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Closing the gap between ray tracing simulations and experimentally observed electron jetting in bilayer
graphene (BLG), we study all-electronic, gate-defined BLG cavities using tight-binding simulations and semi-
classical equations of motion. Such cavities offer a rich playground to investigate anisotropic electron transport
due to the trigonaly warped Fermi surfaces. In this work, we achieve two things: First, we verity the existence of
triangular modes (as predicted by classical ray tracing calculations) in the quantum solutions of closed circular
BLG cavities. Then, we explore signatures of said triangular modes in transport through open BLG cavities
connected to leads. We show that the triangular symmetry translates into anisotropic transport and present an
optimal setup for experimental detection of the triangular modes as well as for controlled modulation of transport

in preferred directions.

DOI: 10.1103/rv22-w3p8

I. INTRODUCTION

Recent years have seen intense scientific interest in
two-dimensional atomic lattices, driven by experimental ac-
cessibility to an ever-growing range of low-dimensional
materials. At the forefront of this development was the exfoli-
ation of graphene, which has now enabled access to a variety
of graphene-based van der Waals heterostructures.

One promising platform for complex 2D-material-based
systems is bilayer graphene (BLG). Its tunable band gap [1-4]
allows to experimentally realize electrostatically confined
pristine [5—7] nanostructures with a variety of gate-defined ge-
ometries [8—11] and to explore the physically rich low-energy
band structure. In the low-energy regime close to the Dirac
points, the band structure of BLG exhibits trigonaly warped
Fermi surfaces, leading to anisotropic group-velocity distribu-
tions; cf. Fig. 1. This anisotropy leads to anisotropic transport
[12-15] as has been observed, e.g., as distinct electron jets
with scanning gate microscopy [16], in direction-dependent
transverse electron focusing experiments [8,17] and in studies
of BLG Corbino disks [18,19]. At even lower energies, the
Fermi surface undergoes a Lifshitz transition, splitting the tri-
angular Fermi surface into three distinct minivalleys, altering
transport properties once more [20-23]. The combination of
interesting electronic properties with the experimental feasi-
bility of creating gate-defined devices makes BLG an ideal
platform for studying exotic quantum transport phenomena in
realistic device geometries [24].

Here, we present an analysis of gate-defined, all-electronic
BLG cavities using tight-binding approaches [25-28] and
semiclassical equations of motion. For closed cavities, our
studies complement previous classical ray-tracing approaches
with hard-wall boundary wave matching algorithms [29-31]
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(which showed that the breaking of rotational symmetry by
the anisotropic Fermi surface leads to a mixed phase space
with regular and chaotic regions even in circular cavities)
by including realistic, smooth boundary conditions of elec-
trostatic confinement. We demonstrate an enhancement of
the cavity eigenstates’ probability density along certain clas-
sically predicted triangular orbits. Beyond that, we study
transport through open cavities, where we find distinct signa-
tures of the cavity states’ triangular structure in the anisotropic
transmission properties of the cavity with and without a mag-
netic field; see Fig. 1 [32]. Finally, based on the stable periodic
orbits’ shape and the system’s symmetry, we demonstrate
that a lead setup as displayed in Fig. 1 allows for measuring
these anisotropic transport effects independently of the lattice-
to-device orientation. In earlier work [33] on Dirac fermion
optics in bilayer graphene cavities with smooth confinement,
related features have been found in the resonant states of mi-
crodisks where, moreover, the deformation of the disks leads
to directed emission of charge carriers.

Microscopy tools, such as scanning tunneling microscopy,
have been successfully used previously to access the rich
quantum states of graphene-based billiards [34-36] . Here, we
propose using electronic transport to extract information about
the confined cavity states and to obtain controlled, directional
transmission through such a device, enabled by the symmetry
of the underlying material’s electronic structure.

II. QUANTUM SOLUTIONS OF A CLOSED CAVITY

First, we discuss the bound states of a closed, circular BLG
cavity. We model the properties of BLG using the four-band-

©2026 American Physical Society
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FIG. 1. (a) Schematics of an electronic BLG cavity defined by
a smooth, electrostatic confinement with local energy band offset
He. (b) BLG band structure (K™ valley) and Fermi contours for
Fermi energy Er = 80 meV (both valleys K*). The flat sides of
the triangular warped Fermi lines give rise to six dominant group
velocities. (c) Conductance through the cavity for all lead combi-
nations. Conductance between leads connectable via the dominant
group velocities [red and blue arrows in (a)] is strongly enhanced
compared to other lead combinations.
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with velocities, v;, in which a = 0.246 nm is the BLG lat-
tice constant, yp = 3160 meV the intralayer hopping, y; =
381 meV the vertical interlayer hopping between dimer sites,
and y3 = 380 meV is the skew hopping between nondimer
sites [38]. On-site terms are given by

eap = F5 + (@),  epiar = 2(FU +2A0") + p(r),

with the electrical displacement field U, the difference be-
tween dimer and nondimer sites A’ = 22 meV, and the local
potential landscape w(r), with the real-space position r =
(x,y). We model a closed, electrostatically confined, circular
cavity by a spatial varying potential,

=Ky (2 2
u(r) = 7( + tan (E(Il‘l _rc)>> — Hes 2)

where 1, is the local band offset inside the cavity, d = 20 nm
a smoothing constant, and r, = 400 nm the cavity radius. The
Fermi energy outside the cavity is fixed at 0 meV inside the
band gap. In Egs. (1), we write the momentum parameters as

7 = px(& cos(ar) + isin(ar)) + py(—& sin(a) + i cos(a))
xf = Px(& cos(a) — isin(a)) + p,(—& sin(a) — i cos(a)),
3

where p = (px, p,) is the momentum centered at the K fEe
{—1, 1}, point. The parameter o controls the rotation of the
Hamiltonian in the p,p, plane.

To simulate the electronic states within the cavity, we use
the tight-binding Python module KWANT [39], for which we
discretize [25] the Hamiltonian in Egs. (1) on a square lattice
with lattice spacing b = 1 nm. This implementation reduces
the size of the scattering matrix by a factor of ~19 com-
pared to an atomistic tight-binding lattice and enables us to
explore large system sizes with ballistic transport properties.
The discretization on the square lattice introduces numerical
artifacts, namely, fermion doubling and an additional defor-
mation of the Fermi contour by the D4 symmetry of the square
lattice. As for the fermion doubling, since the smooth elec-
trostatic confinement potential of Eq. (2) ensures intervalley
scattering to be strongly suppressed, the additional valleys
can be used to simulate both K* valleys simultaneously. To
mitigate the influence of the artificial D4 symmetry break-
ing, we restrict all calculations to energies below 150 meV
for which the deformation of the Fermi lines is negligi-
ble. We discuss details of our numerical implementation
in Appendixes A to C.

We exemplify the probability densities of a closed cavity
with an electrical displacement field U = 40 meV and an en-
ergy band offset ;. = 100 meV for a selection of eigenstates
in Fig. 2. Here, large plots correspond to eigenstates in which
both valleys contribute simultaneously. The smaller insets
show eigenstates of the system where only the K~ valley has
been taken into account. We achieved the latter separation
of valleys by adding a Wilson mass term [40] to gap out
the additional valleys (for details, see Appendix B). Previous
ray tracing calculations [31] as well as our own semiclassical
calculations (see below and Appendix E) have shown that the
closed cavity exhibits a mixed phase space, containing chaotic
as well as regular regions.

Accordingly, we classify the cavity eigenstates into three
categories. First, we find regular quantum states correspond-
ing to stable periodic orbits in the regular region. For these
states, the probability density generally shows triangular pat-
terns enhanced around the stable classical orbits exhibiting
D¢ symmetry, cf. Figs. 2(a) and 2(b). The morphology and
energies of these eigenstates can be explained by the Einstein-
Brillouin-Keller quantization rules [41] as they correspond to
stable triangular orbits induced by the trigonal warped BLG
dispersion [31]. We visualize a semiclassical electron trajec-
tory of such a stable periodic orbit in Fig. 3(a). We connect the
real-space trajectory inside the cavity [blue line in Fig. 3(a)]
and its propagation in momentum space [Fig. 3(b)]. The free
propagation between points (i)—(vi) in real space corresponds
to stationary points in momentum space marked by stars. For
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FIG. 2. Probability density of selected eigenstates (E, = 100 £
0.1 meV) of a closed BLG cavity with U =40 meV and u. =
100 meV. We show examples for (a), (b) regular quantum states, (c) a
bouncing ball scar, and (d) an ergodic state. Large plots show the
LDOS when both valleys are included due to fermion doubling, the
small insets show related probability densities when only one valley
contributes.

this triangular trajectory, the scattering events correspond to
straight lines, implying the conservation of the momentum
parallel to the local scattering area. Hence, scattering events
occur in such a small real-space region that the curvature
of the cavity is negligible and the trajectories are similar to
those obtained for hard-wall boundary conditions (compare
Ref. [31]).

The second class of eigenstates emerges from short unsta-
ble periodic orbits positioned in the chaotic region. Quantum
states enhanced along such orbits are commonly known as
quantum scars [34,35,42]. In Fig. 2(c), we exemplify a bounc-
ing ball scar [43,44] corresponding to the straight back and
forth motion of a classical particle within the cavity [31].

Finally, all other states we label ergodic, as they live in the
chaotic region of the phase space but do not display scarring
[cf. the example in Fig. 2(d)].

The quantum solutions in a closed cavity obtained here
from our tight-binding calculations confirm the predictions
of the classical ray tracing simulations with respect to sta-
ble, triangular orbits, bouncing ball modes, and the ergodic
regime [31]. However, we were unable to identify whispering-
gallery-type modes [45—48] in our tight-binding solutions for
systems with smooth electrostatic confinement described by
Eq. (2) (compare also [49]). To investigate the absence of
whispering-gallery-type modes in our tight-binding calcula-
tions, we complement our analysis with simulations under
hard-wall boundary conditions for the tight-binding model
(see Appendix E) and smooth electrostatic confinement for
the trajectory-based approach. For the latter, we employed the

(c)

FIG. 3. (a) Real-space semiclassical trajectory of a stable peri-
odic orbit (blue) in a circular BLG cavity with smooth boundaries.
Propagation through the cavity is numbered (i)—(vi). (b) Fermi lines
(K~ valley) and k-space trajectory of the stable periodic orbit in
momentum space. The scattering events at the boundary are given by
the (blue) lines connecting the stars, marking momenta propagation
[()—(vi)] . Straight lines in k space imply the conservation of the
momentum parallel to the local scattering area. (c) Trajectory that
starts as a whispering-gallerylike mode (blue) and transitions to a
standard trajectory (orange). Propagation [(i)—(ix)] corresponds to
the star marked points in k space (d). For the k-space trajectory
connecting (i)—(v), the combination of the circular cavity and the
locally rotational invariant k-space region (gray circle) results in a lo-
cal conservation of angular momentum. Scattering events occurring
over larger areas within the smooth boundary lead to curved k-space
trajectories.

semiclassical equations of motion [50],

. OH . SH
F=S p=-o )
op or
with the Hamilton function
Hr.p) =¢(7) -V, )

and the confining potential V(r) = u(r) + p.. Our analy-
sis reveals that whispering-gallery-type boundary modes are
present among the cavity states unless the system features
both a smooth cavity boundary and a trigonal distortion of
the Fermi contour (for detailed comparison between different
degrees of trigonal warping, see Appendix E).

To understand the disappearance of the whispering-gallery
states in such realistic BLG cavities, including both a smooth
confinement and the trigonaly warped dispersion, we follow
an exemplary semiclassical trajectory in real space [Fig. 3(c)]
and in k space [Fig. 3(d)] simultaneously. The trajectory be-
gins in a whispering-gallery-like fashion (staying close to the
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cavity boundary for several scattering events, colored in blue)
before abruptly transforming into a standard trajectory (or-
ange). For sharp incidence angles of the real-space trajectories
to the cavity boundary, the connecting lines in momentum
space are straight, indicating a hard-wall-like scattering pro-
cess where the momentum parallel to the hard-wall boundary
is conserved. For flat incident angles, the k-space trajectory
bends due to the smooth curved boundary, breaking the con-
servation of the parallel momentum component. In the vicinity
of the approximately circular corners of the triangular Fermi
contours, the local (in the sense of local in phase space) angu-
lar momentum is conserved, rendering the whispering-gallery
states locally stable. Once the trajectory leaves the quasicir-
cular corners, hard-wall boundary conditions allow skipping
the flat sides of the triangularly warped Fermi contour [pink
arrow in Fig. 3(b)]. Reentering another locally circular Fermi-
contour region, corresponding to a shallow real-space incident
angle, stabilizes the gallery mode in this case. In contrast,
a smooth boundary bends the k-space trajectory, resulting
in a momentum- and real-space combination that no longer
supports whispering-gallery modes.

In summary, all existing eigenstates (see Fig. 2), inde-
pendent of their classification, display spatial structures of
enhanced probability density that follow the dominant group
velocities induced by the triangularly warped Fermi surface.
In the following, we will examine how these preferred di-
rections influence the transmission properties of the BLG
cavities.

II1. ANISOTROPIC TRANSPORT THROUGH
A BILAYER GRAPHENE CAVITY

To study transport through the BLG cavity, we attach leads
to the device. We chose a setup with six leads of 50 nm width,
each separated by 60°, as sketched in Fig. 1(a). This geometry
reflects the Dg symmetry of the system, as prescribed by
the dominant group velocities. We demonstrate later in the
manuscript that such device design is ideally suited for mea-
suring anisotropic transport as it allows us to detect anisotropy
independently of the orientation of the device to the lattice, cf.
Sec. I1I. To ensure multiple modes coupling to the system, the
leads’ band offset is fixed to p;, = 200 meV and transitions
smoothly to the potential landscape of the cavity (for details,
see Appendix D) [51].

Here, we focus on one specific device-to-lattice orien-
tation, « = 0° in Eq. (3), for which we sketch the six
propagation directions in Fig. 1. We calculate the conductance
through the cavity for a variety of displacement strengths U €
[0OmeV, 150 meV] and band offsets p. € [0meV, 100 meV].
We present the conductance data for the lead pairs (L1, L2)
(neighboring), (L1, L3) (triangular connected), (L1, L4) (op-
posing) in Fig. 4. Note that all other lead combinations are
included in this selection as the symmetry of the system en-
sures that all neighboring lead pairs are equivalent to the lead
pair (L1, L2), all lead pairs connected by the group velocities
can be matched to the lead pair (L1, L3) and all opposing lead
pairs are represented by the pair (L1, L4).

The most prominent feature of Fig. 4 is the strongly
enhanced conductance between triangular connected leads
(L1, L3) compared to the other lead combinations. The strong

0 1 2 3 4 5 6 7
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FIG. 4. Conductance through the BLG cavity for (a) neighboring
lead pairs, (b) triangular connected lead pairs, and (c) opposing lead
pairs depending on the displacement field U and the band offset ..
The orange dashed line marks the Fermi wavelength A = 115 nm.
The white dashed line denotes the Lifshitz transition.

conductance between these leads can be traced back to the
triangular warping of the Fermi contour: leads connected via
the dominant group velocities exhibit high conductance, while
the conductance of all other lead combinations is suppressed
[cf. also Fig. 1(c)]. We observe such a substantial anisotropic
conductance enhancement for almost all tested combinations
of band gaps U and band offsets 1. In Appendix D, we also
demonstrate the robustness of the conductance enhancement
against local scatterers in various conductance tests in the
presence of white noise (see Fig. 12).

Conversely, conductance between triangularly connected
leads is not enhanced in the two regions marked by A and
M in Fig. 4.

In the A regime of small band offsets p. and displace-
ment fields U, the Fermi wavelength Ar is too large for
the modeled device to be considered ballistic, resulting in
wave-governed transport. The wave-governed transport en-
tails conductance values of similar magnitude for all lead
combinations despite anisotropic velocity distributions, visu-
alized in the conductance cuts at U = 10 meV in Fig. 5(a).
With an increasing band offset 1., the Fermi wavelength
decreases until ballistic transport influenced by the triangular
Fermi contour takes over. This transition, at which ballis-
tic transport becomes dominant, manifests as a conductance
drop-off between neighboring leads (L1, L2). We mark this
transition by an orange dashed line at Ar & 115 nm in Fig. 4.
From this characteristic wavelength, it can be estimated that
the system must be approximately seven times the Fermi
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FIG. 5. Thermal broadened (2 K) line cuts at (a) U = 10 meV
and (c) U = 150 meV through the conductance map of Fig. 4. (b),
(d) Mode-averaged current densities for selected band offsets ft..
At the top of the outer right column, the 2D projections of the
band structure near the K* valley for the two different displace-
ments fields, U, are displayed. The horizontal lines correspond to
the dashed lines in the conductance plots. Below the band structures,
we show the Fermi lines and corresponding group velocities.

wavelength to observe anisotropic ballistic transport reflecting
the dominant group velocities.

Conversely, in the region marked by B in Fig. 4, the con-
ductance between the opposing leads (L1, L4) is larger than
for any other lead combination. Here, since this enhancement
is only seen for opposing leads, it cannot be explained by
purely wave-governed transport. Instead, transport charac-
teristics in this regime reflect the Lifshitz transition of the
BLG band structure, where the single, triangular Fermi lines
break into individual pockets around the minivalleys [22,52]
(marked by the white dashed line in Fig. 4). We demonstrate
the influence of the Lifshitz transition on transport, velocity
distributions, and current densities in Fig. 5(b) for a large
displacement field of U = 150 meV. Here, the conductance
between opposing leads (green) generally exceeds the con-
ductance of the triangular connected leads (orange) for band
offsets below the Lifshitz transition. In this regime, the Fermi
contour is given by three separated minivalleys, Fig. 5, whose
group velocity distribution shows less pronounced preferred
directions compared to the singly connected triangular Fermi
line. The corresponding mode-averaged current density con-
nects the opposing leads, enabling direct transport through the
cavity. For band offsets above the Lifshitz transition, the six
dominant group velocities form, leading to anisotropic trans-
port properties through the cavity. Note that tuning between

-2 -1 0 1 2
BI[T]

FIG. 6. Conductance through the cavity for different lead combi-
nations depending on the magnetic field and the potential landscape
of the cavity. The regions of high intensity at large magnetic fields
arise from cyclotron motion. The kink in the high-intensity lines
between 70 meV and 80 meV corresponds to the Lifshitz transition
(marked by the white dashed line), reflecting the abrupt change in
the cyclotron orbits’ size. For the triangularly connected lead pairs,
a conductance plateau emerges at higher Fermi energies when the
flat segments of the triangularly warped cyclotron orbits become
sufficiently large to traverse the cavity before bending.

the distinct shapes of the BLG Fermi lines via the Lifshitz
transition also changes the cavity dynamics from regular (be-
low the Lifshitz transition) to chaotic (above the Lifshitz
transition). We elaborate this point in detail in Appendix E 2.

A. Magnetotransport

We now investigate the influence of a perpendicular
magnetic field B = (0,0, —B)” on the anisotropic transport
through the BLG cavity. In Fig. 6, we present conductance
data for magnetic fields from —2 T to 2 T and band offsets ¢,
between 65 meV and 150 meV, assuming an incoming wave
from lead L1. To capture effects due to the Lifshitz transition,
we fix the displacement field at U = 150 meV.
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For all lead combinations, we observe finite conductance
above the band gap and unevenly curved, high-intensity lines
for sufficiently large magnetic fields. The latter can be asso-
ciated with skipping orbits, focusing the electrons into leads
for specific combinations of band offset and magnetic field.
Here, the onset of the Lifshitz transition (marked by the white
dashed line) can be identified by a kink in the slope of these
lines, due to the abrupt change of electronic orbits’ size.

Most strikingly, we observe a plateau of enhanced con-
ductance for finite magnetic fields —0.5T < B < 0.5T for
the triangular connected leads (L1, L3) and (L1, LS) at suf-
ficiently high Fermi energies above the Lifshitz transition
[53]. In this regime, the flat sides of the triangular cyclotron
orbits still connect the leads over a finite range of B before
they begin to curve under the influence of the magnetic field.
Hence, the triangular shape of the Fermi surface stabilizes the
anisotropic transport up to a critical magnetic field strength
[54]. We verity in Appendix D 3 that such a plateau is indeed
not present in the case of a circularly symmetric dispersion
with round cyclotron orbits.

B. Rotation of the underlying lattice

In the previous conductance calculations, we assumed a
specific orientation of the device with respect to the BLG
lattice that allows for a direct path between triangularly con-
nected leads when following one of the six dominant group
velocities. However, the orientation of the lattice is generally
unknown in any real experiment. Therefore, we now demon-
strate that the Dg symmetry of the six-lead setup we chose
ensures anisotropic transport measurements independent of
the lattice-to-device orientation. To simulate a continuous
rotation of the BLG lattice, we rotate the continuum model
four-band-Hamiltonian clockwise using a finite rotation angle
« in Eq. (3) before discretizing it on the square lattice. In
contrast to the previous calculations with &« = 0°, for finite & a
Wilson mass term [40] must be used to remove the additional
valleys introduced by fermion doubling, as the nonphysical
valleys rotate in the opposite (counterclockwise) direction
(compare Fig. 10 in Appendix C).

We show the conductance through the cavity for both
valleys at U = 40 meV and p, = 60 meV in Fig. 7. While
the conductance between different lead pairs varies with the
rotation angle « between the lattice and the device, the three
different classes of lead combinations (triangular connected,
neighboring, and opposing) exhibit clearly distinguishable
conductance characteristics for all lattice orientations. The
conductance peak for opposing leads at « = 30° follows from
the ballistic nature of the transport, as in this case the domi-
nant group velocities connect the opposing leads by traveling
straight through the cavity. As the system as well as the lattice
properties are invariant under a 60° rotation, the transmis-
sion is m /3 periodic in «. We hence conclude that a setup
featuring six leads, as proposed in this work, will exhibit
strong anisotropic transport characteristics regardless of its
orientation relative to the BLG lattice. The ratios between the
different measured conductance values may provide evidence
of the lattice-to-device orientation.

The stability of the simulations with respect to noise, the
robustness of the anisotropic measurements against arbitrary
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FIG. 7. Averaged conductance for all neighboring (blue), trian-
gular connected (orange), and opposing (green) lead combinations
for U =40 meV and p, = 60 meV, depending on the lattice to
device orientation given by the rotation angle o [see Eq. (3)]. The
definition of the rotation angle is visualized below, where the stan-
dard orientation used for all other calculations is denoted by o = 0°.

lattice orientations, and the simple geometry of the cavity,
along with experimentally feasible system sizes, makes this
proposed device design a promising platform for experimental
studies.

IV. CONCLUSION

Overall, our results demonstrate that the properties of gate-
defined electronic BLG cavities reflect the material’s rich,
anisotropic electronic structure. We identify triangular modes
in the quantum solutions of a closed, circular cavity induced
by the triangularly warped Fermi surfaces. We verify the
stability of such triangular modes with respect to system
openings when attaching leads, entailing anisotropic trans-
port through the cavity. The triangular Fermi contours also
stabilize said anisotropy in the presence of small magnetic
fields. When investigating the energy dependence of the con-
ductance, we further observe signatures of BLG’s Lifshitz
transition in the transport characteristics. Finally, we present
an experimentally feasible setup that allows for the detection
of the transport anisotropy independently of the orientation
of the device with respect to the BLG lattice and to obtain
controllable, preferred directions of transport.

We hence propose electronic transport as a versatile tool
to study two-dimensional materials-based electronic cavi-
ties alternative to microscopy [34—-36]. Concurrently, circular,
gate-defined cavities allow for the generation of direction-
modulated transport. Unlike monolayer graphene [36,55-57],
BLG allows for electrostatic confinement by the opening of
a band gap. Compared to scar-mediated anisotropic trans-
port proposed in earlier works [34,43,44,58-64], where one
manipulates the directionality using local impurities, pertur-
bations induced by tip potentials, or the cavity shape, in BLG,
the anisotropy stems from the trigonaly warped band struc-
ture itself. Electron cavity dynamics in anisotropic materials
is hence particularly rich, offering opportunities to observe
exotic bound states and to utilize them for direction-dependent
transport.
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APPENDIX A: DISCRETIZATION
OF THE CONTINUOUS HAMILTONIAN

To discretize the Hamiltonian in Egs. (1) onto a square
lattice,

Rnl,nz = nl(béx) + nZ(bé\) N, Ny € Za (Al)

with the lattice constant b and the unit vectors &/, in x and y
directions, one applies the central finite difference

ih

Px — _E(‘I’erl,ng - “I’nlfl,nz)a (A2)
il

Py g _z_b(\pnl,nz-ﬁ-l - \I'n],nz—l)» (A3)

where W, ,, denotes the wave function at the lattice point
R, n,- This results in the following matrices for the tight-
binding hopping and on-site terms:

€A1 0 0 0
10 e wnn O
HOTI site — O V[ 6A2 0
0 0 0 em
0 vt —v407 30
H o _ﬂ V6 0 0 —v,07
vhopping = T 1 —p0 0 0 v
130T —v40 vl 0
0 vpt  —wg’t vg
H o _ﬂ U¢ 0 0 —1)4(1)]L
y hopping — 2b _U4¢ O O U¢T ’
v;9p" —vad v 0

FIG. 8. Examplary LDOS calculated with the atomistic (large
insets) tight-binding approach and the discretized four-band Hamil-
tonian (small insets). The radius of the inner region is r. = 120 nm
and the boundary region is 40 nm thick. The calculations have been
done for a displacement field U = 40 meV. All shown eigenstates are
energetically located in the vicinity of Er = 100 meV.

where we introduced

0 = & cos(a) + isin(x),
6" = & cos(a) — i sin(e),
¢ = —&sin(a) + i cos(a),
¢" = —&sin(a) — i cos(a)

for shorthand notations.

APPENDIX B: FERMION DOUBLING
AND DEFORMATION OF FERMI SURFACES

Discretizing the continuous model onto the square lattice
causes fermion doubling at the edges and corners of the Bril-
louin zone and imposes a D4 symmetry on the band structure
[see Fig. 9(a)]. For nonrotated (o« = 0°) Hamiltonians, these
additional valleys allow simulations of both BLG valleys si-
multaneously. The lattice-induced deformation becomes more
prominent for higher energies, limiting the accuracy of cal-
culations. Here we chose to stay below 150 meV, as the
deformation of the Fermi contour and its impact on the physi-
cal properties governing transport is small [see Fig. 9(b)]. For
an exemplary visual comparison between the atomistic model
(see [37]) and the deployed four-band model, we plot some
LDOS for a smaller (easily computational available) cavity for
both the atomistic and discretized four-band models in Fig. 8.
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- Effective Four Eand Mo‘de
)= Discrete Four Band Model

07777 \\s S
/(\

kx [nm=1]

FIG. 9. (a) Fermi contours of the discretized Hamiltonian for
U =40 meV, showing both the physical valley (center) and addi-
tional valleys due to fermion doubling, highlighted in blue at the
Fermi energy Er = 150 meV. The deformation caused by the lattice
symmetry is clearly visible. (b) Close-up of the center valley, com-
paring Fermi contours from the continuous Hamiltonian (orange) and
the discretized model (blue) at energies 20, 40, 80, 150 meV (inner
to outer lines). The deviation between the models is negligible for
energies up to 150 meV, which holds true for all simulated values
of U.

APPENDIX C: ROTATING THE HAMILTONIAN
AND WILSON MASS TERM

While the nonphysical valleys can be used to calculate
two valley systems for nonrotated Hamiltonians, this approach
breaks down once the Hamiltonian is rotated, e.g., clockwise
(o > 0°), as the nonphysical valleys at the edges rotate coun-
terclockwise [compare Figs. 10(a) and 10(b)]. One approach
to avoid the nonphysical valleys is to use a Wilson mass term
[40] to increase the energies at the edges of the Brillouin zone
such that they lie far above the studied energy regime and
do not contribute to the transport calculations. In the case of
the previously introduced tight-binding setup, the additional
Wilson mass can be included by adding

1 0o 0 O
0O -1 0 O
HW = Wp 0 0 1 0 s (Cl)

0 0 0 -1

to the on-site and hopping matrices in the following manner:

Hyy site = Hon'sie — 4Hy (C2)
HJ; hopping — Zon site + Hy (C3)
Hy/ hopping = Hon site T+ Hy . (C4)

The energy parameter wp governs the strength of the Wilson
mass term. The influence of the Wilson mass term on the
Fermi lines and band structure for a strength of wp = 47 meV
can be seen in Figs. 10(c) and 10(d). An exemplary con-
ductance comparison between systems with and without the
Wilson mass term for a rotation angle of o = 0° is displayed
in Fig. 10(e).

APPENDIX D: TRANSPORT CALCULATIONS

For all transport calculations, we considered lead widths
of 50 nm and a local energy band offset inside the leads of

(a) 3[J \ \Y (b)

0.4

-04 -02 00 02 04
ky [nm™1]

(d)

200

100

-100

—200

kx [nm~1]

6 Triangular Connected
mmmm Neighboring
5{ mmmm Opposing

2
&1
N w »

Conductance [

-

o

20 30 40 50 60 70 80
He [meV]

FIG. 10. (a) In gray, the low-energy regime of the Fermi surface
of the nonrotated Hamiltonian at U = 40 meV. In blue, the Fermi
surfaces at Er = 150 meV for a rotated (« # 0°) Hamiltonian are
displayed. When the central valley as well as the corner valleys are
rotated clockwise, the valleys at the edges rotate counterclockwise.
(b) Close-up of (a) focusing on the central valley. (c) Fermi contour
for a system with a Wilson mass term of wp = 47 meV. In blue,
the Fermi contour for Er = 150 meV. All nonphysical valleys are
removed. (d) Band structure of a BLG lead with 50 nm width. In gray,
the band structure without, and in blue the band structure including
the Wilson mass term. (e) Conductance through the circular cavity
(compare Fig. 1) with a Wilson mass term with wp = 47 meV (thin
solid lines) and without Wilson mass term (thick bright lines). For
a Wilson mass parameter greater than zero, a separate calculation is
performed for each valley, and the results are summed and multiplied
by two to account for spin degeneracy.

200 meV. This combination results in nine propagating modes
per valley for each spin species, giving 18 modes per valley
and 36 incoming modes in total.

1. Transport without trigonal warped Fermi surface

To investigate the effects of the trigonal warping, we also
simulated the conductance through the BLG cavity for y3 =
0 meV, in which case the Fermi surfaces are circular. As
shown in Fig. 11, the anisotropic conductance features vanish.
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FIG. 11. Same as Fig. 4 but without the triangular warped Fermi
surfaces (3 = 0 meV).

2. Transport and local scatterers

In Fig. 12, we study the system’s sensitivity to white noise
potentials of different magnitudes. Figure 12(a) shows var-
ious conductance calculations at U = 40 meV for different
maximal noise amplitudes (5, 10, and 20 meV). For each
amplitude, we calculate 100 different realizations and display
their average conductance. While fluctuations in the conduc-
tance data decrease and the overall conductance values are
slightly damped, the anisotropic transport features remain
clearly visible.

In Fig. 12(b), we fix the displacement field U = 40 meV
and the energy band offset i, to 80 meV to identify the critical
disorder amplitude needed to suppress anisotropic transport.

(@7 (b)
[ Triangular Connected
I Neighboring

[ Opposing

o
[
1=
3
@
<

1
«
=
1S
3
o
<
g
b
2
2
»
o

e
T
.
o8
i3
<
-

w
N
o
3
@
<
A
w
o

Conductance [ ?

0 20 40 60 80 100
Maximal disorder amplitude [meV]

Hc [meV]

FIG. 12. (a) Conductance for different disorder strengths (5 meV,
10 meV, 20 meV) at U = 40 meV. Each curve consists of an average
conductance over 100 different disorder calculations. (b) Plotted is
the conductance at U = 40 meV and p. = 80 meV for increasing
disorder amplitudes.
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FIG. 13. (a) Setup without magnetic field as shown in Fig. 1.
(b) Schematic setup with additional lead connectors for the mag-
netotransport simulations. (¢) Comparing the conductance between
the setups displayed in (a) (bright thick line) and (b) (thin line) for
U=40meVandB=0T.

To do so, we increase the disorder strength constantly and
simulate 20 different realizations for each strength. We ob-
serve the anisotropic transport to be robust against large white
noise disorder up to 5.

3. Magnetotransport

To ensure translational invariance in the leads, the magnetic
vector potential must align with the invariant direction of the
semi-infinite leads. If multiple leads with different orienta-
tions are present, one may either smoothly vary the vector
potential inside the cavity such that locally at each lead the
translation invariance is satisfied [66,67] or modify the scat-
tering region, such that all leads share the same orientation
(up to an optional sign change). In this case, we chose the
latter approach as depicted in Fig. 13(b). As the new geometry
adds additional perturbation, we verify that the anisotropic
conductance behavior is still observable (compare Fig. 13).

To compare the influence of the triangular Fermi surfaces,
we calculated the conductance for the magnetotransport for
y3 = 0 meV (see Fig. 14), namely, circular Fermi surfaces.
For high magnetic fields and large band offsets u., the struc-
ture of the plots in Figs. 13 and 6 are nearly identical. For
this parameter regime, the transport properties are dominated
by small skipping orbits, and the exact form of the skipping
orbits—circular or trigonaly warped—plays a minor role. For
smaller magnetic fields, the conductance plateaus as well as
the two regions of high conductance near the plateaus, a result
of an auto-focusing effect, do not form in the absence of
trigonal warping. And, finally, the prominent kink marking the
Lifshitz transition is not visible in the case of y3 = 0 meV.
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FIG. 14. Same as Fig. 6 without trigonaly warped Fermi sur-
faces, i.e., Y3 = 0 meV.

APPENDIX E: CLOSED CAVITY

We use two approaches to investigate the closed cavities.
First, we change the smooth electrostatic confinement in the
tight-binding calculations to a hard-wall boundary [d — 0 nm
see Eq. (2)]. In this case, we recover the whispering-gallery
modes found in [31] [compare Fig. 16(b) and blue LDOS in
Fig. 17]. As the smoothness of the boundary alone cannot
be the reason for the disappearance of the whispering-gallery
states (since a rotational invariant systems has to support sta-
ble whispering-gallery states by virtue of its symmetry), we
use the semiclassical equation of motions [Egs. (4) and (5)]
[50] to simulate the trajectories of single electrons inside a
circular billiard with smooth electrostatic confinement. To
visualize the system’s dynamics, we use a standard version
of the Poincaré surface of section (PSOS) for billiards, where
we plot the parallel part of the incoming momentum, k|,
relative to the boundary, against the position of the particle
with respect to the arc length of the billiard. As displayed in
Fig. 15(a), inside the smooth boundary region the momentum
of the particle changes continuously, making a clear definition
of a incoming parallel momentum impossible. To avoid this

(a)

1
1
/]
[}
I
I
I

FIG. 15. (a) Circular billiard with smooth boundary conditions.
In blue, the calculated trajectory of an electron in BLG starting from
the blue dot. The orange dashed line depicts the virtual boundary
used to measure the parallel part of the incoming momentum. On
the left side, a close up of the electron motion inside the boundary
region is displayed. (b) A schematic depiction of the calculation
of the parallel part of the momentum. The position of the crossing
of the virtual boundary is given by s(¢.). The parallel momentum is
than obtained by projecting the momentum Kk onto the orientation of
the virtual boundary at the crossing.
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L\ .‘z i
N/

FIG. 16. Probability density distributions for tight-binding simu-
lations of the BLG cavity with hard-wall boundary conditions. In (b),
the gallery modes can be identified. The simulations have been done
for U = 40 meV and ., = 100 meV.
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FIG. 17. In blue, exemplary LDOS for hard-wall boundary con-
ditions compared with LDOS for smooth wall boundary conditions
(orange in the small insets). Although the chosen LDOS for the
smooth boundary exhibit high probability densities at the boundaries
of the cavity, they are either found in combination with prominent
bouncing-ball-like structures or with gaps at the boundary. For all
shown LDOS, one should keep in mind that both valleys have been
simulated simultaneously and that only half of the gallerylike state
might correspond to one valley. The calculations have been done for
U =40 meV and p, = 100 meV.

issue, we define a virtual boundary s at the border of the
smooth scattering region, for which we calculate the parallel
momentum. The virtual boundary is given by

cos(¢)
s = S°<sin(¢)>’ (ED)

where sy is its radius and ¢ the angle measured counter-
clockwise from the x axis. When the trajectory of the particle
crosses the virtual boundary at s(¢.), the parallel momentum
of the particle is given by

1.ds(9)
S0 d¢

(E2)

-

1. Breaking the rotational symmetry

To study the breakdown of the whispering-gallery states,
we successively increase the perturbation of the rotational
symmetry of the system by increasing the triangular warping
of the Fermi surfaces. This we achieve by increasing y3. In
Fig. 18, we plot the corresponding PSOS for different values
of y3. For circular Fermi surfaces, the system’s rotational
invariance demands integrable motion, leading to horizontal
structures in the PSOS. In this case, the whispering-gallery
states are stable. Only after considerably large distortion of the
Fermi contour y3 > 100 meV the whispering-gallery states
(high density lines at the top and bottom of the image) vanish.

Y3 =0 meV
0.2
T
(0
~
-0.2
y3 =100 meV
. 0.2
) 4 3
A<: % 7
-0.2 ;
y3 =200 meV
- 0.2
|
Q
= 0o
Y3 =300 meV
- 0.2
|
= 00
Y3 =381 meV
- 0.2
|
- 0

0.00 0.25 0.50 0.75 1.00
arc length s

FIG. 18. PSOS for a circular billiard with smooth boundary con-
ditions. From top to bottom, y; and therefore the trigonal warping
of the Fermi contours is increased (displayed to the right). The
displacement field is U = 40 meV and p, = 100 meV.

Combining the facts that in [31] the whispering-gallery states
have been found for y3 = 381 meV for hard-wall boundary
conditions and that we have found them in tight-binding sim-
ulations with hard-wall boundary conditions, we conclude
that both a triangular warped Fermi surface and a smooth
boundary wall are necessary to break those boundary modes.

2. Tuning between integrable and chaotic motion

While a change of the y3 parameter is a purely academic
exercise, the Lifshitz transition of the system allows us to
tune between integrable and chaotic motion inside a BLG.
To this end, we show in Fig. 19 the PSOS for different po-
tential strengths . in the case of a large distortion field of
U = 150 meV. For small potential strengths, the three Fermi
surfaces denoting the minivalleys are circular and lead in
combination with the circular billiard to integrable motion. In
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0.2 = ‘ He =67 meV which we will briefly discuss in the following. For circular
X N Fermi contours, one can parametrize the momentum by
— 0.1 X .
|
£ _, (cos(B)
E. 0.0 °© k(:B) kO <Sln(,3) s (E3)
< _ ¢ .
0.1 where ky is the absolute value of the momentum and S the
—0.2 = - angle dictating the orientation of the momentum vector in k
Hc =72 meV space. In the case of circular Fermi contours, the direction of
0.2 e the group velocity and the direction of the momentum vector
7 e o Q are identical. For a hard-wall boundary condition, the angles
g 0.0 O Q for consecutive scattering events are governed by the standard
- 5 oo map [68
= ; ; Q p [68]
-0.2 ¢ = ¢o + (1 — 2a0)n, (E4)
Ue =74 meV
0.2 ‘ Bu= o+ ( —2a)n, (ES)
5 where ¢, By are the initial angles of a trajectory. Here « is the
g 0.0 incident angle—which is conserved for circular billiards in
:: combination with circular Fermi surfaces—and n the number
—0.2 of occurred scattering events. As a result, the parallel momen-
' tum becomes
Ue =75 meV 1 ds($)
02 k= - 4 -k = ko sin(Bo — ¢o), (E6)
T
g 0.0 which results in horizontal structures in the PSOS (compare
— Fig. 18). When the center of the k vector is shifted from
~ 0.2 the origin by a constant vector kg,ir—as is the case for the
I three minivalleys—the parallel part of the momentum vector
Uc =80 meV becomes
0.2 o i i« 1 ds(¢)
T kj=— - (K + Kenirt)
€ s do¢
= in(go + ( — 20)n)
= o _ .. [—sin(go + (T — 2a)n
E—O 2 e = ko sin(Bo — ¢o) — Ksnite < cos(do + (1 — 20)n) ),
> - and the oscillating behavior emerges.

0.00 0.25 0.50 0.75 1.00
arc length s

FIG. 19. PSOS for different Fermi energies u. and a fix dis-
placement field of U = 150 meV. The Lifshitz transition allows us
to tune between regular motion (. = 67 meV) and chaotic motion
(e = 80 meV).

contrast to the integrable motion depicted by horizontal lines
as seen in Fig. 19, one finds a sinusoidal structure in the PSOS,

Adding the motions corresponding to the three minivalleys
together, one obtains the braidlike structure. For regular mo-
tion, each braid is clearly structured by parallel noncrossing
sinusoidal lines.

With increasing energy, the braids broaden, as ky increases
and the internal structure of the braids breaks due to the
deformation of the minivalleys. For high enough energies,
the Lifshitz transition occurs and the braids merge together,
forming the familiar PSOS of the singly connected, trigonal
warped BLG Fermi line.
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