
Contents lists available at ScienceDirect

Nuclear Physics, Section B

journal homepage: www.elsevier.com/locate/nuclphysb

High Energy Physics - Phenomenology

Tensor-network formulation of QCD in the strong-coupling 

expansion 

Thomas Samberger a, Jacques Bloch a,∗, Robert Lohmayer , Tilo Wettig a

a Institute for Theoretical Physics, University of Regensburg, 93040 Regensburg, Germany

a r t i c l e  i n f o

Editor: Tommy Ohlsson
Keywords:
Lattice QCD
Chemical potential
Phase diagram
Tensor network

 a b s t r a c t

We present a tensor-network formulation for the strong-coupling expansion of QCD with staggered 
quarks at nonzero chemical potential, for arbitrary number of dimensions, colors, and flavors. We 
integrate out the gauge and quark degrees of freedom and rewrite the partition function as the 
complete trace of a tensor network. This network consists of local tensors that contain a numerical 
and a Grassmann part. We truncate the initial tensor at a fixed order in the inverse coupling 𝛽 and 
compute analytical results for the partition function, the free energy, and the chiral condensate 
on a 2 × 2 lattice up to order 𝛽4. In a follow-up paper we will introduce an enhanced tensor-
network method, order-separated GHOTRG, to explicitly compute the expansion coefficients of 
the partition function for larger lattices. To demonstrate its potential, first results obtained with 
this new method are already presented here.

1.  Introduction

The QCD phase diagram is a key research topic in modern particle physics, but its study using Monte Carlo methods in lattice 
QCD is hindered by the sign problem caused by the determinant of the Dirac operator, which becomes complex in the presence of 
a chemical potential 𝜇. Various methods developed to circumvent the sign problem, such as reweighting, Taylor expansion in 𝜇, 
analytic continuation from imaginary 𝜇, complex Langevin, thimbles and path optimization, have been applied to QCD, see [1,2] for 
reviews. However, none of these methods can successfully reach regimes in which 𝜇∕𝑇 > 1, where 𝑇  is the temperature. The method 
of dual variables shows some promise as it strongly reduces the sign problem, but until now the dualization was mainly applied 
to the infinite-coupling limit of QCD [3–6]. An attempt to go beyond this limit was made using the next-to-leading-order term in 
the strong-coupling expansion [7] (see also [8] for an early attempt in mean-field approximation). New strategies to go beyond the 
infinite-coupling limit in a worldline and worldsheet formulation were proposed using so-called Abelian color cycles [9] and, more 
recently, by introducing additional dual degrees of freedom called decoupling operator indices [10]. Using the method of Ref. [10], 
first results for the phase transition in four-dimensional QCD with one flavor of staggered quarks in the chiral limit were obtained up 
to order 𝛽2 using a vertex model [11]. In most cases, the worm algorithm [12] is used to simulate QCD in its dual formulation.

As an alternative to Monte Carlo methods, tensor-network methods have recently been applied with success to various statistical 
systems. These methods can be categorized into Hamiltonian (or Hilbert-space) tensor methods and Lagrangian methods. In this 
paper we use the latter to study systems in thermal equilibrium and to compute the finite-temperature partition function, from 
which observables can be derived. Originally, the tensor renormalization group (TRG) method was proposed for two-dimensional 
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\begin {equation}\label {eq:Wilson} S^\text {G}_{x,\mu \nu }=\frac \beta {2{N_\text {c}}}{\rm tr}\, U^\text {P}_{x,\mu \nu },\end {equation}
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\begin {equation}\varkappa ^f \equiv \begin {cases} \kappa ^f &\text {for~} g \geq \bar g, \\ \bar \kappa ^f &\text {for}~ g < \bar g, \end {cases} \qquad \bar \varkappa ^f \equiv \begin {cases} \bar \kappa ^f &\text {for~} g \geq \bar g, \\ \kappa ^f &\text {for}~ g < \bar g \end {cases} \label {Xeqn22-37}\end {equation}


$\kappa ^f$


$\bar \kappa ^f$


$\alpha $


$\pi $


$\sigma $


$f$


\begin {equation}\varkappa ^f<\alpha _s^c,\gamma _s\le \varkappa ^{f+1} \quad \text {and}\quad \bar \varkappa ^f<\pi _s,\sigma _s\le \bar \varkappa ^{f+1}, \label {Xeqn23-38}\end {equation}


$f$


$\varkappa ^{f+1}-\varkappa ^f$


$\gamma $


$\varkappa ^f<\gamma _s\le \varkappa ^{f+1}$


$z^f$


$\varkappa ^{f+1}-\varkappa ^f-z^f$


$\varkappa ^f<\alpha _s^c\le \varkappa ^{f+1}$


$\varkappa ^{f+1}-\varkappa ^f$


$k^f$


$g\ge \bar g$


$\bar k^f$


$g<\bar g$


$\sim $


$\dot \sim $


$\alpha ,\alpha '\in A$


$\alpha \sim \alpha '$


$\alpha ,\gamma (\alpha )$


$\alpha ',\gamma (\alpha ')$


$f$


$\alpha _s^c$


$\gamma _s$


$\varkappa ^f<\alpha _s^c,\gamma _s\le \varkappa ^{f+1}$


$\pi ,\pi '\in S_p$


$\pi \,{\dot \sim }\,\pi '$


$\pi _s$


$\bar \varkappa ^f<\pi _s\le \bar \varkappa ^{f+1}$


$f$


$s$


$\sum _{f'=1}^{f-1}z^{f'}<s\le \sum _{f'=1}^fz^{f'}$


$f$


$\pi _s$


$\gamma _s$


$\gamma _s$


$z^f$


$\gamma $


$f$


$s=\sum _{f'=1}^{f-1}z^{f'}$


$\gamma $


$\pi $


$s$


$\alpha $


$\pi $


$\sigma $


\begin {equation}\label {eq:aux_range_splitting} \sum _{\alpha \in A}=\sum _{\alpha \in A^\sim }\,\,\,\sum _{\alpha ' \in [\alpha ]} \quad \text {and}\quad \sum _{\pi \in S_{p}}=\sum _{\pi \in S_p^{\dot \sim }}\,\,\,\sum _{\pi '\in [\pi ]},\end {equation}


$[\cdot ]$


$A^\sim \,(S_p^{{\dot \sim }})$


$\sim $


$\dot \sim $


$\alpha '$


$\pi '$


$\sigma '$


\begin {equation}\label {eq:Igsimple} \mathcal {I}^{g\bar g} \to \sum _{\alpha \in A^{\sim }} \,\,\, \sum _{\pi ,\sigma \in S_p^{{\dot \sim }}} \mathcal {L}_{\alpha \pi \sigma }^{g\bar g} I_{\alpha \pi \sigma }^{\text {b}} I_{\alpha \pi \sigma }^{\text {e}} \,,\end {equation}


\begin {equation}\mathcal {L}_{\alpha \pi \sigma }^{g\bar g} = \left [\prod _{s=1}^{{N_\text {c}}-1}\frac {s!}{(s+q)!}\right ] |[\alpha ]|\sum _{\pi ' \in [\pi ]}\sum _{\sigma ' \in [\sigma ]}\, {\rm sgn}(\pi '^{-1}\cdot \pi ) \, {\rm sgn}(\sigma '^{-1}\cdot \sigma ) \,{\widetilde {\text {W\!g}}}_{{N_\text {c}}}^{q,p}(\pi '\cdot \sigma '^{-1})\,. \label {Xeqn26-41}\end {equation}


$\pi '$


$\sigma '$


$\pi $


$\sigma $


$\alpha '$


$\alpha $


$\psi $


$\bar \psi $


$|[\alpha ]|$


$[\alpha ]$


$\mathcal {L}_{\alpha \pi \sigma }^{g\bar g}$


$g$


$\bar g$


$\alpha $


$\pi $


$\sigma $


$\alpha ,\pi ,\sigma $


\begin {equation}\label {eq:r} r \equiv (\alpha ,\pi ,\sigma ) \qquad \text {and}\qquad \sum _{r} \equiv \sum _{\alpha \in A^{\sim }} \,\,\, \sum _{\pi ,\sigma \in S_p^{{\dot \sim }}}.\end {equation}


$\mathcal {G}$


${\chi }_{x,\mu }$


${\chi }_{x,\mu }$


$d{\chi }_{x,\mu }$


$\exp ({S_\text {M}})$


\begin {equation}\label {eq:Grassmann_evaluation} \int \left [\prod _x d\psi _x d\bar \psi _x\right ] \mathcal {G} = {\int \limits _\chi } \prod _x K_x\sigma _x\prod _f\frac {(2m_f)^{w_x^f}}{w_x^f!} E_x^f \Theta (w_x^f) \,\delta _{h^{f,\text {in}}_x,h^{f,\text {out}}_x} \,.\end {equation}


\begin {equation}\label {eq:pif} {\int \limits _\chi }\equiv \prod _{x,\mu }\left (\int \right )^{{F}_{x,\mu }},\end {equation}


\begin {equation}\label {eq:Gxfx} K_x \equiv \prod _\mu \left ({\chi }_{x,\mu }\right )^{{F}_{x,\mu }} \coprod _\mu \left (d{\chi }_{x,-\mu }\right )^{{F}_{x,-\mu }}\end {equation}


$f$


$F$


$f$


\begin {equation}\label {eq:f} {F}_{x,\mu }\equiv \begin {cases} 0 & \text {if } k_{x,\mu }+\bar k_{x,\mu } \text { even}, \\ 1 & \text {if } k_{x,\mu }+\bar k_{x,\mu } \text { odd}. \end {cases}\end {equation}


$\sigma _x$


\begin {equation}\int \left [\prod _x d\psi _x d\bar \psi _x\right ] \mathcal {G} = {\int \limits _\chi } \prod _x K_x\sigma _x\prod _f\frac {(2m_f)^{w_x^f}}{w_x^f!} E_x^f \Theta (w_x^f)\, \delta _{{h^{f,\text {in}}_x},{h^{f,\text {out}}_x}} , \tag {\ref {eq:Grassmann_evaluation}} \label {Xeqn66}\end {equation}


\begin {equation}K_x= \prod _\mu \left ({\chi }_{x,\mu }\right )^{{F}_{x,\mu }} \coprod _\mu \left (d{\chi }_{x,-\mu }\right )^{{F}_{x,-\mu }} \,. \tag {\ref {eq:Gxfx}} \label {Xeqn57}\end {equation}


\begin {equation}\sigma _x^{(2)} \equiv (-)^{\,p_4+p_5} \quad \text {with}\quad p_4 \equiv \sum _{f=1}^{{N_\text {f}}-1} k_x^{f+}\sum _{f'=f+1}^{{N_\text {f}}} w_x^{f'} + \sum _{f=1}^{{N_\text {f}}-1} {\bar k}_x^{f-} \sum _{f'=f+1}^{{N_\text {f}}} \left (w_x^{f'}+k_x^{f'+}\right ) \quad \text {and}\quad p_5\equiv p_4(k\leftrightarrow \bar k)\,, \label {eq:sigma2}\end {equation}


\begin {equation}\label {eq:hin_hout} {h^{f,\text {in}}_x} \equiv \sum _\mu (k_{x,-\mu }^f+\bar k_{x,\mu }^f)\quad \text {and}\quad {h^{f,\text {out}}_x} \equiv \sum _\mu (\bar k_{x,-\mu }^f+k_{x,\mu }^f)\end {equation}


$f$


$x$


$w_x^f$


$m_f$


\begin {equation}\label {eq:wx} w_x^f= {N_\text {c}} - {h^{f,\text {in}}_x} \,.\end {equation}


${h^{f,\text {in}}_x}={h^{f,\text {out}}_x}\le {N_\text {c}}$


\begin {align}\label {eq:Grassmann_epsilon_site} E_x^f &= {\varepsilon }_{v_x^{f,1},\dots ,v_x^{f,w_x^f}, i_{x,1}^{\kappa _{x,1}^f+1},\dots ,i_{x,1}^{\kappa _{x,1}^f+k_{x,1}^f}, \dots , i_{x,d}^{\kappa _{x,d}^f+1},\dots ,i_{x,d}^{\kappa _{x,d}^f+k_{x,d}^f}, \ell _{x,-1}^{\bar \kappa _{x,-1}^f+1},\dots ,\ell _{x,-1}^{\bar \kappa _{x,-1}^f+\bar k_{x,-1}^f}, \dots , \ell _{x,-d}^{\bar \kappa _{x,-d}^f+1},\dots ,\ell _{x,-d}^{\bar \kappa _{x,-d}^f+\bar k_{x,-d}^f}}\notag \\ &\times {\varepsilon }_{v_x^{f,1},\dots ,v_x^{f,w_x^f}, m_{x,1}^{\bar \kappa _{x,1}^f+1},\dots ,m_{x,1}^{\bar \kappa _{x,1}^f+\bar k_{x,1}^f}, \dots , m_{x,d}^{\bar \kappa _{x,d}^f+1},\dots ,m_{x,d}^{\bar \kappa _{x,d}^f+\bar k_{x,d}^f}, j_{x,-1}^{\kappa _{x,-1}^f+1},\dots ,j_{x,-1}^{\kappa _{x,-1}^f+k_{x,-1}^f}, \dots , j_{x,-d}^{\kappa _{x,-d}^f+1},\dots ,j_{x,-d}^{\kappa _{x,-d}^f+k_{x,-d}^f}},\end {align}


$x$


$f$


$E_x^f$


$v_x^{f,a}$


$E_x^f$


$N_\text {c}$


$k_{x,\pm \mu }^f$


$\bar k_{x,\pm \mu }^f$


$w_x^f$


${h^{f,\text {in}}_x}={h^{f,\text {out}}_x}$


$\sum _\mu ({F}_{x,\mu }+{F}_{x,-\mu })$


$K_x$


\begin {equation}\label {ZafterGrassmann} {Z} = \sum _{\bm {k}, \bm {n}} \sum _{\bm {r}} \, \mathcal {W} {\Delta } {\int \limits _\chi } \prod _x K_x\sigma _x \left [\prod _f\frac {(2m_f)^{w_x^f}}{w_x^f!} E_x^f \Theta (w_x^f) \, \delta _{{h^{f,\text {in}}_x},{h^{f,\text {out}}_x}}\right ] \prod _{\mu } I_{x,\mu }^{\text {b}} I_{x,\mu }^{\text {e}} \mathcal {L}_{x,\mu } \,,\end {equation}


\begin {equation}I_{x,\mu }^{\text {b}}\equiv (I_{r_{x,\mu }}^\text {b})^{\bm {i}_{x,\mu }\bm {m}_{x,\mu }},\quad I_{x,\mu }^{\text {e}}\equiv (I_{r_{x,\mu }}^\text {e})^{\bm {j}_{x,\mu }\boldsymbol {\ell }_{x,\mu }},\quad \mathcal {L}_{x,\mu }\equiv \mathcal {L}_{r_{x,\mu }}^{g_{x,\mu }\bar g_{x,\mu }} \label {Xeqn35-51}\end {equation}


$\bm {r}\equiv (r_{x,\mu }| \, \forall \, x,\mu )$


$r$


$\alpha $


$\pi $


$\sigma $


$r$


$k$


$\bar k$


$\vec {n}$


$\vec {n}$


${\text {SU}}({N_\text {c}})$


$|g-\bar g|/{N_\text {c}}\in \mathbb {N}_0$


$r$


$(k,\bar k, \vec {n})$


$\bm k$


$\bm n$


$\bm r$


$\Delta $


$x$


$x-\hat \mu $


$x$


$x-\hat \mu -\hat \nu $


$x$


$x-\hat \nu $


\begin {align}\label {eq:plaq_delta_site} {\Delta }=\prod _x\Delta _x\quad \text {with}\quad \Delta _x &\equiv \prod _{\mu \neq \nu } \left (\prod _{a=1}^{n_{x-\hat \mu ,\mu \nu }} \delta _{j_{x,-\mu }^{a+\omega ^{+\nu }_{x,-\mu }},i_{x,\nu }^{a+\omega ^{-\mu }_{x,\nu }}}\right ) \left (\prod _{a=1}^{n_{x-\hat \mu -\hat \nu ,\mu \nu }} \delta _{j_{x,-\nu }^{a+\omega ^{-\mu }_{x,-\nu }},\ell _{x,-\mu }^{a+\bar \omega ^{-\nu }_{x,-\mu }}}\right ) \notag \\ &\qquad \times \left (\prod _{a=1}^{n_{x-\hat \nu ,\mu \nu }} \delta _{m_{x,\mu }^{a+\bar \omega ^{-\nu }_{x,\mu }},\ell _{x,-\nu }^{a+\bar \omega ^{+\mu }_{x,-\nu }}}\right ) \left (\prod _{a=1}^{n_{x,\mu \nu }} \delta _{m_{x,\nu }^{a+\bar \omega ^{+\mu }_{x,\nu }},i_{x,\mu }^{a+\omega ^{+\nu }_{x,\mu }}}\right )\,.\end {align}


$x$


$I_{x,\mu }^{\text {e}}$


$x$


$x-\hat \mu $


\begin {equation}I_x \equiv \prod _{\mu } I_{x,\mu }^{\text {b}} I_{x,-\mu }^{\text {e}} \,, \label {Xeqn36-53}\end {equation}


\begin {equation}\prod _x \prod _{\mu } I_{x,\mu }^{\text {b}} I_{x,\mu }^{\text {e}} =\prod _x I_x \,. \label {Xeqn37-54}\end {equation}


$I_x$


$x$


\begin {equation}\label {eq:Cx} C_x= \Delta _x I_x \prod _f E_x^f ,\end {equation}


$x$


\begin {align}\bm {k}_x &= (k_{x,-\mu }^f,k_{x,\mu }^f, \bar k_{x,-\mu }^f,\bar k_{x,\mu }^f \,|\, \forall \mu ,f)\,, \\ \bm {n}_x &= (n_{x,\mu \nu },n_{x-\hat \mu ,\mu \nu },n_{x-\hat \nu ,\mu \nu },n_{x-\hat \mu -\hat \nu ,\mu \nu } \,|\, \forall \mu \neq \nu )\,, \\ \bm {r}_x &=(r_{x,-\mu },r_{x,\mu } \,|\, \forall \mu )\,.\end {align}


$x$


$C_x$


\begin {equation}\label {ZafterColor} {Z} = \sum _{\bm {k}, \bm {n}} \sum _{\bm {r}} \mathcal {W} {\int \limits _\chi } \prod _x K_x \sigma _x C_x \left [\prod _f \frac {(2m_f)^{w_x^f}}{w_x^f!} \Theta (w_x^f) \delta _{{h^{f,\text {in}}_x},{h^{f,\text {out}}_x}} \right ] \prod _\mu \mathcal {L}_{x,\mu }\,.\end {equation}


$k_{x,\mu }^f$


$\bar k_{x,\mu }^f$


$n_{x,\mu \nu }$


$r_{x,\mu }$


$k$


$\bar k$


$n$


\begin {equation}\label {Zplaqtens} {Z} = \sum _{\bm {k}, \bm {n}} \sum _{\bm {r}}{\int \limits _\chi } \prod _x \overline {T}_x K_x\end {equation}


\begin {equation}\label {eq:Tbarx} \overline {T}_x \equiv \sigma _x C_x W_x \left [\prod _f \frac {(2m_f)^{w_x^f}}{w_x^f!}\Theta (w_x^f) \, \delta _{{h^{f,\text {in}}_x},{h^{f,\text {out}}_x}} \right ] \left [\prod _\mu \text {sgn}(\mathcal {L}_{x,\mu })\right ] \prod _{\mu =\pm 1}^{\pm d}\sqrt {|\mathcal {L}_{x,\mu }|}\end {equation}


$\bm k_x$


$\bm n_x$


$\bm r_x$


$\mathcal {W}$


$\mathcal {W} = \prod _x W_x$


\begin {align}\label {eq:Wx} W_x = \left [\prod _{\mu \neq \nu } \frac {{\left (\frac {\beta }{2{N_\text {c}}}\right )}^{n_{x,\mu \nu }+n_{x-\hat \mu ,\mu \nu }+n_{x-\hat \mu -\hat \nu ,\mu \nu }+n_{x-\hat \nu ,\mu \nu }}}{n_{x,\mu \nu }! n_{x-\hat \mu ,\mu \nu }! n_{x-\hat \mu -\hat \nu ,\mu \nu }! n_{x-\hat \nu ,\mu \nu }!}\right ]^{\frac 14} \left [\prod _{\mu }\eta _{x,\mu }^{{F}_{x,\mu }}\right ] \left [\prod _{\mu =\pm 1}^{\pm d} \prod _f\sqrt {\frac {e^{\mu _f(k_{x,\mu }^f-\bar k_{x,\mu }^f)\delta _{|\mu |,1}}}{k_{x,\mu }^f!\bar k_{x,\mu }^f!}}\right ]\,,\end {align}


$\mathcal {L}_{x,\mu }$


$|\mathcal {L}_{x,\mu }|$


$\mu _f$


$f$


$n$


$T_x$


$r$


$n$


$n_{x,\mu \nu }$


$U^\text {P}_{x,\mu \nu }$


$n^{+\nu }_{x,\mu }$


$n^{-\mu }_{x+\hat \mu ,\nu }$


$\bar n^{-\nu }_{x+\hat \nu ,\mu }$


$\bar n^{+\mu }_{x,\nu }$


$U^\text {P}_{x,\mu \nu }$


$U^\text {P}_{x,\nu \mu }$


$\pm \mu $


$\mu $


$n$


$\bar n$


$U$


$U^\dagger $


$f$


\begin {align}\sum _{n_{x,\mu \nu }} f(n_{x,\mu \nu }) &= \sum _{n_{x,\mu \nu }} f(n_{x,\mu \nu }) \sum _{n^{+\nu }_{x,\mu }} \delta _{n^{+\nu }_{x,\mu },n_{x,\mu \nu }} \sum _{n^{-\mu }_{x+\hat \mu ,\nu }} \delta _{n^{-\mu }_{x+\hat \mu ,\nu },n_{x,\mu \nu }} \sum _{\bar n^{-\nu }_{x+\hat \nu ,\mu }} \delta _{\bar n^{-\nu }_{x+\hat \nu ,\mu },n_{x,\mu \nu }} \sum _{\bar n^{+\mu }_{x,\nu }} \delta _{\bar n^{+\mu }_{x,\nu },n_{x,\mu \nu }} \notag \\ &= \sum _{n^{+\nu }_{x,\mu },n^{-\mu }_{x+\hat \mu ,\nu },\bar n^{-\nu }_{x+\hat \nu ,\mu },\bar n^{+\mu }_{x,\nu }} \delta _{n^{+\nu }_{x,\mu },n^{-\mu }_{x+\hat \mu ,\nu }} \delta _{n^{-\mu }_{x+\hat \mu ,\nu },\bar n^{-\nu }_{x+\hat \nu ,\mu }} \delta _{\bar n^{-\nu }_{x+\hat \nu ,\mu },\bar n^{+\mu }_{x,\nu }} \delta _{\bar n^{+\mu }_{x,\nu },n^{+\nu }_{x,\mu }} f(\text {edge variable})\,, \label {eq:deltas}\end {align}


$n_{x,\mu \nu }$


$n_{x,\mu \nu }$


$n_{x,\mu \nu }$


$n^{+\nu }_{x,\mu }$


$n^{-\mu }_{x+\hat \mu ,\nu }$


$\bar n^{-\nu }_{x+\hat \nu ,\mu }$


$\bar n^{+\mu }_{x,\nu }$


\begin {equation}{\Delta ^\text {P}} \equiv \prod _{x,\mu \neq \nu } \delta _{n^{+\nu }_{x,\mu },n^{-\mu }_{x+\hat \mu ,\nu }} \delta _{n^{-\mu }_{x+\hat \mu ,\nu },\bar n^{-\nu }_{x+\hat \nu ,\mu }} \delta _{\bar n^{-\nu }_{x+\hat \nu ,\mu },\bar n^{+\mu }_{x,\nu }} \delta _{\bar n^{+\mu }_{x,\nu },n^{+\nu }_{x,\mu }} \,. \label {eq:plaq_occ_delta}\end {equation}


\begin {equation}\label {DeltaP} {\Delta ^\text {P}} = \prod _{x}{\Delta ^\text {P}_x} \quad \text {with}\quad {\Delta ^\text {P}_x} = \prod _{\mu \neq \nu } \delta _{n^{+\nu }_{x,-\mu },n^{-\mu }_{x,\nu }} \delta _{n^{-\mu }_{x,-\nu },\bar n^{-\nu }_{x,-\mu }} \delta _{\bar n^{-\nu }_{x,\mu },\bar n^{+\mu }_{x,-\nu }} \delta _{\bar n^{+\mu }_{x,\nu },n^{+\nu }_{x,\mu }},\end {equation}


$\Delta ^\text {P}_x$


$x$


$n^{+\nu }_{x,\mu }$


$\bar n^{+\nu }_{x,\mu }$


$\bar n^{-\nu }_{x,\mu }$


$n^{-\nu }_{x,\mu }$


$(x,\mu )$


$\mu \nu $


$x$


$r_{x,\mu }$


$g_{x,\mu }$


$\bar g_{x,\mu }$


$(x,\mu )$


$r_{x,\mu }$


$j_{x,\mu }=((k_{x,\mu }^f,\bar k_{x,\mu }^f\,|\,\forall f),(n^{\pm \nu }_{x,\mu },\bar n^{\pm \nu }_{x,\mu } \,|\,\forall \nu \neq \mu ),r_{x,\mu })$


\begin {equation}\label {eq:final_tensor_network} {Z} = \sum _{\bm {j}}{\int \limits _\chi } \prod _x T_x K_x\,,\end {equation}


$\bm {j}\equiv (j_{x,\mu }| \,\forall \, x, \mu )$


\begin {equation}\label {tensor-def} T_x\equiv {\Delta ^\text {P}_x} \overline T_x(\bm n_x\rightarrow \text {edge variables})\end {equation}


$j_{x,\pm \mu }$


$(\mu =1,\ldots ,d)$


$\overline T_x$


$\bm n_x$


$x$


$k$


$\bar k$


$N_\text {c}$


$r$


$n$


$j_{x,\mu }$


$n_\text {max}$


$(x,\mu )$


\begin {equation}\label {eq:link_crit} \sum _{{\nu =\pm 1}\atop {|\nu |\ne \mu }}^{\pm d}(n_{x,\mu }^\nu +\bar n_{x,\mu }^\nu )\leq {n_\text {max}}\,.\end {equation}


$\beta ^n$


$0 \leq n \leq {n_\text {max}}$


$1/2$


\begin {equation}\label {eq:site_crit} \frac 12\sum _{\mu =\pm 1}^{\pm d} \sum _{{\nu =\pm 1}\atop {|\nu |\ne |\mu |}}^{\pm d}(n_{x,\mu }^\nu +\bar n_{x,\mu }^\nu ) > {n_\text {max}}\, ,\end {equation}


$\beta ^n$


$n>{n_\text {max}}$


$n_\text {max}$


$\beta $


$D$


${N_\text {c}}=3$


${N_\text {f}}=1$


$2\times 2$


$T_xK_x$


$n_\text {max}$


$2\times 2$


$n_\text {max}$


$n$


$\beta $


$n\leq {n_\text {max}}$


$2\times 2$


$n>{n_\text {max}}$


$Z$


$n_\text {max}$


$n_\text {max}$


$n>{n_\text {max}}$


$Z$


$Z_n$


\begin {align}\label {eq:Zexp} Z^{({n_\text {max}})} = \sum _{n=0}^{{n_\text {max}}} Z_n \beta ^n \,.\end {align}


$Z_n$


$m$


$\mu $


$n=4$


\begin {equation}\label {eq:condensate} \Sigma \equiv 2\langle {\bar \psi \psi }\rangle =\frac {1}{V} \frac {\partial \ln Z}{\partial m} ,\end {equation}


$2$


\begin {equation}\label {eq:cc_A} \Sigma _A^{({n_\text {max}})} =\frac 1V\frac {\partial \ln Z^{({n_\text {max}})}}{\partial m} = \frac 1{VZ^{({n_\text {max}})}} \frac {\partial Z^{({n_\text {max}})}}{\partial m} ,\end {equation}


$Z$


$Z^{({n_\text {max}})}$


$2\times 2$


$Z_n$


$m$


$\mu $


$\beta $


$\ln Z$


$\beta $


$n_\text {max}$


$f=-\ln Z/V$


\begin {equation}\label {eq:logZexp} \frac {\ln Z(\beta )}{V}=\sum _{n=0}^{{n_\text {max}}} f_n \beta ^{n}+\mathcal {O}(\beta ^{{n_\text {max}}+1})\,.\end {equation}


${\bar Z}_n\equiv Z_n/Z_0$


\begin {equation}\frac {\ln Z(\beta )}{V} = \frac {\ln Z_0}{V} +\frac {\beta }{V}{\bar Z}_1+\frac {\beta ^2}{V}\left ({\bar Z}_2-\frac 12{\bar Z}_1^2\right ) +\frac {\beta ^3}{V}\left ({\bar Z}_3-{\bar Z}_1{\bar Z}_2+\frac {1}{3}{\bar Z}_1^3\right ) +\mathcal {O}(\beta ^{4})\,. \label {logZexp}\end {equation}


$m$


\begin {equation}\Sigma _B^{({n_\text {max}})} = \sum _{n=0}^{{n_\text {max}}} \Sigma _n\beta ^n\quad \text {with}\quad \Sigma _n\equiv \frac {\partial f_n}{\partial m} \,. \label {eq:cc_expansion}\end {equation}


$A$


$B$


$\beta $


$\mu =0$


$\mu $


$\beta =2$


$m=0.1$


$2\times 2$


$\Sigma _A^{({n_\text {max}})}$


$\Sigma _B^{({n_\text {max}})}$


$\mu \ne 0$


${n_\text {max}}=1,2,3,4$


$m=0.1$


$\mu =0$


$A$


$\beta $


$\beta $


$\Sigma /2$


$B$


$\beta $


$B$


$A$


$\mu \ne 0$


$\beta $


$n_\text {max}$


$A$


$B$


$f_n$


$V\to \infty $


${\bar Z}_n$


$V^n$


$V$


$n\ge 2$


$f_n$


$V$


$A$


$\ln Z^{({n_\text {max}})}$


$\ln Z^{({n_\text {max}})}$


$\beta $


$A$


$\beta ^n$


$n>{n_\text {max}}$


${\bar Z}_n\propto V^n$


$V$


$Z_0$


$\beta V$


$\beta V$


$Z^{({n_\text {max}})}$


$n={n_\text {max}}$


$Z^{({n_\text {max}})}\approx Z_0{\bar Z}_{n_\text {max}}\beta ^{n_\text {max}}$


$\Sigma _A^{({n_\text {max}})}\approx \Sigma _0+\frac 1V\partial _m\ln {\bar Z}_{n_\text {max}}$


$\beta $


$B$


$A$


$\beta V$


$\beta $


$L=2$


$L=8$


$\beta $


$L=8$


$m=0.5$


$\mu =0$


${n_\text {max}}=2$


$A$


$B$


${n_\text {max}}=2$


$A$


$\beta V$


$B$


$\beta $


$Z_n$


$Z$


$\ln Z$


$\beta $


$\beta $


$Z_n$


$\beta $


$n>{n_\text {max}}$


$n_\text {max}$


$A$


$\Sigma $


$Z_n$


$Z_n$


$L=8$


$B$


$A$


$L=2$


$n_\text {max}$


$\beta ^n$


${n_\text {max}}=4$


$2\times 2$


$L=2$


$L=8$


$\beta $


$\ln Z$


$Z$


$Z_n$


$Z_n$


$\mathcal {G}$


\begin {align}\label {eq:Gint0} \int \left [\prod _x d\psi _x d\bar \psi _x\right ] \mathcal {G}\,,\end {align}


\begin {equation}\prod _{i=1}^{k}\alpha ^i\beta ^i =\prod _{i=1}^k\alpha ^i\coprod _{i=1}^k\beta ^i =\coprod _{i=1}^k\alpha ^i\prod _{i=1}^k\beta ^i \label {reorder}\end {equation}


$i$


$\alpha ^i\beta ^i$


$\coprod $


$\mathcal {G}_{x,\mu }$


\begin {align}\label {eq:Nested_Grass1} \mathcal {G}_{x,\mu } &=\left [\prod _f\prod _{a=1}^{k_{x,\mu }^f} \bar {\psi }_{x}^{f,i_{x,\mu }^{a+\kappa _{x,\mu }^f}} \psi _{x+\hat \mu }^{f,j_{x,\mu }^{a+\kappa _{x,\mu }^f}}\right ] \,\left [\prod _f\prod _{a=1}^{\bar k_{x,\mu }^f} \psi _{x}^{f,m_{x,\mu }^{a+\bar \kappa _{x,\mu }^f}} \bar {\psi }_{x+\hat \mu }^{f,\ell _{x,\mu }^{a+\bar \kappa _{x,\mu }^f}}\right ]\notag \\ &=\left [\prod _f\coprod _{a=1}^{k_{x,\mu }^f} \bar {\psi }_{x}^{f,i_{x,\mu }^{a+\kappa _{x,\mu }^f}} \prod _{a=1}^{k_{x,\mu }^f} \psi _{x+\hat \mu }^{f,j_{x,\mu }^{a+\kappa _{x,\mu }^f}}\right ] \,\left [\prod _f\prod _{a=1}^{\bar k_{x,\mu }^f} \psi _{x}^{f,m_{x,\mu }^{a+\bar \kappa _{x,\mu }^f}} \coprod _{a=1}^{\bar k_{x,\mu }^f} \bar {\psi }_{x+\hat \mu }^{f,\ell _{x,\mu }^{a+\bar \kappa _{x,\mu }^f}}\right ]\notag \\ &=\left [\coprod _f\coprod _{a=1}^{k_{x,\mu }^f} \bar {\psi }_{x}^{f,i_{x,\mu }^{a+\kappa _{x,\mu }^f}}\right ] \,\left [\prod _f\prod _{a=1}^{k_{x,\mu }^f} \psi _{x+\hat \mu }^{f,j_{x,\mu }^{a+\kappa _{x,\mu }^f}}\right ] \,\left [\prod _f\prod _{a=1}^{\bar k_{x,\mu }^f} \psi _{x}^{f,m_{x,\mu }^{a+\bar \kappa _{x,\mu }^f}}\right ] \,\left [\coprod _f\coprod _{a=1}^{\bar k_{x,\mu }^f} \bar {\psi }_{x+\hat \mu }^{f,\ell _{x,\mu }^{a+\bar \kappa _{x,\mu }^f}}\right ]\notag \\ &=\left [\coprod _f\coprod _{a=1}^{k_{x,\mu }^f} \bar {\psi }_{x}^{f,i_{x,\mu }^{a+\kappa _{x,\mu }^f}}\right ] \,\left [\prod _f\prod _{a=1}^{\bar k_{x,\mu }^f} \psi _{x}^{f,m_{x,\mu }^{a+\bar \kappa _{x,\mu }^f}}\right ] \,\left [\coprod _f\coprod _{a=1}^{\bar k_{x,\mu }^f} \bar {\psi }_{x+\hat \mu }^{f,\ell _{x,\mu }^{a+\bar \kappa _{x,\mu }^f}}\right ] \,\left [\prod _f\prod _{a=1}^{k_{x,\mu }^f} \psi _{x+\hat \mu }^{f,j_{x,\mu }^{a+\kappa _{x,\mu }^f}}\right ]\,.\end {align}


$a$


$\bar \psi $


$\psi $


$f$


$k_{x,\mu }^f$


$\bar k_{x,\mu }^f$


$(x,\mu )$


$k_{x,\mu }+\bar k_{x,\mu }$


${\chi }_{x,\mu }$


\begin {equation}\label {eq:aux} \left (\int d{\chi }_{x,\mu }\,{\chi }_{x,\mu }\right )^{{F}_{x,\mu }} = 1\end {equation}


\begin {equation}{F}_{x,\mu }\equiv \begin {cases} 0 & \text {if } k_{x,\mu }+\bar k_{x,\mu } \text { even}, \\ 1 & \text {if } k_{x,\mu }+\bar k_{x,\mu } \text { odd}. \end {cases} \tag {\ref {eq:f}} \label {Xeqn55}\end {equation}


\begin {align}\mathcal {G}_{x,\mu } &= \left (\int d{\chi }_{x,\mu }{\chi }_{x,\mu }\right )^{{F}_{x,\mu }} \coprod _f\coprod _{a=1}^{k_{x,\mu }^f} \bar {\psi }_{x}^{f,i_{x,\mu }^{a+\kappa _{x,\mu }^f}} \prod _f\prod _{a=1}^{\bar k_{x,\mu }^f} \psi _{x}^{f,m_{x,\mu }^{a+\bar \kappa _{x,\mu }^f}} \coprod _f \coprod _{a=1}^{\bar k_{x,\mu }^f} \bar {\psi }_{x+\hat \mu }^{f,\ell _{x,\mu }^{a+\bar \kappa _{x,\mu }^f}} \prod _f\prod _{a=1}^{k_{x,\mu }^f} \psi _{x+\hat \mu }^{f,j_{x,\mu }^{a+\kappa _{x,\mu }^f}}\notag \\ &=\left (\int \right )^{\!{F}_{x,\mu }} \left [\left ({\chi }_{x,\mu }\right )^{{F}_{x,\mu }} \coprod _f\coprod _{a=1}^{k_{x,\mu }^f} \bar {\psi }_{x}^{f,i_{x,\mu }^{a+\kappa _{x,\mu }^f}} \prod _f\prod _{a=1}^{\bar k_{x,\mu }^f} \psi _{x}^{f,m_{x,\mu }^{a+\bar \kappa _{x,\mu }^f}} \right ] \,\left [\left (d{\chi }_{x,\mu }\right )^{{F}_{x,\mu }} \coprod _f \coprod _{a=1}^{\bar k_{x,\mu }^f} \bar {\psi }_{x+\hat \mu }^{f,\ell _{x,\mu }^{a+\bar \kappa _{x,\mu }^f}} \prod _f\prod _{a=1}^{k_{x,\mu }^f} \psi _{x+\hat \mu }^{f,j_{x,\mu }^{a+\kappa _{x,\mu }^f}} \right ]\, , \label {eq:brackets}\end {align}


$(x,\mu )\to (x-\hat \mu ,\mu )$


\begin {align}\label {eq:Gint} \mathcal {G} = e^{{S_\text {M}}} {\int \limits _\chi }\prod _x\mathcal {G}_x\quad \text {with}\quad \mathcal {G}_x&=\prod _\mu \left [\left ({\chi }_{x,\mu }\right )^{{F}_{x,\mu }} \coprod _f\coprod _{a=1}^{k_{x,\mu }^f} \bar {\psi }_{x}^{f,i_{x,\mu }^{a+\kappa _{x,\mu }^f}}\right ] \,\left [\prod _f\prod _{a=1}^{\bar k_{x,\mu }^f} \psi _{x}^{f,m_{x,\mu }^{a+\bar \kappa _{x,\mu }^f}}\right ] \notag \\ &\qquad \times \left [\left (d{\chi }_{x,-\mu }\right )^{{F}_{x,-\mu }} \coprod _f \coprod _{a=1}^{\bar k_{x,-\mu }^f} \bar {\psi }_{x}^{f,\ell _{x,-\mu }^{a+\bar \kappa _{x,-\mu }^f}}\right ] \,\left [\prod _f\prod _{a=1}^{k_{x,-\mu }^f} \psi _{x}^{f,j_{x,-\mu }^{a+\kappa _{x,-\mu }^f}}\right ]\,,\end {align}


\begin {equation}{\int \limits _\chi }\equiv \prod _{x,\mu }\left (\int \right )^{{F}_{x,\mu }} \tag {\ref {eq:pif}} \label {Xeqn56}\end {equation}


$(x,-\mu )$


$(x-\hat \mu ,\mu )$


$\mathcal {G}_x\ne \prod _\mu \mathcal {G}_{x,\mu }$


${\chi }_{x,\mu }$


$\psi $


$\bar \psi $


$\chi $


$d\chi $


$\psi _x$


$\bar \psi _x$


$\psi _x$


$\bar \psi _x$


$\mathcal {G}_x$


$\mathcal {G}_x$


$\prod _\mu A_\mu B_\mu C_\mu D_\mu $


$A_\mu $


$C_\mu $


$({\chi }_{x,\mu })^{{F}_{x,\mu }}$


$(d{\chi }_{x,-\mu })^{{F}_{x,-\mu }}$


$A_\mu $


$B_\mu $


$C_\mu $


$D_\mu $


$A_\mu B_\mu $


$C_\mu D_\mu $


\begin {align}\label {eq:ABCD} \prod _\mu (A_\mu B_\mu ) (C_\mu D_\mu ) &=\left [\prod _\mu A_\mu B_\mu \right ]\left [ \prod _\mu C_\mu D_\mu \right ] =\left [\coprod _\mu A_\mu \prod _\mu B_\mu \right ] \left [\coprod _\mu C_\mu \prod _\mu D_\mu \right ]\notag \\ &=\coprod _\mu C_\mu \coprod _\mu A_\mu \prod _\mu B_\mu \prod _\mu D_\mu ,\end {align}


$\mu $


$\mathcal {G}_x$


\begin {align}\label {eq:aux_all_Grassmanns_sorted_site} &\mathcal {G}_x = \left [\coprod _\mu \left (d{\chi }_{x,-\mu }\right )^{{F}_{x,-\mu }}\coprod _f \coprod _{a=1}^{\bar k_{x,-\mu }^f} \bar {\psi }_{x}^{f,\ell _{x,-\mu }^{a+\bar \kappa _{x,-\mu }^f}}\right ] \,\left [\coprod _\mu \left ({\chi }_{x,\mu }\right )^{{F}_{x,\mu }}\coprod _f\coprod _{a=1}^{k_{x,\mu }^f} \bar {\psi }_{x}^{f,i_{x,\mu }^{a+\kappa _{x,\mu }^f}}\right ] \notag \\ &\qquad \quad \times \left [\prod _\mu \prod _f\prod _{a=1}^{\bar k_{x,\mu }^f} \psi _{x}^{f,m_{x,\mu }^{a+\bar \kappa _{x,\mu }^f}}\right ] \,\left [\prod _\mu \prod _f\prod _{a=1}^{k_{x,-\mu }^f} \psi _{x}^{f,j_{x,-\mu }^{a+\kappa _{x,-\mu }^f}}\right ] \notag \\ &= \sigma _x^{(1)}K_x \left [\coprod _\mu \coprod _f\coprod _{a=1}^{\bar k_{x,-\mu }^f} \bar {\psi }_{x}^{f,\ell _{x,-\mu }^{a+\bar \kappa _{x,-\mu }^f}}\right ] \,\left [\coprod _\mu \coprod _f\coprod _{a=1}^{k_{x,\mu }^f} \bar {\psi }_{x}^{f,i_{x,\mu }^{a+\kappa _{x,\mu }^f}}\right ] \,\left [\prod _\mu \prod _f\prod _{a=1}^{\bar k_{x,\mu }^f} \psi _{x}^{f,m_{x,\mu }^{a+\bar \kappa _{x,\mu }^f}}\right ] \,\left [\prod _\mu \prod _f\prod _{a=1}^{k_{x,-\mu }^f} \psi _{x}^{f,j_{x,-\mu }^{a+\kappa _{x,-\mu }^f}}\right ]\end {align}


$\psi $


$\bar \psi $


\begin {align}\sigma _x^{(1)} \equiv (-)^{\,p_1+p_2+p_3}\quad \text {with}\quad p_1 &\equiv \sum _{\mu =1}^{d-1} {F}_{x,-\mu } \sum _{\nu =\mu +1}^d \bar k_{x,-\nu }\,,\notag \\ p_2 &\equiv \sum _{\mu =1}^{d-1} {F}_{x,\mu } \sum _{\nu =\mu +1}^d ({F}_{x,\nu }+k_{x,\nu })\,,\notag \\ p_3 &\equiv \sum _{\mu =1}^d {F}_{x,\mu }\sum _{\nu =1}^d ({F}_{x,-\nu }+\bar k_{x,-\nu })\,, \label {eq:sigma1}\end {align}


$k$


$\bar k$


\begin {align}\label {eq:SMftaylor} e^{{S_\text {M}^f}}=\prod _x\sum _{w_x^f}\frac {(2m_f)^{w_x^f}}{w_x^f!}(\bar \psi _x^f\psi _x^f)^{w_x^f}\,.\end {align}


$w_x^f$


$\psi _x^{f,i}$


$\bar \psi _x^{f,i}$


$x$


$f$


\begin {equation}{h^{f,\text {in}}_x} \equiv \sum _\mu (k_{x,-\mu }^f+\bar k_{x,\mu }^f) \quad \text {and}\quad {h^{f,\text {out}}_x} \equiv \sum _\mu (\bar k_{x,-\mu }^f+k_{x,\mu }^f)\,, \tag {\ref {eq:hin_hout}} \label {Xeqn58}\end {equation}


$x$


$f$


$\psi $


$\bar \psi $


$\psi $


$\bar \psi $


$x$


$f$


$N_\text {c}$


\begin {equation}\label {eq:constraint} w_x^f+{h^{f,\text {in}}_x}={N_\text {c}}=w_x^f+{h^{f,\text {out}}_x} \quad \text {and}\quad w_x^f\ge 0\,.\end {equation}


$w_x^f$


$w_x^f$


${N_\text {c}}-{h^{f,\text {in}}_x}$


$\Theta (w_x^f)$


$\delta _{{h^{f,\text {in}}_x},{h^{f,\text {out}}_x}}$


$\psi $


$\bar \psi $


\begin {equation}\label {eq:1} (\bar \psi _x^f\psi _x^f)^{w_x^f}=\prod _{a=1}^{w_x^f}\bar \psi _{x}^{f,v_x^{f,a}}\psi _{x}^{f,v_x^{f,a}} =\coprod _{a=1}^{w_x^f}\bar \psi _{x}^{f,v_x^{f,a}}\prod _{a=1}^{w_x^f}\psi _{x}^{f,v_x^{f,a}},\end {equation}


$v_x^{f,a}$


\begin {equation}\label {eq:Mass_Grassmanns} \prod _f\coprod _{a=1}^{w_x^f}\bar \psi _{x}^{f,v_x^{f,a}}\prod _{a=1}^{w_x^f}\psi _{x}^{f,v_x^{f,a}} =\coprod _f\coprod _{a=1}^{w_x^f}\bar \psi _{x}^{f,v_x^{f,a}}\prod _f\prod _{a=1}^{w_x^f}\psi _{x}^{f,v_x^{f,a}}\,.\end {equation}


$\mathcal {G}_x$


$\psi $


$\bar \psi $


\begin {align}\label {eq:Psix} \Psi &\equiv \prod _x\left [\coprod _\mu \coprod _f \coprod _{a=1}^{\bar k_{x,-\mu }^f} \bar {\psi }_{x}^{f,\ell _{x,-\mu }^{a+\bar \kappa _{x,-\mu }^f}}\right ] \,\left [\coprod _\mu \coprod _f\coprod _{a=1}^{k_{x,\mu }^f} \bar {\psi }_{x}^{f,i_{x,\mu }^{a+\kappa _{x,\mu }^f}}\right ] \,\left [\coprod _f\coprod _{a=1}^{w_x^f}\bar \psi _{x}^{f,v_x^{f,a}}\right ]\notag \\ & \qquad \times \left [\prod _f\prod _{a=1}^{w_x^f}\psi _{x}^{f,v_x^{f,a}}\right ] \,\left [\prod _\mu \prod _f\prod _{a=1}^{\bar k_{x,\mu }^f} \psi _{x}^{f,m_{x,\mu }^{a+\bar \kappa _{x,\mu }^f}}\right ] \,\left [\prod _\mu \prod _f\prod _{a=1}^{k_{x,-\mu }^f} \psi _{x}^{f,j_{x,-\mu }^{a+\kappa _{x,-\mu }^f}}\right ]\,.\end {align}


$\mu $


$f$


\begin {align}\Psi & = \prod _x \left [\coprod _f\coprod _\mu \coprod _{a=1}^{\bar k_{x,-\mu }^f} \bar {\psi }_{x}^{f,\ell _{x,-\mu }^{a+\bar \kappa _{x,-\mu }^f}}\right ] \,\left [\coprod _f\coprod _\mu \coprod _{a=1}^{k_{x,\mu }^f} \bar {\psi }_{x}^{f,i_{x,\mu }^{a+\kappa _{x,\mu }^f}}\right ] \,\left [\coprod _f\coprod _{a=1}^{w_x^f}\bar \psi _{x}^{f,v_x^{f,a}}\right ]\notag \\ & \qquad \times \left [\prod _f\prod _{a=1}^{w_x^f}\psi _{x}^{f,v_x^{f,a}}\right ] \,\left [\prod _f\prod _\mu \prod _{a=1}^{\bar k_{x,\mu }^f} \psi _{x}^{f,m_{x,\mu }^{a+\bar \kappa _{x,\mu }^f}}\right ] \,\left [\prod _f\prod _\mu \prod _{a=1}^{k_{x,-\mu }^f} \psi _{x}^{f,j_{x,-\mu }^{a+\kappa _{x,-\mu }^f}}\right ]\,. \label {eq:Psixf}\end {align}


$k_{x,\mu }^f$


\begin {equation}\coprod _\mu \coprod _f (\alpha _{\mu }^{f})^{k_{\mu }^f} \quad \text {and}\quad \prod _\mu \prod _f (\beta _{\mu }^{f})^{k_{\mu }^f}, \label {Xeqn62-91}\end {equation}


$(\alpha )^k$


$(\beta )^k$


$k$


$\mu $


$f$


$\sigma $


\begin {align}\coprod _\mu \coprod _f (\alpha _{\mu }^{f})^{k_{\mu }^f}&= (\alpha _d^{{{N_\text {f}}}})^{k_d^{{N_\text {f}}}} \cdots (\alpha _d^{1})^{k_d^1} \cdots (\alpha _1^{{{N_\text {f}}}})^{k_1^{{N_\text {f}}}} \cdots (\alpha _1^{1})^{k_1^1}\notag \\ &= \sigma \times (\alpha _d^{{{N_\text {f}}}})^{k_d^{{N_\text {f}}}}\cdots (\alpha _1^{{{N_\text {f}}}})^{k_1^{{N_\text {f}}}} \cdots (\alpha _d^{1})^{k_d^1} \cdots (\alpha _1^{1})^{k_1^1} = \sigma \coprod _f \coprod _\mu (\alpha _{\mu }^{f})^{k_{\mu }^f},\\ \prod _\mu \prod _f (\beta _{\mu }^{f})^{k_{\mu }^f}&=(\beta _1^{1})^{k_1^1} \cdots (\beta _1^{{{N_\text {f}}}})^{k_1^{{N_\text {f}}}}\cdots (\beta _d^{1})^{k_d^1} \cdots (\beta _d^{{{N_\text {f}}}})^{k_d^{{N_\text {f}}}}\notag \\ &=\sigma \times (\beta _1^{1})^{k_1^1} \cdots (\beta _d^{1})^{k_d^1} \cdots (\beta _1^{{{N_\text {f}}}})^{k_1^{{N_\text {f}}}} \cdots (\beta _d^{{{N_\text {f}}}})^{k_d^{{N_\text {f}}}} =\sigma \prod _f\prod _\mu (\beta _{\mu }^{f})^{k_{\mu }^f}\,.\end {align}


$\sigma ^2=1$


$\bar k^f_{x,\mu }$


$f$


$\bar \psi $


$\psi $


\begin {equation}\label {eq:Psi} \Psi = \prod _x\sigma _x^{(2)}\coprod _f\bar \Psi _x^f\prod _f\Psi _x^f\end {equation}


\begin {align}\bar \Psi _x^f&= \left [\coprod _\mu \coprod _{a=1}^{\bar k_{x,-\mu }^f} \bar {\psi }_{x}^{f,\ell _{x,-\mu }^{a+\bar \kappa _{x,-\mu }^f}}\right ] \,\left [\coprod _\mu \coprod _{a=1}^{k_{x,\mu }^f} \bar {\psi }_{x}^{f,i_{x,\mu }^{a+\kappa _{x,\mu }^f}}\right ] \,\left [\coprod _{a=1}^{w_x^f}\bar \psi _{x}^{f,v_x^{f,a}}\right ]\,, \\ \Psi _x^f &= \left [\prod _{a=1}^{w_x^f}\psi _{x}^{f,v_x^{f,a}}\right ] \,\left [\prod _\mu \prod _{a=1}^{\bar k_{x,\mu }^f} \psi _{x}^{f,m_{x,\mu }^{a+\bar \kappa _{x,\mu }^f}}\right ] \,\left [\prod _\mu \prod _{a=1}^{k_{x,-\mu }^f} \psi _{x}^{f,j_{x,-\mu }^{a+\kappa _{x,-\mu }^f}}\right ]\end {align}


\begin {equation}\label {eq:2} k_x^{f\pm }\equiv \sum _\mu k_{x,\pm \mu }^f\quad \text {and}\quad \bar k_x^{f\pm }\equiv \sum _\mu \bar k_{x,\pm \mu }^f\,.\end {equation}


$\bar \Psi _x^f$


$\Psi _x^f$


\begin {align}\Psi = \prod _x\sigma _x^{(2)}\prod _f\bar \Psi _x^f \Psi _x^f\,. \label {eq:Psixf2}\end {align}


\begin {align}\int d \psi d\bar \psi \coprod _{a=1}^{A}\bar \psi ^{i^a} \prod _{b=1}^{B}\psi ^{j^b} &=\int \coprod _{k=1}^{{N_\text {c}}}d\psi ^k \prod _{\ell =1}^{{N_\text {c}}}d\bar \psi ^\ell \coprod _{a=1}^{A}\bar \psi ^{i^a} \prod _{b=1}^{B}\psi ^{j^b} = \delta _{A,{N_\text {c}}}\varepsilon _{i_1\dotsb i_A}\cdot \delta _{B,{N_\text {c}}}\varepsilon _{j_1\dotsb j_B}, \label {eq:int_out}\end {align}


$d\bar \psi _x^f d\psi _x^f$


$\bar \Psi _x^f\Psi _x^f$


$\bar \psi _x^f$


$\psi _x^f$


$f$


$x$


\begin {equation}\label {eq:sigma} \sigma _x=\sigma _x^{(1)}\sigma _x^{(2)}\end {equation}


$x$


\begin {align}E_x^f&= {\varepsilon }_{v_x^{f,1},\dots ,v_x^{f,w_x^f}, i_{x,1}^{\kappa _{x,1}^f+1},\dots ,i_{x,1}^{\kappa _{x,1}^f+k_{x,1}^f}, \dots , i_{x,d}^{\kappa _{x,d}^f+1},\dots ,i_{x,d}^{\kappa _{x,d}^f+k_{x,d}^f}, \ell _{x,-1}^{\bar \kappa _{x,-1}^f+1},\dots ,\ell _{x,-1}^{\bar \kappa _{x,-1}^f+\bar k_{x,-1}^f}, \dots , \ell _{x,-d}^{\bar \kappa _{x,-d}^f+1},\dots ,\ell _{x,-d}^{\bar \kappa _{x,-d}^f+\bar k_{x,-d}^f}}\notag \\ &\times {\varepsilon }_{v_x^{f,1},\dots ,v_x^{f,w_x^f}, m_{x,1}^{\bar \kappa _{x,1}^f+1},\dots ,m_{x,1}^{\bar \kappa _{x,1}^f+\bar k_{x,1}^f}, \dots , m_{x,d}^{\bar \kappa _{x,d}^f+1},\dots ,m_{x,d}^{\bar \kappa _{x,d}^f+\bar k_{x,d}^f}, j_{x,-1}^{\kappa _{x,-1}^f+1},\dots ,j_{x,-1}^{\kappa _{x,-1}^f+k_{x,-1}^f}, \dots , j_{x,-d}^{\kappa _{x,-d}^f+1},\dots ,j_{x,-d}^{\kappa _{x,-d}^f+k_{x,-d}^f}}, \tag {\ref {eq:Grassmann_epsilon_site}}\end {align}


$f$


$2\times 2$


$Z_n$


$2\times 2$


$n=4$


\begin {align}Z_0(m,\mu ) &= 4096\thinspace m^{12} + 24576\thinspace m^{10} + 53248\thinspace m^{8} + 50944\thinspace m^{6} + 21248\thinspace m^{4} + \frac {9760\thinspace m^{2}}{3} + \frac {998}{9} \notag \\ &\quad + \left (256\thinspace m^{6} + 384\thinspace m^{4} + 160\thinspace m^{2} + 16\right ) \cosh {\left (6 \mu \right )} + 2 \cosh {\left (12 \mu \right )}\,, \\ Z_1(m,\mu ) &= \frac {1024\thinspace m^{8}}{3} + \frac {10240\thinspace m^{6}}{9} + \frac {29632\thinspace m^{4}}{27} + \frac {26080\thinspace m^{2}}{81} + \frac {5380}{243} + \left (\frac {128\thinspace m^{4}}{3} + \frac {416\thinspace m^{2}}{9} + \frac {80}{9}\right ) \cosh {\left (6 \mu \right )} \,, \\ Z_2(m,\mu ) &= \frac {4096\thinspace m^{12}}{9} + \frac {8192\thinspace m^{10}}{3} + \frac {482048\thinspace m^{8}}{81} + \frac {1405312\thinspace m^{6}}{243} + \frac {1820704\thinspace m^{4}}{729} + \frac {100624\thinspace m^{2}}{243} + \frac {13034}{729} \notag \\ &\quad + \left (\frac {2432\thinspace m^{6}}{81} + \frac {11936\thinspace m^{4}}{243} + \frac {17648\thinspace m^{2}}{729} + \frac {2344}{729}\right ) \cosh {\left (6 \mu \right )} + \frac {2}{9} \cosh {\left (12 \mu \right )}\,, \\ Z_3(m,\mu ) &= \frac {2048\thinspace m^{12}}{81} + \frac {4096\thinspace m^{10}}{27} + \frac {804352\thinspace m^{8}}{2187} + \frac {325312\thinspace m^{6}}{729} + \frac {21232\thinspace m^{4}}{81} + \frac {134452\thinspace m^{2}}{2187} + \frac {8887}{2187} \notag \\ &\quad + \left (\frac {448\thinspace m^{6}}{243} + \frac {16768\thinspace m^{4}}{2187} + \frac {14548\thinspace m^{2}}{2187} + \frac {2714}{2187}\right ) \cosh {\left (6 \mu \right )} + \frac {1}{81} \cosh {\left (12 \mu \right )}\,, \\ Z_4(m,\mu ) &= \frac {166400\thinspace m^{12}}{6561} + \frac {332800\thinspace m^{10}}{2187} + \frac {2201008\thinspace m^{8}}{6561} + \frac {2201512\thinspace m^{6}}{6561} + \frac {1788793\thinspace m^{4}}{11664} + \frac {2968507\thinspace m^{2}}{104976} + \frac {646769}{419904} \notag \\ &\quad + \left (\frac {3880\thinspace m^{6}}{2187} + \frac {22054\thinspace m^{4}}{6561} + \frac {13085\thinspace m^{2}}{6561} + \frac {938}{2916}\right ) \cosh {\left (6 \mu \right )} + \frac {325}{26244} \cosh {\left (12 \mu \right )} \,.\end {align}
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systems [13]. The higher-order tensor renormalization group (HOTRG) method [14], which is based on the higher-order singular 
value decomposition (HOSVD) [15], was developed to also be applicable to higher-dimensional systems. Both TRG and HOTRG are 
iterative procedures to compute the full contraction of a tensor network. During the blocking procedure, the bond dimension of the 
coarse-grid tensor (i.e., the range of the tensor indices) rapidly increases. To avoid the curse of dimensionality, the increased bond 
dimension is reduced using SVD or HOSVD. The two methods have been applied to a variety of problems in classical and quantum 
statistical physics, such as spin systems or gauge systems in two, three, and four dimensions. Even some systems with a complex 
action, i.e., with a sign problem, were successfully studied, for example the three-dimensional O(2) model with a chemical potential 
[16].

For systems with fermions, the Hamiltonian tensor-network methods were extended to include Grassmann-valued tensors [17]. 
For the Lagrangian approach, which we use in this paper, the Grassmann TRG (GTRG) [18,19] and the Grassmann HOTRG (GHOTRG) 
[20] methods were recently developed for cases where the Grassmann variables cannot be integrated out locally. The local tensor 
contains a numerical and a Grassmann part. In GHOTRG one applies the HOTRG algorithm to the numerical part of the tensor, while 
the Grassmann part is self-reproducing in each contraction step. A comprehensive overview of the application of tensor-network 
methods to a range of models can be found in Ref. [21], where the authors provide a road map towards four-dimensional QCD.

Recently we published a first tensor-network study of two-dimensional QCD in the infinite-coupling limit with staggered quarks, 
where we adapted the GHOTRG method to the context of QCD [22]. We showed that the non-local sign factors occurring in the meson-
baryon-loop representation of the partition function [3,4] can be avoided by rewriting the partition function as a full contraction of a 
tensor network with local numerical and Grassmann tensors. The partition function is then evaluated by applying an iterative blocking 
procedure, which uses ideas of the original GHOTRG method but is specifically tailored for strong-coupling QCD. The method was 
used to compute the chiral condensate as a function of quark mass and volume, and to confirm the absence of dynamical chiral 
symmetry breaking in the two-dimensional case. Tensor methods are especially well-suited for this investigation, since they can be 
used for the very large volumes that are required for small masses. Furthermore, the number density at nonzero chemical potential 
was computed, which hinted at a first-order phase transition. This study was extended to four dimensions to investigate the phase 
diagram of infinite-coupling QCD, with quite promising results [23]. In [22,23] we observed that the sign problem originating from 
nonzero chemical potential did not cause any numerical instabilities.

The present paper is the first in a series of papers in which we go beyond the infinite-coupling limit and consider the strong-
coupling expansion of QCD up to some order 𝑛max in 𝛽 ∼ 1∕𝑔2, where 𝑔 is the bare coupling constant. We work in 𝑑 Euclidean 
space-time dimensions, with gauge group SU(𝑁c) and 𝑁f flavors of staggered fermions. The basic idea is quite straightforward: In 
addition to the Taylor expansion of the Boltzmann factor involving the fermion action, as used previously in the infinite-coupling 
limit, one now also performs a Taylor expansion of the Boltzmann factor involving the gauge action. The gauge links (i.e., the gauge-
field matrices defined on the links of the lattice) contained in the terms that arise from these expansions can still be integrated 
out exactly using known integrals [10,24–26]. The integrals are performed on individual color components of the gauge links and 
their adjoints. Consequently, the original colored Grassmann variables can be integrated out after introducing new colorless auxiliary 
Grassmann variables on the links of the lattice. This generates local sign factors that can be incorporated in the numerical tensor. After 
integration, all color indices can be contracted, and the partition function can be rewritten as a completely contracted tensor network 
of local numerical and Grassmann tensors. In contrast to the infinite-coupling case, the colorless auxiliary Grassmann variables no 
longer correspond to baryonic degrees of freedom, but are generic fermionic degrees of freedom. Nevertheless, the GHOTRG blocking 
procedure remains completely identical to that of the infinite-coupling case in Ref. [22].

In this paper we work out the details of the derivation described above and present results for a 2 × 2 lattice, where the expansion of 
the partition function, 𝑍 =

∑

𝑛𝑍𝑛𝛽
𝑛, can be computed analytically to some chosen order 𝑛max. We can then compute thermodynamical 

observables such as the chiral condensate in two different ways, starting from the expansion of 𝑍 or of ln𝑍. We observe that the 
results obtained from the latter option show better agreement with Monte Carlo data. Furthermore, a theoretical analysis shows that 
an expansion of ln𝑍 yields better results for large 𝛽𝑉 , where 𝑉  is the lattice volume. It would thus be preferable to use this option 
also on larger lattices. This requires knowledge of the 𝑍𝑛 which, however, cannot be obtained from the standard GHOTRG method. 
To determine these expansion coefficients we introduce a crucial enhancement to the tensor-blocking method, which we call order-
separated GHOTRG (OS-GHOTRG). The details of this enhancement will be the subject of the second paper in the series. First results 
for an 8 × 8 lattice obtained with this method are already shown here.

This paper is structured as follows. In Section 2 we define the partition function and Taylor-expand the exponentials of the various 
contributions to the action, resulting in dual variables (i.e., occupation numbers). In Section 3 we present details of the enumeration 
of the color indices. In Section 4 we perform the gauge-link integral for a single link and simplify the result based on the color 
contraction with the Grassmann variables in the hopping terms. In Section 5 we integrate out the original Grassmann variables and 
introduce integrals over auxiliary (color- and flavorless) Grassmann variables. In Section 6 we eliminate the color degrees of freedom 
and construct the tensor network. In Section 7 we present analytical and numerical results for 2 × 2 and 8 × 8 lattices, which motivate 
the development of the OS-GHOTRG method. In Section 8 we conclude and give an outlook to the next paper in the series. Technical 
details are discussed in two appendices.
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Fig. 1. Visualization of the gauge links in the plaquette 𝑈P
𝑥,𝜇𝜈 defined in (2.7).

2.  Partition function and Taylor expansion

The discretized partition function for an SU(𝑁c) gauge theory with 𝑁f flavors of staggered fermions on a 𝑑-dimensional Euclidean 
space-time lattice is given by [27]

𝑍 = ∫

[

∏

𝑥
𝑑𝜓𝑥𝑑𝜓̄𝑥

][

∏

𝑥,𝜇
𝑑𝑈𝑥,𝜇

]

𝑒
𝑆M+

∑

𝑥,𝜇
(𝑆+
𝑥,𝜇+𝑆

−
𝑥,𝜇 )+

∑

𝑥,𝜇≠𝜈
𝑆G𝑥,𝜇𝜈

, (2.1)

where 𝑥 enumerates the sites of the lattice with lattice volume 𝑉 . The different directions are denoted by 𝜇 ∈ {1,… , 𝑑}. All sums or 
products over 𝜇 or 𝜈 range from 1 to 𝑑 unless different limits are stated explicitly. On every site 𝑥 = (𝑥1,… , 𝑥𝑑 ) there are fermion 
fields 𝜓𝑓𝑥  and 𝜓̄𝑓𝑥  (𝑓 ∈ {1,… , 𝑁f}) with 𝑁c Grassmann-valued components each, collectively denoted by 𝜓𝑥 and 𝜓̄𝑥. On every link 
(𝑥, 𝜇) there is a gauge-field matrix 𝑈𝑥,𝜇 ∈ SU(𝑁c), which we refer to as a gauge link. We use the notation (𝑥,−𝜇) ≡ (𝑥 − 𝜇̂, 𝜇), where 
𝜇̂ is the unit vector in direction 𝜇. The Haar measure is denoted by 𝑑𝑈𝑥,𝜇 . The Grassmann integration measure is given by

𝑑𝜓𝑥𝑑𝜓̄𝑥 ≡
𝑁f
∏

𝑓=1

𝑁c
∏

𝑖=1
𝑑𝜓𝑓,𝑖𝑥 𝑑𝜓̄𝑓,𝑖𝑥 =

𝑁f
∏

𝑓=1

[𝑁c
∐

𝑖=1
𝑑𝜓𝑓,𝑖𝑥

][𝑁c
∏

𝑖=1
𝑑𝜓̄𝑓,𝑖𝑥

]

, (2.2)

where we defined the notation
𝑏

∐

𝑘=𝑎
𝜓𝑘 ≡

{

𝜓𝑏𝜓𝑏−1 ⋯𝜓𝑎 for 𝑎 ≤ 𝑏,
1 for 𝑎 > 𝑏 (2.3)

for a product of Grassmann variables in reverse order.1 The fermion action contains a mass term2

𝑆M =
𝑁f
∑

𝑓=1
𝑆𝑓M with 𝑆𝑓M = 2𝑚𝑓

∑

𝑥
𝜓̄𝑓𝑥 𝜓

𝑓
𝑥 , (2.4)

where the 𝑚𝑓  are the quark masses and the scalar product is 𝜓̄𝑓𝑥 𝜓𝑓𝑥 ≡
∑𝑁c
𝑖=1 𝜓̄

𝑓,𝑖
𝑥 𝜓𝑓,𝑖𝑥 . The fermion action also contains the forward and 

backward hopping terms

𝑆±
𝑥,𝜇 =

𝑁f
∑

𝑓=1
𝑆𝑓±𝑥,𝜇 with

{

𝑆𝑓+𝑥,𝜇 = 𝜂𝑥,𝜇𝑒
𝜇𝑓 𝛿𝜇,1 𝜓̄𝑓𝑥 𝑈𝑥,𝜇𝜓

𝑓
𝑥+𝜇̂ ,

𝑆𝑓−𝑥,𝜇 = −𝜂𝑥,𝜇𝑒
−𝜇𝑓 𝛿𝜇,1 𝜓̄𝑓𝑥+𝜇̂𝑈

†
𝑥,𝜇𝜓

𝑓
𝑥 ,

(2.5)

where the hopping terms in the Euclidean time direction (for which we choose 𝜇 = 1) contain the quark chemical potentials 𝜇𝑓 . The 
𝜂𝑥,𝜇 are the usual staggered phases 𝜂𝑥,𝜇 = (−1)

∑

𝜈<𝜇 𝑥𝜈 . The gauge action in (2.1) is the Wilson plaquette action with

𝑆G𝑥,𝜇𝜈 =
𝛽

2𝑁c
tr 𝑈P

𝑥,𝜇𝜈 , (2.6)

where 𝛽 is the inverse coupling and the plaquette is given by the matrix product3

𝑈P
𝑥,𝜇𝜈 ≡ 𝑈𝑥,𝜇𝑈𝑥+𝜇̂,𝜈𝑈

†
𝑥+𝜈̂,𝜇𝑈

†
𝑥,𝜈 (2.7)

as illustrated in Fig. 1. Note that in (2.1) we sum over oriented plaquettes, and that 𝑈P
𝑥,𝜈𝜇 = 𝑈𝑃†

𝑥,𝜇𝜈 . The boundary conditions are 
antiperiodic in time for the Grassmann variables. All other boundary conditions are periodic.

We write the partition function as

𝑍 = ∫

[

∏

𝑥
𝑑𝜓𝑥𝑑𝜓̄𝑥

][

∏

𝑥,𝜇
𝑑𝑈𝑥,𝜇

]

𝑒𝑆M
[

∏

𝑥,𝜇

∏

𝑓
𝑒𝑆

𝑓+
𝑥,𝜇 𝑒𝑆

𝑓−
𝑥,𝜇

][

∏

𝑥,𝜇≠𝜈
𝑒𝑆

G
𝑥,𝜇𝜈

]

, (2.8)

1 The symbol ∐ is usually used for the coproduct, which is a very different concept. We use the symbol for notational convenience since there is 
no danger of confusion with the coproduct.
2 Note the factor of 2 in 𝑆𝑓M, which arises from a rescaling of the Grassmann variables by 1∕

√

2 to eliminate the usual factor of 1∕2 in the hopping 
terms (2.5).
3 We use the term “plaquette” both for the geometrical object and for the product of gauge links in the hope that no confusion will arise.
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where the exponentials for the hopping terms and the gauge action are factorized over the links and plaquettes, respectively. An 
intermediate goal is to integrate out the gauge links analytically. To this end, we now perform separate Taylor expansions of the 
exponentials for the forward and backward hopping terms on each link (𝑥, 𝜇) and for each flavor, with summation indices4 𝑘𝑓𝑥,𝜇 and 
𝑘̄𝑓𝑥,𝜇 , respectively. Similarly, we perform a Taylor expansion of the exponential of the gauge action on each oriented plaquette (𝑥, 𝜇𝜈)
with summation index 𝑛𝑥,𝜇𝜈 . All summation indices start at zero. After performing the Taylor expansions we rewrite the products of 
sums as sums of products,

𝑍 = ∫

[

∏

𝑥
𝑑𝜓𝑥𝑑𝜓̄𝑥

][

∏

𝑥,𝜇
𝑑𝑈𝑥,𝜇

]

𝑒𝑆M
∑

𝒌,𝒏

⎡

⎢

⎢

⎣

∏

𝑥,𝜇

∏

𝑓

(𝑆𝑓+𝑥,𝜇 )
𝑘𝑓𝑥,𝜇 (𝑆𝑓−𝑥,𝜇 )

𝑘̄𝑓𝑥,𝜇

𝑘𝑓𝑥,𝜇!𝑘̄
𝑓
𝑥,𝜇!

⎤

⎥

⎥

⎦

[

∏

𝑥,𝜇≠𝜈

(𝑆G𝑥,𝜇𝜈 )
𝑛𝑥,𝜇𝜈

𝑛𝑥,𝜇𝜈 !

]

(2.9)

with tuples 𝒌 ≡ ((𝑘𝑓𝑥,𝜇 , 𝑘̄
𝑓
𝑥,𝜇)|∀ 𝑥, 𝜇, 𝑓 ) and 𝒏 ≡ (𝑛𝑥,𝜇𝜈 |∀ 𝑥, 𝜇, 𝜈;𝜇 ≠ 𝜈) that contain all link and plaquette occupation numbers of the 

lattice. These occupation numbers can be viewed as dual fields, which also have periodic boundary conditions.
To be able to express the partition function as the trace of a tensor network, we exchange the order of integration and summation 

to obtain

𝑍 =
∑

𝒌,𝒏
∫

[

∏

𝑥
𝑑𝜓𝑥𝑑𝜓̄𝑥

][

∏

𝑥,𝜇
𝑑𝑈𝑥,𝜇

]

𝑒𝑆M
⎡

⎢

⎢

⎣

∏

𝑥,𝜇

∏

𝑓

(𝑆𝑓+𝑥,𝜇 )
𝑘𝑓𝑥,𝜇 (𝑆𝑓−𝑥,𝜇 )

𝑘̄𝑓𝑥,𝜇

𝑘𝑓𝑥,𝜇!𝑘̄
𝑓
𝑥,𝜇!

⎤

⎥

⎥

⎦

[

∏

𝑥,𝜇≠𝜈

(𝑆G𝑥,𝜇𝜈 )
𝑛𝑥,𝜇𝜈

𝑛𝑥,𝜇𝜈 !

]

. (2.10)

For the summation over 𝒌 this exchange is justified since the sums are finite due to the nature of the Grassmann variables and since the 
gauge integral is convergent. However, because the summation over 𝒏 involves infinite sums the exchange is potentially questionable. 
A formal convergence analysis appears to be nontrivial, and therefore this issue needs to be kept in mind when numerical results are 
interpreted.

In Sections 4.1 and 5 we will first compute the gauge integral on every link and then integrate over the Grassmann fields on every 
site, respectively. This needs some preparatory steps, which we discuss next.

3.  Disentangling color indices

To do the gauge-link integrals we have to rearrange the gauge links coming from the hopping terms and the plaquette action in 
such a way that all contributions from a specific gauge link are gathered. This is done by writing all summations over color indices 
explicitly, which allows us to move components of the gauge links freely. We use the convention that gauge links 𝑈 always carry 
color indices 𝑖 and 𝑗, while adjoint gauge links 𝑈† carry color indices 𝓁 and 𝑚. To distinguish all the color indices occurring in (2.10) 
we need to assign two additional labels to each color index. First, in order to distinguish the color indices of different gauge links, 
we assign a link label to the color indices. Second, as the same gauge link 𝑈𝑥,𝜇 and its adjoint 𝑈†

𝑥,𝜇 can occur several times in each 
term contributing to the partition function, we distinguish the color indices corresponding to these different occurrences by a label 
𝑎. Hence, our color indices are 𝑖𝑎𝑥,𝜇 , 𝑗𝑎𝑥,𝜇 , 𝓁𝑎𝑥,𝜇 , and 𝑚𝑎𝑥,𝜇 , again with periodic boundary conditions.

In the following we discuss the label 𝑎 in detail. Some of the ensuing formulas may look somewhat complicated, but this is just a 
matter of enumeration that can be skipped over at a first reading. The range of the label 𝑎 consists of several subranges. For 𝑈𝑥,𝜇 , the 
subrange of 𝑎 from the forward hopping term for flavor 𝑓 contains 𝑘𝑓𝑥,𝜇 elements, and there are 𝑁f such subranges. For the plaquette 
terms, we note that in 𝑑 dimensions, a given gauge link 𝑈𝑥,𝜇 is contained in 2(𝑑 − 1) plaquettes, i.e., 𝑈P

𝑥,𝜇𝜈 and 𝑈P
𝑥−𝜈̂,𝜈𝜇 with 𝜈 ≠ 𝜇. 

Hence there are 2(𝑑 − 1) subranges of 𝑎 for the plaquette terms. In summary, the sizes of the 𝑁f + 2(𝑑 − 1) subranges of 𝑎 for the 
various contributions are given by 

𝑈𝑥,𝜇 ∶ |subrange(𝑎)| =

⎧

⎪

⎨

⎪

⎩

𝑘𝑓𝑥,𝜇 forward fermion hopping for flavor 𝑓,
𝑛𝑥,𝜇𝜈 plaquettes 𝑈P

𝑥,𝜇𝜈 for 𝜈 ≠ 𝜇,
𝑛𝑥−𝜈̂,𝜈𝜇 plaquettes 𝑈P

𝑥−𝜈̂,𝜈𝜇 for 𝜈 ≠ 𝜇,
(3.1a)

where |⋯ | denotes the number of elements of the (sub)range. Similarly, for 𝑈†
𝑥,𝜇 the subrange sizes are

𝑈†
𝑥,𝜇 ∶ |subrange(𝑎)| =

⎧

⎪

⎨

⎪

⎩

𝑘̄𝑓𝑥,𝜇 backward fermion hopping for flavor 𝑓,
𝑛𝑥,𝜈𝜇 plaquettes 𝑈P

𝑥,𝜈𝜇 for 𝜈 ≠ 𝜇,
𝑛𝑥−𝜈̂,𝜇𝜈 plaquettes 𝑈P

𝑥−𝜈̂,𝜇𝜈 for 𝜈 ≠ 𝜇 .
(3.1b)

We now define
𝑘𝑥,𝜇 ≡

∑

𝑓
𝑘𝑓𝑥,𝜇 and 𝑘̄𝑥,𝜇 ≡

∑

𝑓
𝑘̄𝑓𝑥,𝜇 (3.2)

and combine the subranges of 𝑎 to a full range, whose size is given by 
𝑈𝑥,𝜇 ∶ |range(𝑎)| = 𝑔𝑥,𝜇 ≡ 𝑘𝑥,𝜇 +

∑

𝜈
𝜈≠𝜇

(𝑛𝑥,𝜇𝜈 + 𝑛𝑥−𝜈̂,𝜈𝜇) , (3.3a)

4 We will frequently refer to these and other summation indices as “occupation numbers”.
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𝑈†
𝑥,𝜇 ∶ |range(𝑎)| = 𝑔̄𝑥,𝜇 ≡ 𝑘̄𝑥,𝜇 +

∑

𝜈
𝜈≠𝜇

(𝑛𝑥,𝜈𝜇 + 𝑛𝑥−𝜈̂,𝜇𝜈 ) , (3.3b)

respectively. To access the different subranges within the full range, we define the offsets5

𝜅𝑓𝑥,𝜇 ≡
𝑓−1
∑

𝑓 ′=1
𝑘𝑓

′
𝑥,𝜇 , 𝜅̄𝑓𝑥,𝜇 ≡

𝑓−1
∑

𝑓 ′=1
𝑘̄𝑓

′
𝑥,𝜇 , (3.4a)

𝜔+𝜈
𝑥,𝜇 ≡ 𝑘𝑥,𝜇 +

∑

𝜎<𝜈
𝜎≠𝜇

(𝑛𝑥,𝜇𝜎 + 𝑛𝑥−𝜎̂,𝜎𝜇) , 𝜔−𝜈
𝑥,𝜇 ≡ 𝜔+𝜈

𝑥,𝜇 + 𝑛𝑥,𝜇𝜈 , (3.4b)

𝜔̄+𝜈
𝑥,𝜇 ≡ 𝑘̄𝑥,𝜇 +

∑

𝜎<𝜈
𝜎≠𝜇

(𝑛𝑥,𝜎𝜇 + 𝑛𝑥−𝜎̂,𝜇𝜎 ) , 𝜔̄−𝜈
𝑥,𝜇 ≡ 𝜔̄+𝜈

𝑥,𝜇 + 𝑛𝑥,𝜈𝜇 . (3.4c)

With these definitions and using the Einstein summation convention, the color contractions in the terms coming from 𝑆𝑓+𝑥,𝜇 , 𝑆𝑓−𝑥,𝜇 , 
and 𝑆G𝑥,𝜇𝜈 are written as 

(𝜓̄𝑓𝑥 𝑈𝑥,𝜇𝜓
𝑓
𝑥+𝜇̂)

𝑘𝑓𝑥,𝜇 =
𝑘𝑓𝑥,𝜇
∏

𝑎=1
𝜓̄
𝑓,𝑖

𝑎+𝜅𝑓𝑥,𝜇
𝑥,𝜇

𝑥 𝑈
𝑖
𝑎+𝜅𝑓𝑥,𝜇
𝑥,𝜇 ,𝑗

𝑎+𝜅𝑓𝑥,𝜇
𝑥,𝜇

𝑥,𝜇 𝜓
𝑓,𝑗

𝑎+𝜅𝑓𝑥,𝜇
𝑥,𝜇

𝑥+𝜇̂ , (3.5a)

(𝜓̄𝑓𝑥+𝜇̂𝑈
†
𝑥,𝜇𝜓

𝑓
𝑥 )

𝑘̄𝑓𝑥,𝜇 =
𝑘̄𝑓𝑥,𝜇
∏

𝑎=1
𝜓̄
𝑓,𝓁

𝑎+𝜅̄𝑓𝑥,𝜇
𝑥,𝜇

𝑥+𝜇̂ 𝑈†
𝑥,𝜇
𝓁
𝑎+𝜅̄𝑓𝑥,𝜇
𝑥,𝜇 ,𝑚

𝑎+𝜅̄𝑓𝑥,𝜇
𝑥,𝜇 𝜓

𝑓,𝑚
𝑎+𝜅̄𝑓𝑥,𝜇
𝑥,𝜇

𝑥 , (3.5b)

(

tr 𝑈P
𝑥,𝜇𝜈

)𝑛𝑥,𝜇𝜈
=
𝑛𝑥,𝜇𝜈
∏

𝑎=1
Δ𝑎𝑥,𝜇𝜈𝑈

𝑖
𝑎+𝜔+𝜈𝑥,𝜇
𝑥,𝜇 ,𝑗

𝑎+𝜔+𝜈𝑥,𝜇
𝑥,𝜇

𝑥,𝜇 𝑈
𝑖
𝑎+𝜔−𝜇𝑥+𝜇̂,𝜈
𝑥+𝜇̂,𝜈 ,𝑗

𝑎+𝜔−𝜇𝑥+𝜇̂,𝜈
𝑥+𝜇̂,𝜈

𝑥+𝜇̂,𝜈 𝑈†
𝑥+𝜈̂,𝜇
𝓁
𝑎+𝜔̄−𝜈𝑥+𝜈̂,𝜇
𝑥+𝜈̂,𝜇 ,𝑚

𝑎+𝜔̄−𝜈𝑥+𝜈̂,𝜇
𝑥+𝜈̂,𝜇 𝑈†

𝑥,𝜈
𝓁
𝑎+𝜔̄+𝜇𝑥,𝜈
𝑥,𝜈 ,𝑚

𝑎+𝜔̄+𝜇𝑥,𝜈
𝑥,𝜈 , (3.5c)

where we have rewritten the matrix multiplications and traces in (3.5c) using the quantity
Δ𝑎𝑥,𝜇𝜈 ≡ 𝛿

𝑗
𝑎+𝜔+𝜈𝑥,𝜇
𝑥,𝜇 ,𝑖

𝑎+𝜔−𝜇𝑥+𝜇̂,𝜈
𝑥+𝜇̂,𝜈

𝛿
𝑗
𝑎+𝜔−𝜇𝑥+𝜇̂,𝜈
𝑥+𝜇̂,𝜈 ,𝓁

𝑎+𝜔̄−𝜈𝑥+𝜈̂,𝜇
𝑥+𝜈̂,𝜇

𝛿
𝑚
𝑎+𝜔̄−𝜈𝑥+𝜈̂,𝜇
𝑥+𝜈̂,𝜇 ,𝓁

𝑎+𝜔̄+𝜇𝑥,𝜈
𝑥,𝜈

𝛿
𝑚
𝑎+𝜔̄+𝜇𝑥,𝜈
𝑥,𝜈 ,𝑖

𝑎+𝜔+𝜈𝑥,𝜇
𝑥,𝜇

. (3.6)

The motivation behind this rewriting is that in the construction of the tensor formulation below it is more convenient to retain 
independent indices on 𝑈 and 𝑈† to be able to manipulate individual indices. We see from (3.5) that the color indices 𝑖𝑎𝑥,𝜇 and 𝑚𝑎𝑥,𝜇
can be associated with site 𝑥, while 𝑗𝑎𝑥,𝜇 and 𝓁𝑎𝑥,𝜇 can be associated with site 𝑥 + 𝜇̂.

We can now gather all gauge-field contributions corresponding to the same link. After all the dust has settled, the partition function 
can be written as

𝑍 =
∑

𝒌,𝒏
∫

[

∏

𝑥
𝑑𝜓𝑥𝑑𝜓̄𝑥

]

Δ
∏

𝑥,𝜇
𝑔𝑥,𝜇 𝑔̄𝑥,𝜇 , (3.7)

where all contributions involving the same gauge-field matrix 𝑈 are combined in the integral

(𝑔𝑔̄)𝒊𝒋,𝓵𝒎 ≡ ∫SU(𝑁c)
𝑑𝑈

[ 𝑔
∏

𝑎=1
𝑈 𝑖𝑎𝑗𝑎

][ 𝑔̄
∏

𝑎=1
𝑈†𝓁

𝑎𝑚𝑎
]

(3.8)

with color indices
𝒊 ≡ (𝑖1,… , 𝑖𝑔), 𝒋 ≡ (𝑗1,… , 𝑗𝑔), 𝓵 ≡ (𝓁1,… ,𝓁𝑔̄), 𝒎 ≡ (𝑚1,… , 𝑚𝑔̄) . (3.9)

The gauge-link occupation numbers 𝑔 and 𝑔̄ in (3.7) are defined in (3.3). All Grassmann variables on the lattice are combined in the 
factor

 = 𝑒𝑆M
∏

𝑥,𝜇
𝑥,𝜇 with 𝑥,𝜇 =

∏

𝑓

⎡

⎢

⎢

⎢

⎣

𝑘𝑓𝑥,𝜇
∏

𝑎=1
𝜓̄
𝑓,𝑖

𝑎+𝜅𝑓𝑥,𝜇
𝑥,𝜇

𝑥 𝜓
𝑓,𝑗

𝑎+𝜅𝑓𝑥,𝜇
𝑥,𝜇

𝑥+𝜇̂

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

𝑘̄𝑓𝑥,𝜇
∏

𝑎=1
𝜓
𝑓,𝑚

𝑎+𝜅̄𝑓𝑥,𝜇
𝑥,𝜇

𝑥 𝜓̄
𝑓,𝓁

𝑎+𝜅̄𝑓𝑥,𝜇
𝑥,𝜇

𝑥+𝜇̂

⎤

⎥

⎥

⎥

⎦

, (3.10)

where in the last factor we have changed the order of the Grassmann variables to eliminate the minus sign in (2.5). The integration 
of  will be discussed in Section 5. The remaining quantities in (3.7) are

Δ ≡
∏

𝑥,𝜇≠𝜈

𝑛𝑥,𝜇𝜈
∏

𝑎=1
Δ𝑎𝑥,𝜇𝜈 , (3.11)

 ≡

[

∏

𝑥,𝜇≠𝜈

(

𝛽∕2𝑁c
)𝑛𝑥,𝜇𝜈

𝑛𝑥,𝜇𝜈 !

]⎡

⎢

⎢

⎢

⎣

∏

𝑥,𝜇

∏

𝑓

𝜂
𝑘𝑓𝑥,𝜇+𝑘̄

𝑓
𝑥,𝜇

𝑥,𝜇

𝑘𝑓𝑥,𝜇!𝑘̄
𝑓
𝑥,𝜇!

⎤

⎥

⎥

⎥

⎦

[

∏

𝑥

∏

𝑓
𝑒𝜇𝑓 (𝑘

𝑓
𝑥,1−𝑘̄

𝑓
𝑥,1)

]

. (3.12)

5 The offsets 𝜔 and 𝜔̄ correspond to 𝑈 and 𝑈 †, respectively. The superscript ±𝜈 indicates that the plaquette of interest extends in the positive/neg-
ative 𝜈-direction perpendicular to the link (𝑥, 𝜇).
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4.  Gauge-link integral and simplifications

4.1.  Gauge-link integral

Now that we have collected all gauge-field contributions for every link, we are ready to evaluate the resulting SU(𝑁c) integrals. 
The relevant integral, given in (3.8), was first solved by Creutz [24], but we will use a more efficient solution, which was recently 
presented by Gagliardi and Unger [10,25] and by Borisenko et al. [26]. These authors gave expressions for the case of 𝑔 ≥ 𝑔̄ and 
pointed out that using the defining property of the Haar measure one obtains (𝑔𝑔̄)𝒊𝒋,𝓵𝒎 = ( 𝑔̄𝑔)𝓵𝒎,𝒊𝒋 , from which the case of 𝑔 < 𝑔̄
follows. After defining 𝑝 ≡ min(𝑔, 𝑔̄) and 𝑞 ≡ |𝑔 − 𝑔̄|∕𝑁c, both cases can be combined in the result

(𝑔𝑔̄)𝒊𝒋,𝓵𝒎 =

[𝑁c−1
∏

𝑠=1

𝑠!
(𝑠 + 𝑞)!

]

∑

𝜋,𝜎∈𝑆𝑝

W̃g
𝑞,𝑝
𝑁c

(𝜋 ⋅ 𝜎−1)
∑

𝛼∈𝐴
(𝐼b𝛼𝜋𝜎 )

𝒊𝒎(𝐼e𝛼𝜋𝜎 )
𝒋𝓵 for 𝑞 ∈ ℕ0 . (4.1)

If 𝑞 ∉ ℕ0 the integral is zero. In the remainder of this section we describe the various ingredients of the result (4.1).
The sums over 𝜋 and 𝜎 run over all elements of the symmetric group 𝑆𝑝. Here, we consider the special case that a permutation 𝜋

acts on the sequence of numbers (1,… , 𝑝), resulting in the permuted sequence (𝜋1,… , 𝜋𝑝), and similarly for 𝜎. Note that we use the 
same symbol 𝜋 (or 𝜎) for both the permutation and the permuted sequence.

The generalized Weingarten function W̃g is defined for 𝜋 ∈ 𝑆𝑝 by [25]

W̃g
𝑞,𝑝
𝑁c

(𝜋) ≡ 1
(𝑝!)2

∑

𝜆
|𝜆|≤𝑁c

𝑑2𝜆
𝑠(𝑁c+𝑞)𝜆

𝜒𝜆(𝜋) . (4.2)

Here, 𝜆 stands both for an irreducible representation (irrep) of 𝑆𝑝 and for the corresponding partition of 𝑝.6 The sum over 𝜆 is 
restricted to partitions with length |𝜆| ≤ 𝑁c. The dimension of the irrep 𝜆 is denoted by 𝑑𝜆, and 𝜒𝜆(𝜋) is the character of 𝜋 in irrep 𝜆. 
The quantity 𝑠(𝑁c+𝑞)𝜆  is defined by

𝑠(𝑁c+𝑞)𝜆 ≡
∏

1≤𝑖<𝑗≤𝑁c+𝑞

𝜆𝑖 − 𝜆𝑗 + 𝑗 − 𝑖
𝑗 − 𝑖

, (4.3)

which is the Schur polynomial evaluated at the (𝑁c + 𝑞)-dimensional point (1, 1,… , 1).
The definitions of 𝑝 and 𝑞 imply max(𝑔, 𝑔̄) = 𝑞𝑁c + 𝑝. The sum over 𝛼 ∈ 𝐴 in (4.1) runs over all possible ways to pick 𝑞 subsets of 

size 𝑁c each from the set {1,… , 𝑞𝑁c + 𝑝} in such a way that all numbers that have been picked are distinct. There are (𝑞𝑁c+𝑝)!
𝑝!𝑞!(𝑁c!)𝑞

 ways 
to do so. The remaining subset has size 𝑝. For later use, we order the numbers in each of these 𝑞 + 1 subsets in increasing order, i.e., 
the subsets become increasing sequences. Therefore, a particular grouping 𝛼 can be written using integers 𝛼𝑐𝑠 (1 ≤ 𝑠 ≤ 𝑞, 1 ≤ 𝑐 ≤ 𝑁c) 
as a set of increasing sequences, 

𝛼 ≡
{

(𝛼11 ,… , 𝛼𝑁c1 ),… , (𝛼1𝑞 ,… , 𝛼𝑁c𝑞 )
}

with 𝛼𝑐𝑠 < 𝛼𝑐+1𝑠 . (4.4a)

The remaining increasing sequence is denoted by 𝛾(𝛼). It is completely fixed by 𝛼 and is written using integers 𝛾𝑠 (1 ≤ 𝑠 ≤ 𝑝) as

𝛾(𝛼) ≡
(

𝛾1,… , 𝛾𝑝
)

with 𝛾𝑠 < 𝛾𝑠+1 . (4.4b)

Recall that the 𝛼𝑐𝑠 and 𝛾𝑠 in (4.4) are all distinct and from {1,… , 𝑞𝑁c + 𝑝}.
All color indices in (4.1) are collected in the expressions7

(𝐼b𝛼𝜋𝜎 )
𝒊𝒎 ≡

⎧

⎪

⎨

⎪

⎩

𝜀⊗𝑞𝒊𝛼
𝛿𝒎𝜋𝒊𝛾

for 𝑔 ≥ 𝑔̄,

𝜀⊗𝑞𝒎𝛼 𝛿
𝒊𝜎
𝒎𝛾 for 𝑔 < 𝑔̄,

and (𝐼e𝛼𝜋𝜎 )
𝒋𝓵 ≡

⎧

⎪

⎨

⎪

⎩

𝜀⊗𝑞𝒋𝛼
𝛿𝓵𝜎𝒋𝛾 for 𝑔 ≥ 𝑔̄,

𝜀⊗𝑞𝓵𝛼
𝛿𝒋𝜋𝓵𝛾 for 𝑔 < 𝑔̄,

(4.5)

where b and e stand for the beginning and the end of the link, respectively, and where we omitted the 𝛼-dependence of 𝛾 for readability. 
The 𝑞-fold Levi-Civita tensor and the Kronecker delta of two tuples are defined as

𝜀⊗𝑞𝒊𝛼
≡

𝑞
∏

𝑠=1
𝜀
𝑖𝛼
1
𝑠 ,…,𝑖𝛼

𝑁c
𝑠

and 𝛿𝒎𝜋𝒊𝛾
≡

𝑝
∏

𝑠=1
𝛿𝑚𝜋𝑠 ,𝑖𝛾𝑠 , (4.6)

respectively. From (4.5) and (4.6) we see that the elements of 𝛼, 𝛾, 𝜋, and 𝜎 correspond to the additional label 𝑎 on the color indices 
we defined at the beginning of Section 3.

Note that in Ref. [10] the sums in (4.1) are eventually replaced by a sum over so-called decoupling operator indices, which arise 
from explicitly expressing the character of 𝜋 ⋅ 𝜎−1 ∈ 𝑆𝑝, see (4.1) and (4.2), in terms of individual matrix elements. The motivation 

6 A partition 𝜆 of the integer 𝑝 is a sequence (𝜆1,… , 𝜆𝑘) of integers such that 𝜆𝑖 ≥ 𝜆𝑖+1 > 0 and ∑𝑘
𝑖=1 𝜆𝑖 = 𝑝. The length |𝜆| of the partition is the 

number of elements in the sequence, i.e., |𝜆| = 𝑘.
7 As mentioned after (3.6), the color indices 𝑖 and 𝑚 always correspond to the site at the beginning of the link, while 𝑗 and 𝓁 correspond to the 

site at the end of the link.
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is that the sum over permutations 𝜋 and 𝜎 generates oscillating signs in the Weingarten functions, which leads to a sign problem in 
the Monte Carlo simulation of their dual formulation [25]. These signs will not be a problem in the tensor formulation, which we 
develop here, and therefore we keep the sum over permutations.

4.2.  Range reduction due to Grassmann variables

Recall that the integral (4.1) comes from a link between two sites. In the partition function, all color indices in (𝐼b𝛼𝜋𝜎 )𝒊𝒎 and 
(𝐼e𝛼𝜋𝜎 )

𝒋𝓵 that originate from Grassmann hopping terms are contracted with the color indices of the Grassmann variables at these two 
sites. In this subsection we will show that this observation leads to a simplification of the sum over 𝛼, 𝜋, and 𝜎. In Ref. [10] a similar 
reduction was briefly mentioned for the sum over the decoupling operator indices.

We first derive a useful intermediate result. Consider a function 𝑓 depending on color indices 𝑖1,… , 𝑖𝑘 that are contracted with 
Grassmann variables 𝜒 𝑖1 ,… , 𝜒 𝑖𝑘 . Also consider a permutation 𝜌 ∈ 𝑆𝑘. Using the Einstein summation convention, we have

𝑓 (𝑖𝜌1 ,… , 𝑖𝜌𝑘 )
𝑘
∏

𝑏=1
𝜒 𝑖

𝑏
= 𝑓

(

𝑖𝜌1 ,… , 𝑖𝜌𝑘 ) sgn(𝜌)
𝑘
∏

𝑏=1
𝜒 𝑖

𝜌𝑏 = sgn(𝜌)𝑓 (𝑖1,… , 𝑖𝑘)
𝑘
∏

𝑏=1
𝜒 𝑖

𝑏
. (4.7)

In the first step, we reordered the Grassmann variables, which produces a prefactor given by the sign of the permutation 𝜌. In the 
second step, the equality follows from renaming the summation variables.

We will use (4.7) with 𝜒 replaced by a single color vector of Grassmann variables 𝜓𝑓𝑥  or 𝜓̄𝑓𝑥 , and for color indices in the functions 
𝐼b and 𝐼e in (4.5) that originate from Grassmann hopping terms. We thus need to identify these color indices in our enumeration 
scheme. In (4.5) we see that for 𝑔 ≥ 𝑔̄, the entries of 𝛼 and 𝛾 label the indices 𝑖 and 𝑗 of 𝑈 , while the entries of 𝜋 and 𝜎 label the 
indices 𝓁 and 𝑚 of 𝑈†. For 𝑔 < 𝑔̄ it is the other way around. If we define

𝜘𝑓 ≡

{

𝜅𝑓 for 𝑔 ≥ 𝑔̄,
𝜅̄𝑓 for 𝑔 < 𝑔̄,

𝜘̄𝑓 ≡

{

𝜅̄𝑓 for 𝑔 ≥ 𝑔̄,
𝜅𝑓 for 𝑔 < 𝑔̄

(4.8)

with 𝜅𝑓  and 𝜅̄𝑓  defined in (3.4a), then for given 𝛼, 𝜋, and 𝜎, the entries coming from the forward and backward hopping terms of 
flavor 𝑓 correspond to

𝜘𝑓 < 𝛼𝑐𝑠 , 𝛾𝑠 ≤ 𝜘𝑓+1 and 𝜘̄𝑓 < 𝜋𝑠, 𝜎𝑠 ≤ 𝜘̄𝑓+1, (4.9)

respectively. For given 𝑓 , there are 𝜘𝑓+1 − 𝜘𝑓  entries satisfying the first inequality. The number of entries of 𝛾 for which 𝜘𝑓 < 𝛾𝑠 ≤ 𝜘𝑓+1
will be called 𝑧𝑓 . This implies that there are 𝜘𝑓+1 − 𝜘𝑓 − 𝑧𝑓  entries with 𝜘𝑓 < 𝛼𝑐𝑠 ≤ 𝜘𝑓+1. Note that 𝜘𝑓+1 − 𝜘𝑓  equals 𝑘𝑓  for 𝑔 ≥ 𝑔̄ and 
𝑘̄𝑓  for 𝑔 < 𝑔̄, respectively.

It will turn out to be useful to introduce two different equivalence relations, denoted by ∼ and ∼̇. We define two groupings 
𝛼, 𝛼′ ∈ 𝐴 to be equivalent (written as 𝛼 ∼ 𝛼′) if the pairs 𝛼, 𝛾(𝛼) and 𝛼′, 𝛾(𝛼′) can be transformed into each other by permuting, for 
every flavor 𝑓 separately, the entries 𝛼𝑐𝑠 and 𝛾𝑠 satisfying 𝜘𝑓 < 𝛼𝑐𝑠 , 𝛾𝑠 ≤ 𝜘𝑓+1. Furthermore, we define two permutations 𝜋, 𝜋′ ∈ 𝑆𝑝 to 
be equivalent (written as 𝜋 ∼̇𝜋′) if the corresponding sequences can be transformed into each other by permuting the numbers 𝜋𝑠
with 𝜘̄𝑓 < 𝜋𝑠 ≤ 𝜘̄𝑓+1 (for every flavor 𝑓 separately) and by permuting the numbers 𝑠 with ∑𝑓−1

𝑓 ′=1 𝑧
𝑓 ′ < 𝑠 ≤

∑𝑓
𝑓 ′=1 𝑧

𝑓 ′  (for every flavor 
𝑓 separately).8 With these two definitions we can use (4.7) to simplify the sum over 𝛼, 𝜋, and 𝜎. To this end we write

∑

𝛼∈𝐴
=

∑

𝛼∈𝐴∼

∑

𝛼′∈[𝛼]
and

∑

𝜋∈𝑆𝑝

=
∑

𝜋∈𝑆∼̇
𝑝

∑

𝜋′∈[𝜋]
, (4.10)

where [⋅] denotes an equivalence class and 𝐴∼ (𝑆∼̇
𝑝 ) denotes a complete set of representatives with respect to the equivalence relation 

∼ (∼̇).9
We now insert (4.10) into (4.1) and use (4.7) in the sums over 𝛼′, 𝜋′, and 𝜎′. Taking into account the effect of the Grassmann 

variables in (3.7), we can replace
𝑔𝑔̄ →

∑

𝛼∈𝐴∼

∑

𝜋,𝜎∈𝑆∼̇
𝑝

𝑔𝑔̄𝛼𝜋𝜎𝐼
b
𝛼𝜋𝜎𝐼

e
𝛼𝜋𝜎 , (4.11)

which becomes an equality after contraction with all Grassmann variables connected to the link in question. The link weight is defined 
as

𝑔𝑔̄𝛼𝜋𝜎 =

[𝑁c−1
∏

𝑠=1

𝑠!
(𝑠 + 𝑞)!

]

|[𝛼]|
∑

𝜋′∈[𝜋]

∑

𝜎′∈[𝜎]
sgn(𝜋′−1 ⋅ 𝜋) sgn(𝜎′−1 ⋅ 𝜎) W̃g

𝑞,𝑝
𝑁c

(𝜋′ ⋅ 𝜎′−1) . (4.12)

Here, the two sign factors are generated by the commutation of Grassmann variables when transforming 𝜋′ and 𝜎′ to their represen-
tatives 𝜋 and 𝜎, respectively. The permutations needed to transform the groupings 𝛼′ to their representatives 𝛼 always come in pairs 

8 Note that the numbers 𝜋𝑠 appear in (4.6) in Kronecker deltas together with 𝛾𝑠. Since the numbers 𝛾𝑠 are in increasing order, the 𝑧𝑓  entries of 𝛾
originating from the Grassmann hopping terms of flavor 𝑓 start at 𝑠 = ∑𝑓−1

𝑓 ′=1 𝑧
𝑓 ′ . Since we cannot permute the entries of 𝛾, we permute the entries 

of the sequence 𝜋 with the same 𝑠-indices.
9 Our concepts of equivalence and equivalence class are closely related, but not identical, to these concepts in group theory. We simply use them 

to split the sums as in (4.10). As in group theory, our classes are disjoint and cover the entire range of the sums.
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(from a 𝜓 at one end and a 𝜓̄ at the other end of the link), and hence these permutations do not generate sign factors but merely 
produce a factor of |[𝛼]|, which is the cardinality of the equivalence class [𝛼].

What have we gained? The quantity 𝑔𝑔̄𝛼𝜋𝜎 is a number that is independent of the color indices. It can easily be precomputed for 
all desired combinations of 𝑔, 𝑔̄, 𝛼, 𝜋, and 𝜎. The remaining sums over 𝛼, 𝜋, 𝜎 in (4.11) are now only over the representatives and thus 
contain much fewer terms than the sums in (4.1). In the following we will use the shorthand notation

𝑟 ≡ (𝛼, 𝜋, 𝜎) and
∑

𝑟
≡

∑

𝛼∈𝐴∼

∑

𝜋,𝜎∈𝑆∼̇
𝑝

. (4.13)

5.  Grassmann integration

We now consider the nearest-neighbor Grassmann hopping terms in , see (3.7) and (3.10), and turn them into purely local 
contributions, suitable for a tensor network, based on ideas developed for GHOTRG [18,22]. To this end we introduce a new auxiliary 
Grassmann variable 𝜒𝑥,𝜇 on each link,10 with corresponding differential 𝑑𝜒𝑥,𝜇 , and integrate out the original Grassmann variables. 
Since these steps are quite technical we perform the corresponding calculations in Appendix A, where we also Taylor-expand the 
term exp(𝑆M) in the partition function. We obtain

∫

[

∏

𝑥
𝑑𝜓𝑥𝑑𝜓̄𝑥

]

 = ∫
𝜒

∏

𝑥
𝐾𝑥𝜎𝑥

∏

𝑓

(2𝑚𝑓 )𝑤
𝑓
𝑥

𝑤𝑓𝑥 !
𝐸𝑓𝑥Θ(𝑤

𝑓
𝑥 ) 𝛿ℎ𝑓,in𝑥 ,ℎ𝑓,out𝑥

. (5.1)

Here, the integral on the right-hand side is over all auxiliary Grassmann variables,

∫
𝜒

≡
∏

𝑥,𝜇

(

∫

)𝐹𝑥,𝜇
, (5.2)

where the differentials are part of

𝐾𝑥 ≡
∏

𝜇

(

𝜒𝑥,𝜇
)𝐹𝑥,𝜇

∐

𝜇

(

𝑑𝜒𝑥,−𝜇
)𝐹𝑥,−𝜇 (5.3)

with Grassmann parities11

𝐹𝑥,𝜇 ≡

{

0 if 𝑘𝑥,𝜇 + 𝑘̄𝑥,𝜇 even,
1 if 𝑘𝑥,𝜇 + 𝑘̄𝑥,𝜇 odd.

(5.4)

Furthermore, 𝜎𝑥 is a local sign factor resulting from permutations of Grassmann variables, given in (A.24), (A.9) and (A.20). The 
quantities

ℎ𝑓,in𝑥 ≡
∑

𝜇
(𝑘𝑓𝑥,−𝜇 + 𝑘̄

𝑓
𝑥,𝜇) and ℎ𝑓,out𝑥 ≡

∑

𝜇
(𝑘̄𝑓𝑥,−𝜇 + 𝑘

𝑓
𝑥,𝜇) (5.5)

are the numbers of incoming and outgoing fermion hopping terms for flavor 𝑓 at site 𝑥. The power 𝑤𝑓𝑥  of 𝑚𝑓  in (5.1) is called mass 
occupation number and given by

𝑤𝑓𝑥 = 𝑁c − ℎ𝑓,in𝑥 . (5.6)

The Heaviside function and the Kronecker delta in (5.1) lead to the constraint ℎ𝑓,in𝑥 = ℎ𝑓,out𝑥 ≤ 𝑁c. For given site and flavor, the 
integration of the original Grassmann variables produces the factor

𝐸𝑓𝑥 = 𝜀
𝑣𝑓,1𝑥 ,…,𝑣

𝑓,𝑤𝑓𝑥
𝑥 ,𝑖

𝜅𝑓𝑥,1+1

𝑥,1 ,…,𝑖
𝜅𝑓𝑥,1+𝑘

𝑓
𝑥,1

𝑥,1 ,…,𝑖
𝜅𝑓𝑥,𝑑+1

𝑥,𝑑 ,…,𝑖
𝜅𝑓𝑥,𝑑+𝑘

𝑓
𝑥,𝑑

𝑥,𝑑 ,𝓁
𝜅̄𝑓𝑥,−1+1

𝑥,−1 ,…,𝓁
𝜅̄𝑓𝑥,−1+𝑘̄

𝑓
𝑥,−1

𝑥,−1 ,…,𝓁
𝜅̄𝑓𝑥,−𝑑+1

𝑥,−𝑑 ,…,𝓁
𝜅̄𝑓𝑥,−𝑑+𝑘̄

𝑓
𝑥,−𝑑

𝑥,−𝑑

× 𝜀
𝑣𝑓,1𝑥 ,…,𝑣

𝑓,𝑤𝑓𝑥
𝑥 ,𝑚

𝜅̄𝑓𝑥,1+1

𝑥,1 ,…,𝑚
𝜅̄𝑓𝑥,1+𝑘̄

𝑓
𝑥,1

𝑥,1 ,…,𝑚
𝜅̄𝑓𝑥,𝑑+1

𝑥,𝑑 ,…,𝑚
𝜅̄𝑓𝑥,𝑑+𝑘̄

𝑓
𝑥,𝑑

𝑥,𝑑 ,𝑗
𝜅𝑓𝑥,−1+1

𝑥,−1 ,…,𝑗
𝜅𝑓𝑥,−1+𝑘

𝑓
𝑥,−1

𝑥,−1 ,…,𝑗
𝜅𝑓𝑥,−𝑑+1

𝑥,−𝑑 ,…,𝑗
𝜅𝑓𝑥,−𝑑+𝑘

𝑓
𝑥,−𝑑

𝑥,−𝑑

, (5.7)

where all color indices are associated with site 𝑥 and flavor 𝑓 . Inside 𝐸𝑓𝑥 , we sum over all color indices 𝑣𝑓,𝑎𝑥 .
Two remarks are in order. First, the Levi-Civita tensors in 𝐸𝑓𝑥  appear to have many indices. However, because of (5.6) and the 

subsequent constraint, both Levi-Civita tensors have exactly 𝑁c indices each. If 𝑘𝑓𝑥,±𝜇 or 𝑘̄𝑓𝑥,±𝜇 or 𝑤𝑓𝑥  is zero, the corresponding color 
indices are not present. Second, the constraint ℎ𝑓,in𝑥 = ℎ𝑓,out𝑥  can be used to show that ∑𝜇(𝐹𝑥,𝜇 + 𝐹𝑥,−𝜇) is even. This implies that 𝐾𝑥, 
although it contains Grassmann variables, is Grassmann even and thus commuting.

10 The boundary conditions for the 𝜒𝑥,𝜇 are antiperiodic in time and periodic otherwise.
11 In earlier papers this Grassmann parity is denoted by 𝑓 instead of 𝐹 , but we have already used 𝑓 as a flavor index.
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6.  Construction of the tensor network

6.1.  Elimination of color degrees of freedom

We now consider the full partition function (3.7) and insert (4.11) and (5.1) to obtain

𝑍 =
∑

𝒌,𝒏

∑

𝒓
Δ∫

𝜒

∏

𝑥
𝐾𝑥𝜎𝑥

⎡

⎢

⎢

⎣

∏

𝑓

(2𝑚𝑓 )𝑤
𝑓
𝑥

𝑤𝑓𝑥 !
𝐸𝑓𝑥Θ(𝑤

𝑓
𝑥 ) 𝛿ℎ𝑓,in𝑥 ,ℎ𝑓,out𝑥

⎤

⎥

⎥

⎦

∏

𝜇
𝐼b𝑥,𝜇𝐼

e
𝑥,𝜇𝑥,𝜇 , (6.1)

where we defined
𝐼b𝑥,𝜇 ≡ (𝐼b𝑟𝑥,𝜇 )

𝒊𝑥,𝜇𝒎𝑥,𝜇 , 𝐼e𝑥,𝜇 ≡ (𝐼e𝑟𝑥,𝜇 )
𝒋𝑥,𝜇𝓵𝑥,𝜇 , 𝑥,𝜇 ≡ 𝑔𝑥,𝜇 𝑔̄𝑥,𝜇𝑟𝑥,𝜇 (6.2)

for simplicity and introduced the field 𝒓 ≡ (𝑟𝑥,𝜇|∀ 𝑥, 𝜇), again with periodic boundary conditions.
Let us briefly discuss this intermediate result. First, for every link, the gauge integral results in a sum over 𝑟 (i.e., over represen-

tatives 𝛼, 𝜋, and 𝜎, see (4.13)) for this link. The range of 𝑟 for a given link depends on 𝑘, 𝑘̄, and 𝑛 for this link, where 𝑛 contains all 
occupation numbers of plaquettes which include that link. If the SU(𝑁c) condition |𝑔 − 𝑔̄|∕𝑁c ∈ ℕ0 is not satisfied, the range of 𝑟 is 
zero and the tuple (𝑘, 𝑘̄, 𝑛) does not contribute to the partition function. Second, the integral over the original Grassmann variables 
has been replaced by an integral over the auxiliary Grassmann variables, which are color- and flavorless. The original Grassmann 
variables were coupled to neighbors by hopping terms. In contrast, the auxiliary Grassmann variables, which live on the links, are 
decoupled. This is the main achievement of Section 5.

A given term in the sum over 𝒌, 𝒏, and 𝒓 in (6.1) contains factors from all sites, links, and plaquettes of the lattice. To construct 
a network of local tensors we need to gather the factors corresponding to a single site and contract their color indices. This can be 
done for each lattice site separately, as we show in the following.

We first rewrite Δ in (3.11) in terms of local objects. To this end, we shift the first factor in (3.6) from site 𝑥 to site 𝑥 − 𝜇̂, the 
second factor from site 𝑥 to site 𝑥 − 𝜇̂ − 𝜈̂, and the third factor from site 𝑥 to site 𝑥 − 𝜈̂, respectively, to obtain12

Δ =
∏

𝑥
Δ𝑥 with Δ𝑥 ≡

∏

𝜇≠𝜈

(𝑛𝑥−𝜇̂,𝜇𝜈
∏

𝑎=1
𝛿
𝑗
𝑎+𝜔+𝜈𝑥,−𝜇
𝑥,−𝜇 ,𝑖

𝑎+𝜔−𝜇𝑥,𝜈
𝑥,𝜈

)(𝑛𝑥−𝜇̂−𝜈̂,𝜇𝜈
∏

𝑎=1
𝛿
𝑗
𝑎+𝜔−𝜇𝑥,−𝜈
𝑥,−𝜈 ,𝓁

𝑎+𝜔̄−𝜈𝑥,−𝜇
𝑥,−𝜇

)

×

(𝑛𝑥−𝜈̂,𝜇𝜈
∏

𝑎=1
𝛿
𝑚
𝑎+𝜔̄−𝜈𝑥,𝜇
𝑥,𝜇 ,𝓁

𝑎+𝜔̄+𝜇𝑥,−𝜈
𝑥,−𝜈

)(𝑛𝑥,𝜇𝜈
∏

𝑎=1
𝛿
𝑚
𝑎+𝜔̄+𝜇𝑥,𝜈
𝑥,𝜈 ,𝑖

𝑎+𝜔+𝜈𝑥,𝜇
𝑥,𝜇

)

. (6.3)

This expression depends on all color indices associated with site 𝑥 that originate from the plaquette action. Analogously, the contri-
butions depending on the color indices in the gauge-link integrals in (6.1) can be rewritten locally by shifting the sites in 𝐼e𝑥,𝜇 from 𝑥
to 𝑥 − 𝜇̂,

𝐼𝑥 ≡
∏

𝜇
𝐼b𝑥,𝜇𝐼

e
𝑥,−𝜇 , (6.4)

so that
∏

𝑥

∏

𝜇
𝐼b𝑥,𝜇𝐼

e
𝑥,𝜇 =

∏

𝑥
𝐼𝑥 . (6.5)

The local expression 𝐼𝑥 depends on all color indices (originating from hopping terms and the plaquette action) that are associated 
with site 𝑥.13 We now define the local color factor

𝐶𝑥 = Δ𝑥𝐼𝑥
∏

𝑓
𝐸𝑓𝑥 , (6.6)

which only depends on the variables associated with site 𝑥, 
𝒌𝑥 = (𝑘𝑓𝑥,−𝜇 , 𝑘

𝑓
𝑥,𝜇 , 𝑘̄

𝑓
𝑥,−𝜇 , 𝑘̄

𝑓
𝑥,𝜇 |∀𝜇, 𝑓 ) , (6.7a)

𝒏𝑥 = (𝑛𝑥,𝜇𝜈 , 𝑛𝑥−𝜇̂,𝜇𝜈 , 𝑛𝑥−𝜈̂,𝜇𝜈 , 𝑛𝑥−𝜇̂−𝜈̂,𝜇𝜈 |∀𝜇 ≠ 𝜈) , (6.7b)

𝒓𝑥 = (𝑟𝑥,−𝜇 , 𝑟𝑥,𝜇 |∀𝜇) . (6.7c)

Every color index corresponding to site 𝑥 appears exactly twice on the right-hand side of (6.6). We computed 𝐶𝑥 analytically by 
explicitly summing over the color indices using sympy [28]. The partition function (6.1) then becomes

𝑍 =
∑

𝒌,𝒏

∑

𝒓
∫

𝜒

∏

𝑥
𝐾𝑥𝜎𝑥𝐶𝑥

⎡

⎢

⎢

⎣

∏

𝑓

(2𝑚𝑓 )𝑤
𝑓
𝑥

𝑤𝑓𝑥 !
Θ(𝑤𝑓𝑥 )𝛿ℎ𝑓,in𝑥 ,ℎ𝑓,out𝑥

⎤

⎥

⎥

⎦

∏

𝜇
𝑥,𝜇 . (6.8)

12 Note that each Kronecker delta just enforces the equality of any two color indices at a plaquette corner.
13 A similar decoupling is obtained in Ref. [10] using so-called decoupling operators.
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Fig. 2. Introducing edge variables for plaquettes 𝑈P
𝑥,𝜇𝜈 (left) and 𝑈P

𝑥,𝜈𝜇 (right).

6.2.  Tensor formulation

In the partition function we have several summation variables, where 𝑘𝑓𝑥,𝜇 and ̄𝑘𝑓𝑥,𝜇 are link occupation numbers, 𝑛𝑥,𝜇𝜈 is a plaquette 
occupation number, and 𝑟𝑥,𝜇 is a link variable whose range depends on 𝑘, ̄𝑘, and 𝑛. We rewrite the partition function (6.8) as a tensor 
network

𝑍 =
∑

𝒌,𝒏

∑

𝒓 ∫
𝜒

∏

𝑥
𝑇 𝑥𝐾𝑥 (6.9)

with the local numerical tensor

𝑇 𝑥 ≡ 𝜎𝑥𝐶𝑥𝑊𝑥

⎡

⎢

⎢

⎣

∏

𝑓

(2𝑚𝑓 )𝑤
𝑓
𝑥

𝑤𝑓𝑥 !
Θ(𝑤𝑓𝑥 ) 𝛿ℎ𝑓,in𝑥 ,ℎ𝑓,out𝑥

⎤

⎥

⎥

⎦

[

∏

𝜇
sgn(𝑥,𝜇)

] ±𝑑
∏

𝜇=±1

√

|𝑥,𝜇| (6.10)

whose tensor indices are 𝒌𝑥, 𝒏𝑥, and 𝒓𝑥. To obtain this tensor-network structure we also factorized the weight  of (3.12) into local 
contributions by writing  =

∏

𝑥𝑊𝑥 with 

𝑊𝑥 =

⎡

⎢

⎢

⎢

⎣

∏

𝜇≠𝜈

(

𝛽
2𝑁c

)𝑛𝑥,𝜇𝜈+𝑛𝑥−𝜇̂,𝜇𝜈+𝑛𝑥−𝜇̂−𝜈̂,𝜇𝜈+𝑛𝑥−𝜈̂,𝜇𝜈

𝑛𝑥,𝜇𝜈 !𝑛𝑥−𝜇̂,𝜇𝜈 !𝑛𝑥−𝜇̂−𝜈̂,𝜇𝜈 !𝑛𝑥−𝜈̂,𝜇𝜈 !

⎤

⎥

⎥

⎥

⎦

1
4
[

∏

𝜇
𝜂
𝐹𝑥,𝜇
𝑥,𝜇

]

⎡

⎢

⎢

⎣

±𝑑
∏

𝜇=±1

∏

𝑓

√

√

√

√

𝑒𝜇𝑓 (𝑘
𝑓
𝑥,𝜇−𝑘̄

𝑓
𝑥,𝜇 )𝛿|𝜇|,1

𝑘𝑓𝑥,𝜇!𝑘̄
𝑓
𝑥,𝜇!

⎤

⎥

⎥

⎦

, (6.11)

where all numerical quantities on a link were evenly distributed via square roots to both endpoints, except for the staggered phases 
and the sign of 𝑥,𝜇 to avoid complex entries, and all numerical quantities on a plaquette were distributed via fourth roots to its four 
corners. Similarly, the link weight |𝑥,𝜇| was distributed via square roots to the two tensors at the endpoints of the link. Recall that 
𝜇𝑓  in the last factor of (6.11) is the chemical potential for flavor 𝑓 .

In standard tensor-renormalization-group methods, two tensors at neighboring sites are contracted by summing over the shared 
link index on the link connecting the two sites. However, the sum in (6.9) involves plaquette occupation numbers 𝑛, which are shared 
by four tensors. A summation over plaquette occupation numbers therefore does not correspond to a contraction of two local tensors 
𝑇𝑥. A similar argument applies to 𝑟, whose range is determined by 𝑛. To be able to still apply tensor-renormalization-group methods, 
one option would be to develop a more general blocking procedure for a tensor network containing indices that are shared by more 
than two tensors. While this would indeed be an interesting option to explore in future work, here we follow a more traditional route. 
We convert the plaquette occupation numbers 𝑛𝑥,𝜇𝜈 to link variables and use the GHOTRG method developed for the infinite-coupling 
case [22]. This is implemented by introducing a link variable for each edge of a plaquette, called “edge variable” in the following, and 
requiring that all four edge variables around a plaquette take on the same value for terms that contribute to the partition function. For 
the plaquette 𝑈P

𝑥,𝜇𝜈 we introduce 𝑛+𝜈𝑥,𝜇 , 𝑛−𝜇𝑥+𝜇̂,𝜈 , 𝑛̄−𝜈𝑥+𝜈̂,𝜇 , and 𝑛̄
+𝜇
𝑥,𝜈 , as illustrated in Fig. 2. The superscript ±𝜇 indicates that the plaquette 

extends in the positive/negative 𝜇-direction perpendicular to the link under consideration, while 𝑛 and 𝑛̄ correspond to 𝑈 and 𝑈†, 
respectively.

Formally, we rewrite the sum of a generic function 𝑓 over a plaquette occupation number as

∑

𝑛𝑥,𝜇𝜈

𝑓 (𝑛𝑥,𝜇𝜈 ) =
∑

𝑛𝑥,𝜇𝜈

𝑓 (𝑛𝑥,𝜇𝜈 )
∑

𝑛+𝜈𝑥,𝜇

𝛿𝑛+𝜈𝑥,𝜇 ,𝑛𝑥,𝜇𝜈
∑

𝑛−𝜇𝑥+𝜇̂,𝜈

𝛿𝑛−𝜇𝑥+𝜇̂,𝜈 ,𝑛𝑥,𝜇𝜈
∑

𝑛̄−𝜈𝑥+𝜈̂,𝜇

𝛿𝑛̄−𝜈𝑥+𝜈̂,𝜇 ,𝑛𝑥,𝜇𝜈
∑

𝑛̄+𝜇𝑥,𝜈

𝛿𝑛̄+𝜇𝑥,𝜈 ,𝑛𝑥,𝜇𝜈

=
∑

𝑛+𝜈𝑥,𝜇 ,𝑛
−𝜇
𝑥+𝜇̂,𝜈 ,𝑛̄

−𝜈
𝑥+𝜈̂,𝜇 ,𝑛̄

+𝜇
𝑥,𝜈

𝛿𝑛+𝜈𝑥,𝜇 ,𝑛−𝜇𝑥+𝜇̂,𝜈
𝛿𝑛−𝜇𝑥+𝜇̂,𝜈 ,𝑛̄−𝜈𝑥+𝜈̂,𝜇

𝛿𝑛̄−𝜈𝑥+𝜈̂,𝜇 ,𝑛̄
+𝜇
𝑥,𝜈
𝛿𝑛̄+𝜇𝑥,𝜈 ,𝑛+𝜈𝑥,𝜇𝑓 (edge variable) , (6.12)

where we have eliminated the original sum over 𝑛𝑥,𝜇𝜈 in the second step. Although one of the Kronecker deltas in the second line is 
redundant, it is useful for the tensor formulation to use this symmetrized form. Effectively, each Kronecker delta imposes the equality 
of the edge variables around a plaquette corner. Contributions to the partition function that depend on 𝑛𝑥,𝜇𝜈 will only be nonzero if 
all four edge variables are equal, as they represent the same plaquette occupation number. Therefore, every occurrence of 𝑛𝑥,𝜇𝜈 can 
be replaced by any of the edge variables 𝑛+𝜈𝑥,𝜇 , 𝑛−𝜇𝑥+𝜇̂,𝜈 , 𝑛̄−𝜈𝑥+𝜈̂,𝜇 , or 𝑛̄

+𝜇
𝑥,𝜈 . We gather all these single-plaquette constraints on the lattice in

ΔP ≡
∏

𝑥,𝜇≠𝜈
𝛿𝑛+𝜈𝑥,𝜇 ,𝑛−𝜇𝑥+𝜇̂,𝜈

𝛿𝑛−𝜇𝑥+𝜇̂,𝜈 ,𝑛̄−𝜈𝑥+𝜈̂,𝜇
𝛿𝑛̄−𝜈𝑥+𝜈̂,𝜇 ,𝑛̄

+𝜇
𝑥,𝜈
𝛿𝑛̄+𝜇𝑥,𝜈 ,𝑛+𝜈𝑥,𝜇 . (6.13)
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Fig. 3. Enumeration of the edge variables associated with site 𝑥.

This can be rewritten in terms of local objects by separately shifting the site in each Kronecker delta, which results in
ΔP =

∏

𝑥
ΔP𝑥 with ΔP𝑥 =

∏

𝜇≠𝜈
𝛿𝑛+𝜈𝑥,−𝜇 ,𝑛−𝜇𝑥,𝜈 𝛿𝑛−𝜇𝑥,−𝜈 ,𝑛̄−𝜈𝑥,−𝜇 𝛿𝑛̄−𝜈𝑥,𝜇 ,𝑛̄+𝜇𝑥,−𝜈 𝛿𝑛̄+𝜇𝑥,𝜈 ,𝑛+𝜈𝑥,𝜇 , (6.14)

where ΔP𝑥 depends on all edge variables associated with site 𝑥. We thus have four new variables 𝑛+𝜈𝑥,𝜇 , 𝑛̄+𝜈𝑥,𝜇 , 𝑛̄−𝜈𝑥,𝜇 , 𝑛−𝜈𝑥,𝜇 on every link 
(𝑥, 𝜇) of the lattice for each plane 𝜇𝜈, see Fig. 3. The range of 𝑟𝑥,𝜇 depends on the plaquette occupation numbers through 𝑔𝑥,𝜇 and 
𝑔̄𝑥,𝜇 defined in (3.3). Because of the Kronecker deltas in (6.12) the plaquette occupation numbers in (3.3) can be replaced by edge 
variables defined on the link (𝑥, 𝜇). Thus 𝑟𝑥,𝜇 now only depends on link variables.

Now that all variables are defined on the links we can combine the various link variables in a compound link index 𝑗𝑥,𝜇 =
((𝑘𝑓𝑥,𝜇 , 𝑘̄

𝑓
𝑥,𝜇 |∀𝑓 ), (𝑛±𝜈𝑥,𝜇 , 𝑛̄

±𝜈
𝑥,𝜇 |∀𝜈 ≠ 𝜇), 𝑟𝑥,𝜇) and rewrite the partition function (6.9) as

𝑍 =
∑

𝒋 ∫
𝜒

∏

𝑥
𝑇𝑥𝐾𝑥 , (6.15)

where 𝒋 ≡ (𝑗𝑥,𝜇|∀ 𝑥, 𝜇). The numerical tensor is given by

𝑇𝑥 ≡ ΔP𝑥𝑇 𝑥(𝒏𝑥 → edge variables) (6.16)

and depends on 𝑗𝑥,±𝜇 (𝜇 = 1,… , 𝑑). Recall that 𝑇 𝑥, defined in (6.10), depends on the plaquette occupation numbers in 𝒏𝑥, see (6.7). 
We have a choice of how to replace them by edge variables defined on links connected to 𝑥, as described after (6.12), but the result 
does not depend on what choice we make.

6.3.  Restriction of the edge variables

To contract the complete tensor network and compute the partition function and thermodynamical observables using the GHOTRG 
[22] (or another) method, the bond dimension of the initial tensor has to be finite. While 𝑘 and ̄𝑘 are limited by the number of colors 
𝑁c, and 𝑟 is finite as well for a given gauge integral, the plaquette occupation numbers 𝑛 run from zero to infinity in the original 
expansion. In the tensor formulation, the plaquette occupation numbers have been turned into edge variables, which also run from 
zero to infinity.

To make the range of the tensor indices 𝑗𝑥,𝜇 finite, we need to restrict the edge variables. More precisely, we introduce a maximal 
order 𝑛max and remove, for a given link (𝑥, 𝜇), all combinations of edge variables that do not satisfy the criterion

±𝑑
∑

𝜈=±1
|𝜈|≠𝜇

(𝑛𝜈𝑥,𝜇 + 𝑛̄
𝜈
𝑥,𝜇) ≤ 𝑛max . (6.17)

With this restriction, all configurations of order 𝛽𝑛 with 0 ≤ 𝑛 ≤ 𝑛max are included in the calculation, while higher orders will be 
incomplete. Note that we can substantially speed up the tensor construction by setting to zero the entries of the initial tensor for 
which14

1
2

±𝑑
∑

𝜇=±1

±𝑑
∑

𝜈=±1
|𝜈|≠|𝜇|

(𝑛𝜈𝑥,𝜇 + 𝑛̄
𝜈
𝑥,𝜇) > 𝑛max , (6.18)

14 The factor of 1∕2 arises since two edge variables correspond to the same plaquette occupation number, see Fig. 3.
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which correspond to tensor entries, and hence configurations, of order 𝛽𝑛 with 𝑛 > 𝑛max. Although this step does not reduce the size 
of the initial tensor, it is essential to keep the runtimes under control.15 Note that the conditions (6.17) and (6.18) need to be slightly 
altered when the lattice consists of a single site in any direction to avoid double counting when taking the boundary conditions into 
account.

7.  Strategies to expand observables and results for small lattices

In the following we present first tensor-network results for the strong-coupling expansion of two-dimensional QCD with three 
colors and one flavor, i.e., 𝑁c = 3 and 𝑁f = 1. We omit the flavor index in the following.

As we eventually want to use the initial tensor, constructed in this paper, as input to the GHOTRG method on large lattices, it 
is enlightening to first investigate the exact results that can be obtained with this tensor on a 2 × 2 lattice. Starting from the initial 
tensor 𝑇𝑥𝐾𝑥 in (6.15) and using the tensor (6.16) to order 𝑛max by imposing the constraints (6.17) and (6.18), the partition function 
on a 2 × 2 lattice can be computed exactly to order 𝑛max, by exhaustively enumerating all terms in the partition function (6.15) in an 
efficient way. Each such term corresponds to a specific order 𝑛 in 𝛽, and all nonzero contributions satisfy 𝑛 ≤ 𝑛max.16 After gathering 
the terms order by order we can compute all the coefficients 𝑍𝑛 separately and write the partition function as 

𝑍(𝑛max) =
𝑛max
∑

𝑛=0
𝑍𝑛𝛽

𝑛 . (7.1)

Analytical expressions for 𝑍𝑛 as functions of 𝑚 and 𝜇 are given in Appendix B up to 𝑛 = 4.
To compare tensor results with those of Monte Carlo simulations we will compute the chiral condensate,

Σ ≡ 2⟨𝜓̄𝜓⟩ = 1
𝑉
𝜕 ln𝑍
𝜕𝑚

, (7.2)

where the factor of 2 is due to the rescaling of the Grassmann variables mentioned in footnote 2. A natural way to perform a tensor-
network computation of the chiral condensate is to rewrite (7.2) as

Σ(𝑛max)
𝐴 = 1

𝑉
𝜕 ln𝑍(𝑛max)

𝜕𝑚
= 1
𝑉 𝑍(𝑛max)

𝜕𝑍(𝑛max)

𝜕𝑚
, (7.3)

where we approximated 𝑍 by the polynomial 𝑍(𝑛max). The derivative can be computed analytically for the 2 × 2 lattice as the coeffi-
cients 𝑍𝑛 are known as explicit functions of 𝑚 and 𝜇, and (7.3) becomes a ratio of polynomials in 𝛽.

Alternatively, we can expand (7.3) or, equivalently, ln𝑍 in 𝛽 and truncate that expansion to order 𝑛max when computing the 
observable. We therefore expand the free energy density 𝑓 = − ln𝑍∕𝑉  in the form (disregarding the sign)

ln𝑍(𝛽)
𝑉

=
𝑛max
∑

𝑛=0
𝑓𝑛𝛽

𝑛 + (𝛽𝑛max+1) . (7.4)

For example, up to order three we obtain with 𝑍̄𝑛 ≡ 𝑍𝑛∕𝑍0

ln𝑍(𝛽)
𝑉

=
ln𝑍0
𝑉

+
𝛽
𝑉
𝑍̄1 +

𝛽2

𝑉

(

𝑍̄2 −
1
2
𝑍̄2

1

)

+
𝛽3

𝑉

(

𝑍̄3 − 𝑍̄1𝑍̄2 +
1
3
𝑍̄3

1

)

+ (𝛽4) . (7.5)

Taking the derivative with respect to 𝑚 yields

Σ(𝑛max)
𝐵 =

𝑛max
∑

𝑛=0
Σ𝑛𝛽𝑛 with Σ𝑛 ≡

𝜕𝑓𝑛
𝜕𝑚

. (7.6)

In the following we will refer to the alternatives (7.3) and (7.6) as “expansion 𝐴” and “expansion 𝐵”, respectively.
In Fig. 4 we compare both expansions for the chiral condensate, with 𝑛max = 1, 2, 3, 4, to the full Monte Carlo results for 𝑚 = 0.1. 

In the left plot, in which 𝜇 = 0, we observe that expansion 𝐴 only agrees with the Monte Carlo results for small values of 𝛽 and 
deviates quite substantially as 𝛽 increases.17 For expansion 𝐵, we observe a better agreement with the Monte Carlo results over a 
larger range in 𝛽. In the right plot we see that expansion 𝐵 outperforms expansion 𝐴 also for 𝜇 ≠ 0. It thus seems preferable to expand 
the observable itself in 𝛽 and truncate it to the same order 𝑛max as the partition function in (7.1).

Let us compare expansions 𝐴 and 𝐵 on theoretical grounds for arbitrary volume. For the free-energy density to be finite in the 
infinite-volume limit, the coefficients 𝑓𝑛 in (7.4) must remain finite as 𝑉 → ∞. Looking at (7.5) term by term, this implies that the 
ratios 𝑍̄𝑛 must behave like 𝑉 𝑛 for large 𝑉 , and that cancellations must take place in every order 𝑛 ≥ 2 to ensure that the 𝑓𝑛 are 
finite for large 𝑉 . Let us now consider expansion 𝐴, which uses ln𝑍(𝑛max) in (7.3). If we were to expand ln𝑍(𝑛max) in 𝛽 (which is not 

15 After choosing 𝑛max, the bond dimension of the initial tensor is fixed. However, for an efficient numerical computation, especially for higher 
orders in 𝛽, the initial tensor may additionally be truncated to a particular bond dimension 𝐷, using an HOSVD-inspired truncation procedure 
analogous to that of the GHOTRG method.
16 On a 2 × 2 lattice no terms with order 𝑛 > 𝑛max appear in the exact computation of 𝑍. Indeed, for this lattice size the edge occupation numbers 
of the four tensors are shared in such a way that if the initial tensors have maximal order 𝑛max, (6.18) ensures that all nonzero contributions to the 
fully contracted tensor network have at most order 𝑛max as well. On larger lattices higher order contributions with 𝑛 > 𝑛max also contribute to 𝑍.
17 These results are in agreement with those of Ref. [10], where Σ∕2 is plotted.
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Fig. 4. Chiral condensate as a function of 𝛽 (left, for 𝜇 = 0) and 𝜇 (right, for 𝛽 = 2) for 𝑚 = 0.1 on a 2 × 2 lattice. We compare Monte Carlo (MC) 
results with the two tensor-network expansions Σ(𝑛max)

𝐴  and Σ(𝑛max)
𝐵  of (7.3) and (7.6), respectively. The MC results for 𝜇 ≠ 0 were obtained through 

phase-quenched reweighting, with an average phase factor between 0.81 and 1.

Fig. 5. Chiral condensate versus 𝛽 for 𝐿 = 8, 𝑚 = 0.5, 𝜇 = 0 using the standard GHOTRG method with initial tensor truncated to 𝑛max = 2 and the 
OS-GHOTRG method with expansions 𝐴 and 𝐵 up to order 𝑛max = 2, compared to Monte Carlo data. For expansion 𝐴 we observe the plateau for 
large 𝛽𝑉  derived earlier. As expected, expansion 𝐵 agrees well with the Monte Carlo data over a larger range in 𝛽.

actually done in expansion 𝐴) we would also obtain terms of order 𝛽𝑛 with 𝑛 > 𝑛max, but these higher-order contributions would be 
incomplete and would have the wrong volume dependence because the cancellations just discussed cannot take place. Moreover, 
because 𝑍̄𝑛 ∝ 𝑉 𝑛 for large 𝑉 , (7.1) with 𝑍0 factored out is then effectively an expansion in powers of 𝛽𝑉 . For large 𝛽𝑉 , 𝑍(𝑛max) is 
dominated by the term with 𝑛 = 𝑛max. In this case, (7.3) with 𝑍(𝑛max) ≈ 𝑍0𝑍̄𝑛max𝛽

𝑛max  results in Σ(𝑛max)
𝐴 ≈ Σ0 +

1
𝑉 𝜕𝑚 ln 𝑍̄𝑛max , which is 

independent of 𝛽. In summary, we expect expansion 𝐵 to perform better than expansion 𝐴 when compared to Monte Carlo results for 
large 𝛽𝑉  (and 𝛽 not too large), which is consistent with our results for 𝐿 = 2 (see Fig. 4) and 𝐿 = 8 (see Fig. 5).

In order to use (7.6) for larger lattices we need to be able to compute the coefficients 𝑍𝑛 of the partition function obtained from the 
tensor network for such lattices. However, when applying the standard GHOTRG method to contract the tensor network numerically, 
we obtain 𝑍 (and thus also ln𝑍 and the thermodynamical observables) as a numerical function of 𝛽, and not as an explicit expansion 
in 𝛽. We tried to determine the expansion coefficients 𝑍𝑛 by fitting tensor data to polynomials in 𝛽, but this attempt did not work 
well on larger lattices since the tensor data have limited precision for realistic bond dimensions, and since on larger lattices the 
completely contracted tensor network will contain many incomplete higher-order contributions (𝑛 > 𝑛max) even though the initial 
tensor is truncated to order 𝑛max.18

To be able to directly compute the expansion coefficients 𝑍𝑛 we have developed a modified version of GHOTRG, which we 
call order-separated GHOTRG (OS-GHOTRG). Once the coefficients 𝑍𝑛 are known, we can compute expansion coefficients for all 
thermodynamical observables. In Fig. 5 we show that the results for 𝐿 = 8 obtained with expansion 𝐵 using the OS-GHOTRG method 
agree much better with Monte Carlo data than those from the standard GHOTRG method and from expansion 𝐴 using the OS-GHOTRG 
method (the latter two are identical for 𝐿 = 2). The OS-GHOTRG method is quite complex and will be detailed in a forthcoming paper.

18 Similar to expansion 𝐴, the incomplete higher-order terms in the standard GHOTRG method also have a wrong volume dependence, and Σ tends 
to a plateau, see Fig. 5.
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8.  Conclusions and outlook

We derived a tensor-network formulation to compute the partition function of QCD in the strong-coupling expansion for arbitrary 
space-time dimension, number of colors, and number of staggered fermion flavors. We first performed Taylor expansions of the 
exponentials involving the gauge and fermion actions, which generate fermion and plaquette occupation numbers. We then integrated 
out the gauge field and observed that, due to the presence of Grassmann variables at both ends of every link, the subsequent calculation 
can be simplified, i.e., the sum over permutations and groupings of color indices in the gauge integral can be reduced significantly. In 
the next step we introduced colorless auxiliary Grassmann variables on the links of the lattice, which enabled us to integrate out the 
original Grassmann variables. Finally, we summed over all color indices to obtain a partition function given by the full contraction of 
a tensor network of mixed numerical and Grassmann tensors. For a practical computation of the partition function using the tensor 
network we truncated the initial tensor to a maximal order 𝑛max in 𝛽𝑛.

We presented results from an exact analytical computation of the partition function up to order 𝑛max = 4 on a 2 × 2 lattice. These 
results primarily served to illustrate the use of the initial tensor constructed in this paper. However, we also observed that the results 
of the tensor-network method strongly depend on how the expansion of Z is used to compute observables. The analytical results for 
𝐿 = 2, numerical results for 𝐿 = 8, and a theoretical analysis for arbitrary volume show that reliable results in a significant range 
of 𝛽 require an expansion of ln𝑍 or the observable itself, and not only an expansion of 𝑍. This in turn requires knowledge of the 
expansion coefficients 𝑍𝑛, also for larger lattices where they are not available through standard tensor-network methods. In the next 
paper of this series, we will solve this problem by presenting the OS-GHOTRG method, which allows us to compute the 𝑍𝑛 explicitly.
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Appendix A.  Grassmann contribution

In this appendix we integrate out all the original Grassmann variables in  of (3.10), i.e., we compute 

∫

[

∏

𝑥
𝑑𝜓𝑥𝑑𝜓̄𝑥

]

 , (A.1)

to arrive at an expression that is suitable for the tensor-network formulation. A basic ingredient will be the relation
𝑘
∏

𝑖=1
𝛼𝑖𝛽𝑖 =

𝑘
∏

𝑖=1
𝛼𝑖

𝑘
∐

𝑖=1
𝛽𝑖 =

𝑘
∐

𝑖=1
𝛼𝑖

𝑘
∏

𝑖=1
𝛽𝑖 (A.2)

which is valid if, for every 𝑖, the product 𝛼𝑖𝛽𝑖 is commuting. The relation is most easily shown by moving suitable pairs of Grassmann 
variables. The symbol ∐ denotes the reverse product defined in (2.3).

The expression for 𝑥,𝜇 in (3.10) can be manipulated as follows,

𝑥,𝜇 =

⎡

⎢

⎢

⎢

⎣

∏

𝑓

𝑘𝑓𝑥,𝜇
∏

𝑎=1
𝜓̄
𝑓,𝑖

𝑎+𝜅𝑓𝑥,𝜇
𝑥,𝜇

𝑥 𝜓
𝑓,𝑗

𝑎+𝜅𝑓𝑥,𝜇
𝑥,𝜇

𝑥+𝜇̂

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

∏

𝑓

𝑘̄𝑓𝑥,𝜇
∏

𝑎=1
𝜓
𝑓,𝑚

𝑎+𝜅̄𝑓𝑥,𝜇
𝑥,𝜇

𝑥 𝜓̄
𝑓,𝓁

𝑎+𝜅̄𝑓𝑥,𝜇
𝑥,𝜇

𝑥+𝜇̂

⎤

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎣

∏

𝑓

𝑘𝑓𝑥,𝜇
∐

𝑎=1
𝜓̄
𝑓,𝑖

𝑎+𝜅𝑓𝑥,𝜇
𝑥,𝜇

𝑥

𝑘𝑓𝑥,𝜇
∏

𝑎=1
𝜓
𝑓,𝑗

𝑎+𝜅𝑓𝑥,𝜇
𝑥,𝜇

𝑥+𝜇̂

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

∏

𝑓

𝑘̄𝑓𝑥,𝜇
∏

𝑎=1
𝜓
𝑓,𝑚

𝑎+𝜅̄𝑓𝑥,𝜇
𝑥,𝜇

𝑥

𝑘̄𝑓𝑥,𝜇
∐

𝑎=1
𝜓̄
𝑓,𝓁

𝑎+𝜅̄𝑓𝑥,𝜇
𝑥,𝜇

𝑥+𝜇̂

⎤

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎣

∐

𝑓

𝑘𝑓𝑥,𝜇
∐

𝑎=1
𝜓̄
𝑓,𝑖

𝑎+𝜅𝑓𝑥,𝜇
𝑥,𝜇

𝑥

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

∏

𝑓

𝑘𝑓𝑥,𝜇
∏

𝑎=1
𝜓
𝑓,𝑗

𝑎+𝜅𝑓𝑥,𝜇
𝑥,𝜇

𝑥+𝜇̂

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

∏

𝑓

𝑘̄𝑓𝑥,𝜇
∏

𝑎=1
𝜓
𝑓,𝑚

𝑎+𝜅̄𝑓𝑥,𝜇
𝑥,𝜇

𝑥

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

∐

𝑓

𝑘̄𝑓𝑥,𝜇
∐

𝑎=1
𝜓̄
𝑓,𝓁

𝑎+𝜅̄𝑓𝑥,𝜇
𝑥,𝜇

𝑥+𝜇̂

⎤

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎣

∐

𝑓

𝑘𝑓𝑥,𝜇
∐

𝑎=1
𝜓̄
𝑓,𝑖

𝑎+𝜅𝑓𝑥,𝜇
𝑥,𝜇

𝑥

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

∏

𝑓

𝑘̄𝑓𝑥,𝜇
∏

𝑎=1
𝜓
𝑓,𝑚

𝑎+𝜅̄𝑓𝑥,𝜇
𝑥,𝜇

𝑥

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

∐

𝑓

𝑘̄𝑓𝑥,𝜇
∐

𝑎=1
𝜓̄
𝑓,𝓁

𝑎+𝜅̄𝑓𝑥,𝜇
𝑥,𝜇

𝑥+𝜇̂

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

∏

𝑓

𝑘𝑓𝑥,𝜇
∏

𝑎=1
𝜓
𝑓,𝑗

𝑎+𝜅𝑓𝑥,𝜇
𝑥,𝜇

𝑥+𝜇̂

⎤

⎥

⎥

⎥

⎦

. (A.3)
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In the first step, we have redistributed the product over flavors in (3.10) by reordering the commuting brackets.19 In the second 
step, we applied (A.2) to the products over 𝑎.20 In the third step, we applied (A.2) to the products over 𝑓 , which is justified since both 
factors in each product are either commuting or anticommuting depending on the value of 𝑘𝑓𝑥,𝜇 or 𝑘̄𝑓𝑥,𝜇 . In the last step, we moved 
the product of the last two brackets, which is commuting, between the first and second bracket, so that the Grassmann variables are 
now sorted by site.

As the Grassmann variables in the last two brackets live on a different site, we need to reorder the brackets in the product over 
(𝑥, 𝜇) in (3.10) in order to gather all Grassmann variables living on a single site. However, the brackets are only commuting when 
𝑘𝑥,𝜇 + 𝑘̄𝑥,𝜇 , see (3.2), is even. In order to construct commuting expressions we insert an auxiliary Grassmann variable 𝜒𝑥,𝜇 on each 
link using

(

∫ 𝑑𝜒𝑥,𝜇 𝜒𝑥,𝜇

)𝐹𝑥,𝜇
= 1 (A.4)

with the Grassmann parity

𝐹𝑥,𝜇 ≡

{

0 if 𝑘𝑥,𝜇 + 𝑘̄𝑥,𝜇 even,
1 if 𝑘𝑥,𝜇 + 𝑘̄𝑥,𝜇 odd.

(5.4)

For a given link, we insert (A.4) in front of (A.3) to obtain

𝑥,𝜇 =
(

∫ 𝑑𝜒𝑥,𝜇𝜒𝑥,𝜇

)𝐹𝑥,𝜇
∐

𝑓

𝑘𝑓𝑥,𝜇
∐

𝑎=1
𝜓̄
𝑓,𝑖

𝑎+𝜅𝑓𝑥,𝜇
𝑥,𝜇

𝑥
∏

𝑓

𝑘̄𝑓𝑥,𝜇
∏

𝑎=1
𝜓
𝑓,𝑚

𝑎+𝜅̄𝑓𝑥,𝜇
𝑥,𝜇

𝑥
∐

𝑓

𝑘̄𝑓𝑥,𝜇
∐

𝑎=1
𝜓̄
𝑓,𝓁

𝑎+𝜅̄𝑓𝑥,𝜇
𝑥,𝜇

𝑥+𝜇̂

∏

𝑓

𝑘𝑓𝑥,𝜇
∏

𝑎=1
𝜓
𝑓,𝑗

𝑎+𝜅𝑓𝑥,𝜇
𝑥,𝜇

𝑥+𝜇̂

=
(

∫

)𝐹𝑥,𝜇
⎡

⎢

⎢

⎢

⎣

(

𝜒𝑥,𝜇
)𝐹𝑥,𝜇

∐

𝑓

𝑘𝑓𝑥,𝜇
∐

𝑎=1
𝜓̄
𝑓,𝑖

𝑎+𝜅𝑓𝑥,𝜇
𝑥,𝜇

𝑥
∏

𝑓

𝑘̄𝑓𝑥,𝜇
∏

𝑎=1
𝜓
𝑓,𝑚

𝑎+𝜅̄𝑓𝑥,𝜇
𝑥,𝜇

𝑥

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

(

𝑑𝜒𝑥,𝜇
)𝐹𝑥,𝜇

∐

𝑓

𝑘̄𝑓𝑥,𝜇
∐

𝑎=1
𝜓̄
𝑓,𝓁

𝑎+𝜅̄𝑓𝑥,𝜇
𝑥,𝜇

𝑥+𝜇̂

∏

𝑓

𝑘𝑓𝑥,𝜇
∏

𝑎=1
𝜓
𝑓,𝑗

𝑎+𝜅𝑓𝑥,𝜇
𝑥,𝜇

𝑥+𝜇̂

⎤

⎥

⎥

⎥

⎦

, (A.5)

where in the second step we have moved the differential of the auxiliary Grassmann variable in order to obtain commuting expressions. 
Owing to (5.4), no sign factors are produced in this step.

Next, we perform the product over links in (3.10). Since we now have commuting expressions, we can shift (𝑥, 𝜇) → (𝑥 − 𝜇̂, 𝜇) in 
the last bracket of (A.5) to sort all original Grassmann variables according to their site,

 = 𝑒𝑆M∫
𝜒

∏

𝑥
𝑥 with 𝑥 =

∏

𝜇

⎡

⎢

⎢

⎢

⎣

(

𝜒𝑥,𝜇
)𝐹𝑥,𝜇

∐

𝑓

𝑘𝑓𝑥,𝜇
∐

𝑎=1
𝜓̄
𝑓,𝑖

𝑎+𝜅𝑓𝑥,𝜇
𝑥,𝜇

𝑥

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

∏

𝑓

𝑘̄𝑓𝑥,𝜇
∏

𝑎=1
𝜓
𝑓,𝑚

𝑎+𝜅̄𝑓𝑥,𝜇
𝑥,𝜇

𝑥

⎤

⎥

⎥

⎥

⎦

×

⎡

⎢

⎢

⎢

⎣

(

𝑑𝜒𝑥,−𝜇
)𝐹𝑥,−𝜇

∐

𝑓

𝑘̄𝑓𝑥,−𝜇
∐

𝑎=1
𝜓̄
𝑓,𝓁

𝑎+𝜅̄𝑓𝑥,−𝜇
𝑥,−𝜇

𝑥

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

∏

𝑓

𝑘𝑓𝑥,−𝜇
∏

𝑎=1
𝜓
𝑓,𝑗

𝑎+𝜅𝑓𝑥,−𝜇
𝑥,−𝜇

𝑥

⎤

⎥

⎥

⎥

⎦

, (A.6)

where we have defined

∫
𝜒

≡
∏

𝑥,𝜇

(

∫

)𝐹𝑥,𝜇
(5.2)

to indicate the integration over the auxiliary Grassmann variables and where (𝑥,−𝜇) again is a shorthand notation for (𝑥 − 𝜇̂, 𝜇).21
We define the boundary conditions for the 𝜒𝑥,𝜇 to be antiperiodic in time and periodic otherwise. The advantage of this definition 

is that the signs arising from the antiperiodic boundary conditions of 𝜓 and 𝜓̄ in the step from (A.5) to (A.6) are absorbed through 
the antiperiodic boundary conditions of 𝜒 (or, more precisely, 𝑑𝜒).

In (A.6), 𝜓𝑥 and 𝜓̄𝑥 are not yet ordered in the integrand. In the next step we wish to gather all 𝜓𝑥 and 𝜓̄𝑥 in 𝑥. To do so, we first 
note that 𝑥 can be written symbolically as 

∏

𝜇 𝐴𝜇𝐵𝜇𝐶𝜇𝐷𝜇 , where 𝐴𝜇 and 𝐶𝜇 include (𝜒𝑥,𝜇)𝐹𝑥,𝜇  and (𝑑𝜒𝑥,−𝜇)𝐹𝑥,−𝜇 , respectively. Note 
that 𝐴𝜇 and 𝐵𝜇 have the same Grassmann parity, and so do 𝐶𝜇 and 𝐷𝜇 . Thus both 𝐴𝜇𝐵𝜇 and 𝐶𝜇𝐷𝜇 are commuting. This allows us to 
write

∏

𝜇
(𝐴𝜇𝐵𝜇)(𝐶𝜇𝐷𝜇) =

[

∏

𝜇
𝐴𝜇𝐵𝜇

][

∏

𝜇
𝐶𝜇𝐷𝜇

]

=

[

∐

𝜇
𝐴𝜇

∏

𝜇
𝐵𝜇

][

∐

𝜇
𝐶𝜇

∏

𝜇
𝐷𝜇

]

=
∐

𝜇
𝐶𝜇

∐

𝜇
𝐴𝜇

∏

𝜇
𝐵𝜇

∏

𝜇
𝐷𝜇 , (A.7)

19 For simplicity, we say “bracket” instead of “bracketed term”.
20 We use the reverse product for 𝜓̄ and the ordinary product for 𝜓 throughout.
21 To avoid potential confusion we point out that 𝑥 ≠ ∏

𝜇 𝑥,𝜇 .

Nuclear Physics, Section B 1024 (2026) 117267 

15 



T. Samberger, J. Bloch, R. Lohmayer et al.

where in the first step we have distributed the product over 𝜇, in the second step we have applied (A.2) twice, and in the final step 
we have moved the first commuting bracket inside the second one. Using (A.7) in 𝑥 yields

𝑥 =

⎡

⎢

⎢

⎢

⎣

∐

𝜇

(

𝑑𝜒𝑥,−𝜇
)𝐹𝑥,−𝜇

∐

𝑓

𝑘̄𝑓𝑥,−𝜇
∐

𝑎=1
𝜓̄
𝑓,𝓁

𝑎+𝜅̄𝑓𝑥,−𝜇
𝑥,−𝜇

𝑥

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

∐

𝜇

(

𝜒𝑥,𝜇
)𝐹𝑥,𝜇

∐

𝑓

𝑘𝑓𝑥,𝜇
∐

𝑎=1
𝜓̄
𝑓,𝑖

𝑎+𝜅𝑓𝑥,𝜇
𝑥,𝜇

𝑥

⎤

⎥

⎥

⎥

⎦

×

⎡

⎢

⎢

⎢

⎣

∏

𝜇

∏

𝑓

𝑘̄𝑓𝑥,𝜇
∏

𝑎=1
𝜓
𝑓,𝑚

𝑎+𝜅̄𝑓𝑥,𝜇
𝑥,𝜇

𝑥

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

∏

𝜇

∏

𝑓

𝑘𝑓𝑥,−𝜇
∏

𝑎=1
𝜓
𝑓,𝑗

𝑎+𝜅𝑓𝑥,−𝜇
𝑥,−𝜇

𝑥

⎤

⎥

⎥

⎥

⎦

= 𝜎(1)𝑥 𝐾𝑥

⎡

⎢

⎢

⎢

⎣

∐

𝜇

∐

𝑓

𝑘̄𝑓𝑥,−𝜇
∐

𝑎=1
𝜓̄
𝑓,𝓁

𝑎+𝜅̄𝑓𝑥,−𝜇
𝑥,−𝜇

𝑥

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

∐

𝜇

∐

𝑓

𝑘𝑓𝑥,𝜇
∐

𝑎=1
𝜓̄
𝑓,𝑖

𝑎+𝜅𝑓𝑥,𝜇
𝑥,𝜇

𝑥

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

∏

𝜇

∏

𝑓

𝑘̄𝑓𝑥,𝜇
∏

𝑎=1
𝜓
𝑓,𝑚

𝑎+𝜅̄𝑓𝑥,𝜇
𝑥,𝜇

𝑥

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

∏

𝜇

∏

𝑓

𝑘𝑓𝑥,−𝜇
∏

𝑎=1
𝜓
𝑓,𝑗

𝑎+𝜅𝑓𝑥,−𝜇
𝑥,−𝜇

𝑥

⎤

⎥

⎥

⎥

⎦

(A.8)

with

𝐾𝑥 =
∏

𝜇

(

𝜒𝑥,𝜇
)𝐹𝑥,𝜇

∐

𝜇

(

𝑑𝜒𝑥,−𝜇
)𝐹𝑥,−𝜇 . (5.3)

After the first step in (A.8) all 𝜓 and all 𝜓̄ are now gathered. In the second step we have moved the auxiliary Grassmann variables to 
the front and reordered them according to the prescription of [22] by commuting the Grassmann variables, which produces the local 
sign factor

𝜎(1)𝑥 ≡ (−) 𝑝1+𝑝2+𝑝3 with 𝑝1 ≡
𝑑−1
∑

𝜇=1
𝐹𝑥,−𝜇

𝑑
∑

𝜈=𝜇+1
𝑘̄𝑥,−𝜈 ,

𝑝2 ≡
𝑑−1
∑

𝜇=1
𝐹𝑥,𝜇

𝑑
∑

𝜈=𝜇+1
(𝐹𝑥,𝜈 + 𝑘𝑥,𝜈 ) ,

𝑝3 ≡
𝑑
∑

𝜇=1
𝐹𝑥,𝜇

𝑑
∑

𝜈=1
(𝐹𝑥,−𝜈 + 𝑘̄𝑥,−𝜈 ) , (A.9)

where we used the sum (3.2) over flavors for 𝑘 and 𝑘̄.
Equation (A.6) still contains the mass term, which we now also Taylor-expand. Starting from (2.4) we write 

𝑒𝑆
𝑓
M =

∏

𝑥

∑

𝑤𝑓𝑥

(2𝑚𝑓 )𝑤
𝑓
𝑥

𝑤𝑓𝑥 !
(𝜓̄𝑓𝑥 𝜓

𝑓
𝑥 )

𝑤𝑓𝑥 . (A.10)

In principle, the sum over 𝑤𝑓𝑥  goes from zero to infinity. However, we will now show that the sum collapses to a single term once 
we integrate over all Grassmann variables. The point is that, due to the Grassmann integral, the only nonzero contributions to the 
partition function come from terms in which every Grassmann variable 𝜓𝑓,𝑖𝑥  (and 𝜓̄𝑓,𝑖𝑥 ) occurs once. Let us fix the site 𝑥 and the flavor 
𝑓 for the time being and define

ℎ𝑓,in𝑥 ≡
∑

𝜇
(𝑘𝑓𝑥,−𝜇 + 𝑘̄

𝑓
𝑥,𝜇) and ℎ𝑓,out𝑥 ≡

∑

𝜇
(𝑘̄𝑓𝑥,−𝜇 + 𝑘

𝑓
𝑥,𝜇) , (5.5)

which is the number of incoming and outgoing hopping terms, respectively, at site 𝑥 for flavor 𝑓 , see, for example, (3.10), where 
“in” and “out” correspond to 𝜓 and 𝜓̄ , respectively. Since the total number of 𝜓 and 𝜓̄ variables for fixed 𝑥 and 𝑓 equals 𝑁c each, 
we obtain the constraints

𝑤𝑓𝑥 + ℎ𝑓,in𝑥 = 𝑁c = 𝑤𝑓𝑥 + ℎ𝑓,out𝑥 and 𝑤𝑓𝑥 ≥ 0 . (A.11)

Hence, in the following we can, for each flavor, omit the sum over 𝑤𝑓𝑥  in (A.10), replace 𝑤𝑓𝑥  by 𝑁c − ℎ
𝑓,in
𝑥 , and include a Heaviside 

step function Θ(𝑤𝑓𝑥 ) as well as a Kronecker delta 𝛿ℎ𝑓,in𝑥 ,ℎ𝑓,out𝑥
.

We now use (A.2) to sort the 𝜓 and 𝜓̄ in (A.10),

(𝜓̄𝑓𝑥 𝜓
𝑓
𝑥 )

𝑤𝑓𝑥 =
𝑤𝑓𝑥
∏

𝑎=1
𝜓̄𝑓,𝑣

𝑓,𝑎
𝑥

𝑥 𝜓𝑓,𝑣
𝑓,𝑎
𝑥

𝑥 =
𝑤𝑓𝑥
∐

𝑎=1
𝜓̄𝑓,𝑣

𝑓,𝑎
𝑥

𝑥

𝑤𝑓𝑥
∏

𝑎=1
𝜓𝑓,𝑣

𝑓,𝑎
𝑥

𝑥 , (A.12)

where the Einstein summation convention is used for the color indices 𝑣𝑓,𝑎𝑥 . We then perform the product over flavors and again use
(A.2) to obtain

∏

𝑓

𝑤𝑓𝑥
∐

𝑎=1
𝜓̄𝑓,𝑣

𝑓,𝑎
𝑥

𝑥

𝑤𝑓𝑥
∏

𝑎=1
𝜓𝑓,𝑣

𝑓,𝑎
𝑥

𝑥 =
∐

𝑓

𝑤𝑓𝑥
∐

𝑎=1
𝜓̄𝑓,𝑣

𝑓,𝑎
𝑥

𝑥
∏

𝑓

𝑤𝑓𝑥
∏

𝑎=1
𝜓𝑓,𝑣

𝑓,𝑎
𝑥

𝑥 . (A.13)
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We now substitute (A.10), multiplied over flavors, into (A.6) (using (A.8) for 𝑥 and (A.13)) in such a way that 𝜓 and 𝜓̄ are not 
mixed. We then split off the part that only contains the original Grassmann variables, which is

Ψ ≡
∏

𝑥

⎡

⎢

⎢

⎢

⎣

∐

𝜇

∐

𝑓

𝑘̄𝑓𝑥,−𝜇
∐

𝑎=1
𝜓̄
𝑓,𝓁

𝑎+𝜅̄𝑓𝑥,−𝜇
𝑥,−𝜇

𝑥

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

∐

𝜇

∐

𝑓

𝑘𝑓𝑥,𝜇
∐

𝑎=1
𝜓̄
𝑓,𝑖

𝑎+𝜅𝑓𝑥,𝜇
𝑥,𝜇

𝑥

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎣

∐

𝑓

𝑤𝑓𝑥
∐

𝑎=1
𝜓̄𝑓,𝑣

𝑓,𝑎
𝑥

𝑥

⎤

⎥

⎥

⎦

×
⎡

⎢

⎢

⎣

∏

𝑓

𝑤𝑓𝑥
∏

𝑎=1
𝜓𝑓,𝑣

𝑓,𝑎
𝑥

𝑥

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

∏

𝜇

∏

𝑓

𝑘̄𝑓𝑥,𝜇
∏

𝑎=1
𝜓
𝑓,𝑚

𝑎+𝜅̄𝑓𝑥,𝜇
𝑥,𝜇

𝑥

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

∏

𝜇

∏

𝑓

𝑘𝑓𝑥,−𝜇
∏

𝑎=1
𝜓
𝑓,𝑗

𝑎+𝜅𝑓𝑥,−𝜇
𝑥,−𝜇

𝑥

⎤

⎥

⎥

⎥

⎦

. (A.14)

To prepare for the integration over the original Grassmann variables it is useful to change the order of the products over 𝜇 and 𝑓 in 
each of the factors in (A.14) so that the Grassmann variables are sorted by flavor. We obtain

Ψ =
∏

𝑥

⎡

⎢

⎢

⎢

⎣

∐

𝑓

∐

𝜇

𝑘̄𝑓𝑥,−𝜇
∐

𝑎=1
𝜓̄
𝑓,𝓁

𝑎+𝜅̄𝑓𝑥,−𝜇
𝑥,−𝜇

𝑥

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

∐

𝑓

∐

𝜇

𝑘𝑓𝑥,𝜇
∐

𝑎=1
𝜓̄
𝑓,𝑖

𝑎+𝜅𝑓𝑥,𝜇
𝑥,𝜇

𝑥

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎣

∐

𝑓

𝑤𝑓𝑥
∐

𝑎=1
𝜓̄𝑓,𝑣

𝑓,𝑎
𝑥

𝑥

⎤

⎥

⎥

⎦

×
⎡

⎢

⎢

⎣

∏

𝑓

𝑤𝑓𝑥
∏

𝑎=1
𝜓𝑓,𝑣

𝑓,𝑎
𝑥

𝑥

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

∏

𝑓

∏

𝜇

𝑘̄𝑓𝑥,𝜇
∏

𝑎=1
𝜓
𝑓,𝑚

𝑎+𝜅̄𝑓𝑥,𝜇
𝑥,𝜇

𝑥

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

∏

𝑓

∏

𝜇

𝑘𝑓𝑥,−𝜇
∏

𝑎=1
𝜓
𝑓,𝑗

𝑎+𝜅𝑓𝑥,−𝜇
𝑥,−𝜇

𝑥

⎤

⎥

⎥

⎥

⎦

. (A.15)

All sign factors that are generated by changing the order of the products cancel after the product over sites is performed. To show 
this, we first consider the two brackets involving 𝑘𝑓𝑥,𝜇 in (A.14), which can symbolically be written as

∐

𝜇

∐

𝑓
(𝛼𝑓𝜇 )

𝑘𝑓𝜇 and
∏

𝜇

∏

𝑓
(𝛽𝑓𝜇 )

𝑘𝑓𝜇 , (A.16)

where we use (𝛼)𝑘 for a coproduct and (𝛽)𝑘 for a product of 𝑘 different Grassmann variables (the Grassmann variables inside these 
products do not get reordered). When reversing the order of the products over 𝜇 and 𝑓 , the commutations of Grassmann variables 
generate a sign factor 𝜎 that is identical for both terms since the same commutations are performed but in opposite directions, 

∐

𝜇

∐

𝑓
(𝛼𝑓𝜇 )

𝑘𝑓𝜇 = (𝛼𝑁f𝑑 )𝑘
𝑁f
𝑑 ⋯ (𝛼1𝑑 )

𝑘1𝑑 ⋯ (𝛼𝑁f1 )𝑘
𝑁f
1 ⋯ (𝛼11 )

𝑘11

= 𝜎 × (𝛼𝑁f𝑑 )𝑘
𝑁f
𝑑 ⋯ (𝛼𝑁f1 )𝑘

𝑁f
1 ⋯ (𝛼1𝑑 )

𝑘1𝑑 ⋯ (𝛼11 )
𝑘11 = 𝜎

∐

𝑓

∐

𝜇
(𝛼𝑓𝜇 )

𝑘𝑓𝜇 , (A.17a)

∏

𝜇

∏

𝑓
(𝛽𝑓𝜇 )

𝑘𝑓𝜇 = (𝛽11 )
𝑘11 ⋯ (𝛽𝑁f1 )𝑘

𝑁f
1 ⋯ (𝛽1𝑑 )

𝑘1𝑑 ⋯ (𝛽𝑁f𝑑 )𝑘
𝑁f
𝑑

= 𝜎 × (𝛽11 )
𝑘11 ⋯ (𝛽1𝑑 )

𝑘1𝑑 ⋯ (𝛽𝑁f1 )𝑘
𝑁f
1 ⋯ (𝛽𝑁f𝑑 )𝑘

𝑁f
𝑑 = 𝜎

∏

𝑓

∏

𝜇
(𝛽𝑓𝜇 )

𝑘𝑓𝜇 . (A.17b)

Hence, since 𝜎2 = 1, no net sign factor is generated when considering the product of both terms. A similar argument applies to the 
two brackets involving 𝑘̄𝑓𝑥,𝜇 in (A.14).

In (A.15) we now merge three products over 𝑓 into one, for both 𝜓̄ and 𝜓 , resulting in
Ψ =

∏

𝑥
𝜎(2)𝑥

∐

𝑓
Ψ̄𝑓
𝑥

∏

𝑓
Ψ𝑓
𝑥 (A.18)

with 

Ψ̄𝑓
𝑥 =

⎡

⎢

⎢

⎢

⎣

∐

𝜇

𝑘̄𝑓𝑥,−𝜇
∐

𝑎=1
𝜓̄
𝑓,𝓁

𝑎+𝜅̄𝑓𝑥,−𝜇
𝑥,−𝜇

𝑥

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

∐

𝜇

𝑘𝑓𝑥,𝜇
∐

𝑎=1
𝜓̄
𝑓,𝑖

𝑎+𝜅𝑓𝑥,𝜇
𝑥,𝜇

𝑥

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎣

𝑤𝑓𝑥
∐

𝑎=1
𝜓̄𝑓,𝑣

𝑓,𝑎
𝑥

𝑥

⎤

⎥

⎥

⎦

, (A.19a)

Ψ𝑓
𝑥 =

⎡

⎢

⎢

⎣

𝑤𝑓𝑥
∏

𝑎=1
𝜓𝑓,𝑣

𝑓,𝑎
𝑥

𝑥

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

∏

𝜇

𝑘̄𝑓𝑥,𝜇
∏

𝑎=1
𝜓
𝑓,𝑚

𝑎+𝜅̄𝑓𝑥,𝜇
𝑥,𝜇

𝑥

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

∏

𝜇

𝑘𝑓𝑥,−𝜇
∏

𝑎=1
𝜓
𝑓,𝑗

𝑎+𝜅𝑓𝑥,−𝜇
𝑥,−𝜇

𝑥

⎤

⎥

⎥

⎥

⎦

(A.19b)

and a new sign factor

𝜎(2)𝑥 ≡ (−) 𝑝4+𝑝5 with 𝑝4 ≡
𝑁f−1
∑

𝑓=1
𝑘𝑓+𝑥

𝑁f
∑

𝑓 ′=𝑓+1
𝑤𝑓

′
𝑥 +

𝑁f−1
∑

𝑓=1
𝑘̄𝑓−𝑥

𝑁f
∑

𝑓 ′=𝑓+1

(

𝑤𝑓
′

𝑥 + 𝑘𝑓
′+

𝑥

)

and 𝑝5 ≡ 𝑝4(𝑘↔ 𝑘̄) , (A.20)

where

𝑘𝑓±𝑥 ≡
∑

𝜇
𝑘𝑓𝑥,±𝜇 and 𝑘̄𝑓±𝑥 ≡

∑

𝜇
𝑘̄𝑓𝑥,±𝜇 . (A.21)
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Since Ψ̄𝑓
𝑥  and Ψ𝑓

𝑥  have the same Grassmann parity due to (A.11), we can use (A.2) to rewrite (A.18) as 
Ψ =

∏

𝑥
𝜎(2)𝑥

∏

𝑓
Ψ̄𝑓
𝑥Ψ

𝑓
𝑥 . (A.22)

We can now integrate out the original Grassmann variables on each site flavor by flavor. For a single flavor on a single site we 
have 

∫ 𝑑𝜓𝑑𝜓̄
𝐴
∐

𝑎=1
𝜓̄ 𝑖

𝑎
𝐵
∏

𝑏=1
𝜓 𝑗

𝑏
= ∫

𝑁c
∐

𝑘=1
𝑑𝜓𝑘

𝑁c
∏

𝓁=1
𝑑𝜓̄𝓁

𝐴
∐

𝑎=1
𝜓̄ 𝑖

𝑎
𝐵
∏

𝑏=1
𝜓 𝑗

𝑏
= 𝛿𝐴,𝑁c𝜀𝑖1⋯𝑖𝐴 ⋅ 𝛿𝐵,𝑁c𝜀𝑗1⋯𝑗𝐵 , (A.23)

where we have omitted the site and flavor indices for simplicity. To apply this integral to (A.22) we move each commuting pair of 
differentials 𝑑𝜓̄𝑓𝑥 𝑑𝜓𝑓𝑥  in (A.1) in front of the corresponding Ψ̄𝑓

𝑥Ψ
𝑓
𝑥 . After integrating 𝜓̄𝑓𝑥  and 𝜓𝑓𝑥  for every flavor 𝑓 and every site 𝑥

we obtain

∫

[

∏

𝑥
𝑑𝜓𝑥𝑑𝜓̄𝑥

]

 = ∫
𝜒

∏

𝑥
𝐾𝑥𝜎𝑥

∏

𝑓

(2𝑚𝑓 )𝑤
𝑓
𝑥

𝑤𝑓𝑥 !
𝐸𝑓𝑥Θ(𝑤

𝑓
𝑥 ) 𝛿ℎ𝑓,in𝑥 ,ℎ𝑓,out𝑥

, (5.1)

where

𝜎𝑥 = 𝜎(1)𝑥 𝜎(2)𝑥 (A.24)

is the combined sign factor on site 𝑥 and
𝐸𝑓𝑥 = 𝜀

𝑣𝑓,1𝑥 ,…,𝑣
𝑓,𝑤𝑓𝑥
𝑥 ,𝑖

𝜅𝑓𝑥,1+1

𝑥,1 ,…,𝑖
𝜅𝑓𝑥,1+𝑘

𝑓
𝑥,1

𝑥,1 ,…,𝑖
𝜅𝑓𝑥,𝑑+1

𝑥,𝑑 ,…,𝑖
𝜅𝑓𝑥,𝑑+𝑘

𝑓
𝑥,𝑑

𝑥,𝑑 ,𝓁
𝜅̄𝑓𝑥,−1+1

𝑥,−1 ,…,𝓁
𝜅̄𝑓𝑥,−1+𝑘̄

𝑓
𝑥,−1

𝑥,−1 ,…,𝓁
𝜅̄𝑓𝑥,−𝑑+1

𝑥,−𝑑 ,…,𝓁
𝜅̄𝑓𝑥,−𝑑+𝑘̄

𝑓
𝑥,−𝑑

𝑥,−𝑑

× 𝜀
𝑣𝑓,1𝑥 ,…,𝑣

𝑓,𝑤𝑓𝑥
𝑥 ,𝑚

𝜅̄𝑓𝑥,1+1

𝑥,1 ,…,𝑚
𝜅̄𝑓𝑥,1+𝑘̄

𝑓
𝑥,1

𝑥,1 ,…,𝑚
𝜅̄𝑓𝑥,𝑑+1

𝑥,𝑑 ,…,𝑚
𝜅̄𝑓𝑥,𝑑+𝑘̄

𝑓
𝑥,𝑑

𝑥,𝑑 ,𝑗
𝜅𝑓𝑥,−1+1

𝑥,−1 ,…,𝑗
𝜅𝑓𝑥,−1+𝑘

𝑓
𝑥,−1

𝑥,−1 ,…,𝑗
𝜅𝑓𝑥,−𝑑+1

𝑥,−𝑑 ,…,𝑗
𝜅𝑓𝑥,−𝑑+𝑘

𝑓
𝑥,−𝑑

𝑥,−𝑑

, (5.7)

is the result of the integration over the original Grassmann variables for flavor 𝑓 .

Appendix B.  Expansion coefficients for a 𝟐 × 𝟐 lattice

The expansion coefficients 𝑍𝑛 in (7.1) can be computed analytically for a 2 × 2 lattice and are given, up to 𝑛 = 4, by 

𝑍0(𝑚, 𝜇) = 4096𝑚12 + 24576𝑚10 + 53248𝑚8 + 50944𝑚6 + 21248𝑚4 + 9760𝑚2

3
+ 998

9
+
(

256𝑚6 + 384𝑚4 + 160𝑚2 + 16
)

cosh (6𝜇) + 2 cosh (12𝜇) , (B.1a)

𝑍1(𝑚, 𝜇) =
1024𝑚8

3
+ 10240𝑚6

9
+ 29632𝑚4

27
+ 26080𝑚2

81
+ 5380

243
+
(

128𝑚4

3
+ 416𝑚2

9
+ 80

9

)

cosh (6𝜇) , (B.1b)

𝑍2(𝑚, 𝜇) =
4096𝑚12

9
+ 8192𝑚10

3
+ 482048𝑚8

81
+ 1405312𝑚6

243
+ 1820704𝑚4

729
+ 100624𝑚2

243
+ 13034

729

+
(

2432𝑚6

81
+ 11936𝑚4

243
+ 17648𝑚2

729
+ 2344

729

)

cosh (6𝜇) + 2
9
cosh (12𝜇) , (B.1c)

𝑍3(𝑚, 𝜇) =
2048𝑚12

81
+ 4096𝑚10

27
+ 804352𝑚8

2187
+ 325312𝑚6

729
+ 21232𝑚4

81
+ 134452𝑚2

2187
+ 8887

2187

+
(

448𝑚6

243
+ 16768𝑚4

2187
+ 14548𝑚2

2187
+ 2714

2187

)

cosh (6𝜇) + 1
81

cosh (12𝜇) , (B.1d)

𝑍4(𝑚, 𝜇) =
166400𝑚12

6561
+ 332800𝑚10

2187
+ 2201008𝑚8

6561
+ 2201512𝑚6

6561
+ 1788793𝑚4

11664
+ 2968507𝑚2

104976
+ 646769

419904

+
(

3880𝑚6

2187
+ 22054𝑚4

6561
+ 13085𝑚2

6561
+ 938

2916

)

cosh (6𝜇) + 325
26244

cosh (12𝜇) . (B.1e)
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