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A B S T R A C T

We survey recent developments in the parameterized complexity of the graph isomorphism problem. Our focus 

lies on the fixed-parameter tractability of isomorphism testing for various graph parameters. Additionally, fol­

lowing Babai’s quasipolynomial time isomorphism test, there has been a series of results obtaining isomorphism 

algorithms running in time 𝑛polylog(𝑘) for different graph parameters 𝑘.

We highlight the main technical ideas underlying these algorithms and state various open questions for future 

research.

1 . Introduction

Determining the computational complexity of the Graph 

Isomorphism Problem (GI) is regarded as a major open prob­

lem in theoretical computer science. It was already stated as an open 

problem in Karp’s seminal paper on the NP-completeness of combina­

torial problems in 1972 [1], and has remained one of the few natural 

problems in NP that are neither known to be NP-complete nor known 

to be solvable in polynomial time. In 2016, Babai [2] proved in a 

breakthrough result that GI can be solved in quasipolynomial time 

𝑛polylog(𝑛) ∶= 𝑛(log 𝑛)O(1) , where 𝑛 denotes the number of vertices of the 

input graphs. This was the first improvement on the worst-case running 

time of a general graph isomorphism algorithm over the 2O
(

√

𝑛 log 𝑛
)

 [3] 

time bound established more than three decades earlier.

Research on GI as a computational problem can be traced back to 

work on chemical information systems in the 1950’s (see, e.g., [4]). 

The first papers in the computer science literature, proposing various 

heuristic approaches, appeared in the 1960’s (e.g., [5]). An early break­

through was Hopcroft and Tarjan’s 𝑂(𝑛 log 𝑛) isomorphism test for planar 

graphs [6]. Isomorphism algorithms for specific graph classes have been 

an active research strand ever since (e.g., [7–15]) which, in particular, 

resulted in an extensive study of the parameterized complexity of GI for 

various different graph parameters.

An important early result in this context is Luks algorithm [7] 

which tests isomorphism of graphs of maximum degree 𝑑 in time 

𝑛𝑂(𝑑). This work introduced a divide-and-conquer approach along the 

structure of the permutation groups involved which sparked research 

on GI in the 1980’s [3,16] and it also forms the foundation of Babai’s 

quasipolynomial time isomorphism test [2]. In the following decades, 

polynomial-time isomorphism tests were developed for a variety of 

different graph classes, including graphs of bounded eigenvalue mul­

tiplicity [8], bounded genus [9,10], bounded tree-width [12], bounded 

rank-width [15], and classes that exclude a fixed graph as a minor [13] 

or even only as a topological subgraph [14].

However, all these algorithms have in common that the parameter 

in question appears in the exponent of the running time, i.e., in the 

language of parameterized complexity, they are XP algorithms. In the 

area of parameterized complexity, developed by Downey and Fellows in 

the 1990’s [17,18], we are generally aiming for fpt algorithms running 

in time 𝑓 (𝑘) ⋅ 𝑛𝑐  where 𝑘 is the parameter in question, 𝑓  is a computable 

function and 𝑐 is a fixed constant (not depending on 𝑘). In fact, already 

the first book by Downey and Fellows [17] asks for fpt algorithms for GI

parameterized by the maximum degree and the tree-width.

One of the earliest positive results is an fpt isomorphism test param­

eterized by the eigenvalue multiplicity 𝑘 running in time 2𝑂(𝑘 log 𝑘)𝑛𝑂(1)

by Evdokimov and Ponomarenko [19].1 Other early examples include 

fpt algorithms parameterized by the feedback vertex number [21] or 

the tree-depth [22]. Still, for many natural parameterizations of GI, fpt 

algorithms remain elusive to this day (e.g., for maximum degree) or 

have only been obtained in recent years. In 2014, Lokshtanov, Pilipczuk, 

Pilipczuk and Saurabh obtained the first fpt isomorphism test param­

eterized by tree-width 𝑘 running in time 2𝑂(𝑘5 log 𝑘)𝑛5 [23] which was 

later improved to a running time of 2𝑘 polylog(𝑘)𝑛3 [24]. Additionally, 
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$2^{O(k \log k)}n^{O(1)}$


$n^{\operatorname {polylog}(k)}$


$k$


$n^{\operatorname {polylog}(n)} := n^{{(\log n)}^{{\mathcal O}(1)}}$


$n$


$2^{{\mathcal O}\left (\sqrt {n\log n}\right )}$


$O(n\log n)$


$d$


$n^{O(d)}$


$f(k) \cdot n^c$
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$f$
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$2^{O(k^5 \log k)}n^5$


$2^{k\operatorname {polylog}(k)}n^3$


$g$


$2^{O(g^4 \log g)}n^{O(1)}$


$n^{\operatorname {polylog}(k)}$


$k$


$n^{\operatorname {polylog}(d)}$


$d$


$g$


$k$


$h$


$n^{\operatorname {polylog}(k)}$


$2^{O(k^c)}n^{O(1)}$


$c$


$\mathcal C$


$\kappa \colon {\mathcal C} \to {\mathcal C}$


$\kappa (G) \cong G$


$G \in {\mathcal C}$


$\kappa (G) = \kappa (H)$


$G,H \in {\mathcal C}$


$G \in {\mathcal C}$


$G$


$\kappa (G)$


$\kappa $


$\mathbb N$


$[k]$


$\{1,\dots ,k\}$


$G = (V,E)$


$V$


$E \subseteq \{\{v,w\} \mid v,w \in V\}$


$V(G)$


$E(G)$


$G$


$vw$


$\{v,w\}$


$v \in V(G)$


$N_G(v) := \{w \in V(G) \mid vw \in E(G)\}$


$X \subseteq V(G)$


$N_G(X) = (\bigcup _{v \in X} N_G(v)) \setminus X$


$X$


$v$


$\deg _G(v) := |N_G(v)|$


$G$


$\Delta (G) := \max _{v \in V(G)} \deg _G(v)$


$G$


$A,B \subseteq V(G)$


$E_G(A,B) := \{vw \in E(G) \mid v \in A, w \in B\}$


$A$


$B$


$G$


$A$


$G[A] := (A,E_G(A,A))$


$G - A := G[V(G) \setminus A]$


$A$


$G_1$


$G_2$


$G_1 \cong G_2$


$\varphi \colon V(G_1) \to V(G_2)$


$vw \in E(G_1)$


$\varphi (v)\varphi (w) \in E(G_2)$


$v,w \in V(G_1)$


$\varphi $


$G_1$


$G_2$


$G_1,G_2$


$G_1 \cong G_2$


$G = (V,E,\lambda )$


$(V,E)$


$\lambda \colon V(G) \to C$


$C$


$v \in V(G)$


${[v]}_{\lambda } := \{w \in V(G) \mid \lambda (v) = \lambda (w)\}$


$v$


$\Omega $


$\Gamma \leq \operatorname {Sym}(\Omega )$


$\Omega $


$\Gamma $


$\Omega = [n]$


$S_n$


$\operatorname {Sym}(\Omega )$


$\alpha \in \Omega $


$\gamma \in \operatorname {Sym}(\Omega )$


$\alpha ^\gamma $


$\gamma (\alpha )$


$\alpha $


$\gamma $


$\alpha ^{(\gamma \delta )} = {(\alpha ^\gamma )}^{\delta }$


$\gamma ,\delta \in \operatorname {Sym}(\Omega )$


$S \subseteq \Gamma $


$\Gamma $


$\gamma \in \Gamma $


$\delta _1,\dots ,\delta _k \in S$


$\gamma = \delta _1 \dots \delta _k$


$S \subseteq \operatorname {Sym}(\Omega )$


$\langle S \rangle $


$S$


$\Pi $


$L \subseteq \Sigma ^* \times {\mathbb N}$


$\Sigma $


$(x,k) \in \Sigma ^* \times {\mathbb N}$


$k$


$L \subseteq \Sigma ^* \times {\mathbb N}$


$\mathcal A$


$f$


$c$


$(x,k) \in \Sigma ^* \times {\mathbb N}$


$\mathcal A$


$(x,k) \in L$


$f(k) \cdot {(|x|+k)}^c$


$f$


$f$


$L \subseteq \Sigma ^* \times {\mathbb N}$


$\mathcal A$


$f$


$c$


$(x,k) \in \Sigma ^* \times {\mathbb N}$


$\mathcal A$


$(x,k) \in L$


$f(k) \cdot {(|x|+k)}^c$


$f$


$c$


$k$


${\mathcal A}_k$


$(x,k) \in \Sigma ^* \times {\mathbb N}$


$(x,k) \in L$


$f(k) \cdot {(|x|+k)}^c$


$L_1 \subseteq \Sigma _1^* \times {\mathbb N}$


$L_2 \subseteq \Sigma _2^* \times {\mathbb N}$


$L_1$


$L_2$


$(x_1,k_1) \in \Sigma _1^* \times {\mathbb N}$


$(x_2,k_2) \in \Sigma _1^* \times {\mathbb N}$


$(x_1,k_1) \in L_1$


$(x_2,k_2) \in L_2$


$k_2 \leq g(k_1)$


$g$


$\mathcal A$


$f(k_1) \cdot {(|x_1| + k_1)}^c$


$f$


$c$


$f(k) \cdot n^{g(k)}$


$f,g$


$n^{\operatorname {polylog}(k)}$


$\operatorname {polylog}(k)$


$\log k$


$\lambda _1,\lambda _2\colon V(G) \to C$


$G$


$\lambda _1$


$\lambda _2$


$\lambda _1 \preceq \lambda _2$


$\lambda _2(v) = \lambda _2(w)$


$v,w \in V(G)$


$\lambda _1(v) = \lambda _1(w)$


$\lambda _1 \equiv \lambda _2$


$\lambda _1 \preceq \lambda _2$


$\lambda _2 \preceq \lambda _1$


$G = (V,E,\lambda )$


${\chi _{(0)}(G)} := \lambda $


$i > 0$


${\chi _{(i)}(G)}(v) := \big ({\chi _{(i-1)}(G)}(v);{\mathcal M}_i(v)\big )$


\begin {equation*}{\mathcal M}_i(v) := \Big \{\!\Big \{{\chi _{(i-1)}(G)}(w) ~\Big |~ w \in N_G(v)\Big \}\!\Big \}\end {equation*}


$v$


${\chi _{(i)}(G)} \preceq {\chi _{(i-1)}(G)}$


$i > 0$


$i_\infty \geq 0$


${\chi _{(i_\infty )}(G)} \equiv {\chi _{(i_\infty +1)}(G)}$


$\chi _{(i_\infty )}(G)$


$\chi _{(\infty )}(G)$


$6$


$6$


$G$


$\chi _{(\infty )}(G)$


$\chi _{(\infty )}(G)$


$O((n+m) \log n)$


$\lambda $


$G$


$k \geq 2$


$k$


$k$


$k$


$2$


$k \geq 2$


$k$


$\operatorname {atp}(G,\bar v)$


$\bar v = (v_1,\dots ,v_k)$


$G$


$G[\{v_1,\dots ,v_k\}]$


$G,H$


$\bar v = (v_1,\dots ,v_k) \in {(V(G))}^k, \bar w = (w_1,\dots ,w_k) \in {(V(H))}^k$


$\operatorname {atp}(G,\bar v)=\operatorname {atp}(H,\bar w)$


$v_i \mapsto w_i$


$G[v_1,\ldots ,v_k]$


$H[w_1,\ldots ,w_k]$


$\operatorname {atp}(G,v_1,\ldots ,v_k)$


$(k\times k)$


$v_i$


$G$


$k$


$\chi _{(i)}^{k}(G)$


${(V(G))}^k$


$\chi _{(0)}^{k}(G)(\bar v) := \operatorname {atp}(G,\bar v)$


$i > 0$


$\chi _{(i)}^{k}(G)(\bar v) := \big (\chi _{(i-1)}^{k}(G)(\bar v);{\mathcal M}_i(\bar v)\big )$


\begin {equation*}{\mathcal M}_i(\bar v) := \Big \{\!\Big \{\big (\chi _{(i-1)}^{k}(G)(\bar v[w/1]),\dots ,\chi _{(i-1)}^{k}(G)(\bar v[w/k])\big ) ~\Big |~ w \in V(G)\Big \}\!\Big \}\end {equation*}


$\bar v[w/i]$


$k$


$(v_1,\dots ,v_{i-1},w,v_{i+1},\dots ,v_k)$


$\bar v$


$i$


$w$


$i_\infty $


$\chi _{(i_\infty )}^{k}(G) \equiv \chi _{(i_\infty +1)}^{k}(G)$


$\chi _{(\infty )}^{k}(G) := \chi _{(i_\infty )}^{k}(G)$


$k$


$2$


$9$


$k \geq 2$


$k$


$n$


$O(n^{k+1}\log n)$


$2$


$9$


$\chi _{(i)}^{2}(G)(v,w) = \chi _{(i)}^{2}(G)(w,v)$


$v,w \in V(G)$


$G_1$


$G_2$


$k$


$G$


$H$


$c$


\begin {equation*}\Big |\Big \{\bar v \in {(V(G))}^k ~\Big |~ \chi _{(\infty )}^{k}(G)(\bar v) = c \Big \}\Big | \neq \Big |\Big \{\bar w \in {(V(H))}^k ~\Big |~ \chi _{(\infty )}^{k}(H)(\bar w) = c \Big \}\Big |\end {equation*}


$k$


$k$


$2$


$k \geq 2$


$k \geq 2$


$3$


$G_k,H_k$


$|V(G_k)| = |V(H_k)| = O(k)$


$k$


$k$


$G$


$G$


$G$


$k \geq 1$


$k$


$G$


$3$


$H$


$G$


$H$


$G$


$G$


$H$


$G$


$H$


$K_{3,3}$


$K_5$


$f$


$G$


$K_h$


$f(h)$


$n^{O(f(h))}$


$K_h$


$t$


$\Sigma $


${\mathfrak x}\colon \Omega \to \Sigma $


$\Omega $


$\Sigma $


$\gamma \in \operatorname {Sym}(\Omega )$


$\Omega $


$\mathfrak x$


${\mathfrak x}^\gamma $


\begin {equation*}{\mathfrak x}^\gamma (\alpha ) = {\mathfrak x}(\alpha ^{\gamma ^{-1}}).\end {equation*}


${\mathfrak y}\colon \Omega \to \Sigma $


$\gamma $


$\mathfrak x$


$\mathfrak y$


${\mathfrak x}^{\gamma } = {\mathfrak y}$


$\gamma \colon {\mathfrak x} \cong {\mathfrak y}$


$\gamma $


$\mathfrak x$


$\mathfrak y$


$\Gamma \leq \operatorname {Sym}(\Omega )$


$\Gamma $


$\mathfrak x$


$\mathfrak y$


$\gamma \in \Gamma $


$\gamma \colon {\mathfrak x} \cong {\mathfrak y}$


${\mathfrak x} \cong _\Gamma {\mathfrak y}$


$\Gamma $


$\mathfrak x$


$\mathfrak y$


$S \subseteq \operatorname {Sym}(\Omega )$


${\mathfrak x}_1,{\mathfrak x}_2\colon \Omega \to \Sigma $


${\mathfrak x}_1 \cong _\Gamma {\mathfrak x}_2$


$\Gamma = \langle S\rangle $


$\Gamma $


$|S|$


$|\Omega |$


$|\Gamma |$


$|\Omega |$


$G_1,G_2$


$V := V(G_1) = V(G_2)$


$\Omega := \{vw \mid v \neq w \in V\}$


$\Sigma := \{0,1\}$


${\mathfrak x}_1(vw) = 1$


$vw \in E(G_1)$


${\mathfrak x}_1(vw) = 0$


${\mathfrak x}_2$


$G_2$


$\Gamma $


$\operatorname {Sym}(V)$


$\Omega $


$G_1 \cong G_2$


${\mathfrak x}_1 \cong _\Gamma {\mathfrak x}_2$


$\Gamma $


$S$


$\Box $


$G_1$


$G_2$


$V = \{a,b,c,d\}$


$\Omega = \{1,\dots ,6\}$


$V$


$S = \{\gamma = (2\,4)(3\,5), \delta = (1\,5\,6\,2)(3\,4)\}$


$\delta ^{-1}\gamma \delta = (1\,3)(4\,6)$


$\Gamma $


${\mathfrak x}_1$


${\mathfrak x}_2$


$\Gamma = \langle S \rangle $


$n^{\operatorname {polylog}(n)}$


$\Gamma $


$\Gamma = \Gamma _0 \trianglerighteq \Gamma _1 \trianglerighteq \dots \trianglerighteq \Gamma _k = \{\operatorname {id}\}$


$k$


$\Gamma _{i-1}/\Gamma _{i}$


$i \in [k]$


$\Gamma $


$\Gamma $


$\Gamma $


$d \geq 1$


$\operatorname {\widehat {\Gamma }}_d$


$\Gamma $


$\Gamma $


$S_d$


$\Gamma $


$\operatorname {cw}(\Gamma )$


$d \geq 1$


$\Gamma \in \operatorname {\widehat {\Gamma }}_d$


$\Gamma $


$S_d$


$S_d$


$d$


$d-1$


$d$


$d$


$n^{O(d)}$


$d$


$n^{O(d)}$


$d$


$n^{\operatorname {polylog}(d)}$


$d$


$n^{\operatorname {polylog}(d)}$


$\Gamma \leq \operatorname {Sym}(\Omega )$


$G_\Gamma $


$\Omega \subseteq V(G_\Gamma )$


$G$


$\Omega $


$\Gamma $


$d$


$d$


${\mathfrak X} = \{{\mathfrak x}_{1},\dots ,{\mathfrak x}_{m}\}$


${\mathfrak Y} = \{{\mathfrak y}_{1},\dots ,{\mathfrak y}_{m}\}$


${\mathfrak x}_i,{\mathfrak y}_i \colon \Omega \to \Sigma $
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$\Gamma \leq \operatorname {Sym}(\Omega )$
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$d$
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${[v]}_\chi := \{w \in V(G) \mid \chi (w) = \chi (v)\}$


$v \in V(G)$


$|{[v]}_\chi | \leq t$


$G$


$\chi _{(\infty )}(G)$


$G$
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$t \geq 1$


$G = (V,E,\lambda )$


${(\chi _i)}_{i \geq 0}$


$\chi _0 := \lambda $


$t = 2$


$\chi _4$


$G$
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\begin {equation*}\chi _{2i+1} := {\chi _{(\infty )}(V,E,\chi _{2i})}\end {equation*}


\begin {equation*}\chi _{2i+2}(v) := \begin {cases} (v,1) & \text {if } |{[v]}_{\chi _{2i+1}}| \leq t\\ (\chi _{2i+1}(v),0) & \text {otherwise} \end {cases}\end {equation*}


$i \geq 0$


$i_\infty \geq 0$


$\chi _{i_\infty } \equiv \chi _{i_\infty +1}$


$\chi _{i_\infty }$


$t$


$G$


$\chi _{t\text {-}{\sf CR}}(G)$


$G$
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$t \geq 1$
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$t$
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$k$
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$t$


$d$


$t$


$t \geq n$


$t$


$G$


$X \subseteq V(G)$


$\lambda ^*\colon V(G) \rightarrow C$


$X$


$\lambda ^*(v) := (v,1)$


$v \in X$


$\lambda ^*(v) := (0,0)$


$v \in V(G) \setminus X$


$\chi := \chi _{t\text {-}{\sf CR}}(G,\lambda ^*)$


$t$


$(G,\lambda ^*)$


${[v]}_{\chi } := \{w \in V(G) \mid \chi (v) = \chi (w)\}$


$v$


$\chi $


$t$


$X$


$G$


\begin {equation*}\operatorname {cl}_t^G(X) := \left \{v \in V(G) \mid |{[v]}_{\chi }| = 1\right \}.\end {equation*}


$X \subseteq \operatorname {cl}_t^G(X)$


$v_1,\dots ,v_\ell $


$\operatorname {cl}_t^G(v_1,\dots ,v_\ell )$


$\operatorname {cl}_t^G(\{v_1,\dots ,v_\ell \})$


$\operatorname {cl}_t^G(X) = V(G)$


$G$


$n^{|X| + \operatorname {polylog}(t)}$


$X$


$n^{|X|}$


$t$


$d$


$G$


$d$


$v \in V(G)$


$\operatorname {cl}_d^G(v) = V(G)$


$d$


$d$


$\chi := \chi _{d\text {-}{\sf CR}}(G,\lambda ^*)$


$d$


$\lambda ^*$


$v$


$i \geq 0$


$V_i := \{w \in V(G) \mid \operatorname {dist}_G(v,w) \leq i\}$


$i \geq 0$


$V_i \subseteq \operatorname {cl}_d^G(v)$


$V_n = V(G)$


$\operatorname {cl}_d^G(v) = V(G)$


$i=0$


$V_0 = \{v\} \subseteq \operatorname {cl}_d^G(v)$
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$w \in V_{i+1}$


$u \in V_i$


$uw \in E(G)$
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$\chi $
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$\Box $
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$H$


$G$
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$H$
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$H$
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$K_{3,h}$


$3$


$h$
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$3$


$3$
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$G$
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$X \subseteq V(G)$


$|X| < 3$


$G$


$3$


$K_{3,h}$


$v_1,v_2,v_3 \in V(G)$


$\operatorname {cl}_{h-1}^G(v_1,v_2,v_3) = V(G)$


$3$


$K_{3,h}$


$(h-1)$
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$K_{3,h}$


$n^{\operatorname {polylog}(h)}$


$g$


$n^{\operatorname {polylog}(g)}$


$\lambda ^*$


$v_1,v_2,v_3$


$\lambda ^*(v_i) := (i,1)$


$i \in \{1,2,3\}$


$\lambda ^*(v) := (0,0)$


$v \in V(G) \setminus \{v_1,v_2,v_3\}$


$\chi := \chi _{(h-1)\text {-}{\sf CR}}(G,\lambda ^*)$


$(h-1)$


$(G,\lambda ^*)$


$I := \operatorname {cl}_{h-1}^G(v_1,v_2,v_3)$


$I \neq V(G)$


$C := \chi (V(G))$


$\chi $


$C_I := \chi (I)$


$H$


$V(H) := C$


\begin {equation*}E(H) := \{c_1c_2 \mid \exists v_1,v_2 \in V(G)\colon \chi (v_1) = c_1, \chi (v_2) = c_2, v_1v_2 \in E(G)\}.\end {equation*}


$C_Z$


$H - C_I$


$Z \subseteq V(G)$


$v \in V(G)$


$\chi (v) \in C_Z$


$N_G(Z) \subseteq I$


$|N_G(Z)| \geq 3$


$G$


$3$


$|I|\geq 3$


$w_1,w_2,w_3 \in N_G(Z)$


$c_i := \chi (w_i)$


$w_i$


$i \in \{1,2,3\}$


$T$


$H[C_Z \cup \{c_1,c_2,c_3\}]$


$T'$


$T$


$c_1,c_2,c_3$


$T'$


$c_1,c_2,c_3$


$c^*$
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D. Neuen

an fpt algorithm for GI parameterized by the genus 𝑔 running in time

2𝑂(𝑔4 log 𝑔)𝑛𝑂(1) was obtained in [25]. Recently, Lokshtanov, Pilipczuk,

Pilipczuk and Saurabh generalized both of these results to obtain an fpt 

isomorphism test2 parameterized by the size of a forbidden minor [26].

Following Babai’s breakthrough result [2], another strand of work 

aimed at obtaining parameterized quasipolynomial isomorphism tests 

running in time 𝑛polylog(𝑘) for certain graph parameters 𝑘. In a joint work

with Martin Grohe and Pascal Schweitzer, we obtained an isomorphism 

test running in time 𝑛polylog(𝑑) for graphs of maximum degree 𝑑 which

extends both Babai’s quasipolynomial time algorithm [2] and Luks iso­

morphism test for graphs of bounded degree [7]. In a series of follow-up 

works, this result was extended to graphs of bounded genus 𝑔 [27],

bounded tree-width 𝑘 [28], and excluding a minor [29] or even only

a topological subgraph [30] on ℎ vertices. Note that a running time of

the form 𝑛polylog(𝑘) is incomparable to an fpt algorithm with a running

time of the form 2𝑂(𝑘𝑐 )𝑛𝑂(1) for some constant 𝑐 (or similar) which is

common for most of the available fpt isomorphism tests.

A problem closely related to GI is the Graph Canonization 

Problem (Can). A canonization for a class of graphs C is a mapping

𝜅 ∶ C → C such that 𝜅(𝐺) ≅ 𝐺 for all 𝐺 ∈ C, and 𝜅(𝐺) = 𝜅(𝐻) for

all isomorphic 𝐺,𝐻 ∈ C. Intuitively speaking, a canonization gives a

“standard representation” of a graph 𝐺 ∈ C so that two graphs are

isomorphic if and only if their standard representations are equal. The

Graph Canonization Problem (Can) asks, given a graph 𝐺, to com­

pute 𝜅(𝐺) for some fixed canonization 𝜅. Clearly, GI reduces to Can, but

a reduction in the other direction is not known. Still, many algorithms 

for GI can be modified to compute a graph canonization within the same 

running time, although this often comes at the price of additional tech­

nical complications. For example, by appropriately extending the tools 

underlying his algorithm, Babai obtained a quasipolynomial time can­

onization algorithm [31]. We stress that the same is possible for many 

of the algorithms discussed in this survey. However, to keep the presen­

tation simple, we only focus on isomorphism testing in the remainder of 

this work.

Finally, we would also like to stress that this survey focuses on the 

parameterized complexity of isomorphism testing. As a result, there are 

many research strands on GI that we (almost) completely ignore (e.g., 

practical isomorphism algorithms). We refer the reader to [32] for a 

broader survey. Another survey on recent developments on GI can also 

be found in [33].

2 . Preliminaries

2.1 . Graphs

Let us review some basic notation. We use N to denote the natural

numbers and write [𝑘] for the set {1,… , 𝑘}. We use standard graph no­

tation. An (undirected) graph is a pair 𝐺 = (𝑉 ,𝐸) with a finite vertex

set 𝑉  and an edge set 𝐸 ⊆ {{𝑣,𝑤} ∣ 𝑣,𝑤 ∈ 𝑉 }. We write 𝑉 (𝐺) and 𝐸(𝐺)
to denote the vertex and edge set of a graph 𝐺, respectively. We use

𝑣𝑤 as shorthand to denote the set {𝑣,𝑤}. The (open) neighborhood of a

vertex 𝑣 ∈ 𝑉 (𝐺) is the set 𝑁𝐺(𝑣) ∶= {𝑤 ∈ 𝑉 (𝐺) ∣ 𝑣𝑤 ∈ 𝐸(𝐺)}. For a set

𝑋 ⊆ 𝑉 (𝐺) we write 𝑁𝐺(𝑋) = (
⋃

𝑣∈𝑋 𝑁𝐺(𝑣)) ⧵𝑋 for the neighborhood of

𝑋. The degree of 𝑣 is deg𝐺(𝑣) ∶= |𝑁𝐺(𝑣)|. The maximum degree of a graph

𝐺 is Δ(𝐺) ∶= max𝑣∈𝑉 (𝐺) deg𝐺(𝑣).
Let 𝐺 be a graph and 𝐴,𝐵 ⊆ 𝑉 (𝐺). We write 𝐸𝐺(𝐴,𝐵) ∶= {𝑣𝑤 ∈

𝐸(𝐺) ∣ 𝑣 ∈ 𝐴,𝑤 ∈ 𝐵} to denote the set of edges with one endpoint in 𝐴,

and one endpoint in 𝐵. The induced subgraph of 𝐺 with vertex set 𝐴 is

the graph 𝐺[𝐴] ∶= (𝐴,𝐸𝐺(𝐴,𝐴)). We also write 𝐺−𝐴 ∶= 𝐺[𝑉 (𝐺) ⧵𝐴] to
denote the subgraph induced by the complement of 𝐴.

Two graphs 𝐺1 and 𝐺2 are isomorphic, denoted by 𝐺1 ≅ 𝐺2, if

there is a bijection 𝜑∶ 𝑉 (𝐺1) → 𝑉 (𝐺2) such that 𝑣𝑤 ∈ 𝐸(𝐺1) if

and only if 𝜑(𝑣)𝜑(𝑤) ∈ 𝐸(𝐺2) for all 𝑣,𝑤 ∈ 𝑉 (𝐺1). In this case, the

3 We remark that their isomorphism test is strictly speaking not an fpt 

algorithm; see Section 5.2 for details.

mapping 𝜑 is an isomorphism from 𝐺1 to 𝐺2. This definition gives rise

to the following computational problem which is the main topic of this

article.

Graph Isomorphism Problem (GI)

Input: Two graphs 𝐺1, 𝐺2.

Question: Decide whether 𝐺1 ≅ 𝐺2.

In the context of isomorphism testing, it is often convenient to work 

with (vertex-)colored graphs 𝐺 = (𝑉 ,𝐸, 𝜆) where (𝑉 ,𝐸) is a graph and

𝜆∶ 𝑉 (𝐺) → 𝐶 is a coloring of the vertices where 𝐶 is some finite set of

colors. For a vertex 𝑣 ∈ 𝑉 (𝐺), we write [𝑣]𝜆 ∶= {𝑤 ∈ 𝑉 (𝐺) ∣ 𝜆(𝑣) = 𝜆(𝑤)}
to denote the color class that 𝑣 is contained in. Isomorphisms between

colored graphs must respect the colors of the vertices.

2.2 . Group theory

Next, we provide some basic notation on permutation groups. For 

a general background on group theory we refer to [34], whereas back­

ground on permutation groups can be found in [35]. Additionally, basic 

facts on algorithms for permutation groups are given in [36].

A permutation group acting on a set Ω is a subgroup Γ ≤ Sym(Ω) of

the symmetric group. The size of the permutation domain Ω is called the

degree of Γ. If Ω = [𝑛], then we also write 𝑆𝑛 instead of Sym(Ω). For an

element 𝛼 ∈ Ω and a permutation 𝛾 ∈ Sym(Ω) we write 𝛼𝛾  to denote the

image 𝛾(𝛼) of 𝛼 under the permutation 𝛾. We apply permutations from

left to right, i.e., 𝛼(𝛾𝛿) = (𝛼𝛾 )𝛿  for permutations 𝛾, 𝛿 ∈ Sym(Ω).
A set 𝑆 ⊆ Γ is a generating set for Γ if for every 𝛾 ∈ Γ there exist

𝛿1,… , 𝛿𝑘 ∈ 𝑆 such that 𝛾 = 𝛿1 … 𝛿𝑘. For 𝑆 ⊆ Sym(Ω) we write ⟨𝑆⟩ for the

permutation group generated by 𝑆. In order to perform computational

tasks for permutation groups efficiently the groups are represented by 

generating sets of small size (i.e., polynomial in the size of the permu­

tation domain). Indeed, most algorithms are based on so-called strong 

generating sets, which can be chosen to be of size quadratic in the size of 

the permutation domain of the group and can be computed in polyno­

mial time given an arbitrary generating set (see, e.g., [36]). In particular, 

every permutation group has a generating set of quadratic size.

2.3 . Parameterized complexity

We assume the reader is familiar with basic concepts in complexity 

theory. We say a computational problem Π is GI-complete if it is equiv­

alent to the Graph Isomorphism Problem under polynomial-time 

many-one reductions.

We give a very brief introduction to parameterized complexity. For 

more background we refer the reader to [17,18,37,38]. A parameterized 

problem is a language 𝐿 ⊆ Σ∗ × N where Σ is a fixed finite alphabet. For

an instance (𝑥, 𝑘) ∈ Σ∗×N, we refer to 𝑘 as the parameter of the instance.

A parameterized problem 𝐿 ⊆ Σ∗ × N is fixed-parameter tractable (fpt) if

there is an algorithm A, a computable function 𝑓  and a constant 𝑐 such

that, given an instance (𝑥, 𝑘) ∈ Σ∗ × N, A decides whether (𝑥, 𝑘) ∈ 𝐿 in

time 𝑓 (𝑘) ⋅ (|𝑥| + 𝑘)𝑐 .
Observe that the function 𝑓  in the definition needs to be computable.

We sometimes say a problem (or an algorithm for the problem) is strongly 

uniform fpt to highlight the fact that 𝑓  is a computable function. This is

motivated by the following two variants. We say that a parameterized 

problem 𝐿 ⊆ Σ∗ × N is

• weakly uniform fpt if there is an algorithm A, a (not necessarily com­

putable) function 𝑓  and a constant 𝑐 such that, given an instance

(𝑥, 𝑘) ∈ Σ∗ ×N, A decides whether (𝑥, 𝑘) ∈ 𝐿 in time 𝑓 (𝑘) ⋅ (|𝑥| + 𝑘)𝑐 .
• non-uniform fpt if there is a function 𝑓  and a constant 𝑐 such that

for every 𝑘 there is an algorithm A𝑘 that, given an instance (𝑥, 𝑘) ∈
Σ∗ × N, decides whether (𝑥, 𝑘) ∈ 𝐿 in time 𝑓 (𝑘) ⋅ (|𝑥| + 𝑘)𝑐 .
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Fig. 1. The iterations of the Color Refinement algorithm on a path of length 6. 

(For interpretation of the references to color in this figure legend, the reader is 

referred to the web version of this article).

We stress that most of the algorithms we encounter in this article are 

strongly uniform, but there are cases where we only obtain a weakly 

uniform or non-uniform fpt algorithms.

Let 𝐿1 ⊆ Σ∗
1 × N and 𝐿2 ⊆ Σ∗

2 × N denote parameterized problems. 

An fpt reduction from 𝐿1 to 𝐿2 is an algorithm that maps each instance 

(𝑥1, 𝑘1) ∈ Σ∗
1 × N to an instance (𝑥2, 𝑘2) ∈ Σ∗

1 × N such that (𝑥1, 𝑘1) ∈ 𝐿1
if and only if (𝑥2, 𝑘2) ∈ 𝐿2, 𝑘2 ≤ 𝑔(𝑘1) for some computable function 𝑔, 

and A runs in time 𝑓 (𝑘1) ⋅ (|𝑥1| + 𝑘1)
𝑐  for some computable function 𝑓

and a constant 𝑐.
Finally, let us note that throughout this work, we are not only inter­

ested in fpt algorithms, but also XP algorithms where the running time is 

of the form 𝑓 (𝑘) ⋅ 𝑛𝑔(𝑘) for computable functions 𝑓, 𝑔. In particular, we 

are interested in algorithms with a running time of the form 𝑛polylog(𝑘)

where polylog(𝑘) is some polynomial function in log 𝑘.

3 . The Weisfeiler-Leman algorithm

In this section, we discuss the Weisfeiler-Leman (WL) algorithm 

which forms a key heuristic for testing isomorphism of graphs and is 

used as a subroutine in many algorithms.

3.1 . The color refinement algorithm

One of the most basic procedures to tackle the Graph Isomorphism 

Problem is the Color Refinement algorithm which computes a coloring of 

the vertices based on iterated degree sequences. More precisely, an ini­

tially uniform coloring is iteratively refined by counting, for each color, 

the number of neighbors of that color.

Let 𝜆1, 𝜆2 ∶ 𝑉 (𝐺) → 𝐶 be two colorings of the vertices of a graph 𝐺. 

We say that 𝜆1 refines 𝜆2, denoted by 𝜆1 ⪯ 𝜆2, if 𝜆2(𝑣) = 𝜆2(𝑤) for all 

𝑣,𝑤 ∈ 𝑉 (𝐺) for which 𝜆1(𝑣) = 𝜆1(𝑤). The two colorings are equivalent, 

denoted 𝜆1 ≡ 𝜆2, if 𝜆1 ⪯ 𝜆2 and 𝜆2 ⪯ 𝜆1.
The Color Refinement algorithm takes as input a vertex-colored 

graph 𝐺 = (𝑉 ,𝐸, 𝜆) and computes an isomorphism-invariant coloring 

of the vertices. Initially, the algorithm sets 𝜒(0)(𝐺) ∶= 𝜆. The initial col­

oring is iteratively refined as follows. For 𝑖 > 0 we set 𝜒(𝑖)(𝐺)(𝑣) ∶=
(

𝜒(𝑖−1)(𝐺)(𝑣);M𝑖(𝑣)
)

 where

M𝑖(𝑣) ∶=
{{

𝜒(𝑖−1)(𝐺)(𝑤) ||
|

𝑤 ∈ 𝑁𝐺(𝑣)
}}

is the multiset of colors that appear in the neighborhood of 𝑣. By 

definition, we have that 𝜒(𝑖)(𝐺) ⪯ 𝜒(𝑖−1)(𝐺) for every 𝑖 > 0. Hence, there 

is some minimal 𝑖∞ ≥ 0 such that 𝜒(𝑖∞)(𝐺) ≡ 𝜒(𝑖∞+1)(𝐺). We call 𝜒(𝑖∞)(𝐺)
the stable coloring and denote it by 𝜒(∞)(𝐺). As an example, the sequence 

of colorings computed for the path of length 6 is given in Fig. 1.

Given a graph 𝐺 the stable coloring 𝜒(∞)(𝐺) can be computed3 in 

almost linear time 𝑂((𝑛 + 𝑚) log 𝑛) [39]. Due to its efficiency, the Color 

Refinement algorithm is used in essentially all practical tools for isomor­

phism testing [40–44]. On the other hand, it is also limited in its power 

4 To be precise, a coloring equivalent to 𝜒(∞)(𝐺) is computed since the (nested) 

multisets become too large.

since, e.g., on regular graphs it always returns the uniform coloring 

(assuming the vertex-coloring 𝜆 of 𝐺 is uniform).

3.2 . The Weisfeiler-Leman algorithm

For 𝑘 ≥ 2 the 𝑘-dimensional Weisfeiler-Leman algorithm (𝑘-WL) is a 

natural generalization of the Color Refinement algorithm which, instead 

of coloring vertices, computes a coloring of 𝑘-tuples of vertices. The 2-

dimensional version was introduced by Weisfeiler and Leman [45]. The 

generalization to higher dimensions was independently introduced by 

Babai and Mathon as well as Immerman and Lander [46] (see [2] for a 

historical note).

Let us fix some 𝑘 ≥ 2. To introduce 𝑘-WL, we need the notion of the 

atomic type atp(𝐺, 𝑣̄) of a tuple 𝑣̄ = (𝑣1,… , 𝑣𝑘) of vertices in a graph 

𝐺. Intuitively speaking, it describes the isomorphism type of the la­

beled induced subgraph 𝐺[{𝑣1,… , 𝑣𝑘}]. More formally, for graphs 𝐺,𝐻
and tuples 𝑣̄ = (𝑣1,… , 𝑣𝑘) ∈ (𝑉 (𝐺))𝑘, 𝑤̄ = (𝑤1,… , 𝑤𝑘) ∈ (𝑉 (𝐻))𝑘 we 

have atp(𝐺, 𝑣̄) = atp(𝐻, 𝑤̄) if and only if the mapping 𝑣𝑖 ↦ 𝑤𝑖 is an 

isomorphism from 𝐺[𝑣1,… , 𝑣𝑘] to 𝐻[𝑤1,… , 𝑤𝑘]. Technically, one can 

view atp(𝐺, 𝑣1,… , 𝑣𝑘) as a pair of Boolean (𝑘 × 𝑘)-matrices, one describ­

ing equalities between the 𝑣𝑖, and one describing adjacencies. If 𝐺 is a 

colored graph, we add a diagonal matrix for the vertex coloring.

Now, 𝑘-WL computes a sequence of colorings 𝜒𝑘
(𝑖)(𝐺) of (𝑉 (𝐺))𝑘

as follows. Initially, each tuple is colored by its atomic type, i.e., 

we set 𝜒𝑘
(0)(𝐺)(𝑣̄) ∶= atp(𝐺, 𝑣̄). For 𝑖 > 0, we set 𝜒𝑘

(𝑖)(𝐺)(𝑣̄) ∶=
(

𝜒𝑘
(𝑖−1)(𝐺)(𝑣̄);M𝑖(𝑣̄)

)

 where

M𝑖(𝑣̄) ∶=
{{

(

𝜒𝑘
(𝑖−1)(𝐺)(𝑣̄[𝑤∕1]),… , 𝜒𝑘

(𝑖−1)(𝐺)(𝑣̄[𝑤∕𝑘])
)

|

|

|

𝑤 ∈ 𝑉 (𝐺)
}}

and 𝑣̄[𝑤∕𝑖] denotes the 𝑘-tuple (𝑣1,… , 𝑣𝑖−1, 𝑤, 𝑣𝑖+1,… , 𝑣𝑘) obtained from 

𝑣̄ by replacing the 𝑖-th entry with 𝑤. As before, there is a minimal 𝑖∞ such 

that 𝜒𝑘
(𝑖∞)(𝐺) ≡ 𝜒𝑘

(𝑖∞+1)(𝐺), and we denote 𝜒𝑘
(∞)(𝐺) ∶= 𝜒𝑘

(𝑖∞)(𝐺) as the 𝑘-

stable coloring. As an example, the sequence of colorings computed by 2-

WL for the cycle of length 9 is given in Fig. 2. For every 𝑘 ≥ 2 the 𝑘-stable 

coloring of an 𝑛-vertex graph can be computed in time 𝑂(𝑛𝑘+1 log 𝑛) [46].

3.3 . The WL dimension

To use the WL algorithm as an isomorphism test, one can compare 

the color patterns computed on two input graphs 𝐺1 and 𝐺2. If they 

differ, the graphs cannot be isomorphic. We say that 𝑘-WL distinguishes

two graphs 𝐺 and 𝐻  if there is a color 𝑐 such that

|

|

|

{

𝑣̄ ∈ (𝑉 (𝐺))𝑘 |

|

|

𝜒𝑘
(∞)(𝐺)(𝑣̄) = 𝑐

}

|

|

|

≠ |

|

|

{

𝑤̄ ∈ (𝑉 (𝐻))𝑘 |

|

|

𝜒𝑘
(∞)(𝐻)(𝑤̄) = 𝑐

}

|

|

|

Observe that 𝑘-WL is not a complete isomorphism test, i.e., there are non-

isomorphic graphs which are not distinguished by 𝑘-WL. For example, 

any pair of non-isomorphic strongly regular graphs with the same pa­

rameters is not distinguished by 2-WL. For arbitrary 𝑘 ≥ 2, the following 

celebrated result provides such pairs of graphs.

Theorem 3.1  (Cai, Fürer, Immerman [47]). For every 𝑘 ≥ 2 there ex­

ist non-isomorphic 3-regular graphs 𝐺𝑘,𝐻𝑘 with |𝑉 (𝐺𝑘)| = |𝑉 (𝐻𝑘)| = 𝑂(𝑘)
that are not distinguished by 𝑘-WL.

This means the WL algorithm alone is unable to solve the isomor­

phism problem in general unless the dimension grows linearly with the 

number of vertices which, however, is prohibitive both in terms of run­

ning time and memory consumption. Still, for many restricted types of 

graphs, the WL algorithm serves as a complete isomorphism test. We 

say 𝑘-WL identifies a graph 𝐺 if it distinguishes 𝐺 from every other non-

isomorphic graph. The WL dimension of 𝐺 is the least 𝑘 ≥ 1 such that 

𝑘-WL identifies 𝐺. For example, it is known that all planar graphs have 

WL dimension at most 3 [48].

More generally, Grohe [49] proved that every graph class excluding 

a fixed graph as a minor has bounded WL dimension. A graph 𝐻  is a 

minor of a graph 𝐺 if 𝐻  can be obtained from 𝐺 by deleting vertices and 
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Fig. 2. The iterations of 2-WL on a cycle of length 9. In this example, 𝜒2
(𝑖)(𝐺)(𝑣,𝑤) = 𝜒2

(𝑖)(𝐺)(𝑤, 𝑣) for all 𝑣,𝑤 ∈ 𝑉 (𝐺) and thus, all colors are represented by undirected 

edges. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article).

edges, and contracting edges (i.e., merging the two endpoints of an edge 

and deleting any loops or multiedges). A graph 𝐺 excludes 𝐻  as a minor if 

𝐺 has no minor isomorphic to 𝐻 . For example, Wagner’s theorem states 

that a graph is planar if and only if it excludes 𝐾3,3 and 𝐾5 as minors.

Theorem 3.2  (Grohe [49]). There is a computable function 𝑓  such that 

every graph 𝐺 excluding 𝐾ℎ as a minor has WL dimension at most 𝑓 (ℎ).

In particular, this means that the Graph Isomorphism Problem

can be solved in time 𝑛𝑂(𝑓 (ℎ)) for all graphs that exclude 𝐾ℎ as a minor.

While this provides us with a polynomial-time isomorphism test for 

a wide collection of graph classes, the running time is rather unsatisfac­

tory. In later sections, we explore how the running time can be improved 

by incorporating other tools such as group-theoretic and graph-theoretic 

methods. Indeed, while the WL dimension is bounded in terms of var­

ious graph parameters, this usually does not lead to the most efficient 

algorithms (in particular, no fpt complexity is achieved). Instead, we 

can often combine the Weisfeiler-Leman algorithm with other tools to 

design fast isomorphism algorithms.

Still, let us stress at this point that obtaining bounds on the WL di­

mension (such as in Theorem 3.2) is an important and active research 

area due to the connections of WL to various other areas of (theoreti­

cal) computer science such as descriptive complexity theory. We refer 

to [33,50,51] for a more well-rounded overview of the WL algorithm 

which is beyond the scope of this article.

4 . The group-theoretic GI machinery

Next, we give an overview of the group-theoretic graph isomorphism 

machinery. This machinery dates back to Luks polynomial-time iso­

morphism test for graphs of bounded degree [7], and also forms the 

Fig. 3. Dependencies between problems tackled by group-theoretic approaches. 

Each solid edge represents a polynomial-time Turing reduction where the 

parameter is set according to the edge label.

foundation of Babai’s quasipolynomial-time algorithm [2] for GI. In re­

cent years, the group-theoretic methods have also become a wide-spread 

tool for the design of parameterized algorithms for isomorphism testing.

In the following, we introduce the key computational problems con­

sidered within this framework and present several important algorithmic 

results. Afterward, we introduce the notion of 𝑡-CR-bounded graphs 

which serves as a gateway to apply group-theoretic methods for vari­

ous parameterizations of GI. Fig. 3 provides an overview of the problems 

considered in this section and their relation to one another. We also refer 

to [33] for a more thorough overview of the group-theoretic techniques.

4.1 . Group-theoretic problems

In order to apply group-theoretic methods to the Graph 

Isomorphism Problem, Luks [7] introduced a more general problem 

that allows us to build recursive algorithms along the structure of the 

permutation groups involved. Here, we follow the notation used by 

Babai [2] for describing his quasipolynomial-time isomorphism test.

Let Σ be a finite set which is referred to as the alphabet. A string is a 

mapping x∶ Ω → Σ from a finite ground set Ω into the alphabet Σ. Let 

𝛾 ∈ Sym(Ω) be a permutation of the ground set Ω. The permutation can 

be applied to the string x to obtain x𝛾  defined via

x𝛾 (𝛼) = x(𝛼𝛾
−1
).

Let y∶ Ω → Σ be another string. The permutation 𝛾 is an isomorphism

from x to y if x𝛾 = y. We write 𝛾 ∶ x ≅ y to denote that 𝛾 is an isomorphism 

from x to y. Given a permutation group Γ ≤ Sym(Ω), a Γ-isomorphism

from x to y is a permutation 𝛾 ∈ Γ such that 𝛾 ∶ x ≅ y. We write x ≅Γ y to 

denote that there is a Γ-isomorphism from x to y. These definitions lead 

to the following computational problem.

String Isomorphism Problem (SI)

Input: A set 𝑆 ⊆ Sym(Ω), and two strings x1, x2 ∶ Ω → Σ.

Question: Decide whether x1 ≅Γ x2 where Γ = ⟨𝑆⟩.

Note that the group Γ is given via a generating set which may be 

significantly smaller than the generated group. Indeed, the reader is en­

couraged to think of |𝑆| as being polynomially bounded in |Ω|, whereas 

|Γ| is exponential in |Ω|.

Theorem 4.1. There is a polynomial-time many-one reduction from the 

Graph Isomorphism Problem to the String Isomorphism Problem.

Proof. Let 𝐺1, 𝐺2 denote the input graphs for GI. By renaming vertices, 

we may assume without loss of generality that 𝑉 ∶= 𝑉 (𝐺1) = 𝑉 (𝐺2). We 

set Ω ∶= {𝑣𝑤 ∣ 𝑣 ≠ 𝑤 ∈ 𝑉 } and Σ ∶= {0, 1}. Also, we define x1(𝑣𝑤) = 1
if 𝑣𝑤 ∈ 𝐸(𝐺1), and x1(𝑣𝑤) = 0 otherwise (see Fig. 4). The string x2 is 

defined analogously for the graph 𝐺2. Finally, we define Γ to be the 
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Fig. 4. Reduction from the Graph Isomorphism Problem to the String 

Isomorphism Problem. The two input graphs 𝐺1 and 𝐺2 have vertex set 𝑉 =
{𝑎, 𝑏, 𝑐, 𝑑}. We set Ω = {1,… , 6} and each element corresponds to a two-element 

subset of 𝑉 . Also we set 𝑆 = {𝛾 = (2 4)(3 5), 𝛿 = (1 5 6 2)(3 4)}. For example, 

𝛿−1𝛾𝛿 = (1 3)(4 6) is a Γ-isomorphism from x1 to x2 where Γ = ⟨𝑆⟩.

permutation group obtained from the natural action of Sym(𝑉 ) on the 

set of two-element subsets Ω. Then 𝐺1 ≅ 𝐺2 if and only if x1 ≅Γ x2. Also, 

the group Γ can be generated by a generating set 𝑆 of size two that can 

be easily computed. □

Theorem 4.2  (Babai [2]). The String Isomorphism Problem can be 

solved in time 𝑛polylog(𝑛).

Together with Theorem 4.1 this gives a quasipolynomial-time iso­

morphism test for graphs.

The String Isomorphism Problem is not only useful for obtaining 

a general algorithm for isomorphism testing, but also in a parameter­

ized setting. To be able to use SI in this setting, we require a suitable 

parameterization of (permutation) groups.

Let Γ be a group. A subnormal series is a sequence of normal subgroups 

Γ = Γ0 ⊵ Γ1 ⊵ ⋯ ⊵ Γ𝑘 = {id}. The length of the series is 𝑘 and the groups 

Γ𝑖−1∕Γ𝑖 are the factor groups of the series, 𝑖 ∈ [𝑘]. A composition series

is a strictly decreasing subnormal series of maximal length. For every 

finite group Γ all composition series have the same family (considered 

as a multiset) of factor groups (cf. [34]). A composition factor of a finite 

group Γ is a factor group of a composition series of Γ.

Definition 4.3. For 𝑑 ≥ 1 let Γ̂𝑑  denote the class of all groups Γ for 

which every composition factor of Γ is isomorphic to a subgroup of 𝑆𝑑 . 

The composition width of a group Γ, denoted by cw(Γ), is the minimal 

𝑑 ≥ 1 such that Γ ∈ Γ̂𝑑 .

This definition may be hard to grasp for a reader without a strong 

background in group theory; in this case the reader is encouraged to 

think of Γ as being “composed” of subgroups of 𝑆𝑑  (the precise details 

are not relevant in the remainder of this article).

Remark 4.4. We note that several relaxed variants of Definition 4.3 

exist in the literature. For example, Babai et al. [16] only require non-

abelien composition factors to be isomorphic to a subgroup of 𝑆𝑑 . Our 

definition follows the original one by Luks [7]; see also [27,52]. Let us 

stress that some of the results presented below have only been proved 

for the more restricted definition given above.

When reducing from the Graph Isomorphism Problem to the

String Isomorphism Problem, the composition width of the input 

group turns out to be a very useful parameter that naturally appears for 

various different parameterizations of graphs (see Section 5). This con­

nection was first observed by Luks [7] for the graph parameter maximum 

degree.

Lemma 4.5. There is a polynomial-time Turing reduction from the Graph 

Isomorphism Problem for graphs of maximum degree 𝑑 to the String 

Isomorphism Problem for groups of composition width at most 𝑑 − 1.

We remark that the original reduction by Luks [7] only runs in poly­

nomial time for fixed 𝑑; the reduction stated here is from [16] (see also 

[53, Theorem 5.3.4]).

Also, Luks [7] proved that the String Isomorphism Problem for 

groups of composition width at most 𝑑 can be solved in time 𝑛𝑂(𝑑) using a 

recursive divide-and-conquer approach on the input permutation group. 

Together, this provides an isomorphism test for graphs of maximum 

degree 𝑑 running in time 𝑛𝑂(𝑑).

With the new tools developed in Babai’s algorithm [2] solving the

String Isomorphism Problem in quasipolynomial time, it is natural 

to ask whether one can also obtain improved running times parameter­

ized by the composition width of the input group. The following result 

provides a positive answer and strengthens both Luks algorithm [7] and 

Babai’s quasipolynomial-time isomorphism test.

Theorem 4.6  (Grohe,  Neuen,  Schweitzer  [52]). The String 

Isomorphism Problem for groups of composition width at most 𝑑 can be 

solved in time 𝑛polylog(𝑑).

Corollary 4.7. The Graph Isomorphism Problem for graphs of maxi­

mum degree at most 𝑑 can be solved in time 𝑛polylog(𝑑).

Still, the long-standing open question of whether isomorphism test­

ing parameterized by the maximum degree is fpt (e.g., posed in [17,18]) 

remains wide open. With this in mind, it may be interesting to also inves­

tigate the relationships between the problems displayed in Fig. 3 in more 

detail. As a concrete example, we formulate the following question.

Question 4.8. Is there an fpt-reduction from the String Isomorphism 

Problem parameterized by the composition width of the input group 

to the Graph Isomorphism Problem parameterized by the maximum 

degree of the input graphs?

Let us note that the most natural approach would be to translate the 

input group Γ ≤ Sym(Ω) into a graph 𝐺Γ such that Ω ⊆ 𝑉 (𝐺Γ) and the 

automorphism group of 𝐺 restricted to Ω is equal to Γ. For this approach 

to work, it is crucial that we only ask for an fpt reduction since the 

alternating group on 𝑑 points can only be represented by graphs of size 

exponential in 𝑑 [54].

As already indicated above, parameterization by the composition 

width of the group is not only relevant when studying isomorphism of 

graphs of bounded degree, but the same holds true for various other 

natural graph parameters. Unfortunately, in many cases, the String 

Isomorphism Problem turns out to be too restrictive to obtain a reduc­

tion similar to Lemma 4.5. Instead, we require a generalization where 

instead of two strings, we receive two sets of strings in the input.

Let X = {x1,… , x𝑚} and Y = {y1,… , y𝑚} be two sets of strings where 

x𝑖, y𝑖 ∶ Ω → Σ are strings with domain Ω over the alphabet Σ for every 𝑖 ∈
{1,… , 𝑚}. Also let Γ ≤ Sym(Ω) be a permutation group. A Γ-isomorphism

from X to Y is a permutation 𝛾 ∈ Γ such that X𝛾 = Y where X𝛾 ∶=
{x𝛾1,… , x𝛾𝑚}. We write X ≅Γ Y if there is some Γ-isomorphism from X

to Y.

Set-of-Strings Isomorphism Problem (SSI)

Input: A set 𝑆 ⊆ Sym(Ω), and two sets X1,X2 of strings over Ω.

Question: Decide whether X1 ≅Γ X2 where Γ = ⟨𝑆⟩.

We remark that SSI can be reduced to SI in polynomial time, but it 

is not known whether there is an fpt reduction under parameterization 

by the composition width.

The following result generalizes Theorem 4.6 and improves upon an 

algorithm due to Miller [11] that solves SSI in time (𝑛 + 𝑚)𝑂(𝑑). It also 
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serves as an important subroutine for several of the algorithms described 

in Section 5.

Theorem 4.9  (Neuen [27]). The Set-of-Strings Isomorphism 

Problem for groups of composition width at most 𝑑 can be solved in time 

(𝑛 + 𝑚)polylog(𝑑).

4.2 . Weisfeiler-Leman and small color classes

Having introduced the group-theoretic tools, we now discuss an 

intermediate problem that can serve as a gateway to applying the 

group-theoretic GI machinery. More precisely, we formulate a purely 

combinatorial graph parameter that allows us to capture many cir­

cumstances under which group-theoretic methods are applicable in the 

context of GI. A main advantage of such a formulation is that it allows 

us to use the powerful group-theoretic toolbox in a black-box manner 

without requiring any knowledge of the underlying methods.

Let 𝑡 ≥ 1 be an integer. We consider the notion of 𝑡-CR-bounded 

graphs originally introduced by Ponomarenko (under a different name) 

in [55]. Here, the letters ‘CR’ refer to the Color Refinement algorithm 

discussed in Section 3. Intuitively speaking, a (vertex-colored) graph 𝐺
is 𝑡-CR-bounded if the vertex coloring of 𝐺 can be turned into the discrete 

coloring (i.e., each vertex has its own color) by repeatedly

• performing the Color Refinement algorithm (expressed by the letters 

‘CR’), and

• taking a color class [𝑣]𝜒 ∶= {𝑤 ∈ 𝑉 (𝐺) ∣ 𝜒(𝑤) = 𝜒(𝑣)} of some vertex 

𝑣 ∈ 𝑉 (𝐺) of size |[𝑣]𝜒 | ≤ 𝑡 and assigning each vertex from the class 

its own color.

An example is given in Fig. 5. The next definition formalizes this concept. 

Recall that, for a vertex-colored graph 𝐺, we write 𝜒(∞)(𝐺) to denote the 

coloring computed by the Color Refinement algorithm on 𝐺.

Definition 4.10. Let 𝑡 ≥ 1 and let 𝐺 = (𝑉 ,𝐸, 𝜆) be a vertex-colored 

graph. We define the sequence (𝜒𝑖)𝑖≥0 of colorings where 𝜒0 ∶= 𝜆,

𝜒2𝑖+1 ∶= 𝜒(∞)(𝑉 ,𝐸, 𝜒2𝑖)

and

𝜒2𝑖+2(𝑣) ∶=

{

(𝑣, 1) if |[𝑣]𝜒2𝑖+1 | ≤ 𝑡
(𝜒2𝑖+1(𝑣), 0) otherwise

for all 𝑖 ≥ 0.

For the minimal 𝑖∞ ≥ 0 such that 𝜒𝑖∞ ≡ 𝜒𝑖∞+1, we refer to 𝜒𝑖∞  as 

the 𝑡-CR-stable coloring of 𝐺 and denote it by 𝜒𝑡-𝖢𝖱(𝐺). The graph 𝐺 is 

𝑡-CR-bounded if 𝜒𝑡-𝖢𝖱(𝐺) is discrete.

The following lemma shows that isomorphism of 𝑡-CR-bounded 

graphs can be solved using the group-theoretic toolbox. We note that 

the same ideas are already used in [55] to obtain, for every fixed 𝑡 ≥ 1, 

a polynomial-time isomorphism test for 𝑡-CR-bounded graphs.

Lemma 4.11  ([27, Lemma 5.5]). There is a polynomial-time Turing re­

duction from the Graph Isomorphism Problem for 𝑡-CR-bounded graphs 

to the Set-of-Strings Isomorphism Problem for groups with composi­

tion width at most 𝑡.

Corollary 4.12. The Graph Isomorphism Problem for 𝑡-CR-bounded 

graphs can be solved in time 𝑛polylog(𝑡).

5 . Sparse graphs

In this section, we discuss a series of recent results on isomorphism 

testing of sparse graphs. The first set of results concerns isomorphism 

tests running in time 𝑛polylog(𝑘) for various graph parameters 𝑘 includ­

ing the maximum degree, genus, and tree-width of the input graphs. To 

obtain these results, the notion of 𝑡-CR-bounded graphs introduced in 

the last section turns out to be a powerful tool. We also discuss several 

FPT algorithms for sparse graph parameters that have been developed 

in recent years. Here, additional ideas are often required since we can 

only make limited use of the group-theoretic GI machinery due to the re­

strictions on the running time. The dependencies between the problems 

considered in this section are shown in Fig. 6.

5.1 . XP algorithms with polylogarithmic parameter dependence

We start by discussing isomorphism tests running in time 𝑛polylog(𝑘) for 

various graph parameters 𝑘. The starting point for all of the algorithms is 

the notion of 𝑡-CR-bounded graphs and the corresponding isomorphism 

test from Corollary 4.12. Also, we regularly rely on a second standard 

tool which is the individualization of single vertices. Intuitively speak­

ing, this allows us to break potential regularities in the input graph (for 

example, on a 𝑑-regular graph, the 𝑡-CR-stable coloring achieves no re­

finement unless 𝑡 ≥ 𝑛) and identify a “starting point” for analyzing the 

𝑡-CR-stable coloring.

Let 𝐺 be a graph and let 𝑋 ⊆ 𝑉 (𝐺) be a set of vertices. Let 

𝜆∗ ∶ 𝑉 (𝐺) → 𝐶 be the vertex-coloring obtained from individualizing all 

vertices in the set 𝑋, i.e., 𝜆∗(𝑣) ∶= (𝑣, 1) for 𝑣 ∈ 𝑋 and 𝜆∗(𝑣) ∶= (0, 0)
for 𝑣 ∈ 𝑉 (𝐺) ⧵ 𝑋. Let 𝜒 ∶= 𝜒𝑡-𝖢𝖱(𝐺, 𝜆∗) denote the 𝑡-CR-stable coloring 

with respect to the input graph (𝐺, 𝜆∗). Recall that we use [𝑣]𝜒 ∶= {𝑤 ∈
𝑉 (𝐺) ∣ 𝜒(𝑣) = 𝜒(𝑤)} to denote the color class of 𝑣 under the coloring 𝜒 . 

We define the 𝑡-closure of the set 𝑋 (with respect to 𝐺) to be the set

cl𝐺𝑡 (𝑋) ∶=
{

𝑣 ∈ 𝑉 (𝐺) ∣ |[𝑣]𝜒 | = 1
}

.

Observe that 𝑋 ⊆ cl𝐺𝑡 (𝑋). For 𝑣1,… , 𝑣𝓁  we also use cl𝐺𝑡 (𝑣1,… , 𝑣𝓁) as a 

shorthand for cl𝐺𝑡 ({𝑣1,… , 𝑣𝓁})
If cl𝐺𝑡 (𝑋) = 𝑉 (𝐺) then there is an isomorphism test for 𝐺 running 

in time 𝑛|𝑋|+polylog(𝑡). An algorithm first individualizes all vertices from 

𝑋 creating 𝑛|𝑋| many instances of GI for 𝑡-CR-bounded graphs each 

of which can be solved using Corollary 4.12. This provides us with a 

generic and powerful method for obtaining polynomial-time isomor­

phism tests for various classes of graphs. To illustrate this approach, we 

first recover the isomorphism test for graphs of maximum degree 𝑑 from

Corollary 4.7.

Theorem 5.1  ([55]). Let 𝐺 be a connected graph of maximum degree 𝑑
and let 𝑣 ∈ 𝑉 (𝐺). Then cl𝐺𝑑 (𝑣) = 𝑉 (𝐺). In particular, there is a polynomial-

time Turing reduction from the Graph Isomorphism Problem for graphs 

of maximum degree 𝑑 to the Graph Isomorphism Problem for 𝑑-CR-

bounded graphs.

Proof. Let 𝜒 ∶= 𝜒𝑑-𝖢𝖱(𝐺, 𝜆∗) denote the 𝑑-CR-stable coloring where 𝜆∗

is the coloring obtained from individualizing 𝑣. For 𝑖 ≥ 0 let 𝑉𝑖 ∶= {𝑤 ∈

Fig. 5. Visualization of a graph 𝐺 and the sequence of colorings described in Definition 4.10 for 𝑡 = 2. The coloring 𝜒4 is discrete, so 𝐺 is 2-CR-bounded.
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Fig. 6. Dependencies between isomorphism problems for sparse graphs. Each solid edge represents a polynomial-time Turing reduction where the parameter is set 

according to the edge label. The dashed edges represent fpt reductions.

𝑉 (𝐺) ∣ dist𝐺(𝑣,𝑤) ≤ 𝑖}. We prove by induction on 𝑖 ≥ 0 that 𝑉𝑖 ⊆ cl𝐺𝑑 (𝑣). 
Since 𝑉𝑛 = 𝑉 (𝐺) this implies that cl𝐺𝑑 (𝑣) = 𝑉 (𝐺).

The base case 𝑖 = 0 is trivial since 𝑉0 = {𝑣} ⊆ cl𝐺𝑑 (𝑣) as already 

observed above. So suppose 𝑖 ≥ 0 and let 𝑤 ∈ 𝑉𝑖+1. Then there is some 

𝑢 ∈ 𝑉𝑖 such that 𝑢𝑤 ∈ 𝐸(𝐺). Moreover, 𝑢 ∈ cl𝐺𝑑 (𝑣) by the induction 

hypothesis. This means that |[𝑢]𝜒 | = 1. Since 𝜒  is stable with respect to 

the Color Refinement algorithm [𝑤]𝜒 ⊆ 𝑁(𝑢). So |[𝑤]𝜒 | ≤ deg(𝑢) ≤ 𝑑. 

Hence, |[𝑤]𝜒 | = 1 because 𝜒  is 𝑑-CR-stable. □

5.1.1 . Graphs of bounded genus

Next, let us turn to a slightly more complicated example by consid­

ering graphs that can be embedded in a surface of Euler genus at most 

𝑔 without edge crossings. Actually, the only property we exploit is that 

such graphs exclude a certain minor. Recall that a graph 𝐻  is a minor of 

a graph 𝐺 if 𝐻  can be obtained from 𝐺 by deleting edges and vertices, 

and contracting edges. A graph 𝐺 excludes 𝐻  as a minor if 𝐺 has no mi­

nor that is isomorphic to 𝐻 . For our isomorphism test, we use the fact 

that graphs of genus 𝑔 exclude 𝐾3,4𝑔+3 as a minor [56,57], where 𝐾3,ℎ
denotes the complete bipartite graph with 3 vertices on the left side and 

ℎ vertices on the right side. Note that for 𝑔 = 0 we obtain the well-known 

fact that planar graphs exclude 𝐾3,3 as a minor.

Also, using well-known decompositions into 3-connected compo­

nents (see, e.g., [6]), we may restrict our attention to 3-connected 

graphs.4 A graph 𝐺 is 3-connected if 𝐺 − 𝑋 is connected for every 𝑋 ⊆
𝑉 (𝐺) such that |𝑋| < 3. The next lemma provides the key insight for our 

isomorphism test. A proof of this lemma is already implicit in [58]; an 

explicit version can be found in [27, Corollary 6.3].

Lemma 5.2. Let 𝐺 be a 3-connected graph that excludes 𝐾3,ℎ as a minor 

and let 𝑣1, 𝑣2, 𝑣3 ∈ 𝑉 (𝐺) be distinct vertices. Then cl𝐺ℎ−1(𝑣1, 𝑣2, 𝑣3) = 𝑉 (𝐺).

The lemma states that a 3-connected graph that excludes 𝐾3,ℎ as 

a minor is (ℎ − 1)-CR-bounded after individualizing three vertices. In 

particular, it implies the following reduction.

Corollary 5.3. There is a polynomial-time Turing reduction from the 

Graph Isomorphism Problem for graphs that exclude 𝐾3,ℎ as a minor 

to the Graph Isomorphism Problem for (ℎ − 1)-CR-bounded graphs.

5 We remark that for this argument to work one actually needs to consider 

vertex- and arc-colored 3-connected graphs. For all algorithms presented in 

this section, one can easily incorporate the colorings. However, to keep the 

presentation simple, we omit the details here.

Together with Corollary 4.12, we obtain that isomorphism of graphs 

that exclude 𝐾3,ℎ as a minor can be tested in time 𝑛polylog(ℎ) and hence, 

isomorphism for graphs of genus 𝑔 can be tested in time 𝑛polylog(𝑔).
Now, let us provide a proof for Lemma 5.2.

Proof (of Lemma 5.2). Let 𝜆∗ denote the coloring obtained from indi­

vidualizing 𝑣1, 𝑣2, 𝑣3, i.e., 𝜆∗(𝑣𝑖) ∶= (𝑖, 1) for 𝑖 ∈ {1, 2, 3} and 𝜆∗(𝑣) ∶=
(0, 0) for 𝑣 ∈ 𝑉 (𝐺) ⧵ {𝑣1, 𝑣2, 𝑣3}. Let 𝜒 ∶= 𝜒(ℎ−1)-𝖢𝖱(𝐺, 𝜆∗) denote the 

(ℎ − 1)-CR-stable coloring with respect to the input graph (𝐺, 𝜆∗).
Let 𝐼 ∶= cl𝐺ℎ−1(𝑣1, 𝑣2, 𝑣3) and suppose towards a contradiction that 

𝐼 ≠ 𝑉 (𝐺). Now let 𝐶 ∶= 𝜒(𝑉 (𝐺)) denote the set of colors in the image of 

𝜒 , and let 𝐶𝐼 ∶= 𝜒(𝐼). Consider the graph 𝐻  with vertex set 𝑉 (𝐻) ∶= 𝐶
and

𝐸(𝐻) ∶= {𝑐1𝑐2 ∣ ∃𝑣1, 𝑣2 ∈ 𝑉 (𝐺)∶ 𝜒(𝑣1) = 𝑐1, 𝜒(𝑣2) = 𝑐2, 𝑣1𝑣2 ∈ 𝐸(𝐺)}.

Let 𝐶𝑍  be a connected component of 𝐻 − 𝐶𝐼  and let 𝑍 ⊆ 𝑉 (𝐺) be 

those vertices 𝑣 ∈ 𝑉 (𝐺) with 𝜒(𝑣) ∈ 𝐶𝑍 . Observe that 𝑁𝐺(𝑍) ⊆ 𝐼 , 

and |𝑁𝐺(𝑍)| ≥ 3 since 𝐺 is 3-connected and |𝐼| ≥ 3. Let us fix three 

distinct 𝑤1, 𝑤2, 𝑤3 ∈ 𝑁𝐺(𝑍) and let 𝑐𝑖 ∶= 𝜒(𝑤𝑖) denote the color of 𝑤𝑖, 

𝑖 ∈ {1, 2, 3}.
Now consider a spanning tree 𝑇  of 𝐻[𝐶𝑍 ∪ {𝑐1, 𝑐2, 𝑐3}]. Let 𝑇 ′ be the 

tree obtained from 𝑇  by repeatedly removing all leaves distinct from 

𝑐1, 𝑐2, 𝑐3. A visualization can also be found in Fig. 7. Hence, 𝑇 ′ has exactly 

three leaves 𝑐1, 𝑐2, 𝑐3 and a unique node 𝑐∗ of degree 3. For 𝑖 ∈ {1, 2, 3}
let 𝐶𝑖 denote the set of colors on the unique path from 𝑐𝑖 to 𝑐∗ in 𝑇 ′

including 𝑐𝑖, but excluding 𝑐∗. Also let 𝑈𝑖 ∶= {𝑧 ∈ 𝑉 (𝐺) ∣ 𝜒(𝑧) ∈ 𝐶𝑖}. 

Fig. 7. The figure shows the construction of a minor 𝐾3,ℎ in the proof of 

Lemma 5.2. The sets 𝑈1, 𝑈2, 𝑈3 are marked in gray. (For interpretation of the 

references to color in this figure legend, the reader is referred to the web version 

of this article).
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Then 𝐺[𝑈𝑖] is connected for every 𝑖 ∈ {1, 2, 3} and each 𝑢 ∈ 𝜒−1(𝑐∗) is 
adjacent to some vertex in 𝑈𝑖 for all 𝑖 ∈ {1, 2, 3}. Since |𝜒−1(𝑐∗)| ≥ ℎ, we 

obtain a minor isomorphic to 𝐾3,ℎ which is a contradiction. □

5.1.2 . Graphs of bounded tree-width

After considering two simpler applications of the isomorphism test 

for 𝑡-CR-bounded graphs, let us now turn to the first more involved appli­

cation considering graphs of small tree-width. We assume that the reader 

is familiar with the notion of tree-width (see, e.g., [38, Chapter 7]). Still, 

for the sake of completeness, let us start by providing the basic defini­

tions. Let 𝐺 be a graph. A tree decomposition of 𝐺 is a pair (𝑇 , 𝛽) where 

𝑇  is a rooted tree and 𝛽 ∶ 𝑉 (𝑇 ) → 2𝑉 (𝐺), where 2𝑉 (𝐺) denotes the power 

set of 𝑉 (𝐺), such that

(T.1) for every edge 𝑣𝑤 ∈ 𝐸(𝐺) there is some 𝑡 ∈ 𝑉 (𝑇 ) such that 𝑣,𝑤 ∈
𝛽(𝑡), and

(T.2) for every 𝑣 ∈ 𝑉 (𝐺) the set 𝛽−1(𝑣) ∶= {𝑡 ∈ 𝑉 (𝑇 ) ∣ 𝑣 ∈ 𝛽(𝑡)} is 
non-empty and connected in 𝑇 , that is, 𝑇 [𝛽−1(𝑣)] is connected.

The sets 𝛽(𝑡), 𝑡 ∈ 𝑉 (𝑇 ), are the bags of the decomposition. Also, for 𝑠𝑡 ∈
𝐸(𝐺) the sets 𝛽(𝑡)∩𝛽(𝑠) are called the adhesion sets of the decomposition. 

The width of a tree decomposition is defined as max𝑡∈𝑉 (𝑇 ) |𝛽(𝑡)| − 1. The 

tree-width of a graph 𝐺, denoted tw(𝐺), is the minimal width of any tree 

decomposition of 𝐺.

Our goal is to design efficient isomorphism tests for graphs of small 

tree-width. Similar to the case of graphs of bounded genus, our strategy 

is to decompose the graph into pieces such that each piece is 𝑡-CR-

bounded after individualizing a constant number of vertices. We start by 

considering an illustrative example. Let 𝑇𝑑,ℎ denote a complete 𝑑-ary tree 

of height ℎ, where we should think of 𝑑 as being unbounded in 𝑘. Also, 

let 𝐼𝓁⊗𝑇𝑑,ℎ denote the graph obtained from 𝑇𝑑,ℎ by replacing each vertex 

with an independent set 𝐼𝑣𝓁  of size 𝓁 and two such sets being completely 

connected whenever there is an edge in 𝑇𝑑,ℎ. Then tw(𝐼𝓁 ⊗ 𝑇𝑑,ℎ) ≤ 2𝓁
and the graph 𝐼𝓁 ⊗ 𝑇𝑑,ℎ does not contain any (𝓁 − 1)-separator, i.e., the 

graph remains connected even after removing an arbitrary set of at most 

𝓁 − 1 vertices. Yet, this graph is far from being 𝑡-CR-bounded even after 

individualizing any constant number of vertices assuming 𝑡 < 𝑑.

To circumvent this problem we exploit clique-separator decompositions

of improved graphs which already form an essential part of the first fpt 

isomorphism test for graphs of bounded tree-width [23].

Definition 5.4  ([23,59]). The 𝑘-improvement of a graph 𝐺 is the graph 

𝐺𝑘 obtained from 𝐺 by adding an edge between every pair of non-

adjacent vertices 𝑣,𝑤 for which there are more than 𝑘 pairwise internally 

vertex disjoint paths connecting 𝑣 and 𝑤. We say that a graph 𝐺 is 

𝑘-improved when 𝐺𝑘 = 𝐺.

For example, the 𝑘-improvement of 𝐼𝓁 ⊗ 𝑇𝑑,ℎ turns each set 𝐼𝑣𝓁  into 

a clique assuming that 𝑘 < 𝓁 ⋅ 𝑑, since each pair of vertices 𝑥, 𝑦 ∈ 𝐼𝑣𝓁
has 𝑑 ⋅ 𝓁 many common neighbors. We summarize several structural 

properties of 𝐺𝑘.

Lemma 5.5  ([23]). Let 𝐺 be a graph and 𝑘 ∈ N.

1. The 𝑘-improvement 𝐺𝑘 is 𝑘-improved, i.e., (𝐺𝑘)𝑘 = 𝐺𝑘.

2. Every tree decomposition of 𝐺 of width at most 𝑘 is also a tree 

decomposition of 𝐺𝑘.

3. There exists an algorithm that, given 𝐺 and 𝑘, runs in 𝑂(𝑘2𝑛3) time 

and either correctly concludes that tw(𝐺) > 𝑘, or computes 𝐺𝑘.

Since the construction of 𝐺𝑘 from 𝐺 is isomorphism-invariant, the 

concept of the improved graph can be exploited for isomorphism 

testing. Given a graph, we can compute the 𝑘-improvement and as­

sign a special color to all added edges to distinguish them from the 

original edges. Hence, it suffices to solve the isomorphism problem 

for 𝑘-improved graphs. Next, we decompose 𝑘-improved graphs along

cliques.

Let 𝐺 be a graph. A pair (𝐴,𝐵) where 𝐴 ∪ 𝐵 = 𝑉 (𝐺) is a separation if 

𝐸𝐺(𝐴⧵𝐵,𝐵⧵𝐴) = ∅. In this case we call 𝐴∩𝐵 a separator and |𝐴∩𝐵| is the 

order of the separation. A separation (𝐴,𝐵) is called a clique separation if 

𝐴 ∩𝐵 is a clique and 𝐴 ⧵𝐵 ≠ ∅ and 𝐵 ⧵𝐴 ≠ ∅. In this case we call 𝐴 ∩𝐵
a clique separator. We say a graph is 𝑘-basic if it is 𝑘-improved and does 

not have any separating cliques.

In order to further reduce isomorphism testing to the case of 𝑘-

basic graphs, we build on a decomposition result of Leimer [60] which 

provides an isomorphism-invariant tree decomposition of a graph into 

clique-separator free parts.

Theorem 5.6  ([60,61]). For every connected graph 𝐺 there is an 

isomorphism-invariant tree decomposition (𝑇 , 𝛽) of 𝐺, called clique separator 

decomposition, such that

1. for every 𝑡 ∈ 𝑉 (𝑇 ) the graph 𝐺[𝛽(𝑡)] is clique-separator free, and

2. each adhesion set of (𝑇 , 𝛽) is a clique.

Moreover, given a graph 𝐺, the clique separator decomposition of 𝐺 can be 

computed in polynomial time.

For example, applying the theorem to the 𝑘-improvement of 𝐼𝓁⊗𝑇𝑑,ℎ, 

we obtain an isomorphism-invariant tree decomposition where each bag 

has size at most 2 ⋅ 𝓁, since every set 𝐼𝑣𝓁  is a clique separator in the 

𝑘-improved graph. In general, applying the theorem to a 𝑘-improved 

graph results in a tree decomposition (𝑇 , 𝛽) such that 𝐺[𝛽(𝑡)] is 𝑘-basic 

for every 𝑡 ∈ 𝑉 (𝑇 ). Using standard dynamic programming arguments, 

this decomposition allows us to essentially restrict to the case of 𝑘-basic 

graphs at the cost of an additional factor 2𝑂(𝑘 log 𝑘)𝑛𝑂(1) in the running 

time. Now, a key insight is that 𝑘-basic graphs are once again 𝑘-CR-

bounded after individualizing one vertex. The next lemma provides us 

with the main tool for proving this.

Lemma 5.7. Let 𝐺 be a graph and let 𝜒  be a coloring that is stable with 

respect to the Color Refinement algorithm. Let 𝑋1,… , 𝑋𝑚 be distinct color 

classes of 𝜒  and suppose that 𝐸𝐺(𝑋𝑖, 𝑋𝑖+1) ≠ ∅ for all 𝑖 ∈ [𝑚−1]. Then there 

are min𝑖∈[𝑚] |𝑋𝑖| vertex-disjoint paths from 𝑋1 to 𝑋𝑚.

To gain some intuition on the lemma, consider the simple case where 

𝓁 ∶= |𝑋𝑖| = |𝑋𝑗 | for all 𝑖, 𝑗 ∈ [𝑚]. Since 𝜒  is stable we conclude that the 

bipartite graph 𝐻𝑖 ∶= (𝑋𝑖∪𝑋𝑖+1, 𝐸(𝑋𝑖, 𝑋𝑖+1)) is non-empty and biregular. 

Hence, by Hall’s Marriage Theorem, there is a perfect matching 𝑀𝑖 in 

𝐻𝑖 of size |𝑀𝑖| = 𝓁. Taking the disjoint union of all sets 𝑀𝑖, 𝑖 ∈ [𝑚 − 1], 
gives 𝓁 vertex-disjoint paths from 𝑋1 to 𝑋𝑚. The general case can be 

proved using similar arguments; we refer to [29] for the details.

Lemma 5.8. Let 𝐺 be a 𝑘-basic graph. Also let 𝑣 ∈ 𝑉 (𝐺) such that deg(𝑣) ≤
𝑘. Then cl𝐺𝑘 (𝑣) = 𝑉 (𝐺).

Proof. Let 𝜒  denote the 𝑘-CR-stable coloring of 𝐺 after individualizing 

𝑣. First note that 𝑁(𝑣) ⊆ cl𝐺𝑘 (𝑣) since deg(𝑣) ≤ 𝑘. Now suppose towards 

a contradiction that cl𝐺𝑘 (𝑣) ≠ 𝑉 (𝐺) and let 𝑊  be the vertex set of a 

connected component of 𝐺 − cl𝐺𝑘 (𝑣). Then 𝑣 ∉ 𝑁(𝑊 ). Since 𝐺 does not 

have any separating cliques there exist 𝑤1, 𝑤2 ∈ 𝑁(𝑊 ) such that 𝑤1𝑤2 ∉
𝐸(𝐺). Let 𝑢0, 𝑢1,… , 𝑢𝑚, 𝑢𝑚+1 be a path from 𝑤1 = 𝑢0 to 𝑤2 = 𝑢𝑚+1 such 

that 𝑢𝑖 ∈ 𝑊  for all 𝑖 ∈ [𝑚]. Let 𝑋𝑖 ∶= [𝑢𝑖]𝜒  and note that |𝑋𝑖| ≥ 𝑘 + 1. 

Also note that 𝑋1 ⊆ 𝑁(𝑤1) and 𝑋𝑚 ⊆ 𝑁(𝑤2) since 𝑤1, 𝑤2 ∈ cl𝐺𝑘 (𝑣) and 𝜒
is stable. Hence, by Lemma 5.7, there are 𝑘+1 internally vertex-disjoint 

paths from 𝑤1 to 𝑤2. But this contradicts 𝐺 being 𝑘-improved. □

Overall, this provides an isomorphism test for graphs of tree-width 

𝑘 running in time 2𝑂(𝑘 log 𝑘)𝑛polylog(𝑘) as follows. First, we compute 

the clique-separator decomposition of the 𝑘-improved graph using 

Lemma 5.5 and Theorem 5.6. The isomorphism problem for the 𝑘-

basic parts can be solved in time 𝑛polylog(𝑘) by Lemma 5.8 and Corollary 
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4.12. Finally, the results for the bags can be joined using dynamic 

programming along the clique separator decomposition.5

Using further advanced arguments (which are beyond the scope of 

this article) this result can be strengthened in two directions. First, by 

constructing isomorphism-invariant decompositions of 𝑘-basic graphs, 

one can design an fpt isomorphism test for graphs of tree-width 𝑘. This 

was first achieved by Lokshtanov, Pilipczuk, Pilipczuk and Saurabh [23] 

who designed an isomorphism test running in time 2𝑂(𝑘5 log 𝑘)𝑛5. This was 

later improved to 2𝑘⋅polylog(𝑘)𝑛3 [24] using a more refined analysis of the 

decomposition as well as incorporating the group-theoretic machinery 

via Theorem 4.6.

Second, isomorphism of graphs of tree-width 𝑘 can also be tested in 

time 𝑛polylog(𝑘). Here, the crucial step is to speed up the dynamic pro­

gramming procedure along the clique separator decomposition which 

was achieved by Wiebking [28].

5.1.3 . Graphs excluding a topological subgraph

So far, we have seen isomorphism tests running in time 𝑛polylog(𝑘) for 

𝑘 being the maximum degree, genus, or tree-width of the input graphs. 

All three algorithms follow a similar pattern of decomposing the input 

graphs into pieces that are 𝑡-CR-bounded after individualizing a constant 

number of vertices (where depends linearly on 𝑘). This naturally raises 

the question of a common generalization.

A graph 𝐻  is a topological subgraph of a graph 𝐺 if 𝐻  can be obtained 

from 𝐺 by deleting vertices and edges, and dissolving vertices of degree 

2. Here, dissolving vertices of degree 2 means deleting the vertex and 

connecting its two neighbors by an edge. Equivalently, 𝐻  is a topological 

subgraph of a graph 𝐺 if there is a subgraph 𝐺′ of 𝐺 that is a subdivision 

of 𝐻 , i.e., each edge of 𝐻  is replaced by a path of arbitrary length. 

A graph 𝐺 excludes 𝐻  as a topological subgraph if 𝐺 has no topological 

subgraph isomorphic to 𝐻 . Observe that every topological subgraph of 

𝐺 is also a minor of 𝐺. Hence, if 𝐺 excludes a graph 𝐻  as a minor, then 

𝐺 also excludes 𝐻  as a topological subgraph.

Note that, if 𝐻  is a topological subgraph of a graph 𝐺, then the maxi­

mum degree of 𝐻  is at most the maximum degree of 𝐺. Hence, graphs of 

maximum degree 𝑑 exclude 𝐾𝑑+2, the complete graph on 𝑑 + 2 vertices, 

as a topological subgraph. Also, it is known that graphs of tree-width 

at most 𝑘 exclude 𝐾𝑘+2 as a minor, and graphs of genus at most 𝑔 ex­

clude 𝐾𝑔+7 as a minor. So excluding a clique of size ℎ as a topological 

subgraph is a common generalization of the parameterization by maxi­

mum degree, genus and tree-width. In particular, the following theorem 

generalizes the results discussed so far in this section.

Theorem 5.9  (Neuen [30]). The Graph Isomorphism Problem for 

graphs excluding 𝐾ℎ as a topological subgraph can be solved in time 𝑛polylog(ℎ).

As indicated above, the general strategy to obtain an isomorphism 

test for graphs excluding 𝐾ℎ as a topological subgraph remains the same, 

i.e., we decompose the graph in an isomorphism-invariant way into 

pieces that are 𝑡-CR-bounded after individualizing a constant number 

of vertices. However, the technical details become significantly more 

intricate. In the following, we only discuss the key ideas.

Similar to the case of graphs of bounded tree-width, the main chal­

lenge is to find an appropriate isomorphism-invariant decomposition. 

For graphs of bounded genus and for graphs of bounded tree-width, 

we could rely on existing results to decompose the graphs, and the 

key remaining task was to prove that the pieces of the decomposition 

are indeed 𝑡-CR-bounded after fixing a constant number of vertices. 

Unfortunately, for graphs excluding 𝐾ℎ as a topological subgraph, 

similar decomposition results do not seem to be available.

Here, the key idea is to use the 𝑡-CR procedure itself as a way of 

decomposing the input graphs. For example, we can interpret the proof 

6 Technically, this requires solving a more general isomorphism problem for 

𝑘-basic graphs; we omit the details here and refer to [24,29] instead.

Fig. 8. The figure shows the construction of a topological subgraph 𝐾ℎ for ℎ = 4
in the proof sketch of Lemma 5.10. We construct 

(ℎ
2

)

= 6 vertex-disjoint sub­

graphs each of which contains exactly one vertex from each color class on the 

right. This allows us to build a topological subgraph 𝐾4 by connecting all pairs 

𝑤𝑖𝑤𝑗 , 𝑖 ≠ 𝑗, with vertex-disjoint paths. (For interpretation of the references 

to color in this figure legend, the reader is referred to the web version of this 

article).

of Lemma 5.8 as stating that, in a graph of tree-width at most 𝑘, the 𝑘-

closure cl𝐺𝑘 (𝑣) of a vertex 𝑣 can only stop to “grow” at a clique separator 

in the 𝑘-improved graph. This way, we can use the 𝑡-CR procedure itself 

to identify suitable separators. It turns out that the same still holds true 

for graphs excluding 𝐾ℎ as a topological subgraph.

Lemma 5.10  ([29, Theorem 4.1]). Let 𝑡 ≥ 3ℎ3. Let 𝐺 be a graph that 

excludes 𝐾ℎ as a topological subgraph. Also let 𝑋 ⊆ 𝑉 (𝐺) and let 𝑍 be the 

vertex set of a connected component of 𝐺 − cl𝐺𝑡 (𝑋). Then |𝑁(𝑍)| < ℎ.

Proof (Sketch). The proof is similar in spirit to the proof of Lemma 5.2; 

see also Fig. 8 for a visualization.

Let 𝜆∗ denote the vertex-coloring obtained from individualizing 𝑋, 

i.e., 𝜆∗(𝑣) ∶= (𝑣, 1) for 𝑣 ∈ 𝑋 and 𝜆∗(𝑣) ∶= (0, 0) for 𝑣 ∈ 𝑉 (𝐺) ⧵ 𝑋. 

Let 𝜒 ∶= 𝜒𝑡-𝖢𝖱(𝐺, 𝜆∗) denote the 𝑡-CR-stable coloring with respect to the 

input graph (𝐺, 𝜆∗).
Let 𝐼 ∶= cl𝐺𝑡 (𝑋). Also let 𝑍 be a connected component of 𝐺 − 𝐼 . 

Now let 𝐶𝐼 ∶= 𝜒(𝐼) denote the set of colors appearing in 𝐼 , and let 

𝐶𝑍 ∶= 𝜒(𝑍). Consider the graph 𝐻  with vertex set 𝑉 (𝐻) ∶= 𝐶𝐼 ∪ 𝐶𝑍
and

𝐸(𝐻) ∶= {𝑐1𝑐2 ∣ ∃𝑣1, 𝑣2 ∈ 𝑉 (𝐺)∶ 𝜒(𝑣1) = 𝑐1, 𝜒(𝑣2) = 𝑐2, 𝑣1𝑣2 ∈ 𝐸(𝐺)}.

Suppose towards a contradiction that |𝑁(𝑍)| ≥ ℎ. Let us fix ℎ distinct 

𝑤1,… , 𝑤ℎ ∈ 𝑁𝐺(𝑍). Also let us fix ℎ colors 𝑐1,… , 𝑐ℎ ∈ 𝐶𝑍  such that 𝑤𝑖
has a neighbor of color 𝑐𝑖 for every 𝑖 ∈ {1,… , ℎ}. Moreover, let 𝑇 ′ be a 

subtree of a spanning tree of 𝐻[𝐶𝑍 ] with leaves exactly in {𝑐1,… , 𝑐ℎ}.
Now, the key step of the proof is to construct 

(ℎ
2

)

 many vertex-disjoint 

subgraphs of 𝐺 each of which visits all of the color classes present in 𝑇 ′

(see Fig. 8). Here, we exploit the fact that all color classes represented 

by nodes in 𝑇 ′ are sufficiently large, i.e., they have size at least 𝑡 ≥ 3ℎ3. 
Given these subgraphs, we immediately obtain a topological subgraph 

isomorphic to 𝐾ℎ. □

The previous lemma allows us to identify separators in the input by 

setting 𝑋 = {𝑣} for some suitable choices of 𝑣. Unfortunately, this is 

not yet sufficient to obtain an isomorphism-invariant tree decomposition 

similar to Theorem 5.6. The issue is that different choices of 𝑋 = {𝑣}
lead to different separators that may overlap in an uncontrolled way. 

To circumvent this issue, we would like the set cl𝐺𝑡 (𝑋) not to depend 

on our choice of the starting vertex 𝑣. Maybe surprisingly, this can in­

deed be achieved assuming 𝑡 = Ω(ℎ5). More concretely, it can be shown 

that after running the 3-WL algorithm (see Section 3), there is a vertex 
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color class 𝑋 ⊆ 𝑉 (𝐺) such that cl𝐺𝑡 (𝑣) = cl𝐺𝑡 (𝑤) for all 𝑣,𝑤 ∈ 𝑋. This im­

plies that 𝐷 ∶= cl𝐺𝑡 (𝑣) does not depend on the choice of 𝑣 and is indeed 

isomorphism-invariant. This allows us to choose 𝐷 as the root bag of 

the decomposition and decompose the graph recursively. Note that, by 

definition, each piece of the resulting decomposition is 𝑡-CR-bounded af­

ter individualizing a single vertex. So we can build an isomorphism test 

running in time 𝑛polylog(ℎ) similar to before.

5.2 . FPT algorithms

Having presented isomorphism tests running in time 𝑛polylog(𝑘) for var­

ious graph parameters 𝑘, let us now turn to the design of fpt algorithms. 

We already indicated in Section 5.1.2 how to obtain fpt isomorphism 

tests parameterized by the tree-width of the input graphs [23,24]. In 

the following, we focus on parameterization by the genus and the size 

of an excluded minor.

5.2.1 . Graphs of bounded genus

We start by considering parameterization by the genus of the in­

put graphs. In 2015, Kawarabayashi [62] proposed, for every integer 

𝑔, a linear-time isomorphism test for graphs of genus at most 𝑔. 

Unfortunately, even though a central subroutine has been simplified re­

cently [63], Kawarabayashi’s algorithm remains very complicated and 

technical and it is also not clear that the algorithm can be realized in a 

strongly uniform manner (i.e., [62] only states the existence of a non-

uniform fpt isomorphism test). Instead, we present an fpt isomorphism 

test running in time 2𝑂(𝑔4 log 𝑔)𝑛𝑂(1) for graphs of genus at most 𝑔 [25].

The idea for the algorithm is to build on the approach presented in 

the previous subsection and reduce it to the isomorphism problem for 

𝑡-CR-bounded graphs. Unfortunately, no fpt isomorphism test parame­

terized by the minimal 𝑡, for which the input graphs are 𝑡-CR-bounded, 

is currently available (in fact, it is a long-standing open question whether 

isomorphism testing is fpt when parameterized by the maximum degree 

[17,18]). Hence, contrary to the previous subsection, we need to reduce 

it to the isomorphism problem for 𝑡-CR-bounded graphs where 𝑡 is a fixed 

constant.

The key to this reduction is an adaptation of the argument underly­

ing Lemma 5.10. Recall that graphs of genus at most 𝑔 exclude 𝐾3,4𝑔+3
as a minor. In fact, as in Section 5.1.1, this is the only property the algo­

rithm is going to exploit, i.e., the algorithm actually works for all graphs 

excluding 𝐾3,ℎ as a minor. More concretely, as in Lemma 5.10, we aim 

to prove that the 𝑡-closure can only stop to “grow” at a separator of 

size strictly less than ℎ. To obtain a minor isomorphic to 𝐾3,ℎ, we again 

choose ℎ vertices 𝑤1,… , 𝑤ℎ in the set 𝐼 . Now, the main observation is 

that, in order to construct a minor 𝐾3,ℎ, we only require three connected 

subgraphs within the set 𝜒−1(𝐶𝑍 ) each of which visits every color class 

in 𝐶𝑍 . So it seems reasonable that it suffices for all color classes in 𝐶𝑍  to 

have size larger than some fixed constant. This can in fact be achieved, 

but with the small caveat that we require the coloring 𝜒  not to be re­

fined by 2-WL (instead of the weaker Color Refinement algorithm). Here, 

we say that a vertex-coloring 𝜒  is not refined by 2-WL if the coloring 

computed by 2-WL, restricted to the diagonal entries of the form (𝑣, 𝑣), 
does not refine 𝜒 , where we naturally identify the tuple (𝑣, 𝑣) with the

vertex 𝑣.

Lemma 5.11  ([25, Lemma 5.4]). Let (𝐺, 𝜒) be a connected vertex-

colored graph such that 𝜒  is not refined by 2-WL, and |𝜒−1(𝑐)| ≥ 3 for 

all 𝑐 ∈ im(𝜒). Then there are three vertex-disjoint subgraphs 𝐻1,𝐻2,𝐻3 of 

𝐺 such that 𝑉 (𝐻𝑟) ∩ 𝜒−1(𝑐) ≠ ∅ for all 𝑐 ∈ im(𝜒), and all 𝑟 ∈ {1, 2, 3}.

We note that switching to the 2-WL algorithm does not pose any sig­

nificant challenges as all relevant results can be extended. Implementing 

this idea leads to the following result.

Theorem 5.12  (Neuen [25]). The Graph Isomorphism Problem for 

graphs excluding 𝐾3,ℎ as a minor can be solved in time 2𝑂(ℎ4 logℎ)𝑛𝑂(1).

In particular, we obtain an fpt isomorphism test for graphs of 

bounded genus.

Still, the result has some clear drawbacks. Maybe most significantly, 

due to the usage of the group-theoretic machinery, the polynomial de­

pendence on 𝑛 is rather large which makes the algorithm impractical. 

Also, using Kawarabayashi’s algorithm instead leads to some problems 

due to its complicated nature and high dependence on the genus 𝑔. For 

this reason, let us propose a different approach that raises some inter­

esting open questions. This approach is partly motivated by practical 

isomorphism solvers such as Nauty/Traces [40,43] and Bliss [41,42] 

which rely on the individualization/refinement paradigm that uses in­

dividualization of vertices in combination with the Color Refinement 

algorithm (or similar refinement algorithms) to test isomorphism. In a 

nutshell, the idea is to repeatedly individualize a vertex, that does not 

yet have a unique color, and perform the Color Refinement algorithm 

until the obtained coloring is discrete. At this point, isomorphism is easy 

to decide.

For a graph 𝐺 and vertices 𝑣1,… , 𝑣𝓁 , we denote by 𝜒(∞)(𝐺; 𝑣1,… , 𝑣𝑘)
the coloring obtained from the Coloring Refinement algorithm after 

individualizing the vertices 𝑣1,… , 𝑣𝑘.

Definition 5.13. Let 𝐺 be a graph. An individualization sequence for 𝐺
is a tuple (𝑣1,… , 𝑣𝑘) such that, for every 𝑖 ∈ [𝑘], it holds that |[𝑣𝑖]𝜆𝑖 | > 1
where 𝜆𝑖 ∶= 𝜒(∞)(𝐺; 𝑣1,… , 𝑣𝑖−1).

An individualization sequence is maximal if 𝜆𝑘 is discrete, i.e., the 

individualization sequence cannot be extended by another element.

The cost of an individualization sequence (𝑣1,… , 𝑣𝑘) is

cost(𝑣1,… , 𝑣𝑘) ∶=
∏

𝑖∈[𝑘]
|[𝑣𝑖]𝜆𝑖 |.

Observe that, if (𝑣1,… , 𝑣𝑘) is a maximal individualization sequence 

for 𝐺, then isomorphism between 𝐺 and any other graph can be tested in 

time 𝑂(cost(𝑣1,… , 𝑣𝑘) ⋅(𝑛+𝑚) log 𝑛) where the second part of the running 

time is the time required to execute the Color Refinement algorithm.

Question 5.14. Does every 3-connected graph of genus at most 𝑔 have 

a maximal individualization sequence of cost at most 𝑓 (𝑔) ⋅ 𝑛 (for some 

computable function 𝑓 )?

We remark that every planar graph has an individualization sequence 

with cost at most 20𝑛 [48]. Actually, we may even ask for a stronger 

statement. Observe that, in order to keep the cost small, it generally 

seems preferable to individualize vertices in small color classes. Since 

every 3-connected graph of genus at most 𝑔 is (4𝑔+2)-CR-bounded (after 

individualizing one vertex of small degree), the existence of a color class 

of small size is always guaranteed.

Question 5.15. Is there a function 𝑓  such that, for every 3-connected 

graph of genus at most 𝑔, and every individualization sequence 

(𝑣1,… , 𝑣𝑘) for 𝐺, it holds that 𝑘 ≤ 𝑓 (𝑔)?

Note that we ask whether every individualization sequence is short. 

In such a situation, we could simply focus on choosing the smallest color 

class for individualizing a vertex to obtain a small cost. This question is 

also interesting from a practical point of view, since most isomorphism 

solvers choose small color classes for individualization in an effort to 

keep the cost low. Hence, a positive answer would imply that many 

practical solvers run in fpt time on 3-connected graphs parameterized 

by the genus.

5.2.2 . Graphs excluding a minor

Given fpt isomorphism tests parameterized by the genus and the 

tree-width of the input graphs, the next natural step is to target an fpt 

algorithm parameterized by the size of a forbidden minor. This was re­

cently achieved by Lokshtanov, Pilipczuk, Pilipczuk and Saurabh [26] 

with the small caveat that their algorithm is not strongly uniform.

Theorem 5.16  (Lokshtanov, Pilipczuk, Pilipczuk, Saurabh 

[26]). There is an algorithm that, given a graph 𝐻  and two 𝐻-minor-free 
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graphs 𝐺1 and 𝐺2, decides in time 𝑓 (𝐻) ⋅ 𝑛𝑂(1) whether 𝐺1 is isomorphic to 

𝐺2 for some function 𝑓 .

Observe that the theorem does not guarantee the function 𝑓  to be 

computable which means that it does not provide a (strongly uniform) 

fpt algorithm.

The details of the isomorphism test from [26] are quite complicated 

and we only provide a rough sketch here. The algorithm follows again a 

decomposition approach. More concretely, the first part of the algorithm 

reduces isomorphism testing to graphs that are unbreakable. A graph 𝐺
is (𝑞, 𝑘)-unbreakable if for every separation (𝐴,𝐵) of 𝐺 of order at most 𝑘
it holds that |𝐴| ≤ 𝑞 or |𝐵| ≤ 𝑞. The first part essentially splits the input 

graphs into pieces that are (𝑞(𝑖), 𝑖)-unbreakable for every 𝑖 ≤ 𝑘, where 𝑘
and the function 𝑞 are chosen appropriately (and depend only on 𝐻). We 

remark that a decomposition into unbreakable parts was known before 

(see, e.g., [64]), but the main challenge is to make this decomposition 

isomorphism-invariant so that it can be used for isomorphism testing. 

While this goal is not quite achieved in [26], it is still possible to provide 

a reduction to the unbreakable case by employing further tricks.

Given an unbreakable graph 𝐺, it is shown that the vertex set can 

be partitioned into two parts 𝑉tw ⊎ 𝑉genus so that 𝐺[𝑉tw] has bounded 

tree-width and 𝐺[𝑉genus] is fairly “rigid” in the sense that we can com­

pute an fpt-sized set of “candidate isomorphisms” such that every actual 

isomorphism (to the corresponding subgraph of the second input graph) 

is contained in this set. This allows us to test isomorphism by iterating 

over all “candidate isomorphisms”, and testing whether it extends to the 

entire graph by exploiting that 𝐺[𝑉tw] has bounded tree-width (which 

allows the use of existing fpt algorithms parameterized by tree-width).

Of course, the most natural open question is whether it is possible to 

obtain a strongly uniform fpt algorithm. Towards this end, it may also 

be interesting to consider intermediate problems. Let 𝐺 be a graph. The 

planar deletion number is the minimal number of vertices that need to 

be removed from 𝐺 in order to make it planar. It is not difficult to see 

that graphs of planar deletion number at most 𝑡 exclude 𝐾𝑡+5 as a minor. 

Hence, the theorem above provides a weakly uniform fpt isomorphism 

test parameterized by the planar deletion number. To the best of the 

author’s knowledge, no other fpt algorithms are known.

Question 5.17. Is there a simple (strongly uniform) fpt isomorphism 

test parameterized by the planar deletion number?

6 . Dense graphs

In the last section, we discussed isomorphism tests for parametriza­

tion by several “sparse” graph parameters. More concretely, all graph 

parameters 𝑘 considered in the last section share the property that the 

considered graphs are 𝑑-degenerate where 𝑑 only depends on the pa­

rameter 𝑘 in question. In particular, this implies that, as long as the 

parameter 𝑘 is bounded, we are only considering graphs with a linear 

number of edges.

In this section, we turn our attention to “dense” graph parameters, 

i.e., graph parameters which may be bounded even if the number of 

edges is quadratic in the number of vertices. For example, a common 

feature of these parameters (with the exception of eigenvalue multiplic­

ity) is that they assign a constant value to all complete graphs. Note that 

isomorphism testing for complete graphs is trivial, and in general there 

does not seem to be any a priori hurdle to obtaining similar results as 

in the previous section for “dense” graph parameters. However, up to 

this point, far fewer results are available in the dense setting and many 

questions remain open.

6.1 . Rank-width and beyond

Two of the most important graph parameters in the dense setting 

are clique-width and rank-width. Since both parameters are functionally 

equivalent (i.e., both parameters are bounded by a function of the other) 

[65], we focus only on rank-width in the following. The parameter rank-

width can be viewed as a “dense analogue” of tree-width which is one of 

the most important and well-studied graph parameters in parameterized 

complexity and structural graph theory.

We start by giving the definition of rank-width. Let 𝐺 be a graph. 

For 𝑋, 𝑌 ⊆ 𝑉 (𝐺) we define 𝐴𝐺(𝑋, 𝑌 ) ∈ F𝑋×𝑌
2  to be the matrix defined 

via (𝐴𝐺(𝑋, 𝑌 ))𝑣,𝑤 = 1 if 𝑣𝑤 ∈ 𝐸(𝐺), and (𝐴𝐺(𝑋, 𝑌 ))𝑣,𝑤 = 0 otherwise. 

Observe that 𝐴𝐺(𝑋, 𝑌 ) is obtained from the adjacency matrix of 𝐺 by 

only keeping the rows indexed by vertices from 𝑋 and the columns in­

dexed by vertices from 𝑌 . We define 𝜌𝐺(𝑋) ∶= rk2(𝐴𝐺(𝑋, 𝑉 (𝐺) ⧵ 𝑋))
where rk2(𝐴) denotes the F2-rank of a matrix 𝐴.

A rank decomposition of a graph 𝐺 is a pair (𝑇 , 𝛾) where 𝑇  is a rooted 

binary tree and 𝛾 ∶ 𝑉 (𝑇 ) → 2𝑉 (𝐺) such that the following holds:

(R.1) 𝛾(𝑟) = 𝑉 (𝐺) where 𝑟 is the root of 𝑇 ,

(R.2) 𝛾(𝑡) = 𝛾(𝑠1)∪𝛾(𝑠2) and 𝛾(𝑠1)∩𝛾(𝑠2) = ∅ for every inner node 𝑡 ∈ 𝑉 (𝑇 )
with children 𝑠1 and 𝑠2, and

(R.3) |𝛾(𝑡)| = 1 for every leaf 𝑡 of 𝑇 .

Note that (R.1)–(R.3) imply that the leaves of 𝑇  are in one-to-one corre­

spondence with the vertices of 𝐺. The width of (𝑇 , 𝛾) is max𝑡∈𝑉 (𝑇 ) 𝜌𝐺(𝛾(𝑡)). 
The rank-width of 𝐺, denoted by rw(𝐺), is the minimum width of a rank 

decomposition of 𝐺. An example of a rank decomposition is given in 

Fig. 9. We note that rw(𝐺) ≤ tw(𝐺) + 1 for every graph 𝐺 [66].

The first polynomial-time isomorphism test for graphs of bounded 

rank-width 𝑘 was provided by Grohe and Schweitzer [15] and runs in 

time 𝑛𝑓 (𝑘) for some non-elementary function 𝑓 . This was later improved 

by the following result which shows that the WL algorithm of dimension 

𝑂(𝑘) serves as a complete isomorphism test.

Theorem 6.1  (Grohe, Neuen [67]). Let 𝐺 be a graph of rank-width at 

most 𝑘. Then the WL dimension of 𝐺 is at most 3𝑘 + 4.
In particular, the Graph Isomorphism Problem for graphs of rank-

width at most 𝑘 can be solved in time 𝑛𝑂(𝑘).

No faster isomorphism tests are known so far. In particular, in con­

trast to parameterization by tree-width, neither an fpt isomorphism test 

nor an isomorphism test running in time 𝑛polylog(𝑘) is known.

Question 6.2. Is there an fpt isomorphism test parameterized by rank-

width? Is there an isomorphism test running in time 𝑛polylog(𝑘) for graphs 

of rank-width at most 𝑘?

A first step towards answering the first question has recently been 

taken in [68] by obtaining a non-uniform fpt isomorphism test parame­

terized by rank-depth [69]. Intuitively speaking, for the rank-depth, we 

not only restrict the width of the decomposition, but also the depth of 

the underlying tree 𝑇 . In order to still be able to have graphs of arbitrary 

size (while bounding the depth of the tree), we need to allow nodes of 

arbitrarily high degree in the tree 𝑇 .

A generalized rank decomposition of a graph 𝐺 is a pair (𝑇 , 𝛾) where 𝑇
is a rooted tree and 𝛾 ∶ 𝑉 (𝑇 ) → 2𝑉 (𝐺) such that the following holds:

(R.1*) 𝛾(𝑟) = 𝑉 (𝐺) where 𝑟 is the root of 𝑇 ,

(R.2*) 𝛾(𝑡) = 𝛾(𝑠1) ⊎ ⋯ ⊎ 𝛾(𝑠𝑑 ) for every inner node 𝑡 ∈ 𝑉 (𝑇 ) with 

children 𝑠1,… , 𝑠𝑑 , and

(R.3*) |𝛾(𝑡)| = 1 for every leaf 𝑡 of 𝑇 .

The width of (𝑇 , 𝛾) is max𝑡∈𝑉 (𝑇 ),𝑆⊆𝑁+(𝑡) 𝜌𝐺
(
⋃

𝑠∈𝑆 𝛾(𝑠)
)

 (i.e., 𝑆 ranges over 

all subsets of children of every node 𝑡). The rank-depth of 𝐺 is the mini­

mum 𝑘 ≥ 1 such that there is a generalized rank decomposition (𝑇 , 𝛾) of 

𝐺 of width at most 𝑘 where 𝑇  has depth at most 𝑘.

Theorem 6.3  (Ohlmann, Pilipczuk, Przybyszewski, Torunczyk 

[68]). Let C be a class of graphs of bounded rank-depth. Then the Graph 

Isomorphism Problem for C can be solved in time 𝑂(𝑛2).

Let us stress again that this is a non-uniform fpt isomorphism test 

since for every 𝑘 there is a separate algorithm testing isomorphism on all 

graphs of rank-depth at most 𝑘. Interestingly, the algorithm takes a log­

ical approach to the problem. The authors show that, for every class of 
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Fig. 9. A graph 𝐺 on the left and a potential rank decomposition (𝑇 , 𝛾) of 𝐺 of width 3 on the right. The function 𝛾 is completely specified by the bijection between 

the leaves of 𝑇  and the vertices of 𝐺. As an example, the matrix 𝐴𝐺({6, 7, 8, 9, 10}, {1, 2, 3, 4, 5}) is provided. Note that 𝜌𝐺({6, 7, 8, 9, 10}) = 3.

graphs C of bounded rank-depth, there exists a mapping A that translates 

each 𝐺 ∈ C into a graph A(𝐺) of bounded tree-depth while preserving 

isomorphisms. After that, we can rely on existing fpt isomorphism tests 

parameterized by the tree-depth of the input graphs [22]. The existence 

of the sought mapping A is proved via model-theoretic tools and in par­

ticular builds on the Compactness Theorem for first-order logic. More 

concretely, the definition of A relies on the existence of certain first-

order formulas for which it is unclear whether they can be computed 

given a number 𝑘. This makes the algorithm non-uniform.

Of course, it would also be nice to further generalize Theorem 6.1. In 

the sparse setting, graphs with forbidden minors form a natural general­

ization of graphs of bounded tree-width, and there exists a corresponding 

notion of a vertex-minor in the dense setting. For a graph 𝐺 and a vertex 

𝑣 ∈ 𝑉 (𝐺) we define 𝐺 ∗ 𝑣 as the graph obtained from 𝐺 by complement­

ing all edges between vertices in the neighborhood of 𝑣. This operation 

is referred to as a local complementation. A graph 𝐻  is a vertex-minor

of 𝐺 if 𝐻  can be obtained from 𝐺 by deleting vertices and perform­

ing local complementations. We remark that if 𝐻  is a vertex-minor of 

𝐺, then rw(𝐻) ≤ rw(𝐺). Also, it is known that graphs of rank-width at 

most 𝑘 can be characterized by a finite list of forbidden vertex-minors 

[70]. A positive answer to the next question would thus provide a broad 

generalization of Theorem 6.1.

Question 6.4. Is there, for every fixed graph 𝐻 , a polynomial-time 

algorithm for testing isomorphism for all graphs excluding 𝐻  as a 

vertex-minor?

6.2 . Intersection graphs

Another way of obtaining dense classes of graphs is to consider inter­

section graphs of certain objects. Two well-known examples are interval 

graphs and unit disk graphs. A graph 𝐺 is an interval graph if each ver­

tex can be identified with a closed interval on the real line such that 

two vertices are adjacent if and only if the corresponding intervals in­

tersect. Unit disk graphs are defined in the same way, but vertices are 

identified with unit disks in the plane. We remark that isomorphism of 

interval graphs can be tested in polynomial time; for unit disk graphs 

the complexity of isomorphism testing is open.

We briefly discuss a series of recent works that eventually obtained 

an fpt isomorphism test for chordal graphs parameterized by their 

leafage. A graph 𝐺 is chordal if every cycle of length at least 4 in 𝐺 has 

a chord. Alternatively, chordal graphs can also be described as intersec­

tion graphs of subtrees of an arbitrary fixed tree 𝑇 . It is not difficult to 

show that isomorphism testing of chordal graphs is GI-complete (i.e., as 

difficult as the general isomorphism problem). Hence, it makes sense to 

consider parameterizations of chordal graphs. Looking at the definition 

via intersection graphs, the following parameterization is natural. The 

leafage of a chordal graph 𝐺 is the minimum number 𝓁 such that 𝐺 can 

be represented as an intersection graph of subtrees of a tree 𝑇  with 𝓁

leaves. It was proved independently in [71,72] that isomorphism testing 

of chordal graphs is fpt parameterized by the leafage.

Theorem 6.5  (Arvind,  Nedela,  Ponomarenko,  Zeman [71]; 

Çagirici, Hlinený [72]). The Graph Isomorphism Problem for 

chordal graphs is fpt parameterized by the leafage of the input graphs.

6.3 . Eigenvalue multiplicity

Next, let us briefly discuss parameterization by eigenvalue multiplic­

ity. In contrast to the other parameters considered in this work, which 

examine combinatorial features of the input graphs, the eigenvalue 

multiplicity is an algebraic feature of the adjacency matrix.

Let 𝐺 be a graph and let 𝐴𝐺 ∈ {0, 1}𝑛×𝑛 denote its adjacency matrix 

(where 𝑛 denotes the number of vertices). We say that 𝜆 ∈ R is an eigen­

value of 𝐺 if it is an eigenvalue of its adjacency matrix, i.e., there is a 

non-zero vector 𝑣 ∈ R𝑛 such that 𝐴𝐺𝑣 = 𝜆𝑣. The multiplicity of an eigen­

value 𝜆 is the dimension of its eigenspace 𝑊 = {𝑣 ∈ R𝑛 ∣ 𝐴𝐺𝑣 = 𝜆𝑣}. Let 

𝜆1,… , 𝜆𝓁  denote the eigenvalues of 𝐴𝐺, and let 𝑚𝑖 denote the multiplic­

ity of 𝜆𝑖. Since 𝐴𝐺 is a symmetric matrix we obtain that 
∑

𝑖=1,…,𝓁 𝑚𝑖 = 𝑛. 

The eigenvalue multiplicity of 𝐺 is the maximal multiplicity among its 

eigenvalues.

The first polynomial-time isomorphism test for graphs of bounded 

eigenvalue multiplicity was obtained by Babai, Grigoryev and Mount 

[8] and runs in time 𝑛𝑂(𝑘). This was later improved by Evdokimov and 

Ponomarenko to obtain one of the first fpt algorithms in the context of 

isomorphism testing.

Theorem 6.6  (Evdokimov, Ponomarenko [19]; Arvind, Rattan 

[20]). The Graph Isomorphism Problem for graphs of eigenvalue 

multiplicity at most 𝑘 can be solved in time 2𝑂(𝑘 log 𝑘)𝑛𝑂(1).

We note that [19] only obtains the running time bound 2𝑂(𝑘 log 𝑘)𝑛𝑂(1)

under the Classification of Finite Simple Groups (CFSG), an extremely 

deep classification result from group theory. Already in their paper, 

Evdokimov and Ponomarenko provide a weaker runtime bound of 

2𝑂(𝑘2∕ log 𝑘)𝑛𝑂(1) which avoids the use of CFSG. An alternative algorithm 

by Arvind and Rattan [20] completely avoids the dependence on CFSG.

6.4 . Twin-width and tournaments

We close this section by discussing the parameterization of iso­

morphism testing by twin-width. Twin-width is a graph parameter 

introduced by Bonnet et. al [73] that has gained significant attention 

in both structural graph theory and parameterized complexity (see, e.g., 

[73–78]).

We start by describing its definition. Let 𝐺 be a graph. Two vertices 

𝑣,𝑤 ∈ 𝑉 (𝐺) are twins if 𝑁𝐺(𝑣) ⧵ {𝑣,𝑤} = 𝑁𝐺(𝑤) ⧵ {𝑣,𝑤}, i.e., 𝑣,𝑤 have 

the same neighbors outside of {𝑣,𝑤}. If two vertices in a graph are twins, 

then it is often possible to “merge” the two vertices into a single vertex 
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Fig. 10. A 2-contraction sequence of the graph 𝐺 in the top-right corner. As a result, 𝐺 has twin-width at most 2.

without affecting the problem at hand. The key idea underlying the pa­

rameter twin-width is to allow merging of vertices even if they are not 

twins, but to introduce a red edge (which signals an error) to all vertices 

that are connected to exactly one of the vertices 𝑣,𝑤. Now, the goal is 

to gradually merge more and more vertices until eventually we arrive 

at a graph with only a single vertex. Throughout this process, we aim to 

control the amount of red edges that are introduced.

A trigraph is a triple 𝐺 = (𝑉 ,𝐸,𝑅) where 𝑉  is a finite vertex set and 

𝐸,𝑅 ⊆ {𝑣𝑤 ∣ 𝑣,𝑤 ∈ 𝑉 } are disjoint sets of unordered pairs. We refer to 

the elements of 𝐸 and 𝑅 as the edges and red edges of 𝐺, respectively. 

Consistent with the previous notation, we use 𝑉 (𝐺), 𝐸(𝐺) and 𝑅(𝐺) to 

denote the vertices, edges and red edges of a trigraph 𝐺. A trigraph 𝐺 =
(𝑉 ,𝐸,𝑅) has red degree at most 𝑑 if 𝑁𝑅(𝑣) ∶= {𝑤 ∈ 𝑉 ∣ 𝑣𝑤 ∈ 𝑅} has size 

at most 𝑑 for every 𝑣 ∈ 𝑉 .

Let 𝐺 = (𝑉 ,𝐸,𝑅) be a trigraph. For two vertices 𝑣,𝑤 ∈ 𝑉 (𝐺) we 

define the trigraph 𝐺∕𝑣,𝑤 = (𝑉 ′, 𝐸′, 𝑅′) obtained by identifying 𝑣,𝑤
into a fresh vertex 𝑧 (i.e., 𝑉 ′ = (𝑉 ⧵ {𝑣,𝑤}) ∪ {𝑧}) such that all edges 

and red edges not incident to 𝑣,𝑤 remain unchanged and the following 

edges incident to 𝑧 are present:

• 𝑧𝑥 ∈ 𝐸′ if and only if 𝑣𝑥 ∈ 𝐸 and 𝑤𝑥 ∈ 𝐸,

• 𝑧𝑥 ∉ 𝐸′ ∪ 𝑅′ if and only if 𝑣𝑥 ∉ 𝐸 ∪ 𝑅 and 𝑤𝑥 ∉ 𝐸 ∪ 𝑅, and

• 𝑧𝑥 ∈ 𝑅 otherwise.

We say that 𝐺∕𝑣,𝑤 is a contraction of 𝐺. A trigraph 𝐺 has a 𝑑-contraction 

sequence if there exist 𝐺 = 𝐺𝑛,… , 𝐺1 such that 𝐺𝑖 is a contraction of 𝐺𝑖+1
for every 𝑖 ∈ [𝑛 − 1], and 𝐺𝑖 has red degree at most 𝑑 for every 𝑖 ∈ [𝑛], 
and |𝑉 (𝐺1)| = 1. A visualization is given in Fig. 10. The twin-width of a 

trigraph 𝐺 is the minimum 𝑑 such that 𝐺 has a 𝑑-contraction sequence. 

The twin-width of a graph 𝐺 is the twin-width of the corresponding 

trigraph (𝑉 (𝐺), 𝐸(𝐺), ∅) with an empty set of red edges.

Now, let us study the complexity of the Graph Isomorphism 

Problem parameterized by the twin-width of the input graph. 

Unfortunately, it turns out that even testing the isomorphism of graphs 

with twin-width 4 is as hard as the general isomorphism problem.

Theorem 6.7. The Graph Isomorphism Problem for graphs of twin-

width at most 4 is GI-complete.

Proof. Let 𝐺,𝐻  be two graphs. We construct 𝐺′ from 𝐺 by replacing 

every edge with a path of length ⌈2 log 𝑛⌉; the graph 𝐻 ′ is obtained in 

the same way from 𝐻 . Then 𝐺 ≅ 𝐻  if and only if 𝐺′ ≅ 𝐻 ′. Also, 𝐺′ and 

𝐻 ′ have twin-width at most 4 [79]. □

This means parameterization by twin-width is not interesting for gen­

eral graphs in the context of isomorphism testing. However, it turns out 

that an fpt isomorphism test can be obtained if we restrict ourselves to 

the special case of testing isomorphism of tournaments. A tournament is 

a directed graph 𝑇  where for each pair of distinct vertices 𝑣,𝑤 ∈ 𝑉 (𝑇 )
exactly one of the pairs (𝑣,𝑤) and (𝑤, 𝑣) is an edge.

Tournament Isomorphism Problem (TI)

Input: Two tournaments 𝑇1, 𝑇2.
Question: Decide whether 𝑇1 ≅ 𝑇2.

It is not difficult to obtain a polynomial-time many-one reduction 

from TI to GI. In the other direction, no polynomial-time reduction 

is known and TI is generally considered to be a simpler problem. 

For example, an algorithm solving TI in time 𝑛𝑂(log 𝑛) was already ob­

tained in the 1980’s [16]; it took over three more decades to find a 

quasipolynomial-time isomorphism test for all graphs [2]. Also, the au­

tomorphism group of each tournament is solvable which allows for the 

use of various subroutines from computational group theory. Despite 

the availability of such tools, no improvement over the 𝑛𝑂(log 𝑛) time 

algorithm from [16] is known. Hence, it is natural to consider parame­

terized versions of TI. The notion of twin-width naturally carries over to 

directed graphs, and hence to tournaments (the structure of tournaments 

of bounded twin-width is studied in [78]).

Theorem 6.8  (Grohe, Neuen [80]). The isomorphism problem for tour­

naments of twin-width at most 𝑘 can be solved in time 𝑘𝑂(log 𝑘)𝑛𝑂(1).

Note that, in light of Theorem 6.7, this result can be viewed as an­

other piece of evidence that TI may be simpler than GI. Also, we remark 

that on tournaments, twin-width is functionally smaller than many other 

natural graph parameters, including clique-width, directed tree-width, 

directed path-width and cut-width. As a result, TI parameterized by any 

of these parameters is also fpt.

Naturally, it would be nice to further generalize Theorem 6.8. Here, 

an interesting parameter may be the VC dimension of the set system 

defined by the out-neighbors of all vertices 𝑣 ∈ 𝑉 (𝑇 ). Let F  be a family of 

subsets of some finite universe 𝑉 . A set 𝑆 ⊆ 𝑉  is shattered by F  if for every 

𝑇 ⊆ 𝑆 there is some 𝐹 ∈ F  such that 𝑇 = 𝑆∩𝐹 . The VC dimension of F  is 

the largest integer 𝑑 such that some 𝑑-element subset of 𝑉  is shattered by 

F  (see, e.g., [81]). We define the VC dimension of a tournament 𝑇  to be 

the VC dimension of the set system F = {𝑁+(𝑣) ∣ 𝑣 ∈ 𝑉 (𝑇 )} where 𝑁+(𝑣)
denotes the outgoing neighbors of 𝑣. We note that the VC dimension of a 

tournament is bounded by its twin-width, but not the other way around 

[78]. This leads to the following question.

Computer Science Review 60 (2026) 100918 

13 



D. Neuen

Question 6.9. Can isomorphism for tournaments of bounded VC di­

mension be tested in polynomial time?
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