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I. Introduction
It is astonishing that the theory of Quantum Chromodynamics (QCD) exhibits an extremely
rich structure, even though its defining Lagrangian density is strikingly simple. It is based on
only six different flavors of matter fields - the quarks - and on the fundamental requirement of
being invariant under a so-called local SU(3) gauge transformation. This symmetry requirement
alone leads to eight types of gluons, which are the mediators of the strong force. One of the
resulting key features of QCD is that the strength of the coupling between quarks and gluons
decreases with increasing energy scale. This has a number of consequences, two of which are
highlighted here. At low energy scales, quarks are always confined within hadrons (e.g., protons
and neutrons, which are the constituents of all atomic nuclei). In contrast, for very large energy
scales - reached by high temperatures and densities - a state called Quark-Gluon Plasma (QGP)
emerges, in which the confinement breaks down as the coupling of quarks and gluons becomes
very small. It is expected that the universe was filled with a QGP in the first microseconds after
the Big Bang, from which hadrons condensed as the universe cooled [1]. In fact, such a transition
is understood very well at the theoretical level: To observe it, one needs to study the temperature
dependence of expectation values of observables based on the partition function. This step
requires an integration over all existing fields, i.e., gauge and quark fields, which is usually done
in the following way: First, the integration over quark fields is performed analytically, yielding
a quantity called fermion determinant. Afterwards, the integration over gauge fields is done
numerically: To do so, a finite set of gauge configurations is sampled according to a probability
distribution, which in turn is given by the fermion determinant and the gauge action. Finally, the
observable is computed as the expectation value over this particular sample. Explicit calculation
shows that the aforementioned transition to hadron condensation is in fact a crossover, i.e., a
smooth transition without a discontinuity in any of the derivatives of the observable with respect
to the temperature T [2].

Problems arise when one examines the phases of QCD not only at nonzero temperature, but
also at baryon densities other than zero, as is relevant for heavy ion collisions or inside large
neutron stars [2]. At the theoretical level, this is achieved by introducing a nonzero chemical
potential µ, which creates a particle-antiparticle asymmetry. It turns out that for nonzero
chemical potential the fermion determinant is no longer real but complex, and therefore the
approach using importance sampling breaks down. In the literature, this is commonly referred
to as the sign problem. In order to circumvent this sign problem, a variety of methods have been
proposed, including reweighting, Taylor expansion in µ, analytic continuation from imaginary
µ, complex Langevin, thimbles and path optimization, see [3, 4] for reviews. Nevertheless, none
of the proposed remedies can successfully reach regimes in which µ/T > 1, and therefore even
today the full QCD phase diagram in the µ − T plane cannot be calculated. It is expected
that, for sufficiently large chemical potential, the transition to deconfinement is no longer a
crossover but a first-order phase transition [2]. Therefore, the existence of a critical endpoint
is proposed. Further, for large chemical potential and low temperatures, a state with so-called
color superconductivity is expected [5]. However, due to the SU(Nc) nature of the color charge,
there are many possible scenarios for how the color superconducting phase may manifest.

There is a promising further method, based on so-called dual variables, that differs crucially from
all of the aforementioned approaches. There, the exponentials of the various contributions to the
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action are Taylor-expanded, and the order of the resulting summation and the integration with
respect to the field variables is exchanged. Also, the integration order of quark and gauge fields
is reversed, i.e., the integration over gauge fields is performed first. Altogether, this corresponds
to a transformation of the degrees of freedom which are no longer continuous but discrete,
referred to as dual variables. This method strongly reduces the sign problem, but until now the
dualization was mainly applied to the infinite-coupling limit of QCD [6, 7, 8, 9]. An attempt
to go beyond this limit was made using the next-to-leading-order term in the inverse coupling
β [10] (see also [11] for an early attempt in mean-field approximation). New strategies to go
beyond the infinite-coupling limit in a worldline and worldsheet formulation were proposed using
so-called Abelian color cycles [12] and, more recently, by introducing additional dual degrees of
freedom called decoupling operator indices [13]. Using the method of Ref. [13], first results for
the phase transition in four-dimensional QCD with one flavor of staggered quarks in the chiral
limit were obtained up to order β2 using a vertex model [14, 15]. First attempts to include the
full gauge action of two-color QCD in two dimensions were made using numerical integrations
of the gauge fields [16, 17].

In most cases, the worm algorithm [18] is used to simulate QCD in its dual formulation. As an
alternative to Monte Carlo methods, tensor-network methods have recently been applied success-
fully to various statistical systems. In this approach, the quantity of interest (which is typically
the partition function) is written as a contraction of a large number of local tensors. However,
due to the curse of dimensionality, an analytical calculation is still numerically unfeasible in most
cases. Therefore, approximations based on singular value decomposition are applied in all of
these methods. Ref. [19] provides an overview of different tensor-network methods applied to a
range of models. Of special relevance is the higher order tensor renormalization group (HOTRG)
approach, see Ref. [20]. This is an algorithm, applicable to systems of arbitrary dimension, in
which a tensor is assigned to every site of a closed lattice and a contraction is performed for
each link between two neighboring sites. After a pairwise contraction of two neighboring ten-
sors, the resulting coarse tensors are truncated using higher-order singular value decompositions
(HOSVD) [21]. This algorithm is repeated until a single tensor remains, from which the trace
is taken. An additional difficulty arises when a theory including fermions is considered. In this
case, it is in general not possible to integrate out all fermions in terms of local objects, so that
the result is suitable for the tensor-network formulation. Instead, all fermions are integrated
out, except for auxiliary Grassmann variables, which become part of the considered tensors. The
Grassmann structure in each tensor reproduces itself after each contraction step and creates a
sign factor that is part of the coarse tensor. Such a procedure is known as Grassmann HOTRG
(GHOTRG) [22]. Recently, GHOTRG was tailored to strong-coupling QCD using one flavor
of staggered quarks in two dimensions [23]. This enabled the calculation of various observables
for arbitrary masses, chemical potentials, and lattice volumes. Moreover, the extension to four
dimensions, in order to investigate the phase diagram of infinite-coupling QCD, showed quite
promising results [24]. Similar computations were performed very recently to investigate cold
and dense QCD in the strong-coupling limit [25]. In both two and four dimensions, it was
observed that the sign problem originating from nonzero chemical potential did not cause any
numerical instabilities. First results for including the first-order strong-coupling expansion to
the GHOTRG approach were obtained in Ref. [26].

In this thesis, we go beyond both the infinite-coupling limit and the single-flavor case. The
main goal is to express the partition function of lattice QCD with staggered fermions in the
strong-coupling expansion in terms of a tensor network. This is done for an arbitrary number
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of dimensions, flavors, and orders of the strong-coupling expansion. Further, the GHOTRG
approach shall be extended such that every coefficient Zn of the partition function Z = ∑

n Znβ
n

can be calculated separately. Finally, it is part of this thesis to study the numerical results in
two dimensions. The main findings of this thesis have been published in a collaboration with
Jacques Bloch, Robert Lohmayer, and Tilo Wettig in Ref. [27] and Ref. [28], with, in particular,
the wording of these publications being largely incorporated here. The methods were first
developed for two dimensions in this thesis and were generalized to an arbitrary number of
dimensions mainly by Jacques Bloch and Tilo Wettig.

This thesis is structured as follows: Part II introduces essential principles on which the work is
based and is divided into three sections: In Sec. 1, fundamental concepts of group theory are
presented, including matrix representations of group elements and the corresponding characters.
Special attention is paid to the symmetric group and the computation of its characters using
the Murnaghan-Nakayama rule. Additionally, Lie groups, which are essential for gauge theories
such as QCD, are introduced. In Sec. 2, concepts of quantum field theory are introduced, with
a focus on the path integral formalism. Further, starting from the continuous QCD Lagrangian
density in d-dimensional Minkowski space, we derive the Lagrangian density of lattice QCD in d-
dimensional Euclidean space-time with staggered fermions. We study the chiral symmetry of the
QCD Lagrangian density, explain the aforementioned sign problem more rigorously, and provide
an overview of the expected QCD phase diagram. Finally, Sec. 3 is dedicated to the introduction
of tensor-network methods. We introduce HOSVD as well as HOTRG for arbitrary number of
dimensions. Two different variants of coarse-tensor truncation are discussed, using either the
so-called SuperQ method [29] or the Xie et al. [20] procedure. Moreover, an improvement for
calculating observables is presented: Observables are typically obtained through a derivative of
the partition function with respect to some parameter. Due to the discrete nature of tensor-
network methods, this derivative is generally approximated poorly when computed by a finite
difference. In the presented stabilized finite-difference method, the variation of every singular
vector for varied parameter is taken into account, which allows a less error-prone calculation of
observables. Finally, we discuss the GHOTRG approach in detail, as applied, for example, in
Ref. [23] to two-dimensional strong-coupling QCD.

Most of Part III has been published in [27] as it contains one of the main findings of this thesis.
The partition function of an SU(Nc) gauge theory in d-dimensional Euclidean space-time with
Nf flavors of staggered fermions is expressed in the form of a local tensor network with the
Grassmann structure from Ref. [23]. The basic idea is quite straightforward: In addition to the
Taylor expansion of the Boltzmann factor involving the fermion action, as used previously in the
infinite-coupling limit, one also performs a Taylor expansion of the Boltzmann factor involving
the gauge action. The gauge links (i.e., the gauge-field matrices defined on the links of the lattice)
contained in the terms that arise from these expansions can still be integrated out exactly using
known integrals [30, 31, 32, 13, 33]. The integrals are performed on individual color components
of the gauge links and their adjoints. Consequently, the original colored Grassmann variables
can be integrated out after introducing new colorless auxiliary Grassmann variables on the links
of the lattice. This generates local sign factors that can be incorporated in the numerical tensor.
After integration, all color indices can be contracted, and the partition function can be rewritten
as a completely contracted tensor network of local numerical and Grassmann tensors. In contrast
to the infinite-coupling case, the colorless auxiliary Grassmann variables no longer correspond
to baryonic degrees of freedom, but are generic fermionic degrees of freedom. Nevertheless, the
GHOTRG blocking procedure remains completely identical to that of the infinite-coupling case



I Introduction 11

in Ref. [23]. As a consistency check, we also show that the obtained tensor reduces to the one
stated in Ref. [23] for the case of one flavor, two dimensions, Nc = 3, and β = 0.

Part IV addresses order-separated GHOTRG (OS-GHOTRG) as described in the corresponding
publication [28]. It is a modification of GHOTRG that allows the separate calculation of the
coefficients Zn of the partition function Z = ∑

n Znβ
n up to some order nmax. It is based on

the observation that plaquettes on the lattice are collapsed onto links, and (after at least two
contractions) also onto sites. To distinguish how many plaquettes are already collapsed onto
a specific site, we introduce nmax + 1 tensors of equal shape on every site. Additionally, the
link indices are grouped such that, in each group, both the number of plaquettes collapsed onto
the link and the number of uncollapsed adjacent plaquettes in every direction are fixed. In a
contraction, all summations are reordered such that this tensor structure is reproduced, albeit
on a coarse lattice. Thus there are nmax + 1 coarse tensors on every site, whose link indices
are grouped according to the number of plaquettes collapsed onto that link and the adjacent
uncollapsed plaquettes of that link. When the tensors are truncated, every group of link indices
requires a separate reduction to avoid the mixing of different orders in β. As in the usual
HOTRG approach, for a given group of link indices, the backward- and forward-truncation
matrices need to be identical. After the repeated contraction steps, when the trace of the coarse
tensor is taken, all summations are reordered again, so that all terms are sorted with respect to
the orders in β. In this Part, we also show how translational invariance in the partition function
can be used to improve the efficiency of the OS-GHOTRG method.

The results of this thesis are presented in Part V. We start with several analytical results.
We state an algorithm that is used to compute the coefficients Zn of the partition function
Z = ∑

n Znβ
n analytically in an efficient way, based on the initial tensor network derived in Part

III. Using this, the analytical coefficients Zn on a 2 × 2 lattice are computed up to fourth order
for one flavor and up to first order for two flavors. Afterwards, we discuss the simplifications of
the tensor-network approach for pure-gauge theory in two dimensions and analytically calculate
the coefficients of the strong-coupling expansion for a later comparison with numerical results.
Returning to the full theory in arbitrary dimensions, we analytically derive several properties of
the partition function and the resulting observables, including their symmetries and asymptotic
behavior with respect to the chemical potentials and masses. These analytical predictions are
in agreement with the numerical results. Afterwards we propose a model function arising from
interpolating between small and large µ that turn out to describe the numerical data very well
in many cases for Nf = 1. At the end of Sec. 9 we discuss the general applicability of the
strong-coupling expansion near a phase transition again for arbitrary Nf.

From then on, we present a number of numerical results for two dimensions with Nc = 3.
First, we compare SuperQ and the Xie et al. truncation procedure for different lattice volumes,
β = 0, and Nf = 1 using the usual GHOTRG procedure. Afterwards, results for the pure-gauge
theory using OS-HOTRG (which is the simplification of OS-GHOTRG when no Grassmanns
are present) are compared with the exact coefficients from analytical calculations up to order
six in β. For one flavor, we first compare different expansions which differ regarding whether
the partition function is expanded in β or the observable of interest itself is expanded in β.
We validate the implementation of the OS-GHOTRG method by comparing with analytical
and Monte Carlo results for small lattices. After a study of the singular values for various
quark masses and chemical potentials in several truncation steps, we show results for different
observables near the phase transition. To model the behavior of the observables, we introduce a



12

fit ansatz based on the hyperbolic tangent, where we study the dependence of the fit parameters
on the quark mass and the lattice size. It is expected that, by using this model, the range of
β in which the strong-coupling expansion is applicable increases significantly. Finally, we also
show results for Nf = 2 up to nmax = 1.
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II. Theoretical foundations
In this part, we introduce fundamental definitions and concepts of group theory and quantum
field theory that form the basis of this thesis. We then present the QCD Lagrangian density,
consider the discretization of space-time and discuss the Wick rotation that is required for
the transformation from Minkowski to Euclidean space-time. Furthermore, we examine chiral
symmetry and provide an overview of the expected QCD phase diagram. In the third section,
we introduce HOTRG, a fundamental tensor-network method, along with its generalization
GHOTRG, which allows for Grassmann-valued tensor entries as required for theories involving
fermions.

1 Fundamental concepts of group theory

The study of group theory is of great importance as it is the study of symmetry itself, which
has consequences in all fields of physics. Using group theory, crucial insights can be extracted
from physical systems without necessarily knowing the details of the dynamics. The following
brief introduction to group theory is based on [34, 35, 36, 37], where most of the proofs are left
out for conciseness.

1.1 Basic definitions and properties

A group is a set G assigned with a binary operation called multiplication denoted by “·”, which
satisfies the following properties:

• closure: If f, g ∈ G, then f · g ∈ G.

• associativity: For any f, g, h ∈ G, f · (g · h) = (f · g) · h.

• identity element: There is an identity element e ∈ G such that for all f ∈ G, e · f =
f · e = f .

• inverse element: Every element f ∈ G has an inverse element f−1 ∈ G such that
f · f−1 = f−1 · f = e.

When the multiplication is additionally commutative, i.e., for f, g ∈ G, f · g = g · f , the group
is called abelian.

If the number of group elements is finite, the group is called a finite group. In this case, the
number of group elements n of a group G is called order of the group, and we write |G| = n.

A subset H ⊆ G is called a subgroup of the group G, when H together with the multiplication
of G is a group. To define the multiplication on H, we naturally restrict the multiplication from
the group G to the elements of H. When G is finite, one can show that the order of G is divisible
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by the order of H, i.e., |G|/|H| ∈ N. Every group G has the subgroups {e} and G, which are
called trivial subgroups. All other subgroups are called nontrivial.

Two group elements f, g ∈ G are said to be conjugate or equivalent, if there exists a group
element h ∈ G, with f = h · g · h−1. Equivalent group elements are denoted by f ∼ g. This
relation is reflexive (i.e., f ∼ f for all f ∈ G), symmetric (i.e., f ∼ g ⇔ g ∼ f for all
f, g ∈ G) and transitive (i.e., f ∼ g and g ∼ h ⇒ f ∼ h for all f, g, h ∈ G). Therefore the
equivalence relation naturally induces equivalence classes as well: The equivalence class of a
group element g ∈ G is the subset of all group elements of G that are equivalent to g, denoted
by [g] ≡ {f ∈ G | f ∼ g}. By definition, every element of a group G belongs to one and only one
class. Even though, for any class [g], the order of the group |G| is divisible by the number of
elements in the class, [g] is, in general, not a group. The class that contains the identity element
e is trivial, as this element always forms a class by itself, i.e., [e] = {e}. If the group is abelian,
all the classes become trivial, as each element forms a class by itself.

Two subgroups K and H of G are conjugate to each other, if there exists an element g ∈ G
such that K = gHg−1 ≡ {g · h · g−1 |h ∈ H}.

H is called an invariant subgroup of G, when ghg−1 ∈ H for all h ∈ H and all g ∈ G. As a
consequence, every group G has at least two invariant subgroups, which are the trivial subgroups
{e} and G.

A group is called simple, if it does not have any nontrivial invariant subgroups. Further it is
called semi-simple, if it does not have any nontrivial abelian invariant subgroups.

For given subgroup H ⊆ G and group element g ∈ G, we define the left coset of H with respect
to the element g as the set gH ≡ {g · h |h ∈ H}, and the right coset of H with respect to
the element g as the set Hg ≡ {h · g |h ∈ H}. Moreover, two cosets g1H and g2H are either
identical, i.e., g1H = g2H (if g−1

1 · g2 ∈ H) or disjoint, i.e., g1H ∩ g2H = ∅ (if g−1
1 · g2 /∈ H). This

can be used to show that every group element g ∈ G belongs to one and only one of the disjoint
cosets of H. From the definition it follows, that the left and right coset coincide when g ∈ H,
i.e., gH = Hg = H. Also if H is an invariant subgroup, the left and right coset are identical.

The case of an invariant subgroup is of particular interest, as all the cosets build the elements
of a new group, where the multiplication of two elements is defined by (g1H) · (g2H) ≡ {g1 · hi ·
g2 ·hj |hi ·hj ∈ H} = {g1 · g2 ·hk |hk ∈ H} = (g1 · g2)H. Here we inserted hk = (g−1

2 ·hi · g2) ·hj ,
which is again a group element of H, as H is an invariant subgroup. Note that we use the same
symbol for the multiplication of two cosets as well as for two elements out of G. The constructed
group is called factor group, denoted by G/H, with order |G/H|=|G|/|H|.

A group homomorphism is a mapping Φ of the elements of a group G onto elements of a
group H with Φ(f · g) = Φ(f) · Φ(g), for any elements f, g ∈ G, where we use the same symbol
for multiplications in G and in H. There always exists at least one such mapping Φ, which is
called the trivial homomorphism Φ(g) = e′ for all g ∈ G, where e′ is the identity element in H.

From the definition of a homomorphism it follows that Φ(e) = e′, where e is the identity element
of the group G and e′ is the identity element of the group H. Additionally, inverses are mapped
onto each other Φ(f−1) = Φ(f)−1. Here, Φ(f)−1 denotes the inverse of the group element
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Φ(f) ∈ H.

A crucial property of groups is formulated in the rearrangement lemma: If we multiply all
elements of a group G by one of the elements of the group, we again obtain the set of group
elements, i.e., for given g ∈ G, G = {g · h |h ∈ G} = {h · g |h ∈ G}. Note that when g ̸= e, we
get a new ordering of the elements.

This implies ∑
g∈G

f(g) =
∑
g∈G

f(g · h) =
∑
g∈G

f(h · g) for all h ∈ G , (1.1.1)

for an arbitrary function f , depending on the group elements.

Finally, we define the group isomorphism, which is a group homomorphism that is bijective,
i.e., injective and surjective. If there exists such a mapping, the corresponding groups are said
to be isomorphic. An example of isomorphic groups are conjugate subgroups K and H of a
group G, i.e., K = gHg−1, where the isomorphism Φ from H to K is given by Φ(h) = g ·h · g−1.
Isomorphic groups can be considered identical, up to a relabeling of the group elements.

1.2 Group representations

One of the most powerful concepts in group theory is the so-called group representation, which
describes the action of group elements in a linear vector space. This permits to reduce group-
theoretical problems to problems in linear algebra.

Let V be a vector space. A representation of G is a mapping Γ of the elements of G onto a
set of invertible linear operators that map elements of the vector space V again onto elements
of the vector space, with the properties

• Γ(e) = 1, where 1 is the identity operator in the vector space V , i.e., 1v = v for all v ∈ V .

• Γ(f ·g) = Γ(f)Γ(g), therefore the group multiplication law is mapped onto the composition
of the linear operators.

Some comments on terminology: We say the group G acts on the vector space V via the
representation Γ. Since the action of Γ(g) on any vector in the vector space V is still in the
vector space for any group element g ∈ G, we say V is invariant under Γ. The image of Γ, i.e.,
the set of all linear operators that represent a group element, is called Γ(G). V is also referred
to as the carrier space of the representation Γ.

From e = g · g−1 it follows that Γ(g−1) = Γ−1(g) for any g ∈ G, i.e., the representation of the
inverse group element g−1 is given by the inverse linear operator Γ−1(g).

For a given vector space V , every group has a trivial representation, given by Γ(g) = 1 for all
g ∈ G. A representation is called faithful, if the mapping of group elements onto linear operators
is injective, i.e., Γ(f) = Γ(g) implies f = g. Therefore, the trivial representation is not faithful
as long as |G| ≠ 1.
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Let V be finite dimensional, with dimension λ. In this case, we can choose a basis v =
(v1, . . . , vλ), with respect to which the linear operator Γ(g) is represented by a matrix Γ(v)(g),
which is called matrix representation of the group element g (with respect to basis v). This
uses the isomorphism between linear operators and matrices. Naturally, the dimension of the
representation is defined as the dimension λ of the λ × λ matrices Γ(v)(g). The set of all ma-
trix representations Γ(v)(g) for all group elements is denoted by Γ(v)(G), and is called matrix
representation of the group G. Further, we say the basis v furnishes the matrix representation
Γ(v)(G) of the group G.

Now let use choose another basis w = (w1, . . . , wλ). The linear operators Γ(G) are therefore
now represented by the matrices Γ(w)(G). The matrix representations Γ(w)(G) and Γ(v)(G) are
said to be equivalent matrix representations, as they describe the same action of group
elements in different bases. For any g ∈ G, Γ(w)(g) can be calculated by

Γ(w)(g) = T−1Γ(v)(g)T , (1.2.1)

where T is the transition matrix between the bases. It can be denoted by x(v) = Tx(w), where
x(v) and x(w) are the coordinates of a vector x ∈ V in the different bases. Note that the matrix
T is the same for all group elements. Conversely, Eq. (1.2.1) can be used as the defining equality
for equivalent matrix representations.

One can show that every matrix representation Γ(v)(G) of a finite group is equivalent to a
unitary matrix representation, i.e., a matrix representation where

Γ(u)(g)−1 = Γ(u)(g)† for all g ∈ G . (1.2.2)

The unitary representation Γ(u)(g) of the group element g is given by Γ(u)(g) = T−1Γ(v)(g)T ,
with T = S−1/2 and S = ∑

g∈G Γ(v)(g)†Γ(v)(g), where one can show that S is positive definite,
which is why S−1/2 exists and is unique.

1.3 Reducibility

As it will turn out, some representations are the “building blocks” of other representations,
i.e., the representation can be decomposed into these special representations, which leads us to
the concept of reducibility: A representation Γ of a group G with vector space V is called
reducible if there is a subspace W ⊂ V that is invariant under Γ, i.e., Γ(g)w ∈ W for all g ∈ G
and w ∈ W . Conversely, the representation is said to be irreducible (or simply an irrep), if it
is not reducible. We use the notion of reducibility for the carrier space of the representation as
well.

Further, a matrix representation Γ(v)(G) of a group G is called completely reducible if it is
equivalent to a matrix representation Γ(w)(G), whose matrices have a block-diagonal form

Γ(w)(g) = T−1Γ(v)(g)T =


Γ(w)

1 (g) 0 · · ·
0 Γ(w)

2 (g) · · ·
...

... . . .

 , for all g ∈ G, (1.3.1)
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where Γ(w)
i (g), for all i, is an irreducible matrix representation of the group element g, acting

on a subspace of V , for all i. Such a matrix representation is said to be the direct sum of
subrepresentations Γ(w)

i (g), denoted by

Γ(w)(g) =
∑
i⊕

Γ(w)
i (g) ≡ Γ(w)

1 (g) ⊕ Γ(w)
2 (g) ⊕ · · · . (1.3.2)

Therefore, the vector space V decomposes into subspaces Vi that are invariant under the ir-
reducible matrix representation Γ(w)

i (G) of the group G. Note that in general, several of the
occuring irreps in Eq. (1.3.2) can be equivalent. Their respective number of appearances is
referred to as the multiplicity of the irrep in the representation Γ(g). Also note that there are
representations Γ that are reducible, but not completely reducible. In this case, there is an
invariant subspace of V under Γ, but its complement is not invariant under Γ.

We now state some important theorems in the context of irreducible matrix representations:

Schur’s lemma 1: A matrix M which commutes with all matrices of an irrep Γ(v)(g) for all
g ∈ G is proportional to the identity matrix, i.e.,

MΓ(v)(g) = Γ(v)(g)M ⇒ M ∼ 1 . (1.3.3)

Schur’s lemma 2: Suppose we have two irreps Γ(v)
1 (G) and Γ(w)

2 (G) of the group G, acting on
vector spaces V and W with dimensions λ1 and λ2 and bases v and w, respectively. If there is
a λ2 ×λ1 matrix M , with MΓ(v)

1 (g) = Γ(w)
2 (g)M for all g ∈ G, then either M is zero, or Γ(v)

1 (G)
and Γ(w)

2 (G) are equivalent. Note that the latter can only happen for λ1 = λ2. In this case it
also holds that det(M) ̸= 0, and therefore Γ(v)

1 (g) = M−1Γ(w)
2 (g)M .

Orthogonality relations: Let Γ(vi)
i (G) and Γ(vk)

k (G) be two unitary irreps of the group G,
which act on the vector spaces with dimensions λi and λk in the bases vi and vk, respectively.
Then it holds that ∑

g∈G

(
Γ(vi)

i (g)µν

)∗
Γ(vk)

k (g)µ′ν′ = n

λi
δikδµµ′δνν′ , (1.3.4)

where the order of the group is denoted by n ≡ |G|. For the proof of this relation, one uses
Eq. (1.1.1) as well as Schur’s lemma 1 and 2. We will use this relation in the following sec-
tion, where we consider the trace of representations, called characters, yielding the important
conclusion that the number of non-equivalent irreps of a group G is given by the number of
classes.

1.4 Characters of representations

The character of the group element g ∈ G in representation Γi is defined as the trace

χi(g) = tr
(
Γ(v)

i (g)
)

=
∑

µ

Γ(v)
i (g)µµ , (1.4.1)

for any basis v of the vector space. What is special about this quantity is that it is the same for
equivalent representations Γ(w)

i (g) due to the cyclic property of the trace, as

tr
(
Γ(w)

i (g)
)

= tr
(
T−1Γ(v)

i (g)T
)

= tr
(
Γ(v)

i (g)TT−1
)

= tr
(
Γ(v)

i (g)
)

for all g ∈ G. (1.4.2)
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Therefore, the characters are independent of the chosen basis.

Furthermore, group elements that belong to the same class have the same character as well, as
we have

tr
(
Γ(g · p · g−1)

)
= tr

(
Γ(g)Γ(p)Γ(g−1)

)
= tr

(
Γ(p)Γ−1(g)Γ(g)

)
= tr (Γ(p)) , (1.4.3)

where we wrote Γ ≡ Γ(v)
i for conciseness. Thus we can write χi(g) = χc

i , where c enumerates
the classes of the group G and g is in class c. Combining this result with Eq. (1.3.4) yields the
orthogonality relation for characters

m∑
c=1

nc (χc
i )∗ χc

k = nδik , (1.4.4)

which contains a sum over all classes of G, enumerated by c. The total number of classes is m,
which is finite for finite groups. The number of group elements in class c is denoted by nc. The
orthogonality relation can be used to show that the number of non-equivalent irreps of a group
G is given by the number of classes.

Another crucial property of characters is that for any given completely reducible representation,
one can conclude from the characters, whether the representation is reducible. The characters
of such a representation Γ(G), whose block-diagonal form is given in Eq. (1.3.2), are given by

χ(g) =
∑

i

aiχi(g) , (1.4.5)

where i labels the non-equivalent irreps of the group G and ai is the multiplicity of this particular
irrep in the representation Γ(G). In Eq. (1.3.2) we used basic properties of the trace of block
diagonal matrices. Moreover, by using the orthogonality relation for characters, we can conclude∑

g∈G

|χ(g)|2 = n
∑

i

a2
i . (1.4.6)

Now, when Γ(g) is irreducible (i.e., exactly one ai is nonzero, and this particular ai = 1), we
get ∑g |χ(g)|2 = n, with n = |G|. Otherwise, when Γ(g) is reducible (i.e., at least two ai are
nonzero, or at least one ai ≥ 2), it follows that ∑g |χ(g)|2 > n. Thus from the characters alone,
we can determine, whether a given representation is reducible.

What is still missing is an algorithm for determining all irreps of a given group, which will be
shown later. A fundamental concept of this algorithm is the group algebra, which is introduced
in the next section.

1.5 Group algebra

A group algebra G̃ is a linear vector space based on a set of elements gi in which both an
addition and a multiplication are defined such that the group properties are satisfied. There is
only one exception, as the zero element of the algebra does not have an inverse element.

By definiton, the dimension of the vector space is the order of the underlying group |G|.
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Any element of the group algebra can be written as ∑n
i=1 cigi where n is the number of elements

gi. The multiplication in the group algebra is then defined via the multiplication of the group,
using: (

n∑
i=1

cigi

)(
n∑

j=1
cjgj

)
≡

n∑
i,j=1

cidjgi · gj =
n∑

m=1
c̄mgm , (1.5.1)

which is again an element of the group algebra. In the group algebra, we can write

gi · gj =
n∑

m=1
gm∆mj(gi) with ∆mj(gi) ≡

{
1 for m = k,

0 else ,
(1.5.2)

where k is the index of the group element that is obtained by multiplying gi and gj , i.e.,
gk = gi · gj . Using this, the coefficients c̄m in Eq. (1.5.1) are given by

c̄m =
n∑

i,j=1
cidj∆mj(gi) . (1.5.3)

What makes the matrices ∆(g) special is that they are a (n-dimensional) matrix representation
of the group G, as they fulfill both defining properties given in Sec. 1.2:

1. egj = ∑n
m=1 gm∆mj(e), but also egj = gj . As the coefficients must be equal, we find

∆mj(e) = δmj and therefore ∆(e) = 1.

2. Assume gagb = gc. We now calculate the result of applying gc to a group element gj . On the
one hand, applying Eq. (1.5.2) two times, yields

gagbgj =
n∑

m=1
gagm∆mj(gb) =

∑
k,m

gk∆km(ga)∆mj(gb) =
∑

k

gk(∆(ga)∆(gb))kj . (1.5.4)

On the other hand, we find gagbgj = gcgj = ∑
k gk∆kj(gc). Again, the coefficients must be equal,

from which we get ∆(ga)∆(gb) = ∆(gc). Thus ∆(G) is a representation of the group G.

The representation ∆(G) is called regular representation of the group G. The carrier space of
the regular representation is the space of the group algebra G̃.

A crucial property of the regular representation is stated in the following theorem: The regular
representation contains all irreps of G, and the multiplicity of an irrep k equals its dimension k.
Therefore the representation ∆(gi) is equivalent (i.e., equal up to basis transformation) to the
matrix representation

T−1∆(gi)T =
m∑

k⊕=1
λkΓk(gi) = λ1Γ1(gi) ⊕ λ2Γ2(gi) ⊕ · · · ⊕ λmΓm(gi) . (1.5.5)

Let us simplify this equation for gi = e. In this case, by definition of a representation, we have
∆(e) = 1n×n and Γk(e) = 1λk×λk

for all different irreps k, with dimension λk.

Further, we take the trace of Eq. (1.5.5), from which we get on the one hand

tr
(
T−1∆(e)T

)
= tr (∆(e)) = n (1.5.6)
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and on the other hand

tr

 m∑
k⊕=1

λkΓk(e)

 =
m∑

k=1
λk tr

(
Γk(e)

)
=

m∑
k=1

λ2
k , (1.5.7)

where we used basic properties of the trace of block diagonal matrices. Therefore we get n =∑m
k=1 λ

2
k, which is a fundamental identity relating the order of a group to the dimensions of its

irreps.

For later use, we also define the following terms:

A subalgebra H̃ ⊂ G̃ is a vector space that is contained in the group algebra G̃ which is closed
under the law of multiplication that is given by the group algebra G̃. Further, if the subalgebra
is invariant under left multiplication, i.e., g̃h̃ ∈ H̃ for all g̃ ∈ G̃ and for all h̃ ∈ H̃, it is called a
left ideal. If the subalgebra H̃ in turn does not have any subalgebras which are left ideals, it is
called an irreducible left ideal. An irreducible left ideal is especially relevant, as one can extract
an irrep from it, by acting with each group element on the basis vectors of the left ideal.

An element g̃ of the group algebra satisfying g̃2 = g̃ is called idempotent. If g̃2 is proportional
to g̃, i.e., g̃2 ∝ g̃, the element is called essentially idempotent.

Additionally, an idempotent is called irreducible or primitive, if it generates an irreducible left
ideal, i.e., when {h̃g̃ | h̃ ∈ G̃} is an irreducible left ideal, which eventually provides an irrep.

It can be shown that all irreps of a group can be constructed, once all primitive idempotents
are known. The construction of the primitive idempotents is demonstrated for the so-called
symmetric group, which will be introduced in the next section.

The primitive idempotents of Sn are further relevant, as they are also used to construct irreps
of some important continuous groups, e.g., U(m) and SU(m) (cf. Sec. 1.9). Further, the study
of the group Sn is important due to Cayley’s theorem, which states that every group of order n
is isomorphic to a subgroup of the symmetric group Sn.

1.6 The symmetric group

The symmetric group Sn on a finite set X with n elements is the group whose elements are
all bjiective functions from X to X and whose group operation is the function composition. In
the following, we restrict ourselves without loss of generality to X = {1, . . . , n}, for which such
a bijection π (we call it permutation) is given by π(i) = πi for i ∈ X or equivalently(

1 2 · · · n
π1 π2 · · · πn

)
, (1.6.1)

where all πi are distinct and again in X, i.e., {πi | i ∈ X} = X. Therefore, the symmetric group
Sn is the group of permutations of n objects. There are in total n! permutations, i.e., |Sn| = n!.

For π, σ ∈ Sn, the function composition can be denoted by (σ · π)(i) ≡ σ(π(i)) = σ(πi).



II Theoretical foundations 21

The identity element of the group is given by the permutation π(i) = i. Sn is non-abelian for
n > 2.

We can denote a permutation of Sn also with the use of cycles. A cycle of length k (or simply
k-cycle) is given by the notation (a1a2 · · · ak) with distinct numbers ai ∈ X. This is a shorthand
notation for the permutation π, with π(ai) = a(i+1)%k for all i ≤ k that leaves all other elements
unchanged, i.e., π(i) = i for all i with i ̸= aj for all j ∈ {1, . . . , k}. A permutation that can be
represented by a cycle is called cyclic permutation.

Note that the cycle (a1a2 · · · ak) represents the same permutation, when the numbers within
the cycle are interchanged cyclically. However, in general the order of the numbers is relevant.
Cycles of length 2 are called transpositions.

Two cycles (a1a2 · · · ak1) and (b1b2 · · · bk2) are said to be disjoint when they do not have any
elements in common, i.e., ai ̸= bj for all i ≤ k1 and all j ≤ k2. Two cyclic permutations are
commutative, when the corresponding cycles are disjoint.

Any permutation π ∈ Sn can be written as a product of pairwise disjoint cyclic permutations.
An example of a permutation written as a product of cycles is given by

(
1 2 3 4 5 6
6 5 3 1 2 4

)
= (164) · (25) · (3) , (1.6.2)

where the order of the cycles is irrelevant, as the cyclic permutations are commutative. The
example consists of one 3-cycle, one 2-cycle and one 1-cycle. In general, this information is
contained in the so-called cycle structure of a permutation, which lists the lengths of all cycles
in descending order. Formally, it is denoted by (λ1, λ2, . . . , λr) with λi ≥ λi+1, where λi is
the length of a given cycle and r is the number of appearing cycles. In the example (1.6.2),
the cycle structure is (3, 2, 1). Every cycle structure is also a partition of n, where a partition
λ ≡ (λ1, λ2, . . . , λr) of an integer n is defined as the sequence of positive integers such that∑r

i=1 λi = n with λi ≥ λi+1.

Any cycle of length k with k ≥ 2 can be written as a product of transpositions, e.g., (164) =
(14) · (16). Note that the transpositions are not disjoint, and therefore the permutations are not
commutative.

Therefore any permutation can be written as product of s transpositions. If s is even we call π
an even permutation, otherwise it is an odd permutation. We denote this by the so-called parity
sgn(π) ≡ (−1)s.

For the symmetric group Sn, the subset of all even permutations builds an invariant subgroup
of Sn. This group is called alternating group An. The factor group Sn/An is isomorphic to S2.

Two elements of Sn are equivalent (i.e., are in the same class) if they have the same cycle
structure. As an example, we consider two permutations with cycle structure (3, 2, 1),

(123)(4)(56) = π−1(142)(5)(63)π , (1.6.3)



22 1 Fundamental concepts of group theory

where π is the permutation which is given by(
1 2 3 4 5 6
1 4 2 5 6 3

)
. (1.6.4)

This is the reason why the analysis of cycle structures - and thus of partitions - is of central
importance. To facilitate the study of partitions, we introduce a visualization in the next section.

1.7 Construction of the irreps of the symmetric group

A partition λ ≡ (λ1, λ2, . . . , λr) of an integer n with ∑r
i=1 λi = n and λi ≥ λi+1 can be repre-

sented graphically by a Young diagram. Hereby, n boxes are arranged in r rows such that the
i−th row contains λi boxes. For example, the cycle structures of the symmetric group S4 are
visualized as

, , , , , (1.7.1)

representing the partitions (4), (3,1), (2,2), (2,1,1), and (1,1,1,1), respectively. Further, a Young
tableau is a Young diagram containing the numbers 1 to n in the n boxes, where each number
appears exactly once, e.g.,

2 3 1
4

,
4 1
2 3

. (1.7.2)

There is a one-to-one correspondence between permutations and Young tableaux. For the Young
tableaux given in (1.7.2), the corresponding permutations are given by the product of cycles
(231) · (4) and (41) · (23), respectively. Additionally, when the numbers from 1 to n appear in
ascending order, first from left to right, then from top to bottom, the tableau is called normal
Young tableau, e.g.,

1 2 3
4

,
1 2
3 4

. (1.7.3)

For every Young diagram there is only one normal Young tableau. In a standard Young
tableau the numbers increase in the rows and columns, but not necessarily in strict order. Two
examples for such tableaux are

1 2 4
3

,
1 3
2 4

. (1.7.4)

The normal Young tableau of the partition λ is denoted by Θλ. Any other Young tableau
corresponding to the same Young diagram is obtained from Θλ by a permutation π of the n
numbers. This is denoted by

Θπ
λ = πΘλ , where we have σΘπ

λ = Θσ·π
λ . (1.7.5)
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As we will see, for every Young tableau one can define a primitive idempotent that generates an
irrep of Sn on the group algebra S̃n.

For the construction of these primitive idempotents one needs the so-called symmetrizer and
anti-symmetrizer. For given Young tableau with shape λ and filling π, the symmetrizer is
defined as sπ

λ ≡
∑

hπ
λ
hπ

λ, where hπ
λ are all permutations, that only permute numbers in the rows

of Θπ
λ. Note that hπ

λ is not restricted to permutations in one single row.

Additionally, we define the antisymmetrizer aπ
λ ≡

∑
vπ

λ
(−1)sgn(vπ

λ)vπ
λ , where vπ

λ are all permuta-
tions, that only permute numbers in the columns of Θπ

λ.

Note that the symmetrizer and the antisymmetrizer are elements of the group algebra S̃n. From
these definitions one can construct the Young operator eπ

λ ≡ sπ
λa

π
λ, which is again an element

of the group algebra S̃n.

One can show that eπ
λ are essentially primitive idempotents for all π and all λ. Therefore, every

eπ
λ generates an irreducible left ideal Lπ

λ. Using the approach explained at the end of Sec. 1.5,
we thus can construct all irreducible representations of Sn.

Further, different Young tableaux obtained from the same Young diagram give equivalent irreps.
Only representations corresponding to different Young diagrams are inequivalent. Thus the
Young operator corresponding to the normal Young tableaux already generates all inequivalent
irreps.

As an example, we consider the normal Young tableau

1 2
3

, (1.7.6)

which represents an irrep of S3. The symmetrizer of this tableau is given by se
(2,1) = e+(12) ·(3),

as the identity element e of S3 and (12)·(3) are the only permutations that only permute numbers
in the rows of the tableau. Likewise, the antisymmetrizer is given by ae

(2,1) = e− (13) · (2), which
contains a minus since the permutation (13) · (2) has negative parity. Therefore, the Young
operator

ee
(2,1) = se

(2,1)a
e
(2,1) = (e+ (12) · (3))(e− (13) · (2)) = e+ (12) · (3) − (13) · (2) − (321) (1.7.7)

generates in irreducible left ideal and thus also an irrep of S3. For this example, the dimension of
the irreducible left ideal and therefore also of the irrep is two. One can show that in general the
dimension of the irrep Γλ corresponding to the Young diagram with shape λ equals the number
of standard Young tableaux of λ and is given by

nλ = n!
r∏

i=1

λi∏
k=1

hi,k

, (1.7.8)

where hi,k is the hook length of the box in row i and column k. For the box i, k the hook
consists of all boxes below and to the right of it, plus the box itself. The hook length is then
given by the number of involved boxes.
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From the calculated irreps one can in principle take the trace to obtain the characters for all
classes in all irreps of the symmetric group. However, there is an efficient algorithm known as the
Murnaghan-Nakayama rule, which allows for a computation of the characters without explicitly
calculating all irreps. In the next section, this algorithm is presented and the character for a
given class and given irrep is calculated as an example.

1.8 Murnaghan-Nakayama rule

In the following, we go through all necessary steps for calculating the character of the symmetric
group for a given class in a given irrep. The proof of this algorithm is omitted here. Before
we dive into the details of calculating the character, we need some further definitions related to
Young diagrams, which are given next.

The boundary of a Young diagram, consists of all boxes with row-index i and column-index j
for which the position i + 1, j + 1 is already outside the diagram. As an example, we consider
the Young diagram corresponding to the partition (5, 4, 2)

2 1
5 4 3

7 6

, (1.8.1)

where we enumerated all boxes that belong to the boundary from one to seven. Further, a
connected part of the boundary that can be removed to leave a proper Young diagram is called
skew hook. For the Young diagram (1.8.1), there are in total eleven skew hooks. For example
the boxes 1 to 3 build a skew hook, since removing them would yield the Young diagram that
corresponds to the partition (3, 3, 2). Similarly, the box 1 itself is a skew hook. Its removal
corresponds to the partition (4, 4, 2). The remaining skew hooks are 1-4, 1-6, 1-7, 3, 3-4, 3-6,
3-7, 6, and 6-7.

Note that every skew hook corresponds to a hook and vice versa. Hereby, the beginning and
ending of hook and corresponding skew hook coincide and lie on the boundary of the Young
diagram. As every hook in turn corresponds to one box and vice versa, there are as many skew
hooks as boxes in an arbitrary Young diagram. Consider for example the skew hook 1-7. The
corresponding hook is that one, that is constructed from the box in row 1 and column 1.

Further, the length of a skew hook is the number of involved boxes. Therefore, the skew hook
that contains the boxes 1 to 7 has length 7. This length always equals the hook length of the
associated hook.

Additionally, we define the leg length of a skew hook, which is the number of vertical steps,
i.e., the number of rows in the skew hook minus one.

Now, consider a given Young diagram (i.e., an irrep of Sn) corresponding to the partition λ
together with a class c = (c1, c2, . . . cr) of Sn, for which we want to calculate the character.
Here, the class c is given in cycle structure, where ci is the length of the i-th cycle with a total
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number of r cycles. Then the corresponding character is given by the recursive formula

χλ
c =

∑
λ̃

±χλ̃
c̃ , (1.8.2)

which is explained in the following: To apply this equation, we can first freely choose one of
the lengths ci in the cycle structure and determine all skew hooks in the Young diagram that
have length ci. By definition, the removal of such a skew hook yields another (smaller) Young
diagram. Using this, the sum in Eq. (1.8.2) runs over all diagrams (i.e., partitions) λ̃, that are
obtained from the diagram λ, when one of the skew hooks of length ci is removed. c̃ is the
class that is obtained by removing one cycle of length ci from the class c. Finally, the sign in
Eq. (1.8.2) is positive if the skew hook that we removed from λ in order to obtain λ̃ has even
leg length, and it is negative if the removed skew hook has odd leg length.

By applying this formula, one is left with the task of calculating characters for smaller classes
and smaller Young diagrams than we had at the beginning. Therefore we can recursively apply
this formula, until the algorithm stops due to one of the following two scenarios: Either there
is no skew hook of length ci, in which case the summation is empty and therefore χλ

c = 0; or, if
the removed skew hook covers the whole diagram. For this case we set χ(0)

(0) ≡ 1.

To make this method efficient, the order in which the ci are removed should be chosen to
minimize the total number of skew hooks to be removed. For example, if there is a length ci for
which there is no skew hook with length ci, this length is always preferred.

In the following, we calculate the character of the class (7, 2, 2) for the partition (5, 4, 2), as an
example. The underlying group is S11 and the corresponding Young diagram is already drawn
in (1.8.1), where also all the skew hooks are stated below this diagram.

For efficiency reasons, we now choose c1, which is 7, to begin with. There is only one skew hook
of length 7 (it is the skew hook that contains the boxes 1-7). The leg length of this skew hook
is 2, which is even, and therefore we get a plus in the formula (1.8.2).

The diagram we get, when we remove this skew hook corresponds to the partition (3, 1), and
the class that we get when we remove ci = 7 is (2, 2). Therefore we obtain

λ
(5,4,2)
(7,2,2) = +λ(3,1)

(2,2) . (1.8.3)

After a renaming, we repeat the process for given partition λ = (3, 1) and given class c =
(c1, c2) = (2, 2). The corresponding Young diagram with enumerated boundary is given by

3 2 1
4

. (1.8.4)

As this diagram contains four boxes, there are four skew hooks as well. They read 1, 1-2,1-4,
and 4.

We now choose the cycle c1 = 2 to continue. In the above diagram, there is only one skew hook
of length 2, which is the skew hook that contains the boxes 1-2. The leg length of this skew
hook is 0, yielding a plus in the recursive formula.
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After removing this skew hook we get the partition (1, 1). The obtained class after removing
c1 = 2 is (2). Therefore we get

λ
(3,1)
(2,2) = +λ(1,1)

(2) . (1.8.5)

We repeat the algorithm once more, now for given partition λ = (1, 1) and given class c = (c1) =
(2). The relevant Young diagram, together with its boundary, reads

1
2
. (1.8.6)

Now there are only two skew hooks, containing either the boxes 1-2 or the box 2. The remaining
cycle length has c1 = 2. Again, there is only one skew hook of length 2, which is the skew hook
that contains the whole diagram. In this case we use the definition χ

(0)
(0) = 1. Therefore,

λ
(1,1)
(2) = −χ(0)

(0) = −1 , (1.8.7)

where we get a minus, as the leg length of the removed skew hook is 1. Thus, for the class
(7, 2, 2), the character in the irrep (5, 4, 2) is given by

λ
(5,4,2)
(7,2,2) = −1 . (1.8.8)

1.9 Lie groups

So far, we mainly discussed finite groups, especially the symmetric group Sn. Now we proceed
with continuous groups. These are groups where the group elements g ∈ G are continuous
functions of a finite number of real parameters (α1, α2, . . . , αn) ≡ α, i.e.,

g = g(α1, . . . , αn) = g(α) . (1.9.1)

Continuous in this sense means that there is some notion of closeness such that two group
elements g(α) and g(α′) are close together, when the parameters of two group elements are close
together, i.e., ||α − α′|| gets very small. Here, ||.|| denotes the euclidean norm. Note that the
parameterization of the group elements is not unique. In fact, there is an infinite amount of
possible parameterizations. The order of a continuous group no longer refers to the number
of elements in the group - which is infinite - but rather to the number of parameters n in the
group.

The multiplication law for the group now reads

g(α) · g(α′) = g(α′′) , (1.9.2)

where the α′′
i for i ∈ {1, . . . , n} in general depends on all parameters α and α′′. We denote this

by n different functions fi, i.e.,

α′′
i = fi(α1, . . . , αn, α

′
1, . . . , α

′
n) for i ∈ {1, . . . , n} . (1.9.3)

Note that by stating these functions fi the whole structure of the group is determined. Due to
the defining properties of a group, there is an identity group element e ∈ G with parameters
α0 = (α0

1, . . . , α
0
n) such that

αi = fi(α1, . . . , αn, α
0
1, . . . , α

0
n) = fi(α0

1, . . . , α
0
n, α1, . . . , αn) for i ∈ {1, . . . , n} . (1.9.4)
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for any group element g ∈ G parameterized by α. Further, due to the existence of an inverse
element g−1 ∈ G, parameterized with ᾱ = (ᾱ1, . . . , ᾱn), we get the condition

α0
i = fi(α1, . . . , αn, ᾱ1, . . . , ᾱn) = fi(ᾱ1, . . . ᾱn, α1, . . . , αn) for i ∈ {1, . . . , n} . (1.9.5)

When these functions can be inverted, i.e.,

ᾱi = hi(α1, . . . , αn, α
0
1, . . . , α

0
n) for i ∈ {1, . . . , n} , (1.9.6)

and when the functions fi and hi are analytic for all i, the group is called Lie group. Moreover, a
Lie group is called compact if the intervals of the parameters αi are finite and closed. Otherwise
it is called non-compact.

A typical example of a compact Lie group is GL(N,C), which is the group of all non-singular,
linear transformations in an N -dimensional complex vector space. Its defining (or fundamental)
representation is given by the invertible complex N×N matrices. Therefore, each group element
is determined by 2N2 real parameters.

An important subgroup of GL(N,C) is the unitary group U(N), whose elements U are addi-
tionally unitary, i.e., they fulfill

U †U = UU † = 1 for all U ∈ U(N) , (1.9.7)

where 1 is the N -dimensional identity matrix. The group elements of the unitary group can be
parameterized by N2 real parameters.

A subgroup of U(N) in turn is the special unitary group SU(N), whose elements U have a
determinant that is equal to one, i.e., det(U) = 1 for all U in SU(N). The group elements are
parameterized by N2 − 1 parameters.

One crucial change between continuous and finite groups is that the summation over group
elements in the relation∑

g∈G

f(g) =
∑
g∈G

f(g · h) =
∑
g∈G

f(h · g) for all h ∈ G , (1.1.1)

derived from the rearrangement lemma, must be properly replaced by an integration over the
parameters α1, . . . , αn of the group G. To obtain an analogue integral, we need an integration
measure

dµ(g) ≡ dµ(α1, . . . , αn) ≡ ρ(α1, . . . , αn)dα1 · · · dαn (1.9.8)

with density ρ such that∫
G
dµ(g)f(g) =

∫
G
dµ(g)f(g · h) =

∫
G
dµ(g)f(h · g) for all h ∈ G . (1.9.9)

As this equation again should hold for any function f , we require

dµ(g) = dµ(g · h) = dµ(h · g) for all g ∈ G . (1.9.10)

An integration measure that fulfills this equation is called Haar measure. One can show, that
for a compact Lie group, there exists such a Haar measure, which is also unique after setting
the normalization µ(G) =

∫
G dµ(g) = 1.
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After introducing the Haar measure, one can show that a compact Lie group has a countable
number of inequivalent irreps, all of which are finite-dimensional. Further, due to the existence of
the Haar measure, many crucial results derived for finite groups also hold, in a slightly modified
version, for compact Lie groups. For example, for a compact Lie group, every matrix represen-
tation is equivalent to a unitary representation, and every representation can be decomposed
into a sum of irreps.

For a compact Lie group, there are also orthogonality relations for unitary irreps as in 1.3.4,
which are given by ∫

G
dµ(g)

(
Γ(vi)

i (g)µν

)∗
Γ(vk)

k (g)µ′ν′ = 1
λi
δikδµµ′δνν′ . (1.9.11)

From these, we also get orthogonality relations for characters∫
G
dµ(g) (χi(g))∗ χk(g) = δik , (1.9.12)

where χi(g) is the character of the group element g in irrep i. Additionally, just as in Eq. (1.4.6),
from the characters alone we can conclude, whether a given representation of a compact Lie group
is reducible. Specifically, the condition∫

G
dµ(g)|χi(g)|2 = 1 , (1.9.13)

is valid if and only if the irrep i is irreducible.

Since compact Lie groups are continuous groups, where additionally the identity element in any
representation is given by the identity matrix, we can explicitly parameterize any compact Lie
group in the vicinity of the identity. To do so, we choose the parameterization of the group such
that α0

i = 0 for all i, i.e., g(0, . . . , 0) = e is the identity element.

Therefore, by definition, we have for any representation of the compact Lie group

Γ(g(α))|α=0 = 1 . (1.9.14)

For group elements close to the identity that is parameterized by ε = (ε1, . . . , εn), we then can
parameterize any representation by

Γ(ε1, . . . , εn) = exp

i n∑
j=1

εjSj

 , (1.9.15)

where the linear operators Sj act on the carrier space of Γ and are called generators of the Lie
group. Note that there is one generator per parameter.

As a direct consequence, one can show that for the special groups (i.e., det(Γ(g)) = 1) the gener-
ators are traceless, and for unitary groups (i.e., Γ(g) (Γ(g))† = 1) the generators are hermitian,
i.e., Sj = S†

j for all j. In general, the generators of a given representation Γ can be extracted
using the formula

Sj = −i∂Γ(g(α))
∂αj

∣∣∣∣
α=0

. (1.9.16)
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We now consider the product of two group elements that are both in the vicinity of the identity
such that the result is again in the vicinity of the identity, i.e., Γ(ε)Γ(ε′) = Γ(ε′′). By using the
Baker-Campbell-Hausdorff formula, the product becomes

Γ(ε)Γ(ε′) = exp

i n∑
j=1

εjSj + i
n∑

k=1
ε′

kSk − 1
2

n∑
j,k=1

εjε
′
k[Sj , Sk] + . . .

 , (1.9.17)

which needs to be expressed in the form of Eq. (1.9.15), in order to determine ε′′. However, for
arbitrary ε and ε′ this is only possible when the commutator of the generators is again a linear
combination of the generators [38], i.e.,

[Sj , Sk] = ifjklSl for all j, k ∈ {1, . . . , n} , (1.9.18)

where the imaginary unit is a matter of definition. The coefficients fjkl are called structure
constants. By using this commutator relation several times, even the inclusion of higher order
terms to an arbitrary order in Eq. (1.9.17) (which yields nested commutators) yields just a
linear combination of the n generators, i.e., a representation of a group element in the form of
Eq. (1.9.15). Using this, we can calculate ε′′ up to arbitrary order in ε and ε′. Therefore, the
structure constants contain the whole information of the multiplication law of the group near
the identity.

From the properties of the commutator, we can conclude some useful properties of the structure
constants. First, from the definition of the commutator, it follows directly that

fjkl = −fkjl for all j, k, l ∈ {1, . . . , n} . (1.9.19)

Next, due the Jacobi identity for commutators, the structure constants fulfill a Jacobi identity
as well:

n∑
a=1

fjkaflab + fljafkab + fklafjab = 0 for all b, j, k, l ∈ {1, . . . , n} . (1.9.20)

For a unitary representation, it can be shown that all structure constants fjkl are real.

There is another important consequence of Eq. (1.9.18): As the commutator of two generators
is again a linear combination of generators, the vector space with basis vectors Si for i ∈
{1, . . . , n} is closed with respect to the commutator. Thus we can define an algebra, where the
multiplication law (i.e., composition law), is defined as the commutator of two elements. This
algebra is called Lie algebra. Also the Lie algebra is completely determined by the structure
constants.

The structure constants themselves satisfy the commutator relation (1.9.18). For this reason,
we say that they form a representation of the Lie algebra. This representation is n-dimensional,
and called adjoint representation. Formally, it is defined as Γ(Sj)lk = fjkl.



30 2 Fundamental concepts of quantum field theory

2 Fundamental concepts of quantum field theory

Quantum field theory (QFT) is one of the most significant advances in physics of the 20th
century as it connects both quantum mechanics and special relativity while providing the most
remarkable agreement between theoretical predictions and experimental data in the history of
science [39].

A crucial conceptual shift in QFT compared to earlier theories is that the fundamental objects of
the theory are no longer particles but fields. Particles are then regarded as quantized excitations
of these underlying fields. This allows for a natural quantum mechanical description of multi-
particle states in which the number of particles is not conserved. In general, this is a crucial
property in all scattering and decay processes.

With the exception of gravity, QFT is used to describe all fundamental forces observed in
the universe. These are the electromagnetic, strong, and weak interaction between elementary
particles. The mediators of these forces are called gauge bosons and together with quarks,
leptons, and the Higgs boson they build the standard model of particle physics.

The theory that describes the strong interaction is QCD. As mentioned in the introduction, it
is a gauge theory based on the non-abelian group SU(3), whose fundamental particles (called
quarks) carry a color charge that occurs in three different types. The eight different mediators
of the color charge called gluons describe the strong interactions between the quarks. For each
of the three color charges there is an anti-color charge, which are carried by anti-quarks. In
contrast to the photon in Quantum Electrodynamics, the gauge bosons of QCD also carry a
color charge in the form of color-anticolor combinations, which allows for gluon self-interactions.
Further, all observed composite states of the strong interaction, i.e., hadrons, are color singlets
of SU(3).

QCD is especially relevant, as it has a rich structure of phenomena, which differ crucially from all
other interactions. Among its most remarkable features are the previously mentioned phenomena
of confinement and asymptotic freedom. Both are closely connected to the fact that SU(3) is a
non-abelian gauge group [40].

In the following, we first introduce the path integral formalism for one-dimensional ordinary
quantum mechanics, as well as for a scalar field theory. This approach is a basic formalism that
is also used in modern quantum field theory. Next, we formally introduce QCD by defining its
Lagrangian density and discuss some crucial properties. After introducing lattice QCD, we will
take a look at the phase diagram of QCD. The overview is based on Refs. [2, 41, 42, 43, 44, 45].

2.1 Path integral formulation in quantum mechanics

We start with the path integral formulation for a particle in one dimension (cf. Ref. [46]). A
particle at position x is described by the state |x⟩ in position space, which forms an infinite-
dimensional Hilbert-space. The states |x⟩ for x ∈ R are an orthogonal basis with normalization
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⟨x|y⟩ = δ(x− y), which fulfill the completeness relation

1̂ =
∫ ∞

−∞
dx |x⟩ ⟨x| . (2.1.1)

The time evolution of the particle is determined by a Hamilton operator Ĥ, where the prob-
ability of measuring a particle with initial position xi after time T at position xf is given by
| ⟨xf|e−iĤT |xi⟩ |2. Throughout the thesis, we use natural units, i.e., ℏ = c = 1.

To rewrite this expression in terms of a path integral, we divide the time interval [0, T ] into N
small segments of length δt such that T = ∑N

i=1 δt = Nδt.

Since any operator commutes with itself, we can write

⟨xf|e−iĤT |xi⟩ = ⟨xf|e−iĤδte−iĤδt . . . e−iĤδt|xi⟩ (2.1.2)

=

N−1∏
j=1

∫
dxj

 ⟨xf|e−iĤδt|xN−1⟩ ⟨xN−1|e−iĤδt|xN−2⟩ . . . ⟨x1|e−iĤδt|xi⟩ ,

where we inserted the completeness relation (2.1.1) between any two exponentials.

We now consider the simple case Ĥ = p̂2

2m + V (x̂), with eigenvalue equations p̂ |p⟩ = p |p⟩ and
x̂ |x⟩ = x |x⟩. With the use of the approximation

exp
(
−iĤδt

)
= exp

(
−i p̂

2

2mδt

)
exp (−iV (x̂)δt) + O

(
δt2
)

(2.1.3)

and the completeness relation 1̂ =
∫
dp |p⟩ ⟨p| for the momenta, we can eliminate all operators

appearing in Eq. (2.1.2) by applying the eigenvalue equations. After using ⟨x|p⟩ = eipx, all the
integrals over momenta can be evaluated analytically using Gaussian integrals.

After taking the limit N → ∞, the transition amplitude is written in the path integral
formulation

⟨xf|e−iT Ĥ |xi⟩ =
∫ x(T )=xf

x(0)=xi
[Dx(t)] eiS[x(t),ẋ(t)] , (2.1.4)

where the integration ∫
[Dx(t)] = lim

N→∞

(−im
2πδt

)N
2
(

N−1∏
k=1

∫
dxk

)
(2.1.5)

considers all possible paths x(t) with fixed boundaries x(0) = xi and x(T ) = xf. The right hand
side of Eq. (2.1.4) contains the action

S[x(t), ẋ(t)] =
∫ T

0
dtL[x(t), ẋ(t)] , (2.1.6)

with Lagrange function L[x(t), ẋ(t)] = 1
2mẋ

2 − V (x). Note that in the path integral formalism,
all the operators are replaced by scalars, which makes the formalism predestined for numerical
calculations when limN→∞ is approximated by using large values of N .

The essential property of Eq. (2.1.4) is that it is valid for any Hamilton operator Ĥ that is a
function of products and sums of x̂ and p̂, as long as it is written in Weyl ordering. In Weyl
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ordering, all terms are symmetrized so that the operator sequence reads the same forwards and
backwards, e.g., x̂2p̂2 + 2x̂p̂2x̂+ p̂2x̂2. Any Hamiltonian which consists of operators x̂ and p̂ can
be brought to Weyl ordering.

2.2 Path integral formulation for a scalar field theory

The path integral formalism for quantum mechanics can be directly applied also to a field theory,
with real scalar field ϕ(t, x⃗) ∈ R. In this scenario, the field amplitudes take on the role previously
played by the coordinates, while the argument x⃗ of the field ϕ is just a label. The following
formulation is based on Ref. [47].

In the path integral formalism, the transition amplitude for a propagation from given initial
field configuration ϕi(x⃗) at time ti to a final field configuration ϕf(x⃗) at time tf is given by

⟨ϕf|e−iĤT |ϕi⟩ =
∫ ϕ(tf,x)=ϕf(x⃗)

ϕ(ti,x)=ϕi(x⃗)
[Dϕ(t, x⃗)] exp (iS [ϕ]) , (2.2.1)

where the path integral (or functional integral) denotes the integration over all fields ϕ that are
constrained at the boundary to ϕ(ti, x⃗) = ϕi(x⃗) and ϕ(tf, x⃗) = ϕf(x⃗). In general, the action of a
field theory is given in terms of the Lagrange density L, via

S [ϕ] =
∫ tf

ti
dt

∫
d3xL [ϕ] . (2.2.2)

Eq. (2.2.1) is a very fundamental result. One can even reverse the perspective and interpret
this relation as the definition of Hamiltonian dynamics. Then, L can be considered as the most
fundamental specification of a quantum field theory.

For given space-time points x1 = (t1, x⃗1) and x2 = (t2, x⃗2), we now consider the integral

I(x1, x2) =
∫ ϕ(T,x⃗)=ϕf(x⃗)

ϕ(−T,x⃗)=ϕi(x⃗)
[Dϕ(t, x⃗)]ϕ(x1)ϕ(x2) exp

(
i

∫ T

−T
d4xL [ϕ]

)
, (2.2.3)

where the field ϕ has boundary conditions ϕ(−T, x⃗) = ϕi(x⃗), ϕ(T, x⃗) = ϕf(x⃗), for some real
scalar fields ϕi and ϕf , depending on the spatial coordinates.

By using Eq. (2.2.1), we want to write this expression as a transition amplitude. To do so, we
first rearrange the functional integral∫

[Dϕ(t, x⃗)] =
∫

[Dϕ1(x⃗)]
∫

[Dϕ2(x⃗)]
∫

ϕ(t1,x⃗)=ϕ1(x⃗)
ϕ(t2,x⃗)=ϕ2(x⃗)

[Dϕ(t, x⃗)] . (2.2.4)

In this equation, we first constrained the functional integral at times t1 and t2 to the fields
ϕ1(x⃗) and ϕ2(x⃗), respectively. To restore equality, we additionally introduced two separate path
integrals over the fields ϕ1 and ϕ2. Note that these fields solely depend on the spatial coordinates
x⃗.

This rearrangement allows us to replace the extra factors ϕ(x1) and ϕ(x2) in the integral 2.2.3
by ϕ1(x⃗1) and ϕ2(x⃗2), respectively. Thus, they can be pulled out of the main integral, i.e., the



II Theoretical foundations 33

path integral that contains the time variable. Additionally, the main path integral splits into
three separate path integrals that are all constrained at its boundaries. For t2 > t1, the time
intervals are [−T, t1], [t1, t2], and [t2, T ], which allows us to write
∫

ϕ(t1,x⃗)=ϕ1(x⃗)
ϕ(t2,x⃗)=ϕ2(x⃗)

[Dϕ(t, x⃗)] =
∫ ϕ(t1,x⃗)=ϕ1(x⃗)

ϕ(−T,x⃗)=ϕi(x⃗)
[Dϕ(t, x⃗)]

∫ ϕ(t2,x⃗)=ϕ2(x⃗)

ϕ(t1,x⃗)=ϕ1(x⃗)
[Dϕ(t, x⃗)]

∫ ϕ(T,x⃗)=ϕf(x⃗)

ϕ(t2,x⃗)=ϕ2(x⃗)
[Dϕ(t, x⃗)] .

(2.2.5)
Note that for t1 > t2 we would need to make the replacements ϕ1 ↔ ϕ2 as well as t1 ↔ t2 one
the right hand side of Eq. (2.2.5).

Therefore, we can use Eq. (2.2.1) three times to obtain

I(x1, x2) =
∫

[Dϕ1(x⃗)]
∫

[Dϕ2(x⃗)]ϕ1(x⃗1)ϕ2(x⃗2) (2.2.6)

× ⟨ϕf|e−iĤ(T −t2)|ϕ2⟩ ⟨ϕ2|e−iĤ(t2−t1)|ϕ1⟩ ⟨ϕ1|e−iĤ(t1+T )|ϕi⟩ .

Next, we also want to evaluate the path integrals over the fields ϕ1 and ϕ2 by using the com-
pleteness relation

∫
[Dϕ(x⃗)] |ϕ⟩ ⟨ϕ| = 1̂. However, at the moment the fields ϕ1 and ϕ2 appear

additionally as extra factors in the integral. We can eliminate these dependencies by introducing
the field operator ϕ̂(x⃗), for which ϕ̂(x⃗) |ϕ1/2⟩ = ϕ1/2(x⃗) |ϕ1/2⟩. This allows us to write

I(x1, x2) = ⟨ϕf|e−iĤ(T −t2)ϕ̂(x⃗2)e−iĤ(t2−t1)ϕ̂(x⃗1)e−iĤ(t1+T )|ϕi⟩ , (2.2.7)

where the position of the field operators now is relevant. We observe that the exponentials are
exactly the time evolution of operators, which generate the Heisenberg operators. Thus we get

I(x1, x2) = H⟨ϕf, T |e−iĤTT{ϕ̂H(x1)ϕ̂H(x2)}e−iĤT |ϕi,−T ⟩H (2.2.8)

with ϕ̂H(x2) = ϕ̂H(t2, x⃗2) = eiĤt2 ϕ̂(x⃗2)e−iĤt2 and |ϕi,−T ⟩H = e−iĤT |ϕi⟩ where the subscript
“H” denotes the use of the Heisenberg picture. In this equation, we also introduced the time-
ordering operator T , which sorts all fields with respect to their time variable. Therefore, the
result is valid for arbitrary times t1 and t2. For two operators and bosonic fields, the time-
ordering operator T is formally defined as

T{ϕ̂H(x1)ϕ̂H(x2)} ≡ Θ(t2 − t1)ϕ̂H(x2)ϕ̂H(x1) + Θ(t1 − t2)ϕ̂H(x1)ϕ̂H(x2) (2.2.9)

with Heaviside step function Θ.1

Using this result, one can also calculate the two-point correlator

G(x1, x2) ≡ ⟨Ω|T{ϕ̂H(x1)ϕ̂H(x2)}|Ω⟩ , (2.2.10)

where |Ω⟩ is the ground state of the operator Ĥ, called vacuum state with eigenvalue E0. To
do so, we need to project the Heisenberg states in Eq. (2.2.9) to the vacuum state |Ω⟩. In
particular this is done in the following way: Let |n⟩ for n ≥ 1 be the excited eigenstates of

1For a fermion field, the corresponding field inside the path integral is anticommuting. Therefore the time
ordered operator contains an additional minus sign when the number of necessary permutations (starting from
the initial operator) is odd.
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Ĥ with eigenvalue En.2 Together with the ground state |Ω⟩ we have completeness relation
|Ω⟩ ⟨Ω| +∑∞

n=1 |n⟩ ⟨n| = 1̂. Thus we can write

|ϕi,−T ⟩H = e−iĤT |ϕi⟩ = e−iE0T |Ω⟩ ⟨Ω|ϕi⟩ +
∞∑

n=1
e−iEnT |n⟩ ⟨n|ϕi⟩ , (2.2.11)

where we inserted the eigenvalues of Ĥ. We can extract the contribution of the ground state
in the limit T → ∞(1 − iε). In this case, the small rotation into the complex plane introduced
by ε ensures that each exponent acquires a nonzero real part. Since En > E0 for all n ≥ 1, all
terms in the sum over n are suppressed compared to the term that corresponds to the ground
state as long as |ϕi⟩ has a nonzero overlap with |Ω⟩, i.e., ⟨Ω|ϕi⟩ ≠ 0. Finally, lengthy prefactors
can be avoided, when I(x1, x2) is divided by the expression that is obtained, when both terms
ϕ(x1) and ϕ(x2) are removed from I(x1, x2), i.e.,

⟨Ω|T{ϕ̂H(x1)ϕ̂H(x2)}|Ω⟩ = lim
T →∞(1−iε)

∫
[Dϕ(t, x⃗)]ϕ(x1)ϕ(x2) exp(i

∫ T
−T d

4xL [ϕ])∫
[Dϕ(t, x⃗)] exp(i

∫ T
−T d

4xL [ϕ])
. (2.2.12)

By complete analogy, higher correlation functions (i.e., those involving a greater number of field
insertions) can be computed by simply adding additional factors of ϕ on both sides.

2.3 Wick rotation

The limit T → ∞(1 − iε) in Eq. (2.2.12) contains a slightly rotated time in the complex plane
to ensure convergence of the integral. A more involved procedure, called Wick rotation, utilizes
a continuous deformation of the time coordinate to the imaginary axis by a rotation about π/2
[48]. For a given space-time point x = (x0, x1, x2, x3) in Minkowski space, the corresponding
point in Euclidean spacetime is given by the vector xe = (x1, x2, x3, x4), with x0 = −ix4, where
x4 ∈ R is called the Euclidean time.

Consider two space-time points x = (x0, x1, x2, x3) and y = (y0, y1, y2, y3) in Minkowski space.
The scalar product of these two vectors is defined by

x · y ≡ xµy
µ = gµνx

µyν = x0y0 − x1y1 − x2y2 − x3y3 (2.3.1)

with the Minkowski metric gµν = diag(+1,−1,−1,−1). For the contravariant vector xµ, the
corresponding covariant vector xµ is given by xµ = gµνx

ν .

The Wick rotation of these space-time vectors yields the scalar product

x · y = −x4y4 − x1y1 − x2y2 − x3y3 = −δµνx
µyν , (2.3.2)

where we use the convention, that the summation over greek letters for Euclidean quantities
runs from 1 to 4. From Eq. (2.3.2) we can read off the corresponding metric in Euclidean space-
time, which is given by −δµν with µ, ν ∈ {1, 2, 3, 4}.3 A covariant vector is then defined via
xe

µ = −δµνx
e,ν = −xe,µ.

2Here we assume that the ground state is not degenerated, i.e., En > E0 for all n ≥ 1.
3For an Euclidean vector space, the metric −δµν is a rather unconventional choice. However, the usual

metric δµν is obtained when the Wick rotation is applied to the Minkowski metric with convention gµν =
diag(−1,+1,+1,+1). In this case, there is no need to distinguish between upper and lower indices after the
Wick rotation.
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Applying the Wick transformation to the action, we get

S =
∫
d4xL(x) =

∫
−i(d4x)eL(xe) = i

∫
(d4x)eLe(xe) = iSe , (2.3.3)

where we used
d4x = dtd3x = −idτd3x = −i(d4x)e (2.3.4)

with Euclidean time τ ≡ x4. We also introduced the Euclidean Lagrangian and action

Le(xe) = −L(xe) and Se =
∫

(d4x)eLe(xe) , (2.3.5)

respectively. Thus, it holds that S = iSe, where Se is obtained by t = −iτ and treating τ as the
new time variable. As we focus solely on Euclidean field theory in the remainder, we will omit
the superscript “e” whenever the meaning is unambiguous. Note that it is straight-forward to
generalize the Wick rotation to a general number of spatial dimensions.

Using this, the transition amplitude given in Eq. (2.2.1) becomes

⟨ϕf|e−Ĥτ |ϕi⟩ =
∫ ϕ(τ,x)=ϕf(x⃗)

ϕ(0,x)=ϕi(x⃗)
[Dϕ(t, x⃗)] exp

(
−
∫ τ

0
dt

∫
d3xL [ϕ]

)
(2.3.6)

in Euclidean time, while the Wick rotated version of Eq. (2.2.12) is used as the definition of the
expectation value of any observable, i.e.,

⟨ϕ(x1)ϕ(x2) · · ·ϕ(xn)⟩ ≡
∫

[Dϕ(x)]ϕ(x1)ϕ(x2) · · ·ϕ(xn) exp(−S[ϕ])∫
[Dϕ(x)] exp(−S[ϕ]) . (2.3.7)

This is an important equation, as the functional integral has now the form of a statistical
system with Boltzmann distribution exp(−S[ϕ]). This is the starting point for the use of Monte
Carlo methods in quantum field theory, where the path integral is estimated by sampling a
finite number of paths (i.e., field configurations) whose probability is given by the Boltzmann
distribution.4

2.4 Thermodynamical observables using the path integral

The correspondence between quantum field theory and statistical mechanics enables the transfer
of concepts from one domain to the other. Consider for example the partition function Z
from statistical mechanics: For a system described by the Hamiltonian Ĥ, the partition function
Z is given by

Z ≡ tr(e−βĤ) =
∫ [

Dϕ̄(x⃗)
]

⟨ϕ̄|e−βĤ |ϕ̄⟩ (2.4.1)

with β = 1
kBT , where T is the temperature of the system.5 We set the Boltzmann constant kB

equal to one for convenience. For the evaluation of the trace, we choose the basis that consists
of the states |ϕ̄⟩. The relevant transition amplitude is a special case of the one calculated in

4In practice it is not trivial to relate Euclidean space correlation functions to their Minkowski counterpart.
Criteria for the analytic continuation are specified in the Osterwalder-Schrader theorem [49].

5To avoid confusion, we stress out that T denoted time before.
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Eq. (2.3.6), (obtained by identifying τ = β as well as ϕ̄ = ϕi = ϕf). After combining both path
integrals via the relation∫ [

Dϕ̄(x⃗)
] ∫ ϕ(τ,x)=ϕ̄(x⃗)

ϕ(0,x)=ϕ̄(x⃗)
[Dϕ(t, x⃗)] =

∫
ϕ(0,x⃗)=ϕ(β,x⃗)

[Dϕ(t, x⃗)] (2.4.2)

we obtain
Z =

∫
ϕ(0,x⃗)=ϕ(β,x⃗)

[Dϕ(t, x⃗)] exp
(

−
∫ β

0
dt

∫
d3xL [ϕ]

)
. (2.4.3)

with periodic boundary condition ϕ(0, x⃗) = ϕ(β, x⃗).6 Note that τ = β makes a connection
between the inverse temperature and the considered Euclidean temporal extent. As a result, we
can study a field theory at finite temperature by rotating to the Euclidean space and imposing
correct boundary conditions for the fields. In the zero temperature limit, we recover the standard
Wick rotated quantum field theory on an infinite space-time [46].

Once we have calculated the partition function, we are able to compute the thermodynamical
observables. First, the Helmholtz free-energy density f is given by7

f ≡ T lnZ
Vs

(2.4.4)

with spatial volume Vs. Other examples are the energy density and pressure, defined via

ε ≡ − 1
Vs

∂ lnZ
∂β

and p ≡ T
∂ lnZ
∂Vs

, (2.4.5)

respectively [2]. When we further want to study the grand canonical ensemble, the partition
function is extended to

Z(T, µ) = tr
(
e−
(

Ĥ−µN̂
)

/T
)
, (2.4.6)

with the particle number operator N̂ depending on the fields and a new parameter µ, called
chemical potential. Based on this, the number density corresponding to the operator N̂ is given
by

ρ ≡ T

Vs

∂ lnZ(T, µ)
∂µ

. (2.4.7)

2.5 Quantum chromodynamics

The Lagrangian density of an SU(Nc) gauge theory in a d-dimensional Minkowski space-time,
given by [47]

L =
Nf∑

f=1
ψ̄f (x) [iγµDµ(x) −mf ]ψf (x) − 1

2 tr(Fµν(x)Fµν(x)) , (2.5.1)

has several ingredients, which are discussed in the following. There are Nf different quark flavors,
which are distinguished by the index f . For QCD there are in total six different flavors, i.e.,

6The perodic boundary condition ϕ(0, x⃗) = ϕ(β, x⃗) results only for bosons. For fermion fields ψ(t, x⃗), one can
show that the boundary condition is anti-periodic, i.e., ψ(0, x⃗) = −ψ(β, x⃗).

7Strictly speaking, the Helmholtz free-energy density is defined as f = − T ln Z
Vs

. However, it is practical to
define it with the opposite sign, to avoid overall minus signs in the numerical results.
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Nf = 6, which are known as “up”, “down”, “charm”, “strange”, “top”, and “bottom”. The
corresponding bare quark mass is denoted by mf . For every flavor f , there is a quark field
ψf (x), which has a Ns-dimensional Dirac spinor index with Ns = 2⌊d/2⌋, as well as an Nc-
dimensional color index. For QCD Nc = 3. Due to readability, those indices are not written
explicitly. The quark field ψf (x) has a Hermitian-conjugate field ψ̄f (x), which is defined via
ψ̄f (x) ≡ ψf,†(x)γ0, where the conjugation is taken with respect to the Dirac spinor components.
Also the 4 × 4 dimensional Dirac matrices γµ act on these components, which also have an
d-dimensional Lorentz index µ ∈ {0, . . . , d − 1}. The γ-matrices are defined by the Lorentz-
invariant anti-commutator relation

{γµ, γν} ≡ γµγν + γµγν = 2gµν1 for µ, ν ∈ {0, . . . , d− 1} , (2.5.2)

which generates a Clifford algebra. Here, 1 denotes the identity matrix in spinor space. Further,
the QCD Lagrangian contains the covariant derivative

Dµ(x) = ∂µ − igAµ(x) . (2.5.3)

While the partial derivative in µ-direction, denoted by ∂µ, is part of the dynamics of the quark
field, the additional term −igAµ(x) describes an interaction term of the quark field with the
so-called gluon field Aµ(x). The strength of the interaction is given by the bare coupling g.
The gluon field Aµ(x) lies in the Lie algebra of SU(Nc). Therefore, it can be written as a
linear combination of the traceless and hermitian generators ta of the Lie algebra of SU(Nc),
i.e., Aµ(x) = Aa

µ(x)ta. Here we use the Einstein summation convention, i.e., there is a sum over
the adjoint color index a ∈ {1, ..., N2

c − 1}. This is the reason why in QCD (Nc = 3) there are
8 different massless gluons, each described by the field Aa

µ(x). In general, the generators of the
Lie algebra of SU(Nc) are defined by the commutation relations

[ta, tb] = ifabctc for all a, b ∈ {1, ..., N2
c − 1} (2.5.4)

with structure constants fabc (cf. Sec. 1.9), where again Einstein summation convention is used.
For all Nc ∈ R, the structure constants can be chosen fully antisymmetric. For example, for
Nc = 3, this is realised by choosing ta = λa

2 , where λa are the well-known Gell-Mann matrices.
They fulfill tr(λaλb) = 2δab.

The gluon field has a dynamics as well, described by the term tr(Fµν(x)Fµν(x)) in 2.5.1, where
the trace runs over color indices. It contains the non-abelian field-strength tensor

Fµν(x) ≡ i

g
[Dµ(x), Dν(x)] , (2.5.5)

which evaluated reads

Fµν(x) = ∂µAν(x) − ∂νAµ(x) + gfabcAa
µ(x)Ab

ν(x)tc . (2.5.6)

Remarkably, the term that contains no derivative generates an interaction solely between gluons.
From the definition of the gauge field Aµ(x), it follows immediately that the field-strength tensor
is again an element of the Lie algebra of SU(Nc). In particular, it is a Nc ×Nc matrix in color
space, whereof the trace is taken in the Lagrangian density (2.5.1).

One can show that the above Lagrangian density is invariant under the local SU(Nc) gauge
transformation, where the gluon field Aµ(x) transforms in the adjoint and the quark field ψf (x)
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transforms in the fundamental representation of SU(Nc), i.e.,

Aµ(x) → Λ(x)Aµ(x)Λ−1(x) + i

g
Λ(x)∂µΛ−1(x) , (2.5.7a)

ψf (x) → Λ(x)ψf (x), ψ̄f (x) → ψ̄f (x)Λ−1(x) , (2.5.7b)

for arbitrary Λ(x) ∈ SU(Nc). To do so, one may first calculate the resulting transformation law
for the covariant derivative, which yields

Dµ(x) → Λ(x)Dµ(x)Λ−1(x) . (2.5.8)

For this derivation, one can use (∂µΛ(x)) Λ−1(x) = −Λ(x)∂µΛ−1(x), which follows directly
from ∂µ(Λ(x)Λ−1(x)) = 0. From the transformation law (2.5.8) it immediately follows that the
covariant derivative acting on a quark spinor transforms again like the quark spinor, i.e.,

Dµ(x)ψf (x) → Λ(x)Dµ(x)ψf (x) , (2.5.9)

which can be used to show that the fermionic part of the Lagrangian density (2.5.1) is invariant.

Further, by using the definition of the field-strength tensor (2.5.5), together with the transfor-
mation law for the covariant derivative it immediately follows that

Fµν(x) → Λ(x)Fµν(x)Λ−1(x) . (2.5.10)

Due to the cyclic property of the trace, tr (FµνF
µν) is gauge invariant and therefore the whole

Lagrangian density is invariant under the local gauge transformation.

The next step is to apply a Wick rotation as described in Sec. 2.3 to the QCD Lagrangian
density, in order to obtain the corresponding Lagrangian density in Euclidean space-time. As
the γ-matrices as well as the gluon fields carry a Lorentz index, care must be taken in their
transformation. The Dirac γ-matrices in Euclidean space-time are defined through the anti-
commutation relation

{γµ, γν} = 2δµν1 for all µ, ν ∈ {1, . . . , d} . (2.5.11)

This relation is obtained from Eq. (2.5.2) by replacing the Minkowski metric with the Euclidean
metric. Consequently, the resulting equation is now invariant under rotation in d dimensions,
which takes the place of the Lorentz group in Minkowski space. For given γ-matrices in d-
dimensional Minkowski space, we can set γe

d+1 = γ0 and γe
i = −iγi, for i ∈ {1, . . . , d− 1}, since

this particular choice fulfills Eq. (2.5.11).

For the term γµδµ, which is part of the QCD Lagrangian, the Wick rotation yields

γµ∂µ = γ0∂0 + γi∂i = iγe
4∂

e
4 + iγe

i ∂
e
i = iγe

µ∂
e
µ , (2.5.12)

where we used ∂0 = i∂e
4. Note that as before, µ ∈ {0, . . . , d − 1} for space-time vectors in

Minkowski space (left) and µ ∈ {1, . . . , d} for vectors in Euclidean space-time (right). Next,
the transformation of the gauge field under Wick rotation is given by A0(x) = iAe

4(x) and
Ai(x) = Ae

i (x), following the same transformation pattern as the partial derivative. This is
motivated by the structure of the gauge transformation of Aµ(x). There, the gluon field contains
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an additive term whose Lorentz structure is given by the partial derivative. Using this, we get
γµAµ(x) = iγe

µA
e
µ(xe), and therefore

iγµDµ(x) = iγµ(∂µ − igAµ(x)) = −(γe
µ∂

e
µ − giγe

µA
e
µ(xe)) = −γe

µD
e
µ(xe) . (2.5.13)

Here, De
µ is obtained directly from Dµ by labeling the derivatives and gauge fields with the

superscript “e”. Similarly we get,

Fµν(x)Fµν(x) = F e
µν(xe)F e

µν(xe) , (2.5.14)

where F e
µν is defined similarly to the Minkowski field-strength tensor Fµν , but Dµ is replaced by

De
µ. Finally, with the use of Eq. (2.3.5), the QCD Lagrangian density in Euclidean space-time

takes the form8

L(x) = LF(x) + LG(x) , with (2.5.15)

LF(x) =
Nf∑

f=1
ψ̄f (x) [γµDµ(x) +mf ]ψf (x) and (2.5.16)

LG(x) = 1
2 tr(Fµν(x)Fµν(x)) , (2.5.17)

where we omitted the superscript “e”, as we will now only be working in Euclidean space-time.
Therefore, from this point onward, different directions are denoted by µ ∈ {1, . . . , d} and all
sums or products over µ or ν range from 1 to d unless different limits are stated explicitly.

2.6 Lattice QCD

As the coupling (i.e., the interaction between gauge bosons and leptons or quarks) for the weak
and electromagnetic interaction is sufficiently small, one usually applies perturbation theory
for computations of matrix elements. This approach breaks down in QCD at low energies,
making calculations notoriously difficult. For this situation, a non-perturbative method known
as lattice QCD is employed, originally introduced by K. Wilson in 1974 [50]. This approach
discretizes space-time and defines all fields on a lattice, making the theory feasible for numerical
calculations. The discretization of space-time yields a non-perturbative regularization scheme
with ultraviolet cutoff determined by the lattice spacing. Physical observables computed on
the lattice must therefore be renormalized to remove the cutoff dependence and to ensure that
continuum physics is correctly reproduced [41].

In this thesis, for the discretized formulation, we employ the Wilson plaquette action, originally
introduced by K. Wilson [50], to describe the gauge sector. For the fermionic degrees of freedom
we will use staggered fermions, first proposed by J. Kogut and L. Susskind [51]. Both approaches
are widely used in lattice gauge theory. In the following, we present their construction and
demonstrate that they (i) preserve invariance under the discretized form of local SU(Nc) gauge
transformations and (ii) are equivalent to the Lagrangian of the continuum theory (2.5.1) in the
limit of vanishing lattice spacing. This section is based on [41, 2, 26, 8]. The notation of the
lattice QCD action is taken from [27]. From this point onward, we define the Euclidean time
direction as µ = 1. This choice is purely conventional.

8In Euclidean field theory, it is common to perform the replacement g → −g, which we adopt here as well.
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2.6.1 Wilson’s plaquette action

Before we introduce the Wilson plaquette action, it is useful to consider the parallel transporter
of a given curve C : t → cµ(t) with parametrization t ∈ [0, 1], defined in continuous space-time,
given by

U(C) ≡ Pexp

ig 1∫
0

Aµ(c(t))dc
µ

dt
dt

 , (2.6.1)

where the path ordering operator P places matrices Aµ(c(t)) with larger t to the left [47]. It
can be shown that U(C) transforms as

U(C) → Λ(cµ(0))U(C)Λ†(cµ(1)) , (2.6.2)

under a local SU(Nc) gauge transformation (2.5.7). Thus tr(U(C)) for closed curves, i.e., curves
with cµ(0) = cµ(1), is gauge invariant due to the cyclic property of the trace. This object is
called a Wilson loop and its discretized version builds the basis of Wilson plaquette action.

To see this, we now introduce a finite d-dimensional hypercubic lattice with lattice spacing a as
set of discrete points

H =

x ≡
d∑

µ=1
xµµ̂

∣∣∣∣xµ = 0, . . . , Nµ

 , (2.6.3)

where µ̂ ≡ aeµ with unit vector eµ in µ-direction. (x1, ..., xd) are the integer coordinates of
the site x. We set N1 = NT and Nj = N for j > 1, where NT and N are the number of
lattice points in temporal and spatial directions, respectively. Therefore, the lattice has volume
V ≡ ad|H| = aNT(aN)d−1.

For the link (x, µ) which connects the adjacent sites x and (x + aµ̂) the parallel transporter
reduces to the gauge-field matrix

Ux,µ ≡ eigaAµ(x) . (2.6.4)

This quantity is called gauge link and is by definition an element of SU(Nc). Formally, this
elementary parallel transporter can be derived by introducing the curve C : t → x + atµ̂ in
continuous space-time and by using that the discretized field Aµ(x) is independent of t. The
path ordering operator then vanishes, since Aµ(x) trivially commutes with itself.

In lattice gauge theory, the gauge links Ux,µ are considered the fundamental degrees of freedom
associated with the gauge field. From Eq. (2.6.2) we can conclude that it transforms under a
local gauge transformation according to

Ux,µ → Λ(x)Ux,µΛ−1(x+ µ̂) . (2.6.5)

Similarly, the parallel transporter Eq. (2.6.1) for discretized field Aµ(x) yields for the curve from
site x+ µ̂ to site x the expression

Ux+µ̂,−µ ≡ e−igaAµ(x), (2.6.6)

from which it follows that
Ux+µ̂,−µ = U−1

x,µ = U †
x,µ . (2.6.7)
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µ̂

ν̂

x Ux,µ

•

Ux+µ̂,ν

•
U†
x+ν̂,µ

•

U†
x,ν

•

Figure 2.1: Visualization of the gauge links in the plaquette UP
x,µν defined in Eq. (2.6.10).

For a general discrete path p consisting of the links (xi, µi) for i ∈ {1, . . . , L} the lattice version
of the continuum gauge transporter is given by the product

Up ≡
L∏

i=1
Uxi,µi . (2.6.8)

Due to the transformation law for a single gauge link (2.6.5) it transforms as

Up → Λ(x1)UpΛ−1(xL + µ̂L) . (2.6.9)

Similarly to the continuum theory, one can build an gauge invariant object by taking the trace
of Up for any closed path p. The simplest nontrivial closed path on the lattice is the plaquette,
which consists of four links forming a square on the lattice. It is specified by a site x as well
as two directions µ ̸= ν (µ, ν ≥ 1) together with an orientation. The corresponding parallel
transporter

UP
x,µν ≡ Ux,µUx+µ̂,νU

†
x+ν̂,µU

†
x,ν , (2.6.10)

which will be called plaquette as well, is illustrated in Fig. 2.1. It is the basis of the Wilson
plaquette action

SG ≡
∑

x,µ ̸=ν

SG
x,µν with SG

x,µν = β

2Nc
trUP

x,µν , (2.6.11)

with the conventional prefactor including the coupling parameter β, which will be shown to
correspond to the continuum coupling g in the subsequent discussion. 9 Note that due to

UP,†
x,µν = UP

x,νµ (2.6.12)

the sum over opposite orientations in Eq. (2.6.11) yields Hermitian contributions. Consequently,
the Wilson plaquette action SG is Hermitian as well.

We now demonstrate that, in the limit a → 0, the Wilson plaquette action differs from the
continuum gauge action only by an additive constant, which does not have an influence on
physics. To do so, we use the definition of the gauge links (2.6.4) and write

SG
x,µν = β

2Nc
tr
(
eigaAµ(x)eigaAν(x+µ)e−igaAµ(x+ν̂)e−igaAν(x)

)
. (2.6.13)

Next, we apply the Baker–Campbell–Hausdorff formula eaAeaB = eaA+aB+ a2
2 [A,B]+O(a3) as well

as the Taylor expansion of the gauge field Aµ(x) defined in continuous space-time

Aµ(x+ ν̂) = Aµ(x) + a∂νAµ(x) + O(a2) . (2.6.14)
9This action differs from the one in Ref. [2] not only by an additive constant but also by a sign. However, since

we employ the Boltzmann factor eSG
instead of e−SG

(cf. Eq. (2.6.37)), the two formulations are equivalent.
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As a result of the expansion, the field-strength tensor appears in the following way

SG
x,µν = β

2Nc
tr
(
eiga2Fµν(x)+O(a3)

)
. (2.6.15)

Performing a Taylor expansion of the exponential up to second order yields

SG
x,µν = β

2Nc
tr
(
1+

(
iga2Fµν(x) + O(a3)

)2
/2
)

= β

2 − βg2a4

4Nc
tr (Fµν(x)Fµν(x)) + O(ad+1) ,

(2.6.16)
where we used that the first order term vanishes due to the trace-less generators appearing in
Fµν(x). We now additionally sum over x and µ ̸= ν, and apply the limit a → 0, where we
replace the discrete sum ∑

x
ad by the integral

∫
ddx. All terms of order ad+1 vanish in the limit

a → 0. Thus we get, ∑
x,µ̸=ν

SG
x,µν → c− 1

2

∫
d4x tr (Fµν(x)Fµν(x)) , (2.6.17)

where we identified the coupling parameter as β = 2Ncad−4

g2 . The constant c is independent of
the fields and is irrelevant for observables.

2.6.2 Discretized fermion action

In the following, we introduce a possible discretization of the fermionic section of the QCD action.
A fundamental limitation of such a lattice formulation is given by the Nielsen-Ninomiya theorem
[52], which states that any discretization preserving chiral symmetry and locality inevitably
leads to the appearance of so-called doublers. These lattice artefacts are replicas of the original
fermion, as we will see explicitly for the naive discretization of the free theory.

A widely used method to remove all fermion doublers is to introduce a new term in the La-
grangian density that acts like an additional mass term of all replicas. This term ensures that
the doublers become heavy and decouple from the theory in the continuum limit [2]. The new ac-
tion is called Wilson fermion action. However, the added term explicitly breaks chiral symmetry,
making this approach less well-suited for the study of chiral symmetry in QCD.

An alternative approach introduces the so-called domain-wall fermions. This formulation em-
ploys a five-dimensional lattice to construct fermions with chiral symmetry on a four-dimensional
interface of the original lattice.10 However, as we eventually want to use a tensor-network ap-
proach, where additional dimensions can potentially increase computational cost significantly,
we choose yet another type of fermions on the lattice, which are called staggered fermions. They
sustain a remnant chiral symmetry (cf. Sec. 2.7) and rely on a transformation (called staggered
transformation) of the fermion field that decouples components with different Dirac indices. As
a result one can consider the theory where the fermion fields have no Dirac structure, which
reduces the number of doublers. The remaining doublers can be interpreted as physical flavors
in the limit a → 0. The introduction of staggered fermions is shown explicitly in this section
and is based on Ref. [2].

In the lattice discretization of the fermionic section of the QCD action, the quark fields ψf (x)
ψ̄f (x) are replaced by the fermion fields ψf

x and ψ̄f
x , defined on every site x of the lattice. Similar

10Domain-wall fermions avoid the Nielsen-Ninomiya theorem by very mildly breaking locality.
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to the continuum fields, they have a Dirac and a color index, which is not written explicitly.
Each component of ψf

x and ψ̄f
x is Grassmann-valued, which means that all components are

totally antisymmetric, i.e.,
ψf

x,iψ
f ′

y,j = −ψf ′

y,jψ
f
x,i (2.6.18)

for all lattice sites x, y, for all flavors f, f ′, and for all i, j. From this equation it directly follows
that ψf

x,iψ
f
x,i = 0 for all x, f, and i. Eq. (2.6.18) also holds for pairs containing (one or two)

conjugate Grassmann variables. The reason why ψf
x,i is Grassmann-valued is that - as a fermion

field - it has to obey Fermi statistics, i.e., any observable needs to be antisymmetric under the
exchange of the quantum numbers of any two fermions.

In the naive discretization, the derivative with respect to space-time coordinates is replaced
using the central finite difference

∂µψ
f (x) → 1

2a
(
ψf

x+µ̂ − ψf
x−µ̂

)
(2.6.19)

and the covariant derivative acting on ψf (x) is replaced by

Dµψ
f (x) → 1

2a
(
Ux,µ ψ

f
x+µ̂ − Ux,−µ ψ

f
x−µ̂

)
, (2.6.20)

using the gauge link defined in Eq. (2.6.4). This discretization is chosen such that both sides
have the same transformation behavior under the gauge transformations (2.5.7b) and (2.6.5).
This ensures that the obtained discretized action is still gauge-invariant. In the discretization
of the action, the integral

∫
ddx is again replaced by the finite sum ∑

x
ad. Starting from the

fermionic Lagrangian density (2.5.16), this leads directly to the so-called naive fermion action

SF = ad

2a
∑

x

∑
f

ψ̄f
x

[∑
µ

γµ

(
Ux,µψ

f
x+µ̂ − Ux,−µψ

f
x−µ̂

)
+ 2amfψ

f
x

]
, (2.6.21)

where the factor 1/(2a) has been extracted and the sum over µ is written explicitly.

In order to see how the discretized theory contains fermion doublers, we rewrite the action
(2.6.21) as

SF = ad
∑

f

∑
x,y

ψ̄f
xDf (x, y)ψf

y , (2.6.22)

which involves the so-called naive lattice Dirac operator

Df (x, y) =
∑

µ

γµ
Ux,µδx+µ̂,y − Ux,−µδx−µ̂,y

2a +mfδx,y . (2.6.23)

Of particular interest is the inverse of this matrix, referred to as the fermion propagator. One
can show that it determines the behavior of n-point correlation functions, according to Wick’s
theorem [2].

For the free theory (i.e., Ux,µ = 1 for all links (x, µ)) the fermion propagator is given by

D−1
f (x, y) = 1

V

∑
p∈H

D̃−1
f (p)eip·(x−y)a , (2.6.24)
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with the inverted Fourier transformation of the lattice Dirac operator

D̃−1
f (p) =

mf − i
∑

µ γµ sin(pµa)/a
m2

f +∑
µ sin2(pµa)/a2 (2.6.25)

in discrete momentum space

H =
{
p ≡ (p1, . . . , pd)

∣∣∣∣ pµ = 2π
aNµ

(kµ + θµ) , kµ = −Nµ

2 + 1, . . . , Nµ

2

}
. (2.6.26)

Here, θµ equals zero for periodic and 1
2 for anti-periodic boundary conditions in the µ-direction.

In Eq. (2.6.24), p · (x − y) denotes the usual Euclidean scalar product of the vectors pµ and
(x− y)µ and - as before - Nµ denotes the lattice extent.

We now examine the poles of the momentum-space propagator (2.6.25), since they determine
the dispersion relation of the described particles. For the present argument it is sufficient to
consider the situation mf = 0: for the denominator of the momentum propagator we find∑

µ sin2(pµa)/a2 →
∑

µ pµpµ, in the continuum limit a → 0. Thus, there is a pole at p2 = 0,
which is the correct dispersion relation of a free massless Dirac particle. On the lattice, however,
the denominator ∑µ sin2(pµa)/a2 has zeros at p = (δ1π/a, . . . , δdπ/a) with δi ∈ {0, 1} chosen
independently from each other. Thus there are 2d distinct poles, i.e., 2d particles, of which only
the one with pole at p = (0, . . . , 0) is physical. The remaining modes are unphysical fermions
called doublers. Since this argument applies separately to each flavor f , the lattice contains
2dNf fermions instead of the desired Nf.

The number of doublers is reduced by introducing staggered fermions. To this end, one applies
the transformation

ψf
x = γx1

1 . . . γxd
d χf

x and ψ̄f
x = χ̄f

xγ
xd
d . . . γx1

1 (2.6.27)

with Grassmann variables χf
x to the discretized fermion field.11 This transformation mixes

space-time and Dirac indices and is referred to as staggered transformation.

Since γ2
µ = 1 for all µ - a property that follows directly from the anti-commutator relations

(2.5.11) - the mass term is invariant under the staggered transformation, i.e., ψ̄f
xψ

f
x = χ̄f

xχ
f
x.

As the bilinear ψ̄f
xγµψ

f
x±µ̂ transforms as

ψ̄f
xγµψ

f
x±µ̂ = (−1)

∑
ν<µ

xν χ̄f
x1χ

f
x±µ̂ (2.6.28)

under the staggered transformation, the action reads

SF = ad

2a
∑

x

∑
f

χ̄f
x1

[∑
µ

ηx,µ

(
Ux,µχ

f
x+µ̂ − Ux,−µχ

f
x−µ̂

)
+ 2amfχ

f
x

]
, (2.6.29)

where we defined the staggered phases ηx,µ = (−1)
∑

ν<µ
xν , which replace the gamma matrices

γµ in the staggered formulation.

11Note that xµ in γ
xµ
ν denotes an exponent, i.e., γν raised to the power xµ.
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The obtained action no longer mixes fermions with different Dirac indices and the action has
the same form for all Dirac components. Thus we can extract a new action - called staggered
fermion action - by keeping only one of the four identical components. To do so, we define

ψf
x ≡

√
ad−1

2 χf
x,1 ψ̄f

x ≡

√
ad−1

2 χ̄f
x,1 , (2.6.30)

where the subscript “1” refers to the Dirac index. Note that ψf
x and ψ̄f

x are Grassmann-valued
vectors with color indices but without Dirac indices, collectively denoted by ψx and ψ̄x.

The staggered action takes the form

S̃F ≡
∑
x,µ

∑
f

ηx,µ

(
ψ̄f

xUx,µψ
f
x+µ̂ − ψ̄f

x+µ̂U
†
x,µψ

f
x

)
+ 2a

∑
x

∑
f

mf ψ̄
f
xψ

f
x , (2.6.31)

where a shift x → x + µ̂ has been applied to the term originally involving Ux,−µ. The mass
term now only contains the scalar product ψ̄f

xψ
f
x ≡

∑Nc
i=1 ψ̄

f,i
x ψf,i

x . Using this action, the fermion
doubling is now reduced to 2dNf/Ns (Ns is again the number of components of the Dirac spinor
index), significantly lowering the number of unphysical degrees of freedom.

2.6.3 Chemical potential on the lattice

While in the vacuum the net number of quarks is zero, it is nonzero in matter. Especially in
heavy ion collisions or in dense matter in neutron stars one has to consider also a nonvanishing
quark-number density [2]. In this case, one has to study the partition function in the grand
canonical ensemble (cf. Sec. 2.4). In the continuum theory of QCD in Euclidean space-time,
the quark number corresponding to flavor f is given by Nf

q =
∫
dd−1xψ̄f (x)γ1ψ

f (x).12 It is
the conserved charge corresponding to the Noether current jf

µ(x) = ψ̄f (x)γµψ
f (x), where the

underlying symmetry the global Uv(1) symmetry in the original Lagrangian density that is
preserved even in the quantized theory and also for nonzero quark mass (cf. Sec. 2.7).

Thus we need to add the term µfN
f
q to the continuum Lagrangian density, with chemical

potential µf . Since a term of the form
∫
dd−1xψ̄f (x)γ1ψ

f (x) is already contained in the original
Lagrangian density, this modification can be implemented simply by replacing the covariant
derivative

Dµψ
f (x) → Dµψ

f (x) + δµ,1µfψ
f (x) . (2.6.32)

for every flavor separately. This step introduces the quark chemical potentials µf .

The remaining question is how this replacement is incorporated in the discretized version of the
covariant derivative Eq. (2.6.20). A widely used choice for this replacement is given by

Dµψ
f (x) → 1

2a
(
eaµf δµ,1Ux,µ ψ

f
x+µ̂ − e−aµf δµ,1Ux,−µ ψ

f
x−µ̂

)
. (2.6.33)

which also preserves time-reversal invariance of the theory. Thus, the staggered fermion action
for nonzero chemical can be written as

S̄F = SM +
∑
x,µ

(S+
x,µ + S−

x,µ) , (2.6.34)

12We used the convention that the time direction is 1.
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using the mass term

SM =
Nf∑

f=1
Sf

M with Sf
M = 2amf

∑
x

ψ̄f
xψ

f
x , (2.6.35)

as well as the forward and backward hopping terms

S±
x,µ =

Nf∑
f=1

Sf±
x,µ with

{
Sf+

x,µ = ηx,µe
aµf δµ,1ψ̄f

xUx,µψ
f
x+µ̂ ,

Sf−
x,µ = −ηx,µe

−aµf δµ,1ψ̄f
x+µ̂U

†
x,µψ

f
x .

(2.6.36)

Note that due to the chemical potentials, the propagation forward in time is enhanced by a
factor exp(aµf ), while propagation backward in time is suppressed by exp(−aµf ). Therefore,
we introduced a particle–antiparticle asymmetry that gives rise to a nonzero net quark-number
density.

2.6.4 Partition function and observables

Using the Wilson plaquette action (2.6.11) as well as the staggered fermion action (2.6.34), we
can immediately state the discretized partition function (cf. Sec. 2.4) for the SU(Nc) gauge
theory, which is given by[2]

Z =
∫ [∏

x

dψxdψ̄x

] [∏
x,µ

dUx,µ

]
e

SM+
∑
x,µ

(S+
x,µ+S−

x,µ)+
∑

x,µ̸=ν

SG
x,µν

. (2.6.37)

Hereby, dUx,µ denotes the Haar measure (cf. Sec. 1.9). The Grassmann integration measure is
given by

dψxdψ̄x ≡
Nf∏

f=1

Nc∏
i=1

dψf,i
x dψ̄f,i

x =
Nf∏

f=1

[
Nc∐
i=1

dψf,i
x

] [
Nc∏
i=1

dψ̄f,i
x

]
, (2.6.38)

where we defined the notation
b∐

k=a

ψk ≡
{
ψbψb−1 · · ·ψa for a ≤ b ,

1 for a > b
(2.6.39)

for a product of Grassmann variables in reverse order.13 Note that in the partition function, the
field ψ̄ is treated as an independent variable. The boundary conditions are antiperiodic in time
for the Grassmann variables. All other boundary conditions are periodic.

On the lattice, the Helmholtz free-energy density (2.4.4), simply referred to as free energy in
the rest of this thesis, becomes

f = lnZ
V

, (2.6.40)

where we used T = 1
aNT

(cf. Sec. 2.4), Vs = (aN)d−1, and V = aNT(aN)d−1.

For each flavor f , there is a separate quark-number density (2.4.7), which becomes

ρf = 1
V

∂ lnZ
∂(aµf ) . (2.6.41)

13The symbol
∐

is usually used for the coproduct, which is a very different concept. We use the symbol for
notational convenience since there is no danger of confusion with the coproduct.
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We used that on the lattice, the dimensionless chemical potential corresponding to flavor f is
given by aµf .

Finally, the chiral condensate corresponding to flavor f is defined as the expectation value of
the product ψ̄f

xψ
f
x . Using the mass term of the staggered action (2.6.35), it can be expressed

via a derivative
⟨ψ̄fψf ⟩ ≡ ⟨ψ̄f

xψ
f
x⟩ = 1

V

∂ lnZ
∂(2amf ) . (2.6.42)

The full chiral condensate is obtained when a sum over all flavors f is employed. Note that due
to translational invariance, the chiral condensate is independent of the site x.

2.7 Chiral symmetry

One of the fundamental properties of massless QCD is chiral symmetry. As we will see in the
following, its study leads to profound insights - most notably - it explains why pions have very
small masses compared to the QCD scale. Chirality separates fermion fields in a left-handed
and a right-handed sector. This is based on the so-called chirality matrix. For four dimensions
in euclidean space-time, the chirality matrix is defined as γ5 ≡ γ1γ2γ3γ4, which anti-commutes
with all γ-matrices, i.e., γ5γµ = −γµγ5 and fulfills γ2

5 = 1 as well as det(γ5) = 1.14

Using the chirality matrix γ5, one can define the projection operators

PR = 1+ γ5
2 , and PL = 1− γ5

2 . (2.7.1)

They are idempotent (P 2
R/L = PR/L), orthogonal (PRPL = PLPR = 0), and complete (PR +PL =

1). Further, they fulfill PLγµ = γµPR and γ5 = PR − PL.

With these projectors, a Dirac spinor ψf in continuous space-time15 can be decomposed into
left- and right-handed components as

ψf
R = PRψ

f , and ψf
L = PLψ

f , (2.7.2)

from which the corresponding conjugate spinors follow as

ψ̄f
R = ψ̄fPL and ψ̄f

L = ψ̄fPR . (2.7.3)

By inserting PR + PL = 1 into the Lagrangian density (2.5.16), we obtain

LF = ψ̄LγµDµψL + ψ̄RγµDµψR +
[
ψ̄RMψL + ψ̄LMψR

]
, (2.7.4)

where we defined the mass matrix M ≡ diag(m1, . . . ,mNf). Further, ψR/L is a vector of size
Nf in flavor space that has components ψf

R/L. Remarkably, left- and right-handed Dirac spinors
couple to each other only via the mass term and for M = 0, the Lagrangian density is invariant
under independent global U(Nf) transformations for left- and right-handed spinors, i.e.,

ψL → ΛLψL , and ψR → ΛRψR , (2.7.5)
14The generalization of the chirality matrix to arbitrary number of space-time dimensions is straight-forward,

as long as the dimensionality is even.
15Here, we omit the space-time argument x for all spinors as it is not essential in the present context.
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for any ΛL,ΛR ∈ U(Nf). This is called the chiral transformation and the symmetry group is
denoted by UL(Nf) × UR(Nf).

As a general property of the unitary group, it can be decomposed as U(Nf) ∼= U(1)×SU(Nf)
ZNf

with
cyclic group ZNf . We apply this relation for UL(Nf) as well as UR(Nf), which implies that
the above Lagrangian density for M = 0 is in particular invariant under the UL(1) × UR(1)
transformation

ψL → eiαψL and ψR → eiβψR (2.7.6)
with α, β ∈ R. It is convenient to rewrite this transformations in terms of the spinor ψ. By
using (PR + PL) = 1, we first get

ψ →
(
eiβPR + eiαPL

)
ψ = eiΘv

(
e−iΘaPR + eiΘaPL

)
ψ , (2.7.7)

where we defined Θv = α+β
2 and Θa = α−β

2 . Further, one can use the general relation

e−iΘaPR + eiΘaPL = eiΘaγ5 (2.7.8)

to obtain the independent vector and axial transformations

ψ → eiΘvψ and ψ → eiΘaγ5ψ , (2.7.9)

respectively, under which the fermionic Lagrangian density (2.5.16) is invariant in the massless
case. We stress out that this invariance only holds due to

{γµDµ, γ5} = 0 , (2.7.10)

which is the fundamental criterion for chiral symmetry. The corresponding symmetry group of
the vector and axial transformations (2.7.9) is denoted by

Uv(1) × Ua(1) , (2.7.11)

which allows us to write the chiral symmetry of the massless theory in the form

SUL(Nf) × SUR(Nf) × Uv(1) × Ua(1) . (2.7.12)

As it turns out, the quantized theory is not invariant under the axial Ua(1) transformation even
in the massless case, but only under a discrete Za

2Nf
transformation. The original symmetry is

broken explicitly, as the fermion integration measure is no longer invariant under this transfor-
mation. This is called axial anomaly and the remaining symmetry is SUL(Nf)×SUR(Nf)×Uv(1).

For nonzero, but degenerated masses M = diag (m, . . . ,m), the symmetry SUL(Nf) × SUR(Nf)
reduces to the subgroup SUv(Nf), and SUv(Nf) × Uv(1) is left. Moreover, for general masses
M = diag (m1, . . . ,mNf), the symmetry is reduced even further to Uv(1) × · · · × Uv(1) with Nf
factors. The introduction of a chemical potential explicitly breaks all axial symmetries.

In nature, the masses of up and down quark are very small compared to the typical QCD scale.
Thus the symmetry SUv(Nf) × SUa(Nf) × Uv(1) should still be applicable as an approximation.
However, the symmetry SUa(Nf) is broken spontaneously, i.e., even though the theory is invariant
under the symmetry, its ground state is not. Relevant for the study of spontaneous chiral
symmetry breaking is the chiral condensate

⟨ψ̄f (x)ψf (x)⟩ , (2.7.13)
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where there is a sum over flavors f (and colors). Since it transforms in the same way as
the mass term of the Lagrangian density, it is not invariant under the chiral transformation.
Thus, a nonzero chiral condensate implies that the chiral symmetry is broken spontaneously.
Accordingly, the chiral condensate is an order parameter for the chiral symmetry.16 As a general
consequence of spontaneous symmetry breaking, there are N2

f −1 Goldstone bosons. For Nf = 2,
these are the three pions, which have masses that are much smaller than typical hadronic bound
states, like protons and neutrons. This mechanism explains why pions are significantly lighter
than protons and neutrons.

In order to study chiral symmetry also for staggered fermions, we first have to identify how γ5
transforms under the staggered transformation Eq. (2.6.27) for four dimensions.17 Equivalent
to Eq. (2.6.28), we now consider the transformation of the bilinear ψ̄f

xγ5ψ
f
x and obtain

ψ̄f
xγ5ψ

f
x = η5

xχ̄
f
x1χ

f
x . (2.7.14)

Here we used that γ5 anti-commutes with all γ-matrices and defined

η5
x = (−1)x1+x2+x3+x4 . (2.7.15)

The hopping terms (2.6.36) are then invariant under

ψf
x → eiαη5

xψf
x and ψ̄f

x → ψ̄f
xe

iαη5
x , (2.7.16)

which is the discretized version of the Ua(1) symmetry for staggered fermions.18

There is also a remnant symmetry of the axial SUa(Nf) symmetry. This is of particular interest
for the study of spontaneous symmetry breaking. Due to the fermion doubling, it is actually a
remnant of the group SUa(Nt), where Nt is the number of flavors due to the fermion doubling.
Those are also referred to as different “tastes”. To identify this remaining symmetry group
for Nf = 1, one can use the following procedure, which was developed in [53, 54]: First one
makes a transformation of the fermion field such that the new field is defined on hypercubes
of the lattice instead of sites. Hereby, a hypercube consists of 2d adjacent sites, which are
arranged in a 2×2×· · ·×2 configuration. The hypercubes are non-intersecting and even lattice
sizes in all directions are assumed. As each hypercube contains 2d sites, the new field has 2d

additional degrees of freedom. Those can be interpreted as 2d/Ns different tastes of fermions,
where each has the usual Ns-dimensional Dirac spinor structure. In this formulation one can
determine the nontrivial subgroup of SUa(Nt) under which the action is invariant. This makes
staggered fermions especially well-suited for the study of spontaneous symmetry breaking of
chiral symmetry.

2.8 Sign problem for nonzero chemical potential

A standard approach for calculating the quark-number density (2.6.41) or the chiral condensate
(2.6.42) first involves the integration over all Grassmann fields.19 One can show that this results

16For nonzero quark masses, the chiral condensate is not a strict order parameter, however it can still be used
to identify the location of the chiral transition.

17Again, it is straight-forward to generalize this approach to an arbitrary but even number of dimensions.
18Note that in contrast to Eq. (2.7.14), the fields ψf

x and ψ̄f
x are the staggered fermions defined in Eq. (2.6.30).

19The standard approach is in contrast to Part III, where we will first integrate the gauge field.
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in the (gauge-link dependent) determinant of the Dirac operator, called fermion determinant.
The integration of the gauge field is then approximated by a sum over finite number of gauge
field configurations, where

e−SYM
∏
f

detDf (µf ) (2.8.1)

is the probability weight that such a configuration of gauge links is generated, based on impor-
tance sampling. Hereby, SYM denotes the Yang-Mills action, i.e., the action that corresponds to
the pure gauge Lagrangian density (2.5.17) and Df (µf ) = D0

f (µf ) +mf , where D0
f is the Dirac

operator of flavor f for the massless theory.

Therefore it is crucial that det(Df ) is real and positive. In the following we will show that this
is fulfilled for vanishing chemical potential as done in [55]. The crucial properties to do so are
the γ5-hermiticity of the Dirac operator, i.e., (γ5Df )† = γ5Df (or equivalently γ5Dfγ5 = D†

f
20)

as well as the anti-hermiticity of the Dirac operator in the massless case D0,†
f = −D0

f . Let χi be
an eigenfunction of the Dirac operator with vanishing chemical potential, i.e., Df (0)χi = λχi

with eigenvalue λi. Due to the anti-hermiticity of the Dirac operator, λi is purely imaginary.
Additionally, due to the γ5-hermiticity, γ5χi is an independent eigenfunction with eigenvalue
−λi = λ∗

i . Thus the eigenvalues come in complex-conjugate pairs, which allows us to write

det [Df (0) +m] =
∏

i

(λi +mf ) (λ∗
i +mf ) > 0. (2.8.2)

For nonzero chemical potential however, the γ5-hermiticity is generalized to

γ5Df (µf )γ5 = D†
f (−µ∗

f ) , (2.8.3)

which yields (due to det(γ5) = 1)

[detDf (µf )]∗ = detDf (−µ∗
f ) . (2.8.4)

Consequently, for nonvanishing real µf the determinant of the Dirac operator then is complex
and one cannot directly apply importance sampling. This problem is known as the sign problem,
or more precise the complex-phase problem. Great effort have been made to circumvent this
problem [56, 57]. However, so far none of the remedies allows for precise calculations for general
values of µf . One known solution is based on the observation that Eq. (2.8.4) yields again a real
fermion determinant, when a purley imaginary chemical potential µf is used. By an analytic
continuation one can also reach the domain of real chemical potentials. Other approaches include
a Taylor expansion in µ, reweighting, complex Langevin, thimbles or path optimization, see [3,
4] for reviews.

It is interesting to note yet another scenario, where the Boltzmann weight is real and positive.
Consider the situation of Nf = 2, where the chemical potentials can be expressed in terms of the
baryonic and isospin chemical potential µB = µ1+µ2

2 and µI = µ1−µ2
2 , respectively. For vanishing

baryonic chemical potential µB = 0 it follows∏
f

detDf (µf ) = detD1(µI) detD2(−µI) = detD(µI) [detD(µI)]∗ ∈ R , (2.8.5)

20Note that the same argument can be made when staggered fermions are used, except that the γ5-hermiticity
is replaced by the corresponding equation Dst,†

f (x, y) = η5
xD

st
f (x, y)η5

y.
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where we used Eq. (2.8.4) and defined D(µ) ≡ D1(µ) = D2(µ), which holds for identical masses.
Therefore the fermion determinant is again real and non-negative which allows importance
sampling.

The method used in this thesis is based on so-called dual variables. Hereby, in contrast to the
conventional approach, the gauge field is integrated out before the Grassmann fields (cf. Part
III). This method strongly reduces the sign problem, allowing for a calculation of general values
of µf .

2.9 Phase diagram of QCD

The phase diagram of QCD has an extremely rich structure, however due to the sign problem,
calculations in the regime µ/T > 1 are only feasible by using model scenarios or remedies
as explained in Sec. 2.8. Before we discuss the essential properties of the expected QCD phase
diagram as done in [2, 8, 55], we briefly introduce the Ehrenfest classifications of phase transitions
[58].

A phase transition of n-th order is characterized by a discontinuity of the n-th derivative of the
free energy f , while all lower-order derivatives are continuous, i.e.,

∂nfα

∂xn
̸= ∂nfβ

∂xn
and ∂mfα

∂xm
= ∂mfβ

∂xm
for all m < n , (2.9.1)

where α and β distinguishes the different phases and x denotes a parameter of the system like
the temperature, the chemical potential, or - specifically in QCD - the quark mass. Of high
relevance in practice are the first and second order phase transitions, as both are expected to
be present in the µ − T QCD phase diagram. These transitions are always associated with an
order parameter, which is vanishing in one phase and nonzero in the other.

Another relevant phase transition that is also present in the QCD phase diagram is the crossover.
Here, all derivatives of the free energy are continuous along the transition, i.e.,

∂mfα

∂xm
= ∂mfβ

∂xm
for all m ∈ N0 , (2.9.2)

and the order parameter still approaches zero in one phase.

There are several order parameters relevant for QCD. Besides the chiral condensate, which is
the order parameter for the chiral transition in the limit of small quark masses (cf. Sec. 2.7),
there is also the Polyakov loop, defined as

P (x⃗s) ≡ tr

 NT∏
xt=1

U(xt,x⃗s),1

 . (2.9.3)

It corresponds to a Wilson loop with fixed spatial position x⃗s winding around the compact time
direction of the lattice. For pure-gauge theory (i.e., the limit of infinite quark masses), one can
show that due to a Z3-symmetry of the action, the Polyakov loop is an order parameter for
confinement. If it is nonzero the phase is deconfined and free charges can be found.
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Figure 2.2: QCD phase diagram for two flavors in the T − m plane with m = mu = md. The
transition from confinement to deconfinement is either first order, second order or a crossover,
depending on the quark mass. For small masses, the relevant order parameter is the chiral
condensate and for large masses it is the Polyakov loop. The figure is taken from Ref. [2].

The calculation of the Polyakov loop and the chiral condensate results in the QCD phase diagram
shown in Fig. 2.2 for two degenerated flavors (denoted by mu,d for up- and down quark) in the
T − m plane. As the chemical potentials are set to zero, there is no sign problem and usual
methods based on importance sampling are applicable. For vanishing quark masses, the chiral
transition is of second order and occurs at a critical temperature of approximately Tch ≈ 175
MeV. The chiral condensate is nonzero only below this threshold, which is consistent with the
spontaneous breaking of chiral symmetry for zero temperature as discussed in Sec. 2.7. For
increasing masses, the chiral condensate is no longer a strict order parameter of the phase
transition. However, its value still vanishes only for temperatures above Tch, which is why the
chiral condensate is still considered as a valid order parameter in this situation. The transition
is then no longer of second order, but a crossover. One can show that the transition between
the confined and deconfined phase for small masses also takes place around Tch, which indicates
that there is a strong connection between confinement and chiral symmetry [59]. In the limit
of infinitely heavy quarks, the Polyakov loop is a strict order parameter, exhibiting a first-order
phase transition at Tc ≈ 270 MeV. The first-order transition weakens for decreasing masses,
before it ends in a second-order point.

We now turn to the phase diagram of QCD for nonzero chemical potential. Although the exact
locations of phase transitions and the associated critical exponents are not known, there is
agreement regarding certain structures of the phase diagram. The expected phase diagram in
the µ− T plane is shown in Fig. 2.3 for vanishing quark masses (left) and for degenerated and
small masses close to the physical mass (right) for Nf = 2. In both diagrams the isospin chemical
potential µI is set to zero, and therefore µ = µB = µ1 = µ2.

For vanishing quark masses, the chiral transition is denoted by the dashed line (second-order
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Figure 2.3: Expected QCD phase diagram for massless (left) and degenerated light quarks
(right). While for vanishing masses and small chemical potential the chiral transition is of first
order, it turns into a crossover, when the masses are increased slightly. The figure is taken from
Ref. [2].

transition21) that turns for increasing chemical potential at the tricritical point (TCP) into a first
order transition (solid line). Inside the quarter-circle the chiral condensate is nonzero. When
the quark masses are increased close to the physical mass, the second-order transition becomes
a crossover, resulting in a critical endpoint. When the quark masses are increased further, the
temperature transition at µ = 0 is again of second- and finally of first order (not shown).

For increased temperature T and chemical potential µ, the energy scale of the theory is increased.
Due to asymptotic freedom, quarks and gluons are only weakly coupling leading to a phase
generically known as Quark-Gluon-Plasma [60].

Another phase transition in QCD is the liquid-gas phase transition of nuclear matter. The
corresponding order parameter is the baryon density nB. The transition is denoted by a short
solid line located in the confined phase for small temperatures. It is expected to be a first order
transition which ends in a second-order critical endpoint for increased temperature [55].

From model calculations it follows that the phase diagram of QCD exhibits - analogous to
superconductivity for electrons - color superconductivity [5]. Hereby, quarks form cooper pairs
resulting in a nonzero diquark condensate, which is an order parameter for color superconductiv-
ity. However, there are many possible pairing scenarios of the quarks and the precise behavior of
QCD is not clear yet. Only for asymptotically high densities, all models agree that QCD enters
a color-flavor locked phase, which, in addition to color superconductivity, shows also a breaking
of chiral symmetry. In this limit, many properties are known from first principles [61].

Finally we turn to the discussion of the phase diagram of lattice QCD in the strong-coupling
case, i.e., β = 0, again in the µ− T plane. The general structure for Nf = 1 in four dimensions
(thus number of tastes Nt = 4) is shown in Fig. 2.4. The phase diagram is calculated by a large
dimensional expansion and a mean-field approximation [62]. The chiral transition is similar
to the case of general β shown in Fig. 2.3: In the chiral limit, there is a tricritical point that
separates the second-order transition (dashed line) from the first-order transition (solid line).
For increased masses, the first-order line ends in a critical endpoint, whose movement in the

21For µ = 0, this coincides with the second-order chiral transition from Fig. 2.2.
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Figure 2.4: Lattice QCD phase diagram at strong coupling for Nf = 1 in four dimensions
(Nt = 4). For vanishing quark mass, the chiral phase transition is of second order (dashed
line) and turns into a first-order transition (solid line) at the tricritical point (TCP). For non-
vanishing mass, the first-order line is shifted to increased baryon chemical potential and ends in
a critical endpoint (CEP). The trajectory of the CEP for increased mass is denoted by a thin
dashed line. The figure is taken from Ref. [62] using adapted labels.

phase diagram for changed quark mass is shown by the dotted line. The first-order transition is
also shown for quark mass m = 0.4. The liquid-gas transition of nuclear matter and the chiral
transition coincide for β = 0.

3 Tensor-network procedure

As explained in Sec. 2.8, the sign problem for nonzero chemical potential makes it impossible
to successfully access the regime where µ/T > 1 with any established method. Therefore, it
is reasonable to consider alternative approaches that differ crucially from these methods. One
promising approach is the use of tensor networks. For a general system, the partition function
is expressed as a contraction of tensors, whose total count typically scales with the volume
of the system. In order to make the calculation numerically feasible, approximations based on
singular value decompositions (SVD) are employed. The cost of computing such a tensor network
typically scales only logarithmically with the volume of the system, which is a decisive advantage
over usual methods that are based on importance sampling. Tensor-network approaches have
already been successfully applied to a wide range of problems in classical and quantum statistical
physics, such as spin systems and gauge systems in two, three, and four dimensions. Even some
systems with a complex action, i.e., with a sign problem, were successfully studied, for example,
the three-dimensional O(2) model with a chemical potential [63]. An overview of different tensor-
network approaches for a variety of systems is given in Ref. [19], including a road map towards
four-dimensional QCD.

Within this thesis, it is sufficient to consider tensor networks in which a tensor is placed on
every site of the space-time lattice and only neighboring tensors are contracted via a shared
link index. It is efficient to contract the tensors pairwise, yielding again a tensor network on a
coarse grid with half the number of sites. After each such contraction step, the bond dimension
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(i.e., the range of the tensor indices) of the coarse-grid tensor rapidly increases. To avoid the
curse of dimensionality, an approximation of the coarse-grid tensor based on SVD is employed.
The tensor renormalization group (TRG) [64] was the first algorithm with this structure but
it is only applicable for two-dimensional systems. An improvement is the higher-order tensor
renormalization group (HOTRG) method [20], which is applicable also to higher-dimensional
systems and a foundation for the algorithms developed in this thesis. In contrast to TRG,
HOTRG is based on the higher-order singular value decomposition (HOSVD) [21] of the coarse
grid tensors.

For systems including fermions, Grassmann-valued tensor networks where first discussed in
Ref. [65] based on the Hamiltonian formulation. For the Lagrangian formulation, which we
will use in this thesis, the Grassmann TRG (GTRG) [66, 67] and the GHOTRG [22] methods
were recently developed for cases where the Grassmann variables cannot be integrated out
locally.22 This algorithm has already been tailored to strong-coupling QCD in two dimensions
using one flavor of staggered quarks in Ref. [23].23 There, it was shown that the non-local sign
factors occurring in the meson-baryon-loop representation of the partition function [6, 7] can
be avoided by rewriting the partition function as a tensor network including Grassmann-valued
tensors. The method was used to compute the chiral condensate as a function of the quark
mass and the volume, and to confirm the absence of dynamical chiral symmetry breaking in
the two-dimensional case. Tensor methods are especially well-suited for this investigation, since
they can be used for the very large volumes that are required for small masses. Furthermore, the
quark-number density at nonzero chemical potential was computed, which hinted at a first-order
phase transition. The study of strong-coupling QCD with one flavor of staggered quarks was
extended to three and four dimensions in Ref. [69, 24].

In the following, we give a brief introduction to HOSVD, HOTRG, and GHOTRG for a general
number of dimensions. Secs. 3.1 and 3.2 are based on Ref. [29], while Sec. 3.3 is based on
Refs. [23, 24]. An introduction to HOTRG and GHOTRG in two dimensions is also given in
Ref. [26].

3.1 HOSVD

In this subsection, we present the HOSVD approximation, originally introduced in Ref. [21]. We
start with the following relevant definitions.

For a real tensor M of order n and dimension N1 ×· · ·×Nn ∈ Nn and a real matrix A, we define
the left matrix-tensor multiplication of the r-th index of M as

(A⊙r M)i1···ir−1jrir+1···in ≡
∑
ir

AjrirMi1···in . (3.1.1)

By definition, we find
A⊙r (B ⊙s M) = B ⊙s (A⊙r M) , (3.1.2)

22In theories with Grassmann variables, the latter can sometimes be integrated out completely during the
construction of the tensor network, as for example in the U(N) gauge theory at infinite coupling [6, 68], in which
case the usual TRG or HOTRG method can be used.

23We will refer to GHOTRG for both the procedure introduced in Ref. [22] and its tailored version for lattice
QCD in the strong-coupling expansion.
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for any r ̸= s and for any matrices A and B.

Further, we define the r-unfolding of the tensor M as the matrix

M
(r)
ir,(i1,··· ,ir−1,ir+1,··· ,in) = Mi1···in , (3.1.3)

i.e., the row index of M (r) is given by the r-th index of M , while the column index of M (r) is
given by a linearization of the remaining indices. We note that the r-unfolding of (A ⊙r M) is
given by the matrix product of A and the r-unfolding of M , i.e.,

(A⊙r M)(r) = A ·M (r) . (3.1.4)

Additionally, the multi-rank (R1, · · · , Rn) ∈ Nn of a tensor M of order n is defined by the r-rank

Rr ≡ rank(M (r)) (3.1.5)

for r = 1, . . . , n.

We now define the tensor approximation24

M̂ ≡ P (1) ⊙1 P
(2) ⊙2 · · ·P (n) ⊙n M, (3.1.6)

with Nr × Nr orthogonal projectors P (r) (i.e., P (r)2 = P (r) and P (r)T = P (r) for all r) of rank
Kr ≤ Nr. Therefore, M̂ has the same dimension as M . Due to the property

rank(A ·B) ≤ min(rank(A), rank(B)) (3.1.7)

for general matrices A and B, M̂ is a lower-rank approximation of M , i.e., the r-rank of M̂ is
smaller or equal to the r-rank of M for all r = 1, · · · , n.

As a general property of an orthogonal projector of dimension Nr ×Nr with rank Kr, P (r) can
be written as

P (r) = U (r) · U (r)T (3.1.8)

with Nr ×Kr-dimensional semi-orthogonal matrices U (r), called frames, i.e., the columns of U (r)

are orthonormal, but not their rows (unless Kr = Nr). Note that the columns of the frame U (r)

provide an orthonormal basis of a Kr-dimensional vector space. In particular, we find

U (r)T
U (r) = 1Kr×Kr . (3.1.9)

For given frames U (r), we now define the K1 × · · · ×Kn dimensional core tensor

S = U (1)T ⊙1 U
(2)T ⊙2 · · ·U (n)T ⊙n M , (3.1.10)

such that the tensor approximation M̂ can be rewritten as

M̂ = U (1) ⊙1 U
(2) ⊙2 · · ·U (n) ⊙n S . (3.1.11)

24Due to Eq. (3.1.2), the ordering of the operations is irrelevant.
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The frames U (r) together with the core tensor S contain the same information as the tensor
approximation M̂ , but require only ∑r KrNr + ∏

r Kr entries instead of ∏r Nr entries. Con-
sequently, it is numerically more efficient, not to calculate M̂ explicitly, but rather to evaluate
operations involving M̂ using the frames U (r) and the core tensor S.

In order to quantize the approximation error introduced by the tensor M̂ we now introduce the
Frobenius norm. For a given tensor M it is defined by

∥M∥ =
√

⟨M,M⟩ =
√ ∑

i1,...,in

M2
i1···in

, (3.1.12)

where the inner product of two real tensors M and M̃ of same size is defined as

⟨M,M̃⟩ =
∑

i1,...,in

Mi1···inM̃i1···in . (3.1.13)

For the inner product of the tensor M and its approximation M̂ we find

⟨M,M̂⟩ = Mj1,...,jnP
(1)
j1,i1

· · ·P (n)
jn,in

Mi1,...,in

= Mj1,...,jnP
(1)
j1,k1

P
(1)
k1,i1

· · ·P (n)
jn,kn

P
(n)
kn,in

Mi1,...,in = ∥M̂∥2

= Mj1,...,jnU
(1)
j1,k1

U
(1)T

k1,i1
· · ·U (n)

jn,kn
U

(n)T

kn,in
Mi1,...,in = ∥S∥2 , (3.1.14)

where the second and third line both follow directly from the first line by using the funda-
mental projection operator property, and by expressing the projectors in terms of the frames,
respectively. Using this, the squared approximation error of M̂ is given by

∥M − M̂∥2 = ∥M∥2 + ∥M̂∥2 − 2 ⟨M,M̂⟩ = ∥M∥2 − ∥M̂∥2 = ∥M∥2 − ∥S∥2 (3.1.15)

and does not require the explicit calculation of M̂ .

We now consider the singular value decomposition of the r-unfolding of M ,

M (r) = L(r)Σ(r)R(r)T (3.1.16)

with Nr ×Nr orthogonal matrix L(r). The columns of L(r) are the left singular vectors of M (r).
Σ(r) is a Nr × Nn−1

r matrix that is only nonzero at the diagonal. The values at the diagonal
are the singular values of M (r), which are real and non-negative. Similarly to L(r), R(r) is a
Nn−1

r ×Nn−1
r orthogonal matrix.

For any matrix M (r), it is well known that the approximation A(r) ≡ L(r)Σ̄(r)R(r)T , where Σ̄(r) is
obtained from Σ(r) by keeping only the Kr largest singular values and setting all others to zero,
is the best rank-Kr approximation of the matrix M (r). Formally, this means that it minimizes
the Frobenius norm ∥M (r) −A(r)∥ for given rank Kr. The relative truncation error ε(r) is given
by

ε(r) = ∥M (r) −A(r)∥
∥M (r)∥

=

√√√√∑Nr
i=Kr+1 λ

(r)
i∑Nr

i=1 λ
(r)
i

, (3.1.17)

where λ(r)
i are the squared singular values of the unfolding M (r), ordered such that λ(r)

1 ≥ · · · ≥
λ

(r)
Nr

. Note that λ(r)
i are also the eigenvalues of the Gramian M (r)M (r)T .
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The HOSVD of M is defined by the Eqs. (3.1.10) and (3.1.11) with U (r) = L(r). As in this case
Kr = Nr, it holds that M̂ = M and there is now information lost by performing the HOSVD.

More relevant is the HOSVD approximation M̂ with multi-rank (K1, . . . ,Kn). For given tensor
M , it is defined by Eqs. (3.1.10) and (3.1.11), where the columns of U (r) are given by those
columns of L(r) (i.e., left singular vectors of M (r)) that correspond to the Kr largest singular
values of M (r). Note that it holds

A(r) = U (r)U (r)T
M (r) . (3.1.18)

One can show that the HOSVD tensor approximation M̂ , in general, is only the best possible
approximation for given multi-rank (K1, . . . ,Kn) when n = 2, as in this case the Frobenius norm
∥M − M̂∥ is minimized by definition. But even for general order n the HOSVD approximation
is usually very close to the best approximation [21].

There is a known algorithm to construct the best possible approximation, i.e, to minimize the
Frobenius norm ∥M−M̂∥ for given multi-rank (K1, . . . ,Kn) numerically. The algorithm is called
Higher Order Orthogonal Iteration (HOOI) [70]. Nevertheless, the HOSVD approximation is
particularly attractive due to its computational simplicity while still yielding an almost optimal
approximation.

3.2 HOTRG

We now turn to the HOTRG approach [20] for computing a tensor network of the form

Z =
∑
i

∏
x

(Tx)ix,−1ix,1...ix,−dix,d
. (3.2.1)

This expression is visualized by a d-dimensional lattice with V sites. On every site x =
(x1, . . . , xd) there is a tensor Tx. The different directions of the lattice are denoted by µ =
1, . . . , d. Neighboring tensors on sites x and x + µ̂, where µ̂ is the unit vector in µ-direction,
share a link index ix,µ which is summed over, denoted by the sum over all tuples i ≡ (ix,µ| ∀x, µ).
For convenience, we introduced the notation ix,−µ = ix−µ̂,µ. The lattice has a toroidal shape,
i.e., it is closed in all directions. For our purposes, it is sufficient to consider the case where the
range of the summation over ix,µ is independent of the link. This range is denoted by D and is
referred to as the bond dimension. The result is denoted by Z, as it is typically the partition
function of a system that is expressed in the form of a tensor network.

For the moment, we assume that the tensors are independent of the chosen site, i.e., we can
write T = Tx. As a further assumption, the number of lattice sites in any direction is a power of
two. A natural way to calculate the given partition function is to contract the tensors pairwise,
yielding again a tensor network in the form of Eq. (3.2.1) albeit on a coarse lattice, i.e., a lattice
with half the number of sites. As all tensors are identical, this contraction has to be calculated
only once. This procedure is repeated until only a single tensor is left, from which the trace
is taken. It is crucial to note that the bond dimensions of the tensors increase rapidly in each
contraction. In particular, for any direction perpendicular to the contraction direction, the bond
dimension is squared in each step. For a 4 × 4 lattice, the contraction procedure is visualized in
Fig. 3.5.
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Figure 3.5: Visualization of the contraction procedure for computing a tensor network on a two-
dimensional 4 × 4 lattice. In each contraction step, the indices perpendicular to the contraction
direction are combined to a new link index with squared range. This is visualized by progressively
thicker links.

Due to the increasing bond dimensions, an exact calculation of the tensor network is only
feasible for very small lattices. Therefore, an essential property of HOTRG is to reduce the
dimension of the coarse tensor using an HOSVD-based approximation which avoids the curse of
dimensionality. This truncation together with the contraction of two fine-grid tensors is referred
to as a blocking step. Symbolically, we summarize the HOTRG algorithm for the (k + 1)-th
blocking step as

T [k] ⋆µ T
[k] truncate−→ T [k+1], (3.2.2)

where T [k] is the obtained coarse tensor after k blocking steps and ⋆µ denotes the contraction of
two tensors T [k] that are neighbored in direction µ. The explicit construction of T [k+1] is shown
later on.

Formally, we define the coarse tensor after the first contraction as

MjX,−1jX,1···jX,−djX,d
=
∑
ix,1

Tix,−1ix,1···ix,−dix,d
Tiy,−1iy,1···iy,−diy,d

(3.2.3)

with y = x + 1̂ and therefore iy,−1 = ix,1. The coarse site is denoted by X ≡ (x, y). On the
coarse lattice, the link indices are defined as

jX,−1 = ix,−1 , jX,1 = iy,1, and jX,±µ = (ix,±µ, iy,±µ) for µ ̸= 1 , (3.2.4)

where the combined indices are referred to as fat indices. The construction of the link indices
associated to the coarse lattice is visualized for three dimensions in Fig. 3.6.

3.2.1 Backward-forward symmetry

A tempting approach would be to replace the coarse tensor (3.2.3) by its HOSVD approximation
of multi-rank (D, . . . ,D). However, it turns out that this approximation is not optimal in the
iterative blocking procedure as shown next.

For this argument it is sufficient to consider the contraction in 1-direction in two dimensions.
According to Eq. (3.2.3) the third and fourth index of M are the fat indices, i.e., they have bond
dimension D2, while the first and second index have bond dimension D.
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jX,−1 ix,1= iy,−1 jX,1

ix,−2 iy,−2

jX,−2

ix,−3 iy,−3

jX,−3

ix,3 iy,3

jX,3

ix,2 iy,2

jX,2

T T

Figure 3.6: Construction of the link indices on a coarse site. Fat indices occur only on links
perpendicular to the contraction direction. The figure is taken from Ref. [29].

T
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MS

PU PV

U V

M̂

Figure 3.7: Visualization of the constituents of the HOSVD approximation M̂ . Fat indices are
visualized as two separate lines. The figure is taken from Ref. [29].

For the HOSVD approximation with multi-rank (D,D,D,D), we need to calculate the frames
U and V for the unfoldings corresponding to the third and fourth index of M , denoted by M (3)

and M (4).25 According to Eq. (3.1.10), the core tensor is then given by

S = UT ⊙3 V
T ⊙4 M , (3.2.5)

yielding the coarse tensor approximation

M̂ = U ⊙3 V ⊙4 S = PU ⊙3 PV ⊙4 M (3.2.6)

with D2 × D2 projectors PU = UUT and PV = V V T with UTU = V TV = 1D×D. The
constituents of the tensor approximation are visualized in Fig. 3.7.

Assume that, for the next contraction step, two tensors M̂ are contracted as shown in Fig. 3.8,
again using the constituents of the tensor approximation M̂ . We observe that the matrix product
G = UTV occurs. This matrix is called merger, and the whole contraction can be perceived as
contracting core tensors S with mergers G in between. It is crucial to note that, in the calculation
of the merger G, information may be lost depending on the overlap of the vector spaces spanned
by the columns of U and V . Consequently, the rank of the merger is, in general, smaller than

25In principal, the unfoldings M (1) and M (2) corresponding to the first and second index of M are necessary
as well. However, as there is no truncation for these links, the frames are orthogonal and no information is lost.
Therefore, after a change of basis, these frames are the identity matrix.
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PU PV PU PV

Figure 3.8: Contraction of two HOSVD approximations M̂ . By using the constituents of M̂ ,
we observe that the contraction can be perceived as contracting core tensors and mergers only.
The figure is taken from Ref. [29].
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Figure 3.9: Simplification of the contraction procedure in two dimensions after setting U = V .
The core tensors itself already build a tensor network in the form of Eq. (3.2.1) albeit on the
coarse lattice. The figure is taken from Ref. [29].

D. Therefore, even though the HOSVD approximation M̂ is a close-to-best approximation of
M , M̂ ⋆1 M̂ is not necessarily a good approximation of M ⋆1 M .

The only possibility in which no information is lost in the merger is when the columns of U
and V span the same vector space, which is an additional demand in the HOTRG algorithm.
In this case, the merger is orthogonal. For efficiency, we additionally set U = V , i.e., the same
basis for the vector space. With this condition, it is clear that the usual HOSVD approximation
cannot be used to approximate the coarse tensor M and it is unclear a priori how the frames
U should be constructed instead. The construction of the frames will be considered in the next
section, but for the moment let us discuss the consequences of the condition U = V . Due
to G = UTV = 1D×D, the merger drops out and the situation simplifies drastically to the
one shown in Fig. 3.9. The contraction of two tensor approximations M̂ is replaced by the
contraction of two core tensors S only.26

Since the condition of using common frames for forward and backward direction can be directly
generalized to arbitrary dimensions, we define the core tensor used in HOTRG, for a contraction
in 1-direction, as

S = U (3)T ⊙3 U
(3)T ⊙4 · · ·U (d)T ⊙2d−1 U

(d)T ⊙2d M . (3.2.7)

By writing the tensor network (3.2.1) in terms of the core tensor S, the structure of the tensor
26To be able to construct and eliminate all mergers we use the property that the lattice is closed.
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network is preserved albeit on a coarse lattice. From there, the algorithm is applied iteratively.
Symbolically, the (k + 1)-th blocking step of the HOTRG approach can be written as

T [k] ⋆µ T
[k] =: M → S =: T [k+1] , (3.2.8)

when the contraction is applied in µ-direction. When the lattice consists of a single site, one
finally needs to calculate the trace of the obtained tensor, i.e., the sum over the link indices in
all directions.

The remaining task is to construct the frames corresponding to the truncation, such that forward-
backward symmetry is satisfied and the approximation is close to HOSVD. There are two dif-
ferent established methods for constructing such frames. We refer to them as SuperQ [29] and
the Xie et al. [20] procedure and introduce them in the following section.

3.2.2 SuperQ and the Xie et al. procedure

For the tensor M , given in Eq. (3.2.3), we denote the forward and backward unfolding corre-
sponding to direction µ with 1 < µ ≤ d as

M
(µ)
b ≡ M (2µ−1) and M

(µ)
f ≡ M (2µ) , (3.2.9)

respectively. Further, the frames U (µ)
b and U (µ)

f are the HOSVD truncation frames corresponding
to these unfoldings, i.e., the semi-orthogonal matrices, whose columns are given by the left
singular vectors corresponding to the D largest singular values of M (ν)

b and M
(ν)
f , respectively.

In the originally proposed HOTRG procedure, referred to as Xie et al. truncation procedure
[20], the truncation frame U (µ) for direction µ, is either U (µ)

b or U (µ)
f , depending on which of

both gives the smaller SVD truncation error (3.1.17). Therefore, the chosen frame is a near-to-
optimal truncation frame only for one out of the two considered directions, and it is clear that
in general, truncation frames should exist that optimize both truncations.

To find such an optimized truncation frame, it is useful to consider the positive semi-definite
Gram matrices

Q
(µ)
b ≡ M

(µ)
b M

(µ)T

b and Q
(µ)
f ≡ M

(µ)
f M

(µ)T

f . (3.2.10)

Note that the columns of U (µ)
b and U

(µ)
f are the eigenvectors corresponding to the D largest

eigenvalues of Q(µ)
b and Q

(µ)
f , respectively.

We now consider a truncation frame U (µ) for truncating both M
(µ)
b and M

(µ)
f , which yields the

rank-D approximations (cf. Eq. (3.1.18))

A
(µ)
b ≡ U (µ)U (µ)T

M
(µ)
b and A

(µ)
f ≡ U (µ)U (µ)T

M
(µ)
f . (3.2.11)
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The relative truncation errors are given by

ε
(µ)
b ≡ ∥M (µ)

b −A
(µ)
b ∥

∥M (µ)
b ∥

=

√√√√1 − ∥A(µ)
b ∥

∥M (µ)
b ∥

=

√√√√√1 −
tr
(
U (µ)TQ

(µ)
b U (µ)

)
trQ(µ)

b
, (3.2.12)

ε
(µ)
f ≡ ∥M (µ)

f −A
(µ)
f ∥

∥M (µ)
f ∥

=

√√√√1 − ∥A(µ)
f ∥

∥M (µ)
f ∥

=

√√√√√1 −
tr
(
U (µ)TQ

(µ)
f U (µ)

)
trQ(µ)

f
, (3.2.13)

where in the first step we used Eq. (3.1.15), and in the second step we used the general property
∥M∥ = tr(MMT) for real matrices M as well as the projector property of U (µ)U (µ)T .

For an optimized frame U (µ), the combined truncation error

ε
(µ)
S

2
= 1

2

(
ε

(µ)
b

2
+ ε

(µ)
f

2
)

= 1 − 1
2∥M∥2 tr

[
U (µ)T

(
Q

(µ)
b +Q

(µ)
f

)
U (µ)

]
(3.2.14)

is reduced, where we used trQ(µ)
b = trQ(µ)

f = ∥M∥2. This is reached by choosing the columns
of U (µ) to be the eigenvectors corresponding to the D largest eigenvalues of the SuperQ matrix

Q
(µ)
S ≡ Q

(µ)
b +Q

(µ)
f (3.2.15)

for direction µ. Note that the SuperQ matrix is symmetric and positive semi-definite as it is
defined as the sum of two symmetric and positive semi-definite matrices. U (µ) is also given by
the D leading left singular vectors of the extended matrix

(M (µ)
b M

(µ)
f ). (3.2.16)

The obtained truncation frame is used to calculate the core tensor given in Eq. (3.2.7). This
method is referred to as SuperQ.

An advantage of the SuperQ method is that a single singular value decomposition is required for
each pair of forward and backward links, i.e., the SuperQ method halves the number of required
singular value decompositions compared to the usual HOTRG procedure.

3.2.3 Stabilized finite difference

Thermodynamic observables are typically calculated by taking the derivative of the free energy
with respect to a certain control parameter (cf. Sec. 2.6.4). Numerically, this is most eas-
ily achieved by using the finite-difference approach. In this method, the partition function is
calculated for two slightly different values of the control parameter using two separate tensor
networks. It turns out that the evaluated values frequently exhibit discontinuities, prohibiting
the calculation of the derivative. These are typically caused by level crossings of nearly degen-
erate singular values for both terms of the finite difference, resulting in discontinuous changes
of the vector spaces that are used for the truncation.

To obtain more stable results for the calculation of the derivative, different approaches were
developed. In one method, referred to as the impurity approach, the derivative is taken ana-
lytically at the level of the initial tensor network. This results in an impurity system, i.e., a
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tensor network that contains an impurity tensor at one specific site of the lattice and identical
tensors at all other sites27 [71]. This approach does not suffer from discontinuities originating
from the derivative, but it is outperformed by the so-called stabilized finite-difference method
[63]. In this approach, the discontinuities are avoided by explicitly matching the bases of the
vector spaces used for the truncation. How this is done formally is explained next.

The finite difference of the free energy (2.6.40) with respect to a control parameter p is given as

1
V∆p

(
lnZ+ − lnZ−

)
, (3.2.17)

where both Z+ and Z− are calculated using two independent tensor networks. This is no longer
the case in the stabilized finite-difference approach, where the truncation frames for calculating
Z+ are modified while taking into account the truncation frames employed in the calculation of
Z−.

As a prerequisite for the stabilized finite-difference approach, one needs to use the same contrac-
tion order in both tensor networks and, when the Xie et al. procedure is used, in each blocking
step either the forward or backward frame needs to be used in both tensor networks.

For the calculation of Z−, in a particular blocking step, we denote the obtained left singular
vectors by L(µ)−

i for i ∈ {1, . . . , D2} (cf. Eq. (3.1.16)), for all directions µ that are perpendicular
to the contraction direction. As explained in Sec. 3.1, the truncation frames are then built by
chosing the D vectors corresponding to the largest singular values28. We assume that the vectors
L

(µ)−

i are ordered such that the corresponding singular values s(µ)−

i are in descending order, i.e.,
s

(µ)−

i ≤ s
(µ)−

j for i > j. Equivalently, the left singular vectors necessary for calculating Z+ are
denoted by L(µ)+

i and are ordered according to the singular values s(µ)+

i .

Assume that a particular singular value is n-fold nearly degenerate. Thus, the vectors L(µ)−

i , for
i = k1 . . . kn correspond to nearly degenerate singular values, i.e.,∣∣∣s(µ)−

i − s
(µ)−

k1

∣∣∣
s

(µ)−

k1

< t ∀i ∈ {k1, . . . , kn} . (3.2.18)

with threshold t, e.g., t = 10−4. For a sufficiently small variation of the control parameter
∆p ≪ t, the vectors L(µ)+

i for i = k1 . . . kn correspond to nearly degenerate singular values as
well.

Since the vector spaces span
{
L

(µ)+

i |i ∈ {k1, . . . , kn}
}

and span
{
L

(µ)−

i |i ∈ {k1, . . . , kn}
}

tend
to be identical for vanishing ∆p, they will have a large overlap also for a finite variation ∆p.
However, this is generally not the case for the overlap of the vectors L(µ)+

i and L
(µ)−

i , given by
the scalar product L(µ)+

i · L(µ)−

i . Even if the two vector spaces are identical, the vectors L(µ)+

i

and L
(µ)−

i may form different bases. Therefore, the overlap of the columns of the truncation
27The adaptation of HOTRG in this case is straightforward, except that the truncation matrices are constructed

solely by considering the identical tensors. This is necessary for the tensor network to be self-reproducing after
each blocking step.

28This applies to general frames, in particular also for SuperQ and the Xie et al. method.
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frame, U (µ)+

i · U (µ)−

i for i = 1, . . . , D, may be small, which can lead to discontinuities in the
result.

The optimal solution is to build a new basis of the vector space span
{
L

(µ)+

i |i ∈ {k1, . . . , kn}
}

with basis vectors

L̃
(µ)+

j =
kn∑

i=k1

c
(µ)
ij L

(µ)+

i with j ∈ {k1, . . . , kn} , (3.2.19)

such that the combined overlap of the basis vectors
kn∑

i=k1

L̃
(µ)+

i · L(µ)−

i (3.2.20)

is maximized. When such a basis is found, we replace L(µ)+

j with L̃
(µ)+

j for j ∈ {k1, . . . , kn} in
the matrix L(µ)+ and continue with the usual HOTRG procedure.

Since the determination of L̃(µ)+

i is an expensive task, we use a heuristic approach that is close
to the optimal solution. It is given by the following iterative approach.

First, we choose the normalized vector

L̄
(µ)+

k1
≡ 1√

kn∑
i=k1

(
L

(µ)+

i · L(µ)−

k1

)2

kn∑
i=k1

(
L

(µ)+

i · L(µ)−

k1

)
L

(µ)+

i , (3.2.21)

as this choice maximizes the overlap

L̄
(µ)+

k1
· L(µ)−

k1
. (3.2.22)

One can now use the Gram-Schmidt algorithm to build an orthonormal basis of the subspace
span

{
L

(µ)+

i |i ∈ {k1, . . . , kn}
}

that contains the vector L̄(µ)+

k1
as a basis vector.

As we only want to construct n− 1 new vectors using the Gram-Schmidt algorithm, there is one
vector L(µ)+

j with j ∈ {k1, . . . , kn} which is not used in the orthogonalization. In principle, it is
irrelevant which of the vectors is chosen, as long as it is not orthogonal to L̄(µ)+

k1
. For numerical

stability, we do not use the vector L(µ)+

j in the Gram-Schmidt algorithm for which the squared
overlap (

L
(µ)+

j · L(µ)−

k1

)2
(3.2.23)

is maximized. This choice is especially relevant when the squared overlap (3.2.23) is close to
one, since otherwise one would orthogonalize almost parallel or antiparallel vectors.

After applying the Gram-Schmidt algorithm, we have determined new basis vectors L̄(µ)+

i for
i ∈ {k1 + 1, . . . , kn}. We now replace L(µ)+

i with L̄
(µ)+

i for i ∈ {k1, . . . , kn} since at least L̄(µ)+

k1

has an optimized overlap with L
(µ)−

k1
. After renaming L̄ → L, we repeat the process for the

vectors L(µ)+

i and L
(µ)−

i with i ∈ {k1 + 1, . . . , kn}. The procedure is applied n times, ensuring
that all vectors L(µ)+

i are adapted to the corresponding vectors L(µ)−

i .
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The presented adaptation of the left singular vectors is especially relevant when only some of
the vectors with degenerate singular values are included in the truncation frame. However, it is
preferable to apply this adaptation to every vector L(µ)+

i with i ≤ D, as this further improves
numerical stability without significantly increasing the computational cost of the HOTRG algo-
rithm.

3.3 GHOTRG

It turns out that the partition function of lattice QCD in the strong-coupling expansion cannot
be expressed in the form of Eq. (3.2.1) in order to apply HOTRG. The integration of the fermion
field generates non-local sign factors, i.e., sign factors that cannot be factorized such that each
factor only depends on the indices ix,±µ corresponding to site x. However, the partition function
can be written as a tensor network, where the local tensors contain, in addition to a numerical
part, a specific combination of Grassmann variables (cf. Part III). In the following section, we
generalize the HOTRG procedure to make it applicable to tensor networks with this structure,
referred to as GHOTRG. In each blocking step, the Grassmann part is self-reproducing, solely
yielding a sign factor that is local one the coarse lattice. This sign factor is taken into account in
the contraction of two numerical tensors, which are finally truncated using a HOTRG truncation.

Assume that the partition function can be written as

Z =
∑
j

∫
χ

∏
x

(Tx)jx,−1jx,1...jx,−djx,d
(Kx)Fx,−1Fx,1...Fx,−dFx,d

(3.3.1)

with j ≡ (jx,µ| ∀x, µ). As for HOTRG, the expression can be visualized by a d-dimensional
lattice with tensors Tx and Kx placed on its sites. For every link there is a so-called Grassmann
parity Fx,µ = 0, 1 that is determined solely by the index jx,µ. Tx is a numerical tensor, while
Kx is the Grassmann tensor

(Kx)Fx ≡
d∏

µ=1
(χx,µ)Fx,µ

d∐
µ=1

(dχx,−µ)Fx,−µ , (3.3.2)

depending on the tuple Fx ≡ (Fx,−1Fx,1 . . . Fx,−dFx,d).29 We also used the notation
d∐

µ=1
ψµ ≡ ψdψd−1 · · ·ψ1 (3.3.3)

for a product in reverse order. On every link, there is a Grassmann variable χx,µ with corre-
sponding differential dχx,µ which fulfills∫

χx,µ

dχx,µχx,µ = 1 . (3.3.4)

In Eq. (3.3.1), we also introduce the notation∫
χ

≡
∏
x,µ

(∫
χx,µ

)Fx,µ

. (3.3.5)

29For convenience, we again use the notation ix,−µ ≡ ix−µ̂,µ for all subsequent quantities that carry a link
index, such as jx,µ, Fx,µ, and χx,µ.
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The lattice has a toroidal shape, with boundary conditions for the Grassmann variables chosen
to be anti-symmetric in the time direction (µ = 1) and symmetric in all spatial directions.
Furthermore, we assume that an entry of Tx is nonzero only if ∑±d

µ=±1 Fx,µ is even. Under this
assumption, Kx can be regarded as commuting.

In a contributing summand in Eq. (3.3.1), there is an integral symbol and a differential associated
with every occurring Grassmann variable χx,µ that appears, ensuring that the contribution is
real. However, because Grassmann variables are anticommuting, it is not possible to integrate
out all of them without producing non-local sign factors. Instead, HOTRG is modified as
described below.

3.3.1 Contraction

For a contraction in µ-direction, it is convenient to rewrite

(Kx)Fx = σ̂Fx (χx,µ)Fx,µ

∏
ν ̸=µ

(χx,ν)Fx,ν

∐
ν ̸=µ

(dχx,−ν)Fx,−ν

 (dχx,−µ)Fx,−µ (3.3.6)

with local sign factor
σ̂Fx ≡ (−1)Fx,µ

∑µ−1
ν=1 Fx,ν+Fx,−µ

∑µ−1
ν=1 Fx,−ν . (3.3.7)

We now define

(KX)Fx,Fy ≡
(∫

χx,µ

)Fx,µ

(Ky)Fy (Kx)Fx , (3.3.8)

with coarse site X = (x, y). As explained above, the ordering of the Grassmann tensors K
irrelevant, but the chosen order is especially convenient, since we directly obtain the factor(∫

χx,µ

)Fx,µ

(dχy,−µ)Fy,−µ (χx,µ)Fx,µ = 1 (3.3.9)

after inserting Eq. (3.3.6) in Eq. (3.3.8) for both sites. We now reorder the remaining Grassmanns
in (KX)Fx,Fy in the following way

(KX)Fx,Fy = σ̂Fx σ̂Fy σ̂Fx,Fy (χy,µ)Fy,µ

∏
ν ̸=µ

(χx,ν)Fx,ν (χy,ν)Fy,ν


×

∐
ν ̸=µ

(dχy,−ν)Fy,−ν (dχx,−ν)Fx,−ν

 (dχx,−µ)Fx,−µ , (3.3.10)

where we defined the sign factor

σ̂Fx,Fy = (−1)F , with F =

 d∑
ν=1
ν ̸=µ

Fy,−ν


 d∑

ν=1
ν ̸=µ

Fx,ν

+
d∑

ρ=1
ρ̸=µ

Fx,ρ

d∑
ν=ρ
ν ̸=µ

Fy,ν +
d−1∑
ρ=1
ρ ̸=µ

Fy,−ρ

d∑
ν=ρ+1

ν ̸=µ

Fx,−ν .

(3.3.11)
The ordering of the Grassmann variables in Eq. (3.3.10) is particularly useful as the resulting
Grassmann structure resembles that in Eq. (3.3.6), where the Grassmann structure for links
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perpendicular to the contraction direction is modified. To obtain the initial Grassmann structure
albeit on the coarse grid, we insert(∫

χX,−ν

dχX,−ν χX,−ν

)FX,−ν

= 1 (3.3.12)

with the coarse Grassmann parity30

FX,ν ≡
{

0 if Fx,ν + Fy,ν even,
1 if Fx,ν + Fy,ν odd

(3.3.13)

in Eq. (3.3.10) right before the term (dχy,−ν)Fy,−ν , i.e., inside the product over ν. Consequently,
we obtain the term

(χX,−ν)FX,−ν (dχy,−ν)Fy,−ν (dχx,−ν)Fx,−ν , (3.3.14)

which, by definition of the coarse Grassmann parity, is commuting. Therefore, we can shift this
term in the product over coarse sites from coarse site X to X − ν̂. Since the lattice is closed
in ν-direction, at every coarse site X, the term (3.3.14) is replaced by the corresponding term
from the coarse site X + ν̂.31 Formally, we write32∫

χ

∏
x

(Kx)Fx =
∫
χ

∏
X

(KX)Fx,Fy =
∫
χ

∏
X

σ̂Fx σ̂Fy σ̂Fx,Fy (K̃X)FX
(3.3.15)

with new Grassmann tensor

(K̃X)FX
≡ (χy,µ)Fy,µ

∏
ν ̸=µ

(χX,ν)FX,ν

(∫
χy,ν

dχy,ν

)Fy,ν
(∫

χx,ν

dχx,ν

)Fx,ν

(χx,ν)Fx,ν (χy,ν)Fy,ν


×

∐
ν ̸=µ

(dχX,−ν)FX,−ν

 (dχx,−µ)Fx,−µ

= (χy,µ)Fy,µ
∏
ν ̸=µ

(χX,ν)FX,ν
∐
ν ̸=µ

(dχX,−ν)FX,−ν (dχx,−µ)Fx,−µ

= σ̂FX

∏
ν

(χX,ν)FX,ν
∐
ν

(dχX,ν)FX,ν , (3.3.16)

where the commuting term originating from the neighbored coarse site is placed in the first
bracket. Afterwards, we performed the integration over all Grassmann variables χx,ν and χy,ν

for ν ̸= µ, and used Eq. (3.3.6) at the coarse site X, such that the Grassmanns are in canonical
ordering again. For convenience, we defined FX,µ = Fy,µ, FX,−µ = Fx,−µ, χX,µ = χy,µ, and
χX,−µ = χx,−µ. It is essential that Eq. (3.3.16) exhibits the same Grassmann structure as
Eq. (3.3.2). This shows that the Grassmann structure is self-reproducing after each contraction
step.

30We use the same symbol for both the initial and the coarse Grassmann parity, since the meaning is clear from
the indices of F . The same applies for the corresponding Grassmann variables.

31Note that the boundary conditions must be applied when the shift moves variables over the lattice boundary.
For the new Grassmann variables, we impose boundary conditions identical to those of the original variables. As
a result, the shift does not generate sign factors, since FX,−ν = Fx,−ν + Fy,−ν mod 2.

32Note that for the integral symbol after the first step, the product over links in Eq. (3.3.5) contains all links
of the fine lattice but does not contain contracted links. After the second step, this product runs over all X and
µ, i.e., all links of the coarse lattice.



II Theoretical foundations 69

As mentioned before, all signs generated by multiplying two Grassmann tensors are absorbed
into the coarse numerical tensor, i.e., we define

(TX)jX =
∑
jx,µ

σFx,Fy (Tx)jx(Ty)jy , (3.3.17)

where we introduced the sign33

σFx,Fy ≡ σ̂Fx σ̂Fy σ̂Fx,Fy σ̂FX
, (3.3.18)

and used the shorthand notation jx ≡ (jx,−1jx,1 . . . jx,−djx,d) for fine and coarse site. This yields
the partition function

Z =
∑
j

∫
χ

∏
X

(TX)jX (KX)FX
(3.3.19)

on the coarse grid. This tensor network has summation indices jX,µ. They are defined as in
Eq. (3.2.4), namely as fat indices for directions perpendicular to the contraction direction, and
as the original link indices for the remaining links along the contraction direction. jX is again
the tuple containing all indices jX,µ for µ = ±1, . . . ,±d. All link indices are combined in the
tuple j ≡ (jX,µ| ∀X,µ), which we redefined compared to Eq. (3.3.1). Note that by definition,
FX,µ is determined solely by jX,µ.

In order to express the tensor network in the form of Eq. (3.3.19) and Eq. (3.3.17), we used the
fact that the new Grassmann tensor

(KX)FX
=
∏
ν

(χX,ν)FX,ν
∐
ν

(dχX,ν)FX,ν (3.3.20)

is independent of the summation index jx,µ. The corresponding integral symbols are collected
in the redefined notation ∫

χ

=
∏
X,µ

(∫
χX,µ

)FX,µ

. (3.3.21)

One can show, (TX)jX is nonzero only if
±d∑

ρ=±1
FX,ρ (3.3.22)

is even. The proof only requires that the equivalent property on the fine grid holds for Tx and
Ty, as assumed at the beginning. Therefore, (KX)FX

can be regarded as Grassmann even.

3.3.2 Truncation

The remaining task is to truncate (TX)jX on all fat links, i.e., on all links perpendicular to
the contraction direction µ. As explained in Sec. 3.2.2, for given ν = 1, . . . , d with ν ̸= µ, the
truncation frame UX,ν

34, for SuperQ and the Xie et al. method, is determined by the unfoldings

(MX)jX,ν ,jX\jX,ν
= (TX)jX and (MY )jY,−ν ,jY \jY,−ν

= (TY )jY (3.3.23)
33Due to the structure of σFx,Fy , we could assign individual sign factors to the fine-grid tensors Tx and Ty, to

the contraction, and to the coarse-grid tensor TX . The numerical efficiency may depend on whether we apply the
sign factors separately or as a whole.

34Not to be confused with the gauge link in lattice QCD.
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with coarse site Y = X + ν̂.35 We introduced the tuple jX\jX,ν , which contains all indices of
the tuple jX except for jX,ν . The entries of the truncation frame are denoted by (UX,ν)jX,ν ,j̄X,ν

,
where the index j̄X,ν only has range D, while jX,ν is the fat link index with range D2.

Since the Grassmann tensor depends on the indices jX,ν through the coarse Grassmann parity,
special care must be taken when applying the truncation matrices. We recall that (TX)jX is
nonzero only if ∑±d

ρ=±1 FX,ρ is even. Therefore, (MX)jX,ν ,jX\jX,ν
is, up to permutations in rows

and columns, block diagonal. There are two blocks, differentiated by

FX,ν =
( ±d∑

ρ=±1
ρ ̸=ν

FX,ρ

)
mod 2 = 1 and FX,ν =

( ±d∑
ρ=±1
ρ̸=ν

FX,ρ

)
mod 2 = 0 . (3.3.24)

Note that (MX)jX,ν ,jX\jX,ν
and (MY )jY,−ν ,jY \jY,−ν

have the same vertical block structure36, since
FX,ν = FY,−ν holds in the contraction. Therefore, the truncation frame (UX,ν)jX,ν ,j̄X,ν

is, up to
permutations in rows and columns, block diagonal as well, regardless of whether one uses SuperQ
or the Xie et al. procedure. We can distinguish the blocks of UX,ν according to FX,ν = 1 or
FX,ν = 0.

This result also allows us to define the Grassmann parity of j̄X,ν , denoted by F̄X,ν . Formally,
it is defined as follows: for given j̄X,ν , consider all nonzero entries (UX,ν)jX,ν ,j̄X,ν

. The indices
jX,ν of these entries share the same Grassmann parity FX,ν . When this parity is zero (one),
we define F̄x,ν to be zero (one), respectively. For the next steps, it is convenient to also define
j̄X,±µ = jX,±µ and F̄X,±µ = FX,±µ for links in contraction direction µ.

We now consider the truncation( ±d∏
ν=±1
|ν|≠µ

∑
jX,ν

(UX,ν)jX,ν ,j̄X,ν

)
(TX)jX (KX)FX

=
( ±d∏

ν=±1
|ν|≠µ

∑
jX,ν

(UX,ν)jX,ν ,j̄X,ν

)
(TX)jX (KX)F̄X

,

(3.3.25)

where it holds that UX,−ν = UX−ν̂,ν , due to the backward-forward symmetry. Since for every
nonzero entry (UX,ν)jX,ν ,j̄X,ν

, we have F̄X,ν = FX,ν , we replaced FX by F̄X in the Grassmann
tensor with F̄x = (F̄x,−1F̄x,1 . . . F̄x,−dF̄x,d). This is a crucial result, since it shows that the
Grassmann tensor can be pulled out of the sum, obtaining the usual HOTRG truncation for the
numerical coarse tensor. Hence, we define the new tensor

(T̄X)j̄X
=
( ±d∏

ν=±1
|ν|≠µ

∑
jX,ν

(UX,ν)jX,ν ,j̄X,ν

)
(TX)jX (3.3.26)

with j̄X ≡ (j̄X,−1j̄X,1 . . . j̄X,−dj̄X,d), yielding the partition function37

Z =
∑
j̄

∫
χ

∏
X

(T̄X)j̄X
(KX)F̄X

. (3.3.27)

35Note that this is a slight generalization of Sec. 3.2.2, in which M , in general, depends on the coarse site.
36Note that the number of columns can be different.
37The integral symbol is now expressed in terms of the parities F̄X,µ as well, so that it can be taken outside of

the sums over jx,µ.
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This tensor network has new summation indices j̄X,µ, combined in the tuple j̄ ≡ (j̄X,µ| ∀X,µ).

Note that by construction, F̄X,µ is determined solely by j̄X,µ and T̄X is nonzero only if∑±d
µ=±1 F̄X,µ

is even. Therefore, the obtained tensor network has the same structure as the one in Eq. (3.3.1)
albeit on a lattice with half the number of sites.

3.3.3 Iterative procedure

After renaming
T̄ → T, j̄ → j, X → x, F̄ → F , (3.3.28)

the described GHOTRG algorithm can be applied again to block the lattice further. For ev-
ery blocking step, a new truncation direction is selected. The simplest option is to select the
contraction direction µ = (k − 1) mod d+ 1 for the k-th blocking step, which was used in this
thesis. It is possible to find contraction orderings that reduce the truncation error, as is done in
the improved contraction ordering (ICO) [63].

Since the partition function Z grows exponentially with the volume, the tensor entries generally
grow exponentially with the number of applied GHOTRG blocking steps. Consequently, we
rescale the tensor entries after each contraction step, as explained next. After the first blocking
step (including the renaming), we determine the maximal absolute value

t1 = max
x,jx

|(Tx)jx | (3.3.29)

of all tensor entries, and define the rescaled partition function

Z(1) =
∑
j

∫
χ

∏
x

(T (1)
x )jx(Kx)Fx with (T (1)

x )jx = 1
t 1

(Tx)jx . (3.3.30)

Consequently, the full partition function is given by

Z = tV1
1 Z(1) , (3.3.31)

where V1 is the number of lattice sites after the first blocking step, i.e., V1 = V/2. We can
apply the GHOTRG algorithm again, this time to the rescaled partition function Z(1). After
this blocking step, we rescale the resulting numerical tensors using their maximum t2 to obtain
Z(2) with Z(1) = tV2

2 Z(2) and V2 = V/22. This is repeated for each blocking step. After the k-th
blocking step, we rescale the resulting numerical tensors using their maximum tk to obtain Z(k)

with Z(k−1) = tVk
k Z(k) and Vk = V/2k. Z(k) is connected to the full partition function via

Z = Z(k)
k∏

i=1
tVi
i , (3.3.32)

resulting in the expression
lnZ
V

= lnZ(k)

V
+

k∑
i=1

ln ti
2i

(3.3.33)

for the free energy.
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The computational cost of the GHOTRG approach scales logarithmically with the volume when
the tensors have no site dependence. In this case, the pairwise contraction of the tensors is the
same for all coarse sites, and has to be performed only once per blocking step. Further, there are
only d− 2 different truncation frames to be calculated in this case. Nevertheless, we considered
the more general case of site-dependent tensors, as it will be necessary in a more sophisticated
approach later on (cf. Sec. 8). Additionally, the implementation of staggered phases results in
site-dependent tensors, however due to their specific structure, the coarse tensor will be site-
independent after the blocking has been done at least once in each direction, and there will be
no further site dependence caused by the staggered phases.

3.3.4 Tracing

As one possibility, we can repeat the GHOTRG algorithm until the coarse lattice consists of
a single site x. Assuming we applied in total k blocking steps, the rescaled partition function
reads

Z(k) =
∑
j

∫
χ

Tjx,1jx,1...jx,djx,d
KFx,1Fx,1...Fx,dFx,d

, (3.3.34)

where T and K are the obtained numerical tensor and Grassmann tensor, respectively, after all
blocking steps including the rescaling. We can now integrate the Grassmann tensor

∫
χ

KFx,1Fx,1...Fx,dFx,d
= (−1)Fx,1

∏
µ

(∫
χx,µ

)Fx,µ ∏
µ

(χx,µ)Fx,µ
∐
µ

(dχx,µ)Fx,µ = (−1)
∑d

ν=2 Fx,ν ,

(3.3.35)
where we used the boundary conditions

dχx,−1 = −dχx,1, and dχx,−µ = dχx,µ, for µ ̸= 1 , (3.3.36)

and obtain the result for the rescaled partition function

Z(k) =
∑

jx,1,...,jx,d

(−1)
∑d

ν=2 Fx,νTjx,1jx,1...jx,djx,d
. (3.3.37)

This step is generally referred to as taking the trace of the tensor T .

3.3.5 ASAP tracing

In an improved version, which is used in this thesis, the tracing is optimized in order to reduce
the truncation error. Whenever the lattice extent in a specific direction equals one, this direction
can be removed from the network. In particular, the individual sums of the trace (3.3.37) are
evaluated as soon as possible (ASAP).

Assume there is a dimension µ on the coarse grid, in which the lattice extent equals one.
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Therefore, the Grassmann contribution reads(∫
χx,µ

)Fx,µ

(Kx)Fx

= (−1)Fx,µδµ,1

(∫
χx,µ

)Fx,µ ∏
ν

(χx,ν)Fx,ν (dχx,−d)Fx,−d · · · (dχx,µ)Fx,µ · · · (dχx,−1)Fx,−1

= σµ(K̄x)F̄x
, (3.3.38)

where in the first step we applied the boundary condition for (dχx,−µ)Fx,−µ , and in the second
step we rearranged the order of the Grassmann variables such that χx,µ can be integrated and
defined

σµ = (−1)Fx,µ(1+δµ,time+
∑d

ν=µ+1(Fx,ν+Fx,−ν))
. (3.3.39)

The reduced Grassmann tensor reads

(K̄x)F̄x
≡
∏
ν ̸=µ

(χx,ν)Fx,ν
∐
ν ̸=µ

(dχx,−ν)Fx,−ν , (3.3.40)

where the tuple F̄x contains all parities Fx,ν for ν = ±1, . . . ,±d, except for Fx,µ and Fx,−µ. The
resulting sign is absorbed into the lower dimensional tensor

(T̄x)j̄x
≡
∑
jx,µ

σµ(Tx)jx . (3.3.41)

Similarly to F̄x, the tuple j̄x contains all indices jx,ν for ν = ±1, . . . ,±d, except for jx,µ and jx,−µ.
Assuming k blocking steps including the rescaling are already applied, the rescaled partition
function reads

Z(k) =
∑
j̄

∫
χ

∏
x

(T̄x)j̄x
(K̄x)F̄x

, (3.3.42)

where we defined the tuple j̄ ≡ (jx,ν | ∀X, ν with ν ̸= µ). The product over links inside the
integral symbol then only contains directions perpendicular to µ.

After renaming
T̄ → T, K̄ → K, j̄ → j, F̄ → F , (3.3.43)

the GHOTRG approach can be applied again, where the directions are now only 1, . . . , µ−1, µ+
1, . . . , d, i.e., the lattice only has d− 1 dimensions. ASAP tracing is used again when the lattice
extent in one of the remaining dimensions equals one, to reduce the dimension of the lattice
further. This is continued until a 1-dimensional lattice is reduced to a 0-dimensional lattice, i.e.,
a scalar. Together with Eq. (3.3.33), this yields the final result for the tensor network.

3.3.6 Truncation of the initial numerical tensor

Depending on the size of initial numerical tensor Tx in Eq. (3.3.1), a truncation of the initial
tensor may be necessary as well. In this case, the relevant unfoldings are given by

(Mx)jx,ν ,jx/jx,ν
= (Tx)jx,ν . (3.3.44)
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Due to the necessary backward-forward symmetry for the truncation frames, the frame (Ux,ν)jx,ν ,j̄x,ν

with ν = 1, . . . , d is determined by the unfoldings (Mx)jx,ν ,jx/jx,ν
and (My)jy,−ν ,jy/jy,−ν

with
y = x+ ν̂, regardless of whether one uses SuperQ or the Xie et al. truncation procedure.

Analogue to usual GHOTRG blocking procedure, the truncation matrix (Ux,ν)jx,ν ,j̄x,ν
is, up to

row and column permutations, block diagonal, where both blocks can be distinguished by Fx,ν .
We can also define the parity F̄x,µ for given link j̄x,ν such that (Kx)Fx can be replaced by (Kx)F̄x

.
The partition function is then given by

Z =
∑
j̄

∫
χ

∏
x

(T̄x)j̄x
(Kx)F̄x

(3.3.45)

with tuple j̄ ≡ (jx,µ| ∀x, µ) and truncated tensor

(T̄x)j̄x
=
( ±d∏

ν=±1

∑
jx,ν

(Ux,ν)jx,ν ,j̄x,ν

)
(Tx)jx . (3.3.46)

After the renaming
T̄ → T, j̄ → j, F̄ → F, (3.3.47)

we apply the usual GHOTRG algorithm.
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III. Deriving the tensor network
In the following, we go through all the necessary steps to rewrite the partition function of lattice
QCD in the strong-coupling expansion with staggered fermions in terms of a tensor network that
is suitable for the GHOTRG algorithm presented in Sec. 3.3. The derivation is carried out for
a general number of flavors Nf, for a general number of space-time dimensions d, for arbitrary
order in β, and also for general gauge group SU(Nc). For simplicity, we set the lattice spacing
a to one. The derivation of this tensor network is published in Ref. [27], in collaboration with
Jacques Bloch, Robert Lohmayer, and Tilo Wettig.

4 Dual variables and evaluation of the gauge integral

In this section, we proceed as follows. First, we Taylor-expand the exponentials of the various
contributions to the action, resulting in dual variables (i.e., occupation numbers). In Sec. 4.2
we explicitly introduce all existing color indices and describe their enumeration in detail. In
Sec. 4.3 we perform the gauge-link integral for a single link and simplify the result based on the
color contraction with the Grassmann variables in the hopping terms.

4.1 Taylor expansions of the Boltzmann factor

At first, we write the partition function (2.6.37) as

Z =
∫ [∏

x

dψxdψ̄x

] [∏
x,µ

dUx,µ

]
eSM

∏
x,µ

∏
f

eSf+
x,µeSf−

x,µ

 ∏
x,µ ̸=ν

eSG
x,µν

 , (4.1.1)

where the exponentials for the hopping terms and the gauge action are factorized over the links
and plaquettes, respectively. An intermediate goal is to integrate out the gauge links analytically.
To this end, we now perform separate Taylor expansions of the exponentials for the forward and
backward hopping terms on each link (x, µ) and for each flavor, with summation indices1 kf

x,µ

and k̄f
x,µ, respectively. Similarly, we perform a Taylor expansion of the exponential of the gauge

action on each oriented plaquette (x, µν) with summation index nx,µν . All summation indices
start at zero. After performing the Taylor expansions we rewrite the products of sums as sums
of products,

Z =
∫ [∏

x

dψxdψ̄x

] [∏
x,µ

dUx,µ

]
eSM

∑
k,n

∏
x,µ

∏
f

(Sf+
x,µ)kf

x,µ(Sf−
x,µ)k̄f

x,µ

kf
x,µ!k̄f

x,µ!

 ∏
x,µ ̸=ν

(SG
x,µν)nx,µν

nx,µν !


(4.1.2)

with dual variables k ≡ ((kf
x,µ, k̄

f
x,µ)| ∀x, µ, f) and n ≡ (nx,µν | ∀x, µ, ν;µ ̸= ν) that contain all

link and plaquette occupation numbers of the lattice. These occupation numbers can be viewed
as dual fields, which also have periodic boundary conditions.

1We will frequently refer to these and other summation indices as “occupation numbers”.



76 4 Dual variables and evaluation of the gauge integral

To be able to express the partition function as the trace of a tensor network, we exchange the
order of integration and summation to obtain

Z =
∑
k,n

∫ [∏
x

dψxdψ̄x

] [∏
x,µ

dUx,µ

]
eSM

∏
x,µ

∏
f

(Sf+
x,µ)kf

x,µ(Sf−
x,µ)k̄f

x,µ

kf
x,µ!k̄f

x,µ!

[ ∏
x,µ̸=ν

(SG
x,µν)nx,µν

nx,µν !

]
.

(4.1.3)
For the summation over k this exchange is justified since the sums are finite due to the nature
of the Grassmann variables and since the gauge integral is convergent. However, because the
summation over n involves infinite sums the exchange is potentially questionable. A formal
convergence analysis appears to be nontrivial, and therefore this issue needs to be kept in mind
when numerical results are interpreted.

4.2 Disentangling color indices

To do the gauge-link integrals we have to rearrange the gauge links coming from the hopping
terms and the plaquette action in such a way that all contributions from a specific gauge link
are gathered. This is done by writing all summations over color indices explicitly, which allows
us to move components of the gauge links freely. We use the convention that gauge links U
always carry color indices i and j, while adjoint gauge links U † carry color indices ℓ and m. To
distinguish all the color indices occurring in Eq. (4.1.3) we need to assign two additional labels
to each color index. First, in order to distinguish the color indices of different gauge links, we
assign a link label to the color indices. Second, as the same gauge link Ux,µ and its adjoint U †

x,µ

can occur several times in each term contributing to the partition function, we distinguish the
color indices corresponding to these different occurrences by a label a. Hence, our color indices
are iax,µ, ja

x,µ, ℓax,µ, and ma
x,µ, again with periodic boundary conditions.

In the following we discuss the label a in detail. The range of the label a consists of several
subranges. For Ux,µ, the subrange of a from the forward hopping term for flavor f contains
kf

x,µ elements, and there are Nf such subranges. For the plaquette terms, we note that in d

dimensions, a given gauge link Ux,µ is contained in 2(d − 1) plaquettes, i.e., UP
x,µν and UP

x−ν̂,νµ

with ν ̸= µ. Hence there are 2(d− 1) subranges of a for the plaquette terms. In summary, the
sizes of the Nf + 2(d− 1) subranges of a for the various contributions are given by

Ux,µ : | subrange(a)| =


kf

x,µ forward fermion hopping for flavor f ,
nx,µν plaquettes UP

x,µν for ν ̸= µ ,

nx−ν̂,νµ plaquettes UP
x−ν̂,νµ for ν ̸= µ ,

(4.2.1a)

where | · · · | denotes the number of elements of the (sub)range. Similarly, for U †
x,µ the subrange

sizes are

U †
x,µ : | subrange(a)| =


k̄f

x,µ backward fermion hopping for flavor f ,
nx,νµ plaquettes UP

x,νµ for ν ̸= µ ,

nx−ν̂,µν plaquettes UP
x−ν̂,µν for ν ̸= µ .

(4.2.1b)

We now define
kx,µ ≡

∑
f

kf
x,µ and k̄x,µ ≡

∑
f

k̄f
x,µ (4.2.2)



III Deriving the tensor network 77

and combine the subranges of a to a full range, whose size is given by

Ux,µ : | range(a)| = gx,µ ≡ kx,µ +
∑

ν
ν ̸=µ

(nx,µν + nx−ν̂,νµ) , (4.2.3a)

U †
x,µ : | range(a)| = ḡx,µ ≡ k̄x,µ +

∑
ν

ν ̸=µ

(nx,νµ + nx−ν̂,µν) , (4.2.3b)

respectively. To access the different subranges within the full range, we define the offsets2

κf
x,µ ≡

f−1∑
f ′=1

kf ′
x,µ , κ̄f

x,µ ≡
f−1∑
f ′=1

k̄f ′
x,µ , (4.2.4a)

ω+ν
x,µ ≡ kx,µ +

∑
σ<ν
σ ̸=µ

(nx,µσ + nx−σ̂,σµ) , ω−ν
x,µ ≡ ω+ν

x,µ + nx,µν , (4.2.4b)

ω̄+ν
x,µ ≡ k̄x,µ +

∑
σ<ν
σ ̸=µ

(nx,σµ + nx−σ̂,µσ) , ω̄−ν
x,µ ≡ ω̄+ν

x,µ + nx,νµ . (4.2.4c)

With these definitions and using the Einstein summation convention, the color contractions in
the terms coming from Sf+

x,µ, Sf−
x,µ, and SG

x,µν are written as

(ψ̄f
xUx,µψ

f
x+µ̂)kf

x,µ =
kf

x,µ∏
a=1

ψ̄
f,i

a+κ
f
x,µ

x,µ
x U

i
a+κ

f
x,µ

x,µ ,j
a+κ

f
x,µ

x,µ
x,µ ψ

f,j
a+κ

f
x,µ

x,µ

x+µ̂ , (4.2.5a)

(ψ̄f
x+µ̂U

†
x,µψ

f
x)k̄f

x,µ =
k̄f

x,µ∏
a=1

ψ̄
f,ℓ

a+κ̄
f
x,µ

x,µ

x+µ̂ U †
x,µ

ℓ
a+κ̄

f
x,µ

x,µ ,m
a+κ̄

f
x,µ

x,µ
ψ

f,m
a+κ̄

f
x,µ

x,µ
x , (4.2.5b)(

trUP
x,µν

)nx,µν = (4.2.5c)
nx,µν∏
a=1

∆a
x,µνU

i
a+ω+ν

x,µ
x,µ ,j

a+ω+ν
x,µ

x,µ
x,µ U

i
a+ω

−µ
x+µ̂,ν

x+µ̂,ν ,j
a+ω

−µ
x+µ̂,ν

x+µ̂,ν

x+µ̂,ν U †
x+ν̂,µ

ℓ
a+ω̄−ν

x+ν̂,µ
x+ν̂,µ ,m

a+ω̄−ν
x+ν̂,µ

x+ν̂,µ U †
x,ν

ℓ
a+ω̄

+µ
x,ν

x,ν ,m
a+ω̄

+µ
x,ν

x,ν
,

(4.2.5d)

where we have rewritten the matrix multiplications and traces in Eq. (4.2.5d) using the quantity

∆a
x,µν ≡ δ

j
a+ω+ν

x,µ
x,µ ,i

a+ω
−µ
x+µ̂,ν

x+µ̂,ν

δ
j

a+ω
−µ
x+µ̂,ν

x+µ̂,ν ,ℓ
a+ω̄−ν

x+ν̂,µ
x+ν̂,µ

δ
m

a+ω̄−ν
x+ν̂,µ

x+ν̂,µ ,ℓ
a+ω̄

+µ
x,ν

x,ν

δ
m

a+ω̄
+µ
x,ν

x,ν ,i
a+ω+ν

x,µ
x,µ

. (4.2.6)

The motivation behind this rewriting is that in the construction of the tensor formulation below it
is more convenient to retain independent indices on U and U † to be able to manipulate individual
indices. We see from Eq. (4.2.5) that the color indices iax,µ and ma

x,µ can be associated with site
x, while ja

x,µ and ℓax,µ can be associated with site x+ µ̂.

We can now gather all gauge-field contributions corresponding to the same link. After all the
dust has settled, the partition function can be written as

Z =
∑
k,n

∫ [∏
x

dψxdψ̄x

]
GW∆̄

∏
x,µ

Igx,µḡx,µ , (4.2.7)

2The offsets ω and ω̄ correspond to U and U†, respectively. The superscript ±ν indicates that the plaquette
of interest extends in the positive/negative ν-direction perpendicular to the link (x, µ).
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where all contributions involving the same gauge-field matrix U are combined in the integral

(Igḡ)ij,ℓm ≡
∫

SU(Nc)
dU

[ g∏
a=1

U iaja

] [ ḡ∏
a=1

U †ℓama

]
(4.2.8)

with color indices

i ≡ (i1, . . . , ig) , j ≡ (j1, . . . , jg) , ℓ ≡ (ℓ1, . . . , ℓḡ) , m ≡ (m1, . . . ,mḡ) . (4.2.9)

The gauge-link occupation numbers g and ḡ in Eq. (4.2.7) are defined in Eq. (4.2.3). All Grass-
mann variables on the lattice are combined in the factor

G = eSM
∏
x,µ

Gx,µ with Gx,µ =
∏
f

kf
x,µ∏

a=1
ψ̄

f,i
a+κ

f
x,µ

x,µ
x ψ

f,j
a+κ

f
x,µ

x,µ

x+µ̂


k̄f

x,µ∏
a=1

ψ
f,m

a+κ̄
f
x,µ

x,µ
x ψ̄

f,ℓ
a+κ̄

f
x,µ

x,µ

x+µ̂

 ,
(4.2.10)

where in the last factor we have changed the order of the Grassmann variables to eliminate the
minus sign in Eq. (2.6.36). The integration of G will be discussed in Sec. 5.1. The remaining
quantities in Eq. (4.2.7) are

∆̄ ≡
∏

x,µ̸=ν

nx,µν∏
a=1

∆a
x,µν , (4.2.11)

W ≡

 ∏
x,µ̸=ν

(β/2Nc)nx,µν

nx,µν !

∏
x,µ

∏
f

η
kf

x,µ+k̄f
x,µ

x,µ

kf
x,µ!k̄f

x,µ!

∏
x

∏
f

eµf (kf
x,1−k̄f

x,1)

 . (4.2.12)

4.3 Gauge-link integral and simplifications

4.3.1 Gauge-link integral

Now that we have collected all gauge-field contributions for every link, we are ready to evaluate
the resulting SU(Nc) integrals. The relevant integral, given in Eq. (4.2.8), was first solved by
Creutz [30], but we will use a more efficient solution, which was recently presented by Gagliardi
and Unger [32, 13] and by Borisenko et al. [33]. These authors gave expressions for the case
of g ≥ ḡ and pointed out that using the defining property of the Haar measure one obtains
(Igḡ)ij,ℓm = (I ḡg)ℓm,ij , from which the case of g < ḡ follows. After defining p ≡ min(g, ḡ) and
q ≡ |g − ḡ|/Nc, both cases can be combined in the result

(Igḡ)ij,ℓm =
[

Nc−1∏
s=1

s!
(s+ q)!

] ∑
π,σ∈Sp

W̃gq,p

Nc (π · σ−1)
∑
α∈A

(Ib
απσ)im(Ie

απσ)jℓ for q ∈ N0 . (4.3.1)

If q /∈ N0 the integral is zero. In the remainder of this section we describe the various ingredients
of the result (4.3.1).

The sums over π and σ run over all elements of the symmetric group Sp. Here, we consider the
special case that a permutation π acts on the sequence of numbers (1, . . . , p), resulting in the
permuted sequence (π1, . . . , πp), and similarly for σ. Note that we use the same symbol π (or
σ) for both the permutation and the permuted sequence.
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The generalized Weingarten function W̃g is defined for π ∈ Sp by [32]

W̃gq,p

Nc (π) ≡ 1
(p!)2

∑
λ

|λ|≤Nc

d2
λ

s
(Nc+q)
λ

χλ(π) . (4.3.2)

Here, λ stands both for an irreducible representation (irrep) of Sp and for the corresponding
partition of p.3 The sum over λ is restricted to partitions with length |λ| ≤ Nc. The dimension
of the irrep λ is denoted by dλ, and χλ(π) is the character of π in irrep λ. The quantity s(Nc+q)

λ

is defined by
s

(Nc+q)
λ ≡

∏
1≤i<j≤Nc+q

λi − λj + j − i

j − i
, (4.3.3)

which is the Schur polynomial evaluated at the (Nc + q)-dimensional point (1, 1, . . . , 1).

The definitions of p and q imply max(g, ḡ) = qNc + p. The sum over α ∈ A in Eq. (4.3.1) runs
over all possible ways to pick q subsets of size Nc each from the set {1, . . . , qNc + p} in such a
way that all numbers that have been picked are distinct. There are (qNc+p)!

p!q!(Nc!)q ways to do so. The
remaining subset has size p. For later use, we order the numbers in each of these q+1 subsets in
increasing order, i.e., the subsets become increasing sequences. Therefore, a particular grouping
α can be written using integers αc

s (1 ≤ s ≤ q, 1 ≤ c ≤ Nc) as a set of increasing sequences,

α ≡
{

(α1
1, . . . , α

Nc
1 ), . . . , (α1

q , . . . , α
Nc
q )
}

with αc
s < αc+1

s . (4.3.4a)

The remaining increasing sequence is denoted by γ(α). It is completely fixed by α and is written
using integers γs (1 ≤ s ≤ p) as

γ(α) ≡ (γ1, . . . , γp) with γs < γs+1 . (4.3.4b)

Recall that the αc
s and γs in Eq. (4.3.4) are all distinct and from {1, . . . , qNc + p}.

All color indices in Eq. (4.3.1) are collected in the expressions4

(Ib
απσ)im ≡

{
ε⊗q
iα
δmπ
iγ

for g ≥ ḡ ,

ε⊗q
mαδ

iσ
mγ

for g < ḡ ,
and (Ie

απσ)jℓ ≡

ε
⊗q
jα
δℓσ
jγ

for g ≥ ḡ ,

ε⊗q
ℓα
δjπ

ℓγ
for g < ḡ ,

(4.3.5)

where b and e stand for the beginning and the end of the link, respectively, and where we
omitted the α-dependence of γ for readability. The q-fold Levi-Civita tensor and the Kronecker
delta of two tuples are defined as

ε⊗q
iα

≡
q∏

s=1
ε

iα1
s ,...,iα

Nc
s

and δmπ
iγ

≡
p∏

s=1
δmπs ,iγs , (4.3.6)

respectively. From Eqs. (4.3.5) and (4.3.6) we see that the elements of α, γ, π, and σ correspond
to the additional label a on the color indices we defined at the beginning of Sec. 4.2.

3As introduced in Sec. 1.6, a partition λ of the integer p is a sequence (λ1, . . . , λk) of integers such that
λi ≥ λi+1 > 0 and

∑k

i=1 λi = p. The length |λ| of the partition is the number of elements in the sequence, i.e.,
|λ| = k.

4As mentioned after Eq. (4.2.6), the color indices i and m always correspond to the site at the beginning of
the link, while j and ℓ correspond to the site at the end of the link.
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Note that in Ref. [13] the sums in (4.3.1) are eventually replaced by a sum over so-called
decoupling operator indices, which arise from explicitly expressing the character of π ·σ−1 ∈ Sp,
see (4.3.1) and (4.3.2), in terms of individual matrix elements. The motivation is that the sum
over permutations π and σ generates oscillating signs in the Weingarten functions, which leads
to a sign problem in the Monte Carlo simulation of their dual formulation [32]. These signs will
not be a problem in the tensor formulation, which we develop here, and therefore we keep the
sum over permutations.

4.3.2 Range reduction due to Grassmann variables

Recall that the integral (4.3.1) comes from a link between two sites. In the partition function,
all color indices in (Ib

απσ)im and (Ie
απσ)jℓ that originate from Grassmann hopping terms are

contracted with the color indices of the Grassmann variables at these two sites. In this subsection
we will show that this observation leads to a simplification of the sum over α, π, and σ. In
Ref. [13] a similar reduction was briefly mentioned for the sum over the decoupling operator
indices.

We first derive a useful intermediate result. Consider a function f depending on color indices
i1, . . . , ik that are contracted with Grassmann variables χi1

, . . . , χik . Also consider a permutation
ρ ∈ Sk. Using the Einstein summation convention, we have

f(iρ1 , · · · , iρk)
k∏

b=1
χib = f

(
iρ1 , · · · , iρk) sgn(ρ)

k∏
b=1

χiρb = sgn(ρ)f(i1, · · · , ik)
k∏

b=1
χib

. (4.3.7)

In the first step, we reordered the Grassmann variables, which produces a prefactor given by the
sign of the permutation ρ. In the second step, the equality follows from renaming the summation
variables.

We will use (4.3.7) with χ replaced by a single color vector of Grassmann variables ψf
x or ψ̄f

x ,
and for color indices in the functions Ib and Ie in (4.3.5) that originate from Grassmann hopping
terms. We thus need to identify these color indices in our enumeration scheme. In (4.3.5) we
see that for g ≥ ḡ, the entries of α and γ label the indices i and j of U , while the entries of π
and σ label the indices ℓ and m of U †. For g < ḡ it is the other way around. If we define

κf ≡
{
κf for g ≥ ḡ ,

κ̄f for g < ḡ ,
κ̄f ≡

{
κ̄f for g ≥ ḡ ,

κf for g < ḡ
(4.3.8)

with κf and κ̄f defined in Eq. (4.2.4a), then for given α, π, and σ, the entries coming from the
forward and backward hopping terms of flavor f correspond to

κf < αc
s, γs ≤ κf+1 and κ̄f < πs, σs ≤ κ̄f+1 , (4.3.9)

respectively. For given f , there are κf+1 − κf entries satisfying the first inequality. The
number of entries of γ for which κf < γs ≤ κf+1 will be called zf . This implies that there are
κf+1 − κf − zf entries with κf < αc

s ≤ κf+1. Note that κf+1 − κf equals kf for g ≥ ḡ and k̄f

for g < ḡ, respectively.

It will turn out to be useful to introduce two different equivalence relations, denoted by ∼ and
∼̇. We define two groupings α, α′ ∈ A to be equivalent (written as α ∼ α′) if the pairs α, γ(α)
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and α′, γ(α′) can be transformed into each other by permuting, for every flavor f separately,
the entries αc

s and γs satisfying κf < αc
s, γs ≤ κf+1. Furthermore, we define two permutations

π, π′ ∈ Sp to be equivalent (written as π ∼̇π′) if the corresponding sequences can be transformed
into each other by permuting the numbers πs with κ̄f < πs ≤ κ̄f+1 (for every flavor f separately)
and by permuting the numbers s with ∑f−1

f ′=1 z
f ′
< s ≤

∑f
f ′=1 z

f ′ (for every flavor f separately).5
With these two definitions we can use Eq. (4.3.7) to simplify the sum over α, π, and σ. To this
end we write ∑

α∈A

=
∑

α∈A∼

∑
α′∈[α]

and
∑

π∈Sp

=
∑

π∈S∼̇
p

∑
π′∈[π]

, (4.3.10)

where [·] denotes an equivalence class and A∼ (S∼̇
p ) denotes a complete set of representatives

with respect to the equivalence relation ∼ (∼̇).6

We now insert (4.3.10) into (4.3.1) and use (4.3.7) in the sums over α′, π′, and σ′. Taking into
account the effect of the Grassmann variables in Eq. (4.2.7), we can replace

Igḡ →
∑

α∈A∼

∑
π,σ∈S∼̇

p

Lgḡ
απσI

b
απσI

e
απσ . (4.3.11)

Equation (4.3.11) becomes an equality after contraction with all Grassmann variables connected
to the link in question. The link weight is defined as

Lgḡ
απσ =

[
Nc−1∏
s=1

s!
(s+ q)!

]
|[α]|

∑
π′∈[π]

∑
σ′∈[σ]

sgn(π′−1 · π) sgn(σ′−1 · σ)W̃gq,p

Nc (π′ · σ′−1) . (4.3.12)

Here, the two sign factors are generated by the commutation of Grassmann variables when
transforming π′ and σ′ to their representatives π and σ, respectively. The permutations needed
to transform the groupings α′ to their representatives α always come in pairs (from a ψ at one
end and a ψ̄ at the other end of the link), and hence these permutations do not generate sign
factors but merely produce a factor of |[α]|, which is the cardinality of the equivalence class [α].

What have we gained? The quantity Lgḡ
απσ is a number that is independent of the color indices.

It can easily be precomputed for all desired combinations of g, ḡ, α, π, and σ. The remaining
sums over α, π, σ in (4.3.11) are now only over the representatives and thus contain much fewer
terms than the sums in (4.3.1). In the following we will use the shorthand notation

r ≡ (α, π, σ) and
∑

r

≡
∑

α∈A∼

∑
π,σ∈S∼̇

p

. (4.3.13)

5 Creating local contributions

The remaining steps for writing QCD in terms of a tensor network are shown in this section. In
Sec. 5.1 we integrate out the original Grassmann variables and introduce integrals over auxiliary

5Note that the numbers πs appear in Eq. (4.3.6) in Kronecker deltas together with γs. Since the numbers γs

are in increasing order, the zf entries of γ originating from the Grassmann hopping terms of flavor f start at
s =

∑f−1
f ′=1 z

f ′
. Since we cannot permute the entries of γ, we permute the entries of the sequence π with the same

s-indices.
6Our concepts of equivalence and equivalence class are closely related, but not identical, to these concepts in

group theory. We simply use them to split the sums as in (4.3.10). As in group theory, our classes are disjoint
and cover the entire range of the sums.
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(color- and flavorless) Grassmann variables. In Sec. 5.2 we eliminate the color degrees of freedom
and construct the tensor network.

5.1 Grassmann integration

We now consider the nearest-neighbor Grassmann hopping terms in G, see Eqs. (4.2.7) and (4.2.10),
and turn them into purely local contributions, suitable for a tensor network, based on ideas de-
veloped for GHOTRG [66, 23]. To this end we introduce a new auxiliary Grassmann variable
χx,µ on each link,7 with corresponding differential dχx,µ, and integrate out the original Grass-
mann variables. Since these steps are quite technical we perform the corresponding calculations
in App. A, where we also Taylor-expand the term exp(SM) in the partition function. We obtain∫ [∏

x

dψxdψ̄x

]
G =

∫
χ

∏
x

Kxσx

∏
f

(2mf )wf
x

wf
x !

Ef
xΘ(wf

x)δ
hf,in

x ,hf,out
x

. (5.1.1)

Here, the integral on the right-hand side is over all auxiliary Grassmann variables,∫
χ

≡
∏
x,µ

(∫ )Fx,µ

, (5.1.2)

where the differentials are part of

Kx ≡
∏
µ

(χx,µ)Fx,µ
∐
µ

(dχx,−µ)Fx,−µ (5.1.3)

with Grassmann parities89

Fx,µ ≡
{

0 if kx,µ + k̄x,µ even,
1 if kx,µ + k̄x,µ odd.

(5.1.4)

Furthermore, σx is a local sign factor resulting from permutations of Grassmann variables, given
in (A.24), (A.9) and (A.20). The quantities

hf,in
x ≡

∑
µ

(kf
x,−µ + k̄f

x,µ) and hf,out
x ≡

∑
µ

(k̄f
x,−µ + kf

x,µ) (5.1.5)

are the numbers of incoming and outgoing fermion hopping terms for flavor f at site x. The
power wf

x of mf in (5.1.1) is called mass occupation number and given by

wf
x = Nc − hf,in

x . (5.1.6)

The Heaviside function and the Kronecker delta in (5.1.1) lead to the constraint hf,in
x = hf,out

x ≤
Nc. For given site and flavor, the integration of the original Grassmann variables produces the
factor

Ef
x = ε

vf,1
x ,...,v

f,w
f
x

x ,i
κ

f
x,1+1

x,1 ,...,i
κ

f
x,1+k

f
x,1

x,1 ,...,i
κ

f
x,d

+1

x,d
,...,i

κ
f
x,d

+k
f
x,d

x,d
,ℓ

κ̄
f
x,−1+1

x,−1 ,...,ℓ
κ̄

f
x,−1+k̄

f
x,−1

x,−1 ,...,ℓ
κ̄

f
x,−d

+1

x,−d
,...,ℓ

κ̄
f
x,−d

+k̄
f
x,−d

x,−d

× ε
vf,1

x ,...,v
f,w

f
x

x ,m
κ̄

f
x,1+1

x,1 ,...,m
κ̄

f
x,1+k̄

f
x,1

x,1 ,...,m
κ̄

f
x,d

+1

x,d
,...,m

κ̄
f
x,d

+k̄
f
x,d

x,d
,j

κ
f
x,−1+1

x,−1 ,...,j
κ

f
x,−1+k

f
x,−1

x,−1 ,...,j
κ

f
x,−d

+1

x,−d
,...,j

κ
f
x,−d

+k
f
x,−d

x,−d

,

(5.1.7)
7The boundary conditions for the χx,µ are antiperiodic in time and periodic otherwise.
8In Ref. [23] this Grassmann parity is denoted by f instead of F , but we have already used f as a flavor index.
9We use the notation (x,−µ) ≡ (x− µ̂, µ), where µ̂ is the unit vector in direction µ.
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where all color indices are associated with site x and flavor f . Inside Ef
x , we sum over all color

indices vf,a
x .

Two remarks are in order. First, the Levi-Civita tensors in Ef
x appear to have many indices.

However, because of (5.1.6) and the subsequent constraint, both Levi-Civita tensors have ex-
actly Nc indices each. If kf

x,±µ or k̄f
x,±µ or wf

x is zero, the corresponding color indices are not
present. Second, the constraint hf,in

x = hf,out
x can be used to show that ∑µ(Fx,µ + Fx,−µ) is

even. This implies that Kx, although it contains Grassmann variables, is Grassmann even and
thus commuting.

5.2 Construction of the tensor network

5.2.1 Elimination of color degrees of freedom

We now consider the full partition function (4.2.7) and insert Eqs. (4.3.11) and (5.1.1) to obtain

Z =
∑
k,n

∑
r

W∆̄
∫
χ

∏
x

Kxσx

∏
f

(2mf )wf
x

wf
x !

Ef
xΘ(wf

x) δ
hf,in

x ,hf,out
x

∏
µ

Ib
x,µI

e
x,µLx,µ , (5.2.1)

where we defined

Ib
x,µ ≡ (Ib

rx,µ
)ix,µmx,µ , Ie

x,µ ≡ (Ie
rx,µ

)jx,µℓx,µ , Lx,µ ≡ Lgx,µḡx,µ
rx,µ

(5.2.2)

for simplicity and introduced the field r ≡ (rx,µ| ∀x, µ), again with periodic boundary conditions.

Let us briefly discuss this intermediate result. First, for every link, the gauge integral results
in a sum over r (i.e., over representatives α, π, and σ, see Eq. (4.3.13)) for this link. The
range of r for a given link depends on k, k̄, and n⃗ for this link, where n⃗ contains all occupation
numbers of plaquettes which include that link. If the SU(Nc) condition |g − ḡ|/Nc ∈ N0 is
not satisfied, the range of r is zero and the tuple (k, k̄, n⃗) does not contribute to the partition
function. Second, the integral over the original Grassmann variables has been replaced by an
integral over the auxiliary Grassmann variables, which are color- and flavorless. The original
Grassmann variables were coupled to neighbors by hopping terms. In contrast, the auxiliary
Grassmann variables, which live on the links, are decoupled. This is the main achievement of
Sec. 5.1.

A given term in the sum over k, n, and r in (5.2.1) contains factors from all sites, links, and
plaquettes of the lattice. To construct a network of local tensors we need to gather the factors
corresponding to a single site and contract their color indices. This can be done for each lattice
site separately, as we show in the following.

We first rewrite ∆̄ in (4.2.11) in terms of local objects. To this end, we shift the first factor in
(4.2.6) from site x to site x − µ̂, the second factor from site x to site x − µ̂ − ν̂, and the third
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factor from site x to site x− ν̂, respectively, to obtain10

∆̄ =
∏
x

∆x with ∆x ≡
∏
µ ̸=ν

nx−µ̂,µν∏
a=1

δ
j

a+ω+ν
x,−µ

x,−µ ,i
a+ω

−µ
x,ν

x,ν

nx−µ̂−ν̂,µν∏
a=1

δ
j

a+ω
−µ
x,−ν

x,−ν ,ℓ
a+ω̄−ν

x,−µ
x,−µ


×

nx−ν̂,µν∏
a=1

δ
m

a+ω̄−ν
x,µ

x,µ ,ℓ
a+ω̄

+µ
x,−ν

x,−ν

(nx,µν∏
a=1

δ
m

a+ω̄
+µ
x,ν

x,ν ,i
a+ω+ν

x,µ
x,µ

)
. (5.2.3)

This expression depends on all color indices associated with site x that originate from the
plaquette action. Analogously, the contributions depending on the color indices in the gauge-
link integrals in (5.2.1) can be rewritten locally by shifting the sites in Ie

x,µ from x to x− µ̂,

Ix ≡
∏
µ

Ib
x,µI

e
x,−µ , (5.2.4)

so that ∏
x

∏
µ

Ib
x,µI

e
x,µ =

∏
x

Ix . (5.2.5)

The local expression Ix depends on all color indices (originating from hopping terms and the
plaquette action) that are associated with site x.11 We now define the local color factor

Cx = ∆xIx

∏
f

Ef
x , (5.2.6)

which only depends on the variables associated with site x,

kx = (kf
x,−µ, k

f
x,µ, k̄

f
x,−µ, k̄

f
x,µ | ∀µ, f) , (5.2.7a)

nx = (nx,µν , nx−µ̂,µν , nx−ν̂,µν , nx−µ̂−ν̂,µν | ∀µ ̸= ν) , (5.2.7b)
rx = (rx,−µ, rx,µ | ∀µ) . (5.2.7c)

Every color index corresponding to site x appears exactly twice on the right-hand side of
Eq. (5.2.6). We computed Cx analytically by explicitly summing over the color indices using
sympy [72]. The partition function (5.2.1) then becomes

Z =
∑
k,n

∑
r

W
∫
χ

∏
x

KxσxCx

∏
f

(2mf )wf
x

wf
x !

Θ(wf
x)δ

hf,in
x ,hf,out

x

∏
µ

Lx,µ . (5.2.8)

5.2.2 Tensor formulation

In the partition function we have several summation variables, where kf
x,µ and k̄f

x,µ are link
occupation numbers, nx,µν is a plaquette occupation number, and rx,µ is a link variable whose
range depends on k, k̄, and n. We rewrite the partition function (5.2.8) as a tensor network

Z =
∑
k,n

∑
r

∫
χ

∏
x

T xKx (5.2.9)

10Note that each Kronecker delta just enforces the equality of any two color indices at a plaquette corner.
11A similar decoupling is obtained in Ref. [13] using so-called decoupling operators.
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µ̂

ν̂

x n+ν
x,µ

•

n−µ
x+µ̂,ν

•
n̄−ν
x+ν̂,µ

•

n̄+µ
x,ν

•
x

n+µ
x,ν

•
n−ν
x+ν̂,µ

•

n̄−µ
x+µ̂,ν

•
n̄+ν
x,µ

•

Figure 5.1: Introducing edge variables for plaquettes UP
x,µν (left) and UP

x,νµ (right).

with the local numerical tensor

T x ≡ σxCxWx

∏
f

(2mf )wf
x

wf
x !

Θ(wf
x) δ

hf,in
x ,hf,out

x

[∏
µ

sgn(Lx,µ)
] ±d∏

µ=±1

√
|Lx,µ| (5.2.10)

whose tensor indices are kx, nx, and rx. To obtain this tensor-network structure we also
factorized the weight W of (4.2.12) into local contributions by writing W = ∏

xWx with

Wx =

∏
µ ̸=ν

(
β

2Nc

)nx,µν+nx−µ̂,µν+nx−µ̂−ν̂,µν+nx−ν̂,µν

nx,µν !nx−µ̂,µν !nx−µ̂−ν̂,µν !nx−ν̂,µν !


1
4 [∏

µ

ηFx,µ
x,µ

] ±d∏
µ=±1

∏
f

√√√√eµf (kf
x,µ−k̄f

x,µ)δ|µ|,1

kf
x,µ!k̄f

x,µ!

 ,
(5.2.11)

where all numerical quantities on a link were evenly distributed via square roots to both end-
points, except for the staggered phases and the sign of Lx,µ to avoid complex entries, and all
numerical quantities on a plaquette were distributed via fourth roots to its four corners. Simi-
larly, the link weight |Lx,µ| was distributed via square roots to the two tensors at the endpoints
of the link. Recall that µf in the last factor of (5.2.11) is the chemical potential for flavor f .

In standard tensor-renormalization-group methods, two tensors at neighboring sites are con-
tracted by summing over the shared link index on the link connecting the two sites. However,
the sum in (5.2.9) involves plaquette occupation numbers n, which are shared by four tensors.
A summation over plaquette occupation numbers therefore does not correspond to a contraction
of two local tensors Tx. A similar argument applies to r, whose range is determined by n. To
be able to still apply tensor-renormalization-group methods, one option would be to develop a
more general blocking procedure for a tensor network containing indices that are shared by more
than two tensors. While this would indeed be an interesting option to explore in future work,
here we follow a more traditional route. We convert the plaquette occupation numbers nx,µν

to link variables and use the GHOTRG method developed for the infinite-coupling case [23].
This is implemented by introducing a link variable for each edge of a plaquette, called “edge
variable” in the following, and requiring that all four edge variables around a plaquette take on
the same value for terms that contribute to the partition function. For the plaquette UP

x,µν we
introduce n+ν

x,µ, n−µ
x+µ̂,ν , n̄−ν

x+ν̂,µ, and n̄+µ
x,ν , as illustrated in Fig. 5.1. The superscript ±µ indicates

that the plaquette extends in the positive/negative µ-direction perpendicular to the link under
consideration, while n and n̄ correspond to U and U †, respectively.
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Formally, we rewrite the sum of a generic function f over a plaquette occupation number as∑
nx,µν

f(nx,µν) =
∑

nx,µν

f(nx,µν)
∑
n+ν

x,µ

δn+ν
x,µ,nx,µν

∑
n−µ

x+µ̂,ν

δn−µ
x+µ̂,ν ,nx,µν

∑
n̄−ν

x+ν̂,µ

δn̄−ν
x+ν̂,µ,nx,µν

∑
n̄+µ

x,ν

δ
n̄+µ

x,ν ,nx,µν

=
∑

n+ν
x,µ,n−µ

x+µ̂,ν ,n̄−ν
x+ν̂,µ,n̄+µ

x,ν

δn+ν
x,µ,n−µ

x+µ̂,ν
δn−µ

x+µ̂,ν ,n̄−ν
x+ν̂,µ

δ
n̄−ν

x+ν̂,µ,n̄+µ
x,ν
δ

n̄+µ
x,ν ,n+ν

x,µ
f(edge variable) ,

(5.2.12)
where we have eliminated the original sum over nx,µν in the second step. Although one of the
Kronecker deltas in the second line is redundant, it is useful for the tensor formulation to use this
symmetrized form. Effectively, each Kronecker delta imposes the equality of the edge variables
around a plaquette corner. Contributions to the partition function that depend on nx,µν will only
be nonzero if all four edge variables are equal, as they represent the same plaquette occupation
number. Therefore, every occurrence of nx,µν can be replaced by any of the edge variables n+ν

x,µ,
n−µ

x+µ̂,ν , n̄−ν
x+ν̂,µ, or n̄+µ

x,ν . We gather all these single-plaquette constraints on the lattice in

∆P ≡
∏

x,µ̸=ν

δn+ν
x,µ,n−µ

x+µ̂,ν
δn−µ

x+µ̂,ν ,n̄−ν
x+ν̂,µ

δ
n̄−ν

x+ν̂,µ,n̄+µ
x,ν
δ

n̄+µ
x,ν ,n+ν

x,µ
. (5.2.13)

This can be rewritten in terms of local objects by separately shifting the site in each Kronecker
delta, which results in

∆P =
∏
x

∆P
x with ∆P

x =
∏
µ ̸=ν

δn+ν
x,−µ,n−µ

x,ν
δn−µ

x,−ν ,n̄−ν
x,−µ

δ
n̄−ν

x,µ,n̄+µ
x,−ν

δ
n̄+µ

x,ν ,n+ν
x,µ
, (5.2.14)

where ∆P
x depends on all edge variables associated with site x. We thus have four new variables

n+ν
x,µ, n̄+ν

x,µ, n̄−ν
x,µ, n−ν

x,µ on every link (x, µ) of the lattice for each plane µν, see Fig. 5.2. The range
of rx,µ depends on the plaquette occupation numbers through gx,µ and ḡx,µ defined in (4.2.3).
Because of the Kronecker deltas in (5.2.12) the plaquette occupation numbers in (4.2.3) can
be replaced by edge variables defined on the link (x, µ). Thus rx,µ now only depends on link
variables.

Now that all variables are defined on the links we can combine the various link variables in a
compound link index jx,µ = ((kf

x,µ, k̄
f
x,µ | ∀f), (n±ν

x,µ, n̄
±ν
x,µ | ∀ν ̸= µ), rx,µ) and rewrite the partition

function (5.2.9) as
Z =

∑
j

∫
χ

∏
x

TxKx , (5.2.15)

where j ≡ (jx,µ| ∀x, µ). The numerical tensor is given by

Tx ≡ ∆P
xT x(nx → edge variables) (5.2.16)

and depends on jx,±µ (µ = 1, . . . , d). Recall that T x, defined in (5.2.10), depends on the
plaquette occupation numbers in nx, see Eq. (5.2.7). We have a choice of how to replace them
by edge variables defined on links connected to x, as described after (5.2.12), but the result does
not depend on what choice we make.

5.2.3 Restriction of the edge variables

To contract the complete tensor network and compute the partition function and thermody-
namical observables using the GHOTRG [23] (or another) method, the bond dimension of the
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Figure 5.2: Enumeration of the edge variables associated with site x.

initial tensor has to be finite. While k and k̄ are limited by the number of colors Nc, and r is
finite as well for a given gauge integral, the plaquette occupation numbers n run from zero to
infinity in the original expansion. In the tensor formulation, the plaquette occupation numbers
have been turned into edge variables, which also run from zero to infinity.

To make the range of the tensor indices jx,µ finite, we need to restrict the edge variables. More
precisely, we introduce a maximal order nmax and remove, for a given link (x, µ), all combinations
of edge variables that do not satisfy the link criterion

±d∑
ν=±1
|ν|≠µ

(nν
x,µ + n̄ν

x,µ) ≤ nmax . (5.2.17)

With this restriction, all configurations of order βn with 0 ≤ n ≤ nmax are included in the
calculation, while higher orders will be incomplete. Without any TRG truncations, the partition
function is then exact up to O(βnmax+1) corrections.

Note that we can substantially speed up the tensor construction by setting to zero the entries
of the initial tensor for which12

1
2

±d∑
µ=±1

±d∑
ν=±1

|ν|≠|µ|

(nν
x,µ + n̄ν

x,µ) > nmax , (5.2.18)

which correspond to tensor entries, and hence configurations, of order βn with n > nmax. The
condition (5.2.18) is referred to as site criterion. Although this step does not reduce the size
of the initial tensor, it also increases the efficiency of the tensor-network method by removing
singular values that would correspond to n > nmax and could be large.13

In App. B, we explicitly show that the obtained tensor network reduces to the one stated in
Ref. [23] in the limit β = 0 (or equivalently nmax = 0), Nf = 1, Nc = 3, and d = 2, which is
therefore a consistency check.

12The factor of 1/2 arises since two edge variables correspond to the same plaquette occupation number, see
Fig. 5.2.

13After choosing nmax, the bond dimension of the initial tensor is fixed. However, for an efficient numerical
computation, especially for higher orders in β, the initial tensor may additionally be truncated to a particular
bond dimension D, using an HOSVD-inspired truncation procedure analogous to that of the GHOTRG method.
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6 Translational invariance for GHOTRG

For nmax ≥ 1 we can increase the numerical efficiency by employing translational invariance on
the initial lattice. Configurations that only differ by a translation on the lattice make the same
contribution to the partition function. Therefore, we would like to include only a subset of these
configurations explicitly and apply a combinatorial factor to also take into account the others.
14

In the following, we present a simple approach that is applicable for arbitrary nmax in two
dimensions. The generalization of this method for the OS-(G)HOTRG approach introduced in
Sec. 7 is straight-forward, however there is a more sophisticated approach possible in this case
(see Sec. 8), which further reduces the number of considered configurations and is typically used
instead.

To apply translational invariance for GHOTRG, we first observe that for any valid configuration
that contributes to Zn, there is at most one plaquette at the lattice with an unoriented occupation
nx,µν + nx,νµ > ⌊nmax/2⌋. We want to position this plaquette at the plaquette at the origin
(red plaquette in Fig. 8.5), and apply a combinatorial factor V to these configurations, to
compensate this. As a consequence, all other plaquettes, which we call restricted plaquettes
(black plaquettes), can be restricted to

nx,µν + nx,νµ ≤ ⌊nmax/2⌋ . (6.1)

Formally, we introduce four initial “special” tensors S1, . . . , S4 at the corners of the plaquette at
the origin. They are built by the corresponding initial tensors Tx by employing the restriction
(6.1) to all adjacent restricted plaquettes15 and multplying a combinatorial factor V 1/4 to all
tensor entries involving a origin plaquette with unoriented occupation greater than ⌊nmax/2⌋.
The tensors on all other lattice sites, which we call “restricted” tensors R, are built by the
corresponding initial tensors Tx by employing the restriction (6.1) for all adjacent plaquettes.16

The blocking procedure now proceeds as shown in Fig. 6.3. Denoting a blocking step in direction
µ by ⋆µ, the steps can be summarized as

Step 1: R(0) ⋆1 R
(0) → R(1), S

(0)
1 ⋆1 S

(0)
2 → S

(1)
1 , S

(0)
3 ⋆1 S

(0)
4 → S

(1)
2 ,

Step 2: R(1) ⋆2 R
(1) → R(2), S

(1)
1 ⋆2 S

(1)
2 → S(2) ,

Step i+ 1: R(i) ⋆µ R
(i) → R(i+1), S(i) ⋆µ R

(i) → S(i+1) for i ≥ 2 ,

(6.2)

where the last line is repeated in all directions until we arrive at a single point.17

After every blocking step we also apply a rescaling. For simplicity, we do not introduce a new
name for the rescaled tensors in the summary (6.2). After the first blocking step, the scaling

14Translational invariance implies that the contributions of two valid configurations j and j′ with j′
x = jx−y

are equal in (5.2.15), where y is an arbitrary shift on the toroidal lattice. An explicit analysis, taking into account
the staggered phases and boundary conditions, confirms that this is indeed the case [26].

15To do so, the restriction (6.1) is rewritten in terms of the corresponding edge variables.
16Both the tensors Si and R have reduced dimensions as some or all of the surrounding plaquettes are restricted.
17Because of the contractions between S and R we have to revisit the truncation procedure. If we were to apply

the truncation procedure of Sec. 3.3.2, the dependence of the tensor on the location x would no longer disappear,
which would destroy the log V scaling of the tensor-network method. We therefore construct the truncation
matrices only from the tensors R, except for the truncation of S(1)

1 and S
(1)
2 .
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Figure 6.3: Illustration of the blocking procedure using translational invariance on the initial
lattice. The plaquette at the origin and the S tensors are indicated in red, while the restricted
plaquettes and the tensors R are indicated in black.

factor t1 is defined as the maximal absolute value all tensors R(1), S
(1)
1 , and S(1)

2 . After the i-th
blocking step, for i ≥ 2, ti is the maximal absolute value of the obtained tensors R(i) and S(i).
The computation of the partition function using Eq. (3.3.32) remains unchanged.
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IV. The OS-GHOTRG method
Using the initial tensor obtained in Part III, one can in principle apply the standard GHOTRG
algorithm described in Sec. 3.3. However, even though the initial tensor is truncated to order
nmax and we additionally use the restrictions (5.2.17) and (5.2.18), the completely blocked tensor
network will contain many incomplete higher-order contributions (n > nmax) for larger lattices.
Numerical calculations show that this can significantly restrict the range in β for which the
result remains close to Monte Carlo data that are not based on a strong-coupling expansion
(see Fig. 10.5). By applying the GHOTRG algorithm, we obtain Z (and thus also lnZ and the
thermodynamical observables) as a numerical function of β, and not as an explicit expansion in
β. One can try to determine the expansion coefficients Zn by fitting tensor data to polynomials
in β, but this attempt does not work well for larger lattices since the tensor data have limited
precision for realistic bond dimensions. Therefore, we developed the OS-GHOTRG algorithm,
which is introduced in this chapter and published in [28]. This approach allows for an explicit
calculation of the coefficients Zn using a modified GHOTRG algorithm. The main idea is that
each tensor entry is written as a power series in β during the iterative procedure. This allows
us to remove unwanted contributions of higher order. Using the expansion of the partition
function we can also expand the free energy, i.e., the logarithm of the partition function, and
hence the thermodynamical observables, order by order also up to βnmax . At the end of this
part we discuss how the translational invariance on the initial lattice can be used to increase
the numerical efficiency of the OS-GHOTRG approach for two dimensions, which is published
in [28] as well.

7 Order separation in β

7.1 Overview

In the following, we give a qualitative outline of the OS-GHOTRG approach. As mentioned
before, we aim to determine the expansion coefficients of Z in β up to a given order nmax. How-
ever, the order of a valid configuration j1 involves the whole lattice and cannot be determined by
the local tensor alone. Therefore a crucial property of OS-GHOTRG is that it removes higher-
order contributions on the fly. In contrast to the GHOTRG approach, we now divide a blocking
step into three substeps: contraction, reduction, and truncation. After the contraction step, we
perform a reduction step which removes invalid configurations and contributions of O(βnmax+1)
from the partition function. This reduces the bond dimension of the fat-link index and sets some
tensor entries to zero. Afterwards we perform a truncation step in which the bond dimension of
the fat links is cut to a desired value. The truncation step is designed to preserve the structure
of the tensor as a power series in β. This completes a blocking step.

1We use the term “valid configuration” for a configuration j that makes a nonzero contribution to the partition
function.
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Figure 7.1: Blue: Edge variables n and n̄ for the oriented plaquettes starting at site x in the µν
and νµ directions, respectively. The subscript indicates the link, while the superscript indicates
the direction (including sign) in which the plaquette extends perpendicular to the link. For a
valid configuration the four edge variables around an oriented plaquette must be equal. Red:
Edge occupations of the unoriented plaquette as defined in (7.2.1), which must also be equal for
a valid configuration.

7.2 Introduction of edge occupations

For the OS-GHOTRG approach we first introduce the edge occupation numbers (or occupations
in short)

n̂ν
x,µ(jx,µ) ≡ nν

x,µ + n̄ν
x,µ (7.2.1)

as the sum of edge variables of two superimposed plaquettes with opposite orientations, see
Fig. 7.1. The edge occupations therefore refer to unoriented plaquettes. We now reformulate
some of the results from Sec. 5.2.2 and Sec. 5.2.3 in terms of the edge occupations. First, the
β-dependence of a tensor entry is given by

(Tx)jx ∝ βnx with nx(jx) ≡ 1
8

±d∑
µ,ν=±1
|µ|≠|ν|

n̂ν
x,µ . (7.2.2)

Further, the condition (5.2.14) implies a weaker condition for the edge occupations to obtain
nonzero entries of Tx,

(Tx)jx ∝ ∆x with ∆x(jx) ≡
±d∏

µ,ν=±1
|µ|<|ν|

δn̂ν
x,µ,n̂µ

x,ν
, (7.2.3)

which is illustrated in Fig. 7.2. We will refer to the Kronecker deltas in (7.2.3) as hook conditions
in the following. Finally, the link criterion (5.2.17) now reads

±d∑
ν=±1

|ν|≠|µ|

n̂ν
x,µ(jx,µ) ≤ nmax , (7.2.4)

while the site criterion (5.2.18) becomes

nx ≤ 1
4nmax . (7.2.5)

A detailed derivation of more general versions of the link and site criteria, which are valid at
every step of the blocking procedure, will be given in Sec. 7.4.
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Figure 7.2: For valid configurations we require the two edge occupations of the same unoriented
plaquette to be equal and call this requirement the hook condition. The quantity ∆x in (7.2.3)
is a product of hook conditions.

µ̂

ν̂

Figure 7.3: Illustration of a contraction step. On the fine grid (left), the tensors at the sites x
and y = x+ µ̂ are contracted, resulting in a new tensor at the site X on the coarse grid (right).
Every plaquette that has the contracted link as an edge is collapsed onto the corresponding fat
link perpendicular to µ̂.

7.3 Tensor contraction and decomposition

We now perform a contraction step, in which we contract two adjacent tensors on the link
between x and y = x+ µ̂. For the initial tensor, the β dependence is given by (7.2.2) and comes
exclusively from the edge occupations. To understand what happens in this step we consider all
plaquettes that have x or y as a corner and divide them into three groups: (1) plaquettes that
have an edge along the contracted link and thus have both x and y as corners (indicated in gray
in Fig. 7.3), (2) plaquettes in planes perpendicular to the contraction direction (not shown in
Fig. 7.3), and (3) plaquettes that have either x or y as a corner and whose plane includes the
contraction direction (indicated in white in Fig. 7.3). Every plaquette in group (1) is collapsed
onto the corresponding perpendicular fat link generated in the contraction, see Fig. 7.3. We
shall see that the edge occupations of the collapsed plaquettes will be turned into a new link
occupation ℓX,ν ≡ 1

2(n̂µ
x,ν + n̂−µ

y,ν) for every fat link (X, ν) perpendicular to µ̂, where positive or
negative ν correspond to the upper and lower gray plaquette in Fig. 7.3, respectively. Plaquettes
in group (2), say in the plane (ν, λ) ⊥ µ̂, are merged, and the edge occupations on the coarse
grid are given by (7.3.8c) below. For plaquettes in group (3) the edge occupations on the coarse
grid are the same as on the fine grid.

In subsequent blocking steps the link occupations ℓ can increase further as more plaquettes in
group (1) are collapsed onto fat links. Since links that are merged into fat links (perpendicular
to the contraction direction) may already contain collapsed plaquettes, the formula for ℓX,ν

generalizes to (7.3.8b) below.
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If the contracted link (x, µ) already contains a collapsed plaquette from a previous blocking step
(i.e., ℓx,µ ̸= 0), the contraction turns ℓx,µ into a site occupation ns

X ≡ ℓx,µ of the entry of the
coarse-grid tensor. If the sites x and y at the ends of the contracted link are already occupied
through previous blocking steps, we obtain the more general formula (7.3.8a) below.

In the following (including Secs. 7.4 and 7.5) we will show that, at every blocking step of the
OS-GHOTRG method, the numerical tensor Tx can be decomposed as

(Tx)jx = βnx(jx)
nmax∑
ns

x=0
βns

x(Tns
x

x )jx , (7.3.1)

where the coefficient tensors Tns
x

x are labeled by site occupations ns
x, have the same bond dimen-

sions as the full tensor Tx, are independent of β, and satisfy

(Tns
x

x )jx ∝ ∆x(jx) with ∆x given in (7.2.3) . (7.3.2)

The exponent nx of β in (7.3.1) is given by2

nx(jx) ≡ 1
2

±d∑
ν=±1

ℓx,ν(jx,ν) + 1
8

±d∑
ν,λ=±1
|ν|≠|λ|

n̂λ
x,ν(jx,ν) , (7.3.3)

which generalizes the definition in (7.2.2) to an arbitrary blocking step. The link and edge
occupations ℓx,µ and n̂ν

x,µ are determined by the tensor index jx,µ, and we have ℓx,µ ≤ nmax.

The initial tensor (7.2.2) can be decomposed as in (7.3.1) with

(T 0
x )jx ≡ β−nx(jx)(Tx)jx and (Tns

x
x )jx ≡ 0 for ns

x ≥ 1 , (7.3.4)

where (7.3.3) holds with ℓx,µ = 0. From (7.3.4) and (7.2.3) it follows immediately that (7.3.2)
holds for the initial tensor. Furthermore, for the initial tensor ℓx,µ and n̂ν

x,µ are determined by
jx,µ, the former trivially since it is zero, and the latter since the n̂ν

x,µ are defined in terms of the
edge variables, which in turn are part of jx,µ.

Now consider the contraction of two adjacent tensors on sites x and y = x+ µ̂ in the µ-direction.
The contraction of the local Grassmann tensors Kx and Ky into a coarse-grid Grassmann tensor
KX using the GHOTRG procedure is described in detail in Sec. 3.3. The resulting sign factor
σFx,Fy is given in Eq. (3.3.18) and the numerical tensor on the coarse grid, including the sign
factor, is obtained as

(TX)jX ≡
∑
jx,µ

σFx,Fy (Tx)jx(Ty)jy , (7.3.5)

where the contraction is performed by summing over the shared index jx,µ = jy,−µ. The coarse-
grid tensor TX has fat indices

jX,ν ≡ (jx,ν , jy,ν) for |ν| ≠ µ (7.3.6)

defined on the fat links (perpendicular to the contraction direction), while the external indices
in the direction of contraction are jX,−µ ≡ jx,−µ and jX,µ ≡ jy,µ. All these indices are combined
in jX as usual.

2For a valid configuration, which satisfies the hook conditions, nx may not be an integer, but
∑

x
nx, which

appears in the exponent of β in Z, is.
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Figure 7.4: Visualization of the construction of the occupation numbers on a coarse site. The
occupations on the coarse site (right) are computed from those on the fine sites (left) according
to (7.3.8).

Given the occupation numbers on the fine grid and assuming that Tx and Ty both satisfy (7.3.1),
we show in Appendix C.1 that (7.3.1) also holds after the contraction for the coarse-grid tensor
TX with

(Tns
X

X )jX =
ns

X∑
ns

x=0

ns
X−ns

x∑
ns

y=0

∑
jx,µ

ℓx,µ=ns
X

−ns
x−ns

y

(Tns
x

x )jx(Tns
y

y )jyσFx,Fy (7.3.7)

and occupation numbers given by

ns
X ≡ ns

x + ns
y + ℓx,µ , (7.3.8a)

ℓX,ν ≡


ℓx,ν for ν = −µ ,
ℓy,ν for ν = µ ,

ℓx,ν + ℓy,ν + 1
2(n̂µ

x,ν + n̂−µ
y,ν) for |ν| ≠ µ ,

(7.3.8b)

n̂λ
X,ν ≡


n̂λ

x,ν for ν = −µ or λ = −µ ,
n̂λ

y,ν for ν = µ or λ = µ ,

n̂λ
x,ν + n̂λ

y,ν for |λ|, |ν| ≠ µ ,

(7.3.8c)

where in (7.3.8c) we have |λ| ≠ |ν|. This is visualized in Fig. 7.4. Note that ℓX,ν and n̂λ
X,ν are

determined uniquely by jX,ν .

7.4 Reduction of the tensor

After a contraction the numerical tensor can be simplified in three different ways, which we now
discuss in turn. The first and second simplification reduce the size of the tensor by removing some
of the fat-index values jX,ν = (jx,ν , jy,ν). This reduces the range of jX,ν , i.e., the bond dimension
of the fat link (X, ν). The second and third simplification remove information that contributes to
O(βnmax+1) in the partition function. All three simplifications preserve the structure of (7.3.1).

First, we consider the definition of ℓX,ν in the third line of (7.3.8b). The edge occupations
n̂µ

x,ν and n̂−µ
y,ν are uniquely determined by jx,ν and jy,ν . Although these edge occupations are

independent variables for the tensors Tx and Ty, the hook conditions in (7.2.3), together with
the link identity (x, µ) = (y,−µ), imply that the entries of the coarse-grid tensor TX are zero if
these two edge occupations are not equal. Thus we can simply remove all values of the fat index
jX,ν for which n̂µ

x,ν ̸= n̂−µ
y,ν without losing information.
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Second, we remove all fat-index values jX,ν for which the link criterion

ℓX,ν +
±d∑

λ=±1
|λ|̸=|ν|

n̂λ
X,ν ≤ nmax (7.4.1)

is not satisfied.

Third, we set all entries of the coefficient tensors to zero for which the site criterion3

ns
X +

±d∑
ν=±1

ℓX,ν +
±d∑

ν,λ=±1
|ν|<|λ|

n̂λ
X,ν ≤ nmax (7.4.2)

is not satisfied. The link and site criteria, which remove O(βnmax+1) contributions to the parti-
tion function, are derived in Appendix C.2.

In the actual implementation of the OS-GHOTRG method the reductions described above are
applied on the fly during the contraction performed in Sec. 7.3.

7.5 Truncation of the tensor

When computing the partition function (5.2.15) numerically using the GHOTRG method, we
contract pairs of adjacent tensors at each blocking step, thus halving the number of tensors on
the grid. This is repeated until the tensor network has been reduced to a single tensor, which is
then traced over all directions to yield the partition function. If we were to contract and reduce
tensors as detailed in Secs. 7.3 and 7.4, the size of the tensor would increase exponentially during
the blocking procedure. As explained in Sec. 3.3, a crucial ingredient of the GHOTRG method is
the truncation of the bond dimension of the fat links (perpendicular to the contraction direction)
after each contraction step to avoid such an exponential blowup. The truncation is based on
the HOSVD concept to reduce the multi-rank of a tensor [21], in which an approximation T̂ to
a tensor T is constructed as

T̂i1i2··· = U
(1)
i1j1

U
(2)
i2j2

· · · T̄j1j2··· with T̄j1j2··· = U
(1)
i1j1

U
(2)
i2j2

· · ·Ti1i2··· . (7.5.1)

Here, sums over repeated indices are implied, T̄ is the core tensor, and the U (k) are tall and
skinny semi-orthogonal matrices. The core tensor T̄ has smaller multi-rank and smaller bond
dimensions than T . The tensor approximation T̂ has the same multi-rank as T̄ but the same
bond dimensions as T .

We now apply this concept to the numerical part TX of the coarse-grid tensor, while the Grass-
mann part is discussed at the end of this subsection. We construct the core tensor

(T̄X)j̄X
≡
( ±d∏

ν=±1
|ν|≠µ

∑
jX,ν

)( ±d∏
ν=±1
|ν|≠µ

(UX,ν)jX,ν ,j̄X,ν

)
(TX)jX , (7.5.2)

3Note that link and site criterion have to be slightly altered when the coarse grid only contains a single site in
a particular direction, as the backward and forward links are identical due to the toroidal shape of the grid. This
case can be taken into account by including a factor of tλ (or tν) for every summation index λ (or ν) in (7.4.1)
and (7.4.2), where tλ = 1/2 if the lattice extent in the λ direction is one and tλ = 1 otherwise (and similarly for
tν).
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where j̄X ≡ (j̄X,−1, j̄X,1, . . . , j̄X,−d, j̄X,d) with j̄X,±µ = jX,±µ for the contraction direction µ,
and UX,ν is a semi-orthogonal matrix whose columns are typically singular vectors of a matrix
constructed using tensor unfoldings of the coarse-grid tensor with respect to its fat links. The
first dimension of UX,ν is the original bond dimension of the fat link, and the second dimension
is the desired bond dimension after truncation. We impose the condition

UX,−ν = UX−ν̂,ν , (7.5.3)

such that the core tensor T̄X builds the new tensor on the blocked lattice and the merger (see
Sec. 3.2.1) drops out.

Inserting the decomposition of the coarse-grid tensor TX (obtained from (7.3.1) with x → X
and reduced as explained in Sec. 7.4) in (7.5.2) yields

(T̄X)j̄X
=

nmax∑
ns

X=0
βns

X

( ±d∏
ν=±1
|ν|≠µ

∑
jX,ν

)( ±d∏
ν=±1
|ν|≠µ

(UX,ν)jX,ν ,j̄X,ν

)
βnX (Tns

X
X )jX . (7.5.4)

The exponent nX depends on the jX,ν . Due to the sum over jX,ν in (7.5.4), a term in the
sum over ns

X contains contributions of different orders in β, i.e., these contributions mix. As
we eventually want to obtain a decomposition of the partition function in powers of β we will
modify the GHOTRG method so that the structure of (7.3.1) is preserved after truncation, i.e.,

(T̄X)j̄X
= βnX

nmax∑
ns

X=0
βns

X (T̄ns
X

X )j̄X
(7.5.5)

with coefficient tensors

(T̄ns
X

X )j̄X
=
( ±d∏

ν=±1
|ν|≠µ

∑
jX,ν

)( ±d∏
ν=±1
|ν|≠µ

(UX,ν)jX,ν ,j̄X,ν

)
(Tns

X
X )jX . (7.5.6)

This can be achieved by ensuring that the truncated indices j̄X,ν again uniquely determine
the occupation numbers ℓX,ν and n̂µ

X,ν . In the following we explain this central part of the
OS-GHOTRG method.

We start with the unfolding of the coarse-grid tensor TX with respect to the fat index jX,ν ,4

(MX,ν)jX,ν ,jX\jX,ν
≡ (TX)jX , (7.5.7)

where jX\jX,ν stands for the index tuple jX without the index jX,ν . The index jX,ν labels the
rows of MX,ν , while the combination of all remaining indices labels its columns.

We first show that the edge occupations are not mixed in (7.5.4). The index jX,ν uniquely
determines all edge occupations n̂λ

X,ν (with |λ| ≠ |ν|). For nonzero entries the edge occupations
satisfy the hook condition n̂λ

X,ν = n̂ν
X,λ, and hence the nonzero entries of a row of MX,ν will

only occur for columns for which the hook conditions are satisfied, i.e., all n̂ν
X,λ in the combined

4Note that the OS-GHOTRG method explicitly produces the coefficient tensors Tns
X

X . Therefore, to numerically
compute the tensor entry (TX)jX using (7.3.1) an explicit choice of β is required. This choice could be viewed as
an optimization opportunity, but for the numerical results in Part V we always used β = 1.
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column index must match the n̂λ
X,ν of the row index jX,ν . This automatically yields a block-

diagonal structure in the unfolding.5 An SVD of the unfolding respects this blocking, i.e., the
singular vectors6 have the same block structure as the unfolding itself, and thus each singular
vector, labeled by j̄X,ν , can be uniquely allocated values of n̂λ

X,ν for all λ with |λ| ≠ |ν|.

We now turn to the link occupations, which are affected by mixing. The fat index jX,ν also
determines the link occupation ℓX,ν . When computing the SVD and applying the truncation
matrix, the different ℓ values will mix such that the truncated index j̄X,ν no longer uniquely
determines the link occupation and the decomposition (7.5.5) does not hold. We now introduce a
procedure to construct truncation matrices UX,ν for which the truncated index j̄X,ν still uniquely
determines the link occupation ℓX,ν .

To avoid the mixing of different link occupations ℓX,ν under truncation, we perform separate
SVDs of sub-unfoldings with fixed link occupation. To this end we reorder the rows, labeled by
the index jX,ν , in increasing order of link occupation ℓX,ν(jX,ν) and obtain

MX,ν =


M0

X,ν

M1
X,ν

...
Mnmax

X,ν

 , (7.5.8)

where each block Mm
X,ν corresponds to a fixed value ℓX,ν = m. Provided that (7.5.3) has

been satisfied in all preceding blocking steps, MX,ν and MX+ν̂,−ν have the same vertical block
structure as in (7.5.8), although the number of columns could be different.

To obtain singular vectors that do not mix link occupations and construct the truncation matrix
UX,ν , we apply again one of two procedures. Either a symmetric one based on the SuperQ
method [29] or an asymmetric one based on the original idea by Xie et al. [20], where symmetric
and asymmetric refers to the two tensors at the end of the truncated link.

In SuperQ, we perform SVDs of the nmax + 1 extended matrices(
Mm

X,ν Mm
X+ν̂,−ν

)
with 0 ≤ m ≤ nmax . (7.5.9)

The resulting singular-vector matrices Um
X,ν are assembled in the block-diagonal square matrix

ŪX,ν =


U0

X,ν 0 . . . 0
0 U1

X,ν . . . 0
...

... . . . ...
0 0 . . . Unmax

X,ν

 . (7.5.10)

The semi-orthogonal truncation matrix UX,ν is then obtained by retaining the columns of ŪX,ν

corresponding to the D largest singular values of the set of matrices in (7.5.9), where D is the
desired bond dimension of the truncated coarse-grid tensor. In the Xie et al. procedure, we
perform SVDs of the matrices Mm

X,ν and Mm
X+ν̂,−ν separately, again for 0 ≤ m ≤ nmax, resulting

5A permutation of rows and columns may be necessary to make the block-diagonal structure explicit.
6We always consider the left singular vectors, which form a square matrix whose dimension equals the row

dimension of the unfolding.
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in two matrices Ū+ and Ū− constructed as in (7.5.10), from which we obtain U+ and U− as before.
For UX,ν we then pick either U+ or U− depending on which gives the smaller truncation error
for MX,ν or MX+ν̂,−ν , respectively.7 SuperQ is preferred since it results in a smaller combined
truncation error for MX,ν and MX+ν̂,−ν [29]. If it becomes numerically unstable, which can
happen close to the phase transition for large volume, we use the Xie et al. procedure instead.

The truncation matrix UX,ν is block-diagonal, with blocks corresponding to different ℓX,ν . To
apply UX,ν in (7.5.4) its rows are sorted back to the original order of the fat index jX,ν . The
truncated index j̄X,ν corresponds to the columns of UX,ν and uniquely determines ℓX,ν . Together
with the block structure discussed above for n̂λ

X,ν this ensures that the decomposition (7.5.5)
holds, with the coefficient tensors given by (7.5.6).

We now turn to the Grassmann part of the coarse-grid tensor. From Sec. 3.3.2 we know that
MX,ν is block-diagonal in the Grassmann parity. This Grassmann-parity-based block structure
also holds for the individual Mm

X,ν blocks. This implies that the matrices Um
X,ν are themselves

block-diagonal, where each of the two diagonal blocks corresponds to a different Grassmann
parity. Similar to Sec. 3.3.2, if we apply the truncation matrices to the product of TX and KX ,
the “truncated” Grassmann tensor is simply KX with FX,ν(jX,ν) replaced by F̄X,ν(j̄X,ν), which
is the Grassmann parity of column j̄X,ν of UX,ν .

At the end of every blocking step, we rename X → x and drop the bar on all quantities. The
partition function then has the form of (5.2.15) at every step of the blocking procedure, with
half the number of lattice sites and new numerical tensors. As mentioned in Sec. 3.3.3, TX will
be independent of X after a sufficient number of blocking steps (at least d − 1 steps). This
implies that the complexity of the tensor-network method scales like log V .

7.6 Tensor trace

In the following we generalize the ASAP tracing from Sec. 3.3.5 for OS-GHOTRG. Therefore,
when the lattice is reduced to a single site8 in a certain direction, say µ, during the iterative
blocking procedure, the tensor will be traced in that direction and the dimension of the tensor
network is reduced from d to d − 1, where d is the current dimension of the network. In this
process we again have to separate contributions from different orders in β.

As part of the GHOTRG procedure, we integrate out the remaining Grassmann variable in
direction µ and apply the corresponding boundary condition, resulting in a sign factor σµ,
defined in Eq. (3.3.39). We then compute the trace to obtain

(TX)jX ≡
∑
jx,µ

(Tx)jxσµ (7.6.1)

with summation index jx,µ = jx,−µ. Here, X is the site on the (d − 1)-dimensional lattice
obtained from x by dropping the coordinate xµ, and jX ≡ jx\ (jx,−µ, jx,µ).

Given the occupation numbers on the d-dimensional lattice and assuming that Tx satisfies (7.3.1),
7The truncation error is 1 −

∑D

i=1 σ
2
i /
∑N

i=1 σ
2
i , where the σi are the singular values and N is the dimension

of the fat index. Usually N = D2.
8We assume that the linear extent of the lattice is a power of 2 in every direction.
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we show in Appendix C.3 that (7.3.1) also holds after the tracing for TX on the (d−1)-dimensional
lattice, with

(Tns
X

X )jX =
ns

X∑
ns

x=0

∑
jx,µ

ℓx,µ=ns
X

−ns
x

(Tns
x

x )jxσµ , (7.6.2)

occupation numbers for |ν|, |λ| ≠ µ and |ν| ≠ |λ| given by

sX = sx + ℓx,µ , (7.6.3a)

ℓX,ν = ℓx,ν + 1
2(n̂µ

x,ν + n̂−µ
x,ν) , (7.6.3b)

n̂λ
X,ν = n̂λ

x,ν , (7.6.3c)

and

nX(jX) = 1
2

±d∑
ν=±1
|ν|̸=µ

ℓX,ν + 1
8

±d∑
ν,λ=±1

|ν|,|λ|≠µ
|ν|̸=|λ|

n̂λ
X,ν . (7.6.4)

Note that ℓX,ν and n̂λ
X,ν are uniquely determined by jX,ν .

We now rename X → x and relabel the d − 1 remaining directions from 1 to d − 1 to be able
to start the next blocking step using the same notation as before. After each blocking step, we
apply a rescaling as in Sec. 3.3.3, except that the scaling factor ti after the i-th blocking step is
determined by the maximal absolute value

ti = max
x,jx,ns

x

|(Tns
x

x )jx | , (7.6.5)

where Tns
x

x are the tensors that are obtained after the i-th blocking step (including the renaming).

Note that once we have arrived at a one-dimensional lattice, the blocking no longer involves a
truncation since there is no perpendicular direction. Assuming a total number of k blocking
steps to obtain a lattice consisting of a single site, the rescaled partition function up to order
nmax is given by

Z(k) =
∑
jx,1

(Tx)jx,−1,jx,1σ1 (7.6.6)

with jx,−1 = jx,1 and σ1 from Eq. (3.3.39). Repeating the steps above, now with d = 1, we
obtain the rescaled partition function as a polynomial in β,

Z(k) =
nmax∑
n=0

βnZ(k)
n with Z(k)

n =
n∑

ns
x=0

∑
jx,1

ℓx,1=n−ns
x

(Tns
x

x )jx,1,jx,1σ1 . (7.6.7)

Finally, the partition function (5.2.15) up to order nmax is given by

Z =
nmax∑
n=0

βnZn with Zn = Z(k)
n

k∏
i=1

tVi
i (7.6.8)

with Vi = V/2i.
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8 Translational invariance for OS-GHOTRG

Using the OS-GHOTRG algorithm we can again use the translational invariance on the initial
lattice to increase the numerical efficiency of the algorithm for nmax ≥ 1. Similar to Sec. 6,
we include only a subset of equivalent configurations and apply a combinatorial factor to also
take into account the others. Using the following method, the number of explicitly included
configurations is reduced further compared to Sec. 6 for nmax > 1. For simplicity, we only
discuss this idea for the two-dimensional case. An extension to more than two dimensions is the
subject of future work.

8.1 Contributions to the partition function

Let (q1, . . . , qr) be a tuple of r positive integers. We define Z(q1,...,qr) to be the sum of all contri-
butions to the partition function of valid configurations j with nonzero plaquette occupations9

as in the tuple. Furthermore, we define Z(q1|q2,...,qr) just like Z(q1,...,qr), but with the additional
constraint that the plaquette at the origin has occupation q1.

In Z(q1,...,qr) the order of the qi is irrelevant since we sum over all possible locations of the plaque-
tte occupations on the lattice. Hence, to obtain all contributions to Zn in (7.6.8) it is sufficient to
sum Z(n) over all partitions (n) of n, defined by10 (n) = (n1, . . . , n1, n2, . . . , n2, . . . , nm, . . . , nm),
where n1 > n2 > . . . > nm > 0 and ki is the multiplicity of ni, i.e., n = ∑m

i=1 kini. Translational
invariance allows us to obtain Z(n) as11

Z(n) = V

ki
Z(ni| n\ni) for any i ∈ {1, . . . ,m} , (8.1.1)

where (n\ni) means that the first occurrence of ni in (n) has been removed. The desired
coefficients Zn are thus given by

Z1 = Z(1) = V Z(1|) , (8.1.2a)

Z2 = Z(2) + Z(1,1) = V Z(2|) + V

2 Z(1|1) , (8.1.2b)

Z3 = Z(3) + Z(2,1) + Z(1,1,1) = V Z(3|) + V Z(2|1) + V

3 Z(1|1,1) , (8.1.2c)

Z4 = Z(4) + Z(3,1) + Z(2,2) + Z(2,1,1) + Z(1,1,1,1)

9For a valid configuration the hook conditions are satisfied and the plaquette occupation is the same as the
four identical edge occupations around this plaquette, see Fig. 5.1. When we speak of plaquette occupations we
always mean those of the initial lattice.

10In the interest of readability we have overloaded the notation, denoting by (n) both a generic partition and
the specific partition with n1 = n.

11Consider a valid configuration j with nonzero plaquette occupations at lattice sites x1, . . . , xr given as in
(n), where r =

∑m

i=1 ki. There are V shifted replicas j′ of this configuration (including shift y = 0) which make
identical contributions to Z(n). Out of these V replicas, only those ki replicas are kept in Z(ni| n\ni) for which
the shift y is such that the occupation of the plaquette at the origin is ni. If (x1, . . . , xr) has special symmetries
such that some shifted configurations are identical to one another on the torus (e.g., if for a lattice of size L× L
and partition (1, 1) with x1 = (0, 0) and x2 = (L/2, L/2) we shift by y = (L/2, L/2)), the number of replicas
is reduced to V/s and ki/s, respectively, with symmetry factor s. Therefore all configurations considered in
Z(ni| n\ni) contribute to Z(n) with combinatorial factor V/ki independent of x1, . . . , xr.
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= V Z(4|) + V Z(3|1) + V

2 Z(2|2) + V Z(2|1,1) + V

4 Z(1|1,1,1) (8.1.2d)

and so on for larger n. We now construct two tensor networks from which we will determine the
Zn.12

8.2 The X network

For the first tensor network, which we call the X network, we require that the occupation of
the plaquette at the origin is nonzero. To this end we introduce four initial “special” tensors
S1, . . . , S4 at the corners of the plaquette at the origin. We then restrict the occupations of all
other plaquettes, which we call restricted plaquettes, to n ≤ nR. Here, nR is a parameter in
the interval [⌊nmax/2⌋, nmax −1],13 where the lower bound ensures that all configurations can be
included and the upper bound follows from the fact that the occupation of the plaquette at the
origin is at least one. The tensors Si are surrounded by the plaquette at the origin with plaquette
occupation n ∈ {1, . . . , nmax} (red plaquette in Fig. 8.5) and three restricted plaquettes with
occupation n ∈ {0, . . . , nR} (black plaquettes). Similar to Sec. 6, the tensors on all other lattice
sites, which we call “restricted” tensors R, are surrounded by four restricted plaquettes.

The blocking procedure now proceeds as shown in Fig. 8.5. After one blocking step in each of
the two directions, the volume V has been reduced by a factor of 4, and the occupation of the
plaquette at the origin has been turned into the site occupation of the resulting S tensor. We
decompose this tensor as in (7.3.1) but introduce additional scaling coefficients cs, resulting in
the tensor

(S̃)j ≡ βn(j)
nmax∑
ns=1

βns(S̃ns)j with S̃ns ≡ cnsSns
, (8.2.1)

where the cs are determined below. Note that s corresponds to the occupation of the plaquette
at the origin of the initial lattice and that the sum starts at s = 1 since here we only consider
configurations for which this occupation is at least one.

Denoting a blocking step in direction µ by ⋆µ, the steps can be summarized as

Step 1: R(0) ⋆1 R
(0) → R(1), S

(0)
1 ⋆1 S

(0)
2 → S

(1)
1 , S

(0)
3 ⋆1 S

(0)
4 → S

(1)
2 ,

Step 2: R(1) ⋆2 R
(1) → R(2), S

(1)
1 ⋆2 S

(1)
2 → S(2) → S̃(2) using (8.2.1) ,

Step i+ 1: R(i) ⋆µ R
(i) → R(i+1), S̃(i) ⋆µ R

(i) → S̃(i+1) for i ≥ 2 ,

(8.2.2)

where the last line is repeated in all directions until we arrive at a single point.14

With this modified blocking procedure we now compute the full contraction of the tensor network
involving one tensor S̃ and V/4 − 1 restricted tensors R, written symbolically as

X = tr
[
S̃(2)

(
R(2)

)V/4−1
]
, (8.2.3)

12It is conceivable that translational invariance could be exploited in a slightly different way using more than
two tensor networks, where in each network the occupation of the origin plaquette is fixed at a particular value.
The pros and cons of such an approach have not yet been explored.

13⌊· · · ⌋ denotes the floor function.
14As in Sec. 6, we construct the truncation matrices only from the tensors R, except for the truncation of S(1)

1
and S

(1)
2 .
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Figure 8.5: Illustration of the blocking procedure using translational invariance on the initial
lattice. The plaquette at the origin and the S tensors are indicated in red, the tensors S̃ are
indicated in orange, and restricted plaquettes and tensors R are indicated in black, respectively.

using the OS-GHOTRG method of Sec. 7. In the reduction step of the OS-GHOTRG method,
see Sec. 7.4, we can replace nmax by nmax − 1 when computing R⋆R since the occupation of the
plaquette at the origin is nonzero. From (7.6.8) we obtain

X =
nmax∑
n=1

Xnβ
n (8.2.4)

with15

X1 = c1Z(1|) , (8.2.5a)
X2 = c2Z(2|) + c1Z(1|1) for nR ≥ 1 , (8.2.5b)
X3 = c3Z(3|) + c2Z(2|1) + c1

(
Θ(nR − 2)Z(1|2) + Z(1|1,1)

)
for nR ≥ 1

= c3Z(3|) +
(
c2 + c1Θ(nR − 2)

)
Z(2|1) + c1Z(1|1,1) , (8.2.5c)

X4 = c4Z(4|) + c3Z(3|1) + c2
(
Z(2|2) + Z(2|1,1)

)
+ c1

(
Θ(nR − 3)Z(1|3) + Z(1|2,1) + Z(1|1,1,1)

)
for nR ≥ 2

= c4Z(4|) + (c3 + c1Θ(nR − 3))Z(3|1) + c2Z(2|2) + (c2 + 2c1)Z(2|1,1) + c1Z(1|1,1,1) , (8.2.5d)

and so on for larger n. Here, Θ(x) is the Heaviside function with Θ(0) ≡ 1. To go from the first
to the second line in (8.2.5c) and (8.2.5d) we shifted the configurations such that the highest
plaquette occupation is at the origin and used

Z(ni|n\ni) = ki

k1
Z(n1|n\n1) , (8.2.6)

which follows from (8.1.1).

8.3 The Y network

We also compute the full contraction of another tensor network only consisting of tensors R,
written symbolically as

Y = tr
[(
R(0)

)V
]

= tr
[(
R(2)

)V/4
]
. (8.3.1)

15For simplicity, we omit the rescaling in this section.
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Note that X and Y can be computed together efficiently, since R⋆R is needed for both quantities.
Applying the OS-GHOTRG method with restriction to order nmax − 1 in each blocking step, we
obtain

Y =
nmax−1∑

n=0
Ynβ

n , (8.3.2)

where the Yn contain the contributions to Zn of all configurations for which all plaquettes of the
initial lattice have occupation ≤ nR. These sums are given by16

Y0 = Z0 for nmax ≥ 1, nR ≥ 0, (8.3.3a)
Y1 = Z(1) = V Z(1|) for nmax ≥ 2, nR ≥ 1, (8.3.3b)

Y2 = Θ(nR − 2)Z(2) + Z(1,1) = Θ(nR − 2)V Z(2|) + V

2 Z(1|1) for nmax ≥ 3, nR ≥ 1, (8.3.3c)

Y3 = Θ(nR − 3)Z(3) + Z(2,1) + Z(1,1,1) = Θ(nR − 3)V Z(3|) + V Z(2|1) + V

3 Z(1|1,1)

for nmax ≥ 4, nR ≥ 2, (8.3.3d)

and so on for larger n. In the second step of each line we have used translational invariance as
in (8.1.2).

8.4 Matching the coefficients

To determine the desired Zn we write them as Zn = anXn + bnYn and obtain a system of
equations to be solved for the coefficients an, bn, and cn. In App. D we show that a solution for
any nmax and ⌊nmax/2⌋ ≤ nR ≤ nmax − 1 is given by

cn =
{
n/nmax for n ≤ nR ,

1 for n > nR ,
bn = 1 − nan

V nmax
with an =

{
arbitrary for n ≤ nR ,

V for n > nR .

(8.4.1)
For n = 0 we have b0 = 1, and a0 is irrelevant since X0 = 0, i.e., Z0 = Y0. For 1 ≤ n ≤ nR,
choosing an = V nmax/n results in bn = 0. If in addition we choose nR = nmax − 1 we have
bn = 0 for all n ≥ 1. Equivalent solutions can be obtained by rescaling an → ran and cn → cn/r
for all n and arbitrary r. All results presented in Part V were obtained with nR = ⌊nmax/2⌋ and
an = V nmax/n for 1 ≤ n ≤ nR, for which the explained approach in this section was developed
first. The more general solution (8.4.1) was mainly developed by Robert Lohmayer. We did not
perform a systematic study of the dependence of the results on the choice of nR and an, because
such a study would be quite expensive numerically.

16Again, we omit the rescaling for simplicity.
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V. Results
In the following chapter, the results of this thesis are presented. The main results are published
in [27] and [28]. Before we discuss the numerical results obtained from tensor-network methods
in Sec. 10, we first derive several analytical results.

9 Analytical Calculations

The analytical calculations are split into three sections. First, we state an efficient algorithm
for calculating the coefficients of the partition function in the strong-coupling expansion exactly.
The method is based on the tensor-network formulation, derived in Part III. As a result, the
exact coefficients as functions of the masses and chemical potentials up to order 4 (for Nf = 1)
and order 1 (for Nf = 2) for a 2 × 2 lattice are stated in App. E. In the subsequent section, we
consider the analytical simplifications of the tensor network derived in Part III, when pure-gauge
theory in two dimensions is considered. In this case, the partition function can be evaluated
using HOTRG or OS-HOTRG. In order to be able to compare the corresponding tensor-network
results with exact results, as done in Sec. 10, we calculate the coefficients of the strong-coupling
expansion in this case and show that the strong-coupling expansion of the partition function
on a finite lattice factorizes in the volume up to a certain order. Both results are based on the
known exact solution for the pure-gauge theory in two dimensions [73, 74]. Finally, in Sec. 9.3,
we consider again arbitrary dimensions and orders of the strong-coupling expansion and derive a
variety of analytical properties of the partition function and the observables. They have relevant
consequences for the exact expressions in App. E, and, more important, for the numerical results
in Sec. 10. Consequently, they serve as a consistency check.

9.1 Analytical calculation for small lattices

In the following, we present an efficient algorithm for calculating the coefficients Zn(µ,m) in

Z(µ,m, β) =
∞∑

n=0
Zn(µ,m)βn (9.1.1)

exactly. This is done in three steps, whereby the first two steps consist of up-front calculations,
and the third step is the actual calculation.

up-front calculation 1:

The aim in this step is to find for given flavor f all tuples (kf
x,µ, k̄

f
x,µ | ∀x, µ) with Θ(wf

x)δ
hf,in

x ,hf,out
x

=
1 for all x. The tuples are categorized with respect to ((kf

x,µ − k̄f
x,µ) mod Nc | ∀x, µ), which is

called the “fermion gauge key”.

An efficient algorithm to find these tuples is given in the following: First, we iterate through all
numbers in base Nc + 1, where the number of digits is the number of links dV . Therefore, we
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iterate up to the number (Nc + 1)dV . Since the link occupation number kf
x,µ is in {0, ..., Nc},

the iteration goes through all possible tuples (kf
x,µ|∀x, µ) with which we begin with. When no

site has more than Nc incoming and outgoing hopping terms (i.e., hf,in
x , hf,out

x ≤ Nc for all x)1,
we add (kf

x,µ|∀x, µ) to a list, creating the so-called “forward hopping fill”.

The “backward hopping fill”, which consists of all tuples (k̄f
x,µ|∀x, µ) with hf,in

x , hf,out
x ≤ Nc for

all x2 is identical to the forward hopping fill, which is why it does not need to be calculated
separately.

We can now perform a nested iteration through the forward and backward hopping fill, and when-
ever the condition Θ(wf

x)δ
hf,in

x ,hf,out
x

= 1 is fulfilled for all x, we add the tuple (kf
x,µ, k̄

f
x,µ | ∀x, µ)

to a dictionary, where the key (called “fermion gauge key”) is the tuple (k̃f
x,µ | ∀x, µ) with

k̃f
x,µ ≡ (kf

x,µ − k̄f
x,µ) mod Nc. The resulting dictionary is called “fermion gauge dictionary”.

Since in this step, different flavors can be treated independently, we do not need to repeat this
step for every flavor, but use the same gauge dictionary for every flavor.

up-front calculation 2:

The aim of the second step is to precompute the numerical factor that is already determined
by given link occupation numbers kf

x,µ and k̄f
x,µ for one flavor f and for all links (x, µ) of the

lattice.

To do so, we run through all entries (kf
x,µ, k̄

f
x,µ | ∀x, µ) of the fermion gauge dictionary and

calculate the expression

r(kf
x,µ,k̄f

x,µ | ∀x,µ)(µf ,mf ) ≡ exp
(
µf

∑
x

(kf
x,1 − k̄f

x,1)
)

(2mf )
∑
x

wf
x

∏
x
wf

x !∏
µ
kf

x,µ!k̄f
x,µ!

. (9.1.2)

as a function of µf and mf . By treating these two parameters as variables, different flavors can
be treated independently, and we do not need to repeat this step for every flavor.

main calculation:

After we have completed the preliminary work, we can iterate through every order n, for which
we want to calculate the coefficient Zn. For every order n, we iterate through all tuples of
oriented plaquette occupation numbers

(nx,µν | ∀x, µ ̸= ν) with
∑

x,µ,ν
µ̸=ν

nx,µν = n . (9.1.3)

Hereby we can reduce the number of relevant tuples by using the translational invariance.

For every tuple of oriented plaquette occupation numbers, we now perform Nf − 1 nested itera-
tions, each over all fermion gauge keys. The fermion gauge key of the remaining flavor f with

1At this level, we set k̄f
x,µ = 0 for all x, µ, which occurs inside hf,in

x and hf,out
x .

2Similarly to the forward hopping fill, we now set kf
x,µ = 0 for all x, µ, which occurs inside hf,in

x and hf,out
x as

well.
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f = Nf is then determined by
−

±d∑
ν=±1
|ν|≠µ

(nx,µν + nx,νµ) −
Nf−1∑
f=1

k̃f
x,µ

 mod Nc

∣∣∣∣∣ ∀x, µ
 , (9.1.4)

which ensures that the SU(Nc) is fulfilled at every link (x, µ).

For every given order n, tuple of oriented plaquette occupation numbers, and given gauge keys for
all Nf flavors, we now perform (additionally) Nf nested iterations. The iteration corresponding
to flavor f runs over all entries belonging to the fermion gauge key of flavor f in the fermion
gauge dictionary. Thus we have set all link occupation numbers kf

x,µ and k̄f
x,µ, which allows us

to calculate all quantities that do not depend on the auxiliary summation index rx,µ. Thus we
explicitly calculate3

s(kf
x,µ,k̄f

x,µ nx,µν | ∀x,µ̸=ν,f) ≡
∏

x σx
∏

µ η
Fx,µ
x,µ

µ̸=ν∏
x,µν

nx,µν !

∏
f

r(kf
x,µ,k̄f

x,µ | ∀x,µ)(µf ,mf )

∫
χ

∏
x

Kx. (9.1.5)

Finally, we additionally iterate through the auxiliary index rx,µ on every link (x, µ) in nested
loops and calculate all terms

s(kf
x,µ,k̄f

x,µ nx,µν | ∀x,µ̸=ν,f)

∏
x

Cx

∏
µ

Lx,µ . (9.1.6)

After applying the factor from translational invariance, as well as 1/(2Nc)n, we add all results
corresponding to order n in order to obtain Zn.

In App. E, the coefficients Zn(m,β) obtained with this algorithm are listed for a 2 × 2 lattice.
For Nf = 1, the coefficients are given up to n = 4, while for Nf = 2 they are given up to n = 1
for m1 = m2 and µ1 = µ2.

9.2 Pure-gauge theory

Next, we consider the SU(Nc) pure-gauge theory. Since the derivation of the initial tensor
network in Part III holds for an arbitrary number of flavors Nf, the initial tensor network for
the pure-gauge theory is obtained directly by setting Nf = 0. For clarity, we state the resulting
tensor network explicitly. It reads

ZPG =
∑
j

∏
x

TPG
x , (9.2.1)

where the indices jPG ≡ (jPG
x,µ | ∀x, µ) do not contain link occupation numbers kx,µ and k̄x,µ, as

these originate from Grassmann hopping terms. Thus we obtain

jPG
x,µ = ((n±ν

x,µ, n̄
±ν
x,µ | ∀ν ̸= µ), rx,µ) . (9.2.2)

3Note that
∫
χ

∏
x
Kx only results in a sign factor.
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Consequently, the Grassmann part of the local tensor reduces to one, and the tensor network
can be evaluated using usual HOTRG and OS-HOTRG.

The numerical part of the initial tensor is given by

TPG
x ≡ ∆P

x T
PG
x (nx → edge variables) (9.2.3)

with4

T
PG
x ≡ CPG

x WPG
x

[∏
µ

sgn(Lx,µ)
] ±d∏

µ=±1

√
|Lx,µ| . (9.2.4)

This tensor contains the pure-gauge color factor

CPG
x = ∆xIx (9.2.5)

and the pure-gauge weight

WPG
x =

∏
µ̸=ν

(
β

2Nc

)nx,µν+nx−µ̂,µν+nx−µ̂−ν̂,µν+nx−ν̂,µν

nx,µν !nx−µ̂,µν !nx−µ̂−ν̂,µν !nx−ν̂,µν !


1
4

. (9.2.6)

Finally, the criterion (5.2.17) ensures that the initial tensor network is finite-dimensional. It
is optimized for a calculation of order nmax by applying the criterion (5.2.18) for every tensor
entry.

As a special property of the pure-gauge theory in two dimensions, there exists yet another
criterion that allows us to reduce the size of the initial tensor. It can be used whenever nmax < V .
To formulate this criterion, we define the “factorization condition” (nx,µν − nx,νµ)/Nc ∈ Z at
every geometrical plaquette. The SU(Nc) condition |gx,µ − ḡx,µ|/Nc ∈ N0 reduces to

|gx,µ − ḡx,µ|/Nc = 1
Nc

∣∣∣∣∣∣∣
∑

ν
ν ̸=µ

(nx,µν + nx−ν̂,νµ) −
∑

ν
ν ̸=µ

(nx,νµ + nx−ν̂,µν)

∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣
∑

ν
ν ̸=µ

(nx,µν − nx,νµ)/Nc −
∑

ν
ν ̸=µ

(nx−ν̂,µν − nx−ν̂,νµ)/Nc

∣∣∣∣∣∣∣ ∈ N0 (9.2.7)

for pure-gauge theory. Note that we rearranged the sums in the second step such that the
factorization conditions appear. Assume that for a given link the SU(Nc) condition is satisfied,
but at one adjacent plaquette the factorization condition is not satisfied. In this case, due to
Eq. (9.2.7), there needs to be at least one other adjacent plaquette, where the factorization con-
dition is not satisfied. For any valid configuration in two dimensions, it follows that whenever
the factorization condition at a plaquette is not satisfied, then it is not satisfied as well at all four
neighboring plaquettes. We can repeat this argument for these plaquettes and conclude that the
factorization condition is not satisfied at any plaquette of the lattice in this case. We note that
such a configuration contributes at least to order βV . Therefore, whenever nmax < V , we can
reduce the size of the initial tensor significantly by removing those link-indices from the initial

4Lx,µ is defined in Eqs. (5.2.2) and (4.3.12). However, as there are no link occupation numbers kf
x,µ and k̄f

x,µ

for Nf = 0, the equivalence classes become trivial, i.e., [π] = {π} for all π ∈ Sp and [α] = {α} for all α ∈ A. Thus,
the ranges of the sums over α, π, and σ are not reduced.
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tensor for which the factorization condition is not satisfied at the adjacent plaquettes. It follows
that for nmax < V , every configuration consists exclusively of plaquette-antiplaquette contribu-
tions and triple (anti-)plaquette contributions, including their multiples, as these contributions
satisfy the factorization condition at every plaquette.

We can compare the results obtained from OS-HOTRG with the exact solution (see Sec. 10.2)
for the two-dimensional SU(Nc) pure-gauge theory in a finite volume V , given in Ref. [73]. It
reads

ZPG(β) =
∑
R

λR(β)V , (9.2.8)

which contains a sum over irreducible representations R = (q1, . . . , qNc−1) with Dynkin la-
bels qi ∈ N0. The corresponding Young diagram (cf. Sec. 1.7) is determined by the partition
(q̄1, q̄2, . . . , q̄Nc−1) with q̄1 ≥ q̄2 ≥ · · · ≥ q̄Nc−1 ≥ 0 and q̄i = ∑Nc−1

j=i qj . The coefficient λR(β),
given by5

λR(β) ≡ 1
dR

∑
Q∈Z

det
[
Iq̄j+i−j+Q (β/Nc)

]
i,j=1...Nc

, (9.2.9)

has several ingredients, which are discussed in the following. First, the dimension

dR = ∆(ℓ1, ℓ2, . . . , ℓNc−1, ℓNc)/∆(Nc − 1, Nc − 2, . . . , 1, 0) (9.2.10)

with ℓi ≡ q̄i +Nc − i and q̄Nc = 0 contains the factor

∆(x1, . . . , xNc) ≡
∏
i<j

(xi − xj) . (9.2.11)

Second, In(z) are the modified Bessel functions of the first kind, defined by [75]

In(z) = 1
π

∫ π

0
ez cos(θ) cos(nθ)dθ . (9.2.12)

Clearly, the result (9.2.8) does not factorize in the volume (cf. Ref. [74]). However, as shown in
App. F, it holds that

λR(β) = O
(
(β/Nc)q̄1

)
(9.2.13)

and in particular
λR(β) = O (β/Nc) for R ̸= (0, . . . , 0) . (9.2.14)

This allows us to write (cf. Ref. [76])

ZPG(β) =
(
λ(0,...,0)(β)

)V
+ O

(
(β/Nc)V

)
, (9.2.15)

i.e., the strong-coupling expansion of Z factorizes in the volume whenever nmax < V .6

Note that this factorization in V for nmax < V corresponds to the simplification which we
made in the tensor formulation by removing those links from the initial tensor for which the
factorization condition is not satisfied at the adjacent plaquettes.

5Note that the expression differs compared to Ref. [73] due to a different definition of the gauge action.
6From this, we also observe that the partition function of pure-gauge theory in the strong-coupling expansion

factorizes in the limit V → ∞ to arbitrary order in β.
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n 0 1 2 3 4 5 6

λ(n) 1 0 1
36

1
648

1
2592

1
31104

13
3359232

fPG
n 0 0 1

36
1

648 0 − 1
93312 − 1

1119744

Table 9.1: Coefficients of the strong-coupling expansion of λ(0,...,0) and of the free energy fPG

for different orders n for the SU(3) pure-gauge theory in two dimensions. The stated values of
λ(n) and fPG

n are valid as long as V > n.

Next, we calculate the strong-coupling expansion of the coefficient

λ(0,...,0)(β) =
nmax∑
n=0

λ(n)βn , (9.2.16)

which allows as to calculate the coefficients fPG
n of the strong-coupling expansion of the free

energy
lnZPG(β)

V
=

∞∑
n=0

fPG
n βn (9.2.17)

as well. Table 9.1 shows the resulting coefficients λ(n) and fPG
n up to order six for Nc = 3.

The values of λ(n) and fPG
n are valid as long as V > n. In this case, the coefficients of the

strong-coupling expansion of

ZPG(β) =
∞∑

n=0
ZPG

n βn (9.2.18)

up to order three for Nc = 3 read

ZPG
0 = 1, ZPG

1 = 0, ZPG
2 = V/36, ZPG

3 = V/648 . (9.2.19)

9.3 Properties of the partition function and observables

Even though the full partition function (4.1.3) can not be evaluated analytically for arbitrary
volume, one can give its structure with respect to the chemical potentials and the masses,
allowing for several analytical results in different limits.

At first, let us consider Nf = 1, for an arbitrary number of dimensions including all orders of β.
For brevity, we omit the flavor index. A general number of flavors Nf will be considered later in
this section. By using time-reversal invariance of the partition function one obtains the general
result

Z(µ,m, β) = Z(−µ,m, β) . (9.3.1)

Using the strong-coupling expansions

Z(µ,m, β) =
∞∑

n=0
Zn(µ,m)βn and lnZ(µ,m, β)

V
=

∞∑
n=0

fn(µ,m)βn (9.3.2)
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with coefficients fn(µ,m) that are determined explicitly in terms of the coefficients Zn(µ,m) in
App. G, we note that the coefficients Zn and fn are even functions in µ as well.

Consequently, the chiral condensate is an even function in µ as well, i.e.,

Σ(µ,m, β) = Σ(−µ,m, β). (9.3.3)

Also the coefficients Σn(µ,m) of the strong-coupling expansion

Σ(µ,m, β) =
∞∑

n=0
Σn(µ,m)βn with Σn(µ,m) = ∂fn(µ,m)

∂m
(9.3.4)

are even functions in µ.

Since the quark-number density ρ(µ,m, β) is proportional to the derivative of the free energy
with respect to µ, it is an odd function in µ, i.e.,

ρ(−µ,m, β) = −ρ(µ,m, β) , (9.3.5)

and therefore all coefficients ρn(µ,m) of the strong-coupling expansion

ρ(µ,m, β) =
∞∑

n=0
ρn(µ,m)βn with ρn(µ,m) = ∂fn(µ,m)

∂µ
(9.3.6)

are odd functions in µ. In particular, we stress

ρn(µ,m) → 0 , for µ → 0, for all n ∈ N0 . (9.3.7)

Next, we want to quantize the general dependence of the chemical potential. To do so, we first
note that at infinite coupling, the µ dependence of Z comes from closed baryon and antibaryon
loops winding around the torus in the time direction [6, 7]. Every winding contributes a factor of
e±NcLtµ to a configuration. Since baryon loops are self-avoiding the maximum winding number
is Vs. For nonzero β the baryon loops are locally disturbed by plaquettes (more precisely, one
or more quark lines in the baryon go around the plaquettes), but the functional form of the µ
dependence remains the same. We can formalize this in the equation

Z(µ,m, β) =
Vs∑

k=−Vs

p̄k(m,β) exp(kNcLtµ) , (9.3.8)

where Lt is the temporal extent of the d-dimensional space-time lattice7 and Vs is the spatial
volume.

The functions p̄k(m,β) are polynomials in m and, due to the defining equation (4.1.3), series in
β. As consequence of the symmetry (9.3.1), they satisfy

p̄k(m,β) = p̄−k(m,β) . (9.3.9)

This property allows us to write

Z(µ,m, β) = p̄0(m,β) +
Vs∑

k=1
p̄k(m,β) (exp(kNcLtµ) + exp(−kNcLtµ)) , (9.3.10)

7Note that in Sec. 2, the temporal extent was denoted by NT.
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which can be simplified to

Z(µ,m, β) =
Vs∑

k=0
pk(m,β) cosh(kNcLtµ) , (9.3.11)

where we introduced
pk(m,β) = (2 − δk,0)p̄k(m,β) . (9.3.12)

We now perform a strong-coupling expansion of the coefficients pk,

pk(m,β) =
∞∑

n=0
pk,n(m)βn , (9.3.13)

and obtain the explicit µ dependence of the coefficients Zn,

Zn(µ,m) =
Vs∑

k=0
pk,n(m) cosh(kNcLtµ) . (9.3.14)

9.3.1 Asymptotic results for large chemical potential

In this section, we derive analytical results in the limit of large chemical potential µ. Intermediate
results of this calculation are used to verify some of the terms in Eqs. (E.1a) - (E.1e).

In the limit |µ| → ∞ the sum (9.3.11) is dominated by the k = Vs term, for which we show in
App. H that

pVs(m,β) = 2ZPG(β) (9.3.15)

independent of m, where ZPG is the partition function of the pure-gauge theory (with the same
lattice size and number of colors), whose strong-coupling expansion reads8

ZPG(β) =
∞∑

n=0
ZPG

n βn . (9.3.16)

This leads to
pVs,n(m) = pVs,n = 2ZPG

n , (9.3.17)

and with V = LtVs we obtain in the |µ| → ∞ limit

Zn(µ,m) → 2ZPG
n cosh(NcV µ) → ZPG

n exp(NcV |µ|) , (9.3.18)

provided that pVs,n ̸= 0. This yields

Zn(µ,m)
Z0(µ,m) → ZPG

n

ZPG
0

(9.3.19)

8For the example of two dimensions and Nc = 3, the coefficients ZPG
n are stated explicitly in Eq. (9.2.19) for

V > n.
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for any n ≥ 0.9 The ratio is well-defined since ZPG
0 = vol(SU(Nc))V d = 1. Note that for n ≥ 1

the coefficients fn are polynomials in Z̄n = Zn/Z0, see App. G. We thus obtain

fn(µ,m) → fPG
n +Nc|µ|δn,0 for |µ| → ∞ , (9.3.20)

where the Kronecker delta takes into account the different definition of f0. From (9.3.20) we can
obtain the behavior of the chiral condensate and the quark-number density in this limit. Since
there is no dependence on m, all coefficients of the chiral condensate approach zero, i.e.,10

Σn(µ,m) → 0 for |µ| → ∞ . (9.3.21)

For the quark-number density we obtain

ρn(µ,m) → ±Ncδn,0 for µ → ±∞ . (9.3.22)

As a consistency check, we can compare Eq. (9.3.17) with the analytical expressions of the
functions Zn(m,µ) given in Eqs. (E.1a) - (E.1e). They are calculated for d = 2, Vs = 2, Lt = 2,
and Nc = 3. The corresponding values of pVs,n are shown in Table 9.2. The coefficients ZPG

n

are calculated by expanding the exact formula (9.2.8) in β.11 The obtained value p2,n coincides
with the prefactor of the term cosh(12µ) in Zn(m,µ) for all stated values of n.

n 0 1 2 3 4

p2,n 2 0 2
9

1
81

325
26244

Table 9.2: Values of pVs,n for Vs = 2, Lt = 2, and Nc = 3 up to n = 4.

9.3.2 Asymptotic results for large mass

In this section, we will derive analytical results for large mass. Intermediate results of this
calculation are used to verify some of the terms in Eqs. (E.1a) - (E.1e).

For Nf = 1 and large m, the partition function can be approximated, up to O(βLt) corrections,
as

Zfactorized(µ,m, β) =
(
(2m)NcLt + 2 cosh(NcLtµ)

)Vs
ZPG(β) . (9.3.23)

To derive this result, we start from (9.3.11), and determine, for given k, the leading-order term
in pk(m,β) for large m. For powers of β smaller than Lt, this term is obtained by configurations
which have k baryon loops (or k antibaryon loops) with all links in the time direction and
winding around the torus once, and all other lattice sites occupied by mass terms. For all
other configurations, e.g., with mesonic contributions, or baryon lines in a spatial direction,

9If ZPG
n = 0, which happens in particular for n = 1, we obtain Zn(µ,m) → pk,n(m) cosh(kNcLtµ), where

k < Vs is the largest value of k for which pk,n(m) ̸= 0. In this case cosh(kNcLtµ)/ cosh(VsNcLtµ) → 0 = ZPG
n for

k < Vs, and hence the relation (9.3.19) still applies.
10Strictly speaking, the limit |µ| → ∞ and the derivative with respect to m may not commute. However, a

more careful analysis in which we first take the derivative and then the limit confirms (9.3.21).
11Since the condition V > n is not satisfied for p2,4 for Lt = 2, the partition function does not factorize in the

volume at this order (cf. Sec. 9.2).
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or combinations of baryon and antibaryon windings, the number of lattice sites that can be
occupied by mass terms is reduced. Therefore such configurations do not contribute to pk at
leading order in m. For a configuration which has only mass terms and k baryon (or antibaryon)
loops the gauge field only occurs in contributions from the gauge action, see (H.2). For powers
of β larger than or equal to Lt, there are also contributions from other configurations when
k ̸= 0 and k ̸= Vs,12 but we do not include them explicitly since we are only interested in an
expansion of Z up to βnmax , and typically nmax < Lt. We therefore have for large m

pk(m,β) → (2 − δk0)
(
Vs
k

)
(2m)NcLt(Vs−k)ZPG(β) + O(βLt) (9.3.24)

since there are
(Vs

k

)
possibilities to distribute the k parallel baryon loops on the lattice. The

factor of 2 − δk0 comes from ekNcLtµ + e−kNcLtµ = 2 cosh(kNcLtµ), which sums configurations
with k baryon loops and configurations with k antibaryon loops. This results in

Z(µ,m, β) → Zasymptotic(µ,m, β) ≡ ZPG(β)
Vs∑

k=0

(
Vs
k

)
(2m)NcLt(Vs−k)(2 − δk0) cosh(kNcLtµ)

(9.3.25)
up to O(βLt) corrections. Let us now show that the large-m behavior of (9.3.25) is reproduced
by (9.3.23). Expanding (9.3.23) gives

Zfactorized(µ,m, β) = ZPG(β)
Vs∑

k=0

(
Vs
k

)
(2m)NcLt(Vs−k)2k coshk(NcLtµ) . (9.3.26)

Defining x = NcLtµ and using

coshk(x) = 1
2k

(
ex + e−x)k = 1

2k

k∑
j=0

(
k

j

)
e(k−2j)x = 1

2k

k∑
j=0

(
k

j

)
cosh

(
(k − 2j)x

)
, (9.3.27)

we can now organize the terms in Zfactorized in complete analogy to (9.3.11). Next, we ap-
proximate Zfactorized for large m. For the coefficient of cosh(kNcLtµ) in Zfactorized, we again
want to keep only the leading-order term for large m. This term is obtained by setting j = 0
or j = k in (9.3.27). Hence, to obtain the large-m behavior of Zfactorized, we can replace
2k coshk(x) → (2 − δk,0) cosh(kx). This shows that Zfactorized → Zasymptotic for large m.

For the chiral condensate Σ = (∂m lnZ)/V in the large-m limit and up to O(βLt) corrections
we obtain from (9.3.23)

Σ(µ,m) = b̄
2
√(

1
2(2m)NcLt

)2
− 1

1
2(2m)NcLt + cosh(NcLtµ)

= b̄
(
tanh(ā(µ+ µ̄c)) − tanh(ā(µ− µ̄c))

)
, (9.3.28)

where we used the general formula

2 sinh(2x)
cosh(2x) + cosh(2z) = tanh(x+ z) + tanh(x− z) . (9.3.29)

12An example for such a configuration, for Nc = 3 and an Lt × 2 lattice, would be two quark loops in the time
direction with spatial coordinate 1, one quark loop in the time direction with spatial coordinate 2, and plaquette
occupation 1 for all plaquettes (x, 12) starting at sites x = (t, 1) with t = 1, . . . , Lt.
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and defined

b̄ ≡ Nc(2m)NcLt−1

2
√(

1
2(2m)NcLt

)2
− 1

→ Nc
2m , ā ≡ NcLt

2 , µ̄c ≡ 1
NcLt

arccosh
(1

2 (2m)NcLt
)

→ ln(2m) .

(9.3.30)
The parameters µ̄c and ā are referred to as critical chemical potential and transition sharpness,
respectively.

Similarly, for the quark-number density ρ = (∂µ lnZ)/V we obtain in the large-m limit and up
to O(βLt) corrections

ρ(µ,m) = Nc
2

2 sinh(NcLtµ)
1
2(2m)NcLt + cosh(NcLtµ)

= Nc
2
(
tanh(ā(µ+ µ̄c)) + tanh(ā(µ− µ̄c))

)
, (9.3.31)

where we again used (9.3.29). Note that critical chemical potential and transition sharpness are
identical for both observables.

In particular, from Eq. (9.3.23) we conclude Z → (2m)NcV ZPG(β) for large mass13. For the
coefficients of the strong-coupling expansion we can conclude

fn(µ,m) → fPG
n +Nc ln(2m)δn,0 , for m → ∞ , (9.3.32)

Σn(µ,m) → Nc
m
δn,0 , for m → ∞ , (9.3.33)

ρn(µ,m, β) → 0 , for m → ∞ . (9.3.34)

The intermediate result (9.3.24) can be compared with some of the terms in Eqs. (E.1), which
serves as a consistency check. To do so, we expand the functions pk in m and β, i.e.,

pk(m,β) =
∞∑

n=0

wk∑
j=0

pk,n,jβ
nmj , (9.3.35)

where we defined wk ≡ Nc(V − kLt). wk is an upper bound for the degree of the polynomial,
depending on the volume and the winding number k.

With the use of (9.3.24) we obtain

pk,n,wk
= (2 − δk0)

(
Vs
k

)
2NcLt(Vs−k)ZPG

n , (9.3.36)

which is valid as long as n < Lt. For k ∈ {0, Vs}, the formula is valid for arbitrary n. Note
that k = 0 corresponds to those configurations, where every site contains Nc mass terms. The
associated coefficients read

p0,n,NcV = 2NcV ZPG
n . (9.3.37)

The values of pk,n,wk
for d = 2, Vs = 2, Lt = 2, and Nc = 3 are shown in Table 9.3. The

coefficients ZPG
n are calculated by expanding the exact formula (9.2.8) in β.14 All values are
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n 0 1 2 3 4

p0,n,12 4096 0 4096
9

2048
81

166400
6561

p1,n,6 256 0 - - -

p2,n,0 2 0 2
9

1
81

325
26244

Table 9.3: Values of pk,n,wk
for Vs = 2, Lt = 2, and Nc = 3 up to n = 4.

consistent with Eq. (E.1). Note that with the use of Eq. (9.3.36), p1,n,6 can only be calculated
for n ≤ 1. Also note that the coefficients p2,n,0 are consistent with Table 9.2, since we have
pVs,n = pVs,n,0.

9.3.3 Even mass exponents

Another observation for Nf = 1 is that

pk,n,j = 0 for all k, n, for all j odd , (9.3.38)

which is explained by the following argument. We start with a configuration that has Nc mass
terms at every site. Such a configuration is proportional to mNcV , i.e., has even exponent.15 In
order to get other configurations, where the Grassmann conditions in (A.23) are still fulfilled
at every site16, we apply the following algorithm: We remove one mass term from a first site
and place one hopping term in an arbitrary direction at an adjacent link. Consequently, the
Grassmann conditions are no longer satisfied at the two sites adjacent to the chosen link, referred
to as first and second site. At the second site, we remove one mass term as well and introduce
one hopping term in an arbitrary direction. Therefore, the Grassmann conditions at the second
site are satisfied again, but we introduced a third site, where the Grassmann conditions are
not satisfied. We can repeat the procedure of removing one mass at the last site and adding a
hopping term in arbitrary direction. The set of chosen sites forms a line on the lattice, where the
Grassmann conditions are not satisfied only at the first and last site of the line. Only if the first
and last site of the line coincide, the Grassmann conditions are satisfied again on all sites of the
lattice. In this case the line forms a closed loop. As any closed loop on the lattice contains an even
number of links and an even number of sites17, we have applied this algorithm an even number
of times and therefore removed an even number of masses from the lattice. Therefore, the mass
exponent is again even. By doing this algorithm several times (starting again at an arbitrary
site), we can create all relevant arrangements of hopping terms. All of the corresponding valid
configurations have an even mass exponent. Note that for a valid configuration, we also need
to fulfill the gauge condition at every link. This is also influenced by placing plaquettes on the

13We assume that µ does not go to infinity
14Since the condition V > n is not satisfied for p0,4,12 and p2,4,0 for Lt = 2, the partition function does not

factorize in the volume at this order (cf. Sec. 9.2).
15Recall that for staggered quarks the number of lattice sites needs to be even.
16The SU(Nc) gauge condition may not be satisfied for the moment.
17Loops that wind around the lattice contain an even number of links and sites, since spatial and temporal

extent of the lattice are always even when staggered quarks are used.
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lattice, but this does not change the mass exponent. Due to Eq. (9.3.38) all mass exponents in
Eqs. (E.1) are even.

9.3.4 Generalization to arbitrary number of flavors

We now generalize some of the main statements for a general number of flavors Nf. For a given
valid configuration, let kf be the number of hopping terms of flavor f in forward time direction
minus the number of hopping terms of flavor f in backward time direction, i.e., the net number
of hopping terms in forward time direction. For a compact notation, we define the net-number
vector k⃗ = (k1, k2, . . . , kNf), the mass vector m⃗ = (m1,m2, . . . ,mNf), and the chemical potential
vector µ⃗ = (µ1, µ2, . . . , µNf).

Using this, the partition function for an arbitrary number of flavors Nf, in arbitrary dimensions,
for general Lt and Vs, and including all orders of β, takes the general form

Z(µ⃗, m⃗, β) =
NcVs∑

k1,...,kNf =−NcVs

p̄
k⃗
(m⃗, β) exp(Ltk⃗ · µ⃗) , (9.3.39)

where the functions p̄
k⃗
(m⃗, β) are polynomials in mf and series β. From the SU(Nc) condition

it follows that p̄
k⃗

is only nonzero when ∑Nf
f=1 kf = 0 mod Nc. Therefore, k1 is a multiple of Nc

only for Nf = 1, in general.

From time-reversal invariance we get the condition

Z(µ⃗, m⃗, β) = Z(−µ⃗, m⃗, β) (9.3.40)

and therefore
p̄

k⃗
(m⃗, β) = p̄−k⃗

(m⃗, β) . (9.3.41)

Consequently, the chiral condensate is symmetric under µ⃗ → −µ⃗, i.e.,

Σ(f)(−µ⃗, m⃗, β) = Σ(f)(µ⃗, m⃗, β) (9.3.42)

while the quark-number density is antisymmetric, i.e.,

ρ(f)(−µ⃗, m⃗, β) = −ρ(f)(µ⃗, m⃗, β) . (9.3.43)

As a generalization of Eq. (9.3.15), we find

p̄(k1,...,±NcVs,...,kNf )(m⃗, β) = p̄
k⃗\kf

(m⃗\mf , β) (9.3.44)

with
v⃗\vf ≡ (v1, . . . , vf−1, vf+1, . . . , vNf) , (9.3.45)

which is explained as follows. Since kf = ±NcVs, there are Vs baryon loops of flavor f that wind
around the lattice in time direction. This results in a gauge-field-independent background, and
we obtain the corresponding polynomial of the theory with Nf − 1 flavors.
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Consequently, for kf = ±NcVs for all f18, we obtain

p̄NcVs(±1,...,±1)(m⃗, β) = ZPG(β) , (9.3.46)

by applying Eq. (9.3.44) for every flavor separately and using Eq. (9.3.15) 19. In this case, every
flavor results in a separate constant background.

The property (9.3.44) is relevant for the limit µf → ±∞20, as in this case any relevant con-
figuration contains Vs baryon lines of flavor f that wind around the lattice and extend in time
direction only. We get21

Z(µ⃗, m⃗, β) → exp (NcV |µf |)Z(Nf−1)(µ⃗\µf , m⃗\mf , β) , (9.3.47)

where Z(Nf−1) is the partition function of the theory involving Nf − 1 flavors. It follows22

fn(µ⃗, m⃗) → f (Nf−1)
n (µ⃗\µf , m⃗\mf ) +Nc|µf |δn,0 for µf → ±∞ , (9.3.48)

Σ(f)
n (µ⃗, m⃗) → 0 for µf → ±∞ , (9.3.49)

ρ(f)
n (µ⃗, m⃗) → ±Ncδn,0 for µf → ±∞ . (9.3.50)

In the limit µ1, . . . , µNf → ∞ we get

Z(µ⃗, m⃗, β) → exp

NcV
Nf∑

f=1
|µf |

ZPG(β) , (9.3.51)

where we applied Eq. (9.3.47) for every flavor separately. For the next steps, it is convenient to
expand the functions p

k⃗
in β and in the masses mf , i.e.,

p̄
k⃗
(m⃗, β) =

∞∑
n=0

wk1∑
j1=0

· · ·
wkNf∑
jNf =0

p̄
k⃗,n,⃗j

βn
Nf∏

f=1
m

jf

f , (9.3.52)

where we used the upper bound wkf
= Nc(V − kfLt).

The following observation will be relevant for large masses. For kf = 0 and jf = NcV we obtain

p̄
k⃗,n,⃗j

= 2NcV p̄
k⃗/kf ,n,⃗j/jf

. (9.3.53)

In this case, there are Nc mass terms of flavor f at every site of the lattice, which results in a
constant background. If kf = 0 and jf = NcV is satisfied for all flavors f , we find

p̄(0,...,0),n,NcV (1,...,1) = 2NfNcV ZPG
n , (9.3.54)

18The sign can differ for different flavors.
19Note that p̄(NcVs) = p̄Vs = 1

2pVs , where we used Eq. (9.3.12) for Vs > 0.
20We assume that mf does not go to infinity.
21Like before, the condition Zn(µ⃗, m⃗, β) → exp (NcV |µf |)Z(Nf−1)

n (µ⃗/µf , m⃗/mf , β) for the n-th coefficient of
the strong-coupling expansion in β is correct only for Z(Nf−1)

n (µ⃗/µf , m⃗/mf , β) ̸= 0. Otherwise the expression is
dominated by a smaller exponent. This effect is again irrelevant for the limit of the ratio Zn(µ⃗, m⃗, β)/Z0(µ⃗, m⃗, β).
Therefore it is irrelevant for the observables.

22The results (9.3.49) and (9.3.50) are confirmed by a more careful analysis in which we first take the derivative
and then the limit.
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by applying Eq. (9.3.53) for every flavor separately and using Eq. (9.3.37).

The property (9.3.53) is relevant for the limit mf → ∞23, as in this case any relevant configu-
ration contains Nc mass terms of flavor f at every site. We get24

Z(µ⃗, m⃗, β) → (2mf )NcV Z(Nf−1)(µ⃗/µf , m⃗/mf , β) , (9.3.55)

where Z(Nf−1) is again the partition function of the theory involving Nf − 1 flavors. For the
coefficients of the strong-coupling expansion we conclude25

fn(µ⃗, m⃗) → f (Nf−1)
n (µ⃗\µf , m⃗\mf ) +Nc ln(2mf )δn,0 , for mf → ∞ , (9.3.56)

Σ(f)
n (µ⃗, m⃗) → Nc

mf
δn,0 , for mf → ∞ , (9.3.57)

ρ(f)
n (µ⃗, m⃗, β) → 0 , for mf → ∞ . (9.3.58)

For the limit m1, . . . ,mNf → ∞ we can apply Eq. (9.3.55) for every flavor separately to obtain

Z(µ⃗, m⃗, β) → ZPG(β)
Nf∏

f=1
(2mf )NcV . (9.3.59)

Next, we observe p̄
k⃗,n,⃗j

= 0 for all k⃗, n, when jf is odd for at least one flavor f . This statement
follows from the algorithm described below Eq. (9.3.38), which can be applied for every flavor
separately. For the Eqs. (E.2), we conclude that there are no odd mass exponents, which serves
as a consistency check.

By using the symmetry (9.3.40), we can express the partition function in terms of the hyperbolic
cosines also for an arbitrary number of flavors. To do so, we write

Z(µ⃗, m⃗, β) = 1
2 (Z(µ⃗, m⃗, β) + Z(−µ⃗, m⃗, β))

=
NcVs∑

k1,...,kNf =−NcVs

p̄
k⃗
(m⃗, β)1

2
(
exp

(
Ltk⃗ · µ⃗

)
+ exp

(
−Ltk⃗ · µ⃗

))
, (9.3.60)

resulting in

Z(µ⃗, m⃗, β) =
NcVs∑

k1,...,kNf =−NcVs

p̄
k⃗
(m⃗, β) cosh

(
Ltk⃗ · µ⃗

)
. (9.3.61)

Finally, the symmetry of permuting flavors is formalized in the condition26

Z(µ⃗, m⃗, β) = Z(µ⃗π, m⃗π, β) (9.3.62)
23we assume that µf does not go to infinity.
24Again, Zn(m⃗, µ⃗, β) is dominated by a smaller exponent than NcV , when Z

(Nf−1)
n (m⃗/mf , µ⃗/µf , β) = 0.

25Again, a more careful analysis in which we first take the derivative and then the limit confirms this result.
26For Nf = 2 and m1 = m2 this implies that the partition function is invariant under µI → −µI, where

µI ≡ (µ1 − µ2)/2.
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with
v⃗π ≡ (vπ1 , vπ2 , . . . , vπNf

) , (9.3.63)

for a general permutation π ∈ SNf . From this we conclude by comparison of coefficients

p̄
k⃗
(m⃗, β) = p̄

k⃗π
(m⃗π, β) (9.3.64)

For the chiral condensate with respect to the mass mf ,

Σ(f)(µ⃗, m⃗, β) ≡ 1
V

∂ lnZ(µ⃗, m⃗, β)
∂mf

, (9.3.65)

we conclude
Σ(f)(µ⃗, m⃗, β) = Σ(πf )(µ⃗π, m⃗π, β) (9.3.66)

and similarly, for the quark-number density with respect to the chemical potential µf ,

ρ(f)(µ⃗, m⃗, β) ≡ 1
V

∂ lnZ(µ⃗, m⃗, β)
∂µf

, (9.3.67)

we obtain
ρ(f)(µ⃗, m⃗, β) = ρ(πf )(µ⃗π, m⃗π, β) . (9.3.68)

9.4 Interpolation between small and large µ for large Lt

In this section we derive interpolating formulas for Nf = 1 that turn out to describe the data
very well in many cases, with limitations discussed below. From (9.3.11) and (9.3.15) we see
that for |µ| → ∞ we have Z = 2ZPG(β) cosh(NcV µ)(1 + O(e−NcLt|µ|)). On the other hand,
in the vicinity of µ = 0 and for large Lt we expect Z to remain approximately constant,
i.e., Z(µ,m, β) ≈ Z(µ = 0,m, β) ≈ p0(m,β) for the following reason. The coefficients pk in
(9.3.11) have to decrease exponentially with k since pk contains powers of m and combinatorial
factors for distributing mass terms and mesons on up to (Vs − k)Lt lattice sites, i.e., ln pk ∼
(Vs − k)Lt. Hence, Z(µ) will deviate from its value at µ = 0 only when |µ| is sufficiently large
for cosh(kNcLtµ) to compensate the exponential suppression of pk. We expect this to happen
in the vicinity of the phase transition.

A simple interpolation between the two regimes is provided by27

ZIP(µ,m, β) = c(m,β) + 2ZPG(β) cosh(NcV µ) with c(m,β) = Z(µ = 0,m, β) − 2ZPG(β) .
(9.4.1)

For the chiral condensate and the quark-number density this yields the symmetrized (see Foot-
note 33) and antisymmetrized (see Footnote 34) tanh model, respectively,

ΣIP(µ,m, β) = bIP (tanh(aIP(µ+ µc
IP)) − tanh(aIP(µ− µc

IP))) , (9.4.2)

ρIP(µ,m, β) = Nc
2 (tanh(aIP(µ+ µc

IP)) + tanh(aIP(µ− µc
IP))) , (9.4.3)

27This interpolation formula is rooted in an idea originally proposed by Robert Lohmayer.
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Figure 9.1: Numerical results for f0 = (lnZ0)/V obtained from GHOTRG on a 32 × 32 lattice
with bond dimension D = 60 and interpolating formula (9.4.1) for m = 0.5 (left) and m = 5
(right).

where we used (9.3.29) and defined

bIP ≡ ∂mc(m,β)

4V ZPG(β)
√(

c(m,β)
2ZPG(β)

)2
− 1

≈ ∂mc(m,β)
2V c(m,β) ≈ 1

2Σ(µ = 0,m, β) , (9.4.4)

aIP ≡ NcV

2 , (9.4.5)

µc
IP ≡ 1

NcV
arccosh c(m,β)

2ZPG(β) ≈ 1
NcV

ln c(m,β)
ZPG(β) . (9.4.6)

For the approximations we used c ≫ 2ZPG, which follows from Z(µ = 0) ≈ p0 ≫ pVs = 2ZPG.
We compute Z(µ = 0,m, β) numerically using OS-GHOTRG and use ZPG(β) = 1 + 1

2d(d −
1)V (1 + δNc,2)(β/2Nc)2 + O(β3), which is obtained from the definition of the gauge action [27]
using the results of [30]. As usual, we expand bIP and µc

IP in β, with coefficients bIP,n and µc
IP,n,

respectively.

In Fig. 9.1 we compare numerical results for Z obtained in the infinite-coupling limit from the
GHOTRG method with the interpolating formula (9.4.1). We see that the interpolation works
very well away from the phase transition, but an interesting question is whether it also provides
a reasonable approximation to Z in the vicinity of the transition. In Fig. 9.1 we see that the
answer to this question depends on the parameters of the system such as the mass. We can
distinguish two scenarios for the transition:

(a) For any µ < µc, the k = 0 term is the dominating term in (9.3.11), while for any µ > µc the
k = Vs term dominates. In this case we expect the interpolation to provide a reasonable
approximation to the true Z also across the phase transition.

(b) In the vicinity of µc, terms other than k = 0 or k = Vs make the largest contribution to
(9.3.11). In this case, keeping only the k = 0 or k = Vs term will not provide a reasonable
approximation to Z when µ ≈ µc. We then expect the phase transition to be less sharp
with a < aIP.

Which scenario occurs in practice depends on m, L, and β through the precise values of
pk(m,β). For large m, we have scenario (b) since in this case eµc ≈ 2m (see Sec. 9.3.2) and
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pk ∼ (2m)NcLt(Vs−k), which implies that in (9.3.11) all terms are of the same order of mag-
nitude. (At µ = µc, the dominating terms are those with k ≈ Vs/2 because of the binomial
coefficient in (9.3.25).) This is reflected in a = NcLt/2 for large m (see Sec. 9.3.2). Hence,
the actual transition is less sharp than that of ΣIP and ρIP, where aIP = NcV/2. This explains
why the interpolation deviates from the data for the larger mass in Fig. 9.1 in the vicinity of
the phase transition. Nevertheless, we will see in Fig. 10.15 (left) that µc

IP still provides an
excellent approximation to µc for all m (for lattice size 16 × 16). Note that for large m we have
c(m,β) → (2m)NcV , resulting in µc

IP → ln(2m), which is consistent with µc of Sec. 9.3.2.

9.5 Applicability of the strong-coupling expansion

In this subsection we discuss the applicability of the strong-coupling expansion, both in the
vicinity of and away from a phase transition. The arguments are generic, but to be specific we
consider the phase transition as a function of µ. This section is based on an idea by Robert
Lohmayer.

Away from a phase transition we use the expansions (9.3.4) and (9.3.6) and expect Σn/Σ0 and
ρn/ρ0 to be independent of V for large V . Therefore in this case the range in β for which the
expansions provide a reasonable approximation is independent of V .

We now analyze the behavior of a generic observable Ω in the vicinity of a phase transition. To
this end we consider a function ω(x) with a smooth crossover at x = 0, e.g., ω(x) = tanh(x) or
arctan(x), or erf(x), and derivatives ω(n) = ∂nω/∂xn. Near the phase transition we assume

Ω(µ) ∼ ω(a(µ− µc)) , (9.5.1)

where µc is the critical chemical potential and we have omitted a possible constant offset. We
assume a ∼ V γ (γ > 0), which implies that the transition becomes steeper with increasing
volume. For the time being we assume for simplicity that the width of the transition, which is
proportional to 1/a, is independent of β and that the critical chemical potential is linear in β,
i.e., µc(β) = µc

0 + βµc
1. The strong-coupling expansion of Ω at fixed µ then reads

Ω(µ, β) =
nmax∑
n=0

Ωn(µ)βn+O(βnmax+1) with Ωn(µ) ∼ 1
n! (−aµ

c
1)nω(n)(a(µ−µc

0)) ∼ an . (9.5.2)

This implies that the range of β for which (9.5.2) gives reasonable approximations is limited by
βmax ∼ 1/a ∼ V −γ .

Let us now drop the assumptions on the β dependence of a and µc and assume polynomial
approximations in β with coefficients an and µc

n, respectively. We expect the an/a0 and µc
n

to have finite limits for large V . Therefore the polynomial approximations for a(β) and µc(β)
should give reasonable results in a range of β that is independent of V . In the same range of β,
we expect (9.5.1) to give a reasonable approximation to the observable.

The difference in the ranges of β (∼ 1/V γ or independent of V ) can be understood more
generally. Near the phase transition, the function Ω(µ) is very steep (with slope ∼ a), while the
inverse function µ(Ω) is nearly flat (with slope ∼ 1/a). As a function of β, the steep function
is shifted horizontally since µc is a function of β, see Fig. 10.12 below. At fixed µ close to µc,
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the observable therefore changes drastically as a function of β. Therefore it is not a good idea
to expand Ω(µ, β) in β at fixed µ close to µc, since the coefficients of this expansion would need
to be large, see Fig. 10.11 below. In contrast, expanding µc in β corresponds to an expansion of
the inverse function µ(Ω, β) in β. Since µ(Ω) is nearly flat we expect only small corrections.

The arguments made in this section will be confirmed by the numerical results for the observables
Σ and ρ presented in the following. However, we will see that an/a0 for n ≥ 1 and µc

n for
n ≥ 2 become increasingly difficult to determine for increasing V . Since we expect an/a0
and µc

n to remain finite for large V , one possible way to deal with this issue is to combine a0
determined from large V with an/a0 and µc

n determined from small V to still obtain reasonable
approximations for the observable even for large V , again in a range of β that is independent of
V .

10 Numerical Results

We now turn to the discussion of the numerical results. The tensor-network method was im-
plemented in C++, in particular using code elements written by Jacques Bloch for Ref. [23],
as well as tensor libraries developed by him. All of the results presented here are for the two-
dimensional case. The study of numerical results in higher dimensions remains a task for future
investigations. In all of the results, the spatial extent of the lattice equals the temporal extent,
denoted by L and we used Nc = 3. We use the SuperQ truncation method of Sec. 7.5 unless
stated otherwise.

We start with a short comparison of SuperQ and the Xie et al. truncation procedure (cf.
Sec. 3.2.2) near a phase transition for different volumes in strong-coupling QCD. Afterwards,
we show the results for the pure-gauge theory obtained with OS-HOTRG up to order six in
the strong-coupling expansion. The results are compared with the analytical solution, derived
in Sec. 9.2. In Sec. 10.3.1, we compare two natural expansions for the free energy and the
observables, when the coefficients of the strong-coupling expansion are calculated up to order
nmax for Nf = 1. The coefficients corresponding to a higher order than nmax differ in both
expansions, which has an influence on the applicable range in β of the expansion. We motivate
the OS-GHOTRG method by comparing the results with GHOTRG results as well as Monte
Carlo results for 2 × 2 and 8 × 8 lattices. Afterwards we show detailed results obtained from
the OS-GHOTRG method for various quark masses, chemical potentials, lattice sizes, and bond
dimensions for Nc = 3 and Nf = 1, 2 up to nmax = 3.

10.1 Comparison of SuperQ and the Xie et al. truncation

A comparison of SuperQ and the Xie et al. truncation procedure has already been presented in
the literature [29]. SuperQ improves the local truncation error and reduces the computational
cost, since the number of necessary singular value decompositions is halved compared to the Xie
et al. truncation method (see Sec. 3.2.2).

However, for calculations near a phase transition and for larger lattices, the total truncation
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Figure 10.2: Free energy of strong-coupling QCD as a function of µ for m = 0.1 on a 32×32 (left)
and a 16 × 16 (right) lattice. In the left plot, we compare the tensor-network results obtained
using the SuperQ and the Xie et al. procedure. Near the phase transition, the results using the
Xie et al. procedure are more stable and already converged for smaller bond dimension. In the
right plot we observe that the results using SuperQ are stable even for bond dimension D = 80.
For D ≥ 80, the result is independent of the bond dimension and the chosen truncation method
(not shown).

error may not be reduced by using SuperQ. In the left plot of Fig. 10.2 we compare SuperQ with
the Xie et al. truncation procedure using the free energy of strong-coupling QCD for one flavor
on a 32×32 lattice versus the chemical potential µ. For both methods, the results are shown for
several values of the bond dimension D. We observe that near the phase transition the Xie et al.
procedure is preferred as this yields more stable results that converge faster with respect to the
bond dimension. Discontinuous results emerge for small masses and large lattices near the phase
transition only when SuperQ is used. As a comparison, we show the result for the free energy
on a 16 × 16, i.e., smaller, lattice in the right plot of Fig. 10.2. In this case, also SuperQ yields
stable results for bond dimension D = 80. For the 16 × 16 lattice with m = 0.1, the result is
independent of the bond dimension and the chosen truncation method (not shown) for D ≥ 80.
When SuperQ is used, the final trace of the tensor network may involve the subtraction of two
dominating, nearly equal tensor entries which can lead to cancellation effects and numerical
instability.

10.2 Pure-gauge theory

We now consider pure-gauge theory in two dimensions with Nc = 3 and compare the results
obtained from OS-HOTRG with the exact results that are calculated in Sec. 9.2. Figure 10.3
shows a convergence study of the coefficients f2, f3, f5 and f6 of the free energy f = ∑

n fnβ
n,

obtained from OS-HOTRG with respect to the bond dimension D for nmax = 6. Additionally,
the exact values as given in Table 9.1 are shown in red. For the OS-HOTRG approach we use
the translational invariance as explained in Sec. 6, i.e., all plaquettes except the origin plaquette
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Figure 10.3: Nonzero coefficients fi for pure-gauge theory with lattice size L = 8. We compare
the results gained from OS-HOTRG with the exact results given in Table 9.1. Note that the
axes for f5 and f6 are scaled by the factors 10−5 and 10−7, respectively.

are restricted to occupation 3 on the initial lattice.28 We observe that for increasing bond
dimension D the OS-HOTRG results approach the exact coefficients to very high accuracy. For
conciseness, we omit the plots showing the convergence of the vanishing coefficients f0, f1, and
f4. We find very precise agreement for these as well when D ≥ 100.

10.3 One flavor

10.3.1 Comparing different expansions

In the following we present tensor-network results for the strong-coupling expansion of two-
dimensional QCD with three colors and one flavor, i.e., Nc = 3 and Nf = 1. We omit the flavor
index in the following.

As we eventually want to use the initial tensor, constructed in Part III, as input to tensor-
network methods on large lattices, it is enlightening to first investigate the exact results that
can be obtained with this tensor on a 2 × 2 lattice. Starting from the initial tensor TxKx in
Eq. (5.2.15) and using the tensor (5.2.16) to order nmax by imposing the constraints (5.2.17)
and (5.2.18), the partition function on a 2 × 2 lattice can be computed exactly to order nmax, by
exhaustively enumerating all terms in the partition function Eq. (5.2.15) in an efficient way (see
Sec. 9.1). Each such term corresponds to a specific order n in β, and all nonzero contributions
satisfy n ≤ nmax.29 After gathering the terms order by order we can compute all the coefficients

28Since we are using the OS-HOTRG procedure, we could also apply the more sophisticated method for trans-
lational invariance explained in Sec. 8 for nmax = 6. However, as Fig. 10.3 only serves as a proof of concept, we
use the simpler version.

29On a 2×2 lattice no terms with order n > nmax appear in the exact computation of Z. Indeed, for this lattice
size the edge occupation numbers of the four tensors are shared in such a way that if the initial tensors have
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Zn separately and write the partition function as

Z(nmax) =
nmax∑
n=0

Znβ
n . (10.3.1)

Analytical expressions for Zn as functions of m and µ are given in App. E up to n = 4.

To compare tensor results with those of Monte Carlo simulations we will compute the chiral
condensate,

Σ = 2 ⟨ψ̄ψ⟩ = 1
V

∂ lnZ
∂m

, (10.3.2)

where the factor of 2 is due to the rescaling of the Grassmann variables in Eq. (2.6.30). A natural
way to perform a tensor-network computation of the chiral condensate is to rewrite Eq. (10.3.2)
as

Σ(nmax)
A = 1

V

∂ lnZ(nmax)

∂m
= 1
V Z(nmax)

∂Z(nmax)

∂m
, (10.3.3)

where we approximated Z by the polynomial Z(nmax). The derivative can be computed analyti-
cally for the 2 × 2 lattice as the coefficients Zn are known as explicit functions of m and µ, and
Eq. (10.3.3) becomes a ratio of polynomials in β.

Alternatively, we can expand Eq. (10.3.3) or, equivalently, lnZ in β and truncate that expansion
to order nmax when computing the observable. We therefore expand the free energy, i.e.,

lnZ(β)
V

=
nmax∑
n=0

fnβ
n + O(βnmax+1) . (10.3.4)

As shown in App. G, up to order three we obtain with Z̄n ≡ Zn/Z0

lnZ(β)
V

= lnZ0
V

+ β

V
Z̄1 + β2

V

(
Z̄2 − 1

2 Z̄
2
1

)
+ β3

V

(
Z̄3 − Z̄1Z̄2 + 1

3 Z̄
3
1

)
+ O(β4) . (10.3.5)

Taking the derivative with respect to m yields

Σ(nmax)
B =

nmax∑
n=0

Σnβ
n with Σn = ∂fn

∂m
. (10.3.6)

In the following we will refer to the alternatives (10.3.3) and (10.3.6) as “expansion A” and
“expansion B”, respectively.

In Fig. 10.4 we compare both expansions for the chiral condensate, with nmax = 1, 2, 3, 4, to the
full Monte Carlo results for m = 0.1. In the left plot, in which µ = 0, we observe that expansion
A only agrees with the Monte Carlo results for small values of β and deviates quite substantially
as β increases.30 For expansion B, we observe a better agreement with the Monte Carlo results
over a larger range in β. In the right plot we see that expansion B outperforms expansion A
also for µ ̸= 0. It thus seems preferable to expand the observable itself in β and truncate it to
the same order nmax as the partition function in Eq. (10.3.1).

maximal order nmax, Eq. (5.2.18) ensures that all nonzero contributions to the fully contracted tensor network
have at most order nmax as well. On larger lattices higher order contributions with n > nmax also contribute to
Z.

30These results are in agreement with those of Ref. [13], where Σ/2 is plotted.
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Figure 10.4: Chiral condensate as a function of β (left, for µ = 0) and µ (right, for β = 2) for
m = 0.1 on a 2 × 2 lattice. We compare Monte Carlo (MC) results with the two tensor-network
expansions Σ(nmax)

A and Σ(nmax)
B of Eqs. (10.3.3) and (10.3.6), respectively. The MC results for

µ ̸= 0 were obtained through phase-quenched reweighting, with an average phase factor between
0.81 and 1.

Let us compare expansions A and B on theoretical grounds for arbitrary volume. For the free-
energy density to be finite in the infinite-volume limit, the coefficients fn in (10.3.4) must remain
finite as V → ∞. Looking at Eq. (10.3.5) term by term, this implies that the ratios Z̄n must
behave like V n for large V , and that cancellations must take place in every order n ≥ 2 to ensure
that the fn are finite for large V . Let us now consider expansion A, which uses lnZ(nmax) in
Eq. (10.3.3). If we were to expand lnZ(nmax) in β (which is not actually done in expansion A)
we would also obtain terms of order βn with n > nmax, but these higher-order contributions
would be incomplete and would have the wrong volume dependence because the cancellations
just discussed cannot take place. Moreover, because Z̄n ∝ V n for large V , Eq. (10.3.1) with Z0
factored out is then effectively an expansion in powers of βV . For large βV , Z(nmax) is dominated
by the term with n = nmax. In this case, Eq. (10.3.3) with Z(nmax) ≈ Z0Z̄nmaxβ

nmax results in
Σ(nmax)

A ≈ Σ0 + 1
V ∂m ln Z̄nmax , which is independent of β. In summary, we expect expansion B

to perform better than expansion A when compared to Monte Carlo results for large βV (and
β not too large), which is consistent with our results for L = 2 (see Fig. 10.4) and L = 8 (see
Fig. 10.5).

In order to use Eq. (10.3.6) for larger lattices we need to be able to compute the coefficients
Zn of the partition function obtained from the tensor network for such lattices. This motivates
the usage of OS-GHOTRG, since when applying the standard GHOTRG method to contract
the tensor network numerically, we obtain Z (and thus also lnZ and the thermodynamical
observables) as a numerical function of β, and not as an explicit expansion in β. We also tried
to determine the expansion coefficients Zn by fitting tensor data to polynomials in β, but this
attempt did not work well on larger lattices since the tensor data have limited precision for
realistic bond dimensions, and since on larger lattices the completely contracted tensor network
will contain many incomplete higher-order contributions (n > nmax) even though the initial
tensor is truncated to order nmax.31

31Similar to expansion A, the incomplete higher-order terms in the standard GHOTRG method also have a
wrong volume dependence, and Σ tends to a plateau, see Fig. 10.5.



V Results 127

0 1 2 3 4 5

β

1.95

2.00

2.05

2.10

2.15

2.20

Σ
GHOTRG

A, OS-GHOTRG

B, OS-GHOTRG

MC

Figure 10.5: Chiral condensate versus β for L = 8, m = 0.5, µ = 0 using the standard GHOTRG
method with initial tensor truncated to nmax = 2 and the OS-GHOTRG method with expansions
A and B up to order nmax = 2, compared to Monte Carlo data. For expansion A we observe
the plateau for large βV derived earlier. As expected, expansion B agrees well with the Monte
Carlo data over a larger range in β.

Once the coefficients Zn are known, we can compute expansion coefficients for all thermody-
namical observables. In Fig. 10.5 we show that the results for L = 8 obtained with expansion B
using the OS-GHOTRG method agree much better with Monte Carlo data than those from the
standard GHOTRG method and from expansion A using the OS-GHOTRG method (the latter
two are identical for L = 2).

More detailed data for the comparison of GHOTRG and OS-GHOTRG (using expansion B)
with Monte Carlo are shown in Fig. 10.6 for m = 0.5, µ = 0, and L = 8. In the left plot,
we show the GHOTRG results for nmax = 1 (blue) and nmax = 2 (orange). The β-range over
which the expansion agrees with the Monte Carlo data increases for nmax = 2 only marginally
compared to nmax = 1, which is in fact not visible on this scale. The higher-order coefficients
are changed significantly in this case, causing a deviation from the Monte Carlo data that is
larger for nmax = 2 for β ≥ 0.25. One possible modification that has a significant influence on
the values of the higher order coefficients is the use of the translational invariance as explained
in Sec. 6. Using this for nmax = 1, there are no configurations considered whose order in β
is greater than one and therefore the higher-order coefficients are introduced solely by taking
the logarithm. The GHOTRG results using translational invariance are shown also in the left
plot of Fig. 10.6 for nmax = 1 (green) and nmax = 2 (red). Even though many of the higher-
order configurations are removed by this approach, there is no systematic improvement by using
the translational invariance for GHOTRG. The deviation from the Monte Carlo data is larger
(smaller) when translational invariance is used for nmax = 1 (nmax = 2). All GHOTRG results
(with and without translational invariance) are shown for two different bond dimensions, and all
of the data points are identical for both bond dimensions on the considered scale. If the values
were still dependent on the bond dimension, one could rule out that a convergence with respect
to the bond dimension is already reached. The right plot of Fig. 10.6 shows again the Monte
Carlo data, but in comparison with expansion B, obtained from OS-GHOTRG (including the
translational invariance as explained in Sec. 8), which is preferred to expansion A. In this case,
all higher-order coefficients are set to zero. We observe that the β-range over which the expansion
agrees with the Monte Carlo data increases significantly for nmax = 2 compared to nmax = 1.
While the expansion yields accurate results up to β = 1 for nmax = 1, the expansion is accurate
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Figure 10.6: Chiral condensate as a function of β for m = 0.5 with µ = 0 on an 8×8 lattice. We
compare the Monte Carlo results with the tensor-network results obtained from GHOTRG (left)
and OS-GHOTRG using expansion B (right). In the left plot we also compare the results with
the ones, where additional translational invariance is used. All results are shown for different
bond dimensions D. In the right plot, all lines corresponding to nmax = 1 lie on top of each
other. Note that the range in β is significantly increased compared to the left plot.

up to β = 4.5 for nmax = 2. To study the convergence with respect to the bond dimension,
the OS-GHOTRG results are shown for various bond dimensions. All lines corresponding to
nmax = 1 lie on top of each other, which is a notable sign for convergence. The situation is
similar for nmax = 2, where a deviation is visible only for the smallest bond dimension, i.e.,
D = 80.

Additionally to Fig. 10.5, Fig. 10.6 strongly motivates the usage of OS-GHOTRG. We stress
out that while for GHOTRG a separate tensor network has to be evaluated for every single
data point, i.e., β-value, an analytic function of β is obtained when OS-GHOTRG is used. This
reduces the computational cost for many applications significantly and supports the usage of
OS-GHOTRG further.

10.3.2 Validation of OS-GHOTRG with analytical results and Monte Carlo data

As a consistency check for the correct implementation of the OS-GHOTRG method we first
compare tensor data with analytical results for L = 2, see (E.1), and with Monte Carlo data for
L = 8.

Fig. 10.7 shows the coefficients fn, Σn, and ρn as a function of the chemical potential for
nmax = 2 and for different masses. The tensor data are obtained for bond dimension D = 230.
The data agree nicely with the analytical results (solid lines) which were calculated using the
exact coefficients of the partition function, given in (E.1). For nmax = 3 and L = 2, bond
dimensions for which all coefficients are converged were not feasible for small masses and small
chemical potentials. The convergence of the coefficients of the free energy with respect to the
bond dimension is shown in Fig. 10.8 for m = 0.1 (left) and m = 0.5 (right). While for nmax = 2,
all coefficients fn are converged for D ≥ 120, for nmax = 3 the tensor results are not converged
for D ≤ 220. We observe that the error of the coefficients is generally smaller for the larger mass,
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Figure 10.7: Coefficients of the free energy (left), chiral condensate (middle) and the quark-
number density (right) up to order 2 as a function of µ for different values of m on a 2 × 2
lattice. We compare the analytical results obtained from App. E to the OS-GHOTRG results
with bond dimension D = 230. For Σ we do not show the m = 0 result, which is trivially zero
on a finite lattice. The large-µ limit of all coefficients is consistent with the analytical results
(9.3.20), (9.3.21), and (9.3.22). As stated in Eq. (9.3.7), the quark-number density vanishes for
µ = 0 to all orders.

especially for the coefficient f3. For large m at fixed µ or large µ at fixed m, the convergence
with respect to D can be reached even for nmax = 3 (not shown in the figure).

In Fig. 10.9 we show the quark-number density as a function of µ near the phase transition for
L = 8 and various values of β and compare results obtained from the OS-GHOTRG method
using the expansion (9.3.6) and from Monte Carlo simulations using reweighting. For larger
lattices the reweighted Monte Carlo method can no longer be used as the sign problem becomes
unmanageable. We observe that the OS-GHOTRG results agree very well with the Monte Carlo
data for small β. For larger β we observe deviations as expected, since the validity of the
expansion is limited as explained in Sec. 9.5.

10.3.3 Behavior of the singular values

We now analyze the fall-off of the squared singular values of R ⋆ R, see (8.2.2), in different
blocking steps for nmax = 2 and various values of m and µ, still for Nf = 1. In Fig. 10.10 (left)
we show all singular values obtained in the first blocking step for µ = 0 and different values of
m. We observe that the singular values decrease faster for larger mass. Similarly, in Fig. 10.10
(middle) we show the singular values for m = 0.1 and different values of µ. The singular values
decrease faster for larger µ. We do not observe a change in the behavior of the singular values
close to the phase transition, which is located at about µc = 0.4 for L = 2 and m = 0.1, as
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Figure 10.8: Coefficients of the free energy in the strong-coupling expansion versus the inverse
bond dimension for L = 2 and µ = 0. For nmax = 2 the exact values are obtained for D ≥ 120.
For nmax = 3, neither the data for m = 0.1 (left) nor the ones for m = 0.5 (right) are converged
with respect to the bond dimension for D ≤ 220. The discrepancy between exact results and
tensor data is generally smaller for m = 0.5.
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bond dimension D = 120 (crosses). The systematic deviations for larger β are expected, see
Sec. 9.5.
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Figure 10.10: Relative size of the squared singular values of R⋆R, enumerated by i. Left: First
blocking step for various values of m at µ = 0. Middle: First blocking step for various values of
µ at m = 0.1. Right: Successive blocking steps k at m = 0.1 and µ = 0. All three plots are for
nmax = 2. We observe many plateaus of nearly degenerated singular values.

can be seen in Fig. 10.7. Finally, Fig. 10.10 (right) shows the singular values for nine successive
blocking steps for m = 0.1, µ = 0, and D = 100. We observe that the singular values decrease
faster in later blocking steps.

10.3.4 Results for larger lattices near the phase transition

In this subsection we present results for larger lattices, still for Nf = 1, and introduce a fit ansatz
based on Sec. 9.5 that describes the data very nicely in the vicinity of the phase transition. A
summary of this is also given in Ref. [77]. In Figs. 10.11 to 10.14 we present OS-GHOTRG
results obtained from a particular example, i.e., L = 32, m = 0.5, nmax = 3, and several bond
dimensions D. In Figs. 10.15 and 10.17 we then analyze the dependence of the OS-GHOTRG
results on m and L.

Figure 10.11 shows the coefficients of the chiral condensate and the quark-number density as a
function of µ near the phase transition for three different bond dimensions. The small discrepan-
cies between the data for different values of D imply that the results have not yet fully converged.
As a consistency check, we also show the coefficients Σn and ρn obtained with nmax = n, which
converge for smaller values of D.

In order to model the behavior of these coefficients in the vicinity of the phase transition we
introduce a fit ansatz for each observable, motivated by Fermi-Dirac statistics and the represen-
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Figure 10.11: Coefficients of the chiral condensate (left) and the quark-number density (right)
as a function of µ near the phase transition for nmax = 3 with L = 32 and m = 0.5 using the
Xie et al. truncation method for various bond dimensions D. We observe excellent agreement
between the tensor data (crosses) and the model functions (solid lines) given in Appendix I.1.
The large-µ limits of the coefficients Σn and ρn, see Sec. 9.3, are consistent with the analytical
results.
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tation of Z in (9.3.11).32 For the chiral condensate we use33

Σmodel(µ, β) = bΣ(β) (1 − tanh [aΣ(β) (µ− µc
Σ(β))]) (10.3.7)

with parameters that also depend on m and the lattice size. Using polynomial approximations

µc
Σ(β) =

nmax∑
n=0

µc
Σ,nβ

n , aΣ(β) =
nmax∑
n=0

aΣ,nβ
n , bΣ(β) =

nmax∑
n=0

bΣ,nβ
n (10.3.8)

for the parameters and expanding the hyperbolic tangent in β, we obtain model functions for
all coefficients Σn, which are given in Appendix I.1 up to n = 3. For every bond dimension
shown in Fig. 10.11 (left), the tensor data for Σn are fitted with the model functions Σn(µ)
simultaneously for all n. To take into account the different ranges of the Σn, given by rn =
maxµ Σn(µ) − minµ Σn(µ), we assign a weight 1/r2

n to every data point.

For the quark-number density we use the fit ansatz3435

ρmodel(µ, β) = Nc
2
(
1 + tanh

[
aρ(β)

(
µ− µc

ρ(β)
)])

, (10.3.9)

which contains the critical chemical potential and transition sharpness corresponding to ρ. Both
parameters also depend on m and the lattice size. Using polynomial approximations

µc
ρ(β) =

nmax∑
n=0

µc
ρ,nβ

n and aρ(β) =
nmax∑
n=0

aρ,nβ
n (10.3.10)

and expanding the hyperbolic tangent, we obtain model functions for all coefficients ρn, also
given in Appendix I.1 up to n = 3. For every bond dimension, we again perform simultaneous
fits of the model functions to the tensor data with weights assigned in the same way as for
the chiral condensate. As shown in Fig. 10.11, we find excellent agreement between the model
functions and the tensor data for both observables, with 12 and 8 fit parameters for Σ and ρ,
respectively. Furthermore, we observe that the coefficients for n ≥ 1 become large near the
phase transition, as anticipated in Sec. 9.5.

In Fig. 10.12 we plot the results for Σ(µ, β) and ρ(µ, β) as a function of µ, close to the phase
transition, for nmax = 3, m = 0.5, L = 32, and several values of β. For small values of β (e.g.,
β ≤ 0.1 in Fig. 10.12) the expansions in (10.3.6) coincide with the tanh model of (10.3.7) and
(10.3.9), respectively. However, for larger values of β, we observe that the expansions in (10.3.6)
exhibit increasingly unphysical behavior (not shown in the figure). This is to be expected since
the coefficients Σn and ρn must become large (for n ≥ 1) near the critical chemical potential as

32This ansatz will be substantiated further in Secs. 9.3.2 and 9.4.
33An improved fit ansatz would be Σmodel(µ, β) + Σmodel(−µ, β) − 2bΣ(β), which is even in µ as required.

However, for µ ≥ 0 the additional term is negligible if aΣµ
c
Σ ≫ 1, which is the case for the quark masses and

lattice sizes we use. Note that the improved fit ansatz has the structure of the result (9.3.28), which corresponds
to the large-m limit.

34Again, an improved fit ansatz would be ρmodel(µ, β) − ρmodel(−µ, β), which is odd in µ. This fit ansatz has
the structure of the result (9.3.31), which corresponds to the large-m limit.

35Since this model function includes the analytical dependence on the chemical potential µ, we can integrate
this expression with respect to µ in order to obtain a model function for the free energy instead. Consequently, we
can determine µc

ρ,n and aρ,n from numerical data for the coefficients of the free energy. This is preferred since this
eliminates the numerical derivative with respect to µ. The derivation of the model function for the free energy is
shown in Appendix I.2.
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Figure 10.12: Chiral condensate (left) and quark-number density (right) as a function of µ for
m = 0.5, L = 32, different bond dimensions, and several values of β for nmax = 3. The data
points (crosses) were obtained from (10.3.6), while the lines correspond to the tanh model of
(10.3.7) and (10.3.9), respectively. In both plots, we observe an increasing critical chemical
potential with increasing coupling parameter β.

explained in Sec. 9.5, see also Fig. 10.11. In contrast, in the tanh model of (10.3.7) and (10.3.9)
with the expansions (10.3.8) and (10.3.10), the coefficients µc

n, an/a0, and bn do not have to
become large, which is also what we find, see Fig. 10.13. Therefore we expect the tanh model
to yield reliable results also for larger values of β (e.g., for β > 0.1 in Fig. 10.12). Note that, as
expected, the region of β where the expansion (10.3.6) works is much smaller for L = 32 than
for L = 8, see Sec. 9.5. Moreover, we also note a qualitative change in the phase transition. For
L = 8 the transition sharpness decreases with β, whereas for L = 32 it is rather insensitive to
β, and it is merely the position µc of the phase transition that is shifted to larger values when
β increases. The convergence (or lack thereof) of the fit parameters as a function of the bond
dimension is shown in Fig. 10.13.

In Fig. 10.14 we show the β dependence of critical chemical potential µc(β) and transition
sharpness a(β) for both observables, obtained from (10.3.8) and (10.3.10), using nmax = 3,
L = 32, and the coefficients shown in Fig. 10.13 for bond dimensions D = 100, 120, 135. We
observe that the results obtained from ρ and Σ coincide within the systematic errors of the
tensor-network method.

We now turn to the dependence of the OS-GHOTRG results on m and L. In Fig. 10.15 we show
the coefficients of (10.3.8) and (10.3.10) as a function of m for nmax = 2. Again we observe
that for both observables the critical chemical potential is very similar, and so is the transition
sharpness. As expected, the critical chemical potential increases with the quark mass. Also
shown in the figure are asymptotic limits for large m (see Sec. 9.3.2), which corresponds to
the quenched theory. Finally, the dashed lines (marked IP) correspond to formulas obtained in
Sec. 9.4 from interpolating Z between µ = 0 and µ = ∞. The value of a0 = 3V/2 observed for
small m (for both observables) is consistent with this interpolation, see (9.4.4). Figure 10.16
shows the same as Fig. 10.15 except that nmax = 3 and we focus on masses between m = 0.1
and m = 0.5. The interpolation is consistent with the tensor data for nmax = 3 as well. The
used tensor data in Fig. 10.15 and Fig. 10.16 are shown explicitly in App. J.

In Fig. 10.17 we show the dependence of the coefficients of (10.3.10) on L for m = 0.5. We
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Figure 10.13: Dependence of the coefficients of the tanh model, see (10.3.8) and (10.3.10), on
the bond dimension D for nmax = 1, 2, 3, m = 0.5, and L = 32. To remove the overall scale we
plot the coefficients for n ≥ 1 relative to the coefficient for n = 0.
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Figure 10.15: Fitted coefficients of the tanh models as functions of the quark mass m. In contrast
to the previous figures, we set L = 16 in order to be able to reach small values of m with
manageable numerical effort (determined by D). Smaller m requires higher bond dimensions to
obtain convergence, see Fig. 10.10. In the OS-GHOTRG method, larger L also requires higher
bond dimensions due to volume-dependent cancellations in (10.3.5) for n ≥ 2, see Sec. 10.3.1.
The large-m and interpolation (IP) results are given in Sec. 9.3.2 and Sec. 9.4, respectively.
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Figure 10.16: Fitted coefficients of the tanh models as functions of the quark massm for nmax = 3
and small masses. The interpolation (IP) results are given in Sec. 9.4.

chose nmax = 1 because for larger volumes larger bond dimensions are required to determine
an/a0 (for n ≥ 1) and µc

n (for n ≥ 2) reliably. This is expected in the vicinity of the phase
transition, whose sharpness increases with the lattice size (with exponent γ depending on m,
see Fig. 10.15), see Sec. 9.5 and Appendix I.1. This issue already occurs for the largest values
of L in Fig. 10.17 and becomes more severe for even larger L. Nevertheless, within the accuracy
of the OS-GHOTRG results, a1/a0 is independent of L for large L, as assumed earlier. The
coefficients for µc are nearly constant in L so that the location µc of the phase transition seems
to converge rapidly to its infinite-volume limit. Similarly, in Fig. 10.18, we show the dependence
of the coefficients of Eq. (10.3.8) and (10.3.10) on L for nmax = 2, for m = 0.5 and L ≤ 64. The
values of µc

1 vary more significantly with respect to the bond dimension for nmax = 2, i.e., larger
D is required to obtain reliable results. As expected, especially for large lattices, larger D is
required to determine a2/a0 and µc

2 reliably. The used tensor data in Fig. 10.17 and Fig. 10.18
are shown explicitly in App. J.



138 10 Numerical Results

101 102

0.6610

0.6612

0.6614

0.6616

0.6618

µ
c 0

ρ,D=60

ρ,D=80

ρ,D=100

IP

101 102

102

103

104

105

a
0

ρ,D=60

ρ,D=80

ρ,D=100

IP

101 102

L

0.00625

0.00630

0.00635

0.00640

0.00645

0.00650

µ
c 1
/
µ

c 0

101 102

L

0

2

4

6

8

10

12

14

16

a
1
/
a

0

Figure 10.17: Fitted coefficients of (10.3.10) as functions of L for nmax = 1 and m = 0.5. Note
that µc

0 and µc
1 vary only very slightly with L. The interpolation (IP) results are given in Sec. 9.4.

101 102

0.6595

0.6600

0.6605

0.6610

0.6615

0.6620

µ
c 0

Σ, D=100

Σ, D=120

ρ,D=100

ρ,D=120

IP

101 102

102

103

104

105

a
0

Σ, D=100

Σ, D=120

ρ,D=100

ρ,D=120

IP

101 102

1.082

1.084

1.086

1.088

1.090

1.092

b 0

Σ, D=100

Σ, D=120

IP

101 102

0.0063

0.0064

0.0065

0.0066

0.0067

0.0068

µ
c 1
/µ

c 0

101 102

−1.00

−0.75

−0.50

−0.25

0.00

0.25

0.50

0.75

a
1
/a

0

101 102

−0.035

−0.030

−0.025

−0.020

−0.015

b 1
/b

0

101 102

L

−0.0010

−0.0005

0.0000

0.0005

0.0010

0.0015

0.0020

µ
c 2
/µ

c 0

101 102

L

0

2

4

6

8

a
2
/a

0

101 102

L

−0.4

−0.3

−0.2

−0.1

0.0

b 2
/b

0

Figure 10.18: Fitted coefficients of Eq. (10.3.8) and (10.3.10) as functions of L for nmax = 2 and
m = 0.5. The interpolation (IP) results are given in Sec. 9.4.



V Results 139

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00

β

1.76

1.78

1.80

1.82

1.84

1.86

1.88

1.90

1.92

Σ
(1

)

analytical

MC

0.0 0.5 1.0 1.5 2.0 2.5

β

2.06

2.08

2.10

2.12

2.14

2.16

2.18

Σ
(1

)

D=110

D=120

D=130

D=150

MC

Figure 10.19: Chiral condensate Σ(1) = −∂f/∂m1 for Nf = 2 as a function of β for m1 =
m2 = 0.5 with µ1 = µ2 = 0. Left: Comparison of analytical results obtained from the initial
tensor for nmax = 1 with Monte Carlo (MC) data on a 2 × 2 lattice. Right: Comparison of the
OS-GHOTRG results for nmax = 1 with Monte Carlo data on an 8 × 8 lattice.

10.4 Two flavors

We now present results for the case of two flavors. Note that for L = 2 the partition function and
its derivatives can be computed analytically, as explained in Sec. 9. They are given explicitly
in Eq. (E.2). We will use these analytical results to validate the numerical results. We will also
compare to Monte Carlo data obtained at µ = 0.

For Nf = 2 the chiral condensate for particle i is given by Σ(i) = ∂mi lnZ/V . In Fig. 10.19 (left)
we show the chiral condensate as a function of β for L = 2, m1 = m2 = 0.5, and µ1 = µ2 = 0
and compare the analytical results obtained from the initial tensor for nmax = 1 with Monte
Carlo data. Both the infinite-coupling limit and the slope are in good agreement. In Fig. 10.19
(right) we show a similar plot for L = 8, where we compare OS-GHOTRG results obtained using
the expansion (9.3.4) with various bond dimensions to Monte Carlo data. For the largest bond
dimensions the slope of the tensor data agrees well with that of the Monte Carlo calculation.

In Fig. 10.20 we turn on the chemical potentials and show the infinite-coupling limit, i.e.,
nmax = 0, of the free energy f , the chiral condensate Σ(1), and the baryon number density
ρB = −∂f/∂µB as a function of the baryon chemical potential µB = 3(µ1 + µ2)/2 for various
mass values and zero isospin chemical potential µI = (µ1 − µ2)/2, still for L = 2. The OS-
GHOTRG results again agree very well with the analytical predictions. Note that the smaller
masses required a larger bond dimension to obtain an acceptable accuracy. This is related to
the behavior of the singular values, see also Fig. 10.10.

Next, we turn on the isospin chemical potential, i.e., we set µ1 ̸= µ2. In Fig. 10.21 we show
analytical results, obtained with the nmax = 1 initial tensor, for the coefficients ρB,0 and ρB,1
of the baryon density as a function of the baryon and isospin chemical potential for L = 2 and
m1 = m2 = 0.5. In the heatmap of ρB,0 we clearly recognize the pattern of the phase transition
with plateaus at ρB = 1 and 2, to which ρB,1 yields small corrections as a function of β.

We now also consider larger lattices for which the OS-GHOTRG was developed. In Fig. 10.22
we show ρB,0 and ρB,1 as a function of µB for µI = 0 (left) and µI = 0.5 (right) for L = 32. When
turning on the isospin chemical potential we see that there are two phase transitions at different
values of µB, which correspond to the excitation of the quarks with different chemical potentials
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Figure 10.21: Analytical results for ρB,0 (left) and ρB,1 (right) as a function of µB and µI for
L = 2, nmax = 1, and m1 = m2 = 0.5.

µ1 ̸= µ2. We observe that for the smaller values of µB, the results obtained for nmax = 1 have
not yet converged for the bond dimensions that we could reach on our computers.

A straight-forward model function for the free energy for a general number of flavors is given by

f(µ⃗, β) = fPG(β) +
Nf∑

f=1

Nc
2af (β) ln(cosh[af (β)(µf − µc

f (β))] cosh[af (β)(µf + µc
f (β))]) , (10.4.1)

which is consistent with the condition (9.3.51). When all masses are equal, one could constrain
af and µc

f to be independent of f , which simplifies the ansatz. In principle, one could expand this
expression in β and derive model functions for the coefficients ρB,n that include both transitions
shown in Fig. 10.22 (right). However, reliable results are only expected when the tensor data
are rather converged with respect to D, which is not the case for both transitions.

Finally, Fig. 10.23 shows the coefficients Σ(1)
n versus µB for m1 = m2 = 0.5, L = 32, nmax = 1,

µI = 0 (left), µI = 0.1 (middle), and µI = 0.5 (right). Additionally, we show the fit that is
obtained by simply using the model function (10.3.7), where µ is replaced by µB. Even though,
the data is not yet converged with respect to the bond dimension, we find good agreement
between the model functions and the tensor data. As expected, Σ(1)

n is not sensitive to the
excitation of quarks corresponding to flavor 2, i.e., we did not observe a second phase transition
in another region of µB (not shown). For increasing µB, Σ(1)

n goes to zero, as expected from
Eq. (9.3.49).36

36Equation (9.3.49) is applicable, since m1 and µI are fixed and therefore µ1 → ∞ for µB → ∞.
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Figure 10.22: ρB,0 (top) and ρB,1 (bottom) versus µB for µI = 0 (left) and µI = 0.5 (right),
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VI. Summary and conclusions
In this thesis, we derived a tensor-network formulation to compute the partition function of QCD
in the strong-coupling expansion for arbitrary space-time dimension, number of colors, number
of staggered fermion flavors, and order in β. To do so, we first performed Taylor expansions of
the exponentials involving the gauge and fermion actions, which generate fermion and plaquette
occupation numbers. We then integrated out the gauge field and observed that, due to the
presence of Grassmann variables at both ends of every link, the subsequent calculation can be
simplified, i.e., the sum over permutations and groupings of color indices in the gauge integral
can be reduced significantly. In the next step we introduced colorless auxiliary Grassmann
variables on the links of the lattice, which enabled us to integrate out the original Grassmann
variables. Finally, we summed over all color indices to obtain a partition function given by the
full contraction of a tensor network of mixed numerical and Grassmann tensors.

We observed that the results of the tensor-network method strongly depend on how the expansion
of Z is used to compute observables. The analytical results for L = 2, numerical results for L = 8,
and a theoretical analysis for arbitrary volume show that reliable results in a significant range
of β require an expansion of lnZ or the observable itself, and not only an expansion of Z. This
in turn requires knowledge of the expansion coefficients Zn, also for larger lattices where they
are not available through standard tensor-network methods.

In order to be able to calculate the coefficients Zn, we have presented the order-separated Grass-
mann higher-order tensor renormalization group (OS-GHOTRG) method that is applicable still
for arbitrary space-time dimension, number of colors, number of staggered fermion flavors, and
order in β. The crucial ingredient of the method is that at every blocking step, the entries of
the coarse-grid tensor are given by a power series in β. If the initial tensor is exact up to order
βnmax and contains no higher-order contributions, then the partition function computed with
the OS-GHOTRG method is also exact up to this order, up to HOSVD truncation errors, and
does not contain any higher-order contributions. The free energy, and hence also the thermo-
dynamical observables, are computed up to βnmax by a truncated Taylor expansion of (lnZ)/V .
For the reliability of the results it is crucial that this expansion contains no incomplete higher-
order contributions. As shown in Fig. 10.5, this explains the essential improvement achieved
by OS-GHOTRG compared to GHOTRG. The performance of the OS-GHOTRG method is
substantially improved by making use of the translational invariance of the system.

We have validated the OS-GHOTRG method up to nmax = 2 on a 2 × 2 lattice by comparing
tensor results order by order with analytical calculations for Nf = 1, and on an 8 × 8 lattice
by comparing tensor results for the quark-number density with Monte Carlo data. For larger
lattices (L > 8) and with nmax = 3 we argued, and confirmed numerically, that if we expand the
observables near the phase transition in β, the higher-order coefficients become large and the
expansion has a convergence radius that decreases with the lattice volume. However, we found
that the chiral condensate and the quark-number density are fitted very well by tanh-based
models, where the fit parameters are the critical chemical potential µc, the sharpness a of the
phase transition, and the magnitude b of the chiral condensate. Since the fit parameters are
expected to vary smoothly with β we expressed them as polynomials in β. The fits then allow for
an extrapolation of the observables to much larger β values, and the range of validity appears to
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be nearly independent of the lattice volume. We also discussed how the fit parameters depend
on the bond dimension, the quark mass, and the lattice volume. Note that we presented results
for moderate values of the mass, as the computational effort rises very quickly as the mass is
taken to be small.

We also presented Nf = 2 results, only up to nmax = 1 as larger bond dimensions are required
to obtain reliable results. We compared observables computed with the OS-GHOTRG method
with analytical results for a 2 × 2 lattice and with Monte Carlo data on an 8 × 8 lattice and
found good agreement up to higher-order corrections in β. We also showed the evolution of the
observables as a function of the baryon and isospin chemical potentials. For a 32 × 32 lattice
we showed the chiral condensate and the baryon-number density versus the baryon chemical
potential for different values of the isospin chemical potential.

In future work, it would be interesting to apply the OS-GHOTRG method in three and four
dimensions, where the computational complexity and the memory requirements become much
larger.



144

Acknowledgements

An dieser Stelle möchte ich allen Personen danken, die zur Entstehung dieser Arbeit in ver-
schiedenster Weise beigetragen haben:

Tilo Wettig dafür, dass er mir es ermöglichte, an einem so spannenden Thema zu arbeiten. Seine
wissenschaftliche Kompetenz und seine Expertise haben in hohem Maße zum Gelingen dieser
Arbeit beigetragen. Ich bin dankbar, dass er mir die Teilnahme an der Gitter Konferenz 2024
in Liverpool ermöglichte.

Jacques Bloch für die außerordentlich gute Betreuung in allen Phasen der Promotion. Dafür,
dass er zu jeder Zeit - auch spontan - ein offenes Ohr für mich hatte und mich in jederlei Hinsicht
mit Rat und Tat unterstützte.

Robert Lohmayer für die engagierte Unterstützung und Mitarbeit, für unzählige Impulse und
hilfreiche Diskussionen, die wesentlich zu den Fortschritten beigetragen haben.

Patrick Gotzler für die vielen Diskussionen zu allen möglichen Themen der theoretischen Physik
während meiner Zeit an der Uni Regensburg. Ihm danke ich auch, neben Julian Parrino, für
das sorgfältige Korrekturlesen dieser Arbeit.

Meinen Eltern und meinem Bruder Georg, für ihre Hilfe und ihren Beistand in allen Belangen.
Zu guter Letzt möchte ich meiner Freundin Katharina meinen herzlichen Dank aussprechen,
dafür, dass sie mich unermüdlich unterstützt und mir immer Rückhalt gibt.



A Grassmann contribution 145

A Grassmann contribution

In this appendix we integrate out all the original Grassmann variables in G of Eq. (4.2.10), i.e.,
we compute ∫ [∏

x

dψxdψ̄x

]
G , (A.1)

to arrive at an expression that is suitable for the tensor-network formulation. A basic ingredient
will be the relation

k∏
i=1

αiβi =
k∏

i=1
αi

k∐
i=1

βi =
k∐

i=1
αi

k∏
i=1

βi (A.2)

which is valid if, for every i, the product αiβi is commuting. The relation is most easily shown
by moving suitable pairs of Grassmann variables. The symbol ∐ denotes the reverse product
defined in Eq. (2.6.39).

The expression for Gx,µ in Eq. (4.2.10) can be manipulated as follows,
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In the first step, we have redistributed the product over flavors in Eq. (4.2.10) by reordering the
commuting brackets.1 In the second step, we applied Eq. (A.2) to the products over a.2 In the
third step, we applied Eq. (A.2) to the products over f , which is justified since both factors in
each product are either commuting or anticommuting depending on the value of kf

x,µ or k̄f
x,µ. In

the last step, we moved the product of the last two brackets, which is commuting, between the
first and second bracket, so that the Grassmann variables are now sorted by site.

As the Grassmann variables in the last two brackets live on a different site, we need to reorder
the brackets in the product over (x, µ) in Eq. (4.2.10) in order to gather all Grassmann variables
living on a single site. However, the brackets are only commuting when kx,µ+k̄x,µ, see Eq. (4.2.2),
is even. In order to construct commuting expressions we insert an auxiliary Grassmann variable
χx,µ on each link using (∫

dχx,µ χx,µ

)Fx,µ

= 1 (A.4)

1For simplicity, we say “bracket” instead of “bracketed term”.
2We use the reverse product for ψ̄ and the ordinary product for ψ throughout.
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with the Grassmann parity

Fx,µ ≡
{

0 if kx,µ + k̄x,µ even,
1 if kx,µ + k̄x,µ odd.

(5.1.4)

For a given link, we insert Eq. (A.4) in front of Eq. (A.3) to obtain
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where in the second step we have moved the differential of the auxiliary Grassmann variable in
order to obtain commuting expressions. Owing to Eq. (5.1.4), no sign factors are produced in
this step.

Next, we perform the product over links in Eq. (4.2.10). Since we now have commuting ex-
pressions, we can shift (x, µ) → (x − µ̂, µ) in the last bracket of Eq. (A.5) to sort all original
Grassmann variables according to their site,

G = eSM

∫
χ

∏
x

Gx with Gx =
∏
µ

(χx,µ)Fx,µ
∐
f

kf
x,µ∐

a=1
ψ̄

f,i
a+κ

f
x,µ

x,µ
x


∏

f

k̄f
x,µ∏

a=1
ψ

f,m
a+κ̄

f
x,µ

x,µ
x

 (A.6)

×

(dχx,−µ)Fx,−µ
∐
f

k̄f
x,−µ∐
a=1

ψ̄
f,ℓ

a+κ̄
f
x,−µ

x,−µ
x


∏

f

kf
x,−µ∏
a=1

ψ
f,j

a+κ
f
x,−µ

x,−µ
x

 ,
where we have defined ∫

χ

≡
∏
x,µ

(∫ )Fx,µ

(5.1.2)

to indicate the integration over the auxiliary Grassmann variables and where (x,−µ) again is a
shorthand notation for (x− µ̂, µ).3

We define the boundary conditions for the χx,µ to be antiperiodic in time and periodic otherwise.
The advantage of this definition is that the signs arising from the antiperiodic boundary condi-
tions of ψ and ψ̄ in the step from Eq. (A.5) to Eq. (A.6) are absorbed through the antiperiodic
boundary conditions of χ (or, more precisely, dχ).

In Eq. (A.6), ψx and ψ̄x are not yet ordered in the integrand. In the next step we wish to
gather all ψx and ψ̄x in Gx. To do so, we first note that Gx can be written symbolically as∏

µAµBµCµDµ, where Aµ and Cµ include (χx,µ)Fx,µ and (dχx,−µ)Fx,−µ , respectively. Note that

3To avoid potential confusion we point out that Gx ̸=
∏

µ
Gx,µ.
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Aµ and Bµ have the same Grassmann parity, and so do Cµ and Dµ. Thus both AµBµ and CµDµ

are commuting. This allows us to write

∏
µ

(AµBµ)(CµDµ) =
[∏

µ

AµBµ

] [∏
µ

CµDµ

]
=
[∐

µ

Aµ

∏
µ

Bµ

] [∐
µ

Cµ

∏
µ

Dµ

]
=
∐
µ

Cµ

∐
µ

Aµ

∏
µ

Bµ

∏
µ

Dµ , (A.7)

where in the first step we have distributed the product over µ, in the second step we have
applied Eq. (A.2) twice, and in the final step we have moved the first commuting bracket inside
the second one. Using Eq. (A.7) in Gx yields

Gx =

∐
µ

(dχx,−µ)Fx,−µ
∐
f

k̄f
x,−µ∐
a=1

ψ̄
f,ℓ

a+κ̄
f
x,−µ

x,−µ
x


∐

µ

(χx,µ)Fx,µ
∐
f

kf
x,µ∐

a=1
ψ̄

f,i
a+κ

f
x,µ

x,µ
x


×

∏
µ

∏
f

k̄f
x,µ∏

a=1
ψ

f,m
a+κ̄

f
x,µ

x,µ
x


∏

µ

∏
f

kf
x,−µ∏
a=1

ψ
f,j

a+κ
f
x,−µ

x,−µ
x


= σ(1)

x Kx

∐
µ

∐
f

k̄f
x,−µ∐
a=1

ψ̄
f,ℓ

a+κ̄
f
x,−µ

x,−µ
x


∐

µ

∐
f

kf
x,µ∐

a=1
ψ̄

f,i
a+κ

f
x,µ

x,µ
x


×

∏
µ

∏
f

k̄f
x,µ∏

a=1
ψ

f,m
a+κ̄

f
x,µ

x,µ
x


∏

µ

∏
f

kf
x,−µ∏
a=1

ψ
f,j

a+κ
f
x,−µ

x,−µ
x

 (A.8)

with
Kx =

∏
µ

(χx,µ)Fx,µ
∐
µ

(dχx,−µ)Fx,−µ . (5.1.3)

After the first step in Eq. (A.8) all ψ and all ψ̄ are now gathered. In the second step we have
moved the auxiliary Grassmann variables to the front and reordered them according to the
prescription of [23] by commuting the Grassmann variables, which produces the local sign factor

σ(1)
x ≡ (−)p1+p2+p3 with p1 ≡

d−1∑
µ=1

Fx,−µ

d∑
ν=µ+1

k̄x,−ν ,

p2 ≡
d−1∑
µ=1

Fx,µ

d∑
ν=µ+1

(Fx,ν + kx,ν) ,

p3 ≡
d∑

µ=1
Fx,µ

d∑
ν=1

(Fx,−ν + k̄x,−ν) , (A.9)

where we used the sum (4.2.2) over flavors for k and k̄.

Equation (A.6) still contains the mass term, which we now also Taylor-expand. Starting from
Eq. (2.6.35) we write

eSf
M =

∏
x

∑
wf

x

(2mf )wf
x

wf
x !

(ψ̄f
xψ

f
x)wf

x . (A.10)
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In principle, the sum over wf
x goes from zero to infinity. However, we will now show that the

sum collapses to a single term once we integrate over all Grassmann variables. The point is
that, due to the Grassmann integral, the only nonzero contributions to the partition function
come from terms in which every Grassmann variable ψf,i

x (and ψ̄f,i
x ) occurs once. Let us fix the

site x and the flavor f for the time being and define

hf,in
x ≡

∑
µ

(kf
x,−µ + k̄f

x,µ) and hf,out
x ≡

∑
µ

(k̄f
x,−µ + kf

x,µ) , (5.1.5)

which is the number of incoming and outgoing hopping terms, respectively, at site x for flavor
f , see, for example, Eq. (4.2.10), where “in” and “out” correspond to ψ and ψ̄, respectively.
Since the total number of ψ and ψ̄ variables for fixed x and f equals Nc each, we obtain the
constraints

wf
x + hf,in

x = Nc = wf
x + hf,out

x and wf
x ≥ 0 . (A.11)

Hence, in the following we can, for each flavor, omit the sum over wf
x in Eq. (A.10), replace

wf
x by Nc − hf,in

x , and include a Heaviside step function Θ(wf
x) as well as a Kronecker delta

δ
hf,in

x ,hf,out
x

.

We now use Eq. (A.2) to sort the ψ and ψ̄ in Eq. (A.10),

(ψ̄f
xψ

f
x)wf

x =
wf

x∏
a=1

ψ̄f,vf,a
x

x ψf,vf,a
x

x =
wf

x∐
a=1

ψ̄f,vf,a
x

x

wf
x∏

a=1
ψf,vf,a

x
x , (A.12)

where the Einstein summation convention is used for the color indices vf,a
x . We then perform

the product over flavors and again use Eq. (A.2) to obtain

∏
f

wf
x∐

a=1
ψ̄f,vf,a

x
x

wf
x∏

a=1
ψf,vf,a

x
x =

∐
f

wf
x∐

a=1
ψ̄f,vf,a

x
x

∏
f

wf
x∏

a=1
ψf,vf,a

x
x . (A.13)

We now substitute Eq. (A.10), multiplied over flavors, into Eq. (A.6) (using Eq. (A.8) for Gx

and Eq. (A.13)) in such a way that ψ and ψ̄ are not mixed. We then split off the part that only
contains the original Grassmann variables, which is

Ψ ≡
∏
x

∐
µ

∐
f

k̄f
x,−µ∐
a=1

ψ̄
f,ℓ

a+κ̄
f
x,−µ

x,−µ
x


∐

µ

∐
f

kf
x,µ∐

a=1
ψ̄

f,i
a+κ

f
x,µ

x,µ
x


∐

f

wf
x∐

a=1
ψ̄f,vf,a

x
x



×

∏
f

wf
x∏

a=1
ψf,vf,a

x
x


∏

µ

∏
f

k̄f
x,µ∏

a=1
ψ

f,m
a+κ̄

f
x,µ

x,µ
x


∏

µ

∏
f

kf
x,−µ∏
a=1

ψ
f,j

a+κ
f
x,−µ

x,−µ
x

 . (A.14)

To prepare for the integration over the original Grassmann variables it is useful to change the
order of the products over µ and f in each of the factors in Eq. (A.14) so that the Grassmann
variables are sorted by flavor. We obtain

Ψ =
∏
x

∐
f

∐
µ

k̄f
x,−µ∐
a=1

ψ̄
f,ℓ

a+κ̄
f
x,−µ

x,−µ
x


∐

f

∐
µ

kf
x,µ∐

a=1
ψ̄

f,i
a+κ

f
x,µ

x,µ
x


∐

f

wf
x∐

a=1
ψ̄f,vf,a

x
x



×

∏
f

wf
x∏

a=1
ψf,vf,a

x
x


∏

f

∏
µ

k̄f
x,µ∏

a=1
ψ

f,m
a+κ̄

f
x,µ

x,µ
x


∏

f

∏
µ

kf
x,−µ∏
a=1

ψ
f,j

a+κ
f
x,−µ

x,−µ
x

 . (A.15)
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All sign factors that are generated by changing the order of the products cancel after the product
over sites is performed. To show this, we first consider the two brackets involving kf

x,µ in
Eq. (A.14), which can symbolically be written as∐

µ

∐
f

(αf
µ)kf

µ and
∏
µ

∏
f

(βf
µ)kf

µ , (A.16)

where we use (α)k for a coproduct and (β)k for a product of k different Grassmann variables
(the Grassmann variables inside these products do not get reordered). When reversing the order
of the products over µ and f , the commutations of Grassmann variables generate a sign factor
σ that is identical for both terms since the same commutations are performed but in opposite
directions,

∐
µ

∐
f

(αf
µ)kf

µ = (αNf
d )k

Nf
d · · · (α1

d)k1
d · · · (αNf

1 )k
Nf
1 · · · (α1

1)k1
1

= σ × (αNf
d )k

Nf
d · · · (αNf

1 )k
Nf
1 · · · (α1

d)k1
d · · · (α1

1)k1
1 = σ

∐
f

∐
µ

(αf
µ)kf

µ , (A.17a)

∏
µ

∏
f

(βf
µ)kf

µ = (β1
1)k1

1 · · · (βNf
1 )k

Nf
1 · · · (β1

d)k1
d · · · (βNf

d )k
Nf
d

= σ × (β1
1)k1

1 · · · (β1
d)k1

d · · · (βNf
1 )k

Nf
1 · · · (βNf

d )k
Nf
d = σ

∏
f

∏
µ

(βf
µ)kf

µ . (A.17b)

Hence, since σ2 = 1, no net sign factor is generated when considering the product of both terms.
A similar argument applies to the two brackets involving k̄f

x,µ in Eq. (A.14).

In Eq. (A.15) we now merge three products over f into one, for both ψ̄ and ψ, resulting in

Ψ =
∏
x

σ(2)
x

∐
f

Ψ̄f
x

∏
f

Ψf
x (A.18)

with

Ψ̄f
x =

∐
µ

k̄f
x,−µ∐
a=1

ψ̄
f,ℓ

a+κ̄
f
x,−µ

x,−µ
x


∐

µ

kf
x,µ∐

a=1
ψ̄

f,i
a+κ

f
x,µ

x,µ
x


 wf

x∐
a=1

ψ̄f,vf,a
x

x

 ,

Ψf
x =

 wf
x∏

a=1
ψf,vf,a

x
x


∏

µ

k̄f
x,µ∏

a=1
ψ

f,m
a+κ̄

f
x,µ

x,µ
x


∏

µ

kf
x,−µ∏
a=1

ψ
f,j

a+κ
f
x,−µ

x,−µ
x

 (A.19)

and a new sign factor

σ(2)
x ≡ (−)p4+p5 with p4 ≡

Nf−1∑
f=1

kf+
x

Nf∑
f ′=f+1

wf ′
x +

Nf−1∑
f=1

k̄f−
x

Nf∑
f ′=f+1

(
wf ′

x + kf ′+
x

)
and p5 ≡ p4(k ↔ k̄) , (A.20)

where
kf±

x ≡
∑

µ

kf
x,±µ and k̄f±

x ≡
∑

µ

k̄f
x,±µ . (A.21)
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Since Ψ̄f
x and Ψf

x have the same Grassmann parity due to Eq. (A.11), we can use Eq. (A.2) to
rewrite Eq. (A.18) as

Ψ =
∏
x

σ(2)
x

∏
f

Ψ̄f
xΨf

x . (A.22)

We can now integrate out the original Grassmann variables on each site flavor by flavor. For a
single flavor on a single site we have∫

dψdψ̄
A∐

a=1
ψ̄ia

B∏
b=1

ψjb =
∫ Nc∐

k=1
dψk

Nc∏
ℓ=1

dψ̄ℓ
A∐

a=1
ψ̄ia

B∏
b=1

ψjb = δA,Ncεi1···iA · δB,Ncεj1···jB , (A.23)

where we have omitted the site and flavor indices for simplicity. The Kronecker deltas δA,Nc and
δB,Nc are referred to as Grassmann conditions. To apply the integral Eq. (A.23) to Eq. (A.22)
we move each commuting pair of differentials dψ̄f

xdψ
f
x in Eq. (A.1) in front of the corresponding

Ψ̄f
xΨf

x. After integrating ψ̄f
x and ψf

x for every flavor f and every site x we obtain
∫ [∏

x

dψxdψ̄x

]
G =

∫
χ

∏
x

Kxσx

∏
f

(2mf )wf
x

wf
x !

Ef
xΘ(wf

x)δ
hf,in

x ,hf,out
x

, (5.1.1)

where
σx = σ(1)

x σ(2)
x (A.24)

is the combined sign factor on site x and

Ef
x = ε

vf,1
x ,...,v

f,w
f
x

x ,i
κ

f
x,1+1

x,1 ,...,i
κ

f
x,1+k

f
x,1

x,1 ,...,i
κ

f
x,d

+1

x,d
,...,i

κ
f
x,d

+k
f
x,d

x,d
,ℓ

κ̄
f
x,−1+1

x,−1 ,...,ℓ
κ̄

f
x,−1+k̄

f
x,−1

x,−1 ,...,ℓ
κ̄

f
x,−d

+1

x,−d
,...,ℓ

κ̄
f
x,−d

+k̄
f
x,−d

x,−d

× ε
vf,1

x ,...,v
f,w

f
x

x ,m
κ̄

f
x,1+1

x,1 ,...,m
κ̄

f
x,1+k̄

f
x,1

x,1 ,...,m
κ̄

f
x,d

+1

x,d
,...,m

κ̄
f
x,d

+k̄
f
x,d

x,d
,j

κ
f
x,−1+1

x,−1 ,...,j
κ

f
x,−1+k

f
x,−1

x,−1 ,...,j
κ

f
x,−d

+1

x,−d
,...,j

κ
f
x,−d

+k
f
x,−d

x,−d

,

(5.1.7)

is the result of the integration over the original Grassmann variables for flavor f .

B Initial tensor for nmax = 0, Nf = 1, Nc = 3, and d = 2

In the following appendix, we show that the initial tensor, derived in Part III, reduces to the
tensor given in [23] when nmax = 0, Nf = 1, Nc = 3, and d = 2. Therefore, this serves as a
consistency check.

In the full tensor network
Z =

∑
j

∫
χ

∏
x

TxKx , (5.2.15)

we first consider the simplification of the tuple j ≡ (jx,µ| ∀x, µ): Using the criterion (5.2.17)
for nmax = 0, it immediately follows that all edge variables are zero, i.e., n±ν

x,µ = n̄±ν
x,µ = 0.

Therefore, the compound link index reduces to jx,µ = ((kx,µ, k̄x,µ), (0, 0, 0, 0), rx,µ). Here, we
also used kx,µ = k1

x,µ and k̄x,µ = k̄1
x,µ, which follow from Eq. (4.2.2) for Nf = 1. Furthermore,

the replacement of edge variables inside the numerical tensor

Tx ≡ ∆P
xT x(nx → edge variables) (5.2.16)
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is trivial and we obtain ∆P
x = 1. For one flavor, the tensor Tx from Eq. (5.2.10) reduces to

Tx = σxCxWx

[
(2m1)w1

x

w1
x! Θ(w1

x) δ
h1,in

x ,h1,out
x

] [∏
µ

sgn(Lx,µ)
] ±2∏

µ=±1

√
|Lx,µ| (B.1)

with weight

Wx =
[∏

µ

ηFx,µ
x,µ

] ±2∏
µ=±1

√√√√eµ1(kx,µ−k̄x,µ)δ|µ|,1

kx,µ!k̄x,µ!

 . (B.2)

The sign σx = σ
(1)
x σ

(2)
x is given in Eq. (A.24), with σ

(1)
x and σ

(2)
x defined in Eq. (A.9) and

Eq. (A.20), respectively. In two dimensions and for one flavor they reduce to

σ(1)
x = (−)p1+p2+p3 with p1 = Fx,−1k̄x,−2 ,

p2 = Fx,1(Fx,2 + kx,2) ,
p3 = (Fx,1 + Fx,2)(Fx,−1 + k̄x,−1 + Fx,−2 + k̄x,−2) , (B.3)

and σ
(2)
x = 1.

The Grassmann contribution Kx in two dimensions reduces to

Kx = (χx,1)Fx,1 (χx,2)Fx,2 (dχx,−2)Fx,−2 (dχx,−1)Fx,−1 , (B.4)

with Grassmann parity

Fx,µ =
{

0 if kx,µ + k̄x,µ even ,
1 if kx,µ + k̄x,µ odd ,

(B.5)

which is precisely the Grassmann contribution given in [23].

Next, we will show that the auxiliary summation index rx,µ = (αx,µ, πx,µ, σx,µ) has range one.
To do so, we first observe that the gauge-link occupation numbers gx,µ and ḡx,µ, defined in
Eq. (4.2.3), simplify in the case of strong coupling to gx,µ = kx,µ and ḡx,µ = k̄x,µ, from which
we follow

px,µ = min(gx,µ, ḡx,µ) = min(kx,µ, k̄x,µ) and qx,µ = |kx,µ − k̄x,µ|/Nc . (B.6)

Furthermore, using the definition (4.2.4a), we find κ1
x,µ = κ̄1

x,µ = 0 and κ2
x,µ = kx,µ, κ̄2

x,µ = k̄x,µ,
which yields for κ, defined in Eq. (4.3.8), κ1

x,µ = κ̄1
x,µ = 0 and

κ2
x,µ ≡

{
kx,µ for kx,µ ≥ k̄x,µ ,

k̄x,µ for kx,µ < k̄x,µ ,
κ̄2

x,µ ≡
{
k̄x,µ for kx,µ ≥ k̄x,µ ,

kx,µ for kx,µ < k̄x,µ .
(B.7)

This expression can be abbreviated as

κ2
x,µ = max(kx,µ, k̄x,µ) , κ̄2

x,µ = min(kx,µ, k̄x,µ) , (B.8)

which is equivalent to
κ2

x,µ = qx,µNc + px,µ , κ̄2
x,µ = px,µ , (B.9)
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j̄x,µ 0 1 2 3 4 5

kx,µ 0 1 2 3 3 0

k̄x,µ 0 1 2 3 0 3

Lx,µ 1 1/3 1/3 1 1/6 1/6

Table B.1: Major index j̄x,µ and corresponding link weight Lx,µ for Nf = 1, Nc = 3, and
nmax = 0.

where we used max(gx,µ, ḡx,µ) = qx,µNc + px,µ.

To determine the range of the sum1 ∑
r

≡
∑

α∈A∼

∑
π,σ∈S∼̇

p

, (4.3.13)

we recall from Sec. 4.3.2 that forNf = 1 two groupings α, α′ ∈ A are equivalent if the pairs α, γ(α)
and α′, γ(α′) , defined in Eq. (4.3.4), can be transformed into each other by permuting the entries
αc

s and γs satisfying κ1 < αc
s, γs ≤ κ2 , i.e., permuting the entries satisfying 0 < αc

s, γs ≤ qNc+p.
This is satisfied for all numbers. Therefore α and α′ are equivalent for all α, α′ ∈ A and the
complete set of representatives A∼ contains only one element, which can be chosen arbitrarily
from A. We choose canonical ordering αc

s ≡ (s− 1)Nc + c (1 ≤ s ≤ q, 1 ≤ c ≤ Nc) and therefore
γs ≡ qNc + s (1 ≤ s ≤ p).

Likewise, we recall from Sec. 4.3.2 that for one flavor two permutations π and π′ out of Sp are
equivalent if the corresponding sequences can be transformed into each other by permuting the
numbers πs with κ̄1 < πs ≤ κ̄2 and by permuting the numbers s with 0 < s ≤ z1. Here, z1 is
the number of entries of γ for which κ1 < γs ≤ κ2, which simplifies to 0 < γs ≤ qNc + p. This
is fulfilled for all numbers γs. Since s runs from 1 to p, we find z1 = p.

When we additionally use the simplified expressions, for κ̄1 and κ̄2, we find that π and π′ are
equivalent if the corresponding sequences can be transformed into each other by permuting the
numbers πs with 0 < πs ≤ p and by permuting the numbers s with 0 < s ≤ p. Consequently all
pairs of permutations π and π′ out of Sp are equivalent and a complete set of representatives
S∼̇

p contains only one element, which can be chosen arbitrarily from Sp. For convenience, we
choose the identity permutation πs ≡ s (and also σs ≡ s). This shows, that the auxiliary sum
index rx,µ has range 1.

With this result, we can explicitly state all values of the major index jx,µ with one further
observation: Due to gx,µ = kx,µ and ḡx,µ = k̄x,µ for Nc = 3, the SU(3) condition reduces to
(kx,µ − k̄x,µ)/3 ∈ Z. As kx,µ and k̄x,µ now both run from 0 to Nc = 3, there are six different
combinations - labeled by j̄x,µ - that fulfill this condition, which are given in Table B.1. This
is consistent with the initial index given in [23].2 For later usage, we call a link with j̄x,µ = 0
neutral link, a link with j̄x,µ ∈ {1, 2, 3} mesonic link, and a link with j̄x,µ = 4 (5) forward
(backward) baryonic link, respectively.

1As before, the link index (x, µ) is neglected for readability.
2Note that for j̄x,µ = 4 and j̄x,µ = 5 the definition of kx,µ used in this thesis differs from [23].
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Next, we calculate the link weight L, defined in Eq. (4.3.12). Since all elements of A are
equivalent, we find [α] = A and therefore |[α]| = (qNc+p)!

p!q!(Nc!)q . Similarly, as all elements π (and σ)
are equivalent we find [π] = [σ] = Sp. Therefore, the link weight reduces to

Lx,µ =
[ 2∏

s=1

s!
(s+ q)!

]
(3q + p)!
p!q!(3!)q

∑
π′,σ′∈Sp

sgn(π′) sgn(σ′)W̃gq,p

Nc (π′ · σ′−1) , (B.10)

where we also used3

sgn(π′−1 · π) = sgn(π′−1) sgn(π) = sgn(π′−1) = sgn(π′), (B.11)

as well as the analogue equation for σ and σ′. The prefactor of Lx,µ for relevant values of q and
p reads [ 2∏

s=1

s!
(s+ q)!

]
(3q + p)!
p!q!(3!)q

=
{

1 for q = 0
1
3! for q = 1 and p = 0 , (B.12)

and the result for Lxµ is given for all six values of the major index j̄x,µ in Table B.1.

Another ingredient in T x from Eq. (B.1) that needs to be calculated, is the color factor Cx. For
Nf = 1 it reduces to Cx = IxE

1
x, with Ix = ∏

µ I
b
x,µI

e
x,−µ and

E1
x =ε

v1,1
x ,...,v

1,w1
x

x ,i1
x,1,...,i

kx,1
x,1 ,i1

x,2,...,i
kx,2
x,2 ,ℓ1

x,−1,...,ℓ
k̄x,−1
x,−1 ,ℓ1

x,−2,...,ℓ
k̄x,−2
x,−2

×ε
v1,1

x ,...,v
1,w1

x
x ,m1

x,1,...,m
k̄x,1
x,1 ,m1

x,2,...,m
k̄x,2
x,2 ,j1

x,−1,...,j
kx,−1
x,−1 ,j1

x,−2,...,j
kx,−2
x,−2

, (B.13)

where we used d = 2 and κ1
x,µ = κ̄1

x,µ = 0.

It can be shown by explicit calculation, that the condition Θ(w1
x)δ

h1,in
x ,h1,out

x
(with w1

x = 3−h1,in
x )

inside the initial tensor, together with the six initial link occupations, only results in nonzero
tensor entries, when either all four links are neutral or mesonic links (we call such a site a
“mesonic site” and denote it by δx∈M), or when there is exactly one incoming and one outgoing
baryonic link as well as two neutral links (in this case, we call the site a “baryonic site” and
denote it by δx∈B).4 Therefore, the tensor network can be written as

Z =
∑
j̄

∫
χ

∏
x

(
δx∈MT

M
x + δx∈BT

B
x

)
Kx , (B.14)

with j̄ ≡ (j̄x,µ| ∀x, µ).

In the following we calculate the contributions TM
x and T

B
x .

mesonic site: When the site x is mesonic it holds that qx,µ = 0 for all four links adjacent to
this site. Therefore, Ib and Ie defined in Eq. (5.2.2) and Eq. (4.3.5) do not contain a Levi-Civita
tensor and can be written, using gx,µ = ḡx,µ, as

Ib
x,µ =

px,µ∏
s=1

δms
x,µ,is

x,µ
and Ie

x,µ =
px,µ∏
s=1

δℓs
x,µ,js

x,µ
, (B.15)

3Recall that π is the identity permutation.
4For a given site x, all backward baryonic links that are positioned in forward direction are said to be “incoming”

baryonic links and all forward baryonic links that are positioned in backward direction are said to be “incoming”
baryonic links. For “outgoing” baryonic links it is the other way around.
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where we used the canonical form of the representatives: γs = qNc + s = s (α is absent) and
πs = σs = s at this link.

After we have inserted the expression

∏
µ

Ib
x,µI

e
x,−µ =

px,1∏
s=1

δms
x,1,is

x,1

px,−1∏
s=1

δℓs
x,−1,js

x,−1

px,2∏
s=1

δms
x,2,is

x,2

px,−2∏
s=1

δℓs
x,−2,js

x,−2
(B.16)

in the color factor, we can, for example, contract all indices m and ℓ, yielding

Cx =ε
v1,1

x ,...,v
1,w1

x
x ,i1

x,1,...,i
kx,1
x,1 ,i1

x,2,...,i
kx,2
x,2 ,j1

x,−1,...,j
k̄x,−1
x,−1 ,j1

x,−2,...,j
k̄x,−2
x,−2

×ε
v1,1

x ,...,v
1,w1

x
x ,i1

x,1,...,i
kx,1
x,1 ,i1

x,2,...,i
kx,2
x,2 ,j1

x,−1,...,j
k̄x,−1
x,−1 ,j1

x,−2,...,j
k̄x,−2
x,−2

= Nc! = 6 , (B.17)

where we used px,µ = k̄x,µ = kx,µ several times and εi1,...,inεi1,...,in = n! for Nc = 3. The
number of indices of the Levi-Civita tensor is guaranteed to be 3, since w1

x + h1,out
x = 3, with

h1,out
x = kx,1 + kx,2 + k̄x,−1 + k̄x,−2.

We now observe, using the values of L given in Table B.1 that

1
kx,ν !k̄x,ν !

|Lx,µ| = (3 − kx,ν)!
3!kx,ν ! for kx,ν = k̄x,ν ∈ {0, 1, 2, 3}, (B.18)

which allows us to write the contribution of a mesonic site as

T
M
x ≡ 6

[
(2m1)w1

x

w1
x!

] ±2∏
µ=±1

√
(3 − kx,ν)!

3!kx,ν ! . (B.19)

Here we also used sgn(Lx,µ) = 1 for all values of j̄x,µ. There are no signs arising from the
staggered phases or σ(1)

x , since Fx,µ = 0 for all four links adjacent to site x. This is precisely the
tensor entry for a mesonic site given in Ref. [23].

The remaining task is to calculate the weight of a baryonic site and to compare it with the
weight stated in Ref. [23] as well.

baryonic site: For a baryonic site it holds that px,µ = 0 for all four links adjacent to this site.
Therefore, Ib and Ie defined in Eq. (5.2.2) and Eq. (4.3.5) do not contain a Kronecker delta and
simplify to

(Ib
απσ)im =

{
ε⊗q
iα

for g ≥ ḡ ,

ε⊗q
mα for g < ḡ ,

and (Ie
απσ)jℓ =

{
ε⊗q
jα

for g ≥ ḡ ,

ε⊗q
ℓα

for g < ḡ ,
(B.20)

where we again omitted the link index due to readability. For a baryonic link index q = 1
and there is exactly one Levi-Civita tensor in Ib/e. Due to the chosen canonical grouping
α, the corresponding enumeration of different indices is increasing. For a baryonic site, there
is exactly one incoming and one outgoing baryonic link, for which we get such a Levi-Civita
tensor. Without loss of generality, we call the indices of these Levi-Civita tensors ri and ti with
i ∈ {1, 2, 3}. Therefore we get ∏

µ

Ib
x,µI

e
x,−µ = εr1r2r3εt1t2t3 . (B.21)
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The same substitution can be made for

E1
x =ε

i1
x,1,...,i

kx,1
x,1 ,i1

x,2,...,i
kx,2
x,2 ,ℓ1

x,−1,...,ℓ
k̄x,−1
x,−1 ,ℓ1

x,−2,...,ℓ
k̄x,−2
x,−2

×ε
m1

x,1,...,m
k̄x,1
x,1 ,m1

x,2,...,m
k̄x,2
x,2 ,j1

x,−1,...,j
kx,−1
x,−1 ,j1

x,−2,...,j
kx,−2
x,−2

, (B.22)

where we used w1
x = 05. Since the first Levi-Civita tensor refers to the outgoing baryonic link

and the second refers to the incoming baryonic link, both Levi-Civita tensors have exactly three
indices, which both have ascending enumeration. Therefore we get E1

x = εr1r2r3εt1t2t3 , which
yields the color factor

Cx = εr1r2r3εt1t2t3εr1r2r3εt1t2t3 = 62 . (B.23)

The remaining link weights are given by

±2∏
µ=±1

√
1

kx,µ!k̄x,µ!
=
√

1
62 = 1

6 and
±2∏

µ=±1

√
|Lx,µ| =

√(1
6

)2
= 1

6 , (B.24)

where again we used that there are two neutral links and two baryonic links on a baryonic site.
This allows us write the full contribution of a baryonic site as

T
B
x ≡ σ(1)

x

[∏
µ

ηFx,µ
x,µ

] ±2∏
µ=±1

√
eµ1(kx,µ−k̄x,µ)δ|µ|,1

 , (B.25)

where we used w1
x = 0 once more.

As a very last step, we need to evaluate the sign factor σ(1)
x , given in Eq. (A.9). To do so, we

first notice that p3 can simplified, using

p3 = (Fx,1 + Fx,2)(Fx,−1 + Fx,−2) + (Fx,1 + Fx,2)(k̄x,−1 + k̄x,−2) . (B.26)

Since every contributing site is Grassmann even, it holds that (Fx,1 + Fx,2)(Fx,−1 + Fx,−2)
mod 2 = Fx,1 + Fx,2 mod 2 and therefore the replacement

p3 → Fx,1 + Fx,2 + (Fx,1 + Fx,2)(k̄x,−1 + k̄x,−2) (B.27)

results in an unchanged sign factor σ(1)
x .

Next, we define l±x,µ, which is equal to one if and only if the link is a forward (backward) baryonic
link. For a baryonic or neutral link, we can express Fx,µ, kx,µ, and k̄x,µ via l±x,µ as

Fx,µ = (l+x,µ + l−x,µ) ,
kx,µ = 3l+x,µ , and
k̄x,µ = 3l−x,µ . (B.28)

5Since there is exactly one incoming and one outgoing baryonic link on a baryonic site, we have h1,in
x = h1,out

x =
3 and therefore w1

x = 0.
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Since the sign σ
(1)
x is only influenced by the parity of these quantities, we can also replace

kx,µ → l+x,µ and k̄x,µ → l−x,µ
6. Therefore we can replace the sign exponents using

p1 → (l+x,−1 + l−x,−1)l−x,−2 ,

p2 → (l+x,1 + l−x,1)(l+x,2 + l−x,2 + l+x,2) ,
p3 → (l+x,1 + l−x,1 + l+x,2 + l−x,2)(1 + l−x,−1 + l−x,−2) . (B.29)

We now gather parts of these exponents inside the factor

ωx = (−1)l+x,1+l+x,2+l+x,2l−x,1+l−x,−2l+x,−1 , (B.30)

which is part of the baryonic initial tensor as given in Ref. [23] and show that the remaining
exponent

l−x,−1l
−
x,−2 + l+x,1(l+x,2 + l−x,2 + l+x,2) + l−x,1(l−x,2 + l+x,2)

+ l−x,1 + l−x,2 + (l+x,1 + l−x,1 + l+x,2 + l−x,2)(l−x,−1 + l−x,−2) (B.31)

is even for any baryonic site. To do so, we use that for any baryonic site there is exactly one
incoming and exactly one outgoing baryonic link, i.e., only one variable out of l−x,1, l−x,2, l+x,−1 and
l+x,−2 is one, and only one variable out of l+x,1, l+x,2, l−x,−1 and l−x,−2 is one, while all other variables
are zero. Therefore, any product of two variables l±x,±µ in B.31 where both factors belong to the
same type of baryonic link (i.e., incoming or outgoing) is zero. The remaining exponential reads

l+x,1l
−
x,2 + l−x,1l

+
x,2 + l−x,1 + l−x,2 + (l−x,1 + l−x,2)(l−x,−1 + l−x,−2) . (B.32)

We now observe that all terms contain either l−x,1 or l−x,2, which allows us to factorize the exponent
as

l−x,1(1 + l+x,2 + l−x,−1 + l−x,−2) + l−x,2(1 + l+x,1 + l−x,−1 + l−x,−2) = l−x,1(1 + 1 − l+x,1) + l−x,2(1 + 1 − l+x,2) ,
(B.33)

where we again used that for any baryonic site there is exactly one outgoing baryonic link, i.e.,
l+x,1 + l+x,2 + l−x,−1 + l−x,−2 = 1. The resulting expression is even, since l−x,1l

+
x,1 = l−x,2l

+
x,2 = 0 for any

baryonic site. Thus we can write

T
B
x ≡ ωx

[∏
µ

ηFx,µ
x,µ

] ±2∏
µ=±1

√
eµ1(kx,µ−k̄x,µ)δ|µ|,1

 . (B.34)

C Proofs for OS-GHOTRG

C.1 Proof of tensor decomposition after contraction

In this appendix we prove that (7.3.1) is reproduced after one contraction step, before the OS-
GHOTRG truncation is applied. This also yields the occupation numbers defined in (7.3.8). We

6Formally, we use (−1)akx,µ = (−1)a3l+
x,µ = (−1)al+

x,µ for any a and the equivalent equation involving k̄x,µ and
l−x,µ.
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assume that (7.3.1) holds prior to a contraction step and substitute it in the contraction (7.3.5),

(TX)jX =
nmax∑
ns

x=0

nmax∑
ns

y=0

∑
jx,µ

βns
x+nx+ns

y+ny (Tns
x

x )jx(Tns
y

y )jyσFx,Fy , (C.1)

where we dropped the arguments of nx and ny for simplicity. Assuming that (7.3.3) holds for
the current fine-grid tensors, we find

ns
x + nx + ns

y + ny

= ns
x + ns

y + 1
2

±d∑
ν=±1

(ℓx,ν + ℓy,ν) + 1
8

±d∑
ν,λ=±1
|ν|≠|λ|

(n̂λ
x,ν + n̂λ

y,ν)

= ns
x + ns

y + 1
2(ℓx,µ + ℓy,−µ)︸ ︷︷ ︸
ns

X

+1
2(ℓx,−µ︸ ︷︷ ︸

ℓX,−µ

+ ℓy,µ︸︷︷︸
ℓX,µ

) + 1
2

±d∑
ν=±1
|ν|̸=µ

[
ℓx,ν + ℓy,ν + 1

4(n̂µ
x,ν + n̂−µ

y,ν + n̂ν
x,µ + n̂ν

y,−µ)︸ ︷︷ ︸
ℓX,ν

]

+ 1
8

±d∑
ν=±1
|ν|̸=µ

(n̂ν
x,−µ︸ ︷︷ ︸

n̂ν
X,−µ

+ n̂ν
y,µ︸︷︷︸

n̂ν
X,µ

+ n̂−µ
x,ν︸︷︷︸

n̂−µ
X,ν

+ n̂µ
y,ν︸︷︷︸

n̂µ
X,ν

) + 1
8

±d∑
ν,λ=±1

|ν|,|λ|≠µ
|ν|̸=|λ|

(n̂λ
x,ν + n̂λ

y,ν︸ ︷︷ ︸
n̂λ

X,ν

) , (C.2)

where the underbraces are identified with the site, link, and edge occupation numbers on the
coarse grid. Note that (x, µ) = (y,−µ). When the hook conditions in (7.2.3) are satisfied, i.e.,
∆x ̸= 0 and ∆y ̸= 0, we define the coarse-grid occupations as given in Eq. (7.3.8), where the
link occupation ℓX,ν in the third line of (7.3.8b) was redefined using the hook conditions. We
also use these definitions when the hook conditions are not satisfied and the tensor entries are
zero. Note that ℓX,ν and n̂λ

X,ν are determined uniquely by jX,ν . The exponent of β in (C.1) has
the form ns

X + nX if we define

nX(jX) ≡ 1
2

±d∑
ν=±1

ℓX,ν + 1
8

±d∑
ν,λ=±1
|ν|≠|λ|

n̂λ
X,ν , (C.3)

which is consistent with (7.3.3). Next, we split the sum over the contracted link index jx,µ in
(C.1) into partial sums which run over the values of jx,µ with the same link occupation ℓx,µ(jx,µ),

(TX)jX = βnX

nmax∑
ns

x=0

nmax∑
ns

y=0

nmax∑
m=0

βns
X

∑
jx,µ

ℓx,µ=m

(Tns
x

x )jx(Tns
y

y )jyσFx,Fy , (C.4)

where we could pull out βnX since nX does not depend on any of the summation variables
and where the sum over m terminates at nmax since this is the maximum link occupation by
construction. We replace the sum over m by a sum over

ns
X = ns

x + ns
y +m, (C.5)

see (7.3.8a) with ℓx,µ = m, and then change the order of the sums and adapt the ranges of the
sums over ns

x and ns
y accordingly. Since we consider the strong-coupling expansion only up to

βnmax , we truncate the resulting sum over ns
X at nmax to obtain

(TX)jX = βnX

nmax∑
ns

X=0
βns

X

ns
X∑

ns
x=0

ns
X−ns

x∑
ns

y=0

∑
jx,µ

ℓx,µ=ns
X

−ns
x−ns

y

(Tns
x

x )jx(Tns
y

y )jyσFx,Fy , (C.6)
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which shows that the tensor on the coarse site X can be brought into the form (7.3.1), with
(Tns

X
X )jX given by (7.3.7), the occupation numbers on the coarse grid defined in (7.3.8), and nX

defined in (C.3).

Finally, it is straightforward to show that (7.3.2) is satisfied after the contraction step (by using
∆x, ∆y, and (7.3.8), or by using Fig. 7.3 and invoking the hook conditions).

C.2 Proof of link and site criteria

After a contraction step, the partition function has the form of (5.2.15) with x replaced by X.
Consider the product ∏

X

(Tns
X

X )jX (C.7)

for a single valid configuration j. This configuration will contribute to the term of order βN in
the partition function. Using (7.3.1) and (7.3.3) we have

N =
∑
X

(ns
X+nX) =

∑
X

(
ns

X+1
2

±d∑
µ=±1

ℓX,µ+1
8

±d∑
µ,ν=±1
|µ|≠|ν|

n̂ν
X,µ

)
=
∑
X

(
ns

X+
d∑

µ=1
ℓX,µ+1

2

d∑
µ,ν=1
µ̸=ν

n̂ν
X,µ

)
,

(C.8)
where in the last step we shifted some sites and used the link identity (X,−µ) = (X − µ̂, µ) as
well as the hook condition (7.2.3).

The link criterion (7.4.1) is derived from (C.8) for µ > 0 as follows,

N ≥ ℓX,µ + 1
2

d∑
ν=1
ν ̸=µ

(n̂ν
X,µ + n̂µ

X,ν) + 1
2

d∑
ν=1
ν ̸=µ

(n̂ν
X−ν̂,µ + n̂µ

X−ν̂,ν)

= ℓX,µ +
d∑

ν=1
ν ̸=µ

n̂ν
X,µ +

d∑
ν=1
ν ̸=µ

n̂−ν
X,µ = ℓX,µ +

±d∑
ν=±1

|ν|≠|µ|

n̂ν
X,µ , (C.9)

where in the first line we picked a subset of the terms in (C.8), and to obtain the second line
we applied the link identity and the hook condition. Note that we derived (C.9) for µ > 0,
but using the link identity it is clear that it also holds for µ < 0. To have N ≤ nmax, the link
criterion (7.4.1) must be satisfied. Note that the link criterion is identical for all Tns

X
X .

The site criterion (7.4.2) is derived from (C.8) in a similar way,

N ≥ ns
X +

d∑
µ=1

(ℓX,µ + ℓX−µ̂,µ) + 1
2

d∑
µ,ν=1
µ̸=ν

(n̂ν
X,µ + n̂ν

X−µ̂,µ + n̂ν
X−ν̂,µ + n̂ν

X−µ̂−ν̂,µ)

= ns
X +

d∑
µ=1

(ℓX,µ + ℓX,−µ) + 1
2

d∑
µ,ν=1
µ ̸=ν

(n̂ν
X,µ + n̂ν

X,−µ + n̂−ν
X,µ + n̂−ν

X,−µ)

= ns
X +

±d∑
µ=±1

ℓX,µ +
±d∑

µ,ν=±1
|µ|<|ν|

n̂ν
X,µ . (C.10)
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The arguments for the first and the second line are the same as in the derivation of the link
criterion. In the last we have also ordered |µ| < |ν|. To have N ≤ nmax, the site criterion (7.4.2)
must be satisfied. Note that the site criterion is applied to each T

ns
X

X individually.

C.3 Proof of tensor decomposition after tracing

The manipulations in this section closely parallel those in Appendix C.1. Inserting (7.3.1) in
(7.6.1) yields

(TX)jX =
nmax∑
ns

x=0

∑
jx,µ

βns
x+nx(Tns

x
x )jxσµ , (C.11)

where here and below we have jx,−µ = jx,µ. Using (7.3.3) and separating the occupation numbers
related to the tracing direction µ we obtain

ns
x + nx = sx + 1

2(ℓx,µ + ℓx,−µ)︸ ︷︷ ︸
sX

+1
2

±d∑
ν=±1
|ν|≠µ

[
ℓx,ν + 1

4(n̂µ
x,ν + n̂−µ

x,ν + n̂ν
x,µ + n̂ν

x,−µ)︸ ︷︷ ︸
ℓX,ν

]
+ 1

8

±d∑
ν,λ=±1

|ν|,|λ|̸=µ
|ν|≠|λ|

n̂λ
x,ν︸︷︷︸

n̂λ
X,ν

,

(C.12)
where the underbraces are identified with the site, link, and edge occupation numbers on the
(d − 1)-dimensional lattice. Using the link and hook conditions we define these occupations in
Eq. (7.6.3). As before, we also use these definitions when the hook conditions are not satisfied
and the tensor entries are zero. Note that ℓX,ν and n̂λ

X,ν are determined uniquely by jX,ν .

The exponent of β in (C.11) has the form sX + nX if we define nX as in (7.6.4). Next, we split
the sum over the link index jx,µ in (C.11) into partial sums over the values of jx,µ with the same
link occupation ℓx,µ,

(TX)jX = βnX

nmax∑
ns

x=0

nmax−ns
x∑

m=0

∑
jx,µ

ℓx,µ=m

βns
X (Tns

x
x )jxσµ , (C.13)

where βnX could be pulled out since nX does not depend on any of the summation variables
and where the upper limit on the sum over m is reduced since we apply the site criterion (7.4.2)
in every blocking step. We now eliminate m in favor of ns

X = ns
x +m,

(TX)jX = βnX

nmax∑
ns

x=0

nmax∑
ns

X=ns
x

∑
jx,µ

ℓx,µ=ns
X

−ns
x

βns
X (Tns

x
x )jxσµ = βnX

nmax∑
ns

X=0

ns
X∑

ns
x=0

∑
jx,µ

ℓx,µ=ns
X

−ns
x

βns
X (Tns

x
x )jxσµ ,

(C.14)
where we switched the order of the sums over ns

x and ns
X in the last step. This shows that

(TX)jX can be written in the form of (7.3.1) with (Tns
X

X )jX given in (7.6.2). Therefore the tensor
decomposition is preserved after the tracing.
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D Validating the coefficients of Sec. 8.4

Since nR ≥ ⌊nmax/2⌋, all partitions that appear in Z also appear in X. We now show that the
coefficients of terms in Zn match those of anXn + bnYn if an, bn, and cn are given by (8.4.1).

Consider a specific partition (n) = (n1, . . . , n1, n2, . . . n2, . . . nm, . . . , nm) of n as defined in
Sec. 8.1, where ki is the multiplicity of ni and n = ∑m

i=1 kini. The contribution of this partition
to Zn is Z(n). To compute the contribution of this partition to anXn + bnYn we distinguish two
cases.

The first case is n1 ≤ nR. Since the ni are ordered, this implies ni ≤ nR for all i. Then all terms
contained in Xn that are related to (n) by permutation of the ni are given by

m∑
i=1

cniZ(ni| n\ni)
(8.1.1)=

Z(n)
V

m∑
i=1

cniki
(8.4.1)=

Z(n)
V

m∑
i=1

niki

nmax
= n

V nmax
Z(n) . (D.1)

Since ni ≤ nR for all i, the term in Yn related to (n) is given by Z(n). Therefore, in anXn +bnYn,
all terms related to (n) are given by

an
n

V nmax
Z(n) + bnZ(n)

(8.4.1)= Z(n) . (D.2)

The second case is n1 > nR. Due to nR ≥ ⌊nmax/2⌋, this implies k1 = 1 and ni ≤ nR for i ≥ 2.
Then the only term in Xn related to (n) is given by

cn1Z(n1| n\n1)
(8.4.1)= Z(n1| n\n1)

(8.1.1) for k1=1= 1
V
Z(n) . (D.3)

Any tuple obtained from (n) by a non-trivial permutation cannot appear in Xn, since n1 > nR.
For the same reason, Yn does not contain terms related to (n). Therefore, in anXn + bnYn with
n ≥ n1 > nR, all terms related to (n) are given by

an

V
Z(n)

(8.4.1) for n>nR= Z(n) . (D.4)

In both cases, the sum of all terms in anXn +bnYn that are related to (n) is given by Z(n). Since
the arguments above apply for any partition (n) of n, this concludes the proof.

E Expansion coefficients for a 2 × 2 lattice

The expansion coefficients Zn in Eq. (9.1.1) can be computed analytically for a 2 × 2 lattice
using the procedure described in Sec. 9.1. For Nf = 1, they are given, up to n = 4, by

Z0(m,µ) = 4096m12 + 24576m10 + 53248m8 + 50944m6 + 21248m4 + 9760m2

3 + 998
9

+
(
256m6 + 384m4 + 160m2 + 16

)
cosh (6µ) + 2 cosh (12µ) , (E.1a)
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Z1(m,µ) = 1024m8

3 + 10240m6

9 + 29632m4

27 + 26080m2

81 + 5380
243

+
(

128m4

3 + 416m2

9 + 80
9

)
cosh (6µ) , (E.1b)

Z2(m,µ) = 4096m12

9 + 8192m10

3 + 482048m8

81 + 1405312m6

243 + 1820704m4

729 + 100624m2

243

+ 13034
729 +

(
2432m6

81 + 11936m4

243 + 17648m2

729 + 2344
729

)
cosh (6µ) + 2

9 cosh (12µ) ,

(E.1c)

Z3(m,µ) = 2048m12

81 + 4096m10

27 + 804352m8

2187 + 325312m6

729 + 21232m4

81 + 134452m2

2187 + 8887
2187

+
(

448m6

243 + 16768m4

2187 + 14548m2

2187 + 2714
2187

)
cosh (6µ) + 1

81 cosh (12µ) , (E.1d)

Z4(m,µ) = 166400m12

6561 + 332800m10

2187 + 2201008m8

6561 + 2201512m6

6561 + 1788793m4

11664 + 2968507m2

104976

+ 646769
419904 +

(
3880m6

2187 + 22054m4

6561 + 13085m2

6561 + 938
2916

)
cosh (6µ) + 325

26244 cosh (12µ) .

(E.1e)

Next, we state the expansion coefficients Zn in Eq. (10.3.1) for Nf = 2 up to n = 1. Although
we derived the analytical results for arbitrary m1, m2, µB, and µI (with µB = 3(µ1 + µ2)/2 and
µI = (µ1 −µ2)/2), we only give the formulas for m = m1 = m2 and µI = 0 for conciseness. They
read

Z0(m,µB) =(
16777216m24 + 201326592m22 + 1048576000m20 + 3107979264m18 + 5785255936m16

+21158297600m14

3 + 51398721536m12

9 + 3059761152m10 + 9588832768m8

9 + 6309162496m6

27

+2498746240m4

81 + 181396288m2

81 + 2306680
27

)
+
(
4194304m18 + 31457280m16 + 95551488m14

+456589312m12

3 + 1239973888m10

9 + 1936113664m8

27 + 186022400m6

9 + 242845952m4

81

+14802272m2

81 + 464
27

)
cosh(2µB) +

(
147456m12 + 638976m10 + 1116160m8 + 8640512m6

9

+11054528m4

27 + 229376m2

3 + 42968
9

)
cosh(4µB) +

(
1024m6 + 1536m4 + 672m2

+80) cosh(6µB) + 2 cosh(8µB) , (E.2a)

Z1(m,µB) =(
8388608m20

3 + 243269632m18

9 + 2950430720m16

27 + 19506135040m14

81 + 76959875072m12

243

+20798980096m10

81 + 3472271360m8

27 + 9499891456m6

243 + 186985124m4

27 + 53274248m2

81



162

+13825109
486

)
+
(

2097152m16

3 + 49283072m14

9 + 447938560m12

27 + 2056437760m10

81

+1742405632m8

81 + 836475904m6

81 + 222070144m4

81 + 10028344m2

27 + 1587950
81

)
cosh(2µB)

+
(

81920m10

3 + 2385920m8

27 + 9005056m6

81 + 5262208m4

81 + 448096m2

27 + 37864
27

)
cosh(4µB)

+
(

512m4

3 + 192m2 + 128
3

)
cosh(6µB) . (E.2b)

F Proof of λR(β) = O
(
βq̄1

)

In this appendix, we prove the relation

λR(β) = O
(
(β/Nc)q̄1

)
(9.2.13)

with
λR(β) ≡ 1

dR

∑
Q∈Z

det
[
Iq̄j+i−j+Q (β/Nc)

]
i,j=1...Nc

. (9.2.9)

To do so, we expand the exponential in the modified Bessel function, given in 9.2.12, and obtain

In(z) = 1
π

∫ π

0

∞∑
k=0

zk

k! cosk(θ) cos(nθ)dθ = 1
π

∞∑
k=0

∫ π

0

zk

k! cosk(θ) cos(nθ)dθ =
∞∑

k=0
Ik

nz
k , (F.1)

where we interchanged the order of the integral and the series in the second step.1 In the last
step, we defined the coefficient

Ik
n ≡ 1

πk!

∫ π

0
cosk(θ) cos(nθ)dθ , (F.2)

which we evaluate explicitly in the following. To this end, we write

cosk(θ) =
(
eiθ + e−iθ

2

)k

= 1
2k

k∑
m=0

(
k

m

)
eimθe−i(k−m)θ = 1

2k

k∑
m=0

(
k

m

)
cos ((2m− k)θ) , (F.3)

where we expressed the cosine in terms of complex exponentials and applied the binomial theo-
rem. In the last step, we reintroduced the cosine, which is valid since the expression on the far
left is real. Thus we can write

cosk(θ) =
k∑

m=0
ak

m cos ((k − 2m)θ) with ak
m = 1

2k

(
k

m

)
, (F.4)

where we used the symmetry of the cosine. We now use the orthogonality of the cosine functions∫ π

0
cos(aθ) cos(bθ)dθ = π

2 δa,b(1 + δa,0) for all a, b ∈ Z , (F.5)

1The validity of this step can be proven using the inequality | zk

k! cosk(θ) cos(nθ)| ≤ |z|k

k! .
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which results in

Ik
n = 1

πk!

k∑
m=0

ak
m

π

2 δk−2m,n(1 + δn,0) =

 1
2k!a

k
(k−n)/2(1 + δn,0) for |n| ≤ k and |n| + k even,

0 else .
(F.6)

Therefore, the modified Bessel functions of the first kind have the structure

In (β/Nc) = O
(
(β/Nc)|n|

)
. (F.7)

Consequently, for the determinant in Eq. (9.2.9), it follows that

det
[
Iq̄j+i−j+Q (β/Nc)

]
i,j=1...Nc

= det
[
O
(
(β/Nc)|q̄i+j−i+Q|

)]
i,j=1...Nc

= εj1,...,jNc O
(
(β/Nc)|q̄1+j1−1+Q|

)
· · · O

(
(β/Nc)|q̄Nc +jNc −Nc+Q|

)
= εj1,...,jNc O

(
(β/Nc)

∑Nc
i=1 |q̄i+ji−i+Q|

)
, (F.8)

where we introduced the Levi-Civita tensor εj1,...,jNc with summation indices j1, . . . , jNc ∈
{1, . . . , Nc}.

The remaining task is to prove the relation
Nc∑
i=1

|q̄i + ji − i+Q| ≥ f1 (F.9)

for all values of q̄i, Q and permutations ji. To do so, we define ai ≡ q̄i + ji − i and obtain
Nc∑
i=1

|q̄i + ji − i+Q| =
Nc∑
i=1

|ai +Q| ≥ max(ai) − min(ai) , (F.10)

where the inequality holds for any values of Q and tuples (a1, . . . , aNc). We now observe that
from

a1 = q̄1 + j1 − 1 ≥ q̄1 it follows that max(ai) ≥ q̄1(≥ 0) , (F.11)
and from

aNc = jNc −Nc ≤ 0 it follows that min(ai) ≤ 0 . (F.12)
This allows us to write

max(ai) − min(ai) ≥ q̄1 , (F.13)
which concludes the proof.

G Taylor expansion of free energy

Calculation for general order

In this appendix we expand the expression

A ≡ ln
( ∞∑

i=0
βi Zi

Z0

)
, (G.1)
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which is relevant for the expansion of ln Z
V = ln Z0

V + A
V (cf. Eqs. (9.3.2) and (10.3.4)). To do so,

we write

A = ln
(

1 +
nmax∑
i=1

βiZ̄i

)
=

∞∑
n=0

(−1)n

n+ 1

(
nmax∑
i=1

βiZ̄i

)n+1

, (G.2)

where in the first step we defined Z̄i ≡ Zi/Z0, followed by the expansion of the logarithm
with convergence radius |

∑nmax
i=1 βiZ̄i| ≤ 1. In the current form, terms belonging to the same

order are not sorted. Therefore, we additonally use the multinomial theorem for the expression
(∑nmax

i=1 βiZ̄i)n+1. The theorem reads(
m∑

i=1
xi

)n

=
∑

k1,k2,··· ,km≥0
k1+k2+···+km=n

(
n

k1, k2, · · · , km

)
m∏

t=1
xkt

t , (G.3)

with multinomial coefficient given by(
n

k1, k2, · · · , km

)
≡ n!
k1!k2! · · · km! . (G.4)

Using this, we get the expression

A =
∞∑

n=0

(−1)n

n+ 1
∑

k1,k2,··· ,knmax ≥0
k1+k2+···+knmax =n+1

(
n+ 1

k1, k2, · · · , knmax

)
nmax∏
t=1

(βtZ̄t)kt , (G.5)

where we can collect all appearances of β by using

nmax∏
t=1

(βtZ̄t)kt = β

nmax∑
t=1

tkt nmax∏
t=1

Z̄kt
t . (G.6)

After this step, we are left with sorting the terms that belong to the same order in β. The order
of each contributing term is given by the exponent ∑nmax

t=1 tkt and the sorting thereafter can be
done by introducing an auxiliary sum over a summation index i together with the additional
constraint i = ∑nmax

t=1 tkt, yielding

A =
∞∑

n=0

(−1)n

n+ 1

nmax∑
i=1

∑
k1,k2,··· ,knmax ≥0

k1+k2+···+knmax =n+1
1·k1+2·k2+···+nmax·knmax =i

(
n+ 1

k1, k2, · · · , knmax

)
βi

nmax∏
t=1

Z̄kt
t + O(βnmax+1) ,

(G.7)

where the constraint is used to reduce the range of the sum over tuples (k1, k2, . . . , knmax).
Additionally, we used that we are only interested in terms up to order βnmax+1, which is why
the sum over i can be limited by nmax. For the same reason, the sum over the index n can be
limited as well: We observe that

k1 + k2 + · · · + knmax ≤ 1 · k1 + 2 · k2 + · · · + nmax · knmax ∀k1, k2, · · · , knmax ≥ 0 (G.8)

Therefore, both conditions can only be fulfilled simultaneously for a valid tuple (k1, k2, · · · , knmax),
whenever n+1 ≤ i or equivalently n ≤ i−1, which is the chosen upper bound for the summation
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index n, which we use in

A =
i−1∑
n=0

(−1)n

n+ 1

nmax∑
i=1

∑
k1,k2,··· ,ki≥0

k1+k2+···+ki=n+1
1·k1+2·k2+···+i·ki=i

(
n+ 1

k1, k2, · · · , ki

)
βi

i∏
t=1

Z̄kt
t + O(βnmax+1) . (G.9)

Here, we also reduced the complexity of the summation over the tuples (k1, k2, · · · , knmax) as
well: All indices kj with j > i have to be zero, otherwise the relation jkj > i makes it impossible
for any tuple to fulfill the last constraint of the sum. Note that all indices kj that are zero result
in a trivial factor 1, as these indices appear either in a factor 0! = 1 inside the multinomial
coefficient, yielding a multinomial coefficient with less indices, or in a zero as exponent in the
terms qt which results in a factor one as well.

Now we can read off the coefficients of the strong-coupling expansion of the free energy for i ≥ 1,
by writing

A = V
nmax∑
i=1

βifi + O(βnmax+1) , (G.10)

which are

fi = 1
V

i−1∑
n=0

(−1)n

n+ 1
∑

k1,k2,··· ,ki≥0
k1+k2+···+ki=n+1

1·k1+2·k2+···+i·ki=i

(
n+ 1

k1, k2, · · · , ki

)
i∏

t=1
Z̄kt

t with i ≥ 1 . (G.11)

Explicit calculation up to order three

Using the formular for the coefficients of the strong-coupling expansion for general order i, given
in (G.11), we now calculate the explicit results up to third order.

For i = 1 we find

f1 = 1
V

∑
k1≥0
k1=1
k1=1

(
1
k1

)
Z̄k1

1 = 1
V
Z̄1, (G.12)

where we wrote done the resulting equation for both constraints separately, but in fact, they
result both in the equation k1 = 1.

Next we calculate the second-order coefficient, i.e., i = 2. The resulting expression reads

f2 = 1
V

1∑
n=0

(−1)n

n+ 1
∑

k1,k2≥0
k1+k2=n+1
1·k1+2·k2=2

(
n+ 1
k1, k2

)
Z̄k1

1 Z̄k2
2 . (G.13)

For given n, there is only one tuple (k1, k2) fulfilling both constraint, which can be determined
by solving the corresponding system of linear equations.(

1 1 n+ 1
1 2 2

)
→
(

1 1 n+ 1
0 1 1 − n

)
. (G.14)
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In the second line, we subtracted the first line once and we can read off the solutions k1 = 2n
and k2 = 1 − n. Therefore, the second-order coefficient reads

f2 = 1
V

1∑
n=0

(−1)n

n+ 1

(
n+ 1

2n, 1 − n

)
Z̄2n

1 Z̄1−n
2

= 1
V

[(
1

0, 1

)
Z̄1

2 − 1
2

(
2

2, 0

)
Z̄2

1

]
= 1
V

(
Z̄2 − 1

2 Z̄
2
1

)
. (G.15)

Finally, we calculate the coefficient for i = 3 as well. We find

f3 = 1
V

2∑
n=0

(−1)n

n+ 1

n+1∑
k1=0

∑
k2,k3≥0

k1+k2+k3=n+1
1·k1+2·k2+3·k3=3

(
n+ 1

k1, k2, k3

)
Z̄k1

1 Z̄k2
2 Z̄k3

3 , (G.16)

where we wrote the sum over k1 separately. Due to the constraints for the indices kj , the sum
over the indices k2 and k3 can be eliminated by solving a system of linear equations. We get

(
1 1 n+ 1 − k1
2 3 3 − k1

)
→
(

1 1 n+ 1 − k1
0 1 k1 + 1 − 2n

)
, (G.17)

where we subtracted the first line twice from the second line. The resulting indices are

0 ≤ k3 = k1 + 1 − 2n and 0 ≤ k2 = 3n− 2k1.

This is also used to limit the range of the summation over the index k1 as

2n− 1 ≤ k1 ≤ 3n
2 and therefore max(0, 2n− 1) ≤ k1 ≤ ⌊3n

2 ⌋ ,

where we used that k1 is a non-negative integer. Thus we obtain

f3 = 1
V

2∑
n=0

(−1)n

n+ 1

⌊ 3n
2 ⌋∑

k1=max(0,2n−1)

(
n+ 1

k1, (3n− 2k1), (k1 + 1 − 2n)

)
Z̄k1

1 Z̄3n−2k1
2 Z̄k1+1−2n

3 .

(G.18)

We observe that the sum over k1 collapses to a single term with

n = 0 ⇒ k1 = 0, n = 1 ⇒ k1 = 1, n = 2 ⇒ k1 = 3 , (G.19)

and we get

f3 = 1
V

[(
1

0, 0, 1

)
Z̄3 − 1

2

(
2

1, 1, 0

)
Z̄1Z̄2 + 1

3

(
3

3, 0, 0

)
Z̄3

1

]
= 1
V

(
Z̄3 − Z̄1Z̄2 + 1

3 Z̄
3
1

)
.

(G.20)
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H The function pVs(m, β)

The purpose of this appendix is to prove the relation (9.3.15). We can read off the expression
for pVs from Eq. (4.1.3) and Eq. (2.6.36) for Nf = 1 by identifying the coefficient of exp(NcV µ)
and obtain

1
2pVs(m,β) =

∑
n

∫ [∏
x,µ

dUx,µ

] [∏
x

Bx

] ∏
x,µ ̸=ν

(SG
x,µν)nx,µν

nx,µν !

 (H.1)

with1

Bx ≡ 1
Nc!

∫ [Nc∐
i=1

dψi
x+1̂

] [
Nc∏
i=1

dψ̄i
x

] (
ψ̄xUx,1ψx+1̂

)Nc

= 1
Nc!

∫ [Nc∐
i=1

dψi
x+1̂

] [
Nc∏
i=1

dψ̄i
x

] [
Nc∐

k=1
ψ̄

ik
x,1

x

] [
Nc∏

k=1
U

ik
x,1jk

x,1
x,1

] [
Nc∏

k=1
ψ

jk
x,1

x+1̂

]

= 1
Nc!

ε
i1
x,1···iNc

x,1

[
Nc∏

k=1
U

ik
x,1jk

x,1
x,1

]
ε

j1
x,1···jNc

x,1
= 1
Nc!

det(Ux,1) ε
j1

x,1···jNc
x,1
ε

j1
x,1···jNc

x,1
= 1 , (H.2)

where sums over repeated color indices are implied. We integrated out the Grassmann variables
using Eq. (A.23) and used

ε
i1
x,1···iNc

x,1

[
Nc∏

k=1
U

ik
x,1jk

x,1
x,1

]
= det(Ux,1) ε

j1
x,1···jNc

x,1
, (H.3)

which follows directly from the Leibniz formula. In the last step of (H.2) we used det(Ux,1) = 1
and contracted the Levi-Civita tensors, which results in a factor of Nc!.

Equation (H.2) shows that the Vs parallel baryon loops in the time direction result in a constant
background, independent of the gauge field. Therefore (H.1) is simply the partition function of
the pure-gauge theory with the same lattice size and number of colors as the original theory.
This concludes the proof.

I Fit ansatz using the tanh models

I.1 Coefficients of the strong-coupling expansion for the observables

For both model functions (10.3.7) and (10.3.9) we first expand the argument of the tanh in β,

a(β)(µ− µc(β)) =
nmax∑
n=0

µ̄nβ
n + O

(
βnmax+1

)
(I.1)

1The Grassmann differentials have been reordered compared to [27], but this does not result in a sign change
since V is even.
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with

µ̄0 = a0(µ− µc
0) , (I.2a)

µ̄1 = a1(µ− µc
0) − a0µ

c
1 , (I.2b)

µ̄2 = a2(µ− µc
0) − a1µ

c
1 − a0µ

c
2 , (I.2c)

µ̄3 = a3(µ− µc
0) − a2µ

c
1 − a1µ

c
2 − a0µ

c
3 . (I.2d)

Here and below we omit the labels Σ and ρ for the parameters an and µc
n. Using t ≡ tanh(µ̄0)

and s ≡ sech(µ̄0) we obtain

Σmodel
0 (µ) = b0(1 − t) , (I.3a)

Σmodel
1 (µ) = b1(1 − t) − b0µ̄1s

2 , (I.3b)

Σmodel
2 (µ) = b2(1 − t) − b1µ̄1s

2 − b0
(
µ̄2 − µ̄2

1t
)
s2 , (I.3c)

Σmodel
3 (µ) = b3(1 − t) − b2µ̄1s

2 − b1
(
µ̄2 − µ̄2

1t
)
s2 − b0

(
µ̄3 − 2µ̄2µ̄1t− µ̄3

1

(
s2 − 2

3

))
s2 .

(I.3d)

The results for ρn can be obtained by replacing b0 → 3
2 , bn → 0 for n ≥ 1, and µ̄n → −µ̄n for

all n (resulting also in t → −t) in the expressions for Σn. This yields

ρmodel
0 (µ) = 3

2(1 + t) , (I.4a)

ρmodel
1 (µ) = 3

2 µ̄1s
2 , (I.4b)

ρmodel
2 (µ) = 3

2
(
µ̄2 − µ̄2

1t
)
s2 , (I.4c)

ρmodel
3 (µ) = 3

2

(
µ̄3 − 2µ̄2µ̄1t− µ̄3

1

(
s2 − 2

3

))
s2 . (I.4d)

Using these results we can explain the low sensitivity of the model coefficients in (I.3) and (I.4)
on an/a0 for n ≥ 1 and on µc

n for n ≥ 2 when a0 becomes large, which is the case for large
volume. For simplicity we focus on ρ, but similar arguments can be made for Σ. Let us first
consider ρ1 (suppressing the superscript “model” for brevity). Because of sech(µ̄0), ρ1 becomes
exponentially suppressed when |µ̄0| ≫ 1. We therefore only need to consider |µ̄0| ≤ O(1), i.e.,
the vicinity of the phase transition, in (I.2b), which can be written as

µ̄1 = a1
a0
µ̄0 − a0µ

c
1 . (I.5)

We see that the first term becomes less and less relevant when a0 becomes large at fixed a1/a0,
provided that µc

1 ̸= 0. Therefore ρ1 in (I.4b) becomes increasingly insensitive to a1/a0 in this
scenario.

Similarly, for large a0 we see that ρ2 is dominated by the (a0µ
c
1)2 term originating from µ̄2

1 and
that ρ3 is dominated by the (a0µ

c
1)3 term originating from µ̄3

1. This pattern continues to larger
values of n, and therefore all ρn for n ≥ 1 are dominated by an

0 and insensitive to a1/a0, . . . , an/a0
when a0 becomes large for large V .

The same argument also applies to µc
n for n ≥ 2. For example, the subleading terms in ρ2/s

2 are
a1µ

c
1 and a0µ

c
2. Both terms are suppressed by 1/a0 compared to the leading term (a0µ

c
1)2. Hence
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determining µc
2 or a1 from ρ2 should be equally hard. A more careful analysis of the zeros of ρ2

(which we do not present here) does not change this expectation. To conclude, in a combined
fit for all ρn, it appears that an/a0 and µc

n+1 should be equally difficult to determine for large
V , provided that all an/a0 and µc

n have finite large-V limits which are of similar magnitude.

I.2 Integrating the model function for the quark-number density

In this appendix we determine a model function for the free energy starting from the symmetrized
model function for the quark-number density given in Footnote 34.

Integration of the model function given in Footnote 34 with respect to µ yields

fmodel
sym (µ, β) = Nc

2aρ(β) ln
(
cosh[aρ(β)(µ− µc

ρ(β))] cosh[aρ(β)(µ+ µc
ρ(β))]

)
+ c̃(β) , (I.6)

with integration constant c̃(β). In the limit µ → ±∞, we obtain

fmodel
sym (µ, β) → Nc

2aρ(β) ln
(1

4 exp[2aρ(β)|µ|]
)

+ c̃(β) = −Nc ln 4
2aρ(β) +Nc|µ| + c̃(β) . (I.7)

Using
f(µ, β) → fPG(β) +Nc|µ| , for µ → ±∞, (I.8)

(cf. Eq. (9.3.20)), we can determine the integration constant

c̃(β) = fPG(β) + Nc ln 4
2aρ(β) . (I.9)

For large aρ(β)µc
ρ(β) and µ > 0, we can replace cosh[aρ(β)(µ+µc

ρ(β))] → 1
2 exp[aρ(β)(µ+µc

ρ(β))]
and obtain the simplified fit ansatz

fmodel(µ, β) = Nc
2aρ(β) ln

(
2 cosh[aρ(β)(µ− µc

ρ(β))]
)

+ Nc
2 (µ+ µc

ρ(β)) + fPG(β) . (I.10)

By expanding this simplified fit ansatz in β, we obtain the expansion

fmodel(µ, β) =
∞∑

n=0
fmodel

n (µ)βn (I.11)

with coefficients fmodel
n (µ).

J Explicit fits for various m, L, and nmax

In this appendix we show the coefficients of the chiral condensate and the free energy versus µ for
various m, L, and nmax. Additionally, we show the corresponding fits using the model functions
Σmodel

n (given in Eq. (I.3)) and fmodel
n (obtained from expanding Eq. (I.10) in β). Using these

fits one can determine the dependence of the fit parameters µc
n, an, and bn on m and L.
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Figure J.1 and Fig. J.2 show the coefficients of the chiral condensate and the free energy, re-
spectively, versus µ obtained from OS-GHOTRG for various masses, for L = 16 and nmax = 2
together with the corresponding fits. The m-dependence of the fit parameters is shown in
Fig. 10.15. For m = 1, we observe systematic deviations between fit and tensor data.

Figure J.3 and Fig. J.4 are similar to Fig. J.1 and Fig. J.2, respectively, except that nmax = 3.
The resulting m-dependence of the fit parameters is shown in Fig. 10.16.

Figure J.5 shows the coefficients of the free energy versus µ obtained from OS-GHOTRG for
various lattice sizes, for m = 0.5 and nmax = 1 together with the corresponding fits. The
resulting values of the fit parameters are shown in Fig. 10.17.

Similarly, Fig. J.6 and Fig. J.7 show the coefficients of the chiral condensate and the free energy,
respectively, versus µ obtained from OS-GHOTRG for various lattice sizes, for m = 0.5 and
nmax = 2 together with the corresponding fits. The resulting values of the fit parameters are
shown in Fig. 10.18. We observe that the largest systematic discrepancy between fit and tensor
data occurs for the small lattice, i.e., L = 8.
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Figure J.3: Coefficients of the chiral condensate versus µ for different masses for L = 16 and
nmax = 3. The solid lines show the fits using the model functions given in Eq. (I.3).
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Figure J.4: Coefficients of the free energy versus µ for different masses for L = 16 and nmax = 3.
The solid lines show the fits using the model functions fmodel

n .
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Figure J.5: Coefficients of the free energy versus µ for different lattices sizes for m = 0.5 and
nmax = 1. The solid lines show the fits using the model functions fmodel
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