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The hadronic light-by-light scattering contribution to the muon anomalous magnetic moment, (g — 2)/2,
is computed in the infinite volume QED framework with lattice QCD. We report af™"- =
12.47(1.15)(0.95) x 10710 where the first error is statistical and the second systematic. The result is
mainly based on the 2 + 1 flavor Mobius domain wall fermion ensemble with inverse lattice spacing
a~!' = 1.73 GeV, lattice size L = 5.5 fm, and m, = 139 MeV, generated by the RBC-UKQCD collab-
orations. The leading systematic error of this result comes from the lattice discretization. This result is

consistent with previous determinations.
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I. INTRODUCTION

Muons are spin-1/2 charged particles with nonzero
magnetic moment

e

= _—g— 1
7 g2mS, (1)

where S is the particle’s spin, e and m are the electric
charge and mass, respectively, and ¢ is the Landé
g-factor. The Dirac equation predicts that g = 2, exactly,
so any difference from 2 must arise from interactions.
The magnetic moment of a fermion can be defined in
terms of its electromagnetic form factors in the zero
momentum transfer limit. Lorentz and gauge symmetries
tightly constrain the form of the interactions. In
Euclidean space-time
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where J, is the electromagnetic current, and F; and F,
are form factors, giving the charge and magnetic moment
at zero momentum transfer (¢> = (p' — p)> =0), or
static limit. The u,(p) and & (p) are Dirac spinors.
The anomalous part of the magnetic moment is given
by F,(0) alone, and is known as the anomaly,

a, =R =0)="22. o)

The muon anomalous magnetic moment is one of the most
precisely determined quantities in particle physics.
Compared with the electron anomalous magnetic moment,
which is determined with higher accuracy, the muon is
expected to be much more sensitive to new physics at very
large energy scales due to its heavier mass. Two experiments
Fermilab (E989) [1] and J-PARC (E34) [2,3] are aiming at
even higher precision in measuring the muon g — 2. The
initial result released by Fermilab (E989) [1] confirmed the
previously best result obtained by the BNL E821 experiment
[4] and reduced the experimental uncertainty from 0.54 to
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FIG. 1. The HVP (left) and HLbL (right) contribution to muon
g — 2. The shaded circles represent hadronic interactions.

0.46 ppm. The final goal of the Fermilab experiment is to
reduce the uncertainty further to approximately 0.14 ppm.
The J-PARC experiment adopts a very different measure-
ment strategy and will serve as an important cross-check. Its
final accuracy goal is 0.45 ppm for statistical uncertainty and
0.07 ppm for systematic uncertainty.

The Standard Model result provided by the muon g — 2
theory initiative [5-25] currently has an uncertainty of
0.37 ppm and is in 4.20 tension with the experimental
value. The two leading sources of uncertainty come from
the leading QCD contributions, hadronic vacuum polari-
zation (HVP) and hadronic light-by-light (HLbL) scatter-
ing, both illustrated in Fig. 1.

For a long time, the HLbL contribution has been estimated
by hadronic models [26-29]. In Refs. [30,31], the hadronic
light-by-light scattering amplitudes estimated by hadronic
models are compared with lattice QCD calculations. The
result from hadronic models is difficult to improve further.
More recently, the HLbL contribution has been calculated
with the dispersion relation approach [17-25,32-37]. These
results are summarized in the 2020 white paper [5],

aL{LbL,WPZOZO,Pheno x 1019 =9.2(1.9) (4)

Within the dispersion relation framework, the pseudo-scalar
pole is the leading contribution to HLbL. This contribution is
defined in terms of the pseudo-scalar transition form factors
to two (possibly off-shell) photons, 7°, 7,7 — y*y*. These
form factors can also be calculated with lattice QCD.
[21,38-40]

The first direct lattice QCD calculation of the HLbL
contribution was performed by the RBC-UKQCD collabo-
rations. [41] Then, we made many improvements to the
calculation method and also included the contribution from
the leading disconnected diagrams. [42,43] In our previous
work [24], we applied the method developed to lattice gauge
ensembles with different lattice spacings and spatial vol-
umes, all at physical pion mass. The calculations incorporate
both QCD and QED in the same finite volume lattice using
the QED; scheme [44]. We extrapolated the results to infinite
volume and the continuum limit. The final result was

ay PHRBCURAEDA 5 1010 = 7.87(3.06)10 (1.77) gy (5)
This was the first lattice QCD result for HLbL with all

systematic effects controlled. The statistical error was still
larger than the phenomenological results obtained with

dispersion relations or the previous hadronic model
estimation.

The Mainz group pioneered the QED,, approach and
precalculated the QED kernel semianalytically in infinite
volume [30,45]. We also explored this strategy and inde-
pendently calculated the infinite volume QED weighting
function [46]. In that work, we found that while the QED,,
approach ensures an exponentially suppressed finite vol-
ume error, the size of the finite volume error can still be
significant. However, making use of the current conserva-
tion property of the hadronic four point function, we
designed subtractions to the infinite volume QED weight-
ing functions to reduce the finite volume errors and also the
discretization errors. The subtracted infinite volume QED
weighting function is used in the current work.

The effectiveness of the subtraction is confirmed by the
Mainz group and a different subtraction scheme was
adopted in their calculation. [45,47—49]. Their calculation
was performed with pion masses ranging from 200 to
420 MeV and extrapolated to the physical point. All
subleading disconnected diagrams were carefully calcu-
lated and were found to be consistent with zero. The charm
quark contribution from the connected and disconnected
diagrams were calculated as well. Finally, a statistically
more precise result was obtained

@l EPE-Mainz2021 5 110 — 10,.96(1.59). (6)

In this work, we present our latest lattice calculation of
the HLbL contribution to muon g—2 with subtracted
infinite volume QED weighting function as developed in
our previous work [46]. The calculation is directly performed
at physical pion mass and therefore eliminates the systematic
uncertainty from chiral extrapolations. We find that calcu-
lating the HLbL contribution directly at the physical pion
mass is considerably more difficult than a calculation at a
heavier pion mass due the larger contribution and statistical
fluctuations from the long distance region. Following the
suggestion of Ref. [48], we focus on the calculation of the
connected and leading disconnected diagrams. The main
calculation is performed with a single lattice spacing where
a~' = 1.73 GeV. While we use Mobius domain wall fer-
mions (MDWEF) to eliminate O(a) discretization errors, the
remaining O(a?) effects are estimated to be the largest source
of systematic uncertainty of this calculation.

The paper is organized as follows: in Secs. II and III, we
review the calculation method developed in our previous
works and describe new techniques used in this calculation.
We then show our numerical results in Sec. IV and conclude
in Sec. V.

II. THEORETICAL FRAMEWORK
AND CALCULATION METHOD

We base our current calculation on the framework already
set up in our previous works [42,43,46]. In this work, we
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FIG. 2. Diagrams contributing to the muon anomaly. The
diagrams in the top row are the leading ones, and do not vanish
in the SU(3) flavor limit. Strong interactions to all orders,
including gluons connecting the quark loops and sea quark loops
which are not connected by photons, are not shown.

combine the method used in Refs. [42,43] to calculate the
hadronic four point function with lattice QCD with the
subtracted infinite volume QED weighting function devel-
oped in Ref. [46]. We have tested the QED weighting
function by calculating the leptonic light-by-light contribu-
tion to muon g — 2 and have reproduced the results obtained
by analytical calculation [50,51]. We outline the method
below and focus on the improvements we made in this work.

All of the diagrams contributing at O(a®) to HLbL
scattering are shown in Fig. 2. We use the term (quark-)
“connected diagram” to refer to the one on the left on the
top row and “disconnected diagram” to refer to the one on
the right. The remaining diagrams, which are all suppressed
in the flavor SU(3) limit, are referred to as the “subleading
disconnected diagrams.” We only explicitly draw quark
loops that are connected to photons. Gluons and sea quark
loops that are not connected to photons are not shown in the
figure but are included automatically in dynamical lattice
QCD calculations. To make nonzero contributions to the
muon g — 2, the quark loops in the disconnected diagrams
must be connected by gluons.

The contribution to the muon g — 2 can be calculated
with the combination of the hadronic four-point function H
and the QED weighting function G [46]

1 1
VT Z Z_el”j’k(XOP - xref(xv Y, Z))
vT Falery 2 j

-

X B Hy g1 (Xops % ¥, 2)i (0)G, 5 1(x, v, 21, (0),  (7)

-

where i1y (0), ux((;) are Dirac spinors for the outgoing
and incoming muon in the diagram, respectively. V stand

Y

— - - —
tsrc «, P n, K ﬂ, o tsnk

FIG. 3. Diagrammatic representation of the QED weighting
function defined in Eq. (9), following Ref. [46].

for the spatial volume of the lattice and 7" stand for the size
of the temporal extent of the lattice. X = ¢, ; 47,7,/ (2i) is
the 4 x 4 version of the Pauli matrix, ¢;. From the spin
structure of the muon particle, we can obtain the expression

HLbL
for a ”

2me? 1 1
attioL — ST Z Z 5e,»‘j‘k(xop — X (X, 7, 2));

Xop X:Y:Z
X (664)Hk,p.o',i (xop’ XY, Z)Mi,/l,o',/l (X, Y, Z) (8)

where

1 1.
Mi,ﬂ.ﬁ,/{('xv )’» Z) = ETr |:g ZSg/),o',ﬂ(x’ y7 Z)zl * (9)

The QED weighting function G is shown diagrammatically
in Fig. 3 and is expressed in terms of the free muon and
Feynman gauge photon propagators, S, and G

emu(tsnk_tsrc)

Gorp(y,2,x) = lim

Lsre ™ =00, lgp =00

< | S GwaGkpGE)
QAP Xsnk Xsre

X Sﬂ (xsnk’ ﬁ)i}/o'Sﬂ (ﬂv ’7) iyKS/t (7]’ a)l}/p
X S (@ Xgre).- (10)

As is well known, the above expression contains an infrared
divergence that vanishes after projection to its magnetic
part. We can also remove this infrared divergent piece by
the following procedure:

1 1 .
©L (v, 2,x) = 7G0xs (v.2.x) + 3 (6, c0(x.z.3)]". (11)

In addition we can perform somewhat arbitrary subtractions
to this infinite volume QED weighting function without
changing the final result due to vector current conservation
satisfied by the hadronic four point function,

62212/) (y’ <, )C) = Gi((rlg/) (y, 2, X) - 652{;2,/; (Z, Z, )C)
~ 6, (y.2.2). (12)
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Note that (‘51(;{;2,,;(272,2) =0, so this subtraction signifi-
cantly reduces the size of the QED weighting function
when |x — z| or |y — z| is small. This is the region where the
hadronic function from the lattice calculation has the largest
discretization error. It turns out that this subtraction greatly
reduces the discretization error. This is the major finding of
Ref. [46]. We should also note that the subtraction does
impact the integrand and partial sum. In Ref. [48], a
modified subtraction scheme is used, so their integrand
and partial sum cannot be directly compared with ours.
Finally, we include all possible permutations of the
subtracted QED weighting function which are required
for the total contribution to the muon g — 2:

= (ﬁﬁx(x,y, 7))+ 651(72,/2,;7()77 Z,X)
(2) ()
+ (9K,/;,H(Z, X, y) + (gl(,(f./)(z7 Yy, x)

i3gﬂ,6,K (x» Y, Z)

+ (ﬁﬁg(x, Z,y) + &@,dy,x, z).  (13)

Another component of the master formula Eq. (8) is X,
the reference position for the moment method to calculate
the magnetic moment. Again, due to current conservation,
there are many possible choices for x. In this work, we
use the following choice for the connected diagram:

Xre (X, 2)

= Xref—far (¥, ¥, 2)
X if |y —z| < min(|x - y|, |x = 2|)
y if [x —z| < min(|x —y[, |y —z|)

3 if |x —y| < min(]x —z|, |y —z]|)
%(x +y+z) otherwise

(14)

We make a slightly different choice of x,, Eq. (21), for the
disconnected diagrams. The rationale will be described in
the later part of this section. We use H to denote the
hadronic four point function

<TJk<xop)J/)(x>J0<y>J1(Z)>QCD
(15)

(664>Hk,/),o',/1 (xop9 X, ¥, Z) =

Y eZulry () (16)

q=u,d,s,c

where Zy, is the lattice local vector current renormalization
constant. After Wick contraction, H can be expressed as the
sum of different types of diagrams as illustrated in Fig. 2.
For the disconnected and subleading disconnected dia-
grams, we require the quark loops to be connected by
gluons.

H = Heon + Hdiscon + Hsubleading—discon + Hcharm (17)

where H" includes the light and strange quark connected
diagrams, 45" the light and strange quark disconnected
diagrams, F{subleading-discon the Jight and strange quark sub-
leading disconnected diagrams [vanish in the flavor SU(3)
limit], and "™ all diagrams involving charm quark loops.

Naturally, after the Wick contraction, H defined in
Eq. (15) can be expressed in terms of quark propagators
and includes all permutations of x, y, and z. However, note
that all other terms in the master formula Eq. (8) are
symmetric with respect to permutations of x, y, and z (along
with its Lorentz indices). Therefore, we are allowed to
calculate only a subset of the diagrams generated by the
Wick contractions in Eq. (15) and multiply them with
appropriate factors.

4
6 HYP 5 (Xops X, ¥, 2)

4. _/cON-no-perm
= be Hu.p,a.x ()COP, X, Y, Z)

= —6<Re Z eqTr(y, S, (Xop. X)7,S (%, 2)

q=u,d,s
xn%@mﬁﬁgy%g» , (18)
QCD

49 /di
6 HYB N (Xops X, ¥, 2)

4 sdiscon-no-perm
= 6e Hu.p,a.x (xopa X, Y, Z)

:3<Z

e;’Tr(nyq’ (xop’ X)}//,Sq/ (x7 xop))

q'=ud,s
XY e2Tr(1,eSq(2.3)7aSy (3. 2)
q=u,d,s
—m%mwn%uamwﬁ , (19)
QCD

where S, denotes the quark propagator. As shown in Fig. 4,
we calculate the hadronic four-point function with two
point-source propagators. The above trick can make
the evaluation more efficient [42,47]. We note that
Hdiscon-no-perm - the disconnected diagram of the hadronic
four-point function without permutation, still satisfies the
current conservation condition in the continuum limit (this
is not true for H""Pe™) which leads to the following
relation in the infinite volume limit:

discon-no- erm
ZHkpo-ﬂ P xop,x, vy, Z) =0. (20)
Xop
We are therefore allowed to alter the choice of x, for the

disconnected diagram

Xref-discon — X- (21)

This choice allows the summation over x,, to be performed
independently of coordinates y and z. This choice also has
the benefit of suppressing the contribution from the region
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FIG. 4. Two point-source propagators are used to calculate the
hadronic four-point function. The locations of the point-sources
are indicated in the diagrams as small circles.

where |x — x| is small and the quark loop is large before
subtracting the vacuum expectation value. Also, we note that
the new choice X .t_giscon 15 the same as the initial choice in the
long distance region where the contribution is dominated by
n%-exchange and |y — z| < min(|x — y|, |x — z|). This prop-
erty guarantees that the connected and disconnected dia-
grams have exactly the same QED weighting function in the
long distance region, which leads to Eq. (28) before taking
the continuum limit. This is the main reason for the choice of
Xt for the connected diagrams.

III. LATTICE DETAILS

The calculation presented here is performed on ensembles
of gauge fields generated by the RBC and UKQCD collab-
orations [52]. The main calculation is carried out using
the 481 ensemble, a physical-mass ensemble generated with
2 + 1 flavors of Mobius domain wall fermions (MDWF). We
also use a few other ensembles to calculate various correc-
tions and estimate systematic effects. The relevant informa-
tion about the 481 ensemble and other ensembles is listed in
Table I. We always use the MDWEF action. For most of the
ensembles, the quarks have their physical masses.

For our main calculation on the 481 ensemble, we use
113 configurations. On each configuration, we randomly
sample 2048 uniformly distributed distinct points and
calculate light quark point-source propagators for each
of the selected points.

Among the above 2048 points we randomly select 1024
points and also calculate strange quark propagators.

These 2048 + 1024 point-source propagators are computed
using the (deflated-) conjugate gradient algorithm with a
sloppy stopping condition. To further speed up the sloppy
propagator calculation, we use the zMdobius domain wall
fermion formulation [54] with reduced fifth dimension size
L, = 14 to approximate the unitary MDWF action used in
the gauge ensemble generation (L, = 24). For deflation of
the Dirac operator we reuse the eigenvectors generated for
the calculation of the hadronic vacuum polarization con-
tribution to the muon g—2 [55,56] using the locally
coherent Lanczos approach [57]. Then, we use a two-level
all-mode-averaging (AMA) method [58] to correct the bias
caused by the inexact propagators. The AMA method
requires a portion of the sloppy propagators be computed
again with higher precision. In the first step a more precise
version of the light and strange quark propagators are
calculated on a randomly selected set of 64 points among
the 1024 points. In the second step among the 64 points, we
randomly select 16 points and calculate these propagators
to full precision. These propagators are used to calculate
both the connected and the disconnected diagrams in the
bias correction. By using two steps, we are able to reduce
the statistical error coming from the bias correction to a
level well below the statistical error for the sloppy part.

For the connected diagrams, we sample two-point pairs
among all the possible 2048 x (2048 —1)/2 + 2048 =
2098176 combinations (including the case where x = y).
For each of the two-point pairs, we can perform the
contraction as described in Eq. (18) in the previous section.
As the number of all possible pairs is enormous, the cost to
perform all the contractions is not affordable. Therefore, we
only calculate the contraction for a subset of the available
two-point pairs. We sample the subset with the empirical
probability p(r), which is a function of the distance
between the two points, r = |x — y|,

2(L3f1) if r=0
1 if8>r>0
py =4t L@
—rr if L>r>38
(r/8)
0 if r>1L

where L = 48, T = 96, and the numbers are in lattice units.
On average, about 57,000 light quark point-source propa-
gator pairs per configuration are sampled to calculate the
connected diagrams. The reason we sample long-distance
point-pairs less often is because the connected hadronic
four point function and its statistical fluctuation decrease
with distance for long distances. For each pair, due to the
sampling procedure, the probability of that pair taking a
particular relative coordinate is a function of r. The total
connected diagram contribution is equal to the expectation
value of the contraction for the point pairs multiplied by the
inverse probabilities. We refer to the inverse probability as
the weight w(r)

014501-5
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TABLE I. 2+ 1 flavors of MDWF gauge field ensembles
generated by the RBC-UKQCD collaborations [52]. The labels
indicate the lattice size in lattice units and the QCD gauge
action, where “I” stands for Iwasaki, and “D” stands for
Iwasaki + DSDR. DSDR stands for dislocation-suppressing-
determinant-ratio, which is an additional term in the action to
soften explicit chiral symmetry breaking effects, needed in
particular for very coarse lattices [53]. The pion mass m,, lattice
spacing a, spatial extent L, extra fifth dimension size L, and the
number of QCD configurations used are listed.

481 641 24D 32D 24DH
m, (MeV) 139 135 142 142 341
a~! (GeV) 1.730 2.359 1.015 1.015 1.015
a (fm) 0.114 0.084 0.194 0.194 0.194
L (fm) 5.47 5.38 4.67 6.22 4.67
L, 24 12 24 24 24
No. meas 113 64 31 70 37

*After the analysis for this work was completed, we updated
the lattice spacing for the 24D and 32D ensembles. The new
lattice spacing is a~! = 1.023 GeV and makes no material
difference to the results presented here.

if r=0

, 23
if r>0 (23)

wir) = {WO/P(”)
wo =Y _p(lx]). (24)

To further reduce the contraction cost and the storage cost
of saving these propagators, we use field sparsening
techniques [59,60]. We randomly sample 1/16 points
among all the points of the lattice and only perform
contractions on these randomly selected points. Since we
only need propagator values on these points, we only save
these values to disk. To accommodate the sparsening, we
multiply a factor of 16 for the summation over z and Xop iN
Eq. (8), except when z = x,,, where we multiply by 16. In
this way the sampling procedure does not introduce any
systematic effects on our central value.

For the disconnected diagrams, the two point-source
locations are also indicated in Fig. 4. Different from the
connected diagrams, the statistical fluctuations of the
disconnected hadronic functions are not suppressed when
r = |x — y| increases. Therefore, we use all possible com-
binations of point pairs of x and y as long as |x — y| < L to
estimate the summation over x and y in Eq. (8). Thanks to
the choice of Xt = Xef-giscon = X i Eq. (21), the summa-
tion over x,, can be performed for each point-source
propagator with source location at x, the result can be
used for all possible values of y locations. However, the
summation of z depends on the location of x and y due to
the QED weighting function. Therefore, we need to
perform the summation over z for each pair of points.

To make the contractions of all point pairs affordable, we
aggressively sparsen when summing over z. Fortunately,

the vertex z and vertex y are connected by two quark
propagators, and the four point function is exponentially
suppressed when the distance between z and y increases.

Naturally, we can sample the z locations based on the
distance between z and y, similar to the sampling of x and y
combinations in the calculation of the connected diagrams.
However, for this disconnected diagram, we discovered a
much more efficient adaptive sampling scheme as follows.
For each point-source location y, we calculate the following
square norm n(z,y) of the quark loop for all z:

n(z.y) = Y _|Tr(reSy(2.9)765,(y. 2)

- <}/KSq(Z’y)yaSq(va)>QCD)|2

Unlike the full contraction, the above norm is independent
of the location of x, and the location of z is sampled with
the following (empirical) probability

1 if n(z,y) > and |z—y|<L

py(2) =3 /n(z,y)/ty if n(z,y) <3 and |z—y|<L,
0 if [z—y|>L

(25)

where f is the threshold parameter to control the overall
sample frequency. With this probability distribution, we
sample more often points where the (norm of) the quark
loop is large which is much more efficient than basing the
probability on the distance |z — y|. We choose t, = 5 x 107
in this work for the 481 ensemble.

For the light quark loop, there are 9,156,431 points
within the |z —y| < L range. Among these, we sample
about 17,000 points for z on average. For each of the
sampled z, we then loop over all possible x locations with
|x —y| < L and perform the full contraction. Due to the
sampling procedure, we multiply the result of the con-
traction by the inverse of the sample probability 1/p,(z) to
obtain an unbiased final result. While the sampled z points
amount to less than 0.2% of the possible z points in the
allowed range, we expect the final statistical precision to be
almost unaffected by the adaptive sampling procedure. That
is, we expect the final statistical error would be almost the
same even if we had calculated the contraction using all the
z locations. This expectation is based on a quick test run
with much lower threshold 7, = 1073, which corresponds
to about a factor of 20 smaller number of sampled points;
we find the final statistical error is roughly the same.

In contrast to the connected diagram, we do not sparsen
the propagators. To save disk space, we temporarily save
the following intermediate contraction for each point-
source propagator:

Tr(y, Sy (2, 9)7654(v, 2)). (26)
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For each propagator on each lattice site, the above con-
traction corresponds to 4 x 4 complex numbers while the
full propagator takes 12 x 12 complex numbers.

IV. RESULTS

In this section we display several figures of the summand
(integrand) or its partial sum as a function of R,

Rinax = max(|x — [, |y — 2|, [x = z), (27)

where x, y, and z represent the positions of the three
internal quark-photon vertices. Partial sums are obtained by
summing the corresponding summand from O up to the
specified value of R, (inclusive). The rightmost value in a
partial-sum plot corresponds to the total contribution.
Since the summand decreases exponentially at large
R ax, We expect the partial sum to approach a plateau for
large enough R,,,,. We usually use the result of the partial
sum at 4 fm, which includes all contributions from the
region R, < 4 fm. In the lattice calculation, we calculate
the partial sum with respect to R, and save the partial sum
for all integer values (in lattice units) of the upper limit of
R ax- To compare with results calculated using ensembles
with different lattice spacings, we can linearly interpolate
the partial sum for any upper limit of R, . In this work, we
choose to interpolate at integer multiples x0.1 fm. The
summand is obtained at half-integer multiples x0.1 fm by
taking the difference of the linearly interpolated partial
sum. Therefore, the data points of the plots shown in this
work always have spacing 0.1 fm, and the data points of the
integrand plots always have its x-axis value equal to half-
integer times 0.1 fm. In this work, we present our results for
the anomalous magnetic moment in the unit of 107,

A. Light quark contribution

The contributions from the connected diagrams, the
disconnected diagrams, and the sum of the two contributions
are shown in Fig. 5. As can be seen from the figure, the
statistical error grows as R, increases. However, for both
the connected and the disconnected diagrams, there are non-
negligible contributions that come from regions where R,
isas large as 3 or 4 fm. The statistical error is quite significant.
Making the situation worse, the contributions from the long-
distance region of the connected and the disconnected
diagrams are opposite in sign, while the statistical error of
the connected and the disconnected diagrams are largely
independent. As aresult, the relative uncertainty on the sum is
much larger than that for the individual contributions. Results
are givenin Table [T as “48Ilightcon R ,,,, < 4 fm,” “48I light
discon R,,,x < 4 fm,” and “48I light R,,, < 4 fm.”

To improve the situation, note that the large contribution
and the cancellation between the connected and discon-
nected diagrams at long distance are due to z° exchange
and are well-understood theoretically [48,61,62]. It has
been shown that, at large R, the ratio of the disconnected

481 light con summand ——x—
481 light discon summand
481 light summand

o ! ‘
5 i 1l
§ L L
% 5t xxx 1 T* ‘“x e EARNN 1
E x" 1 .JL»X’()(J«' ¥ :ﬂ
E ox x‘\» ,,l"LV",X >‘<
Soof HHlRYLji
=
X
e
~10 + .
—15 L L 1 1
0 1 2 3 4 5
Rmax (fm)

481 light con +——x—
481 light discon
481 light
25 T T T T

a, x 100 partial-sum
X

~10 . . . |
0 1 2 3 4

Rmax (fm)

ot

FIG. 5. Light quark contributions computed on the 48I ensem-
ble from the connected diagrams, the disconnected diagrams, and
the total. The upper plot shows the corresponding summands and
the lower plot shows the partial sum.

and the connected hadronic four-point function is —25/34.
In our present computational setup, we use the same infinite
volume QCD weighting function for both the connected
and disconnected diagrams, and use the same variable R,
to study the partial sum of the connected and disconnected
diagrams. [63] Therefore the same ratio applies to the
contribution to a,. Formally, we have

a}dliscon(RmaX > R)

. (ez+e3)? 25
R—co afton(Rmax > R)

2 ()
ey + e 34

1
2

Here, R, 1s defined in Eq. (27), being a function of the three
vertex locations x, y, z as shown in Fig. 4. The long-distance
contributions for the connected and disconnected diagrams

014501-7



THOMAS BLUM et al.

PHYS. REV. D 111, 014501 (2025)

TABLE IL

Light quark contributions computed on the 481 ensemble. Values are different contributions to

a, x 10'" where a, = (g, —2)/2. The numbers in the square bracket are the statistical and systematic uncertainty
combined in quadrature. The tag “hybrid-" indicates the same quantity obtained using the hybrid approach.

Contribution name a, X 1010

481 light con Ry < 2 fm 7.24 (0.15),

481 light con R, < 2.5 fm 10.64 (0.31)y,

481 light con R,x < 4 fm 18.61 (1.22)y

481 light con Ry > 4 fm 7.56 (0.42) (106 [1.14]

48I light con FV-corr —1.79 (0.42) 4y

48l light con m -corr 1.32 (0.27) 44 (0.66) 4y, [0.72]

481 light con a*-corr 0.00 (1.49)

light con 25.70 (1.33) 140 (1.99) 455 [2.39]
481 light no-pion R, < 2.5 fm 5.09 (0.76) o

481 light no-pion R, <2 fm 4.65 (0.42)

481 light no-pion Ry, > 2.5 fm 0.31 (0.22),1,,(0.31),,,[0.38]

481 light no-pion R, > 2 fm 0.88 (0.46),,(0.88),,[0.99]

48I light discon R, < 2 fm —0.67 (0.41)y,,

481 light discon R, < 2.5 fm =273 (0.74) yu

481 light discon Ry, < 4 fm ~7.49 (1.82),

481 light discon Ry, <4 fm hybrid-2.5 fm —8.28 (1.31),4(0.31) 3 [1.35]
481 light discon R, < 4 fm hybrid-2 fm —8.15 (1.24),(0.88) 4 [1.51]
481 light discon Ry, > 4 fm —5.56 (0.31),(0.78) 1, [0.84]
48l light discon FV-corr 1.31 (0.31)4

481 light discon m,-corr —0.98 (0.20) 4, (0.49) 4 [0.53]
481 light discon a?-corr 0.00 (0.66),y

light discon —12.71 (1.87) 4 (1.17),[2:20]
light discon hybrid-2.5 fm —13.50 (1.36) (1.21) 5y [1.82]

light discon hybrid-2 fm

481 light R, <2 fm

481 light R, < 2.5 fm

481 light R,x <4 fm

481 light R, < 4 fm hybrid-2.5 fm
481 light R.x < 4 fm hybrid-2 fm
481 light R, > 4 fm

48I light FV-corr

481 light m -corr

481 light a*-corr

light total

light total hybrid-2.5 fm

light total hybrid-2 fm

—13.37 (1.29),,,(1.46),

6.57 (0.43)
7.90 (0.78)
1111 (2.11),
10.32 (0.99),,(0.31)
10.46 (0.89),,(0.88)

yst[1.95]

syst [l 04]
[1.25]

syst

2.00 (0.11),,(0.28),,[0.30]
~0.47 (0.11)

0.35 (0.07) 4 (0.17),,,[0.19)]
0.00 (0.83),y,

12,99 (2.11),(0.90),,[2.29]

12.20 (1.01) 3, (0.95),[1.38]
12.33 (0.90) 5, (1.25),,[1.55]

are denoted as @™ (R, > R) and (R, > R). They
can be calculated with the same summation as in Eq. (8) but
with the additional constraint that R,, > R, where R is the
long-distance cutoff. Note we take the R — oo limit in the
above equation. This ratio is exact in this limit and is not
affected by lattice artifacts or finite volume effects.

Therefore, we can construct the following combination:

i - 25
azo pion _ agmcon + _a;on’ (29)
34
where the z° exchange contribution to a,” """ vanishes in the

long distance. We plot the summand and partial sum of a,‘}o'pi‘)“

no-pion

in Fig. 6. Indeed, the partial sum of a, reaches the plateau
much earlier than the connected or disconnected diagrams.
This trick of combining the connected and disconnected with
appropriate factors to obtain a faster plateau was employed in

Ref. [64]. For a," ", we will use 2.0 and 2.5 fm as the upper
limit of R,,,,. The results are shown in Table II as “48I light
no-pion R, < 2.5 fm” or “48Ilight no-pion R,,,, < 2 fm.”

In the upper panel of Fig. 6, we fit the summand to the
following empirical form:

6
Rmax

Rt (comp e G0
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48I light no-pion summand ——=—

fitl
15 T T T T
10} l {
o
2
3
: st
g
@
(=3
E
% 0
3
3
5l H
—10 .
0 1 2 3 4 5
Rmax (fm)
48I light no-pion +—x—
fitl
12
10
g 8y
7
3
2
=3
T 4y
X
s 2l
0
—9 ' ' ' '
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Rmax (fm)

FIG. 6. Light quark contributions from a special combination of
the connected and disconnected diagrams to cancel the long-
distance 7° exchange contribution [see Eq. (29)]. The upper plot
shows the summand and the lower plot shows the partial sum.
The combined summand vanishes much faster than the light
quark diagrams by themselves. Solid curves represent a fit of the
data to Eq. (30). The fit starts at 0.5 fm. The dashed lines denote
the statistical uncertainty of the fit.

The fit range is from 0.5 to 4 fm. We use the result of the fit
to estimate the long-distance contribution to a,” ™. Since
this is a completely empirical fit, we will assign a 100%
systematic uncertainty to it. The “no-pion” results are also

collected in Table II.
With the definition of a,”™", we obtain

- 25
T = G1)

discon __
ay, =

total _ ,no-pion gacon' (32)

U g 34

The advantage comes in using the early plateau value of

a” ™" and combining it with a5, which plateaus at much

larger R, This is a “hybrid” approach to calculate af}iscon

and a}f‘al, which has a much smaller statistical error than the

direct combination. For a;", we will use 4 fm as the upper
limit of R,,. The results are shown in Table II as entries
that start with “48I light discon R,,, < 4 fm hybrid-" and
“48I light R,x < 4 fm hybrid-.”

The fitting function form in Eq. (30) is inspired by the
function in Eq. (20) of Ref. [48]. The functional form used
here differs due to the meanings of R, and the variable
“|y|” in Ref. [48]. Also, note that the subtraction scheme of
the QED weighting function is also different [46-48,65].
We tried using this fit function to fit other contributions.
The results are shown in Appendix C.

The statistical errors are estimated by assuming the
results from each 481 configuration that we performed
the measurements are statistically independent. We also
tried to bin the data with different lengths in MD time units.
The results are shown in Table III. We can see that the
statistical error does not significantly depend on the binning
sizes. More interestingly, the statistical error calculated by
assuming all the individual samples in each configuration
are independent is only a little bit smaller than the statistical
error calculated from the fluctuation of different configu-
rations. This implies that the current statistical errors still
mainly come from the sampling of the points from each
configuration, instead of from the gauge field fluctuations
sampled by different gauge configurations. Also, this
shows that the strategy using different combinations of
the point source propagators as point pairs to calculate the
connected diagrams is very effective.

The remaining finite volume, pion mass, and nonzero
lattice spacing corrections will be studied in Secs. IV D-IV F.

B. Strange quark contribution

The contributions from the strange quark connected
diagrams, the disconnected diagrams, and the sum of the
two contributions are plotted in Fig. 7. Note the strange
quark disconnected diagrams include diagrams where one
or both loops are strange quark loops, while the light quark
disconnected diagrams discussed in the previous section
contain only light quarks. As seen in the figure, the
contribution from the strange quark-connected diagrams
is very precise and very small. It can also be clearly seen
that the strange quark contribution vanishes much faster at
long-distance compared to the light quark contribution.

The disconnected diagrams, on the other hand, are much
noisier. However, we still expect the signal to vanish faster
than the light quark contribution due to the absence of the
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TABLE III. Two light quark contributions computed on the 481 ensemble. The table lists the statistical errors
calculated with different binning sizes in MD time units in the HMC evolutions. The separation between the
configurations we performed the measurements is 10 MD time units. The last column named “Bin(sample)” list the
statistical error calculated by assuming all the individual samples in each configuration are independent. The
samples for the connected diagrams are the point pairs, where we have about 57,000 pairs for each configuration.
The samples for the disconnected diagrams are the points for y in Fig. 4 (summation over x is already performed),
where we have about 2048 points for each configuration.

PHYS. REV. D 111, 014501 (2025)

Contribution name a, X 100 Bin(20) Bin(30) Bin(40) Bin(sample)
481 light con R, < 4 fm 18.61 (1.22) 1.30 1.15 1.24 1.15
481 light discon R, < 2.5 fm —2.73 (0.74) 0.79 0.84 0.75 0.65

481 strange con summand ~——x—
481 strange discon summand
481 strange summand

1.5 T T T T T
1t J
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FIG. 7. Strange quark contributions computed on the 481
ensemble from the connected diagrams, the disconnected dia-
grams, and the total. The upper plot shows the corresponding
summands and the lower plot shows the partial sum.

7° exchange contribution. Therefore, we can treat the

strange quark disconnected diagrams as similar to

a,” ", We listed the results with 4.0, 2.5, and 2 fm as
the upper limit of R,,,. These results are shown in Table IV
as entries that start with “48I strange discon R, <.” We
estimate the systematic error caused by truncating the
strange quark disconnected diagram integration using
the size of the long-distance contribution from the strange
quark connected diagrams, which is also shown in Table IV
as entries that start with “481 strange con R, > .” The
size of the long-distance connected contribution is used as
the estimation for the systematic uncertainty for the
corresponding disconnected contributions.

The remaining finite volume, pion mass, and nonzero
lattice spacing corrections will be studied in Secs. IV D-IV F.

C. Long-distance n°-exchange contribution

The dominant source of the HLbL contribution is
expected to be the so-called “z’-pole” contribution [5].
Due to the small mass of the z°, this contribution can be
non-negligible for large R, in a Euclidean space-time
lattice calculation, even where long-distance contributions
and finite volume effects are exponentially suppressed
since it is only suppressed as e™""xRma

We separately calculate the long-distance 7°-exchange
contribution as illustrated in Fig. 8. We use the lattice
calculation of the z° transition form factor

fu.u(x’ P) = <0|TJ/4(X)JV(O)|”O(I_5>> (33)
- €/4.p,p,axppa-7:<x2v p- X), (34)

where p is the Euclidean four-momentum of the z° state.
We use p = (im,,0)=im,? in the numerical lattice
calculation. So we can obtain the numerical values of

Fuu(x,im,t) (35)

for all possible Euclidean space-time locations x directly
from lattice QCD calculations, without assuming any
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TABLE IV. Strange quark contributions computed on the 481 ensemble. Values are different contributions to
a, x 10'" where a, = (g, —2)/2. The numbers in the square bracket are the statistical and systematic uncertainty
combined in quadrature. The “strange discon” contribution includes disconnected diagrams where one or two loops
are strange quark loops. The tag “hybrid-" indicates the same quantity obtained using the hybrid approach.

Contribution name a, x 10"

48l strange con R, < 4 fm 0.327 (0.002)
481 strange con a*-corr 0.026 (0.008),,,
Strange con 0.353 (0.007) g
48I strange con R, > 2.5 fm 0.006 (0.000)
48I strange con R, > 2 fm 0.024 (0.000) s

481 strange discon R, < 4 fm
481 strange discon R, < 2.5 fm
481 strange discon R, <2 fm
481 strange discon a’-corr
Strange discon

Strange discon hybrid-2.5 fm

Strange discon hybrid-2 fm

481 strange R .« <4 fm

481 strange R, <4 fm hybrid-2.5 fm
481 strange R, < 4 fm hybrid-2 fm
48l strange a’-corr

Strange total

Strange total hybrid-2.5 fm

Strange total hybrid-2 fm

—0.380 (0.607),,,
—0.357 (0.223)
—0.280 (0.121)
0.000 (0.029)

stat
stat

syst

~0.380 (0.607),y,,(0.029).,[0.608]
~0.357 (0.223),,(0.029),,,[0.225]
~0.280 (0.121),,,(0.037),,[0.126]

~0.053 (0.607)
~0.030 (0.222),,,,(0.006),,[0.223]
0.047 (0.121),,(0.024),,,,[0.123]

0.026 (0.008),,,(0.029),,,[0.030]
~0.027 (0.607),4,,(0.029),,0.608]
~0.004 (0.223),,,,(0.029),,,[0.225]
0.073 (0.121),,(0.037),,,,[0.127]

particular function form for the transition form factor.
This form factor can then be used to construct approx-
imations for infinite volume hadronic correlation functions
with large separation. A detailed derivation is given in
Appendix B. Here, we briefly describe the idea. First, we
introduce a properly normalized z° interpolating field, e.g.,

D) = 22 (a(x)ysu(x) - Arsd(x). (36)

FIG.8. The long-distance HLbL contribution to the muon g — 2
associated with z° exchange. The amplitudes inside the boxes are
calculated in lattice QCD while the pion propagator linking them
(solid lines) is given by the analytic, infinite-volume, continuum
expression.

The normalization constant Z, is determined by the
following requirement:

(0[2°(x)|z°(B)) = €. (37)

We can then rewrite Eq. (33) in a slightly different form

(OIT1,(x)1.(0)17°(B)) = Fuu(x = y. p)(Ol°(»)|2°(5)).
(38)

The above relation suggest that the time-ordered product
TJ,(x)J,(y), when used in between the vacuum state and a

single 7° state, can be viewed as a properly weighted 7°
interpolating field: F,,(x — y. p)z°(y). This property can
be used to calculate the following three-point function:

(TJ,(x)7,(y)7°(2)) (39)

For very large m,|y — z| and y — z along the positive time

direction, i.e. y—z = (|y —z|.0), the intermediate states
between 7J,(x)J,(y) and z°(z) will be mostly 7” states with

P~ 0. We can employ Eq. (38) with p ~ (im,, 6) and obtain:

T1, 00,008 ) % Fp (=3, ime 225

< (Tn%(y)7°(2)). (40)
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Note that we have expressed the above relation in an O(4)
rotationally covariant form, so the equation is also valid for
y — z in directions other than the time direction. Then, we can
introduce the infinite-volume free scalar propagator D 0 (z),
with physical pion mass. For sufficiently large |x — y|, we
have

(Tn%(x)%(y)) = Dpo(x - y). (41)

Now, the relation between Egs. (33) and (40) is established.
We can approximate the infinite volume hadronic four-point
function illustrated in Fig. 8 in the large |x — y| region in a
similar approach

(11 (X, ()T (V) (3)) = Do (x = y)

X—y
, .
X F oy <x —Xx,im, >

lx =yl
<Fou(y-vime =)
(@)

In the above approximation, |x — x’| and |y — y'| will not be
too large in order to create localized pion states, so the form
factor F can be computed using a reasonably sized lattice. As
described in Egs. (33) and (35), we only directly calculate the
transition form factor F for a zero-momentum pion state. To
obtain the form factor needed in Eq. (42) above, we need to
perform O(4) rotations

f’

wo(Xoimgi) = Ny y Ny y F (X imgt),  (43)

where % can be either x' — x or y’ — y in Eq. (42) and 7 can be
+(x —y)/|x — y|. The O(4) rotation matrix A = A(7) and
Euclidean space-time coordinate %’ satisfy

Ouy = Ny Sy s (44)
=Nty (45)
X, =N, X, (46)

We would like to emphasize again that we do not assume
any particular form of the z° transition form factor and
perform fits. The inputs to Eq. (42) can be directly obtained
from the O(4) rotation in Eq. (43) and the lattice
QCD calculation of the position-space matrix elements
F,(x,im,1) for a zero-momentum 7° state defined in
Egs. (33) and (35). The only approximation is made in
Eq. (42), which is based on large m|x — y|.

Using the 481 ensemble to calculate F and making this
approximation, we obtained the long-distance part corre-
sponding to R« > 4 fm

@ (Rpax > 4 fm) x 100 & a2 =N (R . > 4 fm) x 10'°

= 2'00(1 1)stat(28)syst’ (47)

]

where we use the same subtracted infinite-volume QED
weighting function as in the direct calculation. We estimate
the relative systematic uncertainty from the approximation
employed in Eq. (42) due to not including the charged loop
contribution as

—2m, (4 fm)

e
R 6% 48
o—(4 fm) ¢ (48)

and the error from approximating the z° propagation
direction to be along x —y to be

0.5 fm
4 fm

~ 13% (49)
where we assume the typical separation for |x — x’| and
|y —y'| to be 0.5 fm and |x — y| to be 4 fm. Combining
these two estimates in quadrature, we assigned 14%
total systematic uncertainty for the long distance part
(Rmax > 4 fm) contribution. Using the ratio between the
connected and disconnected contributions as described in
Eq. (28), we can also properly assign this contribution to
the connected and disconnected diagrams. The results are
shown in Table II with the labels “...R,, > 4 fm.”

D. Finite volume corrections

The long-distance part of the HLbL contribution usually
suffers the most significant finite volume effects. However,
the long-distance 7° exchange contribution calculated in
Sec. IV C is performed in infinite volume and is free of
finite volume effects. Therefore, we only need to correct for
the finite volume effects for the relatively short-distance
region, where R,,,, < 4 fm. These finite volume effects are
expected to be quite small due to the -constraint
R <4 fm. The finite volume effects can be estimated
with the “z%-pole” contribution as defined in Ref. [20].
Similar to Refs. [21,66], we define the z° transition form
factor in Euclidean space-time as

F (. p) =(0ITJ,(x)J,(0)|z° (7))

d4c]1 iq;x =i 2 2
= (271_)46 : 422F €;4,p./),er1pq2(rFﬂ0yy(QI’QZ)

(50)

where p = g, + ¢, and p?> = —m2. We can convert the
form factor into coordinate space via the following:

/’d4u€ip'u.’7}”'y(u7xv y) = -F’u_l/('x -y, p). (51)

The solution to the above condition is not unique. Based on
the momentum space form factor F 0, (4. ¢3) in Eq. (50),
we obtain
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TABLE V. Lattice calculation of the z°-pole contribution using the LMD model. Note that this is not a lattice QCD

calculation.
Label Size a”'/GeV a,(Ripax < 4 fm) x 1010 a,(Ripa > 4 fm) x 1010
Match 483 x 96 1.73 5.19 0.22
Coarse 243 x 48 0.865 4.65 0.20
Large 643 x 128 0.865 4.18 2.34
Fo(ux,y) = I 5% / d*q, idr-(x-u) in Table V. Note the physical size of the “match” and “coarse”
pea 4n’F, o0y (27)* lattices are the same as the 481 ensemble, which we used to
dq, perform our main lattice QCD calculation. The spatial size is
X / ) e 0IF o (g3, 43). (52) L = 5.5 fm. The “large” lattice has the same lattice spacing

Note this definition of the position space form factor is
different from the inverse Fourier transformation of the
Euclidean space hadronic matrix element 7, ,(x, p), since
the on-shell condition p?> = —m?2 for the physical z° state
cannot be satisfied always in the inverse Fourier trans-
formation. With the form factor defined above, we can
construct the z°-pole contribution to the hadronic four-

point function:
/ d*u / d*vD o (u—v)

(fﬂﬂ<”xx)-7:uy(”yy)
+.7:,,.,,(u,x,y).7-'”/’y,(v,x )
+ Fuw (2,3 F o (0,2,y))

(53)

(TJ,(x)J,0 (x)J,

where D o (x — y) is the infinite volume free scalar propa-
gator with physical pion mass. In this calculation, we use
the lowest meson dominance (LMD) model [38,67,68] for
the 7° transition form factors.

PYD(3, )

F o

Yy

(q%7 q2)
8% F2
3m3,
FYMD(
yy

VMD( 2 2
F,,W (41,95

(FTE (Q%v ('IZ)

zyy

) +

qt.q3). (54

where

my
qi +my g3 +mj,
w2 w2
qi +my g5 +my

2
my

FVMD (
=y

q1.q43) = (55)

Fi (q1.43) =

(56)
The parameters used in the calculation are m, =
134.9766 MeV, F, =92 MeV, my = 770 MeV. We dis-
cretize the model and calculate it with lattices of different
sizes using the same subtracted infinite volume QED
weighting as the direct calculation. The results are given

as the “coarse” lattice but has a much larger physical size,
L = 16.4 fm. We use the difference between the “large” and
the “coarse” results of a, (R, < 4 fm) x 10'% as the finite
volume correction. Comparing the results of “match” and
“coarse,” we estimate the uncertainty due to the nonzero
lattice spacing effects of this model lattice calculation can
be about 12%. Combined with the additional 20% uncer-
tainty due to the inaccuracy of the model itself (and
potential finite volume corrections of other heavier inter-
mediate states), we obtain our final estimate of the finite
volume correction:

FV-corr

PV-corr (R ax < 4 fm) x 1010 = —0.47(11)

a syst* (5 7)
Similar to the long-distance z°-exchange contribution, we
use the ratio between the connected and disconnected
contributions as described in Eq. (28) to assign this
contribution to the connected and disconnected diagrams.
The results are shown in Table II as “481 light con FV-corr,”
“48I light discon FV-corr,” and “48I light FV-corr.”
Also, note that we can calculate the long-distance =
pole contribution using this LMD model. In Table V, we
also list the contribution to the region R,,,, > 4 fm. Using
the LMD model results calculated with the large lattice, we

obtain

0

7°-pole;LMD
a

. (Ripax > 4 fm) x 1010 = 2,34,

(58)
This result agrees with the long-distance #’-exchange
contribution calculated with z° transition form factors
from the previously described lattice QCD calculation
and long-distance approximation.

E. Pion mass extrapolation

While the calculation is performed very near the physical
pion mass, there is a slight mistuning of the lattice para-
meters which leads to a slightly heavier m, = 139 MeV
compared to the physical pion mass m, = 134.9766 MeV.
We correct this small difference using the 32D and
24DH ensembles. These two ensembles have the same lattice
spacing but different pion masses. The results of these
two ensembles are listed in Table VI. Note that for the
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TABLE VI

Study of the pion mass dependence using the 32D and 24DH ensembles. For the 32D (physical pion

mass ensemble) results, we apply the 481 long-distance z°-exchange contribution in the R,,,, > 4 fm region. For the
24DH ensemble (m, = 341 MeV), we assume the contribution is negligible in the R ,, > 4 fm region.

Name Ry limit a,(32D)x 1010 a,(24DH)x 100
Con 2 fm 8.17 (0.32) 8.29 (0.10),,,
Con 4 fm 21.29 (3.37) 12.35 (0.24)
Con ) 28.84 (3.39),, 12.35 (0.24),,
No-pion 2 fm 3.91 (0.63)yy, 4.18 (0.57)
No-pion 4 fm 4.96 (4.46) 6.74 (4.18)
Discon 2 fm —2.10 (0.59)., —1.91 (0.55)
Discon 4 fm —10.70 (3.84),, —2.34 (4.18)
Discon ™ ~16.25 (3.84),, —2.34 (4.18),,
Discon hybrid-2 fm 4 fm —11.74 (252, —4.90 (0.54),,,
Discon hybrid-2 fm ) —17.30 (2.53) —4.90 (0.54),,,
Total 2 fm 6.07 (0.66),, 6.38 (0.57),
Total 4 fm 10.59 (4.97), 10.01 (4.18),,
Total ) 12.59 (4.98)., 10.01 (4.18)
Total hybrid-2 fm 4 fm 9.55 (1.12) g, 7.45 (0.59),,
Total hybrid-2 fm © 11.55 (1.12) 4, 7.45 (0.59)

long-distance contribution (R, > 4 fm) for the 32D physi-
cal pion mass ensemble, we use the same long-distance
nY-exchange contribution calculated with ensemble 481 as
described in Sec. IV C. Similar to the 481 calculation, we
calculate the “no-pion” contribution and obtain the “hybrid-
2 fm” results for the “discon” and “total” results. To reduce
the statistical error, we use the “hybrid-2 fm” results to
calculate the pion mass correction. To obtain the pion mass
correction to our main 481 results, we assume the following
pion mass dependence for the “no-pion” contribution:

a’P"(m,) = C, + Cym?2. (59)

Due to the pion pole piece in the quark-connected diagram,
we assume a more singular pion mass dependence for the
“con” contribution
&
- C1 + -
m

b/

ag™ (my)

(60)
The disconnected diagram contribution can be obtained as a
combination of the “con” and “no-pion” contribution as
given in Egs. (31)[(32)].

The fitting form in Eq. (60) (plus an additional m2 term)
was used for the chiral extrapolation of the connected
diagram in Ref. [48] and seems to provide the most
accurate description of the connected diagram’s mass
dependence. The correction from the chiral extrapolation
is 0.35(7) x 107'9 with the above fitting form. In Ref. [26],
the 7z°-pole contribution is calculated to behave as
C, + C,log?(m2), If we estimate the pion mass correction
with this form instead, the size of the correction is
0.20(4) x 107'°, In Ref. [69], the HLbL is calculated with
chiral effective theory, we have calculated the pion mass
dependence with Eq. (13) of this reference. The shift of a,

due to the pion mass change from the 139 MeV used in
the lattice calculation to the physical point 135 MeV is
0.25 x 10710, Here, we do not include the correction to the
charged pion loop contribution of a, due to the pion mass
shift, as the charged pion loop contribution are significantly
reduced compared with the scalar QED estimate due to
the pion dressing [70-72]. We, therefore, estimate a 50%
systematic uncertainty to these corrections to account for
possible inaccuracies of the empirical chiral extrapolations,
plus any systematic effects in obtaining the 32D and 24DH
results, including the effects caused by the hybrid method
used to calculate the long-distance part of the disconnected
diagrams, the discretization effects, the finite volume
effects, and so on. The final results for the correction
due to the slight mismatch of the pion mass is

am,,-corr x 101() —

" (a,(m, =135 MeV)

- a,(m, =139 MeV)) x 10'°

= 0.35(0.07),,,(0.17) (61)

syst*
We also show the results in Table II as “48I light con
mg-corr,” “481 light discon m,-corr,” and “481 light
m-cort.”

F. Continuum limit extrapolation

In our previous work [24], we used finite-volume lattices
for the entire calculation, including QED. The QED; scheme
was used for the photon propagators, and sizable discretiza-
tion effects were observed. We took the continuum limit with
the 481 and 641 ensembles. These two ensembles have
different lattice spacings but all other properties are almost
identical. They have the same gauge and fermion actions, and
almost the same pion mass and volume in physical units.
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We used the results from these two ensembles to perform
the continuum extrapolation. The continuum limit value is
30(12)% higher compared to the value on the 48 ensemble
for the connected piece and 58(27)% higher for the dis-
connected piece. The numbers in parentheses are statistical
uncertainties.

In this work, we have mainly used the 481 ensemble
to perform the calculation with the infinite volume, con-
tinuum QED weighting function described in Ref. [46].
Compared with QED;, the infinite volume QED weighting
function reduces the finite volume effects from power-law to
exponential.

One may expect similar discretization effects for these
two calculations since they should be the same in the large
volume limit and only differ by finite volume effects.
However, there are two reasons that the discretization errors
in the current work should be much smaller. First, the
infinite volume QED weighting function is calculated in the
continuum with a semianalytic method, which eliminates
the discretization errors in the QED; weighting function
which is calculated on a discrete lattice. Second, and more
importantly, we apply the subtraction scheme as described
in Ref. [46] and repeated in Eq. (12). In a test calculation of
the leptonic light-by-light contribution to the muon g — 2,
we found about a factor of 5 reduction in the discretization
error after this subtraction is applied. We expect a similar
reduction in discretization error in the hadronic case, and
this is indeed the case in our calculation of the strange
quark connected diagrams.

The strange quark connected contribution is shown in
Fig. 9. Compared with the light quark, due to the heavier
strange quark mass, the statistical noise in the long-distance
region is very small. The overall signal-to-noise ratio is much
better than the light quark case which allows a precise
continuum limit extrapolation. As is shown in the figure, the
limit is 7.9(2.6)% higher than the 481 results. The continuum
limit is obtained by performing an (O(a?) extrapolation to
a—0,

a,(a*) = Cy + Cya*. (62)

Compared with the observed ~30% discretization error in the
QED; calculation of the light quark connected diagrams,
there is indeed a significant reduction in the relative dis-
cretization error with the subtracted infinite volume weight-
ing function, despite the heavier strange quark mass, which
usually leads to larger discretization errors.

The study of the continuum limit of the strange quark
connected diagrams strongly suggests the light quark
connected diagrams, in particular in the relatively short
distance region where we performed a reliable continuum
extrapolation for the strange quark connected diagrams, is
under 8%. We also have the same 641 dataset for the light
quark connected diagram. We have listed the comparison in
Table VII. The results from the 641 ensemble are statistically
consistent with the 481 ensemble. Unfortunately, the

481 strange con summand ——x—
641 strange con summand
strange con summand
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0.3 - ]
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s 0.15 | = £ g
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S
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641 strange con
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FIG. 9. Strange quark connected part of ai*™ (lower panel).
Continuum limit (upper curve) and finite lattice spacing results on
481 and 641 ensembles. Corresponding summands (upper panel).

statistical error for 641 is relatively larger due to the absence
of the improvement we made for the new 481 calculation. We
cannot constrain the continuum extrapolation for the light
quark connected diagram better than the 8% estimate above
based on the strange quark connected results.

In the long distance (large R, ) region, the contributions
are mostly coming from the z°-exchange contribution. As
can be seen from Eq. (42), the hadronic four-point function in
the HLbL diagrams in the long-distance part can be approxi-
mated by the product of two such transition form factors.
Therefore, the discretization effects of the direct calculation
of the four-point function in the long distance region will be
similar to the discretization effects of the calculation of the
square of the transition form factor. In the 7° — e*e”
calculation of Ref. [73], this relevant z° — yy transition
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TABLE VII. The last column is the percent correction to obtain
the continuum limit relative to the value of the 481 ensemble. The
values in parentheses are the statistical uncertainty of the
corresponding quantity.

Percentage
Observable 481 641 correction
A (Riax < 1.0 fm) x 1010 1.27(0.02) 1.32(0.05)  9.2(8.6)
A" (Ripay < 1.5 fm) x 1019 3.92(0.05) 4.04(0.23) 7.0(12.6)
A" (Rinax < 2.0 fm) x 1010 7.24(0.15) 7.19(0.66) —1.4(20.0)
A" (Ripgx < 2.5 fm) x 10'0 10.64(0.31) 9.61(1.40) —20.8(29.2)

form factor is studied with the same 481 ensemble as this
calculation. In addition, the continuum limit is calculated
with a parallel 641 ensemble calculation. We quote the
corrections obtained in the calculation in Table VIII. Note
that the correction is zero consistent given the statistical
uncertainty. In Fig. 4 of Ref. [73], the partial sum of these
quantities for both 481 and 641 are plotted. More statistically
precise agreement is observed at smaller time separation of
the two electromagnetic vector currents.

For the light quark disconnected diagrams, we again
separately discuss the short and long distance regions. In
Fig. 5, we observe that in the short distance region
(Rmax <2 fm), the disconnected diagram contribution is
much smaller than the connected contribution. This is
expected as the disconnected diagrams involve two quark
loops and the exchange of at least two gluons. Therefore,
the disconnected diagrams are suppressed by O(a?) and
1/N, relative to the connected diagrams. Due to the
smallness of the contributions from the short-distance
disconnected diagrams, we expect that the same reasoning
applies to the discretization effects.

For the long distance region, we again have Eq. (28),
which mandates the relationship with the connected dia-
grams, even for nonzero lattice spacing and finite volume
(so long that the lattice is large enough to contain the
correlation function). Therefore, we expect the long dis-
tance part of the disconnected diagrams to have the same
relative discretization effects as the connected diagrams and
also the combined total. Note that the situation is different

TABLE VIII. Percent correction to obtain the continuum
limit relative to the value computed on the 481 ensemble in
the 7° — eTe calculation in Ref. [73]. The values in parentheses
are the statistical uncertainty of the corresponding quantity. The
square of the amplitude is used to estimate the lattice spacing
error of the long-distance z°-exchange contribution to the muon
g —2 in this work.

Observable Percentage correction
(ImA)? —11.4(11.6)%
(ReA)? -16.8(15.8)%

from the Mainz group’s work in Refs. [47,48]. While the
argument presented here should also apply to the hadronic
function in their calculation, the different QED kernels (due
to the subtraction scheme of the QED kernel and the choice
of x..¢) used for the connected and disconnected diagrams
lead to different shapes of the summands and also different
discretization errors.

Without a 641 ensemble calculation of similar precision,
the continuum limit cannot be reliably taken. However,
based on the evidence presented above, in particular the
size of the correction in the strange quark connected
diagrams, we estimate an 8% uncertainty from nonzero
lattice spacing for the contributions from the light quark
connected, disconnected, and total contributions, and the
strange quark disconnected diagrams. The corrections for
light quark are shown in Table II as “48I light con a?-corr,”
“481I light discon a’-corr,” and “48I light a®-corr.” The
corrections for the strange quark are shown in Table IV as
“48] strange con a?-corr,” “48] strange discon a>-corr,” and
“48] strange a’-corr.”

G. Subleading disconnected diagrams

So far, our discussions have centered on the first two
diagrams in Fig. 2. The remaining diagrams, which are
expected to be small due to the suppression by flavor SU(3)
and quark electric charge factors, are not yet included. In
our earlier work [24], we have already calculated the third
diagram in Fig. 2, which is expected to be the largest within
the remaining the subleading disconnected diagrams based
on the flavor SU(3) and quark electric charge factor
counting. To estimate the contribution from this diagram,
we employ the same subtracted infinite volume QED
weighting function and the 24D ensemble for the quark

24D sub-leading-discon +—x—

0.4 . . . . .
2| HH '
TlllTX T
st lX x
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(=}
s 04} 4
—
X
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S 06 | E
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FIG. 10. Subleading disconnected diagrams computed on the
24D ensemble [24].
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TABLE IX. Summary of final results. Values are different
contributions to a, x 10'® where a, = (g, — 2)/2. The numbers
in the square bracket (except references) are the statistical and
systematic uncertainty combined in quadrature. The ‘“strange
discon” contribution includes disconnected diagrams where one
or two loops are strange quark loops. The tag “hybrid-" indicates
the same quantity obtained using the hybrid approach as
described in Secs. [IVA and IV B. The result for “total hybrid-

2.5 fm” is used as our final result.

Contribution a,x10'°
Light con 2570 (1.33) 4 (1.99),,.,[2.39]
Light discon —12.71 (1.87) 4 (1.17) 4y [2.20]

Light discon hybrid-2.5 fm
Light discon hybrid-2 fm
Light total

Light total hybrid-2.5 fm
Light total hybrid-2 fm

Strange con

Strange discon

Strange discon hybrid-2.5 fm
Strange discon hybrid-2 fm
Strange total

Strange total hybrid-2.5 fm
Strange total hybrid-2 fm

Subleading discon

Charm con
Charm discon

Charm total

Con

Discon

Discon hybrid-2.5 fm
Discon hybrid-2 fm
Total

Total hybrid-2.5 fim
Total hybrid-2 fm

~13.50 (1.36) 3y (1.21) [ 1.82]
—13.37 (1.29),(1.46) 4 [1.95]
12,99 (2.11)34,(0.90) 1, [2.29]
12.20 (1.01)3,,(0.95),[1.38]
12.33 (0.90),,,(1.25) 4 [1.55]

0.35 (0.01)
0.61

yst[
stat

sat (0.03) 4, [0.61
~0.36 (0.22),,,,(0.03)y,[0.22

-0.38 ]
]
~0.28 (0.12) 4, (0.04),,[0.13]
]
]

/.\,.\A,.\
—_— — — ~—

stat (
~0.03 (0.61),,,(0.03),,,,[0.61
~0.00 (0.22)4,,(0.03),,,[0.23
0.07 (0.12),(0.04),,[0.13]

0.00 (0.07),,, [48]

0.31 (0.04),,, [49]
~0.03 (0.02)y,, [49]
0.28 (0.05)y [49]

26.36 (1.33),4,,(1.99) [2.39]
—13.12 (2.30) (1.18) 4 [2:59]
—13.89 (1.47) (1.22) 4 [1.91]
—13.68 (1.35) 4y (1.47)  [1.99]
13.24 (2.53) 3, (0.90) 1, [2.68]
12,47 (1.15) 33, (0.95) [ 1.49]
12.68 (0.98) 45 (1.26),[1.59]

loops. The result, shown in Fig. 10, is zero consistent, and
we estimate this contribution to be 0.0(0.5) x 10710,

In the more recent work by the Mainz group [48], all the
subleading diagrams have been calculated. The result is still
zero consistent but a more stringent bound is obtained.
Therefore, in this work, we use their result to account for the
contribution from all the subleading disconnected diagrams.
The value is shown in Table IX as “subleading discon.”

H. Charm quark contributions

The charm quark contribution is also expected to be very
small due its heavy mass relative to the light quark and
the strange quark. In the 2020 white paper [5], its con-
tribution is included as 0.3(0.1) x 1071, calculated based
on perturbation theory and consideration of charm meson
resonances [23]. The value is similar to the strange quark

connected diagram contribution due to the heavier mass of
the charm quark and larger electric charge. In a recent work
by the Mainz group [49], the charm quark contribution is
calculated with lattice QCD, including both the charm
quark connected and disconnected diagrams. The result for
the total charm quark contribution is 0.28(0.05) x 10717,
where the uncertainty is mostly due to the systematic
effects from modeling the lattice spacing and M, depend-
ence. In this work, we use this more recent lattice calculated
result to account for the contribution from the charm quark.
The values are shown in Table IX as “charm con,” “charm
discon,” “charm.”

V. CONCLUSION

We summarized all the results discussed above in
Tables II, IV, and IX. Adding all the individual contribu-
tions and corrections, we obtain our final result for the
HLbL contribution to the muon g — 2

a};ILbL x 1010 = 12.47(1.15),,(0.95)

149),  (63)

syst[
where the systematic errors were added in quadrature. We
also give the HLbL contributions to the muon g — 2 from
the connected and disconnected pieces separately

apPeom 5 1010 = 26.36(1.33),(1.99) 4 [2.39],  (64)

syst [

alftPLdiscon o 1010 — _13.89(1.47),,(1.22),[1.91]. (65)

syst[
Numbers in square brackets denote total errors, combining
the statistical uncertainty (“stat”) and systematic ones
(“sys”) in quadrature.

TABLE X. Comparison of this work with our previous QED,
results [24] plus the charm quark contribution from [5,23]. The
field “all con” includes all connected diagram contributions,
including the charm quark. The field “all discon” includes all the
disconnected diagram contributions, including the subleading
disconnected diagrams and disconnected diagrams including
charm quarks. The fields “all con diff,” “all discon diff,” “total
diff” shows the difference obtained by subtracting the QED,
results from the new results presented in this work. The statistical
and systematic uncertainties of the two works are almost
independent. We therefore add them in quadrature for the
difference. The numbers in the square bracket are the statistical
and systematic uncertainty combined in quadrature.

a,x10'°
All con QED, 24.46 (2.35),4(5.11),,[5.62]
All con diff 1.90 (2.76),4,(5.48),,.,[6.14]

All discon QED;,
All discon diff

Total QED,,
Total diff

~16.45 (2.09),,(3.99) y [4.50]
2.56 (2.57) gy (4.17)5,[4.90]

8.17 (3.03) 4 (1.77) 4, [3.51]
4.30 (3.25) 3, (2.01),,[3.82]
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FIG. 11. Comparison of our result with values in the literature.
The hadronic model values are from Refs. [26-29]. The dis-
persive data driven result is compiled in Ref. [5]. The lattice
results include Refs. [24,48,49] and this work.

Here, we summarize techniques used in this calculation
that we believe are important to obtain the precision for
HLbL scattering at the physical pion mass:
(i) The subtracted infinite volume QED weighting
function developed in our previous work [46].

(i1) Use all combinations of the point source propagators
to calculate the HLbL diagrams as described in
Sec. IIL.

(iii) The adaptive sampling scheme used for the dis-
connected diagram calculation as described in
Sec. IIL.

(iv) The rearrangement of the connected and discon-
nected diagrams in Egs. (29), (32) based on Eq. (28).

(v) The AMA method [58] and efficient GPU solver for
MDWEF propagators from Grid and GPT.

We can compare these results with our previous work
[24] based on the finite volume QED; formulation. The
comparison is summarized in Table X. We can see that the
results for both the connected and disconnected diagrams
are in good agreement. For the total, the current result is
1.12 standard deviations higher than the previous results,
possibly due to a slightly larger statistical fluctuation. We
also compare the final result in this work with the existing
literature in Fig. 11. The new result is consistent with
previous determinations.
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APPENDIX A: NOTATION

We use §, and G to denote free muon and photon
propagators:

d*p 1 .
— - P ip-(x=y)
S,(x.y) /(27;)4 ipf+me

at 1
= (_ax + m) / (2”[)?4 p2 + m?

eiP(=y) (A2)

4

G(x,y) = /(;ZTP;A‘#eiP'(x—y) (A3)
1 1

e (x—y)*" (A4)

The y, matrices satisfy the Euclidean space-time metric

Yulv + Ywlu = 25/4.1/’ (AS)

and

Ys = VaVy¥<Yr- (A6)
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APPENDIX B: 7' LONG-DISTANCE
CONTRIBUTION

In Eq. (42), we replaced the QCD, Euclidean space-time,
four-current connected Green’s function with the product of
two amplitudes, each coupling a pair of currents to an
on-shell 7z°. These two amplitudes are joined by a pion
propagator and all amplitudes are expressed in position
space, so they can be directly inserted in our standard
position-space evaluation of the HLbL amplitude. Since the
final expression involves two independent factors evaluat-
ing the zyy coupling which are connected by an analytic,
position-space pion propagator, this QCD part of the HLbL
amplitude can be evaluated in a “QCD volume” of arbitrary
size. In particular, this volume could be much larger than
that of the gauge configurations used to compute each zyy
vertex function. Here we work out a concrete derivation of
this formula that can be used to evaluate the long-distance
part of the z° exchange contribution to the leading order in
1/L. We leave open the possibility that this approach could
be developed further to systematically capture terms falling
with higher powers of 1/L if the large volume 7z°
contribution is expressed as a power series in 1/L" where
L is the size of the QCD volume. We assume the QED
volume to be infinite.

We begin with the Euclidean-space Green’s function
defined in Eq. (15)

6 Hy o (¥ .Y y) = (T (T (¥)I,,(x) (), (1))
(B1)

We will choose x” and x close to each other as are y’ and y.
However, we will assume that the (x/, x) pair is far from the
(y',y) pair. Define

X=x—x, (B2)
y=y -y (B3)
Since Euclidean space-time is rotational invariant, without
loss of generality, we can choose x —y to be along the
Euclidean time direction, with x — y = (,0) and 7 > 0.

We now follow the usual steps to obtain a variant of the
Killen-Lehman representation of the amplitude but keep
only the single z° intermediate state since, as the lightest
particle, its exchange will dominate this Green’s function
when x and y are far separated

49 /79 / /
6 Hy , v, (X XY y)

:/éﬁui®”wwwmm%m

x (2 (P)IT(J, ()1, (3))0).

where the superscript z° indicates that only the z° con-
tribution to H is represented.

(B4)

Next we use four-dimensional translational invariance
to remove the variables x and y from the two current-
current-z° amplitudes. We will also replace these two
O(4)-covariant current-current-z° amplitudes by functions
of the four momentum p = (iE, ;. p). Given the factors of
exp (ip - x) and exp (—ip - y) which appear, we can then
replace the four vector p, by —id/dx, or id/dy, as needed.

For example,

(OIT(Jy (x')J,,(x))|7°(P)) = (0| T (J ¢ (£)J,,(0)) |z°(p) ) e'P*
=F (% p)er™

0\ .
:Fy’,;l (x,—la—> e'’x, (BS)

X

where the definition of the z° transition form factors
follows Eq. (33).

Using this approach to remove the explicit dependence
of the two amplitudes on p,, we can then perform the final
step of the usual Killen-Lehman derivation and introduce
the free pion propagator
/ d3p 1 eip'(x_)’) :/ d3p ! e

(2m)32E, ; (2m)32E, ;

lﬁ(f—f’) e_Emﬁ(xt_yt)

(B6)

d*p eirxy)
gl
= Dy(x—y) (B8)

where Do(x —y) is the free Euclidean-space propagator
for a scalar particle of mass m,.

We can then rewrite Eq. (B4) in terms of F and Do to
obtain the result

. .0 . .0
6e4HZ?,ﬂ,D/,U(xl,x’y,,y) :J,Tﬂ/’” <)C,—l@> f,/’y (y,—la—)

Vu
XD o(x—y). (B9)
At this step, we have made explicit the O(4)-covariance of
the right-hand side of the equation. So this equation should
hold for an arbitrary orientation of x — y.

So far all of the steps taken have been exact. We expect the
quantity computed, the contribution of a single pion
exchange, to dominate the long distance limit in which
|x — y] is large, i.e., |x — y| = L. Now we will evaluate the
derivatives with respect to x and y which appear in these
equations but keep only the leading term in an expansion in
powers of 1/L. For example, to leading order in 1/|x — y|

0 > N 0\ ce sl
Do ()
H (0xpi H ox, ) |x—y|3?

i=1

(B10)
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i (B11)

N (_X' —_ y)pi ce_mn‘x_)"
~[](-m R

i=1 " |X_Y| |x_y

where the relation holds for arbitrary N and p; labels the
component of x appearing in the i derivative in the product
of N derivatives. Here we use the large distance behavior of

Dn”('x_y)

ce~ M=yl

Introducing this approximation into Eq. (B9), we obtain

6e47‘{”?’”.b,’y(x’, x, V., y) R F (X, im ) Fy (5, —im,it)

U

X Do(x—y). (B13)
where 71,, is the Euclidean unit vector (x —y),/|x — y|. This
is finally the equation of interest, Eq. (42), which appeared
earlier. Since the two quantities expressed in terms of the
form factor F can be evaluated from independent lattice
QCD ensemble averages, the expression on the right hand
side of Eq. (B13) can be evaluated from a standard lattice
QCD ensemble average followed by an O(4) rotation as
defined in Eq. (43), which we repeat here

f’

a(Fimgh) = Ay A

w o' P

F (&, im,1), (B14)

The O(4) rotation matrix A = A(7) and Euclidean space-
time coordinate X’ satisfy

Ouw = NNy s (B15)
n, = AM,?#,, (B16)
X =Nk, (B17)

The rotated form factor F , , (X', im, 1) follows the definition
Eq. (B5) or Eq. (33) with zero momentum 7z° state

F

p’-ﬂ(
= (0|TJ 4 (%')J,(0)|z°(p = 0))

A T E,08 (1)
i tlsep_)+°° ’

\/<T”0(tsep)”0(_tsep)>

¥, im,1)

(B18)

where 7°(t) is a zero momentum z° interpolating operator.
We use Coulomb fixed gauge wall source pion operator
in our numerical lattice calculation. The other factor
Fy (9, —im,it) can be calculated similarly.

The above procedure allows a direct calculation of the z°
contribution to the long distance part the HLbL. amplitude

without relying on any parametrization or modeling of the
7 transition form factor.

In this calculation, we employ this long-distance
n'-exchange approximation in the following region:

Rypax = max(|x —y[, [y = y[. [x =y'[) > 4 fm, (B19)

as defined in Eq. (27). This long-distance hadronic function
is then combined with infinite volume QED weighting
function for HLbL as illustrated in Fig. 8. Note that we need
to sum over all permutations of x, y,y'.

APPENDIX C: SUMMAND FITTING FORM

In Sec. IVA, we have combined the disconnected
diagrams and connected diagrams with a certain fraction
multiplied to form a,” ™" according to Eq. (29). We have
fitted the long distance behavior of this combination with
Eq. (30) and the results are shown in Fig. 6. In this
appendix, we will explore other possible fitting forms and
will also apply these fitting functions to other contributions.

The fitting forms are

(i) fitl: This is the form used in the main calculation,

same as Eq. (29).

6
R max

e—BRmaX/(fm‘GeV)
Rix + (Cfm)?

f(Rmax) = A/fm4

()
(i) fit2:
f(Rmax) - A/fm4R§naxe_BRmax/(fm'GEV) (CZ)
(iii) fit3:
f(Riax) = A/fm R ax ¢~BRuur/(fm:GeV)
' (Riax + (Cm)?)?
(©3)
(iv) fitd:
6
F(Ryw) = A/fm? R r/(mGev)
- R + (Cfm)?
(C4)
(v) fit5:
f(Rmax) = A/fm4RE’naxe_mr,Rmax/(fm~GeV) (CS)
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481 light no-pion summand +—x—

fitl
15
10}
=]
=
£ 5
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S
=
X
5
5 |
710 I
0 1 2 3 4 5

Rmax (fm)

481 light no-pion +—x—

fitl
12
10 +
g 87
£
5
(=9
-
ERR
X
S 9
0
72 1 1 1 I
0 1 2 3 4 5

Rmax (fm)

FIG. 12. Same as Fig. 6, reproduced for easy comparison with the other figures in this appendix. The fit function is Eq. (C1). The fit

starts at 0.5 fm.

(vi) fit6:
RS,
R..) = A/f max — 1ty R/ (fm-GeV)
f( ax) / m(RgnaX—F(Cfm):i)ze
(Co)
(vii) fit7:
R6
R..) =A/fm max —2m; R yax/ (fm-GeV)
SR ) = A G (T P
(C7)
(viii) fit8:
R()
R = A f max _manax/(fm'GeV)
f( max) / m(anax—f—(Cfmf)ze
(C8)
481 light no-pion summand +——x—
fit2
15 ;
10
:
£
= 0
—5t
—10 1
0 1 2 3 4 5
Rmax (fm)
FIG. 13.

where we set m, = 139 MeV and m, = 550 MeV. For
“fitl,” “fit2,” “fit3,” we always constrain the B parameter to
be larger or equal to m,.

In Figs. 12-18, we show the resulting fits along with
the data.

We also apply these fit functions to different contributions,
including the strange quark connected diagram, the light
quark connected diagrams only, and the light quark dis-
connected diagrams only. Table XI summarizes the fits. The
strange quark connected fits are displayed in Figs. 19-21
and, for the light quark connected diagrams, in Figs. 22-25.
And finally, the light quark disconnected results are shown in
Figs. 26-29. The first fit function (fitl) defined in Eq. (C1)
fits the contribution from the strange quark connected
diagrams, which are statistically very precise, very well.
While the ){?LO'R for this fit is quite large, this is mostly due to
the small statistical error for the strange quark connected
diagrams results. The difference between the fit and data for

481 light no-pion +—x—
fit2

12

—
(=2 oo f==}
P —
P ——1
[ —_ S—

a, X 100 partial-sum
=S

Do
T

0 1 2 3 4 5
Rmax (fm)

Similar to Fig. 6 but with the fit function in Eq. (C2). The fit starts at 1.0 fm.
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48I light no-pion summand ——x— 48I light no-pion +——x—
fit3 —— fit3 ———
15 T T T T 12
10
10
st
o g
g 7
g 3 =
g0 e
7 z
Om =
z T 4
= = L
0 P
S S 2|
—5}
0
~10 . . . . _9
0 1 2 3 4 5 0 1 2 3 4 5
Rmax (fm) Rmax (fm)

FIG. 14. Similar to Fig. 6 but with the fit function in Eq. (C3). The fit starts at 0.5 fm.

48I light no-pion summand ——— 48I light no-pion +——x—
fit4 —— fitd ——
15 T T T T 12 T T T T
10 + w-
10} H 4
8 E
o g X
ki I IHW A
E °T E 6t FHHRTE
E] ] Ll | [
7 g Lk
z 2 4 1
= = L
x 0 P
= S 2|
-5
0
~10 L L L L )
0 1 2 3 4 5 0 1 2 3 4 5
Rmax (fm) Rmax (fm)

FIG. 15. Similar to Fig. 6 but with the fit function in Eq. (C4). The fit starts at 0.5 fm.

48I light no-pion summand ——— 481 light no-pion +—x—
fith fith
15 T T T T 12
10
10
8 F
o g
g 7
E EN
2 z
2 A
2 T 4
= > L
0 P
S S 2|
-5}
0
~10 L L L L )
0 1 2 3 4 5 0 1 2 3 4 5
Rmax (fm) Rmax (fm)

FIG. 16. Similar to Fig. 6 but with the fit function in Eq. (C5). The fit starts at 1.0 fm.
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48I light no-pion summand +—x— 481 light no-pion +——x—
fit6

fit6
15 T T T T 12
y
10 ¢ {H X
8t e
E ] il
E st <
2 3
9 CQ VVVVV
= 9 ElR
% X
= =
N S 92t
_5 |
0
—10 1 1 1 1 -2 1 1 1 1
0 1 2 3 4 5 0 1 2 3 4 5
Rmax (fin) Rmax (fm)

FIG. 17. Similar to Fig. 6 but with the fit function in Eq. (C6). The fit starts at 0.5 fm.

481 light no-pion summand +—x—

481 light no-pion +—x—
fit7 i

fit7
15 T T T T 12
10
10 +
o g 8t
5 F 3
: e
3 g
i’m DQ
= =S 4f
x 0 S
$ S ol
5t
0
—10 1 1 1 1 -2 1 1 1 1
0 1 2 3 4 5 0 1 2 3 4 5
Rmax (fm) Rmax (fm)

FIG. 18. Similar to Fig. 6 but with the fit function in Eq. (C7). The fit starts at 0.5 fm.

48I strange con summand ——x—

481 strange con ——x—
fitl

fitl
0.3 T T T 0.35
0.25 F J 0.3 F
0.2 0.25
“r g
E 2
g - 0.2
g 015 fel
E z
2 & o015t
ER N 2
X ; 0.1k
< I
S 005 | % $
0.05
%
0 0
~0.05 s : s : ~0.05 : ' :
0 1 2 3 4 5 0 1 2 3 4 5
Rmax (fm) Rmax (fm)

FIG. 19. Similar to Fig. 6 but for the strange quark connected contriubtion with the fit function in Eq. (C1). The fit starts at 0.5 fm.
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481 strange con summand ~——x—

fit2
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03 | P 1 03
z

025 F 1 0.25

g

E g g
g 0.2 f E 733 0.2

: E
015 = 1 & 015

2 =3

= e
x 01} 1 Y o1

3 N

N S
0.05 | = 1 0.05
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481 strange con ——x—
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0 1 2 3 4
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(33

FIG. 20. Similar to Fig. 6 but for the strange quark connected contribution with the fit function in Eq. (C2). The fit starts at 1.0 fm.

481 strange con summand ——x—

fit3
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0.3 1 0.3
0.25 1 0.25
) g
g 2
g 0.2 E £ 0.2
=1 <
g k=
2 &
2015 1 2 015
o <
2 E
x 0.1 1 o 0.1
81 di
0.05 : 0.05
0 0
—0.05 - - - - —0.05
0 1 2 3 4 5

Rmax (fm)

481 strange con ——x—
fit3

RO R KR KKK

0 1 2 3 4 5
Rimax (fm)

FIG. 21. Similar to Fig. 6 but for the strange quark connected contribution with the fit function in Eq. (C3). The fit starts at 0.5 fm.

481 light con summand +——x—

481 light con ~——x—
fitl

fit1
12 . . . . 25
10 b
20
8.
?%6- %15-
£ =
E 4y g
=z £ 10}
s 2 E
» 2
X
s:LO 615-
9}
0
4}
—6 n n n n -5
0 1 2 3 4 5 0

Rmax (fm)

1 2 3 4 5
Rmax (fm)

FIG. 22. Similar to Fig. 6 but for light quark connected contribution with the fit function in Eq. (C1). The fit starts at 1.5 fm.
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481 light con summand ——— 481 light con ~——x—
fit2 fit2
12 T T T T 25 T
10
20
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FIG. 23. Similar to Fig. 6 but for light quark connected contribution with a the fit function in Eq. (C2). The fit starts at 1.5 fm.

481 light con summand ——x— 481 light con +——x—
fit3 i
12 T T T T 25 T T T T
10 |
20
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< 5
E 6 g 15
g =
=z E 10
g oy Z
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X
s 0 s 5
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FIG. 24. Similar to Fig. 6 but for the light quark connected contribution with the fit function in Eq. (C3). The fit starts at 1.5 fm.

481 light con summand +——x— 481 light con +——x—
fit8 t
12 T T T T 25
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20
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FIG. 25. Similar to Fig. 6 but for the light quark connected contribution with the fit function in Eq. (C8). The fit starts at 1.5 fm.
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481 light discon summand +——x— 481 light discon +——x—
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FIG. 26. Similar to Fig. 6 but for the light quark disconnected contribution with the fit function in Eq. (C1). The fit starts at 1.5 fm.

481 light discon summand +——x— 481 light discon ——x—
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FIG. 27. Similar to Fig. 6 but for the light quark disconnected contribution with the fit function in Eq. (C2). The fit starts at 1.5 fm.
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FIG. 28. Similar to Fig. 6 but for the light quark disconnected contribution with the fit function in Eq. (C3). The fit starts at 1.5 fm.
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481 light discon summand +——x—
fit8

15

10

S}
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FIG. 29. Similar to Fig. 6 but for the light quark disconnected contribution with the fit function in Eq. (C8). The fit starts at 1.5 fm.

these strange quark connected diagrams results is much
smaller than the needed precision for the fit for the light no-
pion combinations. Based on the comparison of qualities of
all the fits performed, we chose fitl defined in Eq. (C1) as the
central value for the tail part of the light quark no-pion
contribution in our main calculation described in Sec. IVA.

For the light quark no-pion long-distance contributions,
we observe roughly 100% variation about the central value
(“fit1”), which is the reason for the 100% systematic
uncertainty assigned to the contributions “48I light no-
pion R, > 2.5 fm” and “48]I light no-pion R, > 2 fm”
in Table II. Note that the fit3 result for “48I light no-pion”

has large statistical uncertainty. This is due to the fact that
the data does not constrain the exponent B very much, in
contrast to fit6 and fit7 which describe the data well. Since
the intermediate states should have at least energy 2m,, we
view the results from fit7 to be the upper bound for the
fitting form fit3, which falls into the range of the results
obtained with fitl and the 100% systematic uncertainty
based on the other fits.

From Table XI, we observe that the fits to the long
distance parts of “48I light con” and “48]I light discon” are
very unreliable. Note that the statistical error for the
connected diagrams and disconnected diagrams are almost

TABLE XI. The long distance part of the a,”™*" x 10'° as defined in Eq. (29) from different fits to the 48I
ensemble data. The numbers in parentheses are statistical uncertainties. We perform uncorrelated fit for the
summand. The minimized ;(ﬁ_o'f' is shown in the table. We also calculated the p-value using the method invented in
Ref. [74], which allows a correct p-value determined for uncorrelated fits. In addition to the light no-pion
contribution, we also perform the relevant fit to the data from stanage quark connected diagrams, light quark
connected diagrams, and light quark disconnected diagrams. The contributions from the 481 strange quark
connected diagrams are much smaller compared with other quantities. We multiply them by a factor of 1000 to fit

them in this table.

Contribution name Form Fit range/fm )(ﬁ}o'f' p-value A B C
481 light no-pion Fitl 0.5-4.0 0.94 0.305 130.57748 0.62982 0.66432
481 light no-pion Fit2 1.0-4.0 0.85 0.481 102.07658 0.61515 ‘e
481 light no-pion Fit3 0.5-4.0 1.20 0.110 25.57747 0.24408 0.70365
481 light no-pion Fit4 0.5-4.0 1.04 0.274 76.96882 e 0.55112
481 light no-pion Fit5 1.0-4.0 0.95 0.433 69.98107 e
48I light no-pion Fit6 0.54.0 1.56 0.031 275.93065 0.98944
481 light no-pion Fit7 0.5-4.0 1.18 0.160 32.61837 0.73081
481 strange con Fitl 0.5-4.0 17.72 0.000 18.07733 0.76754 0.64582
481 strange con Fit2 1.04.0 39.77 0.000 13.62403 0.74617 o
481 strange con Fit3 0.54.0 79.03 0.000 15.87426 0.53922 0.94749

(Table continued)
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TABLE XI. (Continued)

Contribution name Form Fit range/fm Lok p-value A B C
481 light con Fitl 1.54.0 1.25 0.088 12.77979 0.26616 —0.59554
481 light con Fit2 1.54.0 1.20 0.168 14.56237 0.27545 e
481 light con Fit3 1.5-4.0 1.67 0.024 50.98630 0.13900 1.34340
481 light con Fit8 1.5-4.0 1.60 0.042 50.98629 e 1.34340
481 light discon Fitl 1.54.0 1.17 0.162 —43.31953 0.32417 2.85847
481 light discon Fit2 1.5-4.0 1.48 0.060 —1.92375 0.16497 e
481 light discon Fit3 1.54.0 1.12 0.212 —495.03384 0.22956 2.81122
481 light discon Fit8 1.5-4.0 1.10 0.210 —72.47126 o 2.18553
Contribution name Form Ry >4 fm Ry > 2.5 fm Ry > 2.0 fm
481 light no-pion Fitl 0.01(0.02) 0.32(0.24) 0.89(0.48)
481 light no-pion Fit2 0.01(0.02) 0.32(0.21) 0.85(0.40)
481 light no-pion Fit3 0.15(0.27) 0.92(0.76) 1.67(1.02)
481 light no-pion Fit4 0.03(0.00) 0.63(0.04) 1.46(0.09)
481 light no-pion Fit5 0.03(0.00) 0.58(0.04) 1.34(0.08)
481 light no-pion Fit6 0.00(0.00) 0.09(0.01) 0.32(0.05)
481 light no-pion Fit7 0.08(0.01) 0.66(0.06) 1.31(0.12)
481 strange con x1000 Fitl 0.06(0.00) 5.90(0.06) 22.72(0.15)
481 strange con x1000 Fit2 0.08(0.00) 6.13(0.05) 22.64(0.14)
48I strange con x1000 Fit3 0.10(0.00) 5.79(0.05) 21.40(0.14)
481 light con Fitl 4.96(2.11) 13.14(3.04) 16.69(3.08)
481 light con Fit2 4.43(1.06) 12.40(1.86) 15.96(2.00)
481 light con Fit3 4.14(0.48) 11.01(1.00) 14.54(1.17)
481 light con Fit8 4.14(0.39) 11.01(0.93) 14.54(1.12)
481 light discon Fitl —3.13(4.06) —9.21(5.04) —11.20(5.07)
481 light discon Fit2 —13.23(6.56) —19.61(7.61) —21.27(7.70)
481 light discon Fit3 —2.76(2.33) —8.73(3.50) —10.78(3.57)
481 light discon Fit8 —5.22(1.84) —11.46(3.08) —13.46(3.24)

independent. If we fit the contributions from the connected
and disconnected diagrams individually and add the results,
the statistical error will approximately add up in quadrature.
The difficulty of fitting the contributions from the individ-
ual connected and disconnected diagrams is likely due to
the long tail from 7° exchange. The large statistical and
finite volume error in the long distance region make it hard

to quantify the size of this long tail. However, combining
them to form the “light no-pion” contribution with Eq. (29)
cancels the long distance 7° exchange contribution entirely,
making the fit much more reliable. Still, we found some
fitting form dependence even after the cancellation of the
¥ exchange contribution, which we accommodate with the

100% systematic uncertainty estimated previously.
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