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High-precision continuum limit study of the HVP short-distance window

Sebastian Spiegel " and Christoph Lehner

Department of Physics, University of Regensburg, 93040 Regensburg, Germany

® (Received 31 October 2024; accepted 22 May 2025; published 24 June 2025)

The separation of the hadronic vacuum polarization contribution to the muon anomalous magnetic
moment into Euclidean windows allows for a tailored approach to address the different dominant
challenges at short, intermediate, and long distances. We present a novel approach to compute the short-
distance window without the need for using perturbative QCD. We combine a quenched continuum
extrapolation using 18 lattice spacings (1.6 GeV <a~! < 6.1 GeV) with a separate continuum extrapo-
lation of the sea quark effects. This method allows for the computationally expensive sea quark effects to be
estimated using only a smaller number of ensembles at coarser lattice spacings, while largely confining the
logarithmic dependency of the continuum extrapolation to the quenched component.
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I. INTRODUCTION

The magnetic moment of the muon is defined by

e

”:_gﬂﬁs’ (1)
u

where e is the electric charge, m,, is the muon mass, § is the
particle’s spin, and g, denotes its Landé factor. The
deviation with Dirac’s result of g, =2 is defined as the
anomalous magnetic moment of the muon,

g, —2
aﬂ: M2 ’ (2)

which captures the radiative corrections of all known
and unknown particles. This quantity is one of the most
precisely determined values in physics and plays an
important role in high-precision tests of our understanding
of physics at the fundamental level. The latest exper-
imental results provided by FNAL Muon g-2 collabora-
tion, which combine their first two publications [1,2] with
the final result of the BNL E821 experiment [3], arrive at a
precision of 0.19 parts per million (ppm) for the world
average.

In contrast, the recommended Standard Model result of
the Muon g-2 Theory Initiative from 2020 [4] has an
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uncertainty of 0.37 ppm. To match the precision of the
experimental measurement, the theoretical uncertainty must
be reduced by roughly half. This, combined with the
anticipated progress from the planned J-PARC experiment
[5], underscores the need for novel methods to improve the
theoretical uncertainty. The leading-order hadronic vacuum
polarization (HVP) predominantly contributes to the theo-
retical prediction’s uncertainty, making its refinement par-
ticularly urgent.

Using the Euclidean window approach introduced by
RBC/UKQCD collaborations in [6], this quantity can be
divided into three subcontributions: short-distance, win-
dow, and long-distance contributions. This allows to
separate the challenging short- and long-distance quan-
tities from the window quantity, which has tractable
statistical and systematic errors. While the discretization
effects are most significant for the short-distance con-
tribution, the statistical noise and finite-volume effects
are particularly severe in the long-distance contribution.
This work aims to scrutinize the continuum limit of the
short-distance window from first principles using purely
lattice QCD methods, without perturbative input. The
approach combines a precise quenched continuum limit,
derived from 18 Ilattice spacings, with a separate con-
tinuum extrapolation of the dynamical sea quark correc-
tions, utilizing only a few computationally expensive
ensembles.

This paper is organized as follows: in Sec. II, we
introduce the methodology of the time-momentum repre-
sentation for the leading-order HVP, which facilitates the
definition of FEuclidean windows. The computational
details are provided in Sec. III. Subsequently, we present
the blinded quenched and sea quark continuum limit
results, along with our blinded short-distance HVP results,
before unblinding the latter.

Published by the American Physical Society
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II. METHODOLOGY

In the following sections, we describe the time-momen-
tum representation (Sec. Il A) and define the Euclidean
windows (Sec. II B), which provide a basis for computing
the short-distance contribution to the leading-order (LO)
HVP, a/VPLO_ For brevity, we will omit the superscript
HVP LO from this point onward.

A. Time-momentum representation

We consider the correlator
Z > UiE (3)
x j=0,12

where J,(x) denotes the vector current, defined as
x) =iy Qprs(x)r,wry(x). 4)
f

In this expression, Q denotes the fractional electric charge,
and the sum runs over the quark flavors f. The leading-
order HVP contribution to a, is then computed as

a, = wC(1). (5)

The weights w, incorporate the photon and muon effects
within the HVP diagrams and can be computed via the
integral [7]

w=se [Taor (2=l Yp0. o

where Q? denotes the Euclidean photon four-momentum
squared, Q = |Q| is the magnitude of the Euclidean four-
momentum, and « is the fine structure constant. The
function f(Q) is given by

mQ*Z(0)(1 - Q°Z(Q))

MO == 070
Q4 + 4Q2m/24 _ Q2
with  Z(Q) =~ . (7)

ZmﬁQ2

Here, m, abbreviates the muon mass. Additionally, we
consider an alternative weight definition

D gy w o ( cos(Qt) -1 12
v [ a0 (o 2 @) @

which uses a lattice discretization of the photon momentum
and yields the same value of @, in the continuum limit.
Using both weight definitions allows us to investigate the

continuum limit and test the robustness of our analysis
approach.

In this study, we compute the up and down quark-
connected contribution to the correlator C(¢) in the isospin-
symmetric limit. For brevity, we omit an explicit label in the
notation.

B. Euclidean windows

In line with the method outlined in [6], we utilize
Euclidean windows to separate the contributions from time
slices ¢ in Eq. (5) into short-distance (SD), window (W),
and long-distance (LD) components. We apply smearing
kernels with a width A to ensure well-defined quantities at
nonzero lattice spacing. This approach leads to the parti-
tioning

a, = a° +ay + a;® 9)

with the individually well-defined contributions

aSP (g, A) = ZC Ywi[l = O(t, g, A)], (10)
amro,thA>=i(;cr(t)wt[@(mo,m—@(r,m)], (1)
akD(m):f(;cw,@(m,A), (12)
01, . A) = [1 +tanh{(r - ¢)/A] /2. (13)

This work focuses on determining the short-distance seg-
ment a5P(fy, A), relying exclusively on lattice methods.
Among the contributions, discretization effects are expected

to be most severe for this segment. For our analysis, we use
the values 7, = 0.4 fm and A = 0.15 fm [6].

III. COMPUTATIONAL DETAILS

In the following, the computational details of this work
are discussed. This includes ensemble generation, an
overview of the analyzed measurements, as well as crucial
aspects of the analysis.

A. Data description

The quenched ensembles for this study were generated
using the hybrid Monte Carlo (HMC) algorithm [8] and the
Iwasaki gauge action. Each molecular dynamics (MD)
trajectory was evolved for a time of 7 = 1.0 using 12 steps
of a fourth-order Omelyan integrator [9]. A total of 21
quenched ensembles with lattice spacings ranging from
a '~ 1.57 t0 6.10 GeV were generated, with an overview
provided in Table I. Among these ensembles, nine have
periodic boundary conditions (periodic BC) and a lattice
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TABLE L.

List of quenched ensembles with simulation parameters. The ensembles were generated using the Iwasaki gauge action, and

their lattice spacing was determined employing the gradient flow scale 7, with physical input from [10—12]. The columns represent the
inverse coupling (), the inverse lattice spacing (a~!/GeV), the gradient flow scales (/7y/a and wy/a), the lattice volume (L* x T/a%),
the BCs, and the sample sizes for gluonic (Ngjyonic) and fermionic (Nemionic) Measurements.

ﬂ a_l /GCV \/%/a WO/“ L3 X T/a4 BC Ngluonic Nfermionic
2.40 1.5677(95) 1.30154(53) 1.28618(72) 243 x 48 Periodic 200 100
2.45 1.691(11) 1.40422(80) 1.3931(12) 243 x 48 Periodic 200 100
2.50 1.824(12) 1.5139(10) 1.5068(15) 243 x 48 Periodic 200 100
2.55 1.966(13) 1.6324(11) 1.6313(16) 243 x 48 Periodic 200 100
2.60 2.109(13) 1.7507(16) 1.7523(24) 243 x 48 Periodic 200 100
2.65 2.265(14) 1.8807(20) 1.8881(30) 243 x 48 Periodic 200 200
2.70 2.425(16) 2.0136(26) 2.0239(36) 243 x 48 Periodic 200 100
2.75 2.601(17) 2.1595(34) 2.1764(50) 243 x 48 Periodic 200 100
2.80 2.781(18) 2.3091(36) 2.3303(53) 243 x 48 Periodic 420 220
2.80 2.780(18) 2.3083(40) 2.3254(59) 243 x 96 Open 200 230
2.85 2.969(20) 2.4652(58) 2.4835(82) 243 x 96 Open 200 200
2.90 3.184(22) 2.6434(71) 2.6739(91) 243 % 96 Open 200 200
2.95 3.394(24) 2.8179(90) 2.849(13) 243 x 96 Open 200 200
3.00 3.650(26) 3.0303(97) 3.077(15) 243 x 96 Open 200 200
3.05 3.901(30) 3.238(15) 3.289(22) 243 x 96 Open 200 200
3.10 4.142(32) 3.439(16) 3.492(23) 243 x 96 Open 200 400
3.15 4.462(43) 3.704(28)" 3.780(42)" 243 x 96 Open 200 200
3.00 3.635(24) 3.0174(74) 3.055(11) 323 x 96 Open 200 200
3.15 4.433(31) 3.680(13) 3.74(18) 323 % 96 Open 200 300
3.20 4.737(39) 3.932(21)" 4.004(30)" 323 x 96 Open 200 400
3.40 6.099(43)" 5.063(17)" 5.139(25)" 483 x 192 Open 200 200

Indicates that in these cases, the binning study did not conclusively converge for the scale setting parameters themselves,
cf. Table III. We address this issue by using the delayed binning strategy described in the following.

volume of 243 x 48. The inverse couplings for these
ensembles range from g = 2.40 to f = 2.80 in steps of
0.05. Additionally, eight ensembles with open boundary
conditions (open BC) and a lattice volume of 24 x 96 were
generated, with f values ranging from 2.80 to 3.15, also in
steps of 0.05. To further refine our analysis, three additional
open BC ensembles with inverse couplings f = 3.0, 3.15,
and 3.2 were generated using a larger lattice volume of
323 x 96. Finally, an ensemble with a lattice volume of
48% x 192 at # = 3.4 was generated, also with open BC.

To decrease autocorrelations, only every 100th generated
MD trajectory was considered for subsequent analyses of
each ensemble, except for f# = 3.4 where only every 250th
was retained. The binning study presented in Table III
demonstrates that this choice ensures sufficiently small
autocorrelations for the analyzed gradient flow observables.
Thermalization of the Markov chains was decided based on
gradient flow scale measurements (cf. Sec. III C) on each
configuration. For open BC ensembles, all measurements
were performed within their respective bulk, which we
define by the time slices [~ — £ .- +£], unless indicated

2a a’2a
otherwise.

The analysis presented consists of two main types of
measurements: purely gluonic measurements based on the
energy density and vector correlator measurements. For the
gluonic measurements, every second available configura-
tion was used to further reduce correlations. The fermionic
measurements were performed on consecutive configura-
tions. The last two columns of Table I show the sample
sizes for both gluonic and fermionic measurements. For
the fermionic measurements, we employed Mobius [13]
domain-wall [14,15] fermions with parameters b = 1.5
and ¢ = 0.5. The length of the fifth dimension, which
controls residual chiral-symmetry-breaking effects, was set
to L, = 12 for all quenched ensembles. We verified that the
residual chiral-symmetry-breaking effects are small even
for the finest lattice ensemble by evaluating the correlators
at f = 3.4 also with L; = 24. All observed variations were
sub-per-mille.

In our analysis, we use four dynamical ensembles that
were generated using the Iwasaki gauge action and Mobius
domain-wall fermion sea quarks. These ensembles employ
N; =2+ 1 sea quark flavors, with lattice spacings ranging
from a=' % 1.73 to 3.53 GeV. A detailed description of
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TABLE II

List of dynamical ensembles with simulation parameters. The ensembles were generated using the Iwasaki gauge action

and Mobius domain-wall fermion sea quarks with 2 + 1 flavors. The columns represent the ensemble identifier (ID), the inverse lattice
spacing (a~!'/GeV), the gradient flow scales (y/7y/a and wy/a), the lattice dimensions (L* x T x L/a*), the BCs, the number of
considered gauge field configurations (N,), and the pion and kaon masses (M, and M) in MeV. For these dynamical ensembles, the
number of gluonic and fermionic measurements is identical and is, therefore, summarized in a single variable N,

ID a~'/GeV Vio/a wo/a L’xTxL,/a* BC Nt M ,/MeV My /MeV
4 1.7312(28) 1.2880(09) 1.4758(20) 243 x 48 x 24 Periodic 104 274.8(2.5) 530.1(3.1)
9 2.3549(49) 1.7335(09) 2.0206(20) 323 x 64 x 12 Periodic 141 278.79(62) 530.98(75)
F 2.6920(67) 1.9907(04) 2.3583(08) 483 x 96 x 12 Periodic 20 283.2(1.0) 519.3(1.4)
E 3.53(01) 2.5678(28) 3.0254(76) 483 x 192 x 12 Open 40 289.5(2.1) 540.0(2.5)
ensemble 4 can be found in [16], while the other ensembles |S | — ~(z)

were produced with similar codes. Table II provides an Cov(fa fp) = | S| Z(f « = a)<f = fp)- (19)

overview of the dynamical ensembles, along with their
properties.

B. Statistical and systematic errors

To obtain statistical error estimates on the measured
observables, we rely on a modified version of the jackknife
method. For n different observables O; withi = 1, ....n, we
consider the sample means

0, = m Zo (14)

T€S

where S denotes a selection of thermalized Markov times .
The covariance of two such observables O; and O; may be
estimated using

Cov(0:,0)) = —— _(0F - 0. (15)
lTGS
Consider now a function
j_ra:fa(olv '-7011)’ (16)

for which we also wish to estimate the corresponding
covariance. The standard jackknife estimation procedure
consists of computing the single-elimination jackknife
average defined according to

1 _ - 1 _
(1S|0;=07) = 0i+|S|—_1(0i—0f)» (17)

AP _

CTlsi-i
and correspondingly
7O = 0. 0. (18)

The jackknife estimate for the covariance between f, and
fp 1s subsequently given by

T€S

This method assumes that the Markov time selection S is
chosen in such a way that all data are uncorrelated. In
practice, however, this is often not the case. One way to
remedy this is by employing a binning procedure and
studying the covariances as a function of the bin size m to
identify a plateau for large m. Incorporating the binning of
the data with the jackknife average definition in a single
step allows to define the m-elimination jackknife average

o (50,3
Oi - |S‘0l_ Oi
5o \S10 = 2

- 1

= 0i+ 1572 <m('),-—kzm;ofk). (20)

This can be used to compute 5™ and subsequently the
jackknife estimate for the covariance. However, this pro-
cedure requires prior knowledge of the appropriate bin size
to ensure data independence, as correlations between
subsequent measurements vary by observable. To address
this, we reconstruct the m-elimination jackknife sample
using the formula

1
+O<<|S| “1(s] —m>>' @

This approach allows us to delay the binning in the

..... )

jackknife method and compute ]_”

the unbinned f&”. Consequently, only unbinned jackknife
samples need to be stored, which enables us to study
autocorrelations using the reconstructed binned jackknife
sample.

Next, we briefly discuss the treatment of systematic
errors in our analysis. These errors arise from external
inputs, modeling assumptions, or computational methods.

directly from
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TABLE III.

Binning study for the gradient flow scales /7;/a and wy/a for each quenched ensemble. The table columns show the

inverse coupling (f), the rescaled standard deviations of the gradient flow scales [6},(+/7o/a) and 6, (wy/a)] for bin sizes b = 1, 2, 4, 8,
the lattice volume (L? x T/a*), and the BCs. The standard deviations were scaled by a factor of 10* and the values chosen for the
analysis, such as those given in Table I, are indicated with a star. The maximum bin size for the study was chosen such that the binned
samples contained at least 25 entries, ensuring a sufficiently small error in the estimated uncertainties.

op(\/To/a) x 10* o,(wy/a) x 10*

p b=1 b=2 b=4 b=28 b=1 b=2 b=4 b=28 L3XT/a4 BC
2.40 4.92% 5.21 5.55 5.41 6.75% 7.14 7.62 7.51 243 x 48 Periodic
2.45 7.10 7.98% 8.97 9.30 9.93 11.18% 12.56 13.67 43 x 48 Periodic
2.50 8.32 9.97% 10.21 10.46 11.87 14.14% 14.44 15.47 243 x 48 Periodic
2.55 10.12 10.92% 10.62 11.81 14.45 15.64% 15.32 16.98 243 x 48 Periodic
2.60 12.38 13.99 15.60% 15.40 18.42 21.07 23.55% 22.74 243 x 48 Periodic
2.65 16.50 19.61 19.69% 22.60 22.80 26.78 29.22% 32.87 243 x 48 Periodic
2.70 19.40 22.03 25.48% 25.27 26.83 30.74 35.79% 37.23 243 x 48 Periodic
2.75 24.63 29.75 33.58% 34.76 33.76 42.39 49 .48% 54.19 243 x 48 Periodic
2.80 22.19 27.57 33.15 35.21% 31.45 39.37 48.01 52.39% 243 x 48 Periodic
2.80 30.74 35.20 39.83 39.24% 43.75 51.24 59.06 58.42% 243 x 96 Open
2.85 41.94 51.30 60.40 57.63% 57.85 72.03 84.25 81.88%  24% %96 Open
2.90 44.61 52.96 61.25 70.65% 60.41 72.33 82.31 90.19% 43 x 96 Open
2.95 56.26 69.87 81.01 89.35% 78.37 97.61 112.45 127.77% 43 x 96 Open
3.00 69.22 84.41 94.77 96.74% 100.13 125.37 140.99 142.14% 243 % 96 Open
3.05 87.31 109.82 130.14 142.98%  128.27 163.95 194.79 216.61%x 243 x 96 Open
3.10 99.96 124.01 150.85 159.65% 137.75 171.54 212.56 228.42% 243 x 96 Open
3.15 140.07 177.77 220.03 275.18% 206.32 263.96 330.91 415.67% 243 x 96 Open
3.00 46.18 55.94 62.92 73.93% 64.53 79.90 93.10 107.71% 323 x 96 Open
3.15 84.86 104.89 121.76 127.76% 112.30 141.04 159.28 174.79% 323 x 96 Open
3.20 96.97 127.19 159.88 209.15% 139.12 182.97 235.70 298.83% 323 x 96 Open
3.40 85.56 105.15 135.34 165.79% 118.44 152.32 199.00 244 945 483 x 192 Open

Given that their values are much smaller compared to the
sample means, we assume that derived quantities can be
linearized for sufficiently small deviations from the mean.
To propagate systematic errors to a function dependent on
these means, we use the following approach for each
systematic error: compute the function at the mean plus
the systematic error, then compute the quadratic difference
between this result and the function evaluated at the mean.
This quadratic difference is treated as the variance, assum-
ing that systematic errors are symmetrically distributed
around the mean. A given estimate of a derived quantity
may involve multiple systematic errors, either propagated
from quantities it depends on or arising at the current
computational step. These systematic errors are treated as
independent and are, therefore, combined in quadrature to
yield the total systematic error.

When quoting results, we present the mean value
followed by two parentheses: the first contains the stat-
istical error and the second contains the total systematic
error. The total variance, obtained by summing the stat-
istical and systematic variances in quadrature, is used for
error bars in plots unless explicitly stated otherwise.
Numerical results, however, are quoted with the errors
presented separately.

C. Scale setting

The scale in this analysis is set using the gradient flow
scales 7y and w,. The scale f#, is defined [12] by the
condition

£E®1)] -, = 03,

where E(t) denotes the Wilson flow smeared energy
density at flow time ¢. Similarly, the scale wy is defined
by the condition [17]

(22)

L RED)) g = 03, (23)

We calculate the energy density E(¢) on the lattice using the
cloverleaf definition, as follows:

2|A| Z Z tr |:Fc10ver Fclover(x)} ) (24)

xeEA u<v

E(t) = -

where A denotes the set of sites of the lattice under
consideration, |A| the number of grid sites, and

Felover(x) = A, (x) — Aju(x). Here, A, (x) is the average
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a?

2
1.010 - fE)=cotat
HH 243 x 48, periodic BC
1.005 4 HH 243 x 96, open BC
HH 323 x 96, open BC
1.000 1 HH 48 x 192, open BC
°
=
§ 0.995
0.990
0.985
0.980 I

0.0 0.1 0.2

0.3 0.4 0.5 0.6

a*/t

FIG. 1. Continuum extrapolation of /7y/w, with the linear fit model f(a®/ty) = co + c,a*/t,.

of the oriented plaquettes in the u — v plane centered at
lattice site x,

(U/w(x> +U,y (x) + U_y (x) + Uy (x))
(25)

1
A/w(x> - Z

The plaquette U, (x) is constructed as

U () = U, () U, (x + i) U, (x + afe + ab)U__ (x-+ ad).

(26)

where U, (x) are the gauge link variables on the lattice,
and the inverse link variable is defined as U_,(x) =

Uj(x — af). For ensembles with open BC, the lattice site
averaging is restricted to the bulk.

We noted above that the thermalization of Markov chains
was determined based on the gradient flow scales. For this
purpose, a modified version of the scales was used, where
the statistical average over the energy density was replaced
by the energy density of a single configuration at each
Markov time. These quantities exhibit particularly slow
Markov modes compared to other observables considered
in this work.

The third and fourth columns of Table I show the
determined estimates of /7y/a and wy/a for the quenched
ensembles. For ensembles marked with an (*), the binning
study for the scale quantities did not convincingly con-
verge, cf. Table III. Specifically, these ensembles include
the ensembles at f =3.15 with a lattice volume of
24 x 96, f = 3.2 with a lattice volume of 32° x 96, and
S = 3.4 with a lattice volume of 483 x 192. This observa-
tion is based on a binning analysis, where the maximum bin
size for each ensemble was chosen such that the binned
samples had a size of at least 25 to ensure a sufficiently
small error on the error. All subsequent binning studies
mentioned in this work were performed in the same

manner. However, this observation does not impact sub-
sequent parts of this work, as the delayed binning in the
jackknife can be applied separately for derived quantities
depending on the flow scale. For such derived quantities,
the delayed binning study did not indicate residual auto-
correlations, such that the observation only limits the
precision with which we can quote the scale quantities.
In Fig. 1, we illustrate the continuum extrapolation of the
dimensionless ratio /7y/wy as a function of a?/1, using a
linear model

2 2
f(j—) :Co+016:—0- (27)

0

As a®/t, approaches zero, the extrapolated value of
V/1o/wy converges to a finite continuum limit. For the
inverse coupling f = 2.8, the open BC measurements were
considered, while for f = 3.0 and = 3.15, we used the
ensembles with larger lattice volumes. The data show that
the lattice effects appear to be of order a® over the full range
of considered quenched ensembles. To determine the lattice
spacing a, we rely on the gradient flow scale #,. We use the
following external input from [10-12] to set the physical

value of /%j:
V1o = 0.1638(10) fm. (28)

While this choice defines how we translate dimensionful
quantities, such as the muon mass, to dimensionless units in
the quenched world, our final results are corrected to
include dynamical sea quarks and are independent of this
choice. Note that one may use the central value of /7,
without uncertainty as the definition of physical distance
for our intermediate quenched world.

In Fig. 2, we present an interpolation of a~'/GeV
derived from /7, versus f. The f values range from 2.4
to 3.4. For f = 2.8, we used the open BC data, and for
p=30 and p=3.15, we used the large-volume
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6 f(B) =co+c1B+c2B%+ 38
T 243 x 48, periodic BC
T 243 x 96, open BC
57 T 323 %096, open BC
I 48 x 192, open BC
>
O 44
=~
IG
3 -
2 -

24

2.6

3.0 3.2 3.4
B

FIG. 2. Interpolation of a~!/GeV derived from /7, versus f3 using the cubic fit model f(f) = co + ¢ 1 + c2ff* + c3p°.

0.70

>
>
>

uﬁHﬁHﬁ

=== M; =780 MeV
I mlov, 243 x 48, periodic BC
B om4 243 x 48, periodic BC
L mbieh 243 % 48, periodic BC
mov, 243 x 96, open BC
m™d, 243 % 96, open BC
A mbish 243 x 96, open BC
TTT T mlov, 329 % 96, open BC
ko ommid) 323 x 96, open BC
A mbieh 323 x 96, open BC
I mlov, 48% x 192, open BC
F o m®id48% x 192, open BC
£ mbih 483 x 192, open BC
X m}

FIG. 3.

2.4 2.6

2.8

Pion masses for three different bare quark masses, m

3.0 3.2 3.4 3.6
B8

- high
low " mmid and m,'®", calculated for each quenched ensemble e. We note

that for ensembles with the same inverse coupling f, the data points were shifted slightly to enhance visibility. The quark masses were
selected such that a single physical pion mass of M = 780 MeV could be chosen to lie within the ranges defined by these three quark
masses across all 21 ensembles. The plot demonstrates the consistency of the physical pion masses obtained from the quadratically

interpolated pion correlators at quark masses m; with M.

ensembles. The interpolation is performed using a cubic fit
model of the form

f(B) = co+ c1f+ cof* + c3/°,

with fitted parameters co = —13.143(12), ¢, = 15.8718(62),
¢y = —6.5925(22), and ¢3 = 1.0555(18). The p-value of
the fit is approximately 0.38.

(29)

D. Mass interpolation

Although we expect short-distance correlators to be
largely insensitive to the quark mass [16], we aimed to
compute the short-distance hadronic vacuum polarization
at the same physical mass point across ensembles with
different lattice spacings to minimize any potential mass
effects. To achieve this, we calculated pion correlators for
three different bare quark masses, m!°%, m™d, and m"e"
each quenched ensemble e

, for
and determined the

corresponding pion masses in physical units, see Fig. 3.
The quark masses were selected such that a single physical
pion mass M} could be chosen to lie within the ranges
defined by the three quark masses for all of the 21
ensembles. This specified physical pion mass was then
used to identify the quark mass m) for each quenched
ensemble, corresponding to the physical pion mass for that
ensemble, via quadratic interpolation. For the given
quenched ensembles, we defined the mass point by the
physical pion mass of

M} =780 MeV. (30)
We explicitly note that selecting the pion mass involves
a careful balance between finite volume effects and
mass effects for aED. Specifically, the chosen value for

M, ensures that M,L = 4 for all considered ensembles.
Based on previous studies [16], mass effects are expected to
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be small. The resulting quark masses m allowed us to
quadratically interpolate the pion and vector correlation
functions for each ensemble to the same mass point. To
account for systematic errors associated with the quadratic
interpolation, we performed an additional linear interpola-
tion to M using the data from the two nearest pion masses
for each ensemble. The systematic error on the correlators
from this step was determined as the square root of the
quadratic difference between the results of the linear and
quadratic interpolations. This error is included as part of
the total systematic error, which is combined in quadrature,
as described in Sec. III B. We emphasize that there is
flexibility in choosing the quantity used to define the same
physical mass point for all ensembles. Instead of the
physical pion mass M}, we could also have used dimen-
sionless combinations, such as /7M.

As a cross-check to test the sensibility of interpolating
correlators, as described above, we determined the physical
mass of the interpolated pion correlators and verified
whether it matched M} =780 MeV. As shown in
Fig. 3, we were able to retrieve the original mass for all
quenched ensembles within the margin of error. We note
that the relatively smaller error bars on the pion masses
obtained from the interpolated correlation functions arise
due to anticorrelations in the bare quark mass m}. These
anticorrelations emerge because the jackknife samples of
the pion masses are all interpolated to the same fixed
physical mass point M}, reducing statistical fluctuations in
the final result.

E. Blinding procedure

Before the final datasets were generated, a blinding
procedure was put in place. Each author performed a
separate analysis with a common blinding factor applied
to the correlators. The blinding factor was produced by a
noninvertible hash function that was known to one of the
authors. The blinding factors themselves were not known to
the authors. After cross-checks were performed between
the two analyses in a blinded manner, the result was fully
unblinded by evaluating the hash function in a Zoom
meeting on July 22, 2024.

F. Local- and conserved-current correlators

In our analysis, we consider the local lattice vector
correlator J, [Eq. (4)], which we will refer to as J,ll
hereafter, as well as the conserved lattice vector current
Jy;, as defined in [18]. We study the correlators

1

CH) =33 D WENO). (D)

X j=0.12

considering their local-local (C") and local-conserved
(C™) versions. For both the quenched and dynamical
ensembles, we consider the up and down quark-connected

contributions to the correlators in the isospin-symmetric
limit. For the dynamical correlators, an all-mode-averaging
procedure [19-22] is applied. In case of C!, we use a

numerically cheaper but less precise estimator, C?loppy. We
1l

sloppy USINg a single source
position for each sample element and then add this differ-

ence to our full statistics estimator of C}Slloppy, which uses

multiple sources, to obtain an estimate for cl Similarly, we
take advantage of the high correlations between the local-
local and local-conserved correlators for a specific source
position. To estimate C'°, we first evaluate a sloppy estimator

; lc 1l
by calculating Cg,,,. — Cyoppy for a few correlated source

positions and adding the full statistics of the computationally

cheaper estimator of C!} Subsequently, the difference

sloppy
lc lC . . . ..
cc - sloppy 18 computed using a single source position for

each sample element and added to the sloppy estimate. (The
second analysis group used the ratio C'/C" with smaller
statistics combined with the full statistics estimator of C'" to
construct the C' estimator.)

To determine the renormalization factor Zy,, we extract
the constant from the ratio C’*/C", which is expected to
converge to a plateau for large enough source-sink sepa-
rations. At the high pion masses used for the quenched
ensembles, the vector state is stable, justifying the
assumption of a plateau. For dynamical ensembles, we
also compute an all-mode-average estimator for the latter
quantity. The numerator C'* is estimated using a sloppy full
statistics estimator, which is then corrected by the differ-
ence between C' and the sloppy estimator computed for a
few point sources. We estimate the denominator C!! using

the difference C"' — CYj,,,.., with the full statistics estimator

Clioppy Testricted to the source positions from which the

numerator C'° is computed.

For quenched ensembles with periodic BC, each corre-
lator was estimated using three Z, wall sources at lattice
time 0. For quenched ensembles with open BC, the
correlators were estimated using three such sources located
at T/2a, except for the ensemble with # = 3.0 and a lattice
volume of 323 x 96. For this ensemble, additional corre-
lator measurements were performed at the beginning of the
bulk to ensure enough time slices were available for reliable
fits. For all ensembles, the correlators were folded by
keeping the source-sink separation ¢ = O fixed and averag-
ing the time slices t and T/a —t fort =1, ...,T/2a — 1.
For quenched periodic BC ensembles, we use a constant
fit Ansatz

compute the difference C"' — C

Zy(1) =Zy (32)

with fit parameter Zy. To determine the starting time slice
of the fit range, we employ an extrapolation-based criterion
to ensure that the fit function accurately models the data.
We begin with small initial time slices and perform a fit to
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FIG. 4. Plateau fit of the ratio C'*(¢)/C"(¢) using the model Zy (¢) = Zy + pje~P2". This is shown for the quenched # = 3.4 ensemble

with a lattice volume of 483 x 192.

the data over the selected range. Using this fit, the model
value is extrapolated from the smallest time slice in the fit
range to the next smaller time slice, which is not included in
the fit. If the extrapolated value lies within approximately
1o of the actual data point at that time slice, the fit range is
considered valid. This process is repeated with incremen-
tally larger initial time slices until the 1o criterion is
satisfied. The initial time slice of the largest fit range
meeting this criterion is then used for the analysis.

The final time slice of the fit range is determined based
on the availability of data. For periodic BC, it corresponds
to the last available time slice of the folded correlator, while
for open BC, it is limited by the bulk definition described in
Sec. III A. If the fit prediction for the last time slice deviates
by more than 1o from the actual data point, the final time
slice is adjusted to an earlier value until agreement within
lo is achieved. Our choice of the final time slice is
motivated by the possibility for lattice correlators to exhibit
non-Gaussian statistical fluctuations at large time separa-
tions. To address this, we limit the maximum fit range, as
described. Additionally, a second analysis group conducted
the same analysis without imposing a specific criterion on
the final time slice and obtained consistent results, further
underscoring the robustness of our conclusions. For open
BC quenched ensembles with a lattice volume of 247 x 96,
we also consider a constant fit model. For quenched open
BC ensembles with lattice volumes of 32° x 96 and
483 x 192, the fit range was limited by the bulk definition,
prompting the use of a three-parameter fit model,

Zy(t) =Zy + pre™, (33)

with fit parameters Zy, p;, and p,. This choice allowed for
an extended fit range compared to the constant fit. An
exemplary fit for f = 3.4 is shown in Fig. 4. To determine
the normalization factors for the dynamical ensembles, we
use a constant fit model, as the lattice volumes are
sufficiently large to allow for this approach. The starting
time slice of the fit range is chosen using the same
extrapolation criterion as described above. However, due
to increasing statistical noise at larger time slices, the final
time slice is chosen such that the signal-to-noise ratio of the
folded correlator remains larger than 10.

In Tables IV and V, we list the extracted normalization
factors Zy, for the quenched and dynamical ensembles. The
relative errors on Zy are all smaller than 1 per mille, except
for dynamical ensemble 4, where the relative error is
slightly larger at 1.2 per mille. For the f = 3.4 ensemble
shown in Fig. 4, the relative error is as small as 0.1 per mille.
The vector correlators C” and C are renormalized by
multiplying them with a factor of Z% and Zy, respectively.
In the following discussions, we always consider the
renormalized versions of the vector correlators.

G. Short-distance window a3

To compute the short-distance window of the leading
order HVP agD, we need to evaluate the weighted sums

a;>" =Y " Cl(twsP, (34)
t=0

where we introduced
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TABLE IV. Normalization factors Z,, for quenched ensembles.
The table presents the inverse coupling (f), the extracted
normalization factor (Zy), the lattice dimensions (L> x T/a®),
and the BCs.

p Zy L3xT/a* BC
2.40 0.73849(55) 243 x 48 Periodic
245 0.75470(35) 243 x 48 Periodic
2.50 0.77212(57) 243 x 48 Periodic
2.55 0.78712(48) 243 x 48 Periodic
2.60 0.80160(29) 243 x 48 Periodic
2.65 0.81645(17) 243 x 48 Periodic
2.70 0.82967(19) 243 x 48 Periodic
2.75 0.84413(26) 243 x 48 Periodic
2.80 0.85646(16) 243 x 48 Periodic
2.80 0.85689(17) 243 x 96 Open
2.85 0.86918(17) 243 x 96 Open
2.90 0.88155(17) 243 x 96 Open
2.95 0.89367(17) 243 x 96 Open
3.00 0.90544(17) 243 x 96 Open
3.05 0.91713(16) 243 x 96 Open
3.10 0.92848(11) 243 x 96 Open
3.15 0.93953(15) 243 x 96 Open
3.00 0.90565(14) 323 x 96 Open
3.15 0.93958(12) 323 x 96 Open
3.20 0.95075(56) 323 x 96 Open
3.40 0.992523(72) 483 x 192 Open

TABLE V. Normalization factors Zy for dynamical ensembles.
The table lists the ensemble ID, the extracted normalization factor
(Zy), the lattice dimensions (L3 x T x L,/a*), and the BCs.

ID Zy L3xTxL,/a* BC

4 0.6999(12) 243 x 48 x 24 Periodic
9 0.73948(51) 323 x 64 x 12 Periodic
F 0.75735(88) 483 x 96 x 12 Periodic
E 0.79165(64) 483 x 192 x 12 Open

wil =w,[1 = 0(t,ty = 0.4 fm, A = 0.15 fm)]  (35)

and C'(t) denotes the renormalized vector correlators with
ie{ll,1c}. Additionally, we compute the same quantity
with wiP replaced by WPP, which relies on the alternative
weight definition from Eq. (8). The integrals in the weight
computation are evaluated numerically. For the physical
muon mass and fine structure constant, we considered the
values provided in [23],

m, = 0.1056583755(23) GeV,
and o = 0.0072973525693(11). (36)

Due to the finite temporal extent and bulk sizes of our
lattices, a cutoff 7, is introduced in the weighted sum to
study the resulting limitations,

Imax

A (1) = Y CH(OWSP. (37)

t=0

For periodic BC ensembles, the maximum time slice
included in the sum £, is set to half the temporal lattice
extent. In case of ensembles with open BC, the maximum
time slice is determined by the bulk region. An exception to
this rule applies to the open BC ensembles with a lattice
volume of 32° x 96. For # = 3.0 and 8 = 3.15, the cumu-
lative sums are directly compared with their small-volume
counterparts (see Fig. 5). Since no boundary effects are
observable when comparing the volumes, we set the maxi-
mum time slice for the large volumes to the same value as for
the smaller volumes. In the case of f = 3.2, no small-volume
counterpart exists, so we choose £5,,,, such that the physical
size of the bulk is the same or smaller as for the large volume
atff = 3.15. To account for the systematics introduced by the
cutoff choice, we include an additional systematic error,
calculated as the absolute difference between ;" (15, ) and
its value evaluated five time slices earlier.

IV. CONTINUUM LIMIT OF THE
SHORT-DISTANCE WINDOW aED

The main goal of this work is to compute the continuum
limit of the short-distance contribution a," to the leading-
order HVP a,. To achieve this, we rely on the expectation
that discretization effects in both dynamical and quenched
simulations are similar, and that the short-distance window
is mostly insensitive to variations in quark masses [16]. We
propose performing a precise continuum limit using numer-
ous quenched ensembles to get a quenched approximation of

the short-distance contribution azD’q. The parameters deter-
mined from this study will then be used as a prior to constrain
the parameters of a separate dynamical continuum extrapo-

lation. The advantage of this approach is that the quenched
. . . Squ
ensembles necessary to obtain a precise estimate of a,  are
computationally inexpensive compared to the correspond-
ing dynamical estimates. The estimate of a3 can be
determined by employing only a small number of expensive
dynamical ensembles, matched with their quenched coun-

terparts in terms of scale.

A. Quenched approximation

We start by discussing the continuum limit of the up and

down quark-connected contributions to aﬁD‘q. The con-

. . SD.q.i .
tinuum extrapolations of a, ' are performed using

separate fits for i€ {1l,1c} and for the weights w, and
w,. Quantities determined with W, are indicated with a hat.
As described in Sec. III A, there are 21 independent data
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FIG. 5. Exemplary representation of the blinded weighted sums ay>"*"4d (s ) computed with the weights w, for # = 3.15 with

lattice volume 243 x 96 and for # = 3.15 and = 3.2 with lattice volume 323 x 96. The chosen cutoffs 75, are indicated with dashed
lines. One the left, the blinded local-local measurements (i = 1l) are shown. On the right, the blinded local-conserved measurements
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FIG. 6. Comparison of the aj>**"™* estimates between the

periodic BC and open BC ensembles at f = 2.8, computed using
the weights w;, and W, for both local-local (11) and local-conserved
(Ic) correlators.

points available for both local-local and local-conserved
measurements, respectively. For the inverse couplings
p =228, 3.0, 3.15, we choose to only include the mea-
surements corresponding to the larger lattice volume,
reducing the number to 18. At f = 2.80, two ensembles
with identical parameters, differing only in 7/a and the
boundary conditions, are available. To validate the chosen

bulk region for ensembles with open BC, we compared the

SD,g,blinded
computed values of @, """ for these two ensembles. As

shown in Fig. 6, the results are compatible within uncer-
tainties, indicating that the boundary conditions have no
significant effect on our results. In Table VI, we show the
results of a binning study for the finest ensembles (f = 3.4)
to demonstrate that the autocorrelations are under control.

For the continuum extrapolation, we consider the fol-
lowing four fit Ansdtze:

fi(a®) = Al + Ala® + Aa®, (38a)

f5(a®) = Bl + Bia® + Bia* + Bia*loga®,  (38b)

fi(a®) = Ci+ Cia®> + Cia* log a®, (38c¢)

fi(a®) = Di + Dia* + Dia* + Dia®, (38d)
which are considered with fit parameters A?, B, C, D, and
i€{ll,Ic}. The models f% and f%, represent pure poly-
nomial fit Ansctze, while f4 and f%. incorporate a loga-
rithmic term. An overview of all found y2-function minima
x% and the corresponding p-values is provided in Fig. 7,
with the continuum results displayed in Fig. 8. Upon
analyzing the blinded fit results, we observe a poor fit
quality for f,, as displayed in Fig. 9. This is indicated by
the corresponding p-values: pli, pi¢ pli. and pI, all of
which evaluate roughly to zero. Furthermore, we find a
tension between the blinded local-local and local-con-
served predictions, as well as between the values computed
with w, and those computed with Ww,. In contrast, the
blinded fit results for the model f%, shown in Fig. 10,
exhibit a significantly better quality, as can be quantified
by higher p-values: pit ~0.38, pl ~0.21, pl ~0.33, and
f?ﬂg ~(0.18. Additionally, all continuum results for this
model Ansatz agree within the error margins. The fit
models f% and f%, yield p-values that fall between those
of models f% and f%, with fi, demonstrating better fit
quality between the two. The corresponding fits are
visualized in Fig. 11 for f% and in Fig. 12 for f%,.
However, the continuum results from f ;) are not consistent,
whereas those from f%. are. These observations suggest that
including a logarithmic term is necessary to obtain con-
sistent results for both local-local and local-conserved
estimates. This confirms the expectation of a large loga-
rithmic dependence, which without additional subtraction
is even present at tree level [24-27].

To obtain an estimate for a,” 4", we employ a model
averaging procedure. For this, we assign the following
probability to each model M:
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TABLE VI. Binning study for the short-distance contribution to
the HVP aﬁD’q'H computed on the local-local vector correlator in
the quenched approximation. The table columns show the

rescaled standard deviations o}, (aﬁD‘q"”) for the f# = 3.4 ensemble
with a lattice volume of 483 x 96 at bin sizes b = 1, 2, 4, 8. The
standard deviations were scaled by a factor of 10! and the value
chosen for the analysis is indicated with a star. The maximum bin
size for the study was chosen such that the binned samples
contained at least 25 entries, ensuring a sufficiently small error in
the estimated uncertainties.

b=1 b=2 b=4 b=8
(a2 x 101 1.12 1.17% 1.29 1.27
—AIC,, /2

- Yo exp(=AIC,,/2)’

where AIC,, denotes the value of the Akaike information
criterion [28] for model M, with

AIC = 2k + y3, (40)
and k represents the number of independent model param-
eters. This criterion rewards fit quality while penalizing a
large number of parameters. Subsequently, we compute the
model average for a fit parameter p as

p =2 P(M)py, (41)

where p,, is the determined fit parameter for fit model M.
The systematic variance for the model averaging is
given by

> P(M)(py = p)*. (42)

Using this approach, our blinded result for the quenched
approximation of the up and down quark-connected con-
tribution to a3P is thus given by
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FIG. 7. Overview of the computed y*-function minima y3 (left) and p-values (right) for a;>**"™’, The fit models used for both
weights w, and W, are f, f%, ft, and fi), as defined in Eqs. (38a) to (38d). Fit results based on W, are indicated by a hat.
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, indicated by f, with the estimates obtained from the quenched continuum

extrapolations. The fit models used for both weights w, and W, are %, f%, fi., and fi, as defined in Eqgs. (38a) to (38d). Fit results based
on w, are indicated by a hat. The inner error bar for the model average f represents the statistical error, while the outer error bar shows the
total error, which includes both statistical and systematic contributions.
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FIG.9. Continuum extrapolations of aﬁD‘q computed with w, and W, using the polynomial fit model f% (a?) from Eq. (38a). The model

fit based on the W, is denoted by ' (a2). On the left, we show the fits of the blinded local-local measurements, i.e., i = 11. On the right,
we display the fits of the blinded local-conserved measurements with i = lc.
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FIG. 10. Continuum extrapolations of aﬁD’q computed with w, and W, using the polynomial fit model f%(a?) from Eq. (38b), including
a logarithmic term. The model fit based on the W, is denoted by ﬂ; (a?). On the left, we show the fits of the blinded local-local
measurements, i.e., i = 1. On the right, we display the fits of the blinded local-conserved measurements with i = Ic. We stress that the
agreement in the continuum limit between the local-local and local-conserved extrapolations is not enforced in the fit but is rather used
as a check of consistency.

ai>aPinded — 93 50(23)(36) x 10710, (43) a3 aPindedCUT _ 93 77(16)(24) x 10710, (44)
As described at the end of Sec. III B, the value in the first
parenthesis represents the statistical error, while the value in
the second parenthesis denotes the total systematic error,
which is dominated by the contribution from the systematic
error arising in the model averaging procedure. In Fig. 8§,

the model average is compared to the estimates for

aiP 4P from the individual fits. We intentionally quote
the blinded result at this stage to emphasize that the analysis
was performed without introducing unintended bias, par-
ticularly for the dynamical results where the value from
previous studies is known. To further test the robustness of
the fits and the model-averaging procedure, we performed
an additional analysis by excluding the coarsest two lattice
spacings (f = 2.4 and 2.45) from the dataset. Repeating the
quenched analysis under this constraint yields the result

This result is consistent with the original blinded result,
demonstrating that the systematic uncertainties arising from
the model averaging procedure remain robust with respect
to cuts in the lattice spacing.

B. Dynamical estimate

As already mentioned in Sec. III C, the scale for our
intermediate quenched world does not describe the real
physical world. However, since we want to use the
quenched results as input for the dynamical continuum
limit, the scale of the quenched simulations has to be
matched with the dynamical scale, which includes sea
quark effects. We optimize the matching by aligning the
contribution of C(t)w, at t/a = 2 to a;", which effectively
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FIG. 11. Continuum extrapolations of a,S,D’q computed with w, and W, using the polynomial fit model f ic(az) from Eq. (38c), including
a logarithmic term. The model fit based on the W, is denoted by ﬂ; (a?). On the left, we show the fits of the blinded local-local
measurements, i.e., i = 1. On the right, we display the fits of the blinded local-conserved measurements with i = Ic. We stress that the
agreement in the continuum limit between the local-local and local-conserved extrapolations is not enforced in the fit but is rather used

as a check of consistency.
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FIG. 12. Continuum extrapolations of aED‘q computed with w, and W, using the polynomial fit model fiD(az) from Eq. (38d). The

model fit based on the W, is denoted by 7% (a2). On the left, we show the fits of the blinded local-local measurements, i.e., i = 11. On the
right, we display the fits of the blinded local-conserved measurements with i = Ic.

ensures the matching of the other short-distance time slices
as well. This is achieved by rescaling the quenched scale

\/13 to match the dynamical scale

also appropriately rescaled. We refer to the rescaled
quenched scale as \/% . A comparison of the aED summand
C(t)w, with t/a = 2 for the three scales is displayed in
Fig. 13. This comparison indicates that the primary
summands contributing to the short-distance contribution
approach the continuum limit in a comparable fashion.
Consequently, the model parameters describing the scale
dependence for both the dynamical and quenched con-
tinuum extrapolations are expected to be similar.
Considering that only four dynamical ensembles (see
Table II) are included in this study, we are restricted to
fitting models with three parameters: f, and f.. Both
models produce reasonable p-values ranging from 0.3 to

\/%. The muon mass is

0.6, though the parameter variances are approximately 10%
and the continuum results exhibit a spread. The continuum
extrapolations for models f, and f. are presented in
Fig. 14, while Fig. 15 provides an overview of the y’-
function minima ;(% and p-values. The continuum values
and the AIC model average f are illustrated in Fig. 16.
When comparing the second and the third model param-

eters for the fits using the quenched scale \/g, the rescaled

quenched scale \/tT , and the dynamical scale \/t‘d, we

found that these parameters agreed best when using the
multiplicative fit Ansditze,
g\ (a?) = Aj(1 + Ala* + Aba*), (45a)

g-(a®) = Ci(1 + Cia® + Cia*loga®),  (45b)

114517-14



HIGH-PRECISION CONTINUUM LIMIT STUDY OF THE HVP ...

PHYS. REV. D 111, 114517 (2025)

x10~°

x10~°
tod T own vl T own V@ * o dl Fown v F o V2
TounyE T oani : I ounyB T ooy
104 I e Vi I i VG _— o4 Foeevd T oan V@
* * *
i F= I
084 = — S08 0
2 . * = + =% + %
* * 1] * *
50(}‘ **if *‘ 500 *§ ’i-“‘*
= * = * ®
304« **§*oi'*‘f 50‘44 *si *
¢+‘*’z-+‘*‘* R e i
0.2 PR a o *3 02 U s s *r+
+ -
# L
0.0 T T T T T 0.0 T T T T T
0.04 0.06 0.08 0.10 0.12 0.04 0.06 0.08 0.10 0.12
a/fm a/fn
FIG. 13. Comparison of the blinded aﬁD summand C(¢)w, for #/a = 2 between the dynamical ensembles with scale \/g and the

quenched ensembles with the quenched scale \/;g and the rescaled quenched scale \/tg. The summand is plotted versus the lattice
spacing « in fm for both weight definitions w, and W,. The left panel shows the local-local version, while the right panel displays the

local-conserved version.
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FIG. 14. Continuum extrapolations of the blinded 11 and Ic versions of aﬁD using the weights w, and w,. The left panel displays the fits
for the model £ (a?), as described in Eq. (38a), while the right panel shows the fits for the model f%.(a?) from Eq. (38c).
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FIG. 15. Overview of the computed y*-function minima ;((2) (left) and p-values (right) for a,%D’b“"ded. The fit models used for both
weights w, and W, are f and f%., as defined in Eqs. (38a) and (38c). Fit results based on W, are indicated by a hat.

where the match is not as precise, the parameters corre-
sponding to the rescaled scale are still more closely aligned
with the dynamical model parameters than with the original
quenched scale parameters. This insight motivates us to
constrain the parameters of the dynamical continuum
extrapolation with the parameters of the quenched fits
by adding the priors

instead of Eqs. (38a) to (38c). We remark that using ¢’
instead of f! amounts to a mere reparametrization of the
same discretization and yields the same continuum result.
Figure 17 shows that the quenched fit parameters for the

rescaled scale \/% are in good agreement with parameters

for the dynamical scale \/% in almost all cases. In cases
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extrapolations. The fit models used for both weights w, and W, are f, and f., as defined in Egs. (38a) and (38c). Fit results based on W,
are indicated by a hat. The inner error bar for the model average f represents the statistical error, while the outer error bar shows the total
error, which includes both statistical and systematic contributions.
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zq 2

YA g S (AC

= var(A k=

Cz lq

var(C}9) q (46)
to the respective y? functionals, where A;? and C;" denote
the parameters of the corresponding quenched simulations
with scale /7 and fit models g/, and gf..

We remark that the similarity between the quenched and
dynamical model parameters is to be expected, as the
difference of the discretization error between the quenched
and dynamical short-distance contribution a3° to the
anomalous magnetic moment is suppressed by two-loop
perturbative QCD effects. However, this suppression is not
the reason for constraining the dynamical fits, but rather
serves as additional confirmation of the observed agreement.
An overview of the y*-function minima y3 and p-values for
the constrained dynamical fits is provided in Fig. 18. The
errors on the constrained continuum results are reduced to

approximately the same order of magnitude as in the
quenched case, as expected, while still yielding p-values
greater than 0.1 for all but two fits: ¢! and ¢¢. This outcome
may be explained for these two cases by the above observed
discrepancy between the fit parameters for the dynamical
scale and the rescaled quenched scale, as shown in Fig. 17.
The constrained continuum extrapolations are shown in
Fig. 19. The visible spread between the continuum results
for the different discretizations and fit Ansdtze is used in the
AIC model averaging as an error estimate. Additionally, we
note that we also performed constrained dynamical fits
using the multiplicative model versions of fp and f)p,
defined as

Bi(1+ Bia®> + Bia* + Bia’loga®), (47a)

gp(a®) =

gn(a*) = Di(1 4+ Dia*> + Dia* + Dia®). (47b)
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FIG. 18. Overview of the computed y*-function minima ;((2) (left) and p-values (right) for a,%D’b“"ded. The fit models used for both
weights w, and W, are ¢, and g\, as defined in Egs. (45a) and (45b), with additional constraints on the second and third parameters using
priors. We denote the corresponding fits as gf',prior. Fit results based on W, are indicated by a hat.
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FIG. 19. Constrained continuum extrapolations of the blinded 1l and Ic versions of a3 using the weights w, and W,. The left panel
displays the fits for the model ¢/, (a?) [see Eq. (45a)] with priors, while the right panel shows the fits for the model gi-(a?) [see Eq. (45b)]
with priors. In both fits, the second and third parameters are constrained to the values of their quenched counterpart fits.
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FIG. 21. Comparison of our result with existing literature:
ETMC 2021 [32], yQCD 2022 [33], ETMC 2022 [29], RBC/
UKQCD 2023 [34], Mainz 2024 [30], and BMW 2024 [31]. The
inner error bars represent the statistical uncertainty, while the
outer error bars show the statistical and systematic uncertainties
added in quadrature.

These constrained fits are feasible in spite of the low number
of data points, as the inclusion of priors in the Bayesian
approach effectively adds data points. However, these
models yield vanishing p-values in our analysis and, there-
fore, do not contribute significantly to the model average.
Consequently, our model average for the constrained
dynamical fits comprises eight results, all of which are
displayed in Fig. 20.

After all checks were completed, we unblinded the
results on July 22. Finally, we need a correction from
the ~280 MeV pion mass of the dynamical ensembles used
in this work to the physical pion mass, which was
calculated for the RBC/UKQCD23 SD window in
Ref. [16],

AaP ™S = 0.41(4) x 10710, (48)

Our final unblinded result for the light-quark-connected
short-distance window in the isospin symmetric limit is

alt 108D — 47.62(0.32),,,(0.60),, X 10710, (49)

syst

V. CONCLUSIONS AND OUTLOOK

In this study, we computed the short-distance Euclidean
window of the hadronic vacuum polarization. To prevent
potential bias toward previously published results, we

employed a blinding procedure involving two independent
analysis groups. The focus of this work was on the
dominant quark-connected, light-quark, isospin-symmetric
contribution, scrutinizing its continuum limit from first-
principles lattice QCD without perturbative input. A
precise quenched study revealed the necessity of a
logarithmic dependency to obtain consistent continuum
results across different discretizations, in agreement with
the expectation [24-27]. We subsequently demonstrated
that these quenched parameter results could be used to
constrain the parameters of the corresponding dynamical
continuum extrapolations. Our result for the short-dis-

tance window ai**°P, derived from the model average
of these constrained continuum limits, is consistent with
recently published results that rely on perturbative input,
as shown in Fig. 21. However, our error estimate is
significantly larger compared to the results of [29-31].

There are many directions one may explore in future
work. For instance, one may include an additional dynami-
cal ensemble with a finer lattice spacing compared to the
currently available ones. This would allow us to achieve
higher precision and further scrutinize the continuum limit.
Additionally, one may systematically compare our results
against perturbative calculations. This would involve tun-
ing the lower cutoff of the short-distance window to ensure
a robust and detailed comparison.
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