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Light cone distribution amplitude for the A baryon from lattice QCD
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We calculate the leading-twist light cone distribution amplitudes of the A(uds) baryon using lattice QCD
methods within the framework of large-momentum effective theory. Our numerical computations are
carried out with Ny = 2 + 1 stout smeared clover fermions and a Symanzik gauge action on a lattice with
spacing a = 0.077 fm and a pion mass of 303 MeV. To approach the large-momentum region, we simulate
the equal-time correlations with the hadron momentum P* = {2.52,3.02,3.52} GeV. We investigate the
analytic properties of the baryon quasidistribution amplitude in coordinate space and validate them through
our lattice calculations. After renormalization and extrapolation, we present results for the three-
dimensional distribution in momentum fractions of the two light quarks. Based on these findings, we
briefly discuss the phenomenological impact on weak decays of A, and outline potential systematic
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uncertainties that can be improved in the future. This work lays the theoretical foundation for accessing
baryon light cone distribution amplitudes from lattice QCD.

DOI: 10.1103/PhysRevD.111.034510

I. INTRODUCTION

Light cone distribution amplitudes (LCDAs) are prob-
ability amplitudes for the longitudinal momentum fractions
of partons in the leading Fock states of hadrons [1,2].
Within quantum chromodynamics (QCD), the LCDAs play
a pivotal role in the description of exclusive processes (e.g.,
heavy baryon decays) and allow one, e.g., to calculate form
factors at asymptotically large-momentum transfer [3,4].
They provide information on hadron structure that is
complementary to parton distribution functions. Thus,
first-principle calculations of LCDAs benefit not only
experimental programs at facilities like the Large Hadron
Collider and Jefferson Laboratory, but also testing theo-
retical mechanisms, e.g., in heavy baryon decays, ulti-
mately deepening our understanding of the strong
interactions that govern the behavior of baryons. An
example might be the CP violation in heavy baryon decays,
with some suggestive clues emerging from recent obser-
vations by the LHCb Collaboration [5,6]. Generally speak-
ing, the advent of high-luminosity accelerators has
transformed the investigation of exclusive reactions, and
thus also of LCDAs, into a highly fertile research field.

In recent decades, significant progress has been made in
characterizing the LCDAs of light mesons, including both a
few lowest moments [7,8] and the complete x-dependent
distribution [9-17]. In contrast, there has been limited
advancement in determining baryon LCDAs due to various
obstacles. The three valence quarks in a baryon interact
with each other through strong forces, leading to a rich and
intricate structure that is difficult to describe using simple
models. The earliest estimates of the first and second
moments of baryon LCDAs were made more than 30 years
ago based on the QCD sum rules, known as the Chernyak-
Ogloblin-Zhitnitsky model [18]. This result provided a
reasonable description of the experimental data at the time
and gave a distribution amplitude that deviated significantly
from the asymptotic behavior. Meanwhile, advances in
perturbation theory have led to a widespread consensus that
the analysis of form factors in exclusive processes with
large-momentum transfer [19,20] does not indicate a
notable deviation of the baryon light cone distribution
amplitudes from their asymptotic form [21,22]. Recently,
new strategies such as the on-shell wave function method
have been proposed, but the results are model
dependent [23]. From a phenomenological viewpoint, it
has been observed that the A, — A form factors at large
recoil obtained using baryon LCDAs derived from different
methods vary significantly [24-26]. This indicates that a
reliable and precise result for the baryon LCDA is urgently

needed. In addition, a combined analysis of the form factors
in this kinematic region and the direct lattice QCD
calculation at low recoil [27,28] enables the comprehensive
exploration of form factors across the entire kinematic
range.

Lattice QCD provides first-principle tools for accessing
baryon LCDAs, offering insights into the internal structure
of baryons and paving the way for a comprehensive
understanding of baryonic systems. Notably, the lowest
moments of the leading-twist baryon LCDAs have been
computed using operator product expansion (OPE) on the
lattice [29,30]. However, in intricate exclusive processes
like heavy baryon decay, existing phenomenological analy-
ses do not definitively establish the dominance of the
leading-order contributions and therefore require more
information than just a few moments. In Refs. [31,32],
systematic explorations of the next-to-leading order (NLO)
contributions to nucleon form factors have pointed out that
the NLO corrections are significant and the nonperturbative
evaluation of the entire shape of the baryon LCDAs is
necessary.

In recent years, the development of large momentum
effective theory (LaMET) [33-35] has presented a prom-
ising approach to tackle the light cone distributions.
LaMET offers a framework to obtain light cone distribu-
tions from equal-time correlation functions in large-
momentum hadron states. More explicitly, a connection
between these equal-time quasidistribution amplitudes
(quasi-DAs) and light cone distribution amplitudes can
be established to all orders in QCD perturbation theory.
Since LaMET was proposed, it has a wide range of
applications, including calculations of quark distribution
functions [36-65], gluon distribution functions [66-70],
generalized parton distributions [71-82], light cone dis-
tribution amplitudes of a light hadron [9-17,83-87] and a
heavy meson [88-97], transverse-momentum-dependent
distributions [98-119], and double parton distribution
functions [120,121]. In contrast with the calculation of a
few low moments using the OPE, LaMET enables the
extraction of complete x-dependent distribution amplitudes
from first principles through lattice computations. These
studies of nucleons’ parton distribution functions and light
mesons’ light cone distribution amplitudes have validated
the applicability of LaMET.

This paper pioneers lattice QCD computations of baryon
LCDAs within the LaMET framework, elucidates the
theoretical underpinnings and computational strategies,
and presents some numerical results that serve as proof
of principle that such calculations are feasible. Future work
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will improve the precision and enlarge the scope of such
calculations, for example, by analyzing several ensembles
and performing a controlled extrapolation to the physical
point, thus bridging the gap to a comparison with exper-
imental data.

The subsequent sections of this paper are structured as
follows. In Sec. II, we give the theoretical framework
including the definitions of LCDA and quasi-DA, renorm-
alization, symmetry properties of quasi-DA, and extrapo-
lations of the results. Section III is dedicated to presenting
the numerical outcome from the lattice QCD simulation.
Based on these findings, the paper briefly discusses the
phenomenological impact on weak decays of A, and
identifies potential systematic uncertainties that will be
addressed in the future. The final section includes the
summary and prospects. Some calculation details are
provided in the Appendixes.

II. THEORETICAL FRAMEWORK

In this section, we present the theoretical framework to
extract LCDA from equal-time correlation for a fast moving
hadron. We start with definitions and explore the renorm-
alization properties of correlations in coordinate space. We
further analyze the analytical properties of quasi-DA. We
discuss extrapolation of the quasi-DA into regions where
direct numerical calculations become difficult. Finally, we
present the one-loop matching formula between the quasi-
and light cone DAs that are derived in Refs. [84-87].

A. The LCDA and quasi-DA for the A baryon

The LCDAs for the A baryon are given by the non-
local hadron-to-vacuum matrix elements at lightlike
separations,

H(21,22,23) 5, = €7 (0| (W (zgn, 2 1) )y (21 1)
x (Wjj/(Zon’Zzn))dg(Zzn)
x (Wkk’(Zon»Zw))S'yd(Z.%”)|A(Pv/1>>, (1)

where |A(P, 1)) represents the A state with momentum P
and helicity A. W;;(a.b) are lightlike Wilson lines to
preserve gauge invariance, and z is an arbitrary reference
position on the Wilson lines. The subscripts a, f3, y refer to
Dirac indices and the superscripts i, j, k refer to color
indices. 7 is a lightlike vector n> = 0 conjugating to the
large-momentum P. An illustration of this structure is given
in Fig. 1. In the following, to simplify the notation, one can
set z3 (the position of the strange quark) to be zero.

The most general decomposition of the matrix element in
Eq. (1) involves 24 invariant functions [122], but only three
of them are of leading twist (twist-three),

Z4q :0

FIG. 1. The structure for the A LCDAs, with three Wilson lines
connected to the three quarks. z3 can be set to 0 for simplification.

H 2122, 22)apy = 32| (PC)aglrsiun) V(P )

+ (PysC)yp(un),AlziP- n)}
% |: i DPDC)gﬂ(yM/S”A)},T<Z[P' n)}
(2)

In this equation, f, is the “decay constant” defined by the
baryon-to-vacuum matrix element of the local operator,
uT(0)Cysitd’ (0)s*(0)[A)

€ijk<0| = fAP+”A(P)‘ (3)

C represents charge conjugation, and u, denotes the Dirac
spinor for A. V(z;P - n), A(z;P - n), and T(z;P - n) refer to
each of the three leading-twist amplitudes, respectively.
By inserting a suitable Dirac matrix I', the different
leading-twist functions can be projected out,

e {0]u"T (z1n)Td! (zan)s* (z3n)|A)
= (21, 20, W) P f aun(P), (4)
where u accounts for the renormalization scale. Therefore,

the normalized LCDA as a function of momentum fractions
in momentum space can be defined as

+ +
B(x1, X2, ) /P dZI/P % e~ixzitxnn)PT

X D(z1, 22, ), (5)

where x;, denote the light cone momentum fractions
carried by two light (up and down) quarks. Thereby the
momentum fraction of the strange quark is 1 — x; — x,. In
this work, we only consider the leading-twist component
A(z;P - n) which can be projected out using I' = Cysi.
Reference [30] indicates (based, however, solely on the
zeroth and first moments) that A, V, and T are of
comparable size, and therefore this study is primarily a
proof of principle that such calculations are feasible
in LaMET.
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In LaMET the LCDAs can be accessed via the lattice
simulation of an equal-time matrix element for A defined as

(i)A(ZleZvﬂ’PZ)PZfAuA(PZ)
= e (0[u" T (zyn )T (z5n.)s* (z3n.)|[A(P?)). (6)

This function is similar to the light cone distribution in
Eq. (4), while n, = (0, 0,0, 1) is the unit vector along the z
direction in Euclidean space. The gauge links are similar
and have been omitted here. The Dirac matrix I' = Cy°y*
can be chosen as v =1t or v = z, both of which could
approach the leading-twist projector Cysy™ on the light
cone in the large-momentum limit. In this work, we choose
Cy’y" and call ®,(z;,z,) quasi-DA in coordinate space.

The quasi-DA in momentum space can be obtained by a
Fourier transformation,

/Pzdzl/P dz, e~ i(riz1+x20) P

x @, (21,20, u, P7). (7)

&A(xhx%/"’

On the lattice, a correlation function is required to extract
the quasi-DA, and for the A baryon, the appropriate one is
defined as

Cz(Zl » 225 1, ﬁ) = / d3x€_iﬁ;<0|by(5€), 17y, Zz)
x 0,,(0,0;0,0)T7"'|0), (8)

where T represents the projection operator used to extract
matrix components from correlation functions; it is selected
as (I +y")/2 for the A baryon with I(J”) = 0(3"). The
baryonic operator Oy(f, t;21,2») consists of three quark
fields and three Wilson lines,

0,(.t,21.22) = €W (20, X + zyn )uly (X + zyn. 1)

X F(,ﬂWf (29, X + 2on;, t)d (x + 2on,)

X WA (20, 5)5¥ (3. 1). ©)
where W(z,X) denotes the Wilson line in coordinate
space. For simplicity, we have set z3 to zero. The reference
position z, of Wilson lines in Oy(f, 1;21,2,) is arbitrary,

and for simplicity, we set it to the same value as that of the
strange quark. Therefore, the operator can be expressed as

0,(%. 121, 25) = €W (X, X + zyn Juby (X + zyn., 1)
x Wi (%,3 + zznz)dg (X + zon., 1)
x sk(X,1), (10)

which contains only on two Wilson lines.

B. Renormalization

The nonlocal operator in correlation functions includes
Wilson lines that contain both linear and logarithmic
ultraviolet divergences. Nonperturbative renormalization
schemes are required to remove these divergences. Over
the past years, several renormalization schemes have
been proposed to eliminate these divergences, including
Wilson line renormalization [9,123], regularization-
independent momentum subtraction (RI/MOM) renormal-
ization [11,124], hybrid renormalization [14,125], and
self-renormalization [15,126].

The RI/MOM renormalization scheme has been exten-
sively used in the renormalization of local operators, but its
application to nonlocal operators is a topic of ongoing
debate. Recent studies [127] indicate that the RI/MOM
scheme depends on the accuracy of gauge fixing. With
precise gauge fixing, the outcomes in the RI/MOM scheme
align with perturbative results at short distances. However,
for large distances, the RI/MOM scheme still introduces
artificial infrared effects.

The hybrid renormalization approach [125] provides a
novel strategy by implementing different renormalization
schemes in distinct coordinate regions and thereby offers a
promising framework for addressing the renormalization of
nonlocal operators. In this framework, self-renormalization
[126] can be utilized at long distances by comparing large-
momentum matrix elements with zero-momentum matrix
elements. This entails extracting linear divergences and
other parameters from zero-momentum matrix elements
with different lattice spacings, which can be applied to
renormalize the large-momentum matrix elements without
introducing additional infrared contributions. At short
distances, a ratio of the matrix elements with large and
zero momentum can be taken and then matched to the
perturbative result. This also removes additional artifacts at
small spatial separations.

The hybrid scheme with self-renormalization becomes
the mainstream scheme for studying LCDAs with LaMET
[15—17]. Some theoretical details of hybrid renormalization
for light baryons have already been presented in
Refs. [85,87], however, the numerical realization is quite
involved. First, to extract the linear divergence, multiple
zero-momentum matrix elements at different lattice spac-
ings need to be calculated on the lattice. Second, this scheme
requires a perturbative matching at short distance to extract
the renormalization factors. According to [85], the pertur-
bative zero-momentum matrix element of A is

Mp(Z],ZZ?/’tv’PZ:O)

:H_%CF zln Z%ﬂ2621/£
27 |8 4

7 2.2 2y 3 _ 2,22y
() (B )

8 4 4
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In the above equation, M p(zl,ZQ,,u,Pz =0) is a zero-
momentum quasidistribution in the MS scheme, which at
short distance can be identified as the renormalized quasi-
distribution @ (z,, 25, s, P* = 0). u is the renormalization
scale and we use ¢ = 2 GeV. The typical distance to ensure
the perturbative matching is z < 0.3 fm. Third, it is crucial
to observe from the aforementioned equation that divergen-
ces occur at z; = 0, z, = 0, and z; = z,, necessitating that
numerical matching steers clear of lattice results in close
proximity to these divergences. Consequently, this con-
straint restricts the availability of valuable data for finite
lattice spacings. Therefore, the implementation of hybrid
renormalization mandates extremely small lattice spacings
and accurate computations of correlation functions.
Therefore, in this preliminary study, we use the ratio of
large- to zero-momentum matrix elements for renormali-
zation, bearing in mind that the systematic errors are
introduced by spurious infrared physics at long distances.
The renormalized quasi-DA can then be expressed as

< @ (21,20, 4, P* #0
@, (21, 22,4, P #0) —ég((zl 22 P 0)). (12)
A\LD K25 M5 -

C. Analytic properties of quasi-DA

Before initiating numerical simulations, we can leverage
certain analytic properties to streamline our calculations.
To discuss the analytical properties of ®(z;,z,), we
distinguish eight regions, as shown in Fig. 2, and use two
symmetries to simplify the calculation.
(1) The isospin symmetry originates from the fact that
lattice simulations do not distinguish u and d masses
in the clover action adopted in our simulation. As z;
and z, are the coordinates of the u and d quarks, we
have the equality

®(21.22) = D(22. 1) (13)

region 5 | region 3

region 7 region 1

region 8 region 2

region 6 | region 4

FIG. 2. Eight regions in z;-z, plane.

(i1) Another constraint arises from the fact that the
LCDA and the quasi-DA in momentum space are
real,

~ 1 1 . . .
¢(215227ﬂ) :/ dxl/ dxzez(x]zlP~+x2z2P<)
0 0
X D(xy, X5, ), (14)

the real part of the quasi-DA in coordinate space is
symmetric, and the imaginary part is antisymmetric.
Then ®(z;,z,) satisfies

&)(21,22) = &’*(—217 ~22). (15)

Therefore, the symmetry of the eight regions in Fig. 4 can
be summarized as follows:

Based on these symmetries, only regions 1 and 2 are
independent. Given that the propagators for the u and d
quarks are identical in our lattice simulation, the first
symmetry holds true for each configuration. The second
symmetry stems from the physical constraints imposed on
the quasi-DA in momentum space; such symmetry is only
revealed after averaging lattice data over configurations.
Consequently, data from regions 4 and 6 can also be
generated on the lattice and subsequently merged with data
from regions 1 and 2 to enhance statistical significance.
Furthermore, as a result of these symmetries along the
diagonal line where z; = —z,, represented by the green line
in Fig. 2, it holds that Im[®(z;, z,)] = 0.

D. Extrapolation

Numerical uncertainties for quasi-light-front correlations
increase rapidly with growing spatial separations, and a
brute-force truncation of the Fourier transformation can
lead to unphysical oscillations in momentum space.
Hence, in conjunction with the hybrid scheme, physically
motivated extrapolations for long distances have been
recommended [125]. A model based on the asymptotic
behavior of the light baryon LCDAs in momentum space is
given as

P(x1,x) = Cox‘li‘xg‘(l — X —xz)d2, (17)

where C is a normalization factor, and d,, are undeter-
mined exponents.

Generally, for parton distribution functions (PDFs) or
meson LCDAs, we can perform an analytical Fourier
transform of the asymptotic behavior and take the limit
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of large light front distance to obtain the extrapolation form
in coordinate space. However, for baryon LCDAs, the
analytical Fourier transform becomes complicated and,
similar to perturbative expressions in self-renormalization,
encounters divergency issues at short distances. In this
work, we adopt a simplified approach: take the numerical
Fourier transformation from Eq. (17) and then perform the
fitting for quasi-DA in coordinate space,

. 1 1 .
D(z1,22:d,,d) :/ dxl/ dxy e1at gt
0 0
X Cox{'x3 (1 = x; — xy)%. (18)

This form is applied only when z; and z, are large, hence
we utilize it only in the coordinate-space regions marked in
red and blue in Fig. 4.
There is an asymmetry between the red and blue regions
in the first and fourth quadrants in Fig. 4. This asymmetry is
a result of the nonsymmetrical distribution in the z;-z,
plane, which has implications for our extrapolation process.
Based on the definition of the baryon quasi-DA and prior
analytic discussions, we use two Wilson lines, wil' (X, X+
zin.) and W' (X,X 4 z,n,), which link the u and d quark
fields to s in coordinate space. These two Wilson lines can
be oriented either in the same direction or in opposite
directions, which have different consequences:
(i) As illustrated in Fig. 2, the Wilson lines point in
opposite directions in the second and fourth quad-
rants, as depicted in the right panel of Fig. 3.
Consequently, in such scenarios, the effective
Wilson length can be simply obtained as |z;| + |z2].

(i1) In the first and third quadrants, as shown in the left
panel of Fig. 3, when z; and z, point in the same
direction, one can demonstrate

W(Zl ’ O)i/iW(Z27 O)j,jeijk

= W(Z], Zz)l ! W(Zg, O)i”iW(zz, O)//Jleijk
— W(ar,22) W (23, e Y, (19)

Therefore, in this scenario, the effective length of the
Wilson lines is given by max(|z;, |z2]).

Hence, the effective length of the Wilson lines is larger in

the second and fourth quadrants than in the first and third

FIG. 3. The Wilson lines for two cases of z; and z,. The left and
right panels correspond to the fact that the two gauge links are
parallel and antiparallel, respectively.

quadrants. This implies that the uncertainty is more
significant in the second and fourth quadrants than in
the first and third quadrants for the same |z;| and |z,]|.
Additionally, the magnitude of the quasi-DA will decay
more rapidly in the second and fourth quadrants.
Consequently, a good signal area will resemble a diamond
shape, as illustrated by the orange line in Fig. 4.

Considering the symmetries described in Eq. (16), it is
sufficient to extrapolate the triangular regions 1 and 2, as
illustrated in Fig. 2. By combining these symmetries with
the Wilson line properties discussed in the previous para-
graph, we can now elaborate on the extrapolation regions
outlined in Fig. 4.

(i) On the axis z; = —z,, represented by the green
blocks in Fig. 4, the imaginary components of the
quasi-DA are constrained to be zero. Therefore, only
the real part of ®(z;,z,) within the green blocks
contributes to the extrapolation process.

(i) The red blocks mark the regions where z; > 0 and
Z > 0. In these regions, both z; and z, need to be
extrapolated. However, when the lengths are equal,
i.e., |z1] = |z2|, the effective Wilson line length is
significantly larger in region 2 compared to region 1.
Consequently, the red blocks in region 2 initiate
from a smaller |z;,|. In contrast, the blue blocks
denote scenarios with a finite z, while z; > 0, and
only z; requires extrapolation in this context. Sim-
ilarly, due to the varying effective Wilson line
lengths in regions 1 and 2, the shapes of the blue
blocks will differ between the two regions.

E. Two-dimensional matching

In LaMET, the quasidistributions can be factorized into
perturbative matching kernels convoluted with light cone
distributions. For the baryon LCDA involving two momen-
tum fractions, this factorization takes the form

~ 1 1=y
¢(x1,x2) = A dy, A d)’2c(x1,3€2,)’1’y2>¢(y1,y2)
o Mo M M
(01 P9 (2P [(1 =3y = ;o) P2
(20)

Here ¢(x,,x,) represents the quasi-DA in momentum
space, and ¢(x,x,) represents the LCDAs. The power
correction terms  Agcp/(x1P4)%,  Ajep/ (xP%)?, and
Agep/[(1 = x; —x,)P]* are suppressed in the large-
momentum limit. The matching kernel can be expressed
through a perturbative expansion as

C(x1,%2,y1,¥2) =8(x; = y1)8(x2 —y7)

a,C
2L (31,30, 1.92) + O(@). - (21)
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A

<1l = iLg

FIG. 4. The extrapolation regions in the z,-z, plane. Each grid represents one lattice spacing. Raw data with good signal/noise were
obtained for the rhombus indicated by the orange line. Extrapolations are based on these data. The meaning of the different color blocks
is discussed in the main text. z;,; and zg, indicate the region for which the quasi-DA was extrapolated.

The detailed expressions for c(!(x;,x,,y,,y,) in terms
of the “double-plus function” fgq are compiled in
Appendix A.

Two numerical methods are commonly used for imple-
menting the matching:

(i) numerically discretizing the matching kernel and

performing its inversion; and

(ii) iteratively performing the matching by expanding

higher-order terms in the kernel.

In the matching process, the matching kernel is represented
as a four-dimensional tensor. Although it is possible to
reduce this tensor to two dimensions utilizing the properties
of the double-plus function and subsequently carrying out a
numerical inversion, we introduce an iterative approach in
this work to facilitate a more straightforward numerical
implementation.

The dominant term in the matching kernel, as given by
Eq. (21), is a Dirac ¢ function. The discrepancy between ¢
and ¢ is of order @, at the one-loop level. Thus, by
substituting Eq. (21) into Eq. (20), we obtain

- ayC ) )
d(x1, %) = p(x1,%2) — QHF/ d)’1/ dy,

X C(l)(xl»xzd’l»)’z)ﬁ?’()’l»)’z) + (’)(a%). (22)

In this equation, we extend the integration limits of (0, 1)
and (0,1 —y) to (—oo, ®); such extension may introduce
systematic uncertainties at higher orders. The subsequent
leading-order matching kernel ¢(") (x;,x,,y,,y,) is a dou-
ble-plus function involving the variables x; and x,,

C(l)(xlvxzdl’h) =[f(x1,x2, ylv)’Z)]
—f X1,X2, )’1’)’2 5(

= y1)0(x = y2)
/dt1/ dt>f(t1,1.y1,y2). (23)

By substituting Eq. (23) into Eq. (22), these singularities
in f(x;,x,,y1,y,) can be canceled between the first and
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second term in Eq. (23) with the constraints x; = y; and
X, = y,. Then the matching equation simplifies to

~ C
Hsrox) =) =5 | [ asidyalrtonmyrs

xg%(yl,yz)—f(yl,yz,xl,m%(xl,xz)]], (24)

which is free of any plus function.

Recent studies have explored matching kernels in differ-
ent renormalization schemes for the baryon LCDA. The
MS bar scheme and RI/MOM scheme matching kernels for
the leading-twist function A(z;P - n) are presented in [84].
The hybrid scheme matching kernels for V(z;P - n),
A(z;P-n), and T(z;P-n) functions combining self-
renormalization and ratio scheme renormalization have
been collected in [85,87]. Furthermore, the matching
kernels in coordinate space in the ratio scheme for the
three leading-twist distributions are displayed in [86]. From
all of them, the ratio scheme matching kernel is adopted in
this work. For further details and discussions on the
matching kernel, please refer to the Appendix A.

III. NUMERICAL RESULTS
A. Lattice setup

The configurations used in this study are based on the
stout smeared clover fermion action coupled with
Symanzik gauge action, under periodic boundary condi-
tions, generated by the CLQCD Collaboration [128]. These
configurations have been successfully applied in studies
involving hadron spectrum [129-131], decay and mixing of
charmed hadrons [132-136], heavy meson LCDAs [94,97],
PDFs of a deuteronlike dibaryon [63], and other interesting
observables [137,138]. We here use a single ensemble,
F32P30, characterized by a lattice spacing of a =
0.07746(18) fm and a volume of n} x n, = 323 x 96.
The valence light quark mass is set to match the sea
quark mass, with m, = 303.2(1.3) MeV. To explore the
momentum dependence of the A LCDA and approach
the infinite momentum limit, we consider three differ-
ent hadron momenta: P¢={5,6,7}x2x/(n,a) =
{2.52,3.02,3.52} GeV. In numerical simulations, we
use point sources with momentum smearing [139] and
APE smearing [140]. These techniques significantly
improve the signal-to-noise ratio for the large P_ case.
Parameters in momentum smearing are chosen as p =3
with the smearing size and iteration number {5,50}.
Overall, our simulation comprises 777 configurations, with
9 x 6 source positions on each configuration, leading to a
total of 777 x 9 x 6 measurements.

B. Dispersion relation

Before analyzing the quasi-DAs and LCDAs, we first
give the dispersion relation for the A baryon, which can be
used as a test of our setup and as a check of our two-point
function results.

To analyze the dispersion relation, we evaluate the local
two-point correlation function C,(0, 0; ¢, P%), as defined in
Eq. (8), across a range of hadron momenta from 0 to
3.52 GeV. The effective energy is extracted by fitting the
parametrization C, (0, 0; 7, P%) = coe 507 (1 + ¢, e~2F7) for
Euclidean time 7 = it. In this expression, the E, corre-
sponds to the total energy of the hadron with P<.

To quantify the discretization effects in the relationship
between the effective energy and hadron momentum, we
utilize the following fitting ansatz:

E* = m3 + ¢, (P9)? + c3(PY)%, (25)

where the parameters ¢, and c; are chosen to quantify the
deviation from the continuum limit, £2 = m?% + (P?)%. The
fitted values obtained, as depicted in Fig. 5, are ¢, =
1.058(44) and c¢3 = —0.0152(66), which are in proximity
to 1 and O, respectively. Hence, a slight deviation is
observed between the lattice outcome and the continuum
prediction, which may imply that the discretization errors
are less significant. We defer a full analysis of discretization
effects to future work.

C. Extraction of quasi-DAs

In lattice simulations, the nonlocal two-point correlation
function C,(z;,203¢, P%) is utilized to determine the
matrix element of equal time, as defined in Eq. (6),
including the contribution from the ground state. To extract
the ground-state matrix element, which represents the

U4 —— EX=m3 + (P?*)?
fit result ‘{
124§ effective energy
101
>
[}
O, 81
~%
53
6 -
4 -
2 -
0 2 4 6 8 10 12
(P*)*[GeV?]
FIG. 5. Dispersion relation for the A baryon on the ensemble
F32P30.
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quasi-DA, we analyze the renormalized two-point function
C3(z1. 2231, PF)

P (21,2931, PF) — C2(11,12;t,PZ)CZ(O,O;t,Og

C5(21,22;1,0)C5(0,0; ¢, P*
1+ co(z, P?)e A7
1+c(z,PF)edE

=®(z1. 2. P7) (26)

Here 7 represents the Euclidean time, with ¢, ¢, and AE
serving as parameters that account for excited-state con-
tamination. As 7 becomes sufficiently large, the term =27
significantly suppresses the contribution from excited
states, thereby justifying a one-state fit at large 7. To
compare the effectiveness of one- and two-state fits, we
conduct an analysis at a specific instance of z;, z,, as shown

Re[C"(z1 =3a, 29 =2a,t, P* =3.02 GeV)]

—0.15
—0.20 A
=
—0.25 A &
- _
—0.30 A
B $ from one state
~0.35 4 ® from two state
two-state fit
m T data
—-0.40 T T T T T
2 4 6 8 10 12
t
Im[C3" (21 =3a, 29 =2a,t, P* =3.02 GeV)]
0.80
0.75 m
0.70 i
o
m
0.65
I $ from one state
0.60 4 ® from two state
two-state fit
T data
0.55 T T T T T
2 4 6 8 10 12

t

FIG. 6. Comparison of one- and two- state fit for the renor-
malized nonlocal two-point function. The upper and lower panels
show the real and imaginary parts of C%(zy,25,t,P¢) at
{z1,22, P*} = {3a,2a,3.02 GeV}. In each panel, the colored
bands for ® represent the plateaus and the fit ranges.

in Fig. 6. The results indicate that the one-state fit provides
a clear interpretation of the data, consistent with the two-
state fit. Normally, the one-state fit provides a greater
robustness across different values of z;, z,, and P*?
compared to the two-state fit. As a result, we will utilize
the one-state fit for subsequent analyses.

The renormalized quasi-DA of a baryon depends on both
z; and z,. To elucidate the behavior of the quasi-DA as the
nonlocal separation increases, we present ®(z;,z,) in
Fig. 7 and investigate the variation with z, for fixed z;
at several specific values. When z; = Oa, the real and
imaginary parts of ®(z;,z,) exhibit axial and central
symmetry at axis z; = 0 and point z; = z, = 0, respec-
tively. However, this symmetry diminishes as z; increases.
Further examples of ®(z;, z,) with fixed z, are discussed in
Appendix B, showing similar trends. Moreover, the data
indicate slightly larger uncertainties in the region z, < 0
compared to z, > 0 when z; > 0, which can be attributed

Re[®(z1, 20, P* = 3.02 GeV))

2.0 g
i § 2z =0a
1.5 H z1 =2a
1 _
- : I z1 =4a
1.0 1 - &
1 = : = 4+
1 ‘|: ¥ & 4 =
051 1 _‘_Eim:m:: - 0
Il . F xy i
o
0.0 ':_'lji """"" rar¥--——=== %‘E ST
I T - 1
1 o
1 om s
—0.5 + H mw I
4 1
1
1
-1.0 T T T } T T T
075 050 —0.25 0.00 025 050  0.75
2o[fm]
20 Im[® (21, 29, P* = 3.02 GeV)]
. ]
i 2 =0aT
15 _ ' 21 =2a
1
B H b oz =4a
1.0 1 ! '
1
T i
| T # W o L
0.5 1 T : - o kil :IE -#— 7{ 1
1] 1
m 1 o ==
o 1
0.0 Hf-m—-F-- —I 1’-!-5-—---——?—————1 —————— i - == 11
T . 1 Tg [] I
Hsdsis o }
—0.5 ]~ Iy= ] 1
1 1
1
~1.0 = . . } T T T
075 050 025 000 025 050  0.75
ZQ[fIl’l]
FIG. 7. The figures correspond to Re[®(z;,2,)] (upper) and

Im[®(z;, z,)] (lower) with fixed z; at P* = 3.02 GeV.
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to the orientation of the Wilson lines for z; , being either
parallel or antiparallel, as depicted in Fig. 3. Additionally,
the uncertainties notably increase at larger z, values due to
the extended Wilson lines in nonlocal operators. This
highlights the necessity of performing an extrapolation
in both z; and z, to accurately capture the long-distance
information, as elaborated in Sec. II D.

Figure 8 presents a three-dimensional visualization of
the central value of the renormalized quasi-DA in coor-
dinate space, d~>(z1, 2Z»). However, due to substantial uncer-
tainties in the large z; and z, region, only data in the central
region are displayed.

In this figure, the data behavior aligns with the analytical
expectations outlined in our framework:

(i) Both the real and imaginary parts exhibit pro-

nounced oscillations along z; = z,, with amplitudes

Re[®(z1, 22, P* = 3.02 GeV)]

1.00

0.6 1 I 0.75

0.4 1 - 0.50

0.2 1 - 0.25

§ 0.0 1 - 0.00

&
—0.2 r—0.25
—0.4 r —0.50
0.6 E —0.75
. . . . . . —-1.00
—0.75 —0.50 —0.25 0.00 025 050 0.75
z9 [fm]
Im[®(z1, 20, P* = 3.02 GeV)]

1.00

0.6 1 I 0.75

0.4 1 - 0.50

0.2 1 - 0.25

§ 0.0 I o - 0.00

g

—0.2 r—0.25
—0.4 F —0.50
—0.6 1 —0.75

T T T T T T —1.00
-0.75 -0.50 -—0.25 0.00 0.25 0.50 0.75

zZ9 [fm]

FIG. 8. The central value of ®(z;,z,) in the z;-z, plane is
displayed in the figures, including the real (upper) and imaginary
(lower) part. The color density represents the value.

decaying slowly. This observation validates the
expectation derived from the perturbative calculation
discussed near Eq. (11).

(i) The imaginary part consistently approaches zero
along z; = —z,, in accordance with the analytic
properties dictated by the two symmetries.

(iii) The areas with good signals resemble a diamond
shape, as illustrated in Fig. 9 through the heat map of
relative uncertainty. This pattern reflects the effec-
tive length for two Wilson lines with parallel in the
antiparallel direction, as detailed in Sec. I D.

D. Numerical extrapolation

Performing a Fourier transformation with limited data
points in coordinate space will induce unphysical oscilla-
tions, as discussed in Sec. I D, and have been highlighted in
previous studies [14,15,108,111,113]. To eliminate these
effects, we employ extrapolation techniques. According to
Eq. (18), we conduct a two-parameter fit for d; and d,
applied to the renormalized matrix elements d~>(z1 , 20, 1, PP),
with the fitting region shown in Fig. 4. As explained in Fig. 4,
the data points are grouped into red and blue blocks for the fit
procedure, corresponding to {z; > 0, z, > 0} and afinite z,
with z; > 0, respectively.

First, we examine the extrapolation results within the
designated regions to assess the effectiveness of the fit
function (18) in both the blue and the red regions as
illustrated in Fig. 4. The different results for the fitting
parameters d; and d, are compiled in Table I. These
findings reveal that the values of d; and d, from analyses
that include both regions, as well as those exclusively from
the red region, are consistent within at most 2 standard

deviations. This consistency demonstrates that the
|® (21, 29, P* = 3.02 GeV)|
— 1.0
0.75 1
0.50 - o8
0.25 -
- 0.6
E o000
&
- 0.4
—0.25
0501 0.2
—0.75 1
: . . 0.0
—0.5 0.0 0.5
Z9 [frn]

FIG. 9. The uncertainties of |®(z;.z,)| in the z,-z, plane.
A deeper color indicates a smaller uncertainty.
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TABLE 1. Fit parameters d; and d, obtained for the three
hadron momenta P = {2.58,3.02,3.52} GeV and utilizing in
each case the data from either the red or the red and blue region in
Fig. 4.

Momenta dy, d, from di, d, from red
(GeV) red region and blue regions
P =252 0.042(40), 0.377(62) 0.101(25), 0.459(39)
P =13.02 0.049(45), 0.545(85) 0.046(21), 0.480(45)
P =13.52 0.072(55), 0.546(67) 0.021(12), 0.449(30)

inclusion of the blue region exerts a minor influence.
Consequently, we incorporate both the red and blue regions
for extrapolation in the following analysis.

Second, to mitigate the systematic effects due to our
choice of fitting regions, we determine d; and d, for several
slightly shifted fitting regions. The “standard” region
encompasses the areas marked as red or blue in Fig. 4.
In addition, three other scenarios are analyzed in which this
region is either shifted forward by one lattice unit in the
+2z; or —z; direction or by two units in the +z; direction.
The maximal differences for d; and d, are treated as
systematic error. Table II summarizes the result including
systematic error.

Note that the central value of d; is smaller than that of d,,
and both are considerably smaller than unity. This discrep-
ancy might lead to a mild convergence for ®(z;, z,) as z;
and z, increase. Therefore, the end point behavior with x;,
X, — 0 in momentum space might also be affected. This
situation could be improved in the future by performing a
more precise calculation with larger statistics on a fine
lattice.

Finally, the extrapolated data are displayed in Fig. 10,
where the upper panel illustrates the behavior of Re
[®(z;.2,)] in the red blocks shown in Fig. 4, and the
lower panel corresponds to the blue blocks. As discussed in
Sec. 11 D, the asymptotic behavior is applicable when z;
and z, are large. In this analysis, the data included in the
fitting predominantly fall within A ~ [5,10]. Within this
region, the extrapolated band aligns well with the original
data, thereby validating the effectiveness of applying this
asymptotic behavior, though more systematic uncertainties
should be taken into account in the future.

As a result, we incorporate extrapolated data ranging
from z;,; to zg,, as depicted in Fig. 4. The regions within the
gray lines are populated with lattice data, while the areas
between the gray and blue lines are supplemented with data

TABLE II. Final results for the fitting parameters d; and d,.
Momenta (GeV) d, d,

Pz =252 0.118(68) 0.50(22)
P =3.02 0.052(34) 0.49(18)
P* =352 0.13(12) 0.63(21)

Re[®(z = 21 = 29)]

2.0 T
§  dataat P? =252 GeV
data at P* =3.02 GeV
data at P* =3.52 GeV

W extrapolated data
extrapolated data
extrapolated data I

1.5 A

—1.0 = T T T T T T T
0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
A= zP?
Im[® z21=0, 29
y 821 =0,2) _
W extrapolated data §  dataat P? =251 GeV
extrapolated data data at P* =3.01 GeV
1.5 extrapolated data I data at P* =3.52 GeV
1.0 A T
T
0.5 =3 mihe I *
= = :I:
&=
T
0.0 m—mmmmm e e 3 _i—-¥- -~|—------T
—0.5 == T T T

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
A= zP*

FIG. 10. Two examples of extrapolation for the renormalized
matrix elements d~>(z1,z2,P1) as functions of z;, z,. Upper:
corresponds to Re[®(A = z,P?)] when z, = z,. Lower: repre-
sents Im[¥(1 = z,P?)] at z; = 0. The results of three hadron
momenta are all displayed. The fit region in each plot is
approximately within 4 ~ [5, 10], not all areas of colored bands.

derived from extrapolation. This approach is justified as

W(z;,2,) exhibits a clear signal within the inner hexagon
region.

E. Quasi-DA in momentum space

The quasi-DA in momentum space ¢ (x,, x,, 4, P?) can be
derived from the extrapolated quasi-DA in coordinate space
i(zl , 25 i, P%) by the Fourier transformation in Eq. (7). We
display the result in Fig. 11, where ¢(x;,x,) is shown for
P =3.02 GeV and x; ={0.25,0.5,0.75} as function
of x,.

Since x; and x, are the momentum fractions of u and d
quarks, respectively, both of them are predominantly
quite small, implying that the strange quark momentum
fraction is quite large. This distribution can be partially
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(a1, x9, p, P?) at P* =3.02 GeV

3.5

e 2 =0.25
3.0 1

X1 =0.5

2.5 x, =0.75
2.0 1
1.5
1.01

0.5
0.0 ==

—0.5 1

—-1.0 T T T T T T T
-0.50 —0.25 0.00 0.25 0.50 0.75 1.00 1.25 1.50

()

FIG. 11. The quasi-DA ¢(x;. x,.x, P?) in momentum space as
a function of x, at x; = {0.25,0.5,0.75} with hadron momentum
P? = 3.02 GeV. Because q?)(xl,xz,,u,PZ) is real by definition,
only the real part is shown in this figure.

attributed to the SU(3) difference between the u/d and s
quarks. Additionally, a small but nonvanishing tail of
¢ (xy, x5, u, P*) appears in the unphysical region, defined
as {(x,x2)[x1,x, <0, or x;,x, > 1, or x; +x, > 1}.
Such behaviors might be caused by higher-twist contribu-
tions or other systematic uncertainties.

F. Results for baryon LCDAs
and phenomenological impact

Direct implementation of the matching procedure for
the two-dimensional baryon DA encounters great challenges.
Specifically, one must address the double-plus functions as
defined in Eq. (23), which are likely to have divergences at
several end points. Fortunately, by applying the properties of
plus functions, one can simplify the matching formula in
Eq. (24). The formulation of the function [f(x;, x5, 1. 2)]g
in Eq. (23) incorporates three Dirac 6 functions per term,
thereby necessitating only a single integration for each term
to determine ¢(x;,x,) from ¢(x;,x,). This streamlined
approach is pursued in the subsequent analysis. More details
are collected in Appendix A.

Moreover, to retain the information of quasi-DA in the
unphysical region, it is useful to apply the é function in this
region, together with one-loop corrections for the matching
kernel in the physical region A:{(xy, x,)[0 <x; <1,
0 < x, < 1 —x;}. Then the one-loop corrections become

e (xy, X0, 1, 2) = {C(])(x“x%yl’yz)’ X1, % €A,
P 8(x) = y1)8(x; = y2), x1,x € A
(27)

We then compare the quasi- and light cone DAs to
investigate the impact of one-loop corrections on the

b/b at P* =3.02 GeV

3.5

50 e p(zy =0.5,27)
' J)(Il :05, Ig)
2.5

2.0

—0.5 1

-1.0 T T T T T T
—-0.50 —-0.25 0.00 0.25 0.50 0.75 1.00 1.25 1.50

FIG. 12. Comparison of the A LCDA ¢(x,, x,, u, P?) and the
quasi-DA ¢ (x;,x,, 4, P?) at hadron momentum P* = 3.02 GeV
as a function of x, at x; = 0.5.

matching coefficient, as depicted in Fig. 12. The shown
example has x; = 0.5 and P* = 3.02 GeV, which corre-
sponds to the orange band in Fig. 11. At leading order, the
matching coefficient simplifies to a Dirac § function,
suggesting that the discrepancies observed between the
quasi-DA and the light cone DA are primarily attributable
to one-loop corrections. Consequently, this analysis under-
scores that the one-loop corrections to the matching
coefficient are not significant, but instrumental in attenuat-
ing the oscillations observed.

Next, we investigate the large-momentum limit of our
findings by analyzing the LCDA ®(xy, x,, P?) obtained at
three distinct momenta. These values stem from the quasi-
DA ®(x,,x,, P?) through the matching process outlined
previously. To address the power corrections proportional
to 1/(P%)?, we perform an extrapolation as P* approaches
infinity for ¢(x, x,, P*) at three specific hadron momenta:
P? ={2.58,3.02,3.58} GeV, as depicted by the equation

) o) el
#P) = Bl P~ o) + 2 N (09

In this procedure we have quantified the systematic
uncertainty as the variance between the LCDA at the
highest momentum, P* = 3.58 GeV, and the limit as P,
tends to infinity,

Osys — |¢(X, P — 00) — Q’)(X, P* =358 GCV)| (29)

The LCDA ¢(xy,x,, P°) outcomes at three hadron
momenta, along with the extrapolated results, are depicted
in Fig. 13. Notably, ¢(x;, x5, P?) at P* = 3.52 GeV dem-
onstrates a deviation from the results at lower momenta,
P ={2.58,3.02} GeV.
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FIG. 13. Large-momentum limit for the A LCDA, including
results at P* = {2.58,3.02,3.58} GeV and the extrapolated one.

The final results for the A LCDA, ¢(x;, x,) in the infinite
momentum limit are showcased in Fig. 14. The upper panel
of this figure displays ¢(x;, x,) as a function of x, at fixed
x; = 0.25, 0.5, and 0.75. The lower panel is a heat map to
visually depict the distribution of LCDA across the x;-x,
plane. Statistical uncertainties are calculated from bootstrap
samples of all measurements. Systematic uncertainties are
attributed to various factors including the choice of fitting
range for extrapolation, the selection of regions for utilizing
extrapolated data, and the adoption of the infinite momen-
tum limit.

The result of LCDA ¢(xy, x,) refers to the leading-twist
LCDA A for the A baryon, which is illustrated in Fig. 14.
Considering Eq. (20), owing to power corrections repre-
sented as Ajep/(x12,P%)? and Adep/[(1 = x; — x) )%, a
region of unreliability emerges. This region is estimated to
be {0 <x;,<0.1,09<x <1,09—x; <x, <1-x}.
According to Fig. 14, it exhibits two principal characteristics:

(1) In the unphysical region, {x, <0 or x, > 1 — x;},
the LCDA ¢(x;,x,) tends toward zero, likely
influenced by the employment of large hadron
momenta, the infinite momentum limit, and exten-
sive A extrapolation.

(ii) The LCDA ¢(x;,x,) shows a dominant distribu-
tion in the regions where x;, x, — 0, aligning with
observations in the quasi-DA. This might indicate
a substantial contribution from the strange (s)
quark to the momentum fraction in the A baryon
or require a more systematic treatment of power
corrections at long distances, meriting further
investigation.

As a phenomenological application, we apply our
preliminary result to calculate the A, — A form factors.
We adopt the results using light cone sum rules [24] and
calculate the form factor g,. To assist this calculation, a
parametrization of the A LCDA is used by

B(w1,72)

3.5

~10 : . : : : : :
2050 —0.25 000 025 050 075 100 125 150
€2
B(21,22)

X2
o
ot
o

—0.25

—0.50
—0.5 0.0 0.5 1.0 1.5

T

FIG. 14. Upper:the ALCDA atx; = 0.25,0.5,0.75 as afunction
of x, in the infinite momentum limit. Lower: the two-dimensional
distributions of x; and x, but only central value of A LCDA in
infinite momentum limit. The unreliable region is estimated as
{0<x,<01,09<x <1,09-x; <x, <1-x}.

P(x1,x) = Cx{'x3 (1 = x; —x)%, (30)

where d;, d,, and C are parameters to be fitted. To optimize
the results, we fit ¢(x,x,) within the medium region to
avoid higher power corrections, yielding d; = 0.90(36)
and d, = 1.59(40). It should be noted that this result
obtained by fitting in the intermediate region of LCDA
in momentum space differs significantly from the results in
Table II which were obtained by fitting coordinate space
quasi-DA at large z. This also implies that the parametri-
zation model is not entirely reasonable. For the LCDA
results obtained from LaMET, it is preferable to directly
substitute the numerical results. Implementing these values
in the calculation of the form factor, we obtain ¢, =
—0.0169(31) at Borel mass M% = 3 GeV2. Compared to
the result in Ref. [24] g, = —0.02364 where an asymptotic
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form is used for the LCDA ¢ (x;,x5) =120x,x,(1—x; —x5),
our findings on the leading-twist LCDAs ¢, can make an
reduction of the form factor by approximately 20%. This
might have an impact on weak decays like A, — AZT£™,
where previous theoretical predictions overshoot the exper-
imental data on A, — Autpu~ [141]. These changes from
the baryon LCDA might help resolve the tensions between
experimental measurements and theoretical prediction,
though this is very preliminary. Moreover, once the form
factors at large recoil and low ¢ are precisely predicted, a
combined analysis with the lattice QCD results for the form
factors at low recoil [27,28] allows one to access the form
factors in the whole kinematic region.

IV. CONCLUSION AND PROSPECTS

We have presented the first attempt to calculate the
baryon light cone distribution amplitude using LaMET on
the lattice, taking the structure of a major contribution in the
leading twist of A baryon as an example. We discuss the
challenges faced by the hybrid scheme in baryon distri-
bution amplitudes and employed a simplified ratio as a
preliminary attempt. Additionally, we simplify the para-
metrization used for the large A extrapolation. For the lattice
numerical simulations, we utilize one configuration with
lattice spacing of 0.077 fm and pion mass of 303 MeV,
performing calculations at three different momentum val-
ues for large-momentum extrapolation.

From our numerical results, we observe that the quasi-
DA in coordinate space aligns with our expectations
regarding its analytic properties. The final distribution of
the LCDA also reflects the fundamental characteristics of
baryons. However, there are some issues in the numerical
results to be improved in the future, such as the renorm-
alization scheme. Furthermore, our results represent only a
nonphysical pion mass with only one lattice spacing
calculation, lacking comprehensive estimates of discretiza-
tion errors and other systematic uncertainties.

Therefore, to achieve accurate and precise calculations of
the baryon LCDA in future studies, we need to employ
more configurations with smaller lattice spacings and
higher statistics, while also adopting a more robust
renormalization scheme and numerical analysis processes.
A reliable computation of the baryon LCDA will signifi-
cantly enhance phenomenological studies.
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APPENDIX A: DETAILED EXPRESSIONS
FOR MATCHING KERNEL

The next-to-leading order of ratio scheme matching
kernel ¢()(xy,x,,y,,y,) is given by the double-plus
function fg,
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FIG. 15. The Feynman diagram corresponds to three terms in one-loop matching coefficient.

with
1 7 1 1 7 1
J (1, x2, y1.y2) = 8(x2 = y2) ZQz(xhxz,yl,)Q)“‘gm +6(x1 = y1) ZQz(xz,xl,yz,)’l) +§m
1 1 3 1
+0(x1 +x2 = y1 = ¥2) ZQ3(X1»X2,)’1,)’2) +ZQ3(X2,X1,)’2,)’1) +§\x1 s | (A2)

where f(x;, x5, 1, y,) is divided into three terms, each of which includes a Dirac § function. As displayed in Fig. 15, these
three terms correspond to the one-loop contributions of two pairs of quarks exchanging gluons, where the spectator quark is
represented by the Dirac ¢ function.

The functions Q, and Q5 are
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(x14y1) (x3+y3) lny’%_;;} . (x34+2y1+3) 1“%3 s i
Vi3 (y3—x3) yi(=x3)(ni+ys) 1= V1T ys
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Y12 (=y2) y1(=y2) (i +y2)° 1
—y 4x1 (xp-y2)p2 4xpxyp2
1 2%, 4%, [(x1+y2)y1—xﬂ m% x, In x| xz‘z 2)r7 x In mzzm
xi=yi " yi(i+y2) y1y2(0=y2) R N R 0<x <y
= B ’ : A4)
O3(x1, X2, 1, ¥2) o (o1 —y1 12 x1x 2 (
1 BT e L e L R L
X1 X2 X W
<x <
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(x1X2+y1y2) 1“”:' X (X1+y2) ln% s n
yiya(x1=y1) a(xr=y1)vi+y2) 1 Y17 Y2

APPENDIX B: QUASI-DA IN COORDINATE SPACE

In Sec. III C, the behavior of the quasi-DA in coordinate space, &D(zl,zz) is discussed. However, this discussion
encompasses only a subset of all examples. As a supplement, we present the remaining cases here, including P* =
{2.58,3.02,3.52} GeV for all z;, illustrated in Figs. 16-18. Because of significant uncertainties for z; > 8a, this region
does not yield relevant information. Therefore, only z; < 8a is displayed.
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FIG. 16. The figures show the behavior of &)(zl,zz) at all fixed z; < 8a as a function of z,. These are cases at P° = 2.58 GeV.
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FIG. 18. The figures show the behavior of (13(11 , 7o) at all fixed z; < 8a as a function of z,. These are cases at P* = 3.53 GeV.
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