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We study the exclusive photoproduction of a π0γ pair with large invariant massM2
γπ , which is sensitive to

the exchange of either two quarks or two gluons in the t channel. In this paper, we show that the process
involving two-gluon exchanges does not factorize in the Bjorken limit at the leading twist. This can be
explicitly demonstrated by the fact that there exist diagrams, which contribute at the leading twist, for
which Glauber gluons are trapped, due to the pinching of the contour integration of both the plus and
minus component of the Glauber gluon momentum. For the same reason, π0-nucleon scattering to two
photons also suffers from the same issue. On the other hand, we stress that there are no issues with respect
to collinear factorization for the quark channels. By considering an analysis of all potential reduced
diagrams of leading pinch-singular surfaces, we argue that the quark channel is safe from Glauber pinches,
and therefore, a collinear factorization in that case follows through without any problems. This means that
processes where gluon exchanges are forbidden, such as the exclusive photoproduction of π�γ and ρ0;�γ,
are unaffected by the factorization breaking effects we point out in this paper.
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I. INTRODUCTION

During the last decades, hard exclusive processes have
been shown to be very promising in order to perform the 3D
tomography of nucleons. The standard approach to analyze
such processes is collinear factorization, which allows
for the computation of the scattering amplitude as the
convolution of a hard part, calculable in perturbation
theory, and other nonperturbative functions describing
the transition between in/out hadronic states and partons.
These include distribution amplitudes (DAs) and general-
ized parton distributions (GPDs).
Various 2 → 3 exclusive processes have been studied

in order to probe GPDs [1–9]. A proof of factorization of
such 2 → 3 processes was recently derived in [10,11]. In
addition to giving access to chiral-odd GPDs at the leading

twist [1,2,9], they give enhanced sensitivity for the extrac-
tion of the x dependence of GPDs [12], beyond the
“moment” type information, compared to the traditionally
well-studied exclusive processes, such as deeply virtual
Compton scattering (DVCS) [13–18] and deeply virtual
meson production (DVMP) [19–29].
An interesting case among 2 → 3 exclusive processes

is the exclusive photoproduction of a π0γ pair with large
invariant mass,1 which, owing to the quantum numbers of
the produced pair, is sensitive to both the exchange of quarks
and gluons in the t channel. We computed the gluon-induced
amplitude for this process at leading order and leading twist,
assuming collinear factorization. Surprisingly, we found that
the amplitude diverges when the double convolution of the
coefficient function (hard part) with the gluon GPD and DA
of the π0 meson is performed, already at leading order (LO).
This is quite unexpected since the similar computation
for the photoproduction of a π�γ pair [7,8] and of a
ρ0;�γ pair [2,9], which only have contributions from quark
GPDs, is free of such singularities. The aim of this paper is to
analyze the origin of the singularities which we discovered in
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1We note that, in line with the proof of Qiu and Yu [10,11],
what is imposed in practice is large relative transverse
momenta of the outgoing meson and photon with respect to
the nucleons [8,9].
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the gluon GPD channel computation of the photoproduction
of a π0γ pair.
More precisely, the singularity in the double convolu-

tion occurs when the dominant light cone momentum
components of both a gluon from the proton and a
quark from the pion become much smaller than the hard
scale Q. The singular points in loop momentum space
are therefore the endpoint of the convolution integral
involving the pion DA, and the points x ¼ �ξ between
the Dokshitzer–Gribov–Lipatov–Altarelli–Parisi (DGLAP)
and Efremov–Radyushkin–Brodsky–Lepage (ERBL) regions
[30]. The latter have been termed breakpoints in [17] or
cross-over lines in [31].At leading twist, the breakpoints have
been found not to cause any problems in well-established
processes involving GPDs, such as DVCS and DVMP,
because the integration contour is either not pinched in the
breakpoint region, or its contribution is power suppressed.
In this paper, we describe, for the first time, a situation
where the breakpoints are responsible for the breakdown of
collinear factorization at leading twist.
We argue that the origin of the above-mentioned singu-

larities is that the photoproduction of a π0γ suffers from
a Glauber pinch.2 This can be traced back to a region,
contributing at the leading power in the hard scale, where
a subgraph collinear to the incoming photon is present,
which enables the trapping of a soft gluon in the Glauber
region. The latter corresponds to a region of loop momen-
tum k where

jkþk−j ≪ jk2⊥j; ð1Þ

in light cone coordinates (see Sec. II B).
It is important to note that this is in contrast to usual

cases of “endpoint-like” divergences that do quite generi-
cally appear, mostly at subleading powers. In those cases,
endpoint divergences are usually due to active partons3

becoming (ultra)soft, meaning that all components scale in
the same way. In the present case, we find that the region
where both partons (from the nucleon and the pion)
are (ultra)soft should not be responsible for the aforemen-
tioned divergence, because it is power suppressed; see
Secs. IV D, IV E, and V F. On the other hand, we find that a
region where an active gluon from the nucleon has Glauber
scaling, while a quark from the pion is soft, contributes at
leading power; see Sec. V E. We therefore conclude that the
divergence should be attributed to this region.
We stress that in processes where two-gluon exchanges

in the t channel are forbidden by symmetry [2,7–9], there
are no factorization breaking effects, and the proof of

factorization of [10,11] still holds. On the other hand, a
direct consequence of our work in this paper is that other
related processes involving two-gluon exchanges, such as
the exclusive production of a photon pair from π0-nucleon
scattering, considered in [10], also suffer from the same
Glauber pinch problem.
The so-called “Glauber pinch” is an elusive property.

There exist different approaches in the literature, which
correspond to different interpretations of what a “Glauber
pinch” or a “Glauber region” actually means. The Landau
condition [34], and its corollary, the Coleman-Norton
theorem [35], are rigorous tools in determining IR singu-
larities and the associated (pinched) regions of loop momen-
tum space. However, the Landau condition in its standard
form only provides one with the “exact” pinch-singular
surfaces (PSSs), when certain particles are exactly massless
and on shell. In particular, it does not distinguish between
soft and Glauber pinch, both of which correspond to a 0-
dimensional PSS where the loop momentum is exactly zero.
The structure of this paper is as follows. In Sec. II, we

briefly review important concepts relating to singularities
of Feynman graphs, including the formulation of the
Landau condition with an illustration of the simple example
of a bubble graph. In Sec. III, we introduce the necessary
definitions and clarify the choice of frame. In Sec. IV, we
first give a brief review of the reduced graph technique for
determining IR singular regions of Feynman diagrams of
arbitrary order in αs. Subsequently, we provide a complete
catalog of superficially leading regions of the exclusive
photoproduction of a π0γ pair and discuss in depth their
power counting after taking into account cancellations due
to Ward identities. We will find that a specific reduced
graph, Fig. 2(e), might be of leading power given that
some momenta of the “soft” subgraph are pinched in a
complicated configuration involving the Glauber scaling.
In the following, Sec. V, we show in great detail that this is
indeed the case for the particular Feynman diagram in
Fig. 3. We also show that, for this example, the genuinely
“soft” regions (where all loop momentum components
scale in the same way) are next-to-leading power. A
necessary component of the power counting analysis is
to take into account the possible cancellations in the sum
over graphs due to gauge invariance. In Sec. VI, we show
through a detailed analysis in the Feynman gauge that the
superficial leading power of the Glauber region is not
reduced by such cancellations. In Sec. VII, we give a
heuristic perturbative argument for the soft-end suppres-
sion of the pion distribution amplitude corresponding to
the behavior ϕπðzÞ ∼ z as z → 0. We conclude the main
part of the paper in Sec. VIII. In Appendix A, we show the
explicit tree-level result of the hard coefficient function
in naïve collinear factorization and demonstrate that the
corresponding double convolution integral is logarithmi-
cally divergent. Finally, Appendix B contains a simple
one-dimensional example of a pinch, and Appendix C

2A similar phenomenon was also observed in pion dissociation
to two jets in [32,33]. The pinch there also corresponds to
collinear-to-soft Glauber exchanges; see Sec. IV.

3By “active parton,” we mean here a collinear parton, con-
nected to some nonperturbative object, that participates in the
hard scattering.

SAAD NABEEBACCUS et al. PHYS. REV. D 111, 034040 (2025)

034040-2



contains the Landau condition analysis of the collinear
pinch in the off-forward kinematics.

II. SINGULARITIES OF FEYNMAN INTEGRALS:
A BRIEF REVIEW

A. General discussion

Consider a generic form of an L-loop Feynman integral
in d dimension with n internal lines, given by

IðzÞ ¼ lim
ϵ→0þ

Z
RdL

ddLω
Nðω; zÞQ

n
j¼0ðDjðω; zÞ þ iϵÞ ; ð2Þ

where z is a collection of external momenta and masses
and ω denotes the loop momentum combined into one
vector. The product in the denominator runs over all
internal lines of the graph, with Dj being the denominator
of the propagator associated to the line j. The functions Dj

and N are analytic functions of the components of ω and z
with real coefficients. For our purposes, it is sufficient to
assume that there are only massless particles with quadratic
denominators, i.e.,

Djðω; zÞ ¼ q2jðω; zÞ; ð3Þ

where qj is the four-momentum of the line j.
Assuming that UV divergences are regularized, the

integral is manifestly finite before the limit ϵ → 0þ is
taken, since Dj is real on the initial integration hyper-
contour RdL. As ϵ → 0þ, possible PSSs Dj ¼ 0 approach
the integration contour, but by virtue of the multidimen-
sional version of Cauchy’s theorem, we might still be able
to deform the initial integration hypercontour to complex
values to avoid the PSSs. Whenever one cannot make such
a deformation at some point ωS, we say there is a “pinch”
at ωS (assuming there are no cancellations at the pinch from
the numerator).
The Landau condition provides a rigorous way to

identify pinches. The statement is as follows: Given
z;ωS ∈RdL such that the set

D ¼ fj∈ f1;…; ngjDjðωS; zÞ ¼ 0g; ð4Þ

is nonempty, we have a pinch at ωS if and only if there exist
real and non-negative numbers αj for j∈D such that

(1) At least one of the αj is nonzero.

(2) ∀ i∈ f1;…; dLg∶Pj∈D αj
∂Dj

∂ωi
ðωS; zÞ ¼ 0.

It is important to keep in mind that the existence of a pinch
does not necessarily imply the existence of a singularity
of IðzÞ. It merely identifies obstacles of contour deforma-
tions, by considering only the denominators. In order to
determine whether such a pinched point ωS actually leads
to a singularity, one must perform a power counting
analysis which is illustrated in the following subsection.

B. Bubble diagram as an illustration
of pinch singularities

Consider the bubble diagram, shown in Fig. 1, as a
simple example,

I1ðp2Þ ¼ lim
ϵ→0þ

Z
d4k

1

ðk2 þ iϵÞððp − kÞ2 þ iϵÞ : ð5Þ

First, consider the case where p2 ≠ 0 and k ¼ 0, which
means that the denominator k2 þ iϵ, as well as its first
derivative, are zero. According to the Landau condition,
this gives a pinch, since trivially

α1k ¼ 0; ð6Þ

is true for any α1 > 0. However, as can be easily verified
by explicit calculation, I1ðp2Þ is finite for p2 > 0. In fact,
we have here an example of a case where a pinch does not
give a singularity. This can be understood through power
counting. Generally speaking, a pinch implies that we have
to consider a neighborhood of the pinch as a region of the
loop integral, where the loop momentum is forced to have a
certain asymptotic scaling depending on the PSS. By power
counting, we can estimate the size of the contribution from
this subset of the loop integration region (including the loop
momentum space volume).
Indeed, near k ¼ 0, we can assign to k a scaling for each

component kμ ∼m,4 wherem can be viewed as an IR cutoff
to the integral. Then,

1

p2

Z
k∼m

d4k
1

k2
∼

1

p2

Z
k∼m

dk k: ð7Þ

The phase space volume gives a factor of m4, and the
denominator gives a factor of 1

m2 giving an overall scaling
m2, which is clearly finite as m → 0.

FIG. 1. Bubble diagram used to illustrate potential pinch
singularities for different external momentum p.

4By ∼, we mean an extended version of the usual asymptotic
equivalence, in the sense that fðxÞ ∼ gðxÞ as x → 0 if
fðxÞ=gðxÞ → const as x → 0. The limit x → 0 is omitted from
notation and usually clear from the context.
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Consider now the case where both denominators of I1
are zero, and apply the Landau condition. This gives the
three equations

k2 ¼ 0; p2 − 2p · k ¼ 0; α1kþ α2ðk − pÞ ¼ 0;

α1; α2 ≥ 0; α1 þ α2 > 0; ð8Þ

i.e.,

k2 ¼ 0; p2 − 2p · k ¼ 0; k ¼ αp; ð9Þ

where 1 ≥ α ≥ 0. This can only have a solution if p2 ¼ 0.
This is of course nothing but the well-known collinear
singularity.
For later convenience, we reanalyze the integral I1 using

light cone coordinates. They are defined with respect
to two lightlike vectors n; n̄ with n2 ¼ n̄2 ¼ 0 with the
normalization condition n · n̄ ¼ 1. Without loss of general-
ity, we choose

nμ ¼ 1ffiffiffi
2

p ð1; 0; 0;−1Þμ; n̄μ ¼ 1ffiffiffi
2

p ð1; 0; 0; 1Þμ: ð10Þ

For a generic vector V, we define

Vþ ¼ n · V;

V− ¼ n̄ · V;

Vμ
⊥ ¼ Vμ − Vþn̄μ − V−nμ: ð11Þ

We will commonly denote a vector V in terms of its light
cone components by

V ¼ ðVþ; V−; V⊥Þ: ð12Þ

It is instructive to investigate the behavior of I1 near
p2 ¼ 0. For this, we go to a frame where p is highly
boosted in the n direction, so that we have

p ∼ ðλ2; 1; λÞp−; ð13Þ

where we investigate the asymptotic limit λ → 0 with p−

fixed. Consider the region of the loop integral where
k⊥ ∼ λp−. Then

k2 þ iϵ ¼ 2kþk− þOðλ2ðp−Þ2Þ þ iϵ; ð14Þ

ðp−kÞ2þ iϵ¼−2ðp−−k−ÞkþþOðλ2ðp−Þ2Þþ iϵ: ð15Þ

Suppose that 0 < k− < p−; then the poles in kþ are on
opposite sides of the kþ contour. Further suppose that we
are in a region such that k− ∼ p− and p− − k− ∼ p−, so that
the poles in kþ are separated by a distance of order λ2p−. In
this situation, we say that kþ is trapped to be of Oðλ2Þ. We
illustrate this point by a simple 1D example in Appendix B.

We can estimate the contribution from this region by
using the scaling k ∼ ðλ2; 1; λÞp−. The phase space vol-
ume is now given by λ4ðp−Þ4 while the denominators in
this region give 1

λ4ðp−Þ4, so that we get an overall estimation

λ0, corresponding to a logarithmic divergence as λ → 0,
from this region. This is of course consistent with the
usual logarithmic collinear singularity of the bubble
integral.

III. KINEMATICS AND FRAME CHOICE

We focus here on the specific case of π0γ photopro-
duction:

γðqÞ þ NðpNÞ → γðq0Þ þ π0ðpπÞ þ N0ðpN0 Þ; ð16Þ

with

q2¼q02¼0; p2
N ¼p2

N0 ¼m2
N; p2

π ¼m2
π; ð17Þ

where mN is the nucleon mass and mπ is the pion mass.
We introduce the conventional notation associated to the
off-forward nucleon system

P ¼ pN þ pN0

2
; Δ ¼ pN0 − pN; t ¼ Δ2: ð18Þ

The kinematic restriction where factorization of the process
in Eq. (16) is expected to hold, according to [11], is that
in the center-of-mass (c.m.) frame with respect to the
momenta Δ and q, the transverse components of q0 and pπ

are much larger than
ffiffiffiffiffijtjp
; mπ; mN . Consider the generic

large scale to be Q ∼
ffiffiffiffiffiffiffiffiffi
jq02⊥j

p
;

ffiffiffiffiffiffiffiffiffiffiffiffi
jp2

π;⊥j
q

in the c.m. frame

with respect to Δ and q, and the generic small scales to beffiffiffiffiffijtjp
; mπ; mN;ΛQCD. Thus, we investigate the limit where

Q → ∞ with
ffiffiffiffiffijtjp
; mπ; mN;ΛQCD fixed. We parametrize

this limit by a generic dimensionless parameter

λ ∼
f ffiffiffiffiffijtjp

; mπ; mN;ΛQCDg
Q

→ 0: ð19Þ

For our purposes, it will be more convenient, especially
for the power counting in Sec. V, to consider the c.m. frame
with respect to Δ and pπ . Our choice of frame is defined
by Δ⊥ ¼ pπ;⊥ ¼ 0. The condition of small t implies
that pN; pN0 can be viewed as approximately collinear in
the n̄ direction, so that we have the order of magnitude
estimations

pN; pN0 ;Δ; P ∼ ð1; λ2; λÞQ; ð20Þ

pπ ∼ ðλ2; 1; λÞQ: ð21Þ
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Equation (20) implicitly assumes that the skewness

ξ ¼ −
Δþ

2Pþ ; ð22Þ

is neither very small nor very close to 1.
On the other hand, all the momentum components of the

two photons are of orderQ in this frame, q; q0 ∼ ð1; 1; 1ÞQ,
with the condition that they are real, i.e., q2 ¼ q02 ¼ 0.5

Therefore, one should keep in mind that one can have
singularities when virtual particles become collinear to q
or q0. Note that since the photons are physical particles,
their energies, which are the sum of the plus and minus
momenta, are positive. Together with the on shell con-
dition, this implies that qþ; q−; q0þ; q0− > 0.

IV. SCALINGS

We start by making an analysis of the reduced diagrams
that contribute to the amplitude in powers of the hard
scale Q [36–39]. Reduced diagrams are a convenient way
of finding the different regions of the loop momentum
integration that give leading contributions to the amplitude.
These correspond to the PSSs, where some components
of loop momenta are “trapped” by poles of denominators
of internal lines, in the same spirit as discussed in Sec. II.
A convenient way to identify pinches is provided by the
Coleman-Norton theorem [35], which states that a pinched
configuration in loop momentum space, i.e., a PSS,
corresponds to a classical scattering process. This means
that the pinched (or on shell) propagators correspond to
lines which represent classical particles propagating for-
ward with time, whereas the hard propagators are shrunk
to points. In a neighborhood of such a PSS, the integrand
can become very large so that, although the volume of the
phase space region may be small, the region gives a large
contribution to the whole integral.
Exact PSSs can be determined by the Landau conditions.

Suppose an external particle (e.g., meson) has exactly a
four-momentum squared of zero. Then, the Landau con-
ditions predict an exact pinch for the loop momentum of the
corresponding quark or gluon line when it is collinear, and
when it is soft. In practice, external particles have nonzero
four-momentum squared, for instance of order λ2. This
implies that the pinch now becomes approximate, since the
poles are now separated by a distance of OðλÞ.6 Still, the
approximate PSSs still limit possible contour deformations,
restricting loop momentum components to have certain
maximum sizes.

However, note that when massless internal particles are
involved, the soft pinch is always exact, independently
of the momenta of external particles, and appears when
the momentum of a massless propagator is zero. This is
because the Landau condition gives a pinch whenever the
momentum of a single massless propagator vanishes, as
illustrated in Sec. II B. This might not always lead to an IR
singularity because of the numerator and momentum space
volume factors that may suppress this region. Whether
there is indeed an IR singularity requires an analysis on a
case-by-case basis. This is because there can be other
denominators that become small, that compensate for the
suppression coming from the numerator and phase space
measure. Since a generic loop momentum k is always
pinched at k ¼ 0, one should always consider the scaling

k ∼ ðλs; λs; λsÞQ; ð23Þ

where λs ≪ 1. In principle, one has to consider all possible
scalings of λs relative to λ. Since all that matters is whether
we can neglect some components of a soft momentum with
respect to, say, a collinear momentum, the only relevant
cases are λs ∼ λ, called soft, and λs ∼ λ2, called ultrasoft
(usoft). Whether one may “choose” one or the other is a
very subtle question. When internal particles are massless
and there are only collinear or hard external particles,
typically the ultrasoft region is the relevant one for fixed
order Feynman graphs. This is because the loop integrals
expanded in the soft region are typically scaleless and
are therefore not needed to reproduce the asymptotic
expansion of the loop integral in the well-known method
of regions [40,41]. However, this need not be true in
general, as we will see in Sec. V.
Moreover, it can be argued that in exclusive processes,

the ultrasoft momentum modes are unphysical, by the
virtue of confinement, in the sense that their wavelengths
∼ 1

λ2Q are much larger than the sizes of the hadrons involved,

which are ∼ 1
λQ. Hence, taking into account nonperturbative

effects, one should consider massless propagators to
be effectively cut off at virtualities around λ2Q2 ∼ Λ2

QCD.
However, for the sake of factorization proofs, the question
of whether it matters if one considers only the soft region,
the ultrasoft region or both remains unclear. In fact, in most
of the literature on factorization of processes involving
GPDs, e.g., [11,17,19], only the ultrasoft scaling is used to
treat the “soft” region. This is essentially due to conven-
ience, because it greatly simplifies the graphical power
counting, by the virtue of ultrasoft lines attaching to
collinear lines without putting them off shell. Therefore,
the following all-order power-counting analysis in this
section is done in the spirit of the above-mentioned works
in order to exploit the same convenience.
It is worth mentioning at this point that the scaling in

Eq. (23) is opposed to the Glauber scaling, where all

5The photons can also be quasireal, with q2 ∼ q02 ∼ λ2. This
does not spoil the arguments in this paper.

6For example, one could define the distance as jδþj þ jδ−jþ
jδ⊥j, where δ is the difference between two pole locations and j · j
denotes the absolute value.
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components are much smaller than Q, but the transverse
momentum is larger than the product of plus and minus
momenta; see Eq. (1). It is precisely this Glauber scaling
that plays an essential role in our current paper, and leads to
the breakdown of collinear factorization in the process of
exclusive π0γ photoproduction.
In summary, the different relevant scalings for a generic

momentum k are7

k ∼Qð1; λ2; λÞ n̄-coll:; ð24Þ

k ∼Qðλ2; 1; λÞ n-coll:; ð25Þ

k ∼Qðλ2; λ2; λ2Þ ultrasoft; ð26Þ

k ∼Qðλ; λ; λÞ soft; ð27Þ

k ∼Qð1; λ; λÞ hard n̄-coll:; ð28Þ

k ∼Qðλ; 1; λÞ hard n-coll:; ð29Þ

k ∼Qðλ2; λ2; λÞ n̄-coll: to n -coll:Glauber; ð30Þ

k ∼Qðλ; λ2; λÞ n̄-coll: to soft Glauber; ð31Þ

k ∼Qðλ2; λ; λÞ n-coll: to soft Glauber: ð32Þ

Each Feynman diagram may have multiple regions, or
equivalently reduced graphs, where we assign to each line a
scaling—hard, collinear, or usoft (soft is not considered at
this point)—and correspondingly group lines and vertices
together into hard, collinear or usoft subgraphs. Assuming
that all lines in a subgraph have the same scaling, we can
derive, by dimensional analysis and Lorentz transformation
properties of Feynman graphs, an order of magnitude
estimate for a given region R associated to some reduced
diagram. In QCD (and in Feynman gauge), the Libby-
Sterman formula, which applies only to momentum
configurations with collinear, hard, and usoft scalings,
reads as [36–39]

contribution fromR ∼Qpλα; ð33Þ

where

p¼ 4− no. ðext: linesÞ;
α ¼ no. ðlines from coll: to hardÞ− no. ðscalar pol:gluons from coll: to hardÞ− no. ðext: lines of coll:Þ

þ 2no. ðgluons from usoft to hardÞ þ 3no. ðquarks from usoft to hardÞ þ no. ðquarks from usoft to coll:Þ
þ no. ðgluons from usoft to coll:Þ− no. ðscalar pol:gluons from usoft to coll:Þ: ð34Þ

Since the power of the hard scale is always equal to the
mass dimension of the corresponding contribution to the
amplitude, we will set Q ¼ 1 throughout for notational
simplicity.
We refer to gluons of “scalar polarization” as those

associated with the leading component of the metric
tensor in the propagator of the gluon connecting between
subgraphs. To make this more precise, consider a gluon
connecting an n̄-collinear subgraph Aμ to a hard subgraph
Hμ, where μ is the index that is contracted by the gluon
propagator of collinear momentum l ∼ ð1; λ2; λÞ. Then,
by the Lorentz transformation properties of Feynman
graphs, we have Aμ ∼ ð1; λ2; λÞ, which can be understood
by considering Aμ in the rest frame (where all components
scale in the same way), and then boosting to the frame
where l is collinear. On the other hand, typically,

Hμ ∼ ð1; 1; 1Þ, since it is composed of only hard
momenta.8

We neglect overall factors of λα, since we only consider
the relative scaling with respect to the μ index here. The
dominant contribution in the contraction of Aμ withHμ thus
corresponds to

AμHμ ¼ Aμðnμn̄νÞHν þ nondominant terms: ð35Þ
We now apply the Grammer-Yennie decomposition,

AμHμ ¼ AμðKμν þGμνÞHν; ð36Þ
where the Kμν term extracts the dominant contribution.
From Eq. (35), and in preparation for later use in Ward
identities, we write9

Kμν ¼ nμlν

lþ
; Gμν ¼ gμν − Kμν: ð37Þ

7The hard-collinear scaling shown here simply corresponds to
the sum of a collinear and soft momentum. We note that the
meaning of hard-collinear is context dependent. To get the correct
method of region expansion, one has to take ðλ; 1; ffiffiffi

λ
p ÞQ as the

hard n-collinear scaling (and similarly for n ↔ n̄).

8This is discussed in Chapter 5 of [39].
9The lþ in the denominator needs to be equipped a iϵ

prescription that is compatible with the contour deformation
out of the Glauber region, if possible. This prescription is tacitly
implied throughout this text.
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For a usoft S-to-A gluon of momentum l ∼ ðλ2; λ2; λ2Þ,
where Sμ ∼ ð1; 1; 1Þ (up to an overall power of λ) is a usoft
subgraph, we correspondingly decompose

AμSμ ¼ AμðK̄μν þ ḠμνÞSν; ð38Þ

where

K̄μν ¼ lμn̄ν

l−
; Ḡμν ¼ gμν − K̄μν: ð39Þ

Of course, we could also have chosen Kμν ¼ nμlν
lþ . However,

the specific structure of K̄μν leads to Ward identity
cancellations after summing over all possible insertions
of the gluon to the subgraph Aμ. This is in contrast to the
A-to-H case in Eqs. (35)–(37), where the corresponding
Ward identity cancellations occur as a result of summing
over all possible gluon attachments to the H subgraph. The
specific choice for the structure of tensor K is also linked to
how we group subgraphs together; see Sec. IV C.
Similar decompositions apply for collinear subgraphs

in a direction other than n̄. Thus, for B-to-H and S-to-B
gluons, we have the same Eqs. (37) and (39) with n ↔ n̄
and lþ ↔ l−, where B is an n-collinear subgraph.
By construction, the GðḠÞ term is suppressed relative to

the KðK̄Þ term here. We will therefore refer to the scalar
polarized gluons (K or K̄ terms) as “K gluons” and to the
nonscalar polarized gluons (G or Ḡ terms) as “G gluons.”
We stress that the relative suppression of G gluons with
respect to K gluons is not true in general if they are trapped
in the Glauber region, as discussed in Sec. VI.
In Fig. 2, we present a catalog of all relevant superficially

leading and superleading regions of the process in Eq. (16),
in the spirit of the Coleman-Norton picture. “Superficially”
means that the scaling obtained from the Libby-Sterman
power counting in Eq. (33) might still be corrected to be
suppressed by powers of λ, due to cancellations when
summing over all graphs. These possible cancellations,
due to Ward identities (WIs), are a fundamental ingredient
for factorization proofs in QCD. We discuss each of the
reduced graphs in Fig. 2.
We need to establish that there is no soft gluon which is

trapped in the Glauber region. A necessary condition for the
appearance of the Glauber pinch10 is the presence of at least
two initial state external particles in different directions and
two final external state particles in different directions,
which are each connected to collinear subgraphs (given that
there are no soft external particles). The external final state
particles may or may not be in the same direction as the
external initial state particles.
An example where a Glauber pinch exists, when the

initial and final state collinear particles are in the same
direction, is the double diffractive exclusive process

p1p2 → p0
1p

0
2γγ, where p1=p0

1 and p2=p0
2 define two

separate light cone directions, and the two photons have
large opposite transverse momenta, which forces them to be
produced in the hard scattering. In this case, the trapped
Glauber gluon is exchanged between the two collinear
spectators in the lightlike directions p1=p0

1 and p2=p0
2,

respectively.
On the other hand, if there is only one pair of external

incoming and outgoing particles in the same direction,
say p1=p0

1 while p2 and p0
2 are in different directions, then

the Glauber gluon can be exchanged between a p1=p0
1

collinear spectator and a soft spectator exchanged between
p2 and p0

2. This is the type of Glauber pinch that happens
in the process we are considering here, and schematically
corresponds to Fig. 2(e), with the A-to-S gluon having
Glauber scaling. The difference that a single photon is
produced here, instead of two as in the previous example, is
irrelevant for this discussion.

FIG. 2. Graphs (a) to (f) represent superficially leading and
superleading reduced diagrams for the photoproduction of π0γ.
The leading power is determined by graphs (a) and (b), which
scale like λ. The A=B subgraphs are collinear subgraphs in the
nucleon/pion directions,H is the hard subgraph, and S is the usoft
subgraph. The A-to-H gluons, which are shown in bold, are
transversely polarized. The dots represent any number of K
gluons which accompany the line(s) in question.

10See Chapter 5.6 of [39].
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We remark that the above arguments imply that if the
incoming photon is virtual then there cannot be a Glauber
pinch. This is because, in that case, the incoming virtual
photon has to be connected to the hard subgraph, and thus
there cannot be more than one external incoming particle
connected to collinear subgraphs.

A. Graph (a)

Consider first the reduced graphs in (a) of Fig. 2. In [11],
it has been shown that these regions factorize in terms of a
GPD and the pion DA. Standard arguments imply that the
K gluons from A, B toH subgraphs decouple after applying
the region approximation when summing over H sub-
graphs, forming the Wilson lines in the GPD and DA.
Graph (a) scales as λ1, which defines the leading power for
the process under consideration.
Furthermore, standard arguments show that the usoft

subgraph decouples in (a), and then gives unity. For this
argument to work, it is necessary that an A-to-B gluon11 is
not trapped in the Glauber region lg ∼ ðλ2; λ2; λÞ. In [11], it
was shown that for gluons connecting the A and B sub-
graphs, one can always deform the Glauber gluon to a
collinear-to-A gluon. We highlight that the necessary
conditions for a Glauber pinch are not satisfied here, since
the incoming photon is connected to the hard subgraph.
Hence, there is only one external incoming particle con-
nected to a collinear subgraph.

B. Graph (b)

For t-channel gluon exchanges, we explicitly consider
separately the case where the A and H subgraphs are
connected by two transversely polarized gluons, which is
represented in graph (b). The situation when both or one
of these two gluons are K gluons corresponds to graph
(c) instead, which is discussed in the next subsection.
The same arguments as in graph (a) apply here, which

imply the standard factorization in terms of a gluon GPD
and DA for the pion, with the K gluon factorized in terms
of Wilson lines inside the GPD and DA, and the soft
factor giving unity once again. The overall scaling of graph
(b) is λ1, like for graph (a).

C. Graph (c)

The exact power counting of graph (c) depends onwhether
the gluons connecting the subgraphs are G or K gluons.
Naïvely, the dominant power corresponds to λ−1, which
corresponds to the case where all the gluons are K gluons.
First, we note that as for graphs (a) and (b), there is no

Glauber pinch for (c), so the A-to-S and S-to-B gluons are
strictly usoft.

We will now argue that, after the sum over all subgraphs,
the contribution from graph (c) is actually power sup-
pressed, since there are at least three G gluons [i.e., all the
gluons that are explicitly drawn in graph (c) in Fig. 2].
Consider an A-to-H gluon, which has a collinear

momentum lc ∼ ð1; λ2; λÞQ. Then, the K term is given by

Aμ
nμlνc
lþc

Hν: ð40Þ

Next, consider an S-to-B gluon, which has an ultrasoft
momentum ls ∼ ðλ2; λ2; λ2Þ. The corresponding K term
reads as

Sμ
nμlνs
lþs

Bν: ð41Þ

For what follows, it will be useful to group certain sub-
graphs together. Thus, we denote the grouping of the
subgraphs X1 and X2 by X1 × X2. It is apparent that the
K terms of the gluons connecting A × S to H × B are
proportional to l · ðH × BÞ. In an Abelian gauge theory,
l ·

PðH × BÞ ¼ 0 where the sum is over all H × B sub-
graphs, so that the K components vanish.12

In QCD, this is more involved due to its non-Abelian
structure. However, it is well established that gauge
invariance dictates that, for a group of one or more
subgraphs that have no quark/antiquark attachments, at
least two gluon attachments must be G gluons in order not
to get zero.13 The remaining gluons can be either G or K
gluons. However, having more than two G gluons leads to
even further power suppression. Thus, we need to have at
least two G gluons between

P
H × B and

P
A × S.

Moreover, we can apply the same argument for the
gluons between

P
H × B × S and

P
A. The correspond-

ing K̄ term of an S-to-A gluon reads as

Sμ
n̄μlνs
l−s

Aν: ð42Þ

Using the same line of thought as before, this implies
that we need to have at least two G gluons betweenP

H × B × S and
P

A. Since we have already established
that there needs to be at least two G gluons betweenP

H × B and
P

A × S, the consequence is that there needs
to be at least three G gluons in total.14 Hence, the power
counting of graph (c) is actually λ2.

11The subgraph S can be “trivial,” in the sense that it contains
just a single line, such that an A-to-S-to-B gluon is really just an
A-to-B gluon.

12The sum over graphs also includes S-to-H attachments, but
these are power suppressed by Eq. (34), so they do not influence
the argument.

13This is discussed in Chapter 11.9 of [39].
14The same argument can be used to argue that there exists a

contribution with two A-to-H G gluons. This corresponds exactly
to graph (b).
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A situation with exactly three G gluons corresponds to
graph (c) where all the explicitly drawn gluons are G
gluons. We note that other situations may occur, for
instance, having two A-to-S G gluons and two S-to-B G
gluons. However, the latter situation suffers from even
further suppression, by one extra power of λ.

D. Graph (d)

This region has already been mentioned in [11].
Superficially, this region is of the leading power (i.e., it
scales as λ1). The additional assumption that is made relies
on the so-called “soft-end suppression,” which states that
the leading twist pion DA ϕπðzÞ vanishes linearly at the
endpoints z ¼ 0, 1. This fact is well established [42]. This
implies that the B subgraph, when integrated over kþ and
k⊥, behaves like k− as k− → 0. Therefore, we get a further
suppression compared to Eqs. (33) and (34), making graph
(d) power suppressed. In Sec. VII, we provide some more
details on this issue.
Note that in the related process of DVMP, it is not

necessary to invoke soft-end suppression. This is because
when the incoming virtual photon is longitudinally polar-
ized, one automatically obtains additional suppression from
the hard subgraph [19]. However, this argument does not
work here, so one needs to rely on soft-end suppression for
exclusive π0γ photoproduction.

E. Graph (e)

Superficially, it scales as λ0. However, by the same
argument as in Sec. IV C, using the WI, at least two of
the gluons connecting the collinear subgraph A withP

H × B × S × C must be G gluons. This introduces a
suppression of λ2, bringing the effective scaling of graph
(e) to be λ2. On top of this, graph (e) experiences soft-end
suppression.
Still, it should be noted that this argument applies only if

all lines in the S subgraph are strictly usoft. As mentioned
earlier, graph (e) corresponds to a situation where one can
have a Glauber gluon exchange between a collinear
spectator inside subgraph A and the soft quark spectator
connecting collinear subgraphs B and C (which passes
through subgraph S). We will later show through an explicit
example in Sec. V that we have a pinched configuration
when an S-to-A gluon has the Glauber scaling l ∼ ðλ; λ2; λÞ,
while the S-to-B and S-to-C quark lines have the soft
scaling k ∼ ðλ; λ; λÞ. It is worth highlighting that the Libby-
Sterman power counting rules in Eqs. (33) and (34) do not
apply for these scalings. Consequently, we perform an
explicit power counting of this pinched configuration in
Sec. V E, and we find that it scales as λ, which is the leading
power defined by graphs (a) and (b). Furthermore, we stress
that soft-end suppression is already taken into account by
our power counting, such that it is not enough to make this
region power suppressed.

For the Glauber gluon l ∼ ðλ; λ2; λÞ, the key observation
is that

l · A ∼ l−Aþ þ l⊥ · A⊥; ð43Þ
l · S ∼ lþS− þ l⊥ · S⊥: ð44Þ

In particular, l−Aþ ∼ l⊥ · A⊥ and lþS− ∼ l⊥ · S⊥. The
contributions l⊥ · A⊥ and l⊥ · S⊥ correspond to the G term,
which is not suppressed compared to the K term. Thus, the
G term “survives” after using the WI, and the overall power
for this region remains λ. This is discussed in detail in an
explicit example in Sec. VI.
Therefore, collinear factorization is broken for the

exclusive photoproduction of π0γ pair, since there is a
Glauber pinch of the A-to-S gluon in graph (e), which
contributes to the leading power as defined by graphs (a)
and (b).

F. Graph (f)

For completeness, we also consider the graph (f), which
at first sight is similar to (e), in that it has a subgraph C
collinear to an external photon. As before, when the S
subgraph only involves usoft momenta, the same argument
as for graph (e) applies, such that we find that the overall
scaling is λ2, which is a suppressed contribution.
We highlight that there is no Glauber pinch for this

configuration, since there is only one initial state particle
connected to a collinear subgraph, here A (the incoming
photon is connected to the hard subgraph H). Thus, the
necessary condition for a Glauber pinch to exist, discussed
earlier, is not satisfied here.

V. EXPLICIT EXAMPLE WITH GLAUBER PINCH

As explained in Sec. IV E, collinear factorization for the
exclusive photoproduction of a π0γ pair is broken by the
presence of a Glauber pinch, which we can identify with
Fig. 2(e) when the A-to-S gluon has Glauber scaling. To be
clear, the region that actually “breaks” factorization is not
the case where the lines of the S subgraph are usoft, but
are instead pinched in a more complicated configuration
that prevents the relative suppression of the G gluons.
Therefore, throughout this section, whenever we refer to
graph (e) in Fig. 2, we specifically mean the Glauber pinch
configuration.
In this section, we consider explicitly the two-loop

diagram in Fig. 3, which has a region of loop momentum
space that corresponds to graph (e). This is similar to the
type of analysis that was done in the factorization proofs for
DVCS [17] and DVMP [19].

We recall that the scalings for the external particles are
given in Eqs. (20) and (21). The blobsA and B contain only
lines that are collinear to the nucleon and pion systems
respectively. We will use the fact that they are proportional
to the unit matrix in color space, which is true because the
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external particles are color singlet states. In the blob A, the
momenta are dominated by the collinear direction along pN
and pN0 , while in blob B, the momenta are proportional
to the pion momentum pπ . The momenta pA ∼ ð1; λ2; λÞ
and pB ∼ ðλ2; 1; λÞ are loop momenta that circulate only
through the subgraphs A and B respectively.
For our purposes, it is sufficient to describe the sub-

amplitudes A and B, which we define to include the
external quark propagators as well as d4pA and d4pB
respectively, by their vector component in Dirac space.15

That is, they can be taken to beAμγμ and Bμγμ respectively,
where, by dimensional analysis and Lorentz covariance, we
have A ∼ ð1; λ2; λÞ and B ∼ ðλ3; λ; λ2Þ. To see this, we can
use the argument from Chapter 5.5 of [39]: Consider the
subamplitude Aμ in the rest frame of the nucleon. By
dimensional analysis (since Q ¼ 1), Aμ

RF ∼ ðλ; λ; λÞ. Now,
we boost to the frame where pN; pN0 have large momentum
in the n̄ direction. By Lorentz covariance, after the boost,
we can writeAμ ∼ λapμ, where a is some number. To fix it,
we note that the ⊥ component of Aμ remains unchanged
after the boost. Therefore, we conclude that a ¼ 0, which
means Aμ ∼ pμ ∼ ð1; λ2; λÞ, as was claimed. We note that
this analysis works since the subamplitude Aμ contains
only lines with momenta that have n̄-collinear scaling. A
similar analysis is also performed for B. The additional
power of λ in B⊥ compared to A⊥ is due to the fact that the
subgraph B has one external line less.
To derive the scaling, we write the diagram in Fig. 3,

using the Feynman gauge, as

Z
Fμ0ν0
A gμμ0gνν0 tr½Fμν

H FB�; ð45Þ

where, omitting the iϵ prescriptions,

Fμ0ν0
A ¼ dl−d2l⊥

�
tr½Aγν

0 ð=pA − lÞγμ0 �
l2ðl − ΔÞ2ðpA − lÞ2

�
; ð46Þ

FB ¼ dkþd2k⊥
�

=k=Bð=pπ − =kÞ
k2ðpπ − kÞ2ðpB − kÞ2

�
; ð47Þ

Fμν
H ¼ dk−dlþ

×
=ϵ�q0 ð=q0 þ =pπ − =kÞγμð=q − =k − lÞ=ϵqð=kþ lÞγν

ðq0 þ pπ − kÞ2ðq − k − lÞ2ðkþ lÞ2 : ð48Þ

The grouping of the measures of the loop momentum
components in the above expressions (relevant for the
scaling) has been done in the spirit of collinear factoriza-
tion. That is, with the collinear scaling, FA can be
“identified” with the GPD, FB with the pion DA, and
FH with the coefficient function. To consider the most
general case, however, we keep all the integral signs
outside the different parts on the rhs of Eq. (45).

A. Collinear pinch

We start by reviewing the familiar case of the collinear
pinch, which corresponds to the region in Fig. 2(b) of
Fig. 3. The pinching of the quark of momentum k in the
region k ∼ ðλ2; 1; λÞ follows immediately from the analysis
in Sec. II B. For the l momentum, the relevant propagators
are, assuming that l⊥ ∼ λ,

l2 þ iϵ ¼ 2lþl− þOðλ2Þ þ iϵ;

ðl − ΔÞ2 þ iϵ ¼ 2ðlþ − ΔþÞl− þOðλ2Þ þ iϵ;

ðl − pAÞ2 þ iϵ ¼ 2ðlþ − pþ
A Þl− þOðλ2Þ þ iϵ: ð49Þ

It is clear that l− is pinched to be ofOðλ2Þ in various regions
of lþ ∼ λ0 depending on the sign of pþ

A ∼ λ0 and Δþ ∼ λ0.
Indeed, one can readily show that the conditions for the
pinch are

maxðΔþ; pþ
A ; 0Þ > lþ > minðΔþ; pþ

A ; 0Þ: ð50Þ

This can be seen either directly, by observing whether there
are poles on opposite sides of the l− contour, or by using the
Landau condition in the limit λ → 0; see Appendix C. One
must be careful, however, whenever the plus momenta
of the lines involved become much smaller than unity. In
that case, the collinear scaling ð1; λ2; λÞ is not correct, and
the corresponding line should rather be described by a
(ultra)soft scaling ðλs; λs; λsÞ, which we treat separately.
Since kinematically Δþ < 0, Eq. (50) becomes

pþ
A > lþ > Δþ; forpþ

A > 0;

0 > lþ > minðΔþ; pþ
A Þ; forpþ

A < 0: ð51Þ

FIG. 3. A diagram that has a Glauber pinch. Bottom right: For
the Glauber scaling in Eq. (61), it corresponds to Fig. 2(e).

15Strictly speaking, one should project onto the axial-vector
contribution of B for the leading twist pion DA, but we consider
the vector case here for simplicity.
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Thus, we conclude that l is trapped in the collinear region
l ∼ ð1; λ2; λÞ. We use that to justify inductively that
pþ
N0 ≥ pþ

A ≥ −pþ
N . For example, if A is trivial in the sense

that we consider the target to be just a quark, so that it
consists of the sum of the two diagrams in Fig. 4, we can
have either pþ

A ¼ pþ
N0 ¼ ð1 − ξÞPþ > 0 for the uncrossed

or pþ
A ¼ −pþ

N ¼ −ð1þ ξÞPþ < 0 for the crossed graph.
Identifying lþ ¼ ðx − ξÞPþ, Eq. (51) results in the well-
known classifications of the DGLAP and ERBL region:

1 > x > þξ; ðDGLAP IÞ
þξ > x > −ξ; ðERBLÞ
−ξ > x > −1: ðDGLAP IIÞ ð52Þ

It is interesting to remark that the l2 þ iϵ is not needed
to pinch l− ¼ Oðλ2Þ in the region pþ

N0 > lþ > Δþ. Hence,
lþ can actually be much smaller than λ0, i.e., close to the
boundary between ERBL and DGLAP regions, without
“losing” the pinch in l−. Indeed, the corresponding pole

for l− from the l2 þ iϵ propagator is l− ¼ − l2⊥
2lþ, which is

separated from the origin by a distance much larger
than λ2. However, the pinch that forces l− ¼ Oðλ2Þ is
retained by virtue of the other two propagators in Eq. (49).
Note that in this case, the l2 þ iϵ denominator becomes “off

shell” in the sense that l− ∼ λ2 ≪ j l2⊥
2lþ j, which implies that l

has a Glauber scaling; see Eq. (1). This is an important
feature of the off forward kinematics (sinceΔþ < 0), which
will be relevant in the next subsection.

B. Pinch analysis for the Glauber region

From the discussion at the beginning of Sec. IV, we
have established that the soft pinch is always present,
and should be considered. Therefore, we start our analysis
in this section by considering the scalings k ∼ ðλ; λ; λÞ
and l ∼ ðλ; λ; λÞ. However, owing to the poles of the
other propagators in the amplitude, it might be that the
þ and/or − components are pinched to be much smaller,
e.g., λ2, while the transverse component still scales as λ.
This is precisely the Glauber pinch situation. The crucial
question then is whether in the neighborhood of the soft
pinch, there are poles which force l to be in a Glauber-like
region in the diagram in Fig. 3.

As argued above, we fix k ∼ ðλ; λ; λÞ, and l⊥ ∼ λ, and
focus on the pole structure of l�. The pinch analysis then
reduces to the one-loop graph in Fig. 5. Recall that Δþ < 0
and q− > 0 kinematically. Then, the four relevant propa-
gators can be written as

ðpA− lÞ2þ iϵ¼2pþ
A ð−l−þOðλ2Þþsgnðpþ

A ÞiϵÞ; ð53Þ

ðΔ − lÞ2 þ iϵ ¼ −2Δþðl− þOðλ2Þ þ iϵÞ; ð54Þ

ðq − k − lÞ2 þ iϵ ¼ 2q−ð−lþ þOðλÞ þ iϵÞ; ð55Þ

ðkþ lÞ2 þ iϵ ¼ 2k−ðlþ þOðλÞ þ sgnðk−ÞiϵÞ: ð56Þ

It can be easily checked that these estimates remain true
also in the center-of-mass frame with respect to q and Δ,
where q has its dominant component along n, and pA andΔ
have their dominant components along n̄.
From Eqs. (53) and (54), we find that l− is pinched to

be of Oðλ2Þ for pþ
A > 0. This was also identified in our

analysis in Sec. VA, and this fact alone does not imply that
l is pinched in the Glauber region. We now need to also
check whether lþ can be deformed to be much larger than λ.
From Eqs. (55) and (56), we find that lþ is pinched16 to be
of OðλÞ for k− > 0.
It is important to highlight that the pinches in lþ and l−

here do not depend on the l2 þ iϵ propagator, which is
actually off shell here. Instead, they depend only on the
four equations in (53) to (56). This is typical of Glauber
scalings. Moreover, we note that it is precisely the fact that
we are in off forward kinematics that allows the Glauber
pinch here to occur only from the two gluons probed from
the nucleon, which are usually the “active” partons that

FIG. 4. Diagrams which illustrate the collinear pinch in the
trivial case, where the target is just a quark.

FIG. 5. The simplified version of Fig. 3, where the arrows
indicate the flow of internal loop momenta. For the Glauber pinch
analysis, it is sufficient to focus on the propagators that depend
on l, and not k. The lines of momentum pπ − k and q0, drawn in
gray, are not relevant for the Glauber pinch analysis. The black
dot denotes the hard reduced vertex.

16In the case where the incoming photon is virtual, the
ðq − k − lÞ2 propagator is hard by definition, so lþ is not pinched
anymore. Hence, the corresponding Glauber pinch, identified
here in photoproduction, does not occur.

BREAKDOWN OF COLLINEAR FACTORIZATION IN THE … PHYS. REV. D 111, 034040 (2025)

034040-11



participate in the scattering. This is in stark contrast with
Glauber pinches that occur in cases with forward kinemat-
ics, for example in Drell-Yan, where the Glauber gluon is
never one of the “active” partons.
We thus observe that lþ is pinched at the incoming

photon vertex with the poles being separated by distance
∼λ, implying that lþ ∼ λ has the size of a soft scale. On the
other hand, owing to the different signs of Δþ and pþ

A ,
l− ∼ λ2 is still pinched to be the size of the minus
component of a collinear momentum, i.e., the usoft scale.
An important point is that the Glauber pinch might be
“spurious” in the sense that it disappears after translating
the loop momenta in a certain way. This argument can be
crucial in showing that the Glauber pinches are absent,
for example in diffractive Deep Inelastic Scattering (see
Sec. III E of [43]). Thus, it is necessary to show that the
Glauber pinch is there for all possible routings of loop
momenta. In our case, we could think of translating
k → k − l, which reroutes the l loop momentum through
the meson lines. However, it is easy to see in that case that
the lines carrying momenta pπ − kþ l and k − l still pinch
lþ to be OðλÞ. For the case where we swap q ↔ q0 in
Fig. 3, it can be shown that there always exists a rerouting
of the loop momentum l such that there is no Glauber
pinch. This confirms our initial statement regarding the
necessary conditions to have a Glauber pinch in Sec. IV.
This important point is discussed in detail in Sec. V C.
Therefore, we conclude that l is trapped in the n̄-coll. to

soft Glauber region l ∼ ðλ; λ2; λÞ. Note that the topology of
the graph in Fig. 5 is actually very similar to the classic
Glauber pinch that occurs in the Drell-Yan process.17 In
upper diagram of Fig. 6, the Glauber exchange occurs
between the spectator collinear quark of the nucleon, and
the soft spectator quark joining the incoming photon with
the outgoing meson. This corresponds to a n̄ coll. to soft
Glauber, Eq. (30), which is exactly the pinch that we
demonstrate in this subsection. We note that the same
type of Glauber pinch has been found to give a leading
power contribution in [44], in the context of gaps between
jets observables in hadron-hadron collisions. In fact, the
pentagon topologies that these authors consider in Fig. 2
of their paper correspond exactly to the topology shown
in our top panel of Fig. 6, including the same scalings of
the external momenta (to match their notation, one needs
to simply swap plus and minus momentum components).
In the Drell-Yan case, on the other hand, the Glauber
exchange occurs between two collinear spectator partons
of the two incoming nucleons, as shown in the lower
diagram in Fig. 6. This leads to the “standard” collinear-
to-collinear Glauber scaling in Eq. (29).

C. Rerouting of momenta in pinch analysis

To show that a given diagram suffers from a Glauber
pinch, it is not sufficient to show that such a pinch
takes place for a particular routing of the loop momen-
tum. Indeed, there generically exist such “spurious”
Glauber pinches which happen if the loop momentum
that is supposedly pinched in the Glauber region is
routed in a “bad” way. In other words, while a Glauber
pinch might be there for some particular routing, it
might disappear if one translates some other loop
momentum in a particular way. This argument is crucial
in showing the absence of Glauber pinches in diffrac-
tive hard scattering [43].
Thus, in order to prove the claim that the process

considered here suffers from a Glauber pinch, it remains
to show that the Glauber pinch persists if one routes the
loop momentum l in Fig. 3 the other way through the

FIG. 6. Comparison between the Glauber pinch in our case and
the Drell-Yan process. Top: collinear-to-soft Glauber exchange in
the c.m. frame with respect to q and Δ. This corresponds to our
case, cf. Fig. 5 with the gray lines removed. Bottom: collinear-to-
collinear Glauber exchange. This corresponds to the Drell-Yan
case. In both cases, the symbols next to the lines denote
the scaling of the momentum of that line, which is n̄ðnÞ for
n̄ðnÞ collinear shown in green (magenta), s for soft (blue), nγ for
collinear to the incoming photon (magenta), and hnγ for hard
collinear to the incoming photon (orange). Here, “hard collinear”
means that the component along the direction of the incoming
photon is of order 1 while all other components are of order λ.
The black dot represents the hard vertex, where all the hard
propagators have been shrunk. The symbolG (GS) corresponds to
a collinear-to-collinear (collinear-to-soft) Glauber gluon. Note
that we take the initial photon to be quasireal for the sake of
generality.

17We remark upon the well-known fact that in the inclusive
Drell-Yan process, the Glauber contribution, while pinched, is
canceled at the cross section level due to unitarity.
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meson system,18 which is achieved by the substitution
k → k − l of the k loop momentum integral.19 This will be
demonstrated in this section, and we will further show that
for the crossed, i.e., q ↔ q0, version of the diagram in
Fig. 3 [which is nothing other than topology (f) of Fig. 2],
the Glauber pinch can be avoided by routing l in the
“correct” way. This is consistent with the claim made in
Sec. IV F that there is no (nonspurious) Glauber pinch
corresponding to the reduced diagram in Fig. 2(f).
First, consider Fig. 3, and take the soft scaling for the k

and lmomenta, i.e., k; l ∼ ðλ; λ; λÞ, as was done in Sec. V B.
There, we also showed that the l− component is pinched
to be of Oðλ2Þ from the propagators coming from the
collinear-to-A subgraph, a result that we will use here.
Then, in order to show that l is pinched in the Glauber
region, it remains to argue that lþ is also trapped to beOðλÞ.
A simplified version of this diagram is shown in the top

diagram of Fig. 7, where the hard subprocess is shrunk to a
point. The green arrows on the lines show the routing of
the l momentum, while the arrows next to the lines show
the direction of flow of the n-momentum component (or
equivalently the − component). The purple arrows corre-
spond to large components, which are fixed from the
external kinematics (recall q−; q0− > 0, and q−; q0− ∼ λ0),
while the red [blue] arrows correspond to the soft momen-
tum component, which is of OðλÞ, for the case
k− < 0 [k− > 0].
If the routing of the momentum l is such that it goes both

along and against the flow of − momentum, then there are
poles on opposite sides of the contour in lþ. To see this,
consider a generic propagator with momentum rþ l, with
jr−j ≫ jl−j. Writing

ðrþ lÞ2 þ iϵ ¼ 2r−ðlþ þ � � � þ sgnðr−ÞiϵÞ; ð57Þ

we find that the position of the lþ pole in the complex
plane depends on the sign of r−. If r− > 0, which means
that the routing of the l momentum is along the flow of the
n-momentum component, then the lþ pole lies below the
real axis. On the other hand, if r− < 0, which means that
the routing of l momentum is opposite to the flow of the
n-momentum component, then the lþ pole lies above the
real axis.
Therefore, in order to have poles on opposite sides of

the lþ contour, one needs to have at least two propagators
such that the flow of the n-momentum component is along
one and against that routing of l. Thus, determining

whether the lþ component is pinched or not reduces to a
graphical exercise.
For example, consider the top diagram of Fig. 7 for

the standard routing for l (by standard, we mean that it
corresponds to the routing for l in Fig. 3). In that case,
the two relevant propagators (i.e., those that have poles
in lþ) are

ðlþ k− qÞ2 þ iϵ¼ 2ðk− qÞ−½lþ þOðλÞ þ sgnðk− qÞ−iϵ�;
ð58Þ

ðkþ lÞ2 þ iϵ ¼ 2k−½lþ þOðλÞ þ sgnðkÞ−iϵ�: ð59Þ
Since ðk − qÞ− < 0, the routing of l momentum is against
the flow of the n-momentum component in the ðlþ k − qÞ
propagator. Hence, the lþ pole of this propagator is above
the real axis. Similarly, for Eq. (59), for k− > 0, the routing
of l momentum is along the flow of the n-momentum
component in the (kþ l) propagator. Hence, the lþ pole of
this propagator is below the real axis.
To summarize, the crucial criterion for the existence of a

Glauber pinch is that there are no possible routings of l
momentum such that the flow is always along or against

FIG. 7. Diagram (e) of Fig. 2, with two possible routings of the
l momentum, shown by the green arrows on the lines. The labels
next to the lines correspond to the momenta in the direction of
the green arrows. The purple arrows show the flow of the large
∼λ0 n-momentum component. The blue (red) arrows indicate the
flow of the small ∼λ1 n-momentum component for k− > 0
(k− < 0). lþ is pinched in the case of k− > 0.

18Note that there are only two possible routings for
the momentum l, since our explicit example in Fig. 3 is a
two-loop diagram.

19Note that translations in the loop momentum l are imma-
terial. Indeed, our analysis is to determine whether the momen-
tum of the collinear-to-soft gluon line is pinched in the Glauber
region, while such translations merely correspond to the relabel-
ing of the momentum of that gluon line.
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the flow of the n-momentum component. From Fig. 7,
one finds that
(1) For k− > 0 (blue), both routings of l momentum

produce poles on opposite sides of the contour,
which implies that the lþ component is pinched.
This is the Glauber pinch we identify in this paper.

(2) For k− < 0 (red), there exists a routing (through
the meson system) of the l momentum such that
the poles in lþ lie on the same side of the contour.
This corresponds to any of the possible routings
shown in the two diagrams in Fig. 7.

To contrast with the above pinched configuration, we
now turn to the case where the incoming photon is swapped
with the outgoing photon [which corresponds to diagram
(f) in Fig. 2]. The possible routings of l momentum in this
case are shown in Fig. 8. In this case,
(1) For k− > 0 (blue), there exists a routing (through

the photon vertex) for which the flow of l is always
along the flow of n momentum. This is shown in the
top diagram in Fig. 8. Note that if the other routing
for l in the bottom diagram is chosen, one would find
a pinch in lþ, which is of course spurious.

(2) For k− < 0 (red), there exists a routing (through the
meson system) for which the flow of l is always
along the flow of n momentum. This is shown in the

bottom diagram in Fig. 8. Again, if the other routing
for l in the top diagram is chosen, one would find a
spurious pinch in lþ.

Therefore, we find that the configuration correspond-
ing to diagram (f) in Fig. 2 does not have a Glauber pinch.
This is consistent with the claim made in Sec. IV. Indeed,
there cannot be a Glauber pinch for diagram (f) since it
has only one incoming external particle connected to a
collinear subgraph.
To illustrate the points made in this section further, we

find it useful to draw the diagrams for (e) and (f) in the
simplified form in Fig. 9. The top and bottom panels
correspond to diagrams (e) and (f) respectively. The cases
with k− > 0 (blue) and k− < 0 (red) are considered
separately, with the flow of the n-momentum component
shown in purple (large component), and red/blue (small
component). In each case, there are two ways to route the
flow of l momentum, either by going left or right from the
top. There is a pinch in lþ if any routing of the l goes both

FIG. 9. Simplified versions of diagram (e) [top] and diagram (f)
[bottom] used to investigate the possible routings of the l
momentum. The left and right panels correspond to k− > 0
and k− < 0 respectively. As in Fig. 7, the purple arrows show the
flow of the large ∼λ0 n-momentum component, while the blue
(red) arrows indicate the flow of the small ∼λ1 n-momentum
component for k− > 0 (k− < 0). The flow of the lþ loop
momentum component is from top to bottom. Routes that do
not have a pinch are colored in green while routes that do are
colored in orange. Except for the case k− > 0 in diagram [(e) top
left diagram], there is no pinch in lþ, since a routing for l exists
such that the flow of l is always along or always against the flow
of the n-momentum component.

FIG. 8. Diagram (f) of Fig. 2, with two possible routings of
the l momentum. The same notation as in Fig. 7 is used here. In
this case, there is no “true” pinch in lþ, no matter what the sign
of k− is.
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against and along the flow of the n-momentum component.
It is clear from Fig. 9 that lþ is pinched only in the top left
panel [i.e., the diagram corresponding to Fig. 2(e) with
k− > 0]. For all other cases, a routing for l exists such that
lþ is not pinched. The unpinched routings are shown in
green, while the pinched ones are shown in orange.

D. Power counting for the collinear region

Let us first derive the canonical scaling in λ in the
case of the collinear pinch. Such a case corresponds to
k ∼ ðλ2; 1; λÞ and l ∼ ð1; λ2; λÞ. We also project onto the
transverse polarizations of the gluons, i.e., we pick the
indices μ; μ0; ν; ν0 to be transverse, by virtue of the WIs.
This then implies20

F
μ0⊥ν0⊥
A ∼ λ4

λ2

λ6
¼ λ0; FB ∼ λ4

λ3

λ6
¼ λ1;

Fμ⊥ν⊥
H ∼ λ0

λ0

λ0
¼ λ0; ð60Þ

giving an overall scaling of λ. This exactly corresponds
to the leading power scaling we found in Sec. IV for
graphs (a) and (b).

E. Power counting for the Glauber region

Next, we consider the scalings21

k ∼ ðλ; λ; λÞ; l ∼ ðλ; λ2; λÞ: ð61Þ
We have argued in Sec. IV that the K term for both gluons
vanishes by theWard identity. Therefore, we may take the μ
and μ0 indices to be transverse in Fig. 3. We stress, however,
that the same cannot be done for the Glauber gluon carrying
momentum l. Indeed, in Sec. VI, we will see that, for
the Glauber scaling, the component of the metric tensor
contracting ν and ν0 that gives the leading contribution
(after the sum over graphs) is

Gνν0 ¼ −
nν0 l⊥ν

lþ
þ � � � ; ð62Þ

where… denotes terms that do not contribute to the leading
power. To summarize, to get the leading contribution,
we should count with μ; μ0; ν ¼ ⊥ and ν0 ¼ þ, for which
we get

F
μ0⊥þ
A ∼ λ4

λ1

λ6
¼ λ−1; FB ∼ λ3

λ3

λ4
¼ λ2;

Fμ⊥ν⊥
H ∼ λ2

λ

λ3
¼ λ0: ð63Þ

Hence, we find that the overall power of this contribution
is λ, which is the leading power. It is worthwhile to point
out that, when the index ν0 is transverse, the scaling for

F
μ0⊥ν0⊥
A ∼ λ0, which implies suppression in that particular

case. The crucial point is that with the Glauber scaling,
one can take the index ν0 ¼ þ, which actually leads to an
enhancement by one power of λ in the collinear-to-A sector
of the amplitude, even though FB is suppressed by one
power of λ [cf. Eqs. (60) and (63)]. Therefore, the
amplitude as a whole gets the same leading power of λ
as the collinear region in Sec. V D.
Finally, we note that such an analysis takes into account

the soft-end suppression from the pion distribution ampli-
tude, since ϕπ ∼ 1

fπ
FB ∼ k− ∼ λ (where we used fπ ∼ λQ).

This is discussed in more detail in Sec. VII.

F. Power counting for the soft region

To illustrate our argument at the beginning of Sec. IV E
that the soft region gives a power-suppressed contribution,
we show here explicitly that when

k ∼ ðλs; λs; λsÞ; l ∼ ðλs; λs; λsÞ; ð64Þ
where

λ≳ λs ≳ λ2; ð65Þ
the diagram in Fig. 3 scales as Oðλ2Þ. This again relies on
the WIs, and the related discussion around Eq. (42), which
implies that for the sake of power counting, we can take
the μ; μ0; ν; ν0 indices to be transverse. This fact holds
irrespective of the exact size of λs satisfying Eq. (65).
We thus obtain

F
μ0⊥ν0⊥
A ∼ λ3s

λ1s
λ4s

¼ λ0; FB ∼ λ3s
λsλ

2

λ4s
¼ λ2;

Fμ⊥ν⊥
H ∼ λ2s

λs
λ3s

¼ λ0; ð66Þ

which gives a total power of λ2. We remark that one can
also take different λs; λ0s for k and l respectively. It is easy
to show that this gives λ2 λsλ

0
s

maxðλ2s ;λ02s Þ, such that the overall

scaling is much smaller than λ2 unless λs ∼ λ0s.

VI. WARD IDENTITIES IN THE
GLAUBER REGION

We illustrate explicitly how the WIs fail to give an extra
suppression when the gluon has Glauber scaling. For this,
we have to extend the analysis beyond the single graph

20We separate the factors according to the following scheme:

F ∼momentum space volume ×
numerator
denominator

:

21The same conclusion in this section would be reached for any
on shell scaling of the type k ∼ λðλa; 1; λa

2Þ, where 0 ≤ a ≤ 1.
They are all equivalent to the same singularity, in the sense that
they all correspond to the same expansion of the two-loop
amplitude analyzed in Eq. (45). Note that for a > 0, this scaling
corresponds to a soft-collinear scaling.
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in Fig. 3, which has the Glauber pinch, to all graphs that
contribute at the same order in αs. We stress that this is an
essential step for the argument presented in this work, since
even though we could get a leading power for a particular
graph, as was done in Sec. V E, this does not imply that the
sum over graphs would also have the same leading power.
Nontrivial cancellations between graphs arise due to gauge
invariance, which manifests itself through WIs. We will
argue that the leading power contribution of the Glauber
region persists after the sum over graphs.
To start, consider Fig. 10, and let Fμν

U be the contribution
from the subgraph U and Fμν

A be the contribution from the
subgraph A, which includes the gluon propagators, as well
as the corresponding phase space measures dl−d2l⊥ as
in Eq. (46). An example of subgraphs U and A corresponds
to the diagram in Fig. 3, where U ¼ H × B × C × S.
Therefore, we can identify FA with the expression in
Eq. (46) and Fμν

U ¼ tr½FBF
μν
H �, with FB and Fμν

H being
defined in Eqs. (47) and (48) respectively.
Now, in the Feynman gauge, the amplitude reads as

X
A;U

Z
FA;μνF

μν
U ¼

Z
ÂμνÛ

μν; ð67Þ

where the sum
P

A;U goes over the set of subgraphs A and
U containing the case of Fig. 3 and also, relative to this
diagram, all possible connections of the two A-to-U gluons
into the upper and lower subgraphs. Moreover, we have
defined Âμν ¼ P

A F
μν
A and Ûμν ¼ P

U Fμν
U . The Ward

identities are

0 ¼ lνÂ
μν ¼ l0μÂ

μν

¼ lνÛ
μν ¼ l0μÛμν; ð68Þ

where we defined l0 ¼ l − Δ. Equation (68) can be readily
checked by explicit calculation (without performing any

integration, since it holds at the level of the integrand,
provided we can translate the loop momenta internal to A
and U respectively). It implies that the K term vanishes in
the sum over graphs, which is in line with the statement that
at least two gluons connecting the subgraphs must be G
gluons; see Sec. IV. Note that for more than two gluons, any
additional K-gluon contribution would not be zero, but it
would instead give the same result as the emission of K
gluons from a Wilson line in the adjoint representation.
Using Eqs. (46)–(48), the superficial power counting

analysis done in Sec. V E for the Glauber scaling in
Eq. (61) gives22

Ûμν ∼ λ2; Âμν ∼ λ−2pμpν; ð69Þ

where p ∼ ð1; λ2; λÞ is a generic n̄-collinear momentum,
and it is implied that all components of Ûμν scale as λ2.
However, by virtue of Eq. (68) these estimations might

be smaller due to cancellations in the sum over graphs. For
instance, since l0 is n̄ collinear, we get

Û−ν ¼ −
l0⊥i

l0þ
Ûiν −

l0−

l0þ
Ûþν ∼ λ3; ð70Þ

Âþν ¼ −
l⊥j

l−
Âjν −

lþ

l−
Â−ν ∼ λ−2pν; ð71Þ

i.e., the μ ¼ − component in Ûμν is suppressed compared to
the superficial diagram-by-diagram estimate in Eq. (69).
This result justifies taking the gluon carrying momentum l0
in Fig. 3 as being transverse, as was done in Sec. V.
The crucial point now is that for the Glauber scaling

in Eq. (61), the WIs in Eq. (68) do not give additional
suppression. Indeed, we have

Ûμ− ¼ −
l⊥j

lþ
Ûμj −

l−

lþ
Ûμþ ∼ λ2þδμ− ; ð72Þ

Âμþ ¼ −
l⊥j

l−
Âμj −

lþ

l−
Âμ− ∼ λ−2pμ: ð73Þ

The δμ− that appears in the power of λ in Eq. (72) is just a
consequence of theWI in Eq. (70). One therefore concludes
that taking the index ν ¼ − in Ûμν gives no suppression,
in contrast with Eq. (70), where μ ¼ − in Ûμν resulted in
suppression by one power of λ.
Note that when μ is transverse, the superficial power

counting estimate in Eq. (69) is unchanged for the Glauber
scaling of l. Therefore, Eqs. (72) and (73) imply thatR
Ûi−Âiþ ∼ λ1, which is the leading power.

FIG. 10. Class of graphs relevant for the WI cancellations of
Fig. 2(e). In this context, we can identify U ¼ H × B × C × S.

22The subtlety that Fμν
H has some additional suppression for

ν ¼ þ for the particular graph in Fig. 3 is irrelevant for the
following argument. It will not be so for the other graphs, so that
Ûμν will have the scaling in Eq. (69).
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In other words, the combination ÂμνÛ
μν only suffers

from a single power of λ of suppression after using the
WIs (due to the l0 gluon momentum), such that its overall
scaling is then the leading power λ, like the graphs (a)
and (b) in Fig. 2.
To illustrate this further, we note that, as stated earlier,

the K term cancels in the Grammer-Yennie decomposition
in Eq. (36) by virtue of the WIs. We are thus left with the G
tensor, defined in Eq. (37), which can be written as

GαβðlÞ ¼ gαβ⊥ þ n̄αnβ − nαnβ
l−

lþ
−
nαlβ⊥
lþ

: ð74Þ
Using Eqs. (69) and (74), it can be readily shown that

Âμ0ν0Gμ0μðl0ÞGν0νðlÞÛμν

¼ −Âμ0ν0
�
g⊥μ0i −

nμ0l0⊥i

l0þ

�
nν0l⊥j

lþ
Ûij þOðλ2Þ: ð75Þ

Note that the contribution from the upper subgraph U can
be written entirely in terms of its transverse components.
This corresponds to the fact that one can calculate the hard
scattering coefficient with transverse gluon external states.
Equation (75) clearly shows that the Glauber contribution

scale as λ. We highlight that this is due to the nν0 l⊥j

lþ term,
which is not suppressed when considering the Glauber
scaling l ∼ ðλ; λ2; λÞ, compared to the collinear scaling

situation, where the
nμ0 l

0⊥i

l0þ term is suppressed by one power
of λ, since l0 ∼ ð1; λ2; λÞ. This justifies taking the indices
in Sec. V E to be μ; ν; μ0 ¼ ⊥, and ν0 ¼ þ to perform the
power counting for the Glauber region.

VII. PERTURBATIVE ANALYSIS
OF ENDPOINT BEHAVIOR

The parton distributions like DA (ϕπ) and GPDs (Fq, Fg)
usually have a well-established endpoint behavior when the
corresponding light cone component of a parton vanishes.
For example, ϕπðzÞ ∼ z as z → 0 and Fqðx; ξÞ and Fgðx; ξÞ
are nonzero and continuous, but nonanalytic, at x ¼ �ξ
[30,45]. These properties can be obtained, e.g., through
studying the scale evolution. In this section, we perform
simple perturbative analysis and show that they are con-
sistent with the above properties that are supposedly valid
beyond perturbation theory.

A. Distribution amplitude

Consider first the pion DA, which we represent by the
expression of FB in Eq. (47) integrated over kþ and k⊥,

ϕðk−Þ ¼ f−1π

Z
dkþd2k⊥

×
=k=Bð=pπ − =kÞ

ðk2 þ iϵÞððpπ − kÞ2 þ iϵÞððpB − kÞ2 þ iϵÞ ;

ð76Þ

where it should be recalled that B ∼ ðλ3; λ; λ2Þ and the
measure of d4pB is contained in B. As indicated, we treat
ϕðk−Þ as a function of k− (where k− ¼ zp−

π ) and we should
therefore evaluate the integral on the rhs at a fixed k−.
Firstly, using p−

π > p−
B > 0, it easy to see, from the pole

structure or from the Landau analysis done in Sec. II B,
that ϕðk−Þ is only nonzero if p−

π > k− > 0, which repro-
duces the well-known support properties of the DA. It is
also easy to see that outside of the end-point region, i.e.,
for k− ∼ λ0, we have a singularity corresponding to the
collinear pinch k ∼ ðλ2; 1; λÞ. Power counting for this
region gives ϕðk−Þ ∼ λ0.
Let us now focus on the end-point region, and consider

two cases, k− ∼ λ and k− ∼ λ2. We note that for any Glauber
scaling for k, we can always perform a contour deformation
such that k is soft and usoft respectively. This is because
the poles in kþ from the ðk − pπÞ2 and the ðk − pBÞ2
propagators lie on the same side of the kþ contour when k is
(u)soft. To illustrate this explicitly, consider a soft scaling
for k ∼ ðλ; λ; λÞ:

ðk − pB;πÞ2 þ iϵ ¼ 0 ⇒ kþ ¼ Oðλ2Þ þ iϵ: ð77Þ

The k2 propagator on the other hand has a pole in kþ
given by

k2 þ iϵ ¼ 0 ⇒ kþ ¼ −
k2⊥
2k−

− sgnðk−Þiϵ
⇒ kþ ¼ OðλÞ − sgnðk−Þiϵ: ð78Þ

Thus, we find that the pole in kþ lies on the opposite side
of the contour for k− > 0. However, the pole of the k2

propagator is not “strong” enough to pinch kþ to be much
smaller than λ1. Hence, in order to obtain the scaling
of ϕðk−Þ, we should assume the scalings k ∼ ðλ; λ; λÞ and
k ∼ ðλ2; λ2; λ2Þ respectively.
Consider first the case where k is usoft, i.e.,

k ∼ ðλ2; λ2; λ2Þ. Naïvely, we can pick in the numerator
=kB−γþ=pπ;⊥ ∼ λ4, which gives the estimate ϕ ∼ f−1π FB ∼
λ−1λ6 λ4

λ8
∼ λ. This appears to contradict ϕðk−Þ ∼ k− as

k− → 0. Indeed, one should investigate the numerator more
carefully. Note that after integrating over pB (recall that
the measure d4pB is implicitly included in B, such that the
mass dimension of B is two), we must have, by dimensional
analysis and Lorentz covariance,

Z
Bμ

ðpB − kÞ2 ¼ αpμ
π þ βkμ; ð79Þ

where α ∼ λ−1 and β ¼ Oðλ−1Þ, whose scalings are
obtained by relating the power of λ for each index μ.
Since k is usoft, we can neglect the second term, so that
after inserting Eq. (79) in Eq. (76), we get
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ϕ ∼ f−1π

Z
dkþd2k⊥

=k=pπ=pπα

k2ðpπ − kÞ2

∼ λ−1λ6
λ4λ−1

λ6
∼ λ2: ð80Þ

In other words, for usoft k, we get an additional suppression
from the numerator due to having only a single external
momentum available, namely the momentum of the pion.
What happens is that the terms =kB−γþ=pπ;⊥ and =k=B⊥γþp−

π in
the numerator of Eq. (76), each scaling as λ4, cancel each
other, such that the numerator then effectively scales as λ5.
The same also holds for the soft case, i.e., when

k ∼ ðλ; λ; λÞ. The numerator in Eq. (80) changes to
=kðα=pπ þ β=kÞð=pπ − =kÞ, with α ∼ λ0 and β ¼ Oðλ1Þ.
Repeating the same analysis as in the usoft case, we get

ϕ ∼ f−1π

Z
dkþd2k⊥

=kðα=pπ þ β=kÞð=pπ − =kÞ
k2ðpπ − kÞ2

∼ λ−1λ3
λ2

λ3
∼ λ: ð81Þ

This concludes the discussion of the DA.

B. Quark GPD

We will now discuss the analogous case for the quark
GPD, which will nicely illustrate the difference in endpoint
behavior compared to the DA. Let

FqðlþÞ ¼
Z

dl−d2l⊥

×
lA ð=pN0 −=pN − lÞ

ðl2 þ iϵÞððpN0 −pN − lÞ2 þ iϵÞððpA − lÞ2 þ iϵÞ ;

ð82Þ
whereA ∼ ð1; λ2; λÞ is a collinear subgraph which contains
the measure of the pA ∼ ð1; λ2; λÞ loop momentum. In
Sec. VA and Appendix C, we discuss the pinching of the l−

contour with the important conclusion, that in addition
to the collinear, soft, and ultrasoft pinch we also have a
Glauber pinch l ∼ ðλ; λ2; λÞ if we fix23 lþ ∼ λ. Thus, we
consider all of these four cases in the following.
As in the DA case, the numerator A in Eq. (82) contains

the measure d4pA. Repeating the integral performed in
Eq. (79) for the quark GPD case at hand, we getZ

Aμ

ðpA − lÞ2 ¼ αpμ
N þ α0pμ

N0 þ βlμ: ð83Þ

Let us start with the collinear scaling, i.e., l ∼ ð1; λ2; λÞ.
By equating the power counting on either side of Eq. (83)
for different μ, we obtain α; α0; β ∼ λ−2. Plugging this into
Eq. (82) gives

Fcoll
q ðlþÞ ∼

Z
dl−d2l⊥

lðα=pN þ α0=pN0 þ βlÞð=pN0 − =pN − lÞ
l2ðpN0 − pN − lÞ2

∼ λ4
λ−2λ2

λ4
∼ λ0: ð84Þ

As expected, the quark GPD scales as λ0 when l has
collinear scaling.
Consider now the soft scaling for l ∼ ðλ; λ; λÞ.

Equation (83) remains the same, but this time, α;α0∼λ−1

and β ∼Oðλ−1Þ. Then, the scaling for FqðlþÞ becomes

Fsoft
q ðlþÞ ∼ λ3

λ−1λ2

λ3
∼ λ1: ð85Þ

Similarly, the ultrasoft scaling for l ∼ ðλ2; λ2; λ2Þ also
gives the decomposition in Eq. (83), with α; α0 ∼ λ−2 and
β ∼Oðλ−2Þ. We then obtain

Fusoft
q ðlþÞ ∼ λ6

λ−2λ3

λ6
∼ λ1: ð86Þ

For both soft and usoft scalings, the result for the scaling of
FqðlþÞ is somewhat unexpected, since we would naïvely
expect the quark GPD to be nonvanishing when l becomes
(ultra)soft.
Finally, we take the n̄-coll.-to-soft Glauber scaling

l ∼ ðλ; λ2; λÞ. Now, α; α0 ∼ λ−2 and β ∼Oðλ−2Þ, which
leads to

FGlau:
q ðlþÞ ∼ λ4

λ−2λ2

λ4
∼ λ0: ð87Þ

Thus, we find that, unlike the soft and usoft scalings, the
Glauber scaling for l actually gives a contribution to FqðlþÞ
of order λ0. Therefore, we conclude that, from a perturba-
tive point of view, the fact that the quark GPD is non-
vanishing at the breakpoints x� ξ is fundamentally
connected to the Glauber region.
We highlight that in the DA case, Glauber regions can

all be deformed to the soft regions, which implies that
the soft suppression obtained in Eqs. (80) and (81) is
indeed correct.

VIII. CONCLUSIONS

In this work, we present a detailed analysis of the
exclusive photoproduction of a π0γ pair with large invariant
mass. We identify all the leading power contributions, and
show that, in addition to the standard collinear contribu-
tions (quark and gluon channels), there exists a contribution
of the same power which involves a Glauber gluon
exchange between the collinear sector defined by the
incoming and outgoing nucleons, and the soft sector
connecting the incoming photon and outgoing meson.
We show explicitly that this Glauber contribution is
pinched, implying that it cannot be deformed to other
regions. The Glauber pinch that we have identified relies on23A similar pinch l ∼ ðλ2; λ2; λÞ would appear if we fix lþ ∼ λ2.
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two different loop momenta, which are intertwined in a
specific way that makes the pinch appear. Through a careful
study of a generic two-loop example shown in Fig. 3,
we verify that the power counting of such a contribution
matches the collinear one, and is therefore leading.
Moreover, for this analysis, we also considered all possible
two-loop diagrams connected to that in Fig. 3 by different
gluon attachments, in order to verify that the identified
Glauber region does not become suppressed due to Ward
identity cancellations.
Furthermore, our results imply that the corresponding

crossed process of π0-nucleon scattering to two photons
also suffers from the same issue, since the Glauber pinch is
also present there. One important and peculiar aspect of our
findings is that the pinched Glauber gluon in our analysis
corresponds to one of the two active gluons that would
usually participate in the hard partonic scattering level.
In fact, it is precisely for this reason that the amplitude
diverges if one attempts to compute this contribution,
already at leading order and leading twist, when collinear
factorization is naïvely assumed.
However, we stress that for cases where the gluon

exchange channel is forbidden, either due to electric charge
conservation in the case of charged meson production, or
due to C-parity conservation in the case of neutral vector
meson production, the Glauber pinch does not exist at
leading power, and collinear factorization at leading twist is
expected to work without issues. To save the phenomenol-
ogy for the photoproduction of a π0γ pair, it is necessary
to go beyond standard collinear factorization. The natural
approach is to introduce kT-dependent distributions. We
intend to address this issue in the future.
Finally, we remark that there has been progress in a

new approach for determining pinch singularities through
tropical geometry; see, e.g., [46,47] and for some recent
developments, [48–50]. While this approach is very prom-
ising, because it potentially gives a systematic way to find
all regions, there is still some substantial development
required. It would, however, be interesting to address the
issues encountered in this work using this formalism.

ACKNOWLEDGMENTS

Wewould like to thank Renaud Boussarie, Volodya Braun,
John Collins, Markus Diehl, Goran Duplančić, Alfred
Mueller, Melih Ozcelik, Kornelija Passek-Kumerički,
Bernard Pire, George Sterman, Iain Stewart, Jianwei Qiu,
and Zhite Yu for many useful discussions. This work was
supported by the GLUODYNAMICS project funded by the
“P2IO LabEx (ANR-10-LABEX-0038)” in the framework
“Investissements d’Avenir” (ANR-11-IDEX-0003-01) man-
agedby theAgenceNationale de laRecherche (ANR), France.
Thisworkwas also supported in part by the EuropeanUnion’s
Horizon 2020 research and innovation program under
Grant Agreement No. 824093 (Strong2020). This work
was partly supported by the Science and Technologies

Facilities Council (STFC) under Grant No. ST/X00077X/1,
and by the Royal Society through Grant URF/R1/201500.
This project has also received funding from theFrenchAgence
Nationale de la Recherche (ANR) via Grant No. ANR-20-
CE31-0015 (“PrecisOnium”) and was also partly supported
by the French CNRS via the COnsotrtium Polonaise des
Institutions Nucleaires (COPIN)-IN2P3 bilateral agreement.
J. S. was supported in part by the Research Unit FOR2926
under Grant No. 409651613, by the U.S. Department of
Energy through Contract No. DE-SC0012704, and by
Laboratory Directed Research and Development (LDRD)
funds from Brookhaven Science Associates. J. S. also
acknowledges the hospitality of Laboratoire de physique
des deux infinis Irène Joliot-Curie (IJCLab) where part of
this work was done. The work of L. S. is supported by Grant
No. 2019/33/B/ST2/02588 of the National Science Center
in Poland. L. S. thanks the P2IO Laboratory of Excellence
(Programme Investissements d’Avenir ANR-10-LABEX-
0038), the P2I—Graduate School of Physics of Paris-
Saclay University, and IJCLab for support.

DATA AVAILABILITY

No data were created or analyzed in this study.

APPENDIX A: ILLUSTRATION OF THE
BREAKDOWN OF COLLINEAR

FACTORIZATION AT LEADING ORDER

Let us assume collinear factorization naïvely, and cal-
culate the gluon-induced amplitude for photoproduction of
a π0γ pair. This calculation results in divergences in the
double integration over the momentum fractions in specific
Feynman diagrams which exactly correspond to the topol-
ogies where the Glauber pinch occurs, i.e., Fig. 2(e). For
example, the diagram in Fig. 11, which corresponds to
Fig. 2(e) in the limit x → ξ and z̄ → 0, where z̄≡ 1 − z, is
given by

FIG. 11. A particular Feynman diagram contributing to the
coefficient function that causes a divergence upon the double
convolution over the momentum fractions x and z with the GPD
and DA.
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M ∝
Z

1

−1
dx

Z
1

0

dz
Tr½=pπγ

5=ϵq0 ð=q0 þ z=pπÞγjð=q − ðx − ξÞ=P − z̄=pπÞ=ϵqð−ðx − ξÞ=P − z̄=pπÞγi�
½2zq0 · pπ�½−2ðx − ξÞq · P − 2z̄q · pπ þ 2z̄ðx − ξÞP · pπ þ iϵ�½2z̄ðx − ξÞP · pπ þ iϵ�

×
ϕπðzÞHgðx; ξÞg⊥ij

½x − ξþ iϵ�½xþ ξ − iϵ�

⟶
x→ξ;z̄→0

∝
Z

1

−1
dx

Z
1

0

dz
ðx − ξÞz̄

½ðx − ξÞ þ Az̄ − iϵ�½ðx − ξÞz̄þ iϵ�½x − ξþ iϵ� ; A > 0: ðA1Þ

In the above expression, we have neglected overall pre-
factors, and we have introduced the positive constant
A ∼Oð1Þ that corresponds to a ratio of scalar products
of momenta of on shell external particles, noting that all such
scalar products are positive. We have also focused on the
projection onto the unpolarized gluon GPD Hg to reduce
clutter in the above expression (the same conclusion can be
reached with the polarized gluon GPD H̃g as well). The two
denominators that accompany the gluon GPD Hgðx; ξ; tÞ
in Eq. (A1) come from relating the matrix element of two
gauge fields to the gluon GPDHg, which is defined from the
matrix element of two gluon field strengths,

Z
∞

−∞

dz−

2π
eixz

−PþhpN0 jAi
að−z−ÞAj

bðz−ÞjpNi

¼−
ūðpN0 ÞγþuðpNÞ

4Pþ
δabg

ij
⊥

N2
c − 1

Hgðx;ξ; tÞ
ðx− ξ� iϵÞðxþ ξ∓ iϵÞþ � � �

ðA2Þ

The choice of the sign of iϵ corresponds to the residual
gauge ambiguity of expressing the nucleon matrix
element of two gauge fields in terms of the universal
GPD Hg, which is gauge invariant since it is defined
from two gluon field strengths (see Appendices D and G
in [45]). The conventional choice, e.g., in DVCS, is
½x − ξþ iϵ�½xþ ξ − iϵ�. However, neither sign will prevent
the divergence from occurring.24 Finally, we highlight

that the signs of all other iϵ factors in Eq. (A1) are fixed
from the Feynman prescription.
In the second line of Eq. (A1), we took the limit x → ξ

(soft gluon) and z̄ → 0 (soft antiquark), which corre-
sponds to the region in Fig. 2(e). Such a region is
of course unavoidable from the integration over the
momentum fractions. Finally, for simplicity, we have
fixed the functional form of the distribution amplitude to
be ϕπðzÞ ∼ zz̄.
Therefore, one finds that the amplitude for the diagram

in Fig. 11 has a divergent imaginary part,

Z
1

−1
dx

Z
1

0

dz
x − ξ

½ðx − ξÞ þ Az̄ − iϵ�½x − ξþ iϵ�½x − ξþ iϵ�
∝ i logðϵÞ þOðϵ0Þ: ðA3Þ

The pinching of the two poles in the above equation comes
from the two quark propagators Da, which becomes soft,
and Db, which becomes collinear to the incoming photon,
in the limit x → ξ and z̄ → 0.
Moreover, the full amplitude can be computed, and it can

be verified explicitly that no cancellations happen among
the complete set of 24 Feynman diagrams that contribute to
this process. This is of course to be expected by the general
arguments made in this work; see also Sec. VI. The full
amplitude, corresponding to the projection onto the gluon
GPD Hg, is given by

X
all

M ∝
fπðx2 − ξ2Þ½−α½ðx2 − ξ2Þ2ð1 − 2zz̄Þ þ 8x2ξ2zz̄� − ð1þ α2Þzz̄ðx4 − ξ4Þ�
zz̄½x − ξþ iϵ�½z̄ðxþ ξÞ − αzðx − ξÞ − iϵ�½zðx − ξÞ þ αz̄ðxþ ξÞ − iϵ�

×
1

½xþ ξ − iϵ�½z̄ðx − ξÞ þ αzðxþ ξÞ − iϵ�½zðxþ ξÞ − αz̄ðx − ξÞ − iϵ� ×
Hgðx; ξÞϕπðzÞ

½x − ξþ iϵ�½xþ ξ − iϵ�

⟶
x→ξ;z̄→0

∝
−α½ðx − ξÞ2 þ 2ξ2z̄� − ξð1þ α2Þz̄ðx − ξÞ

½x − ξþ iϵ�½ðx − ξÞ − 2 ξ
α z̄þ iϵ�½ðx − ξÞ þ 2ξαz̄ − iϵ� : ðA4Þ

In the above, we have again taken the functional form of the distribution amplitude to be ϕπðzÞ ∼ zz̄ in the second line, and
introduced the dimensionless parameter

24Even if ½x − ξ − iϵ� is chosen, the pinch will persist. This can be seen by writing the numerator as two parts, ½ðx − ξÞz̄þ
iϵ� − ½iϵ�. The first term will of course be finite, but the second term, while having a factor of iϵ in the numerator, is actually divergent
logarithmically as logðϵÞ upon performing the double integration. This can be understood by the fact that partial fraction gives rise to
1=ðiϵÞ terms in this case.
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α≡ ðpπ − qÞ2
ðpπ þ q0Þ2 ; ðA5Þ

which is neither very small nor very close to 1. In any case,
the divergence will be independent of the exact value of α.
We note that the full amplitude is symmetric under x → −x
and z → z̄. Thus, if the divergence persists at x → ξ; z̄ → 0,
it will also be present in three other regions corresponding
to applying the previously mentioned symmetries.
In this way, we find that the divergence illustrated in

Eq. (A3) is still present in Eq. (A4), due to the last term
in the square brackets in the numerator, 2ξ2z̄, which has
only a single power of zero in the limit x → ξ; z̄ → 0. This
necessarily causes two propagators to be “pinched,” as
in Eq. (A3).
It is worthwhile to point out that at the level of the full

amplitude in Eq. (A4), the denominators that accompany
the gluon GPD definition in Eq. (A2) cancel out [there is an
explicit factor of x2 − ξ2 in the numerator in the first line
of Eq. (A4)]. This cancellation is expected due to Ward
identities, i.e., gauge invariance; see the discussion in
Sec. VI. Therefore, the divergence that one observes in
the full amplitude upon double integration over x and z is
completely independent of the way that the 1

x−ξ and 1
xþξ

factors are regulated25 in the definition of the gluon GPD;
see the text below Eq. (A2).
Finally, we remark that it should be possible to get a

well-defined asymptotic expansion of the diagram in Fig. 3,
i.e., the integral in Eq. (45) (in the collinear limit, its hard
part reduces to Fig. 11). Rigorously, this can be done in
dimensional regularization, e.g., using the method of region
formalism. It might be possible that other regulators are
needed to give the contribution from each region a well-
defined expression, and possibly one also has to take into
account the overlap contributions. By taking all the con-
tributions into account, the divergence in Eq. (A4) would
not appear. Therefore, the appearance of the divergence in
the amplitude assuming collinear factorization is a direct
consequence of the existence of other regions (which we
have identified as a Glauber region here) to the leading term
in the power expansion in λ of the full amplitude. Such an
analysis is beyond the scope of this paper.

APPENDIX B: A SIMPLE 1D EXAMPLE
ILLUSTRATING A PINCH
AND POWER COUNTING

As a trivial example, consider the integral

I0ðmÞ ¼ lim
ϵ→0þ

Z
∞

−∞
dk

1

ðk −mþ iϵÞð−k −mþ iϵÞ
¼ iπ

m
: ðB1Þ

For m ≠ 0, both denominators cannot be zero at the same
time. Therefore, the Landau condition for a single denom-
inator can clearly not be fulfilled.
On the other hand, for m ¼ 0, the Landau condition

reads as

α1 − α2 ¼ 0; α1; α2 ≥ 0; α1 þ α2 > 0; ðB2Þ

where α1 corresponds to the ðk −mþ iϵÞ denominator, and
α2 to the ð−k −mþ iϵÞ denominator. Equation (B2) has
solutions α1 ¼ α2 > 0, implying the existence of a pinch at
k ¼ 0. This corresponds of course to the pole of I0 atm ¼ 0
in Eq. (B1).
For one-dimensional integrals such as I0, it is easy to

visualize the pinch by considering the contour in the
complex plane; see Fig. 12. The poles coalesce as m → 0
and ϵ → 0þ so that the integration contour cannot be
deformed away.
While in this trivial case, it is easy to evaluate the integral

by closing the contour at infinity in either the upper
or lower half plane and using the residue theorem, this
is not so for general classes of Feynman diagrams. In the
following, we will illustrate the concept of power-counting
analysis which, when applied to I0, can be used to
determine the 1

m behavior generically without evaluating
the integral.
The argument is as follows. The integration contour is

forced to pass in between the two poles, with a maximum
distance of m from both poles. It is thus clear that one
needs to investigate the contribution to the integral in a
neighborhood of this approximate pinch. To estimate the
value of the integral, we investigate an integration region
with a size ∼m around the poles. To this end, we need
to find a correct estimator for the integrand inside
that integration region. This is achieved by choosing
the blue contour in Fig. 12, since the integrand has the
same order of magnitude ∼ 1

½m�½m� everywhere in that

FIG. 12. The integral I0ðmÞ in the complex plane. The poles at
k ¼ �m approach the real axis as ϵ → 0þ. We can deform the
contour from the real axis (red) to the shown toy contour with half
circles centered at k ¼ �m (blue).

25However, the choice of the sign of iϵ matters at the level of
individual diagrams.
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integration region in that case. The estimate for the
integral I0 then becomes

I0ðmÞ ∼ ½m�
½m�½m� ∼

1

m
; ðB3Þ

which matches the scaling in Eq. (B1) as expected.
Note that what we have done is basically dimensional

analysis. To see this, rescale k → mk, to get an overall 1
m

multiplying an m-independent integral, which is finite
by the Landau condition, and which has to be nonzero,
since the contour passes in between two poles.

APPENDIX C: COLLINEAR PINCH FOR THE
OFF-FORWARD KINEMATICS USING THE

LANDAU CONDITION

We rederive the result in Eq. (50) by using the Landau
equations. First consider the general case of having two on

shell propagators ðk − q1Þ2 ¼ 0 and ðk − q2Þ2 ¼ 0, where
q21 ¼ q22 ¼ q1 · q2 ¼ 0. Then, it is easy to see that the
Landau equations reduce to

k ¼ αq1 þ ð1 − αÞq2; ðC1Þ

where 1 ≥ α ≥ 0. Without loss of generality, take q1
and q2 to be collinear in the n̄ direction. Then kþ ¼
αqþ1 þ ð1 − αÞqþ2 , and therefore the Landau equations have
a solution if and only if

maxðqþ1 ; qþ2 Þ ≥ kþ ≥ minðqþ1 ; qþ2 Þ: ðC2Þ

Note that the equalities coincide with soft singularities of
one of the propagators. Applying this result to each pair
of propagators in Eq. (49) immediately gives Eq. (50) as a
necessary and sufficient condition for the collinear pinch.
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