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We present updated results for the wave function normalization constants and the first moments of the
light-cone distribution amplitudes for the lowest-lying baryon octet. The analysis is carried out on a large
number of n, = 2 + 1 lattice gauge ensembles, including ensembles at physical pion (and kaon) masses.
These are spread across five different lattice spacings, enabling a controlled continuum limit. The main
differences with respect to our earlier work [G. S. Bali ef al. (RQCD Collaboration), Light-cone distribution
amplitudes of octet baryons from lattice QCD, Eur. Phys. J. A 55, 116 (2019).] are the use of two-loop
conversion factors to an MS-like scheme and of an updated set of low-energy constants in the
parametrization of the quark mass dependence. As a byproduct, for the first time, the anomalous dimensions
for local leading-twist three-quark operators with one derivative are obtained.
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I. INTRODUCTION

Light-cone distribution amplitudes (DAs) encode the
distribution of the longitudinal momentum amongst the
partons in the leading Fock states. They are probed in hard
exclusive reactions, which involve large momentum trans-
fer between the initial and final state hadron.

The evaluation of DAs from QCD is a challenging task,
as they are genuinely nonperturbative objects. One pos-
sibility is the calculation of moments of DAs in lattice QCD.
Results for the nucleon and hyperon DAs have been
presented in several papers, e.g., Refs. [1,2]. For more
recent discussions of other methods and the application to
nucleon form factors, see Refs. [3-9]. The results given in
Refs. [1,2] rely on the computation of hadronic matrix
elements of local three-quark operators, which have to be
renormalized. The standard renormalization procedure con-
sists of two steps: the nonperturbative renormalization in a
kind of momentum-subtraction scheme on the lattice is
followed by a perturbative conversion in the continuum to
an MS-like scheme, which is more appropriate for phe-
nomenological applications. Up to now, we had to limit
ourselves to one-loop accuracy in the second step, due to the
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complexity of higher-loop calculations. However, it has
been observed that in several cases the perturbative expan-
sion of the (matrices of) conversion factors converges rather
slowly. Therefore, we reanalyze here the data presented in
Ref. [1] using two-loop conversion factors. For the oper-
ators without derivatives, these have been computed in
Ref. [10]. The extension of these computations to operators
with one derivative is part of the present paper. As a
byproduct, we obtain the anomalous dimensions for
twist-three three-quark operators with one derivative. In
addition, we take the opportunity to update the values of the
low-energy constants F, m;, D, and F used in the analysis.
For our final results, see Tables IV and V.

The paper is organized as follows. In Sec. II, we collect
the relevant definitions, following Ref. [1]. In Sec. III, we
sketch the analysis of our data, in particular, we discuss the
changes in the renormalization procedure due to our two-
loop calculation of the conversion matrices. We present our
results in Sec. IV and compare them with the values
obtained in Ref. [1].

Further technical details are given in the appendices. In
Appendix A, we compile the three-quark operators used in
the lattice computations. The two-loop conversion matrices
for these operators are collected in Appendix B. Appendix C
is devoted to the relevant (continuum) anomalous dimen-
sions, in particular, we present the new two-loop contribu-
tion to the anomalous dimensions of twist-three operators
with one derivative. The explicit form of the two-loop
anomalous dimensions for our lattice operators with one
derivative can be found in Appendix D. A direct comparison
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of renormalization factors evaluated with the help of one-
loop and two-loop conversion factors is shown in
Appendix E.

II. THREE-QUARK DISTRIBUTION AMPLITUDES

Baryon DAs are defined as matrix elements of renor-
malized three-quark operators (we use the scheme proposed
in Ref. [11]) at lightlike separations,

(o[ a(aln)gﬁ(%")hy(a3n)]R|Bp./1>

1 .
=y flaer e (Vi

+ agﬁ;yAB(xl,xz,x3) + tgﬂ:yTB(xl’xzﬂ%) + - ) (1)

On the lhs, the Wilson lines as well as the color anti-
symmetrization are not written out explicitly but implied.
The superscript R, indicating that the operator is renor-
malized, will be left out again in the following. The baryon
state with momentum p and helicity 4 is denoted by [B,, ;),
while a, f, y are Dirac indices, n is a light-cone vector
(n> = 0), and the a; are real numbers. The quark fields f, g,
h are of a given flavor matching the valence-quark content
of the baryon B. Assuming isospin symmetry, we select one
representative for each isospin multiplet, N = p, T =27,

- __ =0
and E =&Y,

> o1 M =Zw
T v Q=

QU « Q T
Loz v Q>

On the rhs of Eq. (1), the integration measure for the
longitudinal momentum fractions is given by

/[dx]:Aldx%ldxzﬂdmu—xl—xz—x3). 2)

Out of the 24 terms of the general Lorentz decomposition
[12], we display in Eq. (1) only the three leading-twist
(twist three) DAs, V2, A8, and T2, which appear along with
the structures

U(lj/};y - (ﬁc)aﬂ(ySI’tﬁ:;)y»
ag[};y = (ﬂ}ISc)aﬁ(”tﬁ:;—)y’
. B’
tg/};y = (lglﬁc)aﬂ(ylyﬁup,;)y' (3)

Here, C is the charge conjugation matrix and we use the
notation

1 ~ ol v
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where ug. , 1s the Dirac spinor with on-shell momentum p

and helicity A.
It proves convenient to define the following set of DAs:

DM x13) = % ([V — AP (x13) £[V - A]B(x321)>,

HB#A(X123) = TB(xl32),

DY (x13) = é([V — AJM(x123) + [V = A]* (3o ))
q)/—\<x123) = %([V —A]A(xm) 4 —A]A(X321)),
A (x13) = VOTA (x13,), (5)

with the abbreviation (x;j) = (x;, ;. x;). Using the phase
conventions for the baryon states and the corresponding
flavor wave functions detailed in Appendix A of Ref. [2],
the following relations hold in the limit of SU(3) flavor
symmetry (subsequently indicated by a %), where
m, = mg = my:

q)i = (I)IX* — q)i* — (DE* — (D/l* — HN* — HZ* _ HE*,

D* = OV* = O = @FF = @M =1, (6)

In the case of SU(2) isospin symmetry, which is exact in our
Ny =2+ 1 simulation (m, = m,; = m,) and is only bro-
ken very mildly in the real world, the nucleon DA TIV is
equal to @Y in the whole m,-m-plane.

DAs can be expanded in terms of orthogonal polyno-
mials P, [13] in such a way that the coefficients have
autonomous scale dependence at one loop. For the DAs
defined in Eq. (5), this expansion reads

@8 = 120x,x,x3
q)l_} = 120X1X2X3
HB#A = 120X1X2X3

HA = 120X1X2)C3

#60Poo + @ Pri+ ),
@oPio+ ),

78 Poo + 7B P+ -4,
P+ ). (7)

~—~ T~ T/~

In this way, all nonperturbative information is encoded in
the set of scale-dependent coefficients ¢, z8, (also called
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shape parameters), which can be related to matrix elements
of local operators that are calculable on the lattice. The first
few polynomials are

POO — 1,
Pio = 21(x; — x3),
7)11 :7()C1 —2X2+X3). (8)

The leading contributions in Eq. (7) are 120x;x,x3¢8,

and 120x1x2x3n’00 They are usually referred to as the

asymptotlc DAs. The corresponding normalization coef-

ficients ¢f, and ﬂO;EA can be thought of as the wave

functions at the origin. They are also denoted as f2 and
B#A
T

b

B#A
fB = ‘Pgm T;é = ”go- )

Using chiral quark fields g™ =1(1 +y5)q and baryon

B _

spinors u,, , (1 iys)uﬁyi, they can be expressed as

matrix elements of local currents with all quark fields taken
at the origin,

(OI(f1 Chg" )T\ (B #A) ) = ——pr nfuc,

\/7pr nﬂup 2

(O Crshg )y, |(B# A), ) =25 p - mull,. (10)

(Ol (u™ Chd* )ihsT A, )

In the limit of isospin symmetry, these two couplings
coincide for the nucleon, f) = fV, see, e.g., Ref. [14]. For
the A baryon, the zeroth moment of T" vanishes by
construction so that only one leading-twist normalization
constant f exists.

We also consider normalized first moments of [V — A]®
and TB7#A,

()P = fl / (dal [V - AP,
x, )N = : x]x; T8,
()2 fB/[d] T (11)

which can be computed from the shape parameters:

1 1, .
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where
B B
~B _ Puk ~B#A _ 71|
o =Tm b 2T (13)
k fB 11 f?

Loosely speaking, one can interpret these moments as
fractions of the baryon’s total momentum carried by
the individual valence quarks, e.g., (x;)" corresponds to
the momentum fraction carried by the spin-up u quark u' in
the nucleon, (x,)" corresponds to the momentum fraction
carried by the spin-down u quark u', etc. These assign-
ments will be indicated in the tables showing our results for
these moments.

The 21 DAs of higher twist [indicated in Eq. (1) by the
ellipsis on the rhs] only involve two new normalization
constants (A% and A%) for the isospin-nonsinglet baryons
(N, %, B) and three (1}, 4%, and 12) for the A baryon. These
can be defined as matrix elements of local three-quark
twist-four operators without derivatives,

1
Ol Crg (B # A) ) = =5 A mpuy,
OI(f17Co* g, ht[(B#N), ) = mpub,
1
O[(utCyrd )y st|A, ;) = ﬁ/ﬁ\mﬂﬁj»
1 A
(O(ulTCd")st A, ) = Wgwmﬂpj,
_] A
(0](u'Tcdt)st|A,,) = 4—\/619%%;. (14)

094517-3



G.S. BALI et al.

PHYS. REV. D 111, 094517 (2025)

The definitions are chosen such that in the flavor symmetric
limit,
— gNK _ 3Tk _ 2Bk _ JA%x _ jAx
A =0" =7 =7 =47 =177,

M= = 3 =05 = (15)

III. DATA ANALYSIS

We strictly follow the procedure described in Ref. [1]. In
particular, we work with the same set of gauge configura-
tions generated within the Coordinated Lattice Simulations
effort [15] with ny = 2 + 1 dynamical quarks. We also use
the same lattice operators as in Refs. [1,2], collected in
Appendix A, and perform the renormalization as described
in Ref. [1]. We first calculate the renormalization and
mixing coefficients nonperturbatively within a (regulariza-
tion-independent) momentum-subtraction scheme adapted
to the case of three-quark operators. These coefficients are
subsequently converted to the MS-like scheme suggested in
Ref. [11] with the help of (continuum) perturbation theory.
In Ref. [1], we had only one-loop results at our disposal,
while we can now make use of our new two-loop conversion
matrices (see Appendix B). We perform several fits to the
scale dependence of the resulting numbers, extract the
renormalization matrices at the target scale of 2 GeV from
each of these fits, and use them in independent analyses of
the physical quantities to obtain the final values and
systematic uncertainties of our results. The essential ele-
ments of the fits are collected in Table I, which supersedes
Table 1 in Ref. [1]. Here, y; is the initial scale of the fit
range, the loop order of the conversion matrices is given by
Mjoops> and nge. denotes the number of terms in the para-
metrization of the lattice artifacts. As we have updated the
scales following Ref. [16], the uncertainty due to the scale
setting is now reduced to 1.2% (from 3% in Ref. [1]) and the
value of 2__ in fit 5 has been changed accordingly. Finally,

scale
A% = 341(12) MeV [17] is varied within its uncertainty.
Also, the pion masses used for the chiral extrapolations have
changed slightly. Further technical details of our renorm-
alization procedure can be found in Ref. [18].

The two-loop calculation of the conversion matrices has
been performed with the help of dimensional regularization

employing standard techniques. However, for three-quark

TABLE 1. Fit choices regarding the determination of the
renormalization and mixing factors.

Fit 3 [GeV2] Mgy, Mase  Aoge  Apx [MeV]
1 4 2 3 1.0 341
2 10 2 3 1.0 341
3 4 1 3 1.0 341
4 4 2 2 1.0 341
5 4 2 3 1.012 341
6 4 2 3 1.0 353

operators there are subtleties due to contributions of
evanescent operators that have to be taken into account.
We employ the renormalization scheme suggested in
Ref. [11] (see also Ref. [19]). In a first step, we use
integration by parts to reduce the Feynman integrals to a
smaller set of so-called master integrals (four integrals at
one-loop order and 44 integrals at two-loop order). These
master integrals are then evaluated numerically. The details
of the calculation in the case of the operators without
derivatives can be found in Ref. [10]. Notice that the number
of spin tensor structures to be considered in the calculation
increases from 581 for the operators without derivatives to
2895 for the operators with one derivative.

The uncertainties due to the numerical integration
amount to at most a few permille in the two-loop con-
version coefficients. For our final results, they are com-
pletely negligible.

As a byproduct of these computations we also obtain the
two-loop anomalous dimensions of the twist-three three-
quark operators with one derivative that have not been
known previously, see Appendix C. Notice that in the case
of the operators without derivatives, even the three-loop
anomalous dimensions are known [19]. For the operators
with one derivative that are used in the lattice calculations
of baryon DAs, we collect the anomalous dimensions in
Appendix D. Numerical values of the two-loop conversion
matrices for the operators and the momentum configuration
employed in Refs. [1,2,18] can be found in Appendix B.
We stress that the anomalous dimensions beyond one-loop
order and the conversion matrices starting at one loop are
scheme dependent. Our results are based on the renorm-
alization scheme of Ref. [11].

While in most cases the perturbative expansion of the
conversion matrices shows the expected behavior with a
two-loop correction that is smaller than the one-loop
contribution for reasonably large scales, there are a few
cases where either the one-loop term is unusually small and
the two-loop term is of a reasonable size or the two-loop
correction is considerably smaller than the one-loop con-
tribution. In Fig. 1 we show examples for these two

situations (operators without derivatives ﬁ% and 5”% in
the notation of Ref. [18], see also Appendix A) as well as for

the usual behavior (multiplet 5”;*2 of operators with one
derivative).

In all the cases, the scale dependence of the renormaliza-
tion and mixing coefficients obtained with two-loop con-
version looks rather satisfactory in the sense that after
rescaling to the target scale of 2 GeV the data tend to
develop approximate plateaus as the lattice spacing
decreases (i.e., as f increases). (Notice, however, the cau-
tionary remarks at the end of Sec. VII in Ref. [18].) This can
be seen in Figs. 2-4, where we display the resulting
renormalization factors evaluated either with the one-loop
or the two-loop conversion factor. Given the conversion
factors shown in the middle panel of Fig. 1, it is not
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FIG. 1. Conversion factors for the multiplets ﬁi—z, y?, and Yé—z
in the one- and two-loop approximation. The tree-level results
equal 1.

surprising that the two plots in Fig. 3 are hardly distinguish-
able, where the upper plot shows the same data as Fig. 4 in
Ref. [1]. For an easier comparison of the effect of one-loop

T T T L T T T T
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0.85 | B
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B Beagas |
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FIG. 2. Renormalization factor for the multiplet ﬁ’% rescaled to
the target scale of 2 GeV computed with the help of the one-loop
(top panel) and the two-loop (bottom panel) conversion factor.
In both cases, the three-loop anomalous dimension has been
used. The coupling = 3.4(3.85) corresponds to the coarsest
(finest) lattice spacing a = 0.085(0.039) fm, employed here, see
Refs. [1,16].

and two-loop conversion, we plot some of the data presented
in Figs. 2 and 4 in a different form in Appendix E.

IV. RESULTS

Presenting our results, we begin with the numbers
obtained with the two-loop conversion matrices (factors)
and the values for the low-energy constants F, m;,, D, and
F used in the original article [1]: F,= 87 MeV,
D = 0.623, F = 0.441, and m; = 880 MeV (taken from
Ref. [20]). Hence, the only difference with the old results is
the use of the two-loop conversion instead of the one-loop
approximation.

We collect our results in Tables II and III. The compari-
son with the results of Ref. [1] in these tables highlights the
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FIG. 3. Renormalization factor for the multiplet 5/11 rescaled to
the target scale of 2 GeV computed with the help of the one-loop
(top panel) and the two-loop (bottom panel) conversion factor. In
both cases, the three-loop anomalous dimension has been used.

effect of increasing the loop order of the conversion. Recall
that (as in Ref. [1]) the systematic error due to the chiral
extrapolation has been estimated by including higher-order
terms in the chiral expansion. Table II (Table III) corre-
sponds to Table 2 (Table 4) of Ref. [1].

Comparing old and new results, one observes that
replacing the one-loop conversion matrices with the corre-
sponding two-loop approximations does not lead to sig-
nificant changes in our results. Therefore, the perturbative
uncertainties for the quantities considered here seem to be
under control. While the central values change only margin-
ally, the estimates of the errors due to the renormalization (r)
are in general reduced, sometimes significantly, as one
could have anticipated. Somewhat surprising is the effect
seen in the errors related to the continuum extrapolation (a).
For the coupling constants, i.e., for /2, f2, 28 28 and 15,

1.3 T T
1.25 i 1-loop conversion |
1.2
1.15
1.1
1.05
1.0 -
| A B=3.46
0 B=3.55
0.95 i O B=3.70
09 Lo L (5=3.85
5 1 2 5 10 2 5 102 2
2 2
p [GeVT]
1.3 T LR | T LA |
125 k 2-loop conversion |
1.2 + B
1.15
1.1
L fod
1.05
1.0
0 L ° e ©©eopeg
0.95 I a 0 B=3.55
el @ & =370
09 1 1 (=385
5 1 2 5 10 2 5 102 2

FIG. 4. Renormalization factor for the multiplet 5’;—2
rescaled to the target scale of 2 GeV computed with the help
of the one-loop (top panel) and the two-loop (bottom panel)
conversion factor. In both cases, the two-loop anomalous di-
mension has been used.

these uncertainties are reduced. However, for most of the
shape parameters they are increased, in some cases even
considerably. Perhaps this different behavior is related to the
fact that the coupling constants are computed from operators
without derivatives [cf. Egs. (10) and (14)], while the
evaluation of the shape parameters involves operators with
one derivative, which are generally more difficult to handle.

At first sight, it might be surprising that the differences
between the results obtained with one-loop and two-loop
conversion are smaller than one might have expected from,
e.g., Fig. 4. However, one has to take into account that the
values of the renormalization coefficients that we finally
use are not simply read off from curves, such as those
shown in Figs. 2-4, but result from fits to the scale
dependence. Furthermore, because SU(3) flavor symmetry
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TABLE II.

Results for the couplings and shape parameters using two-loop conversion factors, compared to the values obtained with

one-loop conversion from Ref. [1]. For this comparison, we employ the “old” values of the low-energy constants taken from Ref. [20].
All quantities are given in units of 1073 GeV? in our MS-like scheme at a scale u = 2 GeV with three active quark flavors. The
superscripts and subscripts denote the statistical error after extrapolation to the physical point. The numbers in parentheses give
estimates for the systematic errors due to renormalization (r), continuum extrapolation (a), and chiral extrapolation (7). Due to the scale
setting uncertainty, the new (old) results carry an additional error of 1.2% (3%), which is not displayed.

B N z = A
f? 3.5570(1),(0),(0),, 5.3272(2),(0),(5), 6.1477(2),(0),(15),, 4.89%1(2),(0),(6),,
(1] 3.5479(1),(2),(0),, 5315(1),(3),(4), 6.1170(2),(4),(13),, 4.8771(2),(3)(5)

7 3.557(1),(0),(0),, 5.1553(2),(0),(5),, 6.327(2),(0),(16),,
(1] 3.547(1),(2),(0),, 5.1473(1),(3),3), 6.2975(1),(4),(15),,
@8 0.12578(7),(23),(0),, 0.20372(9),(44),(0),, -0.00173(12),(0),(0),, 0.250%(9),(49),,(0),,
(1] 0.11878(8),(21),(0),, 0.195%4(10),(40),,(0),, —0.01473(18),(3),(0),, 0.24315(9),(46),,(0),,
b 0.1257%(7),(23),,(0),, -0.0773(11),(16),(0),, 0.405%7(9),(86),(0),,
[1] 0.11878(8),(21),(0),, —0.09013(17),(18),(0),, 0.3997(9),(81),(0),,
»o 0.184777(2),(8),(1),, 0.09172(2),(5),(0),, 0.3517,)(5),(20),(1),, 0.606737(7),(30),(2),,
(1] 0.182772(6),(4),(1),, 0.090731(3),(3), (1), 0350733 (11),(11),(1),, 0.61073(18),(16),(2),,
at 0.218%37(3),(12),(2),,
(1] 0.214758(7),(6)(2),1
B -45.5711(0.3),(2.8),(0.6),,  —46.9195(0.3),(2.8),(0.5),,  —50.578(0.3),(3.3),(0.3),, —42.9798(0.4),(2.5),(0.5),,
(11 -44.9712(0.9),(3.9),(0.6),, 46.1112(0.9),(4.1),(0.5),,  -49.8728(1.0),(4.7),(0.2),, —42.2708(0.9),(3.7),(0.4),,
% —53.1711(0.4),(3.4),(04),,
(1] —-52.3%12(1.1),(4.7),,(0.3),,
5 95.0133(0.5),(3.2),(1.4),, 86.712(0.2),(3.0),(1.2),, 100.9774(0.3),(3.7),(1.1),,  100.37235(0.6),(3.5),(1.3),,
(1] 93.4733(1.7),(3.7),(1.2),, 85.2113(1.6),(3.4),(1.3),, 99.5773(1.9),(4.3),,(1.1),, 98.9721(1.9),(4.1),(1.1),,

is broken, renormalization coefficients of different oper-
ators (which may behave differently when the order of the
perturbative expansion is increased) enter the evaluation of
the physical quantities.

TABLE III.  Results (using two-loop conversion factors) for the
normalized first moments (11) of the DAs [V — A]® and T2#%,
compared to the values obtained with one-loop conversion from
Ref. [1]. For this comparison, we employ the “old” values of the
low-energy constants taken from Ref. [20]. The results refer to
our MS-like scheme at a scale » = 2 GeV. All uncertainties from
our calculation have been added in quadrature.

B N py E A
() w 03973 d' 03637 st 03917 u' 030973
(11w 03967 4" 0363% s 0390%) w«' 030813
()% ut 031072 4% 03087 s+ 03335 ¢ 0.29917
(11wt 03115 4* 03097 s¥ 03353 4' 030017
(x3)% d' 029372 T 032975 ub 027673 T 0.39278
(11 a" 02937 sT 032975 u' 02751 sT 039272
(x)f u' 034573 4" 03287 s 035573
(11wt 034473 d' 032715 sT 035412
(x)f u' 034553 4" 03287 s 035513
(11wt 034413 d' 032715 sT 035473
(x3)f dv 031077 st 034377 wb 029179
(11 d* 03117 st 034553 wb 02917

In the case of meson DAs [21], the effects related to the
order of the perturbative conversion are of a similar size as
those found here, if one considers the first moments.
However, for the second Gegenbauer moment, the effect
is more pronounced. Presumably, the second moments of
the baryon DAs are also more sensitive to the order of the
perturbative conversion.

A more recent analysis [16] obtained somewhat different
central values for the low-energy constants that enter
the chiral extrapolation: Fy = 71.1 MeV, D =0.57,
F =0.34, and m;, = 821 MeV. We repeated our fits using
these new numbers as input (along with the two-loop
conversion matrices). As some results changed by an
amount that was considerably larger than the estimate of
the systematic uncertainty due to the chiral extrapolation
determined as in Ref. [1], we modified this estimate by
adding in quadrature the error evaluated according to the
previous procedure and the difference in the results. The
corresponding numbers can be found in Tables IV and V,
which are our final results. Table IV (Table V) is to be
compared with Table 2 (Table 4) of Ref. [1]. Notice that due
to the scale setting uncertainty [16], all new results in
Tables IT and IV carry an additional error of 1.2%, while the
scale setting error of the old results in Table II amounts to
3%. The dimensionless quantities displayed in Tables III
and V are not affected by this uncertainty.
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TABLE IV. Final results for the couplings and shape parameters, using the low-energy constants from Ref. [16] and two-loop
conversion factors. All values are given in units of 10™> GeV? in our MS-like scheme at a scale x4 = 2 GeV with three active quark
flavors. The superscripts and subscripts denote the statistical error after extrapolation to the physical point. The values in parentheses
give estimates for the systematic errors due to renormalization (r), continuum extrapolation (a), and chiral extrapolation (m2). The latter
error is estimated according to the modified procedure described in the text. Due to the scale setting uncertainty, all results carry an

additional error of 1.2% (not displayed).

B N by ) A

Vi 3.2979(1),(1),(26),, 5.3273(2),(2),09),, 6.1573(2),(3),(25),, 4.7579(2),(2),(16),,
17 3.2959(1),(1),(26),, 5.1523(2),(2)4(9)m 6.3415(3),(3),(26),,

o7 0.11813(7),(21),(7),, 0.20015(10),(42),(3),, ~0.00124(12),(0),(0),, 0.24228(9),(46),(8),,
i 0.11829(7),(21),(7),, ~0.08013(12),(16),(3),, 0.39925(9),(82),(6),,

) 0.181115(2),(7),(3),, 0.0942,3(2),(4),(3) . 0.3615,9(5),(19),(10),, 0.563157(6),(27),(43),,
7o 0.237133(4),(12),(19),,
A —443710(03),(3.3),(1.4),  —47.6109(0.3),(3.7),(1.1),,  —50.2707(0.3),(4.1),(0.8),,  —44.0104(0.5),(3.3),(1.3),,
A7 -54.2111(0.3),(4.3),(14),,
Y 97.2712(1.2),(1.2),(2.4),, 85.8720(0.8),(0.4),(2.2),, 101.4723(0.2),(1.1),(1.3),,  99.7133(0.6),(1.2),,(1.3),,

TABLE V. Final results for the normalized first moments (11)
of the DAs [V — A]8 and T?#*, using the low-energy constants
from Ref. [16] and two-loop conversion factors. The results refer
to our MS-like scheme at a scale u = 2 GeV. All uncertainties
from our calculation have been added in quadrature, including the
differences with the central values given in Table III.

B N by = A

(x1)® u' 04007 4" 03637 st 03927 u' 03117

()% ub 030972 ab 0.308%¢ st 03337 4t 0.299%]

(x3) d' 0290%¢ st 032875 u' 02757¢ s 0.3907¢
(x)f u' 034577 4 0.328% sT 0.35473
(x2)f u' 034573 4 03281 sT 0.35473
(x3)f d* 030973 st 03447 wb 02915
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APPENDIX A: THREE-QUARK OPERATOR
MULTIPLETS

In lattice computations, it is convenient to employ
operator multiplets that transform irreducibly not only with
respect to the lattice symmetry, the spinorial hypercubic

group H( ), but also with respect to the group Sz of
permutations of the three quark flavors. The latter group
has three nonequivalent irreducible representations, which
we label by the names of the corresponding ground state
particle multiplets in a flavor symmetric world. Therefore,
the one-dimensional trivial representation is labeled by Z,
the one-dimensional totally antisymmetric representation
by ., and the two-dimensional representation by &. Out of

the irreducible representations of H(4), only the spinorial

representations are relevant for three-quark operators. They

4 4 12 12 :
are called 77, 75, 78, 77, and 7,-, where the superscript
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indicates the dimension and the subscript distinguishes
inequivalent representations of the same dimension (see,
e.g., Ref. [32]).

We construct multiplets with the desired transformation
properties from the multiplets defined in Ref. [32]. For

. PR 12
operators without derivatives in the representation 7;~ of

H(4), we have one doublet of operator multiplets trans-
forming according to the two-dimensional representation
of 83,

1= (07 + Og — 20y)
ﬁ%z{ﬁ } (A1)

(0, - 0y)
and one operator multiplet transforming trivially under Ss,
1
V3

For operators without derivatives in the

D7 = — (05 + Og + Oy). (A2)

(4) representation

4 . . . .
7;, we have one multiplet that is totally antisymmetric
under flavor permutations,

c%—ﬁga—a—ax

and two doublets of operator multiplets transforming
according to the two-dimensional representation of Ss,

(A3)

L(O;+0
(ﬁ?)e{l w0y } (Ad)
7 (=03 + O4 = 20s)

(63), = o (AS)
2 720 +0,) [

In the case of operators with one derivative, we restrict
ourselves to multiplets that transform according to the

m representation 1%, because only these are safe from
mixing with lower-dimensional operators. There are
twelve linearly independent multiplets with this trans-
formation behavior [32]. In Appendix A. 2 of Ref. [32] one
can find explicit expressions for four multiplets, labeled
Ops, Ope>» Op7, and Opg, where the derivative acts on the
third quark field. As the transformation properties of the
operators do not depend on the position of the derivative,
the remaining eight multiplets can be constructed by
moving the derivative to the second or to the first quark
field. In the following, we replace the D by f, g, or & in
order to indicate on which quark field the covariant
derivative acts: f (g, h) means that the derivative acts
on the first (second, third) quark field.

In this way, we get one multiplet that is totally anti-
symmetric under Sj,

1
y% = % [(Oys = Ops) + (O — Ore) + (O = O7)]. (A6)
Additionally, there are four doublets of operator multiplets corresponding to the two-dimensional representation of Ss,
(02, = 751(Ops + Oys + Ops) + (Op6 + Oy + Op) = 2(Op7 + O7 + O] (A7)
2 T l(Ofs + Oys + Oss) = (Ogs + Oy + Ops)] ’
(o), = §[(=20y5 + Oys + Ops) + (O = 2046 + Op) = 2(Op7 + O7 = 20,7)] (A%)
2 551(=2045 + Oys + Oss) = (O = 2045 + Ops)] ’
12 %[(095 - OhS) - (Oh6 - Of6)]
(9205 =4 L [(O4s = Ops) + (Os = Ore) = 2005 — O] [ (A9)
23 Wns = Cgs (Of6 = Ons) = 2(Oy7 = Op7)]
1
(), — {%(OfS + Oyg —20,8) } (ALD)
2 )4 = ;
% (Og — Og)
and three operator multiplets transforming trivially under flavor permutations,
1
(25°), = 3 [(Ofs + Oys + Ons) + (Ops + Os + Ois) + (O + Oz + O], (A11)
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1

(-@;_2)2 = 32 (=205 4+ Oys 4+ Ops) + (Or6 =206
+ Ohe) + (Op7 + Opg = 2047)] (A12)
1
(25)y = —= (O + O + Opg). (A13)

V3

APPENDIX B: CONVERSION MATRICES FOR
LATTICE OPERATORS

In this appendix we collect numerical values for the two-
loop conversion matrices of the three-quark operators used
in the lattice calculations. They refer to the momentum
configuration employed in our renormalization condition
on the lattice, where we used the following momenta (in
Euclidean space) for the three external quark lines:

P :g(+1,+1,+1,+1),
p2 :g(_15_17_1,+1)7
3 :g(+1,—1,—1,—1). (B1)

Notice that the scale p will drop out in the coefficients of
the perturbative expansion of the conversion matrices.
Analytical expressions in the one-loop approximation
can be found in Appendix G of Ref. [18].

With the MS coupling constant g, we write the two-loop
conversion matrix C,,,, as

=2

=2
g g
= 5mm’ + @(C])mm’ + <

C,. —
mm 1672

) @ (B2

For the multiplets ﬁi—z and .@}—2, we have

Cu(07) = Cu(77), (B3)
with
(c1);; = —0.0493633154,
(€2)1; = —38.45080(90) + 3.746206(21)ns.  (B4)
In the case of the multiplet 17?, one finds
(c1)11 = 2.629711269,
(€2)1; = 4.3294(24) 4 0.004027(37)n;.  (BS)

The multiplets ﬁ’% have a diagonal 2 x 2 mixing matrix
with

(c1)yy = 2.629711269,

(c2)11 = 4.3294(24) + 0.004027(37)n;,
(c1)y = 2.629711269,

(c2)

¢2)y = 1.3116(24) + 0.004027(37)n;.  (B6)

. 12 . .
For the multiplet .5~ of operators with one derivative, the
conversion factor is given by

(c1),; = —3.376398061,

(¢2)y; = —105.555(12) + 11.076863(17)n,.  (B7)

The multiplets ﬁ;—z have a 4 x 4 mixing matrix with the
diagonal entries

(¢1);; = 0.05197412907,
(€2)11 = —34.599(22) + 35.220102(34)n/,
(c1)y = —3.777434416,
(€2)2 = —109.878(12) 4 11.563987(18)n,
(c1)33 = —3.376398061,
(€2)33 = —105.555(12) + 11.076863(17)n,
(c1)4q = —4.450577872,
(€2)4q = —114.543(13) + 12.620297(22)n. (B3)
The only nonvanishing off-diagonal entries are
(c1), = 0.05875235294,
(€2)1, = 1.8382(48) — 0.1089969(66)n ,
(c1), = 0.2350094118,
(€2)2; = 7.858(10) — 0.4359875(86)n,. (B9)

In the case of the multiplets D2, we get a 3 x 3 mixing
matrix, whose nonzero entries are given by

Cmm’(gg) = Cmm’(ﬁ¥) (B]O)
for m,m' €{1,2} and
(c1)5 = —1.388900608,
(2)33 = —56.736(25) + 5.617296(39)n;.  (B11)

The uncertainties of the two-loop coefficients arising
from the numerical evaluation of the master integrals have
been estimated by error propagation. Since in this pro-
cedure possible correlations have been neglected, the given
errors are most likely overestimated.
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APPENDIX C: ANOMALOUS DIMENSIONS
FOR GENERAL OPERATORS

Every local three-quark operator can be represented as a
linear combination of the operators

€,y (D1, w1 (X)), (D" (x)a, (Dry s (x))a,. (C1)
Here, we use a multi-index notation for the covariant

derivatives, D; = D, --- D,,. The indices qy, ... are spinor
|

Hﬁiﬁiﬁ‘; (.o, 13 py. pa. p3) = —/d4x1d4xzd4x3ei(p]'X‘+p2*2+p3'x3)€

indices, the indices i;, ... are color indices, and the flavor
indices f, ... take the values 1, 2, and 3, where z//‘ =u,
w? =d, and y> = s. In the context of renormalization, all
flavors are taken to be massless. In the following, all
quantities are to be understood as Euclidean.

The basic object for the renormalization of the local
three-quark operators is the “flavorless” amputated four-
point function

Jri2jz €irini

x ((Dy, u(0))j1 (Dy,d(0))5: (D3, (0))j i (1)l (x2)53 (x3)

X GEI (pl)(l’l(ll GEI (p2)(1/2(12 GEI (p3)(1/3a3 .

Here, (- --) indicates the functional integral with the gauge
fields fixed, e.g., to Landau gauge, while p;, p,, and p; are
the external momenta. The two-point function G,(p)
required for the amputation is defined by

Go(p)wadsy = / e (ul (i (x).  (C3)

In the case of operators without derivatives, the renor-

malized (in the MS-like scheme suggested in Ref. [11])

four-point function H{iﬁg@i (

its bare counterpart by

—,—, = P1, P2, P3) is related to

~ 5
HR (= = =3 p1s D2y p3)
_ /}/ )/
- Zq3/zzﬂlﬁ’2ﬁ3Hgiiég33(_v_9_;p17 P2, p3) (C4)

A

The matrix of anomalous dimensions can then be calcu-

lated as
dz
=—(u—)z7".
! (ﬂ dﬂ)

Here u is the renormalization scale and Z, is the wave
function renormalization constant of the quark fields. With
the MS coupling constant g, the anomalous dimension can
be written as

(C5)

=2 2\ 2
_, 9 g
71062 tr (16ﬂ2> o

/
2

(€2)

I
The one-loop coefficient is given by

1
Yo = ~3 (Goxa + Gapa + Gang). (C7)

The objects Gy, etc., carry six spinor indices like Z and
are defined as

Gona =T @ Ly, ® Ly
Gaoo = Ly, @ Lo ® Ly,

G = Fﬂlﬂz ® Fﬂlﬂz ®T (C8)

in terms of the totally antisymmetric products of y matrices

1

=1, rﬂy = 5 (Vﬂyv - 71/7//4)’ (C9)

Three-loop expressions for the anomalous dimensions of
the operators without derivatives are given in Ref. [19].

For the operators with one derivative, the renormaliza-
tion structure is more complicated. In addition to the matrix
structure (encoded in the G,,) that operates on the open
spinor indices, we have a 3 x 3 matrix structure, because
the operators with the covariant derivative acting on the
first, second, or third quark field mix with each other.
Instead of Eq. (C4), we now have
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. BBy .
HO (.= =5 p1. p2. p3) Ha\aa (.= =3 P1, P2, P3)
— _3 2 3 /2l
Hol (= .= prpap3) | =24 / Zﬁ{ﬁiﬁg Hgigirﬁzi(—#»—;l?l,l?szﬁ ’ (C10)
A A CENT I Holbite (= = p1. P2 3)
where Zﬁ}ﬁfﬁ? is a 3 x 3 matrix. The one-loop contribution to the matrix of anomalous dimensions for operators of leading
17273
twist is given by
32/9  —-16/9 -16/9 -1/3 0 0 -2/9 0 -1/9
vo= | —-16/9 32/9 -16/9 | ® Gooo + 0 -2/9 -1/9 | ® Gon + 0o -1/3 0 ® Gyp
-16/9 -16/9 32/9 0o -1/9 -2/9 -1/9 0 -=2/9
-2/9 -1/9 0
+1-1/9 -2/9 0 ® Grp- (C11)
0 0 -1/3
The two-loop contribution, again projected onto leading twist, reads
8348/81 — (508/81)n; —1339/81 + (92/81)n, —1339/81 + (92/81)n,
y1= | —1339/81 +(92/81)n, 8348/81 — (508/81)n; —1339/81 + (92/81)n; | ® Gy
—1339/81 + (92/81)n, —1339/81 + (92/81)n, 8348/81 — (508/81)n,
—1265/486 4 (1/27)n, —55/243 —55/243
—29/486 —817/486 + (4/81)n, —22/27 - (1/81)n, ® Goo
—29/486 —-22/27 - (1/81)n, —817/486 + (4/81)n,
—817/486 + (4/81)n, —29/486 —22/27 - (1/81)n,
—55/243 —1265/486 + (1/27)n, —55/243 ® Gy
—22/27 - (1/81)n, —29/486 —817/486 + (4/81)n,
—817/486 + (4/81)n; —22/27 - (1/81)n; —29/486
—22/27 - (1/81)ny —817/486 + (4/81)n, —29/486 ® Gy
—55/243 —55/243 —1265/486 + (1/27)n;
1/9 0 0 109/1944 0 107/1944
+| O 109/1944 107/1944 | ® Goys + 0 1/9 0 ® Gy
0 107/1944 109/1944 107/1944 0 109/1944
109/1944 107/1944 0
+ | 107/1944 109/1944 0 | ® G
0 0 1/9
—4/243 —5/486 —5/486 -1/27 -19/972 —2/243
+ | —19/972 -1/27 —2/243 | @ Gyp + | —5/486 —4/243 =5/486 | @ Gas
-19/972 —2/243 -1/27 —2/243 -19/972 -1/27
-1/27 —2/243 —-19/972 0 2/81 -2/81
+ | —2/243 -1/27 —19/972 | ® Gpy + | —2/81 0 2/81 | ® Gop. (C12)
—-5/486 —5/486 —4/243 2/81 -2/81 0
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The one-loop anomalous dimension matrix (C11) was
first presented in this form in Ref. [33], unfortunately with
some typos. However, the analysis code employed in
Refs. [1,2,18] was correct. The two-loop result in (C12)
is new. Notice that the anomalous dimensions (C7), (C11),
and (C12) are not only relevant for spin 1/2 baryons, but
also for spin 3/2 baryons.

APPENDIX D: ANOMALOUS DIMENSIONS FOR
LATTICE OPERATORS

The lattice operators (or rather operator multiplets) that
are relevant for the evaluation of (moments of) baryon DAs
can be found in Appendix A. In Appendix E of Ref. [18],
|

the three-loop anomalous dimensions of the operators
without derivatives are given, derived from the results in
Ref. [19]. Here we present the new two-loop anomalous
dimensions of the operators with one derivative.

For the multiplet S22 we get

_
Yo = 9 s

28990 620
IR T (b1

In the case of the four
(65_2)19 [EEE) (ﬁg)é" one ﬁnds

mixing multiplets

4/3 0 0 0
| o 20/3 0 0
A ) 0o 529 o]
0 0 0 8
236/3 — 112n;/27 —161/2/27 0 0
0 1174/9 — 68n,/9 0 0
yi = ! (D2)
0 0 28990/243 — 620n,/81 0
0 0 0 428/3 - 8n;
Finally, we have the three mixing multiplets (9;—2)1, (9;—2)3 with
4/3 0 0 236/3 — 112n,/27 —16v2/27 0
vo=1, 0 2013 0., n= 0 1174/9 — 68n,/9 0 (D3)
0 0 4 0 0 328/3 — 40n,/9

APPENDIX E: COMPARING ONE-LOOP
AND TWO-LOOP CONVERSION

In this appendix, we present some plots directly compar-
ing renormalization factors obtained with one-loop and

two-loop conversion. We do this for the multiplets ﬁi—z
(Fig. 5) and Y;—z (Fig. 6), separately for our coarsest
(@'~23GeV, f=34) and finest (a~'~5.1 GeV,
p = 3.85) lattices. Notice that these data are included in
Figs. 2 and 4.

Replacing one-loop by two-loop conversion leads to
larger effects for the multiplet Yg of operators with one
derivative than for the multiplet ﬁ% of operators without
derivatives. Still, in the relevant range of scales around
> = 4 GeV?, these effects are of moderate size (~1.5% for
6"}—2 and ~4.5% for ,5”;—2), and the uncertainties due to the

perturbative conversion are not the major source of sys-
tematic errors of our final results.
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FIG.5. Renormalization factor for the multiplet ﬁi—z rescaled to
the target scale of 2 GeV for = 3.4 (top panel) and f = 3.85
(bottom panel).
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FIG. 6. Renormalization factor for the multiplet Yé—z rescaled
to the target scale of 2 GeV for f = 3.4 (top panel) and f = 3.85
(bottom panel).
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