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Was sich iiberhaupt sagen lasst, lasst sich klar sagen; und
wovon man nicht reden kann, dariiber muss man
schweigen.

— LUDWIG JOSEF JOHANN WITTGENSTEIN [1]






Abstract

The interaction of solids with intense, time-dependent electromagnetic
fields gives rise to rich nonequilibrium phenomena on femtosecond and
sub-cycle time scales. Understanding how electronic states evolve under
such driving, and how this evolution is encoded in experimentally acces-
sible observables, is a central challenge in light-driven condensed-matter
physics. This thesis investigates how strong laser fields drive solids into
transient nonequilibrium states and how these states manifest in comple-
mentary spectroscopic probes, namely high-harmonic generation (HHG)
and time- and angle-resolved photoemission spectroscopy (trARPES).

The first part focuses on HHG from driven two-band systems. In ma-
terials with small or vanishing band gaps, strong interference between
interband and intraband contributions plays a decisive role in HHG and
limits the applicability of conventional semi-classical models. In this
small-gap regime, a robust interference phenomenon, termed coherent
suppression, is identified in the HHG spectra of light-driven massive Dirac
systems. An analytical description supported by numerical simulations
shows that destructive interference between current contributions leads
to a pronounced suppression of the total harmonic yield. The effect is
shown to be generic, robust against changes in band dispersion, and lifted
by dephasing, resulting in characteristic re-entrant harmonics.

The second part addresses the time-resolved formation of dressed elec-
tronic states in driven solids. Using an extension of Floquet theory based
on the instantaneous Floquet t~t’ formalism, the dynamical build-up of
Floquet replicas during finite laser pulses is analyzed for a realistic model
of Bi,Se;. The evolution of replica occupations is shown to be governed
by adiabatic dressing and nonadiabatic Landau-Zener transitions, yield-
ing a semi-analytical description in excellent agreement with numerical
calculations.
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Notation and units

We use Hartree atomic units, where i = e = 47¢; = m, = 1a.u., for all equa-
tions containing physical quantities. Sometimes we give values in the SI
system for easier comparison to experiment. Many formulas also contain
dimensionless quantities, which are defined in the first chapter. The next
list describes several symbols that will be later used within the body of

the document, both dimensionless and unitful.

(%)

a(t)
F(7)

Hamilton operator

Density matrix

Angular frequency

Band dispersion for band n

Vector potential

Electric field

Current density

Crystal momentum (Bloch wave vector)
Characteristic length scale

Dephasing time

Characteristic time scale

Band dispersion for band n (dimensionless)
Hamilton operator (dimensionless)
Angular frequency (dimensionless)
Time (dimensionless)

Dephasing time (dimensionless)

Vector potential (dimensionless)
Electric field (dimensionless)

Current density (dimensionless)

Crystal momentum (dimensionless)






Introduction 1

Attosecond physics focuses on the observation and control of electronic
motion on its natural time scale [4]. The emergence of attosecond science
was tightly linked to advances in ultrafast laser technology: femtosec-
ond lasers made it possible to coherently drive matter on optical-cycle
time scales, while strong-field nonlinear optics enabled the generation of
radiation far beyond the photon energies of the driving field.

A major milestone in this development was recognized by the 2023 Nobel
Prize in Physics, awarded for experimental methods enabling the gen-
eration of attosecond pulses of light and their application to the study
of electron dynamics in matter [5]. Central to these methods is high-
harmonic generation (HHG), which remains one of the primary tabletop
sources of coherent extreme-ultraviolet (XUV) and soft-x-ray radiation
with attosecond temporal structure. Over the past two decades, HHG has
evolved from a nonlinear optical phenomenon into a versatile tool for
ultrafast spectroscopy and a key pillar of modern attosecond science [6,
7].

The first experimental observation of HHG with infrared photons exhib-
ited a characteristic structure: an initial rapid decay, followed by a broad
plateau of nearly constant intensity and a sharp cutoff [8]. Although
not the first demonstration of HHG, it was the first to clearly reveal the
plateau structure. The existence of this characteristic structure is crucial
for attosecond science, as it provides the bandwidth required to synthesize
ultrashort light bursts when the harmonics are coherently superposed,;
accordingly, several proposals soon followed [9-11].

The first theoretical explanation of the HHG process relied on numerical
solutions of the time-dependent Schrédinger equation and also discussed
phase matching necessary to create short light bursts [12]. Soon thereafter,
the classical three-step model was proposed [13], providing a beautiful
and intuitive explanation of the mechanism behind the HHG plateau:
an electron is first released by tunnel ionization near a maximum of the
electric field, subsequently accelerated in the continuum by the oscillating
laser field, and finally driven back to the parent ion, where recombination
leads to the emission of a high-energy photon. Although simplified, this
picture explains key features of HHG, including the plateau structure,
the scaling of the cutoff with laser intensity aw well as wavelength, and
the intrinsic sub-cycle timing of the emission process. A semi-classical
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version of the three-step model [14] further solidified the picture and
provided quantitatively robust results. Importantly, both variants showed
that high-harmonic emission occurs in bursts localized within a fraction
of an optical cycle, resulting in a train of attosecond pulses for multi-cycle

driving fields.

For many applications, isolated attosecond pulses are required instead of
pulse trains. This is achieved by restricting efficient harmonic emission
to a single half-cycle of the driving field, using few-cycle pulses with
stabilized carrier-envelope phase and various temporal gating techniques
[15, 16]. The generation of isolated attosecond pulses is inseparably linked
to attosecond metrology. Techniques such as attosecond streaking and
interferometric methods based on two-photon transitions allow the re-
construction of spectral phases and emission times, thereby providing
calibrated access to both the attosecond light field and ultrafast photoe-
mission dynamics [17, 18].

While early attosecond experiments were primarily focused on gas-phase
systems, the scope of HHG has expanded significantly in recent years. In
parallel, high-harmonic generation in solids has emerged as a complemen-
tary and conceptually distinct platform [19-22]. In crystalline materials,
the periodic lattice and multi-band structure fundamentally modify the
strong-field response. As a result, solid-state HHG is increasingly viewed
not only as a compact source of high-frequency radiation, but also as a
form of ultrafast spectroscopy. It has been suggested that HHG from solids
can provide time-resolved information on a range of material properties,
including electron dynamics [23-25], Berry curvature [26], symmetries
[27-30], and correlations [31, 32].

Although these spectroscopic applications of solid-state HHG are appeal-
ing due to their all-optical, table-top nature, great care must be taken
when comparing theory to experiment. For example, [33] showed that
probing topology can be highly nontrivial, and that bulk effects such as
the band structure often dominate HHG spectra. Among other signatures,
probing the topology of a two-dimensional topological insulator (TI) via
helicity flip, as predicted by the driven Haldane model [34-36], turned out
to be unreliable when using more refined models based on state-of-the-art
time-dependent spin density functional theory.

These challenges stem at least partly from the fact that the microscopic
mechanism of HHG in solids is not yet fully understood. Following the
success of the three-step model in atomic HHG, a generalization to the



solid-state context has been proposed [37-40]. However, several mod-
ifications and variants soon followed to explain discrepancies between
numerical simulations and the semi-classical model [41-44]. Materials
with a small or vanishing band gap violate core assumptions of the three-
step model, which therefore cannot readily reproduce the HHG spectra
reported in the literature [45, 46]. Often, emission spectra from such
materials feature strong interference between interband and intraband
contributions, which is a key aspect studied in the first part of this thesis.
Specifically, we investigate the coherent suppression of high harmonics
taking place in regime inaccessible to the three-step model. We present
an alternative analytical approach tailored to this regime that additionally
explains the aforementioned suppression.

While high-harmonic generation probes ultrafast electron dynamics
through emitted radiation, angle-resolved photoemission spectroscopy
(ARPES) provides a more direct view of electronic structure by measur-
ing the energy and crystal momentum of photoemitted electrons. By
exploiting energy and momentum conservation in the photoemission
process, ARPES enables the reconstruction of electronic band dispersions,
Fermi surfaces, and quasiparticle renormalization. As a result ARPES has
become a central experimental tool in condensed-matter physics [47].

The modern interpretation of ARPES is commonly formulated in terms
of the single-particle spectral function, which provides a unified descrip-
tion of band structure, many-body interactions, and finite quasiparticle
lifetimes. Early systematic developments of ARPES, supported by syn-
chrotron radiation sources with tunable photon energy and polarization,
established its ability to directly map electronic dispersions in metals,
semiconductors, and low-dimensional materials, and to access interac-
tion effects beyond simple band theory [47-50]. These advances laid the
foundation for the widespread application of ARPES to correlated and
topological materials.

Conventional ARPES is intrinsically a time-averaged probe and therefore
insensitive to nonequilibrium dynamics. This limitation was overcome
with the development of time- and angle-resolved photoemission spec-
troscopy (trARPES), enabled by ultrafast laser technology [51]. In a pump-
probe configuration, an ultrashort pump pulse drives the system out of
equilibrium, while a time-delayed probe pulse photoemits electrons whose
energy-momentum distribution reflects the transient electronic state at
the moment of photoemission. Early trARPES experiments demonstrated
direct access to ultrafast quasiparticle dynamics, relaxation processes, and
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transient population changes on femtosecond time scales [52, 53].

The temporal resolution of trARPES has since been pushed into the few-
femtosecond regime, allowing the observation of light-induced modifica-
tions of band structure during the action of the driving field. A landmark
experiment demonstrated that ultrashort pulses enable access to electronic
dynamics on time scales comparable to the optical cycle, thereby estab-
lishing the basis for attosecond-resolved photoemission and streaking
techniques [54]. These developments opened the door to studying coher-
ent light-matter coupling and the real-time evolution of dressed electronic
states.

Of particular relevance to light-driven condensed-matter physics is the
application of trARPES to periodically or quasi-periodically driven sys-
tems. In this context, photoemission experiments have directly revealed
the emergence of Floquet-Bloch sidebands and transient replica bands
in solids exposed to strong mid-infrared or near-infrared driving fields
[55]. Subsequent work clarified the role of coherent photo-dressing and
distinguished Floquet-Bloch states from Volkov-type final-state effects,
highlighting the importance of finite pulse duration, probe timing, and
matrix-element effects in realistic experiments [56].

From a broader perspective, trARPES and HHG provide complementary
information about nonequilibrium electronic systems. While trARPES
offers momentum-resolved snapshots of transient band structures and
electronic populations, HHG probes the coherent current and polarization
response integrated over the Brillouin zone. Together, these techniques
form a powerful toolbox for investigating light-driven quantum materials,
including transient band renormalization, photo-induced gaps, and the
dynamical formation of Floquet-like electronic states.

In this context, this thesis investigates how intense, time-dependent elec-
tromagnetic fields drive solids into transient nonequilibrium states, and
how these states manifest in complementary observables such as high-
harmonic emission and time-resolved photoemission. The two main parts
of this work address this question from the perspectives of HHG and
time-resolved photoemission, respectively.

The remainder of this thesis is organized as follows. Chapter 2 introduces
the core concepts and theoretical tools used in this work to describe
solid-state materials driven by strong, time-dependent external fields. It
presents the overarching concept of adiabatic and nonadiabatic dynamics
through the use of a simple two-level system as an example and briefly
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Figure 1.1: Conceptual sketch of coherent suppression (Chapter 2): driving a massive
Dirac system with strong electric fields (green) gives rise to an induced current (purple).
Fast oscillations of the inter- and intraband contributions (dashed and dotted) cancel via
destructive interference to give a smooth total current, visible as suppressed harmonics
of high order in the emission spectrum.

introduces the well-established Semiconductor Bloch equations (SBE) as
the primary theoretical framework for simulating strong-field physics in
solids [57-61]. Additionally, the calculation of HHG spectra via Larmor’s
formula, a useful general scaling of the SBE, and convenient formulas for
two-band systems are presented. The semi-classical three-step model in
the solid-state context, along with an example, and Floquet theory with
its connection to trARPES are discussed.

Chapter 3 is concerned with a robust interference phenomenon of inter-
and intraband contributions that appears in the HHG spectra of light-
driven massive Dirac systems; we dubbed it “coherent suppression” in our
recent publication [2]. This effect is illustrated conceptually in Figure 1.1:
upon driving the solid-state system, an induced current is generated due
to the out-of-equilibrium state. The inter- and intraband parts of this
current feature fast oscillations that cancel each other, resulting in a much
smoother total current, which is reflected in a suppressed total HHG in-
tensity relative to the inter- and intraband spectra. While previous studies
have reported the effect in massive Dirac systems [45, 46], we provide the
first explanation backed by an analytical treatment as well as extensive
numerical exploration of parameter space. Moreover, we use a model for
bilayer graphene (BLG) to show that coherent suppression is robust with
respect to band-dispersion shape and that including dephasing lifts the
suppression. The resulting “re-entrant” harmonics have a characteristic
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scaling with dephasing time, which may allow experimental distinction
from semi-classically generated harmonics.

e(k)

Figure 1.2: Sketch of the transient build-up of Floquet sidebands: a prototypical TI
(Bi,Ses) is driven by a strong, few-cycle THz laser pulse. The original dispersion (left) is
superseded by a Floquet quasi-energy spectrum of replicas shifted by integer multiples
of the driving photon energy.

In Chapter 4 we expand upon several aspects of our recent collaboration,
published in [3]. This work is motivated by recent experiments [56, 62]
employing trARPES to observe the dynamical build-up of Floquet replicas
in a TI driven by short laser pulses, as sketched in Figure 1.2. It uses an
extension of Floquet theory—the t-t’ method, or instantaneous Floquet
formalism—for nonperiodic systems to understand how the replicas evolve
in time. We extend [3] by employing a realistic initial state, reflecting a
Fermi level above the Dirac point in Bi,Ses. Furthermore, we demonstrate
how the t-t" method allows a description of replica occupations in terms
of adiabatic corrections and Landau-Zener transitions, yielding a semi-
analytical treatment with excellent quantitative agreement.



Theoretical description of time
dynamics in light-driven systems

In this chapter, we lay the foundation for the
remainder of the thesis by introducing the theo-
retical methods used to simulate solids driven by
coherent electromagnetic radiation. We first in-
troduce the concept of adiabaticity, which plays
a central and unifying role throughout this work.
We then discuss the semiconductor Bloch equa-
tions (SBE), which describe the time evolution
of the density matrix in the Bloch basis under
the action of a classical electromagnetic field
as a system of coupled differential equations.
Following pioneering work in the 1980s [57, 58],
the SBE have become standard textbook mate-
rial [59-61], and they continue to form the basis
of many recent studies [34, 37, 39, 41, 42, 45, 63—
69].

Section 2.1 provides a brief review of adiabatic
and nonadiabatic dynamics in the context of
light-driven systems.

In Section 2.2, we derive the specific form of the
SBE used throughout this work. More general
and detailed derivations can be found in recent
literature [45, 70, 71] as well as in the textbooks
cited above.

Section 2.3 introduces the expressions for the
central observables considered in this thesis:
the induced current density and the correspond-
ing emission intensity obtained from Larmor’s
formula. In addition, we present the decomposi-
tion of the current into interband and intraband
contributions, which plays a key role in Chap-
ter 3.

2.1 Adiabatic and
nonadiabatic
dynamics. . . ... 8

2.2 The Semicon-
ductor Bloch
equations

2.3 The current den-
sity and Larmor’s
formula....... 18

2.4 Nondimensional-
ization of SBE . . . 21

2.5 Effective two-band

models ....... 23
2.6 The three step
model . ....... 25

2.7 Floquet theory . . 32
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In Section 2.4, we discuss the nondimensionalization of the SBE through
the introduction of characteristic length and time scales. Besides sim-
plifying numerical implementations, this procedure is used in Chapter 3
to identify dimensionless parameters that characterize the dynamics of
specific models.

In Section 2.5, we derive analytical expressions for general two-band
models, which are useful both for improving computational efficiency and
for the analytical considerations carried out in Chapter 3.

Section 2.6 discusses one of the most widely used approximations for
high-harmonic generation in solids and atoms—the three-step model (also
referred to as the Lewenstein or recollision model; see [14, 37, 39, 41-43,
71, 72]). This model is important for the discussion in Chapter 3.

Finally, Section 2.7 introduces Floquet theory [73, 74] and its extension to
nonperiodic driving in the form of the instantaneous Floquet formalism
[75-80]. This approach is employed in Chapter 4 to analyze Floquet
sidebands in topological insulator surface states.

2.1 Adiabatic and nonadiabatic dynamics

Adiabaticity is a simple yet fundamental concept in natural sciences, where
a system supports two (or more) sets of variables operating on different
time scales, i.e. one set changes much more slowly than the other one.
One of the most famous incarnations is the Born-Oppenheimer approxi-
mation [81, 82], which treats the positions of nuclei as (parametrically)
fixed when calculating electronic wave functions. More formally, the
adiabatic theorem can be stated as follows: consider a system with its
Hamiltonian depending on a set of parameters R(t) = (R;(t), Ry(2),...).
The instantaneous eigenstates of this Hamilton operator,

F (R) |n(R)) = e,(R) [n(R)) , (2.1)

form a basis of the system’s Hilbert space at each time t. Therefore we
can use a superposition of these states,

Y (®) = Y 600 n(RE)) = > 6T n() . (2.2)

n n
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including the dynamical phase,

t

@, (t, 1) = —J e,(s)ds , (2.3)
fy
as Ansatz for the time-dependent Schrédinger equation (TDSE),

i Y(0) = FRO) ) (2.4)

The TDSE is then fully equivalent to a set of coupled differential equa-
tions,

dcn !
= X0 5 (i ) exp(-1 [ dslen(®) - 9.
° (2.5)
Given an initial state of the system,
[$(t0)) = D, calte) In(to)) (2.6)

the adiabatic theorem of quantum mechanics [82, 83] states that for slowly
changing Hamiltonians #(R(?)) the system evolves according to

(@) = Y an®) @) = ), cullip)e PO |n(p)) (2.7)

n

with the geometric (Berry) phase [84],

R(%)

! d
®n<t,to>=jt (s i () ds=j (n(R) i n(R) R . (29)

R(t)

It is well-known, that unless R forms a closed loop in parameter space it can
be gauged out by a transformation of the form |n(R)) — ele(R) In(R)) and
does not influence observables. The Berry phase, the Berry connection,

A(R) = (n(R)] i== [n(R)) . (2.9)
i n laRu n

and the Berry curvature,

Q“”(R)— AM(R) - 2 X 4 (R), (2.10)
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are related to the Chern theorem and have arguably sparked a new field in
condensed matter physics honored in 2016’s Nobel prize [85]. Additionally,
the Berry phase concept was successfully applied to explain the intrinsic
anomalous Hall effect (see [86—-89]) and it was instrumental in developing
the modern theory of polarization [89-91]. However, in this thesis we deal
exclusively with situations where the geometric phase can be ignored.

A useful extension to the adiabatic theorem is adiabatic perturbation theory.
We restrict the initial state of the system to an instantaneous eigenstate,
[V (ty)) = |m(ty)), to simplify notation. Furthermore, we assume that a
small dimensionless constant A can be found such that a scaled TDSE,

D) = A WEL) (1)

is equivalent to Equation 2.4 with some time scale .. Finding such a A
means identifying a slow time scale and can sometimes require additional
approximations or be outright impossible. In Section 2.4 we give more
details on how to find such a re-scaling of certain differential equations us-
ing the example of the SBE. Adiabatic perturbation theory for Equation 2.5
then amounts to seeking an asymptotic” series [89, 95],

e, () ~ ) + AP @) + - (2.12)
which corresponds with the adiabatic theorem at leading order, i.e. it is
) =6, . (2.13)
The first correction in A reduces to an integral,

m+n

t t
c,(nl)(t) = LO ds{(n(s)| idis In(s)) exp(—i J;O ds[e,(s) — en(s)]>

{a)ig ()
e — ()

t
exp(—i ds[e,,(s) — en(s)]) , (2.14)

)

which is approximated by partial integration’ in the second line. The
contribution shown in Equation 2.14 is precisely what leads to the famous
anomalous velocity responsible for the intrinsic anomalous Hall effect, see
[86, 87, 89].

* For introduction into asymptotic analysis as well as definitions, see e.g. [92-94].
T Exploiting Equation 2.11 allows the standard asymptotic technique of partial integration, see [96].
Alternatively, one assumes the exponential to be oscillating “fast enough”.
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— e(t) — e(t)

€(1)

Figure 2.1: Schematic of the energies and qualitative dynamics in a driven two-level
system like the one in Equation 2.15. Upper (orange line) and lower (green line) instanta-
neous eigenergies e, given by Equation 2.16 are shown as a function of the driving e(t).
The dashed and dotted lines show the diabatic energies +€(t). Blue (purple) arrow depicts
the diabatic (adiabatic) transition as the state is driven through the avoided crossing.

Next, we consider a simple example to review some basic concepts useful
for the rest of this thesis: a two-level system with the Hamiltonian,

G (t) = %[e(t)&z + g6, ) =ecos(nt/Ty),  (2.15)

with e driving period T, and the energies ¢, and g. The instantaneous
eigenstates of Equation 2.15 solve

FrL(t) o)) = ex(®) [p(t)2)  with es(t) = =/g% +et)?/2. (2.16)

The diabatic states, on the other hand, follow the driving energy according
to

L (1) [in (1)) = +e(®) [y, () (2.17)

and are the eigenstates of %.(¢) for g = 0. The TDSE with the Hamilto-
nian above can be brought into the form of Equation 2.11 by identifying

t,.=Ty and A=—— (2.18)

and using a% = ‘3—; a% = a% /Ty. For the system defined in Equation 2.15 one

can identify R(t) = (e(t)) as the single varying parameter.
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A schematic of these energies is shown in Figure 2.1, which illustrates
their well-known avoided crossing behavior. The diabatic energies +€(¢)
cross, whereas the adiabatic energies e..(t) avoid each other. Far away from
the crossing, diabatic and adiabatic states and their energies approach
each other, although |y, ) switch their energetic order.

In Figure 2.2 we show the time dependence of the instantaneous eigen-
ergies (upper panels) and of the upper eigenstate’s occupation e, (D =
|(<p+(t)|tp(z,‘)>|2 (lower panels) for four different parameter sets (T, ¢, and
g). Initially, the system is prepared in the |p_) state. In the data shown
one can identify qualitatively distinct regimes, as it was discussed e.g. in
[97, 98].

Figure 2.2, panel (b) corresponds to the diabatic regime (blue arrow in
Figure 2.1), i.e. the system follows not the instantaneous eigenstate but
the diabatic states |4, ). Figure 2.2, panel (c) on the other hand the system
stays almost exclusively in the instantaneous eigenstate it was initially
prepared in with a very small correction approximated very well by the
expression given in Equation 2.14 (yellow dashed line). This adiabatic
behavior corresponds to the purple arrow in Figure 2.1. Yet another regime
is visible in panel (a) of Figure 2.2, where the evolution is approximately
adiabatic at all times but during passing the avoided crossings, where
abrupt transitions with probability P occur. The yellow dashed lines in
panels (a) and (b) of Figure 2.2 mark the transition probability according
to the Landau-Zener formula, which is discussed in more detail further
below.

Finally, panel (d) of Figure 2.2 shows the Rabi regime where the driving

frequency is at or near resonance. Mathematically this regime corresponds

to small detuning dw = 2T—” — g < w and weak coupling ¢, « g. It is
0

amenable to the rotating wave approximation, which yields the Rabi
oscillations (yellow dashed lines in panel (d) of Figure 2.2) with frequency

Qg = /g% + 8w? /4 given by the formula

2
PR(t) = ——— sin(Qg )" (2.19)
g%+ Sw?

Note that Rabi-like oscillations can also occur for stronger driving in the

Stiickelberg regime under certain conditions, see [99-101].

Next take note of the following fact: surprisingly, for all data shown
in panels (a)-(c) of Figure 2.2 the adiabatic parameter is A = 0.005, so
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one might expect them all to behave adiabatically, i.e. to qualitatively
look like Figure 2.2, panel (c). What went wrong? The solution lies in
the denominator of the pre-exponential factor in Equation 2.14, which
diverges if two energies coincide and thus makes cr(n1 ) abad approximation.
In the sense of asymptotics, the approximation is not uniform in the other
parameters governing the system. One can identify the nonadiabatic
nature of the crossing visually in Figure 2.2 by how narrow the crossing

is in the upper panels.

The problem of these nonadiabatic transitions around points where ener-
gies almost touch with respect to some slowly varying parameter appears
in many areas of physics and chemistry, see [102]. Probably the most
important solution to this problem leads to the Landau-Zener formula
[103-106],

AZ

Prz=e #, (2.20)

with the band gap A and the velocity of change in the Hamiltonian v. For
the model in Equation 2.15 A = gand v = 27¢,/T,. Replacing e(t) — vt in
Equation 2.15 results in the model originally considered by Landau, which
can be solved exactly or approximately with semi-classical or Laplace
transform methods. Generically, one can apply the strategy of linearizing
any Hamiltonian around the avoided crossing(s) and then patching the
aforementioned exact solutions together with adiabatic approximation,
which is valid in between transitions. This is often called the “transfer-
matrix” approach or the “adiabatic impulse model”; see [101, 107] for
reviews of the different solution methods and easy-to-apply general for-
mulas. Hence, the behavior shown in panel (a) of Figure 2.2 is also named
“adiabatic impulsive LZS regime”; Stiickelberg primarily studied the situa-
tion where P;, =~ 1/2 (see [106]).

In Chapters 3 and 4 we encounter the concept of avoided crossings and
nonadiabatic transitions again and use it to explain the physics underlying
HHG as well as Floquet sideband generation.
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Figure 2.2: Illustration of different transition regimes from the two-level system given
in Equation 2.15. The upper panels of a-d show the time-dependent adiabatic energies e,
(orange and green lines) and lower panels show the upper eigenstate’s occupation |c, ()|
(blue line). For all data shown above, the system is initially in the lower energy eigenstate
lp_). The adiatabic parameter is A = 0.005 (cf. Equation 2.18) for (a)-(c) and A = 1.25 for
(d). Panel (a) shows well-separated Landau-Zener transitions take place and occupations
between avoided crossings are approximately constant, i.e. adiabatic. In panel (b) the
state remains in one diabatic state, which translates to rapid transitions in the adiabatic
picture (blue path in Figure 2.1). In the data shown in panel (c) the driving is slow enough
such that almost no transitions occur (purple path in (a)), only perturbative contributions
are visible. Panel (d) demonstrates Rabi oscillations at resonance g = 27/T,,.
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2.2 The Semiconductor Bloch equations

In this section we present the Semiconductor Bloch equations [57] (SBE).
They can be derived in a variety of different ways. Modern derivations
often focus on the treatment of many-body effects via Hartree-Fock [45,
59, 70] or the quantum cluster expansion [61, 108, 109]. Especially clear,
thorough introduction and derivation of the SBE can be found in [45, 59,
60, 70]. We work with effective models and at the effective® single particle
level only throughout this thesis, therefore a simple approach for this
special case is presented here. Consider free Fermions in a periodic lattice
described by a Hamiltonian,

R ﬁz
Hy= + V@), (2.21)
2m

with V(r+R) = V(r) for any lattice vector R. According to Bloch theorem?
the solutions are of the form ¢;;(r) = €*"u,;(r). The lattice periodic parts
uni(r) = (rjnk) are themselves solutions of the eigenvalue equation,

o) (1) = | == (<7 + K + V) | ) = () i) (2:22)

with boundary conditions u,(r) = u,(r + R) and k being any wavevec-
tor in the first Brillouin zone. The kets |nk) thus denote the periodic
parts as elements of L? over the unit cell, with inner product (mknk) =
fu.C‘d3r w1 (1) up(r) = 6. We employ the dipole approximation [59, 61]:
the electric field,

E(r,t) = E(rg,t) + O(lr — ry|) = E(t) , (2.23)

is expanded in space including only leading order. This expansion is
generally valid if the crystal unit cell is much smaller than the electric fields
wavelength (= 300 um at 1 THz). As noted in [59], the spatial dependence
does not vanish completely but just varies on a macroscopic length scale,
which can be included in the SBE (cf. [65]). The resulting coupled Maxwell-
Bloch equations (SBE + Maxwell) can describe how electromagnetic fields
propagate through a bulk medium and interact with the induced fields.

* By “effective” single particle approach we refer to the fact that the SBE as used here are the lowest order
term in the quantum cluster expansion [61, 108, 109]. As such it contains Pauli blocking, which is often
considered a many-body effect.

¥ Any textbook on solid state physics explains these basics of periodic lattices (e.g. [110]).
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These phenomena are sometimes called macroscopic propagation effects\
in the literature [59, 65]. Choosing the velocity gauge” for the field,

t
A(t) = —J E(s)ds , (2.24)
keeps the Hamiltonian,

Ft)=—[p-ADO +V(F), (2.25)

1
2m[
translation-invariant upon inclusion of the driving field. Note that we use
atomic units above and throughout this work unless stated otherwise. A
possible basis for representing the equations of motion are the co-moving
(or Houston) states [45, 71, 111, 112] uﬂc(r) = (r|nk;), which are the Bloch
states evaluated at the shifted (kinetic) crystal momentum k; = k — A(%).
The Houston states are therefore the instantaneous eigenstates of ho(k;)

ho(kp)ulk (r) = e,(k) ult(r) . (2.26)

In the language of adiabatic evolution introduced in Section 2.1 this mo-
mentum represents the set of parameters, R(t) = k;, and the BZ is the pa-
rameter space (with the topology of a torus). The time dynamics of the den-

sity matrix obeys the Louville-van-Neumann equation %@ = —1[9’2 (1), é(t)] :
In the basis of Houston states one finds the equations of motion,

N
(10, — &mn(kD)] Ok, 1) = E) - Y [omr(k, )Dyn (k) — D)ok, 1)],

r=1
(2.27)

for the density matrix elements g,,,(k,t) = (mk 6(¢) |nk;), where we sum
over all Nbands of the system. Hereby we introduce the band dispersion
differences,

gmn(k) = gm(k) - gn(k) 5 (2°28)

and the dipole matrix elements,

D, (k) = (mk| # |nk) = (mk] iaik ink) . (2.29)

1 Other authors use this term referring to the propagation of the induced fields in the vacuum after leaving
the bulk (see [71]).

| Sometimes this is also called Coulomb gauge V- A = 0.
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Figure 2.3: A schematic depiction of charge carrier dynamics in the SBE: conduction
(blue) and valence (orange) bands are filled up to the Fermi level &. The electric field
E(t) drives intraband motion (solid green) and interband transitions (dashed green). The
resulting non-equilibrium occupations and coherences result in a current J(¢) (purple).

For detailed derivations of Equation 2.29, we refer the reader, for example,
to Refs. [59, 70, 113]. We briefly recall the physical interpretation of the
density-matrix elements g,,, in the context of Equation 2.27. The diagonal
elements g,,(k,t) represent the occupation probability of charge carriers
with crystal momentum k; = k— A(t) in band n. The off-diagonal elements
omn(k,t) with m # n describe coherent superpositions of bands m and n and
encode the relative phase between these components; they are therefore
referred to as coherences.

Figure 2.3 schematically illustrates the time evolution generated by the
SBE. As a consequence of the minimal coupling in Equation 2.25, the kine-
matic momentum k; is driven by the external field according to Bloch’s
acceleration theorem, 9,k; = —E(t). As a result, the k modes evolve within
their respective bands, a process commonly referred to as intraband mo-
tion in the literature [70]. In addition, the electric field couples to the
dipole matrix elements D,,,, thereby mediating transitions between differ-
ent bands, known as interband transitions.

Equation 2.27 is derived for noninteracting Fermions and consequently
neglects various many-body effects. It is known that electron-electron or
electron-phonon interaction lead to renormalization of band dispersions
and dipoles among other higher order correlation effects [59, 61]. We
follow previous studies [21, 24, 34, 37, 39, 41, 42, 45, 63, 64, 114-116]
by introducing a dephasing mechanism on a phenomenological level in
order to be consistent with experimental results and as a generic model
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for decoherence. This phenomenological treatment is fairly “agnostic”
with respect to the actual mechanism(s) governing the decoherence. For
example, such a description can mimic propagation effects [65, 117], but
it is also expected to describe other many-body interaction effects [45, 70].
However, the microscopic origin and most relevant channels of dephasing
are still under discussion and an active area of research [65, 66, 118—120].
Including dephasing leads to the SBE in the form used throughout this
work,

[ia+ % &) ok 1) = BO) X,
N
Xon(k,t) = E@t) - [0k, ) Dyy(k) — Dyr(kp)orm (e, )] , (2.30)
r=1

where T, is the characteristic dephasing time of the system.

Throughout this work, the initial state of the SBE is given by the ground
state of the unperturbed system, i.e. with vanishing external field A = 0,
E = 0. According to Fermi-Dirac statistics, this state is given by

Omn T>0 V8, if (k) < &p
eBletl)—er] 4+ 1 0, otherwise ,

pin (k) = (2.31)

for Fermi-level e and temperature T = 1/kg .

2.3 The current density and Larmor’s formula

One of the most important observables in the context of high-harmonic
generation (HHG) and transport is the induced current density J(t) of the
system. It can be calculated from the solutions of the SBE,

N

w= 3 | PRECO OIS (232)

m,n=1

where we introduced the current matrix elements,

A

H
o) = (k) 22 k) (2.33)

* Boltzmann’s constant is given by kg = 3.166811563 x 10~ a.u. in hartree atomic units.
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in the Bloch basis. The integral is performed over the moving Brioullin
zone (BZ),

BZ(t) ={k | k— AQt) € BZ}, (2.34)

which is a result of the chosen co-moving basis [37, 45, 67, 70]. It is possible
to shift the integral such that the current matrix-elements become constant
in time. In fact this corresponds to a shift from the co-moving basis with
a velocity gauge Hamiltonian to a static Bloch basis with length gauge
1.e.

N

IO =3 | omlk+ A®. 0 dk

m,n=1JBZ
N -

= Z Qr%n(k’ t)]nm(k)dk > (2'35)

m,n=1JBZ

which was shown in [45]. Hence, the two basis sets are connected by
a time-dependent shift in k-space: ol,(k,t) = oun(k + A(t),t). There
is a different but equivalent definition for the current density via the
microscopic polarization; we simply note here that %P(t) = J(t) [45, 59,
70].

There exists a natural but ultimately arbitrary decomposition of the current
density that arises from the choice of Bloch states as a basis,

](t) = ]intra(t) + ]inter(t) > (2-36)

which nevertheless admits a simple physical interpretation. The intraband
current,

Jintralt) = jBZ Finteall ) dle = Z j ok DIk dk (2.37)

BZ(t)
N

Z J Oun(k, 1) ag,:

dk | (2.38)

t

describes the contribution arising from charge carriers moving with the

group velocities 22 > 1 of their respective band dispersions.

a

19
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By contrast, the interband current,

N

Jinter(®) =j Jotere k= 3 j ol D) dk (2.39)
m+*n
N
=i} j Ok ) (k) (k) A (2.40)
mn=1JBZ(t)
m+£n

can be interpreted as arising from dipole moments associated with coher-
ent electron-hole superpositions.

A remark regarding this decomposition is in order. The intraband and
interband currents are not physical observables individually, as their
definition depends on the chosen basis. For example, Ref. [45] shows that
the interband current contains anomalous velocity contributions as well
as a so-called “dephasing current”, while Ref. [71] additionally identifies
a “mixture current” originating from a generalized derivative [121]. The
relative roles of interband and intraband contributions in high-harmonic
generation have therefore been discussed extensively in the literature [21,
37, 39, 41, 42, 45, 46, 63, 71, 122, 123]. We attribute this diversity primarily
to the strong dependence of the balance between these contributions on
the specific physical system under consideration, including both material
properties and driving-field parameters. Their relative magnitude and
phase play a central role in Chapter 3 in the context of HHG.

The induced currents introduced in Equation 2.32 resulting from acceler-
ated charge carriers give rise to electromagnetic fields themselves, which is
the physical origin of HHG. The spectral intensity of the emitted radiation
is calculated via Larmor’s formula [45, 124],

_ @ o= L
7@ = SUQF = /@

, (2.41)

expressed in terms of the speed of light c in vacuum, the Fourier transform
of the current density,

(0]

J(Q) = \/%T B J(H)e i dr (2.42)
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and its time derivative,

j(Q) = J%_n Eo %{e—iﬁf dt = iQ J(Q) . (2.43)

We denote spectral emission intensity polarized along a unit-vector n,
Q? 2
In(Q) = gU(Q) -n|”, (2.44)

with . () for emission parallel (perpendicular) to a linearly-polarized

driving field.

2.4 Nondimensionalization of SBE

Instead of working with Equation 2.30, which contains quantities with
units, it can be advantageous to “non-dimensionalize” [125] the system of
differential equations. On the one hand this allows identification of dimen-
sionless numbers characterizing the system. On the other hand one can
often use the freedom of choice for characteristic scales to avoid very large
or very small numbers, which are unsuited for numerical computations.

We follow the generic recipe for nondimensionalization: the dependent
variables are the density matrix elements g,,,, and the independent variable
is the time t and the wavevector k. Therefore we introduce the dimension-
less variables,

t
r= P K =Lk, pun(,7) = omn(k, 1), (2.45)

C

with characteristic time scale ¢, and length scale /. to be determined. Trans-

forming the derivative via 2 = 19 Jeads to a dimensionless form of the

ot t.or
SBEs,

[i or + 1(1_1——5mn) + emn(’cr)l Pmn(k,7) = F(7) - Yyn(x, 7) ,
2

N
Y(x,7) = F(r) - Z[pmr(":, T)d, (%) — dmr(’cr)prn(’ca )], (2°46)

r=1
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where we introduced’ T

2 = TZ/tc’ emn(’c) =1l gmn(k)a dmn(’c) = Dmn(k)/lc (2°47)
F(r)=LLEG®) and a()=LA®).  (248)

Inspecting Section 2.4 and recalling the Liouville-van-Neumann equations
allows identifying a scaled Hamiltonian,

H(r) = Z(zt)/t, (2.49)

which can also be seen from applying the same re-scaling procedure to the
TDSE. In order to identify dimensionless numbers characterizing a system,
one has to specify more details about the system like the Hamiltonian
or driving field. In Table 2.1 we show an exemplary set of quantities in
atomic units, SI units, and as dimensionless quantities according to the
scaling defined above.

Table 2.1: Various physical quantities and their values in atomic units, SI units, and
of their corresponding dimensionless partners according to the scaling introduced in
Equations 2.45 and 2.47. Here we sett, = 1fsand [, = 1A.

Quantity Atomic units  SI Scaled Scaled
quantity value

Ecy 0.024 0.66 eV €y 1.0

|E| 0.013 66 MV cm ™! |F 1.0

D, 0.53 45x1072'Cnm  |d,,| 1.0

k| 0.53 1.0A™! I« 1.0

Q/2n 0.0024 100 THz w/ 27 0.1

The nondimensionalization can also be applied to the observables of a
system, such that we find the dimensionless current density,

j(@) = lcf—idm) - jB P16, 7) (1) i (2.50)

Z(1)

with the current matrix elements j,,(x) = (mx] %I Inx). Similarly, we
introduce its dimensionless Fourier transform,
. tg (o I 1 . . —lwt
J) = —J(o/t) = FljOlw) = —= | jD)e ™ dr, (2.51)
I NPT

27

T Note that the definitions ensure d(r) = —F(r) & A(t) = —E(?).
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in terms of the scaled angular frequency v = Qt,.. The same notation is
used for the intra- and interband contributions,

N
L
Jinra® = a0 = 3 | pe D) de and (252)
lc n=1 BZ(7)
N
. 2 .
Jinter(7) = ﬁ]inter(z'tc) = Z J Prn(x, T) jinn(re;) dic (2.53)
lc m,n=1 BZ(7)
m=#n

to the total current density throughout this thesis. We define the dimen-
sionless spectral emission intensity,

I dj
10) = 2 = 1 = il = 7] L)

0

2
, (2.54)

through the characteristic intensity I, = T

2.5 Effective two-band models

A common strategy in condensed matter physics is the use of effective
models formulated in k space, where a real material is approximated
within a restricted region of the Brillouin zone or over a limited energy
range. For example, the conduction and valence bands of graphene can
be described by a Hamiltonian that is linear in « in the vicinity of the K
and K’ points of the Brillouin zone [126]. Similarly, topological insulators
of the Bi,Se; family can be approximated by closely related low-energy
Hamiltonians [127]. Such effective descriptions also have practical nu-
merical implications, including the introduction of a cutoff in x space or
an “artificial Brillouin zone”, as discussed in detail in [70].

In this work we investigate such effective models with two bands. These
are described by a Hamiltonian of generic form,

H@) =h) o, (2.55)

T
with some real functions h(x) = (hx(lc), hy(lc),hz(x)) and the “vector”

T
of Pauli matrices o = (ax, 0y O'Z) . The form of Hamiltonians in Equa-
tion 2.55 enables considerable simplification of matrix elements such as
the dipoles.
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Starting with the current matrix elements we use the Hellman-Feynman
theorem to simplify the diagonals and the chain rule for the off-diagonals.
This leads to the rather compact form,

J€ oh
3 — Zi €5 GCV(K)
() = Win00] 5 1)) = [a,f"a © [a'gev | ,
i €i a_Kl " Oyc\K ™
(2.56)

in terms of the Pauli matrix elements,

Tn(k) = (Y ()| & |Yn()) (2.57)

and unit vectors ¢;. In order to calculate o,,, we need to specify the
eigenstates, which can be chosen as

_ 1 h(x) + h,(x) ) ;
_ 1 —h,(x) + ihy(k')) 5 sgh
i) = e ( ) 4 10 (2.58b)

with h(x) = |h(x)| and eigenenergies €.(x) = h(x) and €,(x) = —h(x). Equa-
tion 2.58 fixes the adiabatic gauge*+ of the states, which is also employed
in our numerical simulations (see Appendix C). A quick calculation for
Equation 2.57 with the basis defined in Equation 2.58 yields

: T
h-h h.h —h,+ih
. B 1 . x/y 1 s Ytz X Y
O (k) = 0yc(ic) = (hx+ihy [1 hy + h ]’ hx+ihy[ ihy+ h ]’ h > ’

(2.59)

where we suppressed the x-dependence on the right-hand side. Using
Equation 2.58, the dipoles can be brought into the form,

1 [on oh =
—— | =h. —h _y] —j
2h(h+h, [a y Jev
T e N G RCy
v _zh(h+hz)[a_x vy~ Xa_x]

+* All states connected via the transformation [, (x)) — el¢®) [,(x)) with ¢(x) € R are also valid (nor-
malized) eigenstates, which is usually called gauge freedom. This should not be confused with the
electromagnetic gauge, see [41] for a pedagogical introduction.
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2.6 The three step model

There are several useful analytical approximations for the SBE in various
different context. For example, perturbation theory in the field strength
is established as an important tool for calculating the optical response
of semiconductors [121, 128-131] and can also be applied to transition
metal dichalcogenides [132, 133] or DC remnants in Dirac models [69, 70].
Another approximation, which is frequently used in the context of HHG,
is the three-step model (or Lewenstein model or semi-classical recollision
model). It was originally found as a beautiful explanation for atomic HHG
[14, 72], experimentally verified in various scenarios [6, 15, 17, 18, 134],
and later adapted to the solid-state context [37, 39]. There exist various
extensions of the model including “imperfect recollisions” [41, 42, 71] and
a mixed position-reciprocal space model [43].

We start by introducing the three-step model in the most frequently
discussed fashion, applying it to Section 2.4. For simplicity, a two-band
effective model is considered in the following, but the generalization to
multiple bands is straightforward within the approximations presented
here. Additionally, one assumes a Fermi level in the band gap®$, i.e. an
initially filled valence band and empty conduction band (see Equation 2.31).
Using the fact that p,, = p,, the SBE for a two-band model can be reduced
to two coupled equations,

%\) = —iF(7) - [pcv(’c: ) d,(x;) — c.c.] (2°61)
aap;v = _L'—lz + iecv(’cr)lpcv(’c’ ) +

—iF(7) - [de () w(xe, T) + peolc, T)[dyn (i) — dec()]] (2.62)

with the population imbalance w(x, ) = [p..(x,7) — py(x,7)]/2. One con-
venient route to the three-step model is to define an auxiliary function,

—igg(re,7,70)—idg(r,7,70)+ =

u(x,v) = po (K, 7)e 2 (2.63)

which contains the dynamical phase [82],

T

bt g7 = | dreati. (2:69

T

% In the case of a gapless system we assume a Fermi level located at the band crossing.
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and the geometric (Berry) phase [84],

o) = | deP@) Tdelid) = di0))] (2.65)

T

These definitions simplify the equations of motion,

. —T)
(ZW = —iF(r) - [u(icr, 7)d,(x;)e YalermItigglerm)==" c.C. (2.66)
T
. -1
O = —iF(0) - deewli, ) e T (2.67)
T

such that they can be decoupled by integrating one and plugging it into
the other. One can use this integral form to build a Dyson/Neumann series
in the dimensionless driving field F,

w(k,7) =w + z dr; g(ry )elS(Tl i)
[ drz h(r,)e @iy + 3| + c.c.} (2.68)
U(K', T) =Y + J dTl h(Tl)e_is(Tl’Ti){Wi-F
-
7 .
+ J dry g(r,)eS@ iy, + ..} + c.c.]} , (2.69)
T

where we suppressed the x-dependence in the abbreviations

w=wk, ), u=ul,rT), (2.70a)

S(ep ) = S0, 7) = gl 7 ) + ) + 1L (270D
h(r) = h(x, 1) = —iF(7) - d,.(x,) , (2.70¢)

and g(r) = gk, 1) = —iF(7) - d,,.(x;,) . (2.70d)

The central assumption in [37] and following works [39, 41, 42, 71] is a
low valence band depletionﬂ,

w(k,7) =~ —1/2, (2.71)

which is equivalent to truncating Equation 2.68 at the first non-vanishing

11 Sometimes called Keldysh approximation [37].
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*

order™ in F. This assumption is fairly restrictive and one can easily
imagine a situation where it is not justified: for systems with a small
band gap the transition probability is large in the vicinity where the bands
approach each other. In Chapter 3 we will encounter such a situation and
introduce an analytical tool tailored to that scenario.

The determining quantity (up to constants and a factor of »?) for the
emission intensity is the Fourier transform of the induced current density,
see Equation 2.54. Assuming low valence band depletion and keeping
only the leading order in F we find

(o]

.nHWr@»>=1[ dre—mﬂj i jo10) %
%) BZ

T
y g‘[ dr’ h(x + a(z), T/)e—iS(era(T),r,r’) + C.C.} ’ (2.72)

—00

mmwwﬁ m@ﬁ&wmwﬂ dr’ glic + A(r), ') x

—0o0

7/,/
X J de” h(xc + a(z), 7" )e Sk+alD)r".1) 4 c.c.} , (2.73)

where we let ; - —oco. The essential strategy of the three-step model in
solids [37] is to assume the prefactors of the integrals in Equation 2.72 are
slowly varying functions of 7, k, 7/, and 7" respectively as compared to the
exponentials. In that regime, the integrals can be treated with stationary
phase approximation or saddle-point methods [93, 96]. The power of these
methods lies not only in quantitative analysis but also in their connection
to semi-classical physics, where S(x, 7y, 75) plays the role of a classical
action. It is possible to get a physical understanding of the microscopic
processes that contribute to HHG in that fashion. If mathematical rigor
is desired in identifying such an action, a dimensionless number should
be factored out in the exponential, e.g. S(x,7,7") = AS(k,7,7") with S
independent of A. The scaling discussed in Section 2.4 can be useful
in identifying such dimensionless quantities, but it is always system-
dependent and in general difficult or impossible.

Here we follow [37] and only consider the interband current, because the
intraband contribution is higher order in F, see Equation 2.72. We identify
the classical action as

Sa(x +a(r),7,7") = P4(x + a(r),7,7") — 0wt ,

** Considering that » = 0 and w; = —1/2 this means one integral for u(x, r) and two for w(x, 7).
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(b) Step 2: “Propaga- (c) Step 3: “Recollision”.

(a) Step 1: “Ionization”, tion”. The electron/hole If electron and hole col-
ie. tunneling of a va-  moves according to clas-  lide in position space,
lence electron to the con- sical equations of mo- they recombine by emit-
duction band. tion. ting a photon.

Figure 2.4: The Lewenstein/three-step model of HHG in two-band models, see [14, 37,
39].

i.e. we neglect the geometric phase and the dephasing term, also as in
[37]. For the interband current, the action S is stationary for

ek +a(r)—a(t’))=0 (2.74a)

j a7 L (et a() — ae)) = 0 (2.74b)
r oK

€q(K) = w. (2.74¢)

The three steps illustrated in Figure 2.4 can now be read off Equation 2.74:
step one is the tunneling of an electron from valence to conduction band
at some (generally complex) time 7’. In the second the created electron
(hole) travels according to classical equations of motion (group velocity
from ¢.,) from time 7’ to 7. At the end those trajectories where electron
and hole collide after time 7" — 7 a photon with its energy given by the
band gap at the instant of collision €.,(x) is emitted.

Example Let usintroduce a simple toy model which serves to illustrate
the three-step model of HHG. Consider the one-dimensional Hamilto-
nian,

F700(ky) = Ay — tsin(kea,/2) 6, , (2.75)

with band gap 2A = 0.121a.u., hopping integral ¢t = 0.145a.u., and lat-
tice constant a, = 5.21a.u.. These parameters are chosen such that the
Hamiltonian fits a realistic, three-dimensional model for ZnO given in
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[39], which is widely used and backed by several density functional theory
(DFT) simulations (see [37, 40, 135-138]). Details of the three-dimensional
model and a comparison to Equation 2.75 are shown in Appendix A. We
drive the one-dimensional Hamiltonian by a pulse,

E
E@) = -2 A®) = e, cos(Q)e /2T (2.76)
ot Q

with peak field strength E; = 0.00389 a.u. = 20.0 MV cm™!, central angular
frequency Q, = 0.0140 a.u. and standard deviation to T; = 4T,. This
driving field’s time dependency is depicted in Figure 2.5. As characteristic
time and length scales we set

tczgi and I =a,, (2.77)

0

such that k, = a,k, and €., = €.,/Q (according to Equation 2.47).

—_
1

Electric field E,./E,
[«]

|

-10 =5 0 5 10
Time t/T,

|
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Figure 2.5: Time-dependence of the electric field in terms of peak field strength E, =
0.00389 a.u. = 0.200 MV cm ™" with the formula given in Equation 2.76. The central angular
frequency is set to Q, = 0.0140 a.u. (equivalent to v = Q,/27 = 92.2 THz or A = 3.25 ym).
The envelope’s standard deviation is given by T; = 4 T, in terms of laser period T, = 2 /Q,.

Employing the SBE (cf. Equation 2.30 and Section 2.4) we calculate sys-
tem’s time evolution and employ Larmor’s formula (see Equations 2.41
and 2.54) in order to calculate the high-harmonic emission spectrum. The
resulting data is shown in Figure 2.6, which shows only odd harmonics
appearing. This harmonic structure results from driving along the x-axis,
which lies in the basal plane of the hexagonal wurtzite structure and there-
fore preserves inversion symmetry. The z-axis on the other hand breaks
inversion symmetry, such that even harmonics would appear for driving
with non-vanishing z-component of the field. Additionally, the spectral
intensity I(w) is dominated by interband emission above and intraband
emission below the band-gap.
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Figure 2.6: Spectral emission intensity (solid blue) from Equation 2.54 for a one-
dimensional Semiconductor model (cf. Equation 2.75) decomposed into intra- (green line)
and interband (dashed orange line) contributions (see Equation 3.13). The frequency
equivalent of the band gap (solid purple) and the maximum re-collision energy (dashed
purple) are shown as a vertical lines.

One can estimate the maximum transition probability with the Landau-
Zener formula (see Equation 2.20), which gives maxy (P;z(k)) = 0.280.
Consequently, assuming low valence band depletion necessary for the
three-step model as presented above seems unjustified. One must keep in
mind, however, that most k-modes have a lower transition probability and
it is also possible to generalize the Lewenstein model to arbitrarily large
transition probabilities. For this generalization one can use the adiabatic
impulse approximation instead of the integral form, Equation 2.68, before
applying stationary phase approximation to the x and r-integrals. This
approach introduces a small additional term to Equation 2.74, because the
birth time is then fixed for each k-mode.

Despite the rather large transition probability, we shall see that the three-
step model can still be applied in a semi-quantitative way. To solve
Equation 2.74 we follow [37, 39, 41, 42] and approximate Equation 2.74a

by

€k + a (1) —a,) = ZQA = k+alr)—a, =0, (2.78)
0

which can be solved for the birth time 7’. This approximation neglects
the imaginary component of the birth time 7/, which would lead to the
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Figure 2.7: Time-frequency profiles (Equation 2.79) as heatmap plot from the one-
dimensional model for a Semiconductor shown in Equation 2.75. The driving field is
depicted in Figure 2.5 and its analytic form given in Equation 2.76. The orange (blue)
lines show the first (second) order semi-classical re-collision events calculated from
Equation 2.74 with the approximation given in Equation 2.78. The band gap energy is
marked by a horizontal dashed purple line.

tunneling ™77 (approximately Landau-Zener) probability. Equations 2.74b
and 2.74c are then solved numerically to obtain re-collision time 7 and
wave number x. We label the wave vector with the maximal re-collision
energy by k. = ayk.; this energy is marked in Figure 2.6 by a dashed
vertical line. Clearly, the characteristic HHG plateau ranges from « = 2A
to w = g,(k.), which is a first indication that the three-step model at least
qualitatively describes the underlying physics.

A more convincing analysis is provided in Figure 2.7 by a spectrogram
(Gabor transformation or short-time Fourier transformation),

2

Z(t, w) :J dse 0/ 2T ia(s)] (2.79)

with w = 0.4T. This quantity shows the frequency content in a time-
resolved manner. It is then possible to compare Z (¢, w) with the re-collision
energies and times from the semi-classical model, as the window is chosen
so short that only a single re-collision event at a given frequency and
time takes place, see [39-42]. At this point it is important to note that

1% This integral is treated in [139] and the same result can be obtained by WKB theory [140].
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there is more than one trajectory calculated from Equations 2.74 and 2.78:
the first order solution corresponds to electron and hole re-combining
upon meeting in position space for the first time. Consequently, the
second order event occurs when electron and hole encounter each other
for the second time, and so on. However, each trajectory of duration
7; contribution comes with a factor e /7, such that higher orders are
suppressed exponentially by dephasing.

Figure 2.7 compares the first and second order re-collision events with the
Gabor transformation of the interband current. The comparison shows
clear signatures of the first order solutions, but the second order is not as
clearly distinguishable. While being consistent with the exponential sup-
pression of higher orders, in regions where solutions come close one can
expect interference to play a role, which is not reflected by simply plotting
the solutions time and energy as presented in Figure 2.7. Moreover, the
Gabor transformation’s resolution is also limited by a Heisenberg uncer-
tainty relation of time and energy such that the required sub-cycle time
resolution comes at the cost of reduced energetic precision. Additionally,
for saddle-point, stationary phase or related asymptotic approximations
it is expected that they break down at the “caustics”, which are located at
maximum and minimum re-collision energies*+¥ in Figure 2.7. We made
several additional approximations for calculating the re-collision events
(neglect complex time, low valence band depletion), which makes it diffi-
cult to judge whether this version of the Lewenstein model is applicable
to a specific given physical system.

This difficulty of several approximations ultimately limits the generality
of the semi-classical re-collision model and its various variants. In Chap-
ter 3 we present a physical situation beyond this model and develop an
alternative analytical approach.

2.7 Floquet theory

In this section we review a theoretical method that is useful from a numer-
ical and a conceptual perspective for the description of time-dependent
physical systems. Floquet theory is a well-known formalism for deal-
ing with linear systems of ordinary differential equations with periodic

1% The caustics, where multiple stationary/saddle points coalesce, are typically located at the boundary
of classically allowed and forbidden regions, see [141-144]. Uniform approximations around these are
possible but notoriously challenging mathematically.
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coefficients [73], so we keep our introduction brief here. The Floquet
theorem can be viewed as a more general version of the Bloch theorem
in solid state theory, which concerns electrons in periodic potentials. In
the context of quantum mechanics Floquet theory usually refers to the
special case of time-periodic Hamiltonians,

%per(t +Tp) = ykper(t) )

of period T,. The aim is to construct a solution to the time-dependent
Schrédinger equation (TDSE),

igwm:%wmwww

According to the Floquet theorem [73, 74] any solution |{/(¢)) of the TDSE
can be expanded in the Floquet basis,

Wm—ZﬁM@

with the constants f, € C. The so-called Floquet functions,

a(£)) = e 7! uy(1)) (2.80)

can be expressed in terms of the Ty-periodic states |u,(t + Ty)) = |u,(t))-
Hereby, &, is the quasi-energy which is conserved as a result of the discrete
time translation invariance of the problem. The time-periodic part of the
Floquet functions obey an eigenvalue equation,

[per®) — i | las) = &l (2.81)

which reveals the “Brillouin-zone structure” of the quasi-energies: if |u,(t))
is a solution of Equation 2.81 with eigenvalue ¢, then el |y (1)) is a
solution with eigenvalue &, + mQ, for m € Z. However, this solution
describes the same Floquet function (see Equation 2.80). The quasi-energy
&, is then analogous to the Bloch wave-vector k and correspondingly we
introduce the first Floquet Brillouin zone (1FBZ),

—Qy/2 < EP2 < /2,
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in analogy to the case of periodic crystals. Those quasi-energies which
are shifted by integer multiples of the driving photon energy,

Eap) = GTP4 410y,

are often referred to as sidebands or replicas and are crucial in the following
discussion.

Experimental observables The analysis and interpretation of Floquet
states is interesting in its own right, however it gained even more rele-
vance with the advent of more precise and sophisticated experimental
possibilities. Specifically, the occupations in Floquet replicas are related
to the emission probability as it is measured in photoelectron spectroscopy.
Angle-resolved photoelectron spectroscopy (ARPES) and especially its time-
resolved variant (trARPES) provide fascinating opportunities to observe
Floquet physics.

ARPES experiments utilize the photoelectric effect by shining monochro-
matic light on a solid-state sample, which frees electrons from the material.
A photoemission spectrometer is then used to measure the freed electron’s
kinetic energy and emission angles. Through use of momentum and en-
ergy conservation laws the binding energy can be calculated and in turn
the band structure can be determined.

For trARPES a pump-probe setup is usually employed, i.e. a weaker probe
pulse follows a pump pulse with a certain time delay. ARPES data is then
recorded as a function of this time delay to observe different dynamical
phenomena. For example, in [55] the first direct imaging of Floquet-Bloch
sidebands was achieved.

We follow [3, 145] in order to connect the Floquet formalism presented
above to trARPES measurements. Neglecting the effect of the probe pulse
and laser-assisted photo emission (LAPE) the transition probability is
proportional to

PQ) o Y il [ fons| 6 +mQp — Q) (2.82)
bm

with the projections f,;, = <uém)‘¢(ti)> of the initial state onto the m-th

replica. LAPE can be taken into account by including Volkov states—free
electron states dressed by the pump field—into Equation 2.82, which also
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possess Floquet replicas owing to the pump field, see [145-148]. Through-
out this thesis we neglect these dressed states, which were shown to be
suppressed for in-plane polarized driving fields considered in Chapter 4,
see [56, 62]. Clearly this connection to experiment is much less con-
crete/precise than in seminal works building on nonequilibrium Green’s
functions (see [56, 62, 146, 149]) or also ab-initio approaches as presented
in [150, 151]. Rather we seek a more explicit connection to Floquet the-
ory for easier interpretation. However, there are possibilities to further
develop Floquet theory and the t~t" method presented below and conse-
quently move towards a more accurate description of experiments, see
Section 4.4.

Finite pulses Up to this point, we exclusively focused on perfectly time-
periodic systems, which leads to constant expansion coeflicients f,. In this
work we are interested in driving systems with finite pulses, potentially
only a few cycles long. There are various different perspectives regarding
the generalization of Floquet theory to non-periodic systems. Firstly
the t—t’-method was introduced primarily as a numerical tool [75-77]
to deal with the appearance of two separate time scales: a fast and a
slow time scale, e.g. the central driving frequency of a laser pulse and its
slowly varying carrier envelope. Following a more analytically-inclined
route a related formalism has been developed [78, 152, 153] with focus
on adiabaticity and Landau-Zener-like transitions. Some authors [79, 80]
refer to this as the “instantaneous Floquet state” (IFS) formalism. It has
been applied to various physical scenarios including but not limited to
molecules driven by chirped laser pulses [154], excitonic Floquet states in
monolayer WSe,[155], and photodissociation resonances in Hj [156-158].
Both t~t" method and IFS formalism employ an extension of the Hilbert
space as a core idea to include the second time-scale. In a nutshell one
allows the coeflicients in the Floquet expansion to become time-dependent,

ie. f, = f,(0).

We closely follow [3] and briefly summarize the statements and equations.
For an (effective) Bloch Hamiltonian %O(k) and upon including the exter-
nal driving via minimal coupling®38, k — k — A(¢), the full Hamiltonian
can be expressed in the form

H(k,t) = ok — AQ)) = Z (k,n(1),t) = Zo(k) + Wk, n(t),t) . (2.83)

38 See Section 2.5 for the connection of the SBE to this approach.
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Hereby, we defined W(k, n(t),t) as the time-dependent part of the full
Hamiltonian and introduced the auxiliary variable 7(t), which describes
the slow time scale, e.g. the pulse’s variation with time. The latter must be
chosen such that for fixed k and 5 the time-dependent part W is periodic
in time,

W(k,n,t +Ty) = W(k,n,t) . (2.84)
This enables the introduction of instantaneous Floquet states,
(gL e, n, 1)) = e Halknt |y (ke . 1)) (2.85)

for each 5. To keep track of sidebands, we define the double index a = (a,1),
such that the Floquet states and their quasi-energies,

jug(e, 1, £)) = e™®tu ke, m, 1)) (2.86)
Ek,m) = &,(k,n) +1Q ,

can be written down succinctly. Instead of choosing &,(k, ) to lie in the
1FBZ, we define it by the limit

lim &(k,7) = e (k) . (2.88)
W—0

i.e. it reduces to the unperturbed band dispersions ¢, in the limit of
vanishing driving. Analogously to Equation 2.81, the periodic part of the
instantaneous Floquet states solves an eigenvalue equation,

et - i |l ) = &k D luclhen0) . (289)

for fixed n. As aresult of the time periodicity, Equation 2.89 can be reduced
to a linear system of equations by a Fourier series expansion,

ol ) = Y. el (k) (2.90)
meZ.

It is straightforward to show [3] that the solution of the TDSE with the
Hamiltonian 7 (k,n(t),t) is given by

e, 1)) = ) colke.t) lu(e,m, 1)) (2.91)

(24
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with the coefficients obeying

dc
—< Z%tﬁ(k n(®) calk, 1) , (2.92a)
, dy
H (b, () = Oy p &, 1) — 1—Gt (k) (2.92b)
Gk =y < (et ”(k r7)| ("">(k,n)>, (2920
meZ

with @ = (a,1) and p = (a’,]"). We employ the parallel transport condi-
tion,

0
<u§m><k, n>\;7u§"’>(k, n)> _o, (2.93)

which fixes the gauge of the ‘ug(m)(k, 17)>. The left-hand side of Equation 2.93

is nothing but the Berry connection (cf. Equation 2.9). Therefore, one
must be careful in demanding parallel transport, since this condition can
only be satisfied within one topological sector. Otherwise one picks up a
geometric phase [3, 80, 84, 89].

Using the definition

« (1., ’
a,(k,t) = c,(k,t)et] 4 &kt (2.94)
Equation 2.92 becomes form-equivalent to Equation 2.5,

daa _ Z ﬂ(k maglk, ne [t [£ 0t )5kt , (2.95)

with 5 playing the role of the adiabatic parameter. Therefore, everything
discussed in Section 2.1 immediately carries over to Equation 2.95, in
particular Landau-Zener transitions and adiabatic perturbation theory.
The latter can be given explicitly via

d
a(k,t) = aQk, 1) + E’Zagf)(k, £) (2.962)
o (e, 1) = 8, (2.96b)
G T t ’ ’ ’
a((xl) (k) ~ — ﬂ olfdt |t )5kt ’ (2.96¢)

bk, t) — Ep(ke, 1)
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assuming that the system is initially in an eigenstate f of the unperturbed
system.

With this analogy to adiabatic evolution Equation 2.92 can be interpreted
in the following way: %ég/; describes the coupling between different
Floquet replicas and &, represents a phase acquisition due to the quasi-

energy of each coeflicient. If the latter dominates, the system evolves

“adiabatically” in the Floquet states. In the opposite case, %Ggﬁ leads to

nonadiabatic transitions between sidebands, which is proportional to the
dp

change of the slow time scale —



Coherent suppression of high
harmonics

Figure 3.1 illustrates a surprising phenomenon
in the high-harmonic response of a light-driven
Dirac material. Despite strong intra- and inter-
band currents, the total emitted signal is drasti-
cally suppressed. This coherent suppression (CS)
arises from destructive interference between
intra- and interband contributions and is a con-
sequence of a nontrivial interplay between tun-
neling, strong-field dynamics, and quantum co-
herence.

In this chapter we study CS using the SBE for
a class of gapped Dirac materials and related
two-dimensional systems.

In Section 3.1 we introduce two toy models cov-
ering a large class of materials ranging from
topological insulator surface states to two-di-
mensional materials, which serve as platform
to study CS.
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Figure 3.1: Spectral emission intensity (solid blue) from Equation 2.54 for the driven
massive Dirac model (introduced in Section 3.1) decomposed into intra- (green line) and
interband (dashed orange line) contributions (see Equation 3.13). Vanishing dephasing
(r, » o0), a strong-field parameter of { = 10, multi-photon number M = 0.1 (defined in
Equation 3.8 and Equation 3.7) were used for the simulation. The spectrum shows strong
coherent suppression: destructive interference of inter- and intraband contributions to

HHG lead to a reduced total current (marked in pink).
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We quantify CS by introducing a suitable figure of merit in Section 3.2 and
use it to explore CS in the parameter space of the two systems. Section 3.3
shows how different parts of the Brillouin zone contribute to CS and
reveals the multi-scale nature of the problem: separate regions of the BZ
behave qualitatively different.

Section 3.4 discusses the physical mechanism of CS. At this point we
introduce an asymptotic approximation, which leads to a concise analytical
description of the mechanism behind CS. We also think the analytics are
relevant beyond this work, because they represent a new analytical tool
for small-gap systems in general.

In Section 3.5 we analyze how CS is lifted in the presence of dephasing, giv-
ing rise to a re-entrant regime of high-harmonic emission. A combination
of numerical simulations and analytical insight in reduced-dimensional
models reveals how the spectral phase relationship between intra- and
interband currents controls the emission strength.

Together, these results shed light on the role of coherence and band struc-
ture in shaping high-harmonic emission from quantum materials. The
research presented here additionally positions HHG as a sensitive probe of
interference effects in driven two-dimensional systems and shows it may
provide a way to understand phenomenological dephasing as typically
included in the SBE. The bulk of this chapter is adapted from [2] with
some additional analytical results and data for longer pulse durations.

3.1 Two theoretical toy models

The phenomenon of coherent suppression is investigated here for two
Hamiltonians with a single valence and conduction band. The first model
is a massive Dirac model with a linear dispersion and the second model
hosts quadratic bands like e.g. bilayer graphene. Both Hamiltonians are
low-energy approximations as described in Section 2.5, i.e. for energies
around the Fermi-level. We drive both with the same external field,

E
E(t) = —%, A®) = Ze,cos(@qe /A, (3.1)
0

where E denotes the electric field and A the vector potential (velocity
gauge) in dipole approximation (see Section 2.2). Equation 3.1 describes a
pulse with Gaussian envelope of standard deviation At linearly polarized
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Figure 3.2: The electric field in terms of peak field strength E, as it depends on time
measured in laser-cycles T, = 27/Q,. The standard deviation At = 1.5T;, is used through-
out this chapter.

along the x-direction with central (angular) frequency Q,. Figure 3.2
shows the electric field for At = 1.5T;, which is used throughout this
chapter. Following Section 2.4 we let the driving field dictate the time
scale,

T
r=9-1 o r_qu (3.2)
21 QO
and the length scale”,
2
I =—, 3.3
=5 (33

in the following. As a result the scaled vector potential reads
a(t) = e, cos(r)e_fz/ 20° (3.4)

with o = At/t.. Note that the dimensionless vector potential conveniently
satisfies |a(7)| < 1 and that the laser period in scaled time is 7, = Tj)/t, =
27T.

Now we consider the massive Dirac Hamiltonian in atomic units,

Egap |,

%Dirac(k) = VF(kxa'x + kya'y) + TO-Z ) (3°5)

with the Fermi-velocity vr and band gap Eg,;, at ¥ = 0. The model Hamilto-

* Recall that atomic units are used for physical quantities unless indicated otherwise. In SI units, we have
I = hQy/E,.
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nian given in Equation 3.5 is qualitatively applicable to several solid-state
materials. For small or vanishing Ey,, it describes graphene [159] and
certain topological insulator surface states, e.g. of the Bi;Tes-family [127],
which demonstrated HHG experimentally [36, 64, 160]. For large Eg,p
it comes closer to semiconductors, albeit the dipoles match only qualita-
tively " [39, 41, 42].

Through nondimensionalization (see Section 2.4) we obtain the dimen-
sionless/scaled Hamiltonian,

: Cr o . M.
Hpirac(x) = E(Kxax + Kyo-y) + Eo'z ) (3.6)

whereby two numbers characterizing the qualitative time-dynamics
emerged naturally: the multi-photon number,

E
M==2 (3.7)
Q
and the strong-field parameter,
2vr Ey
= ) 3.8
4 o2 (3.8)

which is a generalization of the resonant adiabaticity parameter known
in literature [97, 161]. For the special case of resonant (M = 1) driving,
is equivalent to the (resonant) adiabaticity parameter presented in [97],
which can be interpreted as the ratio of laser cycle over transition time¥.
For the massive Dirac model considered here, the term adiabaticity param-
eter is misleading. How adiabatic the system behaves depends strongly
on the wavevector x [98]. Additionally, we note that these dimensionless
numbers are related to the Keldysh parameter (see [97, 140, 161, 162]),

v = "‘—; , (3.9)

which qualitatively separates strong- (yx < 1) from weak-field regime
(yk > 1). The connection to the Keldysh parameter motivates our nomen-
clature of “strong-field parameter” for {. The physical interpretation of
the multi-photon number M, on the other hand, is clear: it measures how

T We note that in some cases (cf. [39]) the dipoles are even approximated as constants, still yielding
valuable results.

¥ Transition time refers to the transition between instantaneous eigenstates, which translates to bands in
the the context of this thesis.
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Figure 3.3: Bandstructure for the (scaled) massive Dirac model (see Equation 3.5) for
{ =5and M = 0.5. Clearly visible in panel (b) is the change from a linear dispersion with
small gap to a more quadratic behavior (for , € [~1,1]) with increasing .

many photons fit into the minimum band-gap.

The band structure of the massive Dirac model is shown in Figure 3.3.
Contours of the energy difference between the conduction and valence
bands are presented in Figure 3.3a, demonstrating rotational symmetry
with respect to the momentum «. In Figure 3.3b, one-dimensional cuts
of the band structure along the «, direction are shown for several fixed
values of k. These slices highlight the crossover from linear to quadratic
behavior in x, near the origin ¥ = 0. For large wave vectors |«|, the
dispersion asymptotically approaches a linear form.

The second Hamiltonian of interest is a toy model for bilayer graphene,

E
E%5, . (3.10)

Far s = %n[(kg — K2)6y — 2k, ] +

which is motivated by the low-energy description near the K points of the
Brillouin zone [163, 164]. The Hamiltonian %BLG is given in atomic units,
with effective mass m and a momentum-independent band gap Eg,, at
x = 0. This model describes massive chiral electrons and, besides serving
as a minimal description of an experimentally relevant system, allows us
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Figure 3.4: Bandstructure for the (scaled) BLG toy model (see Equation 3.11) for { =5
and M = 0.5. The quadratic behavior is clearly visible in (b), solely around x = 0 the
dispersion acquires a dominant fourth order component in .

to investigate how the shape of the band structure influences coherent
suppression.

Upon nondimensionalization, Equation 3.10 takes the scaled form
. (BLG . .1, M,
Hpig = T[(K; — K,zc)ax -2 lecyoy] + ~ 0z (3.11)

with the strong-field parameter,

Eg
(BLG = —3 > (3.12)
m€

and the multi-photon number M = Ey,,/Qp, which coincides exactly with
the definition used for the massive Dirac model.

The band structure of the bilayer graphene toy model is shown in Fig-
ure 3.4. The left panel displays contours of the energy difference between
conduction and valence bands, exhibiting rotational symmetry about x = 0
and pronounced nonlinear dispersion. In Figure 3.4b, we present cuts
along the k, direction for different values of k. These slices emphasize the
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quartic dispersion near ¥ = 0, which crosses over to quadratic behavior in
Ky for larger x,.

3.2 Coherent suppression and the
suppression ratio

In this section, we introduce the phenomenon of coherent suppression (CS)
and define a suitable measure to quantify its occurrence and strength. We
employ the SBE in the form given in Section 2.4 to simulate the response
of the two models introduced in the preceding section to the driving pulse
shown in Figure 3.2; see Equations 3.5, 3.10 and 3.11. At times preceding
the pulse, t » —oco, the system is prepared in its ground state as specified
by Equation 2.31. Throughout the remainder of this chapter, we set eg = 0
and T = 0, such that the Fermi level lies in the middle of the band gap and
the valence band is initially fully occupied while the conduction band is
empty.

The observable of interest here is the emission intensity of radiation (see
Equation 2.41 and Equation 2.54), which can be expressed in terms of
intra- and interband contributions (Equation 2.52),

I(w) = [T (g) + [ntrag,) 4 2\/ intra( ) inter()) cos ¢ with (3.13)

. . 2
intra/ 1nter( w) = 602‘ Jintra /inter(“))‘ ) (3.14)

Figure 3.5, panel (f) shows the effect we dubbed CS calculated for the
massive Dirac model from Equation 3.6 with { = 10 and M = 0.1 for
vanishing dephasing (or 7, — o). For large emission frequencies beyond
the HHG plateau ™" and '™ remain roughly constant over a large
range w, whereas the total emission quickly decays. Evidently, destructive
interference of jijyter(w) and jinra(w) is occurring. Similar observations
were made in other studies [45, 46] for massive and massless Dirac models
with one proposed explanation being the linear dispersion relation of
their band energies. We provide a counter-example in the following by
studying the response of the BLG model with non-linear dispersion.

In the following we take advantage of the relatively small number of model
parameters of Equation 3.6 and Equation 3.11 to conduct a large-scale
numerical exploration study. To this end a driving field of fixed shape (see
Equation 3.4 and Figure 3.2) is employed, i.e. the duration in terms of laser
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cycles 7 is held constant at o = 1.5 7; . Additionally, we focus on perfectly
coherent (T, — o) dynamics; the influence of finite dephasing times is
studied in Section 3.5. This restriction together with the fixed driving
field reduces the parameter space of the Dirac (BLG) system introduced
above to two dimensions, spanned by the multi-photon number M and
{ ((BLg)- We performed simulations for 9 x 9 = 81 different points in
parameter space for the massive Dirac model on a two-dimensional grid
with logarithmic spacing,

¢, M) e 107107075, . 10!] x [1071,107073, ..., 10 ] (3.15)
~[0.1,0.18,0.32,0.56, 1,1.8,3.2,5.6,10]" . (3.16)

We note that each point was individually tested for convergence (length
of time steps, initial time, k-grid density and BZ size).

Figure 3.5 shows the emitted intensities for six different points within this
grid for the massive Dirac model, demonstrating the qualitative depen-
dence of the emission spectra on {and M. In panels (a), (c), and (e) the
strong-field parameter (is held fixed while changing M and only one spec-
trum with small multi-photon number, M = 0.18, shows CS On the other
hand whereas for M > 1 the interband contribution becomes dominant,
see panels (b) and (c) of Figure 3.5.

Figure 3.5, panels (b), (d), and (f) depict data for varying strong-field
parameters with fixed multi-photon number M = 0.18. Here, all spectra
exhibit CS and larger {'lead to a higher cutoff of HHG. Additionally, we
see slower decay of inter- and intraband contributions with increasing
strong-field parameter. A dashed purple line marks the frequency with
emitted photon energy of the minimal band-gap. This line reveals why the
total intensity—dominated by interband emission here—is non-monotonic
with respect to frequency in panel (e) of Figure 3.5: there is a resonance
at the band gap.

This small sample already shows the richness and complexity in the HHG
spectra resulting from a seemingly simple two-band system. We will
elaborate some of these aspects in the following sections, like the HHG
cutoff and resonances, but first let us focus on CS. The data presented
clearly suggests the multi-photon parameter as the primary determining
factor for the latter.
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Figure 3.5: Total frequency-resolved emission intensity I(w) = I(Q/Q,) (Equation 2.54),
shaded blue) compared to intraband (solid green line) and interband (dashed orange
line) contributions according to Equation 3.13 for different multi-photon numbers, M,
and strong-field parameters, {. Here, we drive a massive Dirac model, (Equation 3.6),
without dephasing (7, — o) by the driving field given in Equation 3.4 with o = 1.517,.
Panels (a)-(c) depict results for various multi-photon numbers M at { = 3.2, showing the
transition from CS to interband dominated emission. Panels (d)-(f) show intensities with
different strong-field parameters ¢ for M = 0.18, demonstrating CS over a wide range
of {. Markers refer to parameter space positions in Figure 3.6 and the dashed purple
lines show the frequency with emitted energy corresponding to the band-gap E,,,. For
a driving frequency of Q,/27 = 10 THz, the multi-photon numbers M € {0.18,3.2,7.5}
correspond to band gaps of A € {7.5meV, 130 meV, 310 meV}. At a Fermi velocity of
vp = 5.0 x 10° m/s, strong-field parameters { € {0.56,3.2,7.5} correspond to peak field
strengths of E € {0.015MV /cm, 0.083 MV /cm, 0.19 MV /cm}. Figure adapted from [2].
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Figure 3.6: Suppression ratio R from Equation 3.17 for the massive Dirac model with
driving field given in Equation 3.4 and ¢ = 1.5 7, for different multi-photon numbers M and
strong-field parameters {. Spectral instensity with inter- and intraband decompositions
for parameters at the markers are shown in Figure 3.5. For a driving frequency of
Qy/2m = 10 THz, the multi-photon numbers M € [0.1, 10] correspond to band gaps in
the range of A € [4.2meV,420 meV]. At that frequency and with a Fermi velocity of
vp = 5.0 x 10° m/s, strong-field parameters { € [0.1, 10] correspond to peak field strengths
of within E € [2.6 x 107> MV /cm, 0.26 MV /cm)]. Figure adapted from [2].

In order to verify this hypothesis we introduce the suppression ratio,

R = <Ilnter/Ilntra>w , (3.17)
where the average (...),, includes all frequencies above the (numerical)
noise threshold (see Appendix D). Evidently, the suppression ratio is close
to unity when the interband and intraband intensities coincide, and it is
smaller (larger) than one when the intraband (interband) contribution
dominates. In general, a suppression ratio close to one does not necessarily
imply destructive interference between the two contributions. For the
data presented here, however, no constructive interference is observed.
A numerical confirmation of this statement based on a second figure of
merit is provided in Appendix B. Under the additional restriction that only
destructive interference occurs within the considered parameter range,
the suppression ratio R defined in Equation 3.17 therefore allows for a
qualitative identification of coherent suppression using a single scalar
quantity. In a nutshell, bright color in Figure 3.6 corresponds to coherent
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suppression.

Figure 3.6 shows a heatmap of R across the parameter space introduced
above and largely confirms that the multi-photon number M is the primary
parameter enabling coherent suppression.

However, there is some additional variation of R with the stron-field pa-
rameter { visible in Figure 3.6, which we dicsuss in the following. For
M « 1, the suppression ratio decreases with increasing ¢, an effect that can
be attributed to numerical resolution and to the definition of R. Smaller
values of {'lead to a more rapid decay of both [te; and L, With increas-
ing harmonic order (cf. Figure 3.5a and d), such that fewer harmonics
contribute to the frequency average (---),,. When only a small number of
harmonics is included, disproportionate weight is placed on the lowest
orders, where interband and intraband contributions differ most strongly,
thereby increasing R.

Additional insight can be gained from Figure 3.6. First, for large multi-
photon numbers M, the total emission intensity is dominated by the
interband contribution. Second, the suppression ratio never falls below
unity, indicating that throughout the entire parameter space considered,
interband emission remains comparable to and cannot be neglected with
respect to intraband emission.

We now consider the second model introduced in Section 3.1—a toy model
of bilayer graphene (BLG), see Equation 3.11. Besides its experimental
relevance, this system is an ideal candidate to investigate the influence of
band dispersion shape on coherent suppression. We employ the same field
as the Dirac case (cf. Equation 3.4) and also turn off dephasing (r, — o)
for better comparison of the two systems. The same footprints of CS are
visible in panels(b), (b), and (d) of Figure 3.7. However, these signatures
are less pronounced as compared to Figure 3.5 for similar strong-field
parameters and multi-photon numbers. To be more specific, the inter-
and intraband contributions do not plateau as e.g. in panels (a), (e), and (f)
of Figure 3.5, but rather decay. Still, they exactly coincide and are signifi-
cantly larger than the total signal, which we consider defining features
of CS. We suspect that smaller multi-photon numbers M are required to
achieve results more similar to the Dirac model; further exploration of the
model’s parameter space is necessary for clarification. More importantly,
M still seems to be the deciding factor of enabling CS.
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Figure 3.7: Total frequency-resolved emission intensity I(w) = I(Q/Q,) (Equation 2.54),
shaded blue) compared to intraband (solid green line) and interband (dashed orange line)
contributions according to Equation 3.13 for different multi-photon numbers, M, and
strong-field parameters, {3; 5. We consider a BLG model here, (Equation 3.11), without
dephasing (r, — o) and driven by the field given in Equation 3.4 with o = 1.5 7. Panels (a)-
(c) show results for a strong-field parameter { = 1 and panels (d)-(f) for { = 10 respectively.
Multi-photon numbers M € {0.1, 1,10} are shown. The same signatures of CS as in
Figure 3.5 are present here, however slightly weaker at comparable M: the inter- and
intraband contributions do not plateau as e.g. in panels (a),(e), and (f) of Figure 3.5. For
a driving frequency of Q;/27 = 10 THz, the multi-photon numbers Mg 5 € {0.1, 1, 10}
correspond band gaps of Ay € {4.2meV, 42 meV, 420 meV}. Additionally setting the
effective mass as m = 0.032m,, the strong-field parameters { € {1, 10} correspond to field
strengths of E € {0.054 MV /cm, 0.17 MV /cm}. Figure adapted from [2].



3.3 Contributions throughout the Brillouin zone | 51

Another common feature of Dirac and BLG models can be seen in Fig-
ures 3.5 and 3.7. There is a crossover from CS to interband dominance
with increasing multi-photon number. In both systems the band structure
and dipoles start to resemble wide-gap Semiconductor systems for large
M. We hypothesize that the physics increasingly resembles the example
presented in Section 2.6 as a result. The systems then behave according to
the three-step model such that the interband contribution dominates and
a plateaeu (with clear cutoff) emerges. We provide evidence for the semi-
classical behavior of the massive Dirac model at the end of Section 3.3.

3.3 Contributions throughout the Brillouin
zone

Having identified the importance of a small multi-photon number M for
coherent suppression, we disentangle contributions from different regions
in the BZ within this section. As a result we can employ a reduction
of dimensionality for describing the physical origin of CS in Section 3.4.
Consider the structure of the SBE (Section 2.4) for Dirac/BLG models:
different x-modes can be interpreted as an ensemble of two-level systems.
The wave-vector k strongly influences the qualitative dynamics. Conse-
quently, the different dynamical regimes identified in [97] at the level of a
single mode at ¥ = 0 can be found throughout the BZ as already pointed
out by Junk [98, chapter 5]. Herein lies the multi-scale nature of coherent
suppression mentioned in this chapter’s opening paragraph.

To gain a physical intuition of the occupation dynamics, one can inspect
the band structures shown in Figures 3.3b and 3.4b. Upon increasing
‘Ky| the charge carriers experience a larger gap®, corresponding to an
effectively larger multi-photon number. As a result a more dominant
interband contribution to the emission intensity is expected for states
with larger ‘Ky‘—consistent with Figures 3.5 and 3.7. We also expect the
physics to be better described by the three-step model for larger effective
gaps and HHG spectra more closely resembling the characteristic plateau
structure as a consequence.

In order to verify this intuition, we consider one-dimensional slices of the

S This is not the “full story”, dipole and current matrix elements also vary considerably with the wave
vector «.
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BZ with fixed k;, and introduce the current densities of these subsystems,

jx(T, Ky) _ .)icntra(l_ )+]1nter(T ) (3.18)
;intra — [ 1
B =) Zp,m(x () (3.19)
lnter(T ): r de Z Pun(¥, T)ann(’c) (3.20)

JBZ(T) 2m m,n=1
m#n

in terms of jy (k) = (mrc| |mc> Similarly we define the spectral yield,

00 2
2 .
S(w, k) = % ‘ i, Ky)‘ = wz‘L drj(z,x)e ™| (3.21a)
27 J—c0
ginter / 1ntra( o, Ky) _ Iowz jjcnter/ intra ( (3.21b)

which is labeled by S in order to distinguish it from the emission intensity
of the two-dimensional system.

Firstly, consider the massive Dirac model with a strong-field parameter
of { = 7.5 and a multi-photon number of M = 0.18, where strong CS was
observed (see Figure 3.5, panel (f) and Figure 3.6). Figure 3.8, panel (d)
shows the total emission intensity I, depending on frequency w and wave-
number k,. There we see a narrow dark strip around x;, = 0, where the
total 1nten31ty is strongly suppressed for w/Qg > 1 i.e. only the carrier
wave frequency Q is contained in the total current response. On the other
hand appreciable intensities beyond the first few harmonics are visible for
0.1 < |«,| < 1.5. This region in the BZ is hence responsible for the plateau
visible in Figure 3.5, panel (f).

Figure 3.8, panels (a)-(c) display the decomposition of the intensity in
terms of inter- and intraband contributions for three exemplary values
of k), marked by dashed white lines in panel (d) for comparison. Our
expectation is confirmed, with increasing |«,| the interband contribution
becomes more and more dominant, such that modes further away from the
BZ origin are not responsible for coherent suppression. Additionally, the
1D slice at k,, = 0 shown in panel (b) of Figure 3.8 displays large intra- and
interband emissions even far beyond the plateau of the total intensity.
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Figure 3.8: Spectral yield from several one-dimensional massive Dirac models with
parameters { = 7.5, M = 0.18, 7, — oo, and o = 1.57, (see Equations 3.4, 3.6 and 3.21).
Emission spectra are obtained from a one-dimensional Brillouin zone integral along the
k,~direction for fixed values of k,, (cf. Equation 3.21). The spectral yields are normalized to
the weight of the principal harmonic S, = 5(1, 0) (see Equation 3.21) for x,, = 0. Panels (a)-
(c) display the decomposition of the total (shaded blue) emission into inter- (dashed
orange) and intraband (solid green line) contibutions according to Equation 3.21 for
x, = 0.6, k, = 0, and x,, = —1.7. Panel (d) displays the color-coded and frequency-resolved
total emission intensities for x, € [—4, 4] with dashed white lines marking the cuts shown
in (a)-(c). Figure adapted from [2].



54 | 3 Coherent suppression of high harmonics

B S(0.x)/S; —— SM(w,k,)/S == S™MN(w,x)/S

(a) k= 0.2

2

0

—2
%)
>y

—4 =
ab
°

—6

-8

Frequency o = Q/Q

Figure 3.9: Spectral yield from several one-dimensional massive BLG models with
parameters { = 10, M = 0.1, 7, - oo, and 0 = 1.57, (see Equations 3.4, 3.11 and 3.21).
Emission spectra are obtained from a one-dimensional Brillouin zone integral along the
k,~direction for fixed values of k,, (cf. Equation 3.21). The spectral yields are normalized to
the weight of the principal harmonic S, = 5(1, 0) (see Equation 3.21) for k,, = 0. Panels (a)-
(c) display the decomposition of the total (shaded blue) emission into inter- (dashed
orange) and intraband (solid green line) contibutions according to Equation 3.21 for
x, = 0.2, k, = 0, and x,, = —1.2. Panel (d) displays the color-coded and frequency-resolved
total emission intensities for x, € [—1.3,1.3] with dashed white lines marking the cuts
shown in (a)-(c).
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In Figure 3.9 the same analysis is repeated for the BLG model (see Equa-
tion 3.11) with (g1 = 10 and M = 0.1. These parameters again enable
strong CS (cf. Figure 3.7). Overall the qualitative picture is very similar to
the massive Dirac case above. Panel (d) displays a narrow strip around
k, = 0 with a single peak at Q, whereas the signal for larger frequencies
in panel (a) of Figure 3.7 arise from modes outside of this strip with [k)| < 1.
Additionally, interband emission is more dominant for increasing values
of [x,|.

Our analysis of different regions in the Brillouin zone clearly suggests
that a one-dimensional model at x;, = 0 is sufficient to understand CS for
both models presented, although not for all features of the HHG spectrum
(like the plateau). Exploring the consequence of this observation is the
subject of the next section.

To conclude this section, we apply the approach introduced in Section 2.6
to assess the validity of the three-step model for individual «, slices. Fig-
ure 3.10 compares the time-frequency profile of the interband current,
obtained via a Gabor transform (see Equation 2.79), with the first- and
second-order recollision trajectories predicted by the semiclassical three-
step model. We employ the same approximation as in Section 2.6 and Fig-
ure 2.7, namely neglecting the imaginary part of the trajectories’ birth
times in the saddle-point approximation Equation 2.78. The other two
saddle-point equations, Equations 2.74b and 2.74c, are then solved numer-
ically.

While the emission times associated with first-order recollisions agree
well with the numerical results, the corresponding emission energies are
systematically underestimated by the semiclassical trajectories. As dis-
cussed in Section 2.6, several approximations enter the calculation of
these trajectories, making it difficult to assess the relative importance
of individual contributions. By comparing Figure 3.10 with Figure 2.7,
we therefore conclude that the x, slices responsible for the plateau-like
behavior observed in Figure 3.5f are not clearly within the three-step
regime. Instead, the underlying dynamics appear to lie in an intermediate
regime between the nearly diabatic behavior of the k,, = 0 slice and a fully
semiclassical behavior. A more detailed investigation of this crossover is
left for future work; in particular, extending the analysis to the bilayer
graphene model would help clarify the role of band dispersion.
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Figure 3.10: Time-frequency profiles (Equation 2.79) from a ,-slice at x, = —0.78 of the
massive Dirac model for the parameters { = 10 and M = 0.1. The orange (blue) lines show
the first (second) order semi-classical re-collision events calculated from Equation 2.74
with the approximation given in Equation 2.78. The band gap energy at k, = 0 is marked
by a horizontal dashed purple line.

3.4 Physical mechanism of coherent
suppression

Motivated by the previous section we consider a one-dimensional restric-
tion of Equation 3.6 for k;, = 0,

A 1 R R
HDirac,ld(K) = E(g’co-z + Moy) . (3.22)

We focus on the massive Dirac model, because the qualitative behavior of
the BLG toy model is very similar. A unitary rotation of Equation 3.6 with
U= % 1 1) leads to Equation 3.22 with the definition x = k, introduced
for brevity. We are interested in an approximation of the SBE solutions
for small M and 7, — o to describe CS. In the absence of dephasing the
SBE are equivalent to the time-dependent Schréodinger equation, which
has trivial analytic solutions for M = 0,

21y, 0) = S - o)l e, o)
. 2

o ule o)) = e7ad ] I lema@l Ly (3.23)
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Figure 3.11: Schematic sketch of the adiabatic energies ¢, (band structure) and the
diabatic energies €, .

with the Pauli matrix eigenstates 6, |+) = +|+) and a(r) = a,(r) (see Equa-
tion 3.4). Figure 3.11 shows a schematic of the instantaneous eigenenergies
compared to the diabatic energies e, = (] ﬁDirac,ld |+). This avoided cross-
ing scenario is analogous to the two-level system discussed in Section 2.1,
however we are dealing with a continuous ensemble parametrized by
k. The exact solutions for M = 0 are proportional to the diabatic states
introduced in Section 2.1, so for small M the system should be in the
diabatic regime shown in Figure 2.2, panel (b). Note that these solutions
transform to non-continuous jumps in the occupations upon changing to
the co-moving (adiabatic) Houston basis—just as described in Section 2.1.
If the system behaves diabatically, the adiabatic basis is a poor choice as a
starting point for an analytical solution and we consequently choose the
diabatic basis |+) in order to expand around the exact solutions for M = 0.
Physically, the diabatic states describe left- and right-movers, which can
be easily seen by applying the velocity operator to |+).

Rather than working with the equations of motion for the density matrix-
elements p. . (k,7) = (| p(k, 7) |+) directly, we introduce the occupation
imbalance,

8(,7) = Slpes (k.7 = p (k. D] (3.24)

and the coherence,

U(Ka T) = p—l——(K: T) > (325)

which are sufficient to determine the density matrix fully. The equations
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of motion,
Z_Z = —il[k — a(t)|n(k, ) + iMS(x, 1) , (3.26a)
‘;_f — _oMTm(n(x,7)] (3.26b)

decouple for M = 0 thanks to the unitary rotation. The initial condition
of a filled valence band (see Equation 2.31),

n(k, 7 — —o0) = ———M and (3.27a)

N2
e

N

reveals a technical difficulty for standard time-dependent perturbation
theory in M: the initial states are themselves dependent on M. While it is
possible to expand the initial condition, we propose an alternative that
leverages our precise analytic knowledge of its M-dependency. We seek
an asymptotic expansion of Equation 3.26 of the form

(3.27b)

Sk, 7 —> —o0) =

n(,7) ~ zm[qo(m £)+ My (k,7) + M2py(,7) + ] (3.280)
5(k,7) ~ L[5 ) + M8, (k. 7) + M2S,(e, 1) + ], (3.28b)

N

which allows exact matching of Equation 3.27 while still being well-
orderedl in M. We demand the expansion functions in Equation 3.28
to satisfy Equation 3.27, yielding matching conditions,

—{k ifn=0
0, (k, — = 3.29
(i, 7 = —o0) 20 otherwise ( 2)
-1 ifn=1
, — = 3.29b
(1,7 = =) 20 otherwise. ( )

1By well-ordered we mean that for an asymptotic expansion f(e, x) ~ f,(x)g,(€) + f(x)g;(€) + --- it holds
that g,,, = 0(g,) as € — ¢, (see e.g. [93, 125]).
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The formal solution of Equations 3.28 and 3.29,
ok, 7)==k, 61(k,7)=no(r) =0, (3.30a)
(k1) = —e P00 |1 4 2i§1<J dffeiéf’(w')] , (3.30b)
Opi1(x, 1) = —J dr’ Imn,(k, 77), (3.30c¢)
Mns1(k,7) = 2ie $(0) j dr’8,(x, 7/ )eter’) | (3.30d)
can be expressed in terms of the diabatic phase,
ok, 1) = J dr’ [k —a(t")] . (3.31)

Note that matching at 1 — —oo makes this phase divergent. However,
in practice this is irrelevant, because one simply matches at some time
T — 15 < 0 for which the driving field is negligible (which is the whole
point of the limit).

We demonstrate the accuracy of Equation 3.30 in Figure 3.12 by comparing
the asymptotic approximation for the scaled current,

é« n
4«/{2162 + M2 m=o

to the exact one, j,(k,7) = gé(lc, ), with the solutions §(x,7) of Equa-
tion 3.26. Four pairs of multi-photon numbers and wavevectors with
{ = 10 are examined. The left (right) column panels shows data for
M = 0.1 (M = 1) and the upper (lower) row panels show currents at
wavenumber k = 0.5 (x = 0). In all cases leading and first order approxi-
mations coincide, which follows from Vr,« §;(x,7) = 0. Remarkably, out
of the second order approximations in panels (a)-(d) of Figure 3.12 only
(b) at « = 0.5 and M = 1 shows any visible deviation from the numerical
solution.

j,(cn)(rc, T) = M™ 6, (k, 1), (3.32)

Figure 3.12 shows two other striking properties of the approximation:
leading and first order in M coincide and they are constant in time (cf.
Equation 3.30). While this fact is mathematically obvious from Equa-
tion 3.30, let us try to understand it physically in the following.

At leading order in the multi-photon number M Equation 3.26 describe
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Figure 3.12: Comparison between the asymptotic approximation from Equation 3.32 to
the scaled current and numerical solutions for individual k-modes of the one-dimensional
massive Dirac model (see Equation 3.22) with the strong-field parameter { = 10. Panels
in the top (bottom) row show data for k = 0.5 (x = 0). The multi-photon number in the
left (right) row is given by M = 0.1 (M = 1). Leading and first order approximations are
identical, because §,(k,7) = 0Vk, 7 (cf. Equation 3.30) with the reason explained in the
main text. Evidently, the second order is very accurate in all four cases shown despite
the assumption of small multi-photon number.

decoupled left- and right-movers, which results in constant velocity. The
only consequence of the driving field here is the movement in x-space
of left- and right-movers, which influences their energy, but leaves their
velocity unchanged. The phase relationship included via the coherences
is of first order in our expansion (see Equation 3.29). However, the relative
phase is irrelevant for the velocity, thus first order in M has no impact on
it—in contrast to other observables like the conduction band occupation.
Only at second order the coherences’ influence on the imbalance é(x, r)
emerges and hence affects the velocity.

In order to understand coherent suppression analytically, one needs access
to the intensities (see Equation 3.21) and in turn to the current densities (cf.
Equation 3.18). The latter have no asymptotic expansion of the form shown
in Equation 3.28, because the k-dependency is integrated out. Nevertheless,
it is possible to approximate the total current density by expanding the
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prefactor in M,

—2K
jx<r,r<y=o>~j L SLRRPYN

B2(r) 27 4 M 1 (22

¢ Ssglc-+a] + 6001 + oM
BZ OTC

¢

~——a
Y

() + O(M) . (3.33)

Evidently, the total current density is given by the driving vector potential
up to a constant, which is a cosine with a Gaussian envelope (see Equa-
tion 3.4). Its Fourier transform is again a Gaussian, such that the emission
intensity contains only a single peak at the carrier frequency Q, and no
harmonics of high order. This explains the lack of high-frequency peaks
for small multi-photon numbers M, but not why inter- and intraband
contributions contain such high frequencies. A basis change from diabatic
to adiabatic basis yields an expression in terms of the imbalances é(x, 7)
and coherences n(k, 1),

intra — 0 — K dx gZK ’ ’
Jx T,k =0) = . ZTZ(MZ Ay [(k8(x],7) — M Ren(k,,7)] (3.34a)
K di (M

[M&(k7,7) + {x Ren(xy, 7)]
(3.34b)

.inter
7,k,=0) = —
e (@ Ky = 0) J_K 2m2(M? + {?%k?)

where we introduced x; = k + a(r) and the boundaries! (=K, K) of the
BZ and used K > |a(7)|. Intuitively, Equation 3.34 already gives a hint on
how the high frequencies in the inter- and intraband spectra arise: for
small multi-photon numbers M an imbalance §(k, 7) that is smooth in « is
integrated with a strongly peaked prefactor 1/(M? + {*k?). A consistent
expansion of the integrands above only recovers Equation 3.33, giving
vanishing interband current. This demonstrates the highly nonpertur-
bative nature of the inter- and intraband harmonics. To obtain a good
approximation for CS, we insert the leading order asymptotic approxima-
tion (only 8y (k, 7) and 5y (x, 7)), keep the aforementioned prefactor, expand
the rest of the integrand as power series in M, and solve the k-integral

| See Section 2.5 for details on BZ boundary treatment of effective models.
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exactly™. The resulting approximation,

e, = 0) =~ (o) - A—; arctan(A—ia(r))] , (3:35)
JOT(r ) = 0) = —%T arctan(j\—ia(r)) , (3.35b)

includes the leading order approximation to the total current and a highly
non-linear function of the vector potential. More precisely, the function

arctan(;ia(r)) behaves like a sharp sigmoid/sign-function for { > M with

the time-tails smoothed out as the vector potential vanishes there. Note
that the arctan appears with opposite sign for inter- and intraband current
in Equation 3.35. It is precisely this cancellation, which gives rise to
coherent suppression.

In Figure 3.13 the emission intensities from the approximations shown
in Equations 3.33 and 3.35 are compared to the numerical SBE solutions,
demonstrating how closely CS is captured by the analytics. While in the
top panel only a single peak in the total emission is captured by the leading
order, the bottom panel shows how all odd frequency-multiple peaks and
the envelope behavior are recovered. Inspecting Equation 3.35 also reveals
that the qualitative impact of the strong-field parameter {on CS is captured
(as seen in panels (d), (e), and (f) of Figure 3.5): for increasing { the function

arctan(%a(r)) gets closer to a periodic sign-function, which leads to more
high harmonics, closer to a perfect plateau. As such the qualitative picture
of CS is represented very well by within this approximation. However,
with increasing frequency more deviations from the approximation occur,
especially in the valleys between harmonics.

Although an analytical Fourier transform of Equation 3.35 is not known at
this point, we can supply a hand-waving argument for the aforementioned
plateau-like behavior in the following. Consider the limit of CW driving,

jinter(z, Ky =0) = _%r arctan(j\—ia(r)) — %arctan(}\—icos(&)m)) , (3.36)

such that the Fourier transform turns into a Fourier series,

2

. . To . .
SIReT (1, 0) — SHEE(0) = Ofn?| = J dre2int/hojinter(z ) . (3.37)

0Jo

* Note the manipulations leading to Equation 3.35 break the ordering in M.
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Figure 3.13: Comparison of spectral emission intensity from the approximations given
in Equations 3.33 and 3.35 for the total (interband) contribution in the top (bottom) panel.
The spectral yields are normalized to the weight of the principal harmonic S, = S(1,0)
(see Equation 3.21). The Fourier transformation is calculated numerically and we used the
one-dimensional massive Dirac model (Equation 3.22) with { = 7.5 and M = 0.18 (same
parameters as in Figure 3.8 and Figure 3.5, panel (f)). Clearly the approximation presented
in Equation 3.36 captures the essential feature of CS: a suppressed total emission intensity
together with much larger slowly decaying interband harmonics.
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For large arguments’ of the arctan we can approximate

arctan(j%a(r)) =~ %T sgn(a(r))

in Equation 3.36, which precisely turns the interband current into a peri-
odic sign function. A quick calculation shows that

Sinter(ye, = 0) o« OF sin’ (’%”) , (3.38)

i.e. the magnitude of all (odd) harmonics is independent of their order.

Altogether we conclude that the counter-intuitive high-harmonic emission
in the inter- and intraband contributions are a result of the highly nonlin-
ear prefactors o< 1/(M? + {?k?) in Equation 3.34, which in-turn trace back
to the change from diabatic to adiabatic basis with its strongly-peaked
matrix-elements around x = 0.

Everything we discussed regarding CS up to this point is more of concep-
tual interest rather than practical, because experiments only have access
to the total spectral emission intensity rather than the decomposition from
Equation 3.13. In the following section we introduce phenomenological
dephasing, which enables observable harmonics of high order created by
the mechanism explained above.

3.5 Re-entrant high harmonics

In this section the dephasing mechanism introduced in Section 2.2 is
considered, which is implemented by adding a damping term to the co-
herences in the co-moving Houston basis. To begin with we focus on
the one-dimensional model from Equation 3.22 to isolate the CS physics,
which takes place mostly around k, = 0. Figure 3.14 shows data for the
massive Dirac model (1D) at = 7.5 and M = 0.18 with the three different
dephasing times 7, € {00, 21,0.2 7y}. The top panel of Figure 3.14 depicts
the spectral yield (see Equation 3.21) and demonstrates that dephasing
results in re-entrant harmonics of high order. The inter- and intraband
contributions no longer cancel each other in contrast to the perfectly co-
herent case discussed in the previous section. The bottom panel illustrates
the reason for the lifting of CS. The relative phase ¢(w) (see Equation 3.13)

¢

1 This is reasonable in CS regime where T > 1is satisfied.
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Figure 3.14: Dephasing-induced HHG—spectral yield S(w,x, = 0) (top) from Equa-
tion 3.21 and deviation from 7 of relative phase ¢ (bottom) between inter- and intraband
intensities (Equation 3.13) for different dephasing times. Recall that Q = /.. Colors
correspond to scaled dephasing times 7, — oo (blue), 7, = 2.0 7, (orange) and 7, = 0.2 7,
(purple). The total emission coincides with S™"(w)/(wt,/7,)? (dotted lines) for Q > Q.
This follows directly from ¢—n = 1/(wr,/7,) (dashed lines in lower panel). Parameters
used are { = 7.5, M = 0.18 and o = 1.5 7, as in Figures 3.8 and 3.13 and Figure 3.5, panel (f).
For a driving frequency of Q,/27 = 10 THz, the scaled dephasing times 7, € {0.2,2}
correspond to T, € {20 fs, 200 fs}. Figure adapted from [2].

between inter- and intraband contributions exhibits a simple dependence
on frequency and dephasing time,
1 1

~ - ==, 3.39
¢(w) ¢ 6()1'2/1'0 & Q Tz ( )

for w > Q. This dependence is demonstrated numerically by the dashed
lines in the bottom panel of Figure 3.14.

Moreover, we observe a near-perfect coincidence of S™€T and $™2 for
Q > Q in Figure 3.14. Using Equation 3.39 we can expand the cosine in
Equation 3.13, leading to S(w, 0) = S™€T(w, 0)/(wr;)?, which is confirmed
as a good approximation by the dotted lines in the upper panel of Fig-
ure 3.14. Although Equation 3.39 is of a very simple analytical form, it
is currently a purely numerical observation and no derivation from the
equations of motion is known to the author. We suspect that a formula-
tion in frequency- rather than time-space of the SBE might be amenable
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to approximation, by assuming that high frequencies are only weakly
(perhaps perturbatively) affected by dephasing.

We continue our analysis with the full, two-dimensional massive Dirac
model (Equation 3.6) in Figure 3.15, which shows the emission intensity
for four different dephasing strengths, 7, — oo, 7, = 207y, 7y = 215, and
7o = 0.27y. All other parameters of the massive Dirac system used for
the data shown in Figure 3.15 set to the same values as in Figure 3.14.
As discussed in Section 3.3, a HHG-plateau with a cutoff roughly at the
11th harmonic is visible which is absent in the one-dimensional case.
The plateau gradually disappears for stronger dephasing, especially for
characteristic times 7, below one laser cycle. Beyond this cutoff, re-entrant
harmonics emerge for finite dephasing times. These harmonics for 7, =
215 and 7, = 20 7 seem to differ only by a multiplicative constant. On the
other hand, for strong dephasing (r, = 0.2 1) the shape of the emission
spectrum also changes. The change in shape hints at the fact that strong
dephasing qualitatively influences the dynamics, but weak dephasing
manifests primarily through the relative phase of inter- and intraband
currents as observed in Figure 3.14.

101
sy
[
> 10
7
g 10°°
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10—14

Emission frequency v = Q/Qq

Figure 3.15: Effect of dephasing on high-harmonic emission intensity I(w) for the driven
two-dimensional massive Dirac model for dephasing times 7, — oo (blue), 7, = 17,
(purple), and 7, = 0.17, (orange) in units of the laser cycle 7,. Re-entrance of high-
harmonic emission beyond the plateau is clearly visible, but less pronounced compared
to the one-dimensional model (see Figure 3.14). Parameters are { = 7.5, M = 0.18, and
o = 5571, (as in Figure 3.5, panel (f) and marked by O in Figure 3.6). For a driving
frequency of Q,/27 = 10 THz, the scaled dephasing times 7, € {0.2, 2, 20} correspond to
T, € {201s, 200 fs, 2 ps}. Figure adapted from [2].

#* The value 7, = 207, in Figure 3.16b represents an arbitrarily chosen number in the weak dephasing
regime. In contrast to Figure 3.16a it is impossible to normalize to 7, — oo, since there the intensity lies
below the numerical noise threshold and cannot be reliably extracted.
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(a) Harmonic instensity of re-entrant har-
monics (29th, 31st, and 33rd) versus de-
phasing time normalized to the intensity
for 7, = 207,¥*. The power-law fit (blue
dashed line) shows that the primary effect
of weak dephasing is the change of the
relative inter- and intraband phase (see
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(b) Influence of dephasing strength y, =
1/7, on normalized intensity of the 9th,
11th, and 13th harmonic (below cutoff).
Contrary to the re-entrant harmonics
these follow an exponential rather than a
power law, which is consistent with the
three-step model (see main text).

Equation 3.39 and following discussion).

Figure 3.16: Dependence of harmonics below (left) and above (right) the cutoff on
dephasing strength for the driven two-dimensional massive Dirac model at { = 7.5,
M = 0.18, and 0 = 1.5 7, (as in Figures 3.14 and 3.15 and marked by O in Figure 3.6).

We provide further evidence for qualitatively distinct behavior of har-
monics below and above the cutoff in Figure 3.16a. The latter harmonics
follow a power-law dependence as o« 7; 2, consistent with Equation 3.39,
for 7, > 2 1y, but clearly deviate for shorter times 7,. The former harmonics
behave as o« e °°1S%¥: for weak dephasing, see Figure 3.16b. The exponen-
tial dependence on dephasing is expected from the Lewenstein/three-step-
model where the amplitude from every classical trajectory of duration
At contributes with a factor e A7/% [14, 37]. At this point the role of
the constant in the exponential o< e 1%z js unknown, but this is an
intriguing avenue of future research, since it might reveal how to make
the three-step model more quantitative in these small-gap systems.

One striking feature of the re-entrant harmonics both in the one- and
two-dimensional massive Dirac models (cf. Figures 3.14 and 3.15) is the
apparent lack of a clear harmonic structure as compared to the lower-
order harmonics, i.e. they are more “noisy” (see Figures 3.14 and 3.15).
In Section 3.4 we gave an argument for the generation of harmonics in
the intra- and interband contributions, which relied on approximating
the arctan in Equation 3.36 as a sign function (“CW-driving limit”). We
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expect these harmonics to become sharper for longer pulse durations.
Since the re-entrant harmonics are proportional to the coinciding inter-
and intraband (shown above), they should respond accordingly to longer
pulses. Figure 3.17 demonstrates this behavior of the re-entrant harmonics
for longer pulse durations by showing the emission intensity for massive
Dirac system driven by a longer pulse with ¢ = 7.57, and for the two
dephasing times 7, = 0.57, and 7, = 57p. The inset shows the time-
dependence of the electric field in contrast to the shape used throughout
the rest of this chapter (cf. Figure 3.2).
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Figure 3.17: Influence of pulse duration on re-entrant HHG. Total emission intensity I(w)
for the driven two-dimensional massive Dirac model for the dephasing times 7, = 0.5,
(orange) and 7, = 5 7y(blue). Strong-field parameter and multi-photon number are the
same as in Figure 3.15 ({ = 7.5 and M = 0.18). The system is driven by a longer pulse
with o = 7.5 7, as compared to previous data in this chapter. The longer duration leads to
more pronounced re-entrant harmonics beyond the plateau, which is consistent with
the approximation proposed in Section 3.4 (see main text). The inset shows the time
dependence of the electric field strength E in terms of the maximum E,. For a driving
frequency of Q,/27 = 10 THz, the scaled standard deviation of the pulse corresponds to
At = 750 fs.

3.6 Conclusions and outlook

In this chapter, we investigated the phenomenon of coherent suppression
of high harmonics in two-dimensional light-driven systems, which arises
from destructive interference between interband and intraband currents
at high frequencies. We systematically extended earlier observations [45,
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46] by exploring a broad region of parameter space in the massive Dirac
model. We provided the first analytical approach that clarifies the physical
mechanism behind CS. In addition, we demonstrated that CS also occurs
in a model of bilayer graphene, supporting the notion that this effect is of
a generic nature rather than tied to a specific dispersion.

Our analysis shows that a small multi-photon number,

Mo R
Q

is a key prerequisite for the emergence of CS. Importantly, this dimension-
less parameter can be defined for arbitrary band structures. Identifying
the multi-photon number as the relevant control parameter enabled an
analytical treatment of an effective one-dimensional model describing
modes that pass through, or remain close to, the Dirac point under lin-
early polarized driving. These modes reveal the physical origin of CS: they
predominantly follow diabatic states rather than the adiabatic band basis,
resulting in a current that closely tracks the driving field and therefore
lacks high-harmonic components. By contrast, the individual interband
and intraband currents acquire harmonic of high order due to the rapidly
varying dipole and velocity matrix elements in the vicinity of the Dirac
point.

We further showed that CS is lifted when dephasing is included, giving
rise to re-entrant harmonics. This behavior can be traced back to a char-
acteristic scaling of the relative interband-intraband phase proportional
to < 1/(wry). As a consequence, high harmonics above the HHG plateau
exhibit a scaling behavior opposite to that of harmonics below the plateau.
These findings suggest that controlling the dephasing time T, provides
direct insight into the microscopic mechanisms underlying HHG. With
sufficiently precise control, T, may even be extracted without fitting the
full HHG spectrum. Experimental knobs such as temperature variation
or resonant photo-doping [36] offer possible routes toward this control,
although a more detailed understanding of the relevant microscopic de-
phasing channels will be required for quantitative conclusions.
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This chapter is concerned with the buildup of
transient Floquet side bands in topological insu-
lator surface states through the pumping with a
pulsed laser. The theoretical method introduced
in Section 2.7 relies on a periodic signal—the
pump pulse—with an envelope changing on a
slower time scale.

In Section 4.1 a well-established model for TI
surface states of the Bi,Ses;-family is presented,
which is used to study Floquet side bands.

We demonstrate the buildup of Floquet replicas
in Section 4.2 and reveal how the side band pop-
ulation and the quasi-energy spectrum evolves
with time. Higher order terms responsible for
the well-known hexagonal warping of the sys-
tem’s band structure also crucially impact the
Floquet spectra, leading to avoided crossings.

In Section 4.3 we use the picture of adiabatic evo-
lution and nonadiabatic transitions introduced
in Section 2.1 to explain the occupation dynam-
ics in the Floquet side bands. Comparison to adi-
abatic perturbation theory and Landau-Zener
transition probability are shown for two exem-
plary Bloch states.

The bulk of this chapter is based on [3] with
additional insight provided by the adiabatic ap-
proximation introduced in Section 2.7.
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4.1 A model for topological instulator surface
states

In this section we introduce a well-established model for the Bi,;Se;-family
(additionally including Bi, Te; and Sb,Tes) of materials. For these systems
the surface states can be described by an effective Hamiltonian,

t11(k) = (Co + Cok?) + (ko — ky6y) + 1k + K2)5, (4.1)
with k. = ky + ik), and the constants,
Co = CO + 0C3M0 s Co = C2 + (X3M2 s vV =Vax , r= R1a1/2 s (42)

see references [127, 165, 166]. The numerical values of the Hamiltonian’s
parameters are given in Table 4.1.

We consider driving by a linearly polarized electric field,

B)=-2, A<t>=£—‘(’)n<t>exsin<t>, a0 = et/ (43)

where we introduced the slow time scale n according to the t-t" formalism
introduced in Section 2.7. Throughout this chapter we fix Q, /27 = 38.7 THz,
At = 38.8fs, and Ey = 3.11 MV cm™ L. Hence, the frequency is exactly the
same and the peak field strength larger by a factor of about 2.7 when com-
pared to [167]. The pulse duration was intentionally chosen very short
in order to access a regime which is not amenable to traditional Floquet
theory. Including the vector potential via minimal coupling k — k — A(?)
and comparing the resulting hamiltonian with Equation 2.83 allows an
identification of the time-dependent and unperturbed parts,

W(k, n,t) = Wx(k, n,t) + Wy(k, n,t) + ny(k, n,t), (4.4)
(k) = Z11(k) , (4.5)

Table 4.1: Numerical values of constants for the TI model Hamiltonian given in Equa-
tion 4.9. All quantities are given in atomic units besides «; and «;, which are numbers.

Constant Vo CO MO Rl CZ M2 (041 a3
Value [aw] 023 —3.1x10"% —0.010 13 40 58 099 -0.15
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Figure 4.1: Band structure for the (scaled) Bi,Se; model (see Equations 4.1 and 4.9) for
the parameters given in Table 4.1. The contours of the energy difference in panel (a) is
very similar to the massive Dirac model (see Figure 3.3) with the hexagonal warping
effect being visible only for larger |« at the edges of the contours. Panel (b) shows the
change due to the quadratic term, bending both valence and conduction band upwards
with increasing |«|.

with three different components,

Wy = 2r6,A3E) + (3 + 6rky6,) AXE) + |6r(kE — K2)6, + 20k, — 16, | AL(2)
(4.6a)

= [ep — 61k, 6, AZ(E) + [ 202k, — 12r ke, 5, + w6, | A1) | (4.6b)
W —6r0, x(t)A (t) — 12rk,0, A () A(t) , (4.6¢)

coupling to A,, A,, and both respectively. For the linear polarization
considered the two contributions Wy and ny vanish.

In Chapter 3 we let the length scale be determined by the field strength of
the driving radiation. This choice is convenient for analyzing variation
of the strong-field parameter investigated in the aforementioned chapter.
However, here we consider only a single exemplary field-strength, hence
we choose the dominant k-terms (linear) as reference. The higher-order
terms of Hyy also prevent a simple scaling with the field strength as it was
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possible in the massive Dirac system.

For the aforementioned reasons the time scale is set to

1
o (47)
and the length scale is set to
v
= — . 4.8
=5 43)
As a result we obtain the dimensionless Hamiltonian,
Hri(k) = (vo + v + (0 — 1u8y) + 130t +13)6, . (4.9)
describing the TI surface states with
_ G _ & _r d = i 4
yO—Q—O, yz—ﬁ, )@-5, and Ky =k, tik,. (4.10)

Figure 4.1 depicts the contours of the conduction and valence band’s en-
ergy difference and band structure slices along k,. The contours show a
strong similarity to the massive Dirac model (see Figure 3.3), demonstrat-
ing the dominance of the terms linear in k for the band energy difference.
Only for large wave numbers the hexagonal warping becomes visible
in panel (a) of Figure 4.1. Figure 4.1, panel (b) shows slices of the band
structure along k,, where the importance of the term quadratic in x can
be seen. The term bends both bands upwards, breaking electron-hole
symmetry.

4.2 Floquet sidebands in topological
insulators

This section is concerned with the buildup of Floquet sidebands in Bi;Se;
and thereby following Ref. [3]. To this end we analyze the time-dependence
of the instantaneous Floquet coefficients ¢, (k,t) and the quasi-energies
&(k, 1), which follow Equation 2.92. Solving the time evolution of ¢,(k, ) is
equivalent to solving the TDSE for individual k-modes. With the velocity
gauge considered here the time evolution of an ensemble of k-modes is
equivalent to the SBE without dephasing. Therefore, the instantaneous
Floquet formalism for an ensemble of Bloch states is in fact the lowest
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order of the many-body quantum cluster expansion and hence not merely
a single-particle approach.

With that equivalence to the SBE without dephasing in mind, the initial
state of the system is given by Equation 2.31. In [3] the Fermi level was
set to the Dirac point, but in experiments [56, 167] it often lies in the
conduction band. To take these experimental parameters into account,
we set T = 300K and Er = 0.3 €V in accordance with [167]. The initial
state is then a mixed state such that the most straightforward way to
calculate the time evolution would be in the density matrix formalism,
i.e. solving the SBE. The generalization of the t-t’ formalism to the SBE
(without dephasing) is fairly clear-cut: one can write the equations of
motion (Equation 2.92) in Liouville space which essentially amounts to
writing the entries of the density matrix as a column vector (see [69, 70,
168]). Then, we obtain a matrix differential equation form-equivalent to
the TDSE,

aﬁtg(k, 0= Pk,0) ok, 1) | (4.11a)
L(k,t) = —i|F# (k,1), - | (4.11D)

where p(k, t) is a column vector of all density matrix elements and F(k,t)a
matrix operator with respect to some chosen basis. The t-t" formalism can
be applied to Equation 4.11 analogous to the TDSE. However, at the time
of writing the code from [3] lacks the possibility of solving Equation 4.11
with t-t’. Therefore, we employ the pedestrian route to a mixed state of
solving Equation 2.92 for the conduction and valence band contributions
separately and summing the Floquet occupations.

Figure 4.2 visualizes the time-dependence of c,(k,t) and £,(k,t) for a cut
along k, through the Dirac cone (k, = 0): the band occupations (color-
coded) are projected over the instantaneous Floquet spectrum for six
different times during the pulse using the driving field and TI Hamiltonian
introduced in the previous section. Hence, the system differs from the
data shown figure 11 of [3] merely in the (slightly longer) pulse duration
and the mixed initial state.

Remarkably, the instantaneous Floquet quasi-energies themselves barely
change in form during the system’s time evolution. Mainly there is an
overall shift due to the term quadratic in k, which is proportional to the
identity matrix, with time, see Equations 4.1 and 4.9. This shifting has no
influence on the occupation dynamics, because it can be absorbed into a
unitary transform for each k-point. Closer inspection also reveals a slight
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Figure 4.2: Expansion coefficients |c(k,t)| (see Equation 2.92) projected over
instantaneous Floquet quasi-energies along k. (k, = 0) for times t/T, €
{—3.36,—2.36, —1.36, —0.26, 1.64, 3.64} in panels (a)-(f) for the TI model shown Equations 4.1
and 4.9. The Hamiltonian’s parameters are given in Table 4.1 and the driving field
from Equation 4.3 with frequency Q,/27 = 38.7THz, duration At = 38.8fs, and
E, =3.11 MV s ! is employed. The initial state is given by Equation 2.31 with T = 300K
and E; = 0.3 eV. The times are marked in Figures 4.4 and 4.5 for reference. The vertical
blue lines mark the wave number k, = 1.21, corresponding data shown in Figure 4.5.

compression of the spectrum along k,, we come back to its relevance in
Section 4.3.

At the time when the driving field begins, shown in panel (a) of Figure 4.2,
we observe occupation up to the Fermi level and no sideband popula-
tion. As the pulse becomes stronger with time, there is an increasing
shift towards higher and lower replicas (mostly adjacent sidebands), see
panels (b), (c), and (e) of Figure 4.2. In Figure 4.2, panel (d) at the time
of maximum driving field strength the shift and stretch of the spectrum
is maximal but the occupations are hardly spread over more than a sin-
gle replica. This counter-intuitive concentration on one Floquet band
is explained further below (Section 4.3). Towards the end of the pulse
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Figure 4.3: Expansion coefficients |c,(k,t)| (see Equation 2.92) projected over instan-
taneous Floquet quasi-energies along k, (k, = 0) for times t/T, € {-3.36,-2.36, —1.36}
in panels (a)-(f) for the TI model shown Equations 4.1 and 4.9. The Hamiltonian’s pa-
rameters are given in Table 4.1 and the driving field from Equation 4.3 with frequency
Q,/27 = 38.7 THz, duration At = 38.8fs, and E, = 3.11 MV cm™! is employed. The initial
state is given by Equation 4.12 with T = 300K and E; = 0.3 eV. The times are marked in
Figures 4.4 and 4.5 for reference.

in panel (f) of Figure 4.2 the Floquet expansion coeflicients have nearly
returned to their initial state with some remnant occupations visible for
isolated k-points.

It was found in [3] that valence band states primarily couple to other
valence-band type replicas. Figure 4.2 suggests that conduction-band type
sidebands behave just like the valence-band types. In order to investigate
this numerically, we choose the initial state

in 1
prll)™ = e (4.12)
peck)™ = pe(k)™ = py(k)™ =0, (4.13)

with T = 300K and Er = 0.3 eV. This state is nothing but the conduction
part only of the mixed state used above (Equation 2.31). By investigating
the expansion coefficients only for the conduction band part of the mixed
initial state in Figure 4.3 we prove that this holds true for the conduc-
tion band states as well. As discussed in [3], near the Dirac point the



78 | 4 Floquet-Bloch sidebands with finite driving pulses

system behaves essentially like a Dirac model which can be integrated
trivially. However, for larger k, the hexagonal warping terms become
increasingly important and substantially impact the dynamics, creating
avoided crossings in the Floquet spectrum. In the subsequent section we
will disentangle these dynamics with the intuitive picture of adiabatic and
diabatic dynamics introduced in Section 2.1 applied to the instantaneous
Floquet formalism (see Section 2.7).

4.3 Adiabaticity in Floquet sidebands

By reformulating the equations of motion for the instantaneous Floquet
coeflicients from Equation 2.92 to Equation 2.95 we can apply the physical
picture introduced in Section 2.1 to the Floquet states. As hinted at in the
preceding section, there are two regimes along the k,-axis for large and
small |k,|. In the latter region, the Dirac-like term v(k,0, —k0,) dominates

the dynamics and in the former the hexagonal warping term r(k3 + k)4,
becomes more relevant.

Figure 4.4 shows data from the Dirac-like regime. Initially, the 0-th or-
der valence band replica is fully occupied and we show the population
of valence band order -1 in the top panel. Additionally, the first order
correction from adiabatic perturbation theory is depicted for comparison
(see Equation 2.96 for the formula®). This approximation agrees very
precisely with the numerical results and in turn proves we are deep in
the adiabatic regime. Moreover, the two maxima of ¢, _1)(k,t) coincide
in time with the most significant sideband population in panels (b), (c),
and (e) of Figure 4.2. We conclude that the primary reason for sideband
population in the instantaneous Floquet spectra shown in Figure 4.2 is an
adiabatic correction to the coefficients of the IFS.

The dip occurring at the time where the driving field is strongest (around
t = 0) corresponds to the counter-intuitive lack of side band occupation
in Figure 4.2, panel (d) and can be explained by the adiabatic picture: the
first order correction is proportional to % and therefore vanishes at the
maximum of the envelope function #(2).

In Figure 4.5 we analyze the k,-region where the hexagonal warping term
becomes important and leads to avoided crossings in the instantaneous

* To be precise, the approximation in Equation 2.96 differs by a phase factor, but this is irrelevant for the
occupations.
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Floquet spectrum. The time-dependence of the quasi-energies (bottom
panel) shows a crossing of (v, 0) and (¢, —1) replicas, but at the scale it is
impossible to see whether it is an avoided or a true crossing. In the center
panel of Figure 4.5 we plot the difference of those quasi-energies and only
then it becomes visible that the crossing is gapped. The top panel reveals
the almost instantaneous and full population transfer from (v, 0) to (¢, —1)
at the crossings. Thus, we are in the diabatic regime (cf. panel (b) of
Figure 2.2).

A numerical fit of the crossing’s parameters (dashed yellow line, center
panel of Figure 4.5) allows the extraction of the Landau-Zener transition
probability of P;z = 0.997, which is consistent with a diabatic transition.

Let us connect this transition picture to the instantaneous Floquet spectra
shown in Figure 4.2, where no abrupt transitions are apparent at first
glance. As the Floquet spectrum is continuously “stretched” in time, the
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Figure 4.4: Time dependence of exemplary Floquet coefficients (top) and the driving
field (bottom) at x = (0.098,0) for the TI model given in Equations 4.1 and 4.9 with
parameters taken from Table 4.1. The driving field is given in Equation 4.3 with frequency
Q,/27 = 38.7 THz, duration At = 38.8fs, and E, = 3.11 MV cm ™' (all system parameters
are as in Figure 4.2). Vertical dashed lines indicate the times shown in the panels of
Figure 4.2. Top panel depicts occupations of the first valence band replica (solid blue) and
its first order adiabatic approximation (dashed orange) calculated from Equation 2.96.
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crossings visible in Figure 4.2 sweep past individual k modes. For example,
between the time snapshots shown in panels (c) and (d), a crossing passes
the x, = 1.21 mode, corresponding to the data shown in Figure 4.5. As
demonstrated there, this crossing is in fact an avoided crossing associated
with a diabatic transition, even though no clear population transfer is
visible in Figure 4.2. Only if the transition probability were significantly
below unity would the instantaneous Floquet spectrum exhibit visible
population leakage in the vicinity of such crossings.
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Figure 4.5: Time dependence of exemplary Floquet coefficients (top), the quasi-energy
difference (center), and the individual quasi-energies (bottom) at ¥ = (1.21, 0) (marked
by vertical blue lines in Figure 4.2) for the TI model given in Equations 4.1 and 4.9
with parameters taken from Table 4.1. The driving field is given in Equation 4.3 with
frequency Q,/27 = 38.7 THz, duration At = 38.8fs, and E, = 3.11 MV cm™ (all system
parameters are as in Figure 4.2). Vertical dashed lines indicate the times shown in the
panels of Figure 4.2. Top panel depicts coefficients of the initially occupied valence band
replica (solid blue) and a first order replica of the conduction band (dashed orange). From
the numerical fit (dashed yellow) in the center panel yields a Landau-Zener transition
probability of P;, = 0.997.
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4.4 Conclusions and outlook

This chapter presented an in-depth study of the buildup of Floquet side-
bands in light-driven topological insulator surface states using the t—t’
formalism. In particular, we analyzed the hexagonally warped Dirac
surface states of Bi,Se; subjected to a linearly polarized driving pulse.

Building on Ref. [3], we extended the analysis by incorporating a more
realistic thermal initial state with a Fermi level chosen to match room-
temperature experiments [167]. We further showed that the time evolution
of the instantaneous Floquet coefficients is well described by an adiabatic
picture, punctuated by isolated, nearly instantaneous population transfers
of Landau-Zener type. This perspective provides a natural explanation for
why even few-cycle pulses can generate pronounced Floquet sidebands,
despite the fact that standard Floquet theory is strictly inapplicable—or,
at best, a poor approximation—in the short-pulse regime. Importantly,
this seemingly counterintuitive behavior has been directly observed in
time- and angle-resolved photoemission spectroscopy (trARPES) experi-
ments [62].

As already indicated in Section 2.7, the t-t’ formalism offers several promis-
ing directions for further investigation in the context of trARPES. For
instance, a more direct connection to experimentally measured ARPES
spectra could be achieved by explicitly including photoemission matrix
elements with Volkov final states, as discussed in Refs. [145, 169]. This
extension would also enable a description of laser-assisted photoemission
(LAPE) and thereby provide access to a broader range of light polariza-
tions. Moreover, nonequilibrium Green’s function approaches [56, 62,
146] are naturally compatible with the instantaneous Floquet-state pic-
ture, since the equations of motion for the lesser Green function inherit
the approximate periodicity of the driven system.






Conclusion

Simplifying assumptions and approximations are indispensable tools in
theoretical physics, particularly when dealing with complex solid-state
systems. At the same time, these assumptions must be continuously re-
evaluated, as physically relevant phenomena often emerge at the edge of—
or beyond—the parameter regimes in which established approximations
are expected to apply.

Strong-field light-matter interaction in solids is commonly interpreted us-
ing theoretical frameworks that rely on specific physical decompositions
of the driven electron dynamics. In high-harmonic generation, this typi-
cally involves separating the emitted current into intraband contributions
associated with acceleration within a band and interband contributions
associated with coherent polarization between valence and conduction
bands. Likewise, Floquet theory describes periodically driven systems in
terms of well-defined quasi-energy bands, an approach that formally re-
quires strict temporal periodicity of the driving field. While these pictures
have been highly successful in explaining a broad range of experimen-
tal observations, modern attosecond experiments increasingly operate
in regimes where these underlying assumptions are no longer satisfied,
such as ultrashort driving pulses, strong phase-coherent dynamics, and
temporally isolated transitions between bands.

The central question addressed in this thesis is therefore which aspects
of coherent electron dynamics remain physically meaningful in such
regimes. The results presented here demonstrate that, even beyond their
nominal domains of validity, coherent structure survives and reorganizes
in observable-dependent ways, leaving clear signatures in both high-
harmonic generation and time-resolved photoemission spectroscopy.

The three-step model rests on even stricter assumptions, such as tempo-
rally isolated transitions between bands. The results presented here show
that this picture breaks down for small multi-photon numbers, where nei-
ther intraband nor interband contributions alone determine the spectrum.
Instead, the emitted signal is governed by their coherent interference,
which can lead to a pronounced suppression of high-frequency radiation.
We show that this nonperturbative interference effect is inherently multi-
scale, involving qualitatively different behavior across the Brillouin zone.
By identifying the multi-photon number as the relevant control parameter
and carefully analyzing the competing scales, this complex interference
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phenomenon can nevertheless be reduced to an effective one-dimensional
model describing modes near the Dirac point. This reduced description
supports a simple analytical approximation in the small-multi-photon-
number regime, which reveals that the dominant modes follow diabatic
rather than adiabatic states. As a result, the system’s current closely
tracks the driving field and therefore lacks high-harmonic components.
The interference of interband and intraband contributions can then be
concisely summarized by the analytical expressions

I ) = 0) < _%r a(t) - A—; arctan(j\—ia(r))] ,

; M 4 )
inter
7,K, = 0) = —— arctan| —a(7) | ,
ez, = 0) = =37 arctan( +a(0)
which makes the cancellation between the two contributions explicit.

The survival of coherent dynamics is further underscored by the role of
dephasing, which lifts the suppression and induces re-entrant harmonics
with characteristic scaling behavior. From an experimental perspective,
these effects suggest that external control parameters such as temperature
or resonant photo-doping can be used to probe the underlying interference
mechanism, although a quantitative extraction of microscopic dephasing
processes requires careful modeling beyond the scope of this work.

A complementary manifestation of coherent dynamics beyond formal
limits is provided by the buildup of Floquet sidebands in ultrafast pho-
toemission, as discussed in Chapter 4. Floquet theory is conventionally
formulated for strictly periodic driving and describes the system in terms
of time-independent quasi-energy bands, an assumption that is formally vi-
olated in the few-cycle pulse regime relevant for time- and angle-resolved
photoemission spectroscopy. Nevertheless, the results presented here
show that essential elements of Floquet structure persist even under ul-
trashort driving pulses. Using the t-t" formalism, the driven system can
be described in terms of instantaneous Floquet states whose populations
evolve predominantly adiabatically, with isolated Landau-Zener-type tran-
sitions occurring at avoided crossings in the extended Floquet space. This
analysis clarifies why pulses that are ultrashort in the sense of attosecond
science can nevertheless act as a slow parameter for the electronic dy-
namics, thereby allowing Floquet sidebands to form despite the absence
of strict periodicity. While the treatment presented here focuses on this
adiabatic mechanism and does not aim at a quantitative description of
photoemission intensities, it provides a consistent physical interpretation



85

of experimentally observed sidebands and delineates the regime in which
instantaneous Floquet concepts remain meaningful.

Viewed together, the results of Chapters 3 and 4 highlight the central
role of adiabatic and nonadiabatic dynamics and their nontrivial interplay
in shaping coherent strong-field responses in solids. In the context of
high-harmonic generation, coherent suppression arises because a subset
of driven states follows diabatic trajectories near the Dirac point, leading
to a current response that remains locked to the driving field and there-
fore lacks high-frequency components. In ultrafast photoemission, by
contrast, the relevant dynamics is predominantly adiabatic in an extended
Floquet space, with occasional nonadiabatic transitions that redistribute
population between instantaneous quasi-energy states and give rise to
sidebands. While these behaviors appear qualitatively different at the
level of observables, they reflect the same underlying competition between
adiabatic following and diabatic transitions in driven electronic systems,
manifested through different experimental probes.

Taken together, these results emphasize that the breakdown of formal
theoretical assumptions does not imply a loss of physical structure, but
rather a change in how that structure is most transparently described. In
both high-harmonic generation and ultrafast photoemission, coherent
electron dynamics remain well organized even when standard pictures
such as additive current decompositions or strict Floquet periodicity no
longer apply. The appropriate description in such regimes is therefore not
determined by formal validity alone, but by which representation most
clearly exposes the surviving structure of the driven system.

Attosecond experiments in solids place theoretical descriptions under
exceptional stress, as they deliberately probe regimes where simplifying
assumptions are no longer guaranteed. The results presented here show
that such regimes are not characterized by the absence of structure, but
by a reorganization of coherent dynamics that depends on the observable
and the chosen representation. In this sense, attosecond science serves
not only as a tool for time-resolved measurement, but also as a stringent
test of how robust our theoretical concepts remain when pushed beyond
their formal limits.
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Model comparison for ZnO

In the following we give the details for a two-band model incorporating
the lowest conduction band and the crystal field split valence band of ZnO.
Furthermore, we compare its band structure and dipole strength to the
one-dimensional Hamiltonian used as an example in Section 2.6. The 3d
model for ZnO or slight variations of it are discussed in several studies,
see [37, 39, 40, 135-138]. For each direction i € {x, y, z} the valence (n = v)
and conduction (n = ¢) bands are given by

n(k) = n x(kx) + E, y( ) + En,z(kz) (A-la)
E, (k) = Z ) cos(jka;) (A.1b)
E. (k) = ?g + Z ac,l- cos(jka,) (A.1c)
J
()

with the band gap E, = 0.121 a.u. = 3.30 eV and the coeflicients
in Table A.1.

a,; shown

The coordinate system for this example is chosen so that e, | T — M,
e, || T — K, and e, || T — A; along these directions the lattice constants of
ZnO are (a,, ay, a,) = (5.21,6.14,9.83) a.u.. The dipoles

1 VEpx

D, (k) ~ E, A2
V2(E (k) — E(k)) \/\/% A2

are obtained from k- p theory in terms of the Kane parameters E,, , = E, ,, =
0.353a.u. and E, ; = 0.375a.u. (see [37, 40]). Our choice of t = 0.145a.u. in
Equation 2.75 ensures that the dipole strength |D,,| matches Equation A.2.
The diagonal dipole matrix elements vanish for both models.
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Figure A.1: Comparison of the one-dimensional toy Hamiltonian (solid blue) defined in
Equation 2.75 and a more realistic model for ZnO (dashed green) with bands and dipoles
given in Equation A.1 and Equation A.2 respectively. Here the x-axis of the Brillouin
zone’s coordinate system is parallel to the I' — M direction of the crystal.

Figure A.1 shows a comparison of the conduction and valence band energy
difference (Figure A.1a) and the dipole strength (Figure A.1b) for the one-
dimensional model, Equation 2.75, and the more realistic ZnO model,
Equations A.1 and A.2. In the vicinity of k = 0 both variants quantitatively
agree, but towards the Brillouin zone edge there are substantial deviations.
While the dipole of the one-dimensional Hamiltonian exhibits a zero at
the BZ edge, the more realistic model does not.
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Table A.1: Expansion coefficients aj(, ") and a(c) for the valence (v) and conduction (c)

bands used in Equation A.1. Coefficients are given for the x direction (left) and for the y
and z directions (right). All values are in atomic units.

Coeflicient Value Coeflicient Value

aé”)g ~0.0928 aévy) ~0.0307
an 0.0705 al(”y) 0.0307
aé”j 0.0200 aé”z) ~0.0059
A 0001z o 0.0059
aﬂ? 0.0029
(”) 0.0006
aéc,z 0.0898 aéc)), 0.1147
(C) —0.0814 afc; —0.1147
("’) —0.0024 aé‘;) 0.0435
a§‘2 00048 @ —0.0435
(C) —0.0003

(C) —0.0009







A second suppression ratio

Here we present an additional figure of merit for coherent suppression
that augments R defined in Equation 3.17. The ratio

R2 — <Iinter/f>w (Bl)

measures how “interband-dominated” the total emission intensity I'is. The
average (...),, in Equation B.1 includes all frequencies above the (numeri-
cal) noise threshold (see Appendix D). Figure B.1 shows the ratio R, for

10!
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4

Figure B.1: Ratio R, from Equation B.1 for the massive Dirac model with driving field
given in Equation 3.4 and o = 1.57, for and for vanishing dephasing (r, — o). The
multi-photon numbers M and strong-field parameters { are taken from Equation 3.15, i.e.
we show data from the same simulations as in Figure 3.6. Spectral instensity with inter-
and intraband decompositions for parameters at the markers are shown in Figure 3.5.

the massive Dirac system with multi-photon number M and strong-field
parameters { taken from Equation 3.15. In the regions where R is close
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to one the HHG emission is dominated by the interband contribution,
whereas for large R, the total spectral yield lies significantly below the
interband emission. Bright areas in Figure B.1 are therefore synonymous
with coherent suppression, if they are also bright in Figure 3.6. As a
result Figure B.1 proves our statement in Section 3.2 that no constructive
interference occurs anywhere in the presented parameter range and all
bright areas in Figure 3.6 correspond to coherent suppression.



Description of open-source code

All numerical simulations of the SBE in [2] and this thesis employed
our fully-parallelized, GPU-enabled software Damysos. jl [170]. In this
appendix we outline some of the features and numerical strategies used in
this software. There source code with documentation additionally features
instructions on how to reproduce the simulations performed in this work
[170].

C.1 Modular nature

At the heart of our software is the Simulation object which holds the
physical system and the time and k-space grid used. We sketch the struc-
ture in Figure C.1: the physical system is represented by Liouvillian,
DrivingField, and UnitScaling (defines length and time scale, see Sec-
tion 2.4). NGrid holds the time and k-space grids used for numerical
evaluation and Vector{Observable} contains all observables to be cal-
culated. This modular nature of the software allows easy addition of new
Hamiltonians and driving electric fields. Note that KGrid implicitly speci-
fies the BZ and dimensionality of the system. Both must be compatible
with the model Hamiltonian or an error is raised.

The second core element in our code consists of a solver, which deter-
mines how the ODE ensembles are solved, i.e. on GPU/CPU and with
adaptive/fixed-step solvers. More on that in Section C.2 below.

The available Hamiltonians, observables, and driving fields are listed
in the documentation (https://github.com/howbgl/Damysos. jl, cf.
[170]).


https://github.com/howbgl/Damysos.jl
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Liouvillian Hamiltonian

DrivingField

TimeGrid
Simulation NGrid <:Z:::::::::::::
KGrid

Vector{Observable}

UnitScaling

Figure C.1: Structure of the simulation object.

C.2 Parallelization

We exclusively use velocity gauge for our SBE simulations. As a result
the strategy for massive parallelization is straightforward: individual
wave vectors k are decoupled and the problem reduces to an ensemble
of ordinary differential equations (ODEs) for the density matrix at each
k. We chose the Julia language for this software, because the package
DifferentialEquations. jlis one the fastest and most feature-complete
libraries for solving ODEs, see [171]. Additionally, there is GPU support
via DiffEQGPU. j1 (cf. [172]) that can be used to parallelize ensembles
with little programming effort.

The principal tasks in calculating observables such as the current density
Equations 2.32 and 2.50 are the following:

1. Solve the ODEs for all k (Section 2.4 and Equation 2.30).

2. Calculate the matrix elements for the desired observables, e.g. J,,,,,(k)
(Equation 2.33).

3. Integrate/sum observables (Equation 2.32).

In Damysos. j1 we currently implement three “solvers”. The strategy
is illustrated in Figure C.2: all k-points of the grid are grouped into
chunks, which can be processed independently. We currently provide
three solvers:

1. LinearChunked: linear indexing on CPUs, multithreaded and dis-
tributed

2. LinearCUDA: linear indexing on GPUs, multi-GPU support and au-
tomated memory estimate

3. SingleMode: performs no integration, calculates observables at a
single k-point (velocity gauge)
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Figure C.2: Schematic of the numerical solution strategy implemented in [170]. The
discretized k-space is distributed into several chunks, which are processed independently.
For each element int the chunks the SBE are solved for the time dependence of the
density matrix p,,,(k,t) and the matrix elements of all desired observables (collectively
designated O,,,(k,t) here) are calculated. First the observables are summed/integrated in
each chunk and then the results combined to give the final result.

Both LinearChunked and LinearCUDA use midpoint rule to calculate the
integral in k-space and enumerate the k-points “linearly” as opposed
to subdividing the integration region into tiles or slices. We chose lin-
ear indexing and midpoint rule for simplicity, but due to the modular
structure one can easily add more involved strategies with adaptive sub-
division or other features. The heavy lifting of ODE solving is handled by
DifferentialEquations. jl and DiffEQGPU. jl utilizing their function-
ality to solve ensembles of ODEs with minimal overhead®. As a result it is
easy to switch to any solver provided by the aforementioned packages,
which can optimize runtime or memory requirements.

C.3 ODE construction

When constructing the right-hand side necessary for solving the ODEs
for the density matrix we rely on the metaprogramming capabilities of
Julia. Exploiting the formulas given in Section 2.5 we use Julia’s @eval
functionality to effectively teach the software to hard-code all physical

* For the CPU solver we group several k-points in a single coupled ODE, because benchmarking has shown
that this is faster than creating as many ensembles as k-points. The slowdown for many k-samples is
presumably from launch overhead. We did not test this on GPUs.
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parameters. This strategy has two main advantages: it sidesteps any
issues that GPUs tend to have when using closures or the overhead from
passing many parameters between CPU and GPU and it maximizes speed,
because no lookup of any parameter has to be performed at runtime.

The construction is handled by the function define_functions which
takes the simulation and solver as arguments. If new functionality is to
be implemented, it may be easier to first use closures to pass functions-
as-objects or other strategies to avoid metaprogramming, which can be
error-prone and less readable.

C.4 Convergence testing

Every simulation with the SBE must be checked for convergence with
respect to discretization. This includes the time step (or adaptive toler-
ances), the density of the k-grid, and the initial time (the driving field
must vanish there to be physical, no instant turn-on of the field). See also
[45, 69, 70] for nice discussions on this.

Our software provides the ConvergenceTest object in order to automate
such tests and also calculate reasonable error bounds. When executing
such a convergence test, subsequent simulations are generated by an
iterator method (linear or power-law available). For more details confer
with the documentation of Damysos. jl. The procedure is stopped if
specified relative and absolute errors are satisfied, if a timer runs out, or if
a maximum number of iterations is used. The latter two criteria can also

be disabled.

The errors are calculated via Richardson extrapolation [173]. We note
that usually these errors are quite pessimistic, especially when checking
the time step. Automated plotting of time traces and HHG spectra is also
provided, so one can easily confirm the accuracy by inspection.



On numerical noise

Here we briefly explain the term “noise level” and its importance for
HHG spectra calculated numerically from the SBE. In every numerical
calculation carried out with floating-point arithmetic (IEEE 754) errors
play a role [174]. The fixed number of decimals are only an approximation
which can catastrophically fail especially for addition and subtraction like
it is required when approximating integrals. A crucial role is played by
the specific implementation of sums: naive sum, pairwise reduction, or
even Kahan summation [175]. Our software uses pairwise reduction as
it is done in several scientific computing libraries (default for Julia and
NumPy), which is slightly worse than Kahan in precision but much faster
as it be easily parallelized (divide-and-conquer).
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Figure D.1: Total frequency-resolved emission intensity I(w) (Equation 2.54), shaded
blue) compared to intraband (solid green line) and interband (dashed orange line) con-
tributions according to Equation 3.13 for the massive Dirac model (Equation 3.6) with
{ =10 and M = 0.56.Here, no dephasing (r, —» o) and the driving field given in Equa-
tion 3.4 with o = 1.5 7, are used. We show how the numerical noise level for I is reached
somewhere between the 16th and 27th harmonic.

The consequence of rounding errors due to floating-point arithmetic is
especially visible in HHG spectra”, because the intensity varies over many

* The noise level of HHG spectra is also discussed in [70].
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orders of magnitude. At some point the numbers are too small to be
accurately resolved by double precision. This failure is clearly visible
in Figure D.1, where an exemplary spectrum is shown to break down
between the 16th and 27th harmonic (total intensity I(w)). The precise
location varies with system parameters and implementation and is very
hard to predict. An authoritative statement about the exact accuracy can
only be made by using a higher precision e.g. with quadruple-precision
floating-point numbers or with arbitrary precision (BigFloat in Julia)
arithmetic. Any high-accuracy method comes with enormous runtime
cost. Withing this work, the precision provided by regular floating-point
arithmetic is more than enough, since many orders of magnitude can be
resolved.

In the context of the suppression ratio R (Equation 3.17) studied in Chap-
ter 3 we adopted the following pragmatic strategy: when calculating R
we only include those frequencies where the largest and smallest inten-
sities differ only by a certain threshold factor. This threshold is tuned
such that for no spectrum included visible noise (like in Figure D.1) en-
ters the average by inspecting the spectrum for all data points shown in
Figure 3.6.



Data Availability

The data that support the findings of this article are openly available [170,
176].
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Changes in the Published Version

This chapter documents the differences between the version of this thesis

submitted for examination and the present published version. Throughout,
text added in the published version is shown in blue and textremeved

from-the-examined-version-is-shewninred-with-strikethrough. Page and
section references are given with respect to the published version. Purely
typographical and minor grammatical corrections are not listed.

Page format and figures The published version uses A5 page format,
whereas the examined version used A4. To preserve legibility at the
smaller page size, every figure was regenerated with enlarged legend
text and reduced gridline density; with the exception of the two figures
discussed individually below, the underlying data and plotted content are
unchanged. As this adjustment is uniform throughout the document, it is
noted here once and not listed individually for each figure.

Chapter 2, section 2.2

Two passages of this section were reworked; the remainder of the section
is unchanged in content (see the closing remark below). Because both
passages were recast almost symbol-by-symbol, they are reproduced here
in full as examined/published pairs rather than marked up inline. Text
that is genuinely new in the published version (with no counterpart in the
examined version) is shown in blue.

Eigenvalue problem for the lattice-periodic functions, p. 15 The
eigenvalue equation for the periodic parts u,;(r) was rewritten from ab-
stract Dirac form into an explicit real-space differential operator, and the
periodic boundary conditions and the underlying Hilbert-space (orthonor-
mality) convention were added.

Examined version:
ho(k) Ink) = g,(k) [nk) | (2.22)

with hy(k) = e % g7, ik,



Published version:
o) k(1) = | 5= (<17 +10° + V() | k) = ) uar)  (2:22)

with boundary conditions u,;(r) = u,(r + R) and k being any wavevec-
tor in the first Brillouin zone. The kets |nk) thus denote the periodic
parts as elements of L? over the unit cell, with inner product (mknk) =

Ju.c.dSr u:;zk(r) unk(r) = Omn-

Definition of the Houston basis, p. 16 The co-moving (Houston)
states were recast in real space as uﬂc(r) = (r|nk;), the defining eigenvalue
equation rewritten accordingly, and the kinematic crystal momentum
k; = k — A(t) moved from a standalone equation into the prose. As this
removed a numbered display equation, every subsequent equation in the
chapter is numbered one lower than in the examined version.

Examined version: A possible basis for representing the equations of
motion are the co-moving (or Houston) states |nk;), which are the instan-

taneous eigenstates of fzo(kt),
ho(ky) Inky) = &,(ke) Inke) (2.26)
with eigenenergies ¢, in terms of the kinematical momentum,

k=k—AQ). (2.27)

Published version: A possible basis for representing the equations of motion
are the co-moving (or Houston) states uﬂc(r) = (r|nk;), which are the Bloch
states evaluated at the shifted (kinetic) crystal momentum k; = k — A(%).
The Houston states are therefore the instantaneous eigenstates of fzo(kt)

ho(ky) ult (r) = e,(kp) ulk (r) . (2.26)

Remainder of the section The intervening material (dipole approxima-
tion, choice of velocity gauge, minimal-coupling Hamiltonian, Liouville-
von Neumann equation, the Houston-basis equations of motion, and the
dipole matrix elements) is unchanged.



Chapter 4, section 4.2

Figure 4.1, p. 73. The contour map of the energy difference ¢.,/Q, over
the (x,, Ky) plane was shown with incorrect orientation in the examined
version. The figure has been regenerated with the correct orientation. No
statement in the surrounding text relies on the orientation of the map;
the discussion is unchanged.

Figure 4.1b, p. 73. The vertical axis of the band-energy slices ¢.,/Q
was scaled incorrectly in the examined version, displaying a range of
approximately 0 to 0.75 instead of the correct range of —1 to 5. The figure
has been regenerated with the correct vertical scale; the underlying data
are unchanged. The qualitative behaviour of the curves is unaffected, and
no quantitative statement in the surrounding text draws on values read
from this figure; the discussion is unchanged.

Definition of Liouvillian, p. 75 Another definition of ¥ (k,t) was used
in Equation 4.11 to facilitate easier understanding.

a%g(k’ 1) = (k.0 olk.1) = ~ilZ¢) 1T olk.1), (4.11a)

[ABl=A®B-B® A (4.11b, examined)
L(k.t) = —i|#(k.1), - | (4.11b, published)
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