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Hybrid renormalization for distribution amplitude of a light baryon in large
momentum effective theory
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Light cone distribution amplitudes for a light baryon can be extracted through the simulation of the
quasi-distribution amplitudes (quasi-DAs) on the lattice. We implement the hybrid renormalization for the
quasi-DAs of light baryons. Lattice simulations are performed using N =2 + 1 stout-smeared clover
fermions and a tree-level Symanzik-improved gauge action, with three lattice spacings of 0.105, 0.077,
0.052 fm. By analyzing zero-momentum matrix elements for different lattice spacings, we extract the linear
divergence associated with the Wilson-line self-energy. Matching to perturbative matrix elements in the MS
scheme yields the residual self-renormalization factors. Using these factors, we renormalize the quasi-DAs
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within the hybrid scheme, which combines self-renormalization at large separations and the ratio scheme at
short distances. The renormalized results demonstrate effective cancellation of linear divergences and yield
smooth, continuumlike coordinate-space distributions suitable for subsequent Fourier transformation and
perturbative matching. These results establish the viability of both self- and hybrid-renormalization
frameworks for light baryon quasi-DAs, providing a robust foundation for LaMET-based determinations of

light cone distribution amplitudes in future.

DOI: 10.1103/rgmb-x9x8

I. INTRODUCTION

Light baryons—particularly protons and neutrons—con-
stitute the vast majority of visible matter in the Universe.
Understanding their internal structure is one key objective
in modern nuclear and particle physics, with profound
implications for both theory and experiment. An important
theoretical quantity for describing the internal dynamics of
baryons at high energy are the baryon light cone distribu-
tion amplitudes (LCDAs), which encode the longitudinal
momentum structure of valence quarks in the baryon.

Moreover, the LCDAs of light baryons serve as crucial
nonperturbative inputs not only for predicting and inter-
preting CP-violating observables in weak decays of heavy
bottom baryons, but also for the calculation of baryonic
form factors and the exploration of possible signals of new
physics. For instance, recently, the LHCb Collaboration
reported the first experimental observation of CP violation
in a baryonic decay channel, Ag — pK~xtr™ [1], as well
as previous evidence for CP violation in the decay A) —
AKTK~ [2]. This milestone result, along with anticipated
high-precision measurements in future experiments, places
increasing demands on the accuracy of theoretical inputs.
Several related theoretical analyses and predictions can be
found in Refs. [3—10]. In particular, in Ref. [10] a next-to-
leading order analysis of the nucleon form factors using the
first moments of baryon LCDAs from Ref. [11] is about an
order of magnitude smaller than the experimental value.
Moreover, the analyses in Refs. [6,7] show that parameter
uncertainties in model parametrizations for LCDAs already
lead to more than 30% uncertainties to physical observables
like decay branching fractions and CP violations, while
systematic uncertainties are yet unexplored. These obser-
vations strongly motivate developments of baryon LCDA
studies from first-principles of QCD.

In contrast to the extensive studies of meson LCDAs-
including a few moments [12,13] and x-dependent distri-
butions [14-22] from lattice QCD, as well as phenomeno-
logical approaches such as QCD sum rules [23-26] and
Dyson-Schwinger equations [27-29], the investigation of
baryon LCDAs remains significantly less developed. The
most commonly used estimates still originate from the
Chernyak-Ogloblin-Zhitnitsky (COZ) model [30], pro-
posed several decades ago within the QCD sum rule
framework. Recently, several lowest moments of octet

baryons have been computed on the lattice using the
operator product expansion (OPE) [11,31,32], but these
results remain insufficient for the precision required in
phenomenological studies of baryonic decays.

In the past decade, several inspiring approaches have
been proposed to calculate light cone distributions from
lattice QCD, including the large-momentum effective
theory (LaMET) [33,34], the pseudodistribution approach
[35,36], and the lattice cross section method [37]. Among
these, LaMET has proven particularly effective in enabling
the extraction of fully x-dependent distribution amplitudes
from Euclidean lattice data, and significant progress has
been achieved in this framework [14,16,18-22,38-81].
Meanwhile, the pseudodistribution [82-92] and current-
current correlation methods [93-97] have also produced
many interesting and complementary results. Recently, the
LaMET has been extended to the leading-twist LCDAs of
baryons [98], where some preliminary results are given. In
this analysis, the quasi-DAs are renormalized in a ratio
scheme for both short-distance and long-distance spatial
separations. To obtain robust results for baryon LCDAs, the
renormalization of quasi-DAs for baryons still requires
further study, particularly the development of a more
systematic scheme to address linear divergences. Linear
divergences pose a significant challenge to the renormal-
ization of nonlocal operators on the lattice, making it
difficult to directly extract light cone distributions from
quasidistributions. In recent years, it has been noticed that
the hybrid scheme and self-renormalization methods
[47,53] enable the proper renormalization of nonlocal
operators in lattice QCD. These developments have, in
turn, facilitated precision LaMET calculations of hadronic
distribution functions.

The hybrid renormalization scheme, combined with the
self-renormalization method, determines the linear diver-
gence by computing nonlocal operators at multiple lattice
spacings and extracting the divergence through a para-
metrized fit of the zero momentum matrix elements. In the
perturbative region, these results are then matched to the
corresponding perturbative expressions in the MS scheme,
yielding renormalization factors that allow conversion to
the light cone scheme. In regions beyond the reach of lattice
calculation, asymptotic extrapolation is introduced to
circumvent the inverse problem associated with the limited
Fourier transform. However, applying this hybrid scheme
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TABLE 1. The corresponding valence quark f, g, h for each light octet baryon.
Octet n p x =t B~ =0 A
fgh ddu uud dds (uds+dus) uus ssd ssu uds

procedure to baryon LCDAsS is significantly more chal-
lenging than in the meson cases, as the perturbative
expressions for baryon LCDAs typically feature more
pronounced physical peaks. This necessitates high-preci-
sion numerical simulations at short distances and makes the
matching procedure substantially more intricate. In this
work, we present a numerical implementation of the hybrid
renormalization scheme for baryon LCDAs, laying a solid
foundation for future precision calculations.

The rest of this paper is organized as follows. In Sec. II,
we give the definition of the quasidistribution amplitudes
(quasi-DAs) of light baryons and discuss their symmetry
properties in coordinate space. Section III reviews the self-
renormalization and the hybrid scheme for baryon quasi-
DAs. The lattice simulation setup is described in Sec. IV.
Numerical results for the self-renormalization procedure, as
well as the renormalized quasi-DAs for both the A and the
proton, are presented in Sec. V. The final section provides a
summary and discusses prospects for future work.

II. QUASIDISTRIBUTION AMPLITUDES FOR
LIGHT BARYON

A. Definitions of LCDAs and quasi-DAs for a light
baryon

The baryon light cone distribution amplitudes are defined
as the hadron-to-vacuum matrix elements of nonlocal three-
quark operators at lightlike separations [99,100],

H(Zl » 22, Z3)(1ﬁ7 = €ijk<0|fg(zln)Wi/i(ZlnvZ()n)
X /;(zzn)Wj/f(zzn,zon)

x h¥ (z3n) WX (z3n,20n)|B(Pg.4)), (1)

where |B(Pjg, 1)) represents a baryon state with momentum
Py = Pii* = (P%,0,0, P%) and helicity A. These a, f3, y are
Dirac indices. i), j), k") refer to color indices, and f, g, h
are the quark fields in each baryon state, as shown in Table 1.
The lightlike Wilson lines W;; connect different nonlocal
quark fields to a general reference position z; to preserve
gauge invariance. Two light cone unit vectors are defined as
n* = (1,0,0,—1)/v/2and #* = (1,0, 0, 1)/+/2. The above
structure can be depicted in Fig. 1 for light baryon LCDA.

The matrix element of the LCDAs for an octet baryon in
Eq. (1) can be decomposed into three functions at leading
twist (twist-3),

(Olfa(z1n)gp(zan)hy, (z3n)|B(Pg))
= L FVIPRC)ylrsus), V(- Py)
+ (PpysC),p(ug) AP (zin - Pg)

L, .
+ZfT(lUyuPDBC)a/j(Y”}’s”B)yTB(Zi” “Pg), (2)

where C = iy?y? signifies the charge conjugation matrix
and up stands for the baryon spinor.

Therefore, the different leading-twist components can be
projected out from light cone nonlocal matrix elements as

@F(z;n - P, ) (=fv)Pyrsip

= (01f"(z1n)(Crt)g(zon) h(z3n) | B(Pp)).
@5 (z;n - Pg,p)fyPpug

= (0If" (z1n)(Cysn)g(zan)h(z3n)| B(Pp)).
OF(zin - Py, u)(2f7)Pyrsus

= (0" (z21n)(iCon*)g(zan)7"h(z3n)|B(Pp)).  (3)
where p represents the renormalization scale. To simplify
the notation, we can set z3 to zero as shown in Fig. 1. With
this convention, the LCDA generally defined in momentum

space can be linked to the nonlocal matrix elements in light
cone coordinates by Fourier transformation,

P+dZ1 P+d22
¢V/A/T(x1,xz,

xelmz‘ﬂzzz B(DV/A/T(Zln on,u), (4)

where x; and x, denote the longitudinal momentum
fractions of the f and g quarks, while the remaining quark
h carries the fraction x3 = 1 — x; — x,, as shown in Fig. 2.

ijk

€

|B(Pg, 1))

FIG. 1. The structure of the light baryon LCDA. Three quark
fields are connected with Wilson lines to a reference position. z3
can be set to zero for simplification.
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——-’(1 - xl—xZ)PZ

FIG.2. The structure of a fast moving light baryon with valance
quarks.

In this work, we focus on the leading-twist A-term ¢8 of
the A and the V-term ¢/% of the proton, as these components
remain nonvanishing in the local limit, as will be discussed
in the following subsection.

Since lattice QCD cannot directly access timelike oper-
ators, an approach proposed by LaMET is to compute
quasi-DAs defined in Euclidean space at finite but large
hadron momentum. These quasi-DAs can then be matched
to the corresponding LCDAS in the large momentum limit
via an effective field theory framework. In Euclidean space,
the leading-twist quasi-DAs of baryons are defined as
follows:

d)\B/(Zl’ZQ’Z%PZB’P’)(_JCV)PZBYSMB
= (01f" (z1n.)(Cr*)g(z2n;) h(2z3n;) | B(Pg)) g
(i)g(zleZvZ%P%’//‘)(fA)P%”B
= (01" (z1n,)(Crsy*)g(zan.) h(z3n. )| B(Pp)) .
P (21.20.23. Py pt) (2f 1) Pyysitg
R

= (Ol can) 3 €O lateancrh(esne)
)

where n, is a unit spacelike vector along the z direction,
and P73 is the hadron momentum along the same direction.
The subscript R refers to an appropriate nonperturbative
renormalization scheme on the lattice.

The definition of the quasi-DA is very similar to the
LCDA in Eq. (3), while the quark fields are separated by a
Euclidean space distance z;. The operator’s Dirac structure
can be chosen as y¥ = y' ory¥ = %, both approaching y* in
the large momentum limit. A possible origin of lattice
artifacts for these operators is operator mixing effects.
Unfortunately, no dedicated analysis of such effects exists.
However, insights from quark bilinear operator studies in
Refs. [40,61] indicate that y’-based operators exhibit less
mixing than y*-based ones. For this reason, we choose
y* = y'. Similarly, the momentum space quasi-DAs can be

B(PB)> :

obtained from coordinate space matrix elements through a
Fourier transformation,

Pdz, Pzdzz

¢V/A/T(x1,x2 Iu /
X e z(x121+X222 )P* (I)V/A/T(Zl’zz ﬂ) (6)

In lattice simulations, the ground state of nonlocal matrix
elements of quasi-DAs in Eq. (5) can be extracted by
reduction of the corresponding two-point correlation func-
tions, defined as

Cy(z1. 231, P) _/d3xe_iﬁ£<0|osmk(f, 21, 22),
X 5source(0’0;07 O)y’T}/y,|0>’ (7)

where 7% denotes the projection operator, which is optional
for difference cases. The sink operator Og;y (X, 521, 22),

depends on the specific leading-twist term V/A/T, as
illustrated by the construction of the A-term operator,

O (X, 1321, ),
= €W (20, X + z1n ) [l (X + zamz, 1)
X (Cy")gpWH (20, X + Zan)QZ(EE + zon,, 1)
x W (2o, X)hE (3., 1). (8)

Here, Wz, X) represents the spacelike Wilson line along
the z direction. By setting the reference point z, at the
h-quark position, it simplifies to

Ok (%, 121, 22),
= W (XX + zyn) fo(X + zinz, 1)
X (Cy’)aﬁWU (X, X+ zznz)gé (X + zon,, 1)
x hk(X,1). 9)

B. Symmetries in baryon quasi-DAs

The quasi-DAs of the light octet baryons, defined as
nonlocal matrix elements in Eq. (5), exhibit specific
symmetry properties governed by their flavor structures.
These symmetries can be utilized to streamline lattice
computations. By treating the quasi-DAs ®(z;,z,) as
functions of the quark separation coordinates z; and z,,
we can distinguish different regions in the z; — z, plane as
shown in Fig. 3, to highlight the symmetry properties of the
baryon quasi-DAs:

(i) The identical quark fields in the matrix elements
induce symmetry under the exchange z; <> z, for all
octet baryons except A and X°, where f and g are
quarks of the same flavor. As a result, the three
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Vg \
/ \
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/ \
/7 \
7/ \
Z1 = —1Ip

FIG. 3. The diagonals and regional divisions on the z; — z,
plane for quasi-DAs.

structures V, A, T obey specific symmetries,

‘i’\b;(zl’zz) = ‘i’g(Zz,Zl)v
‘i)f(zhzz) = _CBA(ZZ’ZI)’
&’?(Zl,zﬁ = &)ITg(ZZ’ZI)‘ (10)

(i1) After incorporating isospin symmetry where f and ¢
are light quarks, additional constraints arise for the A
and X0,

A
\%
DY (z1.20) = PR (z2.20),
A
T

—‘i)lr\(zz,zl)- (11)

—
KN
a
58]
~—
I

ci)\2/0(21722) = d’\zfo(zz,zl)7
‘BEO(Zl,Zz) = —‘i)io(zz,ll)v

&’?(21&2) = &)?(Z%Zl)- (12)

(iii) Another symmetry originates from the physical
requirement that the LCDA in momentum space
is pure real. Since the coordinate-space matrix
elements are related to the momentum-space
quasi-DAs via a Fourier transform,

~ 1 1 ] ) ”
(D(ZI’ZZJJ)_A dXIA dxzel(X1zlP<+xzzzP~)
X P(x1, 2, ). (13)

This imposes a complex-conjugation constraint,

qN’(ZhZz) = &)*(_Zl» —22). (14)

Therefore, for the A-term of the A and V/T-terms of the
proton, the identical symmetry properties in coordinate
space can be illustrated with regions in Fig. 3 by the
following equalities:

(15)

For those V/T-terms of the A and A-term of the proton, the
symmetry properties imply,

&’1 (21’22) :—‘53(22,11) :_(i)g(_ZZ’_Zl) =0 (—Zlv—Zz)»

g
Dy (21,22) = =D (2. —21) =—D5(22.21) =D} (—21,—22).
(16)

Based on the symmetries discussed above, it is straightfor-
ward to see that only regions 1 and 2 in the z,—z, plane are
independent. Since our lattice simulation does not distinguish
between u and d quarks, the quasi-DAs are strictly symmetric
under the exchange z; <> z, as illustrated in Egs. (10)—(12).
These relations are satisfied on every individual configura-
tion, thus allowing us to restrict calculations to the lower-right
triangular region. In contrast to the flavor symmetries in
Egs. (10)-(12), the symmetry shown in Eq. (14) is a
spacetime symmetry and holds after the configuration aver-
age. This symmetry stems from the fact that the matrix
element is purely real in momentum space. On the lattice, the
spacetime discretization and quantum fluctuations will dis-
rupt this symmetry on each individual configuration. In our
analysis, we will use the data both from regions 4 and 6 and
from regions 1 and 2, and average over them.

In addition, Egs. (15) and (16) can impose further
constraints on the quasi-DAs. Specifically, Eq. (15) implies,

Im [®(z),25)] ;=) = 0. (17)

while Eq. (16) leads to

[CB(Z1 s ZZ)}(m:Zz)

0,
Re[d)(zl,@)](zl:—@) 0.

(18)

The corresponding consequence is that the V/T terms of the
A and the A term of the proton vanish in the local limit. More
properties of the V, A, T terms can be seen in Appendix A.

114515-5



HAOYANG BAI et al.

PHYS. REV. D 112, 114515 (2025)

III. FRAMEWORK OF HYBRID
RENORMALIZATION

A. Review of hybrid renormalization

In this work, we implement the hybrid renormalization
method [47], a well-defined scheme for subtracting UV
divergences without introducing extra nonperturbative
effects at large distances. At short distances, it divides
the large-momentum matrix element by the zero momen-
tum matrix element (which defines the ratio scheme),
which eliminates the UV divergences, introduces some
of the perturbatively controllable z-dependences, and
preserves the normalization of a distribution. At large
distances, the renormalization factor extracted from self-
renormalization [53] is introduced to cancel UV divergen-
ces, without introducing uncontrolled IR effects. Over the
years this scheme has found a wide range of applications
[18-22,56-58,74,101-113].

For the quasidistribution amplitudes of a light baryon,
there are difficulties in applying the hybrid renormalization,
both on the theoretical and numerical side. The theoretical
issue arises from the mixing regions involving both
short and large distances, such as (|z;] < 1/Aqcp and
|Zz| ~ I/AQCD), (|Z2| < I/AQCD and |Z1| ~ I/AQCD)? or
(lz1 = 22| < 1/Aqeps |21] ~1/Aqep and |25 ~ 1/Aqep)-
In those regions, neither the ratio scheme nor self-renorm-
alization can be simply used. However, as shown in one-
loop perturbation theory [63,114,115], the UV logarithms
In(z%), In(z3), and In((z; — z,)?) are factorized out, which
means that short and long distances can be treated inde-
pendently in those mixing regions. Following the logic
mentioned above, the hybrid renormalization designed for
quasi distribution amplitudes of a light baryon has been
proposed in [114], together with the hybrid counterterm at
one loop.

The numerical issue lies in fitting the scheme conversion
factor between the lattice calculations and perturbative
calculations in the MS scheme, which is performed in the
short-distance region 0 < |z;], |z2], |21 — 22| < 1/Aqcp,
for continuum perturbation theory to work. This window
hardly exists if the lattice spacing a is not small enough.
Therefore, the ratio scheme is temporarily used in all
regions in a preliminary study of baryon DA [98]. In this
work, with more precise data at smaller lattice spacings a,
we implement the hybrid renormalization, which avoids
introducing extra nonperturbative effects compared to the
ratio scheme.

B. Self-renormalization

Let us denote the bare lattice matrix element as M(z1, z,
0, P%, a), which is related to Eq. (5) setting z3 = 0 without
subscript R. The normalized matrix element is denoted
as M(zy.2,,0,P%,a)=M(zy.,2,,0,P%,a)/M(0,0,0,P*,a).

The starting point of the hybrid renormalization scheme
is self-renormalization, which extracts the renormalization

factor Zg(zy, 25, a, ) by converting the lattice data to the
MS scheme. The renormalization factor is an asymptotic
series expansion at small lattice spacing with both loga-
rithmic and power dependences, inspired by perturbation
theory and parametrized as follows [114]:

k
Zr(z1,22,a, ) = exp [( — m0>2
aInfaAgep|
In[1/(aAz=
Loy, [M]
bo ln[,u/Am]
+1n [] +7} + f(z1,2 )az],
ln(aAQﬁ) <2
(19)
where (WAQTD] —mg)Z is the linear divergence [47,116—

119] and the mass renormalization parameter [109,120—
123] y_()ln[ln[l/(a/\—)]
bl bo

QCD
Infu/ Ay
divergence. f(z;,2,)a* contains discretization effects. In
general the explicit forms of discretization effects depend
on the details of the lattice action and the relevant operator.
The lattice configuration has been generated with stout
smeared clover fermion action and Symanzik gauge
actions. Both the fermion and gauge actions are tadpole
improved self-consistently and the anticipated discretiza-
tion effects are O(a?), see Ref. [124]. For the operators, the
choice of an O(a?) order parametrization is inspired by an
analysis within lattice perturbation theory for the nonlocal
operator with a Wilson line [116]. Z is the effective length
for the linear divergence, which is defined as follows:

21 — 22, 2120 <0
3= { 1 2| 152 (20)
max (|z1], |z2]), 2122 2 0.

] +In[1+ m] contains the log

The effective length Z can be justified by the effective
length of Wilson links [98,114].

The parameters by = ”Cg;znf, vo=5:(5-16.0-15.0
—%5&_12,0) are determined from perturbation theory as
shown in Ref. [114]. We use Ayg = 0.338 GeV forny = 3,
as determined by FLAG2024 [125], in the running
of the renormalized quantities to the MS scheme.
The parameters k, Agep, and f(z;,2,) are obtained by

fitting the a-dependence of the bare lattice data
M(Zl, 25,0, P* =0,a). According to the study in
Ref. [53], k and A@ are strongly correlated. Therefore,
a reasonable and convenient approach is to fix Agsp at a
physically sensible value and fit k accordingly. In this work,
we adopt A@ = 0.2 GeV. The parameters m, and d are

calculated by matching the renormalized lattice data to
perturbation theory at short distances,
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M(ZI»ZZ, 0, 0, a) N
e M .25,0.,0, 1), )1
Zr(z1,20.a, 1) (21,22 W) (21)

where the perturbative zero-momentum matrix element M/ »
at one-loop is

~ a.C 7 Z2 ZeZyE
M, (21,2,0,0,p) =1 +— E {—]n( il

2z |8 4
7. (ButerE
—1
+8“( 4
3 o \2,2 52k
*4“‘<W) +4]’ (22)

which can be found in Ref. [114].

After  extracting the  renormalization  factor
Zr(z1,22,a, ), the renormalized lattice matrix elements
in MS scheme can be defined as

M(ZI’ZZa 01 PZ! a)
ZR(Zlv 22,4, M)

Migs(21.22.0, PP o) = . (23)

which will be utilized to calculate the hybrid renormaliza-
tion scheme matrix elements in the next subsection.

My5(21,22,0,P% )
MW(ZI,ZQ,O,O,/J)
Mm(zl,ZZ,O,PZ,y)
Migs(z21.5ign(22)22,.0,0, )

My5(21.22.0.P% )

MH<Z1’Z2707PZ):

+

0(z,—z1])0(|z2| —22,) +=

C. Implementation of hybrid renormalization for
baryon quasi-DAs

After obtaining the renormalization parameters from the
self-renormalization procedure, one can apply them to
renormalize the bare nonlocal matrix elements of quasi-
DAs with nonzero momentum. However, Zz(z;, 5, @, #) in
self-renormalization will introduce peaks at z;, = 0 and
7 = 73, reflecting the short-distance logarithmic behavior
of the perturbative quasi-DA. Such singularities not only
impact the numerical quasi-DAs but also manifest in the
matching kernel for converting the self-renormalized
scheme to the light cone scheme, introducing intractability
to both theoretical calculations and numerical processing
[126]. To address these singularities in scheme conversions,
we implement a hybrid renormalization scheme [47].

The hybrid renormalization scheme can be viewed
as an improvement of self-renormalization, by combin-
ing the ratio scheme at short distances with the self-
renormalization at large distances. Three typical regions
exist in the hybrid renormalization method for baryons; the
short-distance, large-distance, and mixing regions. As
shown in [114], the overall matrix elements in the hybrid
renormalization scheme for baryon quasi-DAs follow:

(0(2z,—121])0(zs = |22]) +0(zs = |21 )0(| 22| = 2,)0(22, | 22]))

Myi5(21,22,0,P% )
Mg (sign(z)224.22,0,0,p)

0(|z1|=22,)0(z,—|z21)

+—
Mygs(z,+ (21 =22)0(21 —22) .25+ (22— 21)0(22—21).0,0. )
MM—S(Zl,Z2,0,PZ,Il)

021 =2,)0(|z2| = 25)0(zs = |21 = 22)

+—=
My (24 (21 +22)0(21 +22), =25 + (22 +21)0(—=22—21).0.0, )

X Mm(ZpZz,O,PZ,IJ)
MW(Sign(Zl )ZwSign(ZQ)zZs’O’O’ﬂ)

Here, Mm(zl,zz,O, P*, i) and Mm(zl,zz,o, 0,u) re-
present the large-momentum and zero-momentum matrix
elements, respectively, renormalized to the MS scheme
using the self-renormalization factor Zg. z is the hybrid
cutoff chosen to satisfy a < 2z, < 1/Aqcp. The 0 func-
tions are unit step functions that define region divisions and
maintain continuity conditions. For example, 0(z, — |z;])
corresponds to the short distance interval z; € [—zy, z,).
Terms in the denominator such as sign(z;)z, indicate the
values at points z; = £z,, with the specific sign chosen to
match the quadrant in which z; lies.

To carefully implement the hybrid renormalization
in the three different regions above, we first partition the
71—z coordinate plane according to the perturbative and

0(|z1] = 25)0(|z2] = 2)0(z, = |21 + 22])

0(|z11=2,)0(]22] = 2,)0(|21 — 22| = 2,) 0|21 + 22| = 2). (24)

[
nonperturbative regimes of |z;|, |z,|, and |z; — z,|, while
also considering |z; + z,| for completeness. The regions
are categorized as short-distance (perturbative), large-dis-
tance (nonperturbative), and mixing regions, as illustrated
in Fig. 4. Then, we can apply different renormalization
procedures in each region according to Eq. (24) with Fig. 4.
(1) Short-distance region (purple area in Fig. 4): For
this region, we apply the ratio scheme,

MW(Zl,Zz, 0, Pz,,u)
Mm(ZhZz,O,O,,U)

: Sshon(ZI’ZZ)’ (25)

where Sy, 18 the step function defining the short-
distance region,

114515-7



HAOYANG BAI et al.

PHYS. REV. D 112, 114515 (2025)

Z

4

FIG. 4. A schematic diagram of renormalization regions.
Distinct colors denote different region types; short-distance
region (purple), long-distance region (gray), and mixing regions
(blue). Separate renormalization schemes are applied to each
region.

Sshort = 0(22, — |z1])0(z, — |22])
+0(z,—211)0(|22| = 2,)0(2z, = |22]).  (26)

Here, we choose z, =0.20 fm which satisfies
a <2z, < 1/Agep- This choice cancels singular
logarithmic terms in the perturbative region while
preserving normalization.

(i) Long-distance region (gray areas in Fig. 4): We use
the self-renormalized large momentum matrix
element at this region,

M_(Zl’ 22, 0, P%, ,Ll)
= MS : Slong(Zl’ Z2)’

Mm(Sign(Zl)Zs’ Sign(ZZ)zzm O, O’ ,M)

(27)
|

MM_S(Zl’ 2,0, PZ,,U)
Mizs(sign(z1)22.22.0,0, )
Mm(h, 2,0, Pz,/fl)

O(|z1| = 22,)0(z, — |z2])

+ =
Mygs(z, + (21 — 22)0(21 — 22), 2 + (22 — 21)0(22 — 21), 0,0, )

Mm(zl’ 22, 0, P%, ﬂ)

where Sy, 18 the step functions to separate the short
or medium distance and long distance regions, and
combining with the denominator to address the
continuity condition,

Siong = O(|z1] = 2,)0(|z2] = z,)
X O(|z1 = 20| = 2,)0(|z1 + 22| — 2,).  (28)

The value in the denominator is the self-renormal-
ized zero-momentum matrix elements at inner
boundary points of the gray region (green points
in Fig. 4), which ensures continuity with the ratio
scheme. Here we can only consider the results on
four points (sign(z;)z,, sign(z,)2z,) in Eq. (27). The
other four points can be derived based on the isospin
symmetry shown in Eq. (15).

(iii) Mixing regions (blue areas in Fig. 4): In these

regions, one of the nonlocal separation directions
lies within the perturbative regions while the others
do not. For example, in the blue vertical region MIX I
a (z; is perturbative, while z, and |z; — z,| are
nonperturbative). We will introduce the ratio scheme
for z; and the self-renormalization for z, within this
region, as shown in the following equation:

Mzs(21,22.0,P% 1)
MM_S(Zleign(Zz)ZZs,O,O,/,{)

(2= |21)6(|22] = 22,).
(29)

The numerator part represents the self-renormalized
large-momentum matrix elements in this region, while
the denominator part represents the self-renormalized
zero-momentum matrix elements on the boundary line
between the self-renormalization region and the per-
turbative region (yellow line in Fig. 4). Therefore,
the ratio at identical short-distance z; dependence
cancels the In(z?) singularities. The z, dependence in
the numerator is handled by self-renormalization,
while the denominator truncates z,-dependence at
sign(z,)2z,, avoiding extra nonperturbative effects.
Similar treatments apply to other blue regions,

0(|z1| = 25)0(|22| = 2,)0(z5 — |21 = 22)

+ —
Mys(zs + (21 + 22)0(z1 + 22). =25 + (22 + 21)0(=22 — 21). 0.0, )
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TABLE 1II. Key parameters for the simulations on the three lattice ensembles. Statistics Ng X Ny denotes the number of
measurements on each ensemble.

Parameter C24P29 F32P30 H48P32
Volume (13 x n,) 243 x 72 323 x 96 483 x 144
a (fm) 0.10530(18) 0.07746(18) 0.05187(26)
m, (MeV) 292.7(1.2) 303.2(1.3) 317.2(0.9)
myg (MeV) 509.4(1.1) 524.6(1.8) 536.1(3.0)
Statistics (Ngg X Nye) 864 x 4 777 x 4 555 x6

IV. SIMULATION SETUP
A. Lattice setup

The numerical simulations in this work are based on the
N;=2+1 flavor gauge ensembles generated by the
CLQCD Collaboration [124]. These ensembles have been
extensively validated in previous studies of hadron spec-
troscopy [127-129], heavy meson physics [130,131], and
nucleon structure [111]. In this work, we use three ensem-
bles with lattice spacings of a = {0.105,0.077,0.052} fm,
which allow for self-renormalization and systematic control
for discretization effects. More details are summarized in
Table II.

To improve data quality at large momenta, we employ
point-source propagators with momentum smearing [132].
To check the renormalization for both small and large
momentum, we compute the quasi-DAs at three different
momenta,

C24P29: P* = {0,0.49,1.96} GeV,
F32P30: P* = {0,0.50,2.00} GeV,
H48P32: P* = {0,0.50,1.99} GeV.

The zero-momentum case is used to extract renormalization
factors, while the nonzero-momentum cases serve to
examine the behavior of the renormalized quasi-DAs.

In addition, to enhance the signal-to-noise ratio at large
z-separations, we apply single-step hypercubic (HYP)
smearing [133,134] to the spatial Wilson lines. It is
important to note that HYP smearing modifies the linear
divergence of the system, which is handled through self-
renormalization. In Appendix B, we demonstrate that
quasi-DAs with different iterations of HYP smearing,
despite having distinct linear divergences, yield consistent
results after renormalization.

B. Interpolators and projection operators

To extract the ground state of the hadron-to-vacuum
matrix elements defined in Eq. (7), we construct a separate
set of composite quark operators at the source side. The
structure of the sink side is already fixed by the leading-
twist structure Eq. (5) of the baryon LCDAs. To optimize
the signal-to-noise ratio (SNR) and better extract the

ground state while suppressing the excited-state contami-
nation, we adopt two distinct strategies tailored to different
momenta.

For small boost momenta, we typically choose the
following operator combinations as interpolators for pro-
tons and A baryons:

Of = (u" Cysd)u,

oA — 2(u’ Cysd)s + (u Cyss)d + (sTCysd)u (1)
7 .
Inspired by Ref. [135], for the highly boosted momenta
(P* > 2 GeV), we adopt the modified interpolating oper-
ators that are constructed to better overlap with the leading
Fock state in the boosted frame,

Ogod = (”TCVS}’td)”,

o 2(u’ Cysy'd)s + (u? Cysy's)d + (s Cysy'd)u
mod \/6 .

(32)

In Fig. 5, we show an SNR comparison for large-momen-
tum two-point correlation functions with the typical source
interpolator and the modified operator.

fi  source Cys
14 f  source Cysyt
1.2
Gl.() ] ] ] i i} i i
Siof 48§ @ fb fb }|
=
0.8
0.6
2 4 6 8
t (a)
FIG. 5. Comparison of noise-to-signal ratios for the A

baryon two-point functions at P*=2.5 GeV and F32P30
(a =0.077 fm) using traditional [Eq. (31)] and modified
[Eq. (32)] source interpolators.
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TABLE III. Baryon interpolators and projection operators for
different boosted momenta.
Momentum Baryon Interpolator Projection
P =0,1 Proton (uT Cysd)u (I+yH/2
A @ Cysd)s+-)
V6
Pi>4 Proton (uT Cysy'd)u Y+
A Q" Cysy'd)s+--)
V6

For the two-point baryon correlation functions, the
projection operator 7" shown in Eq. (7) is also required
for matrix components. Conventionally, the projection
operator T = (I + y')/2 has been widely used in studies
of light octet baryons at zero momentum, as it eliminates
contributions from negative-parity excited states while
projecting onto positive-parity states, including the
ground state.

However, with nonzero momentum, the parity can no
longer be easily identified through operator constructions,
as contributions from states of different parity become
mixed. Unlike the zero-momentum case, it is no longer
possible to use a fixed projection operator to isolate only
the positive-parity states; we can only ensure that the
ground state corresponds to the desired positive-parity
baryon. Therefore, at large momenta, the choice of pro-
jection operator is no longer unique. Instead, we can
employ different projection operators and combine them
to better extract the ground-state of leading twist.

In summary, our lattice simulation of two-point corre-
lation function employs the following baryon interpolators
and projection operators, as listed in Table III.

C. Extraction of ground-state matrix elements

To better suppress the excited-state contamination and
reliably extract the ground-state contribution, we perform a
two-state fit to the two-point correlation functions in this
work. The parametrization follows:

Crzlorm(zl’ 293 t, PZ)

. Cy(z1, 2051, P?)
~ G,(0,0;1, P?)

= (21,20, PY)(1 + AA(zy, 20, P)e™2ET),  (33)

where ®(z;,z2,, P?) represents the ground-state matrix
element, and the AAe 2E7 term accounts for excited-state
contamination. However, it is well known that this fit can
be sensitive to the fit range in time ¢. The comparison of
one-state (constant) and two-state fits with different fit
ranges of ¢ is shown in Fig. 6.

To systematically address the fit-range dependence, we
implement the model averaging procedure introduced in

0.400

® Two-state fit
One-state fit

tt

0.375 A

[ ]
0.350
IIIIEII£

0.325 A

=
0.300 | -

»(2)

0.275 A

0.250 A

0.225 A

0.200 T T T T T

Fit ranges (a)

FIG. 6. Comparison of one-state (constant) and two-state
fits for the ground-state quasi-DAs on the normalized two-
point function at {z,z,, P*} = {6a,2a,0.5 GeV} of F32P30
(a = 0.077 fm).

Ref. [136], instead of a two-state fit with fixed range. This
approach can combine two-state fit results over different fit
ranges [fmin» tmax)» With weights for each fit range deter-
mined by both the fit quality (y?/d.o.f.) and the initial point
tmin» @ shown in Eq. (35). The weighted average result and
its uncertainty are given by

Yy = ZW,»‘P,-,

i

03 = Zwi\P? -V fwie?, (34)

1 i
w; & exp (— 5)(12 - ll(nzn>v (35)

where W; and o7 are the result and uncertainty of each fit,
tﬁﬂn represents the initial time point of each fit, w; are the
weights to average all cases. This method accounts for
potential systematic uncertainties arising from the choice of
fit ranges while avoiding artificially inflated errors. An
example comparing the model-averaged fit with two-state
fits over different 7 ranges is shown in Fig. 7. The upper
panel displays the matrix elements extracted from the
ground state using various fit strategies, and the lower
panel shows the corresponding weights assigned to differ-
ent values f.;, in the model averaging procedure.

This combined approach (two-state fitting with model
averaging) yields stable extractions of ground-state matrix
elements and reliable uncertainty estimates, enabling a
reliable determination of the quasi-DA matrix elements
necessary for the subsequent renormalization and matching
procedures. An example of the fitting results using this
method is shown in Fig. 8. Therefore, we will use the quasi-
DA matrix elements determined by this method in the
following analysis.
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Model averaged result of different fit ranges

Model averaged fit result: 0.325(7) T
0.340 1 @ Fit results with different ranges
0.335 A
£ 0.330 A ‘
=
§) ®
0.325 A
0.320 A
0.315 A
> ® @ ® ® )
N N N N
& & A & of %
1.0
0.8
o
S 0.6 -
K]
=
3
o 0.4
=
0.2 1
0.0 T T T T T T
> 2 > 2 2 ®
N N N N N N
o1 < g & o &

Fit ranges (a)

FIG. 7. Model averaging of A ground-state matrix elements at
{z1,20, P*} = {6a,0a,0.5 GeV} for F32P30 (a = 0.077 fm):
(Upper) Fit results for different fit ranges (colored points) and
weighted average result with total uncertainty including system-
atics (gray band); (Lower) Corresponding weights w; (bars) of
each fit range.

D. Dispersion relation

Since our study involves two-point functions at large
momenta, we examine the dispersion relation to assess both
discretization effects and the reliability of the calculation.
The effective energies E(P¢) are extracted from the local
two-point correlation functions [Eq. (7)] at local points
Z1 = 2o = 0 by applying the model-averaged two-state fit
for both the A and the proton, with the highest boosted
momenta up to P* =7 x 2z /(n,a) ~ 3.5 GeV on all three
ensembles.

The dispersion relations are quantified through the
parametrization,

E? = m3 + co(P?)? + c;a*(PY)*4, (36)

0.40
Model averaged fit result: 0.325(7))
® Normalized data
0.35
R R
coosoe® ’
0.30 o ®
o
o
£
S, 0.25 A L
O
o
0.20
o
0151 o
0.10 +— . . : . . . . . .
0 2 4 6 8 10 12 14 16 18
t(a)
FIG. 8. Result of the model-averaged two-state fit on normal-

ized matrix element of A at {z, z,, P*} = {6a, 0a,0.5 GeV} for
F32P30 (a = 0.077 fm). The colored points are the normalized
data while the gray band shows the model averaged fitting result.

where ¢ and ¢ parametrize deviations from the continuum
relativistic expectation E2 = m% + (P?)?. Figure 9 displays
the results for the three ensembles.

We find that the values of ¢ and ¢, are consistent with
the continuum expectation within 3¢. The slight deviation
of ¢y from 1 is primarily due to complicated excited-state
contamination of the A and the proton, while the deviation
of ¢; from O reflects discretization effects. Moreover, the
results exhibit a trend towards the continuum limit as the
lattice spacing decreases, providing theoretical support for
the subsequent continuum extrapolation.

V. NUMERICAL APPLICATION FOR HYBRID
RENORMALIZATION

As discussed in the framework of hybrid renormaliza-
tion, lattice calculations involving nonlocal operators suffer
from linear divergences. These divergences manifest them-
selves as significant deviations in the computed values of
the same physical quantity at different lattice spacings. In
the cases of baryon quasi-DAs, which involve nonlocal
separations in two directions, we illustrate the impact of
linear divergence more clearly by fixing either z; or z,. As
shown in Fig. 10, Fig. 10(a) presents the bare quasi-DA of
the A baryon at fixed z; = 0, while Fig. 10(b) shows the
case with z; = z,. One can observe significant differences
among the results obtained at three different lattice spac-
ings, far exceeding the expectations of discretization
effects. Therefore, a proper renormalization of linear
divergences is essential to ensure reliable matching to
the MS scheme and to obtain a meaningful continuum
limit. To facilitate comparison and enable consistent
analysis of lattice spacing dependence within the self-
renormalization scheme, we interpolate the bare matrix
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FIG. 9. Dispersion relations for the (a) A baryon and (b) the
proton on C24P29 (a = 0.105 fm), F32P30 (a = 0.077 fm), and
H48P32 (a = 0.052 fm). The dashed lines show the continuum
relativistic prediction E* = m% + (P%)%.

element results from each ensemble onto a common grid
with a spacing of 0.05 fm.

A. Linear and logarithmic divergence extraction

The matrix element of a baryon quasi-DA can be
parametrized as

M(zy, 25, a, ) = exp [(m)z +9(z1,22)
QCD

% n[ln[l/(aAQCD)q
by ln[y/AM—S]

+1In |:1 -}-m} +f(21,22)02:| s

(37)

which is similar to Eq. (19), but with
g(Zh ZQ) :IH[MW(ZUZZ’O’OJ‘) +m0§] (38)

Here MM—S(ZI, 2,0, 0, u) is the numerical zero-momentum
matrix elements in MS scheme, which is consistent with the
perturbative M p(zl,zz, 0,0,u) at short distance. The MS
renormalization scale u is chosen as y =2 GeV in our
following analysis.

From the analytical expression for the matrix element
Eq. (37), it is obvious that for a given nonlocal matrix
element, when the separation z is relatively large
while the lattice spacing is small, the dominant contri-
bution in the matrix element arises from the linear
divergence. To better illustrate both the impact of this
linear divergence on the numerical lattice data, we can
examine the dependence of the matrix elements on 1/a
using a logarithmic scale. As shown in Fig. 11, both
the A and the proton exhibit a clear linear dependence
on I/a. Since the baryon LCDA involves two nonlocal
separations, z; and z,, we present several representative
cases with fixed z; =—0.20 fm, respectively, to
illustrate the linear behavior, more cases are shown in
Appendix C.

Therefore, following the analytical parametrization
form in Eq. (37), we perform a global fit to the numerical
matrix elements of the quasi-DAs. Compared to the
meson case, which involves only a single nonlocal
separation direction, the baryon quasi-DA features
two nonlocal separation directions, imposing stronger
constraints on determining the linear divergence param-
eter. This also provides more flexibility in selecting the
fitting region, allowing us to avoid potential lattice
artifacts, such as discretization effects. Specifically,
we use the region satisfying |z;,|,|z; — 22| > 0.15 fm
to fit the linear divergence. The extracted linear diver-
gence parameters for the A and the proton are k* =
0.779(03) with y*/d.o.f. = 1.0, and k¥ = 0.781(05) with
y*/d.of. = 0.9, respectively. These consistent values
indicate that the linear divergence is largely independent
of the external state. More consistency checks of linear
divergence can be seen in the Appendix C. Therefore, we
take the extracted linear divergence values Kk’ and
perform self-renormalization for the A and the proton
separately.

To further extract the renormalization parameters
required for self-renormalization, one needs to match
the lattice-calculated quasi-DA to the perturbative expres-
sion in the MS scheme within the perturbative region, as
discussed in Eq. (22). The matching is performed in the
short-distance region to allow the application of pertur-
bation theory. It is important to note that the perturbative
expressions exhibit peaks at z; = z,, while the numerical
lattice data are smooth and continuous for all regions.
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FIG. 10. Normalized bare zero-momentum quasi-DA for the proton and the A at three different lattice spacings. (a) A, z; =0,
(b) A, z; = z, (c) proton, z; = 0, (d) proton, z; = z,.
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FIG. 12. The fitting result of the lattice matrix elements to the

MS scheme perturbative one-loop result in the perturbative region
for the (a) A and (b) proton.

It makes the matching between discrete lattice data and
the continuum expressions particularly challenging, not
only for the discrete points along z; = z, but also for
those nearby. To suppress the impact of perturbative
peaks on the matching, we fit the data from quadrants II
and IV. The extracted renormalization parameters are
general and can be applied to test cases in quadrants [ and
I, including z; = z,. As shown in Fig. 12, for the cases
with z; = 0.05, 0.10, 0.15, 0.20 fm, the lattice data for
both the A and the proton agree well with the perturbative
zero-momentum matrix elements when z, < 0. However,
for z; > 0, only the data points away from the z; = z,
region show good agreement with the perturbative
results, for example, z; = 0.05 with z, = 0.15, 0.20 fm,
or z; =0.20 with z, = 0.05 fm. The renormalization
parameters extracted and applied in Fig. 12 are mOA =
0.859(09) with d* =0.476(04) for the A and mf =
0.073(22) with d” = 0.381(09) for the proton.

B. Hybrid renormalization results for
baryon quasi-DA

With the above fitting process, we can extract the self-
renormalization factor Zz(zy,z,,a,u) from the zero-
momentum matrix elements and then use it to renormalize
large-momentum matrix elements, yielding the self-
renormalized quasi-DA. In Figs. 13 and 14, we show the
comparison of bare, ratio renormalized and self-renormal-
ized matrix elements in subfigures (a)—(c) for the A with
both P* = 0.5 GeV and P* = 2.0 GeV.

As evident from these figures, the ratio scheme
results exhibit continuity and smoothness across all
regions, because taking the ratio to the zero-momentum
matrix elements eliminates both short-distance loga-
rithms and UV divergences. However, this division
inevitably introduces nonperturbative IR effects at large
distances. The self-renormalized results demonstrate
effective removal of UV divergences at large distances
without introducing additional uncontrollable nonpertur-
bative effects. Yet at short distances, the self-renormal-
ized results exhibit two peaks at z; =0 and z, = z;,
reflecting the short-distance behavior of the perturbative
quasi-DA as discussed before. This issue naturally leads
us to employ the hybrid renormalization framework
discussed in Sec. I C.

The hybrid renormalization is implemented as
follows. After extracting the self-renormalization factor
Zr (21,22, a, p) from the zero-momentum matrix elements,
this factor is applied to renormalize both large-momentum
and zero-momentum matrix elements, yielding MM—S(ZI,
2,0, P%, u) and Mm(zl ,22,0,0, ). Then perform region-
specific ratios as previously described in Sec. III to achieve
continuous hybrid renormalization scheme results.

The hybrid renormalized results for the A quasi-DA
matrix elements at P* = 0.5 GeV and P* = 2.0 GeV are
shown in subfigures (d) of Figs. 13 and 14. Compared to
the self-renormalized results [Figs. 13(c) and 14(c)], the
hybrid renormalization scheme effectively eliminates the
singularities in the short-distance region. In the long-
distance region, it naturally transitions to self-renormaliza-
tion, which provides optimal UV divergence removal.
Crucially, the hybrid renormalized results exhibit smooth
continuity across the transition regions while retaining
proper normalization, which facilitates subsequent limited
Fourier transforms [81,137] and effective matching proce-
dures. The corresponding results for the proton quasi-DA
are presented in Appendix D.

Figures 15 and 16 display 2D heat maps of hybrid
renormalized quasi-DA matrix elements (central values) for
the A (A-term) and the proton (V-term) across all four
quadrants at P° = 2.0 GeV. These visualizations further
demonstrate the smoothness and continuity of the hybrid
renormalized results over the entire coordinate space.
Moreover, the quasi-DAs at 2 GeV exhibit a clear and
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(c) Self-renormalized result of A at P = 0.5 GeV. (d) Hybrid scheme result of A at P = 0.5 GeV.

114515-15



HAOYANG BAI et al.

PHYS. REV. D 112, 114515 (2025)

0.5
0.4
0.3
0.2
0.1
0.0
-0.1
-0.2

15

1.0

0.5

Ms

0.0

-0.5

-1.0

Short-distance region
Mixing region
Long-distance region

t Bare,a=0.105fm

t Bare,a=0.077 fm

t Bare,a=0.052fm

.

ﬂw“

.“.
b

.}"

-2 0 2
/\2 = Zzl:’Z

(2)

4

6

Him':

fy
Short-distance region
Mixing region
Long-distance region *
t Self, a=0.105 fm

t Self,a=0.077 fm
} Self, a=0.052 fm

” 0++tli

}

-2 0 2
/\2 = Z)PZ

(©

4

6

8

0.8
0.6
0.4

0.0
-0.2
-0.4
-0.6

0.8
0.6
0.4

0.0
-0.2
-0.4
-0.6

b

HHH

Short-distance reg?on
Mixing region
Long-distance region

t Ratio, a=0.105 fm

t  Ratio,a=0.077 fm

t Ratio, a=0.052fm

*
HH.

-_—
-,
Gk
-

-2 0 2
/\2 = Z;PZ

(b)

4 6 8

TR

f
f
‘1

]
Short-distance region

Mixing region

Long-distance region
{  Hybrid, a=0.105 fm
t  Hybrid, a=0.077 fm
}  Hybrid, a=0.052 fm

h

H

-2 0 2
/\2 = Zzl:’Z

(d

FIG. 14. Bare, ratio scheme, self-renormalized and hybrid renormalization scheme results of the A quasi-DA matrix elements at
P? =2.0 GeV, fix z; = 0.250 fm (4; = 2.522). (a) Bare result of A at P = 0.2 GeV. (b) Ratio scheme result of A at P = 0.2 GeV.
(c) Self-renormalized result of A at P = 0.2 GeV. (d) Hybrid scheme result of A at P = 0.2 GeV.

114515-16



HYBRID RENORMALIZATION FOR DISTRIBUTION AMPLITUDE ...

PHYS. REV. D 112, 114515 (2025)

1.0
6 0.8
4 0.6
0.4
3 2
— 0.2
woo
— 0.0
~ 2
-0.2
-4 -0.4
-6 -0.6
-5 0 5
AZ = Zsz
(@
1.00
6 0.75
4 0.50
N 2 0.25
&,
oo 0.00
<~ 5 -0.25
_a -0.50
6 -0.75
-1.00
-5 0 5
/‘2 =22Pz
(b)
FIG. 15. 2D heatmaps of the hybrid renormalized quasi-DA
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pronounced oscillatory behavior across all quadrants, con-
sistent with the expected coordinate space structure of
baryon quasi-DAs.

VI. SUMMARY

In this work, we numerically implement the hybrid
renormalization scheme based on self-renormalization for
the leading-twist A-term of the A quasi-DAs and the V/T-
terms of the proton quasi-DAs. The linear divergence is
extracted by analyzing zero-momentum matrix elements at
multiple lattice spacings, a = {0.105,0.077,0.052} fm.
The residual self-renormalization factors are then deter-
mined by matching to perturbative matrix elements in the
MS scheme. To suppress instabilities caused by the peaked
structure in the self-renormalization scheme, we adopt the
hybrid renormalization scheme, which combines the ratio
scheme at short distances with the self-renormalization at
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FIG. 16. 2D heatmaps of the hybrid renormalized quasi-DA
matrix elements (central values) of the proton at P = 2.0 GeV.
(a) Proton, Re, P =2.0GeV GeV and (b) proton, Im,
P =2.0 GeV GeV.

large distances. Finally, we present the renormalized quasi-
DAs at both a small momentum of 0.5 GeV and a large
momentum of 2.0 GeV.

The renormalized results indicate that the linear diver-
gence associated with the Wilson line self-energy exhibits
negligible dependence on the external state, as expected.
Moreover, renormalized quasi-DAs show good conver-
gence with respect to lattice spacing, consistent with the
expected behavior of residual discretization effects at large
P*. This confirms that the hybrid renormalization scheme
results in a reliable continuum limit. Additionally, by
properly renormalizing all divergences, the hybrid renorm-
alization scheme yields smooth and continuous quasi-DAs,
significantly reducing the complexity of the subsequent
Fourier transform and effective matching procedures.

Therefore, this work provides an important and reliable
foundation for the precise and systematically correct
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computation of baryon LCDAs within the LaMET frame-
work. Building upon the robust renormalization procedure
established here, the next goal is to obtain reliable baryon
LCDAs in the continuum limit.

The LQCD simulations were performed using the
PyQUDA software suite [138] and QUDA [139—141] through
HIP programming model [142].
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0 = 2T (x1, x2, x3) = V(1. X3, %) + A(x1, X3, X5) = V(x3, X0, X1) — A(x3, X2, x1)] (1)

of this research project. The data are available from the
authors upon reasonable request.

APPENDIX A: SYMMETRY IN BARYON
DISTRIBUTIONS

In lattice QCD calculations, it is often useful to exploit
symmetry relations derived from theoretical considerations
to check the correctness and consistency of numerical
results. Since the proton is an isospin—% state, the following
identity holds:

<0' (Tz—% GJF 1) ) (effkug(l)ug(z)d';(3))'P> =0,
(A1)

where

1
T2 :§(T+T_+T_T+)+T§ (A2)

is the quadratic Casimir operator of the isospin 81u(2)
algebra in the adjoint representation. This condition leads
to the constraint [143],

(Ole' ul (1) (2)d¥(3)|P) + (Ole ui,(1)u}(3)d5(2)|P)
+ (0[e*u (3)u(2)ds(1)|P) = 0. (A3)

To bring all terms into the same spinor index order (a, 3, 7),
one can employ the following Fierz identities [143],

1
(Ul)yﬂ,a = E(Ul —dap— tl)aﬂ,y’

1
(al)yﬂ.a = 5(_1]1 +a;— tl)a[)’,y’
(1),p0 = = (V1 + @1)gp,» (A4)

where the Lorentz structures are defined as

(Ul)a/},y = (Pc)aﬁ(ySN)y’ (al)aﬂ,y
- (PYSC)aﬂ(N)y’ (tl)aﬁ,y
= (P¥i6,,,C) 45(r"7rsN),-

Applying this decomposition to Eq. (A3), one arrives at the
following identity:

afy

+ 2V (xy, %0, x3) + 2V (X1, X3, %5) + 2A(x1, X3, %) = 2T (x1, X3, X2) + V(x3, X2, X1) — A(x3, X3, X1)
= 2T (x3, X2, X1)|(01) g, + [2A(x1, X2, X3) + 2V (21, X3, X3) + 2A(x1, X3, %) + 2T (xy, %3, %) — V(x3, X, %1)

+ A(x3, x9, 1) = 2T (x3, %2, X1)[(@1) -

(AS)

By making use of the known symmetry properties of the functions V, A, and 7, this equation reduces to a single nontrivial
constraint. For baryons not of the A type, this leads to the well-known relation [30],
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FIG. 17. Zero-momentum quasi-DA and its corresponding noise-to-signal ratio for the A (A-term) along z; = z,, for H48P32
(a = 0.052 fm), with HYP smearing iterations nyyp = 0 (blue), 1 (orange), and 2 (green). (a) Bare quasi-DA, A, P = 0 and (b) Noise-

to-signal ratio, A, P = 0.

2T (x1,x2,x3) = (V = A) (x1, %3, %) + (V = A) (X, X3, x1).
(A6)

For the A baryon, the corresponding relation becomes

2T (x1,x2,x3) = (V= A) (x1,%3,X%2) = (V= A) (x2, %3, X1 ).
(A7)

Besides, in some lattice implementations, the order of
valence quarks in the interpolating operator may be
changed to simplify the contraction structure. For example,
the flavor ordering udu may be used for the proton instead
of the canonical uud. In such cases, the Fierz identities in
Eq. (A4) can be used to relate the LCDA defined in the new
flavor ordering to those defined in the standard basis.

APPENDIX B: DETAILS FOR HYP SMEARING

1. Improvement of the signal

HYP smearing [133,134] is a gauge-field processing
technique that applies weighted averaging of adjacent
gauge links to obtain smoother gauge configurations. In
our calculation of baryon quasi-DAs with nonlocal shifts,
replacing the gauge links between quark fields with HYP-
smeared links can significantly improve the signal-to-noise
ratio of nonlocal matrix element.

Figure 17(a) displays the zero-momentum quasi-DA
for the A (A-term) along the z; = z, direction with HYP
smearing iterations nyyp =0, 1, 2, and the subfigure
(b) shows the corresponding noise-to-signal ratios.
With single-step HYP smearing, the statistical errors at
large distances decrease considerably, while a second
smearing step provides marginal additional improve-
ment. Therefore, we choose single-step HYP smearing
in our lattice simulation.

Further more, Fig. 18 shows the effective mass of the A
baryon matrix element at a specific nonlocal point

(z; = 6a,z, = 0) using both original and HYP-smeared
gauge links, for momenta P* =0 GeV and P* = 1.49 GeV.
The use of HYP-smeared links substantially reduces the
statistical uncertainties, while the effective mass behavior
remains consistent across different momenta. This indicates
that smearing the sink-side gauge links does not alter the
excited-state contamination.

2. Impact on linear divergence

HYP smearing smooths the short-distance behavior of
gauge links, including the modification of the linear diver-
gence. However, this modification does not affect the renor-
malized physical results in the ratio or self-renormalization
schemes. The parametric form of self-renormalization
remains valid for smeared results, as established in Ref. [53].

To ensure that HYP smearing does not affect the physical
results, we also performed a simple check using the ratio
scheme renormalization. Figure 19(a) displays the bare
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FIG. 18. Effective mass plots for the A at a nonlocal point

(z; = 0.36 fm,z, = 0) with original and HYP-smeared gauge
links, for H48P32 (a =0.052 fm), with P*=0 GeV and
P? =1.49 GeV.
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quasi-DA for the A (A-term) at P = 1.49 GeV with
nyyp = 0, 1, 2, while Fig. 19(b) shows the correspond-
ing ratio scheme quasi-DA results (renormalized by the

= 1.49 GeV.
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zero-momentum matrix elements). Within uncertainties,
the renormalized quasi-DAs remain consistent across
different smearing levels, confirming that the ultraviolet
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divergences introduced by HYP smearing are mainly linear
divergence and can be fully removed by renormalization.

APPENDIX C: LINEAR DIVERGENCES IN THE A
AND THE PROTON LCDAS

To illustrate the clear linear dependence on lattice
spacings for both the A and the proton, we show more
matrix elements plotted against 1/a using a logarithmic
scale in Fig. 20.

Theoretically, the linear divergence dominated by the
lattice gauge field should be independent of the external
states. This can be verified by comparing the ratios of bare
quasi-DA matrix elements for the proton (V-term) and the
A (A-term) across three ensembles. As shown in Fig. 21,

1.0 W B G
L Ty
i Yy
P by
< 0.6
<
Q
= 04
0.2
t a=0.105fm
t a=0.077 fm
0.0 { a=0.052fm
—-0.6 -0.4 —-0.2 0.0 0.2 0.4 0.6
21 = 2 (fm)
(@
1.0 . ® . .
2 1
3 R}
\ A
0.8 ! Yy
' "
< 0.6
2
Q.
= 04
0.2
t a=0.105fm
t a=0.077 fm
0.0 { a=0.052fm
-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6
21 = 25 (fm)
(©

FIG. 21.

we present the ratio results for both P* =0 and P* =
0.5 GeV cases on three ensembles. It can be observed that
the ratios are consistent within uncertainties for three
different lattice spacings. Consequently, these linear diver-
gences largely cancel out in the ratio, with only minor
discrepancies appearing in the short-distance region, sug-
gesting that the linear divergence indeed does not depend
on the external states.

APPENDIX D: MORE RESULTS OF BARYON
QUASI-DAS USING DIFFERENT SCHEMES

More cases for the A (A-term) and the proton (V-term)
quasi-DAs in different schemes are shown in this section
from Figs. 22-45.
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1. More results of the A (A-term) quasi-DA at P*=0.5 GeV in different schemes
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FIG. 22. Results of the A quasi-DA matrix elements in different schemes and with P* = 0.5 GeV, z; = 0.000 fm. (a) Bare result of A
at P = 0.5 GeV. (b) Ratio scheme result of A at P = 0.5 GeV. (c) Self-scheme result of A at P = 0.5 GeV. (d) Hybrid scheme result of

A at P = 0.5 GeV.
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FIG. 23. Results of the A quasi-DA matrix elements in different schemes and with P* = 0.5 GeV, z; = 0.100 fm. (a) Bare result of A
at P = 0.5 GeV. (b) Ratio scheme result of A at P = 0.5 GeV. (c) Self-scheme result of A at P = 0.5 GeV. (d) Hybrid scheme result of

A at P = 0.5 GeV.
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FIG. 24. Results of the A quasi-DA matrix elements in different schemes and with P* = 0.5 GeV, z; = 0.200 fm. (a) Bare result of A
at P = 0.5 GeV. (b) Ratio scheme result of A at P = 0.5 GeV. (c) Self-scheme result of A at P = 0.5 GeV. (d) Hybrid scheme result of

A at P = 0.5 GeV.
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FIG. 25. Results of the A quasi-DA matrix elements in different schemes and with P* = 0.5 GeV, z; = 0.300 fm. (a) Bare result of A
at P = 0.5 GeV. (b) Ratio scheme result of A at P = 0.5 GeV. (c) Self-scheme result of A at P = 0.5 GeV. (d) Hybrid scheme result of

A at P = 0.5 GeV.
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FIG. 26. Results of the A quasi-DA matrix elements in different schemes and with P* = 0.5 GeV, z; = 0.400 fm. (a) Bare result of A
at P = 0.5 GeV. (b) Ratio scheme result of A at P = 0.5 GeV. (c) Self-scheme result of A at P = 0.5 GeV. (d) Hybrid scheme result of

A at P = 0.5 GeV.
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FIG. 27. Results of the A quasi-DA matrix elements in different schemes and with P* = 0.5 GeV, z; = 0.500 fm. (a) Bare result of A

at P = 0.5 GeV. (b) Ratio scheme result of A at P = 0.5 GeV. (c) Self-scheme result of A at P = 0.5 GeV. (d) Hybrid scheme result of

Aat P = 0.5 GeV.
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Results of the A quasi-DA matrix elements in different schemes and with P?
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at P = 2.0 GeV. (b) Ratio scheme result of A at P = 2.0 GeV. (c) Self-scheme result of A at P = 2.0 GeV. (d) Hybrid scheme result of

Aat P = 2.0 GeV.
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FIG. 29. Results of the A quasi-DA matrix elements in different schemes and with P?
at P = 2.0 GeV. (b) Ratio scheme result of A at P = 2.0 GeV. (c) Self-scheme result of A at P = 2.0 GeV. (d) Hybrid scheme result of

Aat P = 2.0 GeV.
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FIG. 30. Results of the A quasi-DA matrix elements in different schemes and with P* = 2.0 GeV, z; = 0.200 fm. (a) Bare result of A
at P = 2.0 GeV. (b) Ratio scheme result of A at P = 2.0 GeV. (c) Self-scheme result of A at P = 2.0 GeV. (d) Hybrid scheme result of

Aat P = 2.0 GeV.
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FIG. 31. Results of the A quasi-DA matrix elements in different schemes and with P* = 2.0 GeV, z; = 0.300 fm. (a) Bare result of A

at P = 2.0 GeV. (b) Ratio scheme result of A at P = 2.0 GeV. (c) Self-scheme result of A at P = 2.0 GeV. (d) Hybrid scheme result of

Aat P = 2.0 GeV.
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FIG. 32. Results of the A quasi-DA matrix elements in different schemes and with P* = 2.0 GeV, z; = 0.400 fm. (a) Bare result of A
at P = 2.0 GeV. (b) Ratio scheme result of A at P = 2.0 GeV. (c) Self-scheme result of A at P = 2.0 GeV. (d) Hybrid scheme result of
A at P = 2.0 GeV.
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FIG. 33. Results of the A quasi-DA matrix elements in different schemes and with P* = 2.0 GeV, z; = 0.500 fm. (a) Bare result of A

at P = 2.0 GeV. (b) Ratio scheme result of A at P = 2.0 GeV. (c) Self-scheme result of A at P = 2.0 GeV. (d) Hybrid scheme result of
A at P = 2.0 GeV.
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3. More results of the proton (V-term) quasi-DA at P°=0.5 GeV in different schemes
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FIG. 34. Results of the proton quasi-DA matrix elements in different schemes and with P* = 0.5 GeV, z; = 0.000 fm. (a) Bare result
of proton at P = 0.5 GeV. (b) Ratio scheme result of proton at P = 0.5 GeV. (c) Self-scheme result of proton at P = 0.5 GeV. (d)
Hybrid scheme result of proton at P = 0.5 GeV.
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FIG. 35. Results of the proton quasi-DA matrix elements in different schemes and with P* = 0.5 GeV, z; = 0.100 fm. (a) Bare result

of proton at P = 0.5 GeV. (b) Ratio scheme result of proton at P = 0.5 GeV. (c) Self-scheme result of proton at P = 0.5 GeV. (d)
Hybrid scheme result of proton at P = 0.5 GeV.
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FIG. 36. Results of the proton quasi-DA matrix elements in different schemes and with P* = 0.5 GeV, z; = 0.200 fm. (a) Bare result
of proton at P = 0.5 GeV. (b) Ratio scheme result of proton at P = 0.5 GeV. (c) Self-scheme result of proton at P = 0.5 GeV. (d)
Hybrid scheme result of proton at P = 0.5 GeV.
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FIG. 37. Results of the proton quasi-DA matrix elements in different schemes and with P*
of proton at P = 0.5 GeV. (b) Ratio scheme result of proton at P = 0.5 GeV. (c¢) Self-scheme result of proton at P = 0.5 GeV. (d)
Hybrid scheme result of proton at P = 0.5 GeV.
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Results of the proton quasi-DA matrix elements in different schemes and with P* = 0.5 GeV, z; = 0.400 fm. (a) Bare result

of proton at P = 0.5 GeV. (b) Ratio scheme result of proton at P = 0.5 GeV. (c) Self-scheme result of proton at P = 0.5 GeV. (d)
Hybrid scheme result of proton at P = 0.5 GeV.
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FIG. 39. Results of the proton quasi-DA matrix elements in different schemes and with P?

0.5 GeV, z; = 0.500 fm. (a) Bare result

of proton at P = 0.5 GeV. (b) Ratio scheme result of proton at P = 0.5 GeV. (c) Self-scheme result of proton at P = 0.5 GeV. (d)
Hybrid scheme result of proton at P = 0.5 GeV.
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FIG. 40. Results of the proton quasi-DA matrix elements in different schemes and with P* = 2.0 GeV, z; = 0.000 fm. (a) Bare result
of proton at P = 2.0 GeV. (b) Ratio scheme result of proton at P = 2.0 GeV. (c) Self-scheme result of proton at P = 2.0 GeV. (d)
Hybrid scheme result of proton at P = 2.0 GeV.
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2.0 GeV, z; = 0.100 fm. (a) Bare result

of proton at P = 2.0 GeV. (b) Ratio scheme result of proton at P = 2.0 GeV. (c¢) Self-scheme result of proton at P = 2.0 GeV. (d)
Hybrid scheme result of proton at P = 2.0 GeV.
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FIG. 42. Results of the proton quasi-DA matrix elements in different schemes and with P* = 2.0 GeV, z; = 0.200 fm. (a) Bare result

of proton at P = 2.0 GeV. (b) Ratio scheme result of proton at P = 2.0 GeV. (c) Self-scheme result of proton at P = 2.0 GeV. (d)
Hybrid scheme result of proton at P = 2.0 GeV.
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Results of the proton quasi-DA matrix elements in different schemes and with P?

2.0 GeV, z; = 0.300 fm. (a) Bare result
of proton at P = 2.0 GeV. (b) Ratio scheme result of proton at P = 2.0 GeV. (c) Self-scheme result of proton at P = 2.0 GeV. (d)
Hybrid scheme result of proton at P = 2.0 GeV.
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