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1 Introduction

Quantum Field Theories at criticality are well described by Conformal Field Theories (CFTs).
The symmetry of these systems is highly constraining, allowing analytic calculation of many
quantities that would otherwise be intractable. Many systems of interest have boundaries
(e.g., cells on a membrane [1], spin-chains being joined [2]). However, typical replica-trick
methods [3] become intractable with multiple boundaries as moduli become relevant. We
extend the standard AdS/BCFT prescription [4, 5] to the case of multiple boundaries using
advances in the theory of conformal mapping and Riemann surfaces [6]. We then apply this
prescription to the calculation of multiple splitting quenches, viz. when a CFT on a line is
split into n + 1 pieces. The n = 1,2 cases were studied previously [7, 8].

Why do we consider the case of a CFT splitting into multiple subsystems? In unitarily
evolving systems, entanglement dynamics are a rich probe of complicated physics. In black
hole physics they have been used to heavily constrain black hole evolution [9], in trapped
systems of cold atoms they are experimentally measurable [10], and it has been argued that
it is key to understanding the hadronization process in heavy-ion collisions [11]. For strongly
coupled-gauge theories dynamical observables are notoriously hard to calculate on a lattice [12]
and for systems with multiple boundaries the typical replica trick becomes nontrivial. A
141D CFT on a domain that splits into multiple pieces at ¢ = 0 is thus both a non-trivial
check of our formalism and interesting physics that should be experimentally realizable.

One might worry a priori that CFT with multiple boundaries is an intractable problem
—the moduli space grows with every additional boundary, and any replica manifold has



Figure 1. Annulus in the complex plane.

complicated topology. Our results show otherwise. In the problem of splitting quenches
the boundaries are introduced as a regulator which is eventually taken to 0. This means
we stay in the same corner of moduli space and only have to deal with one saddle-point
solution of the metric (BTZ). An important implication of our findings is that entanglement
entropy “doesn’t know” about the boundaries other than the two that bound its endpoints,
and therefore simplified replica trick calculations with two boundaries should be sufficient
for calculations involving multiple boundaries.

2 Riemann surfaces, moduli spaces, uniformization

Riemann surfaces are not standard material in mathematical methods in physics courses,
so we will provide a gentle introduction for physicists as suits our purposes (focusing on
uniformization and conformal mappings rather than proving rigorous statements about
holomorphic differentials etc.). For a more complete understanding of Riemann surfaces,
there are standard references [13, 14] as well as more contemporary lectures [15, 16].

2.1 Moduli spaces

When working with conformal field theory, our primary concern is with conformal invariance.
For a simply connected subset of the complex plane — say a disk or the upper half-plane —
the Riemann mapping theorem guarantees that all such subsets are conformally equivalent.
However, we are concerned with worldsheets that are not simply connected. Consider an
annulus in the complex plane with inner radius r and outer radius 1. Using the dilatation
symmetry of the conformal group, it is impossible to conformally map to another annulus with
inner radius 7’ # r and outer radius 1. We can therefore parameterize the set of conformally
inequivalent annuli with one real number: the ratio between the inner and outer radii. This is
classically called a modulus, and spaces built out of such parameters are called moduli spaces.
One such space that will be familiar to those who have taken a course in string theory is the
moduli space of the torus, which is needed for the one-loop amplitude of the closed string.
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Figure 2. Modulus of a torus, opposite sides are identified.

Since the torus can be constructed from a parallelogram with opposite sides identified, the
typical coordinate is a complex number 7 that specifies the top left corner.!

Generally, imbuing these spaces with nice features and proving facts about them is
difficult, but saying how large they are is simple. In fact, Riemann calculated that compact
Riemann surfaces of genus g > 1 are characterized by 6g — 6 real moduli [19]. One might
naively worry that as we increase the number of boundaries we will end up with an unwieldy
high-dimensional moduli space to contend with. In many instances this is not the case
as one can just work in a specific part of the space — in appendix A we show that for

splitting quenches this is the case.

2.2 Riemann surfaces

We are concerned in this paper with worldsheets that are not simply connected, viz., with
multiple line segments or disks cut out of them. We wish then to conformally map them
to a uniformized space where calculations of physical observables are tractable. Conformal
maps do not change topology? and therefore for a given worldsheet we need only consider
surfaces with the same topological invariants. The two relevant invariants here are the
number of boundaries and the genus of the surface (since we are working with subsets of
the plane this will always be 0). These are the g = 0 Riemann surfaces with n boundaries
and one marked point, the point at infinity which we add to compactify the plane). The full
compactified moduli space of such surfaces is complicated and may not even be orientable [20].
However, for our purposes (uniformizing the Riemann surfaces so we can do calculations)
these difficulties do not enter. There is a canonical doubling of Riemann surfaces with n
boundaries to compact Riemann surfaces of genus g = n — 1 (the Schottky doubling). The
original surface with boundary can then be obtained by an involution on the doubling.?

'One of course has to be more careful and specify to values of 7 that uniquely identify tori. A quick
exposition can be found in [17] and a more in-depth one in standard string theory textbooks [18].

2Biholomorphisms are homeomorphisms.

3See section T1.1.3 of [21] for an in-depth discussion.
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Figure 3. Schottky doubling of the ¢ = 0, 4-boundaried Riemann surface.

For simplicity’s sake, we work with compact Riemann surfaces.* Every compact Riemann
surface is representable as a complex algebraic curve, and therefore the moduli space at hand
is the same as the extremely well studied moduli space of algebraic curves [22]. Although
this space is notoriously subtle, for all the examples we know of these subtleties are irrelevant
to the calculations at hand.

Our focus in this paper will be a CFT on a line that splits into n + 1 pieces, where the
appropriate worldsheet is the complex plane minus n parallel line segments of the same “small”
length 2a, i.e., where a is much smaller than the distance between any two of the line segments
(we show this in section 4.1). The Schottky doubling makes clear that our worldsheet is the
projection onto C of the standard branched cover of C representation of a hyperelliptic curve
(see figure 3). The fact that a is small allows us to use asymptotics of the Schottky-Klein
prime function and therefore to have an explicit conformal map. The remaining moduli that
matter are the relative placements of the slits in the complex plane. We can then calculate the
periods of the A and B cycles of the worldsheet (which is needed for the black hole entropy
term) using the Abel-Jacobi map® and uniformize with the standard Schottky uniformization.

2.3 Uniformization

The “uniformization” of a Riemann surface is broadly speaking a way of representing it such
that its dependence on its moduli is clear. Mathematicians in the 19" century developed
many notions and methods of uniformization, but the one most contemporary readers will be

4There is a subtlety here in that how one glues the doubling is defined up to a twist. Physically, one can
think of this as boundary conditions enforced on the boundaries in order to maintain conformal invariance.
These are in general not unique. The effect of this in holography is a tension term which affects the extension
of the boundary into the bulk [5]. However, the only effect on geodesic structure is the addition of a constant
to the disconnected geodesic length. Therefore the time at which the saddle-points switch is dependent on
this choice. We will choose the trivial option of no twist and no boundary entropy and plot both curves.

5This amounts to doing a hyperelliptic integral which is easily done numerically for a given example. In [23]
we used the Abel-Jacobi map as a conformal map; this cannot be done for g # 1. The Abel-Jacobi map has
as its image the Jacobi torus of the curve 729 — the “space of cycles” broadly speaking. For g = 1 we are
mapping a torus to a torus and this is an isomorphism, but for g # 1 one cannot rely on this fact.
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Figure 4. Fuchsian uniformization (left) and Schottky uniformization (right) of the genus 2 surface.
On the left the fundamental domain is simply connected and is conformally equivalent to the upper

.

half-plane by Schwarz-Christoffel mapping. The genus 2 surface is obtained by identifying sides of
the fundamental polygon and inversely the fundamental polygon is obtained by cutting the surface
along cycles. On the right the fundamental domain is not simply connected. The genus 2 surface is
obtained by reflecting across the unit disk and identifying the interior disks with their reflection. The
fundamental region can be recovered via an involution on the surface.

familiar with is “Fuchsian uniformization” in which one represents a given Riemannn surface
R as a quotient of the upper half-plane® H (or equivalently its fundamental polygon) by a
subgroup I' € PSLy(R): R ~ H/T. T is then isomorphic to the fundamental group.

A less well-known method of uniformization is “Schottky uniformization” in which one
represents a Riemann surface R as a quotient of a not simply-connected domain €2 (the
unit disk with multiple disks cut out) by a subgroup © C PSLy(C): R ~ /0. The benefit
of uniformizing the Riemann surface in this way is that it makes holography simple. The
isomorphism group of Hj is SLo(C), and therefore the quotient on the boundary extends
into the bulk and defines a 3-manifold (see [24, 25] for in-depth discussions). Furthermore,
the conformal map to the fundamental domain can be constructed explicitly, and therefore
the way the bulk transforms is known [26] (see section 3).

Recent work by Crowdy has greatly simplified the construction of conformal maps
from multiply connected domains (equivalently, Riemann surfaces with boundaries) to their
Schottky uniformization [6, 27, 28]. These conformal maps are built off of a special function
associated with the disconnected domain of a given Schottky uniformization and is known as
the Schottky-Klein prime function. It has a well-known infinite product representation [29],

o (2 = O(a)) (o — k()
w(z, o) = ( )ekl;[é (a0 — () (z — Ok(2))’

(2.1)

where © includes all elements of © except inverses and the identity, and « is a chosen point in €.

SH denotes the upper half-plane with hyperbolic metric. Where H, is often referred to as the poincaré
patch of Euclidean AdS,, in physics literature or the poincaré half-plane model in the mathematics literature.

n—1
.. dz%+ R dcv?
The metric is the standard: ds? = ﬁz;mli



Then, conformal maps can be built from the domain €2 to the desired multiply connected
domain from the Schottky-Klein prime function. For example, for the case of parallel line
segments that are perpendicular to the real axis (the worldsheet for multiple splitting quenches,
see section 4.1) the appropriate conformal map is

o(z) = L + . 0o In(w(z; o)) — i@—_l In(w(z;a™h)). (2.2)
20 2« ’ a?™? ’
Here a has the additional significance of being the pre-image of the point at infinity.”

There are algorithms for calculating the Schottky-Klein prime function (and therefore
the appropriate conformal maps) but they get increasingly slow as the genus grows and must
be calculated for specific moduli [30]. However, in the case of a splitting quench the boundary
is introduced as a regulator and taken to 0. We use the regulator length as a small parameter
to calculate an asymptotic expression for the Schottky-Klein prime function in appendix A.
This makes analytic calculation of the conformal map possible regardless of the number of
boundaries. We would like to emphasize that this is a general method applicable to any
multiply connected domain where the moduli are small. The smallness of the moduli allow us
to remain in the same region of moduli space and to do calculations for multiple boundaries
where the Schottky-Klein prime function has no closed form expression.

3 Holography for multiple boundaries

Consider a CFT on a 2D worldsheet in the vacuum state whose holographic dual is empty
Euclidean AdS3; with the Poincaré metric

2_ 1

ds® =
22

<d22 + dwdu?) , (3.1)
where w = x + it, w = = — it are complex coordinates, the curvature of AdS is as usual set
to one, and the CF'T lives on the conformal boundary of the AdS space at z — 0. What
happens if the CFT has boundaries? Generally, boundaries break conformal invariance, but it
is possible to choose boundary conditions, so-called conformal boundary conditions, such that
the conformal group is broken to a smaller one [31]. Taking a bottom-up approach [5], we can
add the Gibbons-Hawking term to the Einstein-Hilbert action and let the gravitational path
integral tell us how the boundary extends into the bulk. For line-segments this boundary
can be quite complicated (see figure 12 of [7]) and it can vary in a non-trivial way as one
changes the size of the boundary. This makes it highly non-trivial to find expressions for
holographic observables that depend on the boundary length. The solution is to use the
conformal invariance to map the BCFT to its Schottky uniformization where the calculation
of observables simplifies dramatically.

In order to make use of the uniformization procedure presented in the preceding section
one has to understand the transformation of the bulk AdS space induced by a conformal

"We add this point to our worldsheet for the conformal compactification as is standard, but remove it after
the conformal mapping from the worldsheet and 2. Otherwise interactions can occur between x = —oco and
x = oo which is unphysical. Holographically this is treated by excluding the geodesics that are not homologous
to the boundary due to the missing point.



transformation w = f(n) of the CFT attached to it. The conformal transformation on the
boundary is equivalent to the following coordinate transformation in the AdSs bulk [26]

_ 2C2f/2f”
w= 1w = Af'12+ ClfrP?
o 2<2fl2f”
w = f(i) — A f112 + 2| f12 (3:2)
(S f

2=
AFP+ P

where (n,7,() denotes a different set of bulk coordinates.
The most general solution to Einstein’s equations with negative cosmological constant
in three dimensions is the metric [32]

d¢? E ooy oo ¢ F oy _
ds” = g + L(mdn® + L(n)dir” + (2 +2L(nL(m)¢* | dndi, (3.3)
where n = Z2 4+ i¢Y,7 = Z — ¢Y are complex null coordinates of the theory living on the

boundary of AdS and L, L are arbitrary functions of 7,7. Note that the metric is only
globally defined for constant L and L.

Balasubramanian and Kraus [33] showed that the holomorphic and anti-holomorphic stress
tensors of asymptotically local AdS spacetimes may be defined in terms of these functions, i.e.,

1 _

L) T = L), (34)

T(n) = T6m

The stress tensor transforms as expected under conformal transformations,

T(n) = fTFW) + 5 L) (3.5)

where c¢ is the central charge of the CFT and {-,-} denotes the Schwarzian derivative

{f(x),z} = %, which can be thought of as a measure of the degree to which a given

conformal map differs from a Mobius map. Provided that f(n) is the conformal map to
the vacuum solution of AdS, the above definition of the stress tensor reduces to just the
Schwarzian derivative, implying

L(n) o< {f(n),n}, L(77) o< { (), 7} - (3.6)

Therefore, in order to find the bulk metric one only needs to calculate the Schwarzian derivative
of the conformal map from the setup to the vacuum. Our plan will then be as follows:

1. Find the appropriate worldsheet;
2. Find the conformal map from the Schottky uniformization to the worldsheet;®

3. Calculate everything holographically in the Schottky double of the fundamental domain;

8Constructing conformal maps between multiply connected domains is in general hard. See [6] for a
selection of maps for common domains in terms of the Schottky-Klein prime function. For small moduli one
can apply the asymptotics calculated in appendix A.
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Figure 5. Schematic visualization of the multi-splitting quench in 1+1D CFT. At time ¢ = 0, the
infinite line is cut at positions & = b1, by, ..., bg41 yielding N distinct spatial regions for times ¢ > 0.

4. Express the result in the original physical coordinates.

In the following section we apply this plan to the problem of finding the real-time evolution
of entanglement entropy of spatial subsystems for a 1+1D CFT that splits into multiple
pieces at t = 0.

4 Holographic entanglement entropy for multi-splitting quenches

4.1 BCFT and splitting quenches

Local quenches — local excitations of a vacuum state — are a paradigmatic way of studying
entanglement dynamics [34] and are realizable in ultra-cold atom systems (e.g. [35, 36]).
Furthermore, two of the authors have argued that the entanglement dynamics of a strongly
coupled system splitting into multiple subsystems has relevance for the hadronization process
in heavy-ion collisions [11]. We therefore apply our prescription to the calculation of the
vacuum CFT being split into an arbitrary number of pieces.? See figure 5 for a schematic
depiction.

The entanglement entropy of a subsystem A,!° as a function of time S4(¢) can be
calculated holographically using the Ryu-Takayanagi formalism by looking at the length
of the smallest geodesic homologous to A in the holographic dual to the worldsheet of the
reduced density matrix p4(0) [37]. The appropriate worldsheet is as follows:

Trae (§"(@")|pa()1W'(2)) = Z74 (" (2") ]~ |0) (0l |4 (")) (4.1)

In order to render the path-integral absolutely convergent we introduce a regulator a as [2]

Trae (" (2")lpa()[(2)) = Z71 @" (@") e = |0) (0le ™ g/ (a')) . (4.2)

9In a heavy-ion collision the hadronization process can be understood as a splitting of a highly excited,

quasi-thermal state into many pieces. In order to be directly applicable, our formalism will need to be extended
to initial thermal states instead of the vacuum state. We will study this case in a forthcoming publication.

0We focus on the case of a simply connected subsystem rather than multiple line segments. Such a case is
calculable in our formalism but as it only increases the number of geodesics to deal with without adding new
conceptual content we do not address it here.
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Figure 6. The regulated worldsheet for calculating p(t) of a three cut splitting quench where i = t.
The infinite Euclidean time evolution, indicated by the checkered regions, serves as ground state
preparation. The black lines from —a to a in the Euclidean time correspond to the cuts, i.e., the
points which are excluded in the path integral.

b1 +ia bs + ia

b1 —ia bs — ia

Figure 7. The regulated worldsheet for calculating p4(0) of five cuts at positions by, ..., bs.

We keep a real and small, but non-zero, and take the limit a — 0 only at the end. Figure 6
shows the appropriate worldsheet for calculating the matrix elements in eq. (4.2) for the
case of three cuts.

In order to recover the real-time dynamics of the quench, we analytically continue the
worldsheet for p4(0) from Euclidean to Lorentzian time. Since the entanglement entropy
acts like a lorentzian equal-time two-point function this analytic continuation is unique. See
section 2 of [38] for a more detailed justification of analytic continuation of spacetimes of
this form. This allows us to use the Ryu-Takayangi prescription rather than the Hubeny-
Rangamani-Takayanagi prescription as everything is calculated in Euclidean space-time.

Therefore, the appropriate worldsheet to consider the holographic dual of is the Euclidean
plane missing n line segments of length 2a at arbitrary placements along the real axis, as
shown in figure 7. This worldsheet is not simply connected and therefore has moduli. This
renders this calculation intractable using the replica trick as the resulting Riemann surface
is incredibly complicated. Using the Ryu-Takayanagi formalism without uniformizing the
worldsheet is also intractable as the holographic duals of the line segments are not well-
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Figure 8. An example of non-trivial behaviour of the holographic dual of a slit in the Euclidean
worldsheet. This is the left-most slit (corresponding to the unit circle) of a multiple splitting quench
at vanishing boundary tension (7' = 0) and regulator set to a = 0.1. We project the surface onto the
(7, z) plane.

behaved and change dramatically as the regulator goes to 0 as discussed in section 3. An
example is plotted in figure 8.

After conformally mapping the worldsheet to its Schottky uniformization everything is
well-behaved and one can take the a — 0 limit with no issues. The appropriate conformal
map from the Schottky uniformization to our worldsheet is

Kot (1 )

C1—zal 1-za

! a(ZQ_ 1)(1 —4Jia+a2+(jl?(1+a2))
+by1 (ZZI qi2 (a — JZ)Q(QJZ _ 1)2(Ji _ Z)(Cziz ) ) + O(ag) .

(4.3)

See appendix A for the explicit derivation of this map (where here we specialize to real «)
from the infinite product representation of the Schottky-Klein prime function.

In order to have a globally defined metric and implement periodicities easier we map the
unit disk to an identified half-strip with complex coordinates n and 7, using the transformation

1
=—1 4.4
n(z) = 5 log(z) , (4.4)
Figure 9 shows the doubled identified half-strip structure for the general case of g + 1 cuts.
The circles Cy, ..., Cyy1 in the unit disk are again sent to circles on the half-strip up to
corrections of order O(a?).
The Schwarzian derivative of the map from the (7,7)-space to the splitting quench

worldsheet evaluates to

L(n) ={¢(2(n)) ,n} = 7>+ O(a®), (4.5)

,10,
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Figure 9. Holographic dual of the doubled identified half-strip associated with the Schottky
uniformized worldsheet with g + 1 cuts. The bulk boundaries of C; and C} are identified for all
i €{2,...,9+ 1}, respectively, as well as the dashed lines. The interior of the unit disk is mapped
onto the half-strip which extends from —oo to 0 (boundary C1). Its double extends from 0 to +oo.

where z(n) is the inverse of eq. (4.4). As a result, the metric eq. (3.3) on the identified
half-strip is given by the BTZ metric

2 2,2\ 2 2,2\ 2
d82:]§2 (1-”5) E2+<1+7T2C> dY?+d¢* |, (4.6)

where n = Z + ¢Y. One can then solve for how the boundary extends into the bulk by
enforcing the condition that K oc T' [5], where K is the trace of the extrinsic curvature
on the brane and T is the boundary tension. For T = 0, everything extending straight
into the bulk e.g. (C; extending as a vertical plane into the bulk, whereas Cy, ..., Cg11
form cylinders) is a solution to the resulting differential equation. The resulting holographic
dual geometry is shown schematically in figure 9. We chose this value of T" as it drastically
simplifies calculations and as stated earlier, alternative values only shift the disconnected
geodesic lengths by a constant. As such we plot both geodesic contributions.

Given the holographic dual of the multi-splitting quench, it is now possible to calculate
holographic entanglement entropy (HEE) of spatial subsystems. According to the Ryu-
Takayanagi prescription [37], HEE is determined by the area of the minimal codimension-two
surface in the AdS bulk which shares the same endpoints as the subsystem. For Riemann
surfaces with boundaries, there exist two types of geodesics that do not violate the homology
constraint: a connected one which links the endpoints without crossing any boundaries, and
a disconnected one where each individual endpoint connects to the nearest boundary. In the
case where the endpoints connect to different boundaries, a horizon which connects these
boundaries must be added, resulting in an additional black hole entropy term. The physical
HEE of a spatial subsystem is then equal to the smallest of these geodesics.

— 11 —



Figure 10. Schottky uniformization of the genus 2 surface (the first case where the generators of the
Schottky group do not commute). The 6;(z) send interior circles to their mirror images across the
unit circle C1.

Since the metric eq. (4.6) is the same as for the double splitting, we use the same geodesic
expressions as derived in [8, 23]. The individual parts of the disconnected geodesic are given by
one half of the connected geodesic to the mirror image across the boundary. In the following we
apply the Schottky uniformization approach to the calculation of HEE after a splitting quench
into four and more segments. Instead of the entanglement entropy itself, which is divergent
in the UV-cutoff ¢, it is useful to consider the entanglement entropy growth ASy =S4 — 5540),
where Sg)) = §logé is the well known vacuum entropy for a subsystem of length [ in 141D
CFT. This quantity is independent of the UV-cutoff of the underlying theory.'!

4.2 Three cuts (four segments)

A splitting quench with three cuts is the first non-trivial check of our formalism. The topology
of the world-sheet is that of a genus 0 Riemann surface with three boundaries (“pair of
pants”) and therefore its Schottky uniformization is the unit disk with two circles excised
as depicted in figure 10. Since there are two interior circles, we have two non-commuting
generators of the Schottky group and the Schottky-Klein prime function cannot be written in
a closed form. However, using the asymptotics for small a derived in appendix A, we arrive
at the approximate conformal map eq. (4.3) with g = 2.

Holographic computations are then performed on the identified rectangle geometry, shown
in figure 9. As explained in section 4.1, HEE is determined by the connected and disconnected
geodesic lengths between the endpoints of the spatial subsystem.

The true entanglement entropy is the minimum of the connected and disconnected
geodesic contributions, i.e., the blue and orange lines in the time evolution plots of figure 11.
However, since the boundary entropy 7', which depends on the chosen conformally invariant

" Geodesics in hyperbolic space are formally divergent as the metric diverges at the boundary. We have
chosen the standard regulation procedure of taking the limit lim._,o of geodesics at z = € > 0 and considering
the difference with the vacuum result. In order to be more rigorous we could have constructed a one parameter
family of regularizing surfaces as advocated in [24].

- 12 —

.90 (G¢0¢) 80dHHL



20

Im(w)
ASa(t)

P T T S
-100 0 100 200 300 0 50 100 150 200 250 300

Re(w) t

(a) subsystems (b) Ay = [-70,-30]

25[

20}

<1 10} ] <1
: : : -
(c) Ay = [20,40] (d) As = [—30,220]
<1 4 <1

(e) Ay = [70,220] (f) As = [70,120]

Figure 11. Holographic entanglement entropy growth AS,4(t) (normalized by central charge) for a
system split at b; = 0, bo = 100, and b3 = 200 with boundary tension 7' = 0. (a) Visualization of the
cuts and subsystems. For better visibility some subsystems are shifted upwards, but all are defined
to be on the real axis. Also, we mark the endpoints by vertical lines. (b)—(f) Real time evolution
of AS4(t) for various subsystems, A = Aj,..., As. The blue and orange graphs correspond to the
connected and disconnected contribution respectively.

boundary conditions, shifts the disconnected contribution vertically by a constant, we show
both the disconnected and connected geodesic contributions separately.

The novelty arising in the genus 2 case is that one can now have subsystems whose
endpoints lie on two different finite segments (e.g., As in figure 11(a)). In the quasiparticle
picture'? we expect this to be significantly different as the excitations inside the line segment

121t is common to consider massless quasi-particles formed at the site of the local quench that then propagate

,13,
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Figure 12. Holographic entanglement entropy growth AS4(¢) (normalized by central charge) for a sys-
tem split at {b1,...,b16} = {0, 100, 200, 300, 350, 400, 500, 533.3, 566.7, 600, 700, 725, 750, 775, 800, 900}
with boundary tension T = 0. The subsystems A; = [70,220], As = [270,420], A3 = [470,620],
Ay = [670,820] are chosen such that they are equivalent as seen from the endpoints and only differ in
the number of internal cuts. Left: visualization of the cuts and subsystems. Right: real time evolution
of AS4(t) for various subsystems, Ay, Ay, Az, and A4. The blue and orange graphs correspond to
the connected and disconnected contribution respectively. The curves for the different subsystems
are identical.

cannot escape out of the subsystem. Compare figure 11(d), which quickly reaches equilibrium,
with figure 11(e), which continues to periodically oscillate around its equilibrium value.
While the connected geodesic goes off to infinity (avoiding the “end-of-the-world brane”)
the disconnected geodesic becomes the minimum, and therefore the entanglement entropy
behaves qualitatively similar to the behavior seen in figure 11(e).

4.3 Many cuts

We now argue that nothing novel occurs for more than three cuts. Naively as the number
of cuts grows, the number of moduli does as well and we expect there to be a multitude of
possible phases. However, since the cuts arise as a way to regulate the UV behaviour of the
quench, we take the limit they go to 0 and thereby stay in the same saddlepoint regardless of
how many cuts there are. There could still be additional phases due to disconnected geodesics
ending on the new boundaries, but the length of the disconnected geodesics to the closest
boundaries always dominates. The endpoints of the entangled subsystem can either be in
(1) the same finite region, (2) two different finite regions, (3) a finite region and an infinite
region, (4) the two infinite regions. We give an example for arbitrarily chosen N = 16, but
the formalism works for all N including N — oo.

As one can see nothing novel occurs with more than three cuts. Since the entanglement
entropy only depends on the length and endpoints of the subsystem it is blind to any structure
interior to the cuts closest to its endpoints. In figure 12 we choose 4 subsystems of length 150,
with 2, 3, 4, and 5 boundaries between the endpoints, respectively. With the same boundary
conditions these all give the same entanglement entropy. We can make sense of this in the
quasi-particle picture as the quasi-particles generated by the splits inside an interior segment

with light speed outward and reflect off of boundaries. This gives good intuition as to the timescales on which
things occur e.g. changes in the entanglement entropy.

— 14 —



will reflect on the internal boundaries and never escape from the subsystem. Therefore, the
entanglement entropy never “knows” about the interior boundaries.

5 Conclusion

We introduced a formalism for dealing with boundary conformal field theories with multiple
boundaries. Any worldsheet with two or more boundaries has moduli. Uniformizing the
worldsheet allows one to better deal with the moduli, holographically or otherwise. In the
limit that all moduli are small we give novel asymptotics for the Schottky-Klein prime
function on the worldsheet which allows us to explicitly construct a conformal map to the
Schottky uniformization of the worldsheet. As a proof of concept we give a novel calculation
of holographic entanglement entropy for 141D CF'Ts on the real line which split into N > 3
segments. We show that for more than three splits the entanglement entropy is insensitive to
boundaries interior to the outermost ones, and therefore nothing qualitatively changes for
N > 4. Therefore calculations involving large numbers of boundaries become tractable,

Our results are applicable to any BCFT with multiple boundaries and the asymptotics
to any Riemann surface with small moduli. The results for holographic entanglement entropy
cannot be matched with non-holographic replica trick calculations as they are intractable for
multiple boundaries. However, these dynamics are within experimental reach. AdS/BCFT
has been extended to the Ising model® [39] which is experimentally realizable on 14-1D spin
chains tuned to criticality [40]. Such systems are part of the original motivation of studying
splitting quenches [10]. It would be interesting to see if multiple splitting quenches are
realizable and reproduce our calculations. We plan to apply this formalism to the calculation
of additional observables (not just entanglement entropy) and to other worldsheets of interest,
such as thermal states and local projection measurements.
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A Proof of asymptotics for the Schottky-Klein prime function

In [23] we discussed the case of a Riemann surface with two boundaries. The associated
Schottky group has only one generator (the Mobius map from the inner to the outer circle)
and therefore a closed form of the Schottky-Klein prime function is easily written down. For
the case of three or more boundaries we have multiple generators which do not commute,
and the infinite product becomes unwieldy. Thankfully, in our case the moduli are small

13This is notable as the traditional lore is that only CFTs with large central charge (as opposed to the
¢ = 1/2 Ising model) are holographic.
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parameters and therefore higher order terms become subleading contributions. We give a
proof by induction of why we only need to consider the first level and that the constant
contributions cancel. A generic Mobius transformation that sends a circle in the unit disk
to its reflection across the unit disk (see figure 10) is written as:

0;(2) = d; + ———¢2, (A1)

1-— zd

where d; is the position of the center of the circle and ¢; is its radius. A level-two element
of the Schottky group then has the form:

qu(di + quZ — dic@z)
1-— (di + q?z)d_j + zJZ(dZJ] — 1)7

0;(0i(2)) = d; +

which in the limit ¢;,q; — 0 becomes:

diq3 24747
0;(0;(2)) ~ d; + L — 4+ 0(¢°
OGN ~ g+ T+ s g + Ol
Now assume that compositions of level n are of the form:
Z gz q2z + h )q2n + O(q2n+2), (AQ)

where there is no = dependence until the ¢>” term and we are using the shorthand notations
d for arguments depending on all d; and ¢>" for products of g; such that the total power is
2n. Since 9, fn(r) = O(¢*"), the chain rule tells us that:

2
0:00(fnla)) = [ (g5 0etn(@) = Ol™™?)

Explicitly we have:

d)
0 (fn(z)) ~ dj + L)_,q;% + .+ B ()P4 O

1 — drgo(d)

which is of the necessary form:
Ok (fu(@)) ~ > gi(d)q™ + 1 (2)g™ (@) + O(@*" ) = fria ().
=0

Summarizing, we have shown that Mobius map compositions of level 1 and 2 have this form
and that, if a level n composition has this form, then a level n + 1 composition will, too.
Thus, by induction, M&bius map compositions of any level have the form (A.2).

Now let us consider the Schottky-Klein prime function with this in mind. Remember that
the Schottky-Klein prime function has an infinite product representation due to Baker [29]:

(2 = Ok()) (@ = Ok (2))
(o = O(@)) (2 = Ok(2))

w(z,a) =(z —a) H

akEé

(A.3)
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where the product is over elements of the Schottky group excluding the identity and inverses

and a and z are points in the domain € (the disconnected region formed by the interior
of the unit disc with n discs missing). We then take the logarithm of the Schottky-Klein

prime function to find asymptotics for the conformal map:

In(w(z;a)) =In(z — a) + Z In(0x(2) — @) + In(Ox () — 2) — In(Ox(2) — 2) — In(Op () — )

O

Many cancellations occur in this expression if we take the ¢; — 0 limit. Consider

In(fn(a) = b) = In(fn(b) = b).

All terms of less than leading order cancel as they do not depend on the argument of the

function:

In(fn(a) —b) — In(fu(b) = b) < ¢** + O(¢*"*?)

Since we only need the leading order in ¢ — remember that all ¢; are functions of the

regulator which is sent to 0 at the end of the calculation — it is sufficient to truncate to

the level 1 elements of the Schottky group:
g

In(w(z;a)) ~In(z — a) + Y [In(6;(z) — ) + In(6;(a) — 2)
i=1

—1n(;(2) — 2) — In(6;() — )] + O(g*)
Inserting our expression (A.1) for a generic M6bius map yields:

g 2

) ~ G - )+ 3 i+ - ) g B0
| i=1 C1-zd; 1 — ad;
2 2
q; 2 q o
—In(d; ) —In(d; + —1T ).
n( +1—zdi z) — In( +1—adi a)

The conformal map for n = g + 1 parallel slits perpendiciular to the z-axis is [6]:

! + N 0o In(w(z; @) ! a1 In(w(z;a 1)),

gb(z):ﬁ 2 a2

Therefore, the approximate asymptotic conformal map is:

1 1 1 1
qﬁ(z):ﬁ—l—%— a—z a(al—2z)
g (= 2)(z 4+ a(l +d? — 2d;z) + di(d;z — 2))
T2 |a (@ — d)2(ad; — 12(d; — 2)(diz — 1)
(@t —2)(z+a Y1+ d? — 2d;2) + di(d;iz — 2))
(O_z_l — CL‘)Q(O_é_lCZZ' — 1)2(671' — Z)(CLZ — 1)

+q?
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A.1 The map

We repeat the procedure of [23] and solve for the ¢; and d; as a function of the slit/regulator
length a and the placement of the slits b1,...,bs41 perturbatively. We set the origin at

b1 = 0 for convenience and choose the pre-image of infinity to be a = 2b5+1 so it goes to
the origin nicely in the limit ¢ — 0. This yields:

di=——2+4+0
2b;bg 11 (@)
dg—1 = 2 4 O(a®)
bg+1
2
a
Qi + O(ag)
4b2 . 1 b7
2
a
Gg-1 = —5— + O(a?)
g

1—=2 1—2z*
6(2) = aby19(2) = a +at
2z 4bgy12 (A7)
+ade ( lhat 2+ AR Z2)2> + O(a%) |
8722 \ (bi — by+1)? A
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