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We present updated results for the wave function normalization constants and the first moments of the
light-cone distribution amplitudes for the lowest-lying baryon octet. The analysis is carried out on a large
number of nf ¼ 2þ 1 lattice gauge ensembles, including ensembles at physical pion (and kaon) masses.
These are spread across five different lattice spacings, enabling a controlled continuum limit. The main
differences with respect to our earlier work [G. S. Bali et al. (RQCD Collaboration), Light-cone distribution
amplitudes of octet baryons from lattice QCD, Eur. Phys. J. A 55, 116 (2019).] are the use of two-loop
conversion factors to an MS-like scheme and of an updated set of low-energy constants in the
parametrization of the quark mass dependence. As a byproduct, for the first time, the anomalous dimensions
for local leading-twist three-quark operators with one derivative are obtained.

DOI: 10.1103/PhysRevD.111.094517

I. INTRODUCTION

Light-cone distribution amplitudes (DAs) encode the
distribution of the longitudinal momentum amongst the
partons in the leading Fock states. They are probed in hard
exclusive reactions, which involve large momentum trans-
fer between the initial and final state hadron.
The evaluation of DAs from QCD is a challenging task,

as they are genuinely nonperturbative objects. One pos-
sibility is the calculation of moments of DAs in lattice QCD.
Results for the nucleon and hyperon DAs have been
presented in several papers, e.g., Refs. [1,2]. For more
recent discussions of other methods and the application to
nucleon form factors, see Refs. [3–9]. The results given in
Refs. [1,2] rely on the computation of hadronic matrix
elements of local three-quark operators, which have to be
renormalized. The standard renormalization procedure con-
sists of two steps: the nonperturbative renormalization in a
kind of momentum-subtraction scheme on the lattice is
followed by a perturbative conversion in the continuum to
an MS-like scheme, which is more appropriate for phe-
nomenological applications. Up to now, we had to limit
ourselves to one-loop accuracy in the second step, due to the

complexity of higher-loop calculations. However, it has
been observed that in several cases the perturbative expan-
sion of the (matrices of) conversion factors converges rather
slowly. Therefore, we reanalyze here the data presented in
Ref. [1] using two-loop conversion factors. For the oper-
ators without derivatives, these have been computed in
Ref. [10]. The extension of these computations to operators
with one derivative is part of the present paper. As a
byproduct, we obtain the anomalous dimensions for
twist-three three-quark operators with one derivative. In
addition, we take the opportunity to update the values of the
low-energy constants F0,mb,D, and F used in the analysis.
For our final results, see Tables IV and V.
The paper is organized as follows. In Sec. II, we collect

the relevant definitions, following Ref. [1]. In Sec. III, we
sketch the analysis of our data, in particular, we discuss the
changes in the renormalization procedure due to our two-
loop calculation of the conversion matrices. We present our
results in Sec. IV and compare them with the values
obtained in Ref. [1].
Further technical details are given in the appendices. In

Appendix A, we compile the three-quark operators used in
the lattice computations. The two-loop conversion matrices
for these operators are collected in Appendix B. Appendix C
is devoted to the relevant (continuum) anomalous dimen-
sions, in particular, we present the new two-loop contribu-
tion to the anomalous dimensions of twist-three operators
with one derivative. The explicit form of the two-loop
anomalous dimensions for our lattice operators with one
derivative can be found in Appendix D. A direct comparison
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of renormalization factors evaluated with the help of one-
loop and two-loop conversion factors is shown in
Appendix E.

II. THREE-QUARK DISTRIBUTION AMPLITUDES

Baryon DAs are defined as matrix elements of renor-
malized three-quark operators (we use the scheme proposed
in Ref. [11]) at lightlike separations,

h0j½fαða1nÞgβða2nÞhγða3nÞ�RjBp;λi

¼ 1

4

Z
½dx�e−ip·n

P
i
aixi

�
vBαβ;γV

Bðx1; x2; x3Þ

þ aBαβ;γA
Bðx1; x2; x3Þ þ tBαβ;γT

Bðx1; x2; x3Þ þ � � �
�
: ð1Þ

On the lhs, the Wilson lines as well as the color anti-
symmetrization are not written out explicitly but implied.
The superscript R, indicating that the operator is renor-
malized, will be left out again in the following. The baryon
state with momentum p and helicity λ is denoted by jBp;λi,
while α, β, γ are Dirac indices, n is a light-cone vector
(n2 ¼ 0), and the ai are real numbers. The quark fields f, g,
h are of a given flavor matching the valence-quark content
of the baryon B. Assuming isospin symmetry, we select one
representative for each isospin multiplet, N ≡ p, Σ≡ Σ−,
and Ξ≡ Ξ0,

B f g h
N u u d
Σ d d s
Ξ s s u
Λ u d s:

On the rhs of Eq. (1), the integration measure for the
longitudinal momentum fractions is given by

Z
½dx� ¼

Z
1

0

dx1

Z
1

0

dx2

Z
1

0

dx3 δð1 − x1 − x2 − x3Þ: ð2Þ

Out of the 24 terms of the general Lorentz decomposition
[12], we display in Eq. (1) only the three leading-twist
(twist three) DAs, VB, AB, and TB, which appear along with
the structures

vBαβ;γ ¼ ð=̃nCÞαβðγ5uB;þp;λ Þγ;
aBαβ;γ ¼ ð=̃nγ5CÞαβðuB;þp;λ Þγ;
tBαβ;γ ¼ ðiσ⊥ñCÞαβðγ⊥γ5uB;þp;λ Þγ: ð3Þ

Here, C is the charge conjugation matrix and we use the
notation

σ⊥ñ ⊗ γ⊥ ¼ σμρñρg⊥μν ⊗ γν;

g⊥μν ¼ gμν −
ñμnν þ ñνnμ

ñ · n
;

uB;þp;λ ¼ 1

2

=̃n=n
ñ · n

uBp;λ;

ñμ ¼ pμ −
1

2

m2
B

p · n
nμ; ð4Þ

where uBp;λ is the Dirac spinor with on-shell momentum p
and helicity λ.
It proves convenient to define the following set of DAs:

ΦB≠Λ
� ðx123Þ ¼

1

2

�
½V − A�Bðx123Þ � ½V − A�Bðx321Þ

�
;

ΠB≠Λðx123Þ ¼ TBðx132Þ;

ΦΛþðx123Þ ¼
ffiffiffi
1

6

r �
½V − A�Λðx123Þ þ ½V − A�Λðx321Þ

�
;

ΦΛ
−ðx123Þ ¼ −

ffiffiffi
3

2

r �
½V − A�Λðx123Þ − ½V − A�Λðx321Þ

�
;

ΠΛðx123Þ ¼
ffiffiffi
6

p
TΛðx132Þ; ð5Þ

with the abbreviation ðxijkÞ≡ ðxi; xj; xkÞ. Using the phase
conventions for the baryon states and the corresponding
flavor wave functions detailed in Appendix A of Ref. [2],
the following relations hold in the limit of SU(3) flavor
symmetry (subsequently indicated by a ⋆), where
mu ¼ md ¼ ms:

Φ⋆þ ≡ΦN⋆þ ¼ ΦΣ⋆þ ¼ ΦΞ⋆þ ¼ ΦΛ⋆þ ¼ ΠN⋆ ¼ ΠΣ⋆ ¼ ΠΞ⋆;

Φ⋆
− ≡ΦN⋆

− ¼ ΦΣ⋆
− ¼ ΦΞ⋆

− ¼ ΦΛ⋆
− ¼ ΠΛ⋆: ð6Þ

In the case of SU(2) isospin symmetry, which is exact in our
Nf ¼ 2þ 1 simulation (mu ¼ md ≡ml) and is only bro-
ken very mildly in the real world, the nucleon DA ΠN is
equal to ΦNþ in the whole ml-ms-plane.
DAs can be expanded in terms of orthogonal polyno-

mials Pnk [13] in such a way that the coefficients have
autonomous scale dependence at one loop. For the DAs
defined in Eq. (5), this expansion reads

ΦBþ ¼ 120x1x2x3ðφB
00P00 þ φB

11P11 þ � � �Þ;
ΦB

− ¼ 120x1x2x3ðφB
10P10 þ � � �Þ;

ΠB≠Λ ¼ 120x1x2x3ðπB00P00 þ πB11P11 þ � � �Þ;
ΠΛ ¼ 120x1x2x3ðπΛ10P10 þ � � �Þ: ð7Þ

In this way, all nonperturbative information is encoded in
the set of scale-dependent coefficients φB

nk, π
B
nk (also called
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shape parameters), which can be related to matrix elements
of local operators that are calculable on the lattice. The first
few polynomials are

P00 ¼ 1;

P10 ¼ 21ðx1 − x3Þ;
P11 ¼ 7ðx1 − 2x2 þ x3Þ: ð8Þ

The leading contributions in Eq. (7) are 120x1x2x3φB
00

and 120x1x2x3π
B≠Λ
00 . They are usually referred to as the

asymptotic DAs. The corresponding normalization coef-
ficients φB

00 and πB≠Λ00 can be thought of as the wave
functions at the origin. They are also denoted as fB and
fB≠ΛT ,

fB ¼ φB
00; fB≠ΛT ¼ πB00: ð9Þ

Using chiral quark fields q↑↓ ¼ 1
2
ð1� γ5Þq and baryon

spinors uB↑↓p;λ ¼ 1
2
ð1� γ5ÞuBp;λ, they can be expressed as

matrix elements of local currents with all quark fields taken
at the origin,

h0jðf↑TC=ng↓Þ=nh↑jðB ≠ ΛÞp;λi ¼ −
1

2
fBp · n=nuB↑p;λ;

h0jðu↑TC=nd↓Þ=ns↑jΛp;λi ¼ −
ffiffiffi
3

8

r
fΛp · n=nuΛ↑p;λ;

h0jðf↑TCγμ=ng↑Þγμ=nh↓jðB ≠ ΛÞp;λi ¼ 2fBTp · n=nuB↑p;λ: ð10Þ

In the limit of isospin symmetry, these two couplings
coincide for the nucleon, fNT ¼ fN , see, e.g., Ref. [14]. For
the Λ baryon, the zeroth moment of TΛ vanishes by
construction so that only one leading-twist normalization
constant fΛ exists.
We also consider normalized first moments of ½V − A�B

and TB≠Λ,

hxiiB ¼ 1

fB

Z
½dx�xi½V − A�B;

hxiiB≠ΛT ¼ 1

fBT

Z
½dx�xiTB; ð11Þ

which can be computed from the shape parameters:

hx1iB≠Λ ¼ 1

3
þ 1

3
φ̂B
11 þ φ̂B

10;

hx2iB≠Λ ¼ 1

3
−
2

3
φ̂B
11;

hx3iB≠Λ ¼ 1

3
þ 1

3
φ̂B
11 − φ̂B

10;

hx1iB≠ΛT ¼ 1

3
þ 1

3
π̂B11;

hx2iB≠ΛT ¼ 1

3
þ 1

3
π̂B11;

hx3iB≠ΛT ¼ 1

3
−
2

3
π̂B11;

hx1iΛ ¼ 1

3
þ 1

3
φ̂Λ
11 −

1

3
φ̂Λ
10;

hx2iΛ ¼ 1

3
−
2

3
φ̂Λ
11;

hx3iΛ ¼ 1

3
þ 1

3
φ̂Λ
11 þ

1

3
φ̂Λ
10; ð12Þ

where

φ̂B
nk ¼

φB
nk

fB
; π̂B≠Λ11 ¼ πB11

fBT
: ð13Þ

Loosely speaking, one can interpret these moments as
fractions of the baryon’s total momentum carried by
the individual valence quarks, e.g., hx1iN corresponds to
the momentum fraction carried by the spin-up u quark u↑ in
the nucleon, hx2iN corresponds to the momentum fraction
carried by the spin-down u quark u↓, etc. These assign-
ments will be indicated in the tables showing our results for
these moments.
The 21 DAs of higher twist [indicated in Eq. (1) by the

ellipsis on the rhs] only involve two new normalization
constants (λB1 and λB2 ) for the isospin-nonsinglet baryons
(N, Σ, Ξ) and three (λΛ1 , λΛT , and λΛ2 ) for the Λ baryon. These
can be defined as matrix elements of local three-quark
twist-four operators without derivatives,

h0jðf↑TCγμg↓Þγμh↑jðB ≠ ΛÞp;λi ¼ −
1

2
λB1mBu

B↓
p;λ;

h0jðf↑TCσμνg↑Þσμνh↑jðB ≠ ΛÞp;λi ¼ λB2mBu
B↑
p;λ;

h0jðu↑TCγμd↓Þγμs↑jΛp;λi ¼
1

2
ffiffiffi
6

p λΛ1mΛu
Λ↓
p;λ;

h0jðu↑TCd↑Þs↓jΛp;λi ¼
1

2
ffiffiffi
6

p λΛTmΛu
Λ↓
p;λ;

h0jðu↑TCd↑Þs↑jΛp;λi ¼
−1
4

ffiffiffi
6

p λΛ2mΛu
Λ↑
p;λ: ð14Þ
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The definitions are chosen such that in the flavor symmetric
limit,

λ⋆1 ≡ λN⋆
1 ¼ λΣ⋆1 ¼ λΞ⋆1 ¼ λΛ⋆1 ¼ λΛ⋆T ;

λ⋆2 ≡ λN⋆
2 ¼ λΣ⋆2 ¼ λΞ⋆2 ¼ λΛ⋆2 : ð15Þ

III. DATA ANALYSIS

We strictly follow the procedure described in Ref. [1]. In
particular, we work with the same set of gauge configura-
tions generated within the Coordinated Lattice Simulations
effort [15] with nf ¼ 2þ 1 dynamical quarks. We also use
the same lattice operators as in Refs. [1,2], collected in
Appendix A, and perform the renormalization as described
in Ref. [1]. We first calculate the renormalization and
mixing coefficients nonperturbatively within a (regulariza-
tion-independent) momentum-subtraction scheme adapted
to the case of three-quark operators. These coefficients are
subsequently converted to the MS-like scheme suggested in
Ref. [11] with the help of (continuum) perturbation theory.
In Ref. [1], we had only one-loop results at our disposal,
while we can nowmake use of our new two-loop conversion
matrices (see Appendix B). We perform several fits to the
scale dependence of the resulting numbers, extract the
renormalization matrices at the target scale of 2 GeV from
each of these fits, and use them in independent analyses of
the physical quantities to obtain the final values and
systematic uncertainties of our results. The essential ele-
ments of the fits are collected in Table I, which supersedes
Table 1 in Ref. [1]. Here, μ1 is the initial scale of the fit
range, the loop order of the conversion matrices is given by
nloops, and ndisc denotes the number of terms in the para-
metrization of the lattice artifacts. As we have updated the
scales following Ref. [16], the uncertainty due to the scale
setting is now reduced to 1.2% (from 3% in Ref. [1]) and the
value of λ2scale in fit 5 has been changed accordingly. Finally,

Λð3Þ
MS

¼ 341ð12Þ MeV [17] is varied within its uncertainty.
Also, the pion masses used for the chiral extrapolations have
changed slightly. Further technical details of our renorm-
alization procedure can be found in Ref. [18].
The two-loop calculation of the conversion matrices has

been performed with the help of dimensional regularization
employing standard techniques. However, for three-quark

operators there are subtleties due to contributions of
evanescent operators that have to be taken into account.
We employ the renormalization scheme suggested in
Ref. [11] (see also Ref. [19]). In a first step, we use
integration by parts to reduce the Feynman integrals to a
smaller set of so-called master integrals (four integrals at
one-loop order and 44 integrals at two-loop order). These
master integrals are then evaluated numerically. The details
of the calculation in the case of the operators without
derivatives can be found in Ref. [10]. Notice that the number
of spin tensor structures to be considered in the calculation
increases from 581 for the operators without derivatives to
2895 for the operators with one derivative.
The uncertainties due to the numerical integration

amount to at most a few permille in the two-loop con-
version coefficients. For our final results, they are com-
pletely negligible.
As a byproduct of these computations we also obtain the

two-loop anomalous dimensions of the twist-three three-
quark operators with one derivative that have not been
known previously, see Appendix C. Notice that in the case
of the operators without derivatives, even the three-loop
anomalous dimensions are known [19]. For the operators
with one derivative that are used in the lattice calculations
of baryon DAs, we collect the anomalous dimensions in
Appendix D. Numerical values of the two-loop conversion
matrices for the operators and the momentum configuration
employed in Refs. [1,2,18] can be found in Appendix B.
We stress that the anomalous dimensions beyond one-loop
order and the conversion matrices starting at one loop are
scheme dependent. Our results are based on the renorm-
alization scheme of Ref. [11].
While in most cases the perturbative expansion of the

conversion matrices shows the expected behavior with a
two-loop correction that is smaller than the one-loop
contribution for reasonably large scales, there are a few
cases where either the one-loop term is unusually small and
the two-loop term is of a reasonable size or the two-loop
correction is considerably smaller than the one-loop con-
tribution. In Fig. 1 we show examples for these two

situations (operators without derivatives O
12

1 and S
4

1 in
the notation of Ref. [18], see also Appendix A) as well as for

the usual behavior (multiplet S 12

2 of operators with one
derivative).
In all the cases, the scale dependence of the renormaliza-

tion and mixing coefficients obtained with two-loop con-
version looks rather satisfactory in the sense that after
rescaling to the target scale of 2 GeV the data tend to
develop approximate plateaus as the lattice spacing
decreases (i.e., as β increases). (Notice, however, the cau-
tionary remarks at the end of Sec. VII in Ref. [18].) This can
be seen in Figs. 2–4, where we display the resulting
renormalization factors evaluated either with the one-loop
or the two-loop conversion factor. Given the conversion
factors shown in the middle panel of Fig. 1, it is not

TABLE I. Fit choices regarding the determination of the
renormalization and mixing factors.

Fit μ21 [GeV2] nloops ndisc λ2scale Λð3Þ
MS

[MeV]

1 4 2 3 1.0 341
2 10 2 3 1.0 341
3 4 1 3 1.0 341
4 4 2 2 1.0 341
5 4 2 3 1.012 341
6 4 2 3 1.0 353

G. S. BALI et al. PHYS. REV. D 111, 094517 (2025)

094517-4



surprising that the two plots in Fig. 3 are hardly distinguish-
able, where the upper plot shows the same data as Fig. 4 in
Ref. [1]. For an easier comparison of the effect of one-loop

and two-loop conversion, we plot some of the data presented
in Figs. 2 and 4 in a different form in Appendix E.

IV. RESULTS

Presenting our results, we begin with the numbers
obtained with the two-loop conversion matrices (factors)
and the values for the low-energy constants F0, mb, D, and
F used in the original article [1]: F0 ¼ 87 MeV,
D ¼ 0.623, F ¼ 0.441, and mb ¼ 880 MeV (taken from
Ref. [20]). Hence, the only difference with the old results is
the use of the two-loop conversion instead of the one-loop
approximation.
We collect our results in Tables II and III. The compari-

son with the results of Ref. [1] in these tables highlights the

FIG. 1. Conversion factors for the multiplets O12

1 ,S 4

1, andS
12

2

in the one- and two-loop approximation. The tree-level results
equal 1.

FIG. 2. Renormalization factor for the multiplet O12

1 rescaled to
the target scale of 2 GeV computed with the help of the one-loop
(top panel) and the two-loop (bottom panel) conversion factor.
In both cases, the three-loop anomalous dimension has been
used. The coupling β ¼ 3.4ð3.85Þ corresponds to the coarsest
(finest) lattice spacing a ¼ 0.085ð0.039Þ fm, employed here, see
Refs. [1,16].
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effect of increasing the loop order of the conversion. Recall
that (as in Ref. [1]) the systematic error due to the chiral
extrapolation has been estimated by including higher-order
terms in the chiral expansion. Table II (Table III) corre-
sponds to Table 2 (Table 4) of Ref. [1].
Comparing old and new results, one observes that

replacing the one-loop conversion matrices with the corre-
sponding two-loop approximations does not lead to sig-
nificant changes in our results. Therefore, the perturbative
uncertainties for the quantities considered here seem to be
under control. While the central values change only margin-
ally, the estimates of the errors due to the renormalization (r)
are in general reduced, sometimes significantly, as one
could have anticipated. Somewhat surprising is the effect
seen in the errors related to the continuum extrapolation (a).
For the coupling constants, i.e., for fB, fBT , λ

B
1 , λ

B
T , and λB2 ,

these uncertainties are reduced. However, for most of the
shape parameters they are increased, in some cases even
considerably. Perhaps this different behavior is related to the
fact that the coupling constants are computed from operators
without derivatives [cf. Eqs. (10) and (14)], while the
evaluation of the shape parameters involves operators with
one derivative, which are generally more difficult to handle.
At first sight, it might be surprising that the differences

between the results obtained with one-loop and two-loop
conversion are smaller than one might have expected from,
e.g., Fig. 4. However, one has to take into account that the
values of the renormalization coefficients that we finally
use are not simply read off from curves, such as those
shown in Figs. 2–4, but result from fits to the scale
dependence. Furthermore, because SU(3) flavor symmetry

FIG. 3. Renormalization factor for the multipletS 4

1 rescaled to
the target scale of 2 GeV computed with the help of the one-loop
(top panel) and the two-loop (bottom panel) conversion factor. In
both cases, the three-loop anomalous dimension has been used.

FIG. 4. Renormalization factor for the multiplet S
12

2

rescaled to the target scale of 2 GeV computed with the help
of the one-loop (top panel) and the two-loop (bottom panel)
conversion factor. In both cases, the two-loop anomalous di-
mension has been used.
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is broken, renormalization coefficients of different oper-
ators (which may behave differently when the order of the
perturbative expansion is increased) enter the evaluation of
the physical quantities.

In the case of meson DAs [21], the effects related to the
order of the perturbative conversion are of a similar size as
those found here, if one considers the first moments.
However, for the second Gegenbauer moment, the effect
is more pronounced. Presumably, the second moments of
the baryon DAs are also more sensitive to the order of the
perturbative conversion.
A more recent analysis [16] obtained somewhat different

central values for the low-energy constants that enter
the chiral extrapolation: F0 ¼ 71.1 MeV, D ¼ 0.57,
F ¼ 0.34, and mb ¼ 821 MeV. We repeated our fits using
these new numbers as input (along with the two-loop
conversion matrices). As some results changed by an
amount that was considerably larger than the estimate of
the systematic uncertainty due to the chiral extrapolation
determined as in Ref. [1], we modified this estimate by
adding in quadrature the error evaluated according to the
previous procedure and the difference in the results. The
corresponding numbers can be found in Tables IV and V,
which are our final results. Table IV (Table V) is to be
compared with Table 2 (Table 4) of Ref. [1]. Notice that due
to the scale setting uncertainty [16], all new results in
Tables II and IV carry an additional error of 1.2%, while the
scale setting error of the old results in Table II amounts to
3%. The dimensionless quantities displayed in Tables III
and V are not affected by this uncertainty.

TABLE II. Results for the couplings and shape parameters using two-loop conversion factors, compared to the values obtained with
one-loop conversion from Ref. [1]. For this comparison, we employ the “old” values of the low-energy constants taken from Ref. [20].
All quantities are given in units of 10−3 GeV2 in our MS-like scheme at a scale μ ¼ 2 GeV with three active quark flavors. The
superscripts and subscripts denote the statistical error after extrapolation to the physical point. The numbers in parentheses give
estimates for the systematic errors due to renormalization (r), continuum extrapolation (a), and chiral extrapolation (m). Due to the scale
setting uncertainty, the new (old) results carry an additional error of 1.2% (3%), which is not displayed.

B N Σ Ξ Λ

fB 3.55þ6
−4 ð1Þrð0Það0Þm 5.32þ5

−5 ð2Þrð0Það5Þm 6.14þ7
−7 ð2Þrð0Það15Þm 4.89þ7

−4 ð2Þrð0Það6Þm
[1] 3.54þ6

−4 ð1Þrð2Það0Þm 5.31þ5
−4 ð1Þrð3Það4Þm 6.11þ7

−6 ð2Þrð4Það13Þm 4.87þ7
−4 ð2Þrð3Það5Þm

fBT 3.55þ6
−4 ð1Þrð0Það0Þm 5.15þ5

−4 ð2Þrð0Það5Þm 6.32þ8
−7 ð2Þrð0Það16Þm

[1] 3.54þ6
−4 ð1Þrð2Það0Þm 5.14þ5

−4 ð1Þrð3Það3Þm 6.29þ8
−7 ð1Þrð4Það15Þm

φB
11 0.125þ6

−5 ð7Þrð23Það0Þm 0.203þ4
−6 ð9Þrð44Það0Þm −0.001þ4

−3 ð12Þrð0Það0Þm 0.250þ8
−7 ð9Þrð49Það0Þm

[1] 0.118þ6
−5 ð8Þrð21Það0Þm 0.195þ4

−6 ð10Þrð40Það0Þm −0.014þ4
−3 ð18Þrð3Það0Þm 0.243þ8

−7 ð9Þrð46Það0Þm
πB11 0.125þ6

−5 ð7Þrð23Það0Þm −0.077þ2
−2 ð11Þrð16Það0Þm 0.405þ7

−9 ð9Þrð86Það0Þm
[1] 0.118þ6

−5 ð8Þrð21Það0Þm −0.090þ3
−2 ð17Þrð18Það0Þm 0.399þ7

−9 ð9Þrð81Það0Þm
φB
10 0.184þ20

−14 ð2Þrð8Það1Þm 0.091þ12
−24 ð2Þrð5Það0Þm 0.351þ19

−21 ð5Þrð20Það1Þm 0.606þ21
−27 ð7Þrð30Það2Þm

[1] 0.182þ20
−14 ð6Þrð4Það1Þm 0.090þ11

−31 ð3Þrð3Það1Þm 0.350þ18
−20 ð11Þrð11Það1Þm 0.610þ23

−28 ð18Þrð16Það2Þm
πB10 0.218þ32

−27 ð3Þrð12Það2Þm
[1] 0.214þ33

−26 ð7Þrð6Það2Þm
λB1 −45.5þ1.1

−1.0 ð0.3Þrð2.8Það0.6Þm −46.9þ0.9
−0.9ð0.3Þrð2.8Það0.5Þm −50.5þ0.8

−1.0ð0.3Þrð3.3Það0.3Þm −42.9þ0.8
−0.8 ð0.4Þrð2.5Það0.5Þm

[1] −44.9þ1.2
−0.9 ð0.9Þrð3.9Það0.6Þm −46.1þ1.0

−0.9ð0.9Þrð4.1Það0.5Þm −49.8þ0.8
−0.9ð1.0Þrð4.7Það0.2Þm −42.2þ0.8

−0.8 ð0.9Þrð3.7Það0.4Þm
λBT −53.1þ1.1

−1.1 ð0.4Þrð3.4Það0.4Þm
[1] −52.3þ1.2

−1.0 ð1.1Þrð4.7Það0.3Þm
λB2 95.0þ2.3

−2.3 ð0.5Þrð3.2Það1.4Þm 86.7þ1.9
−1.7 ð0.2Þrð3.0Það1.2Þm 100.9þ2.4

−1.8ð0.3Þrð3.7Það1.1Þm 100.3þ2.5
−2.2ð0.6Þrð3.5Það1.3Þm

[1] 93.4þ2.3
−2.2 ð1.7Þrð3.7Það1.2Þm 85.2þ1.8

−1.7 ð1.6Þrð3.4Það1.3Þm 99.5þ2.3
−1.8ð1.9Þrð4.3Það1.1Þm 98.9þ2.4

−2.1ð1.9Þrð4.1Það1.1Þm

TABLE III. Results (using two-loop conversion factors) for the
normalized first moments (11) of the DAs ½V − A�B and TB≠Λ,
compared to the values obtained with one-loop conversion from
Ref. [1]. For this comparison, we employ the “old” values of the
low-energy constants taken from Ref. [20]. The results refer to
our MS-like scheme at a scale μ ¼ 2 GeV. All uncertainties from
our calculation have been added in quadrature.

B N Σ Ξ Λ

hx1iB u↑ 0.397þ7
−6 d↑ 0.363þ4

−6 s↑ 0.391þ5
−5 u↑ 0.309þ2

−2
[1] u↑ 0.396þ7

−6 d↑ 0.363þ4
−7 s↑ 0.390þ4

−4 u↑ 0.308þ3
−3

hx2iB u↓ 0.310þ5
−5 d↓ 0.308þ6

−6 s↓ 0.333þ1
−1 d↓ 0.299þ7

−7
[1] u↓ 0.311þ5

−5 d↓ 0.309þ5
−5 s↓ 0.335þ2

−2 d↓ 0.300þ7
−7

hx3iB d↑ 0.293þ4
−5 s↑ 0.329þ5

−3 u↑ 0.276þ5
−5 s↑ 0.392þ6

−6
[1] d↑ 0.293þ5

−6 s↑ 0.329þ6
−3 u↑ 0.275þ5

−5 s↑ 0.392þ5
−5

hx1iBT u↑ 0.345þ2
−2 d↑ 0.328þ1

−1 s↑ 0.355þ5
−5

[1] u↑ 0.344þ2
−2 d↑ 0.327þ2

−2 s↑ 0.354þ5
−5

hx2iBT u↑ 0.345þ2
−2 d↑ 0.328þ1

−1 s↑ 0.355þ5
−5

[1] u↑ 0.344þ2
−2 d↑ 0.327þ2

−2 s↑ 0.354þ5
−5

hx3iBT d↓ 0.310þ5
−5 s↓ 0.343þ2

−2 u↓ 0.291þ9
−9

[1] d↓ 0.311þ5
−5 s↓ 0.345þ3

−3 u↓ 0.291þ9
−9
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APPENDIX A: THREE-QUARK OPERATOR
MULTIPLETS

In lattice computations, it is convenient to employ
operator multiplets that transform irreducibly not only with
respect to the lattice symmetry, the spinorial hypercubic
group Hð4Þ, but also with respect to the group S3 of
permutations of the three quark flavors. The latter group
has three nonequivalent irreducible representations, which
we label by the names of the corresponding ground state
particle multiplets in a flavor symmetric world. Therefore,
the one-dimensional trivial representation is labeled by D,
the one-dimensional totally antisymmetric representation
byS , and the two-dimensional representation byO. Out of
the irreducible representations of Hð4Þ, only the spinorial
representations are relevant for three-quark operators. They
are called τ

4

1, τ
4

2, τ
8, τ121 , and τ

12

2 , where the superscript

TABLE IV. Final results for the couplings and shape parameters, using the low-energy constants from Ref. [16] and two-loop
conversion factors. All values are given in units of 10−3 GeV2 in our MS-like scheme at a scale μ ¼ 2 GeV with three active quark
flavors. The superscripts and subscripts denote the statistical error after extrapolation to the physical point. The values in parentheses
give estimates for the systematic errors due to renormalization (r), continuum extrapolation (a), and chiral extrapolation (m). The latter
error is estimated according to the modified procedure described in the text. Due to the scale setting uncertainty, all results carry an
additional error of 1.2% (not displayed).

B N Σ Ξ Λ

fB 3.29þ6
−4 ð1Þrð1Það26Þm 5.32þ5

−5 ð2Þrð2Það9Þm 6.15þ8
−7 ð2Þrð3Það25Þm 4.75þ6

−4 ð2Þrð2Það16Þm
fBT 3.29þ6

−4 ð1Þrð1Það26Þm 5.15þ5
−4 ð2Þrð2Það9Þm 6.34þ8

−8 ð3Þrð3Það26Þm
φB
11 0.118þ6

−4 ð7Þrð21Það7Þm 0.200þ4
−6 ð10Þrð42Það3Þm −0.001þ4

−3 ð12Þrð0Það0Þm 0.242þ8
−6 ð9Þrð46Það8Þm

πB11 0.118þ6
−4 ð7Þrð21Það7Þm −0.080þ2

−2 ð12Þrð16Það3Þm 0.399þ7
−9 ð9Þrð82Það6Þm

φB
10 0.181þ19

−15 ð2Þrð7Það3Þm 0.094þ10
−42 ð2Þrð4Það3Þm 0.361þ16

−27 ð5Þrð19Það10Þm 0.563þ33
−27 ð6Þrð27Það43Þm

πB10 0.237þ30
−35 ð4Þrð12Það19Þm

λB1 −44.3þ1.0
−1.0 ð0.3Þrð3.3Það1.4Þm −47.6þ0.9

−0.9ð0.3Þrð3.7Það1.1Þm −50.2þ0.7
−0.9ð0.3Þrð4.1Það0.8Þm −44.0þ0.7

−0.8 ð0.5Þrð3.3Það1.3Þm
λBT −54.2þ1.1

−1.1 ð0.3Þrð4.3Það1.4Þm
λB2 97.2þ1.9

−2.7 ð1.2Þrð1.2Það2.4Þm 85.8þ2.0
−1.4 ð0.8Þrð0.4Það2.2Þm 101.4þ2.3

−1.9ð0.2Þrð1.1Það1.3Þm 99.7þ2.3
−2.4ð0.6Þrð1.2Það1.3Þm

TABLE V. Final results for the normalized first moments (11)
of the DAs ½V − A�B and TB≠Λ, using the low-energy constants
from Ref. [16] and two-loop conversion factors. The results refer
to our MS-like scheme at a scale μ ¼ 2 GeV. All uncertainties
from our calculation have been added in quadrature, including the
differences with the central values given in Table III.

B N Σ Ξ Λ

hx1iB u↑ 0.400þ9
−8 d↑ 0.363þ4

−9 s↑ 0.392þ5
−6 u↑ 0.311þ3

−4
hx2iB u↓ 0.309þ5

−5 d↓ 0.308þ6
−6 s↓ 0.333þ1

−1 d↓ 0.299þ7
−7

hx3iB d↑ 0.290þ6
−7 s↑ 0.328þ8

−3 u↑ 0.275þ6
−5 s↑ 0.390þ6

−6

hx1iBT u↑ 0.345þ2
−2 d↑ 0.328þ1

−1 s↑ 0.354þ5
−5

hx2iBT u↑ 0.345þ2
−2 d↑ 0.328þ1

−1 s↑ 0.354þ5
−5

hx3iBT d↓ 0.309þ5
−5 s↓ 0.344þ3

−3 u↓ 0.291þ9
−9
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indicates the dimension and the subscript distinguishes
inequivalent representations of the same dimension (see,
e.g., Ref. [32]).
We construct multiplets with the desired transformation

properties from the multiplets defined in Ref. [32]. For

operators without derivatives in the representation τ
12

1 of
Hð4Þ, we have one doublet of operator multiplets trans-
forming according to the two-dimensional representation
of S3,

O
12

1 ¼
( 1ffiffi

6
p ðO7 þO8 − 2O9Þ

1ffiffi
2

p ðO7 −O8Þ

)
; ðA1Þ

and one operator multiplet transforming trivially under S3,

D
12

1 ¼ 1ffiffiffi
3

p ðO7 þO8 þO9Þ: ðA2Þ

For operators without derivatives in the Hð4Þ representation
τ
4

1, we have one multiplet that is totally antisymmetric
under flavor permutations,

S
4

1 ¼
1ffiffiffi
3

p ðO3 −O4 −O5Þ; ðA3Þ

and two doublets of operator multiplets transforming
according to the two-dimensional representation of S3,

ðO4

1Þ1 ¼
( 1ffiffi

2
p ðO3 þO4Þ

1ffiffi
6

p ð−O3 þO4 − 2O5Þ

)
; ðA4Þ

ðO4

1Þ2 ¼
(

O2

1ffiffi
3

p ð2O1 þO2Þ

)
: ðA5Þ

In the case of operators with one derivative, we restrict
ourselves to multiplets that transform according to the

Hð4Þ representation τ
12

2 , because only these are safe from
mixing with lower-dimensional operators. There are
twelve linearly independent multiplets with this trans-
formation behavior [32]. In Appendix A. 2 of Ref. [32] one
can find explicit expressions for four multiplets, labeled
OD5, OD6, OD7, and OD8, where the derivative acts on the
third quark field. As the transformation properties of the
operators do not depend on the position of the derivative,
the remaining eight multiplets can be constructed by
moving the derivative to the second or to the first quark
field. In the following, we replace the D by f, g, or h in
order to indicate on which quark field the covariant
derivative acts: f (g, h) means that the derivative acts
on the first (second, third) quark field.
In this way, we get one multiplet that is totally anti-

symmetric under S3,

S
12

2 ¼ 1ffiffiffi
6

p ½ðOg5 −Oh5Þ þ ðOh6 −Of6Þ þ ðOf7 −Og7Þ�: ðA6Þ

Additionally, there are four doublets of operator multiplets corresponding to the two-dimensional representation of S3,

ðO12

2 Þ1 ¼
( 1

3
ffiffi
2

p ½ðOf5 þOg5 þOh5Þ þ ðOf6 þOg6 þOh6Þ − 2ðOf7 þOg7 þOh7Þ�
1ffiffi
6

p ½ðOf5 þOg5 þOh5Þ − ðOf6 þOg6 þOh6Þ�

)
; ðA7Þ

ðO12

2 Þ2 ¼
(

1
6
½ð−2Of5 þOg5 þOh5Þ þ ðOf6 − 2Og6 þOh6Þ − 2ðOf7 þOg7 − 2Oh7Þ�

1

2
ffiffi
3

p ½ð−2Of5 þOg5 þOh5Þ − ðOf6 − 2Og6 þOh6Þ�

)
; ðA8Þ

ðO12

2 Þ3 ¼
(

1
2
½ðOg5 −Oh5Þ − ðOh6 −Of6Þ�

1

2
ffiffi
3

p ½ðOh5 −Og5Þ þ ðOf6 −Oh6Þ − 2ðOg7 −Of7Þ�

)
; ðA9Þ

ðO12

2 Þ4 ¼
( 1ffiffi

6
p ðOf8 þOg8 − 2Oh8Þ

1ffiffi
2

p ðOf8 −Og8Þ

)
; ðA10Þ

and three operator multiplets transforming trivially under flavor permutations,

ðD12

2 Þ1 ¼
1

3
½ðOf5 þOg5 þOh5Þ þ ðOf6 þOg6 þOh6Þ þ ðOf7 þOg7 þOh7Þ�; ðA11Þ
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ðD12

2 Þ2 ¼
1

3
ffiffiffi
2

p ½ð−2Of5 þOg5 þOh5Þ þ ðOf6 − 2Og6

þOh6Þ þ ðOf7 þOg7 − 2Oh7Þ�; ðA12Þ

ðD12

2 Þ3 ¼
1ffiffiffi
3

p ðOf8 þOg8 þOh8Þ: ðA13Þ

APPENDIX B: CONVERSION MATRICES FOR
LATTICE OPERATORS

In this appendix we collect numerical values for the two-
loop conversion matrices of the three-quark operators used
in the lattice calculations. They refer to the momentum
configuration employed in our renormalization condition
on the lattice, where we used the following momenta (in
Euclidean space) for the three external quark lines:

p1 ¼
μ

2
ðþ1;þ1;þ1;þ1Þ;

p2 ¼
μ

2
ð−1;−1;−1;þ1Þ;

p3 ¼
μ

2
ðþ1;−1;−1;−1Þ: ðB1Þ

Notice that the scale μ will drop out in the coefficients of
the perturbative expansion of the conversion matrices.
Analytical expressions in the one-loop approximation
can be found in Appendix G of Ref. [18].
With the MS coupling constant ḡ, we write the two-loop

conversion matrix Cmm0 as

Cmm0 ¼ δmm0 þ ḡ2

16π2
ðc1Þmm0 þ

�
ḡ2

16π2

�
2

ðc2Þmm0 : ðB2Þ

For the multiplets O12

1 and D
12

1 , we have

C11ðO12

1 Þ ¼ C11ðD12

1 Þ; ðB3Þ

with

ðc1Þ11 ¼ −0.0493633154;

ðc2Þ11 ¼ −38.45080ð90Þ þ 3.746206ð21Þnf: ðB4Þ

In the case of the multiplet S 4

1, one finds

ðc1Þ11 ¼ 2.629711269;

ðc2Þ11 ¼ 4.3294ð24Þ þ 0.004027ð37Þnf: ðB5Þ

The multiplets O
4

1 have a diagonal 2 × 2 mixing matrix
with

ðc1Þ11 ¼ 2.629711269;

ðc2Þ11 ¼ 4.3294ð24Þ þ 0.004027ð37Þnf;
ðc1Þ22 ¼ 2.629711269;

ðc2Þ22 ¼ 1.3116ð24Þ þ 0.004027ð37Þnf: ðB6Þ

For the multiplet S 12

2 of operators with one derivative, the
conversion factor is given by

ðc1Þ11 ¼ −3.376398061;

ðc2Þ11 ¼ −105.555ð12Þ þ 11.076863ð17Þnf: ðB7Þ

The multiplets O
12

2 have a 4 × 4 mixing matrix with the
diagonal entries

ðc1Þ11 ¼ 0.05197412907;

ðc2Þ11 ¼ −34.599ð22Þ þ 35.220102ð34Þnf;
ðc1Þ22 ¼ −3.777434416;

ðc2Þ22 ¼ −109.878ð12Þ þ 11.563987ð18Þnf;
ðc1Þ33 ¼ −3.376398061;

ðc2Þ33 ¼ −105.555ð12Þ þ 11.076863ð17Þnf;
ðc1Þ44 ¼ −4.450577872;

ðc2Þ44 ¼ −114.543ð13Þ þ 12.620297ð22Þnf: ðB8Þ

The only nonvanishing off-diagonal entries are

ðc1Þ12 ¼ 0.05875235294;

ðc2Þ12 ¼ 1.8382ð48Þ − 0.1089969ð66Þnf;
ðc1Þ21 ¼ 0.2350094118;

ðc2Þ21 ¼ 7.858ð10Þ − 0.4359875ð86Þnf: ðB9Þ

In the case of the multiplets D
12

2 , we get a 3 × 3 mixing
matrix, whose nonzero entries are given by

Cmm0 ðD12

2 Þ ¼ Cmm0 ðO12

2 Þ ðB10Þ

for m;m0 ∈ f1; 2g and

ðc1Þ33 ¼ −1.388900608;

ðc2Þ33 ¼ −56.736ð25Þ þ 5.617296ð39Þnf: ðB11Þ

The uncertainties of the two-loop coefficients arising
from the numerical evaluation of the master integrals have
been estimated by error propagation. Since in this pro-
cedure possible correlations have been neglected, the given
errors are most likely overestimated.
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APPENDIX C: ANOMALOUS DIMENSIONS
FOR GENERAL OPERATORS

Every local three-quark operator can be represented as a
linear combination of the operators

ϵi1i2i3ðDl̄1ψ
f1ðxÞÞi1α1ðDl̄2ψ

f2ðxÞÞi2α2ðDl̄3ψ
f3ðxÞÞi3α3 : ðC1Þ

Here, we use a multi-index notation for the covariant
derivatives, Dl̄ ≡Dλ1 � � �Dλl . The indices α1, … are spinor

indices, the indices i1, … are color indices, and the flavor
indices f1, … take the values 1, 2, and 3, where ψ1 ¼ u,
ψ2 ¼ d, and ψ3 ¼ s. In the context of renormalization, all
flavors are taken to be massless. In the following, all
quantities are to be understood as Euclidean.
The basic object for the renormalization of the local

three-quark operators is the “flavorless” amputated four-
point function

Hβ1β2β3
α1α2α3ðl̄1; l̄2; l̄3;p1;p2;p3Þ¼−

Z
d4x1d4x2d4x3eiðp1·x1þp2·x2þp3·x3Þϵj1j2j3ϵi1i2i3

× hðDl̄1uð0ÞÞ
j1
β1
ðDl̄2dð0ÞÞ

j2
β2
ðDl̄3sð0ÞÞ

j3
β3
ūi1α0

1
ðx1Þd̄i2α0

2
ðx2Þs̄i3α0

3
ðx3Þi

×G−1
2 ðp1Þα0

1
α1
G−1

2 ðp2Þα0
2
α2
G−1

2 ðp3Þα0
3
α3
: ðC2Þ

Here, h� � �i indicates the functional integral with the gauge
fields fixed, e.g., to Landau gauge, while p1, p2, and p3 are
the external momenta. The two-point function G2ðpÞ
required for the amputation is defined by

G2ðpÞα0αδij ¼
Z

d4xeip·xhujα0 ð0ÞūiαðxÞi: ðC3Þ

In the case of operators without derivatives, the renor-
malized (in the MS-like scheme suggested in Ref. [11])
four-point function H̄β1β2β3

α1α2α3ð−;−;−;p1; p2; p3Þ is related to
its bare counterpart by

H̄β1β2β3
α1α2α3ð−;−;−;p1; p2; p3Þ

¼ Z−3=2
q Zβ1β2β3

β0
1
β0
2
β0
3
H

β0
1
β0
2
β0
3

α1α2α3ð−;−;−;p1; p2; p3Þ: ðC4Þ

The matrix of anomalous dimensions can then be calcu-
lated as

γ ¼ −
�
μ
dZ
dμ

�
Z−1: ðC5Þ

Here μ is the renormalization scale and Zq is the wave
function renormalization constant of the quark fields. With
the MS coupling constant ḡ, the anomalous dimension can
be written as

γ ¼ γ0
ḡ2

16π2
þ γ1

�
ḡ2

16π2

�
2

þ � � � : ðC6Þ

The one-loop coefficient is given by

γ0 ¼ −
1

3
ðG022 þG202 þG220Þ: ðC7Þ

The objects G022, etc., carry six spinor indices like Z and
are defined as

G022 ¼ Γ0 ⊗ Γμ1μ2 ⊗ Γμ1μ2 ;

G202 ¼ Γμ1μ2 ⊗ Γ0 ⊗ Γμ1μ2 ;

G220 ¼ Γμ1μ2 ⊗ Γμ1μ2 ⊗ Γ0 ðC8Þ

in terms of the totally antisymmetric products of γ matrices

Γ0 ¼ 1; Γμν ¼
1

2!
ðγμγν − γνγμÞ;… ðC9Þ

Three-loop expressions for the anomalous dimensions of
the operators without derivatives are given in Ref. [19].
For the operators with one derivative, the renormaliza-

tion structure is more complicated. In addition to the matrix
structure (encoded in the Glmn) that operates on the open
spinor indices, we have a 3 × 3 matrix structure, because
the operators with the covariant derivative acting on the
first, second, or third quark field mix with each other.
Instead of Eq. (C4), we now have
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0
BB@

H̄β1β2β3
α1α2α3ðμ;−;−;p1; p2; p3Þ

H̄β1β2β3
α1α2α3ð−; μ;−;p1; p2; p3Þ

H̄β1β2β3
α1α2α3ð−;−; μ;p1; p2; p3Þ

1
CCA ¼ Z−3=2

q Zβ1β2β3
β0
1
β0
2
β0
3

0
BBB@

H
β0
1
β0
2
β0
3

α1α2α3ðμ;−;−;p1; p2; p3Þ
H

β0
1
β0
2
β0
3

α1α2α3ð−; μ;−;p1; p2; p3Þ
H

β0
1
β0
2
β0
3

α1α2α3ð−;−; μ;p1; p2; p3Þ

1
CCCA; ðC10Þ

where Zβ1β2β3
β0
1
β0
2
β0
3
is a 3 × 3 matrix. The one-loop contribution to the matrix of anomalous dimensions for operators of leading

twist is given by

γ0 ¼

0
BB@

32=9 −16=9 −16=9
−16=9 32=9 −16=9
−16=9 −16=9 32=9

1
CCA ⊗ G000 þ

0
BB@

−1=3 0 0

0 −2=9 −1=9
0 −1=9 −2=9

1
CCA ⊗ G022 þ

0
BB@

−2=9 0 −1=9
0 −1=3 0

−1=9 0 −2=9

1
CCA ⊗ G202

þ

0
BB@

−2=9 −1=9 0

−1=9 −2=9 0

0 0 −1=3

1
CCA ⊗ G220: ðC11Þ

The two-loop contribution, again projected onto leading twist, reads

γ1 ¼

0
BB@

8348=81 − ð508=81Þnf −1339=81þ ð92=81Þnf −1339=81þ ð92=81Þnf
−1339=81þ ð92=81Þnf 8348=81 − ð508=81Þnf −1339=81þ ð92=81Þnf
−1339=81þ ð92=81Þnf −1339=81þ ð92=81Þnf 8348=81 − ð508=81Þnf

1
CCA ⊗ G000

þ

0
BB@

−1265=486þ ð1=27Þnf −55=243 −55=243
−29=486 −817=486þ ð4=81Þnf −22=27 − ð1=81Þnf
−29=486 −22=27 − ð1=81Þnf −817=486þ ð4=81Þnf

1
CCA ⊗ G022

þ

0
BB@

−817=486þ ð4=81Þnf −29=486 −22=27 − ð1=81Þnf
−55=243 −1265=486þ ð1=27Þnf −55=243

−22=27 − ð1=81Þnf −29=486 −817=486þ ð4=81Þnf

1
CCA ⊗ G202

þ

0
BB@

−817=486þ ð4=81Þnf −22=27 − ð1=81Þnf −29=486
−22=27 − ð1=81Þnf −817=486þ ð4=81Þnf −29=486

−55=243 −55=243 −1265=486þ ð1=27Þnf

1
CCA ⊗ G220

þ

0
BB@

1=9 0 0

0 109=1944 107=1944

0 107=1944 109=1944

1
CCA ⊗ G044 þ

0
BB@

109=1944 0 107=1944

0 1=9 0

107=1944 0 109=1944

1
CCA ⊗ G404

þ

0
BB@

109=1944 107=1944 0

107=1944 109=1944 0

0 0 1=9

1
CCA ⊗ G440

þ

0
BB@

−4=243 −5=486 −5=486
−19=972 −1=27 −2=243
−19=972 −2=243 −1=27

1
CCA ⊗ G422 þ

0
BB@

−1=27 −19=972 −2=243
−5=486 −4=243 −5=486
−2=243 −19=972 −1=27

1
CCA ⊗ G242

þ

0
BB@

−1=27 −2=243 −19=972
−2=243 −1=27 −19=972
−5=486 −5=486 −4=243

1
CCA ⊗ G224 þ

0
BB@

0 2=81 −2=81
−2=81 0 2=81

2=81 −2=81 0

1
CCA ⊗ G222: ðC12Þ
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The one-loop anomalous dimension matrix (C11) was
first presented in this form in Ref. [33], unfortunately with
some typos. However, the analysis code employed in
Refs. [1,2,18] was correct. The two-loop result in (C12)
is new. Notice that the anomalous dimensions (C7), (C11),
and (C12) are not only relevant for spin 1=2 baryons, but
also for spin 3=2 baryons.

APPENDIX D: ANOMALOUS DIMENSIONS FOR
LATTICE OPERATORS

The lattice operators (or rather operator multiplets) that
are relevant for the evaluation of (moments of) baryon DAs
can be found in Appendix A. In Appendix E of Ref. [18],

the three-loop anomalous dimensions of the operators
without derivatives are given, derived from the results in
Ref. [19]. Here we present the new two-loop anomalous
dimensions of the operators with one derivative.
For the multiplet S 12

2 , we get

γ0 ¼
52

9
;

γ1 ¼
28990

243
−
620

81
nf: ðD1Þ

In the case of the four mixing multiplets

ðO12

2 Þ1;…; ðO12

2 Þ4, one finds

γ0 ¼

0
BBB@

4=3 0 0 0

0 20=3 0 0

0 0 52=9 0

0 0 0 8

1
CCCA;

γ1 ¼

0
BBBB@

236=3 − 112nf=27 −16
ffiffiffi
2

p
=27 0 0

0 1174=9 − 68nf=9 0 0

0 0 28990=243 − 620nf=81 0

0 0 0 428=3 − 8nf

1
CCCCA: ðD2Þ

Finally, we have the three mixing multiplets ðD12

2 Þ1;…; ðD12

2 Þ3 with

γ0 ¼

0
BB@

4=3 0 0

0 20=3 0

0 0 4

1
CCA; γ1 ¼

0
BB@

236=3 − 112nf=27 −16
ffiffiffi
2

p
=27 0

0 1174=9 − 68nf=9 0

0 0 328=3 − 40nf=9

1
CCA: ðD3Þ

APPENDIX E: COMPARING ONE-LOOP
AND TWO-LOOP CONVERSION

In this appendix, we present some plots directly compar-
ing renormalization factors obtained with one-loop and
two-loop conversion. We do this for the multiplets O

12

1

(Fig. 5) and S
12

2 (Fig. 6), separately for our coarsest
(a−1 ≈ 2.3 GeV, β ¼ 3.4) and finest (a−1 ≈ 5.1 GeV,
β ¼ 3.85) lattices. Notice that these data are included in
Figs. 2 and 4.

Replacing one-loop by two-loop conversion leads to

larger effects for the multiplet S 12

2 of operators with one

derivative than for the multiplet O12

1 of operators without
derivatives. Still, in the relevant range of scales around
μ2 ¼ 4 GeV2, these effects are of moderate size (∼1.5% for

O
12

1 and ∼4.5% for S 12

2 ), and the uncertainties due to the
perturbative conversion are not the major source of sys-
tematic errors of our final results.
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