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1. Introduction

In Number Theory one of the most famous results is Fermat’s Last Theorem, stating
that there exists no non-trivial positive integer solution (x,y, z) to the equation

" +y" = 2" for any n > 2.

Claimed in the 17th century on a marginal note by Fermat, for centuries mathematicians
tried to prove this statement, and a lot of the current results and techniques in Number
Theory and Arithmetic Geometry are due to this process. The Theorem was proved
by Andrew Wile&ﬂ only in 1994 in the two milestone papers “Modular elliptic curves
and Fermat’s Last Theorem” ([Wil95]) and “Ring theoretic properties of certain Hecke
algebras” ([TW95]).

This thesis focuses on one of the key techniques that led to Wiles’ proof: Ribet’s Method
([Rib76)), that relates special values of the Riemann (-function with Galois representa-
tions attached to modular forms. The goal of this thesis is to give a cohomological
version of this method, using classes in the étale cohomology of a modular curve, in-
stead of modular forms.

1.1. Irregular primes and Kummer’s Criterion

For [ an odd prime number, let us consider the cyclotomic field Q(y;), where 1; denotes
the group of I-th roots of unity. Recall that the class number of Q(z;) is the (finite) order
of the class group A of Q(y;). Until the beginning of the 19th century, it was wrongly
believed that the ring of integers Z[uy] of Q(u;) was a unique factorization domain. It
was only in 1847 that Ernst Kummer, in his attempts on solving Fermat’s Last Theorem,
proved this statement wrong. But, by doing so, he realised that Fermat’s Last Theorem
was indeed true for a particular set of exponents n, the so-called regular primes.

DEFINITION 1.1.1. An (odd) prime [ is an irregular prime if [ divides the class number

of Q(pur).

A prime is said to be regular if it is not irregular.

Kummer showed in 1847 that Fermat’s Last Theorem held for regular primes (|Con)),
hence, to complete Fermat’s Last Theorem proof, it was enough to show that the The-
orem was also holding for irregular primes. Since there exists an infinite number of
irregular primes ([Was97] 5.17), in order to study them better, Kummer gave a more
arithmetic characterization of irregular primes, nowadays known as Kummer’s Criterion:

Lwith contributions, among many, of Taniyama, Shimura, Weil, Frey, Ribet and Taylor.



1. Introduction

Lemma 1.1.2. An odd prime prime [ is irreqular if and only if there exists an even
integer k, 2 < k < 1 — 3, such that | | By, where By € Q is the k-th Bernoulli number
defined by

T T B,
o= N g
et —1 2 ;2 ot ”
Let us now define the Riemann (-function as the analytic continuation to C \ {1} of
1
((s) = — s€C, Re(s) >1

87
n=1

and recall its relation with the Bernoulli numbers given by
B, = —n({(1 —n) for any n > 1.

In light of this relation, we notice that Kummer’s Criterion is equivalent to say that a
prime [ is irregular if and only if there exists an even integer 2 < k < | — 3 with the
property that | {(1 — k).

1.2. Ribet’'s Method

Kummer’s Criterion showed that, in order to prove Fermat’s Last Theorem, it was
more convenient to focus on the arithmetic side of the picture. At the beginning of
20th century, a stronger version of Kummer’s Criterion, now known as Herbrand-Ribet
Theorem, was stated. Let us consider the cyclotomic character

x: Gal(Q(u)/Q) 3 (Z /1Z)* defined by () = (X7,
for {; a primitive [-th root of unity, and define
C:=A/A' = A/{d' | a e A}

to be the maximal l[-quotient of the class group A of Q(y;). Then the Galois group
Gal(Q(u;)/Q) acts naturally on C' and we obtain a canonical decomposition

-1 -1
C= E_Blc(xi) = G_Bl{c € C|a(c) = x'(0)c, for every o € Gal(Q(1)/Q)}

of C into x'-eigenspaces. In this setting, we can state the Herbrand-Ribet Theoremﬂ

Theorem 1.2.1. Let k be an even integer such that 2 < k <1—3. Thenl|((1—k) if
and only if C(x*~*) # 0.

2Let us notice that this is indeed a stronger result than Kummer’s Criterion, indeed it does not only
show when the class group A has order divisible by ! (and hence C # 0), but it even gives the specific
non-trivial eigenspace of C.



1.3. Cohomological version of Ribet’s Method
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Figure 1.1.: Schematic version of Ribet’s Method

The sufficient condition of this statement was proved by Herbrand in 1932 using
Algebraic Number Theory ([Her32]), while the other implication was proved only in
1976 by Ribet in his paper “A modular construction of unramified p-extensions of Q(p)”
(JRib76]). In its proof Ribet developed what is now known as Ribet’s Method, a way of
relating the Riemann (-function and the class group of Q(y;) using modular forms and
Galois representations attached to them. We present here a schematic version of this
Method, but we refer to Chapter 4] for more details: as the special value of the Riemann
(-function arises as constant coefficient in some Eisenstein series, we can construct a cusp
form related to this Eisenstein series, and then, using this cusp form and the assumption
that the prime [ divides the (-value, construct a Galois representation p of the absolute
Galois group of Q over GL2(Z /I Z). Then, considering the unramified extension in Q
given by the fixed field of ker p and using Class Field Theory, we conclude that the
appropriate eigenspace of C' is not trivial.

1.3. Cohomological version of Ribet's Method

The goal of this thesis project is to give a cohomological version of Ribet’s Method,
replacing the Eisenstein series and the cusp form by suitable classes in the étale coho-
mology of a modular curve. In particular, we will consider a modular curve Y (1) with
level-l-structure and we will construct an Eisenstein class (see

cer—s € HYy(Y (1), TSym* =2 (1))

and a cusp class (see|5.2.1)
ae Hy(Y (I)g, TSym" =2 (1)),

playing the role of the Eisenstein series and cusp form in Ribet’s Method, where JZ is
the sheaf associated to the I-torsion points of the universal elliptic curve over Y (1), and
Y (l)g is the base change of Y'(I) to Spec Q. We will then show that to this cusp class we
can associate an unramified Galois extension of Q(y;) as the one constructed in Ribet’s
Method.

Let us point out that a cohomological version of Ribet’s Method is a way of approach-
ing this statement from a geometric point of view, allowing possible further applications
in Arithmetic Geometry, in particular to the Iwasawa Main Conjecture.
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Figure 1.2.: Schematic version of Cohomological Ribet’s Method

1.4. Organisation of the Thesis

In Chapter 3| we define our setting and introduce, mainly rewriting the work in [Kin15|
accordingly to our notation, all the constructions and results needed for the Cohomo-
logical Ribet’s Method. In Chapter [4] we give a more detailed description of Ribet’s
Method, based on [Rib76], while in Chapter |5| we use Chapter |3 to give a cohomolog-
ical “translation” of Ribet’s Method, the so-called “Cohomological Ribet’s Method”,
showing how the cohomology classes constructed in [3] give rise to an unramified Galois
extension equivalent to the one of Ribet’s. At the end of this work, the reader may also
find Appendix [A] containing all the relevant prerequisites to understand the main part
of this work.
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3. Moments, residues and elliptic Soulé
elements

In this chapter we collect definitions and statements from [Kinl15| that will be needed in
the following sections of the thesis.

3.1. Notation and setting

Let | be an odd prime and fix a primitive root of unity (; € Q(y;), where y; denotes
the group of I-th roots of unity. Let Y (I) be the modular curve parametrising elliptic
curves E with level-I-structure (Z /I Z)? S E[l]. It is naturally a scheme over Spec Q(z)
and so, by the natural map Spec Q(yr;) — SpecQ, also a Q-scheme. Let m: & — Y (1)
be the universal elliptic curve and denote by e : Y(I) — £ its unit section. Let X(I)
be the compactification of Y(I) and j : Y(I) — X () the open immersion. Denote by
Cusp := X(I) \ Y (I) the subscheme of cusps. Let us consider the Tate curve &, with
level-lI-structure (Z /1 Z)* — &[] given by (a,b) — ¢*¢® defining a section
o : Spec Q) — Cusp,

such that, under the GL2(Z /I Z)-equivariant isomorphism
Cusp = 11 Spec Q(u),

GLZ(Z/lZ)/+<* *)
01

oo is mapped to the component corresponding to the identity matrix. Define, for 4
natural number and n an integer, the n-th Tate twist of the (sheaf of) module Z /I' Z by

,ug?" n=0

Z/Ezn) = {Homz/liz(Z/liZ(n),Z/li 7)) n<0’

that is naturally equipped with a Gal(Q(z:)/Q)-action given by the power x!' of the
cyclotomic character x; : Gal(Q(u;:)) = (Z /I' Z)* defined by o((i) = ;Si(a).
3.2. Preliminaries

On the modular curve Y () let us define the étale sheaves
H = (R'm Z /1" 7)Y
H = (Rim, 7;)Y

11



3. Moments, residues and elliptic Soulé elements

where (-)¥ denotes (respectively) the Z /I* Z-, Z;-dual.
REMARK 3.2.1 (A.5.3). 54 =~ Rm, Z /I' Z(1) and # =~ R'm, 7Z(1).
Let us now recall the definition of divided power algebra.

DEFINITION 3.2.2 ([BO78| Appendix A). Let R be a commutative ring, M an R-module.

1. The divided power algebra I'(M) = @®p=0l'*(M) is a graded augmented R-algebra,
with T'g(M) = R, I'1(M) = M and augmentation ideal I't (M) = @®>,I"*(M). For
any element m € M, we can define m!* € I'* (M) such that mF = klml*l.

2. If M is a free R-module with basis {m1, ..., m,}, then the R-module I*(M) is free
with basis given by {mg”] o m7[fT] | >y = k}.

In particular, we have an R-algebra homomorphism Sym* M — I'*(M), given by
mF — klml¥l and, for M a free R-module, an R-algebra isomorphis (M) =
TSym* M, given by ml*l — m®*(|[Kin16] 1.2). Hence, by this isomorphism, we deduce
that TSymk M is compatible with arbitrary base change, and so, in particular,

(TSym* M) ®z, Z /I'Z = TSym* (M Q Z /I' Z.),

and so it sheafifies well, i.e., for 5 the sheaf defined in , we can define TSymk(% )
to be the sheaf associated to the presheaf U + T'*(#(U)). Therefore let us denote by
Sym* 7% and Sym* # the k-th symmetric power as (respectively) Z /I* Z-, Z;-modules
and by TSym* 7%, TSym* 7 the k-th symmetric tensor power as (respectively) Z /I* Z-
,Z;-modules. There is a Z;-algebra homomorphism

1
Sym" # — TSym" 7 (Ula---vvk)'_’H 2 V(1) ® -+ ® Vo)

gEX

given by the universal property of Sym* . applied to the isomorphism . — TSym' 7,
h — h®!L,

For an inverse system .# = (%;);>1 of étale sheaves modulo Mittag-Leffler-zero sys-
tems over an étale scheme S, we define the continuous étale cohomology H™(S,.%#)
(following [Jan88|) to be the n-th right derived functor of # — limH 0(S,.Z#;). In this

7
work we will often (implicitly) make use of the following lemma:

Lemma 3.2.3. Let .7 = (%;)i>1 be a projective system, where the cohomology groups
HO(S,.Z;) are finite for every i > 1, then

HY(S,.7) = limH"(S, %)

)

For (-adic sheaves, we also define Ext%(.%#,%) to be the right derived functor of
Homg (%, ).

'where TSym* M = {x € M®* | Sy(z) = x}, for Sy the group of k-permutations, is the k-th tensor
symmetric power of M.

12



3.3. Analytic and cyclotomic moment maps

3.3. Analytic and cyclotomic moment maps

Let X = limX; be a totally disconnected compact topological space, where each X; is

A
finite and discrete.

DEFINITION 3.3.1. Let
C(X,Z)) :={f: X —>Z;| f continuous}

denote the space of continuous Z;-valued functions on X endowed with the sup-norm
|- fleo-
DEFINITION 3.3.2. Let

A(X) := Homg, (¢(X,Z),Zy)

be the space of Z;-valued measures on X, where u € A(X) is described by
p:C(X,2Z) — Zy given by f— u(f):= JX fu.

Analogously, define the space of Z /I* Z-valued measures on X by A;(X) := Homg, (¢(X,Z;),Z JI' 7).

REMARK 3.3.3. 1. Since every f € % (X,Z;) is the uniform limit of locally constant
functions, we have

A(X) = @Homzl (CK(XZ,ZZ),Zl) = l&nA(Xz) = LinAz(Xz)

3 7 3

2. For X := H = limH; a profinite group, we have that A(X) inherits a Z;-algebra
i
structure given by
px v = mult(p®v).
A(H) is called the Twasawa algebra of H.

In this section we want to define sheaves of Iwasawa modules, i.e. sheaves that are
inverse systems of sheaves of modules.

DEFINITION 3.3.4. 1. Let (p; : X; — Y(I)); be a projective system of finite étale
schemes over Y (1) with transition maps given by the finite étale maps \; : X;11 —
X;. Let X = LiI_nXZ- be the inverse limit and let Z; be the étale sheaf associated

to X,LE
2. Define on Y (I) the étale sheaf
Ai(25) == pix Z 1" Z € Sh(Y (1)).

and consider the projective system (A;(:27)); with transition maps given by

Q; = I‘edli OtI‘)\i : Ai+1(%+1) = Pi+1x Z/li-‘rl 7 — Dix Z/ZZZ = Az(%)

*i.e., for X; an étale scheme over Y (), we have 2; € Sh(Y (1)) given by 2;(-) = Homy (-, pise X).-

13



3. Moments, residues and elliptic Soulé elements

Then we can define an inverse system of étale sheaves on Y (1), called the sheaf of
Twasawa modules, by

with transition maps (o );.
REMARK 3.3.5. 1. A(2) is functorial, compatible with base changdﬂ and such thatﬁ
Ni(Zi <y %) = Mi(Z) @ Ni(%).

2. A(Z) is the sheafification of the space of measures A(X) defined in in the
sense that, for a geometric point 5 : Spec K — Y (1), we hav

Ni(Zi)s = Ni(Zis) = Ni(Xs)

3. If X := H = limH; is a pro-étale group scheme over Y () with p; : H; — Y(I)

i
finite étale, then the sheaves A;(2;) are sheaves of Iwasawa Z /I’ Z-algebras with
a ring structure induced by the group multiplication on H;.

3.3.1. Analytic moment maps

—k
Define the completion of TSym* H by TSym H := lim TSym H /(®k>1 TSym* H)" and

n

analogously for H;. Note that, by [Kinl5] 12.2.3, we have T/S;nH ~ lgn']ﬁ;?nHZ
i
For H = 7Z; = lim Z JI!Z, we can then define the analytic moment map as follows:

Proposition 3.3.6. There exists a unique Z;-algebras homomorphism, called analytic

moment map,
mom : A(H) — TSymH given by dp, — Z LN
k=0

where 8y, is the Dirac distributio’. Moreover,

mom = lim mom; : N(H;) — T/Sy\mHZ

)

For e € H basis of H and x : H — 7Z; its dual basis, we have that the image via the
analytic moment map of a measure p € A(H) is given by

mom() = (| atel®

k>0 YH

3i.e. for a Y(I)-scheme a : S — Y(I) and Zis = Z; Xy S, by proper base change, we obtain
Ol*Ai(%) = Ni(Zis).

4By using the Kiinneth formula.

5For details, see [Kin16] 4.4.2 and [Kin15] 12.2.10

bi.e. 8,(f) = f(h) for any f e € (H,Z;)

14



3.3. Analytic and cyclotomic moment maps

The projection onto the k-th component, called the analytic k-th moment map is given

by
mom” : A(H) — TSym* H

and, on finite level, by
momi-C :Ni(H;) — TSym"* H;.

REMARK 3.3.7. The analytic moment map is functorial in H.

3.3.2. Torsors and analytic moment maps

Let N > 1 and consider the short exact sequence of finite étale group schemes over Y (1)
0->2Z/I'Z —>Z/INZS 7Z/NZ -0,

where ¢; is the reduction modulo N. Let ¢t : Y(I) — Z /N Z be a N-torsion section and
define a Z /I' Z-torsor

ZNIty =g (t) = {xr € Z/I'NZ | x = t mod N} (3.3)
over Y (l) via the following cartesian diagram

Z/VI{tYy — ZJINZ

Qi,tl l‘h

Y() —-— Z/NZ
and define Z;(t) to be the inverse limit

Zi(ty :=lim Z /I Zt).
Let Ay(Z /' Z4L)), Ay(Z /1P Z) and A(Z(t)), A(Z;) be the spaces of measures defined in
Then A(Z;(t)) is a A(Z;)-module of rank one.
To the torsor Z /I Z{t) defined in (3.3)) we can associate an analytic moment map, as
in [3.3.6

DEFINITION 3.3.8. Define the i-th analytic moment map
ko._ k AT T NI A (7 7 ko i
momy;, := mom; o[ Ny : Ay(Z /I" Z{t)) — Ay(Z /I'Z) — TSym" Z /I" Z

given by

po p(NY— > Nalflp(a),
z€Z J1F Z{t)

where mom? is the map defined in Define the analytic moment map as the inverse
limit
mom? := Lir_nmomﬁt : A(Zy(t)) — TSym* 7; .

)

REMARK 3.3.9. Note that momfﬁt is not independent of the choice of N.

15



3. Moments, residues and elliptic Soulé elements

3.3.3. Bernoulli measures

In the setting of we want to define a measure on Zi(t).

DEFINITION 3.3.10 (Bernoulli measure on A;(Z /I' Z{t)) and A(Z(t))). Let c € Z be such
that (¢,6/N) =1 and let By(z) € Q[z] be the k-th Bernoulli polynomial defined by

t€t$ tk‘
:Zm@ﬂ

¢ —1 k=0
The map
B LUty > LI
given by
I'N , x cx

where {z} denotes the representative of z € R/Z in [0,1], defines an element

BSY e NJ(Z I Z(L)

2,¢,1

From the distribution properties of Bernoulli polynomials (see |[Lan90] §2.2) we de-

duce that the elements B;tzl € A;(Z /I' Z(t)) are compatible under the trace maps

N1 (Z Y ZE)) — A(Z JIPZ{E)), and therefore we can define the measure

2,¢c,0

By :=1im B, € A(Zi(1)).

3.3.4. A sheafified moment map for Z /I' Z{t) and Zt)
For the torsor Z /' Z{t) over Y (I) defined in we are given a section:

Lemma 3.3.11. There exists a map of schemes ;4 : Z JI' Z{t) — Z /I* Z over Y (I). In
particular it may be interpreted as a global section

oig€ HO(Z Iy, ¢f 2 )I' Z),

where 7 /I' 7 € Sh(Y (1)) is the constant sheaf associated to the constant group scheme
ZJI'Z over Y(I), and q; is the structure morphism Z JI' Z{t) — Y (1).

Proof. By the exactness of the short exact sequence of finite étale group schemes defining

the torsor Z /I* Z{t), the N-multiplication map [N] : Z /I'!N Z — Z /I'N Z factors through
Z JI' Z, leading to the map of schemes

o L)LY > LJIINT — Z)I'Z

over Y (I). Hence we get the desired global section o;; € H°(Z /' Z{¢t), a4y Z/l'z). O

16



3.3. Analytic and cyclotomic moment maps

DEFINITION 3.3.12. Let
[%] 0 i * k i
oiy € H™(Z ]l Z<t>7qi,t TSym"Z /I' Z)

be the k-th tensor power of the section o;; defined in [3.3.11

Notice that O'i[ﬁ] can be seen as a map of sheaves
R AL A A
Ot - / — Qi ¢ / .

(K]

We will use the section o;; to construct a sheaf version of the analytic moment map
defined in [3.3.8] In order to do so, we first need to write down a technical lemma.

Lemma 3.3.13. Let #,9 € Sh(Z /I Z(t)). Then, for the finite étale morphism g; :
Z 17y — Y (1), we have a morphism of sheaves

Vi Qi F QGiixd — Qi F RY).

Proof. By finiteness of g; ;, we have thatﬂ i+ = ¢i,p1- By using the projection formulaﬂ
we get the isomorphism

@G0T ® Qi = Qi (F ® G196+
Using the adjunctionﬂ between g; 4 and ¢, we then obtain a map
Gitx(F ® q;tqi,t*g) — git(F RY).
O

We have now all the ingredients to define a sheaf version of the analytic moment map.

DEFINITION 3.3.14. Define the i-th cyclotomic sheafified moment map
mom Af(Z [ 7)) — TSym* Z /1P 7. ~ 7. /I 7.

(K]

as the composition try, , oy o (id®o;, ), i.e.

®01[]
mom (Z/ZZZ<t>) ta*Z/l Z - QZt*Z/l Z@Z/l’l‘]zt*q@tz/llz—’

G (LI LRG LI L) = qipaqy 2 /1L Mot Y/

where trg, , is the trace map ¢; g}, — id given by the adjunction ¢; # = ¢; 1+ = ¢} (see
[Aut] 59.66.1).

see |Aut| 59.70.7.
8see for example [Mil04] 22.7.
%see for example [Aut] 59.66.
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3. Moments, residues and elliptic Soulé elements

Moreover, by compatibility of momﬁt with respect to the trace map A;11(Z /I*T! Z(t)) —
Ni(Z JIEZ(t)Y), we define the cyclotomic sheafified moment map as the inverse limit

mom? := Lianomf’t  A(Zy(t)) — TSym* 7, .
7

They induce on cohomology the morphisms
mom?, : H' (Y (1), \i(Z /I Z(ty) — H (Y (1), Z /1" Z)

and
moméc CHY Y (1), A(Zy(t))) — HY (Y (1), 7).

Let us notice that, on stalks, the cyclotomic sheafified moment map coincides with
the analytic one constructed in for details we refer to [Kinl5] Lemma 12.2.14.

3.4. Elliptic Soulé elements and the elliptic moment maps
Consider the short exact sequence of finite étale group schemes over Y (1)
0 — &[] - E[I'N] — E[N] — 0, (3.4)

where 7 : £ — Y () is the universal elliptic curve defined in
For every N-torsion section t € E[N](Y (), define the E[I]-torsor £[I!](t) by the
cartesian diagram

E[IE —— E[IIN]

Wl

Y () —L— E[N].

and define £(t) to be the inverse limit

E(t) := lim E[Ie).

]

Let 7, #{(ty and #(t) € Sh(Y () be the sheaves associated to E[I*],£[1!]{t) and E(¢),
and A; (%), Ay (A(t)) and A((t)) € Sh(Y (1)) the sheaves defined in
Using the fact that the map p;; is finite, we have the following identification:

Lemma 3.4.1. For the E[l']- torsor p;s : E[I')(t) — Y (I) above, we have a canonical
isomorphism

HYEWE, ) = HY (Y (1), M(HD)(1)).

Proof. Let us consider the Leray spectral sequence associated to p;; : E[I'](t) — Y (1)
and pyi € Sh(E[IF](E)), i.e.

Eg’q = Hp(Y(l),qui’t*,uli) = Hn(g[lz]<t>uull)

18



3.4. Elliptic Soulé elements and the elliptic moment maps

Since the morphism p;; is finite, then, by we have that

EP? = HP(Y (1), R i) = 0 for every g > 0.

Hence, by
By = HY(Y (1), pigwp) = HYEKD), py) = B,
where, by definition, p; 1. p1i = Ay (F4(E))(1). O
We can construct a section for the torsor £[I¢](t) defined above.

Lemma 3.4.2. There exists a map of schemes ;¢ : E[I')(t) — E[I*]. In particular, it
may be interpreted as a global section

Tie € H(E[UN), py ).

Proof. By the exactness of the short exact sequence , we get that the N-multiplication
map [N] : E[I!N] — E[I*N] factors through £[I*]. Hence we obtain a map of schemes
over Y (l)

Tig o E[ITE) — E[I'N] — E[1']

and so we obtain a global section

Tie € HO(E[I)(E), P ).

DEFINITION 3.4.3. Let
e HO(E[)t), pt, TSym* 45)

be the k-th tensor power of the section 7;; defined in
REMARK 3.4.4. The section T[]Z] can be seen as a map of sheaves

T[I:] D L /li Z— pi,t*p;k,t TSymk I

over Y (l).
The section T[]z] can be used to construct a sheafified moment map in the elliptic curve
case, analogously to the cyclotomic case. Lemma [3.3.13) B-3.13] holds indeed also for sheaves
F,9 € Sh(&[1']{t)) and the finite morphism p; ; : E[I](t) — Y (1).

Therefore we can define a sheafified moment map for elliptic curves.

DEFINITION 3.4.5. Let us define the i-th elliptic sheafified moment map

mom A () — TSymF 4
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3.

as

Moments, residues and elliptic Soulé elements

the composition try, , oy o (id ®Ti[]§]), ie.

r]

. adl .
momf, : Ai(JEL)) = pix Z/I L =" pige T /I ZQy i gpiawpis TSym* 5 2>

. tr i
Pix (Z /I Z®p, TSym* #7) = pi pupf, TSym* 4 5" TSym* 4,

where trp, , is the trace map pi,t*P;} — id given by the adjunction p; s = pj 1+ = p;“’t.

Moreover, by compatibility of momﬁt with respect to the trace maps Aj1(F41{t)) —
A (F(t)), we define the elliptic sheafified moment map as the inverse limit

mom? := lianomﬁt . A(A(t)) — TSym* 2.

(2

They induce on cohomology the morphisms

momy, : H' (Y (1), Ay (5(t)) (1)) — H' (Y (1), TSym* (1))

and

mom? : H'(Y (1), A(Z()) (1) — H'(Y (1), TSym"* (1)),

3.4.1. Elliptic Soulé elements and their twists

The following theorem by Kato provides us with norm-compatible elliptic units on elliptic
curves.

Theorem 3.4.6 (|Kat04] 1.10). Let ¢ > 1 be an integer such that (¢,6IN) = 1 and let
E — Y(l) be an elliptic curve. Then there exists a unique unit

g€ O(EN E[c])”

such that:

20

1. div g = 2(0) — E[c], where (0) and E[c] are considered as Cartier divisors on
E;

2. [d]«VE = Vg for every (d,6¢c) = 1;
3. for every isogeny of elliptic curves ¢ : E — E’ such that (degp,c) = 1, we have
¢x(VE) = Vpr;

4. forreH ={xeC|Imx >0} and 2€ C~ c Y Z7 + Z), denote by (7, z) the
value at z of I for the elliptic curve C/(Z T + Z) over C. Then

2
22— c—c? 1- qz “ 2~ cy—
(7, 2) = q§ 1)/12(—Qz)( )/2(1_(127% (2:) 7q- (42) g

= e2miT = 27z

, Qs and

o () = [ [ = P q2) (1 — qqz ).

where q; :



3.4. Elliptic Soulé elements and the elliptic moment maps

Hence, for the universal elliptic curve 7 : £ — Y (I) defined in Theorem gives
us the function, called Kato’s elliptic unit,

Ve EXNEc] = Gy,

that is norm compatible, i.e. [I].(-9¢) = V¢, and such that, for a section t # e as in

(3.4), ¥¢ is an invertible function on & [l’](t)ﬂ

We use now Kato’s elliptic unit to define the following elements.

DEFINITION 3.4.7. Let us define the i-th elliptic Soulé element by
ESL 1= a(Dg) € HM(Y (1), Ai(AD) (1)),

where 0; : G, (E[I')<t)) — HY(Y (1), Ay(#t))(1)) is the Kummer map@ and where we
used the identification in 3.4.1]
Define the elliptic Soulé element as the inverse limit

ESW = @gsﬁff e H'(Y (), A(£()(1)).

7

(%]

By using the section Tit constructed in [3.4.3] we can twist the i-th elliptic Soulé

element ESS;? defined above, in order to construct elements that belong to a twisted
Galois representation.

DEFINITION 3.4.8. Let us define the i-th twisted elliptic Soulé element by
cena(t) = (trp,, opias) (€SS L 7iy)) € H' (Y (1), TSym* (1))
and the twisted elliptic Soulé elemen@ as the inverse limit

cex(t) = lim cey i (t) € H'(Y (1), TSym* 7(1)).

The twisted elliptic Soulé element is related to the elliptic Soulé element via the elliptic
sheafified moment map.

Lemma 3.4.9. We have

mﬁt(%gﬁ) = cepi(t)
and

momf (ES) = cex(t).

Tndeed, since (¢, 6IN) = 1, we have E[I'][{t) € £ \ E[¢].
Hie. 0 : HO(S[li.]<t>, Gum) — H'(E[I*]{t), 1) is the connecting morphism of the long exact sequence
given by ['(E[I']{t),-) applied to the short exact sequence

00— pi > Gy, > Gy, -0

of sheaves on E[1*](t).
2Note that both the elliptic Soulé element £SS” and the twisted elliptic Soulé element ey (t) can be
defined over any scheme S such that E is an elliptic curve over it.
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3. Moments, residues and elliptic Soulé elements

Proof. By the isomorphism H! (Y (1), A;(57{t))(1)) = H*(E[I*){t), ;i) described in
and by using a similar argument to get the isomorphism H(&[I!](t), piy TSym* %) ~
HO(Y (D), PitxDi TSym* /%), we conclude by using the following commutative diagram

HY(E[)E, ) ® HOE[(E, iy TSym" 4)) - » H(E[CE), pf, TSym* (1))

lg lpi,t*

HY(Y (1), Ai(A)(1) @ HOY (1), pigepf, TSym® ) ——=—— H' (Y (1), pigup, TSym* (1))
O

REMARK 3.4.10 (|[Kin15] 12.3.13). We have ceg;(—t) = (—1)%cepi(t).

3.5. Residue at the cusp «©

Let us recall, from the open immersion j : Y (I) — X (I) and the closed immersion

o0 : Spec Q(p) — X (1).
The goal of this section is to define a residue map at the cusp . First, we need a
technical remark.

REMARK 3.5.1. For Z /I Z(1) € Sh(Y (1)), by |[Mil13] 16.11, we have that
Z/PZ() q=0
RUZ/NVZA) =R 0, Z)II7 q=1

0 otherwise.

Hence we obtain that
o*RYLZ )P Z(1) = Z /I'Z and R%j, 7 /I'Z(1) = 0.
Let us now consider the Leray spectral sequence for the open immersion j : Y (1) —
X (1) and the sheaf TSym*~2 (1) € Sh(Y (1)), i.e.
BT = HP(X (1), Rj. TSym" 2 (1)) = H™(Y (1), TSym" ™2 7#4(1))
and its 1-edge morphism
L HY(Y (1), TSym® 2 #4(1)) — HO(X (1), R'j. TSymb~2 #(1)).

res;

DEFINITION 3.5.2. The ¢-th residue morphism at o0 is given by the composition
o 1= 0% ores; : HY(Y (1), TSym" 2 #(1)) — H°(Spec Q(w), Z JI'Z) = Z.)I' Z,

res;
’

as 0*R'j, TSym*~2 (1) =~ Z /I' Z by [Kinl5| 12.5.4.
The residue morphism at o0 is given by the inverse limit

res,, := limres; ,, : HY(Y (1), TSym*~2 (1)) — H°(Spec Q(u;), Z)) = 7 .

1
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3.5. Residue at the cusp o

3.5.1. Compatibility of residue and moment morphisms

Let us now consider the following commutative diagram, made by combining the dia-
grams in and defining respectively the torsors £[1°](t) and Z /I* Z{t).

Ny — Z ) Za(t))

0 —— iy — E[I'N] m it

Y (l) =—— Y (I)

t a(t)
EIN] <* 5 Z/NZ

where a; : E[I'!N] — Z /I'N Z induces a finite morphism of schemes
o  EMNE) — Z /1 ZLot))
over Y (I). We then get a finite morphism
@i s Ni(H) — M(Z 1 Z (1))
of sheaves over Y (1).

In this setting, we can now define another residue map at the cusp oo.

DEFINITION 3.5.3. Let us consider the Leray spectral sequence for the open immersion
j:Y(I) > X(I) and the sheaf A;(Z /I' Z{a(t)))(1) € Sh(Y (1)), i.e.

HP(X (1), R7j Ny (Z /1 Z(t))) (1)) = H™(Y (1), Ai(Z U Z{e(1)))(1)). (3.5)
Define the i-th cyclotomic residue morphism at o0 by

vesioo + H'(Y (1), Ai(FE) (1)) % HY (Y (1), Ai(Z /1 Za(t)) (1) —
— HO(Spec Q). Ai(Z /I Za(t))) = A(Z /1 Za(t))),

where the last map is given by the composition of the pullback via the closed immersion
oo and the 1-edge morphism in the spectral sequence (3.5)). Define the cyclotomic residue
morphism at oo to be the inverse limit

resq 1= limres; o HY (Y (1), A((t)) (1)) — H°(Spec Q(1), AMZla(t))) = A(Za(t))).

The cyclotomic residue morphism and the residue morphism defined in are com-
patible with the cyclotomic and elliptic sheafified moment maps defined in [3.3.14] and
0.4.0l
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3. Moments, residues and elliptic Soulé elements

Proposition 3.5.4. There exists a commutative diagram

H' (Y (1), A1) (1)) —"= HO(SpecQm), AMZi{a(1)))) = A(Zila(t)))

k—2 k—2
lwt lmoma(t)

rese

HY(Y (1), TSymb 2 /(1)) —— =% HO(Spec Q(u), Z)) = 7.

For further applications, we compute now the cyclotomic residue at the cusp oo of the
elliptic Soulé element £8P e (Y (1), A(22(t))(1)) defined in

Lemma 3.5.5 ([Kinl5] 12.5.8). We havd"™]

resoo(SSgp) = B;(Ct),

where Bgi(ct) s the Bernoulli measure defined in|3.3.10,

The proof of this lemma is rather technical and strongly relies on the explicit descrip-
tion of the elliptic units via the local parameter ¢q. For details, we refer to [Kinl5|.

We conclude by giving the residue at the cusp o of the twisted elliptic Soulé element
cer_o(t) € HY (Y (1), TSym* =2 (1)) defined in [3.4.8

Lemma 3.5.6 ([Kinlb] 12.5.9). For t = (a,b) € E[I](Y (1)) ~ {e} and ¢ =1 mod [, we

have
(k=1 ok

(k —2)k ck—2

resy, (cex—2(t)) =

5Note that in |Kin15] 12.5.8, the result is proved for elements over the formal completion moo
of the modular curve Y (I). But, since the residue map reso, : H*(Y(I), TSym* 2.7 (1)) —

H°(SpecQ(u1),Z;) factors through H:l(17(T)OO,TSymk*2 (1)) — H°(SpecQ(),Z:), for conve-
nience we state this result for Y (I).
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4. Ribet’s Method

In this section we give an overview of Ribet’s Method (see [Rib76]), explaining its origins
and of what it consists.

4.1. Herbrand-Ribet Theorem

Let [ be the odd prime defined in Section [3] and denote by A the ideal class group of
the cyclotomic field Q(z). Define C := A/A! to be the maximal [-quotient of A, where
Al = {al|aeA Let

X : Gal(Q(1)/Q) — F} given by o — x(0), for o(¢;) = lX(U)7

be the cyclotomic character and note that it generates the character group of Gal(Q()/Q).
Then, since the Galois action of Gal(Q/Q) on C' factors through Gal(Q(y;)/Q), by
Maschke’s Theorem (|[FH04] 1.6), C' can be canonically decomposed into x-eigenspaces
as

C= @ C(Xl)a

i mod [—1

where each eigenspace C(x*) is given by

C(x') :={ce C|a(c) = x'(0)(c) for every o € Gal(Q()/Q)}-

Herbrand-Ribet Theorem relates special values of the Riemann (-function and the class
group A of Q(uy).

Theorem 4.1.1 (Herbrand-Ribet Theorem, [Rib76] 1.1). Define the Riemann (-function
to be the analytic continuation to C \ {1} of

((s) = Z%, s€C, Re(s) > 1

n=1
and let 4 <k <1—3 be an even integeifl Then

1] ¢(1— k) if and only if C(x'~F) # 0.

'Hence I divides the order of A if and only if its quotient C' is not trivial.
ZNotice that in the original statement in [Rib76| k is assumed to be bigger than 2, but, since in our
work we will assume that I | ¢(1 — k), where {(1 — k) = —5% and B = 1, it is enough to assume

1
2 6
k=>4
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4. Ribet’s Method

The necessary condition for the non-triviality of C(x'~*) was proven by Herbrand
in 1932 in [Her32| and involves classical Algebraic Number Theory. Nevertheless, the
opposite implication turned out to be more involved and was proved only in 1976 by
Ribet in |Rib76|, for which he developed what it is now called “Ribet’s Method”. We
will explain this method in the following with more details.

Herbrand-Ribet Theorem was further generalized by Mazur and Wiles in [MW84] as a
consequence of the Iwasawa Main Conjecture for QQ, which they proved using a general-
ization of Ribet’s Method.

Theorem 4.1.2 (Mazur-Wiles, [MW84]). Let 4 < k <[ — 3 be an even integer. Then
the power of 1 dividing ((1 — k) is exactly the power of | dividing the order of C(x'™%).

4.2. Ribet’s Method

By “Ribet’s Method” we mean the strategy that Ribet used to prove the sufficient condi-
tion of Theorem[4.1.1] Indeed, instead of proving directly the implication, he understood
that introducing in the picture modular forms and their associated Galois representa-
tions would have proved the claim. An important step in the proof was realizing that the
desired implication of Theorem was equivalent to construct a certain unramified
extension of Q(y;). This latter statement was then generalized even further to a result
involving unramified Galois representations of Gal(Q/Q). In this section we will firstly
introduce these two other results and then briefly see how Ribet proved them.

4.2.1. Unramified extensions and unramified Galois representations in the
case [ | ((1 —k)

Under the assumption that the odd prime [ divides ¢(1 — k), showing that the y!'=*-
eigenspace C(x' %) of C is not trivial is equivalent to prove the existence of a non-trivial
unramified Galois extension of Q(yy), indeed:

Theorem 4.2.1 (|[Rib76] 1.2). Let I | ((1 — k). Then there exists a Galois extension
E/Q containing Q(p;) such that:

1. E/Q(w;) is unramified;
2. Gal(E/Q(w)) is a non-zero abelian group of exponent l;
3. For any o € Gal(E/Q) and any T € Gal(E/Q(uw;)), we have ota~! = x (o) 7.

The equivalence between Theorem and Theorem [4.2.1] strongly relies on the
functoriality of the Artin symbol [M] : A — Gal(E/Q(u;)). More details can be

found in [Rib76] and in [Sab22].

The powerful insight of Ribet’s Method was the realization that, instead of proving
the existence of such an unramified extension, it was sufficient to prove the existence of
a specific unramified Galois representation.
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4.2. Ribet’s Method

Theorem 4.2.2 (|[Rib76] 1.3). Let I | ((1 — k). Then there exists a finite field FF 2 F,
and a continuous Galois representation

p: Gal(@/Q) — GLy(F)
such that:

1. p is unramified at every prime p # | (i.e. p |1, is the trivial representation, where
I, is the inertia group at p);

2. p is an extension of the 1-dimensional representation with character x*~1 by the
trivial 1-dimensional representation, i.e.

plo) = (é Xkb_(?()a)> for every o € Gal(Q/Q);

3. p is not diagonalizable, i.e. b is not identically zero;

4. plp, is diagonalizable, i.e. b(D;) = 0, where Dy is the decomposition group for l in

Gal(Q/Q).

Such representation p can be constructed, thanks to [Shi94] and [Shi72], starting from
cusp forms. Ribet’s Method consists in the proof of Theorem [£.2.2] If we then consider

E = @kerp, the extension E/Q satisfies Theorem

4.2.2. Ribet’s Method

Ribet’s Method was developed to show how a divisibility of some special value of the
Riemann (-function implies the non vanishing of class groups of cyclotomic fields. In
order to do so, Ribet considered an Eisenstein series related to the (-value, from it he
constructed a cusp form and then he associated it a Gal(Q/Q)-representation satisfying
Theorem We will now give more details about each step of Ribet’s Method, that
is represented graphically below. All details can be found in |[Rib76] and in [Sab22].

{-function — —— —— —— —> | Class groups
A
\J/ Ribet’s 1\ 4
Eisenstein Method i
series Galois :
representations

2\ Cusp forms K

Step 1: (-function = Eisenstein series. Consider the weight £ modular form given

by the Eisenstein series
C(l k) 2 2 k—1

n=ldln
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4. Ribet’s Method

on SLy(Z). Notice that for k = 4,6 we have respectively

1 1
cand Bg= —— + - .

Ey= — 4 ..
4= om0 " 504

Step 2: Eisenstein series = Cusp forms. For every even integer k& > 4, there exists a
modular form g := (240E,)*(—540E5)" € My (SL2(Z)) of weight k, where k = 4a + 6b
for a,b = 0, with constant term equal to 1 and integers coefficients. With such a g, we
can construct the cusp form

g =B -

By e sutsta@).

Notice that, by construction, it has zero constant term and that, by the assumption
! | C(l - k)7
¢ = Ej; mod I.

By Deligne-Serre lifting theorem (see |[Rib76] 3.5), there exists a cuspidal eigenform
f € Sk(Ok) such that

f=g4¢ =E; mod I,
where K is a number field generated by the coefficients of ¢’ and [ a prime above [. By

the congruence above, we deduce also that f is l-ordinary, i.e. a;(f) is a [-unit.

Step 3: Cusp forms = Galois representations. To such a cuspidal [-ordinary eigenform
f, see [Rib76] 3.7, we can associate a continuous Galois representation

p: Gal(Q/Q) — GLy(K)) given by <(1) Xk*1>

that is irreducible (because f is cuspidal), unramified at every prime p # [ and such that
plp, is diagonalizable (because f is l-ordinary). The representation p satisfies Theorem
4.2.2

Step 4: Galois Representations = Class groups. By construction of p, F := @kerp
satisfies Theorem 2.1
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5. A cohomological version of Ribet’s
Method

The goal of this thesis is to give a cohomological version of Ribet’s Method, in particular
we want to “translate” this method cohomologically using étale cohomology of modular
curves to construct an unramified extension satisfying Theorem Let k£ be an even
integer, 4 < k < | — 3, and assume for the rest of the thesis that [ | Bx. The key idea
to go from the world of Galois representations to the world of étale cohomology is using
extension classes. Indeed, a Galois representation

p: Gal(Q/Q) — GLa(Z /L Z) given by o (é Xkb_(‘f()g)> ,

i.e. an extension of the 1-dimensional representation with character y*~! by the trivial
1-dimensional representation, gives rise to an element of the extension group

Extg(Z 1 Z(k — 1), Z )L 7).
By duality this corresponds to an element in
ExtQ(Z /12,7 /L Z(1 — k)).

By definition of group cohomology, the extension group above is the first right derived
functor

Exth(Z 1 Z,Z /I Z(1~k)) = RNZ /1 Z(1—k) — (Z 1 Z(1—k)) SNy = HL, (Gal(Q/Q), Z /1 Z(1—k)).
The following result gives us a comparison between Galois and étale cohomology:
Proposition 5.0.1 (A.4.1). For K a field, there exists an equivalence of categories

{étale sheaves on Spec K} <> {Gal(K/K) — modules} .

Hence we obtain that
Ho (Gal(Q/Q), Z /IZ(1 — k)) = H' (Spec Q, Z /LZ(1 — k)),

showing us that constructing a Galois representation p as in Theorem is equivalent
to construct a class in H'(SpecQ,Z /I Z(1 — k)) satisfying particular properties. In
particular, due to the work of [HP92] and [MW84], it will be enough to construct a class
in HI(Y(Z)@, TSym*=2 #(1)) satisfying [HP92] Propositions 2 and 3 that will give rise
to an extension satisfying Theorem
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5. A cohomological version of Ribet’s Method

5.1. Action of the Hecke algebra on cohomology of modular
curves

Let us consider the level-l modular curve Y (1) over Spec Q(y) defined in[3.1]together with
the open immersion j : Y (I) — X(I) and the closed immersion oo : Spec Q(p;) — X (1).
For the cusp o0, we define Yy, := Y (1) u {00} and we still denote by j and oo the induced
immersions.
For the Hecke algebra
H:= ZZ[TQ,Tg,...,Tl,.. .],

i.e. the Z;-algebra generated by the Hecke operators T; (see Appendix A for a precise
definition of these operators), define the Eisenstein ideal I < H to be the kernel of the
homomorphism

¢ : H — 7 given by T), — 41

Let mpis := (I,1) € H be the maximal ideal generated by [ and the Eisenstein ideal
I and let Hpg;s be the localisation of H at mpg;s. For any H-module M, we define
the Hpg;s-module Mg;s := M ®z, Hpis. Finally, let Hp;s be the image of H into
Endg, (HY (Y, TSym"—2 (1)) gis) and Ig;s the image of the Eisenstein ideal I in H g;s.

5.1.1. A short exact sequence induced by the residue map at the cusp «©

Let us define Y (I)g := Y'(I) Xspecq(u) Spec Q and (Yoo)g := Yoo XSpecQu) SpecQ to be
the base change respectively of Y (1) and Yy, to SpecQ and analogously define the base
change ©Og- Denote by Jo and ©g the induced maps.

Consider the Leray spectral sequence for Rjg, over TSym*~2 7(1) e Sh(Y (I)g), i-e.
EP?:= HP((Yay)g, R%g, TSym" > .#(1)) = E™ := H™(Y (I)g, TSym*? #(1)). (5.1)

Lemma 5.1.1. The residue morphism at 0, constructed in[3.5.2, induces a short ezact
sequence of H x Gal(Q/Q)-modules

0 — H'((Yoo)g, dgse TSym* 2 #(1)) — H' (Y (I)g, TSym* > £ (1)) — Z; — 0
Proof. Consider the exact sequence of low degree (see |A.3.6) associated to the Leray
spectral sequence in (5.1)), i.e.

0 — H'((Yoo)giiige TSym* 2 (1)) — H'(Y (I)g, TSym" 2 (1)) —

H°((Yoo)g, R' g, TSym" ™ (1)) — H?((Yoo) g, fig, TSym* 2 (1)),

Fo Cusp = Cusp, u{o}, let us define M* on (Yo)g to be the continuation of TSym*~2 .2 (1)

via jg at {00} and via jg, at Cuspy. Then, by [Har93] p.114E|7 we have the short exact
sequence

0— ]@' TSymk_2 %(1) — ]\4ti - R]@* Tsymk_Q e%ﬂ(l)k}uspo —0

Lwhere Cusp, denotes all the cusps above the cusp zero.
2Note that we consider TSym*~2 (1) that is isomorphic to My_2(k — 1) of [Har93] and [HP92|.
Moreover, the role of Cusp, and oo are inverted with respect to ¥y and ¥ in [Har93|.
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that gives rise to the long exact sequence
o H2(Yao) g Gy TSym® > (1)) — H((Yao)g, M¥) — (5.2)
H?(Cuspy, Rjg, TSym* > /(1)) — -
For the left hand side, by Poincaré dualityP} we have
H (Vo) TSym* 2 (1)) = HY((Yio)g (TSym =2 (1)) (1))
By considering the injective map
HO (Vo) g, (TSym=2 (1)) (1)) — HO((Yio)gr (TSym* 2 7£/(1))* (1)),

where the right hand side vanishes because the local system has no global sections for k£ >

2, we deduce that Hg((YOO)@, (TSym* =2 2#(1))¥ (1)) = 0and so also HQ((YOO)@, TSym*=2 #(1)) =
0. For the right hand term in l) by the fact that the sheaf Rjg, TSym* 2 .#(1) is

not trivial only orﬂ ©g, we deduce that

H?(Cuspy, Rjg, TSym* 2 (1)) = 0.

Therefore also H 2((YOO)@, M*) = 0. By definition of M* and the fact that Rjg is exac
we then deduce that

Moreover, again by the fact that the sheaf Rjg, TSym*~2 (1) is not trivial only on
©g, we deduce also that

H((Yo)g, R g, TSym* 2 (1)) = H®(cog, 0*R'jig, TSym* 2 (1)) = 7,

where the last isomorphism comes from oo%le@* TSym*~2 (1) = 7, by |[Kinl15] 12.5.4.
O

After tensoring the short exact sequence in [5.1.1| with the localisation Hg;s, we obtain
the exact sequence of Hp;s x Gal(Q/Q)-modules

H'((Yoo) g, dge TSym* > (1)) pis — H' (Y (1), TSym* > A/ (1)) pis — Zy — 0. (5.3)

5.2. Construction of a cusp class

To have an element analogous to the cusp form of Ribet’s Method, we would like to
construct a class in Hl(Y(Z)@, TSym"*~2 (1)) with a relation with the value of the
Riemann (-function at 1 —k. This is done by using the residue at the cusp oo constructed
in that will play the role of the constant coefficient in the series expansion of the
cusp form. In particular, we want to find a class o € Hl(Y(l)@, TSym*~2 (1)) such
that

res, (o) = 0 modulo I.

3[Mi180] VT 11.1.
4[Mil04] Proposition 16.11.
Ssee |Fulj] 5.5.1.
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5. A cohomological version of Ribet’s Method

DEFINITION 5.2.1. Define, for ¢t = (a,b) € E[I](Y (1)) ~ {e} and ¢ = 1 mod [, the cusp
class to be

k _
o= f* | cep_a(t) + §cck_21 = 2)1!(1 Y m;ﬂjwd ly(a)Lu —k,x) | € H'(Y (I)g, TSym* > (1)),

for ¢ € H(Y (I)g, TSym*~? /(1)) such that res;(¢) = 1 and f : Y (I)g — Y (I) the map
induced by the base change.

Then we have the following:
Lemma 5.2.2. The image of the cusp class o via the residue morphism
res,, : H' (Y (I)g, TSym* > .#(1)) — 7,

s given by
-1 1

resy(a) = — k=2 (k—2)I(1 —1)

C(1—kE).

In particular, since l | By,
res (o) =0 mod I.

Proof. By Lemma and Definition [5.2.1] we have

k-1 1
s | ok 4 o o=, 2, TOH R
ck—
= res, (cer—2(t)) + res, (€) Ck_Ql = 2)1!(z 5 sz d ly(a)L(l —k,x)
=t k1 a, -1 1
S = 2 B G gy & X@EO -k,

1#v mod

Let us consider the Hurwitz zeta function defined by the analytic continuation to C~ {1}
of

1
((s,a) = Z T for Re(s) >1,a+#0,—1,—-2,....

n=0

By the relation between the Hurwitz zeta function and the Bernoulli polynomials, we

have that a a
Bk(?) = —k(¢(1 - F, 7),

and, by the relation between the Hurwitz zeta function and the Dirichlet L-function, we

have -
a -
1—-k -)=

Z Y(a)L<1 - ka X)7

T Ty modl
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where v runs all over the Dirichlet characters modulo [. Therefore we obtain that

=1 k1 a -1 1
Br(=) = — X(a)L(1 -k
k(k —2)! k=2 k(l) k=2 (k_z)!(l_1)¢§le(a) ( X
leading to
-1 1 -1 1
IeSy, ceka(t) +¢ ;) X(a)L(1 -k, x) | = — k—2
c (k—=2)1(1-1) 1ot mod | c (k—=2)!1(1-1)
By base change, we then obtain
-1 1
=— 1—k).
reso(0) = == gt P
In particular, since [ | By and so also [ | ((1 — k), we have res (o) = 0 modulo . O

5.3. A splitting short exact sequence induced by the residue

Let us define the Hp;s x Gal(Q/Q)-modules X := Im(Hl((YOO)@, I TSym* 2 #(1))gis —

Hl(Y(l)@, TSym* =2 #(1))gis) and Y := Hl(Y(l)@, TSym*~2 (1)) gis so that the ex-
act sequence constructed in (5.3)) becomes

0-X—->Y—>7;,—0.
Then the Hpg;s x Gal(Q/Q)-module X satisfies the following Proposition:

Proposition 5.3.1 ([HP92] Satz 3). Let 7 denote the Gal(Q/Q)-representation on X.
Then:

1. 7 is unramified outside 1, i.e. 7|5, = id for every prime p # I, where I, is the
imertia group at p;

2. There is an isomorphism of Galois modulefﬂ Y/X =~ 7;

3. Forp # 1, let ¢, be the geometric Frobenius at p acting on Z;(1) via multiplication
by p~t. Then tr(t(vp)) = T, and det((pp)) = p*~ 1 and, for A\ the eigenvalue of
7(¢1) on this module, we have A\ + 1*71/\; = Tj;

4. The module (X ®Ql)ll is free of rank 1 over Hpis ® Q;, where I is the inertia
group at l;

®Note that in this work we work with the sheaf TSym*~2 (1) € Sh(Y (1)), where 7 := (R'my 7;)",
while [HP92| use My_s := TSym’“f2 Rlﬂ'* Z;. Hence the different twist in our statement of Satz 3
comes from the isomorphism Mj,_2(k — 1) = TSym*~2 5 (1). This isomorphism equips ¥ and X of
an additional (k — 1)-Hecke action compared to the one in [HP92|, leading to the isomorphism above.

33



5. A cohomological version of Ribet’s Method

5. For every direct summand K; of Hpis ® Q;, the Galois representation on X @ Q
18 irreducible.

Let us now consider the cusp class « defined in [5.2.1]

Proposition 5.3.2. The cusp class a € Hl(Y(l)@, TSym*=2 #(1)) gives rise to a split-
ting
0> X —->X®agisZy — 2Z; — 0,

Proof. The proof follows immediately from Lemma as we define ap;s to be the
image of a in Hl(Y(l)@7 TSym*~22(1)) pis. O
Let us notice that X @ apg;s Z; is a submodule of Y, such that, by [HP92] §2,
Y/N(X @ apisZy) =2 )17 =7 )1° Z,
where 1°||¢(1 — k). Therefore:

Proposition 5.3.3 (J[HP92] Satz 4). There ezists a Hp;s x Gal(Q/Q)-equivariant em-
bedding
/07 — X/I°X,

giving rise to the morphism

k—1

@5 Hpis — Z/I°Z given by T, —p" " + 1.

Such a structure on H ;s gives rise to an unramified extension as in We will
outline the proof of this fact, due to [HP92] §3, in the next section.

5.3.1. Summary of the construction of an unramified extension

In this section we summarise the strategy used by Harder-Pink in [HP92| §3 to con-
struct an unramified extension satisfying Theorem starting from the results in the
previous section.

The representation 7 : Gal(Q/Q) — GLg,,. (X) constructed in gives rise to an
infinite extension L/Q such that Gal(L/Q) — GLz = (X), where we identify Gal(L/Q)
with its image via this inclusion. We will use it to construct an extension satisfying

Theorem 1211

Proposition 5.3.4 (|[HP92| §3). There exists an extension K1/Q that is non trivial and
unramified over Q(uy).

Sketch of proof. From [5.3.113, we have that the homomorphism det : Gal(Q/Q) —
(Hpis ® Q;)* induces a non-trivial homomorphism

det : Gal(L/Q) — (Z /1 Z)*,

sending the complex conjugation o to —1. Then we can write Gal(L/Q) = G; x W,
for G1 := kerdet and W < I; the image of a section of det. W induces a decomposition
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5.3. A splitting short exact sequence induced by the residue

X = X_® X, into o.-eigenspaces, where, by 4, we have that X, = X1 = XW
is such that X, ® Q; is a rank one H gis ® Q;-module and X_ ® Q; is a free rank one
Hpgis ® Qrmodule. Hence, for every € X, we can write # = x_ + x, and then we
obtain an action of Gal(L/Q) on X described by

o(z) = (o) <x—> _ <Z(<§))f— ISEZ;E) , for o € Gal(L/Q),z € X,

where a(o) € Endz _ (X-) and b(0) € Homg, (X4, X_), and by

k—1
Xoo (o) =
< 0 1) for o € I,

where xo is the cyclotomic character Gal(Q (= )/Q) — Z;. By [HP92] 3.1.4 and 3.1.5,
we have that the Eisenstein ideal Ig;s is generated by the elements a(c) — det(o)
and d(o) — 1 for o varying in Gal(L/Q), hence, since Hgis = Z; +1pis, Hpis is a
Zy-algebra generated by the a(0),d(o)’s. Let now B < Homg, (X4, X_) and C <

HomFEis (X_,X,) be the FEis—module generated by respectively the b(c)’s and the
c(o)’s. Since, by [HP92] 3.1.4, for every 0,0’ € Gal(L/Q) we have b(c)c(o’) € Ig;s, we
may define I’ := BC < Ig;,. Let us consider the homomorphism

oy (40) o)) (@) 0
L' \e(o) d(o) 0 d(o))’
where a(c),d(c) € (Hpis/I')*. Let Q1) be the extension of Q such that the morphism
1 factors faithfully over Gal(Q(%1)/Q). As this extension is totally ramified only at [,
we have a surjection I, — Gal(Q(v1)/Q) so that a(o) = 1 and d(o) = x% (o) modulo I'.

Therefore I’ := BC = Ig;s and we obtain a cyclotgmic extension Ly over Q, generated
by the homomorphism Gal(Q/Q) — (Z /I° Z)* = (Hg;s/Ig:s)*. Let us now consider the

homomorphis B
b (©0) U _ (al0) bo)
“\e(o) d(o) 0 d(o))’
where a(c),d(0) € (Hgis/I')* and b(c) € B/Ig;sB. Tt defines an extension K;/Q un-
ramified over Ly and such that

Gal(Kl/Lo) ad B/IEsza

with Gal(Lo/Q) operating via x* and where, via the theory of Fitting ideals and the
fact that H pis/Igis = Z/l‘s Z, we have [° | ord(B/IgisB). O

"By definition they are Z;-modules, but by [HP92] 3.1.6, they are indeed H gis-modules.
8The map 1o is an homomorphism by definition of I’.
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5.4. A different cohomological approach

In this section we present a different cohomological approach to Ribet’s Method. This
approach did not lead us to the conclusion we were looking for, but, since it uses tech-
niques that can be useful for further approaches, we include it in the present work.

As we have seen at the beginning of this chapter, to construct a Galois representation
p as the one constructed in Theorem [£.2.2] it is enough to construct a cohomology class
inﬂ H{,(Q,Z /IZ(l — k)) satisfying the following equivalent properties:

Galois representation (Ribet’s method) Galois cohomology
_ 1 b -
2) | p: Gal(Q/Q) - GLo(Z /I Z), o (0 Xk(?()a)> Diy e HL (Q.Z 1Z(1 — k)
b) b(o) #0 Dy, #0
c) p(Ip) = Iy Vp # | prime ]jl—k|1p = 0 Vp # [ prime
d) b(Dy) =0 Di_klp, =0

Hence to prove that this cohomological approach holds, we would need to show that
properties a) to d) hold in the Galois cohomology version. To do that, we first construct
a class in étale cohomology and then, using Theorem obtain a suitable class in

H(Q,Z /1Z(1L — k).

5.4.1. Constructing an Eisenstein class

Let n = 0. To be analogous to the Eisenstein series of Ribet’s Method, we would like
to find a relation between some class in H!(Y (), TSym” 74 (1)) and the value (1 — k).
This is done by using the residue at the cusp oo, that will play the role of the constant
coefficient in the series expansion of the modular form.

DEFINITION 5.4.1. For ¢ = 1 mod l and ¢t = (a,b) € E[I](Y (1))~ {e}, define the Eisenstein
class to be

€ 1= cen(t) — (res, (cen (£)) — C(1 — k)€ € H'(Y (1), TSym" J4(1)),

for ¢ € H'(Y (1), TSym™ (1)) such that res; ,,(§) = 1 and ce1,(t) the n-th twisted
elliptic Soulé element defined in

By its construction and by the running assumption ! | ((1—k), we immediately deduce
the following lemma.

Lemma 5.4.2. res; ,(e;,) =0 modulo I.

5.4.2. Constructing a cusp class

To construct the cusp class, we will use the class constructed in whose residue at
the cusp oo is zero, but we also need an auxiliary Eisenstein class.

9Note that C(x'™*) = C(x'™*) since | =k =1—k mod [ — 1.
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An auxiliary class

The auxiliary class that we construct is defined analogously to the class ce,1(t) in m
DEFINITION 5.4.3 ([Kinl5] 12.6.3). Let us define an invertible function

n: E[KE) — G

given by
1)BLea®) — (g )Bae (@)

r— (q ,

where the map
BY, &N > Z )12,

a,2,c,1 °
is defined by

l a1 (x) cay(x)

v S(@B((M0)) — By((C1D)) = 2B (o))

for {-} the representative of - € R/Z in [0,1] and where the last equality holds by
definition of Bézl of [3.3.10} It gives rise to an element

B

a,2,c,

1 € Mi(HCE))

and so a global section
BWY

a,2,c,1

e HO(Y (1), M(SA))).

Then we can define an auxiliary element (analogous to the elliptic Soulé element) as
follows:

Lemma 5.4.4 (|[Kinl5] 12.6.3). Fort a non-zero l-torsion section of € such that a(t) = 0
and ¢ = 1 modulo 1, define the auziliary element

g8 i= a(n) e H ([, m),

where 0 @ G (E[1)E)) — HY(Y (1), A1(S4(t))(1)) is the Kummer map. Then QSS’? is
given by the cup product

1
l

G588 = alat) U By .1 € H\(Y (1), M (A(1)(1)).

As with the elliptic Soulé element, we compute now the cyclotomic residue at the cusp
oo of the auxiliary element.

Lemma 5.4.5 (|[Kinlb] 12.6.4). We have

o0 683) = BY.
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Proof. The cyclotomic residue resy o, : HY(Y (1), A1 (JA)) (1)) — A (Z )1 Z{a(t))), de-
fined in factors, by definition, through aqy : Ay (FA4{)) — A(Z /I Z{a(t))). By
definition of Béz c.1, We have that

1
anBy =By =1

t
a,2,c,1 l Béig1)>7

hence

1
l

rest o (GS) = rest o (0(qT) U By 1) = B

O]

Analogously to the construction of the twisted elliptic Soulé element, the auxiliary
class we are looking for is the image of the auxiliary element via the elliptic moment
map:

DEFINITION 5.4.6 (|[Kinl5] 12.6.5). Let

mom{, : H' (Y (1), A1 (54H)(1)) — H' (Y (1), TSym" (1))

be the 1-th elliptic sheafified moment map defined in Define the auziliary class to
be

cgn1 (t) := mom{,(GS)) € H' (Y (1), TSym" /4 (1)).

We deduce therefore, by and the compatibility in that the residue at the
cusp o0 of the auxiliary class coincides with the residue at the cusp oo of the twisted
elliptic Soulé element, i.e.

Proposition 5.4.7. We have

@1,00(0911,1 (t) = @1,00(0%,1 (t))-

Due to its definition, the auxiliary class satisfies also a property relating the vanishing
of its residue at the cusp co with its own vanishing.

Proposition 5.4.8 ([Kinl5| 12.6.6). Assume that res; ,,(cgn,1(t)) = 0. Then
Cgml(t) =0.
Proof. By we have that

momf,(GS}) = (g BY,

) U M?,t( a,2,c,1)7

where mom{’:t(Bgié,c’l) e H(Y (1), TSym™ 7). Considering the Tate filtration over Y (I),
le.

0—-Z/N71)— A4 S5Z/17 — 0,
we have that the morphism « induces, for weight reasons, an isomorphism
HO(Y (1), TSym" s4) > HO(Y (1), TSym" Z /I Z) = 7 /I Z
sending
mom,(BL) o) = rest o (cgn.1 (1))

Since by assumption the right hand term in the isomorphism is zero, we deduce that the
cup product defining (g, 1(t) is also zero. O
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The auxiliary Eisenstein class

DEFINITION 5.4.9. For t and ¢ as above, let us define the auziliary Fisenstein class to
be

n 1= cgn1(t) = resy o (cgn,1(1))€ € H' (Y (1), TSym™ J4(1)),
where £ € HY(Y (1), TSym" 7 (1)) is the element defined in m

By its construction, we have

Lemma 5.4.10.
@1,00(9%) = 0.
The cusp class
DEFINITION 5.4.11. Let us define the cusp class
fr = ey —gp € H' (Y (1), TSym" /4 (1)).

From the previous results, we can immediately deduce the following Proposition.
Proposition 5.4.12. Let f, be the cusp class defined above. Then:

1. res; o (fn) =0 modulo I;

2. fn = cen,1(t) — cgn,1(t) modulo I.
Proof. The statements follow from|5.4.7,[5.4.2} [5.4.10|and the assumption ! | {(1—k). O

5.4.3. Constructing a Galois representation associated to the cusp class

In the previous step, we have constructed the cusp class f, € H'(Y (1), TSym" 4 (1)).
To proceed analogously to Ribet’s Method, we need now to associate to such a class a
two-dimensional Galois representation of Gal(Q/Q) on Z /I Z satisfying the table in
Hence it is enough to construct a cohomology class in H}, (Q,Z /I Z(l — k)) satisfying
the properties described in

Constructing an element in H'(Q(),Z /1 Z(n + 1))

Let us start by associating to the cusp class f,, € H' (Y (I), TSym" 7 (1)) a suitable
Galois cohomology class. Since, by we have that res; ., (fn) = 0 modulo [, we can
see the cusp class f,, as an element of H'(X(l),j. TSym" J# (1)), for j : Y(I) — X(I)
the open immersion defined in [3.1]

Let us now consider the derived functor co* Rj, and its induced diagran']

HY (Y (I), TSym™ 54 (1)) res,
~+

H'(Spec Q(11), 0% ji TSym™ 4 (1)) om (Spec Q(p11), 0* Rj, TSym™ (1)) AN HOY%(Spec Q(11), 0* R'j, TSym™ J4 (1))
(5.4)

O5ee [HK99a).
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5. A cohomological version of Ribet’s Method

where the vertical arrow comes from the isomorphism RI'(X (), Rj, TSym" J# (1)) =~

RT'(Y (1), TSym"™ .7 (1)) and the bottom row is exact for weight reasons of «0* Rj, TSym" .7 (1).
This diagram is the key tool to associate a Galois cohomology class in H,,,(Q (), Z /l Z(n+

1)) to the cusp class f,.

Proposition 5.4.13. There exists an element
Dyy1 € HY (SpecQ(w),Z /1 Z(n + 1))
given by the evaluation of the cusp class f, at o0, i.e.
Dy 11 := 0% (fn)

Proof. From the diagram (5.4) above, since, by|[5.4.12| res; ., (fn) = 0 for f,, € H'(Y (1), TSym" (1))

we get, by exactness, a class
Dyy1 € H' (Spec Q1) 0% jix TSym™ 54 (1))

given by 8(Dy41) = a, for a € H(Spec Q(1), 90* Rj, TSym™ (1)) such that res; o, (fn)
factors through a € ker . Hence, by construction, we have

Dyiy 1= 0* f € H' (Spec Q(pu), o0* ji, TSym" 4 (1)).
By [Kinl5] 12.5.4, we have the isomorphism
0*j, TSym" 74 (n) = Z /1 Z(n + 1),
and so we conclude that
Dys1 € HY(SpecQ(um), Z /1 Z(n + 1)).
O]

By using Theorem we still denote by Dy, +1 the element in H,,,(Q (), Z /1 Z(n+
1)) isomorphic to the element constructed in|5.4.13| To study further the element D, 11,
we give now a definition that allows us to give an equivalent description of it.

DEFINITION 5.4.14 ([HKO03] 3.1). For any r € Z, s > 1 and an integer m > 1, define the
s-th cyclotomic Soulé element by

er(Gm)s = COIQ(ue,0)/Q0am) (1 = Grom) ® (¢15) ™" € HEu(Qptm), Z /1 (1)),

where corg (s, )/Q(um) * Qtism) — Q(itm) is the corestriction map (see [Bro82|). The el-
ements (c,((n)s)s are compatible with respect to the reduction maps Z /I Z — Z JI°"' Z,
and so we can define the cyclotomic Soulé element as the inverse limit

cr(Gm) = @Cr(Cm)s € Hcl}al(Q(Nm)aZl(r))-

S
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We can use the cyclotomic Soulé element ¢, ((,,)s defined in [5.4.14] for m =1, s = 1
and r = n + 1 to describe the element Dy, 1 € HL 1 (Q(w), Z /I Z(n + 1)) as follows{ﬂ

Proposition 5.4.15 ([Kinl5] 12.6.9). We have

Dy = 2n1!l" ((ent1(G1 + (=D cns1 () + ¢ (ens1(ci)r + (1) ens1(c )

in HY . (Q(w), Z /L Z(n + 1)).

Hence, to study properties of the element D,,,1 € H(l;al((@(,ul), Z /I Z(n+1)), it will be
enough to study the element ¢, +1({;); defined above.

Constructing a class in H,,,(Q,Z /I Z(l — k))

The element Dy41 € HL,1(Q(wu1),Z /lZ(n + 1)) constructed in [5.4.13| clearly does not
satisfy Property a) of but we can use it to construct a class in H¢,(Q,Z /I Z(l - k))

satisfying Property a).

Proposition 5.4.16. There exists a non-zero element
Dy_y € Hy(Q,Z JIZ(1 - k))

satisfying Property a) and b) of 5.4

Proof. As we have seen in[5.4.15| the non vanishing of D41 € H}, (Q(),Z /l Z(n+1))
depends on the non vanishing of the cyclotomic Soulé element ¢, 41(¢;)1 € H,, (Q(w), Z /l Z(n+

1)). But the element ¢;,41(¢;)1, defined in [5.4.14] by
cn1(Q)1 = Cor@(ulz)/Q(ul)«l —(2)® (Czl2>
is, by using the projection formula

Q) vy _ aeH (Qyu2) 2 L2 (n+1))
COTQu12)/Q () (@ @ TS, (B)) = CONQ(pu) /@) (@) ® b, for Gyl o s

®n)

’

equal to
(corguu)/eu) (1 — ¢2) @ CE" = (1 - () @ ¢

Hence 0 # cn41(G)1 € H,y (Q(w), Z /L Z(n+1)) and so also 0 # Dyi1 € HY (Qw), Z Jl Z(n+
1)). Consider now Shapiro’s isomorphism (see [Bro82| 6.2)

Héal(@(#l)a Z/l Z(n + 1)) = H(l}al((@a @ Z/l Z((p)(n + 1))

—

eGal(Q()/Q)

—

Then, since D,,11 # 0 € H,(Q(w), Z /1 Z(n+1)), there exists a character ¢ € Gal(Q(u)/Q)
such that py(Dpy1) # 0 € HL1(Q,Z /1 Z(p)(n + 1)), for p, the projection to the ¢-
component. Taking n such tha Z)IZ(e)(n+1) = Z /IZ(l — k), we obtain 0 # D;_j €
H L (Q,Z /1Z(l — k)), satisfying the claim. O
UNote that, since by Lemma fn = cen,1(t) — cgn,1(t) modulo I, then we can apply [Kinl5] 12.6.9

to fn.
!2This is possible since Gal(Q(1)/Q) = {x), for x the cyclotomic character.
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5. A cohomological version of Ribet’s Method

D;_j, is unramified at every prime p # |

DEFINITION 5.4.17. Consider the representation Q;(I — k) and the associated inclusion
map i : Zy(l — k) — Zi(l — k) ®z, Q = Q;(I — k) and define, for every prime p # [, the
Qq-finite cohomology at p by

Hj(Qp, Qu(l — k) 1= ker(Héa (Q Qu(l — k) — Hiu(Tp, Qul — k),
where I, denotes the inertia group at p, and the Z /I Z-finite cohomology at p by
Hi(Qp, Z 1 Z(1 — k)) := red; oi  (H}(Qp, Qu(1 — k))),

where red; is the reduction modulo I. For the definition at I, we refer to [Rub00] Remark
3.6. Moreover, define the finite cohomology over Q; (resp. over Z /1 7Z) byE|

H}(Q,Ql(l—k)) ={re Héal((@,@l(l—k)) | locpx € H}(Qp,Ql(l—k)) for every prime p}

(resp.
HH(Q,Z /1Z(1 - k)) := red; 0i " (H}(Q,Qu(1 — k))).

Lemma 5.4.18. We have
locp(Dy—1) € Hp(Qp, Z 1Z(1 — k))
for every prime p.

Proof. By [HK03] Lemma 1.2.6 and [Fon92| 4.4, we have that, since | — k > 2,
HH(Q,Qu(l = k) = Hiw(Q, Qu(l — k)
for every prime p # [. Therefore, by definition we have that, for every prime p,
locp(Di—1,) € H}(Qp, Z 1Z(1 — k)).
O
The above Lemma shows, by definition that, for every prime p # [, we have
Dylr, = 0 € Hu(Q, Z /L Z(1 - F)),

so that D;_y, satisfies also Property c) of

Bywhere loc, : HY(Q,Z /1Z(l — k)) — HY(Qp, Z /I Z(l — k)) is the localization map at p.
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A. Appendix

In this appendix the reader can find all the relevant definitions, statements and settings
necessary to understand the work above. For details, see for example [Sil09], [KMS&5],
[Aut|, [Tam94] and [Mil04].

A.1. Hecke operators and Hecke algebra

Let H := {r € C|Im7 > 0} be the upper half plane.

DEFINITION A.1.1. Let N be a positive integer. The principal congruence subgroup of
level N is the group

T(N) = {(Z Z) € SLo(Z) | (Z 2) _ (é ?) mod NY.

It is a normal subgroup of SLy(Z).

DEFINITION A.1.2. Let T' be a subgroup of SLo(Z). T is called a congruence subgroup
(of level N ) if there exists an N € Z~q such that I'(V) < T

DEFINITION A.1.3. Let v = (Z b) € SLy(Z) and k be a positive integer. The weight-k

d
operator [y]r on functions f: H — C is defined by

(FIVI)(T) = (cr +d)* f(y(7)), 7 € H.

DEFINITION A.1.4. Let T" be a congruence subgroup of SLy(Z), k a positive integer. A
function f: H — C is a modular form of weight k with respect to T if:

1. f is holomorphic;
2. f is weight-k invariant under I', i.e. f[v]x(7) = f(7) for every v € I' and 7 € H;
3. flv]k is holomorphic at oo for every v € SLa(Z).

If, in addition, ap = 0 in the Fourier expansion of f|v]x for every v € SLy(Z), then f is
a cusp form of weight k with respect to I'.

The modular forms (resp. cusp forms) of weight k& with respect to I' are denoted by
M(T) (resp. S,(T).

DEFINITION A.1.5. Let I' be a congruence subgroup of SLa(Z). The cusps of I' are the
I-equivalence classes of Q U {o0}.
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A. Appendix

DEFINITION A.1.6. Let o € GL] (Q) and I';,I'y © SLy(Z) be congruence subgroups.
Then the weight-k T'yal's double-coset operator takes f e My(T'1) to

fll1als], = Z f1Bilk € My(I2)

J

where the {;} are orbit representatives, i.e. I'ial's = Uj I'1 B; disjoint union.

DEFINITION A.1.7. For n a positive natural number and

ay € {veMg(Z) |y = (é :L> (mod N),det~y =n},

define the Hecke operator T, to be the weight-k double coset operator [a, ], i-e.
T, : M(T(N)) = My(D(N) given by f — Tof i= flanls.
Define the Hecke algebra H to be the Z-algebra
H:=7Z|Th,T>,...]

generated by the Hecke operators.

REMARK A.1.8. Analogous definitions hold also for Hecke operators on modular forms
with coefficients in Z; and the attached Z;-Hecke algebra. These are the objects that we
will use in our main work.

A.2. Etale cohomology

DEFINITION A.2.1. Let f : X — Y be a morphism of schemes locally of finite presen-
tation, z € X and y := f(z). Then f is étale if it is unramified and flat at z, for every
rzeX.

DEFINITION A.2.2. Let X be a scheme and denote by Et/X the category of étale schemes
over X.

DEFINITION A.2.3. Define the étale site X¢; of X to be the category Ft/X, together
with coverings given by the families of morphisms (p; : X] — X'); in Ft/X, for X’ =
Ui o(X3).

The category of abelian sheaves on X is denoted by Sh(X,;). Its objects are called
étale sheaves on X.

DEFINITION A.2.4. Let F be an abelian sheaf on X.;, X’ an étale scheme over X. Then
the sheaf cohomology groups HY(X', F) are denoted by HZ (X', F)H

'But in the main work, we will drop the pedix -¢;.
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A.3. Leray spectral sequences

A.3. Leray spectral sequences

DeFINITION A.3.1. Let A € C, C abelian. A decreasing filtration of A is a family
(FP(A))pez of subobjects FP(A) of A such that FPT1(A) < FP(A) for every p. Let
grp(A) = FP(A)/FPT(A). If A, B are two filtered objects in C, a morphism u : A — B
is compatible with the filtration if u(FP(A)) < FP(B) for every p € Z.

DEFINITION A.3.2. A spectral sequence in the abelian category C is a system E =
(EYY, E™) consisting of:

1. objects EF9 e C for every (p,q) € Z* and r > 2
2. morphisms @ : EP? — EPTTH p € such that 2T o @l = 0

3. isomorphisms of? : ker(d??)/Im(d2 """ 5 EM,

4. decreasingly filtered objects E™ € C for every n € Z
5. isomorphisms P4 : EY! — gr,(EP1?).

The EY? are called the initial terms and the E™ the limit terms of the spectral sequence.
We write EY? = E™ for E = (EF1, E™).
DEFINITION A.3.3. A morphism of spectral sequences

u:E = (EM E") > E = (EP, E™)

in C is a system of morphisms (ub? : EMY — E;«pq,u" Y DL E/”) where the u” are
compatible with the filtrations of E™ and E'™ and the uP?, resp. u", commute with
dP?, ob?, resp [PI.

DEFINITION A.3.4. A spectral sequence E = (EF? E™) in C is a cohomological spectral
sequence if E¥? =0 for p,q < 0.

Proposition A.3.5. For every cohomological spectral sequence E = (EXY E™) in C there
are morphisms Eg’o — E" and E" — Eg’n that are functorial in E and that are called
edge morphisms.

Proposition A.3.6. For a cohomological spectral sequence EY? = E™ the sequence
0 By’ - E' - EY' - B30 — E?

is exact and called the exact sequence of terms of low degree (or five terms sequence)

belonging to EY? = E™.

Proposition A.3.7. Let f : X — Y be a finite morphism of schemes, F' € Sh(X.) an
abelian sheaf. Then
RIf,F =0 for every q > 0.

Proposition A.3.8. If EY? = 0 for every q > 0, then the edge morphism E;L’O 5 E™ s
an isomorphism for every n.

DEFINITION A.3.9. Let f : Y — X be a morphism of schemes and F' an abelian sheaf
on Y. Define the Leray spectral sequence to be the spectral sequence

B} = Hgy(X, R1f.(F)) = E" = HL (Y, F)
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A.4. Galois action on étale cohomology

By [Del22] II 4.4, we have, for a field K and a sheaf F' € Sh(X,) on the scheme
X := Spec K, an isomorphism

HY (K, F) = Hy(Gal(K*?/K), lim F(Spec L))
L/K

for L such that K € L € K?*%.
The above isomorphism comes from the following equivalence of categories.

Proposition A.4.1 (|Del22| II 4.4). For K a field, there exists an equivalence of cate-
gories
{¢étale sheaves on Spec K} «> {Gal(K/K) — modules} .

Proof. (—) Let F' € Sh(Spec K) and define My := limg F((L), for L < K finite and
Galois over K. Then M is a discrete Gal(K /K )-module.

(<) Let M be a discrete Gal(K /K )-module and define Fy; € Sh(Spec K) by Fps(L) :=
MGal(?/L).

d

A.4.1. Transport of structures for étale cohomology

The notion “transport of structures” heuristically means that if we have an object A
with some structure and an isomorphism between this object A and an object B, then,
through this isomorphism, also B gains this structure. Transport of structures gives rise
to a Galois action on étale cohomology.

Let X be a scheme over the field K and K, Ko be two algebraic closures of K with
0; : K — K; the corresponding inclusions. Let a : K1 — K3 be an isomorphism, then,
by functoriality, we have an isomorphism

HLY(X @k K1,Qp) = HL (X @k Ko, Q)

of Q;-vector spaces. Therefore every automorphism in Aut(K/K) gives rise to a corre-
sponding automorphism of H, (X3, Q;), defining an action of the Galois group Gal(K/K)

on Hét(XF> Q).

A.5. Tate module

Let E/S be an elliptic curve. For n € Og, define the scheme of n-torsion points
E[n] :={P € E(S) | nP = 0}.

REMARK A.5.1. E[n] is a finite étale group scheme over S.

46



A.5. Tate module

DEFINITION A.5.2. For an elliptic curve 7 : E — S := Spec K and a prime [ € OF,
define the Tate module to be the Z;-module

Ty (E) = lim E[I™],

m

where the transition maps E[I™] — E[I™~!] are given by multiplication by [ maps. It
is equipped with a Gal(K /K )-action.

Proposition A.5.3. The Z;-module 7 := (R'w, 7)) is isomorphic, in every fibre, to
the Tate module Ti(E).

Proof. Let us consider the Weil pairing
E[1] x E[l'] =

associated to the elliptic curve 7 : F — S and, by taking the inverse limit, we obtain
the perfect pairing

LExTE— Zi(1): =limu,

1
so that (T;1E)Y =~ T;E(-1).
Claim: (T)E)Y =~ HY(E,,Z;), for T a geometric point of S and E, the localization of E
at it. By [Mill3] 11.3, we have that
Helt(ET, Zl) = HOII](7T1 (E), Zl)

where m(F) is the étale fundamental group with base point the origin of E. But the
étale fundamental group of E is isomorphic to T; F, since

m(E) = lim Aut(E;) = im([l'] : E; > E) = llmE[l'] = T,E.

(2 3 K3

As Hom(T}E,Z;) =: (T;E)", we proved the claim. By base change we have
(R 7)), = HY(E:, 7).

Therefore,
A, =~ HY(E., 7)) =~ T|E.

REMARK A.5.4. In particular, since (T} E)Y = TjE(—1), we have

H = Rim, 7,(1).
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A. Appendix

A.6. Modular curve parametrising elliptic curves

DEFINITION A.6.1. Let &1l be the category whose objects are elliptic curves 7 : F —
S over a variable base scheme and whose morphisms are given by the commutative
diagrams

E 5 E

bk

i

S — 5
such that the induced map (¢,7’) : E'/S" — f*E := E xg S’ is an isomorphism of
elliptic curves over S’. We write (¢, f) : E'/S" — E/S.
DEFINITION A.6.2. Define a moduli problem for elliptic curves to be a contravariant

functor
P : 8l — Sets,

and, for an elliptic curve E/S, define a level-2-structure on E/S to be an element of the
set Z(E/S). A moduli problem & is representable if the functor &2 is representable,
i.e. if there exists an elliptic curve £/M () € &1l and an element aypi, € Z(E/M(Z))
such that, for any E/S € &1,

Homgy (E/S,E/M(2)) - P(E/S) given by ¢ — Z(¢)(univ)
is an isomorphism. If & is representable, then the scheme M (Z?) represents the functor

S — {isomorphism classes of pairs (E/S, ¢), for E/S elliptic curve
and a € Z(E/S) a level-Z-structure on E/S}

and & is called universal elliptic curve with level-Z-structure over M (2).

We want now to give an example of moduli problem that will be used in the main
work.

DEFINITION A.6.3. Let N > 3 and define the level-N-moduli problem to be the con-
travariant functor

E/S — {S-group scheme isomorphisms (Z /N Z)?> > E[N]}.

It is representable by the smooth affine curve Y (V) of relative dimension 1, called the
modular curve, over Z[1/N, un].

Let X(N) be its smooth compactification and denote by j : Y(N) < X (V) the associ-
ated open immersion. Denote by Cusp the subscheme of cusps Cusp := X(N) N\ Y(N).
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