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Chapter One

Introduction

1.1 Zeta functions at nonpositive integers

Riemann zeta function. We begin this section by briefly discussing some properties of the

Riemann zeta function { and the Gamma function I', defined respectively as

(o)

Z(s) ::Zn_s and I'(s):= /ooe_”us_ldu,
0

n=1
for s € C with Re(s) > 1 and respectively for s € C with Re(s) > 0. Both of these functions can be

continued to a meromorphic function in C (see [Col09, Théoreme VII.2.1] and Lemma 1.1.1 below).

A simple way to relate these two functions is by noting that, for 4 € R,
A7T(s) = / e 51 qy (1.1)
0

after using the change of variables u = At. Through a simple contour integration argument, this
can be extended to A € C, Re(1) > 0. Then one can set A = n and sum over all natural numbers,

and after justifying the interchange of sum and integral, we get

L()T(s) = /000 i e 5 s
n=1

Thus, by setting G(t) := 1f:_, = Y2 e, we have:
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()T (s) :/OwG(t)ts_ldt. (1.2)

More conceptually, the integral on the right hand side is defined as the Mellin transform of the
function G(¢). The following Lemma can be used to give an analytic continuation of ¢ and to

evaluate it at negative integers:

Lemma 1.1.1. Suppose f € C*(Rso) and all of its derivatives rapidly decrease (that is, they
are O(|x|™) as x — oo for all N € N). Then M(f,s) = ﬁfooo f(nrs=tdt, defined for
all s € C with Re(s) > 0, admits an analytic continuation to all of C, and for k € N,

M(f,-k) = (=D (DEf(1)]

Proof. We follow [Col09, Proposition VII.2.6]: first, it is clear that fooo | f()t*~1dt| converges on
compacts of {s € C | Re(s) > 0} due to the hypotheses on f decreasing rapidly, and we have that
I["(s) is holomorphic and never equal to zero, so M ( f, s) is holomorphic for Re(s) > 0.

Moreover, integration by parts shows that M (f/, s+1)+M (f,s) = M(f’, s+1)+ﬁ fooo f()rde
o o SO () di+ kg )7 F(0)- (1) dt = w1 [f(0)1°]5 = 0 forall Re(s) > 0. Repeating
the argument, we have M(f,s) = (=1)*M(f®, s + k) for Re(s) > 0 and k € N. But this shows
that M(f,s) = (=1)*M(f®, s+ k) is holomorphic for Re(s) > —k by applying the first paragraph
to £ instead of f. Since this is true for all k € N, we have that M(f,s) is entire. Lastly,
we have that M(f,—k) = (=DM (& 1) = (~=Dk [= fED()dr = (D [fR]> =
(=D*fH(0). O

Remark 1.1.2. The Lemma above can be reinterpreted in the language of distributions: for all
s € C, we define M; as the tempered distribution f +— M(f, s) for f € S(Rx¢) the Schwartz space
(that is, space of smooth functions whose derivatives rapidly decrease, as in the Lemma 1.1.1).

Note that for k € N, M_; = 6(()k) the k-th derivative of the delta function at zero.

Note that we cannot apply this Lemma directly, since G (¢) is not well defined at = 0. Instead,

we use F (1) :=tG(t) and the identity
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L T p— ® pr2dr = s -
g(s)_r(s)/O G (1)t dt_(s—l)l“(s—l)/o F(t)t dt_s_lM(F,s ). (1.3)

Now we may use Lemma 1.1.1 to deduce that {(—k) = %, where By € Q is the k-th

Bernoulli number, defined by
—t

iBt”_ t te _FO)
"nl T et—1 l-—et ’
n=0

Hurwitz zeta function and Dirichlet L-series. The above discussion can be generalized to

Dirichlet L-functions, defined for a multiplicative character y : (Z/NZ)* — C as

L(s,x) = ) x(mn™,
n=1

where y(n) := y(nmod N) if gcd(n, N) = 1 and y(n) = 0 otherwise. This series is absolutely

convergent for Re(s) > 1.

In order to proceed with the generalization it is convenient to introduce another zeta function,

the Hurwitz zeta function, defined as

L(s,x) = Z(n +x)7°
n=0

for Re(s) > 1 and 0 < x < 1. Now we observe that we can obtain the Dirichlet L-function as a

linear combination of Hurwitz zeta functions in the following manner:

00 N 00 N 00 s N
L(s.x) =y (™ = 3 x(a) y_ (Nna)™ = 3 x(@N™ )" (n+ %) = Do x(@N~¢ (5. 5).
n=1 a=1 n=1 a=1 n a=1

=1

We have thus reduced the problem of analytically continuing L (s, y) and determining the values

of L(—k, x) to doing so for £ (s, x).

Now we may proceed as in the case of the Riemann zeta, obtaining

C(s)(s,x) = /Ow G(t,x)t* dt
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for G(t,x) := % = Yo e~ (") Applying the same reasoning as in (1.3) and Lemma 1.1.1 we

get the desired analytic continuation, as well as

Bjy1 (x) S i Ben(@/)
{(~k.x)= ===~ and  L(-k.x) =~ Zl N,

where B, (x) € Q[x] is the n-th Bernoulli polynomial, defined by

(o] tn
Z B (x) E =
n=0

=tG(t,1 —x) =—-tG(-t,x)

and satisfying
B, (x) = Z(—l)f(”.)B/x”‘f
j=0 /

with B; the previously defined j-th Bernoulli number (see [AIK 14, Proposition 4.9]).

We also remark that both in the case of the Riemann zeta as well as in the case of the Hurwitz
zeta, the meromorphic continuation may be achieved after converting the corresponding integral to

a contour integral which avoids the unique singularity of G at zero (see [Hid93, Chapter 2]).

Lattices and partial zeta functions. The next step would be to generalize this method to Hecke
L-functions for finite Hecke characters (that is, characters of the ray class group). Let F be a totally
real number field and L a lattice in F ® R = R” for n = dim F defined by a fractional ideal of F,
and denote by (—)* the totally positive elements, that is, those in the totally positive orthant of R”.
For a non-zero torsion point £ € F ® R/L, denote by I' = Otx’+ the group of totally positive units

which stabilize £ modulo L.

Definition 1.1.3. The zeta function associated to L and ¢ is

Z(t L,s) = Z N(a)™ (1.4)

ac(t+L)*/T

which as usual converges for Re(s) > 1.
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Definition 1.1.4. Let now f and b integral ideals of Op. The partial zeta function of the ray class

of b modulo § is

£(b,1,5):= ) N(g)™ (1.5)
g~sb
where the sum is over all integral ideals g in the ray class of b modulo f{.

Since all of these ideals g are of the form ub with g € (1 +fb~1)* = (1+L)* for L =fb~!, we

have that

£(b,F,5) = N(©)(1, 07, 5). (1.6)
Note that in the 1 dimensional case we recover the Hurwitz zeta function and the decomposition
of the Dirichlet L-series. These zeta functions were the ones studied by Siegel (see e.g. [Sie70])
in order to prove the Klingen-Siegel theorem on the rationality of negative integer zeta values (see
Corollary 4.2.2).

Another such generalization, also capable of obtaining the rationality of negative integer zeta
values, was given by Shintani in [Shi76]. Following Shintani’s work, it is possible to decompose
the partial zeta functions as a linear combination of now-called Shintani zeta functions, similarly to
the case above. However, this decomposition does not follow from a simple algebraic manipulation,
but from a remarkable result of geometric nature called Shintani’s Unit Theorem. This Theorem,
as well as the decomposition of the L-function, will be presented in the next sections. For now,
we finish this section by introducing the Shintani zeta function within our familiar framework, and

therefore obtaining its values at negative integers in a particularly nice case.

Shintani zeta function. Let A = (a;;) be a complex r X m matrix with Re(a;;) > 0 for all i and
Js x € C" with | y;| < 1forall i; and x € R" such that 0 < x; < 1 for all 7, but not all x; are 0. We

define linear forms L; on C" and L’; on C" by

m r
Li(z) = Zaikzka Li(w) = Zakjwk for z=(z1,....zm), w=(wi,...,w).
k:] k:1
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L;(z) can be seen as the i-th row of Az and Lj.(w) as the j-th column of w’ A.

Definition 1.1.5. The Shintani zeta function of s € C™ is
m
(s, A% = ) X[ [L;m+x)™.
neN” Jj=1
Note that when A = 1 and y = 1, {(s,A,x, y) = {(s,x) the Hurwitz zeta function. We also

note that the Shintani zeta function converges absolutely when Re(s;) > -~ for all i.

We proceed as before, introducing the function

G(t,Ax,x) = Z Xne—Zﬁil L5 (n+x)t;

neN”

for ¢t € R and noting that
d e %iLi(?)

Gt Ax.x) =] PRy
=1+ X
It then follows as before that
oo 0 m tSj—l
é(s,A,x,)()=/ / G(t,Ax,x) L dt;. (1.7)
0 0 gr(sj) !

Converting this integral into a contour integral convergent for all s € C” cannot be done in a
straightforward manner, since there are poles along the hyperplanes defined by the forms L;, but
first requires a partition of R/’ into m special regions together with a change of variables in each
region, a method ingeniously devised by Shintani in [Shi76] (an algebraic interpretation of this trick
is discussed in section 3.3). In this manner, it is possible to obtain a meromorphic continuation of

l(s,A,x, y) toall of C™.

In the case of y; # 1 for all i < m, we are able to use the following generalization of 1.1.1 to

obtain the analytic continuation and the values of the Shintani zeta function at negative integers:

Lemma 1.1.6. Suppose f € C™ (R’;’O) rapidly decreases, as well as all of its partial derivatives.

si—1

Then M(f,s) = [+ [ F(OTT, Q‘Tj)drj, defined for all s € C™ with Re(s;) > 0 for all j,

admits an analytic continuation to all of C", and for k € N", M(f,-k) =[], (—a%)kif(t)L:O.
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Proof. This follows easily from 1.1.1. Also appears in [Col88, Lemme 3.2]. O

Indeed, the function G (¢, A, x, x) satisfies the hypotheses of the Lemma for y; # 1 Vi < m. In
fact, it has no singularities in a neighbourhood of zero, so we may obtain its power series expansion

around O as
"

m t_l
G(t,A,x,x) = Z Bpi1(x) l_[ (n; - _l|_ n
i=1 V! )

neN”

We may call the B, (x) generalized Bernoulli polynomials, since they reduce to Bernoulli polyno-
mials when m = 1, and remark that they have rational coefficients. Just like before, we conclude

that

Bjy1(x)

&+ )" for k € N.

C((=k,...,—k), A, x, x) = (=1)"

1.2 Outline

The aim of this thesis is to compare two cohomological constructions encoding special values of
zeta functions associated to totally real number fields: the Shintani cocycles arising from geometric
cone decompositions, and the Eisenstein classes defined via the topological polylogarithm. In
order to make this comparison precise, it is necessary to fix compatible analytic, geometric, and

cohomological frameworks, which is the purpose of the first three chapters.

In the next chapter, we will see how these Shintani zeta functions are related to the partial zeta
functions through the Shintani unit theorem, how we may obtain their values at negative integers
when y = 1, and how to interpret these results in terms of cohomology, giving rise to the Shintani

cocycles. We mostly follow the ideas from [CDG15] and [BHY Y23].

In the third chapter, we present the theory of topological polylogarithms, developed in [BKL 18]
and [Gral6], giving a geometric picture through which one can study the generating series of

special values of zeta functions associated to lattices as sections of the Logarithm sheaf. We give
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an outline of the theory, explaining how one can use currents to explicitly represent the topolog-
ical polylogarithm class in the equivariant cohomology of the Logarithm sheaf. The final section
addresses the problem of choosing compatible coefficient rings for both the Shintani and polyloga-
rithm constructions, introducing a suitable field of Laurent series that accommodates both theories

and enables a meaningful comparison.

Finally, in the fourth and last chapter we compare both cohomological theories by decomposing
the topological polylogarithm into Shintani cocycles via a simplicial cone decomposition of the
auxiliary space used to define the topological polylogarithm. This results in the Main Theorem of
the thesis, which roughly states that the Eisenstein class given by the topological polylogarithm is
equal to the Shintani class defined by the Shintani cocycles, up to an explicit sign and a correction

term given by the polar cocycle previously studied in the literature.



Chapter Two

Shintani decompositions

2.1 Setup

The following identifications are useful for comparing different approaches, with notations based
on [BKL18] and [CDG15], but not always the same. All throughout we follow the principle "right

action on spaces, left action on cohomology".

Orientations, bases and identifications. Let F' be an n-dimensional totally real number field, §
and b nonzero integral ideals of O and I" a subgroup of finite index of the group of totally positive
. X,
units O
We will often use the following identification, which is both an isomorphism of Q-algebras as

well as of R-vector spaces:

R~

F®R

s [] R=R"
Ji:F—R

XQr —m—m——— r(Jl(xl)a~--’Jn(xn))

where the product runs over all real embeddings of F', with a fixed order given by i € {0, ...,n}.

We then have the following isomorphisms of R-vector spaces and of lattices:
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Letw := (wy,...,w,) be a Z-basis of fb~!, therefore also a Q-basis of F.
Qn®QR+>F®QR ; > R”
7"®1 ———— S fo el s L
2.1
V4Zh — S 1 +fb71 S 1+ L
01 > (0,...,0,1)

Where v := (Tr(w}),...,Tr(wy)) and Q := (J,(W]),...,Ju(w})) for w’ corresponding to the
dual of w; with respect to the perfect trace pairing 7r(— - —) : F X F' — Q, which corresponds to
the usual dot product on the right side since J is a Q-algebra isomorphism. Note that (2.1) gives
immediately ¢(v,Z",s) = {(1, L, s) for I the group of totally positive units that stabilize ¢ as in

(1.4). Therefore such a choice of J and w gives (b, f,s) = N(b){(v,Z", 5).

Norm 1 subspace. Denote V =R" and V.o = R . Then F @R inherits through J the topology of
V, and we may define (F ® R)-q := J ! (Vsg) the connected component of 1 € (F ® R)*. Therefore
we getJ : (F®R)sg N V-0 isomorphism of multiplicative topological groups, which distribute
over the additive semigroup structure.

As multiplicative topological groups, they fit in the following split short exact sequence

> Rao > 1 2.2)

where V! is defined as the norm 1 subspace of Vs, forming a connected hypersurface, and p is

the projection onto this subspace. We have explicitly

Vo > VX Ry (F®R)s0 > (FOR)! xRy

v > (|N(VV),/n|,N(v)) X®r 5 (x® lN(xl)l/nl,,»nN(x))

Group actions. We also have a natural F* action on F, which induces a representation py :
F* — GL,(Q) defined in such a way as to make the previous identifications equivariant, i.e.,

u-w=w- py(u) forall u € F*. We then have the following equivariant isomorphisms

10
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pw(F™) FX diag(J(F*))
Q®gR —Y 5 F@gR ——2—> R" (2.3)

Where pw(F*) ¢ GL,(Q) acts on Q" on the right via multiplication by pyw(u)" for all u € F*. We
also have that J(A -w) = A - J(w) for all A € GL,(Q).

Note that py : I' — SL,(Q) since det(pw(—)) = N(—) the norm, for all bases w. So in
particular, the action of I" descends through p; to V.

Lastly, also note that the action of I" is closed on the lattice, that is, each py induces I' < GL(L),

so we get as before

pw(T) r diag(J(T'))
() ! (2
7 — 2 ———— L (2.4)

2.2 Shintani cone decompositions

We follow [BHY Y23] for the conventions regarding cone decompositions. Note that this differs
from [CDG15], as we will remark throughout the text.
Cones.

Definition 2.2.1. A rational closed polyhedral cone in V~y U {0}, which we simply call a cone, is

any set of the form

oo ={x1Q1 +... +XpQp | X1,..., % € Ryo}
for some @ = (a1, ..., an) € LY. In this case, we say that e is a generator of 0. By considering

the case m = 0, we see that o = {0} is a cone.

Remark 2.2.2. Note that in [CDG15] they define cones as being open. The advantage of working
with closed cones is that we can consider only cones of maximal dimension in the Shintani

decomposition below.

11



Shintani decompositions

We define the dimension dim o~ of a cone o to be the dimension of the R-vector space generated

by o. For any subset R C V-, we let
R = {(ur...,uz) €Vop |36 >0,0<VS <6, (U, .. U U, —0) € R}

Note that by definition, if dimo < n, then we have & = 0, where & is the cone without the
(n — 1)-dimensional lower face, which corresponds to the Q-perturbation c¢(a) in the notation of
[CDG15] §2.1, under our choice of Q in 2.1.

In [Shi76] Shintani proved what is now known as Shintani’s Unit Theorem, which states that
the fundamental domain of the action of I" on V. is given by a finite set of rational polyhedral
cones. This implies that the partial zeta functions may be expressed as a finite sum of geomet-

ric Shintani zeta functions {, (1, (s, ..., s)) using a Shintani decomposition, as we will show below.

Cone decompositions. Following [BHY Y23] Definition 2.10 we say that a cone o is simplicial,
if there exists a generator of o that is linearly independent over R. Any cone generated by a subset
of such a generator is called a face of o. A simplicial fan @ is a set of simplicial cones such that
for any o € @, any face of o is also in @, and for any cones o, 0’ € @, the intersection o N o’ is a

common face of o and o”’.
Definition 2.2.3. A Shintani decomposition is a simplicial fan ® satisfying the following properties.

1. Voo U {0} = [l eqp o°, Where o° is the relative interior of o, i.e., the interior of o in the

R-linear span of o.
2. Forany o e ® andy € I', we have oy € ®.
3. The quotient ®/T" is a finite set.

Theorem 2.2.4. (Shintani’s Unit Theorem) A Shintani decomposition as above always exists.

Proof. Such a decomposition can be obtained by slightly modifying the construction of Shintani

[Shi76, Theorem 1] (see also [Hid93, §2.7 Theorem 1], [Yam10, Theorem 4.1]). O

12
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For any integer ¢ > 0, we denote by @, the subset of ® consisting of cones of dimension
q. From our choice to work with closed cones, it follows as in [ Yam10, Proposition 5.6] that ®,,

satisfies

Vo = ]_[ & (2.5)

oed,

Example 2.2.5. Let F be a real quadratic extension of Q. Then by Dirichlet’s Unit Theorem, I is

generated by a single fundamental unit &, and the cone generated by (1, £) can be visualized as

6|

(e 7(€))

where all the units in I are obviously contained in the line xy = 1 which corresponds to our V!,
and the I action on o clearly covers the whole positive quadrant V-. For this image, F = Q(V3)

and £ = 2 + V3.

2.3 Cone zeta functions

In this section we will define zeta functions associated to cones, and relate them with the previous
zeta functions from the introduction. In particular, we will use the Shintani decomposition to relate

them with the partial zeta functions.

Definition 2.3.1. Let o be a cone, and let ¢ € V/L be a torsion point. We define the cone zeta

function {,(t, s) by the series

n

Lets) = ) | [y, (2.6)
1

aernNt+L j=

13
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where s = (s;) € C". The series converges if Re(s;) > 1 forall j < n.

If welets = (s,...,s) for s € C, then we have

Lot (s,...,5)) = Z N(a)™. 2.7)

aeoNt+L

Proposition 2.3.2. The zeta function associated to a n-dimensional cone o can be written as a

linear combination of Shintani zeta functions from Definition 1.1.5.

Proof. Let o = 04 be a n-dimensional cone generated by a = (a1,...,a,), and we let Py =
{x1a1 + ...+ x,a, | Vi 0 < x; < 1} be the parallelepiped spanned by a1, ..., @,. First, note that
ﬁg N1+ L is finite since Py is compact and L is a lattice.

Now, let Rg be the set of x € R” such thatx - @ = (x4, ...,Xx,a,) € G Nt + L and Rg the set
ofx e R" such thatx - € ﬁg Nt + L. Then we claim that Rg = Rg ®N". Indeed, givenx € Rg, it
can be uniquely written as (|x],..., [x.]) + ({x1},...,{xn}), where (|x1],...,[x,]) € N" and
({x1}, ..o {xn}) € Rg.

Furthermore x € Ry implies thatx € Q", thus we may conclude that for every i, J; (xrar+...+

xXnay) = x1Ji(ap) + ... + x,J;(@,). We may then rewrite { (¢, s) as

lo(ts) = ) ¢</3)1_[<J B =) ﬁ(ixif,m,.)) =

peant+L xeRy | j=1 \i=l

Sy

=2, 2 H(Z(xlww (a,)) _

xeRf nelN" j=1
= Z (s, A, x,1),
xeRg
where
Jilay) -+ Julay)
A=Ay =J(a) = : : and y =1.
Jl(an) Tt Jh(an)

The claim now follows from the finiteness of R .

14
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This zeta functions give rise to the following generating functions:

Definition 2.3.3. Let o be the cone generated by @ and ¢ € V /L be a torsion point. Then we define

Go, (t,2) to be the meromorphic function on C"

y (@,2)
ZareP,lﬂl+L e

(1 _ e(aq,z)) .. (1 - e(“n&))

with ﬁg N L the fundamental parallelepiped defined in the proof of Proposition 2.3.2. The

gag(ta Z) =

definition of G, (¢) depends only on the cone and is independent of the choice of the generator a.

Remark 2.3.4. This generating function is given by the Solomon-Hu pairing in [CDG15] Propo-

etZ

sition 3.1. If F = Q and o = Ry, then we have G (7, z) = ==, which is exactly the previously

1—-e??

defined G (¢) from (1.2).
We have the following result.

Proposition 2.3.5. Let L = J(fb™!), t € V/L a non-zero torsion point and T = Otx’+ the group of
totally positive units which stabilize t modulo L. If ® is a Shintani decomposition, then we have

(tLs)= Y Lot (s,...09), (2.8)

ged, /T

Proof. By (2.5), if C is a set of representatives of @, /I", then | [, 7 is a representative of the set

V.o/T. Our result follows from the definition (1.4) of the lattice zeta function and (2.7). O

It follows immediately from (1.6) that

NOCOF D= >, Lo(l(s....s). (2.9)

oed, /T

2.4 Shintani cocycles

Lattice resolutions. For any integer g > 0, we let

alt

Cy(L) = EB Za

acLat!

15
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be the quotient of P, ; 41 Za by the submodule generated by
{p(a) —sgn(p)a | @ € LT p e Sys1y U{a = (ap,...,ay) | @j = a; forsomei # j}.

We denote by () the class represented by @ in C,(L). We see that C,(L) has a natural action
of I' and is a free Z[I"]-module. Indeed, if we let B be the subset of L9*! consisting of elements
a = (aop,...,ay) such that ap < --- < ay, then C,(L) is generated by a representative of the
quotient B/I". Then C,(L) is a complex of Z[I"]-modules with respect to the standard differential
operator d,: C4(L) — C4_1(L) given by

q

dy({@o, . .., ay)) = Z(—l)j<cx0, )
j=0
for any @ = (ao,...,ay) € L9+ If we view Z as a Z[I']-module with trivial I'-action and let

do: Co(L) — Z be the unique Z-linear homomorphism defined by do({a)) = 1 for any a € L, then
C.(L) is a free resolution of Z as a Z[I']-module.

We will next use a Shintani decomposition to construct a complex which is quasi-isomorphic to
the complex C,(L). Note that for any Shintani decomposition ®, we can assume that each o € ®
is of the form o = o for some @ € L4 since the generators of our cones are always assumed to

be rational.

Simplicial resolutions. Remember that through log, V! is a real manifold homeomorphic to
R"~! and for any o € ®,, the intersection o~ N V1 is a subset of V! which is homeomorphic to
a simplex of dimension g. Recall that by Definition 2.2.3, ® is a simplicial fan, therefore the set
@' ;= {c NV | o € ®} = p;(®) gives a simplicial decomposition of the topological space V'

that is compatible with the action of T".

Remark 2.4.1. If n = 3, the cone generated by the pink, green and red lines in the figure below

intersects the norm one surface V' for V.= R3, colored in gray, giving rise to the blue simplex:
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Shintani decompositions

z,y//

In what follows, for any o~ € @1, we denote by (o) the class sgn(a){(a) in C,(L), where sgn
corresponds to the sign of the determinant of the matrix A, whose columns are given by the «a;,
and & € L% is a generator of o that is minimal in the sense that dividing it by an integer means

g+1

« is no longer in LY. This is well-defined since such a generator « is uniquely determined up to

permutation. We then have the following.

Lemma 2.4.2. For any integer q > 0, we let C;(®) be the Z[I']-submodule of C,(L) generated by
(o) forall o € @yy1. Then Co(®) is a subcomplex of Co(L) which also gives a free resolution of Z

as a Z[I']-module. In particular, the natural inclusion induces a quasi-isomorphism of complexes
qis
Co(®) — Co(L)
compatible with the action of T'.

Proof. Note that C,(®) for any integer g > 0 is a free Z[I']-module generated by representatives of
the quotient ®,.1/I". By construction, C,(®) can be identified with the chain complex associated
to the simplicial decomposition ®' of the topological space V!. Since V! = R”"! is contractible,
the chain complex associated to the simplicial decomposition is exact, so we see that the complex
C.(®) is exact and gives a free resolution of Z as a Z[I']-module. Since any two free resolutions
of Z as a Z[I']-module are quasi-isomorphic, the claim follows from the fact that C,(L) also gives

a free resolution of Z as a Z[I"]-module. O
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Comparison with cohomology of torus. Since F is totally real, the Dirichlet Unit Theorem

shows that the discrete subset log(I") € log(V') is a free Z-module of rank n — 1. Hence we have

1 n—1
V=R

‘We consider the coinvariant

C,(®/T) = Cy(P)r

of C,(®) with respect to the action of I', that is, the Z-module obtained by quotienting C,(®) by
the subgroup generated by (o) — (oy) for ¢ € ® 41 and y € I'. For any o € @1, we denote
by o the image of o in the quotient @, /I", and we denote by (o) the image of (o) in C,(®/T),
which depends only on the class & € @441 /I". Now, for each such & € @4, /I", we associate the set
(o' N V)T, which gives a g-dimensional simplex of the (n — 1)-dimensional torus R"~!/Z"~1,
Doing so for every g > 0, or equivalently for each o € ®/I", we obtain a simplicial decomposition

of R"~1/7"~! and C,(®/T") may be identified with the associated chain complex. Hence we have
Hy (Co(®/T)) = Hy (R /277, 2),  H™ (HomZ(C.(d)/F),Z)) = H"R" /2, Z),

where H,, (R""1/Z"~!, Z) (respectively H™ (R"~'/Z"~!, Z)) denotes the integral m-th (co)homology
group of the (n — 1)-dimensional torus R”~!/Z"~!, and therefore is a free abelian group of rank

. I'herefore, Kronecker duality implies that the dual pairing
”;l'Tthkdl“l’hhdl"

H™(R"Yz'-'72) x H, (R )21 2) > Z (2.10)
is perfect (see for example [Mun84, Theorem 45.8]). Consequently, the bilinear pairing

Homg,(Cy(®/T), Z) X Cpp(®/T)

Z (2.11)

(@, u) @(u)
is also perfect.

We also note that the generator of the homology group
Hy1 (Co(®/T)) = H,oy(R" /27 2) = Z
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is given by the fundamental class
Z (T) € Cp_y (®/T). (2.12)
Ted, /T
Now, for a field K, the Universal Coeflicient Theorem (see [Mun84, Theorem 53.5]) together with

the Kronecker pairing (2.11) gives us the following canonical isomorphism

H! (HomZ(C.(CI)/F), K)) K (2.13)

@ Yizew, r ({0)),

induced by the fundamental class (2.12).

Cocycles of generating functions and the Shintani class. We would like to consider cocycles
given by functions defined through cones, in particular for the cone generating functions of definition

2.3.3. First, note that by [ Yam 10, Proposition 6.2], we have the following cocycle relation

n

Z(—l)jsgn(ao, oGy an) g, ijoamy = 0 (2.14)
j=0

as a function on V!, where 1y is the characteristic function of R C Vs satisfying 1g(x) = 1 if

x € Rand 1x(x) =0ifx ¢ R.

Remark 2.4.3. In [CDG15], they consider spaces of cones K which correspond to the submodules
of Maps(V, Z) generated by characteristic functions of cones. The cocycle relation 2.14 is given in
§2.2 and can be defined in the dual complex Hom(C4(®), K). Note that even though they consider
open cones, the characteristic functions include the boundaries (except the ones excluded by the Q
deformation process, with Q given as in 2.1), so they correspond to the ones above. By considering
the I action on the generators of the cone, they define the n-1 I'-cocycle ¢r (¢y in their notation)
and the GL,(Q)-cocycle ®g;,, which are related precisely by 2.3: J(w)*[du] = py[Psn] (see
[CDG15] §3.1 and fix Q as above).
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As in the introduction, the coeflicients of the generating functions should give the negative
integer zeta values. However, to obtain these coeflicients as well as rationality results, it‘s important
to consider suitable coefficient rings in which they are defined. This requires some care and will be
done later in section 3.3, where we will define the field R. For now one can think of R as the field
of fractions of the ring of formal power series R((z)) := Frac(R[ z]). This field will have a natural
action of I, and the coinvariants with respect to this action will be Er, which will be identified

with a field of Laurent series in 1 single variable. We then have

Definition 2.4.4. For a fixed nonzero torsion point ¢ € V/L we define the Shintani class
(6] € H"™ (Hom(C.(®/T, Rr))
as the class defined by the assignment @ — sgn(@)G, (¢, z) in Hom(Co(®/T), ﬁp).

It is clear that the assignment induces an n — 1 cocycle since 2.14 implies that

8
D1 sgn(ao, &y )Gy ar ) (152) =
j=1

8
= Y (~1sgn(ap.....d.....a) 3 S@2) _
J=1

8

= Z el Z(—])jsgn(a'(), o S T a’g)lg-(ao ’’’’’ r?_,-,..ﬂg)(a/) =0.

a€t+L j=0

In section 4.2 we will use the pairing 2.11 above to send the Shintani class to a Laurent series

whose coefficients will give the negative integer zeta values.
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Chapter Three

Topological Polylogarithm

3.1 The geometric picture

We now introduce the theory of the topological polylogarithm developed in [BKL.18] and [Gral6],
which is more geometric in nature and is closely related to the notions in the previous chapter, as

we will show later.

Torus Family. LetV,L and I be asin the setup 2.1. Let S := V>0/F. Further, writer : V—> T =
v, 7 for the quotient map. Following [Gral6] §2.1.1, since 71(S) = I', we have a correspondence

between lattices with a I" action and families of real tori over S

{Lattices with I" action} —— {Tori, S}

L y Voo X T

and if L acts on V- trivially, we have

S S.

Logarithm sheaf. Let now A be a Noetherian commutative ring. Then we may consider the
group ring A[L], where A[L] = A[Xlil ..., X*!] after a choice of Z-basis (X1,. .., X,) for L, as

well as its completion R := Ry := liLnk A[L]/Ik = A[X;-1,...,X,— 1] with I := ker(aug) being
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Topological Polylogarithm

the augmentation ideal. It is clear that these rings admit naturally an L-action and that the action

I' ~ L extends to them. For a given choice of ring A we will generally denote L4 := L ® A.

Definition 3.1.1. On V X R we define the L action given by [ - (v,7) = (v +1,17'r). The logarithm
sheaf Log is defined as the local system on 7 obtained by considering the sheaf of sections of the

quotient map 7 : ¥V X R/L —T.

Note that L = 7r;(T), so its action on V X R defines a monodromy action and the corresponding
locally constant sheaf is Log.
By looking at the action of I on its espace étale, we conclude that Log is a ['-equivariant sheaf,

that is, the following diagram commutes (see [BKL 18] §3.7):
(VXR/L)nF ;VxR/L

(#,1) 7

(V/L)ﬂr >V/L

Remark 3.1.2. Log does not admit global sections in general, but for torsion points of order
invertible in A, denoted by 74, it admits a canonical multiplicative trivialization (in the sense of

[BKL18] §3.5).

Since Log is a local system on T by definition, locally isomorphic to R, we have the following

correspondences (the first one in general, the second one if A is an R-algebra)

{JT (T) - reps} —> {Local Systems} —> {(pro) Vector Bundles with flat connection}

R i > Log | > (Log™, V)

where R is seen as an A[L]-mod and % := ¥ ®g € for any sheaf of R-algebras 7.

Remark 3.1.3. In the case A = C we also note that there exists a canonical continuous trivialization

Ocont : R® = Log™ which agrees with the multiplicative trivialization at torsion points.
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In order to relate these constructions with the theory of Shintani, we will later consider a field

R, which will correspond to F()g and .Zj\o:goo in the above equivalences.

Diagram of spaces. To complete our geometric picture, we consider also modifications of our
base space and tori family to the norm 1 subspaces, as well as an auxiliary space X, together with
smooth maps, which will all be specified later. This will be needed for explicit computations.

Let now p; : Voo — V! and analogously p; : S — S! := V!/T" smooth projections, noting that
71(S') = T too. We consider also an auxiliary space X equipped with a I'-action and trivial L-
action, together with a smooth map ¢ : V! — X (whichin [BKL18] §4.1, X = P c Hom(V,V*)is
the space of positive definite symmetric bilinear forms on V). So we get the following commutative

diagram of spaces

1
oox Ve op —2— VXV ——— YV

V>0XT/F p1 >V1><T/F v >XXT/F

3.1

S n b S! » X

where ¢ is a torsion section, which corresponds to the choice of a point ¢ € T(4) stabilized by T".

The idea is that classes in the ['-equivariant cohomology of the punctured torus correspond to
polylogarithm functions, which specialize to the power series given by the generating functions of
zeta values.

We want to compute the equivariant cohomology of Log in the relative case of the torus
punctured at zero ;" := T \ {0}, analogously \o/ = V\727{0} = V\ L. We may choose an
1somorphism J as in 2.1 which defines an orientation on our manifolds. Equivalently, it trivializes

the orientation sheaf A; := H,(L,Z) of [BKLI18] (3.11). We choose our auxiliary space X such
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that we have the following isomorphism (in the middle):

o = ° = X ‘o/ = X 70—'
H'\(T,T, Log) —=— H"\(T,T,R) —== H"'|" " "/p . rR| = 5| R,
Now we may pullback through ¢ and ¢, following the diagram of spaces 3.1, to get classes in

the cohomology of S!:

XxT ' VI xT .
o R s B 1 R| —£ H™(S',R)

and finally, since 7 (S!) =T, we have
H"'(8',R) == H"'(I',R) == (R)r —— A[w]

where the evaluation map "ev" arises from cap product with the fundamental class induced by the

choice of orientation (see 4.2.1).

Remark 3.1.4. These cohomological results can be obtained by considering families of tori as in
[Gral6] §2, but through a suitable choice of X it is enough in our case, exactly as in [BKL18], to

simply consider the torus 7" given as a fiber of the family.

The topological polylogarithm pol € H" !(T,T", Log) will be a special class, defined by a
certain residue condition, which when evaluated through ev gives the negative zeta values in A (see

Definition 3.3.11 below, where it is defined for a larger local system Z:ng).

In the next chapter, we show that one can explicitly compute the equivariant cohomology of

Log on the punctured torus by assuming that A = C and, using the Poincaré lemma for connections,

o

XxT
the fact that classes in H"~! /T Rc | are given by residue conditions of the corresponding

connection:

XXT
H}’l—l /F, RC — H}’l—l

o r
(ﬁ'(x xT)éRC) ,V).
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3.2 Cohomology, localization and currents

This section consists of a review of classical facts about cohomology of sheaves on manifolds,
mainly following [Ive86] and [KS90]. The only result is a proof that the residue of currents
computes the connecting homomorphism in the long exact sequence of cohomology with support,

a well known fact for which a proof is hard to find in the literature.

Sheaves on manifolds. Consider the following complementary diagram of real smooth manifolds:
Z 4> X oo U

where the crossed arrow means that Z is closed and the arrow with a circle means that U := X \ Z

is open. Let Sh(M) denote the category of sheaves of abelian groups on the manifold M. Then the

inclusions above induce the following adjoint functors, which are left/right adjoint to the other on

the same horizontal level, based on which side of the diagram they are written:

T % .|
J =]

Jt J* J
Jtin=1
Sh(X) Jh=1
i'i.=1

l l* i!
fi.=1

Sh(Z)
exact exact left exact

pres. inj.  pres. inj.

Distinguished triangles. From these we get the following distinguished triangles in the derived

category D (Sh(X))
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St — 1 — Qg — [+1] (A1)
i,Ri' — 1 — Rj.j* — [+1] (22)

These triangles are dual to each other in the sense of Verdier duality. For now, we note that they

give rise to the following long exact cohomology sequences, for ¥ € Sh(X):

o HUX,F) > B (X, F) D BP (U, Fly) > .. (42)

and after applying Rfi to (A1), for f : X — {x}

S HUUFIU) D BX.F) S B2, F ) — . (Rfiny)

where H, denotes cohomology with compact support, and Hz cohomology with support on Z.

From now on we assume that dim(X) = n.

Alexander duality. Let’s first briefly analyze the situation when # = C and the manifold X is
assumed to be oriented. In this case, the theory of Verdier duality summarized in the next paragraph
gives rise to what is classically known as Alexander duality, which guarantees the existence of a

cup product pairing
Hy(X.C) x H{(Z,C) — H™(X.C)

(@.f) ———— a— B

with properties as follows. The orientation induces a trace map fX :HN(X,C) =c which, together

with the cup product, gives
p = n—p
Hz(X’Q) — Hc (Z’Q)V

ab—— (B [pa—p)
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where the superscript ()Y denotes duality in the sense of complex vector spaces. Applying Alexander

duality to the previous long exact sequences gives rise to the following relations:

%

JEEECANEN HP\(U,C) 9 5 Hg(X,Q) — 5 HPY(X,C) 14> HP(U,C) —9 5 .

w w w
a B Y

o BT W, C) <2 HIP(Z,C) < HP(X,C) <L H'P(U,C) <2 ...

w w w
& n ¢

* (=DPda — & = ji(a — 0¢)
*rf—n=p—in
c Gy —=0=y =L

Verdier duality. The hypotheses on the orientation and on the sheaf of coefficients can be relaxed,

so considering any sheaf of modules of a Noetherian ring F we get
HY (X, F") = H; (X, F" ® orx)
where ory denotes the orientation sheaf, defined as the sheafification of the presheaf
orx(W) =W H!(W,C)".
The dualizing complex is the complex in the derived category 25 € D(Sh(X)) satisfying
Hom(I*, 2%) = Hom(I'.(X,I*),C)

for every I°® injective or soft resolution. So &5 € [-n,0] is bounded (that is, the complex is zero

outside of this interval), and we have that
W HI(W,C)Y
is a sheaf and that orx[n] = 95.
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Taking I° = 9%, we get
Hom(2%, 2) ———— Hom(T:(X, D%),C)

id | > s

and I'e(X, 25%) = H(X, orx) /—X> C. We also have ilg@;( = 2 and the unit of the adjunction
hi': D5 — Dy, gives

1=\

/ :T(Z,i'Dy) — To(X, DY) —/i C
Z

and analogously
/U : H?(U9j*0rX) B C

a > /X Ja
All of the above are consequences of Verdier duality, and extends to general coefficients in a Noethe-
rian commutative ring. Lastly, another consequence of Verdier duality is the purity isomorphism

Ri!ZX =Z,[~c], for ¢ := codim(Z). In other words, we have that H;(X,Z) =HP“(Z,2).

Differential forms and currents. This paragraph follows mostly [dR84] Chapter 3 and [GH94]
Chapter 3.

We can resolve the sheaf C by smooth forms
0-5C-8°-Ql 50> — ...

which is a complex of fine sheaves and therefore soft. Applying Verdier duality for this resolution
presents the dualizing complex as the complex of functionals 2% (W) = To(W,Q77)".

After introducing natural topologies on these spaces, we are lead to the definition of the sheaves
of currents Q7 (W) c T.(W,Q"P)". One notes that distributions € (W) — C are simply

n-currents (and also O-currents, see Remark 3.2.1 below).
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The differentials on currents are given by

Qr d y Ot
T ——— (w > (-)"*T (dw))
and given a coordinate chart and 7~ € ﬁp, we have 7 = Z| 11=p T1 A dxy for J1 € Q" distributions.

This shows that the complex Q° is fine. Furthermore, for an oriented manifold we have that the

inclusion

Q. C > ﬁ.
wh— T, = (77!—>fxw/\n)
is a quasi-isomorphism. The currents coming from smooth forms are called smooth, and they are

dense among all currents.

Remark 3.2.1. If the manifold is not oriented, one must consider instead Q° ® ory so that the
integral giving the trace map fX is defined. In general one cannot integrate forms, but rather
densities: any non-vanishing element of Q" ® ory gives rise to a volume element, which is a
(positive) density. If X is already oriented, then any non-vanishing form w € Q" defines a density
by simply taking |w|, and is called a volume form. In this way, distributions can be identified both

with O-currents as well as n-currents, by multiplication with a volume element.

Note also that the previous cup product of Alexander duality can be given in terms of currents

and smooth forms, as follows
Ok % 0! N O+
(T, w) —> T Aw:=Mn T (wAn))

or anti-symmetrically (w,7) = w AT = (=DHT A w.

Residue of currents. We want to compute the boundary map in the long exact cohomology
sequence arising from (A, ), which is called the topological residue

res

HP™ YU, Fly) — HY(X, F).
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However, neither the resolution by differential forms €° nor by currents Qe is flasque, so they
cannot be used directly to compute the topological residue. Instead, we must first look at the
cocone of j* in the homotopy category, which gives rise to a shift of the distinguished triangle in

the homotopy category giving rise to (A ):

i — 11— JeJ " MR [+1] (A2)
Joi -1 =25 () = 11— juj* (Ac()

which shows that C(j*), the cocone of the pullback by j, computes the cohomology with
support in Z.
The triangle (Ac(;+) ) applied to the complex Q° gives a split short exact sequence of complexes,

which at degrees (p — 1, p) is

0 — @7I(U) —> @I (U) @ Q" (X) —— Q"(X) —— 0
|- l# |2
0 —— Q(U) —— QP(U) e *1(X) — QP (X) —— 0

where on the left we have —d as per the convention on the shift [—1] for distinguished triangles,
and the differential d in the middle is given by (6, w) — (j*w — d6f, dw). The cohomology arising
from the complex C(j*Q%) is sometimes called relative de Rham cohomology.

We then have the following long exact sequence in cohomology

. — HPTN(Qp) ——— HP(C(j*QY)) ——— HP(Q5) — ...

[6] ¢ > [6,0]

[0, w] | > [w]

[Jfw-0] —— [j'w-06,0] = [0,dw] ————> 0
We want to explicitly compute these relative de Rham cohomology groups in terms of coho-

mology with support in Z. It is now that the use of currents becomes important, since smooth forms

of U cannot in general be extended to smooth forms of X, but they do define currents of X.
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Theorem 3.2.2. The isomorphism of distinguished triangles gives
HP(C(j*Q%)) = HY(Q3) = HP(Q3)
and the isomorphism is given explicitly by

@ : HP (C(j*Q%)) —— HP(Q3)

[(T0, T)] /——— T — dTg

[(0, Tw)] < T

Proof. First, note that these morphisms are inverse to each other, since [(0, 7,—-d7y)]| = [(79, 7o) ] —
[(Tg,dTy)] = [(T9,T)] — [d(0,T9)] = [(79,T)]. While we have written 7, 7,,, we did not need
to assume that these currents are smooth. However note that Q7 (U) — ﬁl’(X), 6 — Ty makes
sense, since 75 can be defined for any locally integrable form 6 € (L', loc, X) and any smooth form
6 € QP (U) can be extended by zero to a locally integrable form on X.

Note also that j*w = d6 since [(6,w)] is closed, so j*w — df = 0 on U. Using the quasi-
isomorphism Q°® — Q° and the fact that smooth currents are dense among all currents shows that
7w — dTg indeed has support in Z.

Lastly, if w is exact, then w = de, so after applying ®, we get 74, — d7g with dp|y = d6. This
shows that the principle "res(7y) = d7g — 749" holds for smooth currents, as in [GH94] page 368.

Remember the minus sign for res in (Ac(j+) ).

Remark 3.2.3. Note that if
Z <3 X
is of codimension ¢, then i* : QX (X) - QX(Z). Therefore we have ﬁk(Z) & ﬁk“‘(X), which

explicitly is
Hom(Q"<*(2),C) — 3 Hom(Q"*(2),C)

Tz |  (w - T7(i%(w)))
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and in the case where ¢ = n (for example if Z = {p} consists of a single point), we have that k = 0

(l-*)\/ —

and ﬁo({p}) —— Q"(X), which will be given by z > z6(,}, where z € C = ﬁo({p}).

3.3 Field of coefficients

In order to compare the topological polylogarithm with the Shintani class, we would like to find a
common ring of coefficients where both of them live. For this, it is very helpful to fix a choice of

orientation, as is explained below.

Fixing an orientation. Following the notation for the logarithm sheaf in 3.1 for A = C, we
consider the group ring C[L] as well as its completion Rc. There exists an isomorphism exp* :
Rc = S/ﬁnL@ by [BKL18] Corollary 3.10, which together with a basis w and isomorphism J as in

2.1, gives rise to the following commutative diagram

C[Xitl”xlf]]c%cl[xl_l,,Xn—l]]ﬁﬁlzn®©:©[[z]]
;lw Elw Elw Ell(w) (3.2)
C[L] > Rc e:)* > SymLc % C[z]

where X{ +— aw; for any a € Z, and exp*(X;) = e*. While the choice of basis w is not important
if one wishes to work only with the lower part of the diagram, a choice of orientation J is needed
to consider Rc = C|z] as in [BKL18] §5.2. As it is explained there, such a choice of orientation
also trivializes the orientation sheaf A := A(L) := A"L = ory and defines a fundamental class as in

our definition 2.12.

Remark 3.3.1. The automorphism J(w) is important when comparing the left vs right side of
2.1 as well as the upper vs lower side of the above diagram 3.2, as well as when comparing with
[CDGI5]. It appears there often written as a matrix M, which is ultimately chosen as J(w) or its

transpose, depending on from which side it is multiplying (see also 4.2.3).
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Multivariate Laurent series. Since the generating function associated to a cone 2.3.3 has poles
along each hyperplane orthogonal to each generator of its cone, we need to work with Lau-
rent series instead of just power series. However, the notion of coefficient is not well defined
for Laurent series of multiple variables since Q((X,Y) ¢ Q(X)((Y) and Frac(Q((X,Y))) #
{Yisn XjomaijX'Y|a;;j € Q,n,m € Z}. Indeed, just look at (¥ — X)l = Y0 YD xE

To avoid these pathologies, we use cones to construct suitable Z"-graded rings of coefficients.

Remark 3.3.2. Our ring of coefficients will also be a field, which simplifies certain cohomological
proofs and is sufficient for obtaining rationality results on zeta values (but not sufficient if one is

also interested in integrality results!).

We now follow [MK13]. Fix a choice of orientation J as in the previous paragraph and in 2.1.
The idea is to define an order on our lattice and at first consider only power series with exponents
belonging to the intersection of the lattice with a cone that is compatible with the order. It is
then possible to invert these power series by enlarging the cone in a suitable way, using minimal
elements with respect to the order. By taking the union over all possible cones and inverting all

variables, we get a field.

Definition 3.3.3. We define <;., to be the lexicographic order on L defined by ordering each
real embedding J; at a time. That is, for [,I"” € L, | <o, I"if 1 = 1" or J;y(I’ = 1) > 0 for

ip ;= min{i|J; (I’ =) # 0}.

This defines an additive total order as in [MK13] Definition 5. Let &}, be the set of all cones
compatible with this lexicographic order, that is, all cones o such that « € c N L = 0 <y .
Note that for any Shintani cone decomposition ® C &),.,, that is, every totally positive cone is

compatible with the lexicographic order.

Definition 3.3.4. Let w be a Z-basis of L as in 2.1. Then we define <y, to be the additive total order

onZ" c Q"®Rsuchthata <y bifa=bora -w <j.. b-w.
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Note that this is well defined since w is a basis and <, is also an additive total order on L. For
Oq € Glex, lety € Q" ® R be the n-tuple of vectors which are sent through the isomorphism J(w)
of 2.1 to a, thatis, J(w)"y; = ;. Then C, forms a cone in Q" ® R compatible with <y. We denote

the set of these cones by €<, and note that J(w) induces a bijection €<, = G/ex.

Proposition 3.3.5. Let K be a field of characteristic zero and for any o € 6., respectively C €
G, let Ko[x] = {Doer aext| e € o, a. € K} and respectively Ke[[x] = {Xeczn aext| e €
C, ar € K}. Then we have that K¢, [x] := Useg,, Kolx] and K< [x] = Uces., Kol x] are
integral domains isomorphic through J(w), and K<,, (x)) := Uger Xx°Kg,, [x] and K<, (x)) :=

Ueezn X¢K<, [x ]| are fields isomorphic through J(w).
Proof. This is shown in [MK13] Theorem 15. |

Remark 3.3.6. We note that in [Kat78] 1.1 a similar "artifice" is used, where a set S of linearly
independent linear forms is considered, which can be taken as the «; for each generator of a totally
positive cone 0. Each such linear form divides the space into two components, one positive and
one negative, with the boundary being the orthogonal hyperplane. Katz then considers the series
with exponents in the enlarged cone defined by the intersection of all positive components defined
for each generator of the cone given by S. This larger cone strictly contains the totally positive
orthant. Katz also considers the ring of Laurent series associated to this ring by inverting the totally

positive exponents.

Shintani operator and coefficients. We want to compare this field with the algebra considered
in [CDG15] Definition 3.3.

Let’s rewrite [CDG15]’s algebraic method of extracting coefficients from the generating Laurent
series. Define K((z))*¢ ¢ K((z)) := Frac(K[z]) as the subfield of fractions G = % where g € K[ z]
is a power series and p is a homogeneous polynomial of degree d whose monomial coefficients
are all non-zero (ie. a; # 0 V a,-zfl). For example, for a cone with associated matrix A,

pa(z) == N(Az) =[], Li(z) € Sym"(K") is complete homogeneous polynomial of degree n.
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Define foreveryi < n
0:(z) = (2iZ1s - - -+ ZiZi=1> Zi> ZiZi+1s - - - » ZiZn)

and note that p(6;(z)) € Z'K[z1,..., 2, ...,z,]%. Therefore 6;(G(z)) := G(0;(2)) € z;'K[z]
for all G € K((z))". Let py : K[z] — K[w] be the map induced by N(z) = w, that is, only the

k

terms of the form (z; - - - z,)¥ — w* survive. Now, after setting 6 := (61, ..., 6,), we may define

0 : K((z)" — K[w] as the composition of the following maps:
o T (pwisn T Avg
— N)i<n
K(@)" = | |7 Klz] == | [ K(w) — K(w).
i=1 i=1

For A the Shintani operator of [CDG15] Definition 3.5, we have ® = ;. %wk.

Lemma 3.3.7. Fix J and w as in 2.1. The following diagram is commutative

K(z)" < > Ke, ()
o PN
K(w)
Proof. Let G(x) = Y ,cznaex®. Then by abuse of notation we write
0;: 2" — 7", e — (ey,...,Tr(e),...,e,) onthei-thposition, sothat G (6;(x)) = 3 ,czn aex?(®) =

Dieczn Ao, =Y i ej,m,enxe. Indeed 6; is bijective for each i, that is, it is an automorphism of the

lattice. The coefficient of G (6;(x)) selected by A¥)/k!" is the one corresponding to the exponent

e = (k,....nk,....k), SO Ak, k-3 i k,.k) = A(kpvooitk=(n=1)K),..k) = A(k,...k.. k). SO €Very 0;

selects the same coefficient and the average is just that coefficient. O

Corollary 3.3.8. For K = C we have the commutativity of the following diagram

Rc ————— C((2)" —— C¢,((2))

prepw ox (3.3)

cw] > C(w)
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Proof. This follows from the Lemma above, where Rc = C[ z] via 3.2 (and applying the automor-
phism J(w)~! there), and pr : Rc — Rcr = C[w] is the projection onto the I'-coinvariants by
Lemma 5.4 of [BKL18]. O

Topological polylogarithm. From now on we call Rx := K 1ox (X))

Proposition 3.3.9. Let A = K be a field extension of Q as before. Define Log_ := A, [x] ®aqr]

mA and .Eodg = Log. ®a, ME Then we have that H*(T, Log.) = 0if k # n and

H'(T, Log.) = A; and that H*(T, Log) = 0 for all k.

Proof. Note that we have fixed an orientation on the torus through J, so Ay is trivial. The proof
is the same as in [BKL18] Theorem 3.25 (see also [BL94] 2.3.4) after noting that A<, [[x] is a
flat A[L]-module, since it is a flat A-module for A a field, and it admits a natural L action. This
proves that H"(T, Log.) = A and zero for other cohomological degrees. Furthermore, the field
Ris naturally a free module over K., [x], so we may take the tensor outside of the cohomology
group, and the vanishing for all k # n of Log_ implies we may restrict our attention only to the
case k = n, where the cohomology group is equal to A, but A ® Aq,, %] R = 0 since x acts trivially

on the left but not on the right. O
We now apply (A, ) to our logarithm sheaves:

Corollary 3.3.10. Let D C T be a finite and non-empty subset. Then fori # n — 1
H'(T\ D, Log) = H(T \ D, Log) =0
which induces a short exact sequence
0 — H"'(T'\ D, Log) — Log |p—> A — 0,

where Log |p= P p Log, (respectively for Zvog) is the restriction of Log to D and op is

the sum of the maps aug : Log, — Log,/I1Log, = A.
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In the case of Z:‘oig the vanishing of the n-th cohomology reduces the short exact sequence above

to an isomorphism given by the topological residue
H""\(T\ D, Log) = Log |

Proof. This is Corollary 3.26 of [BKL18] together with Proposition 3.3.9 above. It follows easily

from the previous section by taking Z = D and the purity isomorphism. O

Definition 3.3.11. The ropological polylogarithm pol € H" (T \ {0}, T, E):g) is the class whose

residue is given by res(pol) = .

Remark 3.3.12. Compare with Definition 3.30 of [BKL 18], noting that with our choice of coeffi-
cients R, the degree zero function @ becomes simply an element of R, which in our case is taken
to be @ = 1. This is also equivalent to Definition 3.40 of [BKL 18], which is the second variant of

the topological polylogarithm considered there, where with our simplified choice of coefficients R,

w=1.

Remark 3.3.13. For the I'-equivariant cohomology, we can simply consider I'-invariant currents,

as is shown in [Gral 6] Proposition 2.4.21 and is done in [BKL18] §4.2.

Remark 3.3.14. In the 1-dimensional case, we get precisely the contents of [BL94] §2.3. In
particular, for 70" = S!\ {0}, to find the section explicitly corresponding to the polylogarithm class
we need to find the section that gets sent to 0 through res, as in 3.2.3. When using the trivialization
e’ fory € S! and R = R((1)), we have by 3.2.2 that "res(7y) = dTg — T4s", so for f smooth with

compact support in S', we have that £(1) = £(0) and then

1 1 1
res(e) = [ e f 0y [ 1e )y = f )] = (1= )7 (0)
0 0
so e’ = (1 —e")éy and res(f_—y;,) = §p. In other words, we had to find the function g(y) on R,
smooth on S!\ {0}, such that g(0) — g(1) = 1 (so clearly not smooth on S'), as claimed in [BKL18]
§2. We therefore have that % € R, precisely the generating function for the Hurwitz zeta function,
represents the polylogarithm. In particular, if y € Q we get series with coeflicients in Q, so the zeta

values are rational.
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Chapter Four

Explicit computations and comparison of

classes

4.1 Green current and generating functions

We now define a suitable auxiliary space X which will help with explicit computations.

Definition 4.1.1. Let S"~! be the n — 1 dimensional unit sphere centered at zero inside V. Our
auxiliary space X will be defined as the intersection X := $"~! N V. of the sphere with the totally

positive orthant.

The canonical projections px : Vo9 — X, x ﬁ and p; : Vo9 — V! induce the smooth
isomorphism  : V! — X, where = px|y1 and ¢~! = p|x, through which X inherits the
structure of a topological group.

Furthermore, note that the isomorphism ¢ can be given as the function mapping each point x
in V! to the unique point in X belonging to the line passing through x and 0 in V. This shows that
a cone o, defines a simplex on V! (as we have seen in 2.2) as well as on X, denoted by X = Xa,
and a Shintani decomposition @ of V- defines simplicial decompositions ®' and ®X of V! and X,
respectively. Note that while the I" action is not stable on X, it is on ®X, that is, when it is taken

together with px.
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Sczech cocycle. Let @ and the corresponding matrix A, = J () be as in the proof of Proposition
2.3.2. In [Scz93], Sczech considers the following function:

det(Ay)

fla@)(z) = —H;ZKZ’ )

which is shown to satisfy the following cocycle condition in [Scz93] Lemma 1:

n
D=1 f(ao,. i, .. a) =0,
i=0
We now state the following proposition due to Hurwitz:

Proposition 4.1.2. (Hurwitz) Let Xy be the simplex of X defined by the generators « of a simplicial
cone and z € V¢ such that {z,a;) # 0 Vj. Consider also the n — 1 differential form w, :=

?:1(—1)i_1)’idy1 VANRIRIVAN 07)71 A+ ANdyy,. Then

wy
(n- 1)1 /X = @@

Proof. Hurwitz proves this in [Hur22] (see also [Scz93] §2.1) by considering the integral over the
unique simplex of P"~!(R) defined by a where (z, y) does not vanish. When a consists of totally

positive generators, as in our case, this simplex corresponds to X, under the equivalence between

P"~!(R) and the n — 1 sphere modulo the antipodal map. O
Corollary 4.1.3.
(-1t [ = @) =
n—1)! =f(er,...,en)(2) = ——.
x (z )" N(z)

Remark 4.1.4. Note that this Corollary is proved in [BKL18] Theorem 5.6 for V! using 2.2 and

pulling back through ¢ : V! = X.

Remark 4.1.5. This corollary is also equivalent to [Col24] (0.3). There, in (0.2) Colmez decom-
poses the totally positive orthant into cones as in Definition 2.2.3 and takes the Laplace transform
of the identification function, which gives (0.3) equating ﬁ and the sum of all the functions
f(@)(z) for all cones. This sum is precisely the integral in Proposition 4.1.2 decomposed into the

simplexes defined by each cone.
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Explicit currents and distributions. Throughout this section, we fix R = Rc.
Zaef@nwL el

(1_e<al,z>) ...(1_e<an,z>)

2.3.3. It defines a distribution almost everywhere on T with values on R, which satisfies

Proposition 4.1.6. Let G;,(t,z) = be the generating function defined in

vol(L)™' " &™) f (@) (2mipt - 2) = sgn(@)Gor, (2.

HEL*
Proof. For the first claim, by definition the power series of the exponentials appearing in G, (z)
have all coefficients and exponents in oy, and since any such cone is compatible with <.y, we

clearly have that G, (z) € Cg,,(2) = Re.

By definition,
det(Ag)ez’”“’“>

2, @) =

HEL* HEL*
and the rest can be shown by what is essentially Poisson summation as in ([CDG15] Proposition

4.5), but we will instead follow ([BV00] Lemma 18) for a more straightforward proof.

We first lift the problem to V, the universal cover of 7. Let V(rg c V be defined as V minus the
points given by all the L-translates of the walls of 0. Let Ly C L be the sub-lattice generated over
Z by the @. Then a set of representatives for the finitely many elements in L/Ly can be given for

eacht €V, by (¢, a) = (t - ﬁg) N L. Define now

etz

Fo(t,z) := |L/Lo|™"
) ) xe%,g) [Ti<, (1 — e~{@i2))

and note that [BV00] Lemma 18 gives the equality

Fo(t,=2) = ) "4 f(a) (2mip - 2)
HEL*

|det(Ag)|

as locally constant distributions of Vi, , since |L/Lq| = TVolL)[

. Now to conclude simply note that
we have a bijection [(¢ — [v’g) NL] — [Pg Nt+ L] by x — t — x, and multiply both sides of the

above equation by e{#%) to get the claim on the torus. O

Remark 4.1.7. In the 1 dimensional case, V(Tg isjust R \ Z =V and we have

et(27ri,u—z) e—[t]z

- = 4.1
/;Z 2rip—z 1 —e*

40



Explicit computations and comparison of classes

as in [BV00] Lemma 16. Multiplying by e’* gives precisely f{_tii, the distribution on 7 = S' \ {0}

representing the polylogarithm as in remark 3.3.14.

Remark 4.1.8. Itis easy to see that for a fixed nontrivial torsion point ¢, any Shintani decomposition
® can be slightly deformed into a new one @’ so that £ is not in any of the walls of any of the cones
of the decomposition. In other words, such that Q(,g(t,z) € R is well defined for all oq € D

Compare with [BHY Y23] Lemma 5.3.

We will now see how the above results fit into the topological polylogarithm picture. In
Theorem 4.7 of [BKL18], a Green current & is defined, which represents the polylogarithm class
for the punctured torus. Note that by Remark 3.3.12 this currents satisfies the residue condition of
Definition 3.3.11 with @ = 1. The specialization of this current to a torsion point of the torus is

closely related to the objects above, as the next proposition shows.

Proposition 4.1.9. Let € be the Green current of [BKL18] Theorem 4.7 representing the polylog-
arithm. Then, for a torsion section t as in (3.1), we have that

e2mit.p)

r'% = (-1)"'(n-1) S —
(=0T n=h Qripg -z

pel\{0}
through the isomorphism y : V! — X , where wy, := Z?zl(—l)i‘lyidyl A A j;, A+ ANdy, as

in Proposition 4.1.2.

Proof. @ is a Fourier expansion with coefficients E}; in

n—1
@ QUP) @ Q" T) = " (P XT)
a=0

where & ¢ Hom(V, V™) is the space of positive definite symmetric bilinear forms on V, as in
[BKL18] §4.1. Taking the pullback through # means only the coefficient £ Z‘l e Q" 1(P)eQT)
survives, and using the explicit computation of [BKL18] Lemma 4.12, as well as the inclusion

V! s P given by g — By(v,w) = Z;Zl q_lvjwj, we have the result. O
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4.2 Evaluation and comparison of polylogarithm and Shintani
classes

We are finally ready to combine all the previous results to compare the Shintani class with the
topological polylogarithm and obtain the special values of partial zeta functions.

Let’s briefly recall our Definition 2.4.4 of the Shintani class. For ®* a Shintani decom-
position, with = € {0,1,X}, and ¢ € ]O" a fixed torsion section as in (3.1), the assignment
a — sgn(a)Go, (¢,z) defines an element in Hom(C,(®*), R), and through pr as in (3.3), an

element in Hom(C, (I'\®*), Rr). The cocycle relation (2.14) implies we get a class
[6] € H"™ (Hom(C.(I'\®"), Rr))

which we called the Shintani class. Note that through the quasi-isomorphism from Lemma 2.4.2,
this class does not depend on the cone decomposition ®* and the fundamental class of (2.12) is
sent to [a] € A of [BKL18] §5.2.

As in [BKL18], our choice of orientation gives an evaluation map ev: H”‘l(S 1 ﬁ) — ﬁp,
given by n — pr(vol(L)™! /Sl n) for n a differential form. This is precisely the same cap product
as in (2.11) via the identification between Betti and de Rham cohomology.

Finally, note that in Proposition 4.1.9 we sum over the non-zero lattice points, whereas in
Proposition 4.1.6 we also add the u = 0 term, which is (—1)" f(a@)(z). This corresponds precisely
to —¥p the polar cocycle of [CDG15] Theorem 4.1, which appears when comparing their cocycle
with the one of Sczech in [Scz93] (see also Remark 4.2.3 below).

Combining everything we get our main theorem:

Theorem 4.2.1. Let t € T be a torsion point stabilized by I" as above. The Eisenstein class

Eis(¢) := t* pol € H"" (', R) of [BKL18)] Definition 3.32 satisfies
Eis(t) = 1" pol = (=1)""'[G] + [¥p] (4.2)
and
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k

ev(Eis(1)) = ev(t*®) = ev((-1)""1([G]) + [¥p]) = Z ¢(t, L, k) (/v:v)n
k=0 ’

Proof. First note that the evaluation map coincides with our pairing (2.11) induced by the cap

cQw]. 43

product. For R a field, this pairing is perfect, so the first equation (4.2) follows from the second
(4.3), which is proved in [BKL 18] Theorem 5.6.

However, we would like to give a more direct proof, which shows that the Green current
representing the polylogarithm class for the punctured torus can be evaluated at each cone of a
Shintani decomposition ®*, giving the corresponding generating class. Such a proof will not
depend on [BKL.18] Theorem 5.6 and in particular on the functional equation for the associated
zeta functions, but only on the propositions 4.1.2 and 4.1.6, whereas the latter can be interpreted to
give the functional equation for integral values of the zeta functions.

First, note that the isomorphism y gives H"~!(X/T, ﬁ) =~ g 1(S!, ﬁ) and these groups are
equivalentto H" (T, R) asits classifying space. They are also equivalent to H"~! (Hom(C, (I'\®*), Rr))
via the corresponding Shintani simplicial decompositions for * = 1, X. An @ € C,_;(®) defines a
simplex X, of X, and by integrating the form € of Proposition 4.1.9 over this simplex, we get by
Proposition 4.1.2 that

[ rg=ct Y e pa)rip-2)
Xa

neL*\{0}
and further, using proposition 4.1.6, we have that

wlD)! [ G = (1" sen(@)Gi, ()
Xa -
Now since I'\®X is a finite set, we may sum over the representatives of this quotient and
apply pr, which on the left hand side gives precisely the evaluation of the Eisenstein class at ¢,
ev(Eis(1)) = pr(vol ' (L) /Sl t*?), and on the right hand side gives (=1)"~! times the sum of the

cone zeta functions over these representatives, which by Proposition 2.3.5 and (3.3) is, up to the

(="

factor T_l coming from pr(W¥p), equal to

k

k
D)"Y Y Lot (ke =) e = (<)Y £( L -k € Q((w)).

k>0 oel\®, (k)" k>0 (k1"
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The rationality of the zeta values follows from the fact that the classes can be defined for 1%, and
therefore must have coefficients in Q under the evaluation map, as in [BKL18] (5.9). Alternatively,

one can see that the Shintani class can be defined with Q coefficients. O

Corollary 4.2.2. (Klingen-Siegel) The values of partial zeta functions of totally real number fields

at negative integers are rational. That is

{(b, f’ _k) € Q
for§ # Op and b integral ideals and k > 0. If f = O, {(b,§,—k) € Qfor k > 1.

Proof. If § # OF, 1 is a non-zero torsion point for the corresponding lattice fb~!, and the Corollary
follows directly from Theorem 4.2.1 above and (1.6). If f = Op, use the result for f = p and deduce

by removing the corresponding Euler factor of (b, f, —k) € Q as in [BKL18] (5.11). O

Comparison with Shintani cocycle of [CDG15].

Remark 4.2.3. In [CDG15] they work on the left hand side of (2.1), where we fix Q and v asin (2.1),
as they do in §3.6, as well as J(w), which corresponds to the matrix M in their notation (they nor-
malize it by the norm of b, which they call a, to obtain partial zeta values directly through (1.6)). As
remarked in Remark 2.4.3, they consider cocycles with respect to both groups py : I' — GL,(Q),
related by pulling back through this inclusion and J(w). They then apply their Solomon-Hu pairing
to this cocycle, which by Remark 2.3.4 corresponds to our Shintani class above. In their paper,
this class is denoted by [Ws;,]| and has values in a certain space of functions # which is described
below. These functions have values in K((z))"¢ c Rx, and when pairing with the same funda-
mental class as above and applying the Shintani operator Agj, they obtain the same evaluation as

above, by section 3.3. Their Theorem 4.1 is essentially equivalent to our main Theorem 4.2.1 above.

The space ¥ in [CDG15] §3.5 corresponds to the sheaf of sections of V x R((z))"“ equivariant

with respect to the L >~ I" action, however equipped with a GL,,(Q)-action, which will correspond
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to the trace compatibility of the polylogarithm as in [BKL18] §3.11. This comes from the fact
that the distribution property satisfied by the elements of ¥ is precisely the distribution property
of Eisenstein series giving rise to the trace compatibility in [BKL18].

To see this, note that for O, M, v fixed as above, the distribution property for f € ¥ becomes
YA eZ\ {0}, Aw —v € Z", whence w = A+ atyforl ez,

FMv)(2) = sgn()" Y fFA71+2719) (zAMT).

lezZn

This guarantees that if A € GL,(Q) N M,,(Z), then A is an isogeny of L through (2.1) in the sense

of [BKL18] Definition 3.4 (injective with finite cokernel). Then

A F(M,v)(z) = Z sgn(det A) F(ATM, A™"r + A7) (2)
reL/AL

which is the trace compatibility of [BKL18]. If A comes fromy € I' — GL(L) as in (2.4), then
the cokernel of this isogeny is trivial as I' — SL,(Q), so the action is precisely the action of L < T"

as in [BKL18] §3.7.
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