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Efficient Qubit Calibration by Binary-Search Hamiltonian Tracking
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We present and experimentally implement a real-time protocol for calibrating the frequency of a
resonantly driven qubit, achieving exponential scaling in calibration precision with the number of
measurements, up to the limit imposed by decoherence. The real-time processing capabilities of a
classical controller dynamically generate adaptive probing sequences for qubit-frequency estimation.
Each probing evolution time and drive frequency are calculated to divide the prior probability
distribution into two branches, following a locally optimal strategy that mimics a conventional binary
search. The scheme does not require repeated measurements at the same setting, as it accounts for
state preparation and measurement errors. Its use of a parametrized probability distribution favors
numerical accuracy and computational speed. We show the algorithm’s efficacy by stabilizing a flux-
tunable transmon qubit, leading to improved coherence and gate fidelity. As benchmarked by gate set
tomography, the FPGA-powered control electronics partially mitigates non-Markovian noise, which
is detrimental to quantum error correction. The mitigation is achieved by dynamically updating
and feeding forward the qubit frequency. Our protocol highlights the importance of feedback in
improving the calibration and stability of qubits subject to drift and can be readily applied to other

qubit platforms.

I. INTRODUCTION

Quantum processing units (QPUs) with tens of qubits
are becoming increasingly common [1]. Efforts to reduce
error rates have resulted in the first demonstrations of
quantum error correction [2, 3], though these advances
come with costly calibration overhead as the number of
qubits increases. Temporal instability in QPUs arises
from numerous stochastic noise channels [4], and the
lowest-performing outlier qubits often limit overall per-
formance [5]. Tackling time-dependent fluctuations and
outlier qubits in large QPUs requires scalable and effi-
cient calibration methods to ensure stable, fault-tolerant
operation while minimizing calibration downtime. We in-
troduce here a protocol that features exponential scaling
of the calibration precision versus the number of measure-
ments until it is limited by decoherence. This scaling is
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the result of a locally optimal strategy that maximizes
the expected precision for the next measurement.

Online Hamiltonian learning [6] offers a promising
strategy for addressing drifts in stochastic qubit parame-
ters through real-time estimation [6-13], facilitated by
modern field-programmable gate array (FPGA) hard-
ware advancements. Although various estimation meth-
ods [14-17] have been proposed to enhance calibra-
tion efficiency, no experimental implementation has yet
achieved real-time adaptive estimation in a resonantly
driven qubit with a parametrized probability distribu-
tion. This work fills the gap by the experimental demon-
stration of a real-time Bayesian estimation approach ap-
plied to a superconducting qubit.

To demonstrate the adaptive and efficient calibration
protocol, we employ a flux-tunable transmon qubit [18,
19]. Transmons are largely insensitive to charge noise by
design. The tunable qubit frequency is controlled by a
magnetic field and it is susceptible to random flux varia-
tions, known as flux noise. Typically, flux-tunable trans-
mons are thus operated at bias points (sweet spots) that
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FIG. 1. Qubit implementation and frequency binary
search. (a) Experiment schedule, alternating between peri-
ods of quantum information processing (dashed box), and pe-
riods for efficiently calibrating the qubit frequency (gray box).
The transmon (Qubit) is controlled by microwave pulses (XY)
that are based on previous qubit measurements (Readout).
(b) Evolution of the probability distribution P(e¢) during the
frequency binary search algorithm. For each Ramsey probing
cycle, the probing time and frequency detuning are chosen
such that the two possible likelihood functions (dash—dotted
lines) multiplied with the prior distribution (dashed) yield
posterior distributions (solid) that are shifted left or right,
while the standard deviation is reduced (see main text). (c)
The controller updates the probability distribution after each
measurement. The dots show the resulting expectation value
(e) and the shaded area marks the 68% credible interval.

are first-order insensitive to small flux changes. How-
ever, operating them away from these bias points may
be necessary to reduce frequency crowding in large qubit
arrays [20, 21] or minimize coupling to two-level fluctu-
ators. To maintain high-fidelity operation despite the
increased sensitivity to flux noise, one may use real-time
frequency estimation and stabilization [22].

The so-called frequentist approach is the most com-
mon method for estimating fluctuations in Hamiltonian
parameters of superconducting qubits. Frequentist esti-
mation methods infer an observable from the observed
frequencies of measurement outcomes in repeated exper-
iments and they do not yield an exponential scaling with
the number of measurements. For instance, in Ref. [22]
the qubit frequency fluctuation is computed in real time
by repeated Ramsey interferometry cycles. In the prob-
ing Ramsey cycle, the Bloch vector is initialized on the
equator of the Bloch sphere, evolves under its Hamilto-
nian, and is projected back onto the Z-axis after a fixed

(non-adaptive) evolution time. The measurement out-
come is averaged over many probing cycles. The frac-
tion of times the system is measured in the excited state,
for instance, is linearly mapped to the qubit frequency
fluctuation, as further detailed in the next section. The
drawbacks of such frequentist methods are that (i) they
are not optimally efficient, (ii) there is a trade-off be-
tween frequency sensitivity and probing range, and (iii)
the qubit must already be approximately calibrated for
the stabilization to work. In contrast, a Bayesian es-
timation approach assigns probabilities to hypotheses
and naturally incorporates real-time optimization tech-
niques [6, 8, 9, 12, 13]. At any given time, the cur-
rent knowledge of the parameters can be used to adap-
tively select the optimal experimental settings for the
next probing cycle. While such techniques have been
widely adopted in nitrogen-vacancy centers and semicon-
ductor spin qubits over the past decade, they have not
been similarly applied to superconducting qubits.

In this work, we employ an adaptive Bayesian estima-
tion scheme to calibrate a transmon qubit, which circum-
vents the limitations of the frequentist approach men-
tioned above. Our protocol involves programming a com-
mercial controller with an integrated FPGA to generate
dynamic microwave pulses, enabling real-time qubit fre-
quency calibration through a binary search algorithm in-
spired by Ref. [23]. We use the real-time capabilities of
the controller (on the qubit coherence timescale) to select
optimal parameters within an adaptive estimation cycle.
Specifically, the controller dynamically adjusts the drive
frequency and the evolution time of each probing cycle
based on previous measurement results. We demonstrate
the algorithm’s efficacy through improved effective qubit
coherence T3 and fidelity.

While the majority of theoretical research concentrates
on Markovian noise [24], non-Markovian noise sources
such as 1/f flux noise, which exhibit memory effects, are
common in solid-state qubit platforms [13]. They intro-
duce significant overhead for error mitigation [25, 26],
their dynamical decoupling [27, 28] is not universally
effective and may not align with specific experimen-
tal goals. In order to realize fault-tolerant quantum
computing with error-corrected solid-state qubits, non-
Markovian noise likely needs to be reduced or elimi-
nated [29]. We show how our real-time frequency track-
ing protocol reduces such noise as validated by gate set
tomography [30], whereas Ref. [22] relied solely on ran-
domized benchmarking [31]. While randomized bench-
marking blends the non-Markovian noise with other er-
ror types by introducing random gate sequences, gate set
tomography assumes Markovian noise and can therefore
detect non-Markovianity in the system through model vi-
olations. Our scheme enables intermittent and efficient
calibration of qubit frequencies, making it ideal for stable
quantum circuit execution in the presence of drift.



II. METHOD

A. Device

We use a 2 x 2 superconducting qubit array operated
at the mixing-chamber stage (below 30 mK) of a dilution
refrigerator. The array design is based on Ref. [32], and
we calibrate one of its flux-tunable transmon qubits.
A commercial controller (Quantum Machines OPX+
and Octave) applies high-frequency waveforms to the
lines for qubit control and single-shot readout. A
Yokogawa GS200 provides the DC flux bias through
a bias-tee at room temperature (see the Supplemental
Material [33] for details on the experimental setup).
The transmon comprises a DC SQUID with asym-
metric junctions, and on-chip Z and XY control lines
[see Fig. 1(a)]. The qubit is dispersively coupled to
a coplanar waveguide resonator for state readout [18, 19].

The real-time calibration we develop here can be em-
bedded in an operation loop as sketched in Fig. 1(a).
The calibration protocol is used to estimate the qubit
frequency, after which the resulting estimate is used to
adjust the frequency of the drive accordingly, leading to a
decreased sensitivity to flux noise during qubit operation.

Our goal is to compensate for qubit frequency fluc-
tuations particularly when it is operated away from the
sweet spot. Thus we tune the transmon where the ef-
fect of flux noise is the strongest, at ®oxr = $g/4, where
®y = h/(2e) is the superconducting magnetic flux quan-
tum and Pyt is the external magnetic flux applied via a
mutual coupling to the Z line. Our qubit nominally has
a transition frequency fq ~ 3.78 GHz and in the rotating
frame its Hamiltonian is

H(t)  Af—e(t)

1
h 5 7= (1)

where o, is the Pauli z-matrix, Af = fq — fq is the
frequency detuning between f, and the chosen rotat-
ing frame frequency f4q, and &(t) represents the time-
dependent shift of the qubit frequency due to flux noise.

B. Frequency binary search by Bayesian estimation

The frequency binary search (FBS) algorithm involves
a Ramsey probing cycle where the qubit is first prepared
in a superposition state [¢)) = (|0) —i|1)) /v/2 using a
X /2 rotation around the Z-axis of the Bloch sphere. The
state preparation is followed by a period of free evolution
for a duration 7, during which the qubit state acquires
a phase ¢ = 2m [ 6,(t')dt’, where 64(t) = Af — &(t).
A second X/, pulse is then applied, and the state of
the qubit is measured using dispersive readout. By the
quasistatic noise approximation, we assume &(t) to be
constant on the scale of a few probing cycles, resulting in
¢ = 2n[Af — e(t)]7. In the following, we drop the time
dependence of £(t) for ease of notation.

We assume that the probability of measuring an out-
come m € {—1,1} corresponding to the states |0) and |1)
is given by the likelihood function

P(mle,Af,T) = % + %{a + Be™ /T cos [2n(Af — &)7]},

(2)
where the parameters a = —0.02 and 8 = 0.6 are coeffi-
cients that together capture state preparation and read-
out errors, while T" describes a coherence time that limits
the duration of the evolution time 7 (see the Supplemen-
tal Material [33] for further details on how they impact
the algorithm performance). We set 7' = 10 ps based on
the Hahn echo coherence time Tog ~ 121s. We choose
a value slightly lower than the estimated Tbg to be on
the safe side in case the intrinsic decoherence rate fluc-
tuates on longer time scales. For reference, Ty = 42 ps at
Doyt = 0. The qubit fluctuation e is what we want the
controller to estimate.

We emphasize that in this experiment the controller
adaptively computes in real time both the Ramsey evolu-
tion time 7 and the drive frequency fq (and thus Af) for
each probing cycle. This differs from previously employed
approaches where (i) the evolution time 7 is fixed [22] and
(ii) only either the evolution time 7 or the effective rotat-
ing frame frequency is chosen adaptively [8, 12, 34, 35].

Adaptive control of the phase theoretically allows for
one bit of information to be gained per experiment in an
error-free qubit. The estimation begins with the longest
sensing time, which corresponds to the smallest frequency
sensitivity [36], and proceeds with shorter sensing times
that yield larger frequency resolutions. To improve ro-
bustness against experimental errors, the strategy can be
modified by repeating measurements with reduced infor-
mation gain per measurement [37, 38], which has been ex-
perimentally demonstrated using nitrogen-vacancy cen-
ters [34, 39, 40]. However, this phase estimation ap-
proach presents some limitations: (i) an extensive param-
eter search is required to determine the optimal number
of repetitions for each sensing time [34], (ii) a Bayesian
approach would yield a multi-modal probability distribu-
tion that requires many more than two parameters to be
stored in memory, and (iii) the estimate becomes only
useful after the very last cycle.

We also highlight that using a fixed evolution time 7
in non-adaptive probing cycles [22] limits the frequency
range to (f%, +%] , which results in a trade-off between
range and frequency sensitivity. This trade-off does not
apply to the binary search algorithm introduced here.

In the quasistatic approximation, we want to find the
optimal sequence of 7’s and f4’s to estimate € in as few
measurements as possible. Using Bayes’ rule we write

Pry1(e) < Pr(e)P(mpt1le, Afny1, Tns1), (3)

where P, (g) denotes the probability distribution for e
after the n*" probing cycle, which thus depends on all
previously used A f; and 7; and all measurement outcomes
m; (i.e., i < n).



(a) Estimate frequency

(b) Ramsey with feedback

(c) Ramsey without feedback

— N =8 M M
Tit+1/ Ale
__|_|Ramsey Ramsey (] Ramsey
v, 80 [17]1 s e L S e ] o L A e |
m, __FBS p; o
— 3.4 us
<
Ramse |
o e e B e
flip O no flip I flip O no flip M
40 40— e e 40— - == = =
0 30 0 301 = == G 30— = =
(4] Q = = = ) = = =
E E =—F : E = =
> > i = = > EL = =
§ 20f § 20 = 3 : § 0EEE =
S © = © =
2 S = = S z =
8 & § B = k& ==
10 10 10 =
1 1 S = ——
> (I?Hz) > Bhe Tem 557 s 0.8 Ti®3.73us
o 0.6 3 0.6
< 0.4 S 54
0.2+ 1 1 1 0.2 1 1 1
2 4 6 2 4 6
7 (Ws) Tk (ps)

FIG. 2. Frequency binary search validation by suppressed dephasing of a qubit in a feedback-controlled rotating
frame. (upper diagram) One loop (solid arrows) represents one repetition of the protocol. (a) For each estimate of the frequency
shift e, the controller uses N = 8 Ramsey probing cycles with adaptive probe times 7; and detuned frequencies Af;, computed
in real time. Bottom panel: (g) (solid line) and 68% credible interval (shaded area) of the final probability distribution Ps(e) of
all estimates performed during the ~ 41.5s of the experiment. (b) After each estimation, we task the controller to perform a
Ramsey cycle with evolution time 7;, while setting Af; = 1 MHz by adjusting fq using the latest estimate (). These interleaved
FBS estimations and Ramsey cycles are repeated M = 50 times with evenly spaced 7;. Single-shot measurement outcomes
p; are plotted in the middle panel as white/black pixels, and the fraction of flipped outcomes in each column is shown as a
blue dot in the lower panel. (c) Subsequently the controller resets all frequencies to the offline-calibrated values, i.e., assumes
(e) = 0, and performs again M = 50 evenly spaced Ramsey cycles of set Af, = 1 MHz. Single-shot measurement outcomes g
are plotted as white/black pixels in the middle panel, and the fraction of flipped outcomes in each column is shown as a red

dot in the lower panel. Comparing (b) to (c), the coherence time improves by ~ 49% with feedback.

In the following we assume P,(g) to be a Gaussian,
which well approximates the actual distribution (see the
Supplemental Material [33] for more details). The ad-
vantage of using the Gaussian approximation is that it
allows the distribution to be conveniently described us-
ing just two parameters: the mean p and the standard
deviation o.

For each individual probing cycle, to minimize the ex-
pected posterior variance, in a greedy approach the opti-
mal experiment (7, Af) is the one that divides the prior
distribution into equal (or approximately equal) left and
right portions [see Fig. 1(b)] so that a half period of
Eq. (2) is comparable to the width of the prior distri-

bution, performing something similar to a binary search
partitioning [41]. The approach of using Gaussians and
partitioning the posterior distributions in a similar fash-
ion was introduced by Ref. [23]. However, in that case,
the lack of phase control in the likelihood prevents the
algorithm from determining the sign of €, making it inef-
fective for priors where p/o — 0 [42]. While fitting to a
bimodal Gaussian has been suggested as a solution [43],
this approach still does not resolve the ambiguity of the
sign. In this work, we address both aspects by dynam-
ically updating fg (and thus Af) in real time on the
controller. This allows the controller to consistently use
the optimal likelihood function and perform the most ef-



ficient estimation using only a Gaussian distribution.

Two steps are needed to implement the binary search
in the controller. The first step is to determine opti-
mal experiment parameters 7 and Af based on the prior
distribution. Then, one must approximate the resulting
posterior P, +1(¢) to a Gaussian. This can be done using
equations implemented directly on the controller in real
time.

The prior distribution, dashed black line in Fig. 1(b),
in the Gaussian approximation is given by

S RCIIK

where p,, is our guess for what ¢ is with uncertainty o,.
In order to separate the prior at the center by the likeli-
hood functions, the detuned frequency must satisfy

+ fin, (5)

where [ can be any integer number; we set it to be zero.
While this is formally the optimal solution for av = 0, it
is a reasonable approximation for the optimum at other
realistic values of «. Given this constraint, the optimal
evolution time 7 that minimizes the posterior variance is
given by:

V167202 +1/T2 —1/T (©)
T+l = .
s 8202
After measuring m,,+1 = £1, the posterior distribution is
obtained by using Eq. (3), after which it is fit to a Gaus-
sian using the method of moments, i.e., by calculating its
mean and variance [23]
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(14 mn 1)

and using these values to construct the new prior to be a
Gaussian distribution with mean and variance p,,+; and
o2, [see Fig. 1(b)]. This scheme is repeated N times to
obtain a sufficiently narrow distribution with exponen-
tial scaling with the number of measurements given by
Eq. (7b) [44].

In Fig. 1(c) we illustrate the resulting evolution of
Pn(e) as a function of the measurement number n for
one representative estimation sequence, with an initial
prior with 09 = 1MHz and pyg = 0, and N = 15.
The black dots show the expectation value (), and the
shaded area indicates its 68% credible interval, narrowing
here down to 67 kHz after 15 measurements in less than
100 us. With similar parameters, this efficient frequency
estimation could replace currently used periodic calibra-
tion routines by narrowing the qubit frequency within

a user-defined error budget. As the FBS relies only on
single-qubit operations, it can be extended to multi-qubit
systems without introducing additional overhead.

In the following, we optimize the number of single-
shot measurements N we use based on the specific ex-
periment we are performing. We test the performance of
the FBS by performing Ramsey repetitions to verify that
it finds the correct qubit frequency, and we use random-
ized benchmarking and gate set tomography to assess the
impact of the FBS on the qubit fidelity and drift. We em-
phasize again that the goal of these experiments is not to
increase qubit coherence time or fidelity as much as pos-
sible, but simply to confirm that the information gained
from the FBS is most likely correct.

ITII. RESULTS
A. Qubit coherence time T5

We thus validate the FBS by rapid estimation of the
shift of the qubit frequency € and demonstrating an ex-
tended coherence of the flux-tunable transmon qubit.

The fluctuating parameter ¢ is estimated from the
probing sequence shown in the top part of Fig. 2(a): For
each probe cycle, the Bloch vector is positioned on the
equator using an X/, pulse. After precessing for a time
Ti, a virtual Z(Af;) gate [45] is performed, introducing
a phase offset ¢ = 2wAf;7;. Here, virtual means that
the phase offset is added to the subsequent X 5 pulse,
which projects the Bloch vector back onto the z-axis. The
virtual Z gate controls the phase Afr of the likelihood
function [Eq. (2)] based on Eq. (5). This is followed by
a measurement, after which the qubit state s;, ground
(s; = 0) or excited (s; = 1), is assigned by thresholding
the demodulated dispersive readout signal on the con-
troller.

The Bayesian probability distribution of ¢ is updated
after comparing the measurement outcome s; to the pre-
vious one s;_1, as we do not initialize the qubit to the
ground state at the beginning of each cycle to reduce the
probing cycle period (thus yielding higher feedback band-
width). It follows that in Eq. (2) m; = 2|s; — s;—1| — 1.
For instance, if in the previous measurement the qubit
was in the ground state s;_; = 0 and now it is in the
excited state (s; = 1) then m; = +1. The duration
of the probe cycle is short compared to the measured
T1 ~ 80pus at quarter flux: the average Ramsey evolu-
tion time is ~ 4.36 ps, the time used to read out the
qubit is 1.44 s, and the time used to subsequently cool
down the resonator again (to deplete it from any residual
photons after the readout pulse) is & 2 ps.

The controller is programmed to start from a prior with
o = 0 and o9 = 30kHz based on previously measured
qubit frequency fluctuations. After each measurement,
the controller updates the probability distribution, re-
sulting in a narrowing of the width of the distribution
[cf. Fig. 1(c)]. In the middle panel of Fig. 2(a) we plot



the experimentally found final posterior probability dis-
tributions Py (g) from all estimations done in the full
experiment, where we consistently use N = 8 measure-
ments per estimation sequence. For plotting clarity we
down-sample to ~ 14 ms.

To confirm that these narrowed distribution functions
indeed represent more accurate and correct knowledge
about ¢, we interleave the estimations with a series of
Ramsey repetitions, half of them making use of the out-
come of the estimations and half of them not, as shown
schematically in the upper part of Fig. 2. After each es-
timation sequence of €, the controller updates the qubit-
frequency parameter fy (in software) to compensate for
the estimated shift (), so that the total expected de-
tuning becomes Af; — (¢) = 1MHz. Then it performs
one Ramsey cycle with evolution time 7;, after which it
again estimates €. The intentional detuning of 1 MHz
applied via the virtual Z gate improves the visibility of
the Ramsey fringes, making them easier to fit. This cycle
is repeated M = 50 times, while 7; is increased linearly
from 0 to 7yus. Each row in the middle panel of Fig. 2(b)
shows the result of one such set of 50 Ramsey cycles,
where we plot all single-shot measurement outcomes p;
as white/black pixels. After each set of M = 50 Ramsey
cycles with feedback, the controller resets f; (in software)
to the offline-calibrated value, tuning to Af;, = 1MHz.
It then performs the same series of 50 Ramsey cycles as
before, linearly stepping the evolution time 73 from 0 to
7ps. The rows in the middle panel of Fig. 2(c) show
the single-shot measurement outcomes of this part of the
protocol. After completing the Ramsey cycles without
feedback, the whole protocol is repeated, as indicated in
the top of Fig. 2, starting with a new estimation of . In
the new estimation sequence, the controller starts from
a prior with pg equal to the estimated € of the previous
sequence.

To highlight the effect of the feedback, we plot the
averages of all Ramsey repetitions in the lower pan-
els of Fig. 2(b,c). In both cases, we fit the decay-
ing signal using Gaussian envelopes (solid line), yield-
ing Ty = (3.73 £ 0.11) ps without feedback and Ty =
(5.57£0.09) ns with feedback, corresponding to a ~ 49%
improvement when including feedback. This increased
coherence of the qubit demonstrates that the narrowed
distribution function obtained from the estimation pro-
cedure indeed reflects more accurate knowledge about
the fluctuating parameter €. Notably, our approach re-
quires fewer single-shot measurement outcomes (N = 8)
compared to N = 20 of Ref. [22]. The T coherence
time achieved with feedback is ultimately limited by the
Hahn echo value due to the lower bandwidth of the feed-
back loop (approximately 16 kHz for N = 8), compared
to the much higher bandwidth of the dynamically de-
coupled Ramsey (1/7 £ 100kHz). This explains why
the Hahn echo is less sensitive to quasistatic fluctuations
than the feedback-stabilized Ramsey experiment.

We perform another experiment for 6 hours, from
which we extract the noise power spectral density and
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FIG. 3. Frequency binary search validation by ran-
domized benchmarking. (a) A randomized benchmarking
repetition of length Ls combined with the FBS feedback (with
N = 15 probing cycles). (b) Randomized benchmarking is
repeated 44 times with the feedback (blue dots) and without
(red dots). The native gate errors are extracted from the fit
to the data, which consists of 10,000 realizations of 30 ran-
dom Clifford sequences with and without the feedback. The
error bars show the 68% confidence interval for the fitted gate
error. Dashed lines are the averaged gate infidelities.

show that the FBS keeps track of the qubit frequency
also over longer time scales (see the Supplemental Ma-
terial [33]). Overall, the results presented in this section
show how the FBS can efficiently find and stabilize the
qubit frequency.

B. Single-qubit gate fidelity

In this section we further validate the FBS calibration
by showing improvement of the single-qubit gate fidelity
by randomized benchmarking (RB) [31].

The pulse sequence is shown in Fig. 3(a): the controller
resets the qubit-frequency parameter f; (in software),
and it performs the FBS with N = 15 probing sequences,
starting with po = 0 and o9 = 200kHz [46]. At the end
of the estimation, f, is updated (in software) and an RB
sequence of depth Lg is performed. An interleaved RB
measurement without feedback follows by resetting the
qubit frequency to the offline-calibrated value. The max-
imum circuit depth (Lmax) is 2,300, and the repetition is
averaged 10,000 times. We implement DRAG (derivative
reduction by adiabatic gate) for our 20 ns-long pulses to
suppress leakage errors [18, 19] in the RB experiment. As
with the previous experiment, the qubit is not initialized
in the ground state at the beginning of each cycle; the
controller keeps track of whether the state is different or
not compared to the previous measurement. Every 1,000
averages, the threshold that classifies the demodulated
dispersive readout signal is updated online in the con-



troller by taking the average of 10,000 single-shot mea-
surements after performing an X /5 pulse to the qubit.

The controller performs the RB experiment for 6 hours,
yielding a native gate infidelity of (7.6 £ 0.3) x 1074
without feedback and (6.9 £ 0.2) x 10~* with feedback
[dashed lines in Fig. 3(b)]. The single-qubit gate infi-
delities are higher than the decoherence limit [47] ap-
proximated by tgate(1/T1 + 1/Ty)/3 ~ 6 x 1074, given
tgate = 20ms, T7 ~ 80 ps and the exponential part of the
pure dephasing time Ty ~ 13ps. The feedback proto-
col always performs better than without feedback, and
with less spread around the mean value as a result of
the stabilization. Some of the drifts of the infidelity re-
main correlated, which we tentatively attribute to other
factors (e.g., changes in T7). The improved fidelities of
single-qubit gates by feedback by interleaved RB are pre-
sented in the Supplemental Material [33]. We attribute
the smaller relative improvement in the single-qubit gate
qubit fidelity, compared to coherence in the previous sec-
tion, to the larger final value of ony—15 ~ 90kHz, as op-
posed to ony—g &~ 24kHz, which resulted from different
initial prior distributions.

C. Reduction of non-Markovian noise

So far, we have demonstrated an efficient qubit cali-
bration protocol by instructing a controller to generate
adaptive probing sequences in real time. The calibration
has been validated by improved coherence and fidelity.
Next, we investigate if our estimation protocol also re-
duces the non-Markovian noise in the system, this time
estimated by gate set tomography (GST) [30]. While
GST has been employed to validate the mitigation of
drifts in semiconductor spin qubits [13] by real-time es-
timation, we present its application for validating drift
mitigation in a superconducting qubit by real-time feed-
back.

GST is a calibration-free method for benchmarking
and characterizing operations in a quantum processor
and we implement it by using the pyGSTi [48] software
package. GST relies on running circuits designed to
amplify certain types of errors. Each circuit, as shown
in the right panel of Fig. 4(a), consists of the gate to be
characterized, {G1, Gx, Gy, GxGy, GxGxGy} (the germs),
sandwiched between two fiducial circuits from the set

{L X7r/27Y7r/27X7r/2X7r/25X7r/2X7T/2X7r/27Y7r/2Y7r/2Yﬂ'/2}~

These are applied to the qubit after initialization, to
generate the state p;, and before the measurement in the
computational basis, to measure the operator £;. The
variable Ly is the maximum depth used to construct the
base circuit from the germ [30]. By running the circuit
multiple times, we extract the measurement probabilities
P;; = Tr{E;G[p;]}, which are then fitted to the error
model, providing a maximum likelihood estimator of the
transfer matrix for all of the gates. The quality of the fit
can be used to detect violations of the Markovian model
of the noise [30, 49].

We incorporate the feedback loop inside the GST pro-
tocol using the scheme shown in the left panel of Fig. 4(a),
implemented on the controller. We find suitable pa-
rameters for testing the FBS to be N = 6 per estima-
tion sequence with feedback, with initial uo = 0 and
o9 = 30kHz. Each repetition is executed 100 times
for each of the 616 sequences constructed for GST. In
the new estimation sequence, the controller starts from
a prior with ug equal to the estimated e of the previous
repetition.

The measured discrepancy between the Markovian
model and the data (2Alog Ls as defined in Ref. [30])
is shown in Fig. 4(b) using the color of the squares: The
grayscale is used to reflect the total discrepancy and a red
color signals a model violation, indicating non-Markovian
noise at 95% confidence interval. The rows and columns
of the inner matrices represent the fiducial operations
used for state preparation and measurement respectively.
For the data with feedback, represented in the right panel
of Fig. 4(b), a clear decrease in the number of red squares
in comparison to the feedback-free result of the left panel
is visible.

To further quantify the reduction of non-Markovian
noise, the controller repeats the GST experiment 30
times, spanning a laboratory time of 40 minutes. In
Fig. 4(c), we plot, as a function of the maximum length,
the total violation of the model. While there is no clear
improvement for maximum lengths of 1 and 2, it is ev-
ident for longer sequences. As shown in the Supple-
mentary Material [33], feedback allows to significantly
decrease the amplitude of non-Markovian noise, identi-
fied as frequency fluctuations below the inverse of feed-
back timescale. It complements the previous analysis
of gate set tomography data, which is consistent with
the expectation that longer circuits are more sensitive
to non-Markovian noise [30]. We attribute the residual
discrepancy between the model and the data, especially
where the Gy germ is used, to larger || fluctuations not
captured by the chosen initial prior distribution Py(e).
Further improvements would require a more quantitative
analysis of the trade-off between the initially chosen un-
certainty, the estimation bandwidth, and the white noise
floor of the estimation method (see the Supplemental Ma-
terial [33]).

Regarding gate performance, the GST protocol yields
an X, o-pulse infidelity of (2.6 + 0.3) x 1072 and for
the Y, /o-pulse (1.6 +0.3) x 1072, both with and with-
out feedback. These values are two orders of magnitude
larger than those reported by RB, which further suggests
the dominant role of coherent noise, to which RB is less
sensitive [50]. In summary, the decrease in Markovian
model violation for longer GST sequences indicates that
the FBS feedback protocol mitigates a significant portion
of non-Markovian noise.
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FIG. 4. Gate set tomography and model violation. (a) A gate set tomography (GST) sequence combined with the FBS
feedback (with N = 6 probing cycles). (b) Model violation plot without (left) and with (right) FBS feedback. The red marks
reveal detection of model violation at a confidence level of more than 95% and the gray boxes indicate statistical fluctuations.
(c) The FBS feedback decreases the total amount of the log-likelihood ratios 2Alog L at maximum lengths of 4, 8, and 16,
extracted from 30 GST runs. Error bars show the 68% credible interval.

IV. OUTLOOK

Our work presents the experimental demonstration of a
greedy adaptive Bayesian estimation protocol for the fre-
quency of a resonantly driven qubit, improving its per-
formance using only N = 6 single-shot measurements
leveraging the exponential scaling of the algorithm with
the number of measurements. This small number is to
be compared with the tens [22] or hundreds of single-shot
measurements of previous works [6, 13, 51] in resonantly
driven qubits. Our approach reduces qubit-frequency
drift by real-time Bayesian estimation and feedback, im-
plemented via a low-latency FPGA-based qubit control
system.

The binary search estimation algorithm allows control
pulses to compensate for qubit frequency fluctuations
caused by flux noise, improving coherence and fidelity
without sacrificing frequency sensitivity or range. We
validate the protocol using gate set tomography, which
further corroborates our claim that our adaptive feedback
loop reduces the effects of non-Markovian noise. This
may facilitate quantum error correction methods, which
generally assume Markovian noise.

Our protocol assumes that a Gaussian distribution can
approximate the frequency fluctuations and that these re-
main constant over the time scale of a few measurements.
In this work, the controller updates the drive frequency
in real time, but the scheme can be adapted to adjust the
qubit frequency by modifying the flux bias instead. The
estimation bandwidth is limited by the relatively slow
measurement time of a few microseconds. From this per-

spective, our work represents a worst-case scenario, un-
derlying the efficacy of our experimental technique.

Traditional real-time approaches for continuous pa-
rameter estimations have relied on simple linear or
trigonometric functions or precomputed lookup tables [6,
8, 9, 12, 13, 51]. In contrast, our FPGA implementa-
tion performs real-time Bayesian inference and processes
widely used Gaussian distributions, resulting in a numer-
ical complexity higher than previous works. At the same
time, the parametrization of Gaussian distributions al-
lows the FPGA to perform fewer and faster computations
compared to traditional approaches using histograms and
particle filtering.

We anticipate further improvements possibly by the
implementation of a physics-informed prior [12] that ac-
counts for 1/f noise. Also, the online calibration of
single-qubit gates is a possible direction with available
hardware, for single-qubit corrections in two-qubit gates
by actual (not virtual) Z gates.

Adaptive Bayesian techniques could be implemented
for frequency tracking in the presence of two-level fluc-
tuators [52, 53]. Specific to our flux-tunable transmon
qubit, while the feedback bandwidth is limited by read-
out and resonator cooldown time, higher bandwidth can
be achieved by adding a Purcell filter [18, 19] which pro-
tects the qubit from relaxing into its environment. Our
protocol may favor using symmetric junctions to increase
the frequency range of the qubit, without worrying about
increased sensitivity to flux noise as shown in Ref. [22].

Although qubit calibration by Bayesian inference can
be relatively easily integrated with existing classical con-



trol hardware, it requires prior knowledge of the system’s
parametrization. We expect that quantum model learn-
ing agents [6], which are more challenging to implement
efficiently in real time, will gain wider adoption. We
anticipate further research that merges theoretical and
hardware advances, ultimately eliminating the need for
a case-to-case modeling of experimental parameters.

Beyond superconducting qubits, our scheme offers new
insights into real-time calibration of any qubits manipu-
lated by resonant pulses. The protocol is not restricted
to flux noise but is compatible with any source of low-
frequency noise. We envision future applications in mit-
igating quasistatic electrical and nuclear noise in other
solid-state qubit platforms.

This work advances quantum control by implementing
an adaptive Bayesian technique to calibrate the qubits
frequencies in real time. Our algorithm is a locally opti-
mal solution by minimizing the expected estimator vari-
ance under a Gaussian distribution approximation, mak-
ing it appealing for real-time calibration in large QPUs.
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most information within the approximations we use. A
true quantum binary search could be implemented for a
decoherence-free qubit with ideal initialization and read-
out [36]. The focus here is on estimating noise in a phys-
ical qubit.

In the limit u/o — 0, for m = +1, the likelihood function
with zero phase (a squared cosine) has a single maximum
at p = 0 within the 95% credible interval of the prior
distribution, and the corresponding posterior distribu-
tion can be approximated by a Gaussian. In contrast, for
m = —1 in the same limit, the zero-phase likelihood func-
tion (a squared sine) exhibits two global maxima within
the 95% credible interval and a minimum at the max-
imum prior value, resulting in a bimodal posterior dis-
tribution that cannot be adequately approximated by a
single Gaussian.
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exponential scaling with the number of single-shot mea-
surements N.
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EXPERIMENTAL SETUP

The measurements are performed in a Bluefors XLD-600 dilution refrigerator with a base temperature of 20 mK
and the setup is sketched in Fig. S1. The Quantum Machines OPX+ and Octave are used for the XY control of the
qubit and readout signal, and both microwave pulses are generated by single-sideband modulation with suppressed
carrier. For the qubit coherence experiment in the main text, each drive pulse is 28-ns long, with a cosine rise and
fall envelope of 5ns each. For the randomized benchmarking and gate set tomography experiments, the pulses are
20-ns long and calibrated by DRAG.

The OPX+ includes real-time classical processing with fast analog feedback programmed in QUA software. The
OPX+ and Octave are frequency-locked by a Quantum Machines OPT (not shown). The readout resonator linewidth
kr/(27) &= 0.35 MHz, and the microwave readout tone, approximately 7.08 GHz, is filtered and attenuated at room
temperature by passive components. The readout tone is attenuated in the cryostat to remove excess thermal photons
from higher-temperature stages, and low-pass filtered at the mixing chamber. The device is shielded magnetically with
a superconducting can. The transmitted signal from the feedline goes through a circulator placed after the sample to
remove noise of the Josephson traveling wave parametric amplifier (JTWPA) and dump it in a 50 Q terminator. We
preamplify the readout signal at base temperature using a Holzworth HS9000 Synthesizer.

To prevent noise from higher-temperature stages from reaching the JTWPA and the sample, two microwave isolators
are placed after the JTWPA. A high-electron mobility transistor amplifier thermally anchored at the 3 K stage further
amplifies the readout signal. At room temperature, the readout line is again amplified. A Yokogawa GS200 provides
the DC bias flux through a bias-tee terminated by 50 Q from the AC side, as we perform virtual Z gates in this work.

Device parameters

Transition frequency wq/(2m) (GHz) 3.78
Anharmonicity n/(2w) (MHz) -248
Relaxation time T1 (ps) 80
Ramsey decay time T5% (ps) 3.3
Spin-echo decay time Tor (ps) 12
Ramsey decay time (®exs = 0) T3> (11s) 42

Readout resonator frequency w:/(27w) (GHz) 7.08
Readout resonator linewidth  x./(27) (MHz) 0.35

TABLE S1. Device parameters at ®ext = Po/4 if not specified otherwise.
& Measured over six hours.
b Measured over one minute.
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THE FREQUENCY BINARY SEARCH ALGORITHM

Here we summarize the FBS algorithm described in the main text, together with a concise pseudocode format as
seen in Algorithm 1. The inputs to the algorithm are pg and oo to parameterize the initial Gaussian prior (i.e.,
roughly the search area for the frequency € to be estimated), in addition to the number of update steps N and SPAM
error and dephasing coefficients «, § and T. Each update step starts by calculating the qubit precession time 7 to
balance that the oscillation period of the likelihood is closest possible to the width (specifically 27o) of the prior
distribution while also not reaching so long times that more information is lost through dephasing than necessary
(formally, one calculates the 7 that minimizes the expected posterior variance). Based on 7, the frequency detuning
Af is then calculated so that the inflection point of the likelihood function is located in the middle of the prior. This
combination of 7 and Af divides the prior in a left and right branch based on the outcome of a Ramsey measurement
m € {—1,1}. The parameters p and o for the Gaussian used to approximate the true posterior distribution are then
calculated based on a method of moments fit where these parameters are taken to be the mean and standard deviation
of the true posterior. This update sequence is repeated, now with u and ¢ parameterizing the new prior, until it has
been performed a total of N times.

Algorithm 1 Frequency binary search algorithm
1: procedure FREQUENCYBINARYSEARCH(uo, 00, N, , 3,T)
2 W< Lo
3 o < 09
4 n<+0
5: for n < N do
6
7
8
9

\16720241/T2—-1/T

T

87252
Af + = —
m < RAMSEY(T,Af) >m € {—1,1} is the experiment outcome
2meU2T67¢/T72w2027—2
K — m—= 1+ma
. 2 472B825472¢—27/T—4n20272
10: o \/U (fma)?
11: n<n+1
12: end for
13: return u, o

14: end procedure




QUBIT STABILIZATION OVER SIX HOURS
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FIG. S2. Qubit frequency stabilization over 6 hours. (a) The Ramsey experiment is repeated for 6 hours without (left)
and with (right) feedback by the frequency binary search. With the feedback, the qubit frequency is locked during the whole
duration of the experiment. (b) Time dependence of the measured frequency detuning extracted from Ramsey measurements
in (a). The red trace is taken with a fixed drive frequency f4, and the blue trace is taken with a feedback-controlled fq.

We perform the protocol explained in Fig. 2 of the main text for hours as shown for the interleaved measurements
in Fig. S2(a), except this time the controller uses N = 6 single-shot measurements for the FBS estimation instead of
N = 8. In the left (right) panel the feedback is turned off (on) for over 6 hours. Figure S2(b) shows the values of Af
obtained from Ramsey measurements with feedback off (red curve) and on (blue curve). The feedback significantly
reduces the fluctuation of Af. By averaging across laboratory time panels (a) and (b), T5 improves from (3.32+0.10) s
without feedback to (4.81 +0.13) ps with feedback, which results in an average 44% improvement, similar to Fig. 2 of
the main text.

Power spectral density with and without feedback

We use the 6-hour-long Ramsey measurements to extract the power spectral density (PSD) of the qubit frequency
fluctuations with and without the feedback. We combine four different methods to extract the PSD across seven
orders of magnitude (the result is shown in Fig. S3):

e At low frequencies (red points), we use the frequency time-series from Fig. S2 and compute the PSD using
Welch’s method. In this approach, each data point is separated by an approximately constant delay of 104.37 s,
which consists of a measurement period (30.19s) and data transfer (74.18s).

e At intermediate frequencies (orange points), we repeat this procedure inside each of 207 runs, using an averaging
window of 1,000 repetitions, which effectively corresponds to 3.02 s window duration. Empirically, we found that
smaller averaging windows lead to artificial noise due to errors in fitting the frequency to the averaged oscillating
signal.

e At high frequencies (green points), we adapt the method of Ref. [1], and relate the spectral density of the
frequency fluctuations to the correlation function of the initial state population:

Py(t;7) == + % <a + Be™ /T cos(2nleq + 5e(t)]7)> ~ Ao(T) + By (7)0e(t)T 4+ Bo(1)de(t)*12,

1
2
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FIG. S3. Power Spectral Density of frequency fluctuations with and without feedback. We use four different
methods to process 6 hours of Ramsey data and estimate the PSD across eight (five) orders of magnitude for data without
(with) feedback. We perform a piecewise fit to a power-law spectrum, i.e., Sy(de) = A(f1/f)?, yielding three different regions
for the data without feedback (drawn with solid black lines). For the data with feedback we use two regions (dashed black
lines). The horizontal dotted line, denotes the white-noise floor corresponding to the experimentally measured T> = 12 ps. We
plot a one-sided PSD. The extracted parameters are given in Tab. S2.

where
1 —7/T
AQ(T) = 5 + 9 + — ﬂe 9 COS(?’/TE()T),
Bi(1) = — nBe” /T sin(2meqr),
Bo(1) = — n2Be” /T cos(2meoT),

with ¢ denoting laboratory time, in contrast to 7, which stands for a probing time. In this model, de(t) can be
seen as the coarse-grained fluctuations in the qubit frequency, which, for considered probing times of 7 < 7ps
and expected noise amplitudes of o5 ~ 0.01 MHz, results in relatively small random phases d¢ = 2mde(t)T < 1,
which validates the expansion. The correlation function of Py is now related to the correlation function of the
frequency fluctuations Rse(t) = (0e(t)de(0)) as

Cp(t;7) = (Py(t)Py(0)) — (Py(0))? =~ B?Rs(t)7> + B2Rs.(t)*r*

The above relation holds for any 7; however, it is convenient to use a 7 that (i) makes the By o cos(2mepT) term
small, (ii) is large enough to provide a good signal-to-noise ratio, but (iii) is small enough not to be affected by
relaxation. By optimizing the signal-to-noise ratio, we pick 79 = {3.721, 3.864,4.149,4.292} ps probing times,
which confirms the observation that the optimal 79 ~ Ty [1]. At this point, we use the Wiener-Khinchin theorem
to find the spectral density as the Fourier transform of the extracted correlation function, i.e.,

S(f) _ /dtefiQﬂ'ftRE(t) ~ /dtCP(;f; ;_O)efiQﬂ'ft, (Sl)
Bitg

where C'p(t; 7) is the estimated correlation function of the population, averaged over the 207 runs and waiting
times 7g. In a single repetition, the correlation function can be empirically computed as

Cp(kAt; 7o) Z Tro [y [0+ K] — ( Z Tyl ) (S.2)

n=1

where x,,[n] = £1 is the n-th measurement of the population at time 75 and At ~ 3.5 ms is the time between
two measurements.

e Finally, at the highest frequencies (blue points), we rely on the time series of frequency fluctuations extracted
from Bayesian estimation. For the data without feedback, we directly use the frequencies estimated in the FBS
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scheme, allowing us to extract the PSD up to the inverse of the estimation cycle fmax ~ 10* Hz. For the noise
with feedback, we perform offline Bayesian estimation using 4 repetitions, i.e., 200 probing times, which in total
takes At = 4 x 3.5 ms= 14 ms and sets fyax =~ 60 Hz. For the estimation, we use a Gaussian prior centered
around the previous estimate with an initial g = 2kHz. Larger o( resulted in an artificially flat spectrum due
to large uncertainty in estimation, while smaller o introduced artificial low-pass filtering. For both the feedback
and no-feedback data, we converted the frequency fluctuations time trace to a PSD using Welch’s method.

Together, the extracted values of the PSDs are plotted in Fig. S3 as a function of frequency. We use dots for
no-feedback data and crosses for data with feedback, and use different colors for the four methods described above.
Both PSDs are piecewise fitted with a power law S(f) = A(f1/f)®, where A and « are the fitting parameters and
f1 = 1Hz. The extracted values of A and « are shown in Tab. S2.

To cross-check different methods of estimating power spectral density, we compare in Fig. S4 time traces of frequency
fluctuations obtained in the low- and mid-frequency methods against Bayesian estimation data with a moving average,
obtaining relatively good agreement.
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FIG. S4. Frequency fluctuations extracted from 6-hours Ramsey. We cross-validate methods by plotting the frequency
fluctuations as a function of laboratory time. For the Bayesian estimation data we apply a rolling average with N = 10,000
for the data without feedback and N = 1,000 for the data with feedback. Furthermore we downsample the averaged Bayesian
signal by a factor of M = 100.

Effect of the feedback on the non-Markovian dephasing

Based on the extracted power spectral density, we can estimate the quasistatic dephasing time, using the relation

2
* 1 0_2 — a
1= s oi= [ Cars) (53)

where S(f) is the one-sided spectrum, i.e., S(f) = Sa(f) + S2(—f) in terms of the two-sided spectrum Sa(f). The
lower bound fj is set by the duration of the experiment used to determine 75. For the upper bound fy. we assumed
that the PSD is dominated by frequencies below the inverse of the qubit cycle time ~ 10 s, yielding f,. = 10° Hz as
upper cut-off frequency.

For each part of the PSD that fits a power law S(f) = A(f1/f)* between frequencies fuin and fumax, we can thus



estimate its contribution to the noise amplitude as

Frmex _ %(fmin/fl)l_a (’il_a - 1) for o 7& 1’
/ df S(f) = {jlélfl In(k) for a =1, 549

where £ = fmax/fmin. The total O'J% in Eq. (S.3) can then be expressed as a sum of the contributions from different

regions of the PSD using the piecewise fits shown in Fig. S3. We present the results for each piecewise region of the
PSD in Tab. S2 below.

TABLE S2. Integrated PSD (07%) and various 7% times with feedback status and fit parameters. The o7 values are calculated
using 0% = ff"f‘"‘x A(f1/f)*df. The T5 sums up the total contribution 1/(v/27/>. 07) from the different regions. Ty = 12ps

is the measured Hahn echo time, used for estimating 7% in both groups, according to relation 1/T2 =1/T5 +1/Tx.

Feedback fonin Fmax A a o? T Ts Ty Ty
(Hz) (Hz) (MHz” /Hz) (MHz?) (ms) (11s) (1s) (1s)
1.0 x 1074 8.9 x 10° 0.55 x 1074 0.90 4.664 x 1074
off 8.9 x 10° 1.6 x 10? 0.12 x 107* 0.20 8.364 x 1074 4.55 12 3.30 34
1.6 x 102 1.0 x 10° 1.48 x 1072 1.60 1.147 x 1073
1.0 x 1074 1.0 x 10° 0.10 x 10~* 0.43 1.745 x 107°
on 1.0 x 10° 1.0 x 101 0.10 x 10~* 0.21 6.539 x 107° 7.13 12 4.47 4.8

1.0 x 10! 1.0 x 10° 0.48 x 10~* 0.90 9.134 x 107*

We start from the low-frequency region f < 10Hz, in which feedback provided more than a factor of two reduction
in noise root mean square, i.e., from o,g = 21.6 kHz to oo, = 9.1 kHz. However, for the data with the feedback,
finite exponent a,, > 0 suggests that filtering properties are worse for low-frequency noise. One explanation is that
a narrow prior in the FBS protocol leads to underestimating large deviations from the average frequency, which are
statistically associated with low-frequency noise.

The extracted PSD suggests that decoherence is more likely to be dominated by higher frequencies f > 10 Hz. In this
regime the improvement is weaker, of the order of 40%, reflected in a reduction from o.g ~ 45 kHz to o, ~ 31 kHz.
We highlight however that in this regime the extracted PSD relies on sparse data, which includes extrapolation of an
initial trend extracted from Bayesian data (feedback on). Also for feedback-off data, the kink in the spectral density
might represent a change in the dominating physical mechanism responsible for the fluctuations, but could also reflect
too narrow prior distribution resulting in an apparent low-pass filter.

In total, the estimated quasistatic dephasing times of 15 o = 4.55ps and Ty on = 7.13 ps are slightly longer than
experimentally measured T5 o = 3.4 ps and 75 on = 4.8 us. As a consequence, the predicted feedback-related improve-
ment of 56% slightly exceeds the reported 44%. Most likely, this is due to dephasing caused by high-frequency noise,
with a characteristic frequency above fq. = 10° Hz. Such an explanation is consistent with the larger overestimation
of the data with feedback, in case of which a relatively larger portion of dephasing can be attributed to unfiltered
high-frequency noise.

To further verify this hypothesis, we use a heuristic formula for estimated total dephasing time TQ*, ie.

1 1 1

oI + To (S.5)
where the spin-echo time T is approximately equal to the dephasing time due to high-frequency noise. Substituting
the experimentally measured Ty = 12 s, the estimated Tg moves closer to experimental values, i.e., TQ’Oﬁ‘ ~ 3.30 s
and Tg’on ~ 4.47ps, both within 10% error. Similarly, the predicted, feedback-related improvement of =~ 35% is
consistent with the experiment. Its slightly smaller value is likely related to larger underestimation of dephasing time
for the data with the feedback, caused by extrapolation of the PSD in the high frequency regime.



INTERLEAVED RANDOMIZED BENCHMARKING
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FIG. S5. Interleaved randomized benchmarking with and without frequency binary search. (a) Sequence infidelities
for interleaved randomized benchmarking without frequency estimation by FBS. Traces are offset by 0.1 for clarity. Interleaved
sequences are annotated with corresponding single-qubit gates and extracted natural gate infidelities. (b) Interleaved with (a)
using frequency estimation by FBS. For all gates, the infidelity is slightly lower with feedback by a few 1075.

We perform interleaved randomized benchmarking (RB) [3] with and without feedback. The protocol consists of
interleaving the gate C of interest with random gates from the Clifford sequence. A final gate is performed to make
the total sequence equal to the identity operation. In Fig. S5 we plot the fraction of not-flipped state p(no flip) as a
function of the number of Clifford gates in a random sequence, terminated by a Clifford gate that would in principle
bring the qubit back to the initial state. For each gate, 30 random sequences are generated and they are averaged
1,000 times. We find a X, /o-pulse gate infidelity improvement from (5.75 4 0.04) x 10~ to (5.4740.04) x 1074, and
for the Y, /o-pulse from (5.26 & 0.04) x 10~* to (5.04 & 0.04) x 10~*. The interleaved RB infidelities are in the same
order of magnitude as the standard RB shown in Fig. 3 of the main text. For each gate, feedback shows a similar
improvement.
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ON THE IMPACT OF STATE AND PREPARATION MEASUREMENT ERRORS AND DEPHASING
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FIG. S6. Impact of SPAM errors and dephasing. As the algorithm becomes aware of errors it becomes more conservative.
As a reference we plot the posterior standard deviation o without SPAM errors (ie. @ = 0 and 8 = 0) both for T" — +oo
(purple) and 7' = 10ps (green). For the case when a # 0 we plot the average o over several simulations (yellow) with error
bars (extending two standard deviations of o to each side), as it now becomes measurement dependent.

In Fig. S6 we plot the scaling of the FBS uncertainty o as a function of the number of measurements N for the case
(i) no state and preparation measurement errors (SPAM), no decoherence, (ii) no SPAM, with decoherence T' = 10 ps,
and (iii) including SPAM and decoherence. By including SPAM of the type 5 # 0 and dephasing T in the statistical
model for how measurements are generated, the algorithm becomes more conservative in how much the posterior
distribution variance is reduced as the visibility is decreased and the algorithm now has less trust in measurement
outcomes. Having SPAM errors of the type a # 0 reflects a bias towards one of the states being generated more than
the other, and by making the algorithm aware of this bias it attempts to compensate by increasing the weight of the
minority outcomes while reducing the weight of the majority outcomes.

The linlog plot in Fig. S6 of o versus N demonstrates the scaling of the uncertainty in the algorithm. An exponential
scaling of the posterior variance persists for as long as 7 < T', as the expected posterior variance in this case can be
approximated as

4m2B2r20t 20r 42327204, 2 2 2
E[O’Q]:Oz—we 27(1/T+2 )%02—W€ 4 , (86)

where the optimal time 7 (presented in the main text) is now approximately

1

~ , S.7
T 2no (87

so that the variance scales as a constant factor

2 -1
21 B € 2 2
E[a]~<1—l_a2>a =¢&o”. (S.8)
As a function of n, this then gives the scaling

02 ~ening, (5.9)

where In€ < 0. A larger o and 8 will have the effect of giving a slower exponential scaling by bringing & closer to
one, while T serves as a sort of “cutoff” parameter that suppresses the exponential scaling when eventually 7 becomes
comparably long to T (illustrated by the green curve in Fig. S6 flattening out compared to the purple curve starting
from N = 6).
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FIG. S7. Effect of not including SPAM errors in the likelihood model. (a) Simulated distribution of estimation
errors after N = 15 steps without SPAM errors. (b) Simulated estimation errors after N = 15 steps with SPAM errors
modeled using « = —0.02 and 8 = 0.6, where the orange histogram shows the distribution of errors if the Bayesian update is
performed assuming no SPAM errors (i.e & = 0 and § = 1) while the green histogram shows the distribution of errors when
the correct values & = —0.02 and 8 = 0.6 are used in the Bayesian update model. Insets show zoomed-in histograms together
and the Gaussian distributions of errors that the algorithm expects to see given all the final posterior variances (solid lines).
All histograms consist of 5,000 simulated experiments and are normalized.

EFFECT OF NOT INCLUDING SPAM ERRORS IN THE LIKELIHOOD MODEL

The Bayesian scheme presented in this work only focuses on estimation of a single parameter in order to obtain
a simple parametric solution to the update equations, assuming reasonably good estimates for the other parameters
of the model are known beforehand, by fitting to the data of simpler preliminary experiments. In the context of the
FBS, this means providing estimates of the dephasing parameter 7' and the SPAM error coefficients o and 3. Here we
investigate through simulations how neglecting SPAM errors in the model for how the measurement data is generated
impacts estimation errors in the case of a model where such SPAM errors are present. Fig. S7(a) shows the simulated
distribution of estimation errors from the true frequency if perfect initialization and readout could be achieved, i.e.,
the data generating function is

1
P(mle,Af,7) = 5 (1 +me” /T cos (2m(Af — 5)7’)) ) (S5.10)
while Fig. S7(b) shows simulated estimation error distributions when measurements are generated according to
1
P(mle,Af,7) = 5 (1 +mla + Be~™/T cos (2r(Af — s)T)]) , (S.11)

with « = —0.02 and 8 = 0.6, where the orange histogram is the result when mistakenly assuming the model Eq. (S.10)
and the green histogram is the result when updating according to the correct model in Eq. (S.11). We see that updating
according to the wrong model parameters o and S results in tails of large estimation errors. A large mismatch in
the true value of o and its estimated value would have the effect of biasing the frequency estimation error towards
positive or negative values, but here « is small enough to not to have much impact. Accounting for the SPAM errors
by choosing the correct values of @ and g has the effect of reducing the occurrence of large outlier errors and any
estimation error bias. The errors are still larger than in the case of no SPAM errors, which is due to the update
equations becoming more conservative when reducing the posterior variance. This is a result of the information
gathered from each measurement becoming less certain, and so more measurements are necessary to obtain as low
estimation errors. The fact that most of the estimation errors can still be reduced by more measurements is an
important contrast to the case of the simpler model that does not account for the SPAM errors present. Even though
this simpler model has more occurrences of very low errors, the many outliers in the tails exceed the amount of large
errors the algorithm would expect if it was correct, with these outliers presumably being estimates that most often
cannot be improved much by further gathering of measurements. These differences in what sort of estimation errors
the algorithm expects versus what errors are actually realized are shown in the insets of Fig. S7. The simulations here
consist of 5,000 attempts to get estimates € for different true values e¢,ye drawn from the initial prior, which here is
the standard normal distribution, ie. g e ~ N (0, 1).
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VALIDITY OF THE GAUSSIAN APPROXIMATION

We approximate the true posterior, starting from a Gaussian prior with an oscillating likelihood, as Gaussian.
However, this assumption may not always hold, especially for certain parameter choices where the oscillatory likelihood
can create posteriors with multiple peaks. For instance, specific values of 7 can lead to multimodal posteriors. Here
we show that an optimal choice of 7 results in fairly Gaussian posteriors, as shown in Fig. S8(a). To quantify how
different the true posterior is from the Gaussian we use to approximate it we can calculate the Kullback—Leibler (KL)
divergence

oo

D (pllg) = /

— 00

p(e) log, (Sgg) de, (5.12)

with p here denoting the true distribution and ¢ the Gaussian approximation. In Fig. S8(b) we plot the KL divergence
(green) for a range of values 7 around the optimal value, together with the resulting posterior standard deviations
(black), for the case of m = —1 (dashed) and m =1 (solid). At the value 7,p¢ that minimizes the expected posterior
standard deviation the KL divergence is still relatively small, indicating that the true posterior still looks much like
the approximated Gaussian.

We select Af to align the likelihood’s inflection point with the prior’s mean, and then choose 7 to minimize
the posterior variance. This choice makes the likelihood’s period comparable with the prior’s standard deviation,
smoothing out the oscillations in the prior’s tails.

(a) --- Normal approx. — True posterior (b) (c)
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FIG. S8. Validity of the Gaussian approximation. (a) Approximated Gaussian distributions (dashed lines) versus true
posteriors (solid lines) from a Gaussian prior of variance 1 MHz? (black dashed lines), with a dephasing time T = 10 ps and
SPAM errors « = —0.02 and 8 = 0.6. While the oscillatory likelihood adds some skewness and broader tails, the posteriors
are close to Gaussian, with deviations mainly seen in small shifts and kurtosis mismatches. (b) KL divergence between the
true posterior and its Gaussian method of moments fit and the posterior standard deviation o for the measurement outcomes
m = —1 (dashed) and m = 41 (solid) at different choices of 7. (c) Posterior standard deviation as an estimator of error. The
posterior distributions in the Bayesian framework provide estimators for the error in the estimate e, here given by o. Due to
a few outliers of large errors, o turns out to be a poor estimate for the standard deviation of errors, ie. it does not follow the
diagonal black line. Instead, o is a good estimator of the median absolute deviation (assuming the measurement generating
model is correct), which is related to o by a factor k (for normally distributed data k = 1.4826).

To see how well the always Gaussian approximation works across an estimation run of N = 15 single-shot measure-
ments we plot the posterior standard deviation versus the actual spread of errors, quantified in two different ways,
as seen in Fig. S8(c¢). The 16 dots for each of the two quantities show the error for N = 0 to N = 15 measurements
(positioned right to left). The data here is generated by performing 5,000 simulations, where we have assumed that
the likelihood function Eq. (S.11) with a = —0.02, 8 = 0.6 and T = 10 ps is indeed the correct measurement gener-
ating function. It turns out that o seems to be a poor estimator for the actual standard deviation of the errors (blue
dots). This is presumably because the standard deviation is very sensitive to outliers, and these outliers (although
still quite rare) occur more often than expected due to approximating the true posteriors by Gaussians which have
slightly slimmer tails. However, as seen in Fig. S7 the error distribution still overlaps very well with a zero-centered
Gaussian with the average o as standard deviation. The posterior standard deviation ¢ instead turns out to be quite
a good estimator for the median absolute deviation (MAD), which is less sensitive to outliers. One can relate the
MAD to a standard deviation o by a factor k, so o = k- MAD. To be consistent with a normal distribution one sets
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k = 1.4826 [4]. Thus the Gaussian approximation works well as long as it is acceptable to have some more outliers in
terms of estimation error compared to what would be generated if the distribution truly was Gaussian (although the
number of outliers is still small compared to expected outcomes).
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