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In previous work [D. Giusti, et al., Methods for high-precision determinations of radiative-leptonic
decay form factors using lattice QCD, Phys. Rev. D 107, 074507 (2023)], we showed that form factors
for radiative leptonic decays of pseudoscalar mesons can be determined efficiently and with high precision
from lattice QCD using the “three-dimensional (3D) method,” in which three-point functions are computed
for all values of the current insertion time and the time integral is performed at the data-analysis stage. Here,
we demonstrate another benefit of the 3D method: the form factors can be extracted for any number of
nonzero photon virtualities from the same three-point functions at no extra cost. We present results for the
D, — Zvy* vector form factor as a function of photon energy and photon virtuality, for both positive and
negative virtuality, for a single ensemble with 340 MeV pion mass and 0.11 fm lattice spacing. In our
analysis, we separately consider the two different time orderings and the different quark flavors in the
electromagnetic current. We discuss in detail the behavior of the unwanted exponentials contributing to the
three-point functions, as well as the choice of fit models and fit ranges used to remove them for various
values of the virtuality. While positive photon virtuality is relevant for decays to multiple charged leptons,
negative photon virtuality suppresses soft contributions and is of interest in QCD-factorization studies of

the form factors.

DOI: 10.1103/2pzm-v26v

I. INTRODUCTION

In this paper, we present an extension of our previous
study [1] on lattice-QCD methods for computing the
hadronic matrix elements describing the weak decays of
pseudoscalar mesons, H, into a lepton, a neutrino, and a
photon, Z*v,y (or £7¢y) by focusing on the more general
case of an emitted off-shell photon, y*, i.e., H = Ty y*
or H* = ¢+¢—y~.

In Ref. [1] we have introduced and explored in detail a
number of strategies to efficiently calculate with high
accuracy in lattice QCD the structure-dependent axial-
vector and vector form factors that, in the Standard
Model, enter the radiative leptonic decay rates of
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pseudoscalar mesons at leading order in a,,,. Prominent
among these are the so-called ‘“three-dimensional (3D)
method” that helps with controlling the systematic uncer-
tainties from unwanted exponentials in the sum over
intermediate states in the extraction of the matrix elements
contributing to the decay amplitudes, and the combined use
of an infinite-volume approximation technique to inves-
tigate the full kinematically allowed photon-energy range
of the form factors. Precise determinations of the hadronic
contributions to the radiative leptonic decay rates using
lattice gauge theory can overcome the various limitations
of approaches traditionally adopted in the literature, such
as quark models [2-13], QCD factorization/soft-collinear
effective theory/perturbative QCD [14-27], light-cone
sum rules [28-33], chiral perturbation theory [34-39],
and dispersion relations [40-42], being either model-
dependent, making truncations in the relevant expansions,
or requiring a large number of external inputs. In addition
to our previous lattice calculation [1], we also refer to the
works of the Rome/Soton group [43-47].
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Here we show that the 3D method allows us to efficiently
extract the form factors for any number of nonzero photon
virtualities from the large-Euclidean-time limit of the same
Euclidean three-point function of the real photon emission
processes at no extra cost. The analysis of correlation
functions for positive photon virtualities allows to study
rare processes of decays in three or four charged leptons,
ie, Ht =4 ¢tv, or H® = £+¢~¢+t¢~. These
decays are sensitive probes of physics beyond the
Standard Model; see, e.g., Refs. [38,48,49]. Early lattice
studies in the kaon sector have been carried out in
Refs. [50,51], which used heavier-than-physical quark
masses to avoid difficulties attributable to the presence
of intermediate states that hinder analytic continuation from
Euclidean to Minkowski spacetime. In this regard, recent
lattice techniques of spectral-density reconstruction [52,53]
could be applied to overcome such difficulties, and the
combined use of our 3D method can help achieve results at
the physical point, alleviating signal-to-noise problems at
large photon energies [45,47]. Interestingly, in contrast, the
study of form factors for negative photon virtualities is
entirely free from limitations due to the use of Euclidean
correlation functions, as explained in Sec. II, and provides
important complementary information to calculations
performed in the framework of light-cone sum rules and
QCD factorization [19,20,54]. In fact, in these regimes,
soft contributions to heavy-meson form factors, which are
not well constrained in the light-cone expansion, are
suppressed, and a lattice calculation at different photon-
virtuality values could help control them.

In this study, we make use of the “24I” RBC/UKQCD
lattice gauge-field ensemble with 2 + 1 flavors of domain-
wall fermions and the Iwasaki gauge action [55],
with inverse lattice spacing a~! = 1.785(5) GeV and pion
mass m, = 340(1) MeV [56]. We consider the process
Dy — ¢Tu,y*, for which we provide, for the first time,
model-independent determinations of the vector form
|

factor as a function of photon energy and virtuality, for
both positive and negative virtualities. This paper focuses
on a detailed investigation of lattice data-generation and
data-analysis methods. Computations at the physical pion
mass and for mesons other than the D, extrapolations to
the continuum limit, and phenomenological studies of the
decay observables are left for future work.

The structure of the remainder of this paper is as follows:
in Sec. II we review how to relate the Minkowski-space
hadronic tensor to a Euclidean-space three-point correlation
function. We describe the 3D method in Sec. III. The details
of the lattice gauge-field ensemble and the lattice actions
and parameters are given in Sec. IV. Section V illustrates a
number of improvements for determining the relevant form
factors. The fit methods used to remove unwanted expo-
nentials from intermediate and excited states are described
in Sec. VI. The final form factors results at positive and
negative virtuality are presented in Sec. VII, and we
conclude in Sec. VIIL

II. HADRONIC TENSOR FROM EUCLIDEAN
CORRELATION FUNCTIONS

A. Hadronic tensor

The decay we consider is that of a pseudoscalar meson
H, with quark flavors g, and ¢, into a lepton ¢, neutrino v
and off-shell photon y*. The initial-state pseudoscalar
meson has mass my, momentum py, and the off-shell
photon has virtuality p; = E> — p2 # 0. Using the weak
effective Hamiltonian and working to first order in pertur-
bation theory in the electromagnetic interaction, the
remaining QCD physics left to calculate is contained in
the hadronic tensor T,,. The hadronic tensor receives
contributions from both the axial-vector and vector weak
currents. As discussed in the introduction, in this work we
focus on the vector component T'y,, which is given by

: ip,-x em b4 = T P F
T[YIJ(I’H’I)}/) :_l/dtem/d3x61p7 <0|T(‘I,u (Iem’x)vu(o)ﬂH(pH» :€;wrppyp/[-[mivv (1)

where J;" = Zq 0,qr.q is the electromagnetic (EM)
current and V, = g,7,¢, 1s the vector current compo-
nent of the weak current. The vector component of
the hadronic tensor can be written in terms of a single
form factor Fy, and is a function of the photon
energy in the rest frame of the pseudoscalar meson,

E§0> = py - p,/my, and the virtuality of the photon, p?.
It is convenient to study the form factor as a function of

©)
the dimensionless ratio x, =

, = 73 which takes values
my /2

H

I
2

0<x,<1- % for physically allowed kinematics. Un-
H

less stated otherwise, we will refer to T}, simply as the
hadronic tensor for brevity.

To relate the Minkowski-time hadronic tensor to a
Euclidean correlation function, we will compare the spec-
tral decompositions of the different time-orderings of the
two currents J, (e, X) and V,(0). Inserting a complete
set of energy-momentum eigenstates and performing the

integral over t.,, gives [1,57,58]
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V.< —i 0 3xe—ipy-x em )_C’ 4
Tt =i [T den [ e OO e DIH )
_ OV O = ) n(Fy = B OH )

: (2)
2E, 3,-5,(Ey + Ey 5, = Enp, — i€)
and
Ve _ [oo(1—ie) )
Tw™ = _’/ dlem / dxe™ PO (tem, X)V, (0)[H (P i)
0
_ z (0l7z"(0 IM(py)>< (f)y)IV (0)[H(Pn)) 3)
5,(Ey — Ey 5, — i€)
B. Euclidean three-point function with weak current at origin
We use the Euclidean three-point correlation function
C3 (fem: t / ' / & ye Prie P (I (1. $)V,,(0) by (111 7)) (4)
to calculate the hadronic tensor, where ¢}, = —,ysq; is the meson interpolating field and r; is the source-sink separation.
We define time-integrated correlation functions for each time ordering as
V,< 0 E ten OV V> T E ten V
Il“; (tH’ T) = Tdteme 4 emC3,/w(tem’ tH)? Iﬂl; (tH’ T) = 0 dteme 4 emCS.,/w(tem’ tH)? (5)

and their sum I, (151, T) = I, v (ty. T) + 1" (ty. T). By inserting two complete sets of energy-momentum eigenstates and
performing the integral over Euclidean time 7., we find the following spectral decompositions:

) = 3 O = 3 0B = B OGN UGN oty _ 15 u Ty

In 2E npn—p 2E, pH(E +E, Pu=py El,ﬁy)

(6)

) (015 (0)[m(B,)) {m(B,) |3 (0)|(Br)) {!(Pr) 01 (0)[0) o

IV> t , T e
uv ( H ) 2Em_1372Ele (Ey - quﬁy)

Lt [] — e(Ey—E,,,_,;y)T}' (7)

I.m

Looking at Eqgs. (6) and (7), we see that the ground-state ~ must decay with increasing 7', which implies that the
contribution can be isolated by taking the source-sink  following inequalities must hold:
separation ty to large negative values.

After isolating the ground-state contribution by taking tem <0: E,—Ey5 +E,5 _ 5, > 0, (8)
the source-sink separation t to large negative values, we
bserve that each term in th tral d ition of I,,;”

observe that each term in the spectral decomposition of /,,; fem > 0: E, — 5 <0, (9)

[Eq. (6)] is equal to the associated term in T,‘ff [Eq. (2)] up
to 1 —e B EniytEuin-3,)T factors. In a similar way,

) . . Starting with the 7., < O time ordering, because the EM
each term in the spectral decomposition of /,;~ [Eq. (7)]

current cannot change quark-flavor quantum numbers, the
is equal to the associated term in T~ [Eq. (3)] up o intermediate states |n(p; — P,)) must have the same quark
1 — ¢ E=Eni )T factors. To ensure that one can analytically  flavor quantum numbers as the initial state pseudoscalar
continue to Minkowski time, these unwanted exponentials ~ meson H. The lowest-energy state with these quantum
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V,(0) Jm(0)

th <tem <0 ¢ tg <0 <tw

tg <0 <tom

St

aNz/2 — |ty

tem <tpg <0

tw <tg <0

aNT/2

LZNT/Q

FIG. 1. Left and right figures depict the different time orderings for the Euclidean three-point functions with the weak current [Eq. (4)]
and EM current [Eq. (12)] at the origin, respectively. In the left (right) figure, the 7., (#;y) coordinate indicates the location of the EM
(weak) current, with the clockwise direction corresponding to increasing time. Due to periodic boundary conditions, the time coordinate
forms a closed circle. For the left (right) figure, the weak (EM) current is fixed to time 7., = 0 (tyy = 0). For both circles, the orange and
blue arcs correspond to the T,‘,/f and T,‘ff time orderings of the hadronic tensor. Importantly, the time orderings the orange and blue arcs
correspond to in the left and right figures are flipped relative to each other; in the left figure, the orange and blue arcs correspond to the
t < 0and t,, > O time orderings, while in the right figure the orange and blue arcs correspond to the #y, > 0 and # < O time orderings.
Looking at the orange arcs, we see that, while for the 7, < O time ordering one is limited to values of integration range T < |z|, for the
tw > 0 time ordering one has access to larger values of integration range 7 < aN;/2 — |ty |, where N is the number of sites in the
Euclidean time direction. In a similar way, looking at the blue arcs the roles flip; for the ¢, < 0 time ordering we are limited to 7' < ||
and for the 7., > 0 time ordering we have reach T < aN;/2 — |ty|. The purple, green, pink, and gray arcs correspond to unphysical

time orderings.

numbers is the pseudoscalar meson itself. From this we see
that the condition for 7., < 0 in Eq. (8) is always satisfied
except for (E,, p,) = (0,6),1 even for negative values of
photon virtuality p% < 0. One important observation is that,
while the unwanted exponentials do decay with 7', for a
given value of ty, one only has access to I,Yf(tH, T) for
0 < T < —ty. The reason for this is that, as one increases
T, one is integrating foward the interpolating field, as
depicted in Fig. 1. We discuss the implications of the
limited range of 7" on our analysis in more detail in Sec. VI.

For the ., > O time ordering, the intermediate states
|m(p,)) are flavorless, and the lowest-energy state that
contributes is the two-pion state. Rearranging Eq. (9) gives
the condition p? < 4m2. Unlike the ., < O case, there are
theoretical limitations placed on the values of pf that can be
calculated using Euclidean lattice QCD. In a finite volume,
these limitations can be reduced by separating out a discrete
set of individual states but a detailed discussion of such an
extension is left for future work. One important observa-
tion, however, is that one can safely study negative
virtuality pg < 0 without having to worry about growing

'One can use parity symmetry to show that the pseudoscalar
state H does not contribute to the spectral decomposition of I,‘,/f;
the lowest-energy state that contributes is the associated vector
meson H*. This implies that the analytic continuation from

Euclidean to Minkowski time is safe even at (E,, p,) = (0, 0).

exponentials. Unlike the 7., < 0 time ordering, increasing
T corresponds to integrating away from the interpolating
field; for a lattice with Euclidean time extent aN 7, the range
of T one can study I,‘,/f(tH, T)is 0 <T < aNrp/2, inde-
pendent of 75 (see Fig. 1 for a visualization).

In general, we see that we can extract the different time
orderings of the hadronic tensor by

2E e Entn
TV~ = —lim lim — 1 L™ (. T),
# T ty==o0 (H(P )| (0)[0) " 7
p, # (0,0,0,0), (10)
2E e Euln
TV = —lim lim 1V (1, T),
W T S H B 00y M
p}% < 4m2. (1)

We discuss our procedure for taking the T — oo and
ty — —oo limits in more detail in Sec. VI. Throughout
this work, we will often refer to ,‘ff (ty,T)and [ ,‘,/f (tyg, T)
as simply the 7., < 0 and 7., > 0 datasets, respectively.

C. Euclidean three-point function with electromagnetic
current at origin

Rather than use a three-point function with the weak
current fixed to the origin, it was shown in Ref. [1] that
translational invariance can be exploited to use an
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alternative three-point function with the EM current
fixed to the origin instead. In particular, 7,, can also be
extracted using

C;/.;],EDM([WJH) _eEHlW/d3x/d3yei(ﬁy—ﬁH).}ejﬁH.§
X (TERO)V, (1w, X) iy (1, 7)), (12)

where the superscript EM differentiates between the three-
point function in Eq. (4) with the weak current at the origin.
Note that, relative to the three-point function in Eq. (4), this
correlation function has additional factors of ef#" and
e~iPr ¥ Additionally, the phase factor ¢!’r* has a minus
sign in the exponent relative to the factor e~"7+* in Eq. (4).
These modifications are required to shift the operators
relative to each other, ensuring that the intermediate states

|

in the time-integrated correlation function have both the
correct momentum and come with the correct factors of
energy in the denominator.

In a similar way, one can define time-integrated corre-
lation functions

T
],Y,}EM'> (IH, T) = A d[WE_ErtWCX;EIM(lW, lH),

0
I/‘A/I:EM’<(tH’ T) = /T dtwe_EﬂWC:‘;;iM(tw, tH)’ (13)

where the superscript > and < now correspond to the
ty > 0 and tyy < O time orderings, respectively. Inserting
complete sets of energy-momentum eigenstates as before,
their spectral decompositions are

1B (1, T) = Z (0[V,(0)[n(Pu = B,))(n(Pu — ﬁy)|Ju(0)|l(13H)><l(ﬁH>|¢L|0> oEiiytn [1 _ e—(Ey+En.;,y_ﬁH—EH)Ti| (14)

n,l

and

2E, 5,-5,2E15,(E, + Ey 5,5, — En)

L1, ) = Y (O1,,(0)[m(p,)) (m(B,) |V, (0)[1(Pr)) {1(Prr) |7410) Eiintn [e<Ey—Enﬁy+AEmH>T - 1], (15)

m,l

where we denote by AE; = E; 5, — Ey 5, the excited-state
energy gap for the [/th excited state created by the
interpolating field; this parameter is zero when E; corre-
sponds to the ground state. As expected, these expressions
are similar to those in Egs. (2) and (3) except for the fact
that the ¢ > 0 and #,y < O time orderings correspond to
the 7., <0 and ¢, >0 time orderings, respectively.
Visualized in Fig. 1, for a given ¢, one has access to
LM (1, T) for 0 <T < -t and 1,7 (24,T) for
0 < T < aNy/2. This fact has important implications for
the behavior of the unwanted exponentials as a function of
ty and T, which we discuss in more detail in Sec. VI.

For large source-sink separation ¢, one can use similar
arguments as in the previous section to show that the
unwanted exponentials that come with each intermediate
state go to zero for large 7 as long as

naﬁH_ﬁy

tw<0: E,—E,; <0, (17)

m,p,

which implies that the hadronic tensor can be calculated as

—Epst
ZEHJ?HE fhrw

7% = —lim lim . Lt (1. T),
H T—o0 ty—>—0 <H(PH)|¢}-I(O)|O> g

p, #(0,0,0,0), (18)

2E, 3,2E,5,(E, — E, 5, + AE5,)

2Ey j, e o'
V> — fim lim Ij,pH : IEMYV-= (1, T),
T=wiy—==c (H(py)|¢y(0)]0)
p}% < 4m,2,. (19)

Throughout this work, we will often refer to I,Yf'EM(tH, T)
and I, "™ (1, T) as simply the 1, <0 and 1y >0
datasets, respectively.

III. ALL PHOTON VIRTUALITIES FOR FREE
USING A 3D SEQUENTIAL PROPAGATOR

As discussed in detail in Ref. [1], there are two general
methods for calculating the time-integrated correlation
function 7, (4. T) on the lattice, referred to as the 3D
and 4D methods. In this section, we compare the number of
propagator inversions required to calculate 1, (¢, T) using
the 3D and 4D methods, and show that using the 3D
method, one calculates all photon virtualities for free.
The total cost of each method is summarized in Table I.
For a detailed discussion comparing more aspects of each
method, we refer the reader to Ref. [1].

The 4D method uses a four-dimensional sequential
propagator through the electromagnetic current. Using
the 4D method, one calculates the time-integrated corre-
lation function 7, (1, T) directly on the lattice; for a single
value of T, one calculates all values of ¢ for free. Because
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TABLE L. Number of propagator solves required to calculate 7, (7, T) using the 3D and 4D methods on a single

configuration for a single initial source as a function of the number of meson momenta N

py» umber of photon

momenta N, , number of photon energies N , number of source-sink separations N, for the 3D method and

number of integration range values Ny for the 4D method. The number of propagator solves for the 3D method is
independent of the number of photon energies N , which implies one can calculate all values of photon virtuality

for zero additional solves.

Source 3D 4D
Point 2(1+N,,N,,) 2(1 +4N7N, Ng,))
Z, wall 2(1+N;,N,, +N,,N,) 2(1 +4NyN, N, + N, N,,)

the phase factor e~7 and the exponential factor eFfem
(and also the y, matrix associated with the weak current)
must be included in the source for the sequential solve,
calculating 1,,(ty, T) using the 4D method requires addi-
tional solves for each choice of photon 4-momentum
p, = (E,. p,), and integration range 7.

The 3D method, which we use in this work, uses a three-
dimensional (timeslice source) sequential propagator
through the interpolating field gb;, as shown in Fig. 2.
Using the 3D method, the source for the sequential solve
only includes the phase factor ¢7#7 and the ys matrix
associated with the interpolating field gbL. For a single
value of fy, one calculates the three-point function
C,(tem. ty) for all values of f,. This implies one can
calculate both 7, (5, T) and I, (¢, T) for all T Crucially,
because C,,(fem.ty) is independent of E,, calculating
1,,(ty, T) for different photon virtualities is done by simply
changing the value of £/, in the efrlen factor in the integrand
of 1,,,(ty. T). In other words, using the 3D method, one can
calculate all photon virtualities for zero additional propa-
gator solves relative to the real photon decay. When
using the 3D method, this also applies to the spectral
reconstruction method [53], where the photon virtuality can
be changed by changing the kernel.

Furthermore, if one uses point sources, as done in this
work, for a fixed value of py, one can also calculate the
three-point function for all values of p, for free. Lastly, as
discussed in Ref. [1], the propagators required to calculate
the three-point function with the weak current fixed to the

Jem
1

primary source

seq. prop.

time (tem)

origin in Eq. (4) can be reused to calculate the three-point
function with the EM current fixed to the origin in Eq. (12).

IV. LATTICE PARAMETERS

In this work, we perform calculations on a single gauge-
field ensemble, namely, one of the “24I” ensembles
generated by the RBC-UKQCD Collaboration [55]. This
ensemble has N, = 24 sites in the spatial dimensions and
Ny = 64 sites in the Euclidean time dimension, was
generated with 24 1 flavors of domain-wall fermions
(DWFs) and the Iwasaki gauge action, has an inverse
lattice spacing a~! = 1.785(5) GeV and pion mass of
m, = 340(1) MeV [56]. We use the same DWF action
for the valence strange quarks as the sea quarks, except that
we use the physical bare mass am!® = 0.0323. For the
charm valence quarks, we use a Mobius DWF action with
Stout-smeared gauge links and with a nearly physical
charm-quark mass of am, = 0.6 [59]. We use local currents
as in Ref. [1]. We perform calculations on N, = 25
configurations, using either Z, random-wall or point
sources. We employ all-mode-averaging, and for each
configuration we use 1 exact and 64 sloppy samples.
More details of the calculation can be found in Ref. [1].

All calculations are performed in the rest frame of the D
meson with p, = (0,0,0) and photon momentum aligned
with the z-axis f)y = (0,0, p, ;). We performed the calcu-
lation at 30 different photon 4-momentum, which are
visualized in Fig. 3. We perform the calculation at five
values of ap, . :12\,—72(0.2,0.6,1.0,1.4,1.8) and average

Vz/ primary source

seq. prop.
ty

time (ty)

FIG. 2. Left and right figures show schematic visualizations of the 3D method for the three-point function with the weak and EM
currents fixed to the origin, respectively. In the left (right) figure, the initial source is placed at the weak (EM) current location, the
sequential source is circled in green (red) and the sequential propagator is shown with a green (red) line.

054507-6



EFFICIENT LATTICE QCD COMPUTATION OF RADIATIVE- ...

PHYS. REV. D 112, 054507 (2025)

FIG. 3. Kinematic points studied in this work. The blue points
indicate the 30 kinematic points (p, .. pf) we study. The red line
corresponds to the theoretically smallest virtuality achievable
obtained by setting £, = 0. The horizontal dotted gray lines show
the eight lines of constant photon virtuality we study, including
the real photon case, and the horizontal black dashed line
indicates the maximum virtuality p? = 4m3 that can be studied
using lattice QCD.

over positive and negative p, . (we discuss the method that
allows us to study momenta that are not integer multiples of
27/N, in the next section). In addition to the real photon
case p% =0, for each p,. we study both positive and
negative virtuality. For positive virtuality, we use three
values of positive virtuality equally spaced between 0 the
threshold 4m2 (with m, ~ 340 MeV). When considering
negative virtuality, the theoretical minimum value that one
can achieve is by setting £, = 0. To set the lines of constant
virtuality, we choose the four values associated with setting
E, =0 for all but the smallest photon momentum,
()2{(0.6)*,(1.0)*,(1.4)*,(1.8)*}. For each
Dy WE perforni the calculation at all allowed values of
negative virtuality in this list; the kinematic points we study
are shown in Fig. 3. In physical units, the largest negative
virtuality we study is p? ~—0.7 GeV2. Lastly, for each
kinematic point, we perform the calculation for two values
of source-sink separation —1/a €{9, 12}.

ie., —azp% =

V. IMPROVED ESTIMATORS

In this section, we briefly review the improved estimators
for CY,(tem: trr) and Cp™ (tom. ty) studied in Ref. [1].
Here we only discuss the high-level details and the
qualitative improvements of each method. For a detailed
discussion, we refer the reader to the original reference.

The first improvement is the so-called infinite-volume
approximation. Using this approximation, we calculate
correlation functions projected to arbitrary momenta
(not restricted to integer multiples of 2z/L) with errors

exponentially suppressed in the finite volume. At a high
level, this approximation relies on the fact that correlation
functions decrease exponentially with the spatial separation
of the operators. This exponential decay can then be used
to bound the difference between the infinite-volume and
finite-volume correlation functions to also be exponentially
suppressed in the volume. In this way, we can study
arbitrarily small values of x, in the rest frame of the
initial-state meson H. Without this approximation, achiev-
ing small values of x, would require working in the moving
frame of the initial state meson H, which results in an
increase in statistical noise [1].

One caveat of the infinite-volume approximation is that it
requires control of the distance of the two currents. It is
therefore most naturally implemented using point sources,
which generally have worse statistical performance com-
pared to using Z,-wall sources. It was shown that this
limitation can be overcome by using ratios of three-point

functions calculated with both point and noise sources. If
we denote by Cg‘:;;“(py,t ty) the three-point function
(where t could be f., or ty) calculated with photon-
momentum 1'5;, in the rest frame of H, the improved

estimator we use is

C (P 1 1y)

point 3w H
ttH)—pmm — . (20)

C5,u (P 1.1y)

d
c;jf"“" (Pyot.ty) =C5o0 (P,

where p* is some momentum allowed by periodic
boundary conditions, and Cﬁy(ﬁ*,t, ty) is the three-
point function calculated using Z,-wall sources. Note
that one must calculate the expectation values of the
individual correlation functions before taking the ratio.
Because C3 L and C;/ EM have zero expectation value
=2 ~ (0,0, 1). For each

value of 7, we compare the statlstlcal uncertainty of the
improved and original three-point function and use the
result with the smaller uncertainty.

Another improvement we employ is to average over
iﬁy. While this may at first appear to be a trivial
improvement, it was shown that doing so results in an
exact cancellation of a pure noise contribution to the weak-
vector component of the three-point function. Averaging
therefore results in dramatic noise reductions, in particular
at small photon momentum [1].

when py =0, we choose ap*

VI. FIT METHODS TO CONTROL UNWANTED
EXPONENTIALS

In this section, we describe the procedure used to
extrapolate to infinite integration range 7" and source-sink
separation fy. The methods we use are similar to those in
Ref. [1], with slight modifications. All expressions in this
section are written in the rest frame of the initial state meson
H with py = (0,0,0).
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We start by discussing the behavior of the unwanted
exponentials as one varies tyz and T for the different
time orderings. Consider first the unwanted exponentials
associated with the 7., <0 and t > 0 time orderings.
Assuming we have achieved ground-state saturation by
taking 7 large and negative, the unwanted exponentials are
of the form

E+E

n,ﬁ,_mH)T’

tom <07 e where 0 < T < —ty,  (21)

tyw>0: ¢ EtEus, =T - where 0 < T < aNyp/2, (22)

where n is the index of the intermediate states in the
spectral decompositions, and we have explicitly written
the ranges of T one has access to, where aN7 is
the temporal extent of the lattice. These expressions
imply that the unwanted exponentials decay more quickly
for larger values of E, and p,, and more slowly for
smaller E, and p,.

For the t.,, > 0 and #y < O time orderings, the asso-
ciated unwanted exponentials are (assuming ground-state
saturation)

E,~E

fom > 01 B 7Ers )T \yhere 0 < T < aN7/2,  (23)

(Ey_EnAirr )

tw<0:e T where 0 < T < —ty. (24)
In general, we see that these terms decay more slowly
with T for large E, and large p,, and actually start to grow
with T when p; > 4m.

For both time orderings, we see that there are kinematic
regions where controlling unwanted exponentials will be
difficult, requiring either taking long times 7" or using more
complicated fit forms. This problem is particularly difficult
for the #.,, < 0 and #y, < O datasets, as one cannot integrate
past the interpolating field, i.e., T < —ty. Furthermore,
because the excited-state contamination increases as

one integrates towards qﬁL, one must simultaneously take
T>0 and T+ ty > 0. While it was found that such
extrapolations were possible for real photon decays [1],
certain kinematic regimes are more difficult to deal with
when considering off-shell photons. To simplify the analy-
sis and limit the possibility of uncontrolled systematic
uncertainties, we choose to only include the 7., > 0 and
ty > 0 data in our analysis. We leave including the 7., < 0
and ty < 0 datasets in the analysis for future work.
Following Ref. [1], rather than first fitting the time
orderings of /,, and I;)" and then taking linear combina-
tions of the fit results to calculate F'y,, we choose to fit the
form factor as a function of T and ¢ directly. Furthermore,
we choose to fit data associated with the charm (c)
and strange (s) quark components of the EM current
separately. This is done for two reasons. First, this is
actually necessary for the #.,, > 0 and f < 0 datasets as

different intermediate states contribute to the (¢) and (s)

components. Second, the individual charm F E,C ) and strange

F g‘f) components of the form factor are themselves phe-
nomenologically relevant, see, e.g., Refs [60,61]. Note that
we define the quark components to include the EM quark

charge factors such that Fy, = F E,C ) +F if). As an example
of the notation, in the rest frame of the initial state meson
with photon momentum p, = (0,0, p, ), we fit

FO7 (1. T) = 5o~ (197 (1. T) = 107 (0. 7)) . (25)
4 7.2

where the superscript ¢ = ¢, s; we use similar notation for

the other time ordering and correlation function.

The integrals over t., and ty, are performed using the
trapezoid rule, with the 7., = 0 (7 = 0) contribution split
evenly between the two time orderings. Furthermore,
because Fy(ty, T + a) is the sum of Fy(ty,T) and an
exponentially decaying contribution, the data at different 7
are highly correlated, leading to instabilities in fully
correlated fits. To avoid these instabilities, we follow
Ref. [1] and instead perform uncorrelated fits and estimate
the statistical uncertainties using a jackknife procedure. For
each set of fits, we perform fits with many different
minimum values of 7" and pick the value where the form
factor extracted from the fit is stable. To help stabilize the
fits, we place a Gaussian prior in the excited-state energy
gap AE between the ground state and the first excited state
created by the interpolating field qu by fitting the asso-
ciated two-point correlation function to a two-exponential
fit form; the prior value is chosen as the central result of the
fit and the prior width is chosen as the statistical uncertainty
of the fit result scaled by a factor of 1.5.

We now consider the quantum numbers of the inter-
mediate states that contribute to the spectral decomposition
of the different time orderings.2 For the ., > 0 data, the
intermediate states are flavorless, and the lowest-energy
state is in principle a two-pion state. However, as we did not
include disconnected diagrams in our calculation, this state
does not actually contribute; because we study the D,
the intermediate states contributing to the correlation
function involving the s and ¢ quark components of the
EM current can only be composed of flavorless combina-
tions of (s,5) and (c, ¢) quarks, respectively. This implies
that the intermediate states contributing to F Ef)‘> and F &f) ~
are different, and so, as previously discussed, we fit them
separately. This also implies that the largest virtuality we
can study is larger than 4m2, although the results should not
be taken as physical because we currently neglect the
disconnected diagrams.

*Note that we consider the quantum numbers assuming
continuum and infinite-volume QCD.
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FIG. 4. Left: value of F 5; ) determined from fits to F gf)’> (ty,T) as a function of the minimum value of integration range T';,, of data
points included in the fit. As T, is increased, the fit result approaches a constant, demonstrating the unwanted exponentials are well
controlled. The yellow data point and error band show the chosen fit range. Right: fit result of the chosen fit range on top of the data. The
vertical black dashed lines indicate the fit range used. The blue band is the fit function with —z;/a = 9, the orange band is the fit
function with —z; /a = 12, and the yellow error band with —7;;/a = oo; the yellow band on the left figure is the same as the yellow band

on the right figure. The results shown are for photon momentum p,. = 0.84 GeV (ap,, =

p% = 0.48 GeV, which corresponds to p% ~4m?.

The most general fit form we consider [1] includes a term
to account for the unwanted exponential associated with
the lowest-energy intermediate state and the lowest-energy
excited state created by the interpolating field,

P (1. T) = FyY™ + By e 75T - crerin. - (26)

Because intermediate states for the ¢ = ¢ component are
composed of at least one charm and one anticharm quark,

the energy E(>c> is large and the unwanted exponentials

decay rapidly with 7. Looking at Fig. 4 we see that, even
in the worst-case kinematic point we study, with ap, . =

(1.8)2% and p2 ~4m2, the unwanted exponentials decay

rapidlys and one can simply fit to a constant in 7. For this

reason, we set B(>C) = 0 for all kinematic points considered

in this work.

We now discuss fits to the F E,S)? (ty,T) data. Because the
intermediate states are composed of strange quarks, they

have lower energies and the unwanted exponentials decay

(¢).>

more slowly than in the F},"~ (7, T) case. In Fig. 5, we

show example fit results for F &fb at different kinematic
points. At low photon energy and momentum, the
unwanted exponentials decay quickly with 7" and we

perform fits with the B(>S) = 0. As the photon energy and
momentum are increased, the unwanted exponentials decay
more slowly and we include the term proportional to B(>S>
in the fits. One important property of these correlation
functions is that, for large enough Py and pf, there is a

(1.8)2%) and photon virtuality

threshold 7 for which the signal-to-noise ratio decays
exponentially with increasing 7' [45]. If not properly taken
into account, this behavior can lead to underestimating
statistical uncertainties. An example of this behavior is
shown in the bottom row of Fig. 5 for ap, . = (1.8) 2 and

p? ~4m2. Looking at the associated stability plot, one
might conclude that T';,/a can be chosen as small as 4-6.
Doing so, however, would result in an underestimation of
the statistical uncertainties. To see this, first recall that, at
fixed photon momentum p, ., the unwanted exponentials
for this time ordering decay more slowly with increasing
virtuality p%. This implies that one should choose T, at
least as large as that chosen for the real photon decay at the
same photon momentum. As shown in Fig. 5, a value of
Timin/a = 11 was chosen for ap, . = (1.8) ¥ and p; =0,
and so we use the same value for the nonzero virtuality
case. We use this strategy for all fits to 7., > 0 data.
Turning to the #yy > 0 data, the intermediate states have
the same flavor quantum numbers as the initial state
pseudoscalar meson H. This is true for both the charm
and strange EM current components. For decays medi-
ated by the weak vector current, the lowest-energy state
that contributes is the H*-like state, i.e., fora D, — y*fv
decay this would be the D}. Because we can easily the
measure the D} energy Ep_; on the lattice, e.g., by fitting
two-point correlation functions, we can use the method
first developed in Ref. [50] to exactly subtract the
unwanted exponential associated with this state. After
subtracting the unwanted exponential associated with
the D} state, we observed that, for all kinematic points
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FIG. 6. Same as Fig. 4, but the top and bottom rows show fits to F’ (Vs)‘>’EM(tH, T) and F &f)’>'EM(tH, T), respectively. The kinematic

2

point shown is the real photon case with p, . = (1.8) %%, which is where the unwanted exponentials are expected to decay most quickly

for this time ordering.

studied in this work, the data plateaus quickly in 7, and
we use the simple fit form

P M 1. T) = BT 4 M ebEm,

(27)
Figure 6 shows fit results for the best-case scenario when
the unwanted exponentials decay most quickly, namely

for the real photon case with ap, . = (1.8)2%. For both

Fi,s)’>’EM(tH,T) and Fif)'>’EM(tH,T), the data plateaus
quickly with T and the fit results are entirely consistent as
one varies T ,,. As the photon energy is decreased, the
unwanted exponentials decay more slowly. Figure 7
shows fits to ap,. = (L.8)3F with now aE, =0.

We see that, while the strange-quark data plateaus in a
clear way, the charm-quark data are noisy and it is
not obvious which fit ranges to choose. As a rule of

thumb for deciding which fit range to choose for fits to

Fi/c),> JEM

(ty,T), we use the same fit range chosen for fits

to F$>'>’EM(tH,T). This strategy is valid because the

same intermediate states contribute to both the strange
and charm quark correlation functions, and therefore the
unwanted exponentials should become negligible for

similar values of 7. As a cross-check, we also performed
(¢).>.EM

fits to the sum F;™(t,,T) = Fy (ty, T) +
F gf)’>'EM(tH,T) directly and found these results to be
entirely consistent with first fitting F Ef)'>’EM(tH, T) and
F\O7EM ¢ T) and then adding the fit results.

VII. VECTOR FORM FACTOR RESULTS
AT POSITIVE AND NEGATIVE PHOTON
VIRTUALITY

In this section, we show our results for the vector
form factor as a function of the photon momentum p, ,
energy E,, and virtuality p2. Because we show results for a
single gauge field ensemble (the “24I” ensemble described
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Same as Fig. 4, but the top and bottom rows show fits to F' (Vs)‘>’EM(tH, T) and Fy, (c)->- EM(IH, T), respectively. The kinematic

point shown is the virtual photon decay with p,. = 0.84 GeV and py =-0.71 GeV (corresponding to E, = 0). While the

$),>, EM( (L').>.EM(

Fy (s ty, T) data exhibit a clear plateau, the F\,

ty. T) are more noisy and it is less clear which fit range to choose. As

explained in the main text, the intermediate states that contribute to the charm and strange quark components are the same, and we

therefore choose the fit range for F i,c)?'EM(

in Sec. IV), we focus on the qualitative features of the
results. Additionally, it is important to note that while the
disconnected diagrams (which we currently do not include)
are expected to be small for the real photon decay (and were
recently calculated to be negligible for the K — y£v decay
with real photons [47]), it is possible their contribution
becomes enhanced as the virtuality approaches p; ~ 4ms.

We start by showing results with 2D plots where the
x-axis corresponds to x, and different colored points
indicate data at constant virtuality p}%. To offer a more
rich perspective to view the behavior of the form factor, we
also provide 3D plots. For each dataset, we show the same
form factor with two different axes; the first shows the
dependence on (p, ., E,) and the second on (E,, p2).

The components of the form factor we calculate directly
from our fits are the individual time orderings of the

ty,T) to be the same as the fit range chosen for the less noisy F,

(S)'>'EM(IH, T) data.

different quark current components F i,s) ZF gf) ’>’EM, F Ef) .

F if)?’EM. The charm and strange quark components are

calculated by summing the individual time orderings
Fﬁ/q) = F( )>EM+F( )= where g=c, s, and the full
form factoris Fy = F), (0 +Fy (c) . Looking at the 2D plots in

Fig. 8, we see that F( ) and F( ~EM have the same sign
for all kinematic points, and there are no cancellations
when summing them to determine F g,‘ ). A similar behavior
is also observed for the strange quark component. The same

is not true, however, when adding the individual quark

components F gf) and F g;v) to calculate the full form factor
Fy (and also when adding the charm and strange quark
components for individual time orderings, seen in Fig. 8).
Looking at Fig. 9, we see that, for photon virtuality
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FIG. 8. Different components of the vector form factor as a function of x,. Data with different colors and markers correspond to
different values of fixed photon virtuality pf. The left and right columns show the F§, and F; time orderings, respectively. The upper,
center, and lower rows show the charm quark component, strange quark component, and the sum of the two, respectively. We observe
strong cancellations between the individual charm and strange quark components for both time orderings. Note that the dashed lines
connecting different points are meant only to guide the eye.
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FIG. 9. Different components of the vector form factor as a function of x,. Data with different colors and markers correspond to

different values of fixed photon virtuality pf. The top left and right plots show the charm (F gf)) and strange (F §f>) quark components of

the form factor, respectively. The lower plot shows the full form factor F, = F i}y) + F g,”). We observe strong cancellations between the
individual quark components, with almost perfect cancellation for photon virtuality p% = —0.22 GeV> Note that the dashed lines
connecting different points are meant only to guide the eye. The form-factor values and covariance matrices are also provided as

machine-readable files in Supplemental Material [62].

p? =—0.22 GeV?, there is almost perfect cancellation,
with the form factor results entirely consistent with zero
for all x, values we studied. Similar cancellations were
observed in Refs. [1,45] for Fy at zero virtuality and in
Refs. [60,61] for the D D}y couplings. The latter are
associated with the pole residues appearing in the form
factors for the D, — £y decay. This cancellation becomes
weaker as the magnitude of the photon virtuality is
increased. For increasing positive virtuality, we observe
an enhancement in the magnitude of Fy,. This is likely due

to enhanced contributions from the ¢ meson intermediate

(s),

state contributing to Fy’~, which is further supported by

the fact that F Sf)'> is also enhanced for increasing positive
virtuality.

We now discuss the form factor results in the 3D plots.
Looking at the left plot in Fig. 11, we see that, at fixed Py

the charm component F i,c) decreases monotonically with

increasing E,. As seen in the left plot in Fig. 12, the same is

not true for the strange quark component F if) , which
exhibits nonmonotonic behavior for fixed p, . and increas-
ing E,. Turning now to the full form factor F'y in Fig. 10,
first we observe a significant increase in the relative size of
the uncertainties, which results from the strong cancella-
tions between the charm and strange quark components.
Furthermore, the behavior of Fy is generally more inter-
esting than the individual quark components. In particular,
for small fixed momentum, the vector form factor starts
positive, decreases, and then increases as E|, is increased.
In contrast, for large photon momentum, Fy starts out
negative, crosses zero, and continues to increase. At fixed
virtuality pf, the form factor generally decreases in mag-
nitude with increasing photon energy E,.
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p; 1GeV?)

FIG. 10. Form factor —Fy plotted versus E, and p,, (left) or versus E, and virtuality pf (right). The gray bars indicate the central

values, while the colored bars are the + 16 statistical error bars. The color of the error bars is used to indicate the sign of the central value:
red for positive and blue for negative.
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E,[GeV]

FIG. 12. Like Fig. 10, but for the form factor —F%,.

VIII. CONCLUSIONS

In this extension of the work in Ref. [1], we have
demonstrated that, using the 3D method, lattice QCD can
be used to calculate three-point functions for radiative-
leptonic decays into virtual photons for zero additional
propagator solves relative to the real photon case. Another
important component of our work is the study of not only
positive photon virtualities, which are relevant for Ht —
70 ¢t v, and H — ¢~ ¢+ ¢~ decays, but also neg-
ative virtualities, which can provide valuable input for
controlling soft contributions to heavy-meson form factors
when using QCD factorization approaches. Interestingly,
unlike the positive virtuality case which has fundamental
limitations on the values of virtuality that can be studied
using lattice QCD (p? < 4m2), one can study negative
virtualities up to the theoretically smallest value associated
with E, = 0. With our methods, using only N, =25
gauge field configurations, we obtain precise values of Fy,
over most of the kinematic ranges studied.

To demonstrate our methods, we calculated the vector
form factor Fy for a range of photon momenta and
virtualities. We provided a detailed discussion of the
behavior of the unwanted exponentials that come with
each intermediate state in the spectral decomposition,
focusing on their behavior in different kinematic regimes.
We showed that, for each time ordering, there are extreme
kinematic regimes where the unwanted exponentials decay
slowly and become difficult to remove through extrapola-
tions. This was particularly problematic for the 7., <0
time ordering where one integrates towards the interpolat-
ing field. To overcome this difficulty, we calculated an
alternative three-point function, where, instead of the weak
current being fixed to the origin, the EM current is fixed to

the origin. Using this alternative three-point function, we
were able to reliably control the unwanted exponentials
associated with both time orderings, as shown by perform-
ing a detailed stability analysis of the fit result as a function
of the fit ranges used. An interesting followup research
direction is the inclusion of the ., < 0 and #y < O time
orderings in the analysis; while doing so will require careful
treatment to ensure the unwanted exponentials are appro-
priately controlled, it could result in some improvement in
the statistical precision achieved.

This work lays the groundwork for future calculations of
radiative-leptonic decays into virtual photons. The next step
1s to determine the three axial form factors, which was done
for kaon radiative leptonic decays at positive virtuality in
Ref. [51]. While this step may appear straightforward, it is
complicated by the fact that one must develop methods to
remove lattice artifacts that diverge as O(a"/E,) when
isolating the structure-dependent component of these form
factors. An initial method for doing so was proposed in
Ref. [51]. Another important step is the calculation of the
disconnected diagrams, whose contribution will likely
become enhanced as one approaches p,% ~ 4m?2. With these
developments in hand, the next step is to perform calcu-
lations on several ensembles and extrapolate to the con-
tinuum and physical pion mass, which will provide precise
Standard Model predictions. Lattice QCD is perhaps the
only reliable approach for charm radiative-leptonic decays,
as neither chiral perturbation theory nor heavy-quark
effective theory are expected to converge well in this
sector. The ultimate goal of this program is to study decays
of B and B, mesons and compare with QCD-factorization/
effective-field-theory studies. With the advent of ensembles
with extremely fine lattice spacings [63], our methods can
be directly applied by performing the calculation for a

054507-16



EFFICIENT LATTICE QCD COMPUTATION OF RADIATIVE- ...

PHYS. REV. D 112, 054507 (2025)

variety of heavy quark masses and extrapolating to the
physical bottom quark mass.
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