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Demonstration of collinear factorization breaking due to collinear-to-soft
Glauber exchanges for a 2 — 3 exclusive process at leading twist
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We exhibit an exclusive process, namely the photoproduction of a 7y pair with large invariant mass, which
violates collinear factorization. We explicitly demonstrate that this is due to the fact that there exists diagrams
with gluon exchange in ¢ channel, contributing at the leading power, for which Glauber gluons are trapped.
This is caused by the pinching of the contour integration of both the plus and minus light-cone components of
the Glauber gluon momentum. We argue that this leads to the observed “end pointlike” divergence of the
convolution integral at leading order and leading power when collinear factorization is naively assumed.
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Introduction. Various 2 — 3 exclusive processes have been
studied in order to probe generalized parton distributions
(GPDs) [1-10]. A proof of factorization for a class of such
processes was recently derived by Qiu and Yu [11,12].
Moreover, the photoproduction of a diphoton pair was
explicitly calculated at next-to-leading order (NLO) [5,6]
and shown to be infrared (IR) finite. However, we dis-
covered that the amplitude for the photoproduction of a 7%
pair with large invariant mass, which is sensitive to both
quark and gluon GPDs, has singularities when the double
convolution of the coefficient function (hard part) with the
GPD and distribution amplitude (DA) of the z°-meson is
performed, already at the LO, in the case of a gluon GPD.
This is quite unexpected since similar computations for
the photoproduction of a #*y pair [7,8] and of a p¥*ty
pair [2,9], which only have contributions from quark GPDs,
are free of such singularities.

In this paper, we describe, for the first time, a situation
where the breakpoints x = +&, between DGLAP and
ERBL regions [13], are responsible for the breakdown
of collinear factorization at leading twist. We show that the
origin of the above-mentioned singularities is a Glauber
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gluon exchange between a soft spectator parton from
the pion and a collinear spectator parton from the nucleon.
This is caused by the pinching of the contour integration of
both the plus and minus components of the Glauber gluon
momentum. We stress, however, that the contribution
involving the quark GPD poses no problem, and therefore,
the proof of factorization of [11,12] still holds for cases
where the gluon GPD contribution is forbidden [2,7-9]. On
the other hand, a direct consequence of our work in this
Letter is that other related processes involving gluon GPD
contributions, such as the production of a photon pair from
7°-nucleon scattering, considered in [11], also suffer from
the same Glauber gluon problem.

After introducing some kinematics for the photoproduc-
tion of a 7% pair, we start by analyzing the region of loop
momentum space where partons are strictly collinear,
focusing on the particular diagram in Fig. 2. We demon-
strate both the (standard) collinear pinch and the Glauber
pinch of this diagram, and further show that both contribute
to the same leading power in the expansion of the amplitude
in the hard scale. We argue that the observed end pointlike
singularity when collinear factorization is assumed is
directly linked to the Glauber pinch which we have
identified. The existence of a Glauber pinch, contributing
at the leading power in the hard scale, implies the break-
down of collinear factorization for this process.

Kinematics and frame choice. We focus here on the specific
case of 7y photoproduction

7(q) + N(py) = v(q") +2°(pz) + N'(pyr), (1)
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with ¢> = ¢"> = 0, p}, = p%, = m}, and p; = mZ, where
my 1is the nucleon mass and m, is the pion mass, and
P =1/2(py + pn)s A = py — py and 1 = A%,

The kinematic restriction where factorization of the
process in Eq. (1) is expected to hold, according to [12],
is that in the center-of-mass (CM) frame with respect to the
momenta A and g, the transverse components of ¢’ and p, are
much larger than \/m ,m,, my. Denoting the generic hard
scale by Q% ~|¢'|,|pZ | in the CM frame with respect

to A and ¢, and the generic small scale by 10 ~ \/m ,
m,, my, Agcp, the condition becomes 4 << 1 simply.

We use light-cone coordinates with respect to two light-
like vectors n* = 1/4/2(1,0,0,—1), #* = 1/4/2(1,0,0, 1)
without loss of generality. For a generic vector V, we define
Vi=n-V,V-=n-Vand V| = V¢ -V it -V n' We
will commonly denote a vector V in terms of its light-cone
components by V = (V*, V=, V). Furthermore, we define
the following scalings1 for a generic momentum /,

I~0(1,2,2) ol 2)
[~Q(21,2)  necoll, (3)
I~Q(2,2%,2%)  ultrasoft, (4)
[~ Q2,4 4) soft, (5)

[~Q(2%,2%2) fi-coll. to n-coll. Glauber, (6)

I~Q(1,2%2) fi-coll. to soft Glauber. (7)
In particular, while we show explicitly two relevant Glauber
scalings, we note that a general Glauber scaling corresponds
to any momentum [ where [*1- < |, |*.

For our purposes, it will be more convenient to consider
the CM frame with respect to A and p,. Our choice of
frame is defined by A, = p,; =0. The skewness is

defined as £ = — %. The condition of small ¢ implies that
PN, Py can be viewed as approximately collinear in the n

direction, so that
pN’pN’vA’PN(L/lZJ’)Q’ p”N(AQ,l,ﬂ)Q, (8)

All the momentum components of the two photons are of

order Q in this frame, ¢, ¢’ ~ (1, 1, 1)Q, with the condition

that they are real.? Therefore, one should keep in mind that
one can have singularities when virtual particles become

'By scaling, we mean an extended version of the usual
asymptotic equivalence, in the sense that f(x) ~ g(x) as x — 0
if f(x)/g(x) — const. as x — 0. The limit x — 0 is omitted from
notation and usually clear from the context.

*The photons can also be quasireal, with g> ~ ¢"> ~ 2. This
does not spoil the arguments in this Letter.

collinear to g or ¢'. Since the photons are physical particles,
their energies, which are the sum of the plus- and minus-
momenta, are positive. Together with the on-shell con-
dition, this implies that g™, ¢~,¢'",¢'~ > 0.

Throughout this Letter, we will set Q = 1 for notational
simplicity.

Scalings and pinches. Due to the presence of a hard scale
0, the process in Eq. (1) actually involves a hard scattering
at the partonic level. These partons are part of loops that
connect the hard scattering subprocess to nonperturbative
correlators that describe the long-distance physics. The
next step is to identify the regions of loop momenta for
the partons which give the dominant contribution to the
amplitude of the process under study in the limit Q — oo.
This can be expressed as A = )", f,A% and it is the first
term in this expansion that we want to obtain. This requires
the determination of the IR singularities that correspond to
specific configurations of the parton loop momenta, which
are “trapped” by poles of internal propagators. A given
component of loop momentum is said to be trapped, or
equivalently pinched, if there are poles parametrically close
to each other above and below the contour integration along
the real axis.

While for 1-dimensional contours in the complex plane,
it is easy to identify the trapping based on the geometric
visualization of the possible deformations, this intuitive
picture fails already in a 2-dimensional space embedded in
C2. For standard loop integrals in d dimensions, a key tool
to identify such pinches is provided by the Landau
equations [14], which give the pinch singular surfaces
(PSSs). One standard PSS is the collinear pinch, where the
partons have large momentum components only in the
direction of the involved external hadrons. Collinear
factorization is valid for a process at a given power, if
the only relevant’ IR singularities are due to the collinear
PSSs. This then implies that the amplitude of the process
can be described as a convolution between the hard
partonic subprocess and universal distributions (DAs,
GPDs) over the longitudinal momentum fractions of the
partons linking them.

In fact, the leading power behavior of the neighborhood
of such a PSS arises because the integrand becomes very
large so that, although the volume of the phase space region
may be small, the region still gives a large contribution to
the whole integral.

An important subtle point is that the Landau conditions
strictly give exact pinches. For example, if an external
particle (e.g., meson) has exactly a four-momentum
squared of zero, then the Landau conditions predict an
exact pinch for the corresponding partonic loop momentum

3There may also be (ultra)soft PSSs which contribute at
leading power. They typically lead to vacuum matrix elements
of Wilson lines, and for many processes simply give unity.
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when it is collinear, and when it is soft. In practice,
however, external particles have nonzero four-momentum
squared, for instance of order A2, The poles are then
separated by a nonzero distance of O(4), which means
that the pinch is now approximate. However, the loop
momentum components are still restricted to have certain
maximum sizes, due the approximate PSSs limiting pos-
sible contour deformations.

An immediate consequence of the Landau condition is
that when massless internal particles are involved, the
“generic” soft pinch is always exact, independently of
the external particles, and appears when the momentum
of a massless propagator is zero. However, this might not
always lead to an IR singularity because of numerator and
momentum space volume factors that may suppress this
region. Whether there is indeed an IR singularity requires
an analysis on a case-by-case basis. In particular, if
massless internal particles are involved, one should always
consider both the soft and ultrasoft scalings of internal loop
momenta, since they are always pinched in the broad sense.
However, one can argue that for exclusive processes, the
ultrasoft modes are unphysical due to confinement, since
their wavelength ~1/4? is larger than the typical size of the
target hadron ~1/4. For this reason, one usually considers
the soft region, as opposed to the ultrasoft region, for
exclusive processes. Therefore, we will also focus on the
soft scaling in this Letter.

Explicit example. 1t is possible to identify regions of
partonic loop momenta which give dominant contributions
to the amplitude using Libby-Sterman power counting rules
[15-18]. We discuss this in detail in [19]. It is instructive to
focus on the two regions shown in Fig. 1. The leading
power contribution, factorized in terms of the gluon GPD,
is shown in Fig. 1(a). The corresponding region is such that
the two gluons attaching the A to the H subgraphs are
strictly collinear to the nucleon. On the other hand, the
reduced graph in Fig. 1(b) corresponds to an “end point”
contribution, where one of the gluon becomes (ultra)soft.
We note that the Libby-Sterman power counting rule
applies to specific momentum configurations where the
internal particles can have collinear, anticollinear or ultra-
soft scalings. Nevertheless, we use Fig. 1(b), going beyond
the aforementioned specific momentum configurations (in
particular, Glauber and soft scalings), and perform the
power counting analysis explicitly on a specific two-loop
example, shown in Fig. 2.

The loop momenta p, and pjy circulate only through the
subgraphs A and B and thus have scalings (1,4%,1) and
(22,1, 1) respectively. The subamplitudes A and B are
defined by their vector component in Dirac space,4 and

“We consider the vector case for simplicity. In reality, one
should project onto the axial-vector contribution for the leading
twist pion DA for B.

FIG. 1. Reduced graphs corresponding to two particular regions
of loop momenta for our process. A,B,C denote collinear
subgraphs (in different directions), H denotes the hard subgraph
and S denotes a (ultra)soft subgraph. Dots beside the lines denote
an arbitrary number of scalar-polarized gluons. (a): Standard
collinear region with two transversely polarized collinear gluon
exchanges (shown in bold) between A and H. (b): A region
corresponding to a soft gluon exchange between the (ultra)soft
spectator parton of the incoming photon (C)/outgoing pion (B)
going through S, and a collinear spectator parton from the
nucleon sector (A).

FIG. 2. An explicit 2-loop example graph for our process,
where the Glauber pinch occurs for the loop momentum /. The
bottom right graph indicates the mapping to Fig. 1(b) for the
Glauber region discussed in the main text.

include with them the external quark propagators, as well as
the measures d*p, and d*pjp, respectively. They can thus
be taken to be Ay, and B'y, respectively, where, by
dimensional analysis and Lorentz covariance, we have
A~ (1,22,2) and B ~ (3, 1, 4%) (see Chapter 5.5. of [18]).
The extra power of A in B is due to the fact that it has one
external line less than .A.

In the Feynman gauge, the diagram in Fig. 2 can be
written as

/Fl/lxy gﬂu’gw’tr[Flll-IyFB]’ (9)
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where
A (f_y (‘)'5 fz Al )_ yl;) (10)
. KB(p.—¥)
Fo = ditd'h, <k2<p,, k(s - k>2>’ an
FY = dk-dI*
Xﬁ/(%”rﬁn—k)?"(%—k—Z)¢q(k+l)7’” (12)

(@' +pa—k)(g—k=1>(k+1)*

and we have omitted the ie prescriptions.

The grouping of the measures of the loop momentum
components for / and k has been done in the spirit of
collinear factorization. That is, with the collinear scaling in
Fig. 1(a), F4 can be “identified” with the gluon GPD, Fp
with the pion DA and F'; with the hard coefficient function.

Pinch in the collinear region: The “standard” IR singularity
is due to the region where [ is 7-collinear and k is
n-collinear, i.e. [~ (1,4*,4) and k ~ (42,1, 1). The corre-
sponding analysis is done in detail in [19]. The result is that
the propagators k* and (p, — k)? pinch k* ~ O(4?), pro-
vided 0 < k= < p;. The pinch in [~ is generated by any
two propagators in Eq. (10), depending on the size and sign
of [*. In particular, the /?>-denominator is not required
for AT < IT < py.

Power counting in the collinear region: The collinear region
corresponds to k ~ (A2, 1,1) and [ ~ (1,42, 1). For the sake
of power counting, we further project onto the transverse
polarizations of the gluons, i.e., we pick the indices
wu, 1, v, v in Egs. (10) to (12) to be transverse. This will
be justified below. Then, we get5

A2 A3
W vy 4 0 4
Pt s i =00 Fpeatig =1l
/10
Figt ~ 2055 =1, (13)

giving an overall scaling of A, which we refer to as the
leading power contribution, for the diagram in Fig. 2. This
corresponds to a contribution to the region shown in Fig. 1.

It remains to discuss the superleading terms in the
polarization sum of the gluons carrying momenta [ and
[ — A. To this end, we decompose

SWe separate the factors according to the following scheme

numerator
F ~ momentum space volume X ——— k.
denominator

FZD g;t;/gw/Fl;;
= Fy Py + FyFt + Fy Py
+ PP+ FU R+ FUFg + -+, (14)

where the first (second) line on the right-hand side (rhs)
corresponds to superleading (leading) terms. When sum-
ming over all graphs at the same order in o, so that the sum
is gauge invariant, cancellations due to corresponding Ward
identities (WIs) will suppress those superleading terms
down to the leading power A°, which is of the order of
Fi1tF#+t that was considered in Eq. (13). In the Feynman
gauge, the detailed analysis is performed in [19]. More
directly, one can choose the light-cone gauge by replacing

Lng +1ln
' = G _%7 (15)
and similarly for g,,.. Since I, = I*7, + O(Z), one finds
that the three superleading terms in Eq. (14) are absent This
in turn implies that in the Feynman gauge, all of the three
superleading terms in Eq. (14) will be at least suppressed to
the leading power due to WI cancellations.

Pinch in the Glauber region: As discussed earlier, the
soft pinch is always present, and should be considered. In
this subsection, we focus on the soft scaling for the loop
momenta, given by k ~ (4,4,4) and [ ~ (4, 4, 1). However,
due to the poles of the other propagators in the amplitude, it
might happen that the + and/or — components are pinched
to be much smaller, e.g. 22, while the transverse component
still scales as A. This corresponds to precisely the Glauber
pinch situation.

Therefore, we start by fixing k ~ (4,4,1), and [; ~ 4,
and focus on the pole structure of /*. The pinch analysis
then reduces to the one-loop graph in Fig. 3. Recall that
A" < 0 and g~ > 0 kinematically. Then, the four relevant
propagators can be written as

(pa—1)*+ie=2p; (=" +0(2*) +sgn(py)ie), (16)
(A =12+ ie = =2A% (I + O(2?) + ie), (17)
(g—k=1)?+ie=2q (=I"+0(1) +ie), (18)
(k+0)* +ie =2k~ (I" + O(2) + sgn(k™)ie). (19)

These estimates remain true also in the center-of-mass
frame wrt to g and A, where g is proportional to n, and p4
and A are proportional to 7.

From Egs. (16) and (17), we thus find that /™ is pinched
to be of O(4?) for p; > 0. This is also true in the collinear
region. This fact alone does not necessarily imply that / in
pinched in the Glauber region. It is important to also
confirm that /T cannot be deformed to be much larger than
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q k+1 k

pa—A pa—1 pa

FIG. 3. Simplified diagram that emphasizes the propagators
that contribute to the observed collinear-to-soft Glauber pinch.
The gray lines are irrelevant for the Glauber pinch analysis.

A. From Egs. (18) and (19), we indeed find that [T is
pinched® to be of O(2) for k= > 0.

We have shown that [ is pinched to be in the Glauber
region for a specific routing of the loop momentum /. As
discussed in Sec. IIIE of [20], to show that [ is truly
pinched, one needs to show that for all possible routings of
[, the pinching of [ persists. In the fixed order analysis in
Fig. 2, being a two-loop graph, only two possible routings
for [ exist (related to each other through translations of the k
loop momentum). In particular, the pinch in /[~ is inde-
pendent of the routing, since it originates from propagators
[Egs. (16) and (17)] which are independent of the other
loop momentum k. It thus suffices to show that It is
pinched in both routings. In [19], we show explicitly that
for the other routing not discussed explicitly here, [* is still
pinched.

We remark that the topology of the graph in Fig. 3 is
actually very similar to the classic Glauber pinch that
occurs in the Drell-Yan process.” In Fig. 3, the Glauber
exchange occurs between the spectator collinear quark of
the nucleon, and another soft spectator quark joining the
incoming photon with the outgoing meson. This therefore
corresponds to a 7i-coll. to soft Glauber, Eq. (7), which is
exactly the pinch that we demonstrate in this subsection. In
the Drell-Yan case on the other hand, the Glauber exchange
occurs between two collinear spectator partons of the two
incoming nucleons, leading to the more ‘standard’ Glauber
scaling in Eq. (6).

Power counting in the Glauber region: We consider the
scalings

k~(4,4,4), I~ (2,22,2). (20)
We simplify our analysis again by going to the light-cone
gauge. This reveals the possible cancellations in generic

%In the case where the incoming photon is virtual, the (g—k—-1)?
propagator is hard by definition, so [T is not pinched anymore.
Hence, the corresponding Glauber pinch identified here occurs in
photoproduction only.

We remark the well-known fact that in the inclusive Drell-Yan
process, the Glauber contribution, while pinched, is canceled at
the cross-section level due to unitarity.

gauges of superficially leading polarizations in the sum over
graphs through WIs. Of course, the analysis can be also
made in the Feynman gauge with the same conclusion [19].
Considering the replacement in Eq. (15), we select the term
- "1’% ~ /% of the polarization matrix corresponding to the
pair of indices v = L and v/ = + in Fig. 2. It is straightfor-
ward to check that the other terms will not give a leading
contribution. Moreover, with the same argument above as in
the collinear region, we may pick the u and 4’ indices to be
transverse for the sake of power counting. For these terms,
we have

FﬂlJr 14/11 1_1 F 13 /13 _ 12
wo~ ﬂ_6 s B~ /14 s
A
Figtt w2 =10 (1)

Hence, we find that the overall power of this contribution is
A, which is the leading power, as was claimed. In fact, a
similar soft-to-collinear Glauber pinch was found to also
give a leading contribution in [21], albeit in a different
context, namely in gaps between jets non-global observables
in hadron-hadron collisions.

Finally, we note that our power counting analysis is
consistent with the soft-end suppression from the pion
distribution amplitude, since ¢, ~ iF g~ k™ ~A (where
we used f,~AQ). This is discussed in more detail in
Sec. VII of [19].

Divergence assuming collinear factorization: We now argue
that the above Glauber pinch results in an “end pointlike”
divergence that appears when calculating the amplitude
assuming standard collinear factorization. Strictly speak-
ing, this divergence occurs at the combined end point of the
pion DA ¢, (z) where z — 0 and the breakpoint of the GPD
H,(x,&) where x — £. Notice that this corresponds to the
reduced graph in Fig. 1(b). Now, we have shown for the
example in Fig. 2 that there is a leading contribution from
this region when k ~ (1,4,4) and [ ~ (4,42, 1). In particu-
lar, in [19] it is shown that the region where [, k ~ (4, 4, ) is
power-suppressed O(4%). We therefore conclude that the
divergence is not due to the soft region, as is usually the
case with end point divergences.

For illustrative purposes, we note that if we were to take
Fig. 2, and assume collinear factorization in terms ¢,(z) ~
z(1 —z) and H,(x, ), we would arrive, in the limit x — &
and z — 0, at the divergent integral

! ! (X—f)ZHg(x,f)
/-1 dx[) dz[(x—é) +Az—ie][(x— &)z +ie][x — &+ ie]’
(22)

where A is a positive constant. We refer the reader to
Appendix A in [19] for details on the calculation.
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Conclusion. We have shown that the exclusive photo-
production of a pair of z% with large invariant mass
cannot be analyzed in a purely collinear factorization
framework at the leading twist, due to a Glauber pinch
for the gluon exchange channel. The pinched Glauber
gluon in our analysis corresponds to one of the two active
gluons that would usually participate in the hard partonic
scattering level. We have argued that it is for this reason that
the amplitude diverges if one attempts to compute this
contribution already at leading order and leading twist,
assuming collinear factorization naively. This is substan-
tiated by the fact that the divergence only appears for those
diagrams where the Glauber pinch occurs. Our results
further imply that the corresponding crossed process of 7°-
nucleon scattering to two photons also suffers from the
same Glauber pinch.

To save the phenomenology for the photoproduction
of a n% pair, it is necessary to go beyond collinear
factorization—The natural approach is to introduce k-
dependent distributions. We intend to address this issue in
the future. However, we stress that for cases where the
gluon exchange channel is forbidden, either due to
electric charge conservation in the case of charged meson
production, or due to C-parity conservation in the case of
neutral vector meson production, the Glauber pinch
discussed in this Letter does not occur.
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