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1. Introduction

In Number Theory one of the most famous results is Fermat’s Last Theorem, stating
that there exists no non-trivial positive integer solution px, y, zq to the equation

xn ` yn “ zn for any n ą 2.

Claimed in the 17th century on a marginal note by Fermat, for centuries mathematicians
tried to prove this statement, and a lot of the current results and techniques in Number
Theory and Arithmetic Geometry are due to this process. The Theorem was proved
by Andrew Wiles1 only in 1994 in the two milestone papers “Modular elliptic curves
and Fermat’s Last Theorem” ([Wil95]) and “Ring theoretic properties of certain Hecke
algebras” ([TW95]).
This thesis focuses on one of the key techniques that led to Wiles’ proof: Ribet’s Method
([Rib76]), that relates special values of the Riemann ζ-function with Galois representa-
tions attached to modular forms. The goal of this thesis is to give a cohomological
version of this method, using classes in the étale cohomology of a modular curve, in-
stead of modular forms.

1.1. Irregular primes and Kummer’s Criterion

For l an odd prime number, let us consider the cyclotomic field Qpµlq, where µl denotes
the group of l-th roots of unity. Recall that the class number of Qpµlq is the (finite) order
of the class group A of Qpµlq. Until the beginning of the 19th century, it was wrongly
believed that the ring of integers Zrµls of Qpµlq was a unique factorization domain. It
was only in 1847 that Ernst Kummer, in his attempts on solving Fermat’s Last Theorem,
proved this statement wrong. But, by doing so, he realised that Fermat’s Last Theorem
was indeed true for a particular set of exponents n, the so-called regular primes.

Definition 1.1.1. An (odd) prime l is an irregular prime if l divides the class number
of Qpµlq.
A prime is said to be regular if it is not irregular.

Kummer showed in 1847 that Fermat’s Last Theorem held for regular primes ([Con]),
hence, to complete Fermat’s Last Theorem proof, it was enough to show that the The-
orem was also holding for irregular primes. Since there exists an infinite number of
irregular primes ([Was97] 5.17), in order to study them better, Kummer gave a more
arithmetic characterization of irregular primes, nowadays known as Kummer’s Criterion:

1with contributions, among many, of Taniyama, Shimura, Weil, Frey, Ribet and Taylor.
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1. Introduction

Lemma 1.1.2. An odd prime prime l is irregular if and only if there exists an even
integer k, 2 ď k ď l ´ 3, such that l | Bk, where Bk P Q is the k-th Bernoulli number
defined by

x

ex ´ 1
`
x

2
´ 1 “

ÿ

ně2

Bn
n!
xn.

Let us now define the Riemann ζ-function as the analytic continuation to C∖ t1u of

ζpsq “
ÿ

ně1

1

ns
, s P C, Repsq ą 1

and recall its relation with the Bernoulli numbers given by

Bn “ ´nζp1 ´ nq for any n ě 1.

In light of this relation, we notice that Kummer’s Criterion is equivalent to say that a
prime l is irregular if and only if there exists an even integer 2 ď k ď l ´ 3 with the
property that l | ζp1 ´ kq.

1.2. Ribet’s Method

Kummer’s Criterion showed that, in order to prove Fermat’s Last Theorem, it was
more convenient to focus on the arithmetic side of the picture. At the beginning of
20th century, a stronger version of Kummer’s Criterion, now known as Herbrand-Ribet
Theorem, was stated. Let us consider the cyclotomic character

χ : GalpQpµlq{Qq
–
Ñ pZ {lZqˆ defined by σpζlq “ ζ

χpσq

l ,

for ζl a primitive l-th root of unity, and define

C :“ A{Al “ A{tal | a P Au

to be the maximal l-quotient of the class group A of Qpµlq. Then the Galois group
GalpQpµlq{Qq acts naturally on C and we obtain a canonical decomposition

C “

l´1
à

i“1

Cpχiq “

l´1
à

i“1

tc P C | σpcq “ χipσqc , for every σ P GalpQpµlq{Qqu

of C into χi-eigenspaces. In this setting, we can state the Herbrand-Ribet Theorem2:

Theorem 1.2.1. Let k be an even integer such that 2 ď k ď l ´ 3. Then l | ζp1 ´ kq if
and only if Cpχ1´kq ‰ 0.

2Let us notice that this is indeed a stronger result than Kummer’s Criterion, indeed it does not only
show when the class group A has order divisible by l (and hence C ‰ 0), but it even gives the specific
non-trivial eigenspace of C.
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1.3. Cohomological version of Ribet’s Method

Figure 1.1.: Schematic version of Ribet’s Method

The sufficient condition of this statement was proved by Herbrand in 1932 using
Algebraic Number Theory ([Her32]), while the other implication was proved only in
1976 by Ribet in his paper “A modular construction of unramified p-extensions of Qpµpq”
([Rib76]). In its proof Ribet developed what is now known as Ribet’s Method, a way of
relating the Riemann ζ-function and the class group of Qpµlq using modular forms and
Galois representations attached to them. We present here a schematic version of this
Method, but we refer to Chapter 4 for more details: as the special value of the Riemann
ζ-function arises as constant coefficient in some Eisenstein series, we can construct a cusp
form related to this Eisenstein series, and then, using this cusp form and the assumption
that the prime l divides the ζ-value, construct a Galois representation ρ of the absolute
Galois group of Q over GL2pZ {lZq. Then, considering the unramified extension in Q
given by the fixed field of ker ρ and using Class Field Theory, we conclude that the
appropriate eigenspace of C is not trivial.

1.3. Cohomological version of Ribet’s Method

The goal of this thesis project is to give a cohomological version of Ribet’s Method,
replacing the Eisenstein series and the cusp form by suitable classes in the étale coho-
mology of a modular curve. In particular, we will consider a modular curve Y plq with
level-l-structure and we will construct an Eisenstein class (see 3.4.8)

cek´2 P H1
etpY plq,TSymk´2 H p1qq

and a cusp class (see 5.2.1)

α P H1
etpY plqQ,TSym

k´2 H p1qq,

playing the role of the Eisenstein series and cusp form in Ribet’s Method, where H is
the sheaf associated to the l-torsion points of the universal elliptic curve over Y plq, and
Y plqQ is the base change of Y plq to SpecQ. We will then show that to this cusp class we
can associate an unramified Galois extension of Qpµlq as the one constructed in Ribet’s
Method.
Let us point out that a cohomological version of Ribet’s Method is a way of approach-

ing this statement from a geometric point of view, allowing possible further applications
in Arithmetic Geometry, in particular to the Iwasawa Main Conjecture.
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1. Introduction

Figure 1.2.: Schematic version of Cohomological Ribet’s Method

1.4. Organisation of the Thesis

In Chapter 3 we define our setting and introduce, mainly rewriting the work in [Kin15]
accordingly to our notation, all the constructions and results needed for the Cohomo-
logical Ribet’s Method. In Chapter 4 we give a more detailed description of Ribet’s
Method, based on [Rib76], while in Chapter 5 we use Chapter 3 to give a cohomolog-
ical “translation” of Ribet’s Method, the so-called “Cohomological Ribet’s Method”,
showing how the cohomology classes constructed in 3 give rise to an unramified Galois
extension equivalent to the one of Ribet’s. At the end of this work, the reader may also
find Appendix A, containing all the relevant prerequisites to understand the main part
of this work.
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3. Moments, residues and elliptic Soulé
elements

In this chapter we collect definitions and statements from [Kin15] that will be needed in
the following sections of the thesis.

3.1. Notation and setting

Let l be an odd prime and fix a primitive root of unity ζl P Qpµlq, where µl denotes
the group of l-th roots of unity. Let Y plq be the modular curve parametrising elliptic

curves E with level-l-structure pZ {lZq2
–
Ñ Erls. It is naturally a scheme over SpecQpµlq

and so, by the natural map SpecQpµlq Ñ SpecQ, also a Q-scheme. Let π : E Ñ Y plq
be the universal elliptic curve and denote by e : Y plq Ñ E its unit section. Let Xplq
be the compactification of Y plq and j : Y plq ãÑ Xplq the open immersion. Denote by
Cusp :“ Xplq ∖ Y plq the subscheme of cusps. Let us consider the Tate curve Eq with
level-l-structure pZ {lZq2 Ñ Eqrls given by pa, bq ÞÑ qaζb defining a section

8 : SpecQpµlq Ñ Cusp,

such that, under the GL2pZ {lZq-equivariant isomorphism

Cusp –
ź

GL2pZ {lZq{˘

¨

˝

˚ ˚

0 1

˛

‚

SpecQpµlq,

8 is mapped to the component corresponding to the identity matrix. Define, for i
natural number and n an integer, the n-th Tate twist of the (sheaf of) module Z {li Z by

Z {li Zpnq “

#

µbn
li

n ě 0

HomZ {li ZpZ {li Zp´nq,Z {li Zq n ă 0
,

that is naturally equipped with a GalpQpµliq{Qq-action given by the power χni of the

cyclotomic character χi : GalpQpµliqq
–
Ñ pZ {li Zqˆ defined by σpζliq “ ζ

χipσq

li
.

3.2. Preliminaries

On the modular curve Y plq let us define the étale sheaves

Hi :“ pR1π˚ Z {li Zq_ (3.1)

H :“ pR1π˚ Zlq_ (3.2)

11



3. Moments, residues and elliptic Soulé elements

where p¨q_ denotes (respectively) the Z {li Z-, Zl-dual.
Remark 3.2.1 (A.5.3). Hi – R1π˚ Z {li Zp1q and H – R1π˚ Zlp1q.

Let us now recall the definition of divided power algebra.

Definition 3.2.2 ([BO78] Appendix A). Let R be a commutative ring,M an R-module.

1. The divided power algebra ΓpMq “ ‘kě0Γ
kpMq is a graded augmented R-algebra,

with Γ0pMq “ R, Γ1pMq “ M and augmentation ideal Γ`pMq “ ‘kě1Γ
kpMq. For

any element m P M , we can define mrks P ΓkpMq such that mk “ k!mrks.

2. IfM is a free R-module with basis tm1, . . . ,mru, then the R-module ΓkpMq is free

with basis given by tm
ri1s

1 ¨ ¨ ¨m
rirs
r |

řr
i“1 ij “ ku.

In particular, we have an R-algebra homomorphism SymkM Ñ ΓkpMq, given by
mk ÞÑ k!mrks, and, for M a free R-module, an R-algebra isomorphism1 ΓkpMq –

TSymkM , given by mrks ÞÑ mbk([Kin16] 1.2). Hence, by this isomorphism, we deduce
that TSymkM is compatible with arbitrary base change, and so, in particular,

pTSymkMq bZl
Z {li Z – TSymkpM b Z {li Zq,

and so it sheafifies well, i.e., for H the sheaf defined in (3.1), we can define TSymkpH q

to be the sheaf associated to the presheaf U ÞÑ ΓkpH pUqq. Therefore let us denote by
Symk Hi and Symk H the k-th symmetric power as (respectively) Z {li Z-, Zl-modules
and by TSymk Hi, TSym

k H the k-th symmetric tensor power as (respectively) Z {li Z-
,Zl-modules. There is a Zl-algebra homomorphism

Symk H Ñ TSymk H , pv1, . . . , vkq ÞÑ
1

k!

ÿ

σPΣk

vσp1q b ¨ ¨ ¨ b vσpkq

given by the universal property of Symk H applied to the isomorphism H Ñ TSym1 H ,
h ÞÑ hb1.
For an inverse system F “ pFiqiě1 of étale sheaves modulo Mittag-Leffler-zero sys-

tems over an étale scheme S, we define the continuous étale cohomology HnpS,F q

(following [Jan88]) to be the n-th right derived functor of F ÞÑ lim
ÐÝ
i

H0pS,Fiq. In this

work we will often (implicitly) make use of the following lemma:

Lemma 3.2.3. Let F “ pFiqiě1 be a projective system, where the cohomology groups
H0pS,Fiq are finite for every i ě 1, then

H1pS,F q – lim
ÐÝ
i

H1pS,Fiq

For ℓ-adic sheaves, we also define ExtiSpF ,G q to be the right derived functor of
HomSpF , ¨q.

1where TSymkM “ tx P Mbk
| Skpxq “ xu, for Sk the group of k-permutations, is the k-th tensor

symmetric power of M .
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3.3. Analytic and cyclotomic moment maps

3.3. Analytic and cyclotomic moment maps

Let X “ lim
ÐÝ
i

Xi be a totally disconnected compact topological space, where each Xi is

finite and discrete.

Definition 3.3.1. Let

C pX,Zlq :“ tf : X Ñ Zl | f continuousu

denote the space of continuous Zl-valued functions on X endowed with the sup-norm
} ¨ }8.

Definition 3.3.2. Let
ΛpXq :“ HomZl

pC pX,Zlq,Zlq

be the space of Zl-valued measures on X, where µ P ΛpXq is described by

µ : C pX,Zlq Ñ Zl given by f ÞÑ µpfq :“

ż

X
fµ.

Analogously, define the space of Z {li Z-valued measures on X by ΛipXq :“ HomZl
pC pX,Zlq,Z {li Zq.

Remark 3.3.3. 1. Since every f P C pX,Zlq is the uniform limit of locally constant
functions, we have

ΛpXq “ lim
ÐÝ
i

HomZl
pC pXi,Zlq,Zlq “ lim

ÐÝ
i

ΛpXiq “ lim
ÐÝ
i

ΛipXiq.

2. For X :“ H “ lim
ÐÝ
i

Hi a profinite group, we have that ΛpXq inherits a Zl-algebra

structure given by
µ ˚ ν :“ mult!pµb νq.

ΛpHq is called the Iwasawa algebra of H.

In this section we want to define sheaves of Iwasawa modules, i.e. sheaves that are
inverse systems of sheaves of modules.

Definition 3.3.4. 1. Let ppi : Xi Ñ Y plqqi be a projective system of finite étale
schemes over Y plq with transition maps given by the finite étale maps λi : Xi`1 Ñ

Xi. Let X :“ lim
ÐÝ
i

Xi be the inverse limit and let Xi be the étale sheaf associated

to Xi.
2

2. Define on Y plq the étale sheaf

ΛipXiq :“ pi˚ Z {li Z P ShpY plqq.

and consider the projective system pΛipXiqqi with transition maps given by

αi :“ redli ˝ trλi : Λi`1pXi`1q “ pi`1˚ Z {li`1 Z Ñ pi˚ Z {li Z “: ΛipXiq.

2i.e., for Xi an étale scheme over Y plq, we have Xi P ShpY plqq given by Xip¨q “ HomY plqp¨, pi˚Xiq.
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3. Moments, residues and elliptic Soulé elements

Then we can define an inverse system of étale sheaves on Y plq, called the sheaf of
Iwasawa modules, by

ΛpX q :“ pΛipXiqqiě1

with transition maps pαiqi.

Remark 3.3.5. 1. ΛpX q is functorial, compatible with base change3 and such that4

ΛipXi ˆY plq Yiq – ΛipXiq b ΛipYiq.

2. ΛpX q is the sheafification of the space of measures ΛpXq defined in 3.3.2 in the
sense that, for a geometric point s : SpecK Ñ Y plq, we have5

ΛipXiqs – ΛipXi,sq – ΛipXiq

3. If X :“ H “ lim
ÐÝ
i

Hi is a pro-étale group scheme over Y plq with pi : Hi Ñ Y plq

finite étale, then the sheaves ΛipXiq are sheaves of Iwasawa Z {li Z-algebras with
a ring structure induced by the group multiplication on Hi.

3.3.1. Analytic moment maps

Define the completion of TSymkH by {TSym
k
H :“ lim

ÐÝ
n

TSymH{p‘kě1TSym
kHqn and

analogously for Hi. Note that, by [Kin15] 12.2.3, we have {TSymH – lim
ÐÝ
i

{TSymHi.

For H “ Zl “ lim
ÐÝi

Z {li Z, we can then define the analytic moment map as follows:

Proposition 3.3.6. There exists a unique Zl-algebras homomorphism, called analytic
moment map,

mom : ΛpHq Ñ {TSymH given by δh ÞÑ
ÿ

kě0

hrks,

where δh is the Dirac distribution6. Moreover,

mom “ lim
ÐÝ
i

momi : ΛipHiq Ñ {TSymHi.

For e P H basis of H and x : H Ñ Zl its dual basis, we have that the image via the
analytic moment map of a measure µ P ΛpHq is given by

mompµq “
ÿ

kě0

p

ż

H
xkµqerks.

3i.e. for a Y plq-scheme α : S Ñ Y plq and Xi,S :“ Xi ˆY plq S, by proper base change, we obtain
α˚ΛipXiq – ΛipXi,Sq.

4By using the Künneth formula.
5For details, see [Kin16] 4.4.2 and [Kin15] 12.2.10
6i.e. δhpfq “ fphq for any f P C pH,Zlq
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3.3. Analytic and cyclotomic moment maps

The projection onto the k-th component, called the analytic k-th moment map is given
by

momk : ΛpHq Ñ TSymkH

and, on finite level, by
momk

i : ΛipHiq Ñ TSymkHi.

Remark 3.3.7. The analytic moment map is functorial in H.

3.3.2. Torsors and analytic moment maps

Let N ą 1 and consider the short exact sequence of finite étale group schemes over Y plq

0 Ñ Z {li Z Ñ Z {liN Z qi
Ñ Z {N Z Ñ 0,

where qi is the reduction modulo N . Let t : Y plq Ñ Z {N Z be a N -torsion section and
define a Z {li Z-torsor

Z {li Zxty :“ q´1
i ptq “ tx P Z {liN Z | x ” tmodNu (3.3)

over Y plq via the following cartesian diagram

Z {li Zxty Z {liN Z

Y plq Z {N Z

qi,t qi

t

and define Zlxty to be the inverse limit

Zlxty :“ lim
ÐÝ
i

Z {li Zxty.

Let ΛipZ {li Zxtyq,ΛipZ {li Zq and ΛpZlxtyq,ΛpZlq be the spaces of measures defined in
3.3.2. Then ΛpZlxtyq is a ΛpZlq-module of rank one.
To the torsor Z {li Zxty defined in (3.3) we can associate an analytic moment map, as

in 3.3.6.

Definition 3.3.8. Define the i-th analytic moment map

momk
i,t :“ momk

i ˝rN s! : ΛipZ {li Zxtyq
rNs
Ñ ΛipZ {li Zq Ñ TSymk Z {li Z

given by
µ ÞÑ µpN ¨q ÞÑ

ÿ

xPZ {li Zxty

Nxrksµpxq,

where momk
i is the map defined in 3.3.6. Define the analytic moment map as the inverse

limit
momk

t :“ lim
ÐÝ
i

momk
i,t : ΛpZlxtyq Ñ TSymk Zl .

Remark 3.3.9. Note that momk
i,t is not independent of the choice of N .
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3. Moments, residues and elliptic Soulé elements

3.3.3. Bernoulli measures

In the setting of 3.3.2, we want to define a measure on Zlxty.

Definition 3.3.10 (Bernoulli measure on ΛipZ {li Zxtyq and ΛpZlxtyq). Let c P Z be such
that pc, 6lNq “ 1 and let Bkpxq P Qrxs be the k-th Bernoulli polynomial defined by

tetx

et ´ 1
“

ÿ

kě0

Bkpxq
tk

k!
.

The map

B
xty
2,c,i : Z {li Zxty Ñ Z {li Z

given by

x ÞÑ
liN

2
pc2B2pt

x

liN
uq ´B2pt

cx

liN
uq,

where txu denotes the representative of x P R{Z in [0,1[, defines an element

B
xty
2,c,i P ΛipZ {li Zxtyq

From the distribution properties of Bernoulli polynomials (see [Lan90] §2.2) we de-

duce that the elements B
xty
2,c,i P ΛipZ {li Zxtyq are compatible under the trace maps

Λi`1pZ {li`1 Zxtyq Ñ ΛipZ {li Zxtyq, and therefore we can define the measure

B
xty
2,c :“ lim

ÐÝ
i

B
xty
2,c,i P ΛpZlxtyq.

3.3.4. A sheafified moment map for Z {li Zxty and Zlxty

For the torsor Z {li Zxty over Y plq defined in (3.3) we are given a section:

Lemma 3.3.11. There exists a map of schemes σi,t : Z {li Zxty Ñ Z {li Z over Y plq. In
particular it may be interpreted as a global section

σi,t P H0pZ {li Zxty, q˚
i,t Z {li Zq,

where Z {li Z P ShpY plqq is the constant sheaf associated to the constant group scheme
Z {li Z over Y plq, and qi,t is the structure morphism Z {li Zxty Ñ Y plq.

Proof. By the exactness of the short exact sequence of finite étale group schemes defining
the torsor Z {li Zxty, theN -multiplication map rN s : Z {liN Z Ñ Z {liN Z factors through
Z {li Z, leading to the map of schemes

σi,t : Z {li Zxty Ñ Z {liN Z Ñ Z {li Z

over Y plq. Hence we get the desired global section σi,t P H0pZ {li Zxty, q˚
i,t Z {li Zq.
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3.3. Analytic and cyclotomic moment maps

Definition 3.3.12. Let

σ
rks

i,t P H0pZ {li Zxty, q˚
i,tTSym

k Z {li Zq

be the k-th tensor power of the section σi,t defined in 3.3.11.

Notice that σ
rks

i,t can be seen as a map of sheaves

σ
rks

i,t : Z {li Z Ñ qi,t˚q
˚
i,t Z {li Z .

We will use the section σ
rks

i,t to construct a sheaf version of the analytic moment map
defined in 3.3.8. In order to do so, we first need to write down a technical lemma.

Lemma 3.3.13. Let F ,G P ShpZ {li Zxtyq. Then, for the finite étale morphism qi,t :
Z {li Zxty Ñ Y plq, we have a morphism of sheaves

γ : qi,t˚F b qi,t˚G Ñ qi,t˚pF b G q.

Proof. By finiteness of qi,t, we have that7 qi,t˚ “ qi,t!. By using the projection formula8,
we get the isomorphism

qi,t!F b qi,t˚G – qi,t˚pF b q˚
i,tqi,t˚G q.

Using the adjunction9 between qi,t! and q
˚
i,t, we then obtain a map

qi,t˚pF b q˚
i,tqi,t˚G q Ñ qi,t˚pF b G q.

We have now all the ingredients to define a sheaf version of the analytic moment map.

Definition 3.3.14. Define the i-th cyclotomic sheafified moment map

momk
i,t : ΛipZ {li Zxtyq Ñ TSymk Z {li Z – Z {li Z

as the composition trqi,t ˝γ ˝ pidbσ
rks

i,t q, i.e.

momk
i,t : ΛipZ {li Zxtyq :“ qi,t˚ Z {li Z

idbσ
rks

i,t
Ñ qi,t˚ Z {li ZbZ {li Zqi,t˚q

˚
i,t Z {li Z γ

Ñ

qi,t˚pZ {li Zbq˚
i,t Z {li Zq – qi,t˚q

˚
i,t Z {li Z

trqi,t
Ñ Z {li Z,

where trqi,t is the trace map qi,t˚q
˚
i,t Ñ id given by the adjunction qi,t! “ qi,t˚ é q˚

i,t (see
[Aut] 59.66.1).

7see [Aut] 59.70.7.
8see for example [Mil04] 22.7.
9see for example [Aut] 59.66.
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3. Moments, residues and elliptic Soulé elements

Moreover, by compatibility of momk
i,t with respect to the trace map Λi`1pZ {li`1 Zxtyq Ñ

ΛipZ {li Zxtyq, we define the cyclotomic sheafified moment map as the inverse limit

momk
t :“ lim

ÐÝ
i

momk
i,t : ΛpZlxtyq Ñ TSymk Zl .

They induce on cohomology the morphisms

momk
i,t : H

1pY plq,ΛipZ {li Zxtyq Ñ H1pY plq,Z {li Zq

and

momk
t : H

1pY plq,ΛpZlxtyqq Ñ H1pY plq,Zlq.

Let us notice that, on stalks, the cyclotomic sheafified moment map coincides with
the analytic one constructed in 3.3.8, for details we refer to [Kin15] Lemma 12.2.14.

3.4. Elliptic Soulé elements and the elliptic moment maps

Consider the short exact sequence of finite étale group schemes over Y plq

0 Ñ Erlis Ñ ErliN s Ñ ErN s Ñ 0, (3.4)

where π : E Ñ Y plq is the universal elliptic curve defined in 3.1.

For every N -torsion section t P ErN spY plqq, define the Erlis-torsor Erlisxty by the
cartesian diagram

Erlisxty ErliN s

Y plq ErN s.

pi,t

t

and define Exty to be the inverse limit

Exty :“ lim
ÐÝ
i

Erlisxty.

Let Hi,Hixty and H xty P ShpY plqq be the sheaves associated to Erlis,Erlisxty and Exty,
and ΛipHiq,ΛipHixtyq and ΛpH xtyq P ShpY plqq the sheaves defined in 3.3.4.

Using the fact that the map pi,t is finite, we have the following identification:

Lemma 3.4.1. For the Erlis- torsor pi,t : Erlisxty Ñ Y plq above, we have a canonical
isomorphism

H1pErlisxty, µliq – H1pY plq,ΛipHixtyqp1qq.

Proof. Let us consider the Leray spectral sequence associated to pi,t : Erlisxty Ñ Y plq
and µli P ShpErlisxtyq, i.e.

Ep,q2 “ HppY plq, Rqpi,t˚µliq ñ HnpErlisxty, µliq.
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3.4. Elliptic Soulé elements and the elliptic moment maps

Since the morphism pi,t is finite, then, by A.3.7, we have that

Ep,q2 “ HppY plq, Rqpi,t˚µliq “ 0 for every q ą 0.

Hence, by A.3.8,

E1,0
2 “ H1pY plq, pi,t˚µliq – H1pErlisxty, µliq “ E1,

where, by definition, pi,t˚µli – ΛipHixtyqp1q.

We can construct a section for the torsor Erlisxty defined above.

Lemma 3.4.2. There exists a map of schemes τi,t : Erlisxty Ñ Erlis. In particular, it
may be interpreted as a global section

τi,t P H0pErlisxty, p˚
i,tHiq.

Proof. By the exactness of the short exact sequence (3.4), we get that theN -multiplication
map rN s : ErliN s Ñ ErliN s factors through Erlis. Hence we obtain a map of schemes
over Y plq

τi,t : Erlisxty Ñ ErliN s Ñ Erlis

and so we obtain a global section

τi,t P H0pErlisxty, p˚
i,tHiq.

Definition 3.4.3. Let

τ
rks

i,t P H0pErlisxty, p˚
i,tTSym

k Hiq

be the k-th tensor power of the section τi,t defined in 3.4.2.

Remark 3.4.4. The section τ
rks

i,t can be seen as a map of sheaves

τ
rks

i,t : Z {li Z Ñ pi,t˚p
˚
i,tTSym

k Hi

over Y plq.

The section τ
rks

i,t can be used to construct a sheafified moment map in the elliptic curve
case, analogously to the cyclotomic case. Lemma 3.3.13 holds indeed also for sheaves
F ,G P ShpErlisxtyq and the finite morphism pi,t : Erlisxty Ñ Y plq.

Therefore we can define a sheafified moment map for elliptic curves.

Definition 3.4.5. Let us define the i-th elliptic sheafified moment map

momk
i,t : ΛipHixtyq Ñ TSymk Hi
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3. Moments, residues and elliptic Soulé elements

as the composition trpi,t ˝γ ˝ pidbτ
rks

i,t q, i.e.

momk
i,t : ΛipHixtyq :“ pi,t˚ Z {li Z

idbτ
rks

i,t
Ñ pi,t˚ Z {li ZbZ {li Zpi,t˚p

˚
i,tTSym

k Hi
γ

Ñ

pi,t˚pZ {li Zbp˚
i,tTSym

k Hiq – pi,t˚p
˚
i,tTSym

k Hi

trpi,t
Ñ TSymk Hi

where trpi,t is the trace map pi,t˚p
˚
i,t Ñ id given by the adjunction pi,t! “ pi,t˚ é p˚

i,t.

Moreover, by compatibility of momk
i,t with respect to the trace maps Λi`1pHi`1xtyq Ñ

ΛipHixtyq, we define the elliptic sheafified moment map as the inverse limit

momk
t :“ lim

ÐÝ
i

momk
i,t : ΛpH xtyq Ñ TSymk H .

They induce on cohomology the morphisms

momk
i,t : H

1pY plq,ΛipHixtyqp1qq Ñ H1pY plq,TSymk Hip1qq

and
momk

t : H
1pY plq,ΛpH xtyqp1qq Ñ H1pY plq,TSymk H p1qq.

3.4.1. Elliptic Soulé elements and their twists

The following theorem by Kato provides us with norm-compatible elliptic units on elliptic
curves.

Theorem 3.4.6 ([Kat04] 1.10). Let c ą 1 be an integer such that pc, 6lNq “ 1 and let
E Ñ Y plq be an elliptic curve. Then there exists a unique unit

cϑE P OpE ∖ Ercsqˆ

such that:

1. div cϑE “ c2p0q ´ Ercs, where p0q and Ercs are considered as Cartier divisors on
E;

2. rds˚cϑE “ cϑE for every pd, 6cq “ 1;

3. for every isogeny of elliptic curves φ : E Ñ E1 such that pdegφ, cq “ 1, we have
φ˚pcϑEq “ cϑE1;

4. for τ P H “ tx P C | Imx ą 0u and z P C ∖ c´1pZ τ ` Zq, denote by cϑpτ, zq the
value at z of cϑ for the elliptic curve C{pZ τ ` Zq over C. Then

cϑpτ, zq “ qpc2´1q{12
τ p´qzq

pc´c2q{2 p1 ´ qzq
c2

1 ´ qcz
γ̃qτ pqzq

c2 γ̃qτ pqczq
´1,

where qτ :“ e2πiτ , qz :“ e2πiz and

γ̃qτ pqzq “
ź

ně1

p1 ´ qnτ qzqp1 ´ qnτ q
´1
z q.
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3.4. Elliptic Soulé elements and the elliptic moment maps

Hence, for the universal elliptic curve π : E Ñ Y plq defined in 3.1, Theorem 3.4.6 gives
us the function, called Kato’s elliptic unit,

cϑE : E ∖ Ercs Ñ Gm

that is norm compatible, i.e. rlis˚pcϑEq “ cϑE , and such that, for a section t ‰ e as in
(3.4), cϑE is an invertible function on Erlisxty10.

We use now Kato’s elliptic unit to define the following elements.

Definition 3.4.7. Let us define the i-th elliptic Soulé element by

ESxty
c,i :“ BipcϑEq P H1pY plq,ΛipHixtyqp1qq,

where Bi : GmpErlisxtyq Ñ H1pY plq,ΛipHixtyqp1qq is the Kummer map11 and where we
used the identification in 3.4.1.
Define the elliptic Soulé element as the inverse limit

ESxty
c :“ lim

ÐÝ
i

ESxty
c,i P H1pY plq,ΛpH xtyqp1qq.

By using the section τ
rks

i,t , constructed in 3.4.3, we can twist the i-th elliptic Soulé

element ESxty
c,i defined above, in order to construct elements that belong to a twisted

Galois representation.

Definition 3.4.8. Let us define the i-th twisted elliptic Soulé element by

cek,iptq :“ ptrpi,t ˝pi,t˚qpESxty
c,i Y τ

rks

i,t q P H1pY plq,TSymk Hip1qq

and the twisted elliptic Soulé element12 as the inverse limit

cekptq :“ lim
ÐÝ
i
cek,iptq P H1pY plq,TSymk H p1qq.

The twisted elliptic Soulé element is related to the elliptic Soulé element via the elliptic
sheafified moment map.

Lemma 3.4.9. We have
momk

i,tpES
xty
c,i q “ cek,iptq

and
momk

t pESxty
c q “ cekptq.

10Indeed, since pc, 6lNq “ 1, we have Erlisxty Ď E ∖ Ercs.
11i.e. Bi : H0

pErlisxty,Gmq Ñ H1
pErlisxty, µliq is the connecting morphism of the long exact sequence

given by ΓpErlisxty, ¨q applied to the short exact sequence

0 Ñ µli Ñ Gm Ñ Gm Ñ 0

of sheaves on Erlisxty.
12Note that both the elliptic Soulé element ESxty

c and the twisted elliptic Soulé element cekptq can be
defined over any scheme S such that E is an elliptic curve over it.
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3. Moments, residues and elliptic Soulé elements

Proof. By the isomorphism H1pY plq,ΛipHixtyqp1qq – H1pErlisxty, µliq described in 3.4.1
and by using a similar argument to get the isomorphism H0pErlisxty, p˚

i,tTSym
k Hiq –

H0pY plq, pi,t˚p
˚
i,tTSym

k Hiq, we conclude by using the following commutative diagram

H1pErlisxty, µliq bH0pErlisxty, p˚
i,tTSym

k Hiqq H1pErlisxty, p˚
i,tTSym

k Hip1qq

H1pY plq,ΛipHixtyp1qq bH0pY plq, pi,t˚p
˚
i,tTSym

k Hiq H1pY plq, pi,t˚p
˚
i,tTSym

k Hip1qq.

Y

– pi,t˚

Y

Remark 3.4.10 ([Kin15] 12.3.13). We have cek,ip´tq “ p´1qkcek,iptq.

3.5. Residue at the cusp 8

Let us recall, from 3.1, the open immersion j : Y plq Ñ Xplq and the closed immersion
8 : SpecQpµlq Ñ Xplq.
The goal of this section is to define a residue map at the cusp 8. First, we need a

technical remark.

Remark 3.5.1. For Z {li Zp1q P ShpY plqq, by [Mil13] 16.11, we have that

Rqj˚ Z {li Zp1q “

$

’

&

’

%

Z {li Zp1q q “ 0

8˚ Z {li Z q “ 1

0 otherwise.

Hence we obtain that

8˚R1j˚ Z {li Zp1q – Z {li Z and R2j˚ Z {li Zp1q “ 0.

Let us now consider the Leray spectral sequence for the open immersion j : Y plq Ñ

Xplq and the sheaf TSymk´2 Hip1q P ShpY plqq, i.e.

Ep,q2 “ HppXplq, Rqj˚ TSym
k´2 Hip1qq ñ HnpY plq,TSymk´2 Hip1qq

and its 1-edge morphism

resi : H
1pY plq,TSymk´2 Hip1qq Ñ H0pXplq, R1j˚ TSym

k´2 Hip1qq.

Definition 3.5.2. The i-th residue morphism at 8 is given by the composition

resi,8 :“ 8˚ ˝ resi : H
1pY plq,TSymk´2 Hip1qq Ñ H0pSpecQpµlq,Z {li Zq – Z {li Z,

as 8˚R1j˚ TSym
k´2 Hip1q – Z {li Z by [Kin15] 12.5.4.

The residue morphism at 8 is given by the inverse limit

res8 :“ lim
ÐÝ
i

resi,8 : H1pY plq,TSymk´2 H p1qq Ñ H0pSpecQpµlq,Zlq – Zl .
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3.5. Residue at the cusp 8

3.5.1. Compatibility of residue and moment morphisms

Let us now consider the following commutative diagram, made by combining the dia-
grams in 3.4 and 3.3.2 defining respectively the torsors Erlisxty and Z {li Zxty.

Erlisxty Z {li Zxαptqy

0 µliN ErliN s Z {liN Z 0

Y plq Y plq

ErN s Z {N Z

αi

pi,t qi,t
ai

t αptq
α

where ai : ErliN s Ñ Z {liN Z induces a finite morphism of schemes

αi : Erlisxty Ñ Z {li Zxαptqy

over Y plq. We then get a finite morphism

αi! : ΛipHixtyq Ñ ΛipZ {li Zxαptqyq

of sheaves over Y plq.

In this setting, we can now define another residue map at the cusp 8.

Definition 3.5.3. Let us consider the Leray spectral sequence for the open immersion
j : Y plq Ñ Xplq and the sheaf ΛipZ {li Zxαptqyqp1q P ShpY plqq, i.e.

HppXplq, Rqj˚ΛipZ {li Zxαptqyqp1qq ñ HnpY plq,ΛipZ {li Zxαptqyqp1qq. (3.5)

Define the i-th cyclotomic residue morphism at 8 by

resi,8 : H1pY plq,ΛipHixtyqp1qq
αi
Ñ H1pY plq,ΛipZ {li Zxαptqyqp1qq Ñ

Ñ H0pSpecQpµlq,ΛipZ {li Zxαptqyq – ΛipZ {li Zxαptqyq,

where the last map is given by the composition of the pullback via the closed immersion
8 and the 1-edge morphism in the spectral sequence (3.5). Define the cyclotomic residue
morphism at 8 to be the inverse limit

res8 :“ lim
ÐÝ

resi,8 : H1pY plq,ΛpH xtyqp1qq Ñ H0pSpecQpµlq,ΛpZlxαptqyq – ΛpZlxαptqyq.

The cyclotomic residue morphism and the residue morphism defined in 3.5.2 are com-
patible with the cyclotomic and elliptic sheafified moment maps defined in 3.3.14 and
3.4.5.
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3. Moments, residues and elliptic Soulé elements

Proposition 3.5.4. There exists a commutative diagram

H1pY plq,ΛpH xtyqp1qq H0pSpecQpµlq,ΛpZlxαptqyqq – ΛpZlxαptqyq

H1pY plq,TSymk´2 H p1qq H0pSpecQpµlq,Zlq – Zl .

res8

momk´2
t

momk´2
αptq

res8

For further applications, we compute now the cyclotomic residue at the cusp 8 of the

elliptic Soulé element ESxty
c P H1pY plq,ΛpH xtyqp1qq defined in 3.4.7.

Lemma 3.5.5 ([Kin15] 12.5.8). We have13

res8pESxty
c q “ B

αptq
2,c ,

where B
αptq
2,c is the Bernoulli measure defined in 3.3.10.

The proof of this lemma is rather technical and strongly relies on the explicit descrip-
tion of the elliptic units via the local parameter q. For details, we refer to [Kin15].
We conclude by giving the residue at the cusp 8 of the twisted elliptic Soulé element

cek´2ptq P H1pY plq,TSymk´2 H p1qq defined in 3.4.8.

Lemma 3.5.6 ([Kin15] 12.5.9). For t “ pa, bq P ErlspY plqq ∖ teu and c ” 1 mod l, we
have

res8pcek´2ptqq “
lk´1

pk ´ 2q!k

ck ´ 1

ck´2
Bkp

a

l
q.

13Note that in [Kin15] 12.5.8, the result is proved for elements over the formal completion zY plq
8

of the modular curve Y plq. But, since the residue map res8 : H1
pY plq,TSymk´2 H p1qq Ñ

H0
pSpecQpµlq,Zlq factors through H1

pzY plq
8
,TSymk´2 H p1qq Ñ H0

pSpecQpµlq,Zlq, for conve-
nience we state this result for Y plq.
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4. Ribet’s Method

In this section we give an overview of Ribet’s Method (see [Rib76]), explaining its origins
and of what it consists.

4.1. Herbrand-Ribet Theorem

Let l be the odd prime defined in Section 3 and denote by A the ideal class group of
the cyclotomic field Qpµlq. Define C :“ A{Al to be the maximal l-quotient of A, where
Al “ tal | a P Au1. Let

χ : GalpQpµlq{Qq Ñ F˚
l given by σ ÞÑ χpσq, for σpζlq “ ζ

χpσq

l ,

be the cyclotomic character and note that it generates the character group of GalpQpµlq{Qq.
Then, since the Galois action of GalpQ{Qq on C factors through GalpQpµlq{Qq, by
Maschke’s Theorem ([FH04] 1.6), C can be canonically decomposed into χ-eigenspaces
as

C “
à

i mod l´1

Cpχiq,

where each eigenspace Cpχiq is given by

Cpχiq :“ tc P C | σpcq “ χipσqpcq for every σ P GalpQpµlq{Qqu.

Herbrand-Ribet Theorem relates special values of the Riemann ζ-function and the class
group A of Qpµlq.

Theorem 4.1.1 (Herbrand-Ribet Theorem, [Rib76] 1.1). Define the Riemann ζ-function
to be the analytic continuation to C∖ t1u of

ζpsq “
ÿ

ně1

1

ns
, s P C, Repsq ą 1

and let 4 ď k ď l ´ 3 be an even integer2. Then

l | ζp1 ´ kq if and only if Cpχ1´kq ‰ 0.

1Hence l divides the order of A if and only if its quotient C is not trivial.
2Notice that in the original statement in [Rib76] k is assumed to be bigger than 2, but, since in our
work we will assume that l | ζp1 ´ kq, where ζp1 ´ kq “ ´

Bk
k

and B2 “ 1
6
, it is enough to assume

k ě 4.
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4. Ribet’s Method

The necessary condition for the non-triviality of Cpχ1´kq was proven by Herbrand
in 1932 in [Her32] and involves classical Algebraic Number Theory. Nevertheless, the
opposite implication turned out to be more involved and was proved only in 1976 by
Ribet in [Rib76], for which he developed what it is now called “Ribet’s Method”. We
will explain this method in the following with more details.
Herbrand-Ribet Theorem was further generalized by Mazur and Wiles in [MW84] as a
consequence of the Iwasawa Main Conjecture for Q, which they proved using a general-
ization of Ribet’s Method.

Theorem 4.1.2 (Mazur-Wiles, [MW84]). Let 4 ď k ď l ´ 3 be an even integer. Then
the power of l dividing ζp1 ´ kq is exactly the power of l dividing the order of Cpχ1´kq.

4.2. Ribet’s Method

By “Ribet’s Method” we mean the strategy that Ribet used to prove the sufficient condi-
tion of Theorem 4.1.1. Indeed, instead of proving directly the implication, he understood
that introducing in the picture modular forms and their associated Galois representa-
tions would have proved the claim. An important step in the proof was realizing that the
desired implication of Theorem 4.1.1 was equivalent to construct a certain unramified
extension of Qpµlq. This latter statement was then generalized even further to a result
involving unramified Galois representations of GalpQ{Qq. In this section we will firstly
introduce these two other results and then briefly see how Ribet proved them.

4.2.1. Unramified extensions and unramified Galois representations in the
case l | ζp1 ´ kq

Under the assumption that the odd prime l divides ζp1 ´ kq, showing that the χ1´k-
eigenspace Cpχ1´kq of C is not trivial is equivalent to prove the existence of a non-trivial
unramified Galois extension of Qpµlq, indeed:

Theorem 4.2.1 ([Rib76] 1.2). Let l | ζp1 ´ kq. Then there exists a Galois extension
E{Q containing Qpµlq such that:

1. E{Qpµlq is unramified;

2. GalpE{Qpµlqq is a non-zero abelian group of exponent l;

3. For any σ P GalpE{Qq and any τ P GalpE{Qpµlqq, we have στσ´1 “ χpσq1´kτ .

The equivalence between Theorem 4.1.1 and Theorem 4.2.1 strongly relies on the

functoriality of the Artin symbol
”

E{Qpµlq
¨

ı

: A Ñ GalpE{Qpµlqq. More details can be

found in [Rib76] and in [Sab22].

The powerful insight of Ribet’s Method was the realization that, instead of proving
the existence of such an unramified extension, it was sufficient to prove the existence of
a specific unramified Galois representation.
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4.2. Ribet’s Method

Theorem 4.2.2 ([Rib76] 1.3). Let l | ζp1 ´ kq. Then there exists a finite field F Ě Fl
and a continuous Galois representation

ρ : GalpQ{Qq Ñ GL2pF q

such that:

1. ρ is unramified at every prime p ‰ l (i.e. ρ |Ip is the trivial representation, where
Ip is the inertia group at p);

2. ρ is an extension of the 1-dimensional representation with character χk´1 by the
trivial 1-dimensional representation, i.e.

ρpσq “

ˆ

1 bpσq

0 χk´1pσq

˙

for every σ P GalpQ{Qq;

3. ρ is not diagonalizable, i.e. b is not identically zero;

4. ρ|Dl
is diagonalizable, i.e. bpDlq “ 0, where Dl is the decomposition group for l in

GalpQ{Qq.

Such representation ρ can be constructed, thanks to [Shi94] and [Shi72], starting from
cusp forms. Ribet’s Method consists in the proof of Theorem 4.2.2. If we then consider

E :“ Qker ρ
, the extension E{Q satisfies Theorem 4.2.1.

4.2.2. Ribet’s Method

Ribet’s Method was developed to show how a divisibility of some special value of the
Riemann ζ-function implies the non vanishing of class groups of cyclotomic fields. In
order to do so, Ribet considered an Eisenstein series related to the ζ-value, from it he
constructed a cusp form and then he associated it a GalpQ{Qq-representation satisfying
Theorem 4.2.2. We will now give more details about each step of Ribet’s Method, that
is represented graphically below. All details can be found in [Rib76] and in [Sab22].

Step 1: ζ-function ñ Eisenstein series. Consider the weight k modular form given
by the Eisenstein series

Ek “
ζp1 ´ kq

2
`

ÿ

ně1

ÿ

d|n

dk´1qn
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4. Ribet’s Method

on SL2pZq. Notice that for k “ 4, 6 we have respectively

E4 “
1

240
` ¨ ¨ ¨ and E6 “ ´

1

504
` ¨ ¨ ¨ .

Step 2: Eisenstein series ñ Cusp forms. For every even integer k ě 4, there exists a
modular form g :“ p240E4qap´540E6qb P MkpSL2pZqq of weight k, where k “ 4a ` 6b
for a, b ě 0, with constant term equal to 1 and integers coefficients. With such a g, we
can construct the cusp form

g1 :“ Ek ´
ζp1 ´ kq

2
g P SkpSL2pZqq.

Notice that, by construction, it has zero constant term and that, by the assumption
l | ζp1 ´ kq,

g1 ” Ek mod l.

By Deligne-Serre lifting theorem (see [Rib76] 3.5), there exists a cuspidal eigenform
f P SkpOKq such that

f ” g1 ” Ek mod l,

where K is a number field generated by the coefficients of g1 and l a prime above l. By
the congruence above, we deduce also that f is l-ordinary, i.e. alpfq is a l-unit.

Step 3: Cusp forms ñ Galois representations. To such a cuspidal l-ordinary eigenform
f , see [Rib76] 3.7, we can associate a continuous Galois representation

ρ : GalpQ{Qq Ñ GL2pKlq given by

ˆ

1 ˚

0 χk´1

˙

that is irreducible (because f is cuspidal), unramified at every prime p ‰ l and such that
ρ|Dl

is diagonalizable (because f is l-ordinary). The representation ρ satisfies Theorem
4.2.2.

Step 4: Galois Representations ñ Class groups. By construction of ρ, E :“ Qker ρ

satisfies Theorem 4.2.1.
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5. A cohomological version of Ribet’s
Method

The goal of this thesis is to give a cohomological version of Ribet’s Method, in particular
we want to “translate” this method cohomologically using étale cohomology of modular
curves to construct an unramified extension satisfying Theorem 4.2.1. Let k be an even
integer, 4 ď k ď l ´ 3, and assume for the rest of the thesis that l | Bk. The key idea
to go from the world of Galois representations to the world of étale cohomology is using
extension classes. Indeed, a Galois representation

ρ : GalpQ{Qq Ñ GL2pZ {lZq given by σ ÞÑ

ˆ

1 bpσq

0 χk´1pσq

˙

,

i.e. an extension of the 1-dimensional representation with character χk´1 by the trivial
1-dimensional representation, gives rise to an element of the extension group

Ext1QpZ {lZpk ´ 1q,Z {lZq.

By duality this corresponds to an element in

Ext1QpZ {lZ,Z {lZp1 ´ kqq.

By definition of group cohomology, the extension group above is the first right derived
functor

Ext1QpZ {lZ,Z {lZp1´kqq “ R1pZ {lZp1´kq ÞÑ pZ {lZp1´kqqGalpQ{Qqq “ H1
GalpGalpQ{Qq,Z {lZp1´kqq.

The following result gives us a comparison between Galois and étale cohomology:

Proposition 5.0.1 (A.4.1). For K a field, there exists an equivalence of categories

tétale sheaves on SpecKu Ø
␣

GalpK{Kq ´ modules
(

.

Hence we obtain that

H1
GalpGalpQ{Qq,Z {lZp1 ´ kqq – H1pSpecQ,Z {lZp1 ´ kqq,

showing us that constructing a Galois representation ρ as in Theorem 4.2.2 is equivalent
to construct a class in H1pSpecQ,Z {lZp1 ´ kqq satisfying particular properties. In
particular, due to the work of [HP92] and [MW84], it will be enough to construct a class
in H1pY plqQ,TSym

k´2 H p1qq satisfying [HP92] Propositions 2 and 3 that will give rise
to an extension satisfying Theorem 4.2.1.
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5. A cohomological version of Ribet’s Method

5.1. Action of the Hecke algebra on cohomology of modular
curves

Let us consider the level-lmodular curve Y plq over SpecQpµlq defined in 3.1 together with
the open immersion j : Y plq Ñ Xplq and the closed immersion 8 : SpecQpµlq Ñ Xplq.
For the cusp 8, we define Y8 :“ Y plq Y t8u and we still denote by j and 8 the induced
immersions.
For the Hecke algebra

H :“ ZlrT2, T3, . . . , Tl, . . . s,
i.e. the Zl-algebra generated by the Hecke operators Ti (see Appendix A for a precise
definition of these operators), define the Eisenstein ideal I Ď H to be the kernel of the
homomorphism

φ : H Ñ Zl given by Tp ÞÑ pk´1 ` 1.

Let mEis :“ pI, lq P H be the maximal ideal generated by l and the Eisenstein ideal
I and let HEis be the localisation of H at mEis. For any H-module M , we define
the HEis-module MEis :“ M bZl

HEis. Finally, let HEis be the image of H into
EndZl

pH1pY8,TSym
k´2 H p1qqEisq and IEis the image of the Eisenstein ideal I in HEis.

5.1.1. A short exact sequence induced by the residue map at the cusp 8

Let us define Y plqQ :“ Y plq ˆSpecQpµlq SpecQ and pY8qQ :“ Y8 ˆSpecQpµlq SpecQ to be

the base change respectively of Y plq and Y8 to SpecQ and analogously define the base
change 8Q. Denote by jQ and 8Q the induced maps.

Consider the Leray spectral sequence for RjQ˚
over TSymk´2 H p1q P ShpY plqQq, i.e.

Ep,q2 :“ HpppY8qQ, R
qjQ˚

TSymk´2 H p1qq ñ En :“ HnpY plqQ,TSym
k´2 H p1qq. (5.1)

Lemma 5.1.1. The residue morphism at 8, constructed in 3.5.2, induces a short exact
sequence of H ˆ GalpQ{Qq-modules

0 Ñ H1ppY8qQ, jQ˚
TSymk´2 H p1qq Ñ H1pY plqQ,TSym

k´2 H p1qq Ñ Zl Ñ 0

Proof. Consider the exact sequence of low degree (see A.3.6) associated to the Leray
spectral sequence in (5.1), i.e.

0 Ñ H1ppY8qQ,jQ˚
TSymk´2 H p1qq Ñ H1pY plqQ,TSym

k´2 H p1qq Ñ

H0ppY8qQ, R
1jQ˚

TSymk´2 H p1qq Ñ H2ppY8qQ, jQ˚
TSymk´2 H p1qq.

For1 Cusp “ Cusp0 Yt8u, let us defineM 7 on pY8qQ to be the continuation of TSymk´2 H p1q

via jQ! at t8u and via jQ˚
at Cusp0. Then, by [Har93] p.1142, we have the short exact

sequence

0 Ñ jQ!TSym
k´2 H p1q Ñ M 7 Ñ RjQ˚

TSymk´2 H p1q|Cusp0 Ñ 0

1where Cusp0 denotes all the cusps above the cusp zero.
2Note that we consider TSymk´2 H p1q that is isomorphic to Mk´2pk ´ 1q of [Har93] and [HP92].
Moreover, the role of Cusp0 and 8 are inverted with respect to Σ0 and Σ8 in [Har93].
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5.2. Construction of a cusp class

that gives rise to the long exact sequence

¨ ¨ ¨ Ñ H2ppY8qQ, jQ!TSym
k´2 H p1qq Ñ H2ppY8qQ,M

7q Ñ (5.2)

H2pCusp0, RjQ˚
TSymk´2 H p1qq Ñ ¨ ¨ ¨

For the left hand side, by Poincarè duality3, we have

H2ppY8qQ,TSym
k´2 H p1qq – H0

c ppY8qQ, pTSym
k´2 H p1qq_p1qq_.

By considering the injective map

H0
c ppY8qQ, pTSym

k´2 H p1qq_p1qq ãÑ H0ppY8qQ, pTSym
k´2 H p1qq_p1qq,

where the right hand side vanishes because the local system has no global sections for k ą

2, we deduce thatH0
c ppY8qQ, pTSym

k´2 H p1qq_p1qq_ “ 0 and so alsoH2ppY8qQ,TSym
k´2 H p1qq “

0. For the right hand term in (5.2), by the fact that the sheaf RjQ˚
TSymk´2 H p1q is

not trivial only on4 8Q, we deduce that

H2pCusp0, RjQ˚
TSymk´2 H p1qq “ 0.

Therefore also H2ppY8qQ,M
7q “ 0. By definition ofM 7 and the fact that RjQ! is exact

5,
we then deduce that

H2ppY8qQ, jQ˚
TSymk´2 H p1qq “ 0.

Moreover, again by the fact that the sheaf RjQ˚
TSymk´2 H p1q is not trivial only on

8Q, we deduce also that

H0ppY8qQ, R
1jQ˚

TSymk´2 H p1qq – H0p8Q,8
˚R1jQ˚

TSymk´2 H p1qq – Zl,

where the last isomorphism comes from 8˚

QR
1jQ˚

TSymk´2 H p1q – Zl by [Kin15] 12.5.4.

After tensoring the short exact sequence in 5.1.1 with the localisation HEis, we obtain
the exact sequence of HEis ˆ GalpQ{Qq-modules

H1ppY8qQ, jQ˚
TSymk´2 H p1qqEis Ñ H1pY plqQ,TSym

k´2 H p1qqEis Ñ Zl Ñ 0. (5.3)

5.2. Construction of a cusp class

To have an element analogous to the cusp form of Ribet’s Method, we would like to
construct a class in H1pY plqQ,TSym

k´2 H p1qq with a relation with the value of the
Riemann ζ-function at 1´k. This is done by using the residue at the cusp 8 constructed
in 3.5.2, that will play the role of the constant coefficient in the series expansion of the
cusp form. In particular, we want to find a class α P H1pY plqQ,TSym

k´2 H p1qq such
that

res8pαq ” 0 modulo l.
3[Mil80] VI 11.1.
4[Mil04] Proposition 16.11.
5see [Fu15] 5.5.1.
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5. A cohomological version of Ribet’s Method

Definition 5.2.1. Define, for t “ pa, bq P ErlspY plqq ∖ teu and c ” 1 mod l, the cusp
class to be

α :“ f˚

¨

˝

cek´2ptq ` ξ
ck ´ 1

ck´2

1

pk ´ 2q!pl ´ 1q

ÿ

1‰ψ mod l

χpaqLp1 ´ k, χq

˛

‚P H1pY plqQ,TSym
k´2 H p1qq,

for ξ P H1pY plqQ,TSym
k´2 H p1qq such that res8pξq “ 1 and f : Y plqQ Ñ Y plq the map

induced by the base change.

Then we have the following:

Lemma 5.2.2. The image of the cusp class α via the residue morphism

res8 : H1pY plqQ,TSym
k´2 H p1qq Ñ Zl

is given by

res8pαq “ ´
ck ´ 1

ck´2

1

pk ´ 2q!pl ´ 1q
ζp1 ´ kq.

In particular, since l | Bk,

res8pαq ” 0 mod l.

Proof. By Lemma 3.5.6 and Definition 5.2.1, we have

res8

¨

˝

cek´2ptq ` ξ
ck ´ 1

ck´2

1

pk ´ 2q!pl ´ 1q

ÿ

1‰ψ mod l

χpaqLp1 ´ k, χq

˛

‚

“ res8pcek´2ptqq ` res8pξq
ck ´ 1

ck´2

1

pk ´ 2q!pl ´ 1q

ÿ

1‰ψ mod l

χpaqLp1 ´ k, χq

“
lk´1

kpk ´ 2q!

ck ´ 1

ck´2
Bkp

a

l
q `

ck ´ 1

ck´2

1

pk ´ 2q!pl ´ 1q

ÿ

1‰ψ mod l

χpaqLp1 ´ k, χq.

Let us consider the Hurwitz zeta function defined by the analytic continuation to C∖t1u

of

ζps, aq “
ÿ

ně0

1

pn` aqs
, for Repsq ą 1, a ‰ 0,´1,´2, . . . .

By the relation between the Hurwitz zeta function and the Bernoulli polynomials, we
have that

Bkp
a

l
q “ ´kζp1 ´ k,

a

l
q,

and, by the relation between the Hurwitz zeta function and the Dirichlet L-function, we
have

ζp1 ´ k,
a

l
q “

l1´k

l ´ 1

ÿ

ψ mod l

χpaqLp1 ´ k, χq,
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where ψ runs all over the Dirichlet characters modulo l. Therefore we obtain that

lk´1

kpk ´ 2q!

ck ´ 1

ck´2
Bkp

a

l
q “ ´

ck ´ 1

ck´2

1

pk ´ 2q!pl ´ 1q

ÿ

ψ mod l

χpaqLp1 ´ k, χq,

leading to

res8

¨

˝

cek´2ptq ` ξ
ck ´ 1

ck´2

1

pk ´ 2q!pl ´ 1q

ÿ

1‰ψ mod l

χpaqLp1 ´ k, χq

˛

‚“ ´
ck ´ 1

ck´2

1

pk ´ 2q!pl ´ 1q
ζp1´kq.

By base change, we then obtain

res8pαq “ ´
ck ´ 1

ck´2

1

pk ´ 2q!pl ´ 1q
ζp1 ´ kq.

In particular, since l | Bk and so also l | ζp1 ´ kq, we have res8pαq ” 0 modulo l.

5.3. A splitting short exact sequence induced by the residue

Let us define theHEisˆGalpQ{Qq-modulesX :“ ImpH1ppY8qQ, jQ˚
TSymk´2 H p1qqEis Ñ

H1pY plqQ,TSym
k´2 H p1qqEisq and Y :“ H1pY plqQ,TSym

k´2 H p1qqEis so that the ex-
act sequence constructed in (5.3) becomes

0 Ñ X Ñ Y Ñ Zl Ñ 0.

Then the HEis ˆ GalpQ{Qq-module X satisfies the following Proposition:

Proposition 5.3.1 ([HP92] Satz 3). Let τ denote the GalpQ{Qq-representation on X.
Then:

1. τ is unramified outside l, i.e. τ |Ip “ id for every prime p ‰ l, where Ip is the
inertia group at p;

2. There is an isomorphism of Galois modules6 Y {X – Zl;

3. For p ‰ l, let φp be the geometric Frobenius at p acting on Zlp1q via multiplication
by p´1. Then trpτpφpqq “ Tp and detpτpφpqq “ pk´1 and, for λl the eigenvalue of
τpφlq on this module, we have λl ` lk´1{λl “ Tl;

4. The module pX b Qlq
Il is free of rank 1 over HEis b Ql, where Il is the inertia

group at l;

6Note that in this work we work with the sheaf TSymk´2 H p1q P ShpY plqq, where H :“ pR1π˚ Zlq
_,

while [HP92] use Mk´2 :“ TSymk´2R1π˚ Zl. Hence the different twist in our statement of Satz 3
comes from the isomorphism Mk´2pk ´ 1q – TSymk´2 H p1q. This isomorphism equips Y and X of
an additional pk´1q-Hecke action compared to the one in [HP92], leading to the isomorphism above.
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5. A cohomological version of Ribet’s Method

5. For every direct summand Kl of HEis b Ql, the Galois representation on X b Ql

is irreducible.

Let us now consider the cusp class α defined in 5.2.1.

Proposition 5.3.2. The cusp class α P H1pY plqQ,TSym
k´2 H p1qq gives rise to a split-

ting
0 Ñ X Ñ X ‘ αEis Zl Ñ Zl Ñ 0,

Proof. The proof follows immediately from Lemma 5.2.2, as we define αEis to be the
image of α in H1pY plqQ,TSym

k´2 H p1qqEis.

Let us notice that X ‘ αEis Zl is a submodule of Y , such that, by [HP92] §2,

Y {pX ‘ αEis Zlq – Zl {lδ Zl – Z {lδ Z,

where lδ||ζp1 ´ kq. Therefore:

Proposition 5.3.3 ([HP92] Satz 4). There exists a HEis ˆ GalpQ{Qq-equivariant em-
bedding

Z {lδ Z ãÑ X{lδX,

giving rise to the morphism

φδ : HEis Ñ Z {lδ Z given by Tp ÞÑ pk´1 ` 1.

Such a structure on HEis gives rise to an unramified extension as in 4.2.1. We will
outline the proof of this fact, due to [HP92] §3, in the next section.

5.3.1. Summary of the construction of an unramified extension

In this section we summarise the strategy used by Harder-Pink in [HP92] §3 to con-
struct an unramified extension satisfying Theorem 4.2.1, starting from the results in the
previous section.
The representation τ : GalpQ{Qq Ñ GLHEis

pXq constructed in 5.3.1 gives rise to an
infinite extension L{Q such that GalpL{Qq ãÑ GLHEis

pXq, where we identify GalpL{Qq

with its image via this inclusion. We will use it to construct an extension satisfying
Theorem 4.2.1.

Proposition 5.3.4 ([HP92] §3). There exists an extension K1{Q that is non trivial and
unramified over Qpµlq.

Sketch of proof. From 5.3.1.3, we have that the homomorphism det : GalpQ{Qq Ñ

pHEis b Qlq
˚ induces a non-trivial homomorphism

det : GalpL{Qq Ñ pZ {lZq˚,

sending the complex conjugation σc to ´1. Then we can write GalpL{Qq “ G1 ¸ W ,
for G1 :“ ker det and W Ď Il the image of a section of det. W induces a decomposition
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5.3. A splitting short exact sequence induced by the residue

X “ X´ ‘ X` into σc-eigenspaces, where, by 5.3.1.4, we have that X` “ XIl “ XW

is such that X` b Ql is a rank one HEis b Ql-module and X´ b Ql is a free rank one
HEis b Ql-module. Hence, for every x P X, we can write x “ x´ ` x` and then we
obtain an action of GalpL{Qq on X described by

σpxq “ τpσq

ˆ

x´

x`

˙

“

ˆ

apσqx´ ` bpσqx`

cpσqx´ ` dpσqx`

˙

, for σ P GalpL{Qq, x P X,

where apσq P EndHEis
pX´q and bpσq P HomHEis

pX`, X´q, and by

ˆ

χk´1
8 pσq ˚

0 1

˙

for σ P Il,

where χ8 is the cyclotomic character GalpQpµl8q{Qq Ñ Z˚
l . By [HP92] 3.1.4 and 3.1.5,

we have that the Eisenstein ideal IEis is generated by the elements apσq ´ detpσq

and dpσq ´ 1 for σ varying in GalpL{Qq, hence, since HEis “ Zl `IEis, HEis is a
Zl-algebra generated by the apσq, dpσq’s. Let now B Ď HomHEis

pX`, X´q and C Ď

HomHEis
pX´, X`q be the HEis-modules7 generated by respectively the bpσq’s and the

cpσq’s. Since, by [HP92] 3.1.4, for every σ, σ1 P GalpL{Qq we have bpσqcpσ1q P IEis, we
may define I 1 :“ BC Ď IEis. Let us consider the homomorphism

ψ1 :

ˆ

apσq bpσq

cpσq dpσq

˙

ÞÑ

ˆ

apσq 0

0 dpσq

˙

,

where apσq, dpσq P pHEis{I
1q˚. Let Qpψ1q be the extension of Q such that the morphism

ψ1 factors faithfully over GalpQpψ1q{Qq. As this extension is totally ramified only at l,
we have a surjection Il Ñ GalpQpψ1q{Qq so that apσq ” 1 and dpσq ” χk´1

8 pσq modulo I 1.
Therefore I 1 :“ BC “ IEis and we obtain a cyclotomic extension L0 over Q, generated
by the homomorphism GalpQ{Qq Ñ pZ {lδ Zq˚ “ pHEis{IEisq

˚. Let us now consider the
homomorphism8

ψ2 :

ˆ

apσq bpσq

cpσq dpσq

˙

ÞÑ

ˆ

apσq bpσq

0 dpσq

˙

,

where apσq, dpσq P pHEis{I
1q˚ and bpσq P B{IEisB. It defines an extension K1{Q un-

ramified over L0 and such that

GalpK1{L0q – B{IEisB,

with GalpL0{Qq operating via χ1´k
8 and where, via the theory of Fitting ideals and the

fact that HEis{IEis “ Z {lδ Z, we have lδ | ordpB{IEisBq.

7By definition they are Zl-modules, but by [HP92] 3.1.6, they are indeed HEis-modules.
8The map ψ2 is an homomorphism by definition of I 1.

35



5. A cohomological version of Ribet’s Method

5.4. A different cohomological approach

In this section we present a different cohomological approach to Ribet’s Method. This
approach did not lead us to the conclusion we were looking for, but, since it uses tech-
niques that can be useful for further approaches, we include it in the present work.

As we have seen at the beginning of this chapter, to construct a Galois representation
ρ as the one constructed in Theorem 4.2.2, it is enough to construct a cohomology class
in9 H1

GalpQ,Z {lZpl ´ kqq satisfying the following equivalent properties:

Galois representation (Ribet’s method) Galois cohomology

a) ρ : GalpQ{Qq Ñ GL2pZ {lZq, σ ÞÑ

ˆ

1 bpσq

0 χk´lpσq

˙

D̃l´k P H1
GalpQ,Z {lZpl ´ kqq

b) bpσq ı 0 D̃l´k ‰ 0

c) ρpIpq “ I2 @p ‰ l prime D̃l´k|Ip “ 0 @p ‰ l prime

d) bpDlq “ 0 D̃l´k|Dl
“ 0

Hence to prove that this cohomological approach holds, we would need to show that
properties a) to d) hold in the Galois cohomology version. To do that, we first construct
a class in étale cohomology and then, using Theorem 5.0.1, obtain a suitable class in
H1

GalpQ,Z {lZpl ´ kqq.

5.4.1. Constructing an Eisenstein class

Let n ě 0. To be analogous to the Eisenstein series of Ribet’s Method, we would like
to find a relation between some class in H1pY plq,TSymn H1p1qq and the value ζp1´ kq.
This is done by using the residue at the cusp 8, that will play the role of the constant
coefficient in the series expansion of the modular form.

Definition 5.4.1. For c ” 1 mod l and t “ pa, bq P ErlspY plqq∖teu, define the Eisenstein
class to be

e1
n :“ cen,1ptq ´ pres8pcen,1ptqq ´ ζp1 ´ kqqξ P H1pY plq,TSymn H1p1qq,

for ξ P H1pY plq,TSymn H1p1qq such that res1,8pξq “ 1 and ce1,nptq the n-th twisted
elliptic Soulé element defined in 3.4.8.

By its construction and by the running assumption l | ζp1´kq, we immediately deduce
the following lemma.

Lemma 5.4.2. res1,8pe1
nq ” 0 modulo l.

5.4.2. Constructing a cusp class

To construct the cusp class, we will use the class constructed in 5.4.1, whose residue at
the cusp 8 is zero, but we also need an auxiliary Eisenstein class.

9Note that Cpχ1´k
q “ Cpχl´k

q since l ´ k ” 1 ´ k mod l ´ 1.
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An auxiliary class

The auxiliary class that we construct is defined analogously to the class cen,1ptq in 3.4.8.

Definition 5.4.3 ([Kin15] 12.6.3). Let us define an invertible function

η : Erlsxty Ñ Gm

given by

x ÞÑ pq
1
l q
B

xty

α,2,c,1pxq
“ pq

1
l2 q

B
xαptqy

2,c,1 pαpxqq,

where the map

B
xty
α,2,c,1 : Erlsxty Ñ Z {lZ,

is defined by

x ÞÑ
l

2
pc2B2pt

α1pxq

l2
uq ´B2pt

cα1pxq

l2
uq “

1

l
B

xαptqy

2,c,1 pαpxqq

for t¨u the representative of ¨ P R{Z in r0, 1r and where the last equality holds by

definition of B
x¨y

2,c,1 of 3.3.10. It gives rise to an element

B
xty
α,2,c,1 P Λ1pH1xtyq

and so a global section

B
xty
α,2,c,1 P H0pY plq,Λ1pH1xtyqq.

Then we can define an auxiliary element (analogous to the elliptic Soulé element) as
follows:

Lemma 5.4.4 ([Kin15] 12.6.3). For t a non-zero l-torsion section of E such that αptq “ 0
and c ” 1 modulo l, define the auxiliary element

GSxty
c,1 :“ Bpηq P H1pErlsxty, µlq,

where B : GmpErlsxtyq Ñ H1pY plq,Λ1pH1xtyqp1qq is the Kummer map. Then GSxty
c,1 is

given by the cup product

GSxty
c,1 “ Bpq

1
l q YB

xty
α,2,c,1 P H1pY plq,Λ1pH1xtyqp1qq.

As with the elliptic Soulé element, we compute now the cyclotomic residue at the cusp
8 of the auxiliary element.

Lemma 5.4.5 ([Kin15] 12.6.4). We have

res1,8pGSxty
c,1q “ B

xαptqy

2,c,1 .
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Proof. The cyclotomic residue res1,8 : H1pY plq,Λ1pH1xtyqp1qq Ñ Λ1pZ {lZxαptqyq, de-
fined in 3.5.3, factors, by definition, through α1! : Λ1pH1xtyq Ñ Λ1pZ {lZxαptqyq. By

definition of B
xty
α,2,c,1, we have that

α1!B
xty
α,2,c,1 “ lB

xty
α,2,c,1 “ l

1

l
B

xαptqy

2,c,1 ,

hence
res1,8pGSxty

c,1q “ res1,8pBpq
1
l q YB

xty
α,2,c,1q “ B

xαptqy

2,c,1 .

Analogously to the construction of the twisted elliptic Soulé element, the auxiliary
class we are looking for is the image of the auxiliary element via the elliptic moment
map:

Definition 5.4.6 ([Kin15] 12.6.5). Let

momn
1,t : H

1pY plq,Λ1pH1xtyqp1qq Ñ H1pY plq,TSymn H1p1qq

be the 1-th elliptic sheafified moment map defined in 3.4.5. Define the auxiliary class to
be

cgn,1ptq :“ momn
1,tpGS

xty
c,1q P H1pY plq,TSymn H1p1qq.

We deduce therefore, by 5.4.5 and the compatibility in 3.5.4, that the residue at the
cusp 8 of the auxiliary class coincides with the residue at the cusp 8 of the twisted
elliptic Soulé element, i.e.

Proposition 5.4.7. We have

res1,8pcgn,1ptqq “ res1,8pcen,1ptqq.

Due to its definition, the auxiliary class satisfies also a property relating the vanishing
of its residue at the cusp 8 with its own vanishing.

Proposition 5.4.8 ([Kin15] 12.6.6). Assume that res1,8pcgn,1ptqq “ 0. Then

cgn,1ptq “ 0.

Proof. By 5.4.4, we have that

momn
1,tpGS

xty
c,1q “ Bpq

1
l q Y momn

1,tpB
xty
α,2,c,1q,

where momn
1,tpB

xty
α,2,c,1q P H0pY plq,TSymn H1q. Considering the Tate filtration over Y plq,

i.e.
0 Ñ Z {lZp1q Ñ H1

α
Ñ Z {lZ Ñ 0,

we have that the morphism α induces, for weight reasons, an isomorphism

H0pY plq,TSymn H1q
–
Ñ H0pY plq,TSymn Z {lZq – Z {lZ

sending

momn
1,tpB

xty
α,2,c,1q ÞÑ res1,8pcgn,1ptqq.

Since by assumption the right hand term in the isomorphism is zero, we deduce that the
cup product defining cgn,1ptq is also zero.
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The auxiliary Eisenstein class

Definition 5.4.9. For t and c as above, let us define the auxiliary Eisenstein class to
be

g1
n :“ cgn,1ptq ´ res1,8pcgn,1ptqqξ P H1pY plq,TSymn H1p1qq,

where ξ P H1pY plq,TSymn H1p1qq is the element defined in 5.4.1.

By its construction, we have

Lemma 5.4.10.
res1,8pg1

nq “ 0.

The cusp class

Definition 5.4.11. Let us define the cusp class

fn :“ e1
n ´ g1

n P H1pY plq,TSymn H1p1qq.

From the previous results, we can immediately deduce the following Proposition.

Proposition 5.4.12. Let fn be the cusp class defined above. Then:

1. res1,8pfnq ” 0 modulo l;

2. fn ” cen,1ptq ´ cgn,1ptq modulo l.

Proof. The statements follow from 5.4.7, 5.4.2, 5.4.10 and the assumption l | ζp1´kq.

5.4.3. Constructing a Galois representation associated to the cusp class

In the previous step, we have constructed the cusp class fn P H1pY plq,TSymn H1p1qq.
To proceed analogously to Ribet’s Method, we need now to associate to such a class a
two-dimensional Galois representation of GalpQ{Qq on Z {lZ satisfying the table in 5.4.
Hence it is enough to construct a cohomology class in H1

GalpQ,Z {lZpl ´ kqq satisfying
the properties described in 5.4.

Constructing an element in H1pQpµlq,Z {lZpn` 1qq

Let us start by associating to the cusp class fn P H1pY plq,TSymn H1p1qq a suitable
Galois cohomology class. Since, by 5.4.12, we have that res1,8pfnq ” 0 modulo l, we can
see the cusp class fn as an element of H1pXplq, j˚ TSym

n H1p1qq, for j : Y plq Ñ Xplq
the open immersion defined in 3.1.
Let us now consider the derived functor 8˚Rj˚ and its induced diagram10

H1pY plq,TSymn H1p1qq

H1pSpecQpµlq,8
˚j˚ TSym

n H1p1qq H1pSpecQpµlq,8
˚Rj˚ TSym

n H1p1qq H0pSpecQpµlq,8
˚R1j˚ TSym

n H1p1qq

res1,8

β γ

(5.4)

10see [HK99a].
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5. A cohomological version of Ribet’s Method

where the vertical arrow comes from the isomorphism RΓpXplq, Rj˚ TSym
n H1p1qq –

RΓpY plq,TSymn H1p1qq and the bottom row is exact for weight reasons of 8˚Rj˚ TSym
n H1p1q.

This diagram is the key tool to associate a Galois cohomology class inH1
GalpQpµlq,Z {lZpn`

1qq to the cusp class fn.

Proposition 5.4.13. There exists an element

Dn`1 P H1pSpecQpµlq,Z {lZpn` 1qq

given by the evaluation of the cusp class fn at 8, i.e.

Dn`1 :“ 8˚pfnq

Proof. From the diagram (5.4) above, since, by 5.4.12, res1,8pfnq “ 0 for fn P H1pY plq,TSymn H1p1qq,
we get, by exactness, a class

Dn`1 P H1pSpecQpµlq,8
˚j˚ TSym

n H1p1qq

given by βpDn`1q “ a, for a P H1pSpecQpµlq,8
˚Rj˚ TSym

n H1p1qq such that res1,8pfnq

factors through a P ker γ. Hence, by construction, we have

Dn`1 :“ 8˚fn P H1pSpecQpµlq,8
˚j˚ TSym

n H1p1qq.

By [Kin15] 12.5.4, we have the isomorphism

8˚j˚ TSym
n H1pnq – Z {lZpn` 1q,

and so we conclude that

Dn`1 P H1pSpecQpµlq,Z {lZpn` 1qq.

By using Theorem 5.0.1, we still denote by Dn`1 the element in H1
GalpQpµlq,Z {lZpn`

1qq isomorphic to the element constructed in 5.4.13. To study further the element Dn`1,
we give now a definition that allows us to give an equivalent description of it.

Definition 5.4.14 ([HK03] 3.1). For any r P Z, s ě 1 and an integer m ě 1, define the
s-th cyclotomic Soulé element by

crpζmqs :“ corQpµlsmq{Qpµmqp1 ´ ζlsmq b pζmlsmqbr´1 P H1
GalpQpµmq,Z {ls Zprqq,

where corQpµlsmq{Qpµmq : Qpµlsmq Ñ Qpµmq is the corestriction map (see [Bro82]). The el-
ements pcrpζmqsqs are compatible with respect to the reduction maps Z {ls Z Ñ Z {ls´1 Z,
and so we can define the cyclotomic Soulé element as the inverse limit

crpζmq :“ lim
ÐÝ
s

crpζmqs P H1
GalpQpµmq,Zlprqq.
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We can use the cyclotomic Soulé element crpζmqs defined in 5.4.14 for m “ l, s “ 1
and r “ n` 1 to describe the element Dn`1 P H1

GalpQpµlq,Z {lZpn` 1qq as follows11.

Proposition 5.4.15 ([Kin15] 12.6.9). We have

Dn`1 “
1

2n!ln
`

c2pcn`1pζlq1 ` p´1qncn`1pζ´1
l q1q ` c´npcn`1pcζlq1 ` p´1qncn`1pcζ´1

l q1q
˘

in H1
GalpQpµlq,Z {lZpn` 1qq.

Hence, to study properties of the element Dn`1 P H1
GalpQpµlq,Z {lZpn`1qq, it will be

enough to study the element cn`1pζlq1 defined above.

Constructing a class in H1
GalpQ,Z {lZpl ´ kqq

The element Dn`1 P H1
GalpQpµlq,Z {lZpn ` 1qq constructed in 5.4.13 clearly does not

satisfy Property a) of 5.4, but we can use it to construct a class in H1
GalpQ,Z {lZpl´ kqq

satisfying Property a).

Proposition 5.4.16. There exists a non-zero element

D̃l´k P H1
GalpQ,Z {lZpl ´ kqq

satisfying Property a) and b) of 5.4.

Proof. As we have seen in 5.4.15, the non vanishing of Dn`1 P H1
GalpQpµlq,Z {lZpn`1qq

depends on the non vanishing of the cyclotomic Soulé element cn`1pζlq1 P H1
GalpQpµlq,Z {lZpn`

1qq. But the element cn`1pζlq1, defined in 5.4.14 by

cn`1pζlq1 “ corQpµl2 q{Qpµlqpp1 ´ ζl2q b pζ ll2qbnq,

is, by using the projection formula

corQpµl2 q{Qpµlqpab res
Qpµlq
Qpµl2 q

pbqq “ corQpµl2 q{Qpµlqpaq b b, for
aPH1pQpµl2 q,Z {lZpn`1qq

bPH1pQpµlq,Z {lZpn`1qq
,

equal to

pcorQpµl2 q{Qpµlqp1 ´ ζl2qq b ζbn
l “ p1 ´ ζlq b ζbn

l .

Hence 0 ‰ cn`1pζlq1 P H1
GalpQpµlq,Z {lZpn`1qq and so also 0 ‰ Dn`1 P H1

GalpQpµlq,Z {lZpn`

1qq. Consider now Shapiro’s isomorphism (see [Bro82] 6.2)

H1
GalpQpµlq,Z {lZpn` 1qq – H1

GalpQ,
à

φP {GalpQpµlq{Qq

Z {lZpφqpn` 1qq.

Then, sinceDn`1 ‰ 0 P H1
GalpQpµlq,Z {lZpn`1qq, there exists a character φ P {GalpQpµlq{Qq

such that pφpDn`1q ‰ 0 P H1
GalpQ,Z {lZpφqpn ` 1qq, for pφ the projection to the φ-

component. Taking n such that12 Z {lZpφqpn` 1q – Z {lZpl´ kq, we obtain 0 ‰ D̃l´k P

H1
GalpQ,Z {lZpl ´ kqq, satisfying the claim.

11Note that, since by Lemma 5.4.12 fn ” cen,1ptq ´ cgn,1ptq modulo l, then we can apply [Kin15] 12.6.9
to fn.

12This is possible since {GalpQpµlq{Qq “ xχy, for χ the cyclotomic character.
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D̃l´k is unramified at every prime p ‰ l

Definition 5.4.17. Consider the representation Qlpl ´ kq and the associated inclusion
map i : Zlpl ´ kq ãÑ Zlpl ´ kq bZl

Ql – Qlpl ´ kq and define, for every prime p ‰ l, the
Ql-finite cohomology at p by

H1
f pQp,Qlpl ´ kqq :“ kerpH1

GalpQ,Qlpl ´ kqq Ñ H1
GalpIp,Qlpl ´ kqq,

where Ip denotes the inertia group at p, and the Z {lZ-finite cohomology at p by

H1
f pQp,Z {lZpl ´ kqq :“ redl ˝i´1pH1

f pQp,Qlpl ´ kqqq,

where redl is the reduction modulo l. For the definition at l, we refer to [Rub00] Remark
3.6. Moreover, define the finite cohomology over Ql (resp. over Z {lZ) by13

H1
f pQ,Qlpl´kqq :“ tx P H1

GalpQ,Qlpl´kqq | locpx P H1
f pQp,Qlpl´kqq for every prime pu

(resp.
H1
f pQ,Z {lZpl ´ kqq :“ redl ˝i´1pH1

f pQ,Qlpl ´ kqqq.

Lemma 5.4.18. We have

locppD̃l´kq P H1
f pQp,Z {lZpl ´ kqq

for every prime p.

Proof. By [HK03] Lemma 1.2.6 and [Fon92] 4.4, we have that, since l ´ k ě 2,

H1
f pQ,Qlpl ´ kqq – H1

GalpQ,Qlpl ´ kqq

for every prime p ‰ l. Therefore, by definition 5.4.17, we have that, for every prime p,

locppD̃l´kq P H1
f pQp,Z {lZpl ´ kqq.

The above Lemma shows, by definition 5.4.17, that, for every prime p ‰ l, we have

D̃l´k|Ip “ 0 P H1
GalpQ,Z {lZpl ´ kqq,

so that D̃l´k satisfies also Property c) of 5.4.

13where locp : H1
pQ,Z {lZpl ´ kqq Ñ H1

pQp,Z {lZpl ´ kqq is the localization map at p.
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A. Appendix

In this appendix the reader can find all the relevant definitions, statements and settings
necessary to understand the work above. For details, see for example [Sil09], [KM85],
[Aut], [Tam94] and [Mil04].

A.1. Hecke operators and Hecke algebra

Let H :“ tτ P C | Im τ ą 0u be the upper half plane.

Definition A.1.1. Let N be a positive integer. The principal congruence subgroup of
level N is the group

ΓpNq :“ t

ˆ

a b
c d

˙

P SL2pZq |

ˆ

a b
c d

˙

”

ˆ

1 0
0 1

˙

mod Nu.

It is a normal subgroup of SL2pZq.

Definition A.1.2. Let Γ be a subgroup of SL2pZq. Γ is called a congruence subgroup
(of level N) if there exists an N P Zą0 such that ΓpNq Ď Γ.

Definition A.1.3. Let γ “

ˆ

a b
c d

˙

P SL2pZq and k be a positive integer. The weight-k

operator rγsk on functions f : H Ñ C is defined by

pf rγskqpτq “ pcτ ` dq´kfpγpτqq, τ P H.

Definition A.1.4. Let Γ be a congruence subgroup of SL2pZq, k a positive integer. A
function f : H Ñ C is a modular form of weight k with respect to Γ if:

1. f is holomorphic;

2. f is weight-k invariant under Γ, i.e. f rγskpτq “ fpτq for every γ P Γ and τ P H;

3. f rγsk is holomorphic at 8 for every γ P SL2pZq.

If, in addition, a0 “ 0 in the Fourier expansion of f rγsk for every γ P SL2pZq, then f is
a cusp form of weight k with respect to Γ.
The modular forms (resp. cusp forms) of weight k with respect to Γ are denoted by
MkpΓq (resp. SkpΓq).

Definition A.1.5. Let Γ be a congruence subgroup of SL2pZq. The cusps of Γ are the
Γ-equivalence classes of Q Y t8u.
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Definition A.1.6. Let α P GL`
2 pQq and Γ1,Γ2 Ď SL2pZq be congruence subgroups.

Then the weight-k Γ1αΓ2 double-coset operator takes f P MkpΓ1q to

f rΓ1αΓ2sk “
ÿ

j

f rβjsk P MkpΓ2q

where the tβju are orbit representatives, i.e. Γ1αΓ2 “
Ť

j Γ1βj disjoint union.

Definition A.1.7. For n a positive natural number and

αn P

"

γ P M2pZq | γ ”

ˆ

1 ˚

0 n

˙

(mod Nq, det γ “ n

*

,

define the Hecke operator Tn to be the weight-k double coset operator rαnsk, i.e.

Tn : MkpΓpNqq Ñ MkpΓpNqq given by f ÞÑ Tnf :“ f rαnsk.

Define the Hecke algebra H to be the Z-algebra

H :“ ZrT1, T2, . . . s

generated by the Hecke operators.

Remark A.1.8. Analogous definitions hold also for Hecke operators on modular forms
with coefficients in Zl and the attached Zl-Hecke algebra. These are the objects that we
will use in our main work.

A.2. Étale cohomology

Definition A.2.1. Let f : X Ñ Y be a morphism of schemes locally of finite presen-
tation, x P X and y :“ fpxq. Then f is étale if it is unramified and flat at x, for every
x P X.

Definition A.2.2. LetX be a scheme and denote by Et{X the category of étale schemes
over X.

Definition A.2.3. Define the étale site Xet of X to be the category Et{X, together
with coverings given by the families of morphisms pφi : X

1
i Ñ X 1qi in Et{X, for X 1 “

Ť

i φpX 1
iq.

The category of abelian sheaves on Xet is denoted by ShpXetq. Its objects are called
étale sheaves on X.

Definition A.2.4. Let F be an abelian sheaf on Xet, X
1 an étale scheme over X. Then

the sheaf cohomology groups HqpX 1, F q are denoted by Hq
etpX

1, F q.1

1But in the main work, we will drop the pedix ¨et.
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A.3. Leray spectral sequences

Definition A.3.1. Let A P C, C abelian. A decreasing filtration of A is a family
pF ppAqqpPZ of subobjects F ppAq of A such that F p`1pAq Ď F ppAq for every p. Let
grppAq “ F ppAq{F p`1pAq. If A,B are two filtered objects in C, a morphism u : A Ñ B
is compatible with the filtration if upF ppAqq Ď F ppBq for every p P Z.
Definition A.3.2. A spectral sequence in the abelian category C is a system E “

pEpqr , Enq consisting of:

1. objects Epqr P C for every pp, qq P Z2 and r ě 2

2. morphisms dpqr : Epqr Ñ Ep`r,q´r`1
r in C such that dp`r,q´r`1

r ˝ dpqr “ 0

3. isomorphisms αpqr : kerpdpqr q{ Impdp´r,q´r`1
r q

–
Ñ Epqr`1

4. decreasingly filtered objects En P C for every n P Z

5. isomorphisms βpq : Epq8 Ñ grppE
p`qq.

The Epq2 are called the initial terms and the En the limit terms of the spectral sequence.
We write Epq2 ñ En for E “ pEpqr , Enq.

Definition A.3.3. A morphism of spectral sequences

u : E “ pEpqr , E
nq Ñ E1 “ pE

1pq
r , E

1nq

in C is a system of morphisms pupqr : Epqr Ñ E
1pq
r , un : En Ñ E

1nq where the un are
compatible with the filtrations of En and E

1n and the upqr , resp. un, commute with
dpqr , α

pq
r , resp βpq.

Definition A.3.4. A spectral sequence E “ pEpqr , Enq in C is a cohomological spectral
sequence if Epq2 “ 0 for p, q ă 0.

Proposition A.3.5. For every cohomological spectral sequence E “ pEpqr , Enq in C there
are morphisms En,02 Ñ En and En Ñ E0,n

2 that are functorial in E and that are called
edge morphisms.

Proposition A.3.6. For a cohomological spectral sequence Epq2 ñ En the sequence

0 Ñ E1,0
2 Ñ E1 Ñ E0,1

2 Ñ E2,0
2 Ñ E2

is exact and called the exact sequence of terms of low degree (or five terms sequence)
belonging to Epq2 ñ En.

Proposition A.3.7. Let f : X Ñ Y be a finite morphism of schemes, F P ShpXetq an
abelian sheaf. Then

Rqf˚F “ 0 for every q ą 0.

Proposition A.3.8. If Epq2 “ 0 for every q ą 0, then the edge morphism En,02
–
Ñ En is

an isomorphism for every n.

Definition A.3.9. Let f : Y Ñ X be a morphism of schemes and F an abelian sheaf
on Y . Define the Leray spectral sequence to be the spectral sequence

Epq2 “ Hp
etpX,R

qf˚pF qq ñ En “ Hn
etpY, F q
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A.4. Galois action on étale cohomology

By [Del22] II 4.4, we have, for a field K and a sheaf F P ShpXetq on the scheme
X :“ SpecK, an isomorphism

H1
etpK,F q – H1

GalpGalpKsep{Kq, lim
ÝÑ
L{K

F pSpecLqq

for L such that K Ď L Ď Ksep.

The above isomorphism comes from the following equivalence of categories.

Proposition A.4.1 ([Del22] II 4.4). For K a field, there exists an equivalence of cate-
gories

tétale sheaves on SpecKu Ø
␣

GalpK{Kq ´ modules
(

.

Proof. (Ñ) Let F P ShpSpecKq and define MF :“ limL F pLq, for L Ď K finite and
Galois over K. Then MF is a discrete GalpK{Kq-module.

(Ð) Let M be a discrete GalpK{Kq-module and define FM P ShpSpecKq by FM pLq :“

MGalpK{Lq.

A.4.1. Transport of structures for étale cohomology

The notion “transport of structures” heuristically means that if we have an object A
with some structure and an isomorphism between this object A and an object B, then,
through this isomorphism, also B gains this structure. Transport of structures gives rise
to a Galois action on étale cohomology.

Let X be a scheme over the field K and K1,K2 be two algebraic closures of K with
σi : K ãÑ Ki the corresponding inclusions. Let α : K1 Ñ K2 be an isomorphism, then,
by functoriality, we have an isomorphism

H i
etpX bK K1,Qlq – H i

etpX bK K2,Qlq

of Ql-vector spaces. Therefore every automorphism in AutpK{Kq gives rise to a corre-
sponding automorphism ofH i

etpXK ,Qlq, defining an action of the Galois group GalpK{Kq

on H i
etpXK ,Qlq.

A.5. Tate module

Let E{S be an elliptic curve. For n P Oˆ
S , define the scheme of n-torsion points

Erns :“ tP P EpSq | nP “ 0u.

Remark A.5.1. Erns is a finite étale group scheme over S.
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Definition A.5.2. For an elliptic curve π : E Ñ S :“ SpecK and a prime l P Oˆ
S ,

define the Tate module to be the Zl-module

TlpEq :“ lim
ÐÝ
m

Erlms,

where the transition maps Erlms Ñ Erlm´1s are given by multiplication by l maps. It
is equipped with a GalpK{Kq-action.

Proposition A.5.3. The Zl-module H :“ pR1π˚ Zlq_ is isomorphic, in every fibre, to
the Tate module TlpEq.

Proof. Let us consider the Weil pairing

Erlis ˆ Erlis Ñ µli

associated to the elliptic curve π : E Ñ S and, by taking the inverse limit, we obtain
the perfect pairing

TlE ˆ TlE Ñ Zlp1q : “ lim
ÐÝ
i

µli ,

so that pTlEq_ – TlEp´1q.
Claim: pTlEq_ – H1pEτ ,Zlq, for τ a geometric point of S and Eτ the localization of E
at it. By [Mil13] 11.3, we have that

H1
etpEτ ,Zlq – Hompπ1pEq,Zlq

where π1pEq is the étale fundamental group with base point the origin of E. But the
étale fundamental group of E is isomorphic to TlE, since

π1pEq “ lim
ÐÝ
i

AutpEiq “ lim
ÐÝ
i

prlis : Ei Ñ Eq “ lim
ÐÝ
i

Erlis “ TlE.

As HompTlE,Zlq “: pTlEq_, we proved the claim. By base change we have

pR1π˚ Zlqτ – H1
etpEτ ,Zlq.

Therefore,

Hτ – H1
etpEτ ,Zlq_ – TlE.

Remark A.5.4. In particular, since pTlEq_ – TlEp´1q, we have

H – R1π˚ Zlp1q.
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A.6. Modular curve parametrising elliptic curves

Definition A.6.1. Let E ll be the category whose objects are elliptic curves π : E Ñ

S over a variable base scheme and whose morphisms are given by the commutative
diagrams

E1 E

S1 S

φ

π1 π

f

such that the induced map pφ, π1q : E1{S1 Ñ f˚E :“ E ˆS S
1 is an isomorphism of

elliptic curves over S1. We write pφ, fq : E1{S1 Ñ E{S.

Definition A.6.2. Define a moduli problem for elliptic curves to be a contravariant
functor

P : E ll Ñ Sets,

and, for an elliptic curve E{S, define a level-P-structure on E{S to be an element of the
set PpE{Sq. A moduli problem P is representable if the functor P is representable,
i.e. if there exists an elliptic curve E{MpPq P E ll and an element αuniv P PpE{MpPqq

such that, for any E{S P E ll,

HomE llpE{S, E{MpPqq Ñ PpE{Sq given by φ ÞÑ Ppφqpαunivq

is an isomorphism. If P is representable, then the scheme MpPq represents the functor

S ÞÑ tisomorphism classes of pairs pE{S, φq, for E{S elliptic curve

and α P PpE{Sq a level-P-structure on E{S}

and E is called universal elliptic curve with level-P-structure over MpPq.

We want now to give an example of moduli problem that will be used in the main
work.

Definition A.6.3. Let N ě 3 and define the level-N -moduli problem to be the con-
travariant functor

E{S ÞÑ tS-group scheme isomorphisms pZ {N Zq2
–
Ñ ErN su.

It is representable by the smooth affine curve Y pNq of relative dimension 1, called the
modular curve, over Zr1{N,µN s.
Let XpNq be its smooth compactification and denote by j : Y pNq ãÑ XpNq the associ-
ated open immersion. Denote by Cusp the subscheme of cusps Cusp :“ XpNq ∖ Y pNq.
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