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We present the first lattice quantum chromodynamics (QCD) determination of coupled DD�
s and D�Ds

scattering amplitudes in the JP ¼ 1þ channel and elasticDDs scattering amplitude in the JP ¼ 0þ channel.
The aim is to investigate whether tetraquarks with flavor ccūs̄ exist in the region near threshold. Lattice
QCD ensembles from the CLS consortium with mπ ∼ 280 MeV, a ∼ 0.09 fm and L=a ¼ 24, 32 are
utilized. Finite-volume spectra are determined via variational analysis of two-point correlation matrices,
computed using large bases of operators resembling bilocal two-meson structures within the distillation
framework. The scattering matrix for partial wave l ¼ 0 is determined using lattice eigenenergies from
multiple inertial frames following Lüscher’s formalism as well as following the solutions of Lippmann-
Schwinger equation in the finite-volume on a plane-wave basis. We observe small nonzero energy shifts in
the simulated spectra from the noninteracting scenario in both the channels studied, which points to rather
weak nontrivial interactions between the mesons involved. Despite the nonzero energy shifts, the lattice-
extracted S-wave amplitudes do not carry signatures of any hadron pole features in the physical amplitudes
in the energy region near the threshold.

DOI: 10.1103/tdjf-4l5v

I. INTRODUCTION

Several discoveries in the past two decades challenge the
conventional picture of hadrons either as mesonlike (quark-
antiquark) or baryonlike (three-quark) objects. These newly
discovered states, commonly referred to as exotics or
XYZTs, have garnered significant theoretical interest in
the recent years, thanks to all the experimental efforts
across the globe. One particularly intriguing case is that of
the Tþ

ccð3875Þ tetraquark, recently discovered in proton-
proton collisions at the LHCb experiment [1,2]. This state
was observed as a resonance peak in the mass spectrum of
D0D0πþ mesons, appearing immediately below theD�þD0

mass threshold. With the minimal quark content ccūd̄

and most likely quantum numbers IðJPÞ ¼ 0ð1þÞ, the
Tþ
ccð3875Þ tetraquark is the longest-lived exotic state

observed to this date. This discovery has sparked signifi-
cant interest in exploring the potentially rich family of
exotic hadrons containing two heavy quarks.
The existence of doubly heavy tetraquarks at varying

heavy quark masses have been theoretically proposed/
predicted since early 1980s [3,4]. Since then, numerous
theoretical investigations have also been made over these
decades, with a proliferating number of studies following
the discovery of Tþ

cc, cf., Refs. [5–7] for detailed reviews.
Although there is a general theoretical consensus that the
doubly bottom tetraquark system could be stable under
QCD interactions in the heavy-quark mass limit [4,8,9], the
experimental prospects for the discovery of such a deeply
bound state in the near future is limited. From different
theoretical studies, two strong candidates among the
doubly heavy tetraquarks favoring bound state formation
correspond to isoscalar axialvector bbūd̄ and isodoublet
axialvector bbūs̄ tetraquarks. The discovered ccūd̄ tetra-
quark is considered to be the charm partner of the isoscalar
axialvector bbūd̄ tetraquark, whereas the charm partner
ccūs̄ of the isodoublet axialvector bbūs̄ tetraquark still
lacks experimental evidence. Considering the experimental
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advancements in dicharmonium [1,10] and dibottomonium
production [11], the tetraquark with minimal quark content
ccūs̄ and isospin 1

2
could be a promising candidate for

experimental search in the near future.
Following the doubly charm baryon discovery in 2017

[10], the theory community has been giving more attention
to the studies of doubly heavy tetraquarks. Although
majority of studies considered QQūd̄ with heavy quarks
Q ¼ c, b, the strange tetraquarks QQūs̄ have also been
addressed by several phenomenological investigations.
These include those based on Heavy Quark Symmetry
and mass relations [9,12], relativistic quark model [13,14],
chiral quark soliton model [15], effective theory for the
heavy meson interactions [16–19]1 and QCD sum rules
[20]. Except [13], generally predictions for bbūs̄ axialvec-
tor tetraquark points to the existence of stable configuration
with respect to strong interaction. Phenomenological pre-
dictions for scalar ccūs̄ tetraquark are scattered 200 MeV
above the DDs threshold and higher, whereas most
predictions for axialvector ccūs̄ tetraquark lie at least
100 MeV above the DD�

s threshold. Note that despite
this qualitative consistency in expectations for ccūs̄ tetra-
quarks, the mass estimates for isoscalar ccūd̄ tetraquark
from these studies are scattered.
A possible phenomenological reason why a ccūs̄ con-

figuration is less likely to form a bound state than ccūd̄ lies
in the relative binding strengths of the associated light
antidiquarks. Specifically, the scalar light antidiquark ½ūs̄�
is expected to be less bound than the “good” scalar light
antidiquark ½ūd̄� [21,22]. Considering effective theories of
meson-meson interactions, the exchange of light mesons π
and ρ in the system Dð�ÞDð�Þ might naturally lead to a
stronger interaction than the exchange of heavier K and K�

in the system Dð�ÞDð�Þ
s [18]. Phenomenological approaches

such as those utilizing effective theories consider only a few
of the binding mechanisms which may be important, and a
thorough theoretical understanding would preferably rely
directly on first principles investigations of QCD.
Lattice QCD offers a nonperturbative, first-principles

framework for studying QCD in the hadronic regime,
providing results with quantifiable systematic and statis-
tical uncertainties. In recent years, several lattice studies
have been performed on isoscalar doubly bottom tetra-
quarks bbūd̄ [23–34], isodoublet doubly bottom tetra-
quarks bbūs̄ [25,26,29,32,33,35], isoscalar bottom-charm
tetraquarks bcūd̄ [35–38] and isoscalar doubly charm
tetraquarks ccūd̄ [26,39–44]. A detailed review of various
lattice investigations can be found in Refs. [45,46]. More
recently lattice investigations have been performed
with increased rigor in terms of the extraction of the

corresponding scattering amplitude from the finite-volume
(FV) two-point correlation functions. Although there are
some differences in the extraction procedure of amplitudes,
a common feature among all these studies is the use of
heavier-than-physical pion masses. In the calculations of
Tcc in DD� scattering, this leads to a strong interaction
stable D� meson allowing the system to be treated with a
two-body DD� scattering.2 All lattice simulations of DD�
scattering find significant attraction between D and D�,
which leads to a shallow subthreshold pole on the second
Riemann sheet, either at real or complex energy.
Lattice calculations for the bbūs̄ system report the

existence of a bound Tbbūs̄ tetraquark with JP ¼ 1þ and
a binding energy in the interval [30, 100] MeV with respect
to the strong decay threshold BB�

s [25,26,29,32,33,35]. The
mass of this state m has most often been taken as the finite
volume ground state energy (m ¼ E1) in the rest frame
P ¼ 0, which is a valid approach for states well below
threshold. The majority of these lattice determinations did
not proceed beyond evaluating the rest frame energy
spectrum and/or energy splittings. The heavy-quark mass
dependence of the tetraquark QQūs̄ from a recent lattice
simulation [33] indicates that the mass of this tetraquark
would match the energy of the strong decay threshold at
about mb=mQ ≃ 2 [3], so the bound state would dissolve
roughly at and below mQ ≃mb=2. This suggests that the
ccūs̄ channel would not feature a strongly bound tetraquark.
Given that ccūs̄ tetraquarks, if they exist, are expected

near or above threshold, their existence has to be inferred
from poles in the associated scattering amplitudes. The
relevant amplitudes have not been previously determined
from lattice QCD. The two existing lattice simulations
[26,39] of the channel ccūs̄ extracted only the FV eige-
nenergies. The small energy shifts observed in the FV
eigenenergies from noninteracting energies in Ref. [39]
suggest nontrivial interactions in the scalar as well as
axialvector channels. In Ref. [26], no conclusive signatures
for nontrivial interactions were observed in the axialvector
channel, with the shift of the ground state energy found to
be consistent with zero after the continuum extrapolation.
In this work, we perform the first lattice QCD determi-

nation of the elastic DDs scattering amplitude in the
JP ¼ 0þ channel and the coupled DD�

s and D�Ds scatter-
ing amplitudes in the JP ¼ 1þ channel, in search of
signatures for potential tetraquarks with flavor content
ccūs̄ in the near-threshold region. Variationally determined
low energy FV spectra in two lattice QCD ensembles with
different spatial volumes and in multiple moving frames

1Reference [19] considers axial vectors in hidden charm
channels D̄ð�ÞDð�Þ

s , while authors expect those are related to
the doubly charm channel.

2A topical aspect in these calculations is the presence of
logarithmic branch cuts arising from crossing channel process in
the partial-wave projected amplitudes. We give a brief discussion
on the relevant logarithmic branch cuts in our study and ignore
such effects during the amplitude extraction.

3Assuming that the relation m ¼ E1ðP ¼ 0Þ still applies near
threshold.
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for the ccūs̄ channels are utilized to extract the relevant
scattering amplitudes. We employ two different prescriptions
for the FV spectral quantization: one following the widely
utilized Lüscher’s prescription [47,48] and the second one
following the solutions of Lippmann-Schwinger equation
defined in FV and on a plane-wave basis.
The outline of this article is as follows. In Sec. II, we list

various relevant channels in S-wave and their quantum
numbers, along with the next few higher partial waves
contributions appearing in the infinite-volume and are
relevant in FV. A brief discussion on the logarithmic
branch cuts from crossing channels in each of the channels
studied is given in Sec. III. We discuss various technical
details associated with this lattice QCD investigation
in Sec. IV. These include the details of the lattice QCD
ensembles used, the correlation measurement setup uti-
lized, the operator basis employed, and the energy fits
performed. The results and the discussions on the extracted
FV spectra are presented in Sec. V. Our main results on the
scattering amplitudes and the underlying hadronic pole
information are discussed in Sec. VI. Finally, we summa-
rize and conclude our findings in Sec. VII.

II. CHANNELS AND PARTIAL WAVES

There are four low lying two-meson channels that
are relevant in a study of tetraquarks with explicit flavor
content ccūs̄, that has isospin (1=2) and strangeness (þ1).
Suppressing the electric charge indices for brevity, they
are DDs, DD�

s , D�Ds, and D�D�
s . Limiting to the

S-wave interactions within these two-meson channels,
there are three sets of total angular momentum-parity JP

quantum numbers that are interesting in the near-threshold
regions

(i) scalar (JP ¼ 0þ) in the DDs system,
(ii) axialvector (JP¼1þ) in the coupledDD�

s −D�Ds −
D�D�

s system,
(iii) tensor (JP ¼ 2þ) in the D�D�

s system.
More generally, in Table I, we list the set of JP (up to
J ≤ 2), the partial waves (up to l ≤ 2) and different
total intrinsic spins (s̃) that can lead to different JP values,
including the ones above.
Since there is only one light quark, there is no

symmetry in the flavor sector under interchange of the

Dð�Þ
ðsÞ mesons. Thus several combinations of Dð�Þ

ðsÞ are

allowed, although similar combinations were disallowed
in the case for the flavor content ccūd̄ (where s̄ antiquark
is replaced with d̄ antiquark), that assumed isospin
symmetry. In the case (i), the lowest inelastic threshold
corresponds to D�D�

s channel and opens at a significantly
higher energy and hence we ignore this channel in this
study. For the case (ii), that have nonzero total intrinsic
spin, there could also be dynamical mixing contributions
from l ¼ 2ðDÞ partial waves in both DD�

s and D�Ds

channels, forming a twin-coupled channel 3S1 − 3D1

system, expressed in the standard spectroscopic notation
2s̃þ1lJ. D�D�

s scattering poses additional complication
in this channel, as it also can contribute via both S and
D-wave interactions. We address the S-wave effects from
D�D�

s scattering up to the stage of FV spectrum extrac-
tion, whereas we ignore all nonzero partial waves
components in the D�D�

s channels starting from the stage
of interpolators used. This approximation is justified as
all D�D�

s-type interpolators with nonzero partial waves
require internal meson momenta and hence lie higher in
energy. In the case (iii), such dynamical mixing of partial
waves is even more involved with the S-wave scenario.
At this point we suggest the readers, who are primarily
interested in the extracted infinite-volume S-wave ampli-
tudes (fl; s̃g combinations highlighted in bold faced text
in Table I), may direct themselves to Sec. VI.

III. MESON EXCHANGE LEFT-HAND CUTS

Before we move on the details of the calculation, we
remark on an important aspect in the study of two-hadron
scattering in FV. Recently it was pointed out by several
authors that the commonly used 2 → 2 Lüscher’s prescrip-
tion to investigate hadron-hadron interactions in FV [47,48]
is not only blind to the three particle effects near and above
the lowest three particle threshold, but also to the effects
of logarithmic cut arising from a light meson exchange

TABLE I. Different combinations fl; s̃g of partial wave l and
spin s̃ relevant for the JP values up until l ≤ 2 and J ≤ 2. The
fl; s̃g that are addressed up to the stage of the amplitude analysis
are shown in bold faced text, whereas the combinations identified
with a † are ignored even at the level of the correlation function
measurements. The P-wave combinations that are considered in
the amplitude fits, with an aim to filter out their contamination in
the extracted S-wave amplitudes are identified with a $ symbol.

JP fl; s̃g Channel

0þ f0; 0g DDs
f0; 0g† D�D�

s
f2; 2g† D�D�

s

1− f1; 0g$ DDs
f1; ½0; 1; 2�g† D�D�

s

0− f1; 1g$ DD�
s ; D�Ds

f1; 1g† D�D�
s

1þ f0; 1g DD�
s ; D�Ds; D�D�

s
f2; 1g DD�

s ; D�Ds
f2; ½1; 2�g† D�D�

s

2þ f2; 0g DDs
f2; 1g DD�

s ; D�Ds
f0; 2g D�D�

s
f2; ½1; 2�g† D�D�

s

2− f1; 1g DD�
s ; D�Ds

f1; ½1; 2�g† D�D�
s
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(or one-pion-exchange [OPE]) in the crossed channel, that
can have a branch point on the left of the two particle
threshold [49,50]. This means the range of validity of the
2 → 2 Lüscher’s FV scattering prescription is limited to
the center-of-momentum energy Ecm, Elhc < Ecm < Eine,
where Eine is the lowest three particle threshold and Elhc is
the left-hand-cut (lhc) branch point. Such lhc effects could
be critical in extracting the infinite volume physics, if the
FV eigenenergies used to extract are close to or below the
corresponding branch point [40,43,49]. For example,
in our previous study of DD� scattering at a pion mass
mπ ∼ 280 MeV, the lhc branch point due to pion exchange
lies right next to the lowest energy levels (see Figs. 3 and 9
in Ref. [43]). In this section, we briefly discuss the relevant
light mesons that can lead to such lhc s in the channels
studied and their associated branch points. We observe that
there are no eigenenergies close to the relevant lhc branch
points in this study (except for the one associated with
D�D�

s channel) and hence we ignore any related effects on
the extracted amplitudes.
Considering one-channel scattering of particles A andB in

Fig. 1, with MA > MB, let us derive the three-momentum-
squared p2

lhc of the scattering particles in the center-of-
momentum frame at which the particle of mass Me
exchanged in u-channel comes on-shell. Following
Ref. [51], we use the relation between Mandelstam variables

sþ tþ u ¼ 2ðM2
A þM2

BÞ
s ¼ ðpA;in þ pB;inÞ2;
t ¼ ðpA;in − pA;outÞ2;
u ¼ ðpA;in − pB;outÞ2; ð1Þ

The lhc branch point of the partial-wave projected amplitude
is given by slhc ¼ 2M2

A þ 2M2
B − t − u with u ¼ M2

e and
minimal t ≃ 0

4

slhc ¼ 2M2
A þ 2M2

B −M2
e

¼ ðMA þMBÞ2 þ ðMA −MBÞ2 −M2
e ð2Þ

Using the energy-momentum dispersion relation, we extract
the branch point in the momentum-squared as

ðp1e
lhcÞ2 ¼

ðslhc − ðMA þMBÞ2Þðslhc − ðMA −MBÞ2Þ
4slhc

¼ ðMA −MBÞ2 −M2
e

4

�
1 −

ðMA −MBÞ2
slhc

�
: ð3Þ

Taking MA −MB ¼ ΔM and assuming ΔM2=slhc to be
small, as is typically the case in scattering of heavy mesons
scattering, the branch point appears below the threshold at

ðp1e
lhcÞ2 ¼ −

1

4
½M2

e − ðMA −MBÞ2�: ð4Þ

and extends to the left, therefore the name left-hand-cut [49].
We utilize this formulas to evaluate the single meson
exchange lhc branch point in the respective channels in
the next section.

IV. TECHNICAL DETAILS

Conventionally, hadron spectroscopy using lattice meth-
odology proceeds through the evaluation of two-point
correlation functions

CijðtÞ ¼
X
x

hOiðP; tÞO†
jðP; 0Þi ¼

X
n

Zn
i Z

n†
j

2En e−E
nt ð5Þ

on Markov chain Monte Carlo based importance sampled
lattice QCD configurations. In Eq. (5), OiðP; tÞ are inter-
polators designed to carry the desired quantum numbers,
with P being the total spatial momentum in the lab frame.
Zn
i ¼ hOijni is the operator-state-overlap that carry the

quantum numbers, while the exponential factor contains the
energy En of the state. The FV energy levels are extracted
from asymptotic behavior of these two-point functions,
which are then utilized to extract the infinite volume
physics. In this section, we present the technical details
of the configurations employed in this study, the interpo-
lators implemented and procedure followed in extracting
the FV energies.

A. Lattice setup

We utilize two ensembles with dynamical u=d, s quarks
generated by the coordinated lattice simulations (CLS)
consortium [52,53] with an inverse gauge coupling
β ¼ 6=g2 ¼ 3.4 [corresponding to a lattice spacing
a ¼ 0.08636ð98Þð40Þ fm] [54] and lattice extents
NT × N3

L ¼ 128 × 243 and 96 × 323 (referred to as H105
and U101, respectively). For our analysis, we utilize 494
(258) configurations of the large (small) volume ensemble.
The dynamical quark fields are realized using a non-
perturbatively improved Wilson-clover action, with the
degenerate light quark masses (mu=d) corresponding to a
pion mass mπ ∼ 280 MeV and the strange quark mass
corresponding to a K-meson mass mK ∼ 467 MeV.

FIG. 1. Left: s-channel diagram. Right: u-channel diagram.

4Minimal t ≃ −ðpA;in − pA;outÞ2 ¼ −2p2ð1 − cos θÞ ¼ 0 below
threshold p2 < 0 occurs at cos θ ¼ 1, where the recoil of heavy
mesons has been neglected.
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Note that lighter than physicalmK is a result of the strategy,
adopted by the CLS consortium, to approach the physical
point along a trajectory of fixed average quark mass
2mu=d þms. The gauge and the fermion fields fulfill open
boundary conditions in the time direction and periodic
boundary conditions in the spatial directions.
The valence charm quark is realized using the same

relativistic action as for the sea quarks with the charm-quark
hopping parameter κc ¼ 0.12315, which leads to a slightly
heavier than the physical spin-averaged 1S-charmonium
massMav. Of the different κc-values utilized in our previous
investigations [40,43,55,56] this κc gives Mav closest to the
experimental value. Correlator measurements are made
employing Laplacian Heaviside smearing for the fermion
fields, otherwise referred to as distillation, see Refs. [57–59]
for details. We utilize 45 and 75 eigenvectors of the
discretized gauge-covariant Laplacian on the small and large
spatial volume ensemble, respectively. The sources are
placed in the bulk far away from the time boundary such
that any boundary effects have sufficiently died out [59].
The correlation functions are averaged over multiple
source timeslices and spin/momentum polarizations to
improve the statistical precision. The entire study follows
a bootstrap error analysis, in which the statistical uncer-
tainties are extracted from the spread of the central 68%
samples in the bootstrap sample distribution [55].
The single meson masses and energies are obtained using

a basis with two local operators (q̄1Γq2) with the following
gamma structures (Γ) for pseudoscalars and vectors:

JP ¼ 0−∶ γ5; γ5γt; JP ¼ 1−∶ γi; γiγt ð6Þ

We list the lattice estimates for the masses of various relevant
mesons in Table II. The resulting thresholds of the two-
meson channels listed in Sec. II are collected in Table III. We
remark that observables related to hadrons with valence
charm quarks could be plagued with non-negligible discre-
tization effects. In Ref. [59], we have compared the FV
energies of theD meson in nonzero momentum frames with

the corresponding expectations from continuum dispersion
relations. Small, but statistically significant, differences have
been found, indicating non-negligible cutoff effects. We
briefly revisit this point later in Sec. IVC.
Finally, we list the single-meson exchange lhc branch

points associated with different Dð�ÞDð�Þ
s scattering chan-

nels in Table IV. In the case of DDs elastic scattering, we
assign particles A and B in Sec. III to the Ds and D meson,
respectively, and the lightest allowed exchange particle
would be a K� meson. In the case of DD�

s scattering, one
could make the assignment A → D�

s and B → D. Similarly,
for the D�Ds channel, one can make the replacement
A → Ds and B → D�. For both channels, the K-meson
is the lightest allowed exchange particle. We list the lhc
branch points in terms of Elhc=Eth as well as ðp1e

lhc=EthÞ2 for
all these channels determined using Eq. (4). We indicate
these branch points in relevant figures with dotted lines. In
Table IV, we also present the lhc branch point in the DD�
channel arising from a π-exchange for comparison.

B. Interpolators

In this study, our focus is on the first two channels (with
JP ¼ 0þ and 1þ) listed in Sec. II. Due to the reduced
symmetries in FV, it is essential to address the contributions
from other continuum quantum channels that could
populate the spectrum in relevant FV irreducible represen-
tations (irreps) together with the S-wave channels of

TABLE II. Relevant single meson masses mH on both ensem-
bles for the bare charm mass corresponding to κc ¼ 0.12315. The
numbers in physical units [MeV] are obtained using the scale
a ¼ 0.08636ð98Þð40Þ fm [54].

Meson NL ¼ 32 NL ¼ 24

D 1926ðþ1
−1 Þ 1931ðþ2

−2 Þ
Ds 1980ðþ1

−1 Þ 1979ðþ2
−1 Þ

D� 2048ðþ2
−2 Þ 2051ðþ4

−4 Þ
D�

s 2097ðþ1
−1 Þ 2098ðþ2

−2 Þ
K 467ðþ3

−3 Þ 464ðþ3
−3 Þ

K� 879ðþ11
−11 Þ 900ðþ9

−9 Þ

TABLE III. Energy of various relevant two-meson thresholds
Eth on each ensemble in physical units [MeV].

NL ¼ 32 NL ¼ 24

DDs 3906ðþ2
−2 Þ 3911ðþ4

−3 Þ
DD�

s 4024ðþ2
−2 Þ 4030ðþ4

−3 Þ
D�Ds 4027ðþ2

−3 Þ 4031ðþ5
−5 Þ

D�D�
s 4145ðþ3

−3 Þ 4150ðþ6
−5 Þ

TABLE IV. The lhc branch points for different channels
considered in this work evaluated for the large volume ensemble.
The second column (ex) identifies the lightest allowed exchange
particle, whereas the third column indicates the reference thresh-
old in units of which the lhc branch points are presented. The
π-exchange lhc branch point in the DD� channel is also given for
comparison.

ex Eth Elhc=Eth ðp1Me
lhc =EthÞ2

DD� π DD� 0.9979 −0.00100
DDs K� DDs 0.9789 −0.01044
DD�

s K DD�
s 0.9942 −0.00291

DsD� K DD�
s 0.9945 −0.00267

D�
sD� K DD�

s 1.0236 0.01204
D�

sD� K D�D�
s 0.9937 −0.00314
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interest [60–62]. To this end, we utilize two-meson inter-
polators of type

ODð�ÞDð�Þ
s ðPÞ ¼

X
k;ðiÞ;ðjÞ

Ak;ðiÞ;ðjÞD
ð�Þ
ðiÞ ðp1kÞDð�Þ

sðjÞðp2kÞ;

with P ¼ p1k þ p2k; ð7Þ

following the same projection formulas used in
Refs. [40,55,59]. Operators with P ¼ 0 are constructed with
partial-wave method [63], while others are constructed with
projection method. Further details of the operator construc-
tion, partial-wave and lattice symmetry group projection can
be found in Ref. [63]. The individual charmed mesons are
realized using quark bilinears q̄Γc that are projected to a
definite momentum following the distillation framework.
The pseudoscalar and vector quark bilinears are realized with
two gamma structures listed in Eq. (6). With the two gamma
structures utilized for single meson components, we adopt
the strategy (like in our previous publications [40,43,56,64])
of constructing two-meson interpolators with or without γt
factors in both the single meson components. In this
investigation, we build correlation matrices for several irreps
in different inertial frames with total momenta jPjL=2π ¼
0; 1;

ffiffiffi
2

p
and 2. Table V is a compilation of all the irreps and

operator information relevant for the study of the scalar
channel, whereas Table VI carries the same information for
the study of axialvector channel.
We investigate theDDs correlator data in the A1 irreps in

all the momentum frames considered to access the scalar
ccūs̄ tetraquarks. The DD�

s and D�Ds channels cannot
contribute to the scalar quantum numbers, whereas the
D�D�

s channel opens significantly higher up in the spec-
trum (see Table III). Hence DDs scattering analysis can be
treated within an elastic approximation near the DDs

threshold. Even within this approximation, once we include
the moving frame data in the analysis, contributions from
JP ¼ 1− and 2þ quantum numbers could arise out of l ¼ 1
and l ¼ 2 partial waves in the DDs scattering (see Table I).
To gauge their contamination, we additionally include T−

1 ,
Tþ
2 , and Eþ irreps in the rest frame and B2 irrep5 in the

moving frame with jPjL=2π ¼ ffiffiffi
2

p
. We provide a detailed

account of different irreps and operators studied in this
regard, the contributing total angular momentum and the
related partial wave information in Table V. For the Tþ

2

irrep, one additionally has two-meson operators of type
DD�

s , D�Ds, and D�D�
s in the same energy range studied.

Hence the information related to the Tþ
2 irrep is presented

in Table VI together with other irreps utilized for
DD�

s −D�Ds inelastic system.
The axialvector channel is interesting from an exper-

imental perspective as the discovered Tcc tetraquark favors
these quantum numbers and from phenomenology as most
of the predictions in the doubly heavy tetraquark systems
are with JP ¼ 1þ. As considered in the previous works
for axial-vector channel in doubly heavy tetraquarks
[35–37,40–44], we utilize the correlation data in the Tþ

1

irrep in the rest frame and A2 irreps in the moving frame to
study about axialvector ccūs̄ tetraquarks. The instances of
multiple operators associated with the same noninteracting
levels are indicated with “×2” in the sixth column of
Table VI. Given that the lowest two relevant two-meson
scattering channels DD�

s and D�Ds in this case are close to
each other (see Table III), one has to treat this case as an

TABLE V. Compiled list of all the irreps and interpolators used in the study of scalar ccū s̄ tetraquarks. LG refers
to the spatial lattice symmetry group and Λ½P� indicates the FV irrep, and parity, if applicable. JP is the total angular
momentum-parity that can contribute to the FV irreps, and l refers to the two-meson partial wave that can lead to the
indicated JP values. The sixth column lists all the operators used in the respective irreps, while the numbers in the
last column indicate the total number of two meson interpolators Nops used; the second factor 2 accounts for two
different choices of gamma structures listed in Eq. (6).

PL=2π LG Λ½P� JP Partial wave (l) Interpolators: M1ðp1ÞM2ðp2Þ Nops

(0, 0, 0) Oh Aþ
1

0þ 0 D½000�Ds½000�;D½001�Ds½001� 2 × 2

T−
1 1− 1 D½001�Ds½001� 1 × 2

Eþ 2þ 2 D½001�Ds½001� 1 × 2

(0, 0, 1) Dic4 A1 0þ; 1−; 2þ 0, 1, 2 D½000�Ds½001�;
D½001�Ds½000�;D½001�Ds½011�; 4 × 2
D½011�Ds½001�

(0, 1, 1) Dic2 A1 0þ; 1−; 2þ 0, 1, 2 D½000�Ds½011�; 3 × 2
D½011�Ds½000�;D½001�Ds½010�

B2 1−; 2þ 1, 2 D½001�Ds½010�, 1 × 2

(0, 0, 2) Dic4 A1 0þ; 1−; 2þ 0, 1, 2 D½001�Ds½001� 1 × 2

5We follow the naming convention for the FV irreps consistent
with that used in the TwoHadronsInBox package made public by the
authors of Ref. [65].
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inelastic system. TheD�D�
s threshold lies relatively close to

some of the excited levels in the rest frame irreps Tþ
1 and

Tþ
2 , and hence the associated D�D�

s-like operators can
influence the energy estimates for these levels. To address
this, we include these relevant low-lying D�D�

s-like oper-
ators into the basis for Tþ

1 and Tþ
2 irreps. Similar to the case

for scalar channel, there are higher partial wave contribu-
tions that appear inevitably in the moving frame irreps
considered. The channels JP ¼ 0− and 2� arise from l ¼ 1
and 2 partial waves (see Table I). To constrain these
undesired contributions, we additionally include A−

1 , E
−,

and Tþ
2 rest frame irreps in our study.

Note that with the flavor content ccūs̄, one cannot have
quark bilinear operators of the form quark-antiquark. One
can indeed consider diquark-antidiquark type interpolators
such as those used in Refs. [26,39]. We have omitted such
interpolators from the basis, as operator ½cΓc�½ūCγ5s̄�
(Γ ¼ Cγi for axialvector channel and Γ ¼ Cγ5 for scalar
channel) was found to have negligible effects on eigene-
nergies in either of the ccūs̄ channels studied in Ref. [39]
and the diquark ½ūCγ5s̄� is known to be less bound than the
good diquark ½ūCγ5d̄� [22].

C. Energy fits

Correlation matrices C (5) are evaluated for all the irreps
and utilizing all the operators listed in Tables V and VI and

are variationally analyzed [66] following the solutions of
generalized eigenvalue problem (GEVP)

CðtÞvðnÞðtÞ ¼ λðnÞðtÞCðt0ÞvðnÞðtÞ; ð8Þ

where λðnÞðtÞ and vðnÞðtÞ are eigenvalues and the eigen-
vector representing the nth eigenlevel with energy En. t0 is
the reference time slice for the GEVP, which in our case is
chosen to be t0 ¼ 4, in general. The energy extraction
proceeds through single-exponential fits to λðnÞðtÞwith their
asymptotic form, limt→∞λ

ðnÞðtÞ ∼ Ane−Ent. The operator-
state overlap factors

Zn
i ¼ hOijni ¼

ffiffiffiffiffiffiffiffi
2En

p
ðV−1Þni eEnt0=2; ð9Þ

are related to the eigenvectors V ¼ fvðnÞg and provide
information on the nature of the eigenlevel extracted. The
signal quality and the large time saturation of the ground
state signal can be assessed from the effective energy defined
as aEn

eff ¼ ln½λðnÞðtÞ=λðnÞðtþ 1Þ�. In Fig. 2, we present
the aEn

eff for the lowest six states in the Tþ
1 irrep for the

large volume ensemble to demonstrate the signal quality.
The band represents the final chosen fit estimate and the
fitting time interval [tmin, tmax]. Considering the plateau
observed in aEn

eff , we make conservative choices for the

TABLE VI. Similar to Table V, but for the case of axial vector ccū s̄ tetraquarks. Partition horizontal lines in the
fifth and sixth columns separate partial wave projected operator sets across scattering channels and provide
respective partial wave information. This classification is made only in the rest frame irreps Tþ

1 and Tþ
2 as such a

projection is allowed only in the rest frame, where parity is a good quantum number. In the moving frames, we list
the operators corresponding to the lowest shell of noninteracting levels in theDD�

s andD�Ds channels, where partial
wave projection is invalid and multiple partial waves can in principle contribute.

PL=2π LG ΛP JP Partial wave (l) Interpolators: M1ðp1ÞM2ðp2Þ Nops

(0, 0, 0) Oh Tþ
1

1þ 0 D½000�D�
s ½000�;D½001�D�

s ½001� 7 × 2
D�½000�Ds½000�;D�½001�Ds½001�
D�½000�D�

s ½000�
2 D½001�D�

s ½001�;D�½001�Ds½001�
A−
1 0− 1 D½001�D�

s ½001�;D�½001�Ds½001� 2 × 2

E− 2− 1 D½001�D�
s ½001�;D�½001�Ds½001� 2 × 2

Tþ
2

2þ 2 D½001�D�
s ½001�;D�½001�Ds½001�; 4 × 2

0 D�½000�D�
s ½000�;

2 D½011�Ds½011�
(0, 0, 1) Dic4 A2 0−; 1þ; 2− 0, 1, 2 D½000�D�

s ½001�;D½001�D�
s ½000� 4 × 2

D�½000�Ds½001�;D�½001�Ds½000�
(0, 1, 1) Dic2 A2 0−; 1þ; 2− 0, 1, 2 D½000�D�

s ½011�;D½011�D�
s ½000� 8 × 2

D½001�D�
s ½010� × 2

D�½000�Ds½011�;D�½011�Ds½000�
D�½001�Ds½010� × 2

(0, 0, 2) Dic4 A2 0−; 1þ; 2− 0, 1, 2 D½001�D�
s ½001�;D�½001�Ds½001� 2 × 2

LATTICE STUDY OF ccū s̄ TETRAQUARK … PHYS. REV. D 112, 054513 (2025)

054513-7



fitting time intervals. Our main results for eigenenergies are
extracted from single exponential fits to λðnÞðtÞ in these
fitting time intervals. We additionally perform similar
fits to the ratios RnðtÞ ¼ λnðtÞ=Cm1;p1

ðtÞCm2;p2
ðtÞ, where,

Cmi;pi
are reference single meson correlation functions

with definite momentum pi, which are chosen based on
the normalized Z̃n

i factors, as practiced widely in the
literature. The normalization of the Zn

i factor is such that
for any given operator i, the largest normalized overlap
factor across all the extracted states fng is unity. The fits
to the ratio correlators RnðtÞ directly render the energy
difference estimate

ΔEn ¼ En − Em1
ðp1Þ − Em2

ðp2Þ: ð10Þ

The fit quality is influenced primarily by the early time
boundary tmin of the fitting time interval, whereas tmax is
less influential to χ2 cost functions used in the energy fits,
owing to the decreased signal-to-noise ratio. To this end, we
perform a comparative study of tmin dependence of ΔEn

in Eq. (10) evaluated from ratios RnðtÞ with energy
differences that are evaluated from separate fits to the
λðnÞðtÞ and single-meson correlators Cmi

for fixed late time
boundary tmax appropriately chosen for each correlator
data. In Fig. 3, we demonstrate the tmin dependence of the
six lowest levels in the Tþ

1 irrep for the large volume
ensemble, along with the Z̃n

i factors in the insets. The final
choice of the fitting time interval or equivalently tmin is
arrived at based on the consistency between these two

procedures in the region of ground state plateauing.
The bands indicate the final choice of the fit estimates,
whereas the reference two-meson noninteracting levels
are indicated in the legend.
The observation of small, but statistically significant

deviations of the lattice dispersion relation from that in the
continuum for charmed mesons, presented in Ref. [59],
suggests caution in the FV scattering analysis that generally
relies on continuum dispersion relations. To this end, we
have adopted the strategy, proposed and described in
Sec. IV. B of Ref. [59], for the two-meson spectra extracted
in this study. In this approach, the final eigenenergies
for the scattering analysis are built from the energy
splittings ΔEn by adding back the continuum energy
Econt
i ðpiÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

i þ p2
i

p
of both the mesons as

Ecalc
n ¼ ΔEn þ Econt

1 ðp1Þ þ Econt
2 ðp2Þ: ð11Þ

We observe that a different choice of noninteracting
reference level considering other near-degenerate energy
levels leads to consistent estimates for Ecalc

n . Similar
procedures are also followed by other groups, cf.,
Ref. [67]. For brevity, we drop the superscript “calc” from
Ecalc
n in the following discussions.
The above discussed procedure can introduce a systematic

uncertainty due to the difference in the single meson masses
(mi) measured on different volumes. Such systematic
variation in single meson masses across multiple volumes
were also indicated and addressed in Refs. [44,68].

FIG. 2. Effective energies as a function of the time interval for the GEVP eigenvalue correlators λnðtÞ. The plots are presented for the
lowest six states in the Tþ

1 irrep on the large volume ensemble. The bands represent the single-exponential fit estimates for the respective
energies and their errors.
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Single-meson mass difference can be observed to be
statistically significant for the D mesons, whereas other
charmed meson masses are consistent within the statistical
uncertainties. To account for this systematic, we investigate
the variation in the extracted amplitudes when choosing
different choices formmi

used in Eq. (11). We consider three
scenarios, where the single meson masses used in Eq. (11)
are either chosen from respective ensembles or from the
large or small volume ensembles. We also have investigated
the variation in extracted amplitudes while using the
reference single meson masses in the FV quantization
conditions (discussed later on in Sec. VI) by choosing those
either from large or small volume ensembles. We observe the
extracted amplitudes are robust to such variation in con-
ventions for single meson masses in our setup. Additionally,
we have performed another check by introducing a extra
factor 2 in the statistical uncertainties for single meson
masses, in which cases the variation in mmi

across different
volumes becomes statistically consistent. In all these analy-
sis, we find that the resulting variation in the extracted
amplitudes are negligible compared to the respective stat-
istical uncertainties.

V. FINITE VOLUME ENERGY EIGENVALUES

In Fig. 4, we present the extracted FVeigenenergies in all
the irreps and utilizing all the operators listed in Tables V
and VI. The eigenenergies are presented in the center-of-
momentum frame Ecm ¼ ðE2 − P2Þ1=2 and in units of
the energy of the DDs (top) and DD�

s (bottom) threshold.
The markers represent the simulated eigenenergies,
evaluated using Eq. (11), whereas the continuous curves
are the noninteracting levels in the different relevant two-
meson scattering channels labeled within the figure. The
noninteracting levels in lattice units are built using con-
tinuous dispersion relation aE ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðam1Þ2 þ ðap1Þ2

p
þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðam2Þ2 þ ðaðP − p1ÞÞ2
p

, where the meson masses ami
are taken from the large volume ensemble. A first-hand
information on the underlying interactions can be arrived at
from the observed deviations of the simulated energy levels
from the noninteracting scenario. The first observation is
that the rest frame ground state energy splittings in the Aþ

1

and Tþ
1 irreps extracted in this study are qualitatively

consistent with the observed patterns in the study reported
in Ref. [39]. In the rest of this section, we discuss a first

FIG. 3. Dependence of fitted energy estimates on the choice of tmin for different levels in the Tþ
1 irrep for the large volume ensemble.

The red markers are determined from the ratio of correlators (RnðtÞ defined in the text) followed by adding the associated noninteracting
level energy (indicated within each block) evaluated using continuum dispersion relation for single mesons. The black markers are based
on fits to the λðnÞðtÞ. The dashed horizontal black line in each subplot represents the reference noninteracting energy, calculated using the
individual meson masses and continuum dispersion relation. The inset figures showcase the normalized operator state overlaps (Z̃i

n),
such that the largest value of Z̃i

n for a given operator i across all states fng is unity. The x-axis in the inset figures denotes the operator
index (only for the cases with single meson components having gamma structures γ5 or γi) in the order provided in Table VI. The red,
green, and pink colored bars represent operators of typeDD�

s ,D�Ds, andD�D�
s . The operator ordering presented in the inset are listed in

the legend appended above the figure.
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impression of the nature of interactions that can be
immediately assessed from these energy deviations.

A. Scalar channel

As one can see in the top pane of Fig. 4, where the FV
eigenenergies in irreps relevant for the scalar ccūs̄ tetra-
quarks are presented, all the relevant low lying noninter-
acting levels correspond to the DDs channel. This justifies
an elastic approximation in this channel in the low energy
regime. The most relevant irrep, in this case, is Aþ

1 , where
the simulated energy levels are slightly positively shifted
with respect to the nearest noninteracting energies, sug-
gesting a repulsive nature of the interaction between the D
and Ds mesons at the length scales corresponding to the
momentum involved. This repulsive nature can also be
inferred from the positive energy shifts in the energy levels

within A1ð4Þ (where the number inside the bracket is jP2j).
However, note that in the irreps T−

1 ð0Þ and B2ð2Þ irreps,
where the lowest contributing partial wave is l ¼ 1, a
negative energy shift is evident pointing to the attractive
nature of interactions betweenD andDs mesons in P-wave.
Interestingly, in A1ð1Þ and A1ð2Þ irreps, where the l ¼ 0
and 1 partial waves can contribute, the simulated energy
levels are distributed symmetrically about the noninteract-
ing curves, suggesting a mixture of contributions from S
and P wave scattering. In the Eþð0Þ irrep, where l ¼ 2
partial wave can contribute, the simulated levels can
be observed to be consistent with noninteracting level.
Given this observation, we assume negligible interactions
between the D and Ds mesons in the l ¼ 2 partial wave.
Another irrep, where l ¼ 2 partial wave in DDs scattering
becomes relevant is Tþ

2 ð0Þ at an energy range about the

FIG. 4. The FVenergy eigenvalues for the coupled two-meson system involving channels DDs (blue dashed), DD�
s (red dot-dashed),

D�Ds (green solid),D�D�
s (purple solid). The y-axis represents the energies in the center-of-momentum frame in units ofDDs (top) and

DD�
s (bottom) threshold for varying spatial extent, of the boxes used, along the x-axis. The panes presented in the top are relevant for the

study of scalar channel, whereas the ones in the bottom are relevant for the axialvector channel. Different panes correspond to FV irreps
which are also labeled at the bottom with the corresponding P2 value in brackets. The black markers are the lattice-extracted
eigenenergies on the two ensembles utilized. The curves represent the energies of relevant low lying noninteracting levels as a function
of volume. The two-meson thresholds are presented in gray solid lines, whereas the faded colored curves in the high energy regions
within each irreps, correspond to the lowest shell of noninteracting two-meson levels that are ignored in the entire analysis. The lowest
three particle threshold DDsπ is the gray dotted horizontal line above the D�D�

s threshold.
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D�D�
s threshold, where we assume that this contribution is

going to be negligible and would hardly affect the rest of
the spectrum in the relevant energy range.

B. Axialvector channel

In this case, there are two two-meson decay channels
(DD�

s and D�Ds) that lie very close to each other in the
low energy regime. Thus scattering analysis in this case
should involve an inelastic treatment of the amplitude.
An interesting observation that is evident is the nature of
energy shifts in the lowest two levels in the Tþ

1 ð0Þ irrep,
which is the most relevant irrep in the study of axial-vector
channel. While the lowest energy gets a negative energy
shift, the first excited state displays a positive energy shift.
Such a behavior is apparent in both the ensembles studied,
with a larger shift for the small volume ensemble. Such a
pattern of energy shift can also be observed in the A2ð4Þ
irrep, with an exception of the ground state in the small
volume ensemble. We observe that in both ensembles,
the negatively shifted near-threshold level in the Tþ

1 ð0Þ
irrep is dominated by the overlap with Dð0ÞD�

sð0Þ oper-
ator, despite a non-negligible Fock component of the
D�ð0ÞDsð0Þ operator. Similarly the positive shifted near-
threshold level in the Tþ

1 ð0Þ irrep is dominantly deter-
mined by the D�ð0ÞDsð0Þ operators, although it has a
sizable overlap with Dð0ÞD�

sð0Þ operator. See for refer-
ence, the insets of Fig. 3, where we have presented the
normalized overlap factors Z̃n

i for the six lowest levels in
the Tþ

1 ð0Þ irrep to the operators with the spin structure of
single meson components purely build out of γ5=i. Similar
observation can also be made on the negative and positive
shifted levels (n ¼ 2 and 5) around the first excited FV
noninteracting DD�

s and D�Ds levels. The levels with
dominant overlaps with operators projected to the D-wave
(n ¼ 3 and 4) can be seen to consistent with the DD�

s and
the D�Ds noninteracting levels, which is evident from
Fig. 3. Leaving aside the exceptional case of the ground
state in the A2ð4Þ irrep and small volume ensemble, we
expect that the observed behavior in energy shifts and the
overlap factors could arise from two scenarios: either from
independent intrinsic S-wave interactions within each
channel that are either attractive and repulsive in nature
or due to coupled channel effects. A third scenario could
be a mixture of both.
To assess the intrinsic interactions within each of the

channels (DD�
s and D�Ds), we follow an elastic approach

in each case, where we consider pruned operator basis
omitting either D�Ds-type or DD�

s-type interpolators.
From the resultant correlation matrices, we extract the
respective FV energy eigenvalues in either channel. In
Fig. 5, we present the energy eigenvalues thus extracted
in the three most relevant FV irreps [Tþ

1 ð0Þ, A2ð1Þ, and
A2ð4Þ] within elastic DD�

s [red markers] and elastic D�Ds
[green markers]. Clearly, the low energy eigenvalues are

consistent with the noninteracting levels, although small
deviations can be observed in the levels that are higher up
in energies close to the D�D�

s threshold. Except for these
small deviations at high energies, this consistency of
energy levels in individual channels within an elastic
approach suggests an intrinsically noninteracting sce-
nario with the individual channels near the thresholds.
This implies that the observed energy shifts in the full
spectrum presented in Fig. 4 have originated from
coupled channel effects.
To further assess this inference on coupled channel

effects, we make an additional check on the effects of
cross-correlations between the channels on the lowest two
energy eigenvalues in the Tþ

1 ð0Þ irrep. Focusing only on
the lowest two energy levels, we consider pruned correla-
tion matrices

C̃ðtÞ ¼
"

CDD�
s ;DD�

s
ðtÞ α CDD�

s ;D�Ds
ðtÞ

α CD�Ds;DD�
s
ðtÞ CD�Ds;D�Ds

ðtÞ

#
; ð12Þ

in the Tþ
1 ð0Þ irrep, where the operators of type D�D�

s are
omitted for simplicity. Here we refer to α as the strength of
coupling between the channels DD�

s and D�Ds, with α ¼ 1
in the real simulated data. We vary this parameter α and
assess its effects on the low-lying FVeigenenergies hoping
to gain a better understanding of the origin of the observed
energy shifts. In Fig. 6, we present the resulting low lying

FIG. 5. FV eigenenergies in Tþ
1 ð0Þ, A2ð1Þ, and A2ð4Þ irreps

determined with two operator bases, first excluding D�Ds and
second excluding DD�

s -type operators. We plot the energies in
units of DD�

s threshold along the y-axis for different volumes
of the box along the x-axis. The red circles / green diamonds
are the lattice energy levels obtained with operator basis
omitting D�Ds=DD�

s type operators. The magenta diamonds
are levels determined by D�D�

s-like interpolators, and are
unaffected by the other operators in the basis used. The curves
represent the noninteracting two-meson energy levels as a
function of volume.
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eigenenergies. It is evident from the figure that energy
shifts get enhanced with increasing α indicating the role
of cross correlations between the channels and thus the
coupled channel effects. Note that this enhancement is
more rapid in the small volume ensemble.
Now we briefly address the contributions from the

D�D�
s to the axialvector quantum channel. In contrast to

the scalar case, in this case D�D�
s threshold appears

relatively closer to the DD�
s and D�Ds thresholds.

Particularly, D�D�
s threshold appears close to the first

excitation shell in the Tþ
1 irrep, which is the most relevant

irrep for the analysis of axialvector quantum numbers.
Between the two volumes used, the noninteracting level
energies of the first excitation shell in the DD�

s=D�Ds
system and the D�D�

s threshold are in opposite hierar-
chical order as evident from Fig. 4. The levels dominantly
overlapping with the D�D�

s-like interpolators are also
observed to be consistently negatively shifted in both
volumes, suggesting an attractive interaction between D�
and D�

s mesons within an elastic assumption. This feature
is mostly unaffected when assuming decoupled channels
as evident from the corresponding levels in Fig. 5.
Despite signatures for an attractive nature of D�D�

s
interactions, we refrain from making any amplitude
extraction due to limited lattice eigenenergy levels to
constrain the associated amplitude.
Before we move on to the discussion of the scattering

analysis and results, we briefly discuss the higher partial
wave effects in the axial-vector study. In the A−

1 ð0Þ irrep,
where l ¼ 1 is the lowest contributing partial wave in either

DD�
s and D�Ds channels leading to JP ¼ 0−, we observe

nontrivial negative energy shift in the ground state energy
with respect to the lowest relevant noninteracting level,
whereas there is only a mild positive shift in the first
excitation. Another quantum channel where l ¼ 1 partial
wave can contribute is JP ¼ 2−, which appears in the
E−ð0Þ irrep. Although small energy shifts are observed,
they are relatively less significant with respect to those
observed in the A−

1 ð0Þ irrep. This observation suggests that
it is crucial to gauge the P-wave contributions to the
moving frame FV irreps, which could influence the S-wave
amplitude fits. We address this issue further in the section
on scattering analysis, to the extent allowed by the FV data
we have.
The next higher partial wave is the D-wave with l ¼ 2,

which can lead to JP ¼ 1þ as well as 2þ quantum numbers
appearing in the Tþ

1 ð0Þ and Tþ
2 ð0Þ irreps, respectively.

D-wave could contribute to JP ¼ 1þ, and hence it could
naturally lead to a physical partial wave mixing. Like in the
previous investigations of similar systems [40,41,44], we
observe the eigenenergies in the Tþ

1 ð0Þ irrep with dominant
overlap to the operators projected to the D-wave are
consistent with the respective noninteracting energies.
This is also supported by phenomenological expectations
in Tþ

cc channel [69], which we assume should not be
qualitatively different in Tccūs̄ channel studied here. As for
the JP ¼ 2þ channel, the energy levels in Tþ

2 ð0Þ irrep that
dominantly overlap with the DD�

s and D�Ds interpolators
are consistent with the respective noninteracting levels.
Thus in the subsequent scattering analysis, we ignore the
D-wave amplitudes and their contribution to the low-lying
FV eigenenergies.

C. Tensor channel

This is the third case presented in Sec. II, where D�D�
s

can contribute in S-wave leading to JP ¼ 2þ, whereas
other Dð�ÞDð�Þ

s channels can contribute in nonzero partial
waves. It can be seen that the level dominantly deter-
mined by the DDs operator that appear in the Tþ

2 ð0Þ irrep
is consistent with the associated DDs noninteracting
level, suggesting no nontrivial interactions between the
D and Ds mesons in D-wave. Similar consistency is also
be observed in the levels dominantly overlapping with
DD�

s and D�Ds channels in D-wave, suggesting effec-
tively no interactions. However, significant nonzero
energy shifts are observed in the levels with dominant
overlap to D�D�

s-type operators. Note that the D�D�
s

operators included in the analysis are S-wave projected,
and the near-threshold D�D�

s amplitudes should be
dominantly S-wave, due to the phase space suppression
in nonzero partial waves. This collectively implies
that the observed positive energy shifts in the D�D�

s

levels in the Tþ
2 irrep are most probably a result of

repulsive interactions between the D� and D�
s mesons

FIG. 6. DD�
s −D�Ds coupling dependence of lattice eigene-

nergies in the cm frame. We plot the FVenergies in Tþ
1 irrep after

artificially enhancing the cross-correlations between the two
channels [see Eq. (12)]. The y-axis represents the eigenenergies
in the cm frame in units of DD�

s threshold with the coupling
factor α on the x-axis. The filled (unfilled) markers are the energy
levels for the large (small) volume ensemble. We observe that the
splitting behavior of energy levels is indeed a result of cross-
correlations between the two channels.
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in S-wave.6 We refrain from performing any further
analysis or study of this observation, considering the
lack of sufficient degrees of freedom to make robust
inferences.

VI. SCATTERING ANALYSIS

In this section, we present the scattering amplitudes/
matrices extracted from the FV spectra. We follow two
procedures of the FV quantization: the standard approach
that was first proposed in the context of QCD on the lattice
by Lüscher [47] and later generalized by several authors,
cf., Refs. [48,71]. The second approach follows the
proposals in Refs. [72,73] that uses a Lippmann-Schwinger
equation (LSE) defined on FV in a plane wave basis. In
Sec. VI A, we briefly discuss our conventions for scattering
physics in the infinite volume and the procedure we follow
in extracting them from the FV spectrum. Following this
we discuss the main results and the related details of the
elastic DDs system in Secs. VI B and VI C and inelastic
DD�

s −D�Ds system in Sec. VI D. We conclude this
section with brief remarks on our observations and infer-
ences in contrast to the existing phenomenological expect-
ations as well as lattice determinations in Sec. VI E.

A. Extracting the scattering amplitudes

1. Infinite-volume

The information on scattering is encoded in the unitary
scattering matrix

S ¼ 1þ i2ρ̃Tρ̃ ¼ 1þ iρ̃Kρ̃

1 − iρ̃Kρ̃
; ð13Þ

where S, T, andK are matrices in the space of relevant open
scattering channels (c), their orbital angular momentum (l),
and the total intrinsic spin (s̃), such that the total
angular momentum J ¼ js̃ − lj;…; js̃þ lj. ρ̃ is a diagonal
matrix with the nonzero diagonal elements given by
ρc ¼ ρ̃2c ¼ 2kc

Ecm
, where kc is the three-momentum of the

scattering particles within the channel c in the center-of-
momentum frame and is related to Ecm and the Mandelstam
s ¼ E2

cm through the dispersion relation

4sk2c ¼ ðs − ðm1 þm2Þ2Þðs − ðm1 −m2Þ2Þ; ð14Þ

where m1 and m2 are the mass of the scattering particles in
the channel c. For brevity, we omit this subscript c in the
single channel case discussions.

In the elastic scenario, when only a single partial wave
contributes, the scattering amplitude can be defined in
terms of a single variable as Sl ¼ e2iδl , where the phase
shift δl depends on energy. In terms of δl, Tl could be
expressed as

Tl¼
Ecm

2

1

kcotδl− ik
; with K−1

l ¼2kcotδl=Ecm; ð15Þ

where k ¼ jkj. In the two scattering channel scenario (DD�
s

and D�Ds), the S-matrix could be defined as

Sij ¼
(
ηe2iδi if i ¼ j;

i
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − η2

p
eiðδiþδjÞ if i ≠ j;

ð16Þ

where i, j run over the two channels, and η is the associated
inelasticity. In terms of δ and η, the T-matrix is given by

Tij ¼
8<
:

ηe2iδi−1
2iρi

if i ¼ j;ffiffiffiffiffiffiffi
1−η2

p
eiðδiþδjÞ

2ρ̃iρ̃j
if i ≠ j:

ð17Þ

The unitarity constraint on the S-matrix implies the
T-matrix to be a multivalued function in Mandelstam swith
a square-root branch cut opening at each threshold leading
to a doubling of complex-valued sheets [71,74]. In the
elastic case, the two sheets are identified by the signature
of the ImðρÞ: conventionally referred to as “physical” sheet
for ImðρÞ > 0 and “unphysical” sheet for ImðρÞ < 0.
Above the threshold along real energies, the sheets are
connected along the square-root branch cut and moving
from above the cut to below the physical sheet is connected
to the unphysical sheet.
In an inelastic system involving n channels, the sheets

are identified with an array of n elements carrying values
�1, indicating the signature of ImðρcÞwith the subscript c
referring to channels running from 1; ...; n. The sheet with
all of the values þ1 is referred to as a physical sheet,
whereas all others are generally referred to as unphysical
sheets. At any point along the cut above m thresholds,
the physical sheet is connected to that unphysical sheet
that has the corresponding m values to be −1. In the two
channel case of DD�

s and D�Ds, there are four sheets
labeled as (þþ) [or physical], (−þ), (−−), and (þ−).
Above the inelastic threshold, (þþ) is connected to (−−),
whereas in between the elastic and inelastic thresholds
(þþ) is connected to (−þ). The value of T-matrix
elements in various sheets can appropriately be built
once the real-valued K-matrix elements are constrained
from the lattice data.
Such an evaluation of the T-matrix is possible from the

K-matrix through the relation

ðT−1Þcls̃;c0l0 s̃0 ¼ ðK−1Þcls̃;c0l0 s̃0 − iρcδcc0δll0δs̃s̃0 : ð18Þ

6Despite the meson to baryon difference in the scattering
channel, a system of two spin 3=2Ω baryons in S-wave leading to
a total angular momentum of 2 was also observed to show similar
positive energy shifts with respect to the respective elastic
threshold, possibly suggesting similar repulsive interactions [70].
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Here the primed and unprimed indices refer to the outgoing
and incoming particle configurations. The unitarity of
S-matrix imposes K-matrix to be hermitian, whereas the
time-reversal symmetry of QCD says it should be a real
symmetric matrix [71,74]. In the FV amplitude analysis
based on Lüscher’s prescription [47,48], one may choose a
symmetric matrix of real functions (of s or k2c for real
energies above the scattering threshold) to parametrize the
energy dependence of the K-matrix that respects unitarity.
By extracting the best parameter values for the chosen
K-matrix parametrization that can reproduce the simulated
FV energy spectra, one can extract the T-matrix elements
adapting the signatures within ImðρÞ to represent the sheet
being studied [71,74]. In an alternative procedure [72,75],
one utilizes a parametrized potential that reproduces the FV
spectra, and then extracts the scattering matrix from this
potential by solving LSE. We briefly discuss these two
procedures below.

2. FV analysis á la Lüscher

First we briefly discuss the generalized form of the
Lüscher’s prescription utilized to extract the set of best
parameters fag for a given K-matrix functional form, that
would reproduce the simulated FV spectra. For the case of
elastic scattering of two spinless particles in S-wave, this
prescription looks like

k cot δ0ðkÞ ¼ 2Z00

�
1;

�
kL
2π

�
2
��

ðL ffiffiffi
π

p Þ; ð19Þ

where Z00 is the Lüscher’s zeta function described in
Ref. [47] and L is the spatial extent of the cubic box. For
DDs elastic scattering in S-wave we could utilize this
relation to determine the real part of the inverse amplitude
K−1

0 in Eq. (15) for each FV energy levels available.
The energy dependence of the amplitude can then be
studied by parametrizing these K−1

0 estimates as a real
function of s or k2.
For a general case, involving multiple partial waves

and/or multiple scattering channels, one has to consider a
more generalized form of the quantization prescription
presented in Eq. (19) [48]. To this end, we utilize the
generalized Lüscher-based quantization condition given by

det
h�

K̃ðJÞ
cls;c0l0s0 ðEcm; fagÞ

	
−1
δJJ0

− δss0δcc0B
P;Λ
lJ;l0J0 ðEcmÞ

i
¼ 0 ð20Þ

such that the K-matrix parametrization with the best
parameter values can faithfully reconstruct the simulated
FV spectra [65]. Here, Λ is the FV irrep and BP;Λ is referred
to as box matrix that can be expressed in terms of the
generalized Lüscher’s zeta functions, which we evaluate

using the TwoHadronsInBox package [65]. The K̃-matrix is
related to the K-matrix defined in Eq. (13) through
KðJÞ ¼ k̃K̃ðJÞk̃=ρ, where k̃ is a diagonal matrix composed
of klþ1=2

c as the diagonal elements. We work with the
definition of T-matrix by the HadSpec collaboration
(cf., Ref. [76]), whereas the definition K̃ is according
to Ref. [65].

3. FV analysis via LSE

Extracting the energy dependence of hadron-hadron
scattering amplitude following the solutions of LSE is
an alternative [72,75] to the Lüscher-based approach. The
LSE-based procedure also has the advantage that one can
incorporate the long-range interactions arising out of
OPE discussed in Sec. III [49,73]. In this procedure, the
associated off-shell transfer matrix Tðk; k0; EÞ is related to
the hadron-hadron potential Vðk; k0Þ involved through a
transcendental equation

Tðk; k0;EÞ ¼ Vðk; k0Þ −
Z

d3q
ð2πÞ3 Vðk; qÞGðq;EÞTðq; k

0;EÞ

ð21Þ

illustrated diagrammatically in Fig. 7. Here k, k0, and q are
momenta in cm frame and Gðq;EÞ is the energy dependent
loop function. The on-shell partial-wave projected ampli-
tude Tlðk; EÞ ¼ −Tlðk; k;EÞ7 is related to the scattering
phase shifts and inelasticities as indicated in Eqs. (15)
and (17). We follow the procedure proposed in Ref. [73],
where the LSE presented in Eq. (21) can be recasted into an
appropriate FV form by replacing integration over q with a
summation to yield

T ¼ V − V :G:T ; ð22Þ

where Gðqn;þEÞ¼J ðqnÞ
L3 Gðqn;EÞδn;n0 and V ¼ Vðqn; q0n; Þ.

J ðqnÞ is the Jacobian determinant associated with change
in coordinates from lab frame to center of momentum
frame, which will be trivial in the nonrelativistic limit.

FIG. 7. Diagrammatic representation of the Lippmann
Schwinger equation.

7The negative sign accounts for the convention difference
between the Lüscher-based and the LSE-based analysis. In the
latter, a notion of positive potential (V > 0) implying repulsive
interaction is assumed leading to a relation S ¼ 1–2iρ̃Tρ̃, unlike
in Eq. (13).
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Then the FVenergy levels for any given potential V can be
obtained from the solutions of the determinant equation

det½G−1 þ V � ¼ 0; ð23Þ

as they would represent the poles in T ¼ G−1ðG−1 þ VÞ−1V
derived from Eq. (22).
All the channels we consider in this study forbid any

pion exchange diagrams like in the case of DD� system
[49]. The allowed lightest meson exchange is either
involving a K or a K�, which induce the left-hand cut
further below the threshold, cf., Sec. III for details. Unlike
in Refs. [43,49,73], we ignore explicit realization of such a
long range potential arising out of Kð�Þ-meson exchange
diagrams, aiming at extraction of the scattering amplitude
in the near-threshold region, where E > Elhc. The potential
Vðk; k0Þ is approximated with purely contact potentials
with terms up to Oðk2Þ. The contact interactions are

regularized with exponential form e
−ðknþk0nÞ

Λn . Λ is the scale
beyond which the contact potential is cut off, and the
value of n determines how rapid is this cut off. The
parametrized form of the contact potentials utilized in
each cases are discussed in the respective subsections
below and in the Appendixes referred to later on. More
details of the formalism and our implementation can be
found in Refs. [64,72,73,77].

4. Amplitude fits

The extraction of best-fit parameter values, in K̃-matrix
or Vðk; k0Þ, that can faithfully reconstruct the simulated FV
spectra follows a minimization program involving a cost
function χ2 defined as

χ2ðfagÞ ¼
X
L

dEL;iðfagÞC−1
i;i0dEL;i0 ðfagÞ: ð24Þ

Here dEL;iðfagÞ ¼ EcmðL; iÞ − Ean
cmðL; i; fagÞ is the dif-

ference between a simulated lattice energy level EcmðL; iÞ
and the analytically calculated energy level Ean

cmðL; i; fagÞ
that satisfies the quantization conditions given in Eq. (20)
or Eq. (23) for the set of parameter values fag [48,65].
C refers to the data covariance matrix, which we
evaluate following the procedure outlined in Appendix A
of Ref. [55].
In the elastic cases, one could alternatively utilize a

definition of the χ2 function in terms of the momentum
of scattering particles k2 given by

χ2 ¼
X
L

dk2L;iC
−1ðkÞii0dk2L;i0 ð25Þ

where, dk2L;i ¼ k2ðL; iÞ − k2ðL; i; fagÞ is the difference
between momentum-squared of the scattering particles
at the simulated energy values [k2ðL; iÞ] and at the

analytically calculated energy values [k2ðL; i; fagÞ]. This
formulation of the cost function could be particularly
convenient in the case of elastic systems [67]. We utilize
either of the cost functions defined in Eqs. (24) and (25) in
our amplitude determinations.
The energy or momentum solutions of Lüscher-based

quantization conditions in Eq. (20) are identified from the
zeros in eigenvalues (as a function of Ecm for each lattice
QCD ensemble, lab frame momenta, and FV irrep) of the
matrix

ÃðEcmÞ ¼
A

detððμ2 þ AA†Þ1=2Þ ; ð26Þ

by following an eigenvalue decomposition program along
the lines as discussed in Ref. [78]. Here A is chosen to be
the argument of determinant in Eq. (20) and μ ¼ 2.0 is
chosen throughout this study. Our results remain sta-
tistically unaffected with the variation in the value of μ
across a wide range [0.1, 10.]. The LSE-based quantization
condition is also applied following χ2 functions defined in
Eq. (24), where the energy solutions are identified follow-
ing the solutions of a reformulated version of the relation in
Eq. (23), as discussed in Appendix A1 of Ref. [73].
This problem of determining the correct energy depend-

ence of the amplitude that results in the simulated FV
spectra is a famous inverse problem in hadron spectroscopy
using lattice techniques [71]. A typical functional form
used in capturing the energy dependence of the amplitude
can introduce a model dependent systematic in the
extracted infinite volume physics. This model dependent
systematic can be ameliorated by considering different
functional forms to parametrize the energy dependence of
the amplitude and then demonstrate the model (in)depend-
ence in the extracted infinite volume results [76,79]. We
utilize different functional forms to investigate the varia-
tions in our results with our choice of parametrization. The
inelastic amplitudes we extract following different para-
metrizations suggest qualitatively similar conclusions.
However, in the elastic sector such a conclusion turned
out to be a challenging one, due to lack of constraints
on analytic properties of the Lüscher-based amplitudes.
We discuss more on this in the following subsections.

B. Elastic DDs scattering

In this case, our main focus is on the S-wave interactions
in the DDs scattering within an elastic assumption leading
to scalar quantum numbers. To this end, we could utilize
the lowest two levels in the Aþ

1 ð0Þ irrep from both
ensembles and also the ground states from the A1ð4Þ irrep
presented in Fig. 4, where the higher partial wave con-
tributions are assumed to be suppressed near the threshold.
Assuming negligible mixed contributions from different
partial waves on the energy levels, one could further
consider the energy levels in the lowest shell of A1ð1Þ
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and A1ð2Þ irreps in the pure S-wave fits. A repulsive nature
of interaction will drive the interacting FV energy levels to
acquire positive energy shifts. One could further extend the
fits to address S and P-wave amplitudes combined, utiliz-
ing the remaining excited levels from A1ð1Þ irrep and those
from T−

1 ð0Þ and B2ð2Þ irreps.
In Fig. 8, we present the analytically reconstructed

energy levels (orange stars, slightly shifted to the left for
clarity) using the best-fit parameters determined based on
the combined S- and P-wave fit along with the simulated
energy levels (circles) to demonstrate the quality of fits.
The energy spectra are all presented in units of the elastic
threshold energy EDDs

. The top row demonstrates the
quality of fits from the quantization program following
solutions of LSE, whereas the bottom row shows the same
for fits based on Lüscher-based FV analysis. The para-
metrizations utilized in these fits are discussed in the next
paragraph and in the next subsection. The reduced χ2

values can be seen to be slightly larger than one suggesting

mild tension in the reconstructed spectrum, reflected as
some deviations of order 1.5σ in a few of the moving frame
levels. Despite slightly large reduced χ2 values observed,
it is evident that the analytically reconstructed energy levels
from the fits represent the simulated energy spectrum very
well in either cases.
Our main results in elastic DDs scattering are based on

the fits following the solutions of LSE [Eq. (23)], where we
have used the following parametrization for the contact
potential

V ½S�ðk; k0Þ ¼ 2c0½S� þ 2c2½S�ðk2 þ k02Þ and ð27Þ

V ½P�ðk; k0Þ ¼ ð2c2½P� þ 2c4½P�ðk2 þ k02ÞÞk:k0 ð28Þ

for the S and P-wave, respectively. The regularization scale
Λ and degree n is chosen to be 0.9 GeV and 40,
respectively, partly motivated by our recent study of
DD� scattering with similar procedure [64]. The solutions

d.o.f.

d.o.f.

FIG. 8. The simulated FV eigenenergies (circles) plotted together with the analytically reconstructed energy levels (stars, slightly
shifted to the left), in the irreps used for the analysis DDs scattering in S- and P-waves, as a function of the spatial lattice extent studied.
Top row shows the spectral reconstruction following LSE-based quantization condition, whereas the bottom row shows similar
reconstruction using Lüscher’s quantization condition assuming a Breit-Wigner parametrization for the amplitudes. See Appendix A for
details of parametrizations used within the Lüscher prescription for amplitude extraction. The eigenenegies are presented in units of the
energy of the elastic threshold EDDs

. The black circles are the lattice energies included in the amplitude fit.
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are statistically robust to varying Λ in the interval
[0.6,1.0] GeV, where the highest utilized eigenlevel appear
in the extracted FV spectrum. The analytically recon-
structed spectrum presented in the top row of Fig. 8 is
following this parametrization. We present the extracted
momentum-squared (energy) dependence of the on-shell
S-wave amplitude k cotðδ0Þ along with the simulated
energy levels in Fig. 9, in which either of the quantities
are presented in units of EDDs

. The constraint curves

�i
ffiffiffiffiffiffiffiffi
−k2

p
for the presence of a real (virtual) bound pole

are indicated by the orange (cyan) dashed line. The
corresponding best fit parameters featuring in the contact
potential [Eqs. (27) and (28)] are summarized in Table VII.
We present the fitted parameter values in Table VII
and k cotðδ0Þ in Fig. 9 with nonrelativistic normalization,

where 2π
μ T−1 ¼ k cotðδ0Þ − ik and μ being the reduced

mass of the channel [77]. This is consistent with the
conventions that we have followed in our previous studies
of isoscalar DD� scattering [43,64].
From Fig. 9, it is evident that there are no crossings of

the fitted amplitude (the orange curve and the band) with
the unitary parabola �i

ffiffiffiffiffiffiffiffi
−k2

p
=EDDs suggesting no shallow

subthreshold poles along the real energy axis. There is also
no crossing of the real axis above the threshold, suggesting
no S-wave resonance in the low energy region. We also
reaffirm the absence of any physically sensible poles in the
DDs S-wave amplitude across the threshold by investigat-
ing the analytic structure of the amplitude across the
complex energy plane. The negative sign of k cot δ0 and
positive energy shifts indicate slightly repulsive interaction
of DDs in S-wave.
We present the energy dependence of the extracted

amplitude above DDs threshold in Fig. 10, where the
plotted quantity ρ2jTj2 is proportional to the experimental
cross section in DDs scattering. The peak in ρ2jTj2
reaching a value of unity is a quintessential feature that
points to the presence of an elastic DDs resonance, in
which case theDDs scattering phase crosses the value π=2.
To demonstrate the DDs phase variation further, we also
present the Argand diagram representation of variation in
the elastic DDs amplitude (T) as a function of Ecm=EDDs

,
where the solid orange curve represents the rising feature in
the amplitude, the unfilled orange circles trace the falling
feature beyond the peak at Ecm=EDDs

∼ 1.034, indicated by
the black square. The absence of a prominent peak rising to
the maximum peak value of unity and equivalently the
limited variation in the elastic DDs phase (presented in the
inset figure) suggest no resonance features in the extracted

FIG. 9. k cot δ=EDDs
vs ðk=EDDs

Þ2 plot for the elastic DDs
scattering in S-wave as estimated from the solutions of LSE
[Eq. (23)]. The red and green markers correspond to the simulated
FV eigenenergies, where the k cot δ0 values are determined
following Lüscher’s prescription. The solid orange curve and
the associated band represent the fitted energy dependence of
amplitude determined from the parametrized contact potential
given in Eq. (27). The cyan and orange curves represent the
unitary parabola �i

ffiffiffiffiffiffiffiffi
−k2

p
=EDDs

, whereas the vertical blue dotted
line is the lhc branch point associated with a K� meson exchange
in the u-channel process. The vertical magenta line represents the
D�D�

s threshold, close to and above which inelastic effects could
be important.

TABLE VII. Best fit parameter values for the elastic DDs
scattering in S and P wave using solutions of LSE with para-
metrizations of the contact potential presented in Eqs. (27) and (28).
The effective range parameter values from this fit are also presented.

c0½S�
½GeV−2�

c2½S�
½GeV−4�

c2½P�
½GeV−4�

c4½P�
½GeV−6� χ2=d:o:f.

3.6ðþ5
−5 Þ −3.2ðþ6

−6 Þ −12ðþ5
−4 Þ 5ðþ5

−5 Þ 36.7=20

a0 [fm] r0 [fm] a1 [fm3] r1 [fm−1]

−0.157ðþ16
−15 Þ −0.08ðþ7

−8 Þ 0.086ðþ44
−36 Þ −1.5ðþ0.4

−1.6 Þ

FIG. 10. The energy dependence of the DDs amplitude: ρ2jTj2
proportional to the experimental DDs cross section plotted as a
function of the Ecm=EDDs. The magenta vertical line indicates the
D�D�

s threshold. The inset figure: Variation of ρT ¼ eiδ sin δ for
DDs scattering in the complex plane, where the dashed line
represents part of the Argand circle. The solid orange curve
represents the rising feature, the orange unfilled circles represents
the falling feature, and the black square indicating the energy at
which the cross section peaks.
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amplitude across the energy region constrained. Similarly,
the lack of threshold enhancement in this quantity suggests
the absence of any shallow subthreshold poles. The falling
feature in ρ2jTj2 at higher energies is driven by the zero in
ρ2jTj2 that is related to the pole in k cot δ0, which moves
away to higher energies with increasing cutoff Λ [56].
Various fits based on conventional Lüscher’s formal-

ism also lead to consistent behavior of the amplitude in
the region constrained by the lattice eigenenergies. They
also provide a faithful analytical reconstruction of the FV
spectra (bottom row in Fig. 8), yet some of them lead to
shallow subthreshold poles. Given the lack of data in the
subthreshold regions, and potential effects of the lhc
branch point that cannot be accounted in the standard
2 → 2 Lüscher-based FV quantization formalism, it is
inappropriate to give any physical significance to such
subthreshold poles. We provide additional details on
these fits and our observations in the next subsection
as well as in the Appendix A.

C. More on elastic DDs scattering

In this subsection, we provide further details on the
various fits we make to the S-waveDDs amplitudes and the
higher partial wave effects we observe in the extracted
S-wave amplitude. Appendix A presents the list of general
functional forms used to parametrize the amplitudes in the
Lüscher-based FVanalysis. Considering only l ¼ 0ðSÞ and
1ðPÞ partial waves, the K̃−1-matrix is a two-dimensional
diagonal matrix, with one dimension each for each partial
wave. The parametrization of the contact potential in LSE
was presented in Eqs. (27) and (28). For a pure S-wave or
P-wave fit, one utilizes only the relevant diagonal element
in the interaction matrix to parametrize the respective
energy dependence.

1. S-wave scattering

A compilation of the fit results for elastic DDs scattering
in S-wave with different parametrizations is presented
in Appendix A. The corresponding momentum-squared
dependence of a subset of parametrized amplitudes are
presented in terms of the extracted k cot δ0 in Fig. 11.
As expected from good and sensible fits, the energy or
equivalently momentum-squared dependence of all fitted
amplitudes indeed follow the behavior followed by the spread
of FV eigenenergies in the region immediately above the
threshold. However, below the threshold and at energies well
above the threshold, where there is no lattice data to constrain
the dependence, the fits demonstrate differences in behavior.
Using two-parameter effective range expansion (ERE) with
terms up to the k2 term, the best-fit results would have
suggested a crossing with the bound state constraint (blue
dotted curve) close to the lhc branch point. Such a crossing
would suggest a bound state solution in the DDs amplitude
that should lead to an unobserved FVeigenenergy, similar to

what was argued in the case of isovector DD� scattering in
Ref. [56]. It is also observed that all the different para-
metrizations used with at most two parameters and following
Lüscher’s FV amplitude analysis lead to similar bound state
solutions at energies close to or toward the left of the lhc
branch point. Since these solutions are close to the lhc branch
point or on the left of it, we refrain from giving it any physical
significance. Note that such bound state solutions does not
appear in the amplitudes based on the solutions of LSE.
One way to get rid of such bound state solutions arising

in Lüscher-based amplitudes is by considering parametri-
zations that include more terms incorporating the shape
parameters. Such parametrizations of K̃−1

0 , including up to
k4 term or s2 terms or with more parameters such as a
hyperbolic (Hyp) fit form (see Appendix A for details),
circumvent the issue of bound state solutions. However
they lead to subthreshold poles away from the real energy
axis in the physical Riemann sheet that violate causality
[71,80]. Such acausal solutions are evident if one keeps
track of the zeros of the denominator of Tl expressed in
Eq. (15). It is observed that the complex energy location of
such subthreshold poles also vary, yet remain acausal,
across different parametrizations. In contrast, the solutions
of LSE do not lead to any such acausal poles in the
extracted amplitudes, which is also the case in the isovector
DD� scattering studied in Ref. [56]. We also observe the
Breit-Wigner type parametrization of the K̃0, while follow-
ing Lüscher’s prescription, also does not lead to any
physical sheet subthreshold resonance poles (see gray
curve/band in Fig. 11). The reconstructed FV spectra
presented in Fig. 8 based on Lüscher’s prescription is
assuming a Breit-Wigner type parametrization for the
amplitude. In the next paragraph, we give a brief remark
on the unphysical features we observe, while using
Lüscher’s prescription for extracting the elastic DDs
amplitudes in S-wave.

FIG. 11. Same as in Fig. 9, but with different functional forms
used to parametrize the energy dependence. Solid orange curve is
based on solutions of LSE, whereas other dotted curves with
associated bands are those following Lüscher-based analysis. See
Appendix A for the definitions of the fit forms for the Lüscher-
based analyses.
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Physical amplitudes are expected to respect unitarity,
analyticity and crossing symmetry [81,82]. Analyticity of
the amplitudes is a consequence of its causal nature. In
most of the lattice investigations these days, the discrete FV
eigenenergies are used to constrain partial wave projected
amplitudes that respects unitarity, yet there are no con-
straints imposed from analyticity or crossing symmetry.
One could impose these symmetries following dispersion
relations that are required by analytic physical amplitudes,
given one has a rich collection of all relevant lattice-
extracted amplitudes. Such an exercise has been performed
for the case of ππ → ππ scattering using FV data in
Refs. [83–86]. In the absence of such a rich collection
of lattice data (as is the case in this study), the amplitude
behavior in subthreshold regions and highly above thresh-
old regions that are not constrained by lattice-data relies on
naive extrapolations, which need not be free of unphysical
features, as observed in some of the Lüscher-based ampli-
tudes we extract. We remark that this is not the first
observation of such behavior and such acausal poles have
been reported in literature, cf., footnote 7 in Ref. [87]. Note
that the fact that solutions of LSE does not lead to any such
acausal poles is related to the inherent causality constraints
within the LSE formulation of the scattering problem [88].
This is the main reason for projecting the solutions of LSE
as our main result for the elastic DDs scattering discussed
in the previous section.

2. Higher partial wave effects

Although the focus of this investigation is on S-wave

interactions in the Dð�ÞDð�Þ
s channels, the use of moving

frame irreps calls for analysis considering any contribu-
tions from higher partial waves. As argued in Sec. V, the
rest frame FV eigenenergies with dominant overlaps to
D-wave projected interpolators are consistent with the
noninteracting scenario, and hence the related contribu-
tions are assumed to be negligible to the rest of the
spectrum. However, in FV irreps with P-wave as the
lowest contributing partial wave, we observe nonzero
energy shifts in eigenenergies pointing to nontrivial
interactions. This suggests the need to reliably constrain
the associated P-wave amplitude, both in the interest of
identifying potentially nontrivial features in the P-wave
amplitude as well as in filtering out any contamination
from moving frame irreps in the lattice-extracted S-wave
amplitudes. Below we briefly discuss the P-wave ampli-
tudes in DDs scattering and its effects on the extracted
S-wave interactions.
In Fig. 12, we present P-wave amplitude in DDs

scattering in terms of k3 cot δ1 as a function of k2 in
dimensionless units built out of EDDs

. The amplitudes
presented are extracted following a pure P-wave fit to
the eigenenergies in FV irreps T−

1 ð0Þ and B2ð2Þ that has
P-wave as the lowest contributing partial wave. The y-axis

values of the markers are evaluated following Lüscher’s
formalism, whereas the solid (dotted) curves with bands
represent extracted amplitudes following LSE-based
(Lüscher-based) analysis. The cyan and orange dashed
curves (�ið

ffiffiffiffiffiffiffiffi
−k2

p
Þ3=E3

DDs) on the second and third quad-
rant represents the P-wave constraint curves for the
existence of real(virtual) bound states.
First we discuss the analysis of P-wave contributions

following the LSE-based analysis. The two solid curves
shows the energy dependence of the amplitude as deter-
mined using the contact potential presented in Eq. (28),
with single parameter (cp2 ; red) and both parameters
(orange). Note that the fit quality is very well reflected
in the reconstructed energy spectrum demonstrated in
Fig. 8. Although one and two parameter fit reliably captures
the amplitude at the lowest eigenenergies, they seem to fail
in capturing the range parameter of the amplitude. In view
of the large errors in k3 cot δ1 and the fewer degrees of
freedom with lowest contributing partial wave as the P-
wave, it would be interesting to investigate this further with
higher-statistics data and a richer spectrum of energy levels.
Alternatively, including the lhc effects associated with a
K�-meson exchange might mitigate the need of higher
order terms in the contact potential as argued in Ref. [73].
However, either of these exercises go beyond the scope of
the present work. Most importantly, the LSE-based ampli-
tudes reliably reproduce the FV spectra and do not cross the
constraint curves (�ið

ffiffiffiffiffiffiffiffi
−k2

p
Þ3=E3

DDs) in the near-below
threshold region suggesting no shallow real (virtual) bound
states. They also do not cross the x-axis above threshold
and hence does not carry any signature for resonances.
Now we move on to the P-wave amplitudes extracted

using Lüscher-based analysis. The dotted green curve
represents the energy independent amplitude extracted
based on a constant parametrization of K̃1 element.

FIG. 12. The momentum-squared dependence of the P-wave
amplitude in DDs scattering. The circle markers are obtained via
Lüscher’s formalism from irreps where l ¼ 1 is the lowest
contributing partial wave. The solid (orange and red) and dotted
(green) curves represent fits with LSE and Lüscher’s approach,
respectively.
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Clearly K̃l ¼ constant does not capture the amplitudes
in the low energy and its energy dependence reliably.
Including higher order terms in the ERE to accommodate
leads to amplitudes that suggest real-axis crossing above
threshold with positive slope, pointing to existence of

off-axis poles in the physical sheet. We provide an extended
account of this in Appendix B. Despite the unphysical
features in relation to the P-wave amplitudes, we observe
the lattice-extracted S-wave amplitude remains unaffected
in the Lüscher-based analysis as well.

TABLE VIII. Summary of best fit parameter values for different parametrizations used for elastic DDs scattering in S-wave. The
first column indicates the name of the generic parametrization used as indicated in Eqs. (A1)–(A5). In the right most column, we
present the χ2=d.o.f. for different fits listed, whereas the columns in between are the best fit parameter values, all presented in units
of EDDs

. The power in EREkð0;2;4Þ refers to the highest power of k included in the parametrization. The best fit parameter values for
the LSE potentials are presented in physical units. See the discussion in Appendixes A and B for details. The solid double horizontal
lines separate results from different fit forms and procedures, whereas the horizontal lines separate different fit results within the
same generic fit form or procedure.

EREkð0;2;4Þ A0 B0 C0 A1 B1 � � � χ2=Nd.o.f.

−0.25ðþ4
−9 Þ 4ðþ4

−2 Þ −1077ðþ286
−864 Þ 0 0.8ðþ8

−3 Þ � � � 36=20

−0.27ðþ6
−2 Þ 3ðþ1

−21Þ −1004ðþ1151
−215 Þ 0.0138ðþ15

−13 Þ � � � � � � 27.8=20

−0.25ðþ4
−7 Þ 4ðþ15

−9 Þ −1161ðþ675
−1288Þ � � � � � � � � � 16=11

−0.22ðþ3
−4 Þ −16ðþ3

−4 Þ � � � � � � � � � � � � 15.6=12

EREΔ A0 B0 C0 A1 B1 � � � χ2=Nd.o.f.

−0.20ðþ2
−4 Þ −2.73ðþ4

−1.84Þ � � � 0.016ðþ2
−4 Þ � � � � � � 29.7=21

−0.25ðþ4
−7 Þ 1ðþ4

−2 Þ −73ðþ43
−79 Þ � � � � � � � � � 16=11

−0.22ðþ3
−4 Þ −4ðþ1

−1 Þ � � � � � � � � � � � � 15.6=12

sPol A0 B0 C0 A1 B1 � � � χ2=Nd.o.f.

4ðþ2
−1 Þ −4ðþ1

−2 Þ � � � 0.014ðþ3
−9 Þ � � � � � � 26=21

4ðþ1
−1 Þ −4ðþ1

−1 Þ � � � � � � � � � � � � 15.6=12

Hypb A0 B0 C0 A0
0 B0

0

0.0759ðþ1693
−15 Þ −0.0084ðþ8

−105Þ 1117ðþ865
−726 Þ 0.003ðþ1

−2 Þ −0.00023ðþ5
−26Þ � � � 15.4=9

BWs m½S� G½S� γ½S� m½P� G½P� γ½P�
0.3ðþ6

−3 Þ 5ðþ1
−4 Þ 26ðþ5

−22Þ � � � � � � � � � 17.8=11

0.32ðþ1
−1 Þ 7.7ðþ1

−4 Þ −5.21ðþ6
−9 Þ 88ðþ5

−7 Þ 26.1ðþ9
−2 Þ −68ðþ2

−2 Þ 29=19

LSE Λ ¼ 0.65 GeV c0½S� ½GeV�−2 c2½S� ½GeV�−4 c0½P� ½GeV�−4 c2½P� ½GeV�−6

4.0ðþ5
−5 Þ −4.4ðþ8

−8 Þ −12.4ðþ6.2
−4.8Þ 3.3ðþ6.4

−8.5 Þ � � � � � � 31.4=18

4.0ðþ5
−5 Þ −4.4ðþ8

−8 Þ −10.3ðþ1.5
−1.6Þ � � � � � � � � � 31.4=19

4.2ðþ5
−5 Þ −4.4ðþ8

−8 Þ � � � � � � � � � � � � 11.6=8

LSE Λ ¼ 0.9 GeV c0½S� ½GeV�−2 c2½S� ½GeV�−4 c0½P� ½GeV�−4 c2½P� ½GeV�−6

3.6ðþ5
−5 Þ −3.2ðþ6

−6 Þ −12ðþ5
−4 Þ 5ðþ5

−5 Þ � � � � � � 36.7=20

3.7ðþ5
−5 Þ −3.2ðþ6

−6 Þ −8.3ðþ1.0
−1.1 Þ � � � � � � � � � 37.3=21

4.1ðþ6
−3 Þ −3.7ðþ5

−1.4Þ � � � � � � � � � � � � 21.5=12
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Following the pure P-wave fits, we utilize these param-
eters as initial parameters for combined S and P-wave fits
on larger set of data that includes eigenenergies from other
FV irreps. The faithful reconstruction of FV spectra with
these combined fits has been demonstrated in Fig. 8. We
observe that the resulting S-wave amplitudes are consistent
with those obtained from pure S-wave fits within the
statistical uncertainty, as evident from the listed best fit
parameter values in Table VIII. More importantly, our main
result for the elastic DDs scattering following the LSE-
based fits leads to amplitude that does not carry any
unphysical features and the lattice-extracted S-wave ampli-
tude is left unaffected by the P-wave contributions in FV.

D. Coupled DD�
s −D�Ds scattering

In this section, we discuss the results for S-wave
interactions in the coupled DD�

s −D�Ds scattering leading
to axialvector quantum numbers. The lower panes for irreps
Tþ
1 ð0Þ, A2ð1Þ, and A2ð4Þ in Fig. 4 carry the relevant

information for the S-wave scattering. The DD�
s and

D�Ds channels with spin s̃ ¼ 1 allow possibility of a

physical mixing between partial waves l ¼ 0 and 2. Since
the simulated FV levels that have dominant overlap with
l ¼ 2 partial waves are observed to be consistent with the
noninteracting scenario, we assume the contributions from
l ¼ 2 partial wave are negligible in the s ystems studied.
However, one can observe non-negligible deviations in
irreps with P-wave as the lowest contributing partial wave.
Thus we consider parametrizations of the amplitudes for
pure S-wave as well as combined S and P wave scattering
for the inelastic system, in order to assess the robustness in
the extracted S-wave amplitudes. We additionally include
levels from the irreps A−

1 ð0Þ and A2ð2Þ to further constrain
the energy dependence P-wave amplitudes.
In Fig. 13, we present the simulated FV eigenenergies

(circles) of the DD�
s −D�Ds system along with the

analytically reconstructed spectrum (stars) using the
best-fit parameters from combined S- and P-wave fits.
The eigenenergies are presented in units of the elastic
threshold energy EDD�

s
. The top row corresponds to the

reconstructed spectrum from the solutions of LSE, whereas
in the bottom row, we present similar results extracted

d.o.f.

d.o.f.

FIG. 13. Same as in Fig. 8, but for the case ofDD�
s -D�Ds coupled channel system. Reconstructed spectrum for channels with JP ¼ 1þ

in S-wave. The eigenenergies are presented in units of EDD�
s
and the lattice spatial extent in fermi along the x-axis. The curves in red and

green are the noninteracting levels. The black circles are those eigenenergies included in the amplitude fits, whereas the brown circles are
those ignored. Top row presents the analytically reconstructed spectra following solutions of LSE in Eq. (22), whereas bottom row
presents the reconstructed spectra from Lüscher-based fits.
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following a Lüscher-based FV analysis. We discuss more
on the details on the fit forms and results below.
Being a two-channel inelastic system, the interaction

(K̃ and V) is a matrix assuming S and P-wave contributions
to the lowest allowed total angular momentum (JP ¼ 1þ
and 0−, respectively), with no physical mixing of even and
odd partial waves. Yet, one requires at least six parameters
each to perform a fit assuming an energy independent
amplitude. Given the limited nature of FV irreps available
and the limited number of energy levels within them, the
amplitude fits are less well constrained compared to the
elastic scenario we have discussed earlier. Yet, the quality
of spectral reconstruction following either procedures is
evident from the figure, and is also reflected as reasonable
χ2=d:o:f.. (∼48=19 and ∼16=19 for the LSE-based and
Lüscher-based fits, respectively). The relatively large
reduced χ2 for the LSE-based fits is observed to be arising
from relatively large tension in the A−

1 irrep, which serves in
determining the P-wave contributions. Given the limited
degrees of freedom in constraining the P-wave contribu-
tions, our main focus here is the extraction of S-wave
amplitudes and argue their robustness with/without accom-
modating the P-wave contributions in the FV spectra.
Before we proceed to discuss our main results, we briefly

comment on the LSE-based fits in this inelastic system.
Unlike in the elastic DDs scattering, a relatively closer
D�D�

s threshold limits the potential regularization to be at a
lower value of Λ ∼ 0.65 GeV or less. Although the LSE-
based fits lead to a qualitatively good reconstruction of the
FV spectra (see Fig. 13), the resultant fits are generally
more unstable and lead to relatively large χ2 values,
particularly when accommodating higher partial waves.
With results that are sensitive to the cutoff parameters and
the input values, extracting robust conclusions employing
LSE-based fits turns out to be challenging and involves
both technical as well as conceptual difficulties. We
consider such an extensive analysis is a work for the
future. While such LSE-based multichannel analyses have
been addressed in the infinite-volume, inelastic two-particle
scattering data in the finite-volume has seldom been studied
following LSE-based formulations in the past and we have
only attempted an exploratory coupled-channel LSE analy-
sis in this work. We provide the potential parametrizations
utilized in our fits based on LSE in Appendix C. In this
work, the main observation from LSE-based fits to the
inelastic system is that the FV spectra are qualitatively
reproduced and that S-wave amplitudes k cotðδ0Þ obtained
subsequently assuming a decoupled scenario in the respec-
tive channels agree with the estimates from Lüscher-based
fits near threshold, which we discuss later in this section.
From now on, we discuss the fit results based on Luscher’s
FV formulation.
Our main results for the inelasticDD�

s −D�Ds scattering
amplitudes are based on an effective range expansion in S
and P-wave. Choosing the notation 1 for DD�

s and 2

for D�Ds channels, the ERE parametrization used for the
S-wave amplitude is

K̃−1 ¼
"
a11 þ b11k21 a12 þ b12ðk21 þ k22Þ

a22 þ b22k22

#
: ð29Þ

The parametrization for the P-wave amplitudes are limited
to a form with only the leading k2 independent terms in
the above equation. Note that there is no physical partial
wave mixing that can happen between the S and P-waves,
and thus the parametrized K̃−1 matrices are always block
diagonal in the partial wave space. The reconstructed levels
presented in the bottom panes of Fig. 13 are based on the
above proposed form of the K̃−1 matrix. The best fit
parameter values with this form of the K̃−1-matrix in units
of β ¼ EDD�

s
are

a11½S� ¼ 0.202ðþ21
−19Þ · β; b11½S� ¼ 0.0026ðþ1

−4Þ=β;
a12½S� ¼ −0.0012ðþ1

−1Þ · β; b12½S� ¼ 0.096ðþ16
−4 Þ=β;

a22½S� ¼ −0.15ðþ1
−2Þ · β; b22½S� ¼ −0.24ðþ3

−2Þ=β;
a33½P� ¼ 0.0025ðþ4

−3Þ · β3;
a34½P� ¼ 0.0001ðþ40

−1 Þ · β3;
a44½P� ¼ −0.14ðþ1

−9Þ · β3: ð30Þ

The corresponding scattering length (a0;c ¼ ðβacc½S�Þ−1)
and the effective range (r0;c ¼ 2bcc½S�=β) in the individual
channels (c ¼ 1, 2) are

a0;1 ¼ 0.24ðþ3
−2Þ fm; r0;1 ¼ 0.00025ðþ1

−4Þ fm;

a0;2 ¼ −0.33ðþ4
−2Þ fm; r0;2 ¼ −0.023ðþ3

−1Þ fm ð31Þ

in physical units.
In Fig. 14, we present the energy dependence of the

extracted amplitude based on Eq. (29). In the top pane, we
present the quantity ρaρbjTabj2, which is proportional to the
experimental cross section of different scattering proc-
esses considered. In the bottom and the middle panes,
we present the same information in the amplitudes
(Saa ¼ ηei2δa ) in terms of the phases (δa) and the asso-
ciated (in)elasticity (η), respectively [See Eq. (16) for
definition]. Here a and b assume the channels DD�

s and
D�Ds, respectively. The color convention followed in the
figure is listed in the legend.
From the amplitudes presented in Fig. 14, it is evident

that the off-diagonal component is substantially smaller
than the diagonal components in the scattering matrix. This
suggests negligible coupling between the channels DD�

s
and D�Ds, essentially indicating the elastic nature of
scattering in the individual channels. It can also be
observed that the diagonal amplitudes shows a gradual
monotonic rise suggesting no signatures for any resonance.
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The inelasticity presented in the middle pane indicates mild
deviations with increasing energy, yet remains significantly
small. The phase shifts in the individual channels shows a
gradual variation reaching out to values π=4 at very large
energies. The pole content of these amplitudes also suggest
no interesting features across all different Riemann sheets
in the energy regions constrained by the lattice data, as will
be detailed below.
Given the nearly elastic nature of the individual scatter-

ing channels, one could investigate the amplitudes in terms
of k cotðδÞ to assess the pole content in the constrained
region. In Fig. 15, we present the quantity k cotðδ0;aÞ as a
function of k2, where the index a refers to the scattering
channels DD�

s and D�Ds. The orange curve/band repre-
sents the elastic amplitudes from the diagonal components
of our main result, whereas other curves represent equiv-
alent amplitudes determined using other different para-
metrizations. The negative shifted energy levels in Fig. 13
determine the k2 dependence of the DD�

s phase shift
leading to a positive k cotðδ0Þ and the positive shifted
levels constrain the k2 dependence of the D�Ds phase shift
leading to a negative k cotðδ0Þ. This observation is con-
sistent with the observed operator-state-overlaps, primarily
for the ground states, presented in Fig. 3, which suggests
the negatively (positively) shifted level is dominantly
overlapping with DD�

s-like (D�Ds-like) operator.

It is evident that the amplitudes in the elastic
assumption are nearly energy independent. This energy
independence is also evident from best fit parameters
presented in Eq. (30), where the leading energy inde-
pendent terms in the parametrization of the diagonal
elements can be observed to be dominant compared to
subleading parameters and consistent across different fits
performed. The fact that either of the amplitudes do not
cross the x-axis anywhere in the constrained region or
immediately below the threshold indicates no evidence
for hadronic poles at the energies studied. The leading
off-diagonal parameter in the coupled-channel system
within the ERE assumption can be seen to be significantly
small compared to the diagonal elements suggesting no
striking surprises in this conclusion.
To reaffirm the absence of any hadronic poles in the

DD�
s-D�Ds S-wave amplitude in the lattice-constrained

energy regions, we investigate the analytic structure of
the amplitude across the complex energy plane. To this
end, using the formulas in Eq. (18) for the T-matrix
(using the K-matrix determined from the amplitude fits)
and adapting the signature of ImðρÞ for the desired sheet,
we evaluate the T-matrix. The resulting T-matrix is
then examined for zeros in j detðT−1Þj leading to a
pole singularity in T. As expected, there were no pole
singularities observed in the extracted amplitudes. The
monotonic rise in the cross section and the gradual
variation observed in the phase shifts in the energy range
of interest suggest the absence of any near poles in
S-wave coupled channel DD�

s-D�Ds scattering.
Now we address the parametrization dependence of the

observation we make in this case. In Fig. 16, we present

FIG. 15. k cotðδ0;aÞ vs ðkÞ2 in units of EDD�
s
for individual

channels in the inelastic coupled channelDD�
s −D�Ds scattering

in S-wave. The cyan and orange curves represent the unitary
parabola �i

ffiffiffiffiffiffiffiffi
−k2

p
=EDD�

s
, whereas the vertical dot-dashed lines

represent the lhc branch points associated K-meson exchange in
the respective channels. The solid green and red curves/bands
represent the D�Ds and DD�

s amplitudes, respectively, assuming
an ERE parametrization and using Lüscher’s prescription. The
other dashed and dot-dashed curves represent amplitude with
other parametrizations and procedures as indicated in the legend.
See Appendix C for further details on the fit forms.FIG. 14. DD�

s −D�Ds scattering amplitudes in S-wave. Top:
the quantity ρaρbjTabj2 in the top pane, representing the exper-
imental cross section, where a and b runs over the channels DD�

s
and D�Ds, respectively. See the text for definitions and details.
Middle: the inelasticity between the channels, as defined in
Eq. (17). Bottom: the phase shifts δ0 in the DD�

s and D�Ds
channels presented in degrees.
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the similar quantities as presented in Fig. 14, except for the
middle pane, for a set of different parametrizations utilized.
It is evident that the quantity in the top pane representing
the event distribution in different reactions shows qualita-
tively similar behavior, largely independent on the para-
metrization. Similar inference can also be arrived at from
the energy dependence of the phase shifts presented in the
bottom pane. In the middle pane, we present the channel
elasticity (η) as defined in Eq. (16). In the case of Breit-
Wigner type parametrization, the extracted amplitude
indicates a rise in inelasticity up to a few percent, yet
leading to no interesting poles in the amplitudes across the
constrained energy regions and all four Riemann sheets.
We observe all parametrizations used in this case suggest
qualitatively similar features and do not carry any poles
across the complex energy plane in the region constrained
by the lattice eigenlevels and immediately below the
threshold. We present the form of parametrizations used
and the summary of different fits made in Appendix C.
Constraining P-wave contributions in this coupled

channel study is a more complicated challenge due to
the limited nature of lattice data serving to constrain the
P-wave amplitudes. With two channels involved in the
P-wave scattering leading to the same quantum numbers,
one requires at least three parameters assuming an energy
independent amplitude. Even with a three parameter form
for the P-wave effects, the amplitude fits turns out to be a

formidable task with the available lattice data. Accounting
for corrections by incorporating higher energy dependent
terms further reduces the stability of the fits and mostly lead
to results with unacceptable χ2 values. Considering this we
limit ourselves to the pragmatic case of the three parameter
forms for the P-wave amplitudes, with each parameter
representing the leading energy independent term in the
three different reactions possible. The P-wave parameters
are fitted for with constrained S-wave parameters based on
pure S-wave fits, following which the quality of recon-
structed FV spectra is investigated for.
As already demonstrated in Fig. 13, with the above

assumption on the P-wave amplitudes, the low energy
spectrum is reconstructed faithfully independent of the
procedure utilized, despite different degrees of fit quality.
Other parametrizations also show similar features confirm-
ing the reliability of the fits. We summarize the P-wave
amplitudes also in Appendix C. Due to the limited degrees
of freedom available for the P-wave, we refrain from any
further investigation of the corresponding amplitude in
this study.

E. Discussion

In this subsection, we briefly discuss our results in
the context of phenomenological expectations and results
from previous lattice calculations. Phenomenologically, the
favorite candidates for bound doubly heavy tetraquarks are
bbūd̄ and bbūs̄ with IðJPÞ ¼ 0ð1þÞ and IðJPÞ ¼ 1=2ð1þÞ,
and binding energy ∼100 MeV and ∼50 MeV, respec-
tively. The lowest state in the charm counterpart of the latter
configuration is expected to be ≳100 MeV above the DD�

s
threshold based on nonlattice investigations [9,12–15],
whereas the phenomenological predictions for ccūd̄ are
quite scattered and only a few agree with the experimentally
observed mass. The ccūd̄ configuration has been studied
extensively in the recent times on the lattice following its
discovery by LHCb in 2021 [1,2]. However, there exists only
two relatively old lattice QCD studies of the isodoublet ccūs̄
system [26,39], wherein only the FV spectrum was deter-
mined in the rest frame.
In Ref. [26], the authors utilized local meson-meson and

local diquark-antidiquark interpolators and observed that
the ground state energy in JP ¼ 1þ channel is statistically
consistent with the threshold after the continuum extrapo-
lation. In Ref. [39], the authors utilized large bases of
interpolators that include local diquark-antidiquark inter-
polators as well as bilocal meson-meson interpolators
to extract the low lying FV spectrum in the rest frame.
The calculation was performed in a single lattice QCD
ensemble with mπ ∼ 400 MeV. Despite the difference in
the pion mass used, this study finds a pattern of small
energy shifts (shown in Fig. 7 of Ref. [39]) similar to our
results. In particular, the positive energy shifts observed in
the scalar channel DDs scattering is consistent with
our observations. A mixture of both positive as well as

FIG. 16. Same as in Fig. 14 (except the middle pane), but for a
set of selected parametrizations studied following the Lüscher-
based amplitude fits. A limited set is plotted for clarity, and other
omitted parametrizations also show similar patterns. In the
middle pane, we present the elasticity (η) of the channels, in
contrast to the inelasticity, which was presented in Fig. 14. See
Appendix C for further details on the fit forms.
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(mild) negative energy splitting can be observed in the
axialvector channel, consistent with our observations. In
our work, we made several steps beyond [39] by inves-
tigating these channels using two volumes and using
moving frame irreps in extracting the near-threshold
S-wave amplitudes. We observe that these extracted
amplitudes do not carry any signs of near-threshold
physical hadronic poles in the isodoublet ccūs̄ system.
This is consistent with conclusions based on the FV
energies extracted in Refs. [26,39] and also with various
phenomenological expectations [9,12–15,18,20].

VII. SUMMARY AND CONCLUSIONS

We present the first lattice determination of scattering
amplitudes of relevant two-meson channels in search
for doubly charm strange tetraquarks with flavor content
ccūs̄. The focus is given for the S-wave amplitudes in the
elasticDDs scattering and coupledDD�

s −D�Ds scattering
leading to scalar (JP ¼ 0þ) and axialvector (1þ) quantum
numbers. The simulated finite-volume (FV) energy
spectrum reveals small nonzero energy shifts from the
corresponding noninteracting expectations, suggesting
nontrivial interactions between the mesons involved. An
amplitude analysis of the extracted FV eigenenergies
suggests no nontrivial pole features in the physical ampli-
tudes that could be associated with an exotic hadron in
the energy region constrained and immediately below the
threshold. A conservative upper bound on the energy
regions constrained are about 160 MeV (80 MeV) above
the DDs (D�Ds) threshold in the scalar and axialvector
channels, respectively. In these energy regions, our obser-
vations are consistent with most of the phenomenological
expectations in these channels and with the existing lattice
results. Followup lattice investigations are required to
address the unattended systematic uncertainties, such as
cutoff effects, and affirm our findings.
This study is performed on two lattice QCD ensembles

at a single scale (a ∼ 0.086 fm) and with Nf ¼ 2þ 1

dynamical Wilson-clover fermions generated by the CLS
consortium. The light and strange mass corresponds to
mπ ∼ 280 MeV and mK ∼ 467 MeV, whereas the charm
quark mass corresponds to a value of the spin averaged 1S
charmonium that is slightly larger than its physical value.
The correlation measurements are made for basis composed
of purely bilocal two-meson interpolators and are per-
formed following the distillation procedure. Further details
of the setup can be found in Sec. IVA.
The FVeigenenergies related to the elasticDDs scattering

suggests repulsive interactions between the D and Ds
mesons in S-wave. We constrain the S-wave amplitude
following pure S-wave fits as well as combined S and
P-wave to accommodate potential P-wave effects on the FV
eigenenergies. In Figs. 8, 9, and Table VII, we present our
main results, which are based on amplitude fits following the
solutions of the Lipmann Schwinger equation in Eq. (22).

The extracted S-wave amplitude indicates no hadronic poles
in the vicinity of the DDs threshold. Amplitude fits follow-
ing Lüscher’s prescription indicates either shallow bound
poles or acausal off-axis physical sheet poles in this sector,
which we believe is a result of lack of constraints on the
analytic properties of the constrained amplitude parametri-
zations used. We observe that the extracted S-wave ampli-
tude for DDs scattering is unperturbed by the P-wave
contributions to the FV irreps utilized.
The amplitudes extracted from the energy shifts in the

coupled channel DD�
s-D�Ds system suggest a nearly

decoupled system of DD�
s and D�Ds scattering in S-wave.

The near-threshold eigenenergies with small negative
energy shifts overlap dominantly with the DD�

s channel,
suggesting a rather weakly attractive interaction. On the
other hand, the levels with positive energy shifts overlap
dominantly with the D�Ds channel, suggesting a repulsive
nature of interaction. Our main results are based on
Lüscher-based amplitude fits assuming an effective range
expansion approach and are presented in Figs. 13, 14 and in
Eq. (30). The S-wave amplitudes do not indicate presence
of any hadronic pole in the energy region constrained that
would lead to any nontrivial features in the experimental
cross section. In this case, we find the lattice extracted
amplitudes based on different parametrizations point to
qualitatively similar conclusions. Additionally we ensure
the amplitudes faithfully reproduce the FV spectra, even
after accounting for the P-wave contributions to the
moving frame FV irreps.
We have also investigated the origin of the observed

energy shifts in the coupled channel DD�
s-D�Ds system by

artificially varying the strength (α) of the evaluated cross-
correlation data. The real simulated data (α ¼ 1) have
energy splittings that are very small, suggesting very weak
interactions as well as weak coupling between the scatter-
ing channels, and is nearly consistent with decoupled
scenario observed from the subsequent amplitude analysis.
However, the correlation matrices with artificially
enhanced cross-correlations suggest increase in the coupled
channel effects. See Fig. 6 and the discussion around it for
details. We observe that the resultant energy shifts are more
enhanced with increasing strength, suggesting the role of
cross correlator data in rendering nonzero energy shifts.
This is further supported by the observation of energy shifts
statistically consistent with zero in the variational analysis
of the correlator data assuming a decoupled system ofDD�

s
and D�Ds scattering. Although the enhanced energy shifts
in artificially strengthened cross correlator data suggest
stronger coupled channel effects, a followup amplitude
analysis of these artificial data leads to unstable fits and
also introduces additional conceptual difficulties, with
increasing negative energy shifts approaching the lhc
branch point. Future simulations at different quark masses
would be beneficial in shedding more light on the inter-
actions involved in this two-channel system.
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Note that, our work is the first investigation of Dð�ÞDð�Þ
s

scattering amplitudes. It is exploratory in nature and an
investigation of the systematic uncertainties is not the main
focus. While we have utilized bilocal meson-meson like
interpolators in the basis, local diquark-antidiquark inter-
polators are not utilized in this entire work. The study on
effects of these local interpolators in Ref. [39] and our own
observations on similar systems [64] suggests nearly
negligible effects on the low lying spectrum. All these
finite-volume studies are performed at heavier-than-
physical pion masses (and lighter-than-physical K-meson
masses in our studies). Hence, it would be valuable to
further investigate these effects on lighter pion masses to
access the relevant dynamics that might dominate in the
chiral limit. One of the most important systematics asso-
ciated with charm physics are related to discretization
effects. In Ref. [67], the significance of addressing the
discretization effects in arriving at conservative estimates
for the binding energy of a near-threshold hadron has been
demonstrated. Our results and conclusions call for follow
up studies of this system on multiple spatial volumes and
with different lattice spacings to further constrain the
amplitudes to reaffirm our findings.
The scientific interest in doubly heavy tetraquark

systems have spiked in the recent years, particularly
triggered by the discovery of the Tcc tetraquark in
2021. Despite a number of lattice studies in the isoscalar
doubly bottom and doubly charm tetraquarks, investiga-
tions on the doubly charm strange system with valence
content ccūs̄ have been limited [26,39] and did not go
beyond the determination of the low lying FV spectra.
While phenomenological expectations generally suggest
the existence of a bound Tccūs̄ state to be unlikely, first
principles approaches such as ours using lattice QCD
are crucial in identifying (or ruling out the existence of)
hadronic pole features and confirming the predictions. To
this end, this study makes an important step ahead and
calls for more rigorous determinations in the future.

ACKNOWLEDGMENTS

We thank Navdeep Singh Dhindsa, Feng-Kun Guo,
Eulogio Oset, Lu Meng, Raquel Molina, Alexey Nefediev,
Bhabani Sankar Tripathy, and Ivan Vujmilovic for invaluable
discussions. S. P. is supported by the Slovenian Research
Agency (research core Funding No. P1-0035). M. P. grate-
fully acknowledges support from the Department of Science
and Technology, India, SERB Start-up Research Grant
No. SRG/2023/001235 and Department of Atomic Energy,
India. P. J. acknowledges the support and hospitality provided
by IISER Kolkata and IMSc Chennai during the completion
of this work. We thank our colleagues in CLS for the
joint effort in the generation of the gauge field ensembles
which form a basis for the computation.We use the multigrid
solver ofRefs. [89–92] for the inversion of theDirac operator.

Our code implementing distillation is written within the
framework of the Chroma software package [93]. The simu-
lations has been performed on the Regensburg Athene2
cluster. We thank the authors of Ref. [65] for making the
TwoHadronsInBox package public. We acknowledge the use of
computing clusters at IMSc Chennai. We also thank the HPC
RIVR consortium [94]and EuroHPC JU [95] for funding this
research by providing computing resources of the HPC
system Vega at the Institute of Information Science [96].

DATA AVAILABILITY

The data that support the findings of this article are
not publicly available upon publication because it is not
technically feasible and/or the cost of preparing, depositing,
and hosting the data would be prohibitive within the terms
of this research project. The data are available from the
authors upon reasonable request.

APPENDIX A: PARAMETRIZATIONS USED
IN S-WAVE DDs SCATTERING

In this appendix, we present different functional forms
utilized to parametrize the S-wave amplitude in DDs
scattering. We present the parametrizations utilized within
the Lüscher’s framework as well as the corresponding best
fit estimates in dimensionless units built out of the energy
of the DDs threshold leading to the fitting variables
k̂ ¼ k=EDDs

and ŝ ¼ s=E2
DDs

. With this convention, the
parametrizations we utilize are as follows.

k̂ cot δ0 ¼ A0 þ B0k̂
2 þ C0k̂

4 ½EREk4�; ðA1Þ

k̂ cot δ0 ¼ A0 þ B0ŝþ C0ŝ2 ½sPol�; ðA2Þ

k̂ cot δ0 ¼ A0 þ B0Δ̂þ C0Δ̂2 ½EREΔ�: ðA3Þ

k̂ cot δ0 ¼ A0 � B0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k̂2 − A0

0

B0
0

þ C0
0

s
½Hypb�; ðA4Þ

1

k̂ cot δ0
¼ G2

m2 − ŝ
þ γ ½BWs�: ðA5Þ

Here Δ̂ ¼ ŝ − 1 is an alternate variable for an equivalent
ERE, also used in Refs. [97,98]. The strings inside square
brackets are names we use to refer to the generic form of the
parametrizations.
The summary of best fit parameters is given in

Table VIII. The generic form of the parametrization is
indicated in the first column, whereas the second column
identifies the fit with a label. We present the parameter
values in dimensionless units in terms of EDDs

with errors
quoted within the brackets estimated following bootstrap
procedure and the corresponding χ2=d:o:f. values in last
column. The parameters of the LSE potential are indicated
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as cq½l�, where q is the coefficient index and l is the partial
wave, and the respective best fit values are presented in
physical units. The irrelevant parameters for any given fit
are indicated by a hyphen.
We have demonstrated the consistency in the repro-

duced energy dependence by different parametrizations
in Fig. 11, however comparing the respective best fit
parameter values themselves across different functional
forms is not justified. Yet one may investigate the
variation or stability in best fit parameter values appearing
in the leading terms in expansion based functional forms
used, with varying number of terms used to parametrize
the energy dependence. In the effective range expansion
forms (EREk2 and EREΔ), we observe that the leading k2

independent term related to the S-wave scattering length
remains intact with inclusion of the subleading terms in
the fits.

APPENDIX B: DDs SCATTERING IN P-WAVE
USING LÜSCHER-BASED FITS

In this appendix, we discuss fits to elasticDDs scattering
in P-wave based on Lüscher’s FV prescription. The three
dotted curves and associated bands in Fig. 17 are P-wave
amplitudes extracted using Lüscher’s framework. It is
evident from the circles that the level nearest to the
threshold is also closest to the real axis and the momentum
dependence of the amplitude suggests possibility of an
x-axis crossing above threshold with a positive slope
suggesting a pole in the physical sheet away from real
axis. Those parametrizations that suggest such a crossing
violate causality leading to physical Riemann sheet poles
away from the real energy axis [71,74,87]. None of the FV

eigenenergies at hand unfortunately constrain the P-wave
amplitudes below this level and hence any parametrization
beyond a constant in k2 can introduce a positive slope in the
energy dependence leading to an inevitable pole in the
physical sheet away from the real axis. This means any
causal P-wave amplitude description goes beyond a con-
stant in k2 parametrization for K̃−1

l and would require more
lattice data involving large spatial volume allowing access
to near-threshold behavior of the P-wave amplitude.
An example of fitted k3 cot δ1 with a constant in k2 (green)
and a linear form in k2 (blue band) is presented in the
Fig. 12. The constant k̂3 cot δ1 ¼ A1 or a zero-range
approximation can be seen to miss the low energy ampli-
tude leading to low quality fits, whereas the linear form can
be clearly seen to cross the x-axis that will lead to a off-axis
pole in the physical sheet, above the threshold. An ERE
parametrization that does not lead to acausal poles is the
one with infinite scattering length

k̂3 cot δ1 ¼ B1k̂
2: ðB1Þ

shown by gray band in Fig. 12, where the real-axis crossing
is pushed to the threshold, as evident from the gray band
in Fig. 12.
We iterate that the S-wave amplitudes we extract for the

DDs scattering remains robust irrespective of the P-wave
parametrizations one utilize. Our main result for the
P-wave, which based on solutions of LSE in Eq. (22), is
also free of any shallow bound states or near threshold
resonance poles.

APPENDIX C: PARAMETRIZATIONS USED
IN DD�

s -D�Ds SCATTERING

In this appendix, we present the summary of results
and parametrizations used in the case of coupled channel
DD�

s-D�Ds scattering in S-wave. First, we present the
parametrizations we have used for the amplitude fits based
on Lüscher’s formalism. Similar to the ERE form presented
in Eq. (29), we utilize an alternative form defined in terms
of Δi ¼ ðs − E2

i;cÞ=E2
i;c [97,98] is given by

K̃−1 ¼
�
a11 þ b11Δ1 a12 þ b12Δ1 þ c12Δ2

a22 þ b22Δ2

�
: ðC1Þ

Another parametrization used assumes polynomials in
Mandelstam s ¼ E2

cm to map the energy dependence as

K̃−1 ¼
�
a11 þ b11s a12 þ b12s

a22 þ b22s

�
: ðC2Þ

For all the S-wave parametrizations utilized in the ampli-
tude fits following Lüscher’s prescription, we limit to a

FIG. 17. The momentum-squared dependence of the P-wave
amplitude in DDs scattering. The circle markers are obtained
via Lüscher’s formalism from irreps where l ¼ 1 is the lowest
contributing partial wave. The solid and dotted curves with bands
represent fits with the LSE (orange and red) and Lüscher’s (green)
approaches, respectively. The green band refers to the fit with
constant parametrization, whereas the blue and gray band
indicate fit results with a linear form in k2 with a zero inverse
scattering length assumed in the latter.
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three parameter form of the P-wave amplitudes, where an
energy independent form

K̃−1 ¼
�
a33 a34

a44

�
: ðC3Þ

is assumed for the amplitude in each scattering channel.
A fourth form that we consider in our amplitude fits

based on Lüscher’s formalism is following the standard
Breit-Wigner type parametrization, where we typically
consider one or no pole separately in the S and P waves
coupled to either or both scattering channels, together with
a constant term (γij) or a linear term in Mandelstam s. The
general form used can be expressed as

K̃ij ¼
8<
:

G2
i

m2−s þ γiis½0;1� if i ¼ j;
GiGj

m2−s þ γijs½0;1� if i ≠ j:
ðC4Þ

In the case of no pole the first term in the above equation is
dropped out.
We also constrain theDD�

s −D�Ds amplitudes following
the solutions of LSE, for which the analytical reconstruction
of the FV spectrum was demonstrated in the top pane of
Fig. 13. We utilize an extension of the parametrization for
pseudoscalar-vector scattering presented in Ref. [72] for the
coupled channel system being addressed. The form of the S
and P-wave potentials are chosen as

TABLE IX. Summary of best fit parameter values for different S-wave amplitude parametrizations used for inelastic DD�
s −D�Ds

scattering in S-wave. The table follows the same conventions as used in Table VIII. The best fit parameter values from the Lüscher-based
fits are presented in dimensionless units with respect to EDD�

s
. The power in EREkð0;2Þ refers to the highest power of k included in

the parametrization. The parameters in the LSE potentials are presented in the form cq;ij½l�, where the indices q refers to the coefficient
index in Eq. (C5), i and j are channel indices, and l refers to the partial wave. The LSE potential parameters are presented in physical
units. See the discussion in Appendix C for details.

EREkð0;2Þ a11 b11 a12 b12 a22 b22 χ2=d.o.f.

0.202ðþ21
−18 Þ � � � −0.00083ðþ10

−5 Þ 0.20ðþ1
−2 Þ −0.15ðþ1

−1 Þ � � � 26=18

0.202ðþ21
−19 Þ −0.0002ðþ0

−0 Þ −0.0018ðþ1
−1 Þ � � � −0.15ðþ1

−2 Þ −0.24ðþ4
−1 Þ 25.7=17

0.202ðþ21
−19 Þ 0.0026ðþ1

−4 Þ −0.0012ðþ1
−1 Þ 0.096ðþ16

−4 Þ −0.15ðþ1
−2 Þ −0.24ðþ3

−2 Þ 25.7=16

sPol a11 b11 a12 b12 a22 b22 χ2=d.o.f.

0.175ðþ11
−57 Þ 0.011ðþ5

−37Þ −0.0283ðþ11
−57 Þ � � � −0.151 � � � 26.8=18

0.15ðþ4
−2 Þ � � � −0.01ðþ7

−5 Þ 0.1ðþ0
−1 Þ −0.10ðþ4

−3 Þ −0.04ðþ2
−5 Þ 37.4=17

0.14ðþ2
−12Þ 0.048ðþ43

−5 Þ −0.003ðþ1
−1 Þ � � � −0.10ðþ3

−5 Þ −0.05ðþ1
−1 Þ 26.4=16

EREΔ a11 b11 a12 b12 a22 b22 χ2=d.o.f.

0.18ðþ3
−2 Þ � � � −0.0020ðþ3

−2 Þ 0.10ðþ2
−1 Þ −0.19ðþ2

−2 Þ � � � 25=18

0.17ðþ11
−3 Þ 0.9ðþ7

−9 Þ −0.14ðþ6
−5 Þ � � � −0.15ðþ2

−3 Þ 0.1165ðþ3.8
−2.4Þ 28.3=17

0.17ðþ2
−3 Þ 0.042ðþ59

−4 Þ 0.0025ðþ4
−5 Þ 0.039ðþ4

−9 Þ −0.14ðþ2
−3 Þ −0.032ðþ7

−6 Þ 33.2=16

BWs m G1 G2 γ1 γ2 γ3 χ2=d.o.f.

4.8ðþ2
−2 Þ −0.024ðþ1

−7 Þ −7.3ðþ0.4
−1.4Þ 5.0ðþ3

−7 Þ −3.1ðþ2.9
−0.1Þ −9.0ðþ5

−9 Þ 28.1=16

5.2ðþ6
−5 Þ −0.196ðþ5

−30Þ −5ðþ1
−3 Þ 5ðþ3

−0 Þ � � � −8ðþ0
−2 Þ 26.7=17

m G1 G1 γ1s γ2s γ3s χ2=d.o.f.

2.8ðþ7
−2 Þ −5ðþ0.3

−3 Þ −6ðþ1
−3 Þ 1.5ðþ0.02

−2.8 Þ −0.012ðþ3
−5 Þ −11ðþ2

−3 Þ 30.6=16

LSE c0;11½S�½GeV−2� c2;11½S� ½GeV−4� c0;12½S� ½GeV−2� c2;12½S� ½GeV−4� c0;22½S� ½GeV−2� c2;22½S� ½GeV−4� χ2=d.o.f.

−2.7ðþ0.5
−0.7Þ −0.73ðþ1.57

−0.66 Þ 0.0001ðþ0.580
−0.001 Þ � � � 7.2ðþ0.9

−1.1 Þ −14.7ðþ3.0
−1 Þ 18.2=18

−2.7ðþ7
−7 Þ −0.7ðþ1.6

−0.7Þ 0.5ðþ7
−1 Þ −0.7ðþ1

−7 Þ 7.1ðþ0.7
−1.6 Þ −14ðþ4

−1 Þ 22.7/20
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V ½S�ðk; k0Þ ¼ ½2c0½S� þ 2c2½S�ðk2 þ k02Þ�ðϵ · ϵ0�Þ and

V ½P�ðk; k0Þ ¼ 2c2½P�ðk · ϵÞðk0 · ϵ0�Þ: ðC5Þ

With the form above, we utilize a two-dimensional potential
matrix in the channel space

V ¼
"
ðV ½S�

11 þ V ½P�
11 Þðk1; k01Þ ðV ½S�

12 þ V ½P�
12 Þðk1; k02Þ

ðV ½S�
22 þ V ½P�

22 Þðk2; k02Þ

#
ðC6Þ

with a total of 9 parameters, while solving for the LSE in
Eq. (22). Here the subscripts 1 and 2 to V , k, and k0 refer to
the channel index.
In Table IX, we present a summary of fits to the S-wave

parametrizations and in Table X, the fits constraining the S
and P-wave combined are presented. In the first column we
indicate the form of parametrization. Similar to the elastic
case we present the parameter values in dimensionless units
in terms of EDDs

with errors quoted within the brackets
estimated following bootstrap procedure and the corre-
sponding χ2=Nd.o.f. values in last column. The parameters

in the LSE potential are indicated as cq;ij½l�, where q is the
coefficient index, i and j are the channel indices and l is the
partial wave, and the respective best fit values are presented
in physical units. The irrelevant parameters for any given fit
are indicated by a hyphen.
Assuming a decoupled scenario, in Fig. 15, we have

demonstrated that the various parametrizations suggest
consistent energy dependencies. It can be observed that
the P-wave contributions can be accounted in the moving
frame irreps without changing the S-wave amplitudes. The
successful reconstruction of the FV spectra using the S and
P-wave combined fits support this conclusion. Similar to
the observation in the elastic scenario, the leading terms
in the ERE-based parametrizations remain intact with the
inclusion of the subleading terms related to shape param-
eters. The range parameters are generally observed to be
subdominant indicating nearly energy independent behav-
ior in the respective elastic amplitudes. Such arguments on
leading terms are not immediate in other parametrizations
used, as the threshold has no special relevance in the Breit-
Wigner form (BWs) and in polynomials of s (sPol).
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