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We provide the first ab initio calculation of the Euclidean long-distance window of the isospin-
symmetric light-quark connected contribution to the hadronic vacuum polarization for the muon g — 2 and
find a2 50" — 411.4(4.3)(2.4) x 10719 We also provide the currently most precise calculation of the
total isospin-symmetric light-quark connected contribution, @™ = 666.2(4.3)(2.5) x 10710 in
the BMW20 world, which is more than 4¢ larger compared to the data-driven estimates of Boito et al.
[Phys. Rev. D 107, 074001 (2023)] and 1.7¢ larger compared to the lattice QCD result of BMW20.
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Introduction—The relative deviation of the muon’s
Landé factor g, from Dirac’s relativistic quantum mechan-
ics result, a, = (g, —2)/2, also called the anomalous
magnetic moment of the muon, is one of the most precisely
determined quantities in particle physics. It is sensitive to
virtual contributions of particles that may be out of reach of
direct production in high-energy experiments, and it there-
fore plays an important role in constraining new physics.
Substantial efforts have been undertaken at Fermilab
(E989) and are planned at J-PARC (E34) [1] in order to
further improve the precision of the experimental determi-
nation. In 2021 the Fermilab experiment released first
results [2], which confirmed the previously best result
obtained by the BNL E821 experiment [3] and reduced the
experimental uncertainty from 0.54 ppm to 0.46 ppm.
Subsequently they released results for runs II and III in
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2023, which yielded an uncertainty of 0.2 ppm [4]. In
2025 the Fermilab experiment aims to release their final
results pushing the uncertainty down to approximately
0.14 ppm [5].

Matching the precision of this spectacular experimental
result in a theory calculation of the standard model (SM)
contribution to a, is a substantial challenge and is currently
a work in progress. In 2020 the Muon g —2 Theory
Initiative published a white paper [6-26] that indicated a
more than 40 tension of the experimental result with the
SM. This result relied on a data-driven estimate of the
hadronic vacuum polarization (HVP) contribution based on
e*e”™ — hadron experimental data. While existing tensions
between experimental datasets had been taken into account
in 2020 by inflating the uncertainties appropriately, the
recent result by CMD-3 [27,28] increases the tensions to a
degree that currently appears to make a data-driven high-
precision evaluation of the HVP not feasible.

At the same time, lattice methodology is maturing and is
on track to allow for a complete ab initio theory determi-
nation that soon may match the Fermilab E989 target
precision. In this context, it is now common practice to
separate the total HVP contribution into the Euclidean
windows introduced in our previous work [29], which

Published by the American Physical Society
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separate three different regions (short distance, intermedi-
ate distance, long distance) that exactly sum up to the total
HVP. Each region has its own dominant challenges that
can best be addressed by targeted calculations optimized
separately for each region.

The short-distance region suffers from large discretiza-
tion errors, and very fine lattices are needed. The inter-
mediate-distance region has moderate uncertainties. The
long-distance region suffers from large statistical and finite-
size errors. For lattice calculations using rooted staggered
quarks, additional challenges for the continuum limit of the
long-distance contribution exist (see, e.g. Ref. [30]).

By now there is very good agreement among several
lattice collaborations on the short-distance and intermedi-
ate-distance windows [30—42]. The same consolidation
at high precision is also needed for the long-distance
region, and the current Letter, which focuses on the
dominant light-quark connected contribution, is a first step
in this direction. The results reported in the following are
unchanged compared to our unblinding presentation at
Lattice 2024 [43].

In future work, we will improve our previous results [29]
on the quark disconnected contributions and strong-iso-
spin-breaking (SIB) and QED corrections, and improve our
lattice spacing determinations to complete the calculation
of a, at the next precision frontier. We note that a
combination of lattice and data-driven methodology is also
an interesting approach as suggested in Ref. [29] and
recently demonstrated in Ref. [40].

Methodology—We address the particular challenges of
the long-distance window by building on ideas of the
improved bounding method [44] and finite-volume exclu-
sive state reconstruction [45]. These methods express the
leading-order HVP in terms of the time-momentum repre-
sentation [46]

=Y wcl) (1)

t=0

with C(1) =335 3" 012(J;(%.1)7;(0)), vector current
Ju(x) =i, Q¥ (x)y,¥s(x) with fractional electric
charge Q, and sum over quark flavors f. The correlator
C(¢) at zero temperature admits a spectral representation

C(r) = Z D lnldjlo)Pet )

1012 n

with zero-momentum vector operator J j» Hamiltonian
eigenstate |n), and energy E, for the discrete finite-
volume spectrum. The weights w; can be discretized
in different ways. We use the two approaches de-
scribed in Ref. [31]. We separate the window contribu-
tions as in Ref. [29] into a, :aﬁD—i—aﬁV—f—abD.
We have a5P(1p, A) = > 2, C()w,[1 — O(z, 1o, A)],

TABLE 1. List of Ny =2+ 1 ensembles with parameters
determined in the RBC/UKQCD18 isospin-symmetric world
defined in Eq. (3). The ensembles have Iwasaki gauge action
and Mobius [53] domain-wall [54,55] fermion sea quarks with
b=1.5 and ¢ =0.5. The parameters b and ¢ are defined in
Ref. [56]. The masses include finite-volume corrections and are
obtained from a combined fit of all ensembles that only differ by
the lattice volume. The scripts generating the new ensembles are
publicly available [52].

ID a'/GeV L>xTxL,/a

961 2.6920(67) 96° x 192 x 12
641 2.3549(49) 643 x 128 x 12
481 1.7312(28) 483 x 96 x 24
C  1.7312(28) 64° x 96 x 24

m,/MeV  mg/MeV m,L

131.29(66) 484.5(2.3) 4.7
138.98(43) 507.5(1.5) 3.8
139.32(30) 499.44(88) 3.9
139.32(30) 499.44(88) 5.2

4 1.7312(28) 24° x48 x24  274.8(2.5) 530.1(3.1) 3.8
D 1.7312(28) 323 x48 x24 274.8(2.5) 530.1(3.1) 5.1
1 1.7312(28) 323 x 64 x24 208.1(1.1) 514.0(1.8) 3.8
3 1731228) 328 x 64 x24  211.3(2.3) 603.8(6.1) 3.9
9  2.3549(49) 323 x 64 x 12 278.9(0.6) 531.2(0.7) 3.8
L 2.3549(49) 643 x 128 x 12 278.9(0.6) 531.2(0.7) 7.6
ay (to. 11, A) = 320 C()w,[O(t. 1. A) — O(t. 1. A)],
and af® (11, A) = 32 C()w,0O(1, 1, A) with ©(1, 7', A) =
{1l +tanh[(r —7)/A]}/2. We select 79 = 0.4 fm,

t; = 1.0 fm, and A = 0.15 fm as suggested in Ref. [29].

The correlators C(#) are computed with a hierarchical
approximation scheme [29,47,48] using locally coherent
low modes with exact eigenvalues [49]. In addition, as
described in Ref. [44], we use exact distillation [50,51] and
have made our code publicly available [52].

In Table I we provide a list of all lattice gauge
ensembles used in this study. For the physical pion
mass ensembles with m, L ~5 (96] and C) we use 200
Laplace eigenmodes and for all other ensembles we use 60.
We use an operator basis including a local vector current, a
distillation-smeared vector current, and two-pion operators
up to a relative momentum of p = (2,0,0)(2z/L) for the
case of 60 Laplace eigenmodes and p = (2,2,0)(2z/L)
for the case of 200 Laplace eigenmodes. All operators are
in the T, I = 1 irreducible representation since we focus
on the dominant light-quark connected contribution.

In Fig. 1, we demonstrate the reconstruction of the first N
states via CY(1) = (1/3) 10 S0 (0l 10) PeE
compared to the full C(¢). The figure shows the result of
using only distillation-smeared operators (vector and two-
pion) in a generalized eigenvalue problem study [57,58] to
find the E, and optimal operators to project to a given state
|n). This operator is contracted with the local vector current
to obtain the overlap factor |(n|J ;10)|2. The reconstruction
CN(t) is used at large Euclidean times ¢, where CV(f) =
C(t) within statistical uncertainties.

As in our previous work [31], we perform the analysis
in a blinded manner with five analysis groups A-E.
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FIG. 1. Reconstruction of the lowest N states CV(¢) compared
to the inclusive C(f) for the 961 ensemble with wiP =
w,0(t,t;,A). The exponential growth of statistical noise in
C(r) is absent in the reconstruction.

Four analysis groups A—-D have conducted a full analysis,
while one group (E) has focused on cross-checks. Each
analysis group received the correlator data with a blinding
factor applied to each insertion of a local vector current.
The blinding factor was unique to each group and gen-
erated using a hash function based on the group’s name
(A-E). The blinding factors were applied by a script,
and no one in the collaboration saw the blinding factors
themselves. The process was managed by one of the
authors (C. L.). Once the analysis groups were ready,
relative unblinding meetings between two analysis groups
were organized in which the respective methods were
scrutinized. After conclusion of this process the relative
blinding factor was removed between the participating
groups. After the relative unblinding, the collaboration
agreed to the RBC/UKQCD24 prescription for the analysis
that will be described in detail in the following. This
procedure was then applied to a final analysis before the
absolute blinding was removed in a joint meeting on July
19, 2024. The absolute blinding factor is still applied to the
figures of this Letter apart from Fig. 5. It can be removed by
dividing by the blinding factor (BLIND) of 1.9296.

The cross-checks of group E were conducted prior to the
unblinding and focused on results that were not affected by
the blinding factor such as the ratio of CV(¢) to C(t) for
which the blinding factor drops out, as well as checks of
individual E, that are also not affected by the blinding.
Additional details on the cross-checks and on the various
methods studied by the individual groups are provided as
Supplemental Material [59] to this Letter.

The calculation of C(¢) is organized as an expansion
around an isospin-symmetric point [29,60-64]. In this
Letter, we provide results for two choices of the expansion
point, following our earlier work [31]. The first choice is
the RBC/UKQCDI18 world defined by

m, =0.135 GeV,  my = 0.4957 GeV,
mg = 1.67225 GeV, (3)

consistent with Ref. [29]. We also consider a second choice

m, = 0.13497 GeV,  m,,, = 0.6898 GeV,
wp = 0.17236 fm, (4)

which we label as the BMW20 world [30]. We define
my,, as the ground-state energy of the quark-connected
pseudoscalar §s meson two-point function. To avoid an
unnecessary inflation of uncertainties when comparing
isospin-symmetric lattice results, we define the above
values without uncertainties. The experimental uncertain-
ties of the physical hadron spectrum enter when quantum
electrodynamics (QED) and SIB corrections are included.

Finite-volume corrections are applied using the Hansen-
Patella formalism [65,66] in the monopole approximation.
As can be seen in Fig. 2, after applying finite-volume
corrections the results for ensembles that only differ by
the lattice volume (4 and D, 9 and L, 481 and C) agree
within uncertainties. We provide a detailed study of the
agreement as a function of Euclidean time in Supplemental
Material [59]. It is noteworthy that for our largest volume
with m,L =7.6(L), the finite-volume corrections are
smaller than the quoted statistical uncertainties.

Analysis and results—In the following, we describe the
RBC/UKQCD24 prescription for determining the light-
quark connected contribution to the long-distance window
in the isospin-symmetric limit, a4,

For each ensemble in Table I, the long-distance part of
C(1) is replaced by CN(¢) for sufficiently large times such
that they agree within statistical uncertainties. For the
ensembles with 200 Laplace modes N = 10 and for all
other ensembles N = 5. In all cases this allows for a
spectral reconstruction beyond the peak of the rho reso-
nance. Finite-volume corrections are applied as shown in
Fig. 2. These data points are fit jointly to several fit
functions. We study both an additive and a multiplicative
combination of discretization and mass-mistuning effects
by varying between

f+ = fO + f1a2 + f2[W0m/t - (WOmzr)phys]
+ f3[wom, — (Womn)phyJ2

+ f4 [WOmss* - (WOmss*)phys} (5)
and
f* = fO(1 +fla2){1 +f2[W0mlr - (WOmﬂ)phys}

+ f3 [WOmﬂ - (Wolnﬂ)phys]2

+ f4[W0mss* - (WOmss*)phys]}' (6)
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FIG. 2. Results for the ensembles listed in Table I with and
without finite-volume corrections applied. For ensemble 641 a
small correction from the partially quenched point to the unitary
point is added as well (see Ref. [31]).

The functional forms as given apply to the BMW20 world,
and the dimensionless ratios wym, and wymg,, have to be
replaced with m/mgq and my /mg for the RBC/UKQCD18
world. For both fit functions, we also study versions with
f3 = 0. These four fit forms are then applied to the data
renormalized with two different choices for the local vector
current renormalization constant: Z7, and Zj;. The former is
defined by the pion charge, the latter by the ratio of local-
conserved to local-local correlators at a distance of 1 fm.
This results in 8 fits that are then combined in a model
average. All fit forms have acceptable p-value and the
results are consistent between using the Akaike information
criterion [67], a simple y> weight, and a flat weight of all
models. We provide individual results in Supplemental
Material [59]. We also studied more divergent chiral
dependencies; however, since our analysis is dominated
by four ensembles at physical pion mass, such variations
have little impact on the fit results. In Fig. 3, we show the fit
result of f, with Z7, and without setting f; = 0. We
emphasize that the extrapolation to the continuum limit
is within the statistical uncertainties of the finest data point.
In Fig. 4, we compare the results obtained by the
different analysis groups to the RBC/UKQCD24 prescrip-
tion. We observed good agreement prior to the absolute
unblinding and have identified the reasons for the residual
variations. We note that group D only took the continuum
limit of physical pion mass ensembles. Groups A and B
also verified the consistency of the continuum limits with
and without ensembles 9 and L. The lattice spacing
uncertainty due to our more limited knowledge of the
Q~ mass is responsible for the larger errors in RBC/
UKQCD18 world. Work on a more precise determination
of mg, is in progress. We observe that RBC/UKQCD18 and
BMW20 worlds are consistent at the current precision.

820 T T h T
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my=1.5 mPhys
810 My=my] hys s |
O 800 - I b
Zz
= foel !
< 790 1 b
8
<" 780 [ 1
770 b
760 1 1 1 1 1 1 1
0 0.0020.0040.006 0.008 0.01 0.0120.0140.016
a2 /fm?
FIG. 3. Fitresultof £, with Z7, and without setting f3 = 0. The

2

data are shown for all ensembles as a function of a- after

subtracting the fit function without the f,f a* term.

Our final results are

ag oM = 411.4(4.3)(2.4) x 10710,
a;* " = 666.2(4.3)(2.5) x 1071 (7)

in the BMW20 world and

apPisocomud — 413 6(6.0)(2.9) x 10710,
agecomid — 668.7(6.1)(2.9) x 10710 (8)

in the RBC/UKQCDI18 world, where the first error is
statistical and the second systematic. We provide additional
details for the systematic uncertainties in Supplemental
Material [59]. The total isospin-symmetric results are
obtained by adding our previous short-distance and inter-
mediate-distance results [31].
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FIG. 4. Results obtained by the different analysis groups and
the resulting RBC/UKQCD24 prescription.
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FIG. 5. This work compared to the literature: Benton et al. 24

[70], RBC/UKQCD18 [29], ETMCI18 [71], SK19 [72], FNAL/
HPQCD/MILC19 [73], Mainz19 [74], ETMC19 [75], BMW20
[30], LM20 [34], Aubin et al. 22 [35], and Boito et al. 22/KNT
and Boito et al. 22/DHMZ [69].

In Fig. 5, we compare our results in the BMW?20 world to

the literature [68]. Our result for a,ifo""’““'“d is more than 4¢
larger compared to the data-driven estimates by Boito ef al.
[69], which were obtained based on the datasets that
entered the Theory Initiative white paper [6] prior to the
release of the CMD-3 data. This observed shift with respect
to the data-driven estimate is consistent with the size of the
tension between experiment and theory for the muon g — 2
quoted in the 2020 white paper of the Muon g — 2 Theory
Initiative [6]. Finally, we note that our result is also 1.7¢
larger compared to the lattice QCD result of BMW?20 [30].

Conclusions and outlook—In this Letter we compute the
long-distance Euclidean window of the hadronic vacuum
polarization for light quarks in the isospin-symmetric limit.
This calculation is particularly challenging and dominates
the total uncertainty of a complete high-precision aj;VP-©
result obtained from first-principles lattice QCD methods.
All calculations were performed in a blinded manner. We
find a large tension with the data-driven approach [69]
based on datasets that were also used in Ref. [6] but also a
smaller tension with the BMW?20 result [30]. More work is
needed to complete an ab initio calculation matching the
Fermilab E989 target precision. We are currently improving
our previous estimates for the quark-disconnected contri-
butions and the QED and SIB corrections including
diagrams beyond the electroquenched approximation. We
expect to match the FNAL E989 target precision upon
completion of our HVP program.
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