(CWfd)[𝒲−1]op
rfd

. (5.13)

Composing the transformations described in (5.12) and (5.13) and applying limBG we 
define the transformation

rU : lim
BG 

N(Fun𝒲shift(N,CWfd))op limBG(rfd◦s) −−−−−−−−→ lim
BG 

Vc,perf
Spcop

∗
(5.14)

of functors from BC to Cat∞. Using the equivalence

ι : N(Fun𝒲(𝒳 )
shift (N,CWfd(𝒳 ))op,hG) ≃−→ lim

BG 
N(Fun𝒲(𝒳 )

shift (N,CWfd(𝒳 )))op , (5.15)

from (5.6), it suffices to provide an object (M,ρ) in Fun𝒲(𝒳 )
shift (N,CWfd(𝒳 ))op,hG instead 

of an object in limBG N(Fun𝒲(𝒳 )
shift (N,CWfd(𝒳 )))op. As explained in Construction 5.6, 

such an object (M,ρ) consists of an object M in Fun𝒲(𝒳 )
shift (N,CWfd(𝒳 )) and a collection 

ρ = (ρ(g))g∈G of morphisms ρ(g) : gM →M satisfying the appropriate cocycle condition 
(note that the direction of ρ(g) is reversed since we are taking the limit of the opposite 
category). The object rU (ι(M,ρ)) in limBG Vc,perf

Spcop
∗

(𝒳 ) for an appropriate choice of (M,ρ)
will then represent the object determining the transfer class.

To prepare for the construction of (M,ρ), we recall a construction of strictifications of 
homotopy coherent G-actions (see Definition 5.2). This construction has been previously 
employed for the proof of the A-theoretic Farrell–Jones conjecture [27] and is similar to 
a construction appearing in [53].

Construction 5.11. Following [52, proof of Proposition 5.4] we associate to every homo
topy coherent G-action Γ on a topological space Z a strictification given by a G-space 
X containing Z as a deformation retract. As a byproduct we obtain filtrations (5.19)
interpolating between Z and X.

The space X is given by

X :=

⎛⎝∐︂
k≥0

k∏︂
i=1

(G× [0, 1])×G× Z

⎞⎠/︁ ∼,
where ∼ is the equivalence relation generated by
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(gk, tk, . . . , g0, z) ∼

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
(gk, tk, . . . , g2, t2, g1, z) g0 = e

(gk, tk, . . . , gj+1, tj+1tj , gj−1, . . . , g0, z) gj = e, 1 ≤ j ≤ k − 1
(gk, tk, . . . , tj+1, gjgj−1, tj−1, . . . , g0, z) tj = 1, 1 ≤ j ≤ k

(gk, tk, . . . , gj ,Γ(gj−1, tj−1, . . . , g0, z)) tj = 0, 1 ≤ j ≤ k.

Let [gk, tk, . . . , g0, z] denote the equivalence class of (gk, tk, . . . , g0, z). The action of G
on X is defined by

g · [gk, tk, . . . , g0, z] := [ggk, tk, . . . , g0, z].

We identify Z as a subspace of X such that z in Z corresponds to [e, z] in X. We define 
a retraction

R : X → Z , R([gk, tk, . . . , g0, z]) := Γ(gk, tk, . . . , g0, z) . (5.16)

The homotopy

H : X × [0, 1] → X, ([gk, tk, . . . , g0, z], u) ↦→ [e, u, gk, tk, . . . , g0, z] (5.17)

exhibits Z as a strong deformation retract of X. In particular, the canonical embedding 
from Z to X is a homotopy equivalence

Z
≃−→ X . (5.18)

This finishes the construction of the strictification.
We now assume that G is finitely generated. We regard G as a G-coarse space Gcan

by equipping the G-set G with the G-coarse structure generated by sets of the form 
G(F×F ), where F ranges through all non-empty finite subsets of G. For every generating 
entourage S of Gcan as above (note that it contains the diagonal), there is an induced 
filtration

Z = Y0 ⊆ Y1 ⊆ . . . ⊆ Yl ⊆ . . . ⊆ X (5.19)

of X, where Yl is the subspace of(︄
l∐︂

k=0

k∏︂
i=1

(︁
Sl[{e}]× [0, 1]

)︁
× Sl[{e}]× Z

)︄/︁
∼

consisting of the elements [gk, tk, gk−1, . . . , g0, z] with gk = e. In other words, we have

Yl = {[e, tk, gk−1, . . . , g0, z] ∈ X | k ≤ l, g0, . . . , gk−1 ∈ Sl[{e}]} . (5.20)

For every l in N the homotopy H restricts to a deformation retraction Yl × [0, 1] → Yl

of Yl onto Z. In particular, the inclusion Z → Yl is a homotopy equivalence. ⧫
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Construction 5.12. We are going to define the transfer space. Recall that we are given a 
collection of homotopy coherent G-actions (Γn, Zn) and a collection of maps (fn : Zn →
Wn)n∈N . Let Xn be the strictification of (Γn, Zn) provided by Construction 5.11. We 
define the G-sets

X :=
∐︂
n∈N

Xn and 𝒳 :=
∐︂
n∈N

G×Xn , (5.21)

where 𝒳 has the diagonal G-action. The G-set 𝒳 will be the underlying G-set of the 
transfer space. Let p : 𝒳 → N be the canonical projection.

A part of Definition 2.31 of a transfer class is a morphism of the transfer space to 
an (HV,ℱ)-proper object. The latter will be given by the object p : Wh → Nmin,min in 
GBC/Nmin,min

obtained from the G-simplicial complex

W :=
∐︂
n∈N

Wn

by application of Construction 2.36. Define for n in N the G-equivariant map

f ′n : G×Xn →Wn, (g, x) ↦→ gfn(Rn(g−1x)) , (5.22)

where Rn is the retraction from (5.16) associated to (Γn, Zn). The collection of maps 
(f ′n)n∈N gives rise to a G-equivariant map of G-sets

f :=
∐︂
n∈N

f ′n : 𝒳 →W . (5.23)

Pulling back the bornological coarse structure on Wh via f turns 𝒳 into a G-bornological 
coarse space over Nmin,min, which is our choice of the transfer space. It further turns f
into a morphism 𝒳 →Wh in GBC/Nmin,min

. ⧫

We will later use that the G-set 𝒳 also carries a topology since each Xn is a topological 
space. As such, the homotopy equivalence from (5.18) induces isomorphisms∐︂

n∈N
G× π0(Zn) ∼ = π0(𝒳 ) . (5.24)

Denote by

i : X ∼ = {e} ×X → 𝒳 (5.25)

the inclusion map. We equip X with the bornological coarse structure pulled back from 
𝒳 via i. Note that in general X is not a G-bornological coarse space since i is not 
equivariant.
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We now start with the construction of the object M in Fun𝒲(𝒳 )
shift (N,CWfd(X)). By 

our standing assumption, G is finitely generated. So we can fix a generating entourage S
of Gcan. Since S contains the diagonal, the iterated compositions of S form an increasing 
chain of entourages

diag(G) ⊆ S ⊆ . . . ⊆ Sr ⊆ Sr+1 ⊆ . . . .

By Construction 5.11 applied to (Γn, Zn), the choice of S determines a filtration of Xn

by subsets

Yn,0 ⊆ Yn,1 ⊆ . . . ⊆ Yn,l ⊆ . . . ⊆ Xn ,

see (5.19). For every l in N we then set

Yl :=
∐︂
n∈N

Yn,l and 𝒴l :=
∐︂
n∈N

G× Yn,l

and get filtrations

Y0 ⊆ Y1 ⊆ . . . ⊆ Yl ⊆ . . . ⊆ X and 𝒴0 ⊆ 𝒴1 ⊆ . . . ⊆ 𝒴l ⊆ . . . ⊆ 𝒳

of the bornological coarse spaces X and 𝒳 . The filtrations are not G-invariant, but by 
an inspection of (5.20) we have for every g in Sr[{e}] and l in N

gYl ⊆ Yl+r . (5.26)

Lemma 5.13. If Condition 5.4.iv holds, then the set Sr × diag(Yl) is a coarse entourage 
of 𝒳 for every l and r in N.

Proof. Since the coarse structure on 𝒳 is pulled back from Wh along f , we need to show 
that for every l and r in N the image f(Sr×diag(Yl)) is a coarse entourage of Wh. Since 
Sr consists of finitely many G-orbits of pairs (g, g′) and f is G-equivariant, it suffices to 
check that f({(g, g′)} × diag(Yl)) is a coarse entourage of Wh for all g, g′ in G. In view 
of (2.26) we must show that

sup 
y∈Yn,l

d(f(g, y), f(g′, y)) n→∞ −−−−→ 0 .

Since Sl[{e}] is finite, the set of tuples gk−1, . . . , g0 which may appear as components 
of points [e, tk, gk−1, . . . , g0, z] of Yl is finite. Unwinding the definition of f from (5.22), 
expressing Rn in terms of Γn as in (5.16) and using the triangle inequality, we have for 
every k in N and all g0, . . . , gk−1 in G
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sup 
(t1,...,tk)∈[0,1]k

z∈Zn

d(f(g, [e, tk, gk−1, . . . , g0, z]), f(g′, [e, tk, gk−1, . . . , g0, z]))

≤ sup 
(t1,...,tk)∈[0,1]k

z∈Zn

d(gfn(Γn(g−1, tk, gk−1, . . . , g0, z)), gk−1 . . . g0fn(z))

(5.27)

+ sup 
(t1,...,tk)∈[0,1]k

z∈Zn

d(g′fn(Γn(g′,−1, tk, gk−1, . . . , g0, z)), gk−1 . . . g0fn(z)) .

Since d is G-invariant, the term (5.27) equals

sup 
(t1,...,tk)∈[0,1]k

z∈Zn

d(fn(Γn(g−1, tk, gk−1, . . . , g0, z)), g−1gk−1 . . . g0fn(z)) ,

and similarly for the other term. By Condition 5.4.iv, both summands tend to zero as 
n→∞. □

We now consider X =
∐︁

n∈N Xn and 𝒳 =
∐︁

n∈N G×Xn as topological spaces. Let

il : Yl → X
i−→ 𝒳 (5.28)

denote the inclusion map and recall the definition of f from (5.23).

Lemma 5.14. If Condition 5.4.iv holds, then there exists a sequence

V0 ⊆ V1 ⊆ . . . ⊆ Vl ⊆ . . . (5.29)

of coarse entourages of X such that

1. Vl is a subset of Yl × Yl for every l in N;
2. Vl is an open entourage of Yl containing i−1

l f−1 diag(W ) for every l in N;
3. gVl ⊆ Vl+r for every l, r in N and every g in Sr[{e}].

Proof. The bornological coarse space Wh admits open coarse entourages. For example, 
we could take the entourage

⋃︂
n∈N

{(wn, w
′
n) ∈Wn ×Wn | d(wn, w

′
n) < 1 

n + 1} .

Since the G-coarse structure on 𝒳 is obtained by pulling back the coarse structure on Wh

via the G-equivariant continuous map f and X is a union of components of 𝒳 , pulling 
back an open coarse entourage of Wh by f ◦ i yields an open coarse entourage C on X
which contains i−1f−1 diag(W ).
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For every l in N we define the entourage

Vl :=
⋃︂

g∈Sl[{e}]
(gC)|Yl

of Yl. Since C is open and G acts continuously, gC is also an open entourage of X for 
every g in G. Hence Vl satisfies Condition 2.

We now show that Vl is a coarse entourage of X. We consider the composition of 
entourages

V ′l := (({e} × Sl[e])× diag(Yl)) ◦Gi(C) ◦ diag(G× Yl)

on 𝒳 . Since ({e} × Sl[{e}]) × diag(Yl) ⊆ Sl × diag(Yl), the first term is a coarse en
tourage of 𝒳 by Lemma 5.13. The set i(C) belongs to the G-coarse structure of 𝒳 by 
construction. Therefore Gi(C) belongs to the G-coarse structure on 𝒳 , too. Hence the 
entire composition V ′l is a coarse entourage of 𝒳 . One checks that Vl = i−1(V ′l ). So Vl is 
a coarse entourage of X since the coarse structure on X is induced via i from 𝒳 .

We finally show Condition 3. For every h in G we have

hVl =
⋃︂

g∈Sl[{e}]
h(gC)|Yl

.

By (5.26), h(gC)|Yl
⊆ (hgC)|Yl+r

for h ∈ Sr[{e}]. As hg ∈ Sl+r[{e}], it follows that 
hVl ⊆ Vl+r as desired. □

From now on, we assume that Condition 5.4.iv holds. Then we choose a sequence

V0 ⊆ V1 ⊆ . . . ⊆ Vl ⊆ . . .

of entourages as in Lemma 5.14. Let

jl : Yl → Yl+1 (5.30)

denote the inclusion maps.

Definition 5.15. We define M in Fun(N,CW(𝒳 )) as follows:

1. M sends the object l in N to the 𝒳 -controlled CW-complex

M(l) := il,∗C
Vl(Yl) (5.31)

in CW(𝒳 ), see Definition 4.21 and (5.28) for notation.
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2. M sends the morphism l→ l + 1 in N to the morphism

M(l) = il,∗C
Vl(Yl)

jl,♯ −−→ il+1,∗C
Vl+1(Yl+1) = M(l + 1) ,

see Construction 4.26 and (5.30) for notation. ⧫

Lemma 5.16. 

1. The functor M belongs to the subcategory Fun𝒲(𝒳 )(N,CW(𝒳 )) of Fun(N,CW(𝒳 ))
(see Definition 5.8).

2. If Zn is a compact ANR for every n in N, then M belongs to the subcategory 
Fun𝒲(𝒳 )(N,CWfd(𝒳 )) of Fun𝒲(𝒳 )(N,CW(𝒳 )) (see Definition 4.15.3).

Proof. To prove the first assertion, we have to show that jl,♯ is a controlled homotopy 
equivalence. Since controlled homotopy equivalences satisfy the two-out-of-three prop
erty, it suffices to show that the structure map M(0) → M(l) is a controlled homotopy 
equivalence for every l in N.

As observed at the end of Construction 5.11, the deformation retractions Hn from 
(5.17) associated to (Γn, Zn) restrict to deformation retractions Hn,l : Yn,l× [0, 1] → Yn,l

for every l in N. Their coproduct (over n in N) is a deformation retraction

Kl : Yl × [0, 1] → Yl

of Yl onto Y0. We first show that the diagram

Yl × [0, 1]
Kl

f◦il◦pr

Yl

f◦il

W

(5.32)

commutes, where f was defined in (5.23). Recall the explicit formulas (5.17) for Hn,l and 
(5.16) for the retraction Rn. Using the fourth case of (5.1) for the second equality and 
the fifth case of (5.1) for the third equality, we see that

f(il(Hn,l([e, tk, gk−1, . . . , g0, z], u))) = f ′n(e,Hn,l([e, tk, gk−1, . . . , g0, z], u))

= Rn(Hn,l([e, tk, gk−1, . . . , g0, z], u))

= Rn([e, u · tk, gk−1, . . . , g0, z])

= Γn(gk−1, tk−1, . . . , g0, z),

where f ′n is as in (5.22). Consequently,

u ↦→ f(il(Hn,l([e, tk, gk−1, . . . , g0, z], u)))
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is constant for all n in N and [e, tk, gk−1, . . . , g0, z] in Yn,l. Therefore, diagram (5.32)
commutes.

This shows that Kl is an i−1
l f−1(diag(W ))-controlled homotopy over Yl. By 

Lemma 5.14.2, Kl is in particular a Vl-controlled homotopy.
By Lemma 4.27, it follows that there exists some open entourage V ′l of Yl such that 

Kl,0(V ′l ) ⊆ Vl, V ′l = Kl,1(V ′l ) ⊆ Vl and Kl induces a controlled homotopy

Kl,0,♯ ∼ Kl,1,♯ : il,∗CV ′
l (Yl) → il,∗C

Vl(Yl) . (5.33)

Let the retraction R : X → Y0 be induced by the collection of retractions (Rn)n∈N
and write R|Yl

for the restriction of R to Yl. Note that R|Yl
= Kl,0 as maps to Yl. 

In particular, R|Yl
: (Yl, il) → (Y0, i0) is Vl-controlled. Hence the map (R|Yl

)♯ below is 
defined by Construction 4.26. Similarly, we have the map j0,l,♯ below. The starting point 
of the homotopy in (5.33) is given by the composition

Kl,0,♯ : il,∗CV ′
l (Yl)

(R|Yl
)♯ −−−−→ i0,∗C

j−1
0,l (Vl)(Y0)

j0,l,♯ −−−→ il,∗C
Vl(Yl) .

Furthermore, its end point is

Kl,1,♯ = il,∗(CV ′
l (Yl)

incl −−→ CVl(Yl)) .

The map Kl,0,♯ is a controlled homotopy equivalence since Kl,1,♯ is a controlled homotopy 
equivalence by Lemma 4.25 and Remark 4.12, and these two maps are related by the 
controlled homotopy (5.33).

Consider the composition

i0,∗C
j−1
0,l (V ′

l )(Y0)
j0,l,♯ −−−→ il,∗C

V ′
l (Yl)

(R|Yl
)♯ −−−−→ i0,∗C

j−1
0,l (Vl)(Y0)

j0,l,♯ −−−→ il,∗C
Vl(Yl) .

Since R|Yl
◦ j0,l = idY0 , the composition of the first two arrows is a j−1

0,l (Vl)-controlled 
homotopy equivalence, again by Lemma 4.25. Furthermore, j0,l,♯ ◦ (R|Yl

)♯ = Kl,0,♯ is also 
a controlled homotopy equivalence as shown above. So j0,l,♯ is a controlled homotopy 
equivalence since controlled homotopy equivalences satisfy the two-out-of-six property.

The structure map M(0)→M(l) is given by the composition

i0,∗C
V0(Y0) → i0,∗C

j−1
0,l (Vl)(Y0)

j0,l,♯ −−−→ il,∗C
Vl(Yl) .

The first map exists since V0 ⊆ j−1
0,l (Vl). It is a controlled homotopy equivalence by 

another application of Lemma 4.25. Since jl,0,♯ is also a controlled homotopy equivalence 
as seen above, the structure map is a controlled homotopy equivalence. As argued at the 
beginning of this proof, this implies Assertion 1.

We now show Assertion 2. Suppose that Zn is a compact ANR for all n in N. We have 
to show that M(l) lies in CWfd(𝒳 ) for every l. Definition 4.15 is set up such that any 
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object which is controlled homotopy equivalent to an object in CWfd(𝒳 ) also belongs 
to CWfd(𝒳 ). In view of Assertion 1, which is already shown, we know that M(l) is 
controlled homotopy equivalent to M(0) for every l in N. Therefore, it suffices to show 
that M(0) lies in CWfd(𝒳 ).

Since Y0 ∼ = 
∐︁

n∈N Zn and each Zn is a compact ANR, Y0 is a locally compact ANR. 
The entourage V0 is open in Y0 by Lemma 5.14.2. If B is a relatively compact subset 
of Y0, then N(B) := {n ∈ N | B ∩ Zn ̸= ∅} is finite. Then N(V0[B]) = N(B) is 
also finite and V0[B] is relatively compact since it is contained in the compact subset ⋃︁

n∈N(B) Zn of V0. We conclude that Proposition 4.28 is applicable to Y0 and V0. It 
asserts that CV0(Y0) belongs to CWfd(Y0,V0,rc). The map Y0,V0,rc → Y0 induced by the 
identity of the underlying sets is a morphism in BC. Hence, by Lemma 4.16, we have 
CV0(Y0) ∈ CWfd(Y0). Again by Lemma 4.16, the object M(0) = i0,∗C

V0(Y0) belongs to 
CWfd(𝒳 ). □
Construction 5.17. In this construction we define a collection of isomorphisms

ρ = (ρ(g) : gM →M)g∈G (5.34)

which promotes M to an object (M,ρ) in Fun𝒲(𝒳 )
shift (N,CW(𝒳 ))op,hG, see Construc

tion 5.6. Recall that we have fixed a generating entourage S of Gcan,min, and that 
Sr denotes the r-fold iterated composition of S with itself. Let g be in Sr[{e}]. By 
Lemma 5.14.3 and using (5.26), the multiplication map g · − : Yl → Yl+r induces a map

SingVl(Yl) → SingVl+r(Yl+r), σ ↦→ g · σ .

We want to show that the induced map

g♯ : g∗il,∗CVl(Yl) → il+r,∗C
Vl+r(Yl+r) (5.35)

is a morphism of 𝒳 -labelled CW-complexes in CW(𝒳 ), i.e., that g ·− is an 𝒳 -controlled 
morphism, see Definition 4.3. A cell in g∗il,∗CVl(Yl) is given by a singular simplex 
σ : Δk → Yl with the 𝒳 -labelling (g, gσ(b)), where b denotes the barycentre of Δk. 
The image of this cell under g♯ is the singular simplex g · σ : Δk → Yl+r with the la
belling (e, gσ(b)). Hence g♯ is a controlled morphism if il+r((Sr[{e}]×{e})×diag(Yl+r))
is a coarse entourage of 𝒳 . In particular, g♯ is controlled if il+r(Sr × diag(Yl+r)) is a 
coarse entourage of 𝒳 . By virtue of Lemma 5.13, which can be applied since we assume 
Condition 5.4.iv, this condition is satisfied.

Consequently, the morphism g♯ from (5.35) defines a morphism

ρl(g) : gM(l) = g∗il,∗C
Vl(Yl)

g♯ −→ il+r,∗C
Vl+r(Yl+r) = M(l + r) = (T r,∗M)(l)

in CW(𝒳 ), where T r,∗ is the r-fold iterate of the shift functor from (5.7). The collection 
of these maps is a natural transformation
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(ρl(g))l∈N : gM → T r,∗M

of functors from N to CW(𝒳 ). The morphism

ρ(g) := ([r, ρl(g)])l∈N : gM →M

in Fun𝒲(𝒳 )
shift (N,CW(𝒳 )) (see Definition 5.8.2 for notation) is independent of the choice 

of r. Since S is a generating entourage, every g in G lies in Sr[{e}] for some r in N. So 
ρ(g) is defined for every g in G. ⧫

Recall that we assume Condition 5.4.iv.

Lemma 5.18. If Zn is a compact ANR for every n in N, then the pair (M,ρ) is an object 
in Fun𝒲(𝒳 )

shift (N,CWfd(𝒳 ))op,hG.

Proof. It remains to check the cocycle condition for ρ and that M takes values in 
CWfd(𝒳 ). For the cocycle condition note that for l in N, g in Sr[{e}] and h in Ss[{e}]
the triangle

h∗g∗il,∗C
Vl(Yl)

h∗(g♯)

(hg)♯

h∗il+r,∗C
Vl+r (Yl+r)

h♯

il+r+s,∗CVl+r+s(Yl+r+s)

obviously commutes. This implies ρ(h)h∗ρ(g) = ρ(hg). This is the required relation (5.5)
since we work in the opposite category of Fun𝒲(𝒳 )

shift (N,CW(𝒳 )).
The functor M takes values in CWfd(𝒳 ) by Lemma 5.16 since Zn is a compact ANR 

for every n in N. □
In the present section, the arguments using the space 𝒳0 defined below are designed 

to be reused in Section 7. For the purpose of proving Theorem 5.1, they are more com
plicated than necessary, see Remark 5.23.

Construction 5.19. We construct another G-bornological coarse space 𝒳0 which fits into 
a commutative diagram

𝒳

p

c 𝒳0

p0

Nmin,min

, (5.36)

where c is the canonical map sending a point to its connected component. The underlying 
G-set is given by 𝒳0 := G × π0(X). We equip 𝒳0 with the smallest bornology such 
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that p0 : 𝒳0 → Nmin,min is proper, and the smallest coarse structure such that c is 
controlled. ⧫

Set

Sπ0 := S × diag(π0(X)) . (5.37)

Since π0(X) ∼ = π0(Y0) (as Y0 is a deformation retract of X), we have Sπ0 = c(S ×
diag(Y0)). Hence by Lemma 5.13 applied in the case l = 0 and r = 1 we see that Sπ0 is 
a coarse entourage of 𝒳0.

We now construct a discrete version (D, δ) in CWfd(𝒳0)op,hG of the object (M,ρ)
from Lemma 5.18.

Construction 5.20. Consider the object

D := π0(i)∗Cdiag(π0(X))(π0(X)) (5.38)

in CW(𝒳0), where π0(i) : π0(X) → 𝒳0 is induced by i from (5.25). If Zn is a compact 
ANR for every n in N, then π0(Xn) is a finite set since Zn → Xn is one instance 
of the homotopy equivalence (5.18), and D belongs to CWfd(𝒳0) by Definition 4.15. 
Multiplication by a group element g induces an isomorphism

g♯ : g∗π0(i)∗Cdiag(π0(X))(π0(X)) → π0(i)∗Cdiag(π0(X))(π0(X)) (5.39)

of 𝒳0-labelled CW-complexes. By a similar computation as in Construction 5.17, this 
morphism is Sπ0-controlled (see (5.37)) if g is in S. So g♯ is an isomorphism in CWfd(𝒳0)
for every g in G. The collection δ := (g♯)g∈G satisfies the cocycle condition. Therefore, 
we get the object (D, δ) in CWfd(𝒳0)op,hG. ⧫

We continue to assume that each Zn is a compact ANR and that Condition 5.4.iv holds 
so that (M,ρ) and (D, δ) are well-defined objects by Lemma 5.18 and Construction 5.20. 
Consider the composition k in

CWfd(𝒳0)op,hG k

jhG

Fun𝒲(𝒳0)
shift (N,CWfd(𝒳0))op,hG

Fun𝒲(𝒳0)(N,CWfd(𝒳0))op,hG
ℓhG
V

,

(5.40)
where ℓhG

V and jhG are obtained from ℓV in (5.10) and j in (5.11) by applying the 
(−)hG-construction from Construction 5.6. Recall the natural transformations

rU : lim
BG 

N(Fun𝒲shift(N,CWfd))op → lim
BG 

Vc,perf
Spcop

∗

(5.2)= U
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from (5.14) and rfd : N(CWfd)op → Vc,perf
Spcop

∗
from Definition 4.18.

We have the solid part of the following diagram:

lim
BG 

N(CWfd(𝒳0))op
lim
BG r

fd

m(M,ρ)

U(𝒳0)

lim
BG 

N(Fun𝒲(𝒳 )
shift (N,CWfd(𝒳 )))op

rU◦c∗

(5.41)

Lemma 5.21. Assume:

1. Zn is a compact ANR with contractible components for every n in N;
2. the projection pr: 𝒳0 → π0(X)min,min is a morphism of bornological coarse spaces 

and pr ◦c : 𝒳 → π0(X)min,min is bornological.

Then there exist a functor m(M,ρ) and a filler completing (5.41) to a commutative diagram 
in CAT∞.

Proof. To construct the functor m(M,ρ), we make use of the following auxiliary construc
tion. Let S be a G-set and

A
α−→ A0

p−→ Smin,min (5.42)

be morphisms in GBC such that p ◦ α is bornological. Consider (Q,λ) in CW(A) and 
(Q0, λ0) in CW(A0). Cells of Q ∧ Q0 will be denoted in the form (q, q0). We consider 
the subset of these cells

{(q, q0) ∈ Q ∧Q0 | (p ◦ α ◦ λ)(q) = (p ◦ λ0)(q0)} . (5.43)

If (q, q0) is in this subset and (q′, q′0) is a cell in (q, q0)
CW

, then (p◦α◦λ)(q′) = (p◦λ0)(q′0)
since p∗α∗(Q,λ) and p∗(Q0, λ0) are Smin,min-controlled CW-complexes. Hence the subset 
(5.43) determines a subcomplex Q⊗S Q0 of Q∧Q0. We equip the subcomplex Q⊗S Q0
with the A-labelling given by

(λ⊗S λ0)(q, q0) := λ(q) .

We define a G-equivariant functor

⊗S : CW(A)×CW(A0) → CW(A)

which sends the pair of controlled CW-complexes ((Q,λ), (Q0, λ0)) to
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(Q,λ)⊗S (Q0, λ0) := (Q⊗S Q0, λ⊗S λ0) .

This functor preserves controlled homotopies in each variable. Note that we have an 
isomorphism

Q⊗S Q0 ∼ = 
⋁︂
s∈S

Q((p ◦ α)−1(s)) ∧Q0(p−1(s)) , (5.44)

where Q(A′) for a subset A′ of A denotes the largest subcomplex of Q such that 
λ(Q(A′)) ⊆ A′, and similarly for Q0. We claim that if (Q,λ) and (Q0, λ0) are locally 
finite, then also (Q,λ) ⊗S (Q0, λ0) is locally finite. To this end, let A′ be a bounded 
subset of A. Since p ◦α is bornological, the set p(α(A)) is a finite subset of S. Using the 
isomorphism (5.44), we see that ((Q,λ)⊗S (Q0, λ0))(A′) consists of finitely many cells. 
This shows the claim.

It follows that ⊗S restricts to a G-equivariant functor

⊗S : CWfd(A)×CWfd(A0) → CWfd(A) .

Moreover, this functor respects controlled homotopy equivalences in both variables.
This construction is natural in the following sense: for every commutative diagram

A
α

ϕ

A0 p

ϕ0 Smin,min

B
β

B0
q

(5.45)

in GBC such that p◦α and q◦β are bornological, we have ϕ∗(−⊗S−) = ϕ∗(−)⊗Sϕ0,∗(−). 
By objectwise application, ⊗S induces a product functor

⊗S : Fun𝒲(A)(N,CWfd(A))× Fun𝒲(A0)(N,CWfd(A0)) → Fun𝒲(A)(N,CWfd(A)) .

The product induces a product (denoted by the same symbol)

⊗S : Fun𝒲(A)
shift (N,CWfd(A))× Fun𝒲(A0)

shift (N,CWfd(A0)) → Fun𝒲(A)
shift (N,CWfd(A))

which on morphisms is given by [l, τ ] ⊗S [l, τ0] := [l, τ ⊗S τ0] (see Definition 5.8, note 
that we use representatives with the same first entry).

Applying the (−)hG-construction from Construction 5.6, we get the two-argument
functor

m : Fun𝒲(A)
shift (N,CWfd(A))op,hG × Fun𝒲(A0)

shift (N,CWfd(A0))op,hG

→ Fun𝒲(A)
shift (N,CWfd(A))op,hG (5.46)
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Like ⊗S , this functor is natural in the sense that ϕ∗ ◦m = m ◦ (ϕ∗ × ϕ0,∗), retaining the 
notation from (5.45).

We now specialise (5.42) to 𝒳 c−→ 𝒳0
pr −→ π0(X)min,min. Note that pr is a morphism in 

GBC and c ◦ pr is bornological by Assumption 2. Since Zn is a compact ANR for every 
n, Lemma 5.18 gives an object (M,ρ) in Fun𝒲(𝒳 )

shift (N,CWfd(𝒳 ))op,hG. Plugging (M,ρ)
into the first argument of the functor in (5.46), we define the desired functor

m(M,ρ) := ι ◦N(m((M,ρ), k(−))) ◦ ι−1 : lim
BG 

N(CWfd(𝒳0))op

→ lim
BG 

N(Fun𝒲(𝒳 )
shift (N,CWfd(𝒳 )))op

appearing in (5.41), where k is from (5.40), and ι is the natural transformation from 
(5.6).

It remains to provide the filler of the triangle in (5.41). In view of the chain of equiv
alences

rU ◦ ι ◦N(k) ◦ ι−1 (5.14)
≃ lim

BG 
r̄fd ◦ lim

BG 
s ◦ ι ◦N(k) ◦ ι−1

(5.40)
≃ lim

BG 
r̄fd ◦ lim

BG 
s ◦ ι ◦N(ℓhG

V ) ◦N(jhG) ◦ ι−1

! ≃ lim
BG 

r̄fd ◦ lim
BG 

s ◦ lim
BG 

ℓV ◦ lim
BG 

j

(5.12)
≃ lim

BG 
r̄fd ◦ lim

BG 
ℓ𝒲

(5.13)
≃ lim

BG 
rfd ,

where ! uses the naturality of ι, we must provide a natural equivalence

rU ◦ c∗ ◦m(M,ρ) ≃ rU ◦ ι ◦N(k) ◦ ι−1 .

By the naturality of m, the commutative diagram

𝒳 c

c

𝒳0 pr

id π0(X)min,min

𝒳0
id 𝒳0

pr

gives rise to the equivalence

c∗ ◦m(M,ρ) ≃ c∗ ◦ ι ◦N(m((M,ρ), k(−))) ◦ ι−1 ≃ ι ◦N(m(c∗(M,ρ), k(−))) ◦ ι−1 . (5.47)

For every n in N the canonical map Yn → π0(Yn) → π0(X) induces a morphism
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τn : c∗M(n) (5.31)= c∗in,∗C
Vn(Yn) → π0(i)∗Cdiag(π0(X))(π0(X)) (5.38)= D .

One checks that the sequence τ = (τn)n∈N is a natural transformation τ : c∗M → j(D)
in the category Fun𝒲(𝒳0)(N,CWfd(𝒳0)), where j(D) : N → CWfd(𝒳0) is the constant 
functor with value D.

Using (5.35) for the definition of ρ(g) and (5.39) for the definition of δ(g), one checks 
explicitly that [0, τ ]◦c∗ρ(g) = [0, δ(g)◦τ ] in Fun𝒲(𝒳0)

shift (N,CWfd(𝒳0)) for all g in G. So τ
is equivariant and therefore defines a morphism τG : c∗(M,ρ) → k(D, δ) in the category 
Fun𝒲(𝒳0)

shift (N,CWfd(𝒳0))op,hG, where k is as in (5.40).
By inspection, we check that there is an equivalence

m(k(D, δ), k(−)) ≃ k(−)

of functors from CWfd(𝒳0)op,hG to Fun𝒲(𝒳 )
shift (N,CWfd(𝒳0))op,hG. The morphism τG

therefore induces a natural transformation

σG : m(c∗(M,ρ), k(−)) m(τG,k(−)) −−−−−−−−→ m(k(D, δ), k(−)) ≃ k(−)

The composition

rU ◦ c∗ ◦m(M,ρ)
(5.47)= rU ◦ ι ◦N(m(c∗(M,ρ), k)) ◦ ι−1 rU (ιN(σG)ι−1) −−−−−−−−−−→ rU ◦ ι ◦N(k) ◦ ι−1

is the desired natural transformation. This finishes the construction of a natural trans
formation filling the triangle in (5.41).

It remains to show that this transformation is an equivalence. Since the forgetful 
functor

lim
BG 

Vc,perf
Spcop

∗
(𝒳0) → Vc,perf

Spcop
∗

(𝒳0)

is conservative, it is enough to show that rU sends the natural transformation σ between 
functors from CWfd(𝒳0) to Fun𝒲(𝒳 )

shift (N,CWfd(𝒳 ))op underlying σG to an equivalence. 
By the definition of rU in (5.14), it is enough to show that s(σ) is an equivalence, where s
is as in (5.12). Since each component of Zn is contractible and both maps Zn → Yn → Xn

are homotopy equivalences, each component of τ is a controlled homotopy equivalence by 
Lemma 4.25. Hence s(σ) is an equivalence by the last assertion of Proposition 5.10. □

Recall the definition of U from (5.2). Let H : CatLex,perf
∞,∗ → M be a lax monoidal 

functor. In the following, we use the notation introduced in Section 2.4. The morphism 
ηH is defined in (2.18). Since U is π0-excisive by Theorem 3.5.1, Construction 2.10 applies 
to define the functors qUn : U(Nmin,min) → U(∗). Recall that we are given a collection of 
homotopy coherent G-actions (Γn, Zn) and a collection of maps (fn : Zn →Wn)n∈N . The 
transfer space 𝒳 in GBC/Nmin,min

is the G-set defined in (5.21) with the G-bornological 
coarse structure described in Construction 5.12.
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Proposition 5.22. If Conditions 5.4.i and 5.4.iv hold, then there exists a commutative 
diagram

1M
ηH

t

HU(∗)

diag

HU(𝒳 )
HU(p)

HU(Nmin,min)
(H(qUn ))n ∏︁

N HU(∗)

(5.48)

in M.

Proof. We first construct the morphism t. Since Zn is contractible and Zn → Xn is a 
homotopy equivalence for every n in N, and Sπ0 in (5.37) is a coarse entourage of 𝒳0, 
we have a factorisation

p : 𝒳 c−→ 𝒳0 ∼ = Gcan,max ⊗Nmin,min
p0 −→ Nmin,min ,

see Construction 5.19 for notation. Let m(M,ρ) be the functor provided by Lemma 5.21
and recall the object (D, δ) in CWfd(𝒳0)op,hG given by Construction 5.20. We interpret 
the object rU (m(M,ρ)(ι(D, δ))) in U(𝒳 ) (with rU as in (5.14)) as a left-exact functor

t𝒳 : Spcop,ω
∗ → U(𝒳 ) .

Then we define t as the composition

t : 1M → H(Spcop,ω
∗ ) H(t𝒳 ) −−−−→ HU(𝒳 ) ,

where the first morphism is the unit constraint of the lax monoidal functor H.
It remains to construct a filler of (5.48). The object (limBG rfd)(ι(D, δ)) in 

limBG Vc,perf
Spcop

∗
(𝒳0) (see Definition 4.18 and (5.6)) determines a functor

t𝒳0 : Spcop,ω
∗ → U(𝒳0) .

Consider the diagram

Spcop,ω
∗

η

t𝒳0
t𝒳

U(∗)

diag

U(𝒳 )
U(c)

U(𝒳0)
U(p0)

U(Nmin,min)
(qUn )n ∏︁

N U(∗)

, (5.49)

where p0 and c are as in (5.36). By Lemma 5.21 and naturality of rU , we have an 
equivalence
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U(c)(rU (m(M,ρ)(D, δ))) ≃ lim
BG 

rfd(ι(D, δ)) .

Consequently, the triangle at the bottom left of diagram (5.49) commutes.
Recall from Theorem 3.5.4 that under the identification U(∗) ≃ Fun(BG,Spcop,ω

∗ )
the unit morphism η : Spcop,ω

∗ → U(∗) is the unique left-exact functor which sends S0

to S0, the space S0 equipped with the trivial G-action. We must therefore show that 
qUn (U(p0)(limBG rfd(ι(D, δ))) is also given by S0. By naturality of limBG rfd and using 
Remark 4.19, we have an equivalence

qUn (U(p0)(lim
BG 

rfd(ι(D, δ))) ≃ qUn lim
BG 

rfdι(p0,∗(D, δ)) ≃ lim
BG 

rfdι(p0,∗(D(n), δ|D(n))) .

Unwinding Construction 5.20 of (D, δ) and using π0(Xn) ∼ = ∗, the restriction of p0,∗(D, δ)
in CWfd(Nmin,min)op,hG to the coarse component {n} is given by (S0, (id)g∈G). Finally 
we have limBG rfdι(S0, (id)g∈G) ≃ S0 by definition of the right-hand side. Hence the 
trapezoid in (5.49) also commutes.

We now apply H to the outer square in (5.49) and precompose with the unit 1M →
H(Spcop,ω

∗ ) in order to get the desired filler of (5.48). □
Remark 5.23. The proof of Proposition 5.22 using Lemma 5.21 is more complicated than 
it needs to be. The object rU (ι(M,ρ)) determines a left-exact functor

t𝒳 : Spcop,ω
∗ → U(𝒳 ) .

One can check directly that

t : 1M → H(Spcop,ω
∗ ) H(t𝒳 ) −−−−→ HU(𝒳 )

satisfies the conclusion of the proposition. Our presentation of the proof is written with 
an eye towards Section 7 where such a direct argument is not possible and we need 
Lemma 5.21. ⧫

Proof of Theorem 5.1. We will deduce Theorem 5.1 from Proposition 2.33. In the fol
lowing we verify its assumptions.

By the assumptions for Theorem 5.1, we have a collection of homotopy coherent G
actions (Γn, Zn)n∈N and a collection of maps (fn : Zn →Wn)n∈N satisfying all conditions 
listed in Definition 5.4. We can then construct a transfer class (𝒳 , t) for (U, η, V,H,ℱ), 
see Definition 2.31. The transfer space 𝒳 is the G-bornological coarse space from Con
struction 5.12. Furthermore, the morphism t : 1M → HU(𝒳 ) is given by Proposition 5.22.

Since H is a finitary localising invariant, the composite HV is a hyperexcisive equiv
ariant coarse homology theory by [4, Cor. 5.3.13]. Due to Conditions 5.4.ii and 5.4.iii, 
we can apply Theorem 2.37 to deduce that Wh is (HV,ℱ)-proper. The morphism from 
𝒳 to an (HV,ℱ)-proper object required by Definition 2.31.1 is the morphism f from 
(5.23). Finally, diagram (2.19) in Definition 2.31.2 commutes by Proposition 5.22.
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The equivariant coarse homology theory HV extends HCG by [4, Prop. 5.4.5]. Like 
every coarse homology theory, it is π0-excisive. This completes the verification of the 
assumptions of Proposition 2.33, so Theorem 5.1 follows. □
6. Dress–Farrell--Hsiang groups

In this section, we introduce the Dress–Farrell--Hsiang condition (Definition 6.3) and 
prove the following analogue of Theorem 5.1.

Let G be a group and ℱ be a family of subgroups of G. Let C be a left-exact ∞
category with G-action and let H : CatLex

∞,∗ →M be a functor to a stably monoidal and 
cocomplete stable ∞-category which admits countable products. Recall Definition 1.8
and the assembly map (1.1).

Theorem 6.1. Assume that

1. G is a Dress–Farrell--Hsiang group with respect to ℱ ;
2. H is a lax monoidal, finitary localising invariant.

Then the assembly map

Aℱ,HCG
: colim 

GℱOrb
HCG → HCG(∗)

is a phantom equivalence.

We will first introduce the Dress–Farrell--Hsiang condition. The remainder of the sec
tion after Remark 6.4 is dedicated to the proof of Theorem 6.1.

The Dress–Farrell--Hsiang condition relies on the notion of a Dress group. We use the 
notation K ⊴H in order indicate that K is a normal subgroup of H.

Definition 6.2. A finite group D is a Dress group if there exist prime numbers p and q and 
subgroups P ⊴C ⊴D such that P is a p-group, C/P is cyclic and D/C is a q-group. ⧫

For F a finite group we denote the family of Dress subgroups of F by 𝒟(F ).
Let G be a finitely generated group, and let ℱ be a family of subgroups of G.

Definition 6.3. The group G is a Dress–Farrell--Hsiang group with respect to ℱ if there 
exist

1. a collection (Fn)n∈N of finite groups;
2. a collection (αn)n∈N of epimorphisms αn : G→ Fn;
3. a collection (Wn,D)n∈N,D∈𝒟(Fn), where Wn,D is a D-simplicial complex for the sub

group D := α−1
n (D) of G;
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4. a collection (fn,D)n∈N,D∈𝒟(Fn) of maps of sets fn,D : G→Wn,D

such that the following holds:

i. for every n in N and D in 𝒟(Fn) the stabilisers of Wn,D belong to ℱ ∩D;
ii. for every n in N and D in 𝒟(Fn) the map fn,D is D-equivariant, where the subgroup 

D acts on G by left multiplication;
iii. sup 

n∈N,D∈𝒟(Fn)
dimWn,D <∞;

iv. for every g in G we have

sup 
D∈𝒟(Fn),γ∈G

d(fn,D(γg), fn,D(γ)) n→∞ −−−−→ 0 . ⧫

Remark 6.4. The simplicial complex Wn,D in Definition 6.3 is equipped with the spherical 
path metric d which is used to formulate Condition 6.3.iv. Due to Remark 2.35 and 
Assumption 6.3.iii, the spherical path metric may be replaced by the ℓ1-metric. ⧫

We now start with the proof of Theorem 6.1. As in the case of finitely homotopy 
ℱ-amenable groups, we rely on Proposition 2.33 to prove Theorem 6.1. Once more, we 
consider the functor

V := Vc,perf
C,G : GBC→ CatLex,perf

∞,∗

which admits a weak module structure (η, μ) over the π0-excisive functor

U := Vc,perf,G
Spcop

∗
: GBC→ CatLex,perf

∞,∗

by Theorem 3.5. The composite functor HV : GBC→M is a hyperexcisive equivariant 
coarse homology theory [4, Cor. 5.3.13] extending the functor HCG : GOrb → M [4, 
Prop. 5.4.5] in the sense of Definition 2.12.

We now proceed to construct a transfer class (𝒳 , t) for (U, η, V,H,ℱ). Choose collec
tions

(Fn)n∈N , (αn)n∈N , (Wn,D)n∈N,D∈𝒟(Fn) and (fn,D)n∈N,D∈𝒟(Fn)

as in Definition 6.3. Recall that for D in ℱ(Fn) we let D := α−1
n (D) denote the corre

sponding preimage. It is a subgroup of G.

Construction 6.5. We construct the transfer space 𝒳 . This construction uses only the 
collection of epimorphisms (αn)n∈N . Define the G-sets

𝒳n :=
∐︂

D∈𝒟(Fn)

G×G/D and 𝒳 :=
∐︂
n 
𝒳n ,
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where we let G act diagonally on each summand of 𝒳n. We denote by p : 𝒳 → N the 
canonical projection map. We equip 𝒳 with the maximal bornology such that p becomes 
a proper map to Nmin,min. Finally, we choose a generating entourage S of G and equip 
𝒳 with the coarse structure generated by the entourage∐︂

n∈N

∐︂
D∈𝒟(Fn)

S × diag(G/D) . (6.1)

Note that this turns the projection to N into a morphism p : 𝒳 → Nmin,min of G
bornological coarse spaces. ⧫

We now construct the morphism t : 1M → HU(𝒳 ) as in Section 5.3.

Construction 6.6. We construct a candidate (Q, (ρ(g))g∈G) for an object in 
CWfd(𝒳 )op,hG. By [56, Cor. 2.10], there exists for every n in N a finite Fn-simplicial 
complex K ′n whose underlying space is contractible and whose stabiliser groups belong 
to 𝒟(Fn). We obtain a collection of G-simplicial complexes (Kn)n∈N by letting G act 
on K ′n via the epimorphism αn.

Let z(Kn) denote the set of cells of Kn, and let |−| : z(Kn) → N denote the dimension 
function. For every n in N, choose a section sn : z(Kn/G) → z(Kn) of the function 
z(Kn) → z(Kn/G) induced by the projection map. For k in N we let Sk

+ denote the 
k-sphere, equipped with the CW-structure consisting of precisely one 0- and one k-cell 
and with a disjoint basepoint adjoined.

Then we form the based G-CW-complexes

Qn :=
⋁︂

q∈z(Kn/G)

(G/Gsn(q))+ ∧ S
|q|
+ and Q :=

⋁︂
n∈N

Qn . (6.2)

Since the stabiliser of each cell in Q is the preimage under αn of an element of 𝒟(Fn), 
we can define an 𝒳 -labelling on Q by

λ : z(Q) ∼ = 
∐︂
n∈N

∐︂
q∈z(Kn/G)

G/Gsn(q) × z(S|q|) →
∐︂
n∈N

∐︂
q∈z(Kn/G)

G/Gsn(q)

→
∐︂
n∈N

∐︂
D∈𝒟(Fn)

{e} ×G/D ⊆ 𝒳 ,

where the latter map sends gGsn(q) (in the component of (n, q)) to (e, gGsn(q)) (in the 
component of (n, αn(Gsn(q)))).

The canonical G-action on Q induces for every g in G a map

ρ(g) : g∗(Q,λ) → (Q,λ) . ⧫

Recall the description of objects in CWfd(𝒳 )op,hG from Construction 5.6.
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Proposition 6.7. The 𝒳 -labelled CW-complex (Q,λ) together with the collection of maps 
ρ = (ρ(g))g∈G defines an object in CWfd(𝒳 )op,hG.

Proof. The 𝒳 -labelled CW-complex (Q,λ) is diag(𝒳 )-controlled and locally finite. Hence 
it belongs to CWfd(𝒳 ) in view of Definition 4.15. The cocycle condition for ρ is straight
forward to verify.

It remains to show that ρ(g) is a morphism in CWfd(𝒳 ). Unwinding definitions, we 
find for every point (n, q, γGsn(q), z) in z(Q) that

g · λ(n, q, γGsn(q), z) = (n, αn(Gsn(q)), g, gγαn(Gsn(q)))

and

λ(g · (n, q, γGsn(q), z)) = (n, αn(Gsn(q)), e, gγαn(Gsn(q))) .

Note that the labels on the right hand sides differ only in their third entry. Since the 
coarse structure on 𝒳 is generated by the entourage in (6.1), this shows that ρ(g) is 
𝒳 -controlled. □

The realisation map rfd : CWfd,op → Vc,perf
Spcop

∗
induces a natural transformation

rfd,G : N(CWfd,op,hG) ι−→ lim
BG 

N(CWfd,op) limBG N(rfd) −−−−−−−−→ lim
BG 

Vc,perf
Spcop

∗
= U , (6.3)

where ι is the equivalence from (5.6). Hence we have an object rfd,G((Q,λ), ρ) in U(𝒳 ). 
We regard this object as a left-exact functor

t𝒳 : Spcop,ω
∗ → U(𝒳 ) .

Definition 6.8. We define the morphism t as the composition

t : 1M → H(Spcop,ω
∗ ) H(t𝒳 ) −−−−→ HU(𝒳 ) . ⧫

Lemma 6.9. There exists a commutative diagram

1M
ηH

t

HU(∗)

diag

HU(𝒳 )
HU(p)

HU(Nmin,min)
(H(qUn ))n ∏︁

n∈N HU(∗)

(6.4)

in M.
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Proof. We only need to construct a filler. Since the lower right corner of the diagram is 
a product category, we can construct fillers one factor at a time.

Every finite based G-CW-complex A (with G-action α) provides an object rfd,G(A,α)
of U(∗) which we interpret as a left-exact functor rfd,G(A,α) : Spcop,ω

∗ → U(∗). This 
functor gives rise to a morphism

uA : 1M → H(Spcop,ω
∗ ) H(rfd,G(A,α)) −−−−−−−−−→ HU(∗) , (6.5)

where the first morphism is the unit constraint of the monoidal structure of H.
Let (η, μ) be the weak module structure provided by Theorem 3.5. Define ηH : 1M →

HU(∗) as in (2.18). By Theorem 3.5.4, we have ηH ≃ uS0 .
Fix n in N. Since the underlying space of Kn introduced in Construction 6.6 is con

tractible, the projection map (Kn)+ → S0 induces an equivalence rfd,G((Kn)+) →
rfd,G(S0) in U(∗) by Lemma 4.14. Applying H and precomposing with the unit con
straint, we obtain an equivalence

u(Kn)+
≃−→ uS0 ≃ ηH : 1M → HU(∗) (6.6)

by virtue of Theorem 3.5.4. Since H is a localising invariant, every fibre sequence of left
exact functors F0 → F1 → F2 in FunLex(C,D) induces an equivalence HF0 + HF2 ≃
HF1; note that the target of H is stable, so addition of morphisms is well-defined. We 
apply this to left-exact functors Spcop,ω

∗ → U(∗). As such functors are determined by 
their evaluation at S0, fibre sequences of such functors correspond to fibre sequences in 
U(∗).

By Theorem 3.5.2, we have Fun(BG,Spcop,ω
∗ ) ≃ U(∗). Every cofibre sequence 

of finitely dominated, based G-CW-complexes induces a fibre sequence in Fun(BG, 
Spcop,ω

∗ ) by application of rfd,G. Hence we obtain for each two consecutive steps 
K

(i)
n → K

(i+1)
n in the skeletal filtration of Kn an equivalence

H(rfd,G((K(i)
n )+)) + H(rfd,G((K(i+1)

n )+/(K(i)
n )+)) ≃ H(rfd,G((K(i+1)

n )+)) .

The G-CW-complex Qn from (6.2) has a filtration by the subcomplexes Q[i]
n which consist 

of the wedge summands containing a sphere of dimension at most i. Therefore, we have 
an equivalence

H(rfd,G(Q[i]
n )) + H(rfd,G(Q[i+1]

n /Q[i]
n )) ≃ H(rfd,G(Q[i+1]

n ))

for every i in N. Since by construction (6.2) the wedge summands of Qn are indexed by 
cells of Kn, we have isomorphisms

K(i+1)
n /K(i)

n
∼ = Q[i+1]

n /Q[i]
n ,

it follows by a finite induction that
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H(rfd,G((Kn)+)) ≃ H(rfd,G(Qn)) : H(Spcop,ω
∗ ) → HU(∗) .

Consequently, we have

u(Kn)+ ≃ uQn
: 1M → HU(∗) .

Combining this equivalence with (6.6), we obtain an equivalence ηH ≃ uQn
.

Note that the composite Spcop,ω
∗

t𝒳 −−→ U(𝒳 ) U(p) −−−→ U(Nmin,min) corresponds by the 
naturality of rfd,G to the object rfd,G(p∗(Q,λ), ρ). Using Remark 4.19, it follows that 
qUn ◦ U(p) ◦ t𝒳 : Spcop,ω

∗ → U(∗) corresponds to the object rfd,G(Qn) of U(∗). Hence we 
have

H(qUn ) ◦HU(p) ◦ t ≃ uQn
≃ ηH .

This equivalence is the desired filler of the square in (6.4) for the factor indexed by n. □
Lemma 6.9 shows that (𝒳 , t) satisfies all conditions listed in Definition 2.31 except 

2.31.1: we still have to verify that 𝒳 admits a morphism to an (HV,ℱ)-proper object.
Form the G-simplicial complexes

Wn :=
∐︂

D∈𝒟(Fn)

G×D Wn,D , W :=
∐︂
n∈N

Wn

and let π : W → N be the canonical projection. We let π : Wh → Nmin,min denote 
the object of GBC/Nmin,min

obtained by applying Construction 2.36 to W . Since HV

is a hyperexcisive equivariant coarse homology theory and W is a finite-dimensional 
G-simplicial complex whose stabilisers belong to ℱ by Conditions 6.3.i and 6.3.iii, The
orem 2.37 shows that Wh is (HV,ℱ)-proper.

Recall Construction 6.5 of the transfer space 𝒳 . Moreover, for every n in N and D in 
𝒟(Fn) we have a G-equivariant map

f ′n,D : G×G/D → G×D Wn,D, (g, γD) ↦→ (γ, fn,D(γ−1g))

since fn,D is assumed to be D-equivariant (Condition 6.3.ii). These maps give rise to the 
G-equivariant map fn :=

∐︁
D∈𝒟(Fn) f

′
n,D : 𝒳n → Wn and the map (of underlying sets, 

for the moment) f :=
∐︁

n∈N fn : 𝒳 →Wh.

Lemma 6.10. The map f is a morphism of G-bornological coarse spaces over Nmin,min.

Proof. The bornological coarse structure on 𝒳 is described in Construction 6.5. It is 
obvious from the constructions that f is a proper map which is compatible with the 
projections to N. To see that f is also controlled, it suffices to check that the image of
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∐︂
n∈N

∐︂
D∈𝒟(Fn)

{(g, e)} × diag(G/D)

under f is an entourage of Wh for every g in G. Since f(n,D, g, γD) = (γ, fn,D(γ−1g)), 
this follows from the fact that

sup 
D∈𝒟(Fn),γ∈G

d(fn,D(γ−1g), fn,D(γ−1)) n→∞ −−−−→ 0

for every g in G by Condition 6.3.iv. □
This finishes the construction of the transfer class (𝒳 , t) for (U, η, V,H,ℱ). Theo

rem 6.1 follows now from Proposition 2.33.

7. Dress–Farrell--Hsiang--Jones groups

This section combines the arguments of Sections 5 and 6 to prove a result which unifies 
and generalises Theorems 5.1 and 6.1 and is instrumental in proving the Farrell–Jones 
conjecture for virtually solvable groups (see Example 7.3).

Recall the notion of Dress groups from Definition 6.2. For a finite group F , we continue 
to denote the family of Dress subgroups of F by 𝒟(F ).

Let G be a finitely generated group and ℱ be a family of subgroups.

Definition 7.1. The group G is a Dress–Farrell--Hsiang--Jones group with respect to ℱ
(or DFHJ group (with respect to ℱ) for short) if there exist

1. a collection (Fn)n∈N of finite groups;
2. a collection (αn)n∈N of epimorphisms αn : G→ Fn;
3. a collection (Γn,D, Zn,D)n∈N,D∈𝒟(Fn) of homotopy coherent G-actions;
4. a collection (Wn,D)n∈N,D∈𝒟(Fn), where Wn,D is a D-simplicial complex for the sub

group D := α−1
n (D) of G;

5. a collection (fn,D)n∈N,D∈𝒟(Fn) of continuous maps fn,D : G× Zn,D →Wn,D

such that the following holds:

i. for every n in N and D in 𝒟(Fn), the topological space Zn,D is a compact AR7;
ii. for every n in N and D in 𝒟(Fn), the stabilisers of Wn,D belong to ℱ ∩D;
iii. sup 

n∈N,D∈𝒟(Fn)
dimWn,D <∞;

iv. for every n in N and D in 𝒟(Fn), the map fn,D is D-equivariant, where D acts on 
G× Zn,D by left multiplication on the left factor;

7 See Condition 5.4.i for an explanation of this notion.
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v. for all k in N and g0, . . . , gk in G we have

sup 
D∈𝒟(Fn),γ∈G,

(t1,...,tk)∈[0,1]k,
z∈Zn,D

d(fn,D(γ,Γn,D(gk, tk, . . . , t1, g0, z)), fn,D(γgk . . . g0, z))
n→∞ −−−−→ 0 . ⧫

Remark 7.2. Definition 7.1 combines finite ℱ-amenability (Definition 5.4) and the Dress--
Farrell--Hsiang condition (Definition 6.3) into a single notion:

1. If we choose Fn to be the trivial group for all n, we have for each n in N a single 
homotopy coherent G-action (Γn, Zn), a single G-simplicial complex Wn and a G
equivariant map fn : G × Zn → Wn. Restricting fn to {e} × Zn yields a map as in 
Definition 5.4 of finite homotopy ℱ-amenability. Conversely, if fn : Zn →Wn is as in 
Definition 5.4, then (g, z) ↦→ gfn(z) defines a map as in Condition 7.1.v.

2. If we choose all the spaces Zn,D to be points, the DFHJ condition reduces to being a 
Dress–Farrell--Hsiang group.

3. As explained in Remark 6.4, the metric d in Condition 7.1.v is the spherical path 
metric (or the ℓ1-metric). ⧫

Example 7.3. Let w be a non-zero algebraic number which is not a root of unity. Let 
Z[w,w−1] be the underlying abelian group of the subring of C generated by Z, w and 
w−1. We let Z act on Z[w,w−1] by group automorphisms via multiplication with w. 
Then Z[w,w−1] ⋊ Z is DFHJ with respect to the family of virtually abelian subgroups 
[36, Prop. 3.3]. Using the inheritance properties of the Farrell–Jones conjecture, this 
implies by [54, Prop. 3.3] that the conjecture holds for all virtually solvable groups. See 
the proof of Theorem 1.14 in Section 8 for further details. ⧫

Let G be a finitely generated group and ℱ be a family of subgroups. Let C be a 
left-exact ∞-category with G-action and let H : CatLex

∞,∗ → M be a functor to a stably 
monoidal and cocomplete stable ∞-category which admits countable products. Recall 
Definition 1.8 and the assembly map (1.1).

Theorem 7.4. Assume that

1. G is a Dress–Farrell--Hsiang--Jones group with respect to ℱ ;
2. H is a lax monoidal, finitary localising invariant.

Then the assembly map

Aℱ,HCG
: colim 

GℱOrb
HCG → HCG(∗)

is a phantom equivalence.
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The remainder of this section is dedicated to the proof of Theorem 7.4. As in Sections 5
and 6, Proposition 2.33 reduces the proof to the construction of a suitable transfer class, 
see Definition 2.31. As in Sections 5 and 6, we consider the functor

V := Vc,perf
C,G : GBC→ CatLex,perf

∞,∗

which admits a weak module structure (η, μ) over the π0-excisive functor

U := Vc,perf,G
Spcop

∗
: GBC→ CatLex,perf

∞,∗

by Theorem 3.5. The composite HV is a hyperexcisive equivariant coarse homology 
theory by [4, Cor. 5.3.13] extending HCG [4, Prop. 5.4.5].

The transfer class associated to (U, η, V,H,ℱ) will arise by combining the transfer 
class of Section 6 with a fibrewise version of the transfer class from Section 5.1. Let G
be DFHJ group with respect to the family ℱ . Choose collections

(Fn)n∈N , (αn)n∈N , (Γn,D, Zn,D)n∈N,D∈𝒟(Fn), (Wn,D)n∈N,D∈𝒟(Fn) and

(fn,D)n∈N,D∈𝒟(Fn)

as in Definition 7.1.
Since 𝒟(Fn) is a finite set and D has finite index in G for every D in 𝒟(Fn), the 

topological space

Zn :=
∐︂

D∈𝒟(Fn)

G/D × Zn,D (7.1)

is a compact ANR. Since G/D carries a G-action and Zn,D comes equipped with a 
homotopy coherent G-action, G/D × Zn,D inherits a homotopy coherent G-action Γ′n,D
given by

Γ′n,D(gk, tk, . . . , t1, g0, (γD, z)) := (gk . . . g0γD,Γn,D(gk, tk, . . . , t1, g0, z)) . (7.2)

Taking coproducts, these homotopy coherent G-actions induce a homotopy coherent G
action Γn on Zn.

For every n in N, we form the G-simplicial complex

Wn :=
∐︂

D∈𝒟(Fn)

G×D Wn,D .

For D in 𝒟(Fn), we define the map

f ′n,D : G/D × Zn,D → G×D Wn,D, (γD, z) ↦→ [γ, fn,D(γ−1, z)]

which is well-defined since fn,D is D-equivariant by Condition 7.1.iv. We define
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fn :=
∐︂

D∈𝒟(Fn)

f ′n,D : Zn →Wn

and let d denote the spherical path metric on the simplicial complex Wn.

Lemma 7.5. For all k in N and g0, . . . , gk in G we have

sup 
(t1,...,tk)∈[0,1]k

(γD,z)∈Zn

d(fn(Γn(gk, tk, . . . , t1, g0, (γD, z))), gk . . . g0fn(γD, z)) n→∞ −−−−→ 0 .

Proof. Using (7.2), we find that

f ′n,D(Γ′n,D(gk, tk, . . . , t1, g0,(γD, z)))

= [gk . . . g0γ, fn,D(γ−1g−1
0 . . . g−1

k ,Γn,D(gk, tk, . . . , t1, g0, z))]

and

gk . . . g0f
′
n,D(γD, z) = [gk . . . g0γ, fn,D(γ−1, z)] .

So the assertion of the lemma is simply a rephrasing of Condition 7.1.v. □
Summing up, we have a collection (Γn, Zn)n∈N of topological spaces with homotopy 

coherent G-actions, a collection of G-simplicial complexes (Wn)n∈N and a collection 
(fn)n∈N of G-equivariant maps fn : Zn →Wn such that

1. Zn is a compact ANR with contractible components for every n in N (by Condi
tion 7.1.i);

2. the stabilisers of Wn belong to ℱ (by Condition 7.1.ii);
3. sup 

n∈N
dimWn <∞ (by Condition 7.1.iii);

4. for all k in N and g0, . . . , gk in G we have

sup 
(t1,...,tk)∈[0,1]k

(γD,z)∈Zn

d(fn(Γn(gk, tk, . . . , t1, g0, γD, z)), gk . . . g0fn(γD, z)) n→∞ −−−−→ 0

by Lemma 7.5.

Note that this list of conditions is identical to the conditions of Definition 5.4 except that 
Zn is not necessarily contractible. This allows us to use all statements from Section 5.3
except Proposition 5.22.

In particular, an application of Construction 5.12 provides G-bornological coarse 
spaces 𝒳 and Wh over Nmin,min and a morphism f : 𝒳 → W of G-bornological coarse 
spaces over Nmin,min. Let p𝒳 : 𝒳 → Nmin,min denote the projection.
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Proposition 7.6. There exists a commutative diagram

1M
ηH

t

HU(∗)

diag

HU(𝒳 )
H(p𝒳 )

HU(Nmin,min)
(H(qUn ))n ∏︁

n∈N HU(∗)

in M.

Proof. By Construction 6.5, the epimorphisms (αn : G → Fn)n∈N give rise to a G
bornological coarse space 𝒯 whose underlying set is 

∐︁
n∈N

∐︁
D∈𝒟(Fn) G×G/D together 

with a morphism p𝒯 : 𝒯 → Nmin,min (in Construction 6.5, this space is called 𝒳 ). The 
isomorphism from (5.24), the definition of the spaces Zn in (7.1) and that fact that each 
Zn,D is contractible provides a canonical bijection 𝒯 ∼ = π0(𝒳 ).

Let the G-bornological coarse space 𝒳0 be given by Construction 5.19. Using that 𝒯
and 𝒳0 have the same underlying set π0(𝒳 ), Lemma 5.13 implies that the generating 
entourage (6.1) of 𝒯 is also an entourage of 𝒳0. Hence we have an induced map i : 𝒯 → 𝒳0
of G-bornological coarse spaces over Nmin,min.

By Construction 6.6, we obtain an object ((Q,λ), ρQ) in CWfd(𝒯 )op,hG. Recall the 
transformation rfd,G from (6.3). Then the object rfd,G((Q,λ), ρQ) in U(𝒯 ) induces the 
second morphism in the composition

t𝒯 : 1M → HU(Spcop,ω
∗ ) → HU(𝒯 ) .

Similarly, the object rfd,G(i∗((Q,λ), ρQ)) in U(𝒳0) induces the morphism

t𝒳0 : 1M → HU(Spcop,ω
∗ ) → HU(𝒳0) .

Lemma 5.21 yields a commutative diagram

lim
BG 

N(CWfd(𝒳0))op
limBG rfd

m(M,ρ)

U(𝒳0)

lim
BG 

N(Fun𝒲(𝒳 )
shift (N,CWfd(𝒳 )))op

rU◦c∗

(7.3)

in which rU is the natural transformation from (5.14).
Then ιi∗((Q,λ), ρQ) is an object in lim

BG 
N(CWfd(𝒳0))op, where ι is the natural equiv

alence from (5.6). Hence the object rU (m(M,ρ)(ιi∗((Q,λ), ρQ))) in U(𝒳 ) induces the 
morphism

t𝒳 : 1M → H(Spcop,ω
∗ ) → HU(𝒳 ) .
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Consider the following diagram:

1M

t𝒳
t𝒳0

t𝒯

ηH

HU(∗)

diagHU(𝒯 )

HU(i)
HU(p𝒯 )

HU(𝒳 )
HU(c)

HU(𝒳0)
HU(p0)

HU(Nmin,min)
(H(qUn ))n ∏︁

n∈N HU(∗)

(7.4)

We will first show that the triangle in the bottom left corner commutes. We have equiv
alences

c∗rUm(M,ρ)(ιi∗((Q,λ), ρQ)) ≃ rUc∗m(M,ρ)(ιi∗((Q,λ), ρQ))

≃ lim
BG 

rfd(ιi∗((Q,λ), ρQ))

≃ rfd,G(i∗((Q,λ), ρQ)) ,

where the first equivalence uses the naturality of rU , the second equivalence follows from 
the commutativity of (7.3), and the third equivalence uses the definition of rfd,G in (6.3). 
In view of the definitions of t𝒳 and t𝒳0 , this equivalence of objects in U(𝒳0) induces an 
equivalence

HU(c) ◦ t𝒳 ≃ t𝒳0 .

Both HU(i) ◦ t𝒯 and t𝒳0 are defined by the same object of U(𝒳0), so HU(i) ◦ t𝒯 ≃ t𝒳0 . 
Since i : 𝒯 → 𝒳0 is a morphism over Nmin,min, we have HU(p𝒯 ) ≃ HU(p0) ◦HU(i).

Finally, the remaining part of the diagram commutes by Lemma 6.9 (recall that 𝒯
corresponds to the G-bornological coarse space 𝒳 in Lemma 6.9). □

Since the stabilisers of W belong to ℱ and dimW < ∞, Theorem 2.37 shows that 
Wh is (HV,ℱ)-proper. Therefore, taking t𝒳 : 1M → HU(𝒳 ) as in Proposition 7.6 yields 
a transfer class (X, t𝒳 ) for (U, η, V,H,ℱ) (see Definition 2.31). Theorem 7.4 now follows 
from Proposition 2.33.

8. Inheritance properties of the isomorphism conjecture

The class of groups which are DFHJ relative to the family of virtually cyclic subgroups 
includes hyperbolic groups, CAT(0)-groups and the groups described in Example 7.3. 
Due to various inheritance properties, one can show that the assembly map in Defini
tion 1.1 is an equivalence for a much larger class of groups. The proofs of these inheritance 
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properties use little more than the construction of the assembly map described in Sec
tion 1.

We consider a cocomplete ∞-category 𝒦 and a functor F : 𝒦 →M. Examples to keep 
in mind are 𝒦 = CatLex

∞,∗ or 𝒦 = Catex
∞ and F being a finitary localising invariant. Note, 

however, that we are making no assumptions about F at the moment. We consider a 
functor C : BG→ 𝒦. Then, as in (1.2), we let

CG := jG! (C) : GOrb→ 𝒦

denote the left Kan extension of C along jG. As in Definition 1.8, we set

FCG := F ◦CG : GOrb→M

and consider the assembly map

Aℱ,FCG
: colim 

GℱOrb
FCG → FCG(∗)

introduced in Definition 1.1.
Since we assume that M is cocomplete, the functor FCG has an essentially unique 

extension to a colimit-preserving functor

FC : PSh(GOrb) →M

such that FC◦yoG ≃ FCG, where yoG : GOrb→ PSh(GOrb) is the Yoneda embedding. 
Note that, in contrast to the convention in Section 1, we use the symbol FC for this 
extension.

Let ϕ : H → G be a group homomorphism. Then there exists an adjunction

indϕ : PSh(HOrb) ⇄ PSh(GOrb) : resϕ (8.1)

in which resϕ is given by precomposition with the induction functor

G×ϕ − : HOrb→ GOrb ,

while indϕ is the unique colimit-preserving extension of the composition

HOrb G×ϕ− −−−−→ GOrb yoG −−→ PSh(GOrb) .

Moreover, ϕ induces a functor Bϕ : BH → BG.
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We will also make use of the auxiliary functors appearing in the following diagram:

BH
jH

Bϕ

HOrb

yoH

sH

G×ϕ−

HSet ℓH

indϕ

PSh(HOrb)

indϕ

BG
jG

GOrb sG

yoG

GSet ℓG

resϕ

PSh(GOrb)

resϕ

(8.2)

The functor sH regards transitive H-sets just as H-sets, and ℓH regards H-sets as discrete 
H-spaces to obtain objects in PSh(HOrb). In particular, ℓH is fully faithful and the 
composition ℓH◦sH is equivalent to the Yoneda embedding yoH . If we drop the restriction 
functors, the above diagram commutes. Moreover, we have an equivalence ℓH ◦ resϕ ≃
resϕ ◦ℓG.

For D in Fun(BH,𝒦), we let Bϕ!D : BG → 𝒦 denote the left Kan extension of D
along Bϕ : BH → BG.

Lemma 8.1. If F preserves arbitrary coproducts, then there exists a natural equivalence

FD ◦ resϕ ≃ FBϕ!D

of functors PSh(GOrb) →M.

Proof. Since both FD ◦ resϕ and FBϕ!D are colimit-preserving functors, it suffices to 
construct an equivalence between the restrictions of these functors along the Yoneda 
embedding yoG : GOrb→ PSh(GOrb).

Recall that FBϕ!D ◦ yoG ≃ F (Bϕ!D)G by definition. Since sG is fully faithful, the 
equivalence id ≃ (sG)∗sG! yields the second equivalence in the chain

(Bϕ!D)G ≃ jG! Bϕ!D ≃ sG! j
G
! Bϕ!D ◦ sG ≃ (indϕ)!sH! jH! D ◦ sG .

The last equivalence is given by the left and middle commutative squares in (8.2). Since 
indϕ is a left adjoint of resϕ, the left Kan extension functor (indϕ)! is given by restriction 
along resϕ. Hence

(indϕ)!sH! jH! D ◦ sG ≃ sH! jH! D ◦ resϕ ◦sG .

For every H-set X, the subcategory of the slice category sH/X formed by the inclusions of 
H-orbits into X is discrete and cofinal. Thus, if E : HOrb → 𝒩 is a functor such that 
𝒩 admits arbitrary coproducts, the left Kan extension sH! E of E along sH exists and 
the canonical morphism
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∐︂
S∈H\X

E(S) → sH! E(X)

is an equivalence. Since F preserves coproducts, it follows from this identification that

F ◦ sH! jH! D ◦ resϕ ◦sG ≃ sH! (FDH) ◦ resϕ ◦sG .

We conclude from this discussion that

FBϕ!D ◦ yoG ≃ F (Bϕ!D)G ≃ sH! (FDH) ◦ resϕ ◦sG . (8.3)

Since ℓH is fully faithful and thus id ≃ (ℓH)∗ℓH! , we get the first equivalence in the chain

sH! (FDH) ≃ ℓH! sH! (FDH) ◦ ℓH ≃ FD ◦ ℓH

The second equivalence follows from ℓH ◦ sH ≃ yoH and FD ≃ (yoH)!FDH . Therefore, 
we have

sH! (FDH) ◦ resϕ ◦sG ≃ FD ◦ ℓH ◦ resϕ ◦sG

≃ FD ◦ resϕ ◦ℓG ◦ sG ≃ FD ◦ resϕ ◦ yoG . (8.4)

Combining (8.3) and (8.4) gives the desired identification. □
As before, let ϕ : H → G be a group homomorphism. Let ℱ be a family of subgroups 

of G. By

ϕ∗ℱ := {K ≤ H | ϕ(K) ∈ ℱ}

we denote the induced family on H.

Corollary 8.2. If F preserves arbitrary coproducts, then the assembly map

Aϕ∗ℱ,DH
: colim 

Hϕ∗ℱOrb
FDH → FDH(∗)

is equivalent to the assembly map

Aℱ,F (Bϕ!D)G : colim 
GℱOrb

F (Bϕ!D)G → F (Bϕ!D)G(∗).

Proof. We let EℱG in PSh(GOrb) be the classifying space of G for the family ℱ as 
described in Definition 2.1. By Lemma 2.2, the assembly map Aℱ,F (Bϕ!D)G is equivalent 
to the map

FBϕ!D(EℱG) → FBϕ!D(∗) (8.5)
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induced by the projection EℱG → ∗. Using Lemma 8.1 in order to replace FBϕ!D by 
FD ◦ resϕ and the equivalences resϕ(EℱG) ≃ Eϕ∗ℱH and resϕ(∗) ≃ ∗, we see that the 
map in (8.5) is equivalent to

FD(Eϕ∗ℱH) → FD(∗)

induced by the projection Eϕ∗ℱH → ∗. By Lemma 2.2 again, this map is equivalent to 
Aϕ∗ℱ,DH

. □
Let H be a subgroup of G and let D be an object in Fun(BH,𝒦). We denote the 

inclusion of H into G by ι : H → G (we use ι instead of ϕ to emphasise injectivity) and 
use the notation ℱ|H := ι∗ℱ for the restriction of the family ℱ to H.

Corollary 8.3 (Passage to subgroups). Assume that F preserves arbitrary coproducts. 
If the assembly map Aℱ,F (Bι!D)G is a (phantom) equivalence, then the assembly map 
Aℱ|H ,FDH

is also a (phantom) equivalence.

Proof. In fact, Corollary 8.2 implies that Aℱ,F (Bι!D)G is equivalent to Aℱ|H ,FDH
. □

Let now C be in Fun(BG,𝒦) and use the notation resGH C := (Bι)∗C for the restric
tion of C to an object in Fun(BH,𝒦). Recall the induction functor indι : PSh(HOrb) →
PSh(GOrb) from (8.1).

Lemma 8.4. There is a natural equivalence of functors

FresGH C ≃ FC ◦ indι

of functors PSh(HOrb) →M.

Proof. Since both functors are colimit-preserving, it suffices to find an equivalence 
between the restrictions of these functors along the Yoneda embedding yoH , i.e., an 
equivalence

F (resGH C)H ≃ FCG ◦ (G×H −) (8.6)

of functors HOrb→M. We have the chain of equivalences

resGH C ≃ C ◦Bι ≃ jG! C ◦ jG ◦Bι ≃ jG! C ◦ (G×H −) ◦ jH (8.7)

of functors BH → 𝒦, where the first equivalence is the definition of resGH , the second 
follows from id ≃ (jG)∗jG! since jG is fully faithful, and the last uses the left square in 
(8.2). We now apply jH! to (8.7) in order to get the first equivalence in (8.8) below. The 
unit jH! (jH)∗ → id induces the second arrow in the natural transformation
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(resGH C)H ≃ jH! (jG! C ◦ (G×H −) ◦ jH) → jG! C ◦ (G×H −) (8.8)

of functors HOrb→ 𝒦. We claim that the natural transformation (8.8) is an equivalence. 
By the pointwise formula for the left Kan extension jH! , its evaluation at S in HOrb is 
the map

colim
jH/S

jG! C ◦ (G×H (jH ◦ evH
S )) → jG! C(G×H S)

in 𝒦, where evH
S : jH/S → BH is the canonical functor. Since the induction functor G×H−

induces an equivalence of categories jH/S → jG/(G ×H S), the left-hand side is equivalent 
to

colim 
jG/G×HS

jG! C ◦ (jG ◦ evG
G×HS) ≃ colim 

jG/G×HS

C ◦ evG
G×HS ≃ (jG! C)(G×H S) ,

where the second equivalence is again a consequence of the pointwise formula for the left 
Kan extension, this time for jG! . This finishes the proof of the claim.

We get the desired equivalence (8.6) by applying F to the equivalence (8.8). □
Each of the following statements actually contains two statements, one for equiva

lences, and another one for phantom equivalences under the additional assumption that 
the target M of F is stable. We will provide arguments for the case of equivalences. The 
case of phantom equivalences is similar, using the observation that stability of M implies 
that colimits of phantom objects are again phantom objects.

Let ℱ ′,ℱ be families of subgroups of G such that ℱ ′ ⊆ ℱ . The relative assembly map 
in the following statement is induced by the inclusion of index categories Gℱ ′Orb →
GℱOrb.

Proposition 8.5. If the assembly map Aℱ ′|H ,F (resGH C)H is an equivalence for every H in 
ℱ , then the relative assembly map

Aℱℱ ′,FCG
: colim 

Gℱ′Orb
FCG → colim 

GℱOrb
FCG

is an equivalence. If M is stable, the same assertion holds with ``equivalence'' replaced by 
“phantom equivalence''.

Proof. It suffices to show that FCG|GℱOrb is a left Kan extension of FCG|Gℱ′Orb along 
the inclusion functor Gℱ ′Orb → GℱOrb. By the pointwise formula for the left Kan 
extension, it is enough to check that the canonical map

colim 
Gℱ′Orb/(G/H)

FCG → FCG(G/H) (8.9)
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is an equivalence for every H in ℱ . The functor G ×H − : HOrb → GOrb induces an 
equivalence

Hℱ ′|HOrb ≃ Hℱ ′|HOrb/∗
≃−→ Gℱ ′Orb/(G/H)

which allows us to identify the map in (8.9) with the map

colim 
Hℱ′|HOrb

FCG ◦ (G×H −) → FCG ◦ (G×H −)(∗).

By Lemma 8.4, this map is equivalent to the assembly map

Aℱ ′|H ,F (resGH C)H : colim 
Hℱ′|HOrb

F (resGH C)H → F (resGH C)H(∗) ,

which is an equivalence by assumption. □
Corollary 8.6 (Transitivity Principle). Assume:

1. the assembly map Aℱ,FCG
is an equivalence;

2. for every H in ℱ , the assembly map Aℱ ′|H ,F (resGH C)H is an equivalence.

Then the assembly map Aℱ ′,FCG
is an equivalence. If M is stable, the same assertion 

holds with ``equivalence'' replaced by ``phantom equivalence''.

Proof. The composition

colim 
Gℱ′Orb

FCG → colim 
GℱOrb

FCG → FCG(∗)

is equivalent to Aℱ ′,FCG
. The first map in this composition is the relative assembly map 

Aℱℱ ′,FCG
, which is an equivalence by Proposition 8.5, and the second map is the assembly 

map Aℱ,FCG
, which is an equivalence by assumption. □

Let π : G → Q be an epimorphism of groups and ℋ be a family of subgroups of Q
such that π∗ℋ ⊆ ℱ .

Corollary 8.7. Assume that F preserves arbitrary coproducts. If

1. the assembly map Aℋ,F (π!C)Q is an equivalence,
2. the assembly map Aℱ|H ,F (resGH C)H is an equivalence for every H in π∗ℋ,

then the assembly map Aℱ,FCG
is an equivalence.

Proof. Corollary 8.2 together with the first assumption implies that Aπ∗ℋ,FCG
is an 

equivalence. Now apply Corollary 8.6 to finish the proof. □
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The final abstract inheritance property concerns filtered colimits. Let Γ : I → Grp be 
a filtered diagram of groups (without any assumptions on the structure maps). We then 
set

G := colimI Γ

and let ϕi : Γi → G denote the structure maps of the colimit. Let ℱ be a family of 
subgroups of G and let C be an object in Fun(BG,𝒦).

Proposition 8.8 (Passage to filtered colimits). Suppose for every i in I that the assembly 
map Aϕ∗

iℱ,F (Bϕ∗
i C)Γi

is an equivalence. If F preserves filtered colimits, then the assembly 
map Aℱ,FCG

is an equivalence. If M is stable, the same assertion holds with ``equiva
lence'' replaced by ``phantom equivalence''.

Proof. Using Lemma 2.2 and the observation that resϕi
EℱG ≃ Eϕ∗

iℱΓi (see (8.1) for 
resϕi

), we see that Aℱ,FCG
is equivalent to the map FC(EℱG) → FC(∗) induced by 

the projection EℱG → ∗, while Aϕ∗
iℱ,F (Bϕ∗

i C)Γi
is equivalent to FBϕ∗

i C(resϕi
EℱG) →

FBϕ∗
i C(∗).

We claim that the assignment i ↦→ FBϕ∗
i C ◦ resϕi

extends to a diagram

I → Funcolim(PSh(GOrb),M)

such that

colimi∈I FBϕ∗
i C ◦ resϕi

≃ FC .

Since filtered colimits of (phantom) equivalences are (phantom) equivalences, this claim 
implies the proposition.

We have functors

BΓ : I → Cat∞ , ΓOrb : I → Cat∞ ,

where ΓOrb sends an object i in I to ΓiOrb, and a morphism f : i → i′ in I to the 
induction functor Γi′ ×Γ(f) − : ΓiOrb → Γi′Orb. Applying PSh to ΓOrb, this first 
gives a diagram Iop → Cat∞, but taking the left adjoints of the structure maps we get 
a diagram

PSh(ΓOrb) : I → PrL
ω → CAT∞ .

The morphisms jΓi : BΓi → ΓiOrb assemble to a natural transformation jΓ : BΓ →
ΓOrb, while the Yoneda embeddings yoΓi

assemble to a natural transformation 
yoΓ : ΓOrb→ PSh(ΓOrb).
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By passing to the associated cocartesian fibrations, we obtain morphisms

˜︂BΓ
˜︂jΓ −→ ˜︂ΓOrb ˜︃yoΓ −−→ ˜︂PSh(ΓOrb)

of categories over I, where both arrows preserves cocartesian morphisms. Moreover, 
the diagrams BΓ, ΓOrb and PSh(ΓOrb) admit cocones with vertices BG, GOrb and 
PSh(GOrb), respectively. Hence we have a commutative diagram

˜︂BΓ
˜︂jΓ

Bϕ

˜︂ΓOrb
˜︃yoΓ

ϕOrb

˜︂PSh(ΓOrb)

PSh(ϕOrb)

BG
jG

GOrb
yoG PSh(GOrb)

whose left half lies in the image of the nerve functor N: Cat → Cat∞. The claim will 
follow by comparing the left Kan extension functors arising from this diagram.

Since B sends filtered colimits of groups to filtered colimits in Cat∞, we have 
colimI BΓ ≃ BG. As colimits in Cat∞ can always be computed by localising the (total 
space of the) associated cocartesian fibration at the collection of cocartesian morphisms 
[44, Cor. 3.3.4.3], it follows that Bϕ is a localisation. In particular, the restriction func
tor Bϕ∗ : Fun(BG,𝒦) → Fun(˜︂BΓ,𝒦) is fully faithful. So the counit of the adjunction 
(Bϕ!, Bϕ∗) induces an equivalence

Bϕ!(C ◦Bϕ) ≃ C . (8.10)

Let E : ˜︂ΓOrb→ N be a functor. If N has sufficiently many colimits, the values of the left 
Kan extension ϕOrb!E of E along ϕOrb can be computed using the pointwise formula:

ϕOrb!E(S) ≃ colim 
(T,G×Γi

T→S))∈ϕOrb/S

E(T ) .

It is straightforward to check that the indexing category ϕOrb/S is filtered since I is 
filtered. Since F preserves filtered colimits, it follows that

ϕOrb!(F ◦ −) ≃ F ◦ ϕOrb!(−) . (8.11)

We combine these observations to obtain the following chain of equivalences:

FC ≃ (yoG)!(F ◦ jG! C)
(8.10)
≃ (yoG)!(F ◦ jG! Bϕ!(C ◦Bϕ))

≃ (yoG)!(F ◦ ϕOrb!
˜︂jΓ
! (C ◦Bϕ))
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(8.11)
≃ (yoG)!ϕOrb!(F ◦˜︂jΓ

! (C ◦Bϕ))

≃ PSh(ϕOrb)!(˜︃yoΓ)!(F ◦˜︂jΓ
! (C ◦Bϕ))

We have to identify the last term. Using [44, Prop. 4.3.3.10], we see that

˜︂jΓ
! (C ◦Bϕ)|ΓiOrb ≃ jΓi

! (C ◦Bϕi) (8.12)

for all i in I. Consequently, we have

(yoΓi
)!
(︁
(F ◦˜︂jΓ

! (C ◦Bϕ))|ΓiOrb
)︁ (8.12)
≃ (yoΓi

)!(F ◦ jΓi

! (C ◦Bϕi))

≃ FBϕ∗
i C . (8.13)

Now consider the morphism

indϕ : ˜︂PSh(ΓOrb) → I ×PSh(GOrb)

whose components are the canonical projection to I and PSh(ϕOrb). Considering indϕ

as a morphism over I, it preserves cocartesian morphisms and satisfies indϕ |PSh(ΓiOrb) ≃
indϕi

. Therefore, we can apply [44, Prop. 4.3.3.10] a second time to see that

(︁
(indϕ)!(˜︃yoΓ)!(F ◦˜︂jΓ

! (C ◦Bϕ))
)︁
|{i}×PSh(ΓiOrb)

≃ (indϕi
)!(yoΓi

)!
(︁
(F ◦ jΓi

! (C ◦Bϕ))|ΓiOrb
)︁

(8.13)
≃ (indϕi

)!FBϕ∗
i C

≃ FBϕ∗
i C ◦ resϕi

, (8.14)

where the last identification follows from the fact that resϕi
is right adjoint to indϕi

. 
Under the identification

Fun(I ×PSh(GOrb),M) ≃ Fun(I,Fun(PSh(GOrb),M)) ,

taking the left Kan extension along pr corresponds to taking the colimit over I. This 
allows us to identify

PSh(ϕOrb)!(˜︃yoΓ)!(F ◦˜︂jΓ
! (C ◦Bϕ)) ≃ pr!(indϕ)!(˜︃yoΓ)!(F ◦˜︂jΓ

! (C ◦Bϕ))

(8.14)
≃ colimi∈I FBϕ∗

i C ◦ resϕi
,

which finishes the proof of the claim. □
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Remark 8.9. In the following proof, we will invoke Theorem 7.4, respectively its special 
cases Theorems 5.1 and 6.1. In contrast to Definitions 5.4, 6.3 and 7.1, the literature 
often establishes the existence of certain open covers instead of almost equivariant maps, 
and uses the term ``(strongly) transfer reducible'' or a variant thereof instead of ``finitely 
homotopy ℱ-amenable''. We refer to [16, Prop. 5.3] and [27, Thm.6.19] for an explanation 
how the nerve construction produces almost equivariant maps from appropriate open 
covers. We will tacitly use this translation in the sequel. ⧫

Proof of Theorem 1.14. Recall Definition 1.13 of the class of groups ℱ𝒥H . For a group 
G, we denote by ℱ𝒥H(G) the set of subgroups of G which belong to ℱ𝒥H .

If K is a subgroup of G, then K ≀ F is a subgroup of G ≀ F for every finite group F . 
Hence (1) follows from Corollary 8.3. In particular, ℱ𝒥H(G) is closed under passage to 
subgroups and therefore is a family of subgroups.

If G acts isometrically, properly and cocompactly on a finite-dimensional CAT(0)
space, then the same is true for the wreath product G ≀ F with any finite group F . 
Building on [14,15], it was shown in [53, Thm. 3.4] that G≀F is therefore finitely homotopy 
𝒱𝒞yc-amenable in the sense of Definition 5.4. So Theorem 5.1 implies (2).

In the sequel, we will make frequent use of the following argument. Suppose that G
is a DFHJ-group with respect to a family of subgroups contained in ℱ𝒥H(G). Then 
[36, Lem. 3.4] implies for every finite group F that G ≀ F is a DFHJ-group with respect 
to the family ℱ𝒥H(G ≀ F ). By Theorem 7.4, the assembly map Aℱ𝒥H(G≀F ),HCG≀F is an 
equivalence for every object C in Fun(B(G ≀F ),CatLex

∞,∗). Then Corollary 8.6 applied to 
ℱ = ℱ𝒥H(G ≀ F ) and ℱ ′ = 𝒱𝒞yc shows that G belongs to ℱ𝒥H .

We now show (3), so we assume that G is a hyperbolic group. As a special case of (2), 
every virtually cyclic group belongs to ℱ𝒥H . By [16, Lem. 2.1], the hyperbolic group G
is finitely homotopy 𝒱𝒞yc-amenable. So it is in particular a DFHJ-group with respect to 
the family 𝒱𝒞yc, which itself is contained in ℱ𝒥H(G). The preceding argument therefore 
shows that G belongs to ℱ𝒥H .

Before continuing with the concrete classes of groups listed in the theorem, we turn 
to the closure properties of the class ℱ𝒥H .

If the group G′ contains a group G as a subgroup of finite index, then G′ is a subgroup 
of G≀F ′, where we set F ′ := G′/

⋂︁
g∈G′ gGg−1. For any finite group F , the wreath product 

G′ ≀ F therefore embeds into (G ≀ F ′) ≀ F , which in turn is a subgroup of G ≀ (F ′ ≀ F ). 
Therefore, if G belongs to ℱ𝒥H , then G′ also belongs to ℱ𝒥H by Corollary 8.3. This 
proves (10).

Suppose that G1 and G2 belong to ℱ𝒥H and let F be a finite group. Note that (G1×
G2) ≀F is a subgroup of (G1 ≀F )×(G2 ≀F ). Hence, it suffices to show that A𝒱𝒞yc,HCG1×G2

is an equivalence for any pair G1 and G2 such that A𝒱𝒞yc,H(Ci)Gi
is an equivalence for 

i = 1, 2 and every Ci in Fun(BGi,CatLex
∞,∗). Applying Corollary 8.7 to the projection 

pr1 : G1×G2 → G1 and using (1), it suffices to show that A𝒱𝒞yc,HDV1×G2
is an equivalence 

for every virtually cyclic subgroup V1 of G1 and every D in Fun(B(V1 ×G2)),CatLex
∞,∗). 

Another application of Corollary 8.7 to the projection pr2 : V1 ×G2 → G2 shows, using 



134 U. Bunke et al. / Advances in Mathematics 489 (2026) 110788 

(1), that it is enough to check that A𝒱𝒞yc,HEV1×V2
is an equivalence for every pair of 

virtually cyclic subgroups V1 and V2 in G1 and G2, respectively, and for every E in 
Fun(B(V1 × V2),CatLex

∞,∗). Since V1 × V2 is virtually finitely generated abelian, this is a 
consequence of (2). Hence (11) holds.

Let Γ be a filtered diagram of groups with colimit G and let F be a finite group. 
It is straightforward to check that the colimit of the diagram Γ ≀ F obtained by taking 
the wreath product with F in each component is given by G ≀ F . Hence Proposition 8.8
implies that G belongs to ℱ𝒥H if Γi belongs to ℱ𝒥H for all i, which is precisely Assertion 
(12).

We prove (13) next. Let F be a finite group and consider the induced epimorphism 
πF : G ≀ F → Q ≀ F . By Corollary 8.7 and using (1), it is enough to show that π−1

F (V )
belongs to ℱ𝒥H for all virtually cyclic subgroups V of Q ≀ F . The subgroup W :=
π−1
F (V ) ∩GF (note that GF is a subgroup of G ≀ F ) has finite index in π−1

F (V ). So (10) 
implies that it is enough to see that W belongs to ℱ𝒥H . Let Vf denote the image of 
V ∩QF under the projection map QF → Q to the f -th component. Then the group W
in turn embeds into the group 

∏︁
f∈F π−1(Vf ). Note that Vf is virtually cyclic for every 

f in F . Hence π−1(Vf ) contains the preimage π−1(C) of a cyclic subgroup C of Vf as a 
subgroup of finite index. Since π−1(C) belongs to ℱ𝒥H by assumption, it follows from 
(10) that π−1(Vf ) also belongs to ℱ𝒥H . Now (11) implies that 

∏︁
f∈F π−1(Vf ) belongs 

to ℱ𝒥H . So W belongs to ℱ𝒥H by (1).
Consider the canonical map p : G1 ∗G2 → G1 ×G2. Since (11) tells us that G1 ×G2

belongs to ℱ𝒥H , (13) implies that it suffices to show that p−1(C) belongs to ℱ𝒥H for 
every cyclic subgroup C of G1 × G2. Let T denote the Bass–Serre tree of G1 ∗ G2. We 
restrict the G1∗G2-action on T to the subgroup p−1(C). The restriction of p to the vertex 
stabilisers of this p−1(C)-action is injective, so all vertex stabilisers are isomorphic to 
subgroups of C. By Kurosh’s theorem [50, Ch. 1, Thm. 14], p−1(C) is isomorphic to the 
free product of a free group and a collection of such cyclic vertex stabilisers. Therefore, 
p−1(C) is a filtered colimit of hyperbolic groups, and (14) follows from (3) and (12).

We now continue with Assertion (4). As another special case of (2), finitely generated, 
virtually abelian groups belong to ℱ𝒥H . Applying (12), every virtually abelian group 
belongs to ℱ𝒥H . By [36, Prop. 3.3], the groups Z[w,w−1]⋊Z described in Example 7.3
are DFHJ groups with respect to the family of virtually abelian subgroups, so they 
belong to ℱ𝒥H . We now argue as in the proof of [54, Prop. 3.3] to conclude that (4) 
holds. Note that this proof only makes use of closure properties we have also established 
for ℱ𝒥H .

For Assertion (5), it is enough to show that GLn(Q) and GLn(k(t)) belong to ℱ𝒥H

due to (1). By (12), one only has to show that GLn(Z[S−1]) and GLn(k[t][S−1]) belong 
to ℱ𝒥H , where S denotes a finite set of primes in the respective ring. Let G denote one 
of these groups. [48, Prop. 2.2 & 7.23] shows that there exists a certain family ℱ such 
that G is a DFHJ group with respect to ℱ . By Corollary 8.6, it is enough to show that 
all groups in ℱ belong to ℱ𝒥H . This follows from the proof of [48, Thm. 8.12], which 
applies also in our situation due to (4) and the closure properties of ℱ𝒥H .
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For Assertions (6), (7) and (8), we observe that the arguments in [35], [10, Sec. 7], 
[58] respectively [30] use only properties of the class ℱ𝒥H that have been established in 
previous steps.

Using (4) and the closure properties of ℱ𝒥H , Assertion (9) follows by induction on 
the complexity of the surface from [3, Cor. 9.1 & Lem. 9.2]. See also the proof of [3, 
Lem. 9.3]. □
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