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We evaluate the phase-space integrals that arise in double real emission diagrams for semi-inclusive
deep-inelastic scattering at next-to-next-to-leading order in QCD. Utilizing the reverse unitarity technique,
we convert these integrals into loop integrals, allowing us to employ integration-by-parts identities
and reduce them to a set of master integrals. The master integrals are then solved using the method
of differential equations and expressed in terms of Goncharov polylogarithms. By examining the series
expansion in the dimensional regulator, we discover additional relations among some of the master
integrals. As an alternative approach, we solve the master integrals by decomposing them into angular and
radial components. The angular parts are evaluated using Mellin-Barnes representation, while special
attention is given to the singular structures of the radial integrals to handle them accurately. Here the results
are provided in terms of one-fold integrals over classical polylogarithms. This approach provides a clearer
understanding of the origin of soft and collinear singularities.
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I. INTRODUCTION

Semi-inclusive deep-inelastic scattering (SIDIS) stands
as a cornerstone in nuclear and particle physics, offering
unparalleled insights into the structure and dynamics of
nucleons. Unlike inclusive deep-inelastic scattering, which
solely measures the scattered lepton, SIDIS involves the
detection of both the scattered lepton and at least one of the
produced hadrons. This dual detection capability enriches
the data obtained, enabling far more detailed and compre-
hensive exploration of the internal parton structure and their
three-dimensional momentum distribution of nucleons.

In addition, this also provides critical insights into how
partons combine and fragment to form the observed
hadrons. This makes SIDIS a very important process in
the upcoming Electron-Ion Collider at Brookhaven [1].
The transition from parton to hadron is a nonperturbative
process that can be described by fragmentation functions
(FFs). These functions quantify the likelihood of a parton
fragmenting into a hadron, with the hadron inheriting a
certain fraction of the parton’s momentum. Production
cross sections for various hadron species have been
measured in electron-positron, lepton-hadron, and hadron-
hadron collisions. Incorporating these data sets into a
global fit of FFs requires knowledge of the corresponding
parton-level coefficient functions (CFs), which are differ-
ential in the momentum of the fragmenting parton. The CFs
for hadron-hadron [2] and electron-positron [3,4] collisions
are currently known up to next-to-leading order (NLO) and
next-to-next-to-leading order (NNLO) in QCD, respec-
tively. Very recently, some of us have undertaken the
monumental task of computing the CFs analytically for
lepton-hadron collisions to NNLO [5,6], in parallel with
another research group [7,8]. The NLO CFs for the same
are available in Refs. [9–11]. In Refs. [12,13], the thresh-
old-enhanced resummed results for some partonic channels
have been computed to NNLO and next-to-NNLO (N3LO).
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The NNLO QCD corrections for SIDIS involve the
evaluation of Feynman diagrams featuring pure two-loop
virtual, real-virtual, and double-real emissions. While the
two-loop virtual diagrams have been present in the liter-
ature for quite some time, the remaining ones have been
evaluated in Refs. [5,6]. The real-virtual processes involve
one-loop and two-body phase-space integrals, while double
real emission processes require three-body phase-space
integrals. These integrals are computed with a constraint
arising from the requirement of detecting the final state
hadron for SIDIS. From the point of view of integration-by-
parts (IBP) reduction, this constraint leads to an additional
cut propagator, which adds technical complexity compared
to fully inclusive processes.
The computation of master integrals (MIs) was one of

the primary difficulties in achieving the NNLO calculation.
In this article, we present the detailed computation of the
phase-space integrals that arise from the double real
emission employing two different methods, namely, the
method of differential equations and the radial-angular
decomposition.
In the framework of the differential equations method

[14,15], we reduce the differential systems to ε-form
[16,17] using the algorithm of Ref. [17] as implemented
in Libra package [18]. We put boundary conditions in the
double limit x → 1, z → 1. In this limit it appears to be
sufficient to calculate only two constants, the first one
expressed via Γ-functions, the other one via 3F2 hyper-
geometric function. The ε-expansion of these constants can
be made up to arbitrarily high power of ε. The same is also
true for the canonical integrals. Therefore, the differential
equations approach provides a simple and systematic way
to obtain the ε-expansion of the MIs. Besides, passing to
canonical basis, we reveal two nontrivial relations between
the MIs, which do not seem to be a direct consequence of
the IBP relations.
In an alternative approach, we decompose the phase-

space integrals into their radial and angular components.
The angular component, being independent of the specific
process, appears in various scattering scenarios. Several
methods are available for evaluating this component
[19–21]; in this work, we present an approach based on
its Mellin-Barnes (MB) representation [22]. The angular
integrals in SIDIS contain at most two denominators,
while integrals with more denominators can be reduced
to a linear combination of integrals with fewer denomi-
nators using partial fractioning. These integrals are known
to be expressible in terms of hypergeometric, Appell, and
Fox H-functions, depending on whether the relevant
momenta are massive or massless. While the Laurent
expansion of hypergeometric and Appell functions in the
dimensional regulator can yield the desired results, expand-
ing H-functions in this way is often nontrivial. Moreover,
for integrals involving more than two denominators,
expressing them as H-functions of several variables makes

expansion in powers of the dimensional regulator quite
challenging. These difficulties motivate us to adopt an
alternative approach based on the MB representation [23].
Using this approach, we derive multifold MB integrals for
the angular component, which are then solved analytically
in terms of Goncharov polylogarithms. A detailed presen-
tation of this method is available in another publication
by some of us in Ref. [23], where the angular integral
involving three denominators is computed for the first time.
The latter is also addressed using the differential equation
method in Ref. [24]. Combining the angular component
with the parametric component requires careful handling of
soft singularities, which we illustrate with an example. This
approach provides a deeper understanding of the under-
lying soft and collinear singularities. The complete results
are provided in the form of one-fold integrals of classical
polylogarithms.
The article is organized as follows: in Sec. II, we discuss

the basic kinematics of the SIDIS process and introduce the
concept of constrained phase space. We present the MIs
that arise from the double real emission in the computation
of the NNLO SIDIS cross section in QCD. Section III
covers the differential equation method, where we reduce
the differential systems for MIs to ε-form and express
the final results via generalized polylogarithms (GPLs).
In Sec. IV, we demonstrate the angular-radial decomposi-
tion method, solving the angular part using MB techniques.
We address the treatment of divergences to properly
combine the parametric and angular components. Our
results, in terms of one-fold integrals over classical poly-
logarithms, are provided in Supplemental Material [25].
This is sufficient for all phenomenological purposes.

II. SEMI-INCLUSIVE DEEP-INELASTIC
SCATTERING

We consider the production of a hadron H in SIDIS,
where a lepton lðplÞ scatters off a nucleon pðPÞ, resulting
in a final state consisting of the scattered lepton lðp0

lÞ, the
observed hadron HðPHÞ, and other inclusive final state
radiation X:

lðplÞ þ pðPÞ → lðp0
lÞ þHðPHÞ þ X: ð1Þ

Here, pl, P, p0
l, and pH denote the respective momenta of

the lepton, nucleon, scattered lepton, and hadron. In SIDIS,
the hadron is observed in the final state, while other
radiation (denoted by X) is unobserved. The spacelike
momentum transfer between leptons, q ¼ pl − p0

l, denotes
the momentum of the exchanged virtual vector boson and
we set Q2 ¼ −q2. Let p1 and p2 denote the momenta of
initial and final state partons, respectively. We define two
dimensionless variables by
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x0 ¼ Q2

2p1 · q
; z0 ¼ p1 · p2

p1 · q
; ð2Þ

and set Q2 ¼ 1 for convenience. The dependence of the
final results on Q2 can be restored on dimensional ground.
The physical region is defined by the inequalities

0 < x0; z0 < 1: ð3Þ

The triple-differential cross section for SIDIS can be
parametrized in terms of transverse and longitudinal form
factors. These form factors are expressed as a sum over all
partonic channels, involving the convolution of the parton
distribution function (PDF), FF, and partonic cross section.
This computation includes two-loop virtual corrections
for the processes γ� þ qðq̄Þ → qðq̄Þ, one-loop contribu-
tions for single-gluon emission γ� þ qðq̄Þ → qðq̄Þ þ g, and
contributions from double real emissions. The quantities γ�,
qðq̄Þ, and g denote virtual photon, quark (antiquark) and
gluon, respectively.
Double real emission processes involve three-body

phase-space integrals constrained by a delta function,
δðz0 − p1·p2

p1·q
Þ. This additional constraint significantly com-

plicates the computation of these integrals. Fortunately, the
argument of the δ-function depends linearly on scalar
products involving integration momenta k1, k2, p2 and
thus can be introduced in the IBP reduction as a cut
propagator. We use LiteRed2 [26,27] to reduce these integrals
to a set of 20 MIs. The primary objective of this article is to
present the detailed computation of these MIs.
We define 13 integral families RR1;…;RR13 of two-loop

integrals,

RRkðn1; n2; n3Þ ¼ e−εγEð4πÞd
Z ½dPS3�z0

Dn1
Nk1

Dn2
Nk2

Dn3
Nk3

; ð4Þ

where γE ¼ 0.577… is Euler constant, and the indices Nki
are defined from Table I and functions D1;…; D8 read

D1 ¼ ðk1 − p1Þ2; D2 ¼ ðk1 − qÞ2; D3 ¼ ðk2 − p1Þ2;
D4 ¼ ðk2 − qÞ2; D5 ¼ ðk1 − p1 − qÞ2;
D6 ¼ ðk2 − p1 − qÞ2; D7 ¼ ðk1 þ k2Þ2;
D8 ¼ ðk1 þ k2 − p1Þ2: ð5Þ

The constrained 3-particle phase space reads

½dPS3�z0 ¼ dPS3δ

�
z0 −

p1 · p2

p1 · q

�

¼ ddk1ddk2ddp2

ð2πÞ3d−3 δþðk21Þδþðk22Þδþðp2
2Þ

× ð2πÞdδdðp2 þ k1 þ k2 − p1 − qÞ

× δ

�
z0 −

p1 · p2

p1 · q

�
: ð6Þ

We denote the space-time dimension by d ¼ 4þ ε, the
momenta of emitted partons by k1 and k2. Multiplication by
the additional delta function arises from the necessity of
detecting an additional particle in SIDIS. The MIs are
depicted in Fig. 1.
Note that in order to find the extra rule for the

RR5ð−1; 0; 1Þ integral, we had to use the IBP identities
from the supersectors. In the following sections, we solve
these integrals using two distinct approaches: the method of
differential equations and the method of angular-radial
decomposition.

III. CALCULATING MASTER INTEGRALS USING
DIFFERENTIAL EQUATION METHOD

We construct the differential systems for the MIs with
respect to x0 and z0 and reduce them to ε-form using
Libra [18]. In order to do this, we introduce the following
notations:

x1¼
ffiffiffiffi
x0

p
; x2¼

1

2z0

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1−z0Þ2þ4x0z0

q
−1þz0

�
;

z1¼
ffiffiffiffi
z0

p
; z2¼

1

2x0

�
1þx0−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þx0Þ2−4x0z0

q �
: ð7Þ

The canonical basis J satisfies

dJ ¼ ε
X16
i¼1

SiωiJ; ð8Þ

TABLE I. Subscripts Nki of the denominators in Eq. (4)
defining each DNki

as one of D1;…; D8 in Eq. (5).

k

i 1 2 3 4 5 6 7 8 9 10 11 12 13

1 1 1 1 1 1 1 1 1 1 2 2 2 2
2 5 5 5 6 2 2 4 4 4 4 5 5 5
3 6 7 8 8 4 8 5 7 8 5 7 8 6
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where

ω1 ¼ d ln x0; ω5 ¼ d lnð1 − x0Þ; ω9 ¼ d lnðx0 þ z0Þ; ω13 ¼ d ln
x̄þ x0z2

z2
;

ω2 ¼ d ln z0; ω6 ¼ d lnð1þ x0Þ; ω10 ¼ d lnð1þ x0z0Þ; ω14 ¼ d ln
z̄þ x2z0

x2
;

ω3 ¼ d arctan
z1
x1

; ω7 ¼ d lnð1 − z0Þ; ω11 ¼ d lnðx̄þ 2x0z2Þ; ω15 ¼ d ln
1þ x0z2
1 − z2

;

ω4 ¼ d arctanðz1x1Þ; ω8 ¼ d lnðx0 − z0Þ; ω12 ¼ d lnðz̄þ 2x2z0Þ; ω16 ¼ d ln
1þ x2z0

1 − x2
; ð9Þ

with x̄ ¼ 1 − x0, z̄ ¼ 1 − z0, and Si being some numerical matrices.

A. Boundary conditions

We fix the boundary conditions by considering the asymptotics x0 → 1, z0 → 1. The limit x0 → 1 corresponds to
s ¼ ðp1 þ qÞ2 → 0, while the limit z0 → 1 corresponds to the maximal energy fraction of the detected final parton.

FIG. 1. MIs of families RR1;…;RR13. (Cut) lines denote (cut) massless propagators, empty circle marks propagator carrying p2

momentum.
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Using Libra, we find that, in order to fix the boundary
conditions, we need to calculate the following asymptotic
coefficients:

½j1�x̄1þε z̄1þε ; ½j2�x̄ε z̄0 ; ½j3�x̄−1þε z̄0 ; ½j4�x̄−1þε z̄−1þε ;

½j5�x̄0 z̄ε ; ½j6�x̄0 z̄−1þε ; ½j7�x̄0 z̄0 ; ½j7�x̄0 z̄1þε ;

½j9�x̄0 z̄0 ; ½j10�x̄0 z̄0 ; ½j11�x̄0 z̄−1þε ; ½j12�x̄0 z̄−12þε
2
;

½j13�x̄0 z̄−1þε ; ½j14�x̄0 z̄0 ; ½j15�x̄0 z̄0 ; ½j16�x̄0 z̄−1þε ;

½j17�x̄−1þε z̄0 ; ½j18�x̄−1þε z̄0 ; ½j19�x̄−1þε z̄0 ; ½j20�x̄−1þε z̄0 ; ð10Þ

where ½jn�x̄az̄b denotes the coefficient in the asymptotics
of jn in front of x̄az̄b (recall x̄ ¼ 1 − x0, z̄ ¼ 1 − z0). It is

easy to establish that there is only one region in the limit
x̄; z̄ → 0 (and that the limits are commuting), which
contribution reads ðx̄ z̄Þεx̄nz̄m, where n, m are integer
numbers. Therefore, all above constants, except two,
½j1�ðx̄ z̄Þ1þε and ½j4�ðx̄ z̄Þ−1þε , are zero. The two nonzero
coefficients are derived from the leading asymptotics at
x̄; z̄ → 0 of the integrals j1 and j4, respectively. We have

½j1�ðx̄ z̄Þ1þε ¼ Γð1þ ε
2
Þ2

Γð2þ εÞ2

¼ e−εγE

ð1þ εÞ2
�
1 −

3ε2ζ2
4

þ 7ε3ζ3
12

þ 3

32
ε4ζ22 þ…

�
;

ð11Þ

½j4�ðx̄ z̄Þ−1þε ¼ 2Γ
�
1þ ε

2

�
Γð−εÞΓ

�
−
ε

2

�
−

4Γðε
2
Þ2

Γð1þ εÞ2 3F2

�
1;
ε

2
;
ε

2
; 1 −

ε

2
; 1þ ε

2
; 1

�

¼ e−εγE

ε2

�
−12þ 11ε2ζ2 − 12ε3ζ3 þ

19

40
ε4ζ22 þ…

�
: ð12Þ

B. Solution in terms of Goncharov’s polylogarithms

The perturbative solution of the canonical differential
system is expressed in terms of Chen’s iterated path
integrals,

ICðωin ;…;ωi1Þ ¼
Z

� � �
Z

p>
C
pn>

C
…>

C
p1>

C
1
ωinðpnÞ…ωi1ðp1Þ;

ð13Þ

where 1 ¼ ð1; 1Þ; p ¼ ðx0; z0Þ; pk ¼ ðx0k; z0kÞ, and C is some
contour in ðx0; z0Þ plane connecting the points (1, 1) and
ðx0; z0Þ.
Note that ω8 is singular on the line z0 ¼ x0 inside the

physical region. Therefore, the general solution has a
branching locus on this line. However, using physical
arguments, we understand that the particular solution
determined by the boundary constants has to be analytic
at z0 ¼ x0 on the first sheet. Indeed, we have a posteriori
checked this by examining the Frobenius expansion of this
specific solution at z0 ¼ x0. Therefore, the contour C can be
arbitrarily deformed provided it does not leave the physical
region and has fixed end points (1, 1) and ðx0; z0Þ. Such
deformations will not alter the special solution.
The possibility to express the iterated path integrals via

Goncharov’s polylogarithms depends on the possibility to
choose a contour and parametrization on it such that the
weights become rational functions of the latter. Due to the
appearance of algebraic expressions x1, x2, z1, z2, there is
no universal choice of the appropriate contour. Note that,

in general, each individual integral IC is not path inde-
pendent, therefore, we should be very careful. We do it in
the following way.
First, by constant transformations of the canonical basis

we minimize the appearance of the weights ω11, ω13, ω15,
containing the expression z2, cf. Eq. (7). We ensure that
these weights appear only in three canonical MIs J12, J13,
and J19. For all other but these three functions, we choose
the path to go first along the straight line from (1, 1) to
ð1; z0Þ and then along the straight line from ð1; z0Þ to ðx0; z0Þ.
For the three remaining functions we choose the path to go
first along the straight line from (1, 1) to ðx0; 1Þ and then
along the straight line from ðx0; 1Þ to ðx0; z0Þ.
We express our results in terms of the following

functions:
(i) Gða1;…j1 − x1Þ with ak ∈ f0; 1; 2; 1� i; 1� iz1;

1� i
z1
g.

(ii) Gðb1;…j1 − x2Þ with bk ∈ f0; 1; 1z0 ; 1þz0
z0 ; 1þz0

2z0 g.
(iii) Gðc1;…j1 − x0Þ with ck ∈ f0; 1; 2; 1� z0; 1þ 1

z0g.
(iv) Gðd1;…j1 − z2Þ with dk ∈ f0; 1;− 1

x0 ;
1−x0
x0 ; 1−x

0
2x0 g.

(v) Gðf1;…j1 − z0Þ with fk ∈ f0; 1; 2; 1 − x0g.
By using the functional relations between the polylogar-
ithms, we succeed in expressing the results in terms of more
convenient functions:

(i) Gða1;…jx1Þ with ak ∈ f0;�1;�i;�iz1;� i
z1
g.

(ii) Gðb1;…jx2Þ with bk ∈ f0; 1;− 1
z0 ;

z0−1
2z0 ;

z0−1
z0 g.

(iii) Gðc1;…jx0Þ with ck ∈ f0;�1;�z0;− 1
z0g.

(iv) Gðd1;…jz2Þ with dk ∈ f0; 1; 1x0 ; x
0þ1
2x0 ;

x0þ1
x0 g.

(v) Gðf1;…jz0Þ with fk ∈ f0;�1; x0g.
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The results for the MIs are presented in Supplemental
Material [25] in terms of these functions up to transcen-
dental weight 4.

C. Additional relations between master integrals

Once the solutions for the canonical functions Jk are
found, we can search for additional linear relations between
MIs which have been missed during the stage of IBP
reduction. Indeed, for canonical functions these relations
necessarily need to have constant coefficients (independent
both on kinematic variables and on ε). Such relations can be
easily discovered from a sufficiently deep series expansion
in ε. Subsequently, using differential equations and exact
boundary constants, these relations can be strictly proven.
In this way, we can prove two additional identities,

j9 ¼
ð1þ εÞ2x0

z0
j1 −

x̄ð1þ z0Þε2
4z0

j2

þ ð1þ x0Þz̄ð1þ εÞε
2z0

j5 −
ð1þ x0Þð1þ z0Þε2

4z0
j8;

j16 ¼ j7: ð14Þ

Therefore, we can exclude j9 and j16 from the list of MIs.
We are unaware whether these relations follow from IBP
identities alone. For the reader’s convenience let us present
also the reduction of the integral j8n ¼ RR5ð−1; 0; 1Þ
mentioned earlier:

j8n ¼
z0

x0
j8 −

z̄
x0
j5: ð15Þ

IV. METHOD OF RADIAL-ANGULAR
DECOMPOSITION

In this approach, the MIs are evaluated by separating
them into radial and angular components, allowing the
angular part to be computed independently. The motivation
behind this decomposition is to take advantage of the
process-independent nature of the angular integrals.
These angular integrals can be computed in a general
form. Once computed, they can be applied to any specific

process by choosing an appropriate reference frame,
combining the angular and radial parts to compute
phase-space integrals in that chosen frame. The latter is
process and kinematics dependent.
The first step is to express the propagators and phase-

space integration measures within the chosen reference
frame. We then transform the integrals into the van Neerven
form [19,28–30], which are subsequently mapped to the
coordinate-independent Somogyi representation [20].
The Somogyi integrals are then evaluated using their
MB representations. After evaluating the angular integrals,
we return to the reference frame of interest and complete
the final one-fold parametric integral over the radial part.
For the double real emission diagrams at NNLO, we

move to the center-of-mass (COM) frame of the two
emitted partons having momenta k1 and k2. We have

k1 þ k2 ¼ 0;

and we parametrize the momenta as

p1 ¼
ðs − t − q2Þ

2
ffiffiffiffiffiffi
s12

p ð1; 0d−3; 0; 0; 1Þ;

p2 ¼
ðs − s12Þ
2

ffiffiffiffiffiffi
s12

p ð1; 0d−3; 0; sinψ ; cosψÞ;

k1 ¼
ffiffiffiffiffiffi
s12

p
2

ð1; 0d−3; sinϕ sin θ; cosϕ sin θ; cos θÞ;

k2 ¼
ffiffiffiffiffiffi
s12

p
2

ð1; 0d−3;− sinϕ sin θ;− cosϕ sin θ;− cos θÞ;
ð16Þ

with

cosψ ¼1−
2s12t

ðs− t−q2Þðs−s12Þ
;

s12¼ðk1þk2Þ2; s¼ðp1þqÞ2; t¼2p1 ·p2: ð17Þ

In the ðk1; k2Þ reference frame, the integration over con-
strained phase space can be written as

Z
½dPS3�z0 ¼

1

ð4πÞd
ðs − q2Þ3−d
Γðd − 3Þ

Z
π

0

dθðsin θÞd−3
Z

π

0

dϕðsinϕÞd−4

×
Z

s−q2

0

dt
Z

s−t

q2t=ðs−q2Þ
du½tðsu − q2ðtþ uÞÞðs − t − uÞ�d−42 δ

�
z0 −

t
s − q2

�
:

The variable u is defined through u ¼ 2p2 · q and it satisfies s12 ¼ s − t − u. Performing the integral over t using δ-function
and passing from u to z via u ¼ sð−x0z0

1−x0 þ z − z0zÞ, we obtain

Z
½dPS3�z0 ¼

Z
½dPS3�rz0

Z
dΩ; ð18Þ
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where the “radial” and “angular” parts are defined as
follows:

Z
½dPS3�rz0 ¼

sd−3ð1 − z0Þd−3z0d−42
ð4πÞdΓðd − 3Þ

Z
1

0

dzðð1 − zÞzÞd−42 ;
Z

dΩ ¼
Z

π

0

dθsind−3θ
Z

π

0

dϕsind−4ϕ: ð19Þ

The integral over only the phase-space element can be
evaluated to

Z
½dPS3�rz0dΩ ¼ 27−4dπ2−dsd−3ð1 − z0Þd−3z0d2−2

Γðd−1
2
Þ2 : ð20Þ

All the phase-space integrals can be decomposed into
angular and radial parts, which can be combined with
the corresponding measure to calculate the final integral.
Given the above parametrization, we can explicitly calcu-
late and express all the scalar products appearing in the
denominators of the MIs in this parametric basis and then
effectively separate the angular part from the radial one.
The denominators in Eq. (5) become

D1 ¼
−sð1 − z0Þð1 − cos θÞ

2ð1 − x0Þ ;

D2 ¼ −
sðx0 þ zþ x0zð−1þ z0Þ þ z0 − zz0Þ

2ð1 − x0Þ

þ sðz0 − zð1þ z0Þ þ x0ð−1þ zþ zz0ÞÞ
2ð1 − x0Þ cos θ

þ s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − zÞzz0

p
cosϕ sin θ;

D3 ¼ −
sð1 − z0Þð1þ cos θÞ

2ð1 − x0Þ ;

D4 ¼ −
sðx0 þ zþ x0zð−1þ z0Þ þ z0 − zz0Þ

2ð1 − x0Þ

−
sðz0 − zð1þ z0Þ þ x0ð−1þ zþ zz0ÞÞ

2ð1 − x0Þ cos θ

− s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − zÞzz0

p
cosϕ sin θ;

D5 ¼
s
2
ð1 − zþ zz0Þ þ s

2
ð1 − z − zz0Þ cos θ

þ s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − zÞzz0

p
cosϕ sin θ;

D6 ¼
s
2
ð1 − zþ zz0Þ − s

2
ð1 − z − zz0Þ cos θ

− s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − zÞzz0

p
cosϕ sin θ;

D7 ¼ sð1 − z0Þz;

D8 ¼
−sð1 − z0Þð1 − ð1 − x0ÞzÞ

ð1 − x0Þ : ð21Þ

The angular integrals, that appear after decomposing the
MIs into radial and angular parts, can be recast into the

following general form:

Ωj1j2ðα; β; A; B;ΓÞ

¼
Z

dΩ
1

ðαþ β cos θÞj1ðAþ B cos θ þ Γ sin θ cosϕÞj2 ;

ð22Þ

which is called the Neerven parametrization [19]. We
extensively use partial fraction decomposition to rewrite
all angular integrals into this form systematically. The
differential dΩ, which indicates the integral over angles in
spherical polar coordinates, is equal to ½dPS3�Ωz0 , as defined
in Eq. (19). To make this transparent, consider the MI

RR4ð1;1;1Þ ¼
Z ½dPS3�z0

ðk1 −p1Þ2ðk2 −p1 − qÞ2ðk1 þ k2 −p1Þ2
:

ð23Þ

Using the previous list of scalar products parametrized in
ðk1; k2Þ frame, as given in Eq. (21), we can write this
integral as

Z ½dPS3�rz0
r

Z
dΩ

ðαþ β cos θÞðAþ B cos θ þ Γ sin θ cosϕÞ ;

ð24Þ

with

r ¼ s3ðx0ð−1þ zÞ − zÞð−1þ z0Þ2
4ð−1þ x0Þ2 ; α ¼ 1; β ¼ −1;

A ¼ zz0 − z − z0; B ¼ z − z0 þ zz0; Γ ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − zÞzz0

p
:

There is, however, another coordinate-independent way
to represent these angular integrals, called the Somogyi
parametrization [20], which is given by

Ω̃j1j2ðv11; v22; v12Þ ¼
Z

dΩðnÞ 1

ðv1 · nÞj1ðv2 · nÞj2
ð25Þ

with vij ¼ vi · vj. The integration is over the angular
variables of the d dimensional vector nμ. In order to find
the relations between these two representations, we define
the vectors v1 and v2 in d dimensions as

v1¼
�
1;0d−3;0;−

β

α

�
; v2¼

�
1;0d−3;−

Γ
A
;−

B
A

�
: ð26Þ

In this basis for v1 and v2, the vector n can be written as

n ¼ ð1;nd−3; sin θ cosϕ; cos θÞ; ð27Þ

where nd−3 denotes entries which can be integrated
trivially. With this parametrization, we can relate these
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two representations through

αmAnΩj1j2ðα; β; A; B;ΓÞ ¼ Ω̃j1j2ðv11; v22; v12Þ; ð28Þ

so that they can be solved via their MB representation.

A. Angular integrals through Mellin-Barnes
representation

The angular integral, Eq. (25), admits the following MB
representation:

Ω̃j1j2 ¼
2d−j−2π

d
2
−1

Γðj1ÞΓðj2ÞΓðd − j − 2Þ

×
Z þi∞

−i∞

�
dz12
2πi

Γð−z12Þ
�
v12
2

�
z12
�

×
Z þi∞

−i∞

�Y2
k¼1

dzkk
2πi

Γð−zkkÞ
�
vkk
4

�
zkk
�

×

�Y2
k¼1

Γðjk þ zkÞ
�
Γðd=2 − 1 − j − zÞ: ð29Þ

The MB integrals are performed over the variables zkl.
We further define

z ¼
X2
k¼1

X2
l¼k

zkl; zk ¼
Xk
l¼1

zlk þ
X2
l¼k

zkl; j ¼
X2
k¼1

jk:

In this context, z represents the aggregate sum of all MB
variables. For a given index k, the variable zk accounts for
the sum of all terms involving k as one of their indices, with
zkk being counted twice.
In general, it is not always possible to solve a multifold

MB integral into a closed functional form. However, for our

purpose, we only need to solve it as a Laurent series
expansion in the dimensional regularization parameter ε. To
do such an expansion, we need to make sure that the chosen
integration contours of the MB integrals do not cross any
poles of the integrand when ε → 0. This scenario arises
when the real parts of the arguments of the gamma
functions are not all positive. In that case, we need to
perform an analytic continuation. There are two ways to
achieve this. We can either deform the contour [31] and
account for the residues each time the contour crosses a
pole, or alternatively [32,33], we can fix the contour, which
is typically chosen parallel to the imaginary axis by
separating the poles of Γð…þ zklÞ and Γð… − zklÞ, and
track the movement of the poles of the gamma function.
Each time a pole crosses a contour, the corresponding
residue is incorporated into the expression. After that we
can safely expand the integrand around ε → 0. This process
effectively decomposes the original MB integral into
several MB integrals that are finite in ε. We compute these
analytically by transforming them into integrals over real
variables, with the final results of the angular integrals
expressed in terms of multiple polylogarithms. This is
discussed, in detail, in a recent publication [23] by some
of us.
For the case of two-denominator angular integrals, as

given in Eq. (25), they can also be represented using
hypergeometric functions, Appell functions of the first
kind, and Lauricella functions [19–21,21]. The Lauricella
functions appear when both momenta, v1 and v2, are
massive. Expanding the hypergeometric and Appell func-
tions in Laurent series in ε shows complete consistency
with our results. Double massive integrals, where both
v21 ≠ 0 and v22 ≠ 0, can be decomposed into two single-
massive two-denominator integrals employing partial frac-
tion decomposition [21], which reads

Ω̃j1;j2ðv11; v22; v12Þ ¼
Xj1−1
n¼0

�
j2 − 1þ n

j2 − 1

�
λj2�ð1 − λ�ÞnΩ̃j1−n;j2þnðv11; v�13Þ

þ
Xj2−1
n¼0

�
j1 − 1þ n

j1 − 1

�
λn�ð1 − λ�Þj1Ω̃j2−n;j1þnðv22; v�23Þ; ð30Þ

where

λ� ¼ v12 − v11 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v212 − v11v22

p
2v12 − v11 − v22

;

v�13 ¼ ð1 − λ�Þv11 þ λ�v12 ¼
v11

�
v22 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v212 − v11v22

p �
− v12

�
v12 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v212 − v11v22

p �
v11 þ v22 − 2v12

;

v�23 ¼ ð1 − λ�Þv12 þ λ�v22 ¼
v22

�
v11 ∓

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v212 − v11v22

p �
− v12

�
v12 ∓

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v212 − v11v22

p �
v11 þ v22 − 2v12

: ð31Þ
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The advantage of using the MB representation for
angular integrals lies in its scalability, making it well-
suited for handling integrals with an increasing number
of denominators [23]. This approach allows for a more
systematic treatment of complex integrals, offering a
powerful method for solving problems that would other-
wise be difficult to tackle analytically. The results for all
angular integrals relevant to the NNLO SIDIS can be
expressed in terms of the following functions:

(i) For two-denominator massless case: Gða1;…j1Þ
with ak ∈ f0;− 2

v12−2
; 2
v12

; v12
v12−2

g.
(ii) For one-denominator massive case:Gðb1;…j1Þwith

bk ∈ f0; 1
2
− 1

2
ffiffiffiffiffiffi
1−v

p ; 1
2
ð 1ffiffiffiffiffiffi

1−v
p þ 1Þ; 1−

ffiffiffiffiffiffi
1−v

pffiffiffiffiffiffi
1−v

p þ1
g, where v

can be either v11 or v22.
(iii) For two-denominator single massive case:

Gðc1;…j1Þ with ck ∈ f0; 1
1−v11

v2
12

; 1
v12ffiffiffiffiffiffiffi

1−v11
p

−1
þ1

; 1
1− v12ffiffiffiffiffiffiffi

1−v11
p

þ1

g.
Since the two-denominator double massive case can be

written in terms of single massive cases, the encountered
functions are not repeated here. However, in Supplemental
Material [25] we combine the angular part with the para-
metric part and provide the results only in terms of one-fold
integrals of classical polylogarithms.

B. Resolution of singularities in integrals over z

The singularities arising from the angular integration are
collinear in nature, while the soft divergence originates
from the integration over z. Since the integrand may contain
singularities in the integration domain, it is not sufficient to
expand the integrand in ε, naively. Instead, we must first
isolate the poles before performing the expansion. In what
follows, we outline the method used to systematically
extract these poles, ensuring that the expansion is carried
out correctly.
Consider a function fðzÞ, which is singular at z → a.

We write this function as

fðzÞ ¼ gðzÞRðzÞ; ð32Þ

where RðzÞ is regular at z → a and gðzÞ captures the
singularities. Now we define R̃ through

R̃≡ lim
z→a

RðzÞ: ð33Þ

Then the integral over z can be rewritten as

Z
1

0

fðzÞdz ¼
Z

1

0

½gðzÞRðzÞ − R̃gðzÞ�dzþ
Z

1

0

R̃gðzÞdz;

where we can safely expand the first integrand on the right-
hand side. The second term is usually much simpler and

can be integrated directly. For example, the integral
RR8ð1; 1; 1Þ contains the parametric term,

P0
z ¼

4−ε−3π−ε−4ðx0 − 1Þ2sε−2ðð1 − zÞzÞε2ð1 − z0Þε−1z0ε2
zΓð1þ εÞðx0zðz0 − 1Þ þ x0 − zz0 þ zþ z0Þ :

ð34Þ

Since the z independent factors are not our concern, we can
just focus on the z-dependent part, which we denote by

Pz ¼
ðð1 − zÞzÞε2

zðzð−x0Þ þ zx0z0 þ x0 − zz0 þ z0 þ zÞ : ð35Þ

The Laurent series expansion of Pz in powers of z contains
z−1þε

2 in the leading term. It indicates that Pz has a
singularity at z → 0, which is regulated by ε. The corre-
sponding angular part does not contain any singularity at
z → 0. Therefore, we can safely use the ε expanded
expression of the angular integral. We expand the angular
part to ε3 and denote it by Ωz. To evaluate the z integration
of fðzÞ ¼ PzΩz, we have to identify gðzÞ and RðzÞ, as
mentioned above. It is clear from the expression that we can
choose gðzÞ ¼ z−1þε

2. Hence, the corresponding regular
function is RðzÞ ¼ PzΩzz1−

ε
2, which is finite at z → 0.

Being regular, we can now expand RðzÞ around z → 0

and determine R̃. The term ðgðzÞRðzÞ − R̃gðzÞÞ can be
expanded in ε safely, and the integral

R
1
0 R̃gðzÞdz is a

simple integration that can be directly evaluated.
A more complex scenario arises when the angular part

itself exhibits singularities within the z-integration domain.
In particular, this occurs primarily in the massless case. The
challenge here is that if we have an ε-expanded expression
for the angular part up to a finite order, then we cannot
directly use it due to the same limitation encountered when
expanding the integrand containing singularities before
extracting the poles. To address this issue, we must isolate
the singular component from the all-order expansion
of the angular integral. Given that the z integration captures
the soft singularity, we hypothesize, as described in
Refs. [23,34], that the all-order singularity from the z
integration of the angular part takes the form zn1þ

n2
2
ε, where

n1 and n2 are integers. After correctly factoring out this soft
singularity, it can be combined with the singularity from the
parametric part, allowing us to apply the previous method
for obtaining the correct form of the integrand. For
example, consider the integral RR2ð1; 1; 1Þ, where this
approach is necessary to correctly manage the singularities.
The angular part of the integral in terms of logarithms and
polylogarithms reads
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Ω0
z ¼

2π

εz
ðz0 þ z − zz0Þ þ π

z
ðz0 þ z − zz0Þ ln

�
z

z0 þ z − zz0

�

þ πε

4z
ðz0 þ z − zz0Þ

	
2Li2

�
z

zz0 − z0 − z
þ 1

�
þ ln2

�
z

−zz0 þ z0 þ z

�


þ ε2

24z
πðz0 þ z − zz0Þ

	
−6Li3

�
z

−z0zþ zþ z0

�
− 6Li3

�
z

zz0 − z0 − z
þ 1

�

þ ln3
�

z
−zz0 þ z0 þ z

�
− 3 ln

�
z

zz0 − z0 − z
þ 1

�
ln2

�
z

−zz0 þ z0 þ z

�

þ π2 ln

�
z

−zz0 þ z0 þ z

�
þ 6ζð3Þ



þ πε3

8z
ðzz0 − z0 − zÞLi4

�
zz0 − z0

z

�
þOðε4Þ: ð36Þ

By analyzing the expression, we factor out z−1þε
2 to extract

the all-order soft singularity, allowing us to redefine the
angular component asΩz ¼ Ω0

zz1−
ε
2. The parametric portion

of the integral is given by

P0
z ¼

ð1 − x0Þπ−ε−4sε−2ðð1 − zÞzÞε=2ð1 − z0Þεþ1z0ε=2

43þεðz − 1Þðz0 − 1Þ2ðz0 − zðz0 − 1ÞÞΓðεþ 1Þ : ð37Þ

To counterbalance the additional factor of z1−
ε
2 introduced

in the angular part, we multiply the parametric part by
z−1þε

2, effectively adjusting the overall expression. We then
define the z-dependent factor of the parametric part as

Pz ¼
z
ε
2
−1ð−ððz − 1ÞzÞÞε=2

ðz − 1Þðzz0 − z − z0Þ : ð38Þ

Here we observe that there are two different poles arising
when z → 0 or z → 1. It means we have to provide two
separate counterterms to resolve the singularities. As before,
we express fðzÞ ¼ PzΩz and identify g1ðzÞ ¼ z−1þε, lead-
ing to R1ðzÞ ¼ PzΩzz1−ε. Expanding R1ðzÞ around z → 0
and extracting the zeroth-order term, we obtain

R̃1 ¼ −
1

180
ε3
�
−
15

16
πln4ðz0Þ− 15

8
π3ln2ðz0Þ− 7π5

16

�

−
1

180
ε2
�
15

2
πln3ðz0Þ þ 15

2
π3 lnðz0Þ

�

−
1

180
εð−45πln2ðz0Þ− 15π3Þ− π lnðz0Þ þ 2π

ε
; ð39Þ

and
Z

1

0

R̃1g1ðzÞdz ¼
2π

ε2
−
π lnðz0Þ

ε
þ 1

12
πð3ln2ðz0Þ þ π2Þ

−
1

24
εðπ lnðz0Þðln2ðz0Þ þ π2ÞÞ

þ πε2ð15ln4ðz0Þ þ 30π2ln2ðz0Þ þ 7π4Þ
2880

þOðε3Þ: ð40Þ

Next, we identify g2ðzÞ ¼ ð1 − zÞ−1þε
2, leading to R2ðzÞ ¼

PzΩzð1 − zÞ1−ε
2. Expanding R2ðzÞ around z → 1 and

extracting the zeroth-order term, we obtain

R̃2 ¼
2π

ε
; ð41Þ

and

Z
1

0

R̃2g2ðzÞdz ¼
4π

ε2
þOðε3Þ: ð42Þ

By safely expanding ½g1ðzÞR1ðzÞ þ g2ðzÞR2ðzÞ − R̃1g1ðzÞ−
R̃2g2ðzÞ� in terms of ε and incorporating the pole terms, we
arrive at a well-suited integrand that can be easily handled
via numerical integration.
It should be noted that not all MIs require singularity

resolution, and for those, the highest poles are of order ε−1

(RR1ð0; 0; 1Þ, RR5ð1; 1; 1Þ, RR6ð1; 1; 1Þ, RR7ð0; 1; 1Þ,
RR10ð1;1;1Þ, RR12ð1;1;1Þ, RR13ð1;1;1Þ) or ε0 (RR3ð0;0;1Þ,
RR5ð0; 0; 1Þ, RR5ð0; 0; 2Þ, RR5ð0; 1; 1Þ, RR6ð0; 1; 1Þ). But
the integrals where resolution of singularities is required
have the highest pole of order, ε−2 (RR1ð1; 1; 1Þ,
RR2ð1; 1; 1Þ, RR3ð1; 1; 1Þ, RR4ð1; 1; 1Þ, RR7ð1; 1; 1Þ,
RR8ð1; 1; 1Þ, RR11ð1; 1; 1Þ).
A key feature of this analysis is the systematic separation

of soft and collinear singularities. Additionally, the angular
components are independent of the experimental observ-
ables, making this technique applicable to a wide range of
processes. The process-dependent contributions appear
only in the parametric integrals, which become numerically
straightforward once the singularities are resolved.
Although the complete results in this method are

provided in terms of one-fold integrals over classical
polylogarithms, one may attempt to evaluate the parametric
integrals fully analytically for the sake of elegance. In the
Appendix, we illustrate how one can proceed through an
example.
We further cross-check the relations presented in

Eq. (14). Notably, an interesting feature of Eq. (14) is that
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the angular component of j7 is entirely massless, whereas
the angular component of j16 is massive. Despite this
difference, the corresponding phase-space integrals are
found to be equal.

C. Results of the method of radial-angular
decomposition

The angular integrals, expressed in terms of Goncharov
polylogarithms or classical polylogarithms, are combined
with the parametric part following the method outlined in
Sec. IV B. These parametric integrals are one-dimensional
integrals over z from 0 to 1. While they can be evaluated
analytically using the GPL algebra, they can also be
computed numerically. Even when the parametric integral
is computed numerically, we can fully extract the singu-
larities in ε analytically, which ensures that we can observe
the cancellation of soft and collinear singularities in the
NNLO SIDIS cross section analytically. Both methods,
numerical and analytical, produce results that are in high
agreement with high precision. We further validate the full
phase-space integrals using differential equations, as dis-
cussed in Sec. III.
Decomposing the integrals into angular and parametric

parts provides deeper insight into the singularity structure,
clearly identifying the sources of soft and collinear singu-
larities. An additional benefit of this method is that
the angular integrals are evaluated in a general form,
removing the need to compute each angular MI individu-
ally, aside from variable substitutions. Only the parametric
parts depend on the specific process. We calculate the MIs
up to Oðε2Þ.

V. CONCLUSION

In this article, we compute the NNLO phase-space
integrals relevant to SIDIS. By applying the Cutkosky
rules, we convert phase-space integrals into loop integrals,
enabling the use of IBP identities to reduce them to a set
of MIs. These MIs are then evaluated using two distinct
methods.
The first, the differential equation method, uses the

reduction of the differential equation system to ε-form

which allows one to construct a canonical basis and to solve
the integrals efficiently and systematically. In particular,
this approach enabled us to uncover nontrivial relations
between the integrals that do not appear to be derivable
from IBP reduction.
The second, the radial-angular decomposition method,

offers the advantage of separating soft and collinear
singularities, providing deeper insight into the singularity
structure of the process. In addition, we develop a general
approach to resolve singularities necessary to combine the
radial part with the angular one. This work serves as a
foundational framework for similar processes and as a
guide for further precision calculations.

Note added. Recently, we learned about Ref. [35] where the
same set of integrals was calculated in terms of classical
polylogarithms up to transcendental weight 3. We have
performed a numerical comparison of our results with those
of Ref. [35] and found a perfect agreement.

ACKNOWLEDGMENTS

The work of R. L. is supported by the Russian Science
Foundation, Grant No. 20-12-00205. The work of T. A. and
A. R. is supported by Deutsche Forschungsgemeinschaft
(DFG) through the Research Unit FOR2926, Next
Generation perturbative QCD for Hadron Structure:
Preparing for the Electron-ion collider, Project
No. 409651613. Part of the work of S. M. H. was com-
pleted during the visiting period at the University at
Buffalo. S. M. H. would like to thank Dr. Doreen
Wackeroth for useful discussion.

DATA AVAILABILITY

No data were created or analyzed in this study.

APPENDIX: ANALYTIC INTEGRATION OVER z

Let us consider the integral RR4ð1; 1; 1Þ up to Oðε0Þ,
which can be written as

RR4ð1; 1; 1Þ ¼ C4 ×
Z

1

0

dz

�
2π

ε2z0
þ π

εz0

	
2 − 2x0

zx0 − zþ 1
−G

�
1

1 − z0
; 1

�


þ π

12z0

	
3G

�
1

1 − z0
; 1

�
2

þ 12

z
G

�
1

1 − z0
; 1

�
þ 24

z
G

�
1

1 − z
; 1

�

þ
−12Gðzð−z0Þþz−1

z−1 ; 1Þ − 12Gð 1
ðz−1Þzþ1

; 1Þ þ π2zðzx0 − zþ 1Þ
zðzx0 − zþ 1Þ



þOðεÞ

�
; ðA1Þ

where
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C4 ¼ −
4−ε−3π−ε−4ðx0 − 1Þ2sε−2ð1 − z0Þεz0ε=2

ðz0 − 1ÞΓðεþ 1Þ : ðA2Þ

To analytically evaluate this integral, the variable z must first be shifted to the right-most argument of the GPLs [36]. To
facilitate this, we employ the feature “fibration bases” of PolyLogTools [37] to achieve this goal. After performing the
integration, we get

RR4ð1; 1; 1Þ ¼ C4 ×

�
2π

ε2z0
−

π

εz0

	
2G

�
1

1 − x0
; 1

�
þG

�
1

1 − z0
; 1

�

þ π

12z0

	
12G

�
1

1 − x0
; 1

�
G

�
1

1 − z0
; 1

�

þ 12G

�
1

1 − x0
;

1

1 − z0
; 1

�
þ 24G

�
0;

1

1 − x0
; 1

�
− 12G

�
1

1 − x0
; 1; 1

�

þ 6Gð0; 0; z0Þ − 12G

�
0;

1

1 − z0
; 1

�
− π2


�
: ðA3Þ

The higher order terms of this integral are omitted here because of the large size of the expression, and no new techniques
are involved in their evaluation. This result agrees with the expression obtained in Sec. III via differential equations method.
An interesting feature appears when square roots are involved. For example, the integrand for RR5ð1; 1; 1Þ has square

roots over a function of z in the weight arguments. One such GPL at OðεÞ is

G

�
0;
ξ − zðx0 − 1Þðz0 − 1Þ þ x0z0 þ 1

ξ − x0z0 þ zðx0 − 1Þðz0 þ 1Þ þ 1
; 1

�
;

where

ξ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2ðx0 − 1Þ2ðz0 − 1Þ2 − 2zðx0 − 1Þðz0 − 1Þðx0z0 þ 1Þ þ ðx0z0 − 1Þ2

q
:

In fact, at all orders of ε, the same square root structure
appears, with only the weight of the GPLs increasing. This
implies that no GPL will involve two distinct types of
square roots. In other words, these square roots can be
rationalized [38] through transformation of variable, as the
argument inside the square root is quadratic in z. This
observation is in agreement with the differential equations
approach of Sec. III, which allowed us to obtain the results
for all MIs in terms of GPLs.
The next step is to move the transformed variable to the

rightmost argument of the GPL. Unlike the previous

example, this is not straightforward. The technique
involves first reducing the weight by differentiation, then
shifting the transformed variable to the right, and recon-
structing the original expression through iterative integra-
tion. This process can be handled algorithmically,
as described in Refs. [39–42]. We compute the analytic
expression using our in-house code and verify the results
numerically. Additionally, we observe that the single square
root feature persists across all the MIs.
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