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The separation of the hadronic vacuum polarization contribution to the muon anomalous magnetic
moment into Euclidean windows allows for a tailored approach to address the different dominant
challenges at short, intermediate, and long distances. We present a novel approach to compute the short-
distance window without the need for using perturbative QCD. We combine a quenched continuum
extrapolation using 18 lattice spacings (1.6 GeV ≲ a−1 ≲ 6.1 GeV) with a separate continuum extrapo-
lation of the sea quark effects. This method allows for the computationally expensive sea quark effects to be
estimated using only a smaller number of ensembles at coarser lattice spacings, while largely confining the
logarithmic dependency of the continuum extrapolation to the quenched component.

DOI: 10.1103/mj3d-yq87

I. INTRODUCTION

The magnetic moment of the muon is defined by

μ ¼ −gμ
e

2mμ
S; ð1Þ

where e is the electric charge,mμ is the muon mass, S is the
particle’s spin, and gμ denotes its Landé factor. The
deviation with Dirac’s result of gμ ¼ 2 is defined as the
anomalous magnetic moment of the muon,

aμ ¼
gμ − 2

2
; ð2Þ

which captures the radiative corrections of all known
and unknown particles. This quantity is one of the most
precisely determined values in physics and plays an
important role in high-precision tests of our understanding
of physics at the fundamental level. The latest exper-
imental results provided by FNAL Muon g-2 collabora-
tion, which combine their first two publications [1,2] with
the final result of the BNL E821 experiment [3], arrive at a
precision of 0.19 parts per million (ppm) for the world
average.
In contrast, the recommended Standard Model result of

the Muon g-2 Theory Initiative from 2020 [4] has an

uncertainty of 0.37 ppm. To match the precision of the
experimental measurement, the theoretical uncertainty must
be reduced by roughly half. This, combined with the
anticipated progress from the planned J-PARC experiment
[5], underscores the need for novel methods to improve the
theoretical uncertainty. The leading-order hadronic vacuum
polarization (HVP) predominantly contributes to the theo-
retical prediction’s uncertainty, making its refinement par-
ticularly urgent.
Using the Euclidean window approach introduced by

RBC/UKQCD collaborations in [6], this quantity can be
divided into three subcontributions: short-distance, win-
dow, and long-distance contributions. This allows to
separate the challenging short- and long-distance quan-
tities from the window quantity, which has tractable
statistical and systematic errors. While the discretization
effects are most significant for the short-distance con-
tribution, the statistical noise and finite-volume effects
are particularly severe in the long-distance contribution.
This work aims to scrutinize the continuum limit of the
short-distance window from first principles using purely
lattice QCD methods, without perturbative input. The
approach combines a precise quenched continuum limit,
derived from 18 lattice spacings, with a separate con-
tinuum extrapolation of the dynamical sea quark correc-
tions, utilizing only a few computationally expensive
ensembles.
This paper is organized as follows: in Sec. II, we

introduce the methodology of the time-momentum repre-
sentation for the leading-order HVP, which facilitates the
definition of Euclidean windows. The computational
details are provided in Sec. III. Subsequently, we present
the blinded quenched and sea quark continuum limit
results, along with our blinded short-distance HVP results,
before unblinding the latter.
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II. METHODOLOGY

In the following sections, we describe the time-momen-
tum representation (Sec. II A) and define the Euclidean
windows (Sec. II B), which provide a basis for computing
the short-distance contribution to the leading-order (LO)
HVP, aHVPLOμ . For brevity, we will omit the superscript
HVP LO from this point onward.

A. Time-momentum representation

We consider the correlator

CðtÞ ¼ 1

3

X
x⃗

X
j¼0;1;2

hJjðx⃗; tÞJjð0Þi; ð3Þ

where JμðxÞ denotes the vector current, defined as

JμðxÞ ¼ i
X
f

Qfψ̄fðxÞγμψfðxÞ: ð4Þ

In this expression,Qf denotes the fractional electric charge,
and the sum runs over the quark flavors f. The leading-
order HVP contribution to aμ is then computed as

aμ ¼
X∞
t¼0

wtCðtÞ: ð5Þ

The weights wt incorporate the photon and muon effects
within the HVP diagrams and can be computed via the
integral [7]

wt ¼ 8α2
Z

∞

0

dQ2

�
cosðQtÞ − 1

Q2
þ 1

2
t2
�
fðQÞ; ð6Þ

where Q2 denotes the Euclidean photon four-momentum
squared, Q≡ jQj is the magnitude of the Euclidean four-
momentum, and α is the fine structure constant. The
function fðQÞ is given by

fðQÞ ¼ m2
μQ2Z3ðQÞð1 −Q2ZðQÞÞ

1þm2
μQ2Z2ðQÞ

with ZðQÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q4 þ 4Q2m2

μ

q
−Q2

2m2
μQ2

: ð7Þ

Here, mμ abbreviates the muon mass. Additionally, we
consider an alternative weight definition

ŵt ¼ 8α2
Z

∞

0

dQ2

�
cosðQtÞ − 1

ð2 sinðQ=2ÞÞ2 þ
1

2
t2
�
fðQÞ; ð8Þ

which uses a lattice discretization of the photon momentum
and yields the same value of aμ in the continuum limit.
Using both weight definitions allows us to investigate the

continuum limit and test the robustness of our analysis
approach.
In this study, we compute the up and down quark-

connected contribution to the correlator CðtÞ in the isospin-
symmetric limit. For brevity, we omit an explicit label in the
notation.

B. Euclidean windows

In line with the method outlined in [6], we utilize
Euclidean windows to separate the contributions from time
slices t in Eq. (5) into short-distance (SD), window (W),
and long-distance (LD) components. We apply smearing
kernels with a width Δ to ensure well-defined quantities at
nonzero lattice spacing. This approach leads to the parti-
tioning

aμ ¼ aSDμ þ aWμ þ aLDμ ð9Þ

with the individually well-defined contributions

aSDμ ðt0;ΔÞ ¼
X∞
t¼0

CðtÞwt½1 − Θðt; t0;ΔÞ�; ð10Þ

aWμ ðt0; t1;ΔÞ¼
X∞
t¼0

CðtÞwt½Θðt; t0;ΔÞ−Θðt; t1;ΔÞ�; ð11Þ

aLDμ ðt1;ΔÞ ¼
X∞
t¼0

CðtÞwtΘðt; t1;ΔÞ; ð12Þ

Θðt; t0;ΔÞ ¼ ½1þ tanh½ðt − t0Þ=Δ��=2: ð13Þ

This work focuses on determining the short-distance seg-
ment aSDμ ðt0;ΔÞ, relying exclusively on lattice methods.
Among the contributions, discretization effects are expected
to be most severe for this segment. For our analysis, we use
the values t0 ¼ 0.4 fm and Δ ¼ 0.15 fm [6].

III. COMPUTATIONAL DETAILS

In the following, the computational details of this work
are discussed. This includes ensemble generation, an
overview of the analyzed measurements, as well as crucial
aspects of the analysis.

A. Data description

The quenched ensembles for this study were generated
using the hybrid Monte Carlo (HMC) algorithm [8] and the
Iwasaki gauge action. Each molecular dynamics (MD)
trajectory was evolved for a time of τ ¼ 1.0 using 12 steps
of a fourth-order Omelyan integrator [9]. A total of 21
quenched ensembles with lattice spacings ranging from
a−1 ≈ 1.57 to 6.10 GeV were generated, with an overview
provided in Table I. Among these ensembles, nine have
periodic boundary conditions (periodic BC) and a lattice
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volume of 243 × 48. The inverse couplings for these
ensembles range from β ¼ 2.40 to β ¼ 2.80 in steps of
0.05. Additionally, eight ensembles with open boundary
conditions (open BC) and a lattice volume of 243 × 96were
generated, with β values ranging from 2.80 to 3.15, also in
steps of 0.05. To further refine our analysis, three additional
open BC ensembles with inverse couplings β ¼ 3.0, 3.15,
and 3.2 were generated using a larger lattice volume of
323 × 96. Finally, an ensemble with a lattice volume of
483 × 192 at β ¼ 3.4 was generated, also with open BC.
To decrease autocorrelations, only every 100th generated

MD trajectory was considered for subsequent analyses of
each ensemble, except for β ¼ 3.4 where only every 250th
was retained. The binning study presented in Table III
demonstrates that this choice ensures sufficiently small
autocorrelations for the analyzed gradient flow observables.
Thermalization of the Markov chains was decided based on
gradient flow scale measurements (cf. Sec. III C) on each
configuration. For open BC ensembles, all measurements
were performed within their respective bulk, which we
define by the time slices ½ T

2a −
L
a ;

T
2a þ L

a�, unless indicated
otherwise.

The analysis presented consists of two main types of
measurements: purely gluonic measurements based on the
energy density and vector correlator measurements. For the
gluonic measurements, every second available configura-
tion was used to further reduce correlations. The fermionic
measurements were performed on consecutive configura-
tions. The last two columns of Table I show the sample
sizes for both gluonic and fermionic measurements. For
the fermionic measurements, we employed Möbius [13]
domain-wall [14,15] fermions with parameters b ¼ 1.5
and c ¼ 0.5. The length of the fifth dimension, which
controls residual chiral-symmetry-breaking effects, was set
to Ls ¼ 12 for all quenched ensembles. We verified that the
residual chiral-symmetry-breaking effects are small even
for the finest lattice ensemble by evaluating the correlators
at β ¼ 3.4 also with Ls ¼ 24. All observed variations were
sub-per-mille.
In our analysis, we use four dynamical ensembles that

were generated using the Iwasaki gauge action and Möbius
domain-wall fermion sea quarks. These ensembles employ
Nf ¼ 2þ 1 sea quark flavors, with lattice spacings ranging
from a−1 ≈ 1.73 to 3.53 GeV. A detailed description of

TABLE I. List of quenched ensembles with simulation parameters. The ensembles were generated using the Iwasaki gauge action, and
their lattice spacing was determined employing the gradient flow scale t0 with physical input from [10–12]. The columns represent the
inverse coupling (β), the inverse lattice spacing (a−1=GeV), the gradient flow scales (

ffiffiffiffi
t0

p
=a and w0=a), the lattice volume (L3 × T=a4),

the BCs, and the sample sizes for gluonic (Ngluonic) and fermionic (Nfermionic) measurements.

β a−1=GeV
ffiffiffiffi
t0

p
=a w0=a L3 × T=a4 BC Ngluonic Nfermionic

2.40 1.5677(95) 1.30154(53) 1.28618(72) 243 × 48 Periodic 200 100
2.45 1.691(11) 1.40422(80) 1.3931(12) 243 × 48 Periodic 200 100
2.50 1.824(12) 1.5139(10) 1.5068(15) 243 × 48 Periodic 200 100
2.55 1.966(13) 1.6324(11) 1.6313(16) 243 × 48 Periodic 200 100
2.60 2.109(13) 1.7507(16) 1.7523(24) 243 × 48 Periodic 200 100
2.65 2.265(14) 1.8807(20) 1.8881(30) 243 × 48 Periodic 200 200
2.70 2.425(16) 2.0136(26) 2.0239(36) 243 × 48 Periodic 200 100
2.75 2.601(17) 2.1595(34) 2.1764(50) 243 × 48 Periodic 200 100
2.80 2.781(18) 2.3091(36) 2.3303(53) 243 × 48 Periodic 420 220

2.80 2.780(18) 2.3083(40) 2.3254(59) 243 × 96 Open 200 230
2.85 2.969(20) 2.4652(58) 2.4835(82) 243 × 96 Open 200 200
2.90 3.184(22) 2.6434(71) 2.6739(91) 243 × 96 Open 200 200
2.95 3.394(24) 2.8179(90) 2.849(13) 243 × 96 Open 200 200

3.00 3.650(26) 3.0303(97) 3.077(15) 243 × 96 Open 200 200
3.05 3.901(30) 3.238(15) 3.289(22) 243 × 96 Open 200 200
3.10 4.142(32) 3.439(16) 3.492(23) 243 × 96 Open 200 400
3.15 4.462(43)a 3.704(28)a 3.780(42)a 243 × 96 Open 200 200
3.00 3.635(24) 3.0174(74) 3.055(11) 323 × 96 Open 200 200
3.15 4.433(31) 3.680(13) 3.74(18) 323 × 96 Open 200 300
3.20 4.737(39)a 3.932(21)a 4.004(30)a 323 × 96 Open 200 400

3.40 6.099(43)a 5.063(17)a 5.139(25)a 483 × 192 Open 200 200
aIndicates that in these cases, the binning study did not conclusively converge for the scale setting parameters themselves,

cf. Table III. We address this issue by using the delayed binning strategy described in the following.
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ensemble 4 can be found in [16], while the other ensembles
were produced with similar codes. Table II provides an
overview of the dynamical ensembles, along with their
properties.

B. Statistical and systematic errors

To obtain statistical error estimates on the measured
observables, we rely on a modified version of the jackknife
method. For n different observablesOi with i ¼ 1;…:n, we
consider the sample means

Ōi ¼
1

jSj
X
τ∈ S

Oτ
i ; ð14Þ

where S denotes a selection of thermalized Markov times τ.
The covariance of two such observables Oi and Oj may be
estimated using

CovðOi;OjÞ ¼
1

jSj − 1

X
τ∈ S

ðOτ
i − ŌiÞðOτ

j − ŌjÞ: ð15Þ

Consider now a function

f̄α ¼ fαðŌ1;…; ŌnÞ; ð16Þ

for which we also wish to estimate the corresponding
covariance. The standard jackknife estimation procedure
consists of computing the single-elimination jackknife
average defined according to

ŌðτÞ
i ¼ 1

jSj−1
ðjSjŌi−Oτ

i Þ¼ Ōiþ
1

jSj−1
ðŌi−Oτ

i Þ; ð17Þ

and correspondingly

f̄ðτÞα ¼ fαðŌðτÞ
1 ;…; ŌðτÞ

n Þ: ð18Þ

The jackknife estimate for the covariance between f̄α and
f̄β is subsequently given by

Covðf̄α; f̄βÞ ¼
jSj − 1

jSj
X
τ∈ S

ðf̄ðτÞα − f̄αÞðf̄ðτÞβ − f̄βÞ: ð19Þ

This method assumes that the Markov time selection S is
chosen in such a way that all data are uncorrelated. In
practice, however, this is often not the case. One way to
remedy this is by employing a binning procedure and
studying the covariances as a function of the bin size m to
identify a plateau for large m. Incorporating the binning of
the data with the jackknife average definition in a single
step allows to define the m-elimination jackknife average

Ōðτ1;…;τmÞ
i ¼ 1

jSj −m

�
jSjŌi −

Xm
k¼1

Oτk
i

�

¼ Ōi þ
1

jSj −m

�
mŌi −

Xm
k¼1

Oτk
i

�
: ð20Þ

This can be used to compute f̄ðτ1;…;τmÞ
α and subsequently the

jackknife estimate for the covariance. However, this pro-
cedure requires prior knowledge of the appropriate bin size
to ensure data independence, as correlations between
subsequent measurements vary by observable. To address
this, we reconstruct the m-elimination jackknife sample
using the formula

f̄ðτ1;…;τmÞ
α ¼ f̄α þ

jSj − 1

jSj −m

 Xm
k¼1

f̄ðτkÞα −mf̄α

!

þO
�

1

ðjSj − 1ÞðjSj −mÞ
�
: ð21Þ

This approach allows us to delay the binning in the

jackknife method and compute f̄ðτ1;…;τmÞ
α directly from

the unbinned f̄ðτÞα . Consequently, only unbinned jackknife
samples need to be stored, which enables us to study
autocorrelations using the reconstructed binned jackknife
sample.
Next, we briefly discuss the treatment of systematic

errors in our analysis. These errors arise from external
inputs, modeling assumptions, or computational methods.

TABLE II. List of dynamical ensembles with simulation parameters. The ensembles were generated using the Iwasaki gauge action
and Möbius domain-wall fermion sea quarks with 2þ 1 flavors. The columns represent the ensemble identifier (ID), the inverse lattice
spacing (a−1=GeV), the gradient flow scales (

ffiffiffiffi
t0

p
=a and w0=a), the lattice dimensions (L3 × T × Ls=a4), the BCs, the number of

considered gauge field configurations (Ncfg), and the pion and kaon masses (Mπ and MK) in MeV. For these dynamical ensembles, the
number of gluonic and fermionic measurements is identical and is, therefore, summarized in a single variable Ncfg.

ID a−1=GeV
ffiffiffiffi
t0

p
=a w0=a L3 × T × Ls=a4 BC Ncfg Mπ=MeV MK=MeV

4 1.7312(28) 1.2880(09) 1.4758(20) 243 × 48 × 24 Periodic 104 274.8(2.5) 530.1(3.1)
9 2.3549(49) 1.7335(09) 2.0206(20) 323 × 64 × 12 Periodic 141 278.79(62) 530.98(75)
F 2.6920(67) 1.9907(04) 2.3583(08) 483 × 96 × 12 Periodic 20 283.2(1.0) 519.3(1.4)
E 3.53(01) 2.5678(28) 3.0254(76) 483 × 192 × 12 Open 40 289.5(2.1) 540.0(2.5)
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Given that their values are much smaller compared to the
sample means, we assume that derived quantities can be
linearized for sufficiently small deviations from the mean.
To propagate systematic errors to a function dependent on
these means, we use the following approach for each
systematic error: compute the function at the mean plus
the systematic error, then compute the quadratic difference
between this result and the function evaluated at the mean.
This quadratic difference is treated as the variance, assum-
ing that systematic errors are symmetrically distributed
around the mean. A given estimate of a derived quantity
may involve multiple systematic errors, either propagated
from quantities it depends on or arising at the current
computational step. These systematic errors are treated as
independent and are, therefore, combined in quadrature to
yield the total systematic error.
When quoting results, we present the mean value

followed by two parentheses: the first contains the stat-
istical error and the second contains the total systematic
error. The total variance, obtained by summing the stat-
istical and systematic variances in quadrature, is used for
error bars in plots unless explicitly stated otherwise.
Numerical results, however, are quoted with the errors
presented separately.

C. Scale setting

The scale in this analysis is set using the gradient flow
scales t0 and w0. The scale t0 is defined [12] by the
condition

t2hEðtÞijt¼t0 ¼ 0.3; ð22Þ

where EðtÞ denotes the Wilson flow smeared energy
density at flow time t. Similarly, the scale w0 is defined
by the condition [17]

t
d
dt

ðt2hEðtÞiÞjt¼w2
0
¼ 0.3: ð23Þ

We calculate the energy density EðtÞ on the lattice using the
cloverleaf definition, as follows:

EðtÞ ¼ −
1

2jΛj
X
x∈Λ

X
μ<ν

tr
h
F̃clover
μν ðxÞF̃clover

μν ðxÞ
i
; ð24Þ

where Λ denotes the set of sites of the lattice under
consideration, jΛj the number of grid sites, and
F̃clover
μν ðxÞ ¼ AμνðxÞ − A†

μνðxÞ. Here, AμνðxÞ is the average

TABLE III. Binning study for the gradient flow scales
ffiffiffiffi
t0

p
=a and w0=a for each quenched ensemble. The table columns show the

inverse coupling (β), the rescaled standard deviations of the gradient flow scales [σbð
ffiffiffiffi
t0

p
=aÞ and σbðw0=aÞ] for bin sizes b ¼ 1, 2, 4, 8,

the lattice volume (L3 × T=a4), and the BCs. The standard deviations were scaled by a factor of 104 and the values chosen for the
analysis, such as those given in Table I, are indicated with a star. The maximum bin size for the study was chosen such that the binned
samples contained at least 25 entries, ensuring a sufficiently small error in the estimated uncertainties.

σbð
ffiffiffiffi
t0

p
=aÞ × 104 σbðw0=aÞ × 104

β b ¼ 1 b ¼ 2 b ¼ 4 b ¼ 8 b ¼ 1 b ¼ 2 b ¼ 4 b ¼ 8 L3 × T=a4 BC

2.40 4.92⋆ 5.21 5.55 5.41 6.75⋆ 7.14 7.62 7.51 243 × 48 Periodic
2.45 7.10 7.98⋆ 8.97 9.30 9.93 11.18⋆ 12.56 13.67 243 × 48 Periodic
2.50 8.32 9.97⋆ 10.21 10.46 11.87 14.14⋆ 14.44 15.47 243 × 48 Periodic
2.55 10.12 10.92⋆ 10.62 11.81 14.45 15.64⋆ 15.32 16.98 243 × 48 Periodic
2.60 12.38 13.99 15.60⋆ 15.40 18.42 21.07 23.55⋆ 22.74 243 × 48 Periodic
2.65 16.50 19.61 19.69⋆ 22.60 22.80 26.78 29.22⋆ 32.87 243 × 48 Periodic
2.70 19.40 22.03 25.48⋆ 25.27 26.83 30.74 35.79⋆ 37.23 243 × 48 Periodic
2.75 24.63 29.75 33.58⋆ 34.76 33.76 42.39 49.48⋆ 54.19 243 × 48 Periodic
2.80 22.19 27.57 33.15 35.21⋆ 31.45 39.37 48.01 52.39⋆ 243 × 48 Periodic

2.80 30.74 35.20 39.83 39.24⋆ 43.75 51.24 59.06 58.42⋆ 243 × 96 Open
2.85 41.94 51.30 60.40 57.63⋆ 57.85 72.03 84.25 81.88⋆ 243 × 96 Open
2.90 44.61 52.96 61.25 70.65⋆ 60.41 72.33 82.31 90.19⋆ 243 × 96 Open
2.95 56.26 69.87 81.01 89.35⋆ 78.37 97.61 112.45 127.77⋆ 243 × 96 Open
3.00 69.22 84.41 94.77 96.74⋆ 100.13 125.37 140.99 142.14⋆ 243 × 96 Open
3.05 87.31 109.82 130.14 142.98⋆ 128.27 163.95 194.79 216.61⋆ 243 × 96 Open
3.10 99.96 124.01 150.85 159.65⋆ 137.75 171.54 212.56 228.42⋆ 243 × 96 Open
3.15 140.07 177.77 220.03 275.18⋆ 206.32 263.96 330.91 415.67⋆ 243 × 96 Open

3.00 46.18 55.94 62.92 73.93⋆ 64.53 79.90 93.10 107.71⋆ 323 × 96 Open
3.15 84.86 104.89 121.76 127.76⋆ 112.30 141.04 159.28 174.79⋆ 323 × 96 Open
3.20 96.97 127.19 159.88 209.15⋆ 139.12 182.97 235.70 298.83⋆ 323 × 96 Open

3.40 85.56 105.15 135.34 165.79⋆ 118.44 152.32 199.00 244.94⋆ 483 × 192 Open

HIGH-PRECISION CONTINUUM LIMIT STUDY OF THE HVP … PHYS. REV. D 111, 114517 (2025)

114517-5



of the oriented plaquettes in the μ − ν plane centered at
lattice site x,

AμνðxÞ¼
1

4

�
UμνðxÞþUν−μðxÞþU−νμðxÞþU−μ−νðxÞ

�
:

ð25Þ

The plaquette UμνðxÞ is constructed as

UμνðxÞ¼UμðxÞUνðxþaμ̂ÞU−μðxþaμ̂þaν̂ÞU−νðxþaν̂Þ;
ð26Þ

where UμðxÞ are the gauge link variables on the lattice,
and the inverse link variable is defined as U−μðxÞ ¼
U†

μðx − aμ̂Þ. For ensembles with open BC, the lattice site
averaging is restricted to the bulk.
We noted above that the thermalization of Markov chains

was determined based on the gradient flow scales. For this
purpose, a modified version of the scales was used, where
the statistical average over the energy density was replaced
by the energy density of a single configuration at each
Markov time. These quantities exhibit particularly slow
Markov modes compared to other observables considered
in this work.
The third and fourth columns of Table I show the

determined estimates of
ffiffiffiffi
t0

p
=a and w0=a for the quenched

ensembles. For ensembles marked with an (a), the binning
study for the scale quantities did not convincingly con-
verge, cf. Table III. Specifically, these ensembles include
the ensembles at β ¼ 3.15 with a lattice volume of
243 × 96, β ¼ 3.2 with a lattice volume of 323 × 96, and
β ¼ 3.4 with a lattice volume of 483 × 192. This observa-
tion is based on a binning analysis, where the maximum bin
size for each ensemble was chosen such that the binned
samples had a size of at least 25 to ensure a sufficiently
small error on the error. All subsequent binning studies
mentioned in this work were performed in the same

manner. However, this observation does not impact sub-
sequent parts of this work, as the delayed binning in the
jackknife can be applied separately for derived quantities
depending on the flow scale. For such derived quantities,
the delayed binning study did not indicate residual auto-
correlations, such that the observation only limits the
precision with which we can quote the scale quantities.
In Fig. 1, we illustrate the continuum extrapolation of the
dimensionless ratio

ffiffiffiffi
t0

p
=w0 as a function of a2=t0 using a

linear model

f

�
a2

t0

�
¼ c0 þ c1

a2

t0
: ð27Þ

As a2=t0 approaches zero, the extrapolated value offfiffiffiffi
t0

p
=w0 converges to a finite continuum limit. For the

inverse coupling β ¼ 2.8, the open BC measurements were
considered, while for β ¼ 3.0 and β ¼ 3.15, we used the
ensembles with larger lattice volumes. The data show that
the lattice effects appear to be of order a2 over the full range
of considered quenched ensembles. To determine the lattice
spacing a, we rely on the gradient flow scale t0. We use the
following external input from [10–12] to set the physical
value of

ffiffiffiffi
t0

p
:

ffiffiffiffi
t0

p ¼ 0.1638ð10Þ fm: ð28Þ

While this choice defines how we translate dimensionful
quantities, such as the muon mass, to dimensionless units in
the quenched world, our final results are corrected to
include dynamical sea quarks and are independent of this
choice. Note that one may use the central value of

ffiffiffiffi
t0

p
without uncertainty as the definition of physical distance
for our intermediate quenched world.
In Fig. 2, we present an interpolation of a−1=GeV

derived from
ffiffiffiffi
t0

p
versus β. The β values range from 2.4

to 3.4. For β ¼ 2.8, we used the open BC data, and for
β ¼ 3.0 and β ¼ 3.15, we used the large-volume

FIG. 1. Continuum extrapolation of
ffiffiffiffi
t0

p
=w0 with the linear fit model fða2=t0Þ ¼ c0 þ c1a2=t0.
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ensembles. The interpolation is performed using a cubic fit
model of the form

fðβÞ ¼ c0 þ c1β þ c2β2 þ c3β3; ð29Þ

with fitted parameters c0¼−13.143ð12Þ, c1¼15.8718ð62Þ,
c2 ¼ −6.5925ð22Þ, and c3 ¼ 1.0555ð18Þ. The p-value of
the fit is approximately 0.38.

D. Mass interpolation

Although we expect short-distance correlators to be
largely insensitive to the quark mass [16], we aimed to
compute the short-distance hadronic vacuum polarization
at the same physical mass point across ensembles with
different lattice spacings to minimize any potential mass
effects. To achieve this, we calculated pion correlators for
three different bare quark masses,mlow

e ,mmid
e , andmhigh

e , for
each quenched ensemble e and determined the

corresponding pion masses in physical units, see Fig. 3.
The quark masses were selected such that a single physical
pion mass M�

π could be chosen to lie within the ranges
defined by the three quark masses for all of the 21
ensembles. This specified physical pion mass was then
used to identify the quark mass m�

e for each quenched
ensemble, corresponding to the physical pion mass for that
ensemble, via quadratic interpolation. For the given
quenched ensembles, we defined the mass point by the
physical pion mass of

M�
π ≡ 780 MeV: ð30Þ

We explicitly note that selecting the pion mass involves
a careful balance between finite volume effects and
mass effects for aSDμ . Specifically, the chosen value for
M�

π ensures that MπL≳ 4 for all considered ensembles.
Based on previous studies [16], mass effects are expected to

FIG. 2. Interpolation of a−1=GeV derived from
ffiffiffiffi
t0

p
versus β using the cubic fit model fðβÞ ¼ c0 þ c1β þ c2β2 þ c3β3.

FIG. 3. Pion masses for three different bare quark masses, mlow
e , mmid

e , and mhigh
e , calculated for each quenched ensemble e. We note

that for ensembles with the same inverse coupling β, the data points were shifted slightly to enhance visibility. The quark masses were
selected such that a single physical pion mass of M�

π ¼ 780 MeV could be chosen to lie within the ranges defined by these three quark
masses across all 21 ensembles. The plot demonstrates the consistency of the physical pion masses obtained from the quadratically
interpolated pion correlators at quark masses m�

e with M�
π .
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be small. The resulting quark masses m�
e allowed us to

quadratically interpolate the pion and vector correlation
functions for each ensemble to the same mass point. To
account for systematic errors associated with the quadratic
interpolation, we performed an additional linear interpola-
tion to M�

π using the data from the two nearest pion masses
for each ensemble. The systematic error on the correlators
from this step was determined as the square root of the
quadratic difference between the results of the linear and
quadratic interpolations. This error is included as part of
the total systematic error, which is combined in quadrature,
as described in Sec. III B. We emphasize that there is
flexibility in choosing the quantity used to define the same
physical mass point for all ensembles. Instead of the
physical pion mass M�

π, we could also have used dimen-
sionless combinations, such as

ffiffiffiffi
t0

p
M�

π .
As a cross-check to test the sensibility of interpolating

correlators, as described above, we determined the physical
mass of the interpolated pion correlators and verified
whether it matched M�

π ¼ 780 MeV. As shown in
Fig. 3, we were able to retrieve the original mass for all
quenched ensembles within the margin of error. We note
that the relatively smaller error bars on the pion masses
obtained from the interpolated correlation functions arise
due to anticorrelations in the bare quark mass m�

e. These
anticorrelations emerge because the jackknife samples of
the pion masses are all interpolated to the same fixed
physical mass point M�

π , reducing statistical fluctuations in
the final result.

E. Blinding procedure

Before the final datasets were generated, a blinding
procedure was put in place. Each author performed a
separate analysis with a common blinding factor applied
to the correlators. The blinding factor was produced by a
noninvertible hash function that was known to one of the
authors. The blinding factors themselves were not known to
the authors. After cross-checks were performed between
the two analyses in a blinded manner, the result was fully
unblinded by evaluating the hash function in a Zoom
meeting on July 22, 2024.

F. Local- and conserved-current correlators

In our analysis, we consider the local lattice vector
correlator Jμ [Eq. (4)], which we will refer to as Jlμ
hereafter, as well as the conserved lattice vector current
Jcμ, as defined in [18]. We study the correlators

CabðtÞ ¼ 1

3

X
x⃗

X
j¼0;1;2

hJbj ðx⃗; tÞJaj ð0Þi; ð31Þ

considering their local-local (Cll) and local-conserved
(Clc) versions. For both the quenched and dynamical
ensembles, we consider the up and down quark-connected

contributions to the correlators in the isospin-symmetric
limit. For the dynamical correlators, an all-mode-averaging
procedure [19–22] is applied. In case of Cll, we use a
numerically cheaper but less precise estimator, Cll

sloppy. We
compute the difference Cll − Cll

sloppy using a single source
position for each sample element and then add this differ-
ence to our full statistics estimator of Cll

sloppy, which uses
multiple sources, to obtain an estimate for Cll. Similarly, we
take advantage of the high correlations between the local-
local and local-conserved correlators for a specific source
position. To estimateClc, we first evaluate a sloppy estimator
by calculating Clc

sloppy − Cll
sloppy for a few correlated source

positions and adding the full statistics of the computationally
cheaper estimator of Cll

sloppy. Subsequently, the difference
Clc − Clc

sloppy is computed using a single source position for
each sample element and added to the sloppy estimate. (The
second analysis group used the ratio Clc=Cll with smaller
statistics combined with the full statistics estimator of Cll to
construct the Clc estimator.)
To determine the renormalization factor ZV, we extract

the constant from the ratio Clc=Cll, which is expected to
converge to a plateau for large enough source-sink sepa-
rations. At the high pion masses used for the quenched
ensembles, the vector state is stable, justifying the
assumption of a plateau. For dynamical ensembles, we
also compute an all-mode-average estimator for the latter
quantity. The numerator Clc is estimated using a sloppy full
statistics estimator, which is then corrected by the differ-
ence between Clc and the sloppy estimator computed for a
few point sources. We estimate the denominator Cll using
the difference Cll − Cll

sloppy, with the full statistics estimator
Cll
sloppy restricted to the source positions from which the

numerator Clc is computed.
For quenched ensembles with periodic BC, each corre-

lator was estimated using three Z2 wall sources at lattice
time 0. For quenched ensembles with open BC, the
correlators were estimated using three such sources located
at T=2a, except for the ensemble with β ¼ 3.0 and a lattice
volume of 323 × 96. For this ensemble, additional corre-
lator measurements were performed at the beginning of the
bulk to ensure enough time slices were available for reliable
fits. For all ensembles, the correlators were folded by
keeping the source-sink separation t ¼ 0 fixed and averag-
ing the time slices t and T=a − t for t ¼ 1;…; T=2a − 1.
For quenched periodic BC ensembles, we use a constant
fit Ansatz

ZVðtÞ ¼ ZV ð32Þ

with fit parameter ZV. To determine the starting time slice
of the fit range, we employ an extrapolation-based criterion
to ensure that the fit function accurately models the data.
We begin with small initial time slices and perform a fit to
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the data over the selected range. Using this fit, the model
value is extrapolated from the smallest time slice in the fit
range to the next smaller time slice, which is not included in
the fit. If the extrapolated value lies within approximately
1σ of the actual data point at that time slice, the fit range is
considered valid. This process is repeated with incremen-
tally larger initial time slices until the 1σ criterion is
satisfied. The initial time slice of the largest fit range
meeting this criterion is then used for the analysis.
The final time slice of the fit range is determined based

on the availability of data. For periodic BC, it corresponds
to the last available time slice of the folded correlator, while
for open BC, it is limited by the bulk definition described in
Sec. III A. If the fit prediction for the last time slice deviates
by more than 1σ from the actual data point, the final time
slice is adjusted to an earlier value until agreement within
1σ is achieved. Our choice of the final time slice is
motivated by the possibility for lattice correlators to exhibit
non-Gaussian statistical fluctuations at large time separa-
tions. To address this, we limit the maximum fit range, as
described. Additionally, a second analysis group conducted
the same analysis without imposing a specific criterion on
the final time slice and obtained consistent results, further
underscoring the robustness of our conclusions. For open
BC quenched ensembles with a lattice volume of 243 × 96,
we also consider a constant fit model. For quenched open
BC ensembles with lattice volumes of 323 × 96 and
483 × 192, the fit range was limited by the bulk definition,
prompting the use of a three-parameter fit model,

ZVðtÞ ¼ ZV þ p1e−p2t; ð33Þ

with fit parameters ZV , p1, and p2. This choice allowed for
an extended fit range compared to the constant fit. An
exemplary fit for β ¼ 3.4 is shown in Fig. 4. To determine
the normalization factors for the dynamical ensembles, we
use a constant fit model, as the lattice volumes are
sufficiently large to allow for this approach. The starting
time slice of the fit range is chosen using the same
extrapolation criterion as described above. However, due
to increasing statistical noise at larger time slices, the final
time slice is chosen such that the signal-to-noise ratio of the
folded correlator remains larger than 10.
In Tables IV and V, we list the extracted normalization

factors ZV for the quenched and dynamical ensembles. The
relative errors on ZV are all smaller than 1 per mille, except
for dynamical ensemble 4, where the relative error is
slightly larger at 1.2 per mille. For the β ¼ 3.4 ensemble
shown in Fig. 4, the relative error is as small as 0.1 per mille.
The vector correlators Cll and Clc are renormalized by
multiplying them with a factor of Z2

V and ZV , respectively.
In the following discussions, we always consider the
renormalized versions of the vector correlators.

G. Short-distance window aSDμ
To compute the short-distance window of the leading

order HVP aSDμ , we need to evaluate the weighted sums

aSD;iμ ¼
X∞
t¼0

CiðtÞwSD
t ; ð34Þ

where we introduced

FIG. 4. Plateau fit of the ratio ClcðtÞ=CllðtÞ using the model ZVðtÞ ¼ ZV þ p1e−p2t. This is shown for the quenched β ¼ 3.4 ensemble
with a lattice volume of 483 × 192.
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wSD
t ¼ wt½1 − Θðt; t0 ¼ 0.4 fm;Δ ¼ 0.15 fmÞ� ð35Þ

and CiðtÞ denotes the renormalized vector correlators with
i∈ fll; lcg. Additionally, we compute the same quantity
with wSD

t replaced by ŵSD
t , which relies on the alternative

weight definition from Eq. (8). The integrals in the weight
computation are evaluated numerically. For the physical
muon mass and fine structure constant, we considered the
values provided in [23],

mμ ¼ 0.1056583755ð23Þ GeV;
and α ¼ 0.0072973525693ð11Þ: ð36Þ

Due to the finite temporal extent and bulk sizes of our
lattices, a cutoff tmax is introduced in the weighted sum to
study the resulting limitations,

aSD;iμ ðtmaxÞ ¼
Xtmax

t¼0

CiðtÞwSD
t : ð37Þ

For periodic BC ensembles, the maximum time slice
included in the sum tcmax is set to half the temporal lattice
extent. In case of ensembles with open BC, the maximum
time slice is determined by the bulk region. An exception to
this rule applies to the open BC ensembles with a lattice
volume of 323 × 96. For β ¼ 3.0 and β ¼ 3.15, the cumu-
lative sums are directly compared with their small-volume
counterparts (see Fig. 5). Since no boundary effects are
observable when comparing the volumes, we set the maxi-
mum time slice for the large volumes to the same value as for
the smaller volumes. In the case of β ¼ 3.2, no small-volume
counterpart exists, so we choose tcmax, such that the physical
size of the bulk is the same or smaller as for the large volume
at β ¼ 3.15. To account for the systematics introduced by the
cutoff choice, we include an additional systematic error,
calculated as the absolute difference between aSD;iμ ðtcmaxÞ and
its value evaluated five time slices earlier.

IV. CONTINUUM LIMIT OF THE
SHORT-DISTANCE WINDOW aSDμ

The main goal of this work is to compute the continuum
limit of the short-distance contribution aSDμ to the leading-
order HVP aμ. To achieve this, we rely on the expectation
that discretization effects in both dynamical and quenched
simulations are similar, and that the short-distance window
is mostly insensitive to variations in quark masses [16]. We
propose performing a precise continuum limit using numer-
ous quenched ensembles to get a quenched approximation of
the short-distance contribution aSD;qμ . The parameters deter-
mined from this studywill then be used as a prior to constrain
the parameters of a separate dynamical continuum extrapo-
lation. The advantage of this approach is that the quenched
ensembles necessary to obtain a precise estimate of aSD;qμ are
computationally inexpensive compared to the correspond-
ing dynamical estimates. The estimate of aSDμ can be
determined by employing only a small number of expensive
dynamical ensembles, matched with their quenched coun-
terparts in terms of scale.

A. Quenched approximation

We start by discussing the continuum limit of the up and
down quark-connected contributions to aSD;qμ . The con-
tinuum extrapolations of aSD;q;iμ are performed using
separate fits for i∈ fll; lcg and for the weights wt and
ŵt. Quantities determined with ŵt are indicated with a hat.
As described in Sec. III A, there are 21 independent data

TABLE IV. Normalization factors ZV for quenched ensembles.
The table presents the inverse coupling (β), the extracted
normalization factor (ZV ), the lattice dimensions (L3 × T=a4),
and the BCs.

β ZV L3 × T=a4 BC

2.40 0.73849(55) 243 × 48 Periodic
2.45 0.75470(35) 243 × 48 Periodic
2.50 0.77212(57) 243 × 48 Periodic
2.55 0.78712(48) 243 × 48 Periodic
2.60 0.80160(29) 243 × 48 Periodic
2.65 0.81645(17) 243 × 48 Periodic
2.70 0.82967(19) 243 × 48 Periodic
2.75 0.84413(26) 243 × 48 Periodic
2.80 0.85646(16) 243 × 48 Periodic

2.80 0.85689(17) 243 × 96 Open
2.85 0.86918(17) 243 × 96 Open
2.90 0.88155(17) 243 × 96 Open
2.95 0.89367(17) 243 × 96 Open
3.00 0.90544(17) 243 × 96 Open
3.05 0.91713(16) 243 × 96 Open
3.10 0.92848(11) 243 × 96 Open
3.15 0.93953(15) 243 × 96 Open

3.00 0.90565(14) 323 × 96 Open
3.15 0.93958(12) 323 × 96 Open
3.20 0.95075(56) 323 × 96 Open

3.40 0.992523(72) 483 × 192 Open

TABLE V. Normalization factors ZV for dynamical ensembles.
The table lists the ensemble ID, the extracted normalization factor
(ZV ), the lattice dimensions (L3 × T × Ls=a4), and the BCs.

ID ZV L3 × T × Ls=a4 BC

4 0.6999(12) 243 × 48 × 24 Periodic
9 0.73948(51) 323 × 64 × 12 Periodic
F 0.75735(88) 483 × 96 × 12 Periodic
E 0.79165(64) 483 × 192 × 12 Open
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points available for both local-local and local-conserved
measurements, respectively. For the inverse couplings
β ¼ 2.8, 3.0, 3.15, we choose to only include the mea-
surements corresponding to the larger lattice volume,
reducing the number to 18. At β ¼ 2.80, two ensembles
with identical parameters, differing only in T=a and the
boundary conditions, are available. To validate the chosen
bulk region for ensembles with open BC, we compared the
computed values of aSD;q;blindedμ for these two ensembles. As
shown in Fig. 6, the results are compatible within uncer-
tainties, indicating that the boundary conditions have no
significant effect on our results. In Table VI, we show the
results of a binning study for the finest ensembles (β ¼ 3.4)
to demonstrate that the autocorrelations are under control.
For the continuum extrapolation, we consider the fol-

lowing four fit Ansätze:

fiAða2Þ ¼ Ai
0 þ Ai

1a
2 þ Ai

2a
4; ð38aÞ

fiBða2Þ ¼ Bi
0 þ Bi

1a
2 þ Bi

2a
4 þ Bi

3a
2 log a2; ð38bÞ

fiCða2Þ ¼ Ci
0 þ Ci

1a
2 þ Ci

2a
2 log a2; ð38cÞ

fiDða2Þ ¼ Di
0 þDi

1a
2 þDi

2a
4 þDi

3a
6; ð38dÞ

which are considered with fit parameters Ai
· ; Bi

· ; Ci
· ; Di

· , and
i∈ fll; lcg. The models fiA and fiD represent pure poly-
nomial fit Ansätze, while fiB and fiC incorporate a loga-
rithmic term. An overview of all found χ2-function minima
χ20 and the corresponding p-values is provided in Fig. 7,
with the continuum results displayed in Fig. 8. Upon
analyzing the blinded fit results, we observe a poor fit
quality for fA, as displayed in Fig. 9. This is indicated by
the corresponding p-values: pll

A; p
lc
A; p̂

ll
A, and p̂lc

A , all of
which evaluate roughly to zero. Furthermore, we find a
tension between the blinded local-local and local-con-
served predictions, as well as between the values computed
with wt and those computed with ŵt. In contrast, the
blinded fit results for the model fiB, shown in Fig. 10,
exhibit a significantly better quality, as can be quantified
by higher p-values: pll

B ≈ 0.38, plc
B ≈ 0.21, p̂ll

B ≈ 0.33, and
p̂lc
B ≈ 0.18. Additionally, all continuum results for this

model Ansatz agree within the error margins. The fit
models fiC and fiD yield p-values that fall between those
of models fiA and fiB, with fiD demonstrating better fit
quality between the two. The corresponding fits are
visualized in Fig. 11 for fiC and in Fig. 12 for fiD.
However, the continuum results from fiD are not consistent,
whereas those from fiC are. These observations suggest that
including a logarithmic term is necessary to obtain con-
sistent results for both local-local and local-conserved
estimates. This confirms the expectation of a large loga-
rithmic dependence, which without additional subtraction
is even present at tree level [24–27].
To obtain an estimate for aSD;q;blindedμ , we employ a model

averaging procedure. For this, we assign the following
probability to each model M:

FIG. 5. Exemplary representation of the blinded weighted sums aSD;i;blindedμ ðtmaxÞ computed with the weights wt for β ¼ 3.15 with
lattice volume 243 × 96 and for β ¼ 3.15 and β ¼ 3.2 with lattice volume 323 × 96. The chosen cutoffs tcmax are indicated with dashed
lines. One the left, the blinded local-local measurements (i ¼ ll) are shown. On the right, the blinded local-conserved measurements
(i ¼ lc) are displayed.

FIG. 6. Comparison of the aSD;q;blindedμ estimates between the
periodic BC and open BC ensembles at β ¼ 2.8, computed using
the weights wt and ŵt for both local-local (ll) and local-conserved
(lc) correlators.
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PðMÞ ¼ expð−AICM=2ÞP
M0 expð−AICM0=2Þ ; ð39Þ

where AICM denotes the value of the Akaike information
criterion [28] for model M, with

AIC ¼ 2kþ χ20; ð40Þ

and k represents the number of independent model param-
eters. This criterion rewards fit quality while penalizing a
large number of parameters. Subsequently, we compute the
model average for a fit parameter p as

p̄ ¼
X
M

PðMÞpM; ð41Þ

where pM is the determined fit parameter for fit model M.
The systematic variance for the model averaging is
given by X

M

PðMÞðpM − p̄Þ2: ð42Þ

Using this approach, our blinded result for the quenched
approximation of the up and down quark-connected con-
tribution to aSDμ is thus given by

TABLE VI. Binning study for the short-distance contribution to
the HVP aSD;q;llμ computed on the local-local vector correlator in
the quenched approximation. The table columns show the
rescaled standard deviations σbðaSD;q;llμ Þ for the β ¼ 3.4 ensemble
with a lattice volume of 483 × 96 at bin sizes b ¼ 1, 2, 4, 8. The
standard deviations were scaled by a factor of 1011 and the value
chosen for the analysis is indicated with a star. The maximum bin
size for the study was chosen such that the binned samples
contained at least 25 entries, ensuring a sufficiently small error in
the estimated uncertainties.

b ¼ 1 b ¼ 2 b ¼ 4 b ¼ 8

σbðaSD;llμ Þ × 1011 1.12 1.17⋆ 1.29 1.27

FIG. 7. Overview of the computed χ2-function minima χ20 (left) and p-values (right) for aSD;q;blindedμ . The fit models used for both
weights wt and ŵt are fiA; f

i
B; f

i
C, and fiD, as defined in Eqs. (38a) to (38d). Fit results based on ŵt are indicated by a hat.

FIG. 8. Comparison of the model average for aSD;q;blindedμ , indicated by f̄, with the estimates obtained from the quenched continuum
extrapolations. The fit models used for both weights wt and ŵt are fiA; f

i
B; f

i
C, and f

i
D, as defined in Eqs. (38a) to (38d). Fit results based

on ŵt are indicated by a hat. The inner error bar for the model average f̄ represents the statistical error, while the outer error bar shows the
total error, which includes both statistical and systematic contributions.
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aSD;q;blindedμ ¼ 22.50ð23Þð36Þ × 10−10: ð43Þ

As described at the end of Sec. III B, the value in the first
parenthesis represents the statistical error, while the value in
the second parenthesis denotes the total systematic error,
which is dominated by the contribution from the systematic
error arising in the model averaging procedure. In Fig. 8,
the model average is compared to the estimates for
aSD;q;blindedμ from the individual fits. We intentionally quote
the blinded result at this stage to emphasize that the analysis
was performed without introducing unintended bias, par-
ticularly for the dynamical results where the value from
previous studies is known. To further test the robustness of
the fits and the model-averaging procedure, we performed
an additional analysis by excluding the coarsest two lattice
spacings (β ¼ 2.4 and 2.45) from the dataset. Repeating the
quenched analysis under this constraint yields the result

aSD;q;blinded;CUTμ ¼ 22.77ð16Þð24Þ × 10−10: ð44Þ

This result is consistent with the original blinded result,
demonstrating that the systematic uncertainties arising from
the model averaging procedure remain robust with respect
to cuts in the lattice spacing.

B. Dynamical estimate

As already mentioned in Sec. III C, the scale for our
intermediate quenched world does not describe the real
physical world. However, since we want to use the
quenched results as input for the dynamical continuum
limit, the scale of the quenched simulations has to be
matched with the dynamical scale, which includes sea
quark effects. We optimize the matching by aligning the
contribution of CðtÞwt at t=a ¼ 2 to aSDμ , which effectively

FIG. 9. Continuum extrapolations of aSD;qμ computed with wt and ŵt using the polynomial fit model fiAða2Þ from Eq. (38a). The model
fit based on the ŵt is denoted by f̂iAða2Þ. On the left, we show the fits of the blinded local-local measurements, i.e., i ¼ ll. On the right,
we display the fits of the blinded local-conserved measurements with i ¼ lc.

FIG. 10. Continuum extrapolations of aSD;qμ computed with wt and ŵt using the polynomial fit model fiBða2Þ from Eq. (38b), including
a logarithmic term. The model fit based on the ŵt is denoted by f̂iBða2Þ. On the left, we show the fits of the blinded local-local
measurements, i.e., i ¼ ll. On the right, we display the fits of the blinded local-conserved measurements with i ¼ lc. We stress that the
agreement in the continuum limit between the local-local and local-conserved extrapolations is not enforced in the fit but is rather used
as a check of consistency.
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ensures the matching of the other short-distance time slices
as well. This is achieved by rescaling the quenched scaleffiffiffiffi
tq0

p
to match the dynamical scale

ffiffiffiffi
td0

q
. The muon mass is

also appropriately rescaled. We refer to the rescaled
quenched scale as

ffiffiffiffi
tr0

p
. A comparison of the aSDμ summand

CðtÞwt with t=a ¼ 2 for the three scales is displayed in
Fig. 13. This comparison indicates that the primary
summands contributing to the short-distance contribution
approach the continuum limit in a comparable fashion.
Consequently, the model parameters describing the scale
dependence for both the dynamical and quenched con-
tinuum extrapolations are expected to be similar.
Considering that only four dynamical ensembles (see

Table II) are included in this study, we are restricted to
fitting models with three parameters: fA and fC. Both
models produce reasonable p-values ranging from 0.3 to

0.6, though the parameter variances are approximately 10%
and the continuum results exhibit a spread. The continuum
extrapolations for models fA and fC are presented in
Fig. 14, while Fig. 15 provides an overview of the χ2-
function minima χ20 and p-values. The continuum values
and the AIC model average f̄ are illustrated in Fig. 16.
When comparing the second and the third model param-
eters for the fits using the quenched scale

ffiffiffiffi
tq0

p
, the rescaled

quenched scale
ffiffiffiffi
tr0

p
, and the dynamical scale

ffiffiffiffi
td0

q
, we

found that these parameters agreed best when using the
multiplicative fit Ansätze,

giAða2Þ ¼ Ai
0ð1þ Ai

1a
2 þ Ai

2a
4Þ; ð45aÞ

giCða2Þ ¼ Ci
0ð1þ Ci

1a
2 þ Ci

2a
2 log a2Þ; ð45bÞ

FIG. 12. Continuum extrapolations of aSD;qμ computed with wt and ŵt using the polynomial fit model fiDða2Þ from Eq. (38d). The
model fit based on the ŵt is denoted by f̂

i
Aða2Þ. On the left, we show the fits of the blinded local-local measurements, i.e., i ¼ ll. On the

right, we display the fits of the blinded local-conserved measurements with i ¼ lc.

FIG. 11. Continuum extrapolations of aSD;qμ computed with wt and ŵt using the polynomial fit model fiCða2Þ from Eq. (38c), including
a logarithmic term. The model fit based on the ŵt is denoted by f̂iBða2Þ. On the left, we show the fits of the blinded local-local
measurements, i.e., i ¼ ll. On the right, we display the fits of the blinded local-conserved measurements with i ¼ lc. We stress that the
agreement in the continuum limit between the local-local and local-conserved extrapolations is not enforced in the fit but is rather used
as a check of consistency.
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instead of Eqs. (38a) to (38c). We remark that using gi·
instead of fi· amounts to a mere reparametrization of the
same discretization and yields the same continuum result.
Figure 17 shows that the quenched fit parameters for the
rescaled scale

ffiffiffiffi
tr0

p
are in good agreement with parameters

for the dynamical scale
ffiffiffiffi
td0

q
in almost all cases. In cases

where the match is not as precise, the parameters corre-
sponding to the rescaled scale are still more closely aligned
with the dynamical model parameters than with the original
quenched scale parameters. This insight motivates us to
constrain the parameters of the dynamical continuum
extrapolation with the parameters of the quenched fits
by adding the priors

FIG. 13. Comparison of the blinded aSDμ summand CðtÞwt for t=a ¼ 2 between the dynamical ensembles with scale
ffiffiffiffi
td0

p
and the

quenched ensembles with the quenched scale
ffiffiffiffi
tq0

p
and the rescaled quenched scale

ffiffiffiffi
tr0

p
. The summand is plotted versus the lattice

spacing a in fm for both weight definitions wt and ŵt. The left panel shows the local-local version, while the right panel displays the
local-conserved version.

FIG. 14. Continuum extrapolations of the blinded ll and lc versions of aSDμ using the weights wt and ŵt. The left panel displays the fits
for the model fiAða2Þ, as described in Eq. (38a), while the right panel shows the fits for the model fiCða2Þ from Eq. (38c).

FIG. 15. Overview of the computed χ2-function minima χ20 (left) and p-values (right) for aSD;blindedμ . The fit models used for both
weights wt and ŵt are fiA and fiC, as defined in Eqs. (38a) and (38c). Fit results based on ŵt are indicated by a hat.
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X2
k¼1

ðAi
k − Ai;q

k Þ2
varðAi;q

k Þ and
X2
k¼1

ðCi
k − Ci;q

k Þ2
varðCi;q

k Þ ð46Þ

to the respective χ2 functionals, where Ai;q
k and Ci;q

k denote
the parameters of the corresponding quenched simulations
with scale

ffiffiffiffi
tr0

p
and fit models giA and giC.

We remark that the similarity between the quenched and
dynamical model parameters is to be expected, as the
difference of the discretization error between the quenched
and dynamical short-distance contribution aSDμ to the
anomalous magnetic moment is suppressed by two-loop
perturbative QCD effects. However, this suppression is not
the reason for constraining the dynamical fits, but rather
serves as additional confirmation of the observed agreement.
An overview of the χ2-function minima χ20 and p-values for
the constrained dynamical fits is provided in Fig. 18. The
errors on the constrained continuum results are reduced to

approximately the same order of magnitude as in the
quenched case, as expected, while still yielding p-values
greater than 0.1 for all but two fits: gllA and g

lc
A . This outcome

may be explained for these two cases by the above observed
discrepancy between the fit parameters for the dynamical
scale and the rescaled quenched scale, as shown in Fig. 17.
The constrained continuum extrapolations are shown in
Fig. 19. The visible spread between the continuum results
for the different discretizations and fit Ansätze is used in the
AIC model averaging as an error estimate. Additionally, we
note that we also performed constrained dynamical fits
using the multiplicative model versions of fB and fD,
defined as

giBða2Þ ¼ Bi
0ð1þ Bi

1a
2 þ Bi

2a
4 þ Bi

3a
2 log a2Þ; ð47aÞ

giDða2Þ ¼ Di
0ð1þDi

1a
2 þDi

2a
4 þDi

3a
6Þ: ð47bÞ

FIG. 16. Comparison of the model average for aSD;blindedμ , indicated by f̄, with the estimates obtained from the continuum
extrapolations. The fit models used for both weights wt and ŵt are fiA and fiC, as defined in Eqs. (38a) and (38c). Fit results based on ŵt

are indicated by a hat. The inner error bar for the model average f̄ represents the statistical error, while the outer error bar shows the total
error, which includes both statistical and systematic contributions.

FIG. 17. Comparison of the fit parameters for the models giAða2Þ and giCða2Þ applied to aSD;qμ using scales
ffiffiffiffi
tq0

p
(blue) and

ffiffiffiffi
tr0

p
(orange), and to aSDμ using scale

ffiffiffiffi
td0

p
(green). The left panel displays the first parameters Ai

1 andC
i
1 for both models, while the right panel

shows the second parameters Ai
2 and Ci

2. Fits based on data computed with ŵt are indicated by a hat.
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FIG. 18. Overview of the computed χ2-function minima χ20 (left) and p-values (right) for aSD;blindedμ . The fit models used for both
weights wt and ŵt are giA and giC, as defined in Eqs. (45a) and (45b), with additional constraints on the second and third parameters using
priors. We denote the corresponding fits as gi·;prior. Fit results based on ŵt are indicated by a hat.

FIG. 19. Constrained continuum extrapolations of the blinded ll and lc versions of aSDμ using the weights wt and ŵt. The left panel
displays the fits for the model giAða2Þ [see Eq. (45a)] with priors, while the right panel shows the fits for the model giCða2Þ [see Eq. (45b)]
with priors. In both fits, the second and third parameters are constrained to the values of their quenched counterpart fits.

FIG. 20. Comparison of the model average for aSD;blindedμ , denoted as ḡprior, with the estimates obtained from the constrained continuum
extrapolations. The fit models used for both weights wt and ŵt are giA and giC, as defined in Eqs. (45a) and (45b), with additional
constraints on the second and third parameters using priors. We denote the corresponding fits as gi·;prior. Fit results based on ŵt are
indicated by a hat. The inner error bar for the model average ḡprior represents the statistical error, while the outer error bar shows the total
error, which includes both statistical and systematic contributions.
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These constrained fits are feasible in spite of the low number
of data points, as the inclusion of priors in the Bayesian
approach effectively adds data points. However, these
models yield vanishing p-values in our analysis and, there-
fore, do not contribute significantly to the model average.
Consequently, our model average for the constrained
dynamical fits comprises eight results, all of which are
displayed in Fig. 20.
After all checks were completed, we unblinded the

results on July 22. Finally, we need a correction from
the ≈280 MeV pion mass of the dynamical ensembles used
in this work to the physical pion mass, which was
calculated for the RBC/UKQCD23 SD window in
Ref. [16],

ΔaSD;mass
μ ¼ 0.41ð4Þ × 10−10: ð48Þ

Our final unblinded result for the light-quark-connected
short-distance window in the isospin symmetric limit is

aud;iso;SDμ ¼ 47.62ð0.32Þstatð0.60Þsyst × 10−10: ð49Þ

V. CONCLUSIONS AND OUTLOOK

In this study, we computed the short-distance Euclidean
window of the hadronic vacuum polarization. To prevent
potential bias toward previously published results, we

employed a blinding procedure involving two independent
analysis groups. The focus of this work was on the
dominant quark-connected, light-quark, isospin-symmetric
contribution, scrutinizing its continuum limit from first-
principles lattice QCD without perturbative input. A
precise quenched study revealed the necessity of a
logarithmic dependency to obtain consistent continuum
results across different discretizations, in agreement with
the expectation [24–27]. We subsequently demonstrated
that these quenched parameter results could be used to
constrain the parameters of the corresponding dynamical
continuum extrapolations. Our result for the short-dis-
tance window aud;iso;SDμ , derived from the model average
of these constrained continuum limits, is consistent with
recently published results that rely on perturbative input,
as shown in Fig. 21. However, our error estimate is
significantly larger compared to the results of [29–31].
There are many directions one may explore in future

work. For instance, one may include an additional dynami-
cal ensemble with a finer lattice spacing compared to the
currently available ones. This would allow us to achieve
higher precision and further scrutinize the continuum limit.
Additionally, one may systematically compare our results
against perturbative calculations. This would involve tun-
ing the lower cutoff of the short-distance window to ensure
a robust and detailed comparison.
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FIG. 21. Comparison of our result with existing literature:
ETMC 2021 [32], χQCD 2022 [33], ETMC 2022 [29], RBC/
UKQCD 2023 [34], Mainz 2024 [30], and BMW 2024 [31]. The
inner error bars represent the statistical uncertainty, while the
outer error bars show the statistical and systematic uncertainties
added in quadrature.
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