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Based on periodic orbit theory, we address the individual-system versus ensemble interpretation of
quantum gravity from a quantum chaos perspective. To this end, we show that the spectrum of geodesic
motion on high-dimensional hyperbolic manifolds, described by the Selberg trace formula, displays a
Schwarzian (sinh 2π

ffiffiffiffi
E

p
) mean level density. Due to its chaotic classical limit, this quantum system also

shows all universal signatures of quantum chaos. These two properties imply a possible duality to Jackiw-
Teitelboim-type quantum gravity at the level of a single system instead of an ensemble of systems like
matrix- and Sachdev-Ye-Kitaev models. Moving beyond the universal regime, we show how the full
wormhole geometry on the gravity side emerges from the discreteness of the set of periodic orbits. Thereby,
we take initial steps towards a duality between gravitational and mesoscopic chaotic quantum systems
through the topological, respectively, periodic orbit expansions of their correlators.
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I. INTRODUCTION

Low-dimensional gravity has been a fruitful area for
studying holography in recent years, with much interest
arising from the paradigm that quantum gravitational
degrees of freedom display characteristic signatures of
quantum chaos in the presence of a horizon [1]. A prime
example of this is Jackiw-Teitelboim (JT) gravity [2,3],
whose quantization has been shown to be exactly dual to a
matrix ensemble with a universal limit, given by random
matrix theory (RMT) [4]. Originally devised to consider
specific signatures of chaos for the unitary case of broken
time-reversal symmetry (see [5] for a recent review), further
work clarified how to extend the duality to other univer-
sality classes [6–10] and even used it to explore properties
of hyperbolic manifolds [4,11,12].
JT gravity displays a characteristic density of states [13]

∼ sinhð2π ffiffiffiffi
E

p Þ, a hallmark of systems with a black hole dual
[14]. It arises from the Schwarzian action describing the
leading-order (disk) contribution to the 1-point spectral
function. Given the expectation of gravitational systems
being maximally chaotic [15,16], a possible duality requires
the presence of general universal signatures of late-time
quantum chaos, but a complete duality implies more;
namely, a precise identification of the respective Hilbert

spaces and the spectra of the Hamiltonians of the two
theories. Summarizing the state of the art, the celebrated
matrix ensemble of [4] as dual to JT quantum gravity and the
approach of [17,18] that derives the JT correlators from
expectation values within a larger “universe” theory both
required the Schwarzian density as an external input, while
the Sachdev-Ye-Kitaev (SYK) [19–21] and related models
[1,22,23] display the Schwarzian action, but only match the
gravity side in the universal regime [24].
The study of JT gravity has allowed to address

problems in more general and realistic theories of gravity
[25–27], among them the inclusion of higher-than-disk
topologies in the gravitational path integral, but at the
same time it raised the question of how to understand such
topologies from the holographic perspective. In particular,
wormhole geometries correspond to non-factorizing cor-
relation functions in the dual theory. In JT gravity, the
emergence of non-vanishing connected 2-point correlators
can be explained by an ensemble interpretation of the dual
theory [28–31], but in higher dimensions this interpreta-
tion is not available and the so-called factorization
problem remains [32].
Although the ensemble interpretation is supported by the

existence of matrix and SYK-related dual theories, it
apparently contradicts the holographic paradigm embodied
by the AdS/CFT correspondence, where the duality relates
two individual systems, see e.g. [33–35]. The study of
JT gravity from the individual-system perspective is there-
fore an active field, with ideas being pursued in three-
dimensional gravity [36], constrained matrix models [30],
non-perturbative corrections [37] and the effective descrip-
tion as a universe field theory [17,18].
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Here, we appeal to the success of periodic orbit theory
[38,39] in explaining both universal [40–42] and nonuni-
versal [43,44] features of quantum chaotic systems, see
[45] for a recent review. Using this semiclassical
approach, we explicitly construct an individual chaotic
quantum system, i.e., high-dimensional hyperbolic
dynamics [46], that possesses the same (Schwarzian)
spectral density as JT gravity. As for any quantum chaotic
model, the standard semiclassical smoothing defined by
averaging over small parameter windows [31,42] repro-
duces the universal (RMT) limit of the leading topology
term in the JT 2-point correlation function [1,4], the so-
called ramp contribution, in systems with both broken and
preserved time-reversal invariance [40]. After establishing
the duality at this universal level, we use the discreteness
of the set of periodic orbits to recover the full, nonuni-
versal gravitational result as given by the double-trumpet
topology [4]. We emphasize that the double-trumpet
possesses a nonuniversal parameter regime that standard
semiclassics cannot capture, whereas our approach is
equivalent to the JT gravity result at leading topology
in any regime. This equivalence appears when a statistical
description of the set of periodic orbits is induced by a
coarse graining of the classical phase space at a finite
action scale.
As a final note, let us be clear that all the statements

made in this work operate at the level of correlation
functions of the theories under study only. While we
believe that these results are interesting in their own right,
and constitute progress on the way to a computationally
useful single system dual to JT gravity, we do not claim to
have established a full duality between the theories in the
more rigorous sense of a one-to-one correspondence
between Hilbert spaces.
This paper is organized as follows: in Sec. II, we briefly

introduce JT gravity and review some features that are
pertinent to the discussion in the rest of the paper. In
Sec. III, we construct the quantum chaotic model we will
be using in Sec. IV to produce the JT gravity one- and
two-point functions at leading topology, but only in the
case of conjugate-time arguments for the two-point
function, i.e. the regime in which standard semiclassics
and RMT agree. In Sec. V, we will go beyond this result
and show how a phase space coarse graining can produce
the full JT gravity double trumpet result without requiring
the time arguments to be conjugate to each other. Finally,
in Sec. VII, we give an outlook on how the coarse graining
introduced in Sec. V could give rise to a genuslike
expansion of correlation functions, as expected in JT
gravity.

II. JACKIW-TEITELBOIM GRAVITY

We begin by introducing JT gravity as a two-dimensional
theory of dilaton gravity defined by the action

SJT½g;ϕ� ¼ −
S0
2π

�
1

2

Z
M

ffiffiffi
g

p
Rþ

Z
∂M

ffiffiffi
h

p
K

�

−
�
1

2

Z
M

ffiffiffi
g

p
ϕðRþ 2Þ þ

Z
∂M

ffiffiffi
h

p
ϕðK − 1Þ

�
;

ð2:1Þ

where S0 is a large parameter setting the entropy scale and
suppressing topology change, M is a two-dimensional
Riemannian manifold, ∂M its boundary, g and R the metric
determinant and Ricci scalar on M, h, and K the induced
metric and curvature on ∂M and ϕ a complex scalar field
called the dilaton. Equation (2.1) arises universally as the
near-horizon geometry of higher-dimensional near-extremal
black holes, see e.g. [47].
In its quantized form, the theory is defined through the

n-boundary connected partition functions

hZðβ1Þ…ZðβnÞiðcÞ ≃
X∞
g¼0

eð2−2g−nÞS0Zg;nðβ1;…; βnÞ; ð2:2Þ

expressed as a topological (genus) expansion. The right-
hand side in Eq. (2.2) is computed by path integrating over
the action (2.1), whose topological term (the first bracket)
induces the genus decomposition through the Gauß-Bonnet
theorem. Depending on whether we allow unorientable
manifolds or not, the sum ranges solely over integer
(without unorientable manifolds) or additionally over
half-integer (with unorientable manifolds) genus. The
left-hand side sets the boundary conditions, namely that
one should integrate over connected manifolds with n
asymptotically AdS boundaries of renormalized lengths
β1;…; βn (see [48] for an overview). One can compute the
functions Zg;n exactly for all orders n and genus g [4] in the
orientable case, but in this paper, we will mostly focus on
the disk and double trumpet geometries, g ¼ 0 and n ¼ 1,
2, respectively. These two correlators depend directly on
integrating the boundary reparametrization mode, wðuÞ,
against the emergent Schwarzian action [49],

S½w;ϕ� ¼ −
S0
2π

Z
duϕrðuÞSchðw; uÞ: ð2:3Þ

It is the simplest action invariant under SLð2;RÞ, also
describing the low energy regime of the SYK model
[19,50]. Integrating out the Schwarzian action leads, firstly,
to the well-known disk partition function

Z0;1ðβÞ ¼ ZdðiskÞ
Sch ðβÞ ¼

Z
∞

0

dEe−βEρ0ðEÞ; ð2:4Þ

depending on the characteristic density of states

ρ0ðEÞ ¼
1

4π2
sinhð2π

ffiffiffiffi
E

p
Þ: ð2:5Þ
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Secondly, it yields the wormhole (double-trumpet) contri-
bution to the 2-point function,

Z0;2ðβ1; β2Þ ¼
Z

∞

0

bdbZt
Schðβ1; bÞZt

Schðβ2; bÞ ð2:6Þ

in terms of the characteristic trumpet partition function

ZtðrumpetÞ
Sch ðβ; bÞ ¼ 1ffiffiffi

π
p

β1=2
e−b

2=β: ð2:7Þ

The integral in Eq. (2.6) can be performed exactly. In the
case β1 ¼ β − it; β2 ¼ β þ it, (2.6) computes the spectral
form factor and, to leading order in β=t, this yields the well-
known ramp, a telltale sign of chaotic dynamics,

Z0;2ðβ − it; β þ itÞ ¼ t
4πβ

þO
�
β

t

�
: ð2:8Þ

As we will see in Sec. IV, standard semiclassics is able to
capture (2.8), but not (2.6).

III. PARTICLE ON A HIGH-DIMENSIONAL
HYPERBOLIC MANIFOLD

In this section, we show that these central quantities, Z0;1
and Z0;2, can be exactly reproduced by an individual
quantum chaotic, nongravitational, dynamical system.
We consider a free particle of mass M ¼ 1=2 moving on
an f-dimensional Riemannian manifold K of constant
negative curvature R ¼ −2 (or correspondingly, with cur-
vature radius L set to unity). This class of systems is fully
chaotic if f ≥ 3, or if f ¼ 2 and K has at least genus 2. In
the latter case, the system is known as the Hadamard-
Gutzwiller model, see e.g. [51], and Fig. 1 for an illus-
tration of an example of the kind of system we consider.
Quantization relies on the Gutzwiller trace formula [38],
which provides an approximation for e.g. the quantum

partition function using properties of the system’s classical
periodic orbits. Such systems can be viewed as prototypical
examples of chaotic systems, being among the few systems
that can be rigorously proven to be classically chaotic.
While our presentation in the following refers to a class of
systems, all our claims are valid at the level of a single
representative system, meaning a concrete manifold K of a
specific dimension f. In the case at hand, Gutzwiller [46]
found that the semiclassical approximation is identical [52]
to the Selberg trace formula (STF) relating the spectrum of
the Laplacian Δ on K to the length spectrum of the set Γ of
prime geodesics γ on K.
Using dimensionless variables, the STF is given by [53]

X∞
n¼0

hðpnÞ ¼ V
Z

∞

0

hðpÞΦfðpÞdpþ
X
γ ∈Γ

X∞
m¼1

χmγ lγgðmlγÞ
Sfðm; lγÞ

;

ð3:1Þ

where we parametrized the eigenvalues of Δ as
λn ¼ ðp2

n þ ðf − 1Þ=4Þ. hðpÞ is an even function on the
spectrum of Δ that satisfies certain standard technical
conditions on its large-p behavior and analytic structure,
which will be met by our choice below, but which we will
not report for clarity of the presentation. V is the volume of
K and ΦfðpÞ is the Plancherel measure of K, a quantity
originating in the group theoretical underpinnings of the
STF. In the present context, importantly, it plays the role of
the mean spectral density or Weyl term. The first sum
ranges over prime geodesics ofK (i.e. the periodic orbits of
the dynamical system with Ĥ ¼ −Δ), the second accounts
for their repetitions. Lastly, lγ is the length of the γth orbit
(in units of L), lγ=Sf its stability amplitude, and gðlÞ is the
Fourier transform of hðpÞ. χγ are phases arising from
winding njðγÞ times around possible fluxes φj [54] (or a
suitable generalization in higher dimensions),

χγ ¼ exp

�
i
X2g
j¼1

φjnjðγÞ
�
; ð3:2Þ

and control time reversal invariance and thereby the
symmetry class of the system: it is present when all
χγ ¼ 1 (orthogonal symmetry), and broken if any χγ ≠ 1

(unitary), see also Fig. 1.
In the remainder of this section, we will review precisely

how the Plancherel measure enters Eq. (3.1), and show that
it is playing the same role as the spectral density of JT
gravity. Afterwards, we will take the limit of large con-
figuration space dimension f → ∞ and show that in this
limit, ΦfðpÞ tends exactly to the JT gravity result.

A. Plancherel measure

In order to understand that the Plancherel measure in the
STF has the same origin as the sinh spectral density in JT

FIG. 1. An example of the class of systems we consider in
f ¼ 2 dimensions. If the manifold is embedded in a higher-
dimensional space, Aharonov-Bohm fluxes φ1;φ2 piercing the
handles of the manifold can be added, causing periodic orbits γ to
pick up phases χγ related to the winding number n1;2ðγÞ around
the fluxes, thereby breaking time-reversal invariance in the
system.
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gravity, we need to recall some important steps in the
derivation of the STF [53]. The manifold K on which the
dynamics plays out can be understood as a quotient
manifold K ¼ Hf=Γ, where Hf is the hyperbolic space
in f dimensions and Γ some discrete hyperbolic subgroup
of the group of orientation-preserving isometries onHf. For
f ¼ 2, 3, Γ would be a Fuchsian or Kleinian group
respectively, and more generally, is isomorphic to the
fundamental group π1ðKÞ, i.e. the set of closed geodesics
on K. Note that in the simplified notation of the rest of the
text, Γ refers only to the prime geodesics, or equivalently,
the primitive elements of the fundamental group of K,
usually denoted in the literature by Γ�. We consider the
Laplacian Δ on Hf and define the notion of point-pair
invariants kðx; yÞ ¼ kðdðx; yÞÞ, i.e. smooth, even functions
of compact support, which depend only on the distance
between two points ðx; yÞ∈Hf × Hf. Suppose now that we
have some radial eigenfunction of the Laplacian, viz. a
function ϕ satisfying Δϕ ¼ λϕ for some λ and radial about
a point p. Then for such a ϕ, it is not difficult to show that

Z
Hf

kðx; yÞϕðyÞdy ¼ hðλÞϕðxÞ; ð3:3Þ

with a function hðλÞ that does not depend on ϕ. The left-
hand side of (3.3) can be expressed as an integral over the
fundamental domain F of Γ, since ΓF ¼ Hf:

Z
Hf

kðx; yÞϕðyÞdy ¼
Z
F

�X
γ ∈Γ

kðx; γyÞ
�
ϕðyÞdy; ð3:4Þ

and combining Eqs. (3.3) and (3.4) for a complete set of
eigenfunctions ϕ0;ϕ1;ϕ2;…, we recover Selberg’s pre-
trace formula [55],

X
γ

kðx; γyÞ ¼
X
n

hðλnÞϕnðxÞϕ̄nðyÞ: ð3:5Þ

Taking the trace in Eq. (3.5) gives the STF, and the term on
the LHS coming from the conjugacy class of the identity
γ ¼ f1g takes the form of the Weyl term

V
Z

∞

0

hðλÞΦfðλÞdλ; ð3:6Þ

with the Plancherel measure, explicitly given by [53]

ΦfðpÞ ¼
f

ð4πÞf=2Γðfþ2
2
Þ
jΓðipþ ðf − 1Þ=2j2

jΓðipÞj2 ; ð3:7Þ

coming in as the density of the radial eigenfunctions traced
out on the rhs of (3.5),

Z
Hf

ϕpðxÞϕ̄p0 ðxÞ ¼ 1

ΦfðpÞ
δðp − p0Þ; ð3:8Þ

where now p is a variable parameterizing the continuous
part of the spectrum of Δ and Δϕp ¼ λðpÞϕp [56].
To see that the origin of the spectral density of JT gravity

can be understood in the same way, we need to recall its
formulation as a slð2;RÞ BF gauge theory. This theory is
defined by the action

SBF ¼ −i
Z

trðBFÞ; ð3:9Þ

where B is a scalar field and F the field strength computed
from a gauge connection A. The integration is to be
performed over the (as yet unspecified) gauge group
manifold. This action can be straightforwardly mapped
to the JT gravity bulk dilaton action, while the action of
the boundary mode depends on the global structure of the
gauge group, rather than just the gauge algebra. Taking the
gauge group to be the universal cover fSLð2;RÞ of groups
with the Lie algebra slð2;RÞ, the disk partition function
can generically be expressed as an integral over the
irreducible representations (irreps) of fSLð2;RÞ [57],

Zdisk ∝
Z

dRΦðRÞe− β
2C½C2ðRÞ−1

4
�; ð3:10Þ

with the quadratic Casimir C2ðRÞ and the Plancherel
measure

ΦðRÞdR ¼ ð2πÞ−2s sinhð2πsÞ
coshð2πsÞ þ cosð2πμÞ dμds: ð3:11Þ

Analytically continuing μ → i∞ yields the sinh spectral
density, and hence the disk partition function of JT gravity.
The Plancherel measure comes in, once again, as the
density of the basis functions of the “irrep space,” namely
the irreps UR themselves:

ðUR;UR0 Þ ¼ 1

ΦðRÞ δðR;R
0Þ; ð3:12Þ

where δðR; R0Þ is the product of a Dirac (Kronecker) δ for
every continuous (discrete) representation label in R. The
correspondence between Eqs. (3.8) and (3.12), and hence
of the Weyl term in the STF and the disk partition function
of JT gravity, including the functional form of the
Plancherel measure suggests a tantalizing unexplored
connection between group quotients of high-dimensional
hyperbolic spaces Hf=Γ and groups like the gauge group of
JT gravity, which can be understood either as a purely
hyperbolic sector of a central extension of fSLð2;RÞ [57], or
alternatively, a positive sub-semigroup of SLð2;RÞ [58,59].
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B. The limit f → ∞
We now compute the limit of the Plancherel density as

the dimension f → ∞, which will allow us to show in
Sec. IV that it agrees with the spectral density of JT gravity.
To this end, it is helpful to distinguish between odd and
even f,

ΦfðpÞ ¼
f

ð4πÞf=2Γðfþ2
2
Þ
jΓðipþ ðf − 1Þ=2Þj2

jΓðipÞj2

¼

8>><
>>:

p tanhðπpÞ
ð2πÞf=2ðf−2Þ!!

Qf−4
2

k¼0

�
p2 þ �

kþ 1
2

	
2
	

f even

1
2ðf−1Þ=2πðfþ1Þ=2ðf−2Þ!!

Qf−3
2

k¼0ðp2 þ k2Þ f odd
:

ð3:13Þ

We start with the odd case. Separating the k ¼ 0 term and
factoring out k2 from the terms, we obtain

Φf;oddðpÞ¼
f−1
2
!

�
f−3
2
!

�
2

πðfþ3Þ=2ðf−1Þ!p
�
πp

Yf−32
k¼1

�
1þp2

k2

��
: ð3:14Þ

Comparing to the infinite product representation

sinh x ¼ x
Y∞
k¼1

�
1þ x2

k2π2

�
; ð3:15Þ

we identify

Φf→∞;oddðpÞ ¼
p
2π2

N∞;odd sinhðπpÞ; ð3:16Þ

with the normalization constant N∞;odd ¼ limf→∞N f;odd,

N f;odd ¼
2 f−1

2
!ðf−3

2
!Þ2

πðf−1Þ=2ðf − 1Þ! : ð3:17Þ

Notably, while the limiting expression grows exponentially
with p, the Plancherel measure at every finite f is simply a
polynomial in p.
In the even case, we can repeat essentially the same

calculation, factoring out ðkþ 1=2Þ2, to find

Φf;evenðpÞ¼
Γðf−1

2
Þ2ptanhðπpÞ

πð2πÞf=2ðf−2Þ!!
Yf−42
k¼0

�
1þ p2

ðkþ1
2
Þ2
�
; ð3:18Þ

and comparing once more to the infinite product repre-
sentation

cosh x ¼
Y∞
k¼0

�
1þ x2

ðkþ 1=2Þ2π2
�
; ð3:19Þ

we find

Φf→∞;evenðpÞ ¼
p
2π2

N∞;even tanhðπpÞ coshðπpÞ; ð3:20Þ

with the normalization constant N∞;even¼ limf→∞N f;even,

N f;even ¼
Γðf−1

2
Þ2

ð2πÞf−22 ðf − 2Þ!!
: ð3:21Þ

Obviously, the results for even and odd f agree in the limit
f → ∞, but the approach to the limit is quite different,
since the Plancherel density for even f is not simply a
polynomial. As a final, perhaps interesting observation,
note that

N f;even

N f;odd
¼

�
π

2

�1
2
sin ðfπ

2
Þ2
; ð3:22Þ

i.e. the constants agree for even f and differ by
ffiffiffiffiffiffiffiffi
π=2

p
for

odd f.

IV. SEMICLASSICAL COMPUTATION OF
CORRELATION FUNCTIONS

Having constructed a class of systems to compare to JT
gravity in the previous section, we now move on to
computing correlation functions of the time evolution
operator in such systems using semiclassical methods.
As we will see, these computations will have some success
in capturing the leading-topology JT one- and two-point
functions at least in some regimes, but fail in others.

A. Weyl term and periodic orbit sum

In a usual semiclassical treatment, the Weyl term would
be estimated by a Thomas-Fermi approximation ρTFf ðp2Þ,
i.e. an integral over an energy shell in phase space [60,61].
For the class of systems introduced in Sec. III, this agrees
with the exact density ΦfðpÞ at large energies,

VΦfðpÞ ¼ ρTFf ðp2Þð1þOð1=pÞÞ: ð4:1Þ

The Plancherel measure ΦfðpÞ can then be understood to
contain all quantum corrections to ρTFf ðp2Þ [52].
Taking the limit f → ∞ as discussed in Sec. III B, and

absorbing the normalization constant (3.17), respectively,
(3.21), into the appropriately chosen volume V, the spectral
density appearing in Eq. (3.1) finally reads

VΦ∞ðpÞ ¼ sinh ðπpÞ: ð4:2Þ

Understanding f as the number of configuration space
degrees of freedom, this limit is tantalizingly reminiscent of
the double scaled limit in which the matrix model of [4]
agrees with JT gravity.
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To proceed further, we need to specify the spectral
function hðpÞ. In the JT gravity matrix model [4], the
operator inserted on the matrix side to compute the JT
gravity path integral with standard boundary conditions is
the trace of the heat kernel. In our approach, the appropriate
choice turns out to be essentially the same, namely
hðpÞ ¼ e−iτp

2=4. When summed over the spectrum of the
Hamiltonian, this choice yields the trace of the (analytically
continued) heat kernel up to an interesting scaling of the
complex time τ ¼ t − iβ; β > 0 by a factor of four [62].
Plugging this into Eq. (3.1) yields for the Weyl term

V
Z

∞

0

pdp
2π2

e−iτp
2=4 sinh πp

¼ V
Z

∞

0

e−iτE
1

π2
sinhð2π

ffiffiffiffi
E

p
ÞdE; ð4:3Þ

which is exactly the JT gravity disk partition function
including, crucially, the sinh-type spectral density (2.5). It
is interesting to note that, up to factors absorbed into the
choice of V, Φf¼3ðpÞ ∝ p2 exactly reproduces the spectral
density of the Airy model [63]. The Weyl term of the STF
therefore interpolates between the Airy and JT spectral
density for f ¼ 3 and∞, in a way akin, but not identical to
the ð2; qÞ minimal string for q ¼ 1;∞ [4,64]. In particular,
(3.14) is a polynomial of degree f − 2 in p for any odd f,
while the minimal string spectral density is a polynomial of
degree q (indeed the difference of two Chebyshev poly-
nomials [65]). It would be tempting to identify q ¼ f − 2
and conclude that our model possesses a dual description as
a minimal string theory in any (odd) dimension, but the
spectral densities only agree for f − 2 ¼ q ¼ 1 and
for f → ∞; q → ∞.
We see then that decomposing Eq. (3.1) as

ZðτÞ ¼ trðe−iτĤ=4Þ ¼ ZWeylðτÞ þ ZPOðτÞ; ð4:4Þ

the Weyl term is simply the gravitational correlator Z0;1,
while we have yet to do anything with the periodic orbit
contribution

ZPOðτÞ ¼
X
γ ∈Γ

X∞
m¼1

χmγ lγ
Sfðm; lγÞ

e−
m2l2γ
iτffiffiffiffiffiffiffi

πiτ
p : ð4:5Þ

Note the remarkable appearance of Zt
Schðiτ; lγÞ, Eq. (2.7),

with its exponent now admitting an interpretation as the
classical action of the periodic orbit γ. We will show in the
next subsection that the standard semiclassical computation
of the connected two-point correlation function of (4.4), or
equivalently of (4.5), gives the double trumpet correlation
function of JT gravity in the ramp regime. To go beyond
this regime, wewill introduce a modified way of computing
correlation functions in Sec. V.

B. Correlation functions

Assuming jtj ≫ β, the exponents in (4.5) give rise to
highly oscillatory contributions to ZPOðτÞ. Usually, corre-
lation functions involving periodic orbit sums are semi-
classically evaluated through a smoothing procedure that
acts on oscillatory expressions, such as Eq. (4.5). Thereby,
quantum interference between amplitudes associated with
so-called correlated periodic orbits, surviving this smooth-
ing, is highlighted [41,45,66]. Note that this average,
hereinafter denoted as h·isc, operates on the level of a
single system, without the necessity to introduce disorder
averages or some other type of ensemble of systems.
Accordingly, we define semiclassical connected corre-

lators of partition functions ZðτÞ, Eq. (4.4), through the
smoothing of (products of) their periodic-orbit terms (4.5)
(for jtj ≫ β) and identify contributions to the single and
double sums that do not vanish under h·isc. For the 1-point
function, this simply means

hZðτÞisc ¼ ZWeylðτÞ ¼ Z0;1ðiτÞ; ð4:6Þ

since ZWeyl is by definition smooth and we have shown
ZWeyl ¼ Zd

Sch. However, the semiclassical (connected) 2-
point function,

Zc
scðτ1; τ2Þ ¼ hZPOðτ1ÞZPOðτ2Þisc ð4:7Þ

¼
X
γ;γ0

X
m;m0

χmγ lγ
Sfðm; lγÞ

χm
0

γ0 lγ0

Sfðm0; lγ0 Þ
e−

m2l2γ
iτ1ffiffiffiffiffiffiffiffiffi

πiτ1
p e−

ðm0Þ2l2
γ0

iτ2ffiffiffiffiffiffiffiffiffi
πiτ2

p

ð4:8Þ

critically depends on the relative sign of the time variables
t1, t2, which controls the existence of slow oscillatory
contributions arising from quantum interference. Inspection
of the products involved then shows

Zc
scðτ1; τ2Þ ¼



0 for t1t2 > 0;

Zcorr
sc ðτ1; τ2Þ for t1 ≃ −t2;

ð4:9Þ

where Zcorr
sc comprises pairs of correlated orbits with

systematically small action differences [40,41]. A well
established result of the semiclassical analysis, Berry’s
diagonal approximation [40], is that for times shorter than a
scale set by ρ0, the double sum is dominated by its diagonal
part, i.e., Zcorr

sc ≃ Zdg
sc , where

Zdg
sc ðτ1; τ2Þ ¼

X
γ

X∞
m¼1

κl2γ
S2fðm; lγÞ

e−
m2l2γ
iτ1ffiffiffiffiffiffiffiffiffi

πiτ1
p e−

m2l2γ
iτ2ffiffiffiffiffiffiffiffiffi

πiτ2
p : ð4:10Þ

Note the appearance of only one sum over periodic orbits in
Eq. (4.10). This result is corrected by off-diagonal terms
[41,42] representing quantum interference effects. The
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presence (absence) of time-reversal-symmetry, encoded in
κ ¼ 2ð1Þ [67], is responsible for the first (weak localiza-
tion) correction.
As long as iτ1 ≃ ðiτ2Þ�, the function Zdg

sc ðτ1; τ2Þ is by
definition smooth. Thus, the sum over periodic orbits can
be written as an integral by introducing the weak limit η̄ðlÞ
of the density

ηðlÞ ≔
X
γ

δðl − lγÞ ¼weak η̄ðlÞ ¼
2 sinh ½ðf − 1Þl�

l
ð4:11Þ

of closed geodesic lengths. The last equality expresses the
exponential proliferation of closed geodesics [68,69], valid
for l > l0 where l0 is set by the shortest one. Using the
explicit form Sfðm; lÞ ¼ ð2 sinhmðl=2ÞÞðf−1Þ [53,56] for the
stabilities in Eq. (4.5), and known results in hyperbolic
geometry [70] implying l0 ≫ 1=V1=f, within the regime of
integration, the decaying squared stability factors exactly
cancel the exponential proliferation,

η̄ðlÞl
S2fð1; lÞ

→ 1 for l > l0; ð4:12Þ

but only for m ¼ 1. Terms with m ≥ 2 are also suppressed
since the number of primitive geodesics grows exponen-
tially faster than the number of repetitions [68].
We now quantify the range of τ1;2 ¼ t1;2 − iβ1;2 where

Eq. (4.10) is valid. To this end, define t1 ¼ t − ϵ=2;
t2 ¼ −t − ϵ=2. Using semiclassical techniques [40], we
expand the actions in Eq. (4.10) to first order in ϵ=t; β1;2=t,
evaluate all prefactors at zeroth order and extend the
integration range, to get

Zdg
sc

�
t −

ϵ

2
− iβ1;−t −

ϵ

2
− iβ2

�

¼ κ

Z
∞

0

ldle−
l2

2t2
ðβ̄þiϵÞ

2πjtj þO
�
β1;2
t

;
ϵ

t

�
≃
κjtj
2π

1

β̄ þ iϵ
ð4:13Þ

with β̄ ¼ β1 þ β2. This result contains in particular the
ramp (2.8) valid for jtj ≫ β (and reported for f ¼ 2, κ ¼ 1
in [71]). There can be symmetry class-dependent universal
corrections to Eq. (4.13), and our system (indeed any
chaotic quantum system) can capture these as well, as
shown by [41,66]. They do not appear in Eq. (4.13)
however, as they correspond to higher topology, while
we are only concerned with the genus 0 contribution to the
2-point function here.
To summarize, the diagonal approximation yields the

gravitational result for Z0;2 for t1 ≃ −t2 and jt1;2j ≫ β1;2
while it fails in any other regime, see Eq. (4.9). As we shall
see in the next section, replacing the usual semiclassical
smoothing by a more suitable coarse graining in the phase

space allows us to go beyond this regime and recover the
full double trumpet (2.6) for any values of τ1, τ2. [72].

V. LENGTH AVERAGE

Aiming to reconcile the semiclassical and gravitational
results for Z0;2 beyond the universal regime, we reconsider
the notion of smoothing average again, now from the
general perspective of the loss of information that takes
place when neglecting highly oscillatory contributions in
sums over amplitudes. To go beyond this picture, but still
such that we define the correlation functions for a single
individual system, we follow standard methods of statistical
physics [74] and introduce a coarse graining description.
This coarse graining is implemented by introducing a finite
action scale, blurring structures in phase space, with the
consequent loss of information. The corresponding prob-
abilistic description is then a consequence of our ignorance,
rather than the existence of a physical ensemble such as in
disordered systems. While our ideas get support from the
recent proposal in [75] based on stochastic methods, it
would be desirable to identify the dynamical origin of the
information loss in the spirit of [17,18] where JT correlators
are derived within the universe (Kodaira-Spencer) field
theory approach as expectation values of operators insen-
sitive to certain microscopic degrees of freedom that are
precisely identified by the theory.
Considering for simplicity the orthogonal (κ ¼ 2) case of

χγ ¼ 1 in Eq. (3.1), we implement the coarse graining as
follows. To specify a periodic orbit in phase space, it is
enough to know the points where it pierces any manifold
transversal to the classical flow [76], called Poincaré
surface of section. As illustrated in Fig. 2, a finite resolution
on this manifold introduces a degree of ignorance about the
orbits. In particular, the exact microscopic (mc) distribution
Pmc
lðΓÞ of lengths l ¼ ðlð1Þ; lð2Þ;…Þ,

FIG. 2. (a) Every periodic orbit γ in phase space is determined
by the points where it pierces the Poincare surface of section
(PSS). (b) When a finite resolution on the PSS is introduced, any
property of the periodic orbits, like the joint distribution of their
lengths, (c) cannot be determined with infinite precision.
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Pmc
lðΓÞðlÞ¼

Y
γ

δðlðγÞ− lγÞ; with lðΓÞ¼ðl1;l2…Þ; ð5:1Þ

will no longer be sharp. Its coarse-grained (cg) version PðcgÞ
provides instead a statistical description of the length set,
including the systematic correlations rigorously shown to
exist [77,78] and to be responsible for the emergence of
universal RMT spectral fluctuations [42]. As any object
built upon the length spectrum, the length density ηðlÞ is no
longer sharp in the lγ’s but described by its statistical
fluctuations under the coarse-grained distribution. In par-
ticular, its first two moments read

hηðlÞi ¼
X
γ

Z
dlPcgðlÞδðl − lγÞ;

hηðlÞηðl0Þi ¼
X
γ;δ

Z
dlPcgðlÞδðl − lðγÞÞδðl0 − lðδÞÞ: ð5:2Þ

By means of the corresponding (c)onnected correlator

hηðlÞηðl0Þic ¼ hηðlÞηðl0Þi − hηðlÞihηðl0Þi ð5:3Þ

the connected 2-point correlation function of periodic orbit
sums (4.5) is written, in view of Eq. (2.7), as

hZPOðτ1ÞZPOðτ2Þic ¼
Z

∞

0

ldl
Sfð1; lÞ

l0dl0

Sfð1; l0Þ
hηðlÞηðl0Þic

× Zt
Schðiτ1; lÞZt

Schðiτ2; l0Þ: ð5:4Þ

Here, consistently with the derivation of Eq. (4.13), terms
with m ≥ 2 have been neglected. Note that in the equations
above, the length average h·i is employed instead of h·isc,
not on top of it.
After having specified the way statistical properties of

the set of lengths determine the semiclassical correlation
functions, we ask for the properties of PcgðlÞ. Following a
standard approach of periodic orbit theory, we start by
considering the lengths as uncorrelated random variables
[79]. The self-correlations, however, have a distinct role
when (as in our case) the probability distribution is defined
over a discrete space. For uncorrelated variables, the
definitions (5.2), where the diagonal term γ ¼ δ produces
a singular contribution, imply the existence of contact terms
in correlators of the form (5.3) [80]. Invoking the funda-
mental property of chaotic systems that the set of periodic
orbits is discrete [76] and the straightforward condition
hηðlÞi ¼ η̄ðlÞ, we get

hηðlÞηðl0Þicun ¼ κη̄ðlÞδðl − l0Þ ð5:5Þ

for uncorrelated lengths, where κ is reintroduced following
the analysis of [67]. Substitution in Eq. (5.4) yields

hZPOðτ1ÞZPOðτ2Þicun¼ κ

Z
∞

0

η̄ðlÞl2dl
S2fð1;lÞ

Zt
Schðiτ1;lÞZt

Schðiτ2;lÞ:

ð5:6Þ

Finally, using Eq. (4.12) in a similar manner as in the
derivation of Eq. (4.13), we reproduce the full double
trumpet partition function (2.6),

hZPOðτ1ÞZPOðτ2Þicun ¼ κZ0;2ðiτ1; iτ2Þ: ð5:7Þ

This result holds for all complex values of τ1;2, in particular
for the universal regime t1 ≃ −t2; jt1;2j ≫ β1;2, where it
coincides with the diagonal approximation, Eq. (4.13).
Moreover, our approach goes beyond the universal result
and identifying the periodic orbit length l with the length of
the internal gluing geodesics b appearing in the computa-
tion of JT gravity partition functions, Eqs. (2.6), (5.7) gives
the exact result for the JT “double trumpet” or wormhole
partition function. This agreement extends well beyond the
ramp, Eq. (4.13) as it holds at the more fundamental level of
its full integral form in Eq. (2.6). In this way the Weil-
Petersson measure ldl, the Schwarzian trumpets of [4] and
the κ index reflecting the orientability of the manifolds in
the gravitational genus expansion, all admit a periodic orbit
interpretation.

VI. INTERMISSION: OUR NOTION OF DUALITY

At this point, readers more familiar with holography in
higher dimensions may ask the question of whether we can
prove an exact duality between our model and JT gravity, in
the sense of identifying the two Hilbert spaces, as well as
the spectra of the respective Hamiltonians. The short
answer is no, but it is our understanding that this is not
the usual notion of duality that is employed in most of the
literature studying JT gravity. In particular, JT gravity is
dual to the randommatrix ensemble of [4] and as such, does
not have a fixed, concrete energy spectrum, but rather a
spectrum that is an average over said ensemble, with the
smoothed spectral density (2.5). In order to obtain a
concrete spectrum, one would have to fix a specific member
of the JT gravity ensemble, or equivalently, a specific α
state in the baby universe Hilbert space of JT gravity [34].
Such a fixing procedure would require the insertion a large
number of fixed-energy branes in the path integral [81,82],
or equivalently, δ functions fixing individual eigenvalues in
the matrix integral, which leads to a highly nontrivial
gravitational interpretation for a large number of fixed
eigenvalues [30]. Given a spectrum fixed in this way, one
could then try to find a concrete high-dimensional manifold
whose Laplacian spectrum matches the one of our would-
be gravitational theory, i.e. the specific member of the JT
ensemble. In practice, this problem seems to be out of reach
however.
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The Hilbert space of JT gravity on the other hand can be
defined even without specifying a member of the ensemble,
as e.g. in [83]. This Hilbert space, parametrized by the
lengths of certain geodesics in the spacetimes appearing in
the path integral, and containing a large number of null
states, seems at first sight quite different from the natural
Hilbert space of our model, namely L2ðKÞ, where K is our
manifold. However, given that there are no natural candi-
dates for null states in our model, it seems reasonable to
assume that what we would see is the Hilbert space with
null states already quotiented out, as argued in [82]. An
interesting question to ask then is whether, similar to [82]
and expected by [84], there is some way to physically
interpret the null states of [83] regardless, perhaps as
different manifolds with the same spectrum. Given the
close relation between the spectrum of the Laplacian and
the geodesic length spectrum on hyperbolic manifolds, this
is an intriguing possibility. In three dimensions for instance,
it has been shown that there are infinitely many manifolds
with a given initial geodesic length spectrum [85].
It appears very difficult then to prove a duality of any one

system to JT gravity in the more strict notion common in
higher-dimensional holography, but the advantage of our
approach is that we nevertheless provide a mechanism
to study holography in the more relaxed sense of the
JT/RMT duality, i.e. at the level of correlation functions,
while still only working with a single system, rather than an
ensemble.

VII. OUTLOOK: GENUS EXPANSIONS

The semiclassical theory of spectral correlations over
small energy windows ½Ē − e=2; Ēþ e=2�, including
effects beyond the diagonal (leading order) term, has been
successfully formulated as a perturbative expansion in a
series or remarkable works summarized in [66], see also
[45] for a recent review from the many-body perspective.
After including nonperturbative effects, as done in [86], this
program correctly predicts the emergence of universal
spectral fluctuations around the fixed scale Ē in quantum
systems with chaotic classical limit. After the universal
microcanonical results are derived from periodic orbit
theory, a suitable Laplace transform from the energy Ē
to the canonical domain, i.e. to the dependence on the
inverse temperature β, that requires as input the system-
dependent mean level density ρ0ðĒÞ, gives in turn the
desired canonical correlation functions, as shown for the
unitary symmetry class in [8] and the orthogonal in [10].
We therefore conclude that in the universal regime the
semiclassical approach, for the model we propose,
gives results that are identical to the full genus expansion
of the JT correlation functions. For JT gravity and the Airy
model, the contributions in the universal regime to said
canonical correlation functions have been worked out
in [8,12,87–89].

In this sense, the semiclassical approach is fully
consistent with the gravitational correlators to all orders
in the genus expansion as long as the universal regime is
concerned. However, this is in fact a straightforward
consequence of the universal spectral fluctuations of all
systems with chaotic classical limit. This agreement
therefore does not shed any light on the much more
demanding goal of finding a single chaotic system whose
correlation functions agree with JT gravity beyond the
universal regime.
A possible path towards this fundamental question is to

study the so-called encounter mechanism invoked in the
semiclassical calculation of universal spectral correlations
in the classic works [41,66] to see to what extent it can also
be used to address the nonuniversal regime. This idea is the
subject of present study [90].

VIII. DISCUSSION

To conclude, based on the Selberg trace formula we
studied spectral correlations of quantized chaotic motion
in high-dimensional manifolds of constant negative cur-
vature and took initial steps towards establishing a duality
to JT gravity by deriving exact results for the leading-
order terms of two JT correlation functions. First, we show
the strict equivalence of the two theories at the level of the
leading-topology 1-point correlator where the Weyl term
representing the smooth spectral density of the hyperbolic
dynamical system exactly coincides with the gravitational
result, as given by the Schwarzian action on a disk
topology. Second, while under the usual semiclassical
smoothing, the 2-point correlator of the hyperbolic system
reproduces the JT result for Z0;2ðiτ1; iτ2Þ only in the
random matrix theory regime Im τ1 ∼ Im τ2 ≫ Reτ1;2 (the
so-called ramp contribution), the combination of phase
space coarse graining and discreteness of the underlying
periodic orbit set extends this result to the full wormhole
geometry and all complex times. In this way, our approach
provides a periodic orbit interpretation of distinct generic
features on the gravitational side, notably at the level of an
individual quantum system, as opposed to the ensemble
paradigm (e.g. [28,35] and references therein) in low-
dimensional quantum gravity, with the large dimension-
ality of the hyperbolic system hinting towards chaotic
many-body dynamics.
In order to further strengthen our approach, it is desirable

to show whether the geodesic motion in high dimensional
manifolds can be described by the Schwarzian action or to
identify the telltale SLð2;RÞ symmetry, both characteristic
properties of JT gravity also present in, for example, the
SYK model. This, and the possible existence of a genuslike
expansion on the semiclassical side emerging from the
interplay between the encounter mechanism [8,41,42] and
the finite resolution introduced here, are subjects of present
scrutiny.
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