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We present the first lattice QCD calculation of the quark transverse spin-momentum correlation, i.e., the
T-odd Boer-Mulders function of the pion, using large-momentum effective theory. The calculation is done
at three lattice spacings a = {0.098,0.085,0.064} fm and pion masses ~350 MeV, with pion momenta up
to 1.8 GeV. The matrix elements are renormalized in a state-of-the-art scheme and extrapolated to the
continuum and infinite momentum limit. We have implemented the perturbative matching up to the next-to-
next-to-leading order and carried out a renormalization-group resummation. Our results provide valuable
input for phenomenological analyses of the Boer-Mulders single-spin asymmetry.
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I. INTRODUCTION

Transverse-momentum-dependent parton distribution
functions (TMDPDFs) encode the transverse momentum
dependence of partons inside a hadron, and play a crucial
role in 3D hadron tomography at the future Electron-lon
Collider (EIC) in the U.S. [1] and the electron-ion collider
in China [2]. At leading-twist accuracy, there exist eight
quark TMDPDFs. Among them, the Sivers and the

Published by the American Physical Society
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Boer-Mulders functions are time-reversal odd quantities
that arise exclusively from final- or initial-state interactions
in certain scattering processes. They characterize the
unpolarized quark distribution in a transversely polarized
hadron and the transversely polarized quark distribution in
an unpolarized hadron, respectively. Phenomenologically,
TMDPDFs can be extracted from a global fitting of TMD
observables using QCD factorization theorems. While
various TMDPDF fits have been performed in the literature
[3—10], most of them have focused on the unpolarized quark
TMDPDEF, with limited analyses on the Sivers function,
leaving the T-odd Boer-Mulders function relatively under-
explored. Lattice QCD has the potential to play an important
complementary role in calculating TMDPDFs, particularly
the T-odd Sivers and Boer-Mulders functions, from first
principles.

Early lattice studies have been focused on accessing the
moments of TMDPDFs [11-15], including the Sivers and
Boer-Mulders functions [13,14], by studying ratios of
suitable correlators. With the proposal of large-momentum
effective theory (LaMET) [16—18], we are also able to access
the full TMDPDFs. The idea behind this theory is as follows:
The standard PDFs or TMDPDFs are characterized by light
cone correlations that cannot be readily calculated on the
lattice. However, LaMET establishes an effective theory
matching that connects such light cone correlations to equal-
time Euclidean correlations in a boosted hadron state, known
as quasi-light-front correlations. The latter can be simulated
on the lattice, and have a safe continuum limit after a proper
nonperturbative renormalization. Thus, one can extract
PDFs or TMDPDFs from renormalized quasi-light-front
correlations through LaMET matching in the continuum,
provided that the hadron momentum is much larger than
Aqcp so that power corrections are well under control. In the
past few years, there has been rapid progress in both
theoretical developments [19-36] and lattice calculations
[37-47] of TMDPDFs. On the theory side, the matching
relation between quark and gluon TMDPDFs and quasi-
light-front correlations or quasi-TMDPDFs has been exten-
sively studied [22,26,29,30,32-34], revealing a universal
form applicable to all leading-twist TMDPDFs [29,33,34].
The perturbative matching kernel has been calculated up to
the next-to-next-to-leading order (NNLO) [48,49]. There
have also been studies examining the potential higher-twist
contamination in the extraction of leading-twist quark
TMDPDFs [30], suggesting that the effect may be the
weakest for the T-odd Boer-Mulders function. On the lattice
side, various calculations have been performed for the soft
function [38], the Collins-Soper kernel [37,39-41,44,45]
controlling the rapidity evolution of TMDPDFs, as well as
the unpolarized quark TMDPDF [42] and the pion TMD
wave function [43].

In this work, we perform a systematic study of the T-odd
Boer-Mulders function of the pion using LaMET. The
lattice matrix elements of the Boer-Mulders quasi-light-
front correlator are calculated with three lattice spacings

a = {0.098,0.085,0.064} fm, pion masses ~350 MeV,
and pion momenta up to 1.8 GeV. The matrix elements
are then renormalized in a state-of-the-art scheme [50] and
Fourier transformed to longitudinal momentum space.
Using the soft function and Collins-Soper kernel calculated
previously [51], we extract the Boer-Mulders function and
extrapolate the result to the continuum and infinite momen-
tum limit. We have implemented the perturbative matching
up to the NNLO and carried out a renormalization group
resummation (RGR).

The rest of the paper is organized as follows: in Sec. II,
we give a brief overview of the theoretical framework that
allows us to extract the Boer-Mulders function from the
quasi-Boer-Mulders function. We then discuss in Sec. III
details of our lattice calculation. Section IV presents our
numerical results. Finally, we conclude in Sec. V.

II. THEORETICAL FRAMEWORK

For spin-0 hadrons like the pion, there exist only two
leading-twist quark TMDPDFs, rather than eight for spin-
1/2 hadrons. One is the unpolarized TMDPDF, and the
other is the Boer-Mulders function. To access them on the
lattice, we can study the following subtracted quasi-
TMDPDF defined in LaMET [19,20,22,26], as follows:

fr(Z’bgl/a’PZ)
(a(P)| (0.0 )T W (2.6, : L)y (z.b,)|z(P))
VZe(2L+2,b,,1/a)

= lim
L—oo

’

(1)

where |z(P)) denotes a pion with momentum P = (P, 0,
0, P?), and a is the lattice spacing. I = {y',y'y*y5} defines
the unpolarized and Boer-Mulders quasi-TMDPDFs £, ;-
as follows:

?y’ = ?l?
= ie'{by ;M ht, (2)

Frvtivg

where i, j are transverse indices. L= Ln,, 7 = zn, with
n, = (0,0,0, 1) being a unit four-vector along the spatial

z direction, and b 1 = (0,by, b,,0). In our calculation, we
choose b, = 0. W denotes a staple-shaped Wilson line:

We(Z,bysL) = WHL + %L —2)
XW (L+Z+b;—b )W, (Z+b,;L),

L
W;(i; L) = Pexp [—ig/ din;- A" +ml)|.  (3)
0

V/Zp(2L +z,by, 1/a) is the square root of the vacuum
expectation value of a flat rectangular Euclidean Wilson-
loop along the n, direction with length 2L + zand width b | :
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Ze(2L +z.b,,1/a)

1 - -
= N—Tr<0|Wj(—L +b,;-b))

X WHL +Z+b,;-2L -7)
X W (L +7Zb,)W,.(=L;2L + 2)|0). (4)

It serves to remove the linear and cusp divergences associated
with the Wilson lines in the quark quasi-TMDPDF operator
in the numerator on the rhs of Eq. (1). The subtracted quasi-
TMDPDF then has a smooth L — oo limit. However, it still
contains logarithmic divergences from the endpoints of the
operator, which can be removed in the short-distance ratio
scheme [50] by further dividing by the zero-momentum
hadron matrix element of the same operator at small zand b | .
Then the renormalized quasi-TMDPDF can be converted to
the MS scheme. Here, we combine the renormalization and
conversion factors into a single factor Z,, as

fr(zov byo.1/a, 0)

Zo(1/a.p) =
¢ fr (Zovbloﬂo)

(5)

where fr(zg. b 10-1/a,0) is the zero momentum matrix
element calculated on the lattice, following the definition in

Eq. (1). f 5 (20, b1 0, 4, 0) is the conversion factor to the MS
scheme with y being the renormalization scale. In this ratio,
the intrinsic dependence on zy and b | ( is expected to cancel,
leaving the remaining dependence on a and y in Z,.
However, in practical calculations, the cancellation on z,
and b, o, dependence is never complete, due to missing
higher-order contributions. For zy < 1/Agep and a <

bio<1/Agcps F5(z0.b10,4,0) can be calculated in
the continuum perturbation theory. It is expected to be the
same for the Boer-Mulders function and for the unpolarized
quark quasi-TMDPDF [29], and the result up to one-loop
accuracy is [50]

~ NS a,Cr [3. [(z3+ b3 )P
¥ (20,b10,4,0) =1+ zﬂF [5111( > 20 )
——arctan| —— | +—|, 6
b1y by 2 (6)

where a; = ¢*/(4r) is the QCD running coupling. To reduce
the dependence on z, or b (5, one can perform an RGR,

f@(ze,bm,#,o) fr (z0:D1 05 ﬂo,())

X exp [/ —27/F

which evaluates the fixed-order perturbative series at the

).

physical scale yy = r - 2e77/ bzl_yo + z2, and evolves it to

the renormalization scale y. One can vary r = 0.8 ~ 1.2 asan
estimate of perturbative uncertainties. y is the heavy-light
quark UV anomalous dimension [52-55].

The fully renormalized quasi-TMDPDF is then given by

Stz by, p, PP) = Z5! fr(z, b, 1/a, ), (8)
where we have assumed a continuum limit on the lhs. From
Eq. (8), the momentum space density is given by the
following Fourier transformation (FT):

- dl . <
frx.b.u ;)= /ﬂe’x’lflMS(ﬂ/PZ,bbﬂ’Pz)v )

with 4 = zP? being the quasi-light-front distance and {, =
(2xP?)? the Collins-Soper scale. The dependence of fi- on
u is controlled by the RG equation [56,57]

d -
/ﬂﬁlnfp(x, by, ¢.)=rr(as(u)). (10)

The dependence on ¢, characterizes how the quasi-TMDPDF
changes with momentum or rapidity, and the evolution is
controlled by the Collins-Soper equation [19,56]

d -
pzﬁ]nfr(x, by, u, Z.:z)

=K. pu)+G(Cop). (1)
where K (b, p) is the Collins-Soper kernel that is indepen-
dent of the rapidity regulator, while G({, u) is a perturbative
term existing only in the off-light-cone regularization
scheme; its explicit expression at one-loop can be found
in Ref. [22].

The renormalized quasi-TMDPDF fr(x,b,,u.C.) is
then related to the standard TMDPDF fr(x,b,u,{) by
the factorization [22,32]

.?l—'(x’ bJ_Hu?é,Z) SI(bJ_’:u)

—H (C_;) e%ln (%) K(b, 1)
u

A2 2
Xfr(x’vaﬂvC)+O< ocb d !

, s , 12
ANTSE bic) (12)

where S;(b,p) is the intrinsic or reduced soft function
that can be calculated on the lattice using a light-meson
form factor [21], for example, in Ref. [51] for the ensemble
X650 generated by the CLS collaboration. The rapidity
scale is denoted by { = (2xP+) and the pion mass by M.

QCD M? 1
., are suppressed
(P*)z bié“z) pp

for large values of the pion momentum P? and Collins-
Soper scale £, but will become important in the endpoint
regions where LaMET becomes unreliable.

The power corrections (9(
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The matching kernel is often written as H = ¢” and has
been calculated perturbatively up to the NNLO, where the
next-to-leading order (NLO) result reads [18,20,26]

c & 1,4
Q) ) _ %Cr -2 In=% - ~In 2% ), 13
(/42 2n +12+ w22 (13)

while the NNLO result reads [48,49]

¢ 1( ¢
h (ﬂ_;> =a; [02 ) <7c = Poci 1n'u—§

_l 1-‘(2) _ ﬂOCF In2 Z.:z ﬁOCFl 3 CZ
4\ 2 W2 24m 42
(14)

The constants ¢, :0.0725C2 —-0. 0840CFCA +0.1453Cpny/

2 and ¢ :%(—2—1-%) Bo=—2(5Cs—2%ny) is the
leading-order QCD beta function. rﬁusp =CpC A(—ﬁ +
%) - slcg,: . denotes the two-loop cusp anomalous dimen-

sion [58]. The single log anomalous dimension at two-loop is
y(cz) = a,CpCy + a,C% + a3Cpny with coefficients a; =
44¢5 — ”3” U, a, = —48¢5 +28” —8and a; =
[18,22].

The hard kernel H satisfies the following RG equation

[22,49],
1 H CZ =
r cusp +7C’ (15)

which indicates an all-order mathematical structure of
double logarithms ~a” In?" (£, /u?), and can be numeri-
cally large if ¢, differs from y? by an appreciable amount,
such as in the small x region. Therefore, to perform the
perturbative matching in a reliable and controllable manner,
especially for the small x region, one has to resum the
double logarithms to all orders in perturbation series.
The standard resummation approach starts from evaluat-
ing the fixed-order perturbation series at the physical scale
r?¢., with r being an empirical parameter, and then evolves it
to the factorization scale x” using the RG equation [22]:

— (a5 5 )

<o | ﬂffli T 00 0 55+ vl )}

27r 4 160 160

(16)

The physical scale is only defined to the order of magnitude,
rather than as a precise value. We can vary the parameter

TABLE 1. Different resummation accuracies for the hard kernel

H. The log term is L. = In ({./u?).

RG scheme Accuracy ~ ol L¥ Ceusp yc  Fixed order
k=12n 1-loop Tree Tree

LO + RGR 2n—1<k<2n 2-loop 1-loop Tree

NLO+RGR 2n—-3<k<2n 3-loop 2-loop 1-loop

NNLO +RGR 2n—-5<k<2n 4-loop 3-loop 2-loop

r = 0.8 ~ 1.2 to estimate the uncertainties arising from the
physical scale choice. If one knows the hard kernel to all
orders, the variation of r does not influence the result. Since
we only know the hard kernel up to limited orders, varying r
could lead to notable effects, which can be viewed as
estimated uncertainties due to unknown higher-order per-
turbative corrections.

The resummation accuracy depends on the order of the
fixed-order results and the anomalous dimensions, which is
shown in Table I. Calculations of the cusp anomalous
dimension T, for the quark case are up to four-loop
[58—62]. The single log anomalous dimension y. up to
three-loop is presented in Ref. [63], which is obtained based
on the universality of anomalous dimensions discussed in
Ref. [49] and the perturbative results in Refs. [54,64—66].
The current results in the literature allow for NNLO + RGR
accuracy.

III. LATTICE CALCULATIONS
A. Lattice setup

Our calculation uses three different lattice ensembles
generated by the CLS Collaboration [67], with lattice
spacing a = {0.098,0.085,0.064} fm and pion masses
~350 MeV. For each ensemble, we calculate several
source-sink separations with eight sources per configura-
tion. Four individual measurements are used for each
configuration for X650, while for H102 and N203, eight
measurements are performed. Details of the lattice setup
and parameters are collected in Table II. The pion momenta
used in the calculation are P?= {0,0.53,0.79,1.05,
1.32,1.58,1.84} GeV for X650, P*={0,091,1.37,
1.82} GeV for H102 and P* = {0,0.81,1.21,1.61} GeV
for N203. The number of configurations used for P* =
{0,0.81} GeV is reduced to 500 to save computing

TABLEIL.  Simulation setup, including lattice spacing a, lattice
size L3 x T, pion masses [68], and the number N, of
configurations.

Ensemble a(fm) L3xT  m,(MeV) m,L Neont
X650 0.098 483 x 48 338 8.1 1892
H102 0.085 323 x96 354 4.9 1008
N203 0.064 483 x 128 348 54 500/1543
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FIG. 1. [Illustration of the lattice setup for the three-point
function. The sequential source method [69] is used.

resources, while a sufficient signal can still be seen with the
smaller subset of configurations.

A schematic illustration of the lattice setup for calculat-
ing the three-point function needed to obtain the matrix
element in the numerator of the quasi-TMDPDF defined
in Eq. (1) is shown in Fig. 1. The sequential source
method [69] is used.

The source-sink separations and maximum z and b as
well as the staple link length L used in the calculation of the
three-point correlation function are listed in Table III.

B. Dispersion relation

Using the two-state parametrization
CPUP, tyep) = cae™ 08 (1 4 cse™8r), (17)

where 7, is the source-sink separation, the ground-state
energies E; can be extracted from fitting the two-point
function. In the equation above, the dependence of the fit
parameters ¢y, cs, Eg, and AE on P* has been omitted for
simplicity. From the ground-state energies at different
momenta for all ensembles, the pion dispersion relation
can be obtained for different lattice spacings. We para-
metrize this relation with

TABLE III.  Source-sink separations f,/a, maximum longi-
tudinal and transverse separations z../a and b ../a of the
quark fields in the quasi-TMDPDF defined in Eq. (1) and staple
link length L/a used in the analysis.

Ensemble tep/a Zmax/@ D1 max/a L/a

X650 {6,7,8,9,10} 18 7 {8,10}
H102 7,8,9,10,11,12 22 8 {8, 10}
N203 {9,11,13,15,17} 28 9 {10, 12}

2.0
I X650
1.51
s
(]
9
S 1.0
0.5
0.0 0.5 1.0 1.5
PI[GeV]
251 1 Hio2
2.0
3
8 151
iy
1.0
0.5 1
0.0 0.5 1.0 1.5 2.0
PI[GeV]
I N203
1.51
s
(]
9 1.0
iy
0.5
0.0 0.5 1.0 1.5
PI[GeV]

FIG. 2. Dispersion relations for the pion on three different
ensembles.

Eo(PF) = \/m? + (P + ey (P2, (18)

where discretization errors are taken into account by the
term quadratic in a. In Fig. 2, we plot the dispersion
relations for the three ensembles. The fit results in ¢; =
0.972(18) and ¢, =0.111(50) for X650 and ¢, =
1.028(36) and ¢, = 0.093(38) for H102. For N203, the
dispersion relation fit gives ¢; = 1.063(28) and ¢, =
0.106(31). The results indicate good agreement with the
continuum dispersion relation Ey(P?) = /m?* + (P%)>.

To estimate the uncertainties, binning with bin size 5 and
bootstrap resampling with 800 samples is used. The boot-
strap samples and correlations are kept consistent during
the entire analysis.

C. Joint fit of two- and three-point functions

To extract the ground-state matrix element, we decom-
pose the two-point correlator C*P(P?, 1,,) and three-point

correlator C;™(P%, 1, tep) (With I" = y'yty5) as in Ref. [70]:

094507-5
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CoPY (P, 1) = |AgPe ot + | A [Fe it -
CP' (Pt 1) = | Ao|>(0]OF[0) e~ Fotsr
+ A [*(1]Op|1) e Frter
+ A A5 (1]Op|0)e 1l e=Fot
+ AgAi (0]Op | 1) e~ Eoltw=n g=Ert ...

(19)

where (0|O|0) = h1%(z, b, 1/a, P?) is the ground-state
matrix element corresponding to the numerator of the rhs of
Eq. (1), t denotes the insertion time of Or. The ellipses
denote the contribution from higher excited states of the pion
which decay faster than the ground state and first excited
state. We extract the bare ground-state matrix element by
performing a two-state combined fit with C?'(P*, 1) and
the ratio Rp(P?, tep. 1) = Cgpt(PZ fieps 1)/ CPPY (P, tep).

For the combined fit, the two-point function is para-
metrized by Eq. (17) and the ratio with

hf"o +c [e—AEt+ e—AE(tsep—t)] 4 C3e—AEtsep

1 + cse—AElgep

Rl’(tsepf Z) =
(20)

The bare ground-state matrix element EIL’O(Z, b,,1/a,P?)
is extracted by performing a correlated joint fit at fixed
values of z, b, and P* for each ensemble. The insertion
times ¢ =0 and 7 = f, are excluded for the three-point
functions in the fitting process for X650 and H102, while
for N203 the points with =1 and 7 = 7., — 1 are also
excluded.

In Fig. 3, we show, as a demonstrative example, the joint
fit results for the ratio of three- and two-point functions for
b, = 3a for different ensembles, momenta, and z. As can
be seen from the plot, the imaginary part of the matrix
element is at least an order of magnitude smaller than the
real part, and consistent with zero within errors in
most cases.

To illustrate the quality of the correlated fits, Fig. 4
shows the histograms of y?/d.o.f. from all correlated joint
fits that are performed to determine the bare ground-state
matrix element ﬁo(z,b 1,P% 1/a). The distributions are
normalized to 1.

D. L-dependence of subtracted
quasi-TMDPDF matrix elements

After dividing the bare matrix element by the square root
of the Wilson loop, the singular dependence on L is
expected to cancel; see Eq. (1). To verify this, we calculate
Zp for X650, H102, and N203 using all available gauge
configurations. The signal-to-noise ratio of Zp(2L +
Z,b,1/a) decays rapidly with increasing 2L + z and
b, possibly even leading to negative central values.

To decrease the uncertainty and avoid an ill-defined square
root, we fit the Wilson loop with Zz(2L + z,b,,1/a) =

c(by 4)e”Vbr@Clta) with V(b , a) being the static QCD
potential, and extrapolate to large values of 2L + z, as was
done in Ref. [50]. In Fig. 5, we plot the Wilson loop
calculated on three ensembles as well as the fitting result.
The solid lines indicate the fitted ranges.

To investigate the L-dependence of the subtracted
matrix elements, we calculate the three-point function
for all gauge ensembles with various different values of L.
To best utilize the available computing resources, smaller
subsets of configurations and smaller momenta P* are
used for this test. For H102, 100 configurations with
eight measurements per configuration are analyzed,
while for N203, 25 configurations with eight measure-
ments per configuration are used. All available configu-
rations are used for X650, with one measurement for each
configuration.

Figure 6 shows the real parts of the subtracted
quasi-TMDPDF  matrix elements for X650 with
P?=0.53 GeV, for H102 with P? = 0.91 GeV, and for
N203 with P* = 0.81 GeV, with z = {0,2,4,6,8}a. The
minimum value L, = 2a and step size Ly, = 2a are
the same for each ensemble, while the maximum value of
L is chosen as L, = 12a for X650, L. = l4a for
H102, and L,,,, = 16a for N203. As is apparent from the
figure, the L-dependence of the subtracted matrix ele-
ments is weak, and a plateau is found for all ensembles
and values of z. Since the signal becomes worse with
increasing L, values of L = 8a for X650 and H102, as
well as L = 10a for N203, are chosen for the calculation
with full statistics.

E. Renormalization

The bare matrix elements are renormalized using the
square root of the rectangular Euclidean Wilson loop /Zx
and the logarithmic divergence factor Z,. After construct-
ing the subtracted quasi-TMDPDF as described above, the
remaining logarithmic divergence can be removed by
further dividing by a short distance matrix element at zero
momentum, as discussed in Ref. [50].

The renormalization factor Z, will introduce some
residual dependence on zy, b, o due to missing higher-
order perturbative contributions. To reduce such depend-
ence, we have carried out an RGR for the perturbative

MS result with the physical scale being set to py = r -

2e77e [, /b7, + 2§ with prefactor 7 to be O(1). In Fig. 7,

we show the comparison of the logarithmic divergence
factors Z, at various distances zy, b, o calculated at NLO
without (left panel) and with (right panel) RGR. The
renormalization scale is ¢ = 2 GeV and the physical scale
in the resummation is varied from r=0.8 to r =1.2,
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FIG. 3. Demonstration of fitting the correlation function for b, = 3a for different ensembles, momenta and z. The ground-state matrix

element obtained by the fitting is shown as the gray band. (a) X650, P* = 0.79GeV, z = 5a, b, = 3a. (b) H102, P* = 0.91 GeV,
z=a, b =3a. (c) N203, P* =0.81GeV, z =a, b, = 3a. (d) X650, P* =1.32GeV, z=a, b, =3a. (e) H102, P* = 1.37GeV,
z="Ta,b, =3a.(f)N203, P* =1.21GeV, z = 5a, b, = 3a.(g) X650, P* = 1.58GeV, z =3a, b, = 3a. (h)H102, P* = 1.82GeV,

z=a, b, =3a. (i) N203, P*

Z

1.61 GeV, z =a, b, =3a. (j) X650, P* =0.79GeV, z =a, b, = 3a. (k) H102, P* =091 GeV,
=a, b, =3a. (1) N203, P* =0.81GeV, z =a, b| =3a.

leading to a systematic uncertainty which is included in the
error bars of the right panel in the figure.

Windows of constant Z,, are found at b, , = {2,3}a,
20 = {0, 1,2}a for X650, at b, y = {2,3}a, zo = {0, 1}a
for H102, and at b, o= {2,3}a, zo={0,1,2}a for
N203. Our final renormalization factors are obtained by
averaging Z, over those regions. The resulting values for
each ensemble are ZX%0 =1.199(16)(43), zH10% =
1.405(20)(38), and Z}** = 1.469(32)(17), with the first
error being the statistical uncertainty estimated with boot-
strap resampling and the second error arising from the scale
variation in RGR.

F. Large A extrapolation

In order to Fourier transform the renormalized matrix
elements in coordinate space to momentum space, we need
the quasi-TMDPDF matrix elements at all quasi-light-front
distances 4 = zP*. However, the uncertainty grows quickly
at large distances. Here we adopt the following extrapo-
lation form [71] at large A inspired by the analysis of
collinear PDFs [71]:

—il (&)

e_j'/ﬂ() s
(=id)’

(1)
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FIG. 4. Histograms of y?/d.o.f. of all fits to extract the bare
ground-state matrix element f%(z, b, P% 1/a). The distributions
are also shown for the ensembles individually and are normalized
to 1.
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FIG. 5. Wilson loop calculated and fitted on three different

ensembles. The lines represent the fitted results.

where ¢y, ¢, in the square bracket can depend on b, and
the exponential term comes from the expectation that at
finite momentum the correlation function has a finite
correlation length (denoted as A;) [71], which becomes

X650,P,=0.53GeV, b, =1a

0.6
r
s ﬁﬁ
L 04
5\ ﬁﬁ
N
‘E 0.2 i
& zzoeed
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0 2 4 6 8
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N 0.3 EE Eﬁ
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Q
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0.4
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<o L/
2 M
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0 2 4 6 8
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L=2a L==6a ¥ L=10a L=14a
¥ L=4a % L=8a f L=12a 1 L=16a

FIG. 6. L dependence of the subtracted quasi-TMDPDF matrix
elements on three ensembles.

infinite when the momentum goes to infinity. The details of
the extrapolation are expected to affect the final results in
the endpoint x regions where LaMET expansion breaks
down [18].

The A extrapolation is performed independently for
each value of b, and P*. Examples for extrapolated results
are shown in Fig. 8 for the real part of the renormalized
matrix elements for N203, b, =2a, P*={0.8I,
1.21,1.61} GeV. For P* = 0.81 GeV, the corresponding
imaginary part is also depicted. The data in the gray
extrapolation region are used during the fitting process,
and the gray region is determined by minimizing the
x*/d.o.f. of the correlated fit. The result after extrapolation
is shown in green. The region where the extrapolated result
is used instead of the original data is chosen as small as
possible, but large enough to ensure valid results after the
Fourier transformation. The results of the extrapolation
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FIG. 7. Determination of the renormalization factor Z, without (labeled as NLO) and with including the RGR effect (labeled as
NLO + RGR) on three ensembles. Windows of constant Z, can be found in the right panels.

agree with the lattice data in the region of moderate 4 and
give smooth curves with much reduced errors for large 4.

After renormalization and extrapolation, we can do a
Fourier transformation to (x, b, ) space. The imaginary part
of the coordinate space distributions, which is zero within
errors in most cases, is treated as part of the systematic
uncertainties.

G. Linear interpolation in b, of the Collins-Soper
kernel and intrinsic soft function

To apply the perturbative matching for different lattice
spacings, the Collins-Soper kernel K(b,u) and intrinsic
soft function S;(b,,pu) at different values of b, are

necessary. Both quantities have been calculated on the
ensemble X650 at u =2 GeV in [51], but are not yet
available on H102 and N203. As a makeshift, we perform a
linear interpolation so that they can be used for the other
two ensembles, with the results shown in Fig. 9.

Since the results for K(b,,u) and S;(b,,u) from
Ref. [51] are not available for the exact same bootstrap
samples that are used in our analysis, we use error
propagation to incorporate the uncertainties of the
Collins-Soper kernel and intrinsic soft function in our
results after matching. The uncertainties that we use in
the error propagation are obtained by linearly interpolating
the statistical errors from Ref. [51] to the desired values of
b, needed for our analysis.
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FIG. 9. b, interpolation of the intrinsic soft function and the Collins-Soper kernel calculated on X650 so that they can be used for

H102 and N203.

H. Impact of perturbative matching
and resummation effect

In Fig. 10, we plot a comparison between the results
before and after applying the perturbative matching at
NNLO with renormalization scale y = 2 GeV and rapidity
scale { =4 GeV?. The data of N203, b 1 =2a,3a and
P ={1.21,1.61} GeV are shown as an example. The
errors of the quasi-TMDPDF in the figure contain statistical
errors as well as the error from the scale variation in RGR
when determining Z,. The errors of the TMDPDF addi-
tionally contain statistical uncertainties from the intrinsic

soft function and Collins-Soper kernel. In the case of
P* =1.61 GeV, b, = 3a, the systematic uncertainty from
the imaginary part is taken into account as described above.
As can be seen from the figure, the matching mainly affects
the small x region.

Figure 11 shows the effects of using RGR of the
perturbative matching kernel at NLO and NNLO for the
example of X650, P* = 1.58 GeV and b, = 2a. Statistical
errors as well as the systematic error from varying the scale
during the resummation are included in the error bands.
The significant difference between the fixed-order result
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FIG. 11. Boer-Mulders function hf-(x b, u, ) for X650 with
P?=1.58 GeV and b, = 2a, obtained with NLO (blue) and
NNLO (red) matching kernel with and without RGR at scales
u =2 GeV and ¢ = 4 GeV?. The error band includes statistical

errors as well as the systematic error from scale variation in the
resummation.

and the RGR result in the small x region clearly indicates
that LaMET prediction is unreliable in this region where

power corrections also become important and should be
taken into account.

094507-

A. Dependence of momentum
space distributions on P?

Figure 13 shows, as an example, the pion Boer-Mulders
function obtained on X650 for different pion momenta P?
after matching at NNLO with RGR. The largest momentum
P?* = 1.84 GeV for X650 is only included in the figure for
b, = la due to large error bars hindering visibility.
Overall, the results exhibit good convergence with increas-
ing momenta. The results for HI02 and N203 exhibit a
similar behavior as in Fig. 13.

The results after RGR cannot be determined for small x,
since the resummation breaks down due to a Landau pole. As
can be seen from Fig. 13, the x range for which the
corrections are under control gets larger for increasing P*
and the resummation breaks down at x = 0.15 for the largest
momentum of P*~ 1.84 GeV used for X650. Hence, we
estimate the unreliable region to be x€[0,0.15] and
x €[0.85, 1] and shade this area in gray in Fig. 13.

B. Estimation of systematic uncertainties

The error bands in Fig. 13 include both statistical and
systematic uncertainties, where the latter have five different
sources, as illustrated in Fig. 12. The first is from the
intrinsic soft function. The second comes from the Collins-
Soper kernel. The third is from scale variation in the RGR

11
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FIG. 14. Fit of the b, -dependence of the Boer-Mulders
function following Eq. (22). We have taken the X650 result
with x = 0.5 and P* = {0.79, 1.05, 1.32} GeV after matching at
NNLO as an example.

which is guided by the global fits of the Pavia group, e.g.,
in Ref. [72]. The fit form in Eq. (22) is simplified
compared to the one used in Ref. [72], since the quality
of the data and the number of different b, in this analysis
do not allow for a fit with more parameters. The fit is
performed for each ensemble and momentum individu-
ally, as well as for various values of x with a step size
of 0.005.

An example of fitting the b -dependence of the Boer-
Mulders function with Eq. (22) is shown in Fig. 14 for
X650 with x = 0.5 and P* = {0.79, 1.05, 1.32, 1.58} after
matching at NNLO. We choose to display the error
obtained from linearly interpolating the bootstrap error
of hll(x, b, p,¢) instead of the fit error to not artificially
reduce the error size. As seen from the figure, the Boer-
Mulders function decays to zero for b, = 0.5-0.6 fm.

The resulting fit parameters for X650 with x = 0.5 are
¢y = 1.04(10) and ¢, = 8.1(1.6) for P* = 0.79 GeV, ¢ =
0.73(11) and ¢, = 4.7(1.8) for P* = 1.05 GeV, and ¢; =
0.57(7) and ¢, = 4.3(1.6) for P* = 1.32 GeV.

In order to compare the results of different ensembles,
hi(x,b,,pu,{) is interpolated to b, = {0.1,0.2,0.3,0.4,
0.5,0.6} fm.

D. Extrapolation to the continuum
and infinite momentum

A combined extrapolation of the Boer-Mulders function
to infinite momentum and to the continuum is performed
with

hi(x.by,a,P*) =hio(x.by)+a*f(x.b))

g(x,b,,a)

+a*(P)*h(x.b,)+ G

(23)

where for simplicity we have suppressed the dependence on
renormalization scale. hll(x, by,a,P%) on the lhs is the
lightcone Boer-Mulders function for different lattice spac-
ings and pion momenta, obtained for specific values of b |
by fitting the b -dependence with Eq. (22). Discretization
effects are accounted for by the terms a®f(x,b,) and
a*(P*)*h(x,b,), while g(x,b,,a)/(P?)?* specifies the
dependence of the leading power correction on P*. An
explicit a-dependence is kept in the parameter g(x, b, a).
The final result for the Boer-Mulders function after
extrapolation is given by hfo(x, by).

Figure 15 shows the Boer-Mulders function extrapo-
lated to the continuum and infinite momentum limit, with
error bands including statistical errors as well as system-
atic uncertainties from the sources mentioned above. The
uncertainty from the extrapolation is determined as the
difference between the extrapolated result and the result
of N203 at P* = 1.61 GeV. It is added in quadrature with
the other errors. The regions x € [0,0.15] and x € [0.85, 1]
are shaded in gray to indicate the range where the
LaMET factorization becomes unreliable due to power
corrections.

In contrast to the unpolarized quark TMDPDF calculated
in Ref. [42], a clear decay trend with increasing b is
observed in the pion Boer-Mulders function. The reason
could potentially be the following: the pion is much lighter
than the nucleon. Therefore, for P = 1-2 GeV the power
corrections are already much less important than for the
nucleon. On the other hand, according to the analysis in
Ref. [30], the higher-twist contamination for Boer-Mulders
function is smaller than for the unpolarized quark
TMDPDE.
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to power corrections.

V. SUMMARY AND OUTLOOK

To summarize, we have presented the first lattice
calculation of the T-odd Boer-Mulders quark TMDPDF
with LaMET. The calculation is done at three lattice
spacings with pion mass ~350 GeV and momenta up to
1.8 GeV. The lattice matrix elements are renormalized in a
short-distance scheme and extrapolated to the continuum
and infinite momentum limit. It is found that the pion Boer-
Mulders function decays with increasing b, and is com-
patible with zero for b =~ 0.5-0.6 fm.

We have also investigated the numerical impact of
perturbative matching up to the NNLO and RGR. The
perturbative matching mainly affects the small-x region.
Using RGR, the Boer-Mulders function cannot be deter-
mined for small x due to the breakdown of the

resummation. The range of x that can be used after
RGR depends on P?, and using the largest momentum P*
1.84 GeV of our analysis, the regions of x € [0,0.15] and
x€[0.85, 1] are unreliable.

The pion Boer-Mulders function determined in this work
will offer valuable guidance for phenomenological analyses
of the Boer-Mulders single-spin asymmetry, as well as for
future measurements at Jefferson Lab (JLab) and the EIC.

In the future, our results can be improved in several
aspects. First of all, the pion mass dependence can be
studied by calculating on ensembles with different pion
masses. Secondly, the Collins-Soper kernel and intrinsic
soft function are not yet available on the ensembles H102
and N203. Our current analysis is based on an interpolation
of the results on X650. They will be calculated in

094507-14
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forthcoming publications. The lattice QCD calculations
were performed using the multigrid algorithm [73,74] and
Chroma Software suite [75].
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