
Calculation of heavy meson light-cone distribution amplitudes
from lattice QCD

Xue-Ying Han,1,2 Jun Hua,3,4 Xiangdong Ji,5 Cai-Dian Lü,1,2 Andreas Schäfer,6 Yushan Su,5 Wei Wang,7,8,*

Ji Xu,9,10 Yibo Yang,2,11,12,13 Jian-Hui Zhang,14 Qi-An Zhang ,15,† and Shuai Zhao16

(Lattice Parton Collaboration)

1Institute of High Energy Physics, Chinese Academy of Sciences, Beijing 100049, China
2School of Physical Sciences, University of Chinese Academy of Sciences, Beijing 100049, China

3Key Laboratory of Atomic and Subatomic Structure and Quantum Control (MOE), Guangdong Basic
Research Center of Excellence for Structure and Fundamental Interactions of Matter,

Institute of Quantum Matter, South China Normal University, Guangzhou 510006, China
4Guangdong-Hong Kong Joint Laboratory of Quantum Matter,

Guangdong Provincial Key Laboratory of Nuclear Science, Southern Nuclear Science Computing Center,
South China Normal University, Guangzhou 510006, China

5Department of Physics, University of Maryland, College Park, Maryland 20742, USA
6Institut für Theoretische Physik, University Regensburg, D-93040 Regensburg, Germany

7Shanghai Key Laboratory for Particle Physics and Cosmology,
Key Laboratory for Particle Astrophysics and Cosmology (MOE), School of Physics and Astronomy,

Shanghai Jiao Tong University, Shanghai 200240, China
8Southern Center for Nuclear-Science Theory (SCNT), Institute of Modern Physics,

Chinese Academy of Sciences, Huizhou 516000, Guangdong Province, China
9School of Nuclear Science and Technology, Lanzhou University, Lanzhou 730000, China

10School of Physics and Microelectronics, Zhengzhou University, Zhengzhou, Henan 450001, China
11CAS Key Laboratory of Theoretical Physics, Institute of Theoretical Physics,

Chinese Academy of Sciences, Beijing 100190, China
12School of Fundamental Physics and Mathematical Sciences, Hangzhou Institute for Advanced Study,

UCAS, Hangzhou 310024, China
13International Centre for Theoretical Physics Asia-Pacific, Beijing/Hangzhou, China

14School of Science and Engineering, The Chinese University of Hong Kong, Shenzhen 518172, China
15School of Physics, Beihang University, Beijing 102206, China
16School of Science, Tianjin University, Tianjin 300072, China

(Received 14 November 2024; accepted 23 January 2025; published 10 February 2025)

We develop an approach for calculating heavy quark effective theory (HQET) light-cone distribution
amplitudes (LCDAs) by employing a sequential effective theory methodology. The theoretical foundation
of the framework is established, elucidating how the quasidistribution amplitudes (quasi-DAs) with three
scales can be utilized to compute HQET LCDAs. We provide theoretical support for this approach by
demonstrating the rationale behind devising a hierarchical ordering for the three involved scales, discussing
the factorization at each step, clarifying the underlying reason for obtaining HQET LCDAs in the final
phase, and addressing potential theoretical challenges. The lattice QCD simulation aspect is explored in
detail, and the computations of quasi-DAs are presented. We employ three fitting strategies to handle
contributions from excited states and extract the bare matrix elements. For renormalization purposes, we
apply hybrid renormalization schemes at short and long distance separations. To mitigate long-distance
perturbations, we perform an extrapolation in λ ¼ z · Pz and assess the stability against various parameters.
After two-step matching, our results for HQET LCDAs are found in agreement with existing model
parametrizations. The potential phenomenological implications of the results are discussed, shedding light
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on how these findings could impact our understanding of the strong interaction dynamics and physics
beyond the standard model. It should be noted, however, that systematic uncertainties have not been
accounted for yet.

DOI: 10.1103/PhysRevD.111.034503

I. INTRODUCTION

Heavy meson light-cone distribution amplitudes
(LCDAs) encapsulate details regarding the likelihood of
having a heavy quark and a light (anti)quark with specific
momentum sharing inside a heavy meson [1]. These
LCDAs are defined within the framework of heavy quark
effective theory (HQET) as

h0jOP
v ðtÞjHðpHÞi ¼ if̃HmHnþ · v

×
Z

∞

0

dωeiωtnþ·vφþðω; μÞ; ð1Þ

where ω is the momentum carried by the light quark, f̃H is
the HQET decay constant, and the involved operators are

OP
v ðtÞ ¼ q̄sðtnþÞ=nþγ5Wc½tnþ; 0�hvð0Þ: ð2Þ

Here the hv is the effective operator for a heavy quark
moving along the v direction and Wc½tnþ; 0� is a finite-
distance Wilson line along the lightlike vector nþ (n2þ ¼ 0).
qs represents a light quark field with soft momentum, and t
denotes the separation along the light cone between qs and
hv. The presence of the Wilson line connecting the soft
quark field qs and hv ensures gauge invariance in the
context of HQET. Heavy meson LCDAs are needed for the
description of exclusive reactions and thus play a crucial
role in elucidating the dynamics of the strong force at the
boundary between long-range hadronic characteristics and
short-range quark-gluon aspects.
On the theoretical front, heavy meson LCDAs are crucial

in predicting decay widths and other decay characteristics
of heavy bottom mesons, which offer a valuable testing
ground for the standard model of particle physics. This also
allows us to explore potential new physics phenomena and
enhance our comprehension of the strong and weak nuclear
forces. Within QCD factorization [2,3] (see Refs. [4,5] for
an alternative scheme based on kT factorization), once the
highly off-shell degrees of freedom have been integrated
out, the matrix elements for nonleptonic decays, such as
B̄0 → πþπ−, can be expressed as:

hπþπ−jQijB̄0ðpÞi ¼ f0B→πðm2
πÞ
Z

1

0

dxTI
iðx; μÞΦπðx; μÞ

þ
Z

1

0

dξdxdyTII
i ðξ; x; y; μÞφþðξ; μÞ

×Φπðx; μÞΦπðy; μÞ; ð3Þ

where μ is the factorization scale. Qi represents a four-
quark operator, TI

i and TII
i are the short-distance coeffi-

cients, f0B→πðq2Þ denotes a B → π form factor with q2

being the momentum transfer square which is equal to m2
π

in the present case. Φπ and φþ correspond to the pion and
heavy B meson LCDAs, respectively. Therefore, it is
evident that a thorough understanding of heavy meson
LCDAs is essential for accurately predicting decay widths
and various other observables.
Though their ultraviolet behavior is calculable from

QCD perturbation theory [6–11], the precise shapes of
LCDAs are quite uncertain. Many model parametriza-
tions are proposed [12–14] with parameters studied
in [1,7,15–19], and are commonly employed in phenom-
enological investigations. For instance, recent studies have
utilized these models in the framework of B meson light-
cone sum rules (LCSRs) to calculate the form factors
for B → K� and B → π [20,21].1 The obtained results at
q2 ¼ 0 are as follows:

VB→K� ð0Þ ¼ 0.359þ0.141
−0.085 jλBþ0.019

−0.019 jσ1þ0.001
−0.062 jμ

þ0.010
−0.004 jM2

þ0.016
−0.017 js0þ0.153

−0.079 jφ�ðωÞ; ð4Þ

f0B→πð0Þ ¼ 0.122 ×
h
1� 0.07jSπ

0
� 0.11jΛq

� 0.02jλ2E=λ2H
þ0.05
−0.06 jM2 � 0.05j2λ2Eþλ2H

þ0.06
−0.10 jμh

� 0.04jμþ1.36
−0.56 jλBþ0.25

−0.43 jσ1;σ2
i
: ð5Þ

It is evident that uncertainties from heavy meson LCDAs,
namely the terms with the subscript λB, σ1, and φ�ðωÞ in
the B → K� form factor and the terms with the subscript λB
and σ1, σ2 in the B → π form factor, are dominant.
Therefore, obtaining a thorough and reliable understanding
of heavy meson LCDAs is essential for improving the
precision of predictions in current research endeavors
within the realm of heavy flavor physics.
However, to establish a reliable result on the full

distribution of heavy meson LCDAs from the first-principle
is extremely difficult due to various reasons. First, these
quantities are defined on the light cone, making them
difficult to handle directly in first-principle calculations
like lattice QCD. Second, the heavy meson LCDAs are
formulated with the HQET field hv, which also poses
challenges for direct simulations on the lattice.

1We thank Yuming Wang for providing the error budget for
B → π form factor.
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Additionally, the simultaneous presence of light-cone
separation and the HQET effective field give rise to cusp
divergences, which can be illustrated by a perturbative one-
loop result for the relevant operators [15]

OP;ren
v ðt; μÞ ¼ OP;bare

v ðtÞ

þ αsCF

4π

��
4

ϵ̂2
þ 4

ϵ̂
lnðitμÞ

�
OP;bare

v ðtÞ

−
4

ϵ̂

Z
1

0

du
u

1 − u
½OP;bare

v ðutÞ −OP;bare
v ðtÞ�

�
;

ð6Þ

with d ¼ 4 − ϵ and the standard notation 2=ϵ̂ ¼ 2=ϵ − γEþ
lnð4πÞ. The term 4 lnðitμÞ=ϵ̂ arises from an expansion of
4ðitμÞϵ=ϵ̂2, which arises from the overlap of UV divergence
and cusp divergence [22]. One can see that in the local
limit t → 0, the lnðitμÞ term also diverges. Thus, the
operator product expansion (OPE) for heavy meson
LCDAs is ineffective, leading to ambiguities in defining
the non-negative moments of heavy meson LCDAs. The
conventional method for calculating these moments also
proves to be unsuccessful in this scenario, unlike for light
meson LCDAs.
In this work, we advance the approach proposed in

Ref. [23] to use a sequential matching method to circum-
vent all three obstacles and determine heavy meson LCDAs
from lattice QCD. To be explicit, one first employs the
equal-time correlation functions, also named quasidistri-
bution amplitudes (quasi-DAs), of a heavy meson with a
large momentum component Pz and the mass mH. By
assigning a hierarchical ordering π=a≫Pz≫mH≫ΛQCD,
dynamics associated with these scales can be separated by
integrating out Pz and mH in two steps. Integrating out Pz,
one can match the quasi-DAs to QCD LCDAs, which is
done routinely in large momentum effective theory
(LaMET) [24,25] (see Refs. [26,27] for recent reviews).
After integrating out mH, one can match the QCD LCDAs
onto boosted HQET and obtain the required LCDAs in
HQET [28,29]. In this work, we will provide theoretical
supports for this approach by demonstrating the rationale
behind requiring this hierarchical ordering for the three
involved scales, discussing the factorization at each step,
clarifying the underlying reason for obtaining HQET
LCDAs in the final phase, and addressing potential
theoretical challenges.
Moreover we will in this study make use of these

theoretical advancements and conduct a lattice QCD simu-
lation of quasidistribution amplitudes on a lattice ensemble
with the lattice spacing a ¼ 0.05187 fm to validate our
proposed approach numerically. The gauge configurations
employed are generated by the Chinese lattice QCD
(CLQCD) collaboration using Nf ¼ 2þ 1 flavor stout
smeared clover fermions and Symanzik gauge action [30].
To enhance the stability of the pionmass at a given bare quark

mass, a step of Stout link smearing is applied to the gauge
field utilized by the clover action. With 549 gauge configu-
rations, we perform 8784 measurements of the bare matrix
elements of a heavy charmed D meson with momenta
Pz ¼ f0; 6;7; 8g× 2π=La≃ f0; 2.99; 3.49;3.98g GeV. To
improve the signal-to-noise ratio, we employ the grid source
technique on the Coulomb gauge fixed configurations,
involving a summation over all spatial sites along the x
and y directions for each time slice. We will employ three
fitting strategies to extract the bare matrix elements and
eliminate contributions from excited states. For renormali-
zation purposes,weutilize the state-of-the-art techniques and
apply hybrid renormalization schemes at short and long
distance separations. To mitigate long-distance perturba-
tions, we perform an extrapolation in λ ¼ z · Pz and assess
the stability under variation of various parameters.
After two-step matching, our results for HQET LCDAs

are found in agreement with existing phenomenological
models. To facilitate their phenomenological application,
we directly provide the tabulated results for HQETLCDA in
the peak region. These results enable extrapolation to the
low ω region using a model-independent parametrization.
Subsequently, we determine the first inverse moment λB,
alongwith the first and second inverse logarithmicmoments
σ1;2 based on these results. Additionally, we fit the first
inverse moment using recent models for HQET LCDAs,
resulting in λB ≃ 0.31–0.44 GeV, which falls within the
experimentally constrained range λB > 0.24 GeV estab-
lished from the B → γlνl measurement [31]. These pre-
dictions align with phenomenological determinations,
demonstrating consistency. Consequently, using the ana-
lytical results in Ref. [20] we update the B → K� form
factors and show the dependence on the first inversemoment
we have studied. The overall agreement of the pertinent
results underlines the potential of the approach from
Ref. [23] in providing first-principle predictions for heavy
meson LCDAs, enhancing the prospects for phenomeno-
logical applications.
The remainder of this paper is structured as follows. In

Sec. II, we lay the foundations of the framework used, and
explain how the proposed sequential effective theory
method can be used to calculate the HQET LCDAs.
Section III provides details on the lattice QCD simulation,
discussing the dispersion relation and fitting strategy.
Section IV presents our calculations of quasi-DAs, QCD
LCDAs, and HQET LCDAs. Section V delves into the
phenomenological implications of our results. The con-
cluding section provides a summary and a perspective on
future enhancements.

II. FRAMEWORK FOR THE SEQUENTIAL
EFFECTIVE THEORY

The presence of light-cone divergence is one of the
reasons that prevent a direct computation of HQET
LCDAs [15]. In HQET, the heavy quark behaves akin to
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a Wilson line along the v direction. The coefficient for UV
divergences between twoWilson lines is proportional to the
angle between these two Wilson lines which follows the
definition [22]:

cosh θ ¼ nþ · vffiffiffiffiffiffi
n2þ

p ffiffiffiffiffi
v2

p ; ð7Þ

in which v2 ¼ 1. Apparently for HQET LCDA, light-cone
divergence, n2þ ¼ 0, directly leads to the cusp divergence.
To address the divergence, twodirections can be considered

in general. One option is to utilize an off-lightcone Wilson
line, with some advantages discussed in Refs. [32–38].
However, simulating heavy quark field on the lattice in this
approach remains challenging, and successful applications
have not yet been achieved. The other option is to refrain from
employing the HQET field hv, and directly constructs the
LCDAs with QCD heavy quark field. In order to implement
this approach successfully, it is essential to ensure that the
infrared behavior of the two quantities involved are identical,
with their differences being only at perturbative scale
OðmHÞ [23]. An expansion by region analysis of QCD
LCDAs and HQET LCDAs can be employed to confirm this
fact [29,39]. This necessitates boosting the heavy meson and
employing a factorization to separate the hard-collinear and
soft-collinear degrees of freedoms. In this approach, lattice
simulations must avoid using light-cone quantities which can
be achieved by using an equal-time correlator with a large
momentumPz in LaMET. Following the factorization of hard
and collinear degrees of freedom and taking into account the
ultraviolet distinctions, one can convert the equal-time corre-
lator to QCD LCDAs as a low-energy effective theory.
Consequently, we succeed in addressing the cusp divergence
together with the other two obstacles by utilizing a quasidis-
tribution amplitude that encompasses three scales with the
hierarchical ordering: Pz ≫ mH ≫ ΛQCD [23].

By progressively isolating the higher two scales Pz and
mH through the utilization of two effective theory factori-
zation formulas via LaMET and boosted HQET (bHQET)
sequentially, we can deduce the LCDAs within HQET. A
visual representation of this procedure is depicted in Fig. 1.
The alternative approach [32–38] that makes use of HQET
quasi-DA is also incorporated in this figure. This will be
beneficial when direct simulation of the HQET heavy quark
field on the lattice is straightforward to implement.
It is necessary to stress that using the quasi-DAs have the

potential to resolve all three obstacles in calculating HQET
LCDAs, but the procedure must be properly designed.
More explicitly, in the large momentum limit, the quasi-DA
involves three distinct scales: the large momentum Pz, the
heavy hadron mass mH which is at leading power equal to
the heavy quark massmQ, and the hadronic scaleΛQCD. We
will point out that only for Pz ≫ mH ≫ ΛQCD, the first two
energy scales fall within the perturbative regime and can be
integrated out step by step. In the first step, the scale Pz can
be integrated out, facilitating the matching of the quasi-DA
to the LCDA defined in QCD. This is guaranteed by the
separation of hard modes with offshellness ðPzÞ2 and
collinear modes. This procedure is consistent with the
treatment of parton distribution functions (PDFs) and light
meson LCDAs in LaMET (for recent developments, please
refer to the reviews [26,27]), while a difference is that
collinear modes in the present case include both hard-
collinear and soft-collinear modes. Once the QCD LCDA is
derived, the second step involves integrating out the mH
scale and matching the resulting quantity to the LCDA
defined in HQET, more explicitly in boosted HQET. Hard-
collinear modes with an off-shellness of m2

Q are absorbed
by the jet function, while the low-energy contributions are
accounted for in the HQET LCDAs [28,29]. In the
subsequent discussion, we will explain in detail who to
carry out this two-step matching procedure.

FIG. 1. The procedure to calculate the HQET LCDAs. We adopt a two-step matching scheme which makes sequential use of effective
field theories. In this approach, one starts with the quasi-DAs. After factorizing the hard and collinear degrees of freedom, one can obtain
the QCD LCDAs which contains the dynamics far below Pz. The collinear modes with offshellness m2

Q ∼m2
H are integrated out and the

QCD LCDAs can be matched onto the HQET LCDAs in a boost frame. This procedure is depicted by the red arrows. Another alternative
approach that makes use of quasi-DAs within HQET is also shown in this figure.
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A. Step I: Integrating out Pz

LaMET calculation involves a separation of hard and
collinear components [24,25], and has a wide range of
applications on the lattice, including calculations of
quark distribution functions [40–69], gluon distribution
functions [70–74], generalized parton distributions
[75–86], distribution amplitudes [23,36,39,87–100], trans-
verse-momentum-dependent distributions [101–123], and
double parton distribution functions [124,125]. Hard
modes at the scale μ ¼ Pz are captured in the short-distance
coefficient, while the collinear sector, encompassing the
low-energy degrees of freedom ðm2

Q;Λ2
QCDÞ, is accounted

for within the LCDAs defined with QCD quark fields.
In LaMET, the relevant quasi-DA is defined as

ϕ̃ðx; PzÞ ¼
Z

dz
2π

e−ixP
zz M̃Rðz; PzÞ: ð8Þ

In this context, M̃Rðz; PzÞ represents the renormalized
nonlocal matrix element (ME) of a highly boosted heavy
meson in coordinate space. Here, we consider the renorm-
alization of the bare ME M̃Bðz; Pz;ΓÞ which is defined as

M̃Bðz; Pz;ΓÞ ¼ h0jq̄ðzÞΓWcðz; 0ÞQð0ÞjHðPzÞi
h0jq̄ð0ÞΓQð0ÞjHðPzÞi ; ð9Þ

in the hybrid-ratio scheme [126]. The hybrid renormaliza-
tion involves identifying and subsequently subtracting
linear and logarithmic divergences present in bare MEs.
This renormalization procedure is carried out in two
distinct regions [85,98,127]

M̃Rðz;PzÞ¼
8<
:

M̃Bðz;Pz;γzγ5Þ
M̃Bðz;Pz¼0;γtγ5Þ ; jzj<zs

eðδmþm0Þðz−zsÞ M̃Bðz;Pz;γzγ5Þ
M̃Bðzs;Pz¼0;γtγ5Þ ; jzj≥ zs

ð10Þ

where zs represents a scale distinguishing the correlations
at short and long distances, allowing for their separate
renormalization. In principle, zs should be chosen within
the perturbative region to ensure that the ratio scheme at
short distances can be reliably converted to the perturbative
MS scheme. δm delineates linear divergence within bare
matrix elements, stemming from self-energy of Wilson line
and influencing the decay properties at large values of z.
Additionally, m0 encapsulates the regularization scheme-
specific renormalon ambiguity, arising due to the non-
convergence of the perturbation series used to compute δm
across all orders.
The logarithmic UV divergence within the bare matrix

elements, stemming from the perturbative corrections to the
quark-Wilson-line vertex, can be eliminated by normalizing
certain lattice MEs that exhibit the same divergence. For
instance, MEs with the same operator but different external
states can be leveraged for this purpose. In our study, we

employ the zero-momentum MEs M̃Bðz; Pz ¼ 0; γtγ5Þ to
renormalize the bare MEs with large momentum external
state. It is important to note that the bare MEs in Eq. (9),
featuring the Dirac structure γμγ5, may suffer from both
operator mixing effects [128–130] due to chiral symmetry
breaking and power corrections from the terms proportional
to zμ [81,99] in nonlocal MEs. Reference [131] indicates
that the operator mixing effects in pseudoscalar meson
quasi-DAs can be avoided by choosing Γ ¼ γzγ5. However,
the leading power contributions of zero-momentum MEs
with γzγ5, which are proportional to Pz ¼ 0, are equal to
zero and thus unsuitable as renormalization factors. As a
substitute, we utilize the zero momentum MEs with
Γ ¼ γtγ5, which possess the same UV divergence as the
bare large-momentum MEs with Γ ¼ γzγ5.
In the regime where the meson momentum Pz substan-

tially exceeds the heavy meson mass, the renormalized
quasi-DA ϕ̃ðx; PzÞ can be matched to the QCD LCDA via
the following factorization formula

ϕ̃ðx; PzÞ ¼
Z

1

0

dyC

�
x; y;

μ

Pz

�
ϕðy; μÞ

þO
�

m2
H

ðPzÞ2 ;
Λ2
QCD

ðxPz; x̄PzÞ2
�

ð11Þ

with x̄ ¼ 1 − x. ϕðy; μÞ denotes the QCD LCDA in MS
scheme, which is defined as

ϕðy; μÞ ¼ 1

ifH

Z þ∞

−∞

dτ
2π

eiyPHτnþ

× h0jq̄ðτnþÞnγ5Wcðτnþ; 0ÞQð0ÞjHðPHÞi: ð12Þ

In the above formula y represents the momentum fraction
of the light quark in heavy meson H. jHðPHÞi is the heavy
meson state with mass mH. fH signifies the decay constant
in QCD. The Cðx; y; μ

PzÞ in Eq. (11) is the matching
coefficient

C

�
x; y;

μ

Pz

�
¼ δðx − yÞ þ Cð1Þ

B

�
x; y;

μ

Pz

�

− Cð1Þ
CTðx; yÞ þOðα2sÞ; ð13Þ

whereCð1Þ
B is the bare matching kernel, andCð1Þ

CT denotes the
counterterm in the hybrid-ratio scheme.
It is convenient to perform the calculation in Feynman

gauge, and the dimensional regularization (d ¼ 4 − 2ϵ) can
be utilized to handle both ultraviolet and infrared diver-
gences. The relevant Feynman diagrams at one-loop are
shown in Fig. 2. At leading power, we find that the

Cð1Þ
B ðx; y; μ

PzÞ is identical to the matching kernel for the
light meson, which has been reported in Ref. [131],
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Cð1Þ
B

�
x; y;

μ

Pz

�

¼ αsCF

2π

8>>>>><
>>>>>:

½H1ðx; yÞ�þ x < 0< y

½H2ðx; y;Pz=μÞ�þ 0< x < yh
H2

�
1− x;1− y; P

z

μ

�i
þ

y < x < 1

½H1ð1− x;1− yÞ�þ y < 1< x

; ð14Þ

where

H1ðx; yÞ ¼
1þ x − y
y − x

1 − x
1 − y

ln
y − x
1 − x

þ 1þ y − x
y − x

x
y
ln
y − x
−x

;

H2ðx; y; Pz=μÞ ¼ 1þ y − x
y − x

x
y
ln
4xðy − xÞðPzÞ2

μ2

þ 1þ x − y
y − x

�
1 − x
1 − y

ln
y − x
1 − x

−
x
y

�
:

In the above formulas, the plus function is defined as

½hðx; yÞ�þ ¼ hðx; yÞ − δðx − yÞ
Z

dzhðz; yÞ: ð15Þ

In the hybrid scheme [126], a perturbatively controlled
short-distance correction is introduced to eliminate the
singularity at z2 → 0 to reconcile perturbation theory and
lattice data. The Fourier transform of this correction into
momentum space yields the counterterm ϕ̃CTðx; x0; PzÞ,

ϕ̃ð1Þ
CTðx; Pz; x0Þ

¼
Z

dλ
2π

e−iλðx−x0Þ
αsCF

2π

3

2
ln

�
λ2

z2sP2
z

�
θ

�
zs−

				 λ

Pz

				
�

¼ −
3αsCF

4π

2Si½ðx − x0ÞzsPz�
πðx − x0Þ

; ð16Þ

where Si denotes the sine integral function. Accordingly,

we can determine the counterterm Cð1Þ
CTðx; yÞ:

Cð1Þ
CT ¼ −

3αsCF

4π



2Si½ðx − yÞzsPz�

πðx − yÞ
�
þ
; ð17Þ

where the plus function is introduced to preserve the proper
normalization of the distribution. Notably, delta functions
are excluded from the above derivation as they vanish
within the overall plus function. It should be noted that the
counter term is derived in the small spatial separation z and
higher power corrections are neglected. Inclusion of power
corrections mQ × z in the future are likely to improve the
convergence of perturbation theory, and deserves a detailed
analysis.

B. Step II: Integrating out mH

It is important to note that in HQET, the momentum of a
light quark inside a heavy meson at rest is typically soft.
Conversely, when the momentum of the light quark is large,
with ω ∼mH ≫ ΛQCD, the heavy quark will carry a
relatively small momentum, referred to as the tail region.
In this regime, the HQET LCDA is perturbatively calcu-
lable. Thereby it can be handled using QCD perturbation
theory, and the one-loop result can be found in Ref. [7]

φþ
tailðω; μÞ ¼

αsCF

πω


�
1

2
− ln

ω

μ

�
þ 4Λ̄
3ω

�
2 − ln

ω

μ

��
; ð18Þ

with Λ̄ ¼ mH −mQ characterizing the size of power
corrections.
When the ω is small, this is the so-called peak region. In

this regime, the QCD LCDA can be matched onto the
HQET LCDAs using boosted HQET. Such a matching can
be performed by employing heavy quark expansion with
mH ≫ ΛQCD. It leads to a factorization theorem that the
LCDA in QCD can be factorized into a multiplication of jet
function J and the HQET LCDA φþðω; μÞ. This relation
was first derived for the inverse moment [132] and was later
generated to LCDAs [28,29] and the heavy-light QCD
operators [133].
In this work we will adopt the result reported in

Ref. [29], in which the matching relation is written as

φþ
peakðω; μÞ ¼

1

mH

fH
f̃H

1

J peak
ϕðy; μ;mHÞ ð19Þ

(a) (b)

(c) (d)

FIG. 2. The one-loop Feynman diagrams quasi-DA in Eq. (8).
The red dashed line represents the gauge link, while the blue and
black line denote the heavy quark and light quark, respectively.
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where the perturbative result for J peak is given as:

J peak ¼ 1þ αsCF

4π

�
1

2
ln2

μ2

m2
H
þ 1

2
ln

μ2

m2
H
þ π2

12
þ 2

�
þOðα2sÞ; ð20Þ

with ω ¼ ymH, ȳ≡ 1 − y. fH and f̃H are the decay
constants of heavy meson in QCD and HQET, respectively.
Their relation is given by

fH ¼ f̃HðμÞ


1 −

αsCF

4π

�
3

2
ln

μ2

m2
Q
þ 2

�
þOðα2sÞ

�
: ð21Þ

The factorization formula in Eq. (19) is multiplicative.
The scale μ here satisfies ΛQCD ≤ μ ≤ mH, and the
renormalization group equation allows to evolve the
HQET LCDAs to a low energy scale.
With the results in Eqs. (18) and (19) for the tail and peak

regions respectively, we can merge them to obtain a full
distribution

φþðω; μÞ ¼
�
φþ
peakðω; μÞ; ω ∼ ΛQCD

φþ
tailðω; μÞ: ω ∼mH

ð22Þ

The details of merging these two regions will be discussed
in Sec. IV D.

C. Theoretical clarifications

In the preceding subsections, we have detailed the two-
step matching method that involves the successive appli-
cation of effective field theories. Beyond the theoretical
methodology, there are several noteworthy observations to
be highlighted.

(i) In heavy meson decays, the HQET LCDAs defined
in the rest frame with ðvμ ¼ ð1; 0; 0; 0ÞÞ are typically
employed. However, in this study, the QCD LCDAs
can be matched onto the LCDAs defined in the
boosted HQET scenario [134,135]

h0jOP
b ðωÞjHðpHÞi ¼ −if̃Hφþðω; μÞ; ð23Þ

The involved bHQET operator is constructed as

OP
b ðωÞ ¼

1

mH

Z
dt
2π

e−itωnþ·v

×

ffiffiffiffiffiffiffiffiffiffiffiffi
nþ · v
2

r
ξ̄scðtnþÞ=nþγ5Wc½tnþ; 0�hnð0Þ;

ð24Þ

where the soft-collinear field ξsc ¼ n−nþ
4

qscðxÞ de-
scribes the light antiquark in the heavy meson in the
boosted frame. The bHQET field hn [136] is given as

hnðxÞ≡
ffiffiffiffiffiffiffiffiffiffiffiffi
2

nþ · v

s
eimQv·x

=n−=nþ
4

QðxÞ; ð25Þ

which is considered as a hard-collinear field. An
analysis based on expansion by region has demon-
strated that the matching of QCD LCDAs to HQET
LCDAs is the same in these two frames [39].

(ii) It is important to note that HQET LCDAs are not
dependent on heavy quark mass. Therefore, in the
methodology, one has the flexibility to choosemQ as
the charm quark mass mc, the bottom quark mass
mb, or any other suitable value, with the resulting
HQET LCDAs remaining unchanged. Discrepancies
observed in the obtained results can indicate the
presence of power corrections. In the following
simulation we will choose mQ ¼ mc.

(iii) Given that HQET LCDAs are not influenced by the
heavy quark mass, the mass dependence of QCD
LCDAs can be deduced, leading to the derivation of
an evolution equation for this mass dependence
[137]. This process aligns with the concept of a
renormalization group equation, which can enhance
the power expansion in relation to ðΛQCD=mQÞ.
Furthermore, employing QCD LCDAs to derive
HQET LCDAs aligns with the principle of LaMET,
which illustrates that lightcone observables, tradi-
tionally defined in the infinite momentum limit, can
be accessed using a finite yet large Pz. Likewise,
exploring observables related to heavy quarks de-
fined in HQET is achievable through utilizing quan-
tities that involve a large yet finite heavy quark mass.

(iv) In heavy quark limit ðmQ → ∞Þ, the interaction
becomes uncorrelated with heavy quark spin, estab-
lishing the presence of heavy quark spin symmetry.
As a result, the identical HQET LCDAs can be
defined for a heavy vector meson

h0jOjj
vðtnþÞjH�ðpH;ηÞi

¼ f̃HmHnþ · η
Z

∞

0

dωeiωtnþ·vφþðω;μÞ;

h0jO⊥μ
v ðtnþÞjH�ðpH;ηÞi

¼ f̃HmHnþ · vημ⊥
Z

∞

0

dωeiωtnþ·vφþðω;μÞ; ð26Þ

where η is the polarization vector. The involved
operators are given as

Ojj
vðtnþÞ ¼ q̄sðtnþÞ=nþWc½tnþ; 0�hvð0Þ;

O⊥μ
v ðtnþÞ ¼ q̄sðtnþÞ=nþγμ⊥Wc½tnþ; 0�hvð0Þ: ð27Þ

Building upon this symmetry, a recent study dem-
onstrates that quasi distribution amplitudes for a
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vector meson can also be employed to extract the
same HQET LCDAs [39]. Discrepancies in these
extractions arise from power corrections attributed to
the breaking of heavy quark spin symmetry.

(v) The factorization scheme in the present work operates
at the leading power level. In the first step the
factorization of hard and collinear modes, the power
expansion is conducted in terms of m2

H=ðPzÞ2, and
Λ2
QCD=ðxPzÞ2;Λ2

QCD=ðð1 − xÞPzÞ2. Some power cor-
rections, targetmass correctionswithm2

H=ðPzÞ2, have
been estimated, and Λ2

QCD=ðxPzÞ2 corrections are
estimated using a renormalon model [100]. The
findings suggest that these corrections typically fall
below 20%, but it is important to note that other power
corrections, particularly those in the subsequent step
involving terms of ΛQCD=mQ, have not yet been
explored.

(vi) The two-step matching method derives the HQET
LCDAs only in the peak region. However, in order to
integrate the perturbative result in the endpoint
region, a strategy for their combination must be
devised. In bringing together these outcomes, it is
crucial to identify a region where both predictions
are anticipated to be accurate. A suitable selection
for this integration is around ω ∼ 1 GeV.

(vii) In LaMET, the prediction for QCD LCDAs is un-
certain in the region where y ∼ ΛQCD=Pz. This trans-
lates to ω ¼ ymH ∼ ΛQCD=Pz ×mH. For typical
values of Pz ∼ ð3–4Þ GeV and mH ∼ ð1.5–2Þ GeV,
this corresponds to y ∼ 0.1 and ω ∼ 0.2 GeV, which
falls below the peak region of HQET LCDAs. To
match such high momenta, lattice ensembles with a
lattice spacing ofa ≲ 0.05 fm are required andwill be
used in our lattice simulation.

III. LATTICE SIMULATION

A. Lattice setup

The numerical simulation in this work is performed on
the gauge configuration generated by China Lattice QCD
(CLQCD) collaboration with Nf ¼ 2þ 1 flavor stout
smeared clover fermions and Symanzik gauge action [30].
One step of Stout link smearing is applied to the gauge
field used by the clover action to improve the stability of the
pion mass for given bare quark mass. In this work, we adopt
a single ensemble (named “H48P32” in Ref. [30]) at
the finest lattice spacing a ¼ 0.05187 fm and volume
L3 × T ¼ 483 × 144 with sea quark masses corresponding
to mπ ¼ 317.2 MeV and mK ¼ 536.1 MeV. Furthermore,
we determine the charm quark mass by requiring the
corresponding J=ψ mass to have its physical value
mJ=ψ ¼ 3.96900ð6Þ GeV within 0.3% accuracy, hence
the heavy D meson mass on this ensemble is calibrated
as mD ¼ 1.917ð5Þ GeV. These configurations have
been successfully applied in studies involving hadron

spectrum [138–140], decay and mixing of charmed hadron
[67,141–145] and other interesting phenomena [146,147].
From a total of 549 gauge configurations, we use

8784 measurements of the bare MEs of heavy D meson
with boosted momentum Pz ¼ f0; 6; 7; 8g × 2π=ðLaÞ ≃
f0; 2.99; 3.49; 3.98g GeV respectively. To improve the
signals, we adopt the plane source on the Coulomb gauge
fixed configurations, which involves summing over all
spatial sites along the x and y directions for each time slice.
The advantage of using this particular source lies in its
ability to produce good correlation signals through the
summation of spatial wave functions across all sites in the x
and y directions. Simultaneously, the fixed positional
coordinates along the z axis guarantee the ability to obtain
any momentum values following a Fourier transformation.
We use the grid-source-to-point-sink propagators

Gfðx3; t; t0Þ≡
X
y⃗

X
x⃗

D−1
f ðt; y⃗; t0; x⃗Þeip⃗·ðx⃗−y⃗Þ; ð28Þ

where D−1
f ðt; y⃗; t0; x⃗Þ denotes the f-flavored quark propa-

gator from ðt0; x⃗Þ to ðt; y⃗Þ. The summation of x⃗ ¼ ðx1; x2Þ
corresponds to the summing over all spatial sites along x
and y directions of the grid source, and the residual x3 will
contribute to the momentum of the hadronic external state
in the nonlocal two point function (2pt),

C2ðz; Pz; t;ΓÞ ¼
X
x3

eiP
zx3hGqðx3 þ z; t; 0ÞΓ

×Wcðx3 þ z; x3Þγ5G†
Qðx3; t; 0Þi; ð29Þ

where z denotes the spatial separation between the light
and heavy quarks within the nonlocal quark operator, and
Wcðx3 þ z; x3Þ is the spatial Wilson line along the z
direction that ensures gauge invariance. As mentioned
above, we opt for Γ ¼ γzγ5 to establish the correlations
corresponding to large momentum MEs, and for the zero
momentum MEs, we choose Γ ¼ γtγ5.

B. Extraction of bare matrix elements

By incorporating single-particle intermediate state, the
nonlocal two point correlation function in Eq. (29) can be
parametrized as

C2ðz; Pz; t;ΓÞ ¼
X
n

1

2En
e−EnthnðPzÞjQ̄ð0Þγ5qð0Þj0i

× h0jq̄ðzÞΓWcðz; 0ÞQð0ÞjnðPzÞi: ð30Þ

The local ME is related to the decay constant of heavy
meson in QCD

hnðPμÞjQ̄γ5qj0i ¼ ifHð�ÞPμ: ð31Þ
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After taking a ratio of nonlocal and local 2pt, we can extract the ground state MEs M̃Bðz; Pz;ΓÞ from the following form:

C2ðz; Pz; t;ΓÞ
C2ð0; Pz; t;ΓÞ ¼

h0jq̄ðzÞΓWcðz; 0ÞQð0ÞjHðPzÞi
h0jq̄ð0ÞΓQð0ÞjHðPzÞi þ e−ðE1−E0Þt

×
h0jq̄ðzÞΓWcQð0ÞjH�

1ðPzÞih0jq̄ð0ÞΓQð0ÞjHðPzÞi − h0jq̄ðzÞΓWcQð0ÞjHðPzÞih0jq̄ð0ÞΓQð0ÞjH�
1ðPzÞi

jh0jq̄ð0ÞΓQð0ÞjHðPzÞij2
þ e−ðE2−E0Þt � � � þ � � �

≡ M̃Bðz; Pz;ΓÞ


1þ

XNstat−1

n¼1

Ane−ðEn−E0Þt
�
Nstat→∞

; ð32Þ

in which H�
n denotes the excited states of the pseudosca-

lar heavy meson H with energy level En. One can extract
M̃Bðz; Pz;ΓÞ from a multistate fit of C2ðz; Pz; t;ΓÞ=
C2ð0; Pz; t;ΓÞ according to the parametrization given by
the last equation in Eq. (32), in which An denotes the
contribution from excited states and can be determined
from fitting the t-dependence of the ratios.
We will conduct the fitting using one-state (Nstat ¼ 1),

two-state (Nstat ¼ 2), and three-state (Nstat ¼ 3) ansatz.
First we exam the behavior of effective energies of the
nonlocal 2pt C2ðz; Pz ¼ 0; t; γtγ5Þ at different z. As shown
in Fig. 3, it is observed that all curves of EeffðzÞ with the
same external momentum P exhibit a common plateau at
large t. To ensure the success of the one-state fits, it is
necessary to utilize the data from sufficiently large t values
(e.g., t ≥ tmin ≃ 13a for z ¼ 2a case, or tmin ≃ 6a for
z ¼ 5a case in Fig. 3) to capture the plateau behavior.
However, achieving this scenario is often challenging due to
the signal-to-noise ratio in the nonlocal correlation func-
tions, which tends to increase more rapidly for large
momenta or spatial separations. This suggests that for the
highly boosted nonlocal 2-point functions under consider-
ation, the potential plateau behavior at large t might be
obscured by rapidly growing errors. As higher excited states

possess larger energies, their contributions diminish quickly
with the increase of t. Consequently, we can introduce the
two-state, three-state (or even higher states) fits step by step
by gradually reducing the value of tmin for each fit.
In the upper panel of Fig. 4, we compare the results of the

ground-state MEs M̃Bðz; Pz ¼ 0; γtγ5Þ obtained from one-
state, two-state, and three-state fits with a fit range of
t∈ ½tmin; 31a�. It is evident that the results from all three
fitting strategies stabilize and converge with each other
when tmin > 20a. The lower panel displays the χ2=d:o:f:
values, further confirming that in this region: the χ2=d:o:f:
values from the three fitting strategies are all slightly less
than 1, indicating the reliability of the fits. When tmin is
decreased from 20a to 10a, deviations in the results from
the one-state fits are observed, accompanied by an

FIG. 3. Effective energies of nonlocal 2pt C2ðz; Pz ¼ 0; t; γtγ5Þ
at different z, which is defined as Eeff ¼ lnC2ðz; Pz; t;ΓÞ=
C2ðz; Pz; tþ 1;ΓÞ and will converge to E0 at sufficiently large
t. All the data tend to converge on the same plateau at large t,
suggesting that they share the same ground-state energy.

FIG. 4. Upper panel: the fitting results of the ground-state ME
M̃Bðz; Pz ¼ 0; γtγ5Þ from one-state, two-state, and three-state fit
with a fit range t∈ ½tmin; 31a�. Lower panel: the χ2=d:o:f: values
of the fits.
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exponential increase in χ2 /d.o.f. This behavior suggests
that the contribution from the first excited state becomes
significant, rendering a single-state parametrization inad-
equate to describe the data. Continuing to decrease tmin, the
effectiveness of the two-state fit diminishes as well,
indicating the need to include more excited states to capture
the more pronounced changes in the data.
In practice, it is important to strike a balance between the

number of excited states included and the fit range utilized
in the fitting process. A conservative approach involves first
performing the ground state fit over a sufficiently large
range of t, after excluding excited-state contaminations.
However, this may not always be feasible, especially in
situations where the signal-to-noise ratio increases rapidly.
In such cases, it becomes necessary to judiciously reduce
the value of tmin and incorporate the contributions from
higher states to accurately describe the data.
In Fig. 5, we present a comparison of the original lattice

data with large momentum Pz and spatial separation z,
along with the fit results obtained using three different
strategies. The fits are carried out based on the para-
metrization form in Eq. (32). At large enough t, the data
will converge to a plateau, corresponding to the ground
state MEs. The various colored vertical dashed lines in the
plots indicate the values of tmin utilized in the different fit
strategies. It is evident that the signal-to-noise ratio of the
original data experiences rapid growth and becomes unsta-
ble at large t. In such scenarios, there may be limited data
available to effectively constrain the parameters when
employing a one-state fit. By incorporating more excited
states, we can utilize data from smaller t values to better
constrain the fit parameters. It is noticeable that the tmin
values used for two-state and three-state fits gradually
decrease, while the final fitting results from all three
strategies remain consistent.
In summary, the fitting strategies and t ranges utilized to

extract all M̃Bðz; Pz; γzγ5Þ are summarized in Table I. For
each fit, we initially assess the consistency of results
obtained from different strategies, and subsequently deter-
mine the final fitting approach based on an evaluation of the
fit quality. During the selection process, preference is given
to the more conservative one-state fit. Only under con-
ditions where the χ2 /d.o.f. of the fit exceeds 1, or when
there are fewer than 4 effective data points available
for fitting (to prevent overfitting), we resort to the two-
state fit. The three-state fits are solely employed to validate
the reliability of the results obtained from the initial
two strategies and will not be used to derive the final
outcomes.
From the aforementioned deliberations, we ulti-

mately derive the results for the bare MEs of quasi-DA
M̃Bðz; Pz; γzγ5Þ with the boosted momenta Pz ¼
f2.99; 3.49; 3.98g GeV, illustrated in Fig. 6. Both real
and imaginary parts are shown as functions of λ ¼ zPz

in this figure.

C. Dispersion relation

Before delving into further discussions, it is essential to
verify the dispersion relation for the heavy meson. The
effective energies with different momenta can be deduced
from Rðz ¼ 0; Pz; tÞ with Γ ¼ γtγ5. By applying the fitting
methodologies outlined in the preceding subsection, we
can acquire the outcomes for the ground state (from both

(a)

(b)

(c)

FIG. 5. Comparison of the original lattice data
Creðz; Pz; t; γzγ5Þ=Creð0; Pz; t; γzγ5Þ with large Pz and z, along
with the fit results of M̃Bðz; Pz; γzγ5Þ obtained using three fitting
strategies. We choose the combinations for (a), (b) ðPz; zÞ ¼
ð2.99 GeV; 9aÞ; ð3.49 GeV; 5aÞ and (c) ð3.98 GeV; 10aÞ as
examples to demonstrate the consistency of the results obtained
from three fitting strategies. The dashed lines of varying colors
represent the different tmin values utilized in each fit.
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two- and three-state fits) and the first excited state (from the
three-state fit), as depicted in Fig. 7.
For illustration, we adopt the following parametrization

form to investigate the dispersion relation

EðPzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ c0ðPzÞ2 þ c1ðPzÞ4a2

q
; ð33Þ

where a quadratic term of the lattice spacing a is introduced
to account for discretization errors. The fit results are

shown as the bands in Fig. 7. For the ground state energy E0

obtained from the two-state fit, we find that m ¼
1.917ð5Þ GeV and c0¼0.977ð23Þ, c1 ¼ −0.072ð25Þ; for
the ground state energy E0 from three-state fit, we have
m¼1.915ð6ÞGeV and c0 ¼ 1.007ð30Þ, c1 ¼ −0.124ð45Þ.
We have also conducted a fit for the dispersion relation of
the first excited state, resulting in E1 ¼ 2.98ð16Þ GeV,
c0 ¼ 1.00ð43Þ, c1 ¼ −0.21ð49Þ. These findings indicate
that the results are fairly consistent with the relativistic
dispersion relation up to possible P2

za2 discretization error.
Therefore, for a moving heavy meson with momenta up to
4 GeV, the discretization effects we utilized remain con-
trollable on this lattice ensemble.

IV. NUMERICAL RESULTS FOR LCDAS

A. Renormalization in the hybrid scheme

Based on the renormalization formula in Eq. (10), we
will proceed with the renormalization of the bare MEs
M̃Bðz; Pz;ΓÞ in the hybrid-ratio scheme. As discussed in
Sec. II A, an important concept in hybrid renormalization
involves identifying and addressing the linear and loga-
rithmic divergences in the bare MEs, followed by sub-
tracting them in distinct regions.
In the long-distance region where jzj ≥ zs, which is

defined in Eq. (10), the renormalization factors will
encompass additional nonperturbative effects arising from
the conversion of lattice results obtained at a finite spacing
a to a continuum scheme. Their explicit origins are given as
follows.

(i) δm characterizes the linear divergence, which comes
from the self-energy of the Wilson line in the bare
ME, and governs the decay behavior at large-z.

TABLE I. List of the fitting strategies and t range utilized to
extract all the large momentum MEs M̃Bðz; Pz; γzγ5Þ.
z Pz ¼ 2.99 GeV Pz ¼ 3.49 GeV Pz ¼ 3.98 GeV

0 1-state, [11, 16] 2-state, [6, 15] 2-state, [6, 13]
1 1-state, [11, 16] 2-state, [6, 15] 2-state, [6, 13]
2 1-state, [11, 16] 2-state, [6, 15] 2-state, [6, 13]
3 1-state, [11, 16] 2-state, [5, 15] 2-state, [5, 13]
4 1-state, [11, 16] 2-state, [5, 14] 2-state, [5, 13]
5 1-state, [11, 14] 2-state, [5, 13] 2-state, [5, 13]
6 1-state, [11, 14] 2-state, [5, 13] 2-state, [5, 13]
7 1-state, [11, 14] 2-state, [5, 12] 2-state, [5, 12]
8 1-state, [11, 14] 2-state, [5, 10] 1-state, [8, 12]
9 1-state, [11, 14] 2-state, [5, 9] 1-state, [8, 11]
10 1-state, [11, 14] 2-state, [5, 9] 1-state, [8, 11]
11 1-state, [11, 14] 1-state, [8, 13] 1-state, [8, 11]
12 1-state, [10, 14] 1-state, [8, 11] 1-state, [8, 11]
13 1-state, [10, 14] 1-state, [8, 11]
14 1-state, [10, 14] 1-state, [7, 11]
15 1-state, [10, 14]
16 1-state, [10, 14]

FIG. 6. Bare MEs of quasiDA M̃Bðz; Pz; γzγ5Þ with boosted
momenta Pz ¼ f2.99; 3.49; 3.98g GeV. Both real and imaginary
parts are shown as function of λ ¼ zPz.

FIG. 7. The dispersion relation of heavyD meson with boosted
momenta up to 3.98 GeV. Two-state and three-state fits strategies
are used to extract the ground-state (and first excited state from
the latter one) energies. All the fit bands are consistent with the
data points well.
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It can be extracted from fitting the long-range
correlations of the zero momentum ME.

(ii) m0 has a complicated origin, including the regulari-
zation scheme dependent renormalon effect, pole
mass, finite Pz effects and fitting effect [126]. It can
be determined from matching the lattice data of zero
momentum MEs at small-z range to the perturba-
tive one.

The δm can be determined by fitting theMEs according to
the exponential decay behavior Ae−δmz in the large-z
range [126]. In principle, the parameter δm should depend
on the lattice spacing a and the regularization scheme.
However, with only one lattice spacing available at this
stage, δm is treated as a constant [85]. Since δm is
independent of the momentum of the external state, it can
be extracted by fitting theMEat zeromomentum. In practice,
we select the fitting range z∈ ½zmin; zmin þ 4a� with zmin
varying from 10a to 15a to assess the stability of the fits. The
specific results obtained from different z-ranges are depicted
as data points in Fig. 8. It is observed that the values of δm
obtained from different intervals in the large-z region are
consistently around 1.9 GeV, indicating the universality of
the extracted δm. By performing a constant fit of the δm
values from different zmin values, the exact value of δm is
determined to be δm ¼ 1.948ð11Þ GeV, as shown by the
band in Fig. 8.
After removing the linear divergence, there still remains

an a-independent term m0 collecting the renormalon
ambiguity and other effects [126]. At small-z region, where
the perturbation theory works well, one can extract m0 by
matching the renormalized zero momentum ME to the
continuum perturbative MS result of the Wilson coefficient
C0ðz; μÞ [98]

M̃Bðz; 0; aÞeðδmðaÞþm0Þz

¼ C0ðz; μ0Þe−Iðμ0ÞeI latða−1Þ: ð34Þ

Here IðμÞ ¼ R αsðμÞ
αsðμ0Þ dα

γðαÞ
βðαÞ denotes the renormalization

group resummation (RGR) improvement that cancels the
renormalization scheme dependence of the results between
lattice scale μ0 ¼ 2e−γEz−1 and perturbative MS scale μ.
The result of Wilson coefficient up to the next-to-leading
order (NLO) in αs reads

CNLO
0 ðz; μÞ ¼ 1þ αsCF

2π



3

2
log

�
1

4
e2γEz2μ2

�
þ A

�
; ð35Þ

where the coefficient A ¼ 5=2 for Γ ¼ γt=γtγ5 cases
[91,127,148] and A ¼ 7=2 for Γ ¼ γz=γzγ5 cases [93,148].
Since the fixed-order result contains large constants due to
the renormalon divergence, which influences the perturba-
tive convergence, we apply the leading renormalon resum-
mation (LRR) method [149] to account for this effect. We
then modify the Wilson coefficient as suggested in [85,149]

CNLOþLRR
0 ðz; μÞ

¼ CNLO
0 ðz; μÞ þ zμ

�
CPVðz; μÞ −

Xk−1
i¼0

αiþ1
s ðμÞri

�
; ð36Þ

where ri denote the coefficients of the renormalon series in
αs and CPVðz; μÞ denotes the leading renormalon contri-
bution for C0 after a Borel transformation. The explicit
forms of ri and CPV can be found in Eqs. (12) and (13) of
Ref. [149].
For a single lattice spacing a, Eq. (34) can be written as

ðm0 þ δmÞz − I0 ¼ ln



CNLOðþLRRÞð×RGRÞ
0 ðz; μÞ

M̃Bðz; 0Þ
�
; ð37Þ

where I0 ¼ I latða−1Þ is a constant, and the RGR improve-
ment provides the scale conversion from lattice scale z−1 to
the renormalization scale μ in MS scheme.
In the region 0 ≪ z < zs, where perturbation theory is

effective and discretization effects are not too large, we fitm0

and I0 based on Eq. (37) over multiple ranges of z up to a
maximumof z ≃ 0.3 fm.The fitting is carried out in the range
½z − a; zþ a� for each z, using four different perturbative
Wilson coefficient schemes: “NLO” representing the fixed-
order (NLO) C0 at scale μ ¼ mD, “ðNLOþ LRRÞ × RGR”
including the RGR improvement of C0, and “NLO × RGR”
combining both LRR and RGR improvements. The fit results
with these different schemes are presented in the upper panel
of Fig. 9, showing both statistical and systematic errors. The
systematic errors are assessed by varying the lattice scale μ0
within a range from 0.8 to 1.2, accounting for the scaling
uncertainties inherent in the lattice results.
Notice that the errors of “NLO × RGR” are significant

larger than the ones of “ðNLOþ LRRÞ × RGR,” which
mainly come from the systematic errors by varying
the lattice scale μ0. This reflects the systematic errors of

FIG. 8. Results of δm by fitting the zero momentum MEs in the
fit range z∈ ½zmin; zmin þ 4a�. It can be observed that the results of
δm converge after zmin > 12a ≃ 0.62 fm, then we obtain its value
from a constant fit, as shown by the horizontal band.
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fixed-order perturbation theory. Without performing the
LRR improvement, the contributions from renormalons
would be more significant, and contribute to a larger
error after combining the variation of μ0. When includ-
ing the leading renormalon, the result labeled as
“ðNLOþ LRRÞ × RGR” displays a clear plateau around
z ≃ 0.2 fm in the values of m0, that indicates the LRR
improvement can significantly reduce the dependence
on z. We choose the result m0 ¼ ð−0.173þ0.014

−0.029Þ GeV at
z ¼ 0.207 fm, which exhibits a clear plateau.
We also investigate the scale dependence of m0 to assess

the impact of unaccounted higher-order terms in C0. We
compare the extracted results of m0 from fixed-order
CNLO
0 ðz; μÞ, as well as from the RGR improvement

CNLO×RGR
0 ðz; μÞ and CðNLOþLRRÞ×RGR

0 ðz; μÞ. The results
are shown in the lower panel of Fig. 9. One can see from
the comparison that the RGR method significantly enhan-
ces the stability of m0 after scale variation.
After removing the linear divergence and renormalon

ambiguity, the renormalized MEs as a function of λ ¼ zPz

are depicted in Fig. 10. The MEs at different momenta

exhibit reasonable consistency, indicating the saturation of
equal-time correlations at large Pz. In showing the results,
we choose zs ¼ 4a ≃ 0.207 fm to ensure that the short
distance correlations are reliably matched by perturbation
theory.

B. Extrapolating the long-range correlations

Due to the finite volume of gauge ensembles and the
exponential increase in noise-to-signal ratio with spatial
separation, the lattice results of nonlocal equal-time corre-
lations tend to exhibit large uncertainties in the large-λ
region. To reconstruct the complete distributions, we make
the following assumption, drawing inspiration from the
asymptotic behavior in the long-tail region e−λ=λ0=jλjd1
[59,126] with the relation λ ¼ z · Pz.
More explicitly, we extrapolate the renormalized MEs by

using the following form [126]

M̃RðλÞ ¼



c1
ð−iλ1Þd1

þ eiλ
c2

ðiλ2Þd2
�
e−λ=λ0 ; ð38Þ

where the parametrization inside the square brackets
account for the algebraic behavior and is motivated by
the Regge behavior [150] of the light-cone distributions in
endpoint regions.
As outlined earlier, the λ0 can be obtained by fitting the

zero-momentum MEs, where the uncertainties are signifi-
cantly smaller compared to those with higher momenta.
This can provide a more stringent constraint on the fitting

FIG. 9. Upper panel: results of m0 from Eq. (37) with the
perturbative Wilson coefficient schemes: “NLO,” “NLO × RGR,”
and “ðNLOþ LRRÞ × RGR.”The fitting is carried out in the range
½z − a; zþ a� for each z. Both statistical and systematic errors are
included, where the latter one comes from the scale variation of μ0.
Lower panel: the scale dependence of m0 from different schemes.
Only statistical error is included in each bands.

FIG. 10. The renormalized MEs of quasi-DA M̃Rðz; PzÞ with
boosted momenta Pz ¼ f2.99; 3.49; 3.98g GeV. Both real and
imaginary parts are shown as function of λ ¼ zPz.
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procedure. For illustration purpose, we conducted a com-
parison between two fitting strategies: one involving a
“fixed λ0” determined by the result of m0, and another
strategy using a “free λ0” parameter in the fit [59]. The
comparison of these two strategies is presented in Fig. 11. It
is evident from the figure that the extrapolated bands
obtained from both strategies are in agreement, while the
errors associated with the “fixed λ0” approach are consid-
erably smaller. To prevent underestimation of errors, we opt
to employ the “free λ0” strategy in our subsequent analysis.
The results before and after extrapolation are shown as

the colored data points and bands in Fig. 12. We utilize the
data at λ ≥ λL in the fitting procedure, as indicated by the
data points to the right of the dashed line for each Pz case.
The choice of λL is crucial, as it should strike a balance
between being too small or too large. On one hand, the
region λ ≥ λL should capture the endpoint behavior of the
momentum space distribution after Fourier transformation.
On the other hand, the selection of λL is constrained by the
presence of rapidly increasing errors, necessitating a region
where the MEs retain substantial nonzero values. To assess
the impact of λL on the extrapolation, we compare the
extrapolated results of the renormalized MEs at Pz ¼
3.98 GeV obtained with different choices of λL ¼
f7.33; 8.38; 9.42g in the upper panel of Fig. 13. In the
lower panel, we contrast the results of the quasi-DAs
ϕ̃ðx; PzÞ in momentum space at a fixed momentum fraction
of x ¼ 0.25 derived from the extrapolated data using
varying values of λL. It is evident that the results tend to
stabilize after λL ∼ 7 for each momentum value, with only
the errors showing an increasing trend. Based on this
observation, we select λL ¼ f7.07; 7.33; 7.33g for the
renormalized MEs at Pz ¼ f2.99; 3.49; 3.98g GeV as our
final outcomes. To assess the systematic uncertainty stem-
ming from the λ-extrapolation, we also explore the scenario
where λL is varied to f9.42; 9.16; 9.42g and quantify the
deviations between the results as the systematic uncertainty.

After the extrapolation, we then Fourier transform the
extrapolated MEs into momentum space to obtain the
quasi-DA ϕ̃ðx; PzÞ using

ϕ̃ðx; PzÞ ¼
Z þ∞

−∞

dz
2π

e−ixP
zzM̃Rðz; PzÞ: ð39Þ

The numerical results for ϕ̃ðx; PzÞ at various Pz values are
presented in Fig. 14. It is crucial to emphasize that the
extrapolation formula given by Eq. (38) is formulated based
on the behavior of the light-cone distribution at the
endpoints as x tends toward 0 and 1. This specifically
pertains to the small-x region, where x is roughly less
than 1=λL.

C. Matching the quasi-DAs to QCD LCDAs

Applying the matching relation given in Eq. (11), we can
establish the connection between the renormalized quasi-
DA ϕ̃ðx; PzÞ and the QCD LCDA ϕðy; μÞ at next-to-leading
order in αs. Note that the matching in Eq. (11) will suffer
from large logarithmic terms at both y → 0 [with the term
∼ log½ð2yPzÞ2=μ2�] and ȳ → 0 [with log½ð2ȳPzÞ2=μ2�],
where y denotes the momentum fraction of the light quark
and ȳ denotes the momentum fraction of the heavy quark.
Therefore, one needs to resum the large logarithms in these
two regions separately.

FIG. 11. The comparison of extrapolated results from fix the
parameter λ0 from the long-tail behavior of zero-momentum
MEs, or treat it as a free parameter. We take the real part of M̃RðλÞ
at Pz ¼ 3.98 GeV as example, and one can see that the
extrapolated result from “fixed λ0” is consistent with “free λ0,”
while giving stricter restrictions of the errors.

FIG. 12. Comparison of the original (data points) and extrapo-
lated results (colored bands) at Pz ¼ f2.99; 3.49; 3.98g GeV. We
take the “free λ0” strategy to perform the fit with fit range at
λ ≥ λL. The λL for each Pz are λL ¼ f7.07; 7.33; 7.33g, as
indicated by the dashed vertical lines.
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Note that the counterterm in hybrid-ratio scheme does
not contain any logarithm, and thus the μ-dependence of the
inverse matching coefficient C−1 is same as the QCD
LCDA ϕðy; μÞ,2 and the renormalized quasi-DA is inde-
pendent of μ. Therefore, we resum the large logarithms by
using the renormalization group equation of the inverse
matching coefficient

dC−1ðx; y; Pz; μÞ
d ln μ2

¼
Z

1

0

dζV½ζ; y; αsðμÞ�C−1ðx; ζ; Pz; μÞ;

ð40Þ

which is same as the evolution of ϕðy; μÞ. V½ζ; y; αsðμÞ� is
the Efremov-Radyushkin- Brodsky-Lepage (ERBL) evo-
lution kernel [151,152] of the QCD LCDAwhich has been
calculated up to three loops [153]. It is important to note

that this evolution process is carried out for the momentum
fraction y within ϕðy; μÞ, as opposed to the momentum
fraction x within ϕ̃ðx; PzÞ.
By solving Eq. (40) we can perform the scheme con-

version between the quasi-DA, characterized by the scale
μ0 ¼ 2yPz or 2ȳPz, to the QCD LCDA in the MS scheme at
scale μ. In practice, we consider the RG resummation of the
large logarithmic terms in the two end-point regions
separately. In the region y → 0, we choose μ0 ¼ 2yPz

and resum the terms ∼ log ½ð2yPzÞ2=μ2�, and in the
region y → 1, we choose μ0 ¼ 2ȳPz and resum the terms
log ½ð2ȳPzÞ2=μ2�. The MS scale μ is chosen as μ ¼ mD thus
combining the factorization scale of quasi-DA, and the
renormalization scale of QCD LCDA. Given the uncer-
tainty associated with the initial resummation scale, we
systematically vary the scale μ0 to assess the robustness of
the perturbative matching procedure and to estimate the
pertinent systematic uncertainties, following a similar
approach detailed in Sec. IVA. The selection of different
resummation scales captures higher-order effects in αs,
which are expected to vanish when the perturbative
calculation is extended to all orders.
Figure 15 presents a comparison between the quasidis-

tribution amplitude ϕ̃ðx; PzÞ at Pz ¼ 3.98 GeV, and the
QCD LCDAs obtained from matching with fixed-order
perturbation theory, denoted as ϕFOðy; μÞ, and with the
RGR improvement, denoted as ϕRGRðy; μÞ. The RGR
improvement is performed on both endpoint regions at
y → 0 and y → 1. The dashed lines in ϕRGRðy; μÞ represent
the variation of the resummation scale from 0.8μ0 to 1.2μ0,
corresponding to approximately a 20% change in the strong
coupling constant αsðμ0Þ around y ∼ 0.2. In the intermedi-
ate y region, where the physical scale of the quasidistri-
bution amplitude μ0 is in proximity to the MS scale μ ¼ mD
and the resummed logarithms are not excessively large, the
RGR-improved and fixed-order matched QCD LCDAs
exhibit a high degree of consistency.
In the small y region, such as 0.1≲ y≲ 0.3, a significant

discrepancy between the two distributions is apparent,
indicating the increasing importance of the resummation

FIG. 13. Upper panel: comparison of the λL dependence of the
real part of M̃Rðz; PzÞ at Pz ¼ 3.98 GeV. The extrapolated results
with λL ¼ f7.33; 8.38; 9.42g are consistent with each other, with
only differences in errors. Lower panel: the λL dependence of the
quasi-DAs ϕ̃ðx; PzÞ at fixed x ¼ 0.25 and Pz ¼ 3.98 GeV, which
come from the Fourier transformation of extrapolated MEs with
different λL.

FIG. 14. Quasi-DAs ϕ̃ðx; PzÞ with boosted momenta
Pz ¼ f2.99; 3.49; 3.98g GeV.

2The matrix form of perturbative matching coefficient C can be
formally expressed as C ¼ I þ αsCF

2π Cð1Þ, where I denotes a
identity matrix. So its inverse can be expressed as C−1 ¼
I − αsCF

2π Cð1Þ þOðα2sÞ.
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effect which enhances the accuracy of the theoretical
predictions. Additionally, at the endpoint where y≲ 0.1
and y≳ 0.9, the sharp change in behavior observed in
ϕRGRðy; μÞ is attributed to the emergence of the Landau
pole, signifying the breakdown of perturbative matching in
this region.
Moreover, it is important to note that the resummation of

logarithmic terms from higher orders can disrupt the
normalization of the QCD LCDAs at fixed order.
Specifically, we observe that

R
1
0 dyϕFOðy; μÞ ¼ 1 ≠R

1
0 dyϕRGRðy; μÞ in Fig. 15. For example, we have deter-
mined that the central values of the QCD LCDAs obtained
from the RGR-improved matching kernel are typically
normalized to around 0.81. A similar normalization issue
also exists in the analysis of QCD LCDAs from the
matching of HQET LCDAs [13]. Following this approach,
we rescale the QCD LCDA ϕRGRðy; μÞ to ensure its
normalization to 1 for subsequent phenomenological analy-
ses. A similar normalization problem also exists in the
analysis of QCD LCDAs from the matching of HQET
LCDAs [13], following it, we rescale the QCD LCDA
ϕRGRðy; μÞ to ensure its normalization to 1 for subsequent
phenomenological analyses. To address the issue of
improper normalization, one potential approach is to
calculate the lowest moments of the QCD LCDAs for
charmed mesons directly. This method is complementary to
the LaMETapproach [154] and facilitates a straightforward
comparison of these findings, potentially leading to valu-
able insights.
In Fig. 16, we present the Pz-dependence of the QCD

LCDAwith RGR-improved NLO matching. The momenta
of the boosted heavy meson are selected as Pz ¼
f6; 7; 8g × 2π=L ≃ f2.99; 3.49; 3.98g GeV. Our analysis
reveals that the results at different Pz values exhibit
consistent behavior within the margins of error, suggesting
a potential saturation at large momenta which needs more

detailed analysis in the future. Given the consistency across
various momenta, we opt to utilize the result obtained at
Pz ¼ 3.98 GeV as our final prediction for the QCD LCDA,
and compute the systematic error arising from power
corrections at finite Pz by comparing the central value
of the result at Pz ¼ 3.98 GeV with that at Pz ¼ 2.99 GeV.

D. Determination of HQET LCDA

As discussed in Sec. II B, we extract the peak region of
the HQET LCDA from the QCD LCDA using a multipli-
cative factorization approach. The resulting matched
HQET LCDA is depicted by the red band in Fig. 17.
From this figure, one can observe that the peak position of
the QCD LCDA ϕðy; μ ¼ mDÞ (orange band) is situated
within the range y∈ ½0.2; 0.3�, corresponding to the sce-
nario where the light quark carries a typical light-cone
momentum fraction y ∼ ΛQCD=mD. Furthermore, at very
large scales μ ≫ mD, the QCD LCDA reverts back to its
asymptotic form akin to that of a light meson.

FIG. 15. Quasi-DA ϕ̃ðx; PzÞwith Pz ¼ 3.98 GeV, and matched
QCD LCDAs from NLO kernel with fixed-order perturbation
theory ϕFOðy; μÞ and RGR improvement ϕRGRðy; μÞ. The scale μ
is chosen as mD. The first two results only contain statistical
errors, while the latter one not only contains statistical error (solid
lines in the blue band), but also the systematic error arising from
the scale variation (dashed lines).

FIG. 16. The Pz dependence of the QCD LCDAs. Only statistic
error and systematic error from scale variation in RGR are
included in the error bands. The gray band indicates the region
(y≲ ΛQCD=Pz ≃ 0.1) where the matching in LaMET failed.

FIG. 17. Comparison of QCD LCDA and HQET LCDA
obtained from matching via Eq. (19) at μ ¼ mD. Only statistic
errors are obtained in both results. It should be noted that
although the full distribution of HQET LCDA is shown, only
the part satisfies ω ∼ ΛQCD is valid.
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Before reaching a final conclusion regarding the peak
region, we address potential sources of systematic errors in
our analysis, which may arise from

(i) the extrapolation of long-range correlations. We use
the data with λ ≥ λL for the fit, and vary the values
of λL from f7.07; 7.33; 7.33g to f9.42; 9.16; 9.42g
(for the renormalized MEs at Pz ¼ f2.99; 3.49;
3.98g GeV) to estimate the systematic error.

(ii) the scale uncertainty of the MEs renormalized in
hybrid-ratio scheme. In the process of matching
from lattice results to the light-cone quantities in the
MS scheme, uncertainties in the initial conditions
can introduce systematic errors. In the renormaliza-
tion group running of the Wilson coefficient dis-
cussed in Sec. IVA, we adopt an initial condition for
scale evolution of c0 × 2e−γEz−1, while in the re-
normalization group running of the perturbative
matching kernel as discussed in Sec. IV C, we use
c0 × 2xPz. To assess the impact of these initial
conditions, we vary the factor c0 in the range of
0.8 to 1.2 to estimate the systematic error.

(iii) the difference between QCD LCDAs extracted at
different large Pz. Rather than extrapolating Pz to
infinitemomentum,we adopt theQCDLCDA result at
Pz ¼ 3.98 GeVas our final prediction. Toquantify the
systematic error, we calculate the difference between
this prediction and the one at Pz ¼ 2.99 GeV.

Combining the statistical and systematic errors discussed
earlier, we derive the numerical results for the heavy
meson HQET LCDA from lattice QCD through a two-
step matching process, which contributes to the peak region
of the final prediction. The results are shown in Fig. 18, in
which the band represented by dashed lines corresponds to
the result including only statistical errors, while the one

with solid lines represents the result incorporating both
statistical and systematic errors.
The tail region of HQET LCDA contains only hard-

collinear contributions, which would contribute only
through power corrections. We employ the one-loop level
result from Ref. [7] that is given in Eq. (18). The parameter
Λ̄ reflects the power correction and usually be chosen at
hundreds of MeV. Here we use Λ̄ ¼ f0.4; 0.6; 0.8g GeV to
estimate the power correction in Eq. (18), shown as the
colored lines in Fig. 18.
The power counting of parameters in HQET LCDA

reveals that the momentum of the light quark in the peak
region satisfies ω ∼OðΛQCDÞ, while in the tail region it
satisfies ω ∼OðmDÞ. This suggests that the boundary
between them lies in the range ΛQCD ≪ ωb ≪ mD. From
Fig. 18, we observe that the intersection of the peak and tail
regions occurs around 0.9 GeV, confirming the aforemen-
tioned statement. Consequently, we merge them into a
continuous distribution with

φþðω; μÞ ¼ φþ
peakðω; μÞθðωb − ωÞ þ φþ

tailðω; μÞθðω − ωbÞ;
ð41Þ

where the intersection position ωb¼f0.79;0.86;0.94gGeV
for Λ̄ ¼ f0.4; 0.6; 0.8g GeV. In order to ensure a smooth
transition between the peak and tail regions, we utilize a
polynomial filter, specifically the Savitzky-Golay filter, on
the results within a vicinity of δ ¼ 0.05 GeV around ωb to
smoothen the curve.
The combined result of the peak and tail regions is

illustrated in Fig. 19. The peak region is derived from lattice
QCD calculations and encompasses both statistical and
systematic errors, while the tail region is determined from
one-loop perturbation theory and includes solely systematic
errors. The gray band highlights the range where our
findings are notably affected by power corrections, spe-
cifically around ω≲ 0.19 GeV.

FIG. 18. The result of HQET LCDA in the peak region
φþ
peakðω; μÞ and in the tail region φþ

tailðω; Λ̄Þ. The dashed lines
in φþ

peakðω; μÞ indicate the upper and lower limits of the result
containing only statistical error, while the solid lines indicate the
result including both statistical and systematic errors. Three
colored solid lines of φþ

tailðω; Λ̄Þ represent the results at
Λ̄ ¼ f0.4; 0.6; 0.8g GeV, where Λ̄ denotes the power corrections
in the perturbative calculations.

FIG. 19. Final result of HQET LCDA φþðω; μÞ at μ ¼ mD. All
statistical and systematic errors are included. The gray band
indicates the region where our result suffers significant power
corrections, approximately in ω≲ 0.19 GeV.
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V. PHENOMENOLOGICAL DISCUSSIONS

A. Tabulated results for HQET LCDA

We present the numerical results of the peak region of
HQET LCDA φþ

peakðω; μÞ in Table II, which are determined
from lattice QCD calculations. As mentioned earlier, in the
small ω region (ω ∼mDΛQCD=Pz), the results are affected
by significant power corrections, while in the large ω
region (ω ≫ ΛQCD), the HQET LCDA prediction relies on
perturbative calculations. Therefore, we present the
numerical results for the HQET LCDA φþðω; μÞ in the
peak region with ω∈ ½0.192; 0.806� GeV. These results

include the central values φþ
peakðω; μÞ and the covariance

matrix Covðφþ
peakðω; μÞÞ associated with different ω values.

The renormalization scale μ is chosen to be the charmed
meson mass mD.

B. Comparison with phenomenological models

In this subsection, we will compare our results for the
HQET LCDA with those from previous studies based on
various phenomenological models [1,13,15]

φþ
I ðω; μ0Þ ¼

ω

ω2
0

e−ω=ω0 ;

φþ
II ðω; μ0Þ ¼

4

πω0

k
k2 þ 1



1

k2 þ 1
−
2ðσð1ÞB − 1Þ

π2
ln k

�
;

φþ
IIIðω; μ0Þ ¼

2ω2

ω0ω
2
1

e−ðω=ω1Þ2 ;

φþ
IVðω; μ0Þ ¼

ω

ω0ω2

ω2 − ωffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ωð2ω2 − ωÞp θðω2 − ωÞ;

φþ
Vðω; μ0Þ ¼

ΓðβÞ
ΓðαÞ

ω

ω2
0

e−ω=ω0Uðβ − α; 3 − α;ω=ω0Þ: ð42Þ

The parameters of the first four models are collected as
follows [12]: in model I, ω0 ¼ 354þ38

−30 MeV; in model II,

ω0¼368þ42
−32 MeV, σð1ÞB ¼1.4�0.4GeV and k ¼ ω=1 GeV;

in model III, ω0 ¼ 389þ35
−28 MeV and ω1 ¼ 2ω0=

ffiffiffi
π

p
; in

model IV, ω0 ¼ 303þ35
−26 MeV and ω2 ¼ 4ω0=ð4 − πÞ.

These parameters are all given at μ ¼ 1 GeV. In model
V, Uða; b; zÞ denotes the second kind confluent hyper-
geometric function, and the parameters ω0, α, and β can be
solved from the numerical results of λB and σ̂1 [13,14].
In Fig. 20, we compare our results with those para-

metrized in Eq. (42). To avoid cluttering the plot and due to
the challenges in estimating uncertainties in model-based
analyses, we only display the central values as colored
dashed lines. The spread of these lines serves as an estimate
of systematic errors in the models, and we refrain from
discussing the relative merits of these different models. It is
worth noting that while our results are consistent with the

TABLE II. Numerical results for the HQET LCDA φþðω; μÞ at ranging ω∈ ½0.192; 0.806� GeV, including the

central value φþ
peakðω; μÞ and covariant matrix Covðφþ

peakðω; μÞÞ (in units of 10−3). The nondiagonal terms in the
covariant matrix come from the correlations between different gauge ensembles. The renormalization scale μ is
chosen to be mD.

ω (GeV) 0.192 0.269 0.346 0.422 0.499 0.576 0.653 0.73 0.806

φþ
peakðω; μÞ 0.474 0.802 0.888 0.885 0.848 0.797 0.740 0.682 0.627

169.476 1.068 1.269 1.295 1.213 1.057 0.854 0.627 0.392
1.068 103.227 2.603 2.727 2.579 2.244 1.794 1.289 0.774
1.269 2.603 33.617 3.634 3.474 3.036 2.426 1.734 1.032

Covðφþ
peakðω; μÞÞ 1.295 2.727 3.634 10.583 3.819 3.371 2.724 1.979 1.213

(in units of 10−3) 1.213 2.579 3.474 3.819 6.014 3.349 2.759 2.062 1.330
1.057 2.244 3.036 3.371 3.349 6.117 2.589 2.009 1.379
0.854 1.794 2.426 2.724 2.759 2.589 7.011 1.843 1.357
0.627 1.289 1.734 1.979 2.062 2.009 1.843 7.118 1.263
0.392 0.774 1.032 1.213 1.330 1.379 1.357 1.263 6.120

FIG. 20. Comparison of the numerical results of φþðω; μÞ from
lattice QCD with several commonly used phenomenological
models in Eq. (42). The renormalization scale μ of our result
is chosen to be mD. We only show the central values of the
models as colored dashed lines, and interpret their spread as error
estimate.
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combined phenomenological model estimates, they exhibit
better theoretical foundation. The analysis in this study was
primarily intended as a demonstration. We are confident
that future lattice simulations following similar method-
ologies will significantly improve precision, possibly
eliminating the necessity for model-based analyses.
Furthermore, we have conducted data fitting based on

the models outlined in Eq. (42), and the corresponding
results are detailed in Table III. The fit range is selected
based on the range that yields the optimal quality of fit to
the data. Due to the unique behavior of model III, we are
unable to obtain a good fit using this model (χ2=d:o:f. > 2
and the fitted results are unable to describe the data). When
fitting model V, we adopt the parameter values for α and β
as specified in Refs. [13,14], which are not significantly
influenced by the data. Notably, in these models, the
parameter ω0 is equivalent to λB.

C. Determination of the inverse
and inverse-logarithmic moments

The first inverse moment λ−1B and inverse-logarithmic

moments σðnÞB play a pivotal role in QCD factorization
theorems and light-cone sum rule studies in heavy flavor
physics. These quantities are defined as

λ−1B ðμÞ ¼
Z

∞

0

dω
ω

φþðω; μÞ; ð43Þ

σðnÞB ðμÞ ¼ λBðμÞ
Z

∞

0

dω
ω

ln

�
μ

ω

�ðnÞ
φþðω; μÞ: ð44Þ

While the first inverse moment λ−1B and the first inverse-

logarithmic moments σð1ÞB have been estimated in various
approaches [1,7,15,17,31], there is considerable scope for

enhancing their reliability and precision. In the case of σð2ÞB
and subsequent orders, no existing results are currently
available.
To determine these values from the HQET LCDA we

have developed, it is essential to integrate the HQET LCDA
φþðω; μÞ over ω from 0 to infinity. As noted earlier, our
results will be influenced by significant power corrections
at low ω, presenting difficulties for accurate predictions in

this regime. Alternatively, we can employ some model-
independent parametrization formulas to extrapolate our
results toward the region near ω ¼ 0. One possible para-
metrization is

φþðω;μÞ¼
XN
n¼1

cn
ωn

ωnþ1
0

e−ω=ω0

¼ c1ω
ω2
0



1þc02

ω

ω0

þc03

�
ω

ω0

�
2

þ�� �
�
e−ω=ω0 ; ð45Þ

with c0n ≡ cn=c1. One benefit of this parametrization is that
for small ω ≪ ω0, higher moments become less influential.
By expanding Eq. (45) up to the first (N ¼ 1), second
(N ¼ 2), and third (N ¼ 3) order terms, we can determine
the parameters as

N ¼ 1∶ω0 ¼ 0.388ð46Þ; c1 ¼ 0.916ð81Þ;
N ¼ 2∶ω0 ¼ 0.340ð80Þ; c1 ¼ 0.68ð36Þ;

c02 ¼ 0.17ð33Þ;
N ¼ 3∶ω0 ¼ 0.32ð15Þ; c1 ¼ 0.63ð44Þ;

c02 ¼ 0.13ð38Þ; c03 ¼ 0.03ð19Þ: ð46Þ

The outcomes derived using the aforementioned parameters
are illustrated in the upper panel of Fig. 21. It is evident that
the results obtained from expanding to the Nth order
(N ¼ 1, 2, 3) exhibit consistency, signifying the favorable
convergence of the expansion depicted in Eq. (45).
An alternative model-independent parametrization is

based on an expansion in generalized Laguerre polyno-
mials, as provided by Ref. [155]

φþðω; μÞ ¼ ωe−ω=ω0

ω2
0

XK
k¼0

akðμÞ
1þ k

Lð1Þ
k ð2ω=ω0Þ; ð47Þ

where Lð1Þ
k denote the associated Laguerre polynomials.

Note that the parametrizations given by Eqs. (45) and (47)
are both complete, with the latter having the advantage of
being an expansion based on a complete set of orthogonal
polynomials. By expanding Eq. (47) up to the first (K ¼ 0),

TABLE III. Our results of the parameters by fitting the models in Eq. (42) compare to those values given in Refs. [12–14]. Due to the
unique behavior of model III, we are unable to obtain a good fit using this model (χ2=d:o:f. > 3 and the fitted results are unable to
describe the data). When fitting model V, we adopt the values for parameters α and β from Refs. [13,14].

Models I II III IV V

This work ω0 ¼ 437� 59 MeV ω0 ¼ 641� 134 MeV ω0 ¼ 374� 35 MeV ω0 ¼ 432� 52 MeV

σð1ÞB ¼ 2.70� 1.86 GeV

References ω0 ¼ 354þ38
−30 MeV ω0 ¼ 368þ42

−32 MeV ω0 ¼ 389þ35
−28 MeV ω0 ¼ 303þ35

−26 MeV ω0 ¼ 350 MeV

σð1ÞB ¼ 1.4� 0.4 GeV
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second (K ¼ 1), and third (K ¼ 2) order terms, we can
determine the parameters as

K ¼ 0∶ω0 ¼ 0.389ð29Þ; a0 ¼ 0.925ð62Þ;
K ¼ 1∶ω0 ¼ 0.446ð95Þ; a0 ¼ 1.05ð19Þ;

a1 ¼ 0.15ð26Þ;
K ¼ 2∶ω0 ¼ 0.47ð10Þ; a0 ¼ 1.14ð21Þ;

a1 ¼ 0.17ð24Þ; a2 ¼ 0.16ð18Þ: ð48Þ

The curves obtained based on the fitting results are shown
in the lower panel of Fig. 21. From the comparison of the
curves obtained from the two parametrizations, it is evident
that the results are basically consistent, with only the error
in the tail region differing. This highlights the difference in
the convergence of the two parametrization schemes.
Using the extrapolated data, we can evaluate the integrals

in Eqs. (43) and (44) to determine the numerical values of
the first inverse moment λ−1B and the first two inverse-

logarithmic moments σð1;2ÞB of the HQET LCDA. These
results are displayed in the upper panel of Table IV, where
N and K denote the truncation order in the expansion of

Eqs. (45) and (47) respectively. Note that these results are
obtained at μ ¼ mD through fitting the data in Table II. To
evolve them to the soft scale μ ¼ 1 GeV, which is
commonly used in phenomenology, we adopt the following
RG evolution equations [9,12,156]

λBðμ0Þ
λBðμÞ

¼ 1þ asðμ0Þ
4

ln
μ

μ0



2 − 2 ln

μ

μ0
− 4σð1ÞB ðμ0Þ

�
þOða2sÞ; ð49Þ

σð1ÞB ðμÞ ¼ σð1ÞB ðμ0Þ þ ln
μ

μ0
ð1þ asðμ0Þ

× ½ðσð1ÞB ðμ0ÞÞ2 − σð2ÞB ðμ0Þ�Þ þOða2sÞ; ð50Þ

where asðμÞ≡ αsðμÞCF=π. The results of λB and σð1ÞB after
RG evolution are collected in the central panel of Table IV.

The values of σð2ÞB are not included because their evolution

depend on the value of σð3ÞB at μ ¼ mD. There is no
phenomenological estimate for them at this stage.
For a comparison, we present the results of inverse and

inverse-logarithmic moments from experimental data and
other theoretical approaches in the lower panel of Table IV.
Using the measurement of B → γlν, the Belle collabora-
tion has provided a lower bound of λB > 0.24 GeV at a

FIG. 21. Fit results based on the parametrizations in Eq. (45) up
to the N-th order (upper panel) and in Eq. (47) up to the K-th
order (lower panel). The fitting ranges adopted are
ω∈ ½0.192; 0.806� GeV. The dashed lines indicate the upper
and lower limits of the original data.

TABLE IV. Upper panel: numerical results for λB and σð1;2ÞB at
μ ¼ mD, which are obtained from the fits based on Eq. (45) up to
the Nth order, and the fits based on Eq. (47) up to the Kth order.

central panel: Results of λB and σð1ÞB at μ ¼ 1 GeV after RG
evolution, which is consistent with the scale of theoretical results

presented in the lower panel. Lower panel: λB and σð1ÞB from
experiment and other theoretical approaches.

μ λB (GeV) σð1ÞB σð2ÞB

mD N ¼ 1 0.424(41) 2.17(12) 6.36(51)
N ¼ 2 0.428(42) 2.16(10) 6.29(47)
N ¼ 3 0.418(67) 2.18(15) 6.33(80)
K ¼ 0 0.421(33) 2.17(8) 6.35(32)
K ¼ 1 0.424(35) 2.18(8) 6.36(32)
K ¼ 2 0.396(45) 2.12(12) 6.27(41)

1 GeV N ¼ 1 0.380(37) 1.66(9)
N ¼ 2 0.384(38) 1.65(8)
N ¼ 3 0.374(60) 1.66(12)
K ¼ 0 0.377(30) 1.66(6)
K ¼ 1 0.380(31) 1.67(6)
K ¼ 2 0.356(41) 1.62(9)

1 GeV Ref. [31] > 0.24
Ref. [17] 0.383(153)
Ref. [7] 0.48(11) 1.6(2)
Ref. [15] 0.46(11) 1.4(4)
Ref. [1] 0.35(15)
Ref. [20] 0.343þ0.064

−0.079
Ref. [157] 0.338(68)
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90% confidence level [31]. Further constraints on λB
[1,15,17] and σð1ÞB [15] are derived from QCD sum rules.

Additionally, Ref. [7] offers results for λB and σð1ÞB using a
realistic model description of the B-meson LCDA. In
Ref. [157], λB is extracted by fitting the lattice results of
the B → K form factors.
Comparing the results presented in Table IV, we observe

that our findings for λB are in agreement with those derived
from experimental data and other theoretical methods.

While the results for σð1ÞB are only available from certain
theoretical studies, it is notable that our results are still in
approximate agreement with them after performing the
scale evolution.
By integrating all results for λB and σð1;2ÞB from various

parametrizations and expansions to different orders, as
detailed in Table IV, we obtain the corresponding con-
straints

λBðμ ¼ mDÞ ¼ 0.420ð71Þ GeV;
σð1ÞB ðμ ¼ mDÞ ¼ 2.17ð16Þ;
σð2ÞB ðμ ¼ mDÞ ¼ 6.33ð80Þ;

λBðμ ¼ 1 GeVÞ ¼ 0.376ð63Þ GeV;
σð1ÞB ðμ ¼ 1 GeVÞ ¼ 1.66ð13Þ: ð51Þ

D. Impact on B → V form factors

In Ref. [20], the B → V form factors have been updated
in LCSRs using B-meson light-cone distribution ampli-
tudes. In addition to the next-to-leading order QCD
corrections, the light-quark mass effect for the local soft-
collinear effective theory form factors is also computed
from the LCSR method. Furthermore, the subleading
power corrections to B → V form factors from the
higher-twist B-meson light-cone distribution amplitudes
are also computed with the same method at tree level up to
the twist-six accuracy.
Instead of the ordinary form factors, the authors of

Ref. [20] have calculated the following form factors:

Vðq2Þ ¼ mB

mB þmV
Vðq2Þ;

A0ðq2Þ ¼
mV

EV
A0ðq2Þ;

A1ðq2Þ ¼
mB þmV

2EV
A1ðq2Þ;

A12ðq2Þ ¼
mB þmV

2EV
A1ðq2Þ −

mB −mV

mB
A2ðq2Þ;

T 1ðq2Þ ¼ T1ðq2Þ;
T 2ðq2Þ ¼

mB

2EV
T2ðq2Þ;

T 23ðq2Þ ¼ T 2ðq2Þ − T3ðq2Þ; ð52Þ

wheremV and EV denote the mass and energy for the vector
meson, respectively. mB is the B meson mass. At q2 ¼ 0,
A0ð0Þ ¼ A12ð0Þ, and T 1ð0Þ ¼ T 2ð0Þ.
Using these analytical results, we present the dependence

of the B → K� form factors on the first inverse moment in
Fig. 22. In alignment with the conventions of Ref. [20], we
have adopted the results for N ¼ 1. Given that V, T 1, and
A1 exhibit very similar numerical values, we have chosen
to only display the results for V andA0, T 23 at q2 ¼ 0. The
band labeled as “GLSWW” represents the results obtained
using the inverse moment directly from Ref. [20], as shown
in Eq. (53). On the other hand, the band labeled as “This
work” corresponds to the inverse moment calculated in this
paper. It is important to mention that in Ref. [20], the
exponential model for the Bmeson LCDAs utilizes the first
inverse moment as

λB ¼ ð0.343þ0.064
−0.079Þ GeV: ð53Þ

This value is obtained bymatching the results forB → ρ form
factors onto the QCD LCSRs using light meson LCDAs.
From Fig. 22, we can see that the form factors computed

using our inverse moment are in agreement with those in
Ref. [20], although it should be stressed that systematic
uncertainties are not included in this paper. From the results

FIG. 22. The dependence of the B → K� form factors on the
inverse moment of heavy meson LCDAs in the exponential
model based on the results in Ref. [20]. The band labeled as
“GLSWW” represents the results obtained using the inverse
moment directly from Ref. [20], as shown in Eq. (53). On the
other hand, the band labeled as “This work” corresponds to the
inverse moment calculated in this paper.
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for VB→K� ð0Þ in Eq. (4), one can observe that a precise
determination of λB can lead to an accurate prediction.
More importantly, our results from first-principles of QCD
help to remove the primary uncertainties arising from the
model parametrizations of heavy meson LCDAs. This
indicates the potential for a more precise analysis of form
factors and accordingly physical observables, like the
determination of jVubj.

VI. SUMMARY

In this study, a unique framework for determining HQET
LCDAs through a sequential effective theory approach is
introduced and elaborated upon. The theoretical under-
pinnings of the framework have been discussed, providing
a comprehensive overview of the methodology. We have
then delved into the intricacies of lattice QCD simulations,
emphasizing the importance of analyzing dispersion rela-
tions and implementing fitting strategies to extract mean-
ingful results. The calculations of quasi-DAs, QCD
LCDAs, and HQET LCDAs are showcased, offering
valuable insights into the structure and behavior of heavy
quark systems. Discussions focuses on the potential phe-
nomenological implications of the findings, highlighting
the implications for future research in the field of high-
energy physics. The potential phenomenological implica-
tions of the results are explored, offering insights into how
these findings could influence our comprehension of the
dynamics of strong and weak interactions.
It should be emphasized that the current results are based

on the simulation of quasi-DAs with a single lattice spacing
and perturbative calculation at leading power, where the
predictions are likely to be affected by various systematic
uncertainties from both lattice and analytical sides. In the
future, there are several areas of research that can be
explored to further advance our understanding of heavy
quark systems through the framework of HQET LCDAs
using a sequential effective theory approach. Here are some
potential avenues for future investigation.

(i) Building upon the framework of heavy quark spin
symmetry, delving into the properties and behaviors
of heavy vector mesons within the context of HQET
LCDAs could yield valuable insights into the dy-
namics of these systems [39]. Exploring their
quasidistribution amplitudes and QCD local distri-
bution amplitudes can deepen our comprehension of
the structure of heavy quark systems.

(ii) Utilizing smaller lattice spacings and larger momen-
tum values in lattice QCD simulations can help
improve the accuracy and precision of our calcu-
lations. Together with the investigation of lattice
artifacts such as operator mixing effects, they can
lead to more reliable results and a better under-
standing of the behavior of heavy quark systems at
different energy scales.

(iii) It is conjectured that the operator mixing effects can
be estimated by studying the momentum depend-
ence of the difference between the matrix elements
with Γ ¼ γzγ5 and Γ ¼ γtγ5. Since the power cor-
rections are expected to be momentum dependent
and more importantly suppressed in the large mo-
mentum limit, the difference between the matrix
elements after taking the large momentum limit is
mostly attributed to the operator mixing effects,
particularly from the zμ term. This provides an
estimate of the operator mixing effects.

Furthermore, since the zero-momentum matrix
element with Γ ¼ γzγ5 has no contribution from the
Pμ term, the nonzero value of this matrix element
also indicates the magnitude of the operator mixing
effects. It is essential to calculate this matrix element
in the future, especially in comparison to the one
with Γ ¼ γtγ5.

(iv) Exploring awider range ofmasses for the heavy quark
and studying their dependence on various parameters
can provide a more comprehensive picture of the
behavior of heavy quark systems [137]. This can help
elucidate the effects of mass on the structure and
dynamics of these systems. An analysis using differ-
ent heavy quark mass is under progress.

(v) The perturbative results employed in this study are at
the next-to-leading order in αs. Accounting for
higher-order or instance two-loop corrections has
the potential to substantially diminish the associated
uncertainties. This involves the perturbative calcu-
lation of two-loop matching kernels in two steps,
and the HQET LCDAs in the endpoint region.

(vi) Our current focus is mainly on φþ
B ðωÞ, while

investigating the function φ−
BðωÞ, which describes

another leading-power distribution amplitudes of
heavy quark systems, can offer valuable insights
into the internal structure and properties of these
systems. Understanding the behavior of φ−ðωÞ can
also help refine our theoretical framework and
improve our theoretical predictions.

(vii) As an intermediate step, we have provided results for
the QCD LCDAs for the D meson which are also of
great importance. The QCD LCDAs are expected to
be normalized to 1. Upon matching the quasidis-
tribution amplitudes to the QCD LCDAs, we ini-
tially find that the normalization condition can be
met. However, after undergoing renormalization
group evolution, we observe a universal decrease
in the distributions, leading to a normalization
constant smaller than 1. In our current manuscript,
we have adopted a similar approach as referenced in
Ref. [29], where the QCD LCDAs were also not
properly normalized, albeit for different reasons.

A way to understand this behavior is to directly
compute some lowest moments of the QCD LCDAs
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for charmed mesons. This complementary approach
allows a direct comparison of the results [154], and
perhaps some insights can be obtained in this way.

By exploring these areas of research in the future, we can
further enhance our understanding of heavy quark systems
and advance the field of high-energy physics.
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