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I. Introduction

It is astonishing that the theory of Quantum Chromodynamics (QCD) exhibits an extremely
rich structure, even though its defining Lagrangian density is strikingly simple. It is based on
only six different flavors of matter fields - the quarks - and on the fundamental requirement of
being invariant under a so-called local SU(3) gauge transformation. This symmetry requirement
alone leads to eight types of gluons, which are the mediators of the strong force. One of the
resulting key features of QCD is that the strength of the coupling between quarks and gluons
decreases with increasing energy scale. This has a number of consequences, two of which are
highlighted here. At low energy scales, quarks are always confined within hadrons (e.g., protons
and neutrons, which are the constituents of all atomic nuclei). In contrast, for very large energy
scales - reached by high temperatures and densities - a state called Quark-Gluon Plasma (QGP)
emerges, in which the confinement breaks down as the coupling of quarks and gluons becomes
very small. It is expected that the universe was filled with a QGP in the first microseconds after
the Big Bang, from which hadrons condensed as the universe cooled [1]. In fact, such a transition
is understood very well at the theoretical level: To observe it, one needs to study the temperature
dependence of expectation values of observables based on the partition function. This step
requires an integration over all existing fields, i.e., gauge and quark fields, which is usually done
in the following way: First, the integration over quark fields is performed analytically, yielding
a quantity called fermion determinant. Afterwards, the integration over gauge fields is done
numerically: To do so, a finite set of gauge configurations is sampled according to a probability
distribution, which in turn is given by the fermion determinant and the gauge action. Finally, the
observable is computed as the expectation value over this particular sample. Explicit calculation
shows that the aforementioned transition to hadron condensation is in fact a crossover, i.e., a
smooth transition without a discontinuity in any of the derivatives of the observable with respect
to the temperature T [2].

Problems arise when one examines the phases of QCD not only at nonzero temperature, but
also at baryon densities other than zero, as is relevant for heavy ion collisions or inside large
neutron stars [2]. At the theoretical level, this is achieved by introducing a nonzero chemical
potential p, which creates a particle-antiparticle asymmetry. It turns out that for nonzero
chemical potential the fermion determinant is no longer real but complex, and therefore the
approach using importance sampling breaks down. In the literature, this is commonly referred
to as the sign problem. In order to circumvent this sign problem, a variety of methods have been
proposed, including reweighting, Taylor expansion in u, analytic continuation from imaginary
, complex Langevin, thimbles and path optimization, see |3, |4] for reviews. Nevertheless, none
of the proposed remedies can successfully reach regimes in which p/7 > 1, and therefore even
today the full QCD phase diagram in the p — 7T plane cannot be calculated. It is expected
that, for sufficiently large chemical potential, the transition to deconfinement is no longer a
crossover but a first-order phase transition [2]. Therefore, the existence of a critical endpoint
is proposed. Further, for large chemical potential and low temperatures, a state with so-called
color superconductivity is expected [5]. However, due to the SU(N,) nature of the color charge,
there are many possible scenarios for how the color superconducting phase may manifest.

There is a promising further method, based on so-called dual variables, that differs crucially from
all of the aforementioned approaches. There, the exponentials of the various contributions to the
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action are Taylor-expanded, and the order of the resulting summation and the integration with
respect to the field variables is exchanged. Also, the integration order of quark and gauge fields
is reversed, i.e., the integration over gauge fields is performed first. Altogether, this corresponds
to a transformation of the degrees of freedom which are no longer continuous but discrete,
referred to as dual variables. This method strongly reduces the sign problem, but until now the
dualization was mainly applied to the infinite-coupling limit of QCD [6, |7, 8, 9]. An attempt
to go beyond this limit was made using the next-to-leading-order term in the inverse coupling
B [10] (see also [11] for an early attempt in mean-field approximation). New strategies to go
beyond the infinite-coupling limit in a worldline and worldsheet formulation were proposed using
so-called Abelian color cycles [12] and, more recently, by introducing additional dual degrees of
freedom called decoupling operator indices [13]. Using the method of Ref. [13], first results for
the phase transition in four-dimensional QCD with one flavor of staggered quarks in the chiral
limit were obtained up to order 32 using a vertex model [14} [15]. First attempts to include the
full gauge action of two-color QCD in two dimensions were made using numerical integrations
of the gauge fields |16, |17].

In most cases, the worm algorithm [18] is used to simulate QCD in its dual formulation. As an
alternative to Monte Carlo methods, tensor-network methods have recently been applied success-
fully to various statistical systems. In this approach, the quantity of interest (which is typically
the partition function) is written as a contraction of a large number of local tensors. However,
due to the curse of dimensionality, an analytical calculation is still numerically unfeasible in most
cases. Therefore, approximations based on singular value decomposition are applied in all of
these methods. Ref. [19] provides an overview of different tensor-network methods applied to a
range of models. Of special relevance is the higher order tensor renormalization group (HOTRG)
approach, see Ref. [20]. This is an algorithm, applicable to systems of arbitrary dimension, in
which a tensor is assigned to every site of a closed lattice and a contraction is performed for
each link between two neighboring sites. After a pairwise contraction of two neighboring ten-
sors, the resulting coarse tensors are truncated using higher-order singular value decompositions
(HOSVD) [21]. This algorithm is repeated until a single tensor remains, from which the trace
is taken. An additional difficulty arises when a theory including fermions is considered. In this
case, it is in general not possible to integrate out all fermions in terms of local objects, so that
the result is suitable for the tensor-network formulation. Instead, all fermions are integrated
out, except for auxiliary Grassmann variables, which become part of the considered tensors. The
Grassmann structure in each tensor reproduces itself after each contraction step and creates a
sign factor that is part of the coarse tensor. Such a procedure is known as Grassmann HOTRG
(GHOTRG) [22]. Recently, GHOTRG was tailored to strong-coupling QCD using one flavor
of staggered quarks in two dimensions [23]. This enabled the calculation of various observables
for arbitrary masses, chemical potentials, and lattice volumes. Moreover, the extension to four
dimensions, in order to investigate the phase diagram of infinite-coupling QCD, showed quite
promising results [24]. Similar computations were performed very recently to investigate cold
and dense QCD in the strong-coupling limit [25]. In both two and four dimensions, it was
observed that the sign problem originating from nonzero chemical potential did not cause any
numerical instabilities. First results for including the first-order strong-coupling expansion to
the GHOTRG approach were obtained in Ref. [26].

In this thesis, we go beyond both the infinite-coupling limit and the single-flavor case. The
main goal is to express the partition function of lattice QCD with staggered fermions in the
strong-coupling expansion in terms of a tensor network. This is done for an arbitrary number
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of dimensions, flavors, and orders of the strong-coupling expansion. Further, the GHOTRG
approach shall be extended such that every coefficient Z,, of the partition function Z =3, Z,,6"
can be calculated separately. Finally, it is part of this thesis to study the numerical results in
two dimensions. The main findings of this thesis have been published in a collaboration with
Jacques Bloch, Robert Lohmayer, and Tilo Wettig in Ref. [27] and Ref. [28], with, in particular,
the wording of these publications being largely incorporated here. The methods were first
developed for two dimensions in this thesis and were generalized to an arbitrary number of
dimensions mainly by Jacques Bloch and Tilo Wettig.

This thesis is structured as follows: Part [[I] introduces essential principles on which the work is
based and is divided into three sections: In Sec. [T} fundamental concepts of group theory are
presented, including matrix representations of group elements and the corresponding characters.
Special attention is paid to the symmetric group and the computation of its characters using
the Murnaghan-Nakayama rule. Additionally, Lie groups, which are essential for gauge theories
such as QCD, are introduced. In Sec. 2, concepts of quantum field theory are introduced, with
a focus on the path integral formalism. Further, starting from the continuous QCD Lagrangian
density in d-dimensional Minkowski space, we derive the Lagrangian density of lattice QCD in d-
dimensional Euclidean space-time with staggered fermions. We study the chiral symmetry of the
QCD Lagrangian density, explain the aforementioned sign problem more rigorously, and provide
an overview of the expected QCD phase diagram. Finally, Sec. [3]is dedicated to the introduction
of tensor-network methods. We introduce HOSVD as well as HOTRG for arbitrary number of
dimensions. Two different variants of coarse-tensor truncation are discussed, using either the
so-called SuperQ method [29] or the Xie et al. [20] procedure. Moreover, an improvement for
calculating observables is presented: Observables are typically obtained through a derivative of
the partition function with respect to some parameter. Due to the discrete nature of tensor-
network methods, this derivative is generally approximated poorly when computed by a finite
difference. In the presented stabilized finite-difference method, the variation of every singular
vector for varied parameter is taken into account, which allows a less error-prone calculation of
observables. Finally, we discuss the GHOTRG approach in detail, as applied, for example, in
Ref. [23] to two-dimensional strong-coupling QCD.

Most of Part [I1I} has been published in [27] as it contains one of the main findings of this thesis.
The partition function of an SU(N,) gauge theory in d-dimensional Euclidean space-time with
N¢ flavors of staggered fermions is expressed in the form of a local tensor network with the
Grassmann structure from Ref. [23]. The basic idea is quite straightforward: In addition to the
Taylor expansion of the Boltzmann factor involving the fermion action, as used previously in the
infinite-coupling limit, one also performs a Taylor expansion of the Boltzmann factor involving
the gauge action. The gauge links (i.e., the gauge-field matrices defined on the links of the lattice)
contained in the terms that arise from these expansions can still be integrated out exactly using
known integrals [30} [31} |32, 13, 33]. The integrals are performed on individual color components
of the gauge links and their adjoints. Consequently, the original colored Grassmann variables
can be integrated out after introducing new colorless auxiliary Grassmann variables on the links
of the lattice. This generates local sign factors that can be incorporated in the numerical tensor.
After integration, all color indices can be contracted, and the partition function can be rewritten
as a completely contracted tensor network of local numerical and Grassmann tensors. In contrast
to the infinite-coupling case, the colorless auxiliary Grassmann variables no longer correspond
to baryonic degrees of freedom, but are generic fermionic degrees of freedom. Nevertheless, the
GHOTRG blocking procedure remains completely identical to that of the infinite-coupling case
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in Ref. [23]. As a consistency check, we also show that the obtained tensor reduces to the one
stated in Ref. [23] for the case of one flavor, two dimensions, N. = 3, and 3 = 0.

Part [ITV|]addresses order-separated GHOTRG (OS-GHOTRG) as described in the corresponding
publication [28]. It is a modification of GHOTRG that allows the separate calculation of the
coefficients Z,, of the partition function Z = >, Z,8" up to some order nmax. It is based on
the observation that plaquettes on the lattice are collapsed onto links, and (after at least two
contractions) also onto sites. To distinguish how many plaquettes are already collapsed onto
a specific site, we introduce nmax + 1 tensors of equal shape on every site. Additionally, the
link indices are grouped such that, in each group, both the number of plaquettes collapsed onto
the link and the number of uncollapsed adjacent plaquettes in every direction are fixed. In a
contraction, all summations are reordered such that this tensor structure is reproduced, albeit
on a coarse lattice. Thus there are ny.x + 1 coarse tensors on every site, whose link indices
are grouped according to the number of plaquettes collapsed onto that link and the adjacent
uncollapsed plaquettes of that link. When the tensors are truncated, every group of link indices
requires a separate reduction to avoid the mixing of different orders in 5. As in the usual
HOTRG approach, for a given group of link indices, the backward- and forward-truncation
matrices need to be identical. After the repeated contraction steps, when the trace of the coarse
tensor is taken, all summations are reordered again, so that all terms are sorted with respect to
the orders in 8. In this Part, we also show how translational invariance in the partition function
can be used to improve the efficiency of the OS-GHOTRG method.

The results of this thesis are presented in Part We start with several analytical results.
We state an algorithm that is used to compute the coefficients Z, of the partition function
Z =Y, ZpB" analytically in an efficient way, based on the initial tensor network derived in Part
Using this, the analytical coefficients Z,, on a 2 x 2 lattice are computed up to fourth order
for one flavor and up to first order for two flavors. Afterwards, we discuss the simplifications of
the tensor-network approach for pure-gauge theory in two dimensions and analytically calculate
the coeflicients of the strong-coupling expansion for a later comparison with numerical results.
Returning to the full theory in arbitrary dimensions, we analytically derive several properties of
the partition function and the resulting observables, including their symmetries and asymptotic
behavior with respect to the chemical potentials and masses. These analytical predictions are
in agreement with the numerical results. Afterwards we propose a model function arising from
interpolating between small and large p that turn out to describe the numerical data very well
in many cases for Ny = 1. At the end of Sec. [9] we discuss the general applicability of the
strong-coupling expansion near a phase transition again for arbitrary NVy.

From then on, we present a number of numerical results for two dimensions with N, = 3.
First, we compare SuperQ and the Xie et al. truncation procedure for different lattice volumes,
B =0, and N¢ = 1 using the usual GHOTRG procedure. Afterwards, results for the pure-gauge
theory using OS-HOTRG (which is the simplification of OS-GHOTRG when no Grassmanns
are present) are compared with the exact coefficients from analytical calculations up to order
six in 8. For one flavor, we first compare different expansions which differ regarding whether
the partition function is expanded in [ or the observable of interest itself is expanded in f.
We validate the implementation of the OS-GHOTRG method by comparing with analytical
and Monte Carlo results for small lattices. After a study of the singular values for various
quark masses and chemical potentials in several truncation steps, we show results for different
observables near the phase transition. To model the behavior of the observables, we introduce a
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fit ansatz based on the hyperbolic tangent, where we study the dependence of the fit parameters
on the quark mass and the lattice size. It is expected that, by using this model, the range of
B in which the strong-coupling expansion is applicable increases significantly. Finally, we also
show results for Ny = 2 up to nmax = 1.
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II. Theoretical foundations

In this part, we introduce fundamental definitions and concepts of group theory and quantum
field theory that form the basis of this thesis. We then present the QCD Lagrangian density,
consider the discretization of space-time and discuss the Wick rotation that is required for
the transformation from Minkowski to Euclidean space-time. Furthermore, we examine chiral
symmetry and provide an overview of the expected QCD phase diagram. In the third section,
we introduce HOTRG, a fundamental tensor-network method, along with its generalization
GHOTRG, which allows for Grassmann-valued tensor entries as required for theories involving
fermions.

1 Fundamental concepts of group theory

The study of group theory is of great importance as it is the study of symmetry itself, which
has consequences in all fields of physics. Using group theory, crucial insights can be extracted
from physical systems without necessarily knowing the details of the dynamics. The following
brief introduction to group theory is based on [34} [35| 36, 37], where most of the proofs are left
out for conciseness.

1.1 Basic definitions and properties

A group is a set G assigned with a binary operation called multiplication denoted by “-”, which
satisfies the following properties:

closure: If f,g € G, then f-g € G.
 associativity: For any f,g,h € G, f-(g-h) = (f-g) - h.

o identity element: There is an identity element e € G such that for all f € G, e- f =

fre=1T.

« inverse element: Every element f € G has an inverse element f~! € G such that

fort=rtf=e

When the multiplication is additionally commutative, i.e., for f,g € G, f-g =g - f, the group
is called abelian.

If the number of group elements is finite, the group is called a finite group. In this case, the
number of group elements n of a group G is called order of the group, and we write |G| = n.

A subset H C G is called a subgroup of the group G, when H together with the multiplication
of G is a group. To define the multiplication on H, we naturally restrict the multiplication from
the group G to the elements of H. When G is finite, one can show that the order of G is divisible
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by the order of H, i.e., |G|/|H| € N. Every group G has the subgroups {e} and G, which are
called trivial subgroups. All other subgroups are called nontrivial.

Two group elements f,g € G are said to be conjugate or equivalent, if there exists a group
element h € G, with f = h-¢g-h™'. Equivalent group elements are denoted by f ~ g. This
relation is reflexive (i.e., f ~ f for all f € G), symmetric (ie., f ~ g & g ~ f for all
f,g € G) and transitive (i.e., f ~gand g ~ h = f ~ h for all f,g,h € G). Therefore the
equivalence relation naturally induces equivalence classes as well: The equivalence class of a
group element g € GG is the subset of all group elements of G that are equivalent to g, denoted
by [g] = {f € G| f ~ g}. By definition, every element of a group G belongs to one and only one
class. Even though, for any class [g], the order of the group |G| is divisible by the number of
elements in the class, [g] is, in general, not a group. The class that contains the identity element
e is trivial, as this element always forms a class by itself, i.e., [e] = {e}. If the group is abelian,
all the classes become trivial, as each element forms a class by itself.

Two subgroups K and H of G are conjugate to each other, if there exists an element g € G
such that K = gHg ' ={g-h-g7'|h € H}.

H is called an invariant subgroup of G, when ghg™' € H for allh € H and all g € G. As a

consequence, every group G has at least two invariant subgroups, which are the trivial subgroups
{e} and G.

A group is called simple, if it does not have any nontrivial invariant subgroups. Further it is
called semi-simple, if it does not have any nontrivial abelian invariant subgroups.

For given subgroup H C G and group element g € GG, we define the left coset of H with respect
to the element g as the set gH = {g-h|h € H}, and the right coset of H with respect to
the element g as the set Hg = {h-g|h € H}. Moreover, two cosets g1 H and goH are either
identical, i.e., g1 H = go H (if g; ' - g2 € H) or disjoint, i.e., gt H NgoH = 0 (if g7 * - g2 ¢ H). This
can be used to show that every group element g € G belongs to one and only one of the disjoint
cosets of H. From the definition it follows, that the left and right coset coincide when g € H,
i.e., gH = Hg = H. Also if H is an invariant subgroup, the left and right coset are identical.

The case of an invariant subgroup is of particular interest, as all the cosets build the elements
of a new group, where the multiplication of two elements is defined by (g1 H) - (g2 H) = {g1 - hi -
g2-hj|hi-hj € H} = {g1-g2-hy | hp € H} = (g1 - g2) H. Here we inserted hy = (g5 " - hi - ga) - hj,
which is again a group element of H, as H is an invariant subgroup. Note that we use the same
symbol for the multiplication of two cosets as well as for two elements out of G. The constructed
group is called factor group, denoted by G/H, with order |G/H|=|G|/|H]|.

A group homomorphism is a mapping ® of the elements of a group G onto elements of a
group H with ®(f - g) = ®(f) - ®(g), for any elements f,g € G, where we use the same symbol
for multiplications in G and in H. There always exists at least one such mapping ®, which is
called the trivial homomorphism ®(g) = ¢’ for all g € G, where €’ is the identity element in H.

From the definition of a homomorphism it follows that ®(e) = ¢/, where e is the identity element
of the group G and €’ is the identity element of the group H. Additionally, inverses are mapped
onto each other ®(f~1) = ®(f)~!. Here, ®(f)~! denotes the inverse of the group element
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O(f) e H.

A crucial property of groups is formulated in the rearrangement lemma: If we multiply all
elements of a group G by one of the elements of the group, we again obtain the set of group
elements, i.e., for given g € G, G = {g-h|h € G} = {h-g|h € G}. Note that when g # e, we
get a new ordering of the elements.

This implies
S flg)= flg-h)=> f(h-g) forallheG, (1.1.1)

geG geG geG

for an arbitrary function f, depending on the group elements.

Finally, we define the group isomorphism, which is a group homomorphism that is bijective,
i.e., injective and surjective. If there exists such a mapping, the corresponding groups are said
to be isomorphic. An example of isomorphic groups are conjugate subgroups K and H of a
group G, i.e., K = gHg~!, where the isomorphism ® from H to K is given by ®(h) = g-h-g~ %
Isomorphic groups can be considered identical, up to a relabeling of the group elements.

1.2 Group representations

One of the most powerful concepts in group theory is the so-called group representation, which
describes the action of group elements in a linear vector space. This permits to reduce group-
theoretical problems to problems in linear algebra.

Let V' be a vector space. A representation of GG is a mapping I" of the elements of G onto a
set of invertible linear operators that map elements of the vector space V' again onto elements
of the vector space, with the properties

o I'(e) = 1, where 1 is the identity operator in the vector space V, i.e., lv = v for all v € V.

o I'(f-9) =T(f)I'(g), therefore the group multiplication law is mapped onto the composition
of the linear operators.

Some comments on terminology: We say the group G acts on the vector space V via the
representation I'. Since the action of I'(g) on any vector in the vector space V' is still in the
vector space for any group element g € G, we say V is invariant under I'. The image of T, i.e.,
the set of all linear operators that represent a group element, is called I'(G). V is also referred
to as the carrier space of the representation I'.

From e = g - g~! it follows that I'(¢g~!) = I'"!(g) for any g € G, i.e., the representation of the
inverse group element g~ ! is given by the inverse linear operator I'"1(g).

For a given vector space V', every group has a trivial representation, given by I'(¢g) = 1 for all
g € G. A representation is called faithful, if the mapping of group elements onto linear operators
is injective, i.e., I'(f) = I'(g) implies f = g. Therefore, the trivial representation is not faithful
as long as |G| # 1.
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Let V be finite dimensional, with dimension A. In this case, we can choose a basis v =
(v1,...,vy), with respect to which the linear operator I'(g) is represented by a matrix NG (9),
which is called matrix representation of the group element g (with respect to basis v). This
uses the isomorphism between linear operators and matrices. Naturally, the dimension of the
representation is defined as the dimension A of the A x A matrices I'*)(g). The set of all ma-
trix representations I'")(g) for all group elements is denoted by I'®)(G), and is called matrix
representation of the group G. Further, we say the basis v furnishes the matrix representation
I')(@G) of the group G.

Now let use choose another basis w = (wy,...,wy). The linear operators I'(G) are therefore
now represented by the matrices T(*)(G). The matrix representations I'¥)(G) and I'")(G) are
said to be equivalent matrix representations, as they describe the same action of group
elements in different bases. For any g € G, I'(®) (g9) can be calculated by

r@(g) =7-'1@(g)T, (1.2.1)

where T is the transition matrix between the bases. It can be denoted by z(*) = T2(®) where
) and (") are the coordinates of a vector z € V in the different bases. Note that the matrix
T is the same for all group elements. Conversely, Eq. can be used as the defining equality
for equivalent matrix representations.

One can show that every matrix representation F(“)(G) of a finite group is equivalent to a
unitary matrix representation, i.e., a matrix representation where

W)t =1 ()t forall geq. (1.2.2)

The unitary representation I'®)(g) of the group element g is given by I'®)(g) = T-1T'®)(g)T,
with T = S~1/2 and S = > ogea @) (g)IT®)(g), where one can show that S is positive definite,
which is why S~1/2 exists and is unique.

1.3 Reducibility

As it will turn out, some representations are the “building blocks” of other representations,
i.e., the representation can be decomposed into these special representations, which leads us to
the concept of reducibility: A representation I' of a group G with vector space V is called
reducible if there is a subspace W C V that is invariant under I, i.e., I'(g)w € W for all g € G
and w € W. Conversely, the representation is said to be irreducible (or simply an irrep), if it
is not reducible. We use the notion of reducibility for the carrier space of the representation as
well.

Further, a matrix representation I'")(G) of a group G is called completely reducible if it is
equivalent to a matrix representation I‘(“’)(G), whose matrices have a block-diagonal form

g 0 .-
I =1-r@r=| 0 1) |, forall ged, (1.3.1)
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where Fgw) (g), for all 4, is an irreducible matrix representation of the group element g, acting

on a subspace of V, for all ¢. Such a matrix representation is said to be the direct sum of
subrepresentations F(w)(g), denoted by

T (g) = 3T (g) =T (g) & T (g) @ - - (1.3.2)
D

Therefore, the vector space V' decomposes into subspaces V; that are invariant under the ir-
reducible matrix representation Fgw)(G) of the group G. Note that in general, several of the
occuring irreps in Eq. can be equivalent. Their respective number of appearances is
referred to as the multiplicity of the irrep in the representation I'(g). Also note that there are
representations I' that are reducible, but not completely reducible. In this case, there is an
invariant subspace of V under I', but its complement is not invariant under I'.

We now state some important theorems in the context of irreducible matrix representations:

Schur’s lemma 1: A matrix M which commutes with all matrices of an irrep I'")(g) for all
g € G is proportional to the identity matrix, i.e.,

MT®(g) =T (g)M = M ~ 1. (1.3.3)

Schur’s lemma 2: Suppose we have two irreps ng)(G) and Fgw)(G) of the group G, acting on
vector spaces V and W with dimensions A; and As and bases v and w, respectively. If there is
a A2 X A\; matrix M, with MI‘%U) (9) = Fgw) (9)M for all g € G, then either M is zero, or I‘gv)(G)
and Féw)(G’) are equivalent. Note that the latter can only happen for A\; = Ao. In this case it
also holds that det(M) # 0, and therefore ng)(g) = M*1F(2w) (g) M.

Orthogonality relations: Let I‘g”i)(G) and I‘,(:k)(G) be two unitary irreps of the group G,
which act on the vector spaces with dimensions A; and A; in the bases v; and v, respectively.
Then it holds that . n
> (T @) T @ = 50 Sonr (1.3.4)
geG v
where the order of the group is denoted by n = |G|. For the proof of this relation, one uses
Eq. as well as Schur’s lemma 1 and 2. We will use this relation in the following sec-
tion, where we consider the trace of representations, called characters, yielding the important
conclusion that the number of non-equivalent irreps of a group G is given by the number of
classes.

1.4 Characters of representations

The character of the group element g € G in representation I'; is defined as the trace
xi(9) = tr (T3 (9)) = S8 (9) (1.4.1)
w

for any basis v of the vector space. What is special about this quantity is that it is the same for
equivalent representations FZ(-w) (g) due to the cyclic property of the trace, as

tr (T8(9)) =t (T7'T{(9)T) = tx (T} ())TT 1) = tr (1) (g)) forall geG. (142)
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Therefore, the characters are independent of the chosen basis.

Furthermore, group elements that belong to the same class have the same character as well, as
we have

tr(T(g-p-g7")) = tr (D@L PI(g™)) = tr (CEIT T (9)(9)) = tr (D(p)) ,  (1.43)
where we wrote I' = FE”) for conciseness. Thus we can write x;(g) = x5, where ¢ enumerates

the classes of the group G and g is in class ¢. Combining this result with Eq. (1.3.4)) yields the

orthogonality relation for characters

m

Z ne (X§)" x5 = ndi (1.4.4)

c=1

which contains a sum over all classes of GG, enumerated by c. The total number of classes is m,
which is finite for finite groups. The number of group elements in class c¢ is denoted by n.. The
orthogonality relation can be used to show that the number of non-equivalent irreps of a group
G is given by the number of classes.

Another crucial property of characters is that for any given completely reducible representation,
one can conclude from the characters, whether the representation is reducible. The characters
of such a representation I'(G), whose block-diagonal form is given in Eq. (1.3.2)), are given by

x(9) = >_aixi(9), (1.4.5)

where ¢ labels the non-equivalent irreps of the group G and a; is the multiplicity of this particular
irrep in the representation I'(G). In Eq. (1.3.2]) we used basic properties of the trace of block
diagonal matrices. Moreover, by using the orthogonality relation for characters, we can conclude

> Ix(o)* =n af. (1.4.6)

geG

Now, when I'(g) is irreducible (i.e., exactly one a; is nonzero, and this particular a; = 1), we
get 3, Ix(g)|? = n, with n = |G|. Otherwise, when I'(g) is reducible (i.e., at least two a; are
nonzero, or at least one a; > 2), it follows that >, [x(g)|* > n. Thus from the characters alone,
we can determine, whether a given representation is reducible.

What is still missing is an algorithm for determining all irreps of a given group, which will be

shown later. A fundamental concept of this algorithm is the group algebra, which is introduced
in the next section.

1.5 Group algebra

A group algebra G is a linear vector space based on a set of elements g; in which both an
addition and a multiplication are defined such that the group properties are satisfied. There is
only one exception, as the zero element of the algebra does not have an inverse element.

By definiton, the dimension of the vector space is the order of the underlying group |G]|.
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Any element of the group algebra can be written as > i ; ¢;¢g; where n is the number of elements
gi;- The multiplication in the group algebra is then defined via the multiplication of the group,
using:

n n n
<Zczgz‘> (Z%Qj) = Z cid;g; - Z Cm9m (1.5.1)
i=1 j=1 ij=1

which is again an element of the group algebra. In the group algebra, we can write

L 1 form==%k
= mOQmi(gi) with  Ayi(g) = ’ 1.5.2
9; mzlg () i(9:) {o clse. (1.5.2)

where k is the index of the group element that is obtained by multiplying ¢; and g;, i.e.,
gk = gi - gj. Using this, the coefficients ¢,, in Eq. (1.5.1)) are given by

n

Em = Z cidemj(gi) . (1.5.3)
1,j=1

What makes the matrices A(g) special is that they are a (n-dimensional) matrix representation
of the group G, as they fulfill both defining properties given in Sec. [I.2}

1. eg; = Ym—19mAm;j(e), but also eg; = g;. As the coefficients must be equal, we find
Ayuj(e) = 6y and therefore A(e) =

2. Assume g,95 = g.. We now calculate the result of applying g. to a group element g;. On the
one hand, applying Eq. (1.5.2) two times, yields

Ga b9 = Zgagm mi(96) = > 9k km (9a) D (g0) ng (96))k; - (1.5.4)

m=1 k,m

On the other hand, we find gags9; = 9cg; = 21, 9xDk;j(gc). Again, the coefficients must be equal,
from which we get A(gq)A(gs) = A(ge). Thus A(G) is a representation of the group G.

The representation A(G) is called regular representation of the group G. The carrier space of
the regular representation is the space of the group algebra G.

A crucial property of the regular representation is stated in the following theorem: The regular
representation contains all irreps of G, and the multiplicity of an irrep k equals its dimension k.
Therefore the representation A(g;) is equivalent (i.e., equal up to basis transformation) to the
matrix representation

T'A(g)T = > MI¥(gi) = MT(gs) @ AT (i) © -+ B A L™ (g5) - (1.5.5)
k=1

Let us simplify this equation for g; = e. In this case, by definition of a representation, we have
A(e) = Ly, and T*(e) = 1), x», for all different irreps k, with dimension \.

Further, we take the trace of Eq. (1.5.5)), from which we get on the one hand

tr (T A(e)T) = tr (Ale)) = n (1.5.6)
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and on the other hand

tr ( f: Akrk(e)) = f: Metr (TF(e)) = f: A2, (1.5.7)
k=1 k=1

ke=1

where we used basic properties of the trace of block diagonal matrices. Therefore we get n =
> ohey )\i, which is a fundamental identity relating the order of a group to the dimensions of its
irreps.

For later use, we also define the following terms:

A subalgebra H C G is a vector space that is contained in the group algebra G which is closed
under the law of multiplication that is given by the group algebra G. Further, if the subalgebra,
is invariant under left multiplication, i.e., jh € H for all § € G and for all h € H, it is called a
left ideal. If the subalgebra H in turn does not have any subalgebras which are left ideals, it is
called an irreducible left ideal. An irreducible left ideal is especially relevant, as one can extract
an irrep from it, by acting with each group element on the basis vectors of the left ideal.

An element § of the group algebra satisfying §? = § is called idempotent. If §? is proportional
to g, i.e., §% o §, the element is called essentially idempotent.

Additionally, an idempotent is called irreducible or primitive, if it generates an irreducible left
ideal, i.e., when {hg|h € G} is an irreducible left ideal, which eventually provides an irrep.

It can be shown that all irreps of a group can be constructed, once all primitive idempotents
are known. The construction of the primitive idempotents is demonstrated for the so-called
symmetric group, which will be introduced in the next section.

The primitive idempotents of S,, are further relevant, as they are also used to construct irreps
of some important continuous groups, e.g., U(m) and SU(m) (cf. Sec. [1.9). Further, the study
of the group 5, is important due to Cayley’s theorem, which states that every group of order n
is isomorphic to a subgroup of the symmetric group S,,.

1.6 The symmetric group

The symmetric group 5, on a finite set X with n elements is the group whose elements are
all bjiective functions from X to X and whose group operation is the function composition. In
the following, we restrict ourselves without loss of generality to X = {1,...,n}, for which such
a bijection 7 (we call it permutation) is given by 7 (i) = m; for i € X or equivalently

1 92 ...
( ”) : (1.6.1)
where all 7; are distinct and again in X, i.e., {m; |i € X} = X. Therefore, the symmetric group
Sy, is the group of permutations of n objects. There are in total n! permutations, i.e., |S,| = n!.

For 7,0 € Sy, the function composition can be denoted by (o - 7)(i) = o(7(i)) = o(m;).
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The identity element of the group is given by the permutation 7 (i) = i. S,, is non-abelian for
n > 2.

We can denote a permutation of S, also with the use of cycles. A cycle of length k (or simply
k-cycle) is given by the notation (ajas - - - a) with distinct numbers a; € X. This is a shorthand
notation for the permutation m, with 7(a;) = a(i+1)%k for all © < k that leaves all other elements
unchanged, i.e., w(i) =i for all ¢ with i # a; for all j € {1,...,k}. A permutation that can be
represented by a cycle is called cyclic permutation.

Note that the cycle (ajas---ay) represents the same permutation, when the numbers within
the cycle are interchanged cyclically. However, in general the order of the numbers is relevant.
Cycles of length 2 are called transpositions.

Two cycles (ajag---ak,) and (bibs - --by,) are said to be disjoint when they do not have any
elements in common, i.e., a; # b; for all i« < ky and all j < ko. Two cyclic permutations are
commutative, when the corresponding cycles are disjoint.

Any permutation m € S,, can be written as a product of pairwise disjoint cyclic permutations.
An example of a permutation written as a product of cycles is given by

123456
(6 531 2 4>:(164)'(25)’(3)’ (1.6.2)

where the order of the cycles is irrelevant, as the cyclic permutations are commutative. The
example consists of one 3-cycle, one 2-cycle and one 1-cycle. In general, this information is
contained in the so-called cycle structure of a permutation, which lists the lengths of all cycles
in descending order. Formally, it is denoted by (A1, Aa,..., A) with A; > A;iy1, where \; is
the length of a given cycle and r is the number of appearing cycles. In the example ((1.6.2),
the cycle structure is (3,2,1). Every cycle structure is also a partition of n, where a partition
A = (A1, A2,...,A) of an integer n is defined as the sequence of positive integers such that
2:1 )\z = n with )\z Z )‘i+1-

Any cycle of length k with £ > 2 can be written as a product of transpositions, e.g., (164) =
(14) - (16). Note that the transpositions are not disjoint, and therefore the permutations are not
commutative.

Therefore any permutation can be written as product of s transpositions. If s is even we call 7
an even permutation, otherwise it is an odd permutation. We denote this by the so-called parity

sgn(m) = (—1)%.

For the symmetric group S,,, the subset of all even permutations builds an invariant subgroup
of S,,. This group is called alternating group A,,. The factor group S,,/A,, is isomorphic to Ss.

Two elements of S, are equivalent (i.e., are in the same class) if they have the same cycle
structure. As an example, we consider two permutations with cycle structure (3,2, 1),

(123)(4)(56) = = (142)(5)(63), (1.6.3)
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where 7 is the permutation which is given by

1 2 3 456
. 1.6.4
<1 4 2 5 6 3) (1.6.4)
This is the reason why the analysis of cycle structures - and thus of partitions - is of central
importance. To facilitate the study of partitions, we introduce a visualization in the next section.

1.7 Construction of the irreps of the symmetric group

A partition A = (A1, A2, ..., A) of an integer n with >"i_; A\; = n and \; > A\j41 can be repre-
sented graphically by a Young diagram. Hereby, n boxes are arranged in r rows such that the
i—th row contains A\; boxes. For example, the cycle structures of the symmetric group Sy are
visualized as

HEEN] ) , , S amy

representing the partitions (4), (3,1), (2,2), (2,1,1), and (1,1,1,1), respectively. Further, a Young
tableau is a Young diagram containing the numbers 1 to n in the n boxes, where each number
appears exactly once, e.g.,

23|1\ 4
4 ’ IE

(1.7.2)

There is a one-to-one correspondence between permutations and Young tableaux. For the Young
tableaux given in , the corresponding permutations are given by the product of cycles
(231) - (4) and (41) - (23), respectively. Additionally, when the numbers from 1 to n appear in
ascending order, first from left to right, then from top to bottom, the tableau is called normal
Young tableau, e.g.,

2|3\ 1|2
4 ’ 3

(1.7.3)

For every Young diagram there is only one normal Young tableau. In a standard Young
tableau the numbers increase in the rows and columns, but not necessarily in strict order. Two
examples for such tableaux are

2[4 |13 (1.7.4)

The normal Young tableau of the partition A is denoted by ©,. Any other Young tableau
corresponding to the same Young diagram is obtained from ©, by a permutation 7 of the n
numbers. This is denoted by

1 =m0, , where we have 0Of = 0O5". (1.7.5)



II Theoretical foundations 23

As we will see, for every Young tableau one can define a primitive idempotent that generates an
irrep of S, on the group algebra S,,.

For the construction of these primitive idempotents one needs the so-called symmetrizer and

anti-symmetrizer. For given Young tableau with shape A and filling 7, the symmetrizer is

defined as s§ = > ,~ hY, where hY are all permutations, that only permute numbers in the rows
A

of ©F. Note that hY is not restricted to permutations in one single row.

Additionally, we define the antisymmetrizer af = 3 ,~(—1)%*"o], where v] are all permuta-
tions, that only permute numbers in the columns of (§§

Note that the symmetrizer and the antisymmetrizer are elements of the group algebra S,,. From
these definitions one can construct the Young operator e} = sia?, which is again an element
of the group algebra S,.

One can show that e are essentially primitive idempotents for all 7 and all A. Therefore, every
e} generates an irreducible left ideal LY. Using the approach explained at the end of Sec.
we thus can construct all irreducible representations of .5,,.

Further, different Young tableaux obtained from the same Young diagram give equivalent irreps.
Only representations corresponding to different Young diagrams are inequivalent. Thus the
Young operator corresponding to the normal Young tableaux already generates all inequivalent
irreps.

As an example, we consider the normal Young tableau

12\
3

, (1.7.6)

which represents an irrep of S3. The symmetrizer of this tableau is given by sf, ) = e+ (12)-(3),
as the identity element e of S3 and (12)-(3) are the only permutations that only permute numbers
in the rows of the tableau. Likewise, the antisymmetrizer is given by af, ;) = e— (13)-(2), which
contains a minus since the permutation (13) - (2) has negative parity. Therefore, the Young
operator

€a1) = S(2.1)0(21) = (e +(12) - (3))(e — (13) - (2)) = e+ (12) - (3) — (13) - (2) — (321) (L.7.7)

generates in irreducible left ideal and thus also an irrep of S3. For this example, the dimension of
the irreducible left ideal and therefore also of the irrep is two. One can show that in general the
dimension of the irrep I'* corresponding to the Young diagram with shape A equals the number
of standard Young tableaux of A and is given by

n!

rooA
[T IT hig

i=1k=1

ny = , (1.7.8)

where h;j, is the hook length of the box in row ¢ and column k. For the box 7,k the hook
consists of all boxes below and to the right of it, plus the box itself. The hook length is then
given by the number of involved boxes.
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From the calculated irreps one can in principle take the trace to obtain the characters for all
classes in all irreps of the symmetric group. However, there is an efficient algorithm known as the
Murnaghan-Nakayama rule, which allows for a computation of the characters without explicitly
calculating all irreps. In the next section, this algorithm is presented and the character for a
given class and given irrep is calculated as an example.

1.8 Murnaghan-Nakayama rule

In the following, we go through all necessary steps for calculating the character of the symmetric
group for a given class in a given irrep. The proof of this algorithm is omitted here. Before
we dive into the details of calculating the character, we need some further definitions related to
Young diagrams, which are given next.

The boundary of a Young diagram, consists of all boxes with row-index i and column-index j
for which the position i + 1,j + 1 is already outside the diagram. As an example, we consider
the Young diagram corresponding to the partition (5,4, 2)

L (1.8.1)

where we enumerated all boxes that belong to the boundary from one to seven. Further, a
connected part of the boundary that can be removed to leave a proper Young diagram is called
skew hook. For the Young diagram , there are in total eleven skew hooks. For example
the boxes 1 to 3 build a skew hook, since removing them would yield the Young diagram that
corresponds to the partition (3,3,2). Similarly, the box 1 itself is a skew hook. Its removal
corresponds to the partition (4,4,2). The remaining skew hooks are 1-4, 1-6, 1-7, 3, 3-4, 3-6,
3-7, 6, and 6-7.

Note that every skew hook corresponds to a hook and vice versa. Hereby, the beginning and
ending of hook and corresponding skew hook coincide and lie on the boundary of the Young
diagram. As every hook in turn corresponds to one box and vice versa, there are as many skew
hooks as boxes in an arbitrary Young diagram. Consider for example the skew hook 1-7. The
corresponding hook is that one, that is constructed from the box in row 1 and column 1.

Further, the length of a skew hook is the number of involved boxes. Therefore, the skew hook
that contains the boxes 1 to 7 has length 7. This length always equals the hook length of the
associated hook.

Additionally, we define the leg length of a skew hook, which is the number of vertical steps,
i.e., the number of rows in the skew hook minus one.

Now, consider a given Young diagram (i.e., an irrep of S,) corresponding to the partition A
together with a class ¢ = (c¢1,¢,...¢.) of S, for which we want to calculate the character.
Here, the class c is given in cycle structure, where ¢; is the length of the i-th cycle with a total
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number of r cycles. Then the corresponding character is given by the recursive formula

Xe =D EXE, (1.8.2)
A

which is explained in the following: To apply this equation, we can first freely choose one of
the lengths ¢; in the cycle structure and determine all skew hooks in the Young diagram that
have length ¢;. By definition, the removal of such a skew hook yields another (smaller) Young
diagram. Using this, the sum in Eq. runs over all diagrams (i.e., partitions) A, that are
obtained from the diagram A, when one of the skew hooks of length ¢; is removed. ¢ is the
class that is obtained by removing one cycle of length ¢; from the class ¢. Finally, the sign in
Eq. is positive if the skew hook that we removed from X in order to obtain X has even
leg length, and it is negative if the removed skew hook has odd leg length.

By applying this formula, one is left with the task of calculating characters for smaller classes
and smaller Young diagrams than we had at the beginning. Therefore we can recursively apply
this formula, until the algorithm stops due to one of the following two scenarios: Either there
is no skew hook of length c¢;, in which case the summation is empty and therefore X? = 0; or, if

the removed skew hook covers the whole diagram. For this case we set ngg =1.

To make this method efficient, the order in which the ¢; are removed should be chosen to

minimize the total number of skew hooks to be removed. For example, if there is a length ¢; for
which there is no skew hook with length c¢;, this length is always preferred.

In the following, we calculate the character of the class (7,2,2) for the partition (5,4,2), as an

example. The underlying group is S1; and the corresponding Young diagram is already drawn
in ([1.8.1)), where also all the skew hooks are stated below this diagram.

For efficiency reasons, we now choose ¢y, which is 7, to begin with. There is only one skew hook
of length 7 (it is the skew hook that contains the boxes 1-7). The leg length of this skew hook
is 2, which is even, and therefore we get a plus in the formula (1.8.2]).

The diagram we get, when we remove this skew hook corresponds to the partition (3,1), and
the class that we get when we remove ¢; = 7 is (2,2). Therefore we obtain

/\(5’4’2§ — HE?A;_ (1.8.3)

After a renaming, we repeat the process for given partition A = (3,1) and given class ¢ =
(c1,¢2) = (2,2). The corresponding Young diagram with enumerated boundary is given by

2[1], (1.8.4)

As this diagram contains four boxes, there are four skew hooks as well. They read 1, 1-2,1-4,
and 4.

We now choose the cycle ¢c; = 2 to continue. In the above diagram, there is only one skew hook
of length 2, which is the skew hook that contains the boxes 1-2. The leg length of this skew
hook is 0, yielding a plus in the recursive formula.
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After removing this skew hook we get the partition (1,1). The obtained class after removing
¢1 = 2 is (2). Therefore we get

(3,1) _ (1,1)
Moy = A2} - (1.8.5)

We repeat the algorithm once more, now for given partition A = (1,1) and given class ¢ = (¢1) =
(2). The relevant Young diagram, together with its boundary, reads

H (1.8.6)

Now there are only two skew hooks, containing either the boxes 1-2 or the box 2. The remaining
cycle length has ¢; = 2. Again, there is only one skew hook of length 2, which is the skew hook

that contains the whole diagram. In this case we use the definition XES; = 1. Therefore,
1Ly _ (0 _
)\(2) = —X(0) = -1, (1.8.7)
where we get a minus, as the leg length of the removed skew hook is 1. Thus, for the class
(7,2,2), the character in the irrep (5,4, 2) is given by

5,4,2
Mogm =1 (1.8.8)

1.9 Lie groups

So far, we mainly discussed finite groups, especially the symmetric group S,,. Now we proceed
with continuous groups. These are groups where the group elements g € G are continuous
functions of a finite number of real parameters (a1, a9, ..., an) = a, i.e.,

g=g(ai,...,a,) =g(a). (1.9.1)

Continuous in this sense means that there is some notion of closeness such that two group
elements g(a) and g(o') are close together, when the parameters of two group elements are close
together, i.e., || — || gets very small. Here, ||.|| denotes the euclidean norm. Note that the
parameterization of the group elements is not unique. In fact, there is an infinite amount of
possible parameterizations. The order of a continuous group no longer refers to the number
of elements in the group - which is infinite - but rather to the number of parameters n in the

group.

The multiplication law for the group now reads

g(a)-g(a') = g(a”), (1.9.2)
where the of for i € {1,...,n} in general depends on all parameters o and «’. We denote this
by n different functions f;, i.e.,

o = filag,...,an,al, ... al) forie{1,...,n}. (1.9.3)

Note that by stating these functions f; the whole structure of the group is determined. Due to
the defining properties of a group, there is an identity group element e € G with parameters

a® = (ad,...,ad) such that

i = filar, ... an,ad,...,a0) = fi(d),...,a%,0q,...,0,) forie{l,...,n}. (1.9.4)



II Theoretical foundations 27

for any group element g € G parameterized by «. Further, due to the existence of an inverse
element g~! € G, parameterized with & = (ay, ..., &y), we get the condition

= filan,...,an,&1,...,4,) = fi(&1,...An,a1,...,00) forie{l,...,n}. (1.9.5)

When these functions can be inverted, i.e.,

a; = hi(oq,...,an,af,...,a%) foric{l,...,n}, (1.9.6)
and when the functions f; and h; are analytic for all ¢, the group is called Lie group. Moreover, a
Lie group is called compact if the intervals of the parameters «; are finite and closed. Otherwise
it is called non-compact.

A typical example of a compact Lie group is GL(N, C), which is the group of all non-singular,
linear transformations in an N-dimensional complex vector space. Its defining (or fundamental)
representation is given by the invertible complex N x N matrices. Therefore, each group element
is determined by 2N? real parameters.

An important subgroup of GL(NV, C) is the unitary group U(N), whose elements U are addi-
tionally unitary, i.e., they fulfill

U'U=UU"=1 forallU e UN), (1.9.7)

where 1 is the N-dimensional identity matrix. The group elements of the unitary group can be
parameterized by N? real parameters.

A subgroup of U(N) in turn is the special unitary group SU(N), whose elements U have a
determinant that is equal to one, i.e., det(U) = 1 for all U in SU(N). The group elements are
parameterized by N2 — 1 parameters.

One crucial change between continuous and finite groups is that the summation over group
elements in the relation

S He) =D Fflg-h)y=> f(h-g) forallhed, (T.1.1))

geG geG geG

derived from the rearrangement lemma, must be properly replaced by an integration over the
parameters aj, ..., a, of the group G. To obtain an analogue integral, we need an integration
measure

du(g) = du(aq, ..., an) = plag,...,an)dag - - - day, (1.9.8)

with density p such that

L@@ = [ du@)f(g-1) = [ du(g)f(h-g) forallheG. (1.9.9)
As this equation again should hold for any function f, we require
du(g) =du(g-h) =du(h-g) forallgeG. (1.9.10)

An integration measure that fulfills this equation is called Haar measure. One can show, that
for a compact Lie group, there exists such a Haar measure, which is also unique after setting
the normalization u(G) = [ du(g) = 1.



28 1 Fundamental concepts of group theory

After introducing the Haar measure, one can show that a compact Lie group has a countable
number of inequivalent irreps, all of which are finite-dimensional. Further, due to the existence of
the Haar measure, many crucial results derived for finite groups also hold, in a slightly modified
version, for compact Lie groups. For example, for a compact Lie group, every matrix represen-
tation is equivalent to a unitary representation, and every representation can be decomposed
into a sum of irreps.

For a compact Lie group, there are also orthogonality relations for unitary irreps as in
which are given by

Vg Vi ].
/ d/’L ( ) ) ) P](q k)(g),u/l/’ = y(sikéuu’(syl/’ . (1911)

From these, we also get orthogonality relations for characters

/G dug) (xi(9))" xk(9) = dik (1.9.12)

where x;(g) is the character of the group element g in irrep i. Additionally, just as in Eq. (1.4.6]),
from the characters alone we can conclude, whether a given representation of a compact Lie group
is reducible. Specifically, the condition

/G dp(g) ()l =1, (1.9.13)

is valid if and only if the irrep ¢ is irreducible.

Since compact Lie groups are continuous groups, where additionally the identity element in any
representation is given by the identity matrix, we can explicitly parameterize any compact Lie
group in the vicinity of the identity. To do so, we choose the parameterization of the group such
that o = 0 for all i, i.e., g(0,...,0) = e is the identity element.

Therefore, by definition, we have for any representation of the compact Lie group

P(g(@))lao = 1. (1.9.14)

For group elements close to the identity that is parameterized by € = (e1,...,&,), we then can
parameterize any representation by

[(e1,...,60) = exp Zsj , (1.9.15)

where the linear operators S; act on the carrier space of I' and are called generators of the Lie
group. Note that there is one generator per parameter.

As a direct consequence, one can show that for the special groups (i.e., det(I'(g)) = 1) the gener-
ators are traceless, and for unitary groups (i.e., I'(g) (I'(g))" = 1) the generators are hermitian,
ie., S; = S;r for all j. In general, the generators of a given representation I' can be extracted
using the formula

;90 (g(a))

Sj N 6063 a=0 .

(1.9.16)
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We now consider the product of two group elements that are both in the vicinity of the identity
such that the result is again in the vicinity of the identity, i.e., I'(e)['(¢/) = I'(¢”). By using the
Baker-Campbell-Hausdorff formula, the product becomes

n n 1 n
L =exp|i) €;S:i+i) &5, — = eier S, Skl +... ], 1.9.17
()() p jzzljj gkk 2j%_:1jk[] k] ( )

which needs to be expressed in the form of Eq. ((1.9.15]), in order to determine ”. However, for
arbitrary e and &’ this is only possible when the commutator of the generators is again a linear
combination of the generators [38], i.e.,

[Sj, Sk;] = ifjlel for all 5,k € {1, e ,n} , (1.9.18)

where the imaginary unit is a matter of definition. The coefficients f;; are called structure
constants. By using this commutator relation several times, even the inclusion of higher order
terms to an arbitrary order in Eq. (which yields nested commutators) yields just a
linear combination of the n generators, i.e., a representation of a group element in the form of
Eq. (1.9.15). Using this, we can calculate £” up to arbitrary order in € and &’. Therefore, the
structure constants contain the whole information of the multiplication law of the group near
the identity.

From the properties of the commutator, we can conclude some useful properties of the structure
constants. First, from the definition of the commutator, it follows directly that

fjkl = _fkjl for all j,k,l € {1, ceey n} . (1.9.19)

Next, due the Jacobi identity for commutators, the structure constants fulfill a Jacobi identity
as well:

> fikafiab + frjafwab + friafjap =0 forall b, j k1€ {1,...,n}. (1.9.20)

a=1

For a unitary representation, it can be shown that all structure constants f;; are real.

There is another important consequence of Eq. : As the commutator of two generators
is again a linear combination of generators, the vector space with basis vectors S; for i €
{1,...,n} is closed with respect to the commutator. Thus we can define an algebra, where the
multiplication law (i.e., composition law), is defined as the commutator of two elements. This
algebra is called Lie algebra. Also the Lie algebra is completely determined by the structure
constants.

The structure constants themselves satisfy the commutator relation (1.9.18]). For this reason,
we say that they form a representation of the Lie algebra. This representation is n-dimensional,
and called adjoint representation. Formally, it is defined as I'(S;)i = fju-
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2 Fundamental concepts of quantum field theory

Quantum field theory (QFT) is one of the most significant advances in physics of the 20th
century as it connects both quantum mechanics and special relativity while providing the most
remarkable agreement between theoretical predictions and experimental data in the history of
science [39).

A crucial conceptual shift in QFT compared to earlier theories is that the fundamental objects of
the theory are no longer particles but fields. Particles are then regarded as quantized excitations
of these underlying fields. This allows for a natural quantum mechanical description of multi-
particle states in which the number of particles is not conserved. In general, this is a crucial
property in all scattering and decay processes.

With the exception of gravity, QFT is used to describe all fundamental forces observed in
the universe. These are the electromagnetic, strong, and weak interaction between elementary
particles. The mediators of these forces are called gauge bosons and together with quarks,
leptons, and the Higgs boson they build the standard model of particle physics.

The theory that describes the strong interaction is QCD. As mentioned in the introduction, it
is a gauge theory based on the non-abelian group SU(3), whose fundamental particles (called
quarks) carry a color charge that occurs in three different types. The eight different mediators
of the color charge called gluons describe the strong interactions between the quarks. For each
of the three color charges there is an anti-color charge, which are carried by anti-quarks. In
contrast to the photon in Quantum Electrodynamics, the gauge bosons of QCD also carry a
color charge in the form of color-anticolor combinations, which allows for gluon self-interactions.
Further, all observed composite states of the strong interaction, i.e., hadrons, are color singlets
of SU(3).

QCD is especially relevant, as it has a rich structure of phenomena, which differ crucially from all
other interactions. Among its most remarkable features are the previously mentioned phenomena
of confinement and asymptotic freedom. Both are closely connected to the fact that SU(3) is a
non-abelian gauge group [40].

In the following, we first introduce the path integral formalism for one-dimensional ordinary
quantum mechanics, as well as for a scalar field theory. This approach is a basic formalism that
is also used in modern quantum field theory. Next, we formally introduce QCD by defining its
Lagrangian density and discuss some crucial properties. After introducing lattice QCD, we will
take a look at the phase diagram of QCD. The overview is based on Refs. [2, 41, 42, 43| |44, |45].

2.1 Path integral formulation in quantum mechanics

We start with the path integral formulation for a particle in one dimension (cf. Ref. [46]). A
particle at position x is described by the state |z) in position space, which forms an infinite-
dimensional Hilbert-space. The states |z) for z € R are an orthogonal basis with normalization
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(x|ly) = 0(x — y), which fulfill the completeness relation
T:/‘dﬂw@j. (2.1.1)

The time evolution of the particle is determined by a Hamilton operator H , where the prob-
ability of measuring a particle with initial position x; after time T at position xy is given by
| (z¢]e™*HT|x;) |2. Throughout the thesis, we use natural units, i.e., h = ¢ = 1.

To rewrite this expression in terms of a path integral, we divide the time interval [0, 7] into N
small segments of length &t such that T = YN | 6t = Nét.

Since any operator commutes with itself, we can write

(zg|le T |zy) = (wele Ot tHI | =il 4y (2.1.2)
— [I‘/}my (zele e 1) (xn_1]e O an_o) . . . (w1]e % ay) |
7=1

where we inserted the completeness relation (2.1.1) between any two exponentials.

We now consider the simple case H = % + V (&), with eigenvalue equations p|p) = p|p) and
T |x) = x|z). With the use of the approximation

. P>
exp (—iH(St) = exp (—i2m5t> exp (—iV (z)ot) + O (5152) (2.1.3)

and the completeness relation 1 = [ dp|p) (p| for the momenta, we can eliminate all operators
appearing in Eq. (2.1.2) by applying the eigenvalue equations. After using (x|p) = %, all the
integrals over momenta can be evaluated analytically using Gaussian integrals.

After taking the limit N — oo, the transition amplitude is written in the path integral
formulation

- #(T)=s o
@ﬂeﬂTHug::/’ ' [Da(t)] S OE0)] (2.1.4)

(0)=w;

—im\ > (N3
/[D:U(t)] = ngnoo <2m§t> (kl;[l /da:k> (2.1.5)
considers all possible paths z(t) with fixed boundaries x(0) = x; and x(7") = z¢. The right hand
side of Eq. (2.1.4]) contains the action

where the integration

T
Sla(t).#(0)) = [ deLla(), (1), (2.1.6)
0
with Lagrange function L[z (t),#(t)] = 2m#? — V(). Note that in the path integral formalism,
all the operators are replaced by scalars, which makes the formalism predestined for numerical
calculations when limy_, is approximated by using large values of N.

The essential property of Eq. 1' is that it is valid for any Hamilton operator H that is a
function of products and sums of & and p, as long as it is written in Weyl ordering. In Weyl
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ordering, all terms are symmetrized so that the operator sequence reads the same forwards and
backwards, e.g., #2p% + 22p?% + p>42. Any Hamiltonian which consists of operators & and p can
be brought to Weyl ordering.

2.2 Path integral formulation for a scalar field theory

The path integral formalism for quantum mechanics can be directly applied also to a field theory,
with real scalar field ¢(¢, Z) € R. In this scenario, the field amplitudes take on the role previously
played by the coordinates, while the argument ¥ of the field ¢ is just a label. The following
formulation is based on Ref. [47].

In the path integral formalism, the transition amplitude for a propagation from given initial
field configuration ¢;(Z) at time ¢; to a final field configuration ¢¢(Z) at time tf is given by

/(b(tf,w)(bf(f)
#(ti,2)=¢i(Z)

(ele AT |g5) = [Do(t, 7)] exp (iS [¢]) , (2.2.1)

where the path integral (or functional integral) denotes the integration over all fields ¢ that are
constrained at the boundary to ¢(ti, ) = ¢i(Z) and ¢(tr, &) = ¢¢(Z). In general, the action of a
field theory is given in terms of the Lagrange density L, via

S[¢] = /t itf dt / &L (4] . (2.2.2)

Eq. (2.2.1)) is a very fundamental result. One can even reverse the perspective and interpret
this relation as the definition of Hamiltonian dynamics. Then, £ can be considered as the most
fundamental specification of a quantum field theory.

For given space-time points x1 = (¢1,Z1) and x9 = (t2, Z2), we now consider the integral

B(T,)=01(@) ) T
Tonan) = [ Dot d @)ooy (i [ deLlg]) . (223
O(-T,7)=i() -7

where the field ¢ has boundary conditions ¢(—T,%) = ¢i(Z), ¢(T,Z) = ¢¢(Z), for some real
scalar fields ¢; and ¢, depending on the spatial coordinates.

By using Eq. (2.2.1]), we want to write this expression as a transition amplitude. To do so, we
first rearrange the functional integral

[Dot.a) = [ 0on(@) [ D62@) [y, 210, PO (224)

B(t2,7)=¢2 (&)

In this equation, we first constrained the functional integral at times ¢; and to to the fields
¢1(Z) and ¢o(Z), respectively. To restore equality, we additionally introduced two separate path
integrals over the fields ¢; and ¢5. Note that these fields solely depend on the spatial coordinates
Z.

This rearrangement allows us to replace the extra factors ¢(z1) and ¢(x2) in the integral
by ¢1(Z1) and ¢2(Z2), respectively. Thus, they can be pulled out of the main integral, i.e., the
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path integral that contains the time variable. Additionally, the main path integral splits into
three separate path integrals that are all constrained at its boundaries. For to > t;, the time
intervals are [T, 1], [t1,t2], and [t2, T], which allows us to write

/ Do) /¢<t1, D= s o [ e o) [P
@ (t1,%)=01 () e y L / , L / - ,T)| .
A A O(~T.)=0x() o(t1.8)=1 (@) O(t2,8)= (7)

(2.2.5)

Note that for ¢; > to we would need to make the replacements ¢1 <> ¢o as well as t1 <> to one
the right hand side of Eq. (2.2.5).

Therefore, we can use Eq. (2.2.1) three times to obtain

T(@r,22) = [ D) [ [Poa()] 62(71)00() (220)
(e T2 3) (e 1020 61) (9] 14D gy

Next, we also want to evaluate the path integrals over the fields ¢; and ¢s by using the com-
pleteness relation [ [Do(Z)]|¢) (¢| = 1. However, at the moment the fields ¢; and ¢ appear
additionally as extra factors in the integral. We can eliminate these dependencies by introducing
the field operator gg(f), for which (Z(f) |91/2) = ¢1/2(Z) [@1/2). This allows us to write

(21, 22) = {grle™ H T2 g(@y)e Hmt) G () e H 4T gy (2.2.7)

where the position of the field operators now is relevant. We observe that the exponentials are
exactly the time evolution of operators, which generate the Heisenberg operators. Thus we get

I(w1,22) = yion, Tle AT {dn(a1)ua() e FT s, ~T)yy (2.2.8)

with dp(z2) = dulte, Ta) = €2 (T)e 2 and |¢y, ~T)y = e T |¢;) where the subscript
“H” denotes the use of the Heisenberg picture. In this equation, we also introduced the time-
ordering operator T', which sorts all fields with respect to their time variable. Therefore, the
result is valid for arbitrary times ¢; and t9. For two operators and bosonic fields, the time-
ordering operator 7' is formally defined as

T{¢n(z1)du(2)} = O(ts — t1)du(a2)du(w1) + Ot — ta)du(w1)du(2) (2.2.9)
with Heaviside step function O[]
Using this result, one can also calculate the two-point correlator
G(x1,22) = (QT{¢n (1) dn(2)}|Q) (2.2.10)
where |(2) is the ground state of the operator H , called vacuum state with eigenvalue Fy. To

do so, we need to project the Heisenberg states in Eq. (2.2.9) to the vacuum state |2). In
particular this is done in the following way: Let |n) for n > 1 be the excited eigenstates of

'For a fermion field, the corresponding field inside the path integral is anticommuting. Therefore the time
ordered operator contains an additional minus sign when the number of necessary permutations (starting from
the initial operator) is odd.
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H with eigenvalue En Together with the ground state |Q2) we have completeness relation
1) (] +>°0° 1 |n) (n| = 1. Thus we can write

61, ~Thg = e 7T |gn) = e 1Q) Q) + 3 e 7 |n) (nloy) | (2.2.11)

n=1

where we inserted the eigenvalues of H. We can extract the contribution of the ground state
in the limit 7" — oo(1 — ig). In this case, the small rotation into the complex plane introduced
by € ensures that each exponent acquires a nonzero real part. Since F,, > Eq for all n > 1, all
terms in the sum over n are suppressed compared to the term that corresponds to the ground
state as long as |¢;) has a nonzero overlap with |Q), i.e., (|¢;) # 0. Finally, lengthy prefactors
can be avoided, when Z(x1,x2) is divided by the expression that is obtained, when both terms
¢(z1) and ¢(x9) are removed from Z(z1,x2), i.e.,

oy [P D] Sa)g(2) exp(i [l d'aL(g)) .
T—00(1—ie) [ [Do(t, @) exp(i [T, d4xL [p])

(QUT{Pm (1) b (22) }Q) = (2.2.12)
By complete analogy, higher correlation functions (i.e., those involving a greater number of field
insertions) can be computed by simply adding additional factors of ¢ on both sides.

2.3 Wick rotation

The limit 7" — oo(1 — i¢) in Eq. (2.2.12)) contains a slightly rotated time in the complex plane
to ensure convergence of the integral. A more involved procedure, called Wick rotation, utilizes
a continuous deformation of the time coordinate to the imaginary axis by a rotation about 7/2

[48]. For a given space-time point z = (20, 2!, 2%, 23) in Minkowski space, the corresponding

point in Euclidean spacetime is given by the vector 2¢ = (2!, 22, 23, 2%), with 20 = —iz*, where
z* € R is called the Euclidean time.

Consider two space-time points z = (2%, 2!, 22, 2%) and y = (3°, ', %2, %%) in Minkowski space.
The scalar product of these two vectors is defined by

z-y =z,9" = guaty” =% — alyt —2?y? —ady? (2.3.1)
with the Minkowski metric g,, = diag(+1,—1,—1,—1). For the contravariant vector x*, the
corresponding covariant vector z, is given by z, = g,,x".

The Wick rotation of these space-time vectors yields the scalar product
z-y=—atyt — oyl — 2%y — 2%y = —0aty” (2.3.2)

where we use the convention, that the summation over greek letters for Euclidean quantities
runs from 1 to 4. From Eq. (2.3.2) we can read off the corresponding metric in Euclidean space-
time, which is given by —d,, with p,v € {1, 2,3,4}E| A covariant vector is then defined via

e __ e,rV __ {S]
Ty, = —0,, T = —x®H,

2Here we assume that the ground state is not degenerated, i.e., E, > Fo for all n > 1.

3For an Euclidean vector space, the metric —0, is a rather unconventional choice. However, the usual
metric J,, is obtained when the Wick rotation is applied to the Minkowski metric with convention g.., =
diag(—1,+1,41,+1). In this case, there is no need to distinguish between upper and lower indices after the
Wick rotation.
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Applying the Wick transformation to the action, we get
S — / Azl (x) = / (') L(a®) = i / (d'2)°L°(2°) = iS°, (2.3.3)

where we used

d'z = dtd*s = —idrd’z = —i(d*z)° (2.3.4)

with Euclidean time 7 = z%. We also introduced the Euclidean Lagrangian and action
L) = —L(2°) and S° = / (d'2)°L(2°) (2.3.5)

respectively. Thus, it holds that S = 15°, where 5S¢ is obtained by ¢ = —i7T and treating 7 as the
new time variable. As we focus solely on Euclidean field theory in the remainder, we will omit
the superscript “e” whenever the meaning is unambiguous. Note that it is straight-forward to
generalize the Wick rotation to a general number of spatial dimensions.

Using this, the transition amplitude given in Eq. (2.2.1) becomes

&(7,2)=+(Z)

(Gele= 7| gn) = /¢ [Dé(t, )] exp (— /0 "t / Bl [¢]> (2.3.6)

(0,2)=¢i(Z)
in Euclidean time, while the Wick rotated version of Eq. (2.2.12]) is used as the definition of the
expectation value of any observable, i.e.,

J[Po(@)] p(21)p(22) - - - d(2n) exp(=S[9])
J [Do(x)] exp(—S[a]) '

This is an important equation, as the functional integral has now the form of a statistical
system with Boltzmann distribution exp(—S[¢]). This is the starting point for the use of Monte
Carlo methods in quantum field theory, where the path integral is estimated by sampling a
finite number of paths (i.e., field configurations) whose probability is given by the Boltzmann
distribution [

(p(z1)p(x2) - - P(n)) = (2.3.7)

2.4 Thermodynamical observables using the path integral

The correspondence between quantum field theory and statistical mechanics enables the transfer
of concepts from one domain to the other. Consider for example the partition function Z
from statistical mechanics: For a system described by the Hamiltonian H , the partition function
Z is given by

2 = (e ) = [ [Do@)] (¢le15) (2.4.1)

with 5 = kE%T, where T is the temperature of the system)’| We set the Boltzmann constant kp
equal to one for convenience. For the evaluation of the trace, we choose the basis that consists
of the states |¢). The relevant transition amplitude is a special case of the one calculated in

4In practice it is not trivial to relate Euclidean space correlation functions to their Minkowski counterpart.
Criteria for the analytic continuation are specified in the Osterwalder-Schrader theorem [49].
5To avoid confusion, we stress out that 7" denoted time before.
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Eq. (2.3.6), (obtained by identifying 7 = § as well as ¢ = ¢; = ¢¢). After combining both path
integrals via the relation

[ o] [ pote.a) - | Dot ) (2.42)

(0,2)=6(Z) #(0,%)=0(8,%)

we obtain

B
Z = /4)(0@_ 5.5 [Do(t, T)] exp (— /0 dt / Bzl [¢]> : (2.4.3)

with periodic boundary condition ¢(0,Z) = gzﬁ(ﬂ,f)ﬁ Note that 7 = § makes a connection
between the inverse temperature and the considered Euclidean temporal extent. As a result, we
can study a field theory at finite temperature by rotating to the Euclidean space and imposing
correct boundary conditions for the fields. In the zero temperature limit, we recover the standard
Wick rotated quantum field theory on an infinite space-time [46].

Once we have calculated the partition function, we are able to compute the thermodynamical
observables. First, the Helmholtz free-energy density f is given bym

:Tan

f= v (2.4.4)

with spatial volume V5. Other examples are the energy density and pressure, defined via

10lnZz d olnZz
—_ — — n f—
£ = ‘,s 93 a p—j 9‘; 5

(2.4.5)

respectively [2]. When we further want to study the grand canonical ensemble, the partition
function is extended to

Z(T, 1) = tr <e‘(ﬁ‘“ﬁ)”) : (2.4.6)

with the particle number operator N depending on the fields and a new parameter u, called
chemical potential. Based on this, the number density corresponding to the operator N is given
by

T OolnZ(T, )
Ve Ou

p . (2.4.7)

2.5 Quantum chromodynamics

The Lagrangian density of an SU(N,) gauge theory in a d-dimensional Minkowski space-time,
given by [47]

Ny
L= (@) [y Dule) — my] 9! (x) - %tr(Fw(:c)FW(x)) : (2.5.1)
=

has several ingredients, which are discussed in the following. There are Ny different quark flavors,
which are distinguished by the index f. For QCD there are in total six different flavors, i.e.,

5The perodic boundary condition ¢(0, &) = ¢(3, Z) results only for bosons. For fermion fields (¢, &), one can
show that the boundary condition is anti-periodic, i.e., ¥(0, %) = —¢ (8, Z).
"Strictly speaking, the Helmholtz free-energy density is defined as f = fT{,%Z. However, it is practical to

define it with the opposite sign, to avoid overall minus signs in the numerical results.
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N¢ = 6, which are known as “up”, “down”, “charm”, “strange”, “top”, and “bottom”. The
corresponding bare quark mass is denoted by my. For every flavor f, there is a quark field
¥f(x), which has a N-dimensional Dirac spinor index with Ny = 2l9/2) as well as an N,-
dimensional color index. For QCD N, = 3. Due to readability, those indices are not written
explicitly. The quark field 17 () has a Hermitian-conjugate field 17 (), which is defined via
! (x) = ! 7T(x)’yo, where the conjugation is taken with respect to the Dirac spinor components.
Also the 4 x 4 dimensional Dirac matrices v, act on these components, which also have an
d-dimensional Lorentz index u € {0,...,d — 1}. The y-matrices are defined by the Lorentz-
invariant anti-commutator relation

{'Y;u ’YV} =YW WY = 29,“/]1 for p,v € {O’ vy d — 1} ) (2'5'2)

which generates a Clifford algebra. Here, 1 denotes the identity matrix in spinor space. Further,
the QCD Lagrangian contains the covariant derivative

D, (z) =0, — igA,(z). (2.5.3)

While the partial derivative in p-direction, denoted by d,,, is part of the dynamics of the quark
field, the additional term —igA,(x) describes an interaction term of the quark field with the
so-called gluon field A, (x). The strength of the interaction is given by the bare coupling g.
The gluon field A,(x) lies in the Lie algebra of SU(N.). Therefore, it can be written as a
linear combination of the traceless and hermitian generators t* of the Lie algebra of SU(N.),
Le., Au(z) = Af(z)t*. Here we use the Einstein summation convention, i.e., there is a sum over
the adjoint color index a € {1,..., N2 — 1}. This is the reason why in QCD (N. = 3) there are
8 different massless gluons, each described by the field A‘:L(x) In general, the generators of the
Lie algebra of SU(N.) are defined by the commutation relations

(te,t'] = ifeete forall a,b € {1,..., N2 — 1} (2.5.4)

with structure constants f® (cf. Sec.|1.9)), where again Einstein summation convention is used.
For all N, € R, the structure constants can be chosen fully antisymmetric. For example, for
N. = 3, this is realised by choosing t* = ’\—;, where A\ are the well-known Gell-Mann matrices.

They fulfill tr(A%AY) = 204

The gluon field has a dynamics as well, described by the term tr(F),, (z)F""(x)) in where
the trace runs over color indices. It contains the non-abelian field-strength tensor

[Dll(x)?Du(x)] ’ (255)

which evaluated reads
Fu(x) = 0,4, (x) — 0y Ap(x) + gf e Al () AL (2)t° . (2.5.6)

Remarkably, the term that contains no derivative generates an interaction solely between gluons.
From the definition of the gauge field A, (), it follows immediately that the field-strength tensor
is again an element of the Lie algebra of SU(N.). In particular, it is a N, x N, matrix in color
space, whereof the trace is taken in the Lagrangian density .

One can show that the above Lagrangian density is invariant under the local SU(N,) gauge
transformation, where the gluon field A, (z) transforms in the adjoint and the quark field ¢/ (x)
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transforms in the fundamental representation of SU(N,), i.e.,

Ay(x) — A@) Ay () A (2) + ;A(x)auA_l(x) , (2.5.7a)
Pl (@) = A2yl (), (@) = o (@)A (@), (2.5.7b)

for arbitrary A(xz) € SU(N,). To do so, one may first calculate the resulting transformation law
for the covariant derivative, which yields

D, (z) = A(z)D,(x)A™ (z). (2.5.8)

For this derivation, one can use (9,A(z))A™'(z) = —A(2)0,A~(x), which follows directly
from 0, (A(z)A~1(x)) = 0. From the transformation law (2.5.8) it immediately follows that the
covariant derivative acting on a quark spinor transforms again like the quark spinor, i.e.,

Dy(x)¢p(z) = Az)Dy(z)s (), (2.5.9)
which can be used to show that the fermionic part of the Lagrangian density ([2.5.1)) is invariant.

Further, by using the definition of the field-strength tensor (2.5.5)), together with the transfor-
mation law for the covariant derivative it immediately follows that

Fu(x) = Az)F(2)A (2). (2.5.10)
Due to the cyclic property of the trace, tr (F,, F*") is gauge invariant and therefore the whole
Lagrangian density is invariant under the local gauge transformation.

The next step is to apply a Wick rotation as described in Sec. to the QCD Lagrangian
density, in order to obtain the corresponding Lagrangian density in Euclidean space-time. As
the ~-matrices as well as the gluon fields carry a Lorentz index, care must be taken in their
transformation. The Dirac y-matrices in Euclidean space-time are defined through the anti-
commutation relation

{Vus W} = 20,1 for all p,v e {1,...,d}. (2.5.11)

This relation is obtained from Eq. by replacing the Minkowski metric with the Fuclidean
metric. Consequently, the resulting equation is now invariant under rotation in d dimensions,
which takes the place of the Lorentz group in Minkowski space. For given ~y-matrices in d-
dimensional Minkowski space, we can set g, = ~% and vy = —int, for i € {1,...,d — 1}, since
this particular choice fulfills Eq. .

For the term v#4,, which is part of the QCD Lagrangian, the Wick rotation yields

VO =00 + 70 = 505 + inf 05 = in;,05 (2.5.12)
where we used Jp = i0j. Note that as before, 4 € {0,...,d — 1} for space-time vectors in

Minkowski space (left) and p € {1,...,d} for vectors in Euclidean space-time (right). Next,
the transformation of the gauge field under Wick rotation is given by A%(x) = iA§(x) and
Al(z) = AS(z), following the same transformation pattern as the partial derivative. This is
motivated by the structure of the gauge transformation of A, (z). There, the gluon field contains
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an additive term whose Lorentz structure is given by the partial derivative. Using this, we get
Y Au(x) = iy, A} (2°), and therefore

"Dy () = (D — ig A, () = —(155 — ginf AL (2°)) = D5 (). (2.5.13)

Here, Dj, is obtained directly from D), by labeling the derivatives and gauge fields with the
superscript “e”. Similarly we get,

F(z) ' (z) = F, (2°)F, (2°), (2.5.14)

where F}j, is defined similarly to the Minkowski field-strength tensor F),,, but D, is replaced by
Dj,. Finally, with the use of Eq. (2.3.5), the QCD Lagrangian density in Euclidean space-time
takes the formf]

L(z) = Lp(z) + Lg(x), with (2.5.15)
Ny

Le(@) = 3 9/ (@) B Dy(e) + my) o/ () and (25.16)
F=1

Lolz) = %tr(FH,,(:L‘)FW(x)), (2.5.17)

where we omitted the superscript “e”, as we will now only be working in Euclidean space-time.
Therefore, from this point onward, different directions are denoted by p € {1,...,d} and all
sums or products over p or v range from 1 to d unless different limits are stated explicitly.

2.6 Lattice QCD

As the coupling (i.e., the interaction between gauge bosons and leptons or quarks) for the weak
and electromagnetic interaction is sufficiently small, one usually applies perturbation theory
for computations of matrix elements. This approach breaks down in QCD at low energies,
making calculations notoriously difficult. For this situation, a non-perturbative method known
as lattice QCD is employed, originally introduced by K. Wilson in 1974 [50]. This approach
discretizes space-time and defines all fields on a lattice, making the theory feasible for numerical
calculations. The discretization of space-time yields a non-perturbative regularization scheme
with ultraviolet cutoff determined by the lattice spacing. Physical observables computed on
the lattice must therefore be renormalized to remove the cutoff dependence and to ensure that
continuum physics is correctly reproduced [41].

In this thesis, for the discretized formulation, we employ the Wilson plaquette action, originally
introduced by K. Wilson [50], to describe the gauge sector. For the fermionic degrees of freedom
we will use staggered fermions, first proposed by J. Kogut and L. Susskind [51]. Both approaches
are widely used in lattice gauge theory. In the following, we present their construction and
demonstrate that they (i) preserve invariance under the discretized form of local SU(N,) gauge
transformations and (ii) are equivalent to the Lagrangian of the continuum theory in the
limit of vanishing lattice spacing. This section is based on [41} |2} |26, 8]. The notation of the
lattice QCD action is taken from [27]. From this point onward, we define the Euclidean time
direction as p = 1. This choice is purely conventional.

8In Euclidean field theory, it is common to perform the replacement g — —g, which we adopt here as well.
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2.6.1 Wilson’s plaquette action

Before we introduce the Wilson plaquette action, it is useful to consider the parallel transporter
of a given curve C : t — ¢*(t) with parametrization ¢ € [0, 1], defined in continuous space-time,
given by

1
U(C) = Pexp (z’g/AM(c(t))Cilctdt) , (2.6.1)
0

where the path ordering operator P places matrices A, (c(t)) with larger ¢ to the left [47]. It
can be shown that U(C) transforms as

U(C) — A(c*(0))U(C)AT(e(1)), (2.6.2)

under a local SU(N,) gauge transformation (2.5.7). Thus tr(U(C)) for closed curves, i.e., curves
with ¢#(0) = ¢#(1), is gauge invariant due to the cyclic property of the trace. This object is
called a Wilson loop and its discretized version builds the basis of Wilson plaquette action.

To see this, we now introduce a finite d-dimensional hypercubic lattice with lattice spacing a as
set of discrete points

d
H = xEquﬂ
pn=1

where fi = ae, with unit vector e, in p-direction. (x1,...,24) are the integer coordinates of
the site z. We set Ny = Nt and N; = N for j > 1, where Nt and N are the number of
lattice points in temporal and spatial directions, respectively. Therefore, the lattice has volume
V = a?|H| = aNp(aN)?L.

xM:O,...,NM} , (2.6.3)

For the link (x,u) which connects the adjacent sites  and (z + afi) the parallel transporter
reduces to the gauge-field matrix ‘
Uy, = €904u(®@) (2.6.4)

This quantity is called gauge link and is by definition an element of SU(N,). Formally, this
elementary parallel transporter can be derived by introducing the curve C : t — x + atji in
continuous space-time and by using that the discretized field A,(x) is independent of t. The
path ordering operator then vanishes, since A, (z) trivially commutes with itself.

In lattice gauge theory, the gauge links U, , are considered the fundamental degrees of freedom
associated with the gauge field. From Eq. (2.6.2)) we can conclude that it transforms under a
local gauge transformation according to

U — M@ Uy AN + 1) (2.6.5)

Similarly, the parallel transporter Eq. (2.6.1]) for discretized field A, (x) yields for the curve from
site © + [t to site x the expression

Upypp = € 9040(@), (2.6.6)

from which it follows that
Ustfon=Up p=U} . (2.6.7)
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Figure 2.1: Visualization of the gauge links in the plaquette U defined in Eq. (2.6.10).

T, puv

For a general discrete path p consisting of the links (z;, u;) for i € {1,..., L} the lattice version
of the continuum gauge transporter is given by the product

L
Uy =[] Uz - (2.6.8)
i=1

Due to the transformation law for a single gauge link (2.6.5)) it transforms as
Uy — Az ) UpA™ (zp + fir) - (2.6.9)

Similarly to the continuum theory, one can build an gauge invariant object by taking the trace
of U,, for any closed path p. The simplest nontrivial closed path on the lattice is the plaquette,
which consists of four links forming a square on the lattice. It is specified by a site x as well
as two directions pu # v (u,v > 1) together with an orientation. The corresponding parallel
transporter

Uzlyj,;w = Ux,uUr+ﬂ,uU;+l;7uU;l,, (2.6.10)
which will be called plaquette as well, is illustrated in Fig. It is the basis of the Wilson
plaquette action 4

S¢ = Z Sgw, with S¢ = trU’

2.6.11)
T, pv Ty (
T, uFv 2N

with the conventional prefactor including the coupling parameter [, which will be shown to
correspond to the continuum coupling g in the subsequent discussion. ﬂ Note that due to

ubt =uP (2.6.12)

Z,pv T,V

the sum over opposite orientations in Eq. (2.6.11)) yields Hermitian contributions. Consequently,
the Wilson plaquette action S¢ is Hermitian as well.

We now demonstrate that, in the limit a — 0, the Wilson plaquette action differs from the
continuum gauge action only by an additive constant, which does not have an influence on
physics. To do so, we use the definition of the gauge links (2.6.4) and write

gw _ 2§C tr (ez’gaAH(x)ez‘gaAu(Hu)e*igaAu(Hﬁ)e*igaAu(x)) . (2.6.13)
a2
Next, we apply the Baker—-Campbell-Hausdorff formula e?4e?5 = eaA+eB 3 ABIHOE) a9 well
as the Taylor expansion of the gauge field A, (x) defined in continuous space-time
Ay(x+0) = Ay(2) + ad, Au(z) + O(a?). (2.6.14)

9This action differs from the one in Ref. [2] not only by an additive constant but also by a sign. However, since

we employ the Boltzmann factor ¢ instead of e=5° (cf. Eq. (2.6.37), the two formulations are equivalent.
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As a result of the expansion, the field-strength tensor appears in the following way

¢« _ B iga® Fyy (x)+0(a®
Sem = 5. (efo*Fin ()40 (2.6.15)
Performing a Taylor expansion of the exponential up to second order yields
B . 2 3 Bgla*
55 = g o (14 (190° @) 4 0@))" 12) = § = St () Fun(e) + 0,
(2.6.16)

where we used that the first order term vanishes due to the trace-less generators appearing in

Fu(xz). We now additionally sum over x and p # v, and apply the limit a — 0, where we

replace the discrete sum 3" a? by the integral [ d%z. All terms of order a®*! vanish in the limit
x

a — 0. Thus we get,

1
> Spw e 3 / d'a tr (Fu () Fu (1)) (2.6.17)
T, uFV
where we identified the coupling parameter as § = 72]\769“;74. The constant c is independent of

the fields and is irrelevant for observables.

2.6.2 Discretized fermion action

In the following, we introduce a possible discretization of the fermionic section of the QCD action.
A fundamental limitation of such a lattice formulation is given by the Nielsen-Ninomiya theorem
[52], which states that any discretization preserving chiral symmetry and locality inevitably
leads to the appearance of so-called doublers. These lattice artefacts are replicas of the original
fermion, as we will see explicitly for the naive discretization of the free theory.

A widely used method to remove all fermion doublers is to introduce a new term in the La-
grangian density that acts like an additional mass term of all replicas. This term ensures that
the doublers become heavy and decouple from the theory in the continuum limit |2]. The new ac-
tion is called Wilson fermion action. However, the added term explicitly breaks chiral symmetry,
making this approach less well-suited for the study of chiral symmetry in QCD.

An alternative approach introduces the so-called domain-wall fermions. This formulation em-
ploys a five-dimensional lattice to construct fermions with chiral symmetry on a four-dimensional
interface of the original latticem However, as we eventually want to use a tensor-network ap-
proach, where additional dimensions can potentially increase computational cost significantly,
we choose yet another type of fermions on the lattice, which are called staggered fermions. They
sustain a remnant chiral symmetry (cf. Sec. and rely on a transformation (called staggered
transformation) of the fermion field that decouples components with different Dirac indices. As
a result one can consider the theory where the fermion fields have no Dirac structure, which
reduces the number of doublers. The remaining doublers can be interpreted as physical flavors
in the limit a — 0. The introduction of staggered fermions is shown explicitly in this section
and is based on Ref. [2].

In the lattice discretization of the fermionic section of the QCD action, the quark fields Y/ ()
Yf (2) are replaced by the fermion fields ¢£ and wg , defined on every site = of the lattice. Similar

¥Domain-wall fermions avoid the Nielsen-Ninomiya theorem by very mildly breaking locality.
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to the continuum fields, they have a Dirac and a color index, which is not written explicitly.
Each component of 1f and ] is Grassmann-valued, which means that all components are
totally antisymmetric, i.e.,

WLty = oyl (26.18)
for all lattice sites x,y, for all flavors f, f’, and for all 4, j. From this equation it directly follows
that wiﬂwii = 0 for all z, f, and i. Eq. (2.6.18)) also holds for pairs containing (one or two)

conjugate Grassmann variables. The reason why wi;i is Grassmann-valued is that - as a fermion
field - it has to obey Fermi statistics, i.e., any observable needs to be antisymmetric under the
exchange of the quantum numbers of any two fermions.

In the naive discretization, the derivative with respect to space-time coordinates is replaced
using the central finite difference

1
O () — %a (¢£+ﬂ - wi,ﬂ) (2.6.19)

and the covariant derivative acting on 1/ (x) is replaced by

1
D,uwf(x) - % (Ux,u 1/};];4,_,1 - Ua:,—u 1/19]:_,1) 3 (2620)

using the gauge link defined in Eq. . This discretization is chosen such that both sides
have the same transformation behavior under the gauge transformations and .
This ensures that the obtained discretized action is still gauge-invariant. In the discretization
of the action, the integral [d%z is again replaced by the finite sum 3 a?. Starting from the

x
fermionic Lagrangian density (2.5.16|), this leads directly to the so-called naive fermion action
a? = ; f ;
5F = 54 2.2 W |2 (Uw,u¢x+ﬂ - Ux,fuwiv,ﬂ) + 2amsl | (2.6.21)
rf I

where the factor 1/(2a) has been extracted and the sum over u is written explicitly.

In order to see how the discretized theory contains fermion doublers, we rewrite the action

Sp=a">"> " IDs(x, )0l (2.6.22)

f z,y

which involves the so-called naive lattice Dirac operator

— U0

50 Y mpbay (2.6.23)

Up uus s
Dy(,y) = ) yu—t=e
o

Of particular interest is the inverse of this matrix, referred to as the fermion propagator. One
can show that it determines the behavior of n-point correlation functions, according to Wick’s
theorem |[2].

For the free theory (i.e., U, = 1 for all links (x, ;1)) the fermion propagator is given by

Dy (x,y) = Lip)ere=vla (2.6.24)
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with the inverted Fourier transformation of the lattice Dirac operator

= my — i3, Yusin(pua)/a

1 _
Dy (p) = mZ TS, s (), a2 (2.6.25)

in discrete momentum space

T
(ku+9u)> by = —

N,
Hz{pz(ph.-.,pd) Pu= +1,...,“}. (2.6.26)
I

Here, 0, equals zero for periodic and % for anti-periodic boundary conditions in the u-direction.
In Eq. (2.6.24), p - (x — y) denotes the usual Euclidean scalar product of the vectors p, and
(x —y), and - as before - N,, denotes the lattice extent.

We now examine the poles of the momentum-space propagator , since they determine
the dispersion relation of the described particles. For the present argument it is sufficient to
consider the situation m; = 0: for the denominator of the momentum propagator we find
> sin?(pya)/a® — > PuPy, in the continuum limit @ — 0. Thus, there is a pole at p? =0,
which is the correct dispersion relation of a free massless Dirac particle. On the lattice, however,
the denominator 3°, sin?(p,a)/a? has zeros at p = (§17/a,...,8q7/a) with 6; € {0,1} chosen
independently from each other. Thus there are 2% distinct poles, i.e., 2¢ particles, of which only
the one with pole at p = (0,...,0) is physical. The remaining modes are unphysical fermions
called doublers. Since this argument applies separately to each flavor f, the lattice contains
24 N fermions instead of the desired Nj.

The number of doublers is reduced by introducing staggered fermions. To this end, one applies

the transformation

F =ittt and  @f = xlade . 4 (2.6.27)

with Grassmann variables x/ to the discretized fermion ﬁeldH This transformation mixes
space-time and Dirac indices and is referred to as staggered transformation.

Since fyﬁ = 1 for all u - a property that follows directly from the anti-commutator relations
(2.5.11)) - the mass term is invariant under the staggered transformation, i.e., @; vl = xix].

As the bilinear &gjyuwg{ +i transforms as

wfwxiu (-1 )Zw fﬂxmiu (2.6.28)

under the staggered transformation, the action reads

ad
_%;;X

where we defined the staggered phases 7, , = (—1)ZV<H “ which replace the gamma matrices
Y, in the staggered formulation.

HNote that Ty in ~." denotes an exponent, i.e., v, raised to the power Ty
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The obtained action no longer mixes fermions with different Dirac indices and the action has
the same form for all Dirac components. Thus we can extract a new action - called staggered
fermion action - by keeping only one of the four identical components. To do so, we define

ad-1 _ ad-1
wl=\T5xds  wl=y 5w (2.6.30)

where the subscript “1” refers to the Dirac index. Note that ) and ¢/ are Grassmann-valued
vectors with color indices but without Dirac indices, collectively denoted by v, and .

The staggered action takes the form
So =33 Mg (VLU vl — 0L LU 00) + 2005 mypdfud (2.6.31)
z f

T, f
where a shift x — z + fi has been applied to the term originally involving U, _,. The mass
term now only contains the scalar product 1] = SNe, 4pl4p/. Using this action, the fermion
doubling is now reduced to 2¢Ny/Ny (N; is again the number of components of the Dirac spinor
index), significantly lowering the number of unphysical degrees of freedom.

2.6.3 Chemical potential on the lattice

While in the vacuum the net number of quarks is zero, it is nonzero in matter. Especially in
heavy ion collisions or in dense matter in neutron stars one has to consider also a nonvanishing
quark-number density [2]. In this case, one has to study the partition function in the grand
canonical ensemble (cf. Sec. . In the continuum theory of QCD in Euclidean space-time,
the quark number corresponding to flavor f is given by N({ = [d¥apf (x)y ! (w) It is
the conserved charge corresponding to the Noether current jf: (z) = ¥/ (2)y,0f (z), where the
underlying symmetry the global Uy(1) symmetry in the original Lagrangian density that is
preserved even in the quantized theory and also for nonzero quark mass (cf. Sec. .

Thus we need to add the term ,qu({ to the continuum Lagrangian density, with chemical
potential y17. Since a term of the form [ d%~'a1)/ (x)y19/ () is already contained in the original
Lagrangian density, this modification can be implemented simply by replacing the covariant
derivative

D! (x) — D! (2) + 8 appf (z) . (2.6.32)

for every flavor separately. This step introduces the quark chemical potentials /.

The remaining question is how this replacement is incorporated in the discretized version of the
covariant derivative Eq. (2.6.20). A widely used choice for this replacement is given by

1
D (&) = 5 (st Uy — e, 0l ) (2.6.33)

which also preserves time-reversal invariance of the theory. Thus, the staggered fermion action
for nonzero chemical can be written as

Sr =5+ (S, + S5, (2.6.34)
T, [

12WWe used the convention that the time direction is 1.
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using the mass term

Ny
Sv=>_ 8 with S =2am;> I, (2.6.35)
f=1 e
as well as the forward and backward hopping terms
N¢ f+ — ap o1, f !
. Sap = Nau€ o P Us sy
Sy, =>_5% with { Sj;f_ o angdn o ;J*T# ; (2.6.36)
=1 zpu = " Mapt M Ui ¥ -

Note that due to the chemical potentials, the propagation forward in time is enhanced by a
factor exp(apuy), while propagation backward in time is suppressed by exp(—apy). Therefore,
we introduced a particle-antiparticle asymmetry that gives rise to a nonzero net quark-number
density.

2.6.4 Partition function and observables

Using the Wilson plaquette action (2.6.11)) as well as the staggered fermion action (2.6.34)), we
can immediately state the discretized partition function (cf. Sec. for the SU(N.) gauge

theory, which is given by|2]
SM""Z(S;#"‘S;MJ" Z Sa(f;,uu

Z= / lHd%d&xl lHdUw,u] e o (2.6.37)
T T,

Hereby, dU, , denotes the Haar measure (cf. Sec. [.9). The Grassmann integration measure is
given by

B Nt Ne S Nt [ Ne ‘ Ne¢ o
dgdyy = [ ] dvliavl' = 1] []_[ d%ﬂ] [H dz/zg;’] , (2.6.38)
f=1li=1 f=1 Li=1 =1

where we defined the notation

b bypb=1 ... qp0  fi <b
e {11/’ v v for “= (2.6.39)
i ora>b

for a product of Grassmann variables in reverse orderH Note that in the partition function, the
field v is treated as an independent variable. The boundary conditions are antiperiodic in time
for the Grassmann variables. All other boundary conditions are periodic.

On the lattice, the Helmholtz free-energy density (2.4.4]), simply referred to as free energy in

the rest of this thesis, becomes

InZ
— 2.6.40
f vV ( )

where we used T' = aJ{fT (cf. Sec. , Vi = (aN)?1 and V = aNp(aN)?1.

For each flavor f, there is a separate quark-number density (2.4.7)), which becomes

1 09lz
P17V Blany)

. (2.6.41)

13The symbol ] is usually used for the coproduct, which is a very different concept. We use the symbol for
notational convenience since there is no danger of confusion with the coproduct.



II Theoretical foundations 47

We used that on the lattice, the dimensionless chemical potential corresponding to flavor f is
given by auy.

Finally, the chiral condensate corresponding to flavor f is defined as the expectation value of
the product ¢f¢f. Using the mass term of the staggered action (2.6.35)), it can be expressed
via a derivative

— — 1 0lnZz
@) = D = 5 55m

The full chiral condensate is obtained when a sum over all flavors f is employed. Note that due
to translational invariance, the chiral condensate is independent of the site x.

(2.6.42)

2.7 Chiral symmetry

One of the fundamental properties of massless QCD is chiral symmetry. As we will see in the
following, its study leads to profound insights - most notably - it explains why pions have very
small masses compared to the QCD scale. Chirality separates fermion fields in a left-handed
and a right-handed sector. This is based on the so-called chirality matrix. For four dimensions
in euclidean space-time, the chirality matrix is defined as v5 = ~1y2y374, which anti-commutes
with all y-matrices, i.e., 757, = —7,75 and fulfills 72 = 1 as well as det(vys) = IE

Using the chirality matrix 75, one can define the projection operators

1 1-
Pp = ;75, and Py, = 275. (2.7.1)

They are idempotent (PFQ{ = Pg,1,), orthogonal (Pr Py, = P, Pr = 0), and complete (P + P, =
1). Further, they fulfill Py, =~,Pr and v5 = Pr — ..

With these projectors, a Dirac spinor ¥/ in continuous Space-timﬁ can be decomposed into
left- and right-handed components as

Pl = Prypf, and o = PLyY, (2.7.2)
from which the corresponding conjugate spinors follow as

o =¢fP, and W = Py (2.7.3)
By inserting Pr + P, = 1 into the Lagrangian density , we obtain

Lr = Y1y Dur, + Yy Dptor + [JJRMwL + YZLM¢R} , (2.7.4)

where we defined the mass matrix M = diag(mz,...,my;). Further, ¢/, is a vector of size
Nt in flavor space that has components %J% L Remarkably, left- and right-handed Dirac spinors
couple to each other only via the mass term and for M = 0, the Lagrangian density is invariant
under independent global U(N) transformations for left- and right-handed spinors, i.e.,

¢L — ALwL R and ¢R — AR¢R7 (2.7.5)

!4The generalization of the chirality matrix to arbitrary number of space-time dimensions is straight-forward,
as long as the dimensionality is even.
15Here, we omit the space-time argument z for all spinors as it is not essential in the present context.
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for any Ay, Ar € U(Nf). This is called the chiral transformation and the symmetry group is
denoted by Uy, (N¢) x Ug(Ny).

As a general property of the unitary group, it can be decomposed as U(Ng) = %NU(N‘) with
f

cyclic group Zy,. We apply this relation for Up(N¢) as well as Ur(N¢), which implies that
the above Lagrangian density for M = 0 is in particular invariant under the Up (1) x Ug(1)
transformation

P, — eia¢L and wR — 6iB¢R (2.7.6)

with «, 8 € R. It is convenient to rewrite this transformations in terms of the spinor . By
using (Pr + P) = 1, we first get

W — (eiBPR + emPL) i (e*i@aPR + eieaPL) v, (2.7.7)
where we defined ©, = O‘—JQFB and O, = O‘T_’B Further, one can use the general relation
e O PR + €O P = 1O (2.7.8)

to obtain the independent vector and axial transformations
Y — €Oy and Y — OBy (2.7.9)

respectively, under which the fermionic Lagrangian density (2.5.16) is invariant in the massless
case. We stress out that this invariance only holds due to

{'V,uD,uv '75} =0, (2.7.10)

which is the fundamental criterion for chiral symmetry. The corresponding symmetry group of
the vector and axial transformations (2.7.9) is denoted by

Uy (1) x Uy(1), (2.7.11)
which allows us to write the chiral symmetry of the massless theory in the form
SUL(Nf) X SUR(Nf) X Uv(l) X Ua(l). (2.7.12)

As it turns out, the quantized theory is not invariant under the axial U,(1) transformation even
in the massless case, but only under a discrete Zjy, transformation. The original symmetry is
broken explicitly, as the fermion integration measure is no longer invariant under this transfor-
mation. This is called axial anomaly and the remaining symmetry is SUT,(NVg) x SUR (Ng) x Uy (1).

For nonzero, but degenerated masses M = diag (m,...,m), the symmetry SUp,(N¢) x SUR(Vy)
reduces to the subgroup SUy(Ng), and SUy(Nf) x Uy (1) is left. Moreover, for general masses
M = diag (m1,...,mn;), the symmetry is reduced even further to Uy (1) x --- x Uy (1) with Nt
factors. The introduction of a chemical potential explicitly breaks all axial symmetries.

In nature, the masses of up and down quark are very small compared to the typical QCD scale.
Thus the symmetry SU,(Nf) x SU,(Nf) x Uy (1) should still be applicable as an approximation.
However, the symmetry SU, (V) is broken spontaneously, i.e., even though the theory is invariant
under the symmetry, its ground state is not. Relevant for the study of spontaneous chiral
symmetry breaking is the chiral condensate

W@ (2)p (@) (2.7.13)
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where there is a sum over flavors f (and colors). Since it transforms in the same way as
the mass term of the Lagrangian density, it is not invariant under the chiral transformation.
Thus, a nonzero chiral condensate implies that the chiral symmetry is broken spontaneously.
Accordingly, the chiral condensate is an order parameter for the chiral symmetryE As a general
consequence of spontaneous symmetry breaking, there are Nf2 —1 Goldstone bosons. For Nt = 2,
these are the three pions, which have masses that are much smaller than typical hadronic bound
states, like protons and neutrons. This mechanism explains why pions are significantly lighter
than protons and neutrons.

In order to study chiral symmetry also for staggered fermions, we first have to identify how s
transforms under the staggered transformation Eq. ([2.6.27)) for four dimensionsm Equivalent
to Eq. (2.6.28)), we now consider the transformation of the bilinear %{ng and obtain

iyl = ndxiixd (2.7.14)

Here we used that 5 anti-commutes with all y-matrices and defined
My = (=1t (2.7.15)
The hopping terms are then invariant under
vl — eiani¢£ and ¢ — @{em”g, (2.7.16)

which is the discretized version of the U, (1) symmetry for staggered fermionsm

There is also a remnant symmetry of the axial SU, (V) symmetry. This is of particular interest
for the study of spontaneous symmetry breaking. Due to the fermion doubling, it is actually a
remnant of the group SU,(N;), where Ny is the number of flavors due to the fermion doubling.
Those are also referred to as different “tastes”. To identify this remaining symmetry group
for Ny = 1, one can use the following procedure, which was developed in [53 54]: First one
makes a transformation of the fermion field such that the new field is defined on hypercubes
of the lattice instead of sites. Hereby, a hypercube consists of 2¢ adjacent sites, which are
arranged in a 2 X 2 X - - - X 2 configuration. The hypercubes are non-intersecting and even lattice
sizes in all directions are assumed. As each hypercube contains 2¢ sites, the new field has 2¢
additional degrees of freedom. Those can be interpreted as 2d/NS different tastes of fermions,
where each has the usual Ng-dimensional Dirac spinor structure. In this formulation one can
determine the nontrivial subgroup of SU,(/N;) under which the action is invariant. This makes
staggered fermions especially well-suited for the study of spontaneous symmetry breaking of
chiral symmetry.

2.8 Sign problem for nonzero chemical potential

A standard approach for calculating the quark-number density (2.6.41)) or the chiral condensate
(2.6.42) first involves the integration over all Grassmann fields}"’| One can show that this results

1For nonzero quark masses, the chiral condensate is not a strict order parameter, however it can still be used
to identify the location of the chiral transition.

17 Again, it is straight-forward to generalize this approach to an arbitrary but even number of dimensions.

¥Note that in contrast to Eq. , the fields ¥/ and ¥ are the staggered fermions defined in Eq. .

19The standard approach is in contrast to Part where we will first integrate the gauge field.
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in the (gauge-link dependent) determinant of the Dirac operator, called fermion determinant.
The integration of the gauge field is then approximated by a sum over finite number of gauge
field configurations, where

e M [ det Dy (py) (2.8.1)
f

is the probability weight that such a configuration of gauge links is generated, based on impor-
tance sampling. Hereby, Syn denotes the Yang-Mills action, i.e., the action that corresponds to
the pure gauge Lagrangian density (2.5.17) and Dy(us) = D?(uf) +my, where D?c is the Dirac
operator of flavor f for the massless theory.

Therefore it is crucial that det(Dy) is real and positive. In the following we will show that this
is fulfilled for vanishing chemical potential as done in [55]. The crucial properties to do so are
the ~5-hermiticity of the Dirac operator, i.e., (y5Df)! = 75D} (or equivalently 75D 75 = D

as well as the anti-hermiticity of the Dirac operator in the massless case D?’T = _D?'. Let x; be
an eigenfunction of the Dirac operator with vanishing chemical potential, i.e., D(0)x; = Axi
with eigenvalue A\;. Due to the anti-hermiticity of the Dirac operator, \; is purely imaginary.
Additionally, due to the ~ys-hermiticity, v5x; is an independent eigenfunction with eigenvalue
—X; = A]. Thus the eigenvalues come in complex-conjugate pairs, which allows us to write

det [D¢(0) +m] = H (Ai +my) (A +myg) > 0. (2.8.2)

;
For nonzero chemical potential however, the vs-hermiticity is generalized to
¥ Dy (pp)vs = Dh(—p3), (2.8.3)
which yields (due to det(y5) = 1)
[det Dy (pus)]" = det Dy(—p}) . (2.8.4)

Consequently, for nonvanishing real py the determinant of the Dirac operator then is complex
and one cannot directly apply importance sampling. This problem is known as the sign problem,
or more precise the complex-phase problem. Great effort have been made to circumvent this
problem [56), |57]. However, so far none of the remedies allows for precise calculations for general
values of j1y. One known solution is based on the observation that Eq. yields again a real
fermion determinant, when a purley imaginary chemical potential py is used. By an analytic
continuation one can also reach the domain of real chemical potentials. Other approaches include
a Taylor expansion in pu, reweighting, complex Langevin, thimbles or path optimization, see [3,
4] for reviews.

It is interesting to note yet another scenario, where the Boltzmann weight is real and positive.
Consider the situation of Ny = 2, where the chemical potentials can be expressed in terms of the
baryonic and isospin chemical potential up = £5#2 and py = 215£2 | respectively. For vanishing

baryonic chemical potential ug = 0 it follows

Hdet Dy¢(ug) = det Dy(pur) det Da(—pp) = det D(pur) [det D(u)]” € R, (2.8.5)
!

20Note that the same argument can be made when staggered fermions are used, except that the vys-hermiticity
is replaced by the corresponding equation D;t’f(x, y) = niD? (z, y)ng.
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where we used Eq. (2.8.4) and defined D(u) = D1(p) = D2(p), which holds for identical masses.
Therefore the fermion determinant is again real and non-negative which allows importance
sampling.

The method used in this thesis is based on so-called dual variables. Hereby, in contrast to the
conventional approach, the gauge field is integrated out before the Grassmann fields (cf. Part
. This method strongly reduces the sign problem, allowing for a calculation of general values

Of/Lf.

2.9 Phase diagram of QCD

The phase diagram of QCD has an extremely rich structure, however due to the sign problem,
calculations in the regime u/T" > 1 are only feasible by using model scenarios or remedies
as explained in Sec. Before we discuss the essential properties of the expected QCD phase
diagram as done in |2} 8, 55|, we briefly introduce the Ehrenfest classifications of phase transitions
[58].

A phase transition of n-th order is characterized by a discontinuity of the n-th derivative of the
free energy f, while all lower-order derivatives are continuous, i.e.,

8nfa 8nf3 and 8mfa B amf,B

ox" oxm dxm  Qxm

4

for all m <n, (2.9.1)

where a and § distinguishes the different phases and x denotes a parameter of the system like
the temperature, the chemical potential, or - specifically in QCD - the quark mass. Of high
relevance in practice are the first and second order phase transitions, as both are expected to
be present in the u — 7" QCD phase diagram. These transitions are always associated with an
order parameter, which is vanishing in one phase and nonzero in the other.

Another relevant phase transition that is also present in the QCD phase diagram is the crossover.
Here, all derivatives of the free energy are continuous along the transition, i.e.,

O"fa _ 0™ /3
Som — Bpm for all m € Ny, (2.9.2)

and the order parameter still approaches zero in one phase.
There are several order parameters relevant for QCD. Besides the chiral condensate, which is

the order parameter for the chiral transition in the limit of small quark masses (cf. Sec. [2.7]),
there is also the Polyakov loop, defined as

P(%s) = tr

Nt
1T U(m,fs),l] . (2.9.3)
Itil

It corresponds to a Wilson loop with fixed spatial position Zs winding around the compact time
direction of the lattice. For pure-gauge theory (i.e., the limit of infinite quark masses), one can
show that due to a Zs-symmetry of the action, the Polyakov loop is an order parameter for
confinement. If it is nonzero the phase is deconfined and free charges can be found.
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Figure 2.2: QCD phase diagram for two flavors in the T' — m plane with m = m, = mg. The
transition from confinement to deconfinement is either first order, second order or a crossover,
depending on the quark mass. For small masses, the relevant order parameter is the chiral
condensate and for large masses it is the Polyakov loop. The figure is taken from Ref. [2].

The calculation of the Polyakov loop and the chiral condensate results in the QCD phase diagram
shown in Fig. for two degenerated flavors (denoted by my q for up- and down quark) in the
T — m plane. As the chemical potentials are set to zero, there is no sign problem and usual
methods based on importance sampling are applicable. For vanishing quark masses, the chiral
transition is of second order and occurs at a critical temperature of approximately Tcp ~ 175
MeV. The chiral condensate is nonzero only below this threshold, which is consistent with the
spontaneous breaking of chiral symmetry for zero temperature as discussed in Sec. For
increasing masses, the chiral condensate is no longer a strict order parameter of the phase
transition. However, its value still vanishes only for temperatures above T, which is why the
chiral condensate is still considered as a valid order parameter in this situation. The transition
is then no longer of second order, but a crossover. One can show that the transition between
the confined and deconfined phase for small masses also takes place around T¢,, which indicates
that there is a strong connection between confinement and chiral symmetry [59]. In the limit
of infinitely heavy quarks, the Polyakov loop is a strict order parameter, exhibiting a first-order
phase transition at T, ~ 270 MeV. The first-order transition weakens for decreasing masses,
before it ends in a second-order point.

We now turn to the phase diagram of QCD for nonzero chemical potential. Although the exact
locations of phase transitions and the associated critical exponents are not known, there is
agreement regarding certain structures of the phase diagram. The expected phase diagram in
the u — T plane is shown in Fig. for vanishing quark masses (left) and for degenerated and
small masses close to the physical mass (right) for Ny = 2. In both diagrams the isospin chemical
potential yp is set to zero, and therefore u = ug = p1 = uo.

For vanishing quark masses, the chiral transition is denoted by the dashed line (second-order
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Figure 2.3: Expected QCD phase diagram for massless (left) and degenerated light quarks
(right). While for vanishing masses and small chemical potential the chiral transition is of first
order, it turns into a crossover, when the masses are increased slightly. The figure is taken from
Ref. [2].

transitionEI) that turns for increasing chemical potential at the tricritical point (TCP) into a first
order transition (solid line). Inside the quarter-circle the chiral condensate is nonzero. When
the quark masses are increased close to the physical mass, the second-order transition becomes
a crossover, resulting in a critical endpoint. When the quark masses are increased further, the
temperature transition at x4 = 0 is again of second- and finally of first order (not shown).

For increased temperature T" and chemical potential u, the energy scale of the theory is increased.
Due to asymptotic freedom, quarks and gluons are only weakly coupling leading to a phase
generically known as Quark-Gluon-Plasma [60].

Another phase transition in QCD is the liquid-gas phase transition of nuclear matter. The
corresponding order parameter is the baryon density npg. The transition is denoted by a short
solid line located in the confined phase for small temperatures. It is expected to be a first order
transition which ends in a second-order critical endpoint for increased temperature [55].

From model calculations it follows that the phase diagram of QCD exhibits - analogous to
superconductivity for electrons - color superconductivity [5]. Hereby, quarks form cooper pairs
resulting in a nonzero diquark condensate, which is an order parameter for color superconductiv-
ity. However, there are many possible pairing scenarios of the quarks and the precise behavior of
QCD is not clear yet. Only for asymptotically high densities, all models agree that QCD enters
a color-flavor locked phase, which, in addition to color superconductivity, shows also a breaking
of chiral symmetry. In this limit, many properties are known from first principles [61].

Finally we turn to the discussion of the phase diagram of lattice QCD in the strong-coupling
case, i.e., # = 0, again in the g — T plane. The general structure for Ny = 1 in four dimensions
(thus number of tastes Ny = 4) is shown in Fig. The phase diagram is calculated by a large
dimensional expansion and a mean-field approximation [62]. The chiral transition is similar
to the case of general 8 shown in Fig. In the chiral limit, there is a tricritical point that
separates the second-order transition (dashed line) from the first-order transition (solid line).
For increased masses, the first-order line ends in a critical endpoint, whose movement in the

21For 1 = 0, this coincides with the second-order chiral transition from Fig.
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Figure 2.4: Lattice QCD phase diagram at strong coupling for Ny = 1 in four dimensions
(Ny = 4). For vanishing quark mass, the chiral phase transition is of second order (dashed
line) and turns into a first-order transition (solid line) at the tricritical point (TCP). For non-
vanishing mass, the first-order line is shifted to increased baryon chemical potential and ends in
a critical endpoint (CEP). The trajectory of the CEP for increased mass is denoted by a thin
dashed line. The figure is taken from Ref. [62] using adapted labels.

phase diagram for changed quark mass is shown by the dotted line. The first-order transition is
also shown for quark mass m = 0.4. The liquid-gas transition of nuclear matter and the chiral
transition coincide for g = 0.

3 Tensor-network procedure

As explained in Sec. the sign problem for nonzero chemical potential makes it impossible
to successfully access the regime where p/T > 1 with any established method. Therefore, it
is reasonable to consider alternative approaches that differ crucially from these methods. One
promising approach is the use of tensor networks. For a general system, the partition function
is expressed as a contraction of tensors, whose total count typically scales with the volume
of the system. In order to make the calculation numerically feasible, approximations based on
singular value decompositions (SVD) are employed. The cost of computing such a tensor network
typically scales only logarithmically with the volume of the system, which is a decisive advantage
over usual methods that are based on importance sampling. Tensor-network approaches have
already been successfully applied to a wide range of problems in classical and quantum statistical
physics, such as spin systems and gauge systems in two, three, and four dimensions. Even some
systems with a complex action, i.e., with a sign problem, were successfully studied, for example,
the three-dimensional O(2) model with a chemical potential [63]. An overview of different tensor-
network approaches for a variety of systems is given in Ref. [19], including a road map towards
four-dimensional QCD.

Within this thesis, it is sufficient to consider tensor networks in which a tensor is placed on
every site of the space-time lattice and only neighboring tensors are contracted via a shared
link index. It is efficient to contract the tensors pairwise, yielding again a tensor network on a
coarse grid with half the number of sites. After each such contraction step, the bond dimension
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(i.e., the range of the tensor indices) of the coarse-grid tensor rapidly increases. To avoid the
curse of dimensionality, an approximation of the coarse-grid tensor based on SVD is employed.
The tensor renormalization group (TRG) [64] was the first algorithm with this structure but
it is only applicable for two-dimensional systems. An improvement is the higher-order tensor
renormalization group (HOTRG) method [20], which is applicable also to higher-dimensional
systems and a foundation for the algorithms developed in this thesis. In contrast to TRG,
HOTRG is based on the higher-order singular value decomposition (HOSVD) [21] of the coarse
grid tensors.

For systems including fermions, Grassmann-valued tensor networks where first discussed in
Ref. [65] based on the Hamiltonian formulation. For the Lagrangian formulation, which we
will use in this thesis, the Grassmann TRG (GTRG) [66, |67] and the GHOTRG [22] methods
were recently developed for cases where the Grassmann variables cannot be integrated out
locally@ This algorithm has already been tailored to strong-coupling QCD in two dimensions
using one flavor of staggered quarks in Ref. [23]@ There, it was shown that the non-local sign
factors occurring in the meson-baryon-loop representation of the partition function [6, 7] can
be avoided by rewriting the partition function as a tensor network including Grassmann-valued
tensors. The method was used to compute the chiral condensate as a function of the quark
mass and the volume, and to confirm the absence of dynamical chiral symmetry breaking in
the two-dimensional case. Tensor methods are especially well-suited for this investigation, since
they can be used for the very large volumes that are required for small masses. Furthermore, the
quark-number density at nonzero chemical potential was computed, which hinted at a first-order
phase transition. The study of strong-coupling QCD with one flavor of staggered quarks was
extended to three and four dimensions in Ref. [69, [24].

In the following, we give a brief introduction to HOSVD, HOTRG, and GHOTRG for a general
number of dimensions. Secs. and are based on Ref. [29], while Sec. is based on
Refs. [23] |24]. An introduction to HOTRG and GHOTRG in two dimensions is also given in
Ref. [26].

3.1 HOSVD

In this subsection, we present the HOSVD approximation, originally introduced in Ref. [21]. We
start with the following relevant definitions.

For a real tensor M of order n and dimension Ny x --- x N,, € IN" and a real matrix A, we define
the left matrix-tensor multiplication of the r-th index of M as

(A O M)il"'ir—1jrir+1“'in = Z AjrirMir“in . (311)

ir

By definition, we find

22In theories with Grassmann variables, the latter can sometimes be integrated out completely during the
construction of the tensor network, as for example in the U(NN) gauge theory at infinite coupling [6| [68], in which
case the usual TRG or HOTRG method can be used.

We will refer to GHOTRG for both the procedure introduced in Ref. [22] and its tailored version for lattice
QCD in the strong-coupling expansion.



56 3 Tensor-network procedure

for any r # s and for any matrices A and B.

Further, we define the r-unfolding of the tensor M as the matrix

M = M,

iT‘?(ilf" 7i7‘*17i7‘+17"' 7in)

(3.1.3)

Loin 9

i.e., the row index of M) is given by the r-th index of M, while the column index of M) is
given by a linearization of the remaining indices. We note that the r-unfolding of (A ®, M) is
given by the matrix product of A and the r-unfolding of M, i.e.,

(Ao, M) =A. M0, (3.1.4)

Additionally, the multi-rank (R1,--- , R,,) € IN" of a tensor M of order n is defined by the r-rank
R, = rank(M ™) (3.1.5)
forr=1,...,n.
We now define the tensor approximatior@
M =PV o, P e,...PM e, M, (3.1.6)

with N, x N, orthogonal projectors P (i.e., PM?* = p0) and PM" = P for all r) of rank
K, < N,. Therefore, M has the same dimension as M. Due to the property

rank(A - B) < min(rank(A), rank(B)) (3.1.7)

for general matrices A and B, M is a lower-rank approximation of M, i.e., the r-rank of M is
smaller or equal to the r-rank of M for all r =1,--- ,n.

As a general property of an orthogonal projector of dimension N, x N, with rank K, P(") can
be written as

P =yt .ym* (3.1.8)

with NV, X K,-dimensional semi-orthogonal matrices U (") called frames, i.e., the columns of U™
are orthonormal, but not their rows (unless K, = N,). Note that the columns of the frame U(")
provide an orthonormal basis of a K,-dimensional vector space. In particular, we find

UDU® =g, ik, - (3.1.9)
For given frames U("), we now define the K x --- x K,, dimensional core tensor
S=UM" 0, 0P @--- UM 0, M, (3.1.10)

such that the tensor approximation M can be rewritten as

=00, 0@ e, UMe, S, (3.1.11)

ZDue to Eq. 1} the ordering of the operations is irrelevant.



II Theoretical foundations 57

The frames U") together with the core tensor S contain the same information as the tensor
approximation M, but require only > K, N, + [], K, entries instead of [[, N, entries. Con-
sequently, it is numerically more efficient, not to calculate M explicitly, but rather to evaluate
operations involving M using the frames U(") and the core tensor S.

In order to quantize the approximation error introduced by the tensor M we now introduce the
Frobenius norm. For a given tensor M it is defined by

M| =\ (M, M) = | > M2, , (3.1.12)

11y--5tn

where the inner product of two real tensors M and M of same size is defined as

(M, M) =" M;..i,M;..., . (3.1.13)
ilv-'vin
For the inner product of the tensor M and its approximation M we find
~ 1
<M’ M> = Mj1>~~~yjnPj(1,)il e P](Z)’Lanl’ﬂn

1 1 2

= Mjlv“'vjnPj(l,)klPk(l,)il e R](,Z)]Cnplg:?anllv,ln = ||M”
1 1 T T

= My, UL U U O My, = 11517, (3.1.14)

where the second and third line both follow directly from the first line by using the funda-
mental projection operator property, and by expressing the projectors in terms of the frames,
respectively. Using this, the squared approximation error of M is given by

1M — M? = |[M|* + |M|* = 2(M, M) = |M|* = | M]|]* = | M]* — ||S]* (3.1.15)

and does not require the explicit calculation of M.

We now consider the singular value decomposition of the r-unfolding of M,
M®") = LOx0) RO (3.1.16)

with N, x N, orthogonal matrix L("). The columns of L(") are the left singular vectors of M.
2 is a N, x N™~! matrix that is only nonzero at the diagonal. The values at the diagonal
are the singular values of M () which are real and non-negative. Similarly to L), R(") is a
N1 x NP1 orthogonal matrix.

For any matrix M (") it is well known that the approximation A" = L(T)E(T)R(T)T, where ©() ig
obtained from (") by keeping only the K, largest singular values and setting all others to zero,
is the best rank-K, approximation of the matrix M ). Formally, this means that it minimizes
the Frobenius norm || M) — A(M)|| for given rank K. The relative truncation error (") is given
by

r r N r
o _ M0 — a0 e A

9 = )
1M > A

(3.1.17)

where )\Er) are the squared singular values of the unfolding M), ordered such that )\Y) > >

T

/\%3 Note that A" are also the eigenvalues of the Gramian M) M)

i
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The HOSVD of M is defined by the Eqs. (3.1.10) and (3.1.11) with U™ = L"), As in this case
K, = N,, it holds that M = M and there is now information lost by performing the HOSVD.

More relevant is the HOSVD approximation M with multi-rank (Ki,...,K,). For given tensor
M, it is defined by Egs. (IB.l.lOI) and (|3.1.11|), where the columns of U() are given by those
columns of L") (i.e., left singular vectors of M (")) that correspond to the K, largest singular
values of M("). Note that it holds

AW = gyt ) (3.1.18)

One can show that the HOSVD tensor approximation M , in general, is only the best possible
approximation for given multi-rank (K7, ..., K, ) when n = 2, as in this case the Frobenius norm
|M — M]|| is minimized by definition. But even for general order n the HOSVD approximation
is usually very close to the best approximation [21].

There is a known algorithm to construct the best possible approximation, i.e, to minimize the
Frobenius norm || M — M || for given multi-rank (K7, ..., K,,) numerically. The algorithm is called
Higher Order Orthogonal Iteration (HOOI) [70]. Nevertheless, the HOSVD approximation is
particularly attractive due to its computational simplicity while still yielding an almost optimal
approximation.

3.2 HOTRG

We now turn to the HOTRG approach [20] for computing a tensor network of the form
Z = 11(Te)ia vivsie aiva- (3:2.1)
7 x

This expression is visualized by a d-dimensional lattice with V sites. On every site z =
(1,...,xq) there is a tensor T,. The different directions of the lattice are denoted by pu =
1,...,d. Neighboring tensors on sites  and = + [i, where f is the unit vector in p-direction,
share a link index i, , which is summed over, denoted by the sum over all tuples ¢ = (i, |V, 1).
For convenience, we introduced the notation i, , = i,_;,. The lattice has a toroidal shape,
i.e., it is closed in all directions. For our purposes, it is sufficient to consider the case where the
range of the summation over i, , is independent of the link. This range is denoted by D and is
referred to as the bond dimension. The result is denoted by Z, as it is typically the partition
function of a system that is expressed in the form of a tensor network.

For the moment, we assume that the tensors are independent of the chosen site, i.e., we can
write T' = T,. As a further assumption, the number of lattice sites in any direction is a power of
two. A natural way to calculate the given partition function is to contract the tensors pairwise,
yielding again a tensor network in the form of Eq. albeit on a coarse lattice, i.e., a lattice
with half the number of sites. As all tensors are identical, this contraction has to be calculated
only once. This procedure is repeated until only a single tensor is left, from which the trace
is taken. It is crucial to note that the bond dimensions of the tensors increase rapidly in each
contraction. In particular, for any direction perpendicular to the contraction direction, the bond
dimension is squared in each step. For a 4 x 4 lattice, the contraction procedure is visualized in

Fig. 8.5
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Figure 3.5: Visualization of the contraction procedure for computing a tensor network on a two-
dimensional 4 x 4 lattice. In each contraction step, the indices perpendicular to the contraction

direction are combined to a new link index with squared range. This is visualized by progressively
thicker links.

Due to the increasing bond dimensions, an exact calculation of the tensor network is only
feasible for very small lattices. Therefore, an essential property of HOTRG is to reduce the
dimension of the coarse tensor using an HOSVD-based approximation which avoids the curse of
dimensionality. This truncation together with the contraction of two fine-grid tensors is referred
to as a blocking step. Symbolically, we summarize the HOTRG algorithm for the (k + 1)-th
blocking step as

Tk, k) tranegte plke], (3.2.2)

where T1¥ is the obtained coarse tensor after k& blocking steps and *,, denotes the contraction of
two tensors T1¥! that are neighbored in direction p. The explicit construction of T**1 is shown
later on.

Formally, we define the coarse tensor after the first contraction as

MjX,—le,l"'jX,—de,d = an,flim,l”'iz,fdiz,d ny,fliy,l'“iy,—diy,d (3-2'3)
icc,l
with y = 2 + 1 and therefore iy—1 = iz,1. The coarse site is denoted by X = (z,y). On the
coarse lattice, the link indices are defined as
jX,—l = Zlac,fl ) jX,l — Z'y,la and jX,:I:,u = (iz,i,uaiy,i,u) for M 7& 1 ) (3'2'4)

where the combined indices are referred to as fat indices. The construction of the link indices
associated to the coarse lattice is visualized for three dimensions in Fig. 3.6

3.2.1 Backward-forward symmetry

A tempting approach would be to replace the coarse tensor (3.2.3)) by its HOSVD approximation
of multi-rank (D, ..., D). However, it turns out that this approximation is not optimal in the
iterative blocking procedure as shown next.

For this argument it is sufficient to consider the contraction in 1-direction in two dimensions.
According to Eq. (3.2.3)) the third and fourth index of M are the fat indices, i.e., they have bond
dimension D?, while the first and second index have bond dimension D.



60 3 Tensor-network procedure

ia:,S iy,S

ix,—1 ip 1=y, —1 Jix,1

ifc,73 iy773

/X773 TJX,—Q

Figure 3.6: Construction of the link indices on a coarse site. Fat indices occur only on links
perpendicular to the contraction direction. The figure is taken from Ref. [29].
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Figure 3.7: Visualization of the constituents of the HOSVD approximation M. Fat indices are
visualized as two separate lines. The figure is taken from Ref. |29).

For the HOSVD approximation with multi-rank (D, D, D, D), we need to calculate the frames
U and V for the unfoldings corresponding to the third and fourth index of M, denoted by M ®)

and M (4) According to Eq. , the core tensor is then given by
S=UTo3VvTo,M, (3.2.5)
yielding the coarse tensor approximation
M=U®3V©®48=Pye3Py oy M (3.2.6)

with D? x D? projectors Py = UUT and Py = VVT with UTU = VIV = 1p«p. The
constituents of the tensor approximation are visualized in Fig. 3.7

Assume that, for the next contraction step, two tensors M are contracted as shown in Fig. 3.8
again using the constituents of the tensor approximation M. We observe that the matrix product
G = UTV occurs. This matrix is called merger, and the whole contraction can be perceived as
contracting core tensors S with mergers G in between. It is crucial to note that, in the calculation
of the merger GG, information may be lost depending on the overlap of the vector spaces spanned
by the columns of U and V. Consequently, the rank of the merger is, in general, smaller than

251n principal, the unfoldings M and M® corresponding to the first and second index of M are necessary
as well. However, as there is no truncation for these links, the frames are orthogonal and no information is lost.
Therefore, after a change of basis, these frames are the identity matrix.
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Figure 3.8: Contraction of two HOSVD approximations M. By using the constituents of M,
we observe that the contraction can be perceived as contracting core tensors and mergers only.
The figure is taken from Ref. [29].

U’ U7 UT uT

Figure 3.9: Simplification of the contraction procedure in two dimensions after setting U = V.
The core tensors itself already build a tensor network in the form of Eq. (3.2.1]) albeit on the
coarse lattice. The figure is taken from Ref. [29].

D. Therefore, even though the HOSVD approximation M is a close-to-best approximation of
M, M x1 M is not necessarily a good approximation of M x; M.

The only possibility in which no information is lost in the merger is when the columns of U
and V span the same vector space, which is an additional demand in the HOTRG algorithm.
In this case, the merger is orthogonal. For efficiency, we additionally set U = V, i.e., the same
basis for the vector space. With this condition, it is clear that the usual HOSVD approximation
cannot be used to approximate the coarse tensor M and it is unclear a priori how the frames
U should be constructed instead. The construction of the frames will be considered in the next
section, but for the moment let us discuss the consequences of the condition U = V. Due
to G = UTV = 1pyp, the merger drops out and the situation simplifies drastically to the
one shown in Fig. The contraction of two tensor approximations M is replaced by the
contraction of two core tensors S only@

Since the condition of using common frames for forward and backward direction can be directly
generalized to arbitrary dimensions, we define the core tensor used in HOTRG, for a contraction
in 1-direction, as

)T

S=U®" 03U 0. . UD" @py 1 UD" @9y M. (3.2.7)

By writing the tensor network (3.2.1)) in terms of the core tensor S, the structure of the tensor

26To be able to construct and eliminate all mergers we use the property that the lattice is closed.
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network is preserved albeit on a coarse lattice. From there, the algorithm is applied iteratively.
Symbolically, the (k 4 1)-th blocking step of the HOTRG approach can be written as

T x, TH = M — § =: T+ (3.2.8)

when the contraction is applied in u-direction. When the lattice consists of a single site, one
finally needs to calculate the trace of the obtained tensor, i.e., the sum over the link indices in
all directions.

The remaining task is to construct the frames corresponding to the truncation, such that forward-
backward symmetry is satisfied and the approximation is close to HOSVD. There are two dif-
ferent established methods for constructing such frames. We refer to them as SuperQ [29] and
the Xie et al. [20] procedure and introduce them in the following section.

3.2.2 SuperQ and the Xie et al. procedure

For the tensor M, given in Eq. (3.2.3]), we denote the forward and backward unfolding corre-
sponding to direction u with 1 < u <d as

Mé“) = M@= and Mf(“) = MG (3.2.9)

respectively. Further, the frames Ué“ ) and Uf(“ ) are the HOSVD truncation frames corresponding
to these unfoldings, i.e., the semi-orthogonal matrices, whose columns are given by the left
singular vectors corresponding to the D largest singular values of Mél’) and Mf(y), respectively.
In the originally proposed HOTRG procedure, referred to as Xie et al. truncation procedure

[20], the truncation frame U () for direction g, is either U]g“ ) or Uf(“ ), depending on which of
both gives the smaller SVD truncation error . Therefore, the chosen frame is a near-to-
optimal truncation frame only for one out of the two considered directions, and it is clear that
in general, truncation frames should exist that optimize both truncations.

To find such an optimized truncation frame, it is useful to consider the positive semi-definite
Gram matrices

QW = MW MM and QW = MW MW" (3.2.10)

Note that the columns of Uk()“ ) and Uf(“ ) are the eigenvectors corresponding to the D largest
eigenvalues of Ql()“ ) and QE“ ), respectively.

We now consider a truncation frame U for truncating both Mé“ ) and Mf(” ), which yields the

rank-D approximations (cf. Eq. (3.1.18))

AW =ywu@ ) ang AW = pWu® (3.2.11)
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The relative truncation errors are given by

T (1)

o UM Ay Ay | (ereo) 212)
(Al 1) tr QM)
T (1)

5§“) _ HMf(N) _Agﬂ)H _ - ||A§H)H _ |y tr (U(N) Qs U(M)) (32.13)
124 124 tr Q"

where in the first step we used Eq. (3.1.15)), and in the second step we used the general property
M| = tr(MMT) for real matrices M as well as the projector property of UU ",

For an optimized frame U®, the combined truncation error

2 1 2 2
W 5 <5£u) 4 e ) —1_

1 T
ST (00" (@ + ) U] (3.2.14)

is reduced, where we used tr Q](D“ )= tr QE“ ) = | M||?. This is reached by choosing the columns
of U™ to be the eigenvectors corresponding to the D largest eigenvalues of the SuperQ matrix

QY = + QM (3.2.15)

for direction pu. Note that the SuperQ matrix is symmetric and positive semi-definite as it is
defined as the sum of two symmetric and positive semi-definite matrices. U® is also given by
the D leading left singular vectors of the extended matrix

(M MMy, (3.2.16)

The obtained truncation frame is used to calculate the core tensor given in Eq. (3.2.7). This
method is referred to as SuperQ.

An advantage of the SuperQ method is that a single singular value decomposition is required for
each pair of forward and backward links, i.e., the SuperQ method halves the number of required
singular value decompositions compared to the usual HOTRG procedure.

3.2.3 Stabilized finite difference

Thermodynamic observables are typically calculated by taking the derivative of the free energy
with respect to a certain control parameter (cf. Sec. . Numerically, this is most eas-
ily achieved by using the finite-difference approach. In this method, the partition function is
calculated for two slightly different values of the control parameter using two separate tensor
networks. It turns out that the evaluated values frequently exhibit discontinuities, prohibiting
the calculation of the derivative. These are typically caused by level crossings of nearly degen-
erate singular values for both terms of the finite difference, resulting in discontinuous changes
of the vector spaces that are used for the truncation.

To obtain more stable results for the calculation of the derivative, different approaches were
developed. In one method, referred to as the impurity approach, the derivative is taken ana-
lytically at the level of the initial tensor network. This results in an impurity system, i.e., a
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tensor network that contains an impurity tensor at one specific site of the lattice and identical
tensors at all other siteﬂ [71]. This approach does not suffer from discontinuities originating
from the derivative, but it is outperformed by the so-called stabilized finite-difference method
[63]. In this approach, the discontinuities are avoided by explicitly matching the bases of the
vector spaces used for the truncation. How this is done formally is explained next.

The finite difference of the free energy ([2.6.40) with respect to a control parameter p is given as

1

Y (mzt-mz), (3.2.17)

where both ZT and Z~ are calculated using two independent tensor networks. This is no longer
the case in the stabilized finite-difference approach, where the truncation frames for calculating
Z* are modified while taking into account the truncation frames employed in the calculation of
Z~.

As a prerequisite for the stabilized finite-difference approach, one needs to use the same contrac-
tion order in both tensor networks and, when the Xie et al. procedure is used, in each blocking
step either the forward or backward frame needs to be used in both tensor networks.

For the calculation of Z~, in a particular blocking step, we denote the obtained left singular
vectors by LW forie {1,...,D?} (cf. Eq. (3.1.16)), for all directions p that are perpendicular

i
to the contraction direction. As explained in Sec. 3.} the truncation frames are then built by
chosing the D vectors corresponding to the largest singular Value@ We assume that the vectors
LEN)_ (w)~

%

are ordered such that the corresponding singular values s are in descending order, i.e.,

SZ(N )" < sg-” ) for i > j. Equivalently, the left singular vectors necessary for calculating Z* are
denoted by Lg“ﬁ (“)+.

and are ordered according to the singular values s;

(m)~

Assume that a particular singular value is n-fold nearly degenerate. Thus, the vectors L;”” , for
t = k1 ...k, correspond to nearly degenerate singular values, i.e.,
Sz(“)_ _ S](Cllt)_ .
— <t Vie{ky,....,kn}. (3.2.18)
52“)
1

with threshold ¢, e.g., t = 10~*. For a sufficiently small variation of the control parameter

+
Ap < t, the vectors LE“ " for i = ki ...k, correspond to nearly degenerate singular values as

well.

Since the vector spaces span {LE“)+]1' € {k,..., kn}} and span{LE”)ili € {k,.. ,kn}} tend

to be identical for vanishing Ap, they will have a large overlap also for a finite variation Ap.
(m)*

%

and Ll(-“)_, given by
)+

However, this is generally not the case for the overlap of the vectors L
(m)*

the scalar product L;"” - LZ(-“ )" Even if the two vector spaces are identical, the vectors LZ(-“

and Lg“ )" may form different bases. Therefore, the overlap of the columns of the truncation

2"The adaptation of HOTRG in this case is straightforward, except that the truncation matrices are constructed
solely by considering the identical tensors. This is necessary for the tensor network to be self-reproducing after
each blocking step.

28This applies to general frames, in particular also for SuperQ and the Xie et al. method.
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(w*

frame, U, . Ui(“ ) for i = 1,..., D, may be small, which can lead to discontinuities in the
result.

+
The optimal solution is to build a new basis of the vector space span {LE“ ) li € {k1,..., k:n}}
with basis vectors

kn
W7 = 3™ WL with j € {ka,. . k) (3.2.19)
i=k1

such that the combined overlap of the basis vectors

ken -
ST (3.2.20)
i=k

is maximized. When such a basis is found, we replace L;” " with I~/§“ " for j €k, ..., ky} in

the matrix L' and continue with the usual HOTRG procedure.
~ ()t
Since the determination of LZ(-“ " is an expensive task, we use a heuristic approach that is close
to the optimal solution. It is given by the following iterative approach.

First, we choose the normalized vector

kn
P _ 1 W 7Y pw*
Ly = — =3 (L) (3.2.21)
Z": (L(uﬁ ‘L(u)*) i=Fk
ik N h
as this choice maximizes the overlap
ACAN A (3.2.22)

One can now use the Gram-Schmidt algorithm to build an orthonormal basis of the subspace
+ — ()t
span {LE“ ) li € {k1,..., kn}} that contains the vector L,(c’f )™ as a basis vector.

As we only want to construct n — 1 new vectors using the Gram-Schmidt algorithm, there is one

+

vector Lg.” )" with j € {k1,...,k,} which is not used in the orthogonalization. In principle, it is
— ()t

irrelevant which of the vectors is chosen, as long as it is not orthogonal to L,(flf )", For numerical

()*

stability, we do not use the vector L;

overlap

in the Gram-Schmidt algorithm for which the squared

-\ 2
(L L) (3.2.23)

is maximized. This choice is especially relevant when the squared overlap (3.2.23)) is close to
one, since otherwise one would orthogonalize almost parallel or antiparallel vectors.

(#)+ for

i€{ki+1,...,k,}. We now replace LE“)+ with I_/l(“)+ for i € {k1,...,kyn} since at least E,g’fﬁ

has an optimized overlap with L,(j: )™, After renaming L — L, we repeat the process for the

After applying the Gram-Schmidt algorithm, we have determined new basis vectors L

+ —
vectors LZ(-“ )" and LE“ )" with i € {k1 +1,...,k,}. The procedure is applied n times, ensuring
+ —
that all vectors LE” )" are adapted to the corresponding vectors Lg“ "
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The presented adaptation of the left singular vectors is especially relevant when only some of
the vectors with degenerate singular values are included in the truncation frame. However, it is
preferable to apply this adaptation to every vector Lg“ " with ¢ < D, as this further improves
numerical stability without significantly increasing the computational cost of the HOTRG algo-
rithm.

3.3 GHOTRG

It turns out that the partition function of lattice QCD in the strong-coupling expansion cannot
be expressed in the form of Eq. in order to apply HOTRG. The integration of the fermion
field generates non-local sign factors, i.e., sign factors that cannot be factorized such that each
factor only depends on the indices i, 4, corresponding to site z. However, the partition function
can be written as a tensor network, where the local tensors contain, in addition to a numerical
part, a specific combination of Grassmann variables (cf. Part . In the following section, we
generalize the HOTRG procedure to make it applicable to tensor networks with this structure,
referred to as GHOTRG. In each blocking step, the Grassmann part is self-reproducing, solely
yielding a sign factor that is local one the coarse lattice. This sign factor is taken into account in
the contraction of two numerical tensors, which are finally truncated using a HOTRG truncation.

Assume that the partition function can be written as

Z = Z/H(T$)jz,fljz,l---jm,—djm,d(Kx)Fx,—lF},;J...Fx7_de’d (331)
Vi x

with j = (JeulVa,p). As for HOTRG, the expression can be visualized by a d-dimensional
lattice with tensors T, and K, placed on its sites. For every link there is a so-called Grassmann
parity F , = 0,1 that is determined solely by the index j, ,. T, is a numerical tensor, while
K, is the Grassmann tensor

d d
(Kx)Fz H Xx,,u H dXz H Fxﬁ” s (3.3.2)
pn=1 u=1

depending on the tuple F, = (Fy _1Fy 1 ... Fx,,de’d)@ We also used the notation

d
I % = davva—r -1 (3.3.3)

pn=1
for a product in reverse order. On every link, there is a Grassmann variable x, , with corre-
sponding differential dy, , which fulfills

dXx,uX:L’,u =1. (3.3.4)
Xz, u

In Eq. (3.3.1)), we also introduce the notation

()

X M

2For convenience, we again use the notation 4,,_,, = iz_p, for all subsequent quantities that carry a link
index, such as jz 4, Fr,pu, and Xez,u.
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The lattice has a toroidal shape, with boundary conditions for the Grassmann variables chosen
to be anti-symmetric in the time direction (z = 1) and symmetric in all spatial directions.
Furthermore, we assume that an entry of T, is nonzero only if Z,jfiﬂ F;, is even. Under this
assumption, K, can be regarded as commuting.

In a contributing summand in Eq. , there is an integral symbol and a differential associated
with every occurring Grassmann variable X, , that appears, ensuring that the contribution is
real. However, because Grassmann variables are anticommuting, it is not possible to integrate
out all of them without producing non-local sign factors. Instead, HOTRG is modified as
described below.

3.3.1 Contraction

For a contraction in u-direction, it is convenient to rewrite

(Km)Fm = OA'FI (Xx,u)Fm’u |:H (X:p,y)Fm’D] |:H (dXx,y)Fz’V] (dXx’fu)Fw’f" (3.3.6)
vFEp vFEN

with local sign factor
—1 —1
6p, = (_1)Fx,u Do Pt Feu 3207 Fomo (3.3.7)

We now define

Fap
(Kx)r., = ( / ) (K)r, (Ko (333)
X, p

with coarse site X = (z,y). As explained above, the ordering of the Grassmann tensors K
irrelevant, but the chosen order is especially convenient, since we directly obtain the factor

Fe
</ ) (Axy,— )" (Xag) T =1 (3.3.9)
Xz,pn

after inserting Eq. (3.3.6)) in Eq. (3.3.8)) for both sites. We now reorder the remaining Grassmanns
in (Kx)r,,r, in the following way

(ICX)Fm,Fy =0F,0F,0F,,F, (Xy,,u) vor H (X:E,Z/) ’ (Xy,l/) v :|
| v# 1

< | 1T (dxy,—) (dxzp,u)p””’”] (dxa,—p)™ ", (3.3.10)
| v# 1

where we defined the sign factor

d d d d d—1 d
6, = (D", with F=(>"F, o [ | Y Fau |+ D Fopd Fyu+ > Fyp > Foy.
v=1 v=1 p=1 v=p p=1

v=p+1
v#Ep v pE1 vF#RL pEu v

(3.3.11)
The ordering of the Grassmann variables in Eq. (3.3.10) is particularly useful as the resulting
Grassmann structure resembles that in Eq. (3.3.6), where the Grassmann structure for links
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perpendicular to the contraction direction is modified. To obtain the initial Grassmann structure
albeit on the coarse grid, we insert

FX,*V
(/ dXX7_,/ XX7_1,> =1 (3.3.12)
XX,—v

with the coarse Grassmann parity)]

(3.3.13)

)

|0 it F,, + F,, even,
1 if By, + F,y odd

in Eq. (3.3.10) right before the term (dX%_Z,)Fy”“, i.e., inside the product over v. Consequently,
we obtain the term

(¢x,—) "™ (dxy, ) () (3.3.14)

which, by definition of the coarse Grassmann parity, is commuting. Therefore, we can shift this
term in the product over coarse sites from coarse site X to X — ©. Since the lattice is closed
in v-direction, at every coarse site X, the term (3.3.14) is replaced by the corresponding term
from the coarse site X + ﬁ@ Formally, we writd>?|

/H(Kx)Fm = /H(Kx)pm,Fy = /HC}EmC}FyC}Fm,Fy(’ex)FX (3.3.15)
x “ x X x X

with new Grassmann tensor

[ Fy,y Fx,y
x)ey = (™ [ TL0ar™ ([ ) ™ ([ ] ™ ™
_I/;ﬁu Xy,v Xz,v
x| T (e, —0) ™ | (dta, )™

| v# 1

= (xy) ™ T Oexa) ™ T (dxx,—o)™ 7 (dxa,—p) ™"
v v

=6 [ O™ T (dxx) ™, (3.3.16)

14 14

where the commuting term originating from the neighbored coarse site is placed in the first
bracket. Afterwards, we performed the integration over all Grassmann variables x;, and xy,.
for v # u, and used Eq. at the coarse site X, such that the Grassmanns are in canonical
ordering again. For convenience, we defined Fx , = Fy ., Fx _, = Fr ., Xxu = Xyu, and
XX,—u = Xz,—p- It is essential that Eq. exhibits the same Grassmann structure as
Eq. . This shows that the Grassmann structure is self-reproducing after each contraction
step.

30We use the same symbol for both the initial and the coarse Grassmann parity, since the meaning is clear from
the indices of F'. The same applies for the corresponding Grassmann variables.

31Note that the boundary conditions must be applied when the shift moves variables over the lattice boundary.
For the new Grassmann variables, we impose boundary conditions identical to those of the original variables. As
a result, the shift does not generate sign factors, since Fx,—, = Fy,—, + Fy,—, mod 2.

32Note that for the integral symbol after the first step, the product over links in Eq. contains all links
of the fine lattice but does not contain contracted links. After the second step, this product runs over all X and
1, i.e., all links of the coarse lattice.
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As mentioned before, all signs generated by multiplying two Grassmann tensors are absorbed
into the coarse numerical tensor, i.e., we define

(Tx)jx = D 0, (Te)5a (Ty)s, (3.3.17)
Ja,u
where we introduced the signP|
OF,,Fy E&Fx&py&FmFﬁFX N (3.3.18)

and used the shorthand notation j; = (jz,—1Jz,1 - - - Jo,—dJz,4) for fine and coarse site. This yields
the partition function

Z = Z/H(TX)]-X(KX)FX (3.3.19)

ix X

on the coarse grid. This tensor network has summation indices jx ,. They are defined as in
Eq. , namely as fat indices for directions perpendicular to the contraction direction, and
as the original link indices for the remaining links along the contraction direction. jx is again
the tuple containing all indices jx , for p = £1,...,£d. All link indices are combined in the
tuple 3 = (jx,u| VX, 1), which we redefined compared to Eq. . Note that by definition,
Fx ,, is determined solely by jx ,.

In order to express the tensor network in the form of Eq. (3.3.19) and Eq. (3.3.17)), we used the
fact that the new Grassmann tensor

(Bx)ry = [ Oex) ™ T (dxxn) ™ (3.3.20)

v v

is independent of the summation index j, ,. The corresponding integral symbols are collected

in the redefined notation
Fx .,
/: 11 </ ) , (3.3.21)
XX,

X X,u
One can show, (T'x);, is nonzero only if
+d
> Fx, (3.3.22)
p==%1

is even. The proof only requires that the equivalent property on the fine grid holds for T, and
Ty, as assumed at the beginning. Therefore, (Kx)r, can be regarded as Grassmann even.

3.3.2 Truncation

The remaining task is to truncate (T’x);, on all fat links, i.e., on all links perpendicular to
the contraction direction p. As explained in Sec. for given v = 1,...,d with v # u, the
truncation frame U X,ﬁ: for SuperQ and the Xie et al. method, is determined by the unfoldings

(MX)jX,uan\jx,u = (Tx)jx and (MY)jY,—uij\jY,fu = (Ty)jy (3.3.23)

33Due to the structure of OF,,F,, we could assign individual sign factors to the fine-grid tensors T, and T}, to
the contraction, and to the coarse-grid tensor T'x. The numerical efficiency may depend on whether we apply the
sign factors separately or as a whole.

34Not to be confused with the gauge link in lattice QCD.
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with coarse site ¥ = X + ﬁﬁ We introduced the tuple jx\jx,, which contains all indices of
the tuple jx except for jx ,. The entries of the truncation frame are denoted by (Ux ,) ixmixe
where the index jx,,, only has range D, while jx , is the fat link index with range D2,

Since the Grassmann tensor depends on the indices jx , through the coarse Grassmann parity,
special care must be taken when applying the truncation matrices. We recall that (Tx);
nonzero only if Effgﬂ Fx , is even. Therefore, (MX)jx,mjx\jX,u is, up to permutations in rows
and columns, block diagonal. There are two blocks, differentiated by

is

+d +d

Fx, = ( > FX,,)> mod2=1 and Fx, = ( > Fx,p> mod 2 =0. (3.3.24)
p==%x1 p==%1
pPFV PFEV

Note that (Mx);y, ix\ix., and (My)j,. _, i\jy_, have the same vertical block structurg™} since
Fx, = Fy_, holds in the contraction. Therefore, the truncation frame (UX’”)J‘X,VJX,V is, up to
permutations in rows and columns, block diagonal as well, regardless of whether one uses SuperQ
or the Xie et al. procedure. We can distinguish the blocks of Uy , according to Fx, = 1 or
Fx, =0.

This result also allows us to define the Grassmann parity of jXW, denoted by F x,v. Formally,
it is defined as follows: for given jX’,,, consider all nonzero entries (Ux ,) XX The indices
Jx v of these entries share the same Grassmann parity Fy,. When this parity is zero (one),
we define FLV to be zero (one), respectively. For the next steps, it is convenient to also define
jX,iu = jx,+u and FX,iu = F’x 4, for links in contraction direction .

We now consider the truncation

+d +d
(I S0 ) 0txin = (T SO 060 )e,

v=-=+1 4 v==41 4
JX, JX,
wlu =Y [lu =Y

(3.3.25)

where it holds that Ux _, = Ux_p ., dye to the backward-forward symmetry. Since for every

nonzero entry (UXJ,) ixwixy W have Fx, = Fx,, we replaced Fx by Fx in the Grassmann
tensor with F, = (Fgcj_lF:C’l . ..F%,d]*:’x,d). This is a crucial result, since it shows that the
Grassmann tensor can be pulled out of the sum, obtaining the usual HOTRG truncation for the

numerical coarse tensor. Hence, we define the new tensor

+d
(Tx)jy = ( 11 Z(Ux,u)jX,VgXJ(Tx)jX (3.3.26)

v==£1 Jxv
vl

with jx = (jx,—ﬁxg .. .jX’_ded), yielding the partition functiorm

z=%" / 175, (Kx) g (3.3.27)
ix X

3%Note that this is a slight generalization of Sec. in which M, in general, depends on the coarse site.

36Note that the number of columns can be different.

3"The integral symbol is now expressed in terms of the parities Fx,u as well, so that it can be taken outside of
the sums over j;,,.
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This tensor network has new summation indices jx,“, combined in the tuple j = (5X,u| VX, u).

Note that by construction, FX,# is determined solely by jx,# and T is nonzero only if Zigil FX,;L
is even. Therefore, the obtained tensor network has the same structure as the one in Eq. (3.3.1)
albeit on a lattice with half the number of sites.

3.3.3 Iterative procedure

After renaming
T—T, j—j X—z F-—-F, (3.3.28)

the described GHOTRG algorithm can be applied again to block the lattice further. For ev-
ery blocking step, a new truncation direction is selected. The simplest option is to select the
contraction direction g = (k — 1) mod d + 1 for the k-th blocking step, which was used in this
thesis. It is possible to find contraction orderings that reduce the truncation error, as is done in
the improved contraction ordering (ICO) [63].

Since the partition function Z grows exponentially with the volume, the tensor entries generally
grow exponentially with the number of applied GHOTRG blocking steps. Consequently, we
rescale the tensor entries after each contraction step, as explained next. After the first blocking
step (including the renaming), we determine the maximal absolute value

t1 = max ’(Tx)]m‘ (3329)

WJT

of all tensor entries, and define the rescaled partition function

. 1
20 =3 [T, Kp, with (1), = (T2, (3.3.30)
J x %
Consequently, the full partition function is given by
Z=t1zW (3.3.31)

where V7 is the number of lattice sites after the first blocking step, i.e., V3 = V/2. We can
apply the GHOTRG algorithm again, this time to the rescaled partition function Z(1). After
this blocking step, we rescale the resulting numerical tensors using their maximum ¢ to obtain
Z® with ZzM) = thZ@) and Vo = V/22. This is repeated for each blocking step. After the k-th
blocking step, we rescale the resulting numerical tensors using their maximum ¢, to obtain Z®*)
with Z(k=1) = t‘k/’“Z(k) and Vi = V/2*. Z(*) is connected to the full partition function via

k
Z=zW]]t", (3.3.32)
i=1

resulting in the expression

InZ InzW® K Int;
—_— = , 3.3
% % +; 5 (3.3.33)

for the free energy.
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The computational cost of the GHOTRG approach scales logarithmically with the volume when
the tensors have no site dependence. In this case, the pairwise contraction of the tensors is the
same for all coarse sites, and has to be performed only once per blocking step. Further, there are
only d — 2 different truncation frames to be calculated in this case. Nevertheless, we considered
the more general case of site-dependent tensors, as it will be necessary in a more sophisticated
approach later on (cf. Sec. . Additionally, the implementation of staggered phases results in
site-dependent tensors, however due to their specific structure, the coarse tensor will be site-
independent after the blocking has been done at least once in each direction, and there will be
no further site dependence caused by the staggered phases.

3.3.4 Tracing

As one possibility, we can repeat the GHOTRG algorithm until the coarse lattice consists of
a single site x. Assuming we applied in total k£ blocking steps, the rescaled partition function
reads

k
Z( ) = Z/j}z,ljz,l---jz,djz,dKFz,le,l---F:c,dET,d’ (3334)
J X

where T and K are the obtained numerical tensor and Grassmann tensor, respectively, after all
blocking steps including the rescaling. We can now integrate the Grassmann tensor

F'z,,u p
/KFT,IFm,l---Fa:,de,d = (_1)Fx’1 H </ > H (XLM)FI’M H (Xm’,M)Fz’u = (_1)2":2 o )
Xz,
X

2 1 1
(3.3.35)
where we used the boundary conditions
dXz,—1 = —dXz1, and AXe,—p = AXapu, for p #1, (3.3.36)
and obtain the result for the rescaled partition function
d
Z(k) = Z (_1)ZU:2 Fzyuj-“jz,lja:,lnjz,djz,d ° (3337)

ja:,l:~~~7jz,d

This step is generally referred to as taking the trace of the tensor 7T'.

3.3.5 ASAP tracing

In an improved version, which is used in this thesis, the tracing is optimized in order to reduce
the truncation error. Whenever the lattice extent in a specific direction equals one, this direction
can be removed from the network. In particular, the individual sums of the trace are
evaluated as soon as possible (ASAP).

Assume there is a dimension g on the coarse grid, in which the lattice extent equals one.
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Therefore, the Grassmann contribution reads

Fr o
(/Xm) (Kz)F,

Fyp
) [T o)™ (dXa—a) ™+ (dxan) " - (X, —1) ™
= 0u(Ka) 5 | (3.3.38)

where in the first step we applied the boundary condition for (dxs, — M)F =~k and in the second

step we rearranged the order of the Grassmann variables such that x, , can be integrated and
defined .
O‘u — (_1)Fz,u(1+6#,timc+zuzu+1(FI,V+FZ,—V)) . (3339)

The reduced Grassmann tensor reads

(Kx)FI = H (Xz,V)Fz’V H (dXx,—y)Fz’_u s (3340)
vEp 2

where the tuple F}, contains all parities F,, for v ==£1,...,%d, except for F, ;, and F, _,. The
resulting sign is absorbed into the lower dimensional tensor

(Tw)jz = Z U/.L(T.T)jac . (3.3.41)

Jz,p

Similarly to F, the tuple j, contains all indices Jzw forv==£1,..., %d, except for j, , and j, .
Assuming k blocking steps including the rescaling are already applied, the rescaled partition

function reads
20 =¥ [T (Ko, (3:3.42)
ix

where we defined the tuple j = (jew|V X, v with v # p). The product over links inside the
integral symbol then only contains directions perpendicular to p.

After renaming
T—-T, K—K, j—j F-—=F, (3.3.43)

the GHOTRG approach can be applied again, where the directions are now only 1,..., u—1, u+
1,...,d, i.e., the lattice only has d — 1 dimensions. ASAP tracing is used again when the lattice
extent in one of the remaining dimensions equals one, to reduce the dimension of the lattice
further. This is continued until a 1-dimensional lattice is reduced to a 0-dimensional lattice, i.e.,
a scalar. Together with Eq. , this yields the final result for the tensor network.

3.3.6 Truncation of the initial numerical tensor

Depending on the size of initial numerical tensor T, in Eq. (3.3.1]), a truncation of the initial
tensor may be necessary as well. In this case, the relevant unfoldings are given by

(Mx)jz,uyjz/jz,u = (Taf)]ac,y . (3344)
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Due to the necessary backward-forward symmetry for the truncation frames, the frame (U )

Jx,viJx,v

with v = 1,...,d is determined by the unfoldings (M), , j,/j,, and (My); _, j /5 _, with
y =z + U, regardless of whether one uses SuperQ or the Xie et al. truncation procedure.
Analogue to usual GHOTRG blocking procedure, the truncation matrix (Uyy);, 5, , is, up to

row and column permutations, block diagonal, where both blocks can be distinguished by %,
We can also define the parity F, , for given link j; , such that (K,)p, can be replaced by (K;)f. .
The partition function is then given by

Z = Z/H(Tz)jz(f(m)pw (3.3.45)
ix *

with tuple j = (jyu| V2, ) and truncated tensor

+d
= (1 S0, )@ 3.0

v=%1jz,

After the renaming - B B
TST, j—j F—oF (3.3.47)

we apply the usual GHOTRG algorithm.
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III. Deriving the tensor network

In the following, we go through all the necessary steps to rewrite the partition function of lattice
QCD in the strong-coupling expansion with staggered fermions in terms of a tensor network that
is suitable for the GHOTRG algorithm presented in Sec. The derivation is carried out for
a general number of flavors Ng, for a general number of space-time dimensions d, for arbitrary
order in (3, and also for general gauge group SU(N,). For simplicity, we set the lattice spacing
a to one. The derivation of this tensor network is published in Ref. [27], in collaboration with
Jacques Bloch, Robert Lohmayer, and Tilo Wettig.

4 Dual variables and evaluation of the gauge integral

In this section, we proceed as follows. First, we Taylor-expand the exponentials of the various
contributions to the action, resulting in dual variables (i.e., occupation numbers). In Sec.
we explicitly introduce all existing color indices and describe their enumeration in detail. In
Sec. we perform the gauge-link integral for a single link and simplify the result based on the
color contraction with the Grassmann variables in the hopping terms.

4.1 Taylor expansions of the Boltzmann factor

At first, we write the partition function (2.6.37)) as

= / [Hdwxdwx] lHdUw] ¢S []‘[Hesﬂesf ] [H eSgW], (4.1.1)

zuf e

where the exponentials for the hopping terms and the gauge action are factorized over the links
and plaquettes, respectively. An intermediate goal is to integrate out the gauge links analytically.
To this end, we now perform separate Taylor expansions of the exponentials for the forward and
backward hopping terms on each link (z, 1) and for each flavor, with summation indice kg L
and k s Tespectively. Similarly, we perform a Taylor expansion of the exponential of the gauge
action on each oriented plaquette (z, ur) with summation index ng .. All summation indices
start at zero. After performing the Taylor expansions we rewrite the products of sums as sums
of products,

()™ (Sf ) (5SS )w
S T, UV
Z = /[Hd%d%] [HdUzu]eMZ TI11 o I
kn |z.p f T, T, uFEY T, v
(4.1.2)
with dual variables k = ((kg;u, k;M)Wx,,u, f) and n = (ng | Vo, pu,v;p # v) that contain all

link and plaquette occupation numbers of the lattice. These occupation numbers can be viewed
as dual fields, which also have periodic boundary conditions.

"We will frequently refer to these and other summation indices as “occupation numbers”.
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To be able to express the partition function as the trace of a tensor network, we exchange the
order of integration and summation to obtain

H( T,V

iy nm,;w!

(4.1.3)
For the summation over k this exchange is justified since the sums are finite due to the nature
of the Grassmann variables and since the gauge integral is convergent. However, because the
summation over m involves infinite sums the exchange is potentially questionable. A formal
convergence analysis appears to be nontrivial, and therefore this issue needs to be kept in mind
when numerical results are interpreted.

SG )nzy‘w]

T f

Z = Z/l]_[d%dwx] lHdUw]e [HH (Sf+)eh l(j*f L ] [

4.2 Disentangling color indices

To do the gauge-link integrals we have to rearrange the gauge links coming from the hopping
terms and the plaquette action in such a way that all contributions from a specific gauge link
are gathered. This is done by writing all summations over color indices explicitly, which allows
us to move components of the gauge links freely. We use the convention that gauge links U
always carry color indices i and j, while adjoint gauge links U carry color indices ¢ and m. To
distinguish all the color indices occurring in Eq. we need to assign two additional labels
to each color index. First, in order to distinguish the color indices of different gauge links, we
assign a link label to the color indices. Second, as the same gauge link U, , and its adjoint UL L
can occur several times in each term contributing to the partition function, we distinguish the
color indices corresponding to these different occurrences by a label a. Hence, our color indices
are i, Jg u» 144 e and mg . again with periodic boundary conditions.

In the following we discuss the label a in detail. The range of the label a consists of several
subranges. For U, ,, the subrange of a from the forward hopping term for flavor f contains
kg,u elements, and there are Ny such subranges. For the plaquette terms, we note that in d
dimensions, a given gauge link U, , is contained in 2(d — 1) plaquettes, i.e., U v and ur i
with v # p. Hence there are 2(d — 1) subranges of a for the plaquette terms In summary, the
sizes of the N¢+ 2(d — 1) subranges of a for the various contributions are given by

k;{ u forward fermion hopping for flavor f,
Ugy:  |subrange(a)| = ¢ ng plaquettes UfW for v # p, (4.2.1a)

Ng—pyu Plaquettes Um—ﬁ,uu for v #

where |- --| denotes the number of elements of the (sub)range. Similarly, for U;f’ ., the subrange
sizes are
I;::{,# backward fermion hopping for flavor f,
U;,u : |subrange(a)| = ¢ g, plaquettes Ufw for v # (4.2.1b)

Ng—p,w Plaquettes Uz—ﬁ,uu for v # .

We now define

ky = Z k:g;# and  ky, = Z l?:;f,# (4.2.2)
! f
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and combine the subranges of a to a full range, whose size is given by

Uyt |range(a)] = gop = ko + Y (Nayw + Na—sop) » (4.2.3a)
vin

U;,M : |range(a)| = Gop = ko p + Z(nw,vu + Na—p ) (4.2.3b)
vt

respectively. To access the different subranges within the full range, we define the offsetsE|

F-1 F-1
/{g,u = Z klg#? Ric’“ = Z k’g;u, (424&)
=1 =1
Wi =k + Z (N o + Na—6.0) 5 wo b = Wi+ g, (4.2.4Db)
oo
Wit = ke + Y (Naop + Na—bp0) 5 Gyl = O 4 Ny (4.2.4¢)
o<v
oFp

With these definitions and using the Einstein summation convention, the color contractions in
the terms coming from SI*, SI— and SG  are written as

T, T, T, pv
kS s s I f
o Fook T i i T T f g
(/IJZ):EUI,;LQ,Z)I+'&) T — H /I;Z).’II ’ .’I)“L’I, ’ wa’,ﬂ ) (425&)
a=1
E{c’ I a,+kf a,+Fef a+l§f a+Rf
_ - o s T, T, x, 0
f kf _ f)ez,,u, oo ez,,u, MM, f’mz,,u
(wa:—l—ﬂU:Z,,uwg) = H wﬂf-f—ﬂ U;,,u wx ’ (425b)
a=1
P Nz, uv
(truf,,) " = (4.2.5¢)
—p —p -— =
il ool ol Tobay Tobp, oS O, arall arall
H A? Ulz,u WJo,pu U T+, Yot i, UT T4+0,p Mat o, UT z,v M,y
T,y T T+[,v 40,1 T,V ?
a=1
(4.2.5d)

where we have rewritten the matrix multiplications and traces in Eq. (4.2.5d|) using the quantity

AL L =0 4,

T,uv

w0 - w0 - o . 4.2.6
Aa"‘wm”u .a+wmrﬂ,u .a+wzrﬂ,u a+wm:ﬁ,p a+wz:ﬁ,,u a+5i‘; a+w;g i“'*“"ftl;t ( )
N Jagpw  tetop Mt bow TY I
The motivation behind this rewriting is that in the construction of the tensor formulation below it
is more convenient to retain independent indices on U and UT to be able to manipulate individual
indices. We see from Eq. (4.2.5) that the color indices ig , and mg , can be associated with site
b 9.

o o . cr R

z, while jg , and £7 , can be associated with site z + fi.

We can now gather all gauge-field contributions corresponding to the same link. After all the
dust has settled, the partition function can be written as

Z = kz / [H dszd@} GWA []z919=+ (4.2.7)
,n €z Y

2The offsets w and @ correspond to U and U, respectively. The superscript +v indicates that the plaquette
of interest extends in the positive/negative v-direction perpendicular to the link (z, u).
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where all contributions involving the same gauge-field matrix U are combined in the integral
— .. e g -a a g _'_ea/ a
(Z99)0Am = / dU [ Ut ] l grem ] (4.2.8)
woo @ (1107|111
with color indices
i=Y. 09, j=0GY... 09, L= ..0), m=(@m! ... mI). (4.2.9)

The gauge-link occupation numbers g and g in Eq. (4.2.7) are defined in Eq. (4.2.3). All Grass-
mann variables on the lattice are combined in the factor

ki,,u a+nf a+nf E;Jtc,,u a+k a+rcf
S : hiew Y Fdau Iimg b Fle T
G =e H Gop With Gy p = H H v H Yot ’
T, f la=1 a=1
(4.2.10)

where in the last factor we have changed the order of the Grassmann variables to eliminate the
minus sign in Eq. (2.6.36). The integration of G will be discussed in Sec. The remaining

quantities in Eq. (4.2.7)) are

T, v

H & s (4.2.11)

T, l/(l:

foanS
2N Nz, v k1>u+k‘7"vﬂ f o f
we= | TS0 L | [T 20 e
xp,;él/ . N x f

N,y

4.3 Gauge-link integral and simplifications
4.3.1 Gauge-link integral

Now that we have collected all gauge-field contributions for every link, we are ready to evaluate
the resulting SU(N,) integrals. The relevant integral, given in Eq. , was first solved by
Creutz [30], but we will use a more efficient solution, which was recently presented by Gagliardi
and Unger [32, 13] and by Borisenko et al. [33]. These authors gave expressions for the case
of ¢ > g and pointed out that using the defining property of the Haar measure one obtains
(799)%4m — (799)¥™:4  from which the case of g < g follows. After defining p = min(g, g) and
q = |g — g|/Ne, both cases can be combined in the result

Nc—1
(zo)y 7t =1 1] S Wen(m- o) Y (1) (IS for g € Ny (4.3.1)
s=1 (8 + q m,0ESy aEA

If ¢ ¢ Ny the integral is zero. In the remainder of this section we describe the various ingredients

of the result (4.3.1)).

The sums over 7 and o run over all elements of the symmetric group S,. Here, we consider the
special case that a permutation 7 acts on the sequence of numbers (1,...,p), resulting in the
permuted sequence (71, ...,m,), and similarly for o. Note that we use the same symbol 7 (or
o) for both the permutation and the permuted sequence.
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The generalized Weingarten function WTg is defined for = € S, by [32]

—q,p 1 d3
Wg]vc(ﬂ) = W Z (Nc/\-&-q) XA(T(') . (432)
|/\|2Nc A

Here, A stands both for an irreducible representation (irrep) of S, and for the corresponding
partition of pE| The sum over A is restricted to partitions with length |[A| < N.. The dimension
of the irrep X is denoted by dy, and x*(7) is the character of 7 in irrep A. The quantity s&Nﬁq)

is defined by
S&Nﬁq) = H MoA+j-i , (4.3.3)

1<i<j<Ne+q J—t

which is the Schur polynomial evaluated at the (N, + ¢)-dimensional point (1,1,...,1).

The definitions of p and ¢ imply max(g,g) = ¢N. + p. The sum over o € A in Eq. (4.3.1)) runs
over all possible ways to pick ¢ subsets of size N, each from the set {1,...,¢N. + p} in such a
way that all numbers that have been picked are distinct. There are % ways to do so. The
remaining subset has size p. For later use, we order the numbers in each of these ¢+ 1 subsets in
increasing order, i.e., the subsets become increasing sequences. Therefore, a particular grouping
a can be written using integers o (1 < s <g¢q, 1 <c¢ < N,) as a set of increasing sequences,

a={(d,....al),... (af,...,al)}  with af < agt. (4.3.4a)
The remaining increasing sequence is denoted by (). It is completely fixed by a and is written
using integers s (1 < s < p) as

Y(@) = (o) With s < vsp1. (4.3.4b)

Recall that the of and ~, in Eq. (4.3.4) are all distinct and from {1,...,¢N. + p}.

All color indices in Eq. (4.3.1]) are collected in the expressionsﬂ

® - _ ®q b =
(b yim = {F 08T g =g e e )0 Preza g
e 5%{1&5;;‘17 forg<g, are 5%152 forg<yg,

where b and e stand for the beginning and the end of the link, respectively, and where we
omitted the a-dependence of « for readability. The ¢-fold Levi-Civita tensor and the Kronecker
delta of two tuples are defined as

q P
®q _ my _ '
e. =11 €al oy and = IT s v (4.3.6)
I K s:1

s=1

respectively. From Egs. (4.3.5) and (4.3.6]) we see that the elements of «, 7, 7, and o correspond
to the additional label a on the color indices we defined at the beginning of Sec.

3As introduced in Sec. a partition A of the integer p is a sequence (A1,...,A;) of integers such that
Ai > Aix1 > 0 and Zle Ai = p. The length || of the partition is the number of elements in the sequence, i.e.,
Al = k.

4As mentioned after Eq. (4.2.6), the color indices 4 and m always correspond to the site at the beginning of
the link, while j and ¢ correspond to the site at the end of the link.
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Note that in Ref. [13] the sums in are eventually replaced by a sum over so-called
decoupling operator indices, which arise from explicitly expressing the character of m-o~! € Sps
see ([4.3.1)) and , in terms of individual matrix elements. The motivation is that the sum
over permutations m and o generates oscillating signs in the Weingarten functions, which leads
to a sign problem in the Monte Carlo simulation of their dual formulation [32]. These signs will
not be a problem in the tensor formulation, which we develop here, and therefore we keep the
sum over permutations.

4.3.2 Range reduction due to Grassmann variables

Recall that the integral comes from a link between two sites. In the partition function,
all color indices in (12 )™ and (IS, )7 that originate from Grassmann hopping terms are
contracted with the color indices of the Grassmann variables at these two sites. In this subsection
we will show that this observation leads to a simplification of the sum over «, 7w, and ¢. In
Ref. |13] a similar reduction was briefly mentioned for the sum over the decoupling operator

indices.

We first derive a useful intermediate result. Consider a function f depending on color indices
i',...,4" that are contracted with Grassmann variables x* , ..., x" . Also consider a permutation

p € Sk. Using the Einstein summation convention, we have

k k k
f(iplv e 7Z.pk) H Xib = f(ipla e 7ipk) Sgn(p) H Xipb = Sgn(p)f(ila e 7Zk) H Xib . (437)
b=1 b=1 b=1

In the first step, we reordered the Grassmann variables, which produces a prefactor given by the
sign of the permutation p. In the second step, the equality follows from renaming the summation
variables.

We will use with x replaced by a single color vector of Grassmann variables 1f or @ng: ,
and for color indices in the functions Iy, and I, in that originate from Grassmann hopping
terms. We thus need to identify these color indices in our enumeration scheme. In we
see that for g > g, the entries of o and ~ label the indices ¢ and j of U, while the entries of 7
and o label the indices ¢ and m of UT. For g < § it is the other way around. If we define
%f:{fif forg>g, %f:{/_qf forg>g,

4.3.8
gl forg<g, k!l forg<g ( )

with xf and &/ defined in Eq. (4.2.4a)), then for given a, 7, and o, the entries coming from the
forward and backward hopping terms of flavor f correspond to

il <al v, <t and # <m0 < HTL (4.3.9)

respectively. For given f, there are s/t! — s/ entries satisfying the first inequality. The
number of entries of v for which s/ < v, < 3/*1 will be called 2/. This implies that there are
sof TV — 5ef — 2f entries with s/ < af < %/t Note that s/t — 57 equals k7 for g > g and kf
for g < g, respectively.

It will turn out to be useful to introduce two different equivalence relations, denoted by ~ and
~. We define two groupings o, @’ € A to be equivalent (written as o ~ /) if the pairs «,v(«)
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and o, v(a’) can be transformed into each other by permuting, for every flavor f separately,
the entries o and v, satisfying »/ < a$,v, < »/*1. Furthermore, we define two permutations
m, " € Sy to be equivalent (written as 7w ~ 7’) if the corresponding sequences can be transformed
into each other by permuting the numbers 7rs with 5/ < 1y < %+ (for every flavor f separately

and by permuting the numbers s with Zf 11 < s < Zf I—1 2 (for every flavor f separately) I
With these two definitions we can use Eq - ) to sunphfy the sum over «, w, and o. To this

end we write
Y= Y ad Y=Y Y, (4.3.10)

a€A  a€A™~ o'€lq) mESy  weSy w'eln]

where [] denotes an equivalence class and A~ (S;) denotes a complete set of representatives
with respect to the equivalence relation ~ (N)H

We now insert ( into ( and use (4.3.7) in the sums over o/, 7/, and o’. Taking into

account the effect Of the Grassmann variables in Eq. m, we can replace

79 = Y > LY Iirelone- (4.3.11)
ac A~ ﬂ'g'eSN

Equation (4.3.11])) becomes an equality after contraction with all Grassmann variables connected
to the link in question. The link weight is defined as

Nc—1
£99  —
amo [ H (S + q

s=1

o Yo > sgn(n’tw) sgn(o’ - J)Wg?\}f(w' oY (4.3.12)

' €[r] o’ €[o]

Here, the two sign factors are generated by the commutation of Grassmann variables when
transforming 7’ and ¢’ to their representatives m and o, respectively. The permutations needed
to transform the groupings o’ to their representatives a always come in pairs (from a 1 at one
end and a v at the other end of the link), and hence these permutations do not generate sign
factors but merely produce a factor of |[a]|, which is the cardinality of the equivalence class [«].
What have we gained? The quantity £J7  is a number that is independent of the color indices.
It can easily be precomputed for all desired combinations of g, g, a, 7, and o. The remaining
sums over «, w, 0 in are now only over the representatives and thus contain much fewer
terms than the sums in . In the following we will use the shorthand notation

r=(a,m,0) and Z = Z Z . (4.3.13)

r a€A™ moeSy

5 Creating local contributions

The remaining steps for writing QCD in terms of a tensor network are shown in this section. In
Sec. [5.1] we integrate out the original Grassmann variables and introduce integrals over auxiliary

5Note that the numbers 7, appear in Eq. in Kronecker deltas together with 7s. Since the numbers ~,
are in increasing order, the 2z entries of 4 originating from the Grassmann hopping terms of flavor f start at
s = ’;,;11 2", Since we cannot permute the entries of 7, we permute the entries of the sequence 7 with the same
s-indices.

50ur concepts of equivalence and equivalence class are closely related, but not identical, to these concepts in
group theory. We simply use them to split the sums as in . As in group theory, our classes are disjoint

and cover the entire range of the sums.
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(color- and flavorless) Grassmann variables. In Sec.[5.2] we eliminate the color degrees of freedom
and construct the tensor network.

5.1 Grassmann integration

We now consider the nearest-neighbor Grassmann hopping terms in G, see Egs. (4.2.7)) and (4.2.10)),
and turn them into purely local contributions, suitable for a tensor network, based on ideas de-
veloped for GHOTRG [66, [23]. To this end we introduce a new auxiliary Grassmann variable
Xz, ON each linkﬂ with corresponding differential dx;. ., and integrate out the original Grass-
mann variables. Since these steps are quite technical we perform the corresponding calculations
in App. [A] where we also Taylor-expand the term exp(SM) in the partition function. We obtain

/[Hdwxd%] /Hsz 2mf3 ELO(w])8,in ot (5.1.1)

w:):

Here, the integral on the right-hand side is over all auxiliary Grassmann variables,
Fup
/:H</> , (5.1.2)
b% T,

where the differentials are part of

Ko = [T o)™ T (dXay—pa) = (5.1.3)
B B

with Grassmann paritiedY)]

Fry= {0 s a even (5.1.4)

U if kyyy + kg odd.
Furthermore, o, is a local sign factor resulting from permutations of Grassmann variables, given

in (A.24), (A.9) and (A.20). The quantities

M= S+ EL) e R = SR, ) (515)
w w

are the numbers of incoming and outgoing fermion hopping terms for flavor f at site z. The
power wf of my in (5.1.1) is called mass occupation number and given by

wl = N. — hf™™. (5.1.6)

The Heaviside function and the Kronecker delta in (5.1.1]) lead to the constraint hJ™ = hfout <
N.. For given site and flavor, the integration of the original Grassmann variables produces the
factor

El =¢

f f f f f f =f =7 ol = = &l
£l fowl mp Tl kg sy gt atFea ) Fe 1Tt -1k 1 o _qt? Ro—dtFe _a
Yz oenVz Tl by, 1 oty g [ ”m d z,—1 ERRERE S o vty —d vty —d
X & of 2w =f = f f f f f f f
i1 fs wf Rpatt Featke Fuatt m,d+kT d g o1t B —1tRn 4 Fp—att F—atRn —a’
VeV T my yeeey My RN IREN w1 - 7_71' ) ISR e ja‘ "
(5.1.7)

"The boundary conditions for the y.,, are antiperiodic in time and periodic otherwise.
8In Ref. [23] this Grassmann parity is denoted by f instead of F, but we have already used f as a flavor index.
9We use the notation (x, —pu) = (x — f1, 1), where [ is the unit vector in direction p.
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where all color indices are associated with site x and flavor f. Inside E£ , we sum over all color
indices v/ ®.

Two remarks are in order. First, the Levi-Civita tensors in Eu,{f appear to have many indices.
However, because of (| and the subsequent constraint, both Levi-Civita tensors have ex-
actly N. indices each. If kx 4y OF k:gC 4p OF w! is zero, the corresponding color indices are not
present. Second, the constraint hf™ = h/°"" can be used to show that Sou(Foy + Fr—y) s
even. This implies that K, although it contains Grassmann variables, is Grassmann even and
thus commuting.

5.2 Construction of the tensor network

5.2.1 Elimination of color degrees of freedom

We now consider the full partition function (4.2.7)) and insert Eqgs. (4.3.11)) and (5.1.1)) to obtain

Z= ZZWA/HK% I 2mf Ef@( 1) 8 pin prom HI}g#I;# eps  (5.2.1)

kn T f
where we defined

= (IR, Yeemen I8 = (15, Yerben Ly, = Loznden (5.2.2)

Tl — Sryou
for simplicity and introduced the field » = (r; |V 2, 1), again with periodic boundary conditions.

Let us briefly discuss this intermediate result. First, for every link, the gauge integral results
in a sum over r (i.e., over representatives a, m, and o, see Eq. ) for this link. The
range of r for a given link depends on k, k, and 7 for this link, where 7 contains all occupation
numbers of plaquettes which include that link. If the SU(N,) condition |g — g|/N. € Ny is
not satisfied, the range of r is zero and the tuple (k, k, 1) does not contribute to the partition
function. Second, the integral over the original Grassmann variables has been replaced by an
integral over the auxiliary Grassmann variables, which are color- and flavorless. The original
Grassmann variables were coupled to neighbors by hopping terms. In contrast, the auxiliary
Grassmann variables, which live on the links, are decoupled. This is the main achievement of

Sec. B.11

A given term in the sum over k, n, and r in (5.2.1) contains factors from all sites, links, and
plaquettes of the lattice. To construct a network of local tensors we need to gather the factors
corresponding to a single site and contract their color indices. This can be done for each lattice
site separately, as we show in the following.

We first rewrite A in ([#.2.11)) in terms of local objects. To this end, we shift the first factor in
(4.2.6)) from site x to site z — fi, the second factor from site x to site z — i — ©, and the third
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factor from site x to site x — I, respectively, to Obtainlﬂ

Ny —p,uv Ny —p—i,puv
A = H Al‘ Wlth Az = H H (S atw +u a+wz ;; 5 ,‘H‘W;liu (H_(D;Z#
z pF Y a=1 Jo — B iz a=1 Jo,—v ta—p
Ny —i,puv Nz, uv
X H 0 a+w‘” a-wj‘iu H 0 a+®;ﬁ .a+w;',i ' (5'2'3)
a=1 L fz v a=1 Mz o,

This expression depends on all color indices associated with site x that originate from the
plaquette action. Analogously, the contributions depending on the color indices in the gauge-
link integrals in (5.2.1)) can be rewritten locally by shifting the sites in I3 , from @ to z — fi,

I, = HIb I¢ (5.2.4)

T,pt T, — g

so that

HHI'{“I;# I1%- (5.2.5)

The local expression I, depends on all color indices (originating from hopping terms and the
plaquette action) that are associated with site :EH We now define the local color factor

Co =AML [ EL, (5.2.6)
f

which only depends on the variables associated with site x,

ko = (k] kL kL kD Y ), (5.2.7a)
Ny = (ncc,;wa Ny —fipvs Ne—o,pvy Ne—p—o,uv ’V/J # V) s (5.2.7b)
re = (To—ps Topu | V1) - (5.2.7¢)

Every color index corresponding to site x appears exactly twice on the right-hand side of
Eq. (5.2.6). We computed C, analytically by explicitly summing over the color indices using
sympy [72]. The partition function (5.2.1)) then becomes

f
2m ;)"
Z= ZZW/HK 02Cy H“”Jz@(wg)éhi,m’hg,out 11 e - (5.2.8)

kn T f Wz - I

5.2.2 Tensor formulation

In the partition function we have several summation variables, where kg{iu and /%g,f,u are link
occupation numbers, n; ,, is a plaquette occupation number, and r; , is a link variable whose
range depends on k, k, and n. We rewrite the partition function (5.2.8) as a tensor network

Z = ZZ/HT K, (5.2.9)

kn T

0Note that each Kronecker delta just enforces the equality of any two color indices at a plaquette corner.
11 A similar decoupling is obtained in Ref. |13] using so-called decoupling operators.
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Figure 5.1: Introducing edge variables for plaquettes UY  (left) and UF,, (right).

T, puv T,Vp

with the local numerical tensor

w! +d
Tx = chxWCC H W@(wf) f1n fout [H Sgn x H/ ‘| H A/ |£w,u| (5210)
f .

p==x1

whose tensor indices are k,, m., and ;.. To obtain this tensor-network structure we also
factorized the weight W of (4.2.12)) into local contributions by writing W = [[, W, with

1
nz,}tu+nzfﬂ,,uu+nzfﬂ7ﬁ,uu+nmfﬁ,uu 1 f o f
( 8 ) etf Kz =Kz )01 1

v [ ] o] [ 1 )

| N | PN | N
ptv N = fuopy a0,y N = p=t1 f kz\kz,

(5.2.11)

where all numerical quantities on a link were evenly distributed via square roots to both end-
points, except for the staggered phases and the sign of £, , to avoid complex entries, and all
numerical quantities on a plaquette were distributed via fourth roots to its four corners. Simi-
larly, the link weight |£, ,| was distributed via square roots to the two tensors at the endpoints
of the link. Recall that iy in the last factor of is the chemical potential for flavor f.

In standard tensor-renormalization-group methods, two tensors at neighboring sites are con-
tracted by summing over the shared link index on the link connecting the two sites. However,
the sum in involves plaquette occupation numbers n, which are shared by four tensors.
A summation over plaquette occupation numbers therefore does not correspond to a contraction
of two local tensors T,,. A similar argument applies to r, whose range is determined by n. To
be able to still apply tensor-renormalization-group methods, one option would be to develop a
more general blocking procedure for a tensor network containing indices that are shared by more
than two tensors. While this would indeed be an interesting option to explore in future work,
here we follow a more traditional route. We convert the plaquette occupation numbers n; .,
to link variables and use the GHOTRG method developed for the infinite-coupling case [23].
This is implemented by introducing a link variable for each edge of a plaquette, called “edge
variable” in the following, and requiring that all four edge variables around a plaquette take on
the same value for terms that contribute to the partition function. For the plaquette Uf v W
introduce nf”, n_ 1’ i Mt s and nfk, as illustrated in Fig. The superscript 44 1nd1cates
that the plaquette extends in the posmve/ negative p-direction perpendicular to the link under
consideration, while n and 7 correspond to U and U, respectively.



86 5 Creating local contributions

Formally, we rewrite the sum of a generic function f over a plaquette occupation number as

Z f(nmw‘“’) = Z f nx?“’/ Z(Snw N, Z 6 Na,uv Z 57_” N,y Z AE e

1+,u v’ I+V 12

Ty N nI T m+u v :H—u I ﬁj‘;
= E 0 +v O = ——v O-—v  —4u0- oty f(edge variable) ,
T -~ _ n Ny l“nJrH/, v n1+u V’nL+V n D, Y Na,v

o
Ny ;mnz_‘_y‘ ,,7"1_;'_,/ ‘uvnz,u

(5.2.12)

where we have eliminated the original sum over n, ,, in the second step. Although one of the
Kronecker deltas in the second line is redundant, it is useful for the tensor formulation to use this
symmetrized form. Effectively, each Kronecker delta imposes the equality of the edge variables
around a plaquette corner. Contributions to the partition function that depend on n, ,,,, will only
be nonzero if all four edge variables are equal, as they represent the same plaquette occupation
number Therefore, every occurrence of n, ,, can be replaced by any of the edge variables n”,

lj,?
Jr
nt S n,y Yo OF n%’;. We gather all these single-plaquette constraints on the lattice in
= 8, v - —u v O _4ul_u . 5.2.13
H Ne l;“ zi‘,u, v z«fﬂ,u’nz:ﬁ,u ziu [,L’n‘L% n"fplb” Ng Z ( )

T, UV

This can be rewritten in terms of local objects by separately shifting the site in each Kronecker
delta, which results in

P = HAE with AP H 5 ntv —H(S I 6—71/ n+u 6 +u vy (5214)
T nH# Y

z,uznzu z,—v e, —p N s ,—v Ngv M,

where A depends on all edge variables associated with site x. We thus have four new variables
n;f’lj, nj’;, Nyl Mgy, on every link (z, 1) of the lattice for each plane v, see Fig.|5.2, The range
of r;,, depends on the plaquette occupation numbers through g, , and g, , deﬁned in .

Because of the Kronecker deltas in (5.2.12)) the plaquette occupation numbers in (4.2.3) can
be replaced by edge variables defined on the link (x, ;). Thus 7, now only depends on link
variables.

Now that all variables are defined on the links we can combine the various link variables in a
compound link index j, , = ((kfu, kiw [Yf), (n:xtz, ﬁ;t’; |Vv # p),rz,) and rewrite the partition
function (5.2.9)) as

7 = Z/HTIKI, (5.2.15)

where j = (jz.u| V@, ). The numerical tensor is given by
T, = APT,(n, — edge variables) (5.2.16)

and depends on jy+, (4 = 1,...,d). Recall that T, defined in , depends on the
plaquette occupation numbers in n,, see Eq. . We have a choice of how to replace them
by edge variables defined on links connected to x, as described after , but the result does
not depend on what choice we make.

5.2.3 Restriction of the edge variables

To contract the complete tensor network and compute the partition function and thermody-
namical observables using the GHOTRG (23| (or another) method, the bond dimension of the
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Figure 5.2: Enumeration of the edge variables associated with site x.

initial tensor has to be finite. While k and & are limited by the number of colors N, and r is
finite as well for a given gauge integral, the plaquette occupation numbers n run from zero to
infinity in the original expansion. In the tensor formulation, the plaquette occupation numbers
have been turned into edge variables, which also run from zero to infinity.

To make the range of the tensor indices j, , finite, we need to restrict the edge variables. More
precisely, we introduce a maximal order ny,x and remove, for a given link (x, 1), all combinations
of edge variables that do not satisfy the link criterion

+d

Y (1) < Mmax - (5.2.17)

v==+

T
With this restriction, all configurations of order 5" with 0 < n < mpax are included in the
calculation, while higher orders will be incomplete. Without any TRG truncations, the partition
function is then exact up to O(B"max*1) corrections.

Note that we can substantially speed up the tensor construction by setting to zero the entries
of the initial tensor for whict

1 +d +d

3 Zi Zi (M + 7 ) > Mimax (5.2.18)
n= 1 v==%1
[v|#|pl

which correspond to tensor entries, and hence configurations, of order 5" with n > nyax. The
condition ([5.2.18)) is referred to as site criterion. Although this step does not reduce the size
of the initial tensor, it also increases the efficiency of the tensor-network method by removing
singular values that would correspond to n > ny.x and could be largeE

In App. we explicitly show that the obtained tensor network reduces to the one stated in
Ref. [23] in the limit 5 = 0 (or equivalently npax = 0), Ny = 1, N, = 3, and d = 2, which is
therefore a consistency check.

2The factor of 1 /2 arises since two edge variables correspond to the same plaquette occupation number, see
Fig.

13 After choosing 7max, the bond dimension of the initial tensor is fixed. However, for an efficient numerical
computation, especially for higher orders in (3, the initial tensor may additionally be truncated to a particular
bond dimension D, using an HOSVD-inspired truncation procedure analogous to that of the GHOTRG method.
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6 Translational invariance for GHOTRG

For nmax > 1 we can increase the numerical efficiency by employing translational invariance on
the initial lattice. Configurations that only differ by a translation on the lattice make the same
contribution to the partition function. Therefore, we would like to include only a subset of these
configurations explicitly and apply a combinatorial factor to also take into account the others.

[

In the following, we present a simple approach that is applicable for arbitrary nma.x in two
dimensions. The generalization of this method for the OS-(G)HOTRG approach introduced in
Sec. [7] is straight-forward, however there is a more sophisticated approach possible in this case
(see Sec. , which further reduces the number of considered configurations and is typically used
instead.

To apply translational invariance for GHOTRG, we first observe that for any valid configuration
that contributes to Z,,, there is at most one plaquette at the lattice with an unoriented occupation
Nauw + Moy > [Mmax/2]. We want to position this plaquette at the plaquette at the origin
(red plaquette in Fig. , and apply a combinatorial factor V to these configurations, to
compensate this. As a consequence, all other plaquettes, which we call restricted plaquettes
(black plaquettes), can be restricted to

Ngpuw + Navp < anax/QJ . (61)

Formally, we introduce four initial “special” tensors S1,...,.54 at the corners of the plaquette at
the origin. They are built by the corresponding initial tensors T, by employing the restriction
to all adjacent restricted plaquette and multplying a combinatorial factor V1/4 to all
tensor entries involving a origin plaquette with unoriented occupation greater than |nmax/2].
The tensors on all other lattice sites, which we call “restricted” tensors R, are built by the
corresponding initial tensors T} by employing the restriction for all adjacent plaquettesm

The blocking procedure now proceeds as shown in Fig. 6.3l Denoting a blocking step in direction
p by *x,, the steps can be summarized as

Step1: R« RO 5 gO - 50, g0 gm0 gl0) 50 gl
Step 20 RW xR 5 RO g, g 9@ (6.2)
Stepi+1: R®«, RO - REFD g0 RO 5 g+ for i > 2,

where the last line is repeated in all directions until we arrive at a single pointﬂ

After every blocking step we also apply a rescaling. For simplicity, we do not introduce a new
name for the rescaled tensors in the summary (6.2)). After the first blocking step, the scaling

Y Translational invariance implies that the contributions of two valid configurations j and j/ with j. = j.—,
are equal in , where y is an arbitrary shift on the toroidal lattice. An explicit analysis, taking into account
the staggered phases and boundary conditions, confirms that this is indeed the case [26].

5To do so, the restriction is rewritten in terms of the corresponding edge variables.

16Both the tensors S; and R have reduced dimensions as some or all of the surrounding plaquettes are restricted.

1"Because of the contractions between S and R we have to revisit the truncation procedure. If we were to apply
the truncation procedure of Sec. [3.3.2} the dependence of the tensor on the location = would no longer disappear,
which would destroy the logV scaling of the tensor-network method. We therefore construct the truncation
matrices only from the tensors R, except for the truncation of S%l) and S’él).
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Figure 6.3: Illustration of the blocking procedure using translational invariance on the initial
lattice. The plaquette at the origin and the S tensors are indicated in red, while the restricted
plaquettes and the tensors R are indicated in black.

factor ¢1 is defined as the maximal absolute value all tensors R(}, S%l), and S;l). After the i-th
blocking step, for i > 2, ¢; is the maximal absolute value of the obtained tensors R and S,
The computation of the partition function using Eq. (3.3.32) remains unchanged.
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IV. The OS-GHOTRG method

Using the initial tensor obtained in Part one can in principle apply the standard GHOTRG
algorithm described in Sec. |[3.3] However, even though the initial tensor is truncated to order
Nmax and we additionally use the restrictions and , the completely blocked tensor
network will contain many incomplete higher-order contributions (n > npyax) for larger lattices.
Numerical calculations show that this can significantly restrict the range in S for which the
result remains close to Monte Carlo data that are not based on a strong-coupling expansion
(see Fig. . By applying the GHOTRG algorithm, we obtain Z (and thus also In Z and the
thermodynamical observables) as a numerical function of 3, and not as an explicit expansion in
B. One can try to determine the expansion coefficients Z,, by fitting tensor data to polynomials
in 8, but this attempt does not work well for larger lattices since the tensor data have limited
precision for realistic bond dimensions. Therefore, we developed the OS-GHOTRG algorithm,
which is introduced in this chapter and published in [28]. This approach allows for an explicit
calculation of the coefficients Z,, using a modified GHOTRG algorithm. The main idea is that
each tensor entry is written as a power series in S during the iterative procedure. This allows
us to remove unwanted contributions of higher order. Using the expansion of the partition
function we can also expand the free energy, i.e., the logarithm of the partition function, and
hence the thermodynamical observables, order by order also up to f™max. At the end of this
part we discuss how the translational invariance on the initial lattice can be used to increase
the numerical efficiency of the OS-GHOTRG approach for two dimensions, which is published
in [2§] as well.

7 Order separation in 3

7.1 Overview

In the following, we give a qualitative outline of the OS-GHOTRG approach. As mentioned
before, we aim to determine the expansion coefficients of Z in 8 up to a given order npyay. How-
ever, the order of a valid configuration jEI involves the whole lattice and cannot be determined by
the local tensor alone. Therefore a crucial property of OS-GHOTRG is that it removes higher-
order contributions on the fly. In contrast to the GHOTRG approach, we now divide a blocking
step into three substeps: contraction, reduction, and truncation. After the contraction step, we
perform a reduction step which removes invalid configurations and contributions of O(gmmax+1)
from the partition function. This reduces the bond dimension of the fat-link index and sets some
tensor entries to zero. Afterwards we perform a truncation step in which the bond dimension of
the fat links is cut to a desired value. The truncation step is designed to preserve the structure
of the tensor as a power series in 8. This completes a blocking step.

1'We use the term “valid configuration” for a configuration j that makes a nonzero contribution to the partition
function.
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Figure 7.1: Blue: Edge variables n and n for the oriented plaquettes starting at site x in the pyv
and v directions, respectively. The subscript indicates the link, while the superscript indicates
the direction (including sign) in which the plaquette extends perpendicular to the link. For a
valid configuration the four edge variables around an oriented plaquette must be equal. Red:
Edge occupations of the unoriented plaquette as defined in , which must also be equal for
a valid configuration.

7.2 Introduction of edge occupations

For the OS-GHOTRG approach we first introduce the edge occupation numbers (or occupations
in short)

iy (Jap) = iy + 105, (7.2.1)

as the sum of edge variables of two superimposed plaquettes with opposite orientations, see
Fig. The edge occupations therefore refer to unoriented plaquettes. We now reformulate
some of the results from Sec. [5.2.2) and Sec. [5.2.3] in terms of the edge occupations. First, the
[B-dependence of a tensor entry is given by

(Tx)ij(an with nx(]z)z ne .. (7.2.2)

Further, the condition ([5.2.14) implies a weaker condition for the edge occupations to obtain
nonzero entries of T,

+d
(Tf)j:cO(Ax with Aw(]m)z H 5755‘“ (7.2.3)
pr==+1 ’
[ul<|v]

o1
n(l},l/ )

which is illustrated in Fig. We will refer to the Kronecker deltas in ((7.2.3)) as hook conditions
in the following. Finally, the link criterion ([5.2.17)) now reads

+d
Z ﬁ;,u(jx,u) < Nmax (7.2.4)

v==%1
[v]#|pl

while the site criterion (5.2.18]) becomes

1
ng < anax. (7.2.5)

A detailed derivation of more general versions of the link and site criteria, which are valid at
every step of the blocking procedure, will be given in Sec. [7.4]
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Figure 7.2: For valid configurations we require the two edge occupations of the same unoriented
plaquette to be equal and call this requirement the hook condition. The quantity A, in ((7.2.3
is a product of hook conditions.
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Figure 7.3: Illustration of a contraction step. On the fine grid (left), the tensors at the sites x
and y = x + [i are contracted, resulting in a new tensor at the site X on the coarse grid (right).
Every plaquette that has the contracted link as an edge is collapsed onto the corresponding fat
link perpendicular to fi.

7.3 Tensor contraction and decomposition

We now perform a contraction step, in which we contract two adjacent tensors on the link
between x and y = x + [i. For the initial tensor, the 5 dependence is given by and comes
exclusively from the edge occupations. To understand what happens in this step we consider all
plaquettes that have x or y as a corner and divide them into three groups: (1) plaquettes that
have an edge along the contracted link and thus have both x and y as corners (indicated in gray
in Fig. , (2) plaquettes in planes perpendicular to the contraction direction (not shown in
Fig. , and (3) plaquettes that have either = or y as a corner and whose plane includes the
contraction direction (indicated in white in Fig. . Every plaquette in group (1) is collapsed
onto the corresponding perpendicular fat link generated in the contraction, see Fig. [7:3] We
shall see that the edge occupations of the collapsed plaquettes will be turned into a new link
occupation {x , = %(ﬁgy + iy %) for every fat link (X, v) perpendicular to fi, where positive or
negative v correspond to the upper and lower gray plaquette in Fig. respectively. Plaquettes
in group (2), say in the plane (v, \) L [i, are merged, and the edge occupations on the coarse
grid are given by below. For plaquettes in group (3) the edge occupations on the coarse
grid are the same as on the fine grid.

In subsequent blocking steps the link occupations £ can increase further as more plaquettes in
group (1) are collapsed onto fat links. Since links that are merged into fat links (perpendicular
to the contraction direction) may already contain collapsed plaquettes, the formula for /x

generalizes to ([7.3.8b]) below.
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If the contracted link (x, u) already contains a collapsed plaquette from a previous blocking step
(i.e., €y, # 0), the contraction turns ¢, , into a site occupation n% = £, , of the entry of the
coarse-grid tensor. If the sites z and y at the ends of the contracted link are already occupied
through previous blocking steps, we obtain the more general formula below.

In the following (including Secs. and we will show that, at every blocking step of the
OS-GHOTRG method, the numerical tensor T, can be decomposed as

(T2)s, = 870 37 (T35, (7:3.1)

S —
n5 =0

where the coefficient tensors T} * are labeled by site occupations n},, have the same bond dimen-
sions as the full tensor T}, are independent of 3, and satisfy

(T7=);, o< Ap(je) with A, given in (7.2.3) . (7.3.2)
The exponent n, of 5 in (7.3.1)) is given byE|

1 +d 1 +d \
nﬂc(]w) = 5 Z Ew,V(jm,V) + g ﬁx,l/(j%”) ’ (7-3'3)
v iz

which generalizes the definition in (7.2.2) to an arbitrary blocking step. The link and edge

occupations /4, , and ﬁ:”c p are determined by the tensor index j, ,, and we have £, , < nmax.

The initial tensor ((7.2.2)) can be decomposed as in ([7.3.1]) with
(T%);, = p7Ua)(Ty,);, and (T7%);, =0 fornS >1, (7.3.4)

where holds with ¢;, = 0. From ([7.3.4) and (7.2.3) it follows immediately that
holds for the initial tensor. Furthermore, for the initial tensor ¢, , and 7 , are determined by
Ja,u, the former trivially since it is zero, and the latter since the fi7 , are defined in terms of the
edge variables, which in turn are part of j, ,.

Now consider the contraction of two adjacent tensors on sites  and y = x + i in the p-direction.
The contraction of the local Grassmann tensors K, and K, into a coarse-grid Grassmann tensor
Kx using the GHOTRG procedure is described in detail in Sec. [3.3] The resulting sign factor
oF,.F, 18 given in Eq. and the numerical tensor on the coarse grid, including the sign
factor, is obtained as

(Tx)jx =Y 055, (Te) . (Ty);, » (7.3.5)

Jz,p

where the contraction is performed by summing over the shared index j, , = j,,—,. The coarse-
grid tensor T’x has fat indices

jX,u = (jx,uajy,u) for |V| Sl (7-3'6)

defined on the fat links (perpendicular to the contraction direction), while the external indices
in the direction of contraction are jx _, = jz,—, and jx , = jy .- All these indices are combined
in jx as usual.

2For a valid configuration, which satisfies the hook conditions, n, may not be an integer, but Zm Nz, which
appears in the exponent of 3 in Z, is.
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Figure 7.4: Visualization of the construction of the occupation numbers on a coarse site. The
occupations on the coarse site (right) are computed from those on the fine sites (left) according

to (T53).

Given the occupation numbers on the fine grid and assuming that 7}, and T, both satisfy (7.3.1)),
we show in Appendix that ((7.3.1)) also holds after the contraction for the coarse-grid tensor
Tx with

s S _ S
ny ny-—ny

(T =S 3 S @I 0m R, (7.3.7)

ns=0 TLSyZO J;ac,p. . .
ZCL’:H:"X —ngy—ny

and occupation numbers given by

ny =ny +ny + Loy, (7.3.8a)
Uy forv=—pu,
Cxy =14y, for v =p, (7.3.8b)
bo + by + 3 (R, + 1y f) for |v] #
ﬁﬁw, forv=—porA=—pu,
ﬁg‘g,, = ﬁ;}u forv=porA=up, (7.3.8¢c)

2, + iy, for [N, |v] # p,

where in ([7.3.8¢c) we have |A| # |v|. This is visualized in Fig. Note that fx, and ﬁﬁ‘(’,} are
determined uniquely by jx ..

7.4 Reduction of the tensor

After a contraction the numerical tensor can be simplified in three different ways, which we now
discuss in turn. The first and second simplification reduce the size of the tensor by removing some
of the fat-index values jx , = (jzv, Jy,»). This reduces the range of jx ,, i.e., the bond dimension
of the fat link (X, ). The second and third simplification remove information that contributes to
O(pmmaxt1) in the partition function. All three simplifications preserve the structure of .

First, we consider the definition of £x, in the third line of . The edge occupations
ik, and 1, % are uniquely determined by j;, and jy,,. Although these edge occupations are
independent variables for the tensors T, and T}, the hook conditions in , together with
the link identity (x,u) = (y, —u), imply that the entries of the coarse-grid tensor Tx are zero if
these two edge occupations are not equal. Thus we can simply remove all values of the fat index
Jx,v for which a4, # A, without losing information.
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Second, we remove all fat-index values jx, for which the link criterion

+d
EXvV + Z ﬁé{,y < Nmax (7.4.1)

A==£1
[M#|v

is not satisfied.

Third, we set all entries of the coefficient tensors to zero for which the site criterionP]

+d +d
)
nk + Z lx, + Z X, < Mmax (7.4.2)
v==+1 v,A==%1
[v|<|Al

is not satisfied. The link and site criteria, which remove O("max*1) contributions to the parti-
tion function, are derived in Appendix

In the actual implementation of the OS-GHOTRG method the reductions described above are
applied on the fly during the contraction performed in Sec. [7.3]

7.5 Truncation of the tensor

When computing the partition function numerically using the GHOTRG method, we
contract pairs of adjacent tensors at each blocking step, thus halving the number of tensors on
the grid. This is repeated until the tensor network has been reduced to a single tensor, which is
then traced over all directions to yield the partition function. If we were to contract and reduce
tensors as detailed in Secs. and the size of the tensor would increase exponentially during
the blocking procedure. As explained in Sec. [3.3] a crucial ingredient of the GHOTRG method is
the truncation of the bond dimension of the fat links (perpendicular to the contraction direction)
after each contraction step to avoid such an exponential blowup. The truncation is based on
the HOSVD concept to reduce the multi-rank of a tensor [21], in which an approximation T to
a tensor T is constructed as

Tillé-" = Ui(llj)l Uz(22])2 T T‘jlj?" with lejQ"' = z'(llg)l Uz(223)2 T Ti1i2'” . (751)
Here, sums over repeated indices are implied, T is the core tensor, and the U®) are tall and
skinny semi-orthogonal matrices. The core tensor T has smaller multi-rank and smaller bond
dimensions than T. The tensor approximation 7" has the same multi-rank as T but the same
bond dimensions as 7.

We now apply this concept to the numerical part T'x of the coarse-grid tensor, while the Grass-
mann part is discussed at the end of this subsection. We construct the core tensor

- +d +d
(Tx)j = ( II Z) ( II (UX,V)jX7U,3X7U>(TX)jX, (7.5.2)

V:iljx v==+1
llu =0l

3Note that link and site criterion have to be slightly altered when the coarse grid only contains a single site in
a particular direction, as the backward and forward links are identical due to the toroidal shape of the grid. This
case can be taken into account by including a factor of t) (or t,) for every summation index A (or v) in
and ([7.4.2)), where ¢ = 1/2 if the lattice extent in the A direction is one and ¢ = 1 otherwise (and similarly for
ty).
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where jx = (Jx,—1,JX.1,- -+ JX,—ds Jx.d) With jx 1, = jx .+, for the contraction direction g,
and Ux, is a semi-orthogonal matrix whose columns are typically singular vectors of a matrix
constructed using tensor unfoldings of the coarse-grid tensor with respect to its fat links. The
first dimension of Ux , is the original bond dimension of the fat link, and the second dimension
is the desired bond dimension after truncation. We impose the condition

Ux,—v =Ux-sv, (7.5.3)

such that the core tensor Tx builds the new tensor on the blocked lattice and the merger (see

Sec. [3.2.1)) drops out.

Inserting the decomposition of the coarse-grid tensor T'x (obtained from ([7.3.1) with x — X
and reduced as explained in Sec. in (7.5.2)) yields

B Nmax . +d +d .
(Tx )5 = D B"X( II Z) ( II (Ux,y)jxywjxu)xanx (T5%); - (7.5.4)

s = i v=%
=0 (o X N
The exponent ny depends on the jx,. Due to the sum over jx, in (7.5.4), a term in the
sum over n% contains contributions of different orders in 3, i.e., these contributions mix. As
we eventually want to obtain a decomposition of the partition function in powers of 5 we will
modify the GHOTRG method so that the structure of ((7.3.1)) is preserved after truncation, i.e.,

T'max

(Tx )5, = " Y. A" (Tx¥);, (7.5.5)

nSX:O
with coeflicient tensors

s

. +d +d
(T;X)jx = ( H Z) < H (UX7V)jX,u75X,V> (T;X)jx' (7'5'6)

V:ile v==+1
lvl#n Y v|#n

This can be achieved by ensuring that the truncated indices EXJ, again uniquely determine
the occupation numbers £y, and A . In the following we explain this central part of the
OS-GHOTRG method.

We start with the unfolding of the coarse-grid tensor Tx with respect to the fat index j Xﬂ/ﬁ

(MX,I/)jX,,,,jx\jxﬂ, = (TX)]X ) (757)

where jx\7j x,» stands for the index tuple jx without the index jx,. The index jx , labels the
rows of Mx ,, while the combination of all remaining indices labels its columns.

We first show that the edge occupations are not mixed in (7.5.4). The index jx, uniquely

determines all edge occupations ﬁ;}yy (with |A| # |v|). For nonzero entries the edge occupations

satisfy the hook condition ﬁﬁ‘(l, = N’ , and hence the nonzero entries of a row of Mx , will

only occur for columns for which the hook conditions are satisfied, i.e., all 2% , in the combined

4Note that the 0S-GHOTRG method explicitly produces the coefficient tensors T;X . Therefore, to numerically
compute the tensor entry (Tx);, using (|7.3.1]) an explicit choice of S is required. This choice could be viewed as
an optimization opportunity, but for the numerical results in Part M we always used 8 = 1.
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column index must match the ﬁS\(’V of the row index jx,. This automatically yields a block-
diagonal structure in the unfoldingﬂ An SVD of the unfolding respects this blocking, i.e., the
singular vectorsﬁ have the same block structure as the unfolding itself, and thus each singular
vector, labeled by jx ., can be uniquely allocated values of ﬁﬁ‘(’y for all A with |A] # |v|.

We now turn to the link occupations, which are affected by mixing. The fat index jx , also
determines the link occupation £x,. When computing the SVD and applying the truncation
matrix, the different ¢ values will mix such that the truncated index EXJ, no longer uniquely
determines the link occupation and the decomposition does not hold. We now introduce a
procedure to construct truncation matrices Uy, for which the truncated index jx , still uniquely
determines the link occupation £y ,,.

To avoid the mixing of different link occupations £x, under truncation, we perform separate
SVDs of sub-unfoldings with fixed link occupation. To this end we reorder the rows, labeled by
the index jx ., in increasing order of link occupation £x . (jx,,) and obtain

0
My,
1
My,
Mx, = )

)

, (7.5.8)
M)rér’rdyax

where each block MY, corresponds to a fixed value £x, = m. Provided that (7.5.3) has
been satisfied in all preceding blocking steps, Mx , and Mxp —, have the same vertical block
structure as in ([7.5.8)), although the number of columns could be different.

To obtain singular vectors that do not mix link occupations and construct the truncation matrix
Ux,, we apply again one of two procedures. Either a symmetric one based on the SuperQ
method [29] or an asymmetric one based on the original idea by Xie et al. [20], where symmetric
and asymmetric refers to the two tensors at the end of the truncated link.

In SuperQ, we perform SVDs of the nyax + 1 extended matrices
( )T(CL,V ?—l—ﬁ,—u) with 0 <m < npax - (759)

The resulting singular-vector matrices Uy',, are assembled in the block-diagonal square matrix

U, 0 ... 0

_ 0o Uy, ... 0

Uxp=1| . R (7.5.10)
0 0 ... Uyw

The semi-orthogonal truncation matrix Uy , is then obtained by retaining the columns of U X,
corresponding to the D largest singular values of the set of matrices in , where D is the
desired bond dimension of the truncated coarse-grid tensor. In the Xie et al. procedure, we
perform SVDs of the matrices M¥', and My, , _, separately, again for 0 < m < nmax, resulting

5A permutation of rows and columns may be necessary to make the block-diagonal structure explicit.
5We always consider the left singular vectors, which form a square matrix whose dimension equals the row
dimension of the unfolding.
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in two matrices U, and U_ constructed as in (7.5.10), from which we obtain U and U_ as before.
For Ux , we then pick either U} or U_ depending on which gives the smaller truncation error
for Mx, or Mx4p —y, respectivelym SuperQ is preferred since it results in a smaller combined
truncation error for Mx, and Mx,p,—, [29]. If it becomes numerically unstable, which can
happen close to the phase transition for large volume, we use the Xie et al. procedure instead.

The truncation matrix Ux , is block-diagonal, with blocks corresponding to different £x ,. To
apply Ux, in its rows are sorted back to the original order of the fat index jx,. The
truncated index jX,u corresponds to the columns of Ux , and uniquely determines £x ;. Together
with the block structure discussed above for ﬁ;} , this ensures that the decomposition
holds, with the coefficient tensors given by .

We now turn to the Grassmann part of the coarse-grid tensor. From Sec. [3.3.2] we know that
Mx ,, is block-diagonal in the Grassmann parity. This Grassmann-parity-based block structure
also holds for the individual MY, blocks. This implies that the matrices Uy, are themselves
block-diagonal, where each of the two diagonal blocks corresponds to a different Grassmann
parity. Similar to Sec. if we apply the truncation matrices to the product of Tx and Ky,
the “truncated” Grassmann tensor is simply Kx with Fx ,(jx ) replaced by FXJ, (5)(71,), which
is the Grassmann parity of column 5X,u of Ux .

At the end of every blocking step, we rename X — z and drop the bar on all quantities. The
partition function then has the form of at every step of the blocking procedure, with
half the number of lattice sites and new numerical tensors. As mentioned in Sec. Tx will
be independent of X after a sufficient number of blocking steps (at least d — 1 steps). This
implies that the complexity of the tensor-network method scales like log V.

7.6 Tensor trace

In the following we generalize the ASAP tracing from Sec. for OS-GHOTRG. Therefore,
when the lattice is reduced to a single Siteﬁ in a certain direction, say u, during the iterative
blocking procedure, the tensor will be traced in that direction and the dimension of the tensor
network is reduced from d to d — 1, where d is the current dimension of the network. In this
process we again have to separate contributions from different orders in .

As part of the GHOTRG procedure, we integrate out the remaining Grassmann variable in
direction p and apply the corresponding boundary condition, resulting in a sign factor oy,
defined in Eq. (3.3.39)). We then compute the trace to obtain

(Tx)jx = > _(Te)j.0n (7.6.1)

Ja,p

with summation index j,, = jz—,. Here, X is the site on the (d — 1)-dimensional lattice
obtained from x by dropping the coordinate x,, and jx = jz\ (Jo,—p, Jo,u)-

Given the occupation numbers on the d-dimensional lattice and assuming that 7T, satisfies (7.3.1]),

. . D N ) . . )
"The truncation error is 1 — Y ;" 07/>" " o7, where the o; are the singular values and N is the dimension

of the fat index. Usually N = D
8We assume that the linear extent of the lattice is a power of 2 in every direction.
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we show in Appendix|C.3|that (7.3.1)) also holds after the tracing for T'x on the (d—1)-dimensional
lattice, with

x
ns s
(TXX)jX = Z Z (T;I)jxaua (7.6.2)
TLSIZO jz,,u,
Zz,,u,fng(*ni

occupation numbers for |v|, |\| # p and |v| # || given by

Sx = 8z + Em,u s (7.6.3&)
1
EX,Z/ = zm,u + 5@%,, + T/\l;f;) s (763b)
ﬁé\(,y = ﬁé,y) (763C)
and
1 +d 1 +d

nx(x) =5 > bxvtg Do x (7.6.4)

v=+1 v A=+1

[v]#u ] IA#p

[v]#[A]

Note that £x, and ﬁﬁ‘(’y are uniquely determined by jx .

We now rename X — z and relabel the d — 1 remaining directions from 1 to d — 1 to be able
to start the next blocking step using the same notation as before. After each blocking step, we
apply a rescaling as in Sec. except that the scaling factor t; after the i-th blocking step is
determined by the maximal absolute value

t= max |(T7%),,]. (7.6.5)

xyjlvnsz
where T} * are the tensors that are obtained after the i-th blocking step (including the renaming).

Note that once we have arrived at a one-dimensional lattice, the blocking no longer involves a
truncation since there is no perpendicular direction. Assuming a total number of k£ blocking
steps to obtain a lattice consisting of a single site, the rescaled partition function up to order
Nmax 1S given by

Z®) =3 (Tw)jo 1 s (7.6.6)

a1

with jz 1 = jz1 and o1 from Eq. . Repeating the steps above, now with d = 1, we
obtain the rescaled partition function as a polynomial in j3,

Z® =3 gz with zF =3 N (T 5.01- (7.6.7)
n=0 TL?CZO ja:,l

— S
by 1=n—ny

Finally, the partition function ([5.2.15)) up to order npyax is given by

Nmax k
Z=Y p"Z, with Z,=ZP][t (7.6.8)
n=0 i=1

with V; = V/21.
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8 Translational invariance for OS-GHOTRG

Using the OS-GHOTRG algorithm we can again use the translational invariance on the initial
lattice to increase the numerical efficiency of the algorithm for nmax > 1. Similar to Sec. [6]
we include only a subset of equivalent configurations and apply a combinatorial factor to also
take into account the others. Using the following method, the number of explicitly included
configurations is reduced further compared to Sec. [f] for nmax > 1. For simplicity, we only
discuss this idea for the two-dimensional case. An extension to more than two dimensions is the
subject of future work.

8.1 Contributions to the partition function

Let (q1,--.,gr) be a tuple of r positive integers. We define Z(,, . to be the sum of all contri-
butions to the partition function of valid configurations § with nonzero plaquette occupationsﬂ
as in the tuple. Furthermore, we define Z(g|q,,....4,) just like Z, .y, but with the additional
constraint that the plaquette at the origin has occupation q;.

In Z,,...q.) the order of the g; is irrelevant since we sum over all possible locations of the plaque-
tte occupations on the lattice. Hence, to obtain all contributions to Z,, in it is sufficient to
sum Z(, over all partitions (n) of n, defined bym (n)=(N1,...,N1,M2 oo,y Moy e e vy T )
where n; > ng > ... > ny, > 0 and k; is the multiplicity of n;, i.e., n = > ;" k;n;. Translational
invariance allows us to obtain Z, aﬂ

Z(n) = kKZ(nz‘n\nz) fOI' any { € {17 ey m} 5 (811)

where (n\n;) means that the first occurrence of n; in (n) has been removed. The desired
coefficients Z,, are thus given by

Zl = Z(l) = VZ(1|) y (812&)
%4
Zy = Z(z) + Z(l,l) = VZ(Q‘) + 52(1‘1) , (8.1.2b)
%
Z3 = Z(3) + 2 + Zaaa) = VZg) +VZeny + 3 Zap (8.1.2¢)

Zy =2+ 23y t+Zet+Zei1) + Zai

It it ]

9For a valid configuration the hook conditions are satisfied and the plaquette occupation is the same as the
four identical edge occupations around this plaquette, see Fig. 5.1l When we speak of plaquette occupations we
always mean those of the initial lattice.

1071 the interest of readability we have overloaded the notation, denoting by (n) both a generic partition and
the specific partition with ny = n.

HConsider a valid configuration j with nonzero plaquette occupations at lattice sites x1,...,z, given as in
(n), where r = Z:’;l k;. There are V shifted replicas j’ of this configuration (including shift y = 0) which make
identical contributions to Z(,). Out of these V replicas, only those k; replicas are kept in Z(y,|n\n,) for which
the shift y is such that the occupation of the plaquette at the origin is n;. If (x1,...,2,) has special symmetries
such that some shifted configurations are identical to one another on the torus (e.g., if for a lattice of size L x L
and partition (1,1) with z; = (0,0) and z2 = (L/2,L/2) we shift by y = (L/2, L/2)), the number of replicas
is reduced to V/s and k;/s, respectively, with symmetry factor s. Therefore all configurations considered in
Z(n;| n\n;) contribute to Z(,) with combinatorial factor V/k; independent of x1,...,z..
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v 1
=VZay +VZen + 5 2@ +VZeny + Zap (8.1.2d)

and so on for larger n. We now construct two tensor networks from which we will determine the

Z, [

8.2 The X network

For the first tensor network, which we call the X network, we require that the occupation of
the plaquette at the origin is nonzero. To this end we introduce four initial “special” tensors
S1,...,54 at the corners of the plaquette at the origin. We then restrict the occupations of all
other plaquettes, which we call restricted plaquettes, to n < ngr. Here, ng is a parameter in
the interval [|7max/2], Pmax — 1”E| where the lower bound ensures that all configurations can be
included and the upper bound follows from the fact that the occupation of the plaquette at the
origin is at least one. The tensors 5; are surrounded by the plaquette at the origin with plaquette
occupation n € {1,...,nmax} (red plaquette in Fig. and three restricted plaquettes with
occupation n € {0,...,ng} (black plaquettes). Similar to Sec. |§|, the tensors on all other lattice
sites, which we call “restricted” tensors R, are surrounded by four restricted plaquettes.

The blocking procedure now proceeds as shown in Fig. After one blocking step in each of
the two directions, the volume V has been reduced by a factor of 4, and the occupation of the
plaquette at the origin has been turned into the site occupation of the resulting S tensor. We
decompose this tensor as in but introduce additional scaling coefficients cs, resulting in
the tensor

nmax
(9); = A0 3 B8, with S™ = S™, (8.2.1)
nsS=1
where the ¢, are determined below. Note that s corresponds to the occupation of the plaquette
at the origin of the initial lattice and that the sum starts at s = 1 since here we only consider
configurations for which this occupation is at least one.

Denoting a blocking step in direction p by *,, the steps can be summarized as

Step 1: RO % RO 5 O g0, g0, g gl 50 gl
Step2:  RW s RM 5 RO s, 5 6@y 5O yeing ®2), (8.2.2)

Step i +1: R® x, RO — REFD 30, RO _ S+ for j > 2,

where the last line is repeated in all directions until we arrive at a single pointE

With this modified blocking procedure we now compute the full contraction of the tensor network
involving one tensor S and V/4 — 1 restricted tensors R, written symbolically as

~ V/4—
X =tr {S(z) (R®) /4 1}, (8.2.3)

121t is conceivable that translational invariance could be exploited in a slightly different way using more than
two tensor networks, where in each network the occupation of the origin plaquette is fixed at a particular value.
The pros and cons of such an approach have not yet been explored.

13]...] denotes the floor function.

M As in Sec. @ we construct the truncation matrices only from the tensors R, except for the truncation of Sfl)
and Sél).
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Figure 8.5: Illustration of the blocking procedure using translational invariance on the initial
lattice. The plaquette at the origin and the S tensors are indicated in red, the tensors S are
indicated in orange, and restricted plaquettes and tensors R are indicated in black, respectively.

using the OS-GHOTRG method of Sec. [/} In the reduction step of the OS-GHOTRG method,
see Sec. we can replace nmax by Nmax — 1 when computing R* R since the occupation of the
plaquette at the origin is nonzero. From ((7.6.8)) we obtain

Mmax

X=)> X" (8.2.4)
n=1
with]
X1 = 01Z(1|) s (8253)
Xy = CQZ(2|) + ch(m) for ng > 1, (8.2.5b)
X3 = CgZ(3|) + CQZ(2|1) + (@(nR — 2)Z(1|2) + Z(1|1,1)) forng > 1
= CgZ(3|) + (02 + 61@(TLR — 2))Z(2|1) + 612(1“71) , (8.2.5(})
Xu = caZ)) + c3Zpny + c2(Zgp2) + Zepn) +a(©0r —3)Zas) + Zajpn) + Zapa)
for ng > 2

= C4Z(4|) + (c3 + 1O (nr — 3))2(3‘1) + CQZ(2|2) + (c2 + 201)2(2‘171) + 612(1‘17171) ,  (8.2.5d)

and so on for larger n. Here, ©(x) is the Heaviside function with ©(0) = 1. To go from the first
to the second line in (8.2.5¢) and (8.2.5d]) we shifted the configurations such that the highest
plaquette occupation is at the origin and used

k;

which follows from (8.1.1]).
8.3 The Y network

We also compute the full contraction of another tensor network only consisting of tensors R,

written symbolically as
Vv V/4
Y = tr [(R(O)) } = tr [(R@)) / } . (8.3.1)

15For simplicity, we omit the rescaling in this section.
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Note that X and Y can be computed together efficiently, since R+ R is needed for both quantities.
Applying the OS-GHOTRG method with restriction to order nmax — 1 in each blocking step, we
obtain

Nmax—1

Y=Y Y5, (8.3.2)
n=0

where the Y, contain the contributions to Z,, of all configurations for which all plaquettes of the
initial lattice have occupation < ng. These sums are given by[lY|

Yo =2y for nmax > 1, ng > 0, (8.3.3a)
Y1 = Z(l) = VZ(”) for Nmax = 2, nR > 1, (833b)

v
Yg = @(nR — 2)Z(2) + Z(l,l) = @(nR — 2)VZ(2|) + §Z(1|1) for Nmax = 3, nRr > 1, (8.3.3(3)
|4
Y3 = 0O(ng — 3)Z(3) + Z(271) + Z(l,l,l) = 0O(nr — 3)VZ(3D + VZ(2|1) + 32(1‘1’1)
for nmax >4, ng > 2, (8.3.3d)

and so on for larger n. In the second step of each line we have used translational invariance as

in 12

8.4 Matching the coefficients

To determine the desired Z,, we write them as Z, = a,X, + b,Y,, and obtain a system of
equations to be solved for the coefficients a,,, b,, and ¢,. In App. [D] we show that a solution for
any Nmax and |Mmax/2] < nr < npax — 1 is given by

b= 1 arbitrary for n < ng,
1 for n > ng, " VNmax

{n/nmax for n < ngr, nay, . {
Cp = with a, =
\%4 for n > ng .
(8.4.1)
For n = 0 we have by = 1, and qg is irrelevant since Xy = 0, i.e., Zp = Yy. For 1 < n < ng,
choosing a, = Vnpax/n results in b, = 0. If in addition we choose ng = Tmax — 1 we have
b, = 0 for all n > 1. Equivalent solutions can be obtained by rescaling a,, — ra,, and ¢, — ¢,/
for all n and arbitrary r. All results presented in Part [V|were obtained with ng = |7max/2] and
ap, = Vimax/n for 1 < n < ng, for which the explained approach in this section was developed
first. The more general solution was mainly developed by Robert Lohmayer. We did not
perform a systematic study of the dependence of the results on the choice of ng and a,,, because
such a study would be quite expensive numerically.

16 Again, we omit the rescaling for simplicity.
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V. Results

In the following chapter, the results of this thesis are presented. The main results are published
in [27] and [28]. Before we discuss the numerical results obtained from tensor-network methods
in Sec. we first derive several analytical results.

9 Analytical Calculations

The analytical calculations are split into three sections. First, we state an efficient algorithm
for calculating the coefficients of the partition function in the strong-coupling expansion exactly.
The method is based on the tensor-network formulation, derived in Part [[TIl As a result, the
exact coefficients as functions of the masses and chemical potentials up to order 4 (for Ny = 1)
and order 1 (for Ny = 2) for a 2 x 2 lattice are stated in App. |[El In the subsequent section, we
consider the analytical simplifications of the tensor network derived in Part when pure-gauge
theory in two dimensions is considered. In this case, the partition function can be evaluated
using HOTRG or OS-HOTRG. In order to be able to compare the corresponding tensor-network
results with exact results, as done in Sec. we calculate the coefficients of the strong-coupling
expansion in this case and show that the strong-coupling expansion of the partition function
on a finite lattice factorizes in the volume up to a certain order. Both results are based on the
known exact solution for the pure-gauge theory in two dimensions |73, 74]. Finally, in Sec.
we consider again arbitrary dimensions and orders of the strong-coupling expansion and derive a
variety of analytical properties of the partition function and the observables. They have relevant
consequences for the exact expressions in App. |E, and, more important, for the numerical results
in Sec. Consequently, they serve as a consistency check.

9.1 Analytical calculation for small lattices

In the following, we present an efficient algorithm for calculating the coefficients Z,(u, m) in

Z(p,m, B) = i Zn(p, m)B" (9.1.1)
n=0

exactly. This is done in three steps, whereby the first two steps consist of up-front calculations,
and the third step is the actual calculation.

up-front calculation 1:

The aim in this step is to find for given flavor f all tuples (k:a{f,#, l?:g;# | Var, 1) with @(wy{)éhf,in plout =

1 for all . The tuples are categorized with respect to ((k:{# — I?::{,”) mod N |Vz, u), which is
called the “fermion gauge key”.

An efficient algorithm to find these tuples is given in the following: First, we iterate through all
numbers in base N. + 1, where the number of digits is the number of links dV'. Therefore, we
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iterate up to the number (N, + 1)4V. Since the link occupation number k] 18 in {0, ..., N},
the iteration goes through all possible tuples (k H|Vx w) with which we begln with. When no
site has more than N, incoming and outgoing hopping terms (i.e., h/'®, hf°out < N, for all :c)ﬂ,
we add (k£ |V, 1) to a list, creating the so-called “forward hoppmg ﬁll”

The “backward hopping fill”, which consists of all tuples (k] |V, ) with hfim plout < N for
all aﬂ is identical to the forward hopping fill, which is Why 1t does not need to be calculated
separately.

We can now perform a nested iteration through the forward and backward hopping fill, and when-
ever the condition ©(w )5hf i jrou = 1 is fulfilled for all z, we add the tuple (k s kf VT, )
to a dictionary, where the key (called “fermion gauge key”) is the tuple (k. 2 | Vo, p) with
k‘g]; = (kf — l%g; x) mod N.. The resulting dictionary is called “fermion gauge dictionary™.

Since in this step, different flavors can be treated independently, we do not need to repeat this
step for every flavor, but use the same gauge dictionary for every flavor.

up-front calculation 2:

The aim of the second step is to precompute the numerical factor that is already determined
by given link occupation numbers k:g;# and k:g;u for one flavor f and for all links (z, i) of the
lattice.

To do so, we run through all entries (kf

iy kS | Vo, 1) of the fermion gauge dictionary and
calculate the expression

f

!

,M¢) = exp ki — kg = . 9.1.2

Tt L v (R ) (”fzx:( 1 ’1)> TTwl TTEL kL ! (9-12)
o

T

as a function of yiy and my. By treating these two parameters as variables, different flavors can
be treated independently, and we do not need to repeat this step for every flavor.

main calculation:

After we have completed the preliminary work, we can iterate through every order n, for which
we want to calculate the coefficient Z,. For every order n, we iterate through all tuples of
oriented plaquette occupation numbers

(na:,uu ‘VIL', 2 7& ’/) with Z nx,uu =n. (913)
T,V
p#EV

Hereby we can reduce the number of relevant tuples by using the translational invariance.

For every tuple of oriented plaquette occupation numbers, we now perform Ny — 1 nested itera-
tions, each over all fermion gauge keys. The fermion gauge key of the remaining flavor f with

LAt this level, we set IQ:LN =0 for all &, 1, which occurs inside h{™ and hf°ut,
ZSimilarly to the forward hopping fill, we now set kgj,u =0 for all z, 1, which occurs inside hf™ and hf°" as
well.



106 9 Analytical Calculations

f = Nt is then determined by

+d Ne—1

— Z (N + M) — Z k:g;u mod N |Vz,u |, (9.1.4)
v==%1 f:l
[v|#p

which ensures that the SU(N,) is fulfilled at every link (z, u).

For every given order n, tuple of oriented plaquette occupation numbers, and given gauge keys for
all N; flavors, we now perform (additionally) N nested iterations. The iteration corresponding
to flavor f runs over all entries belonging to the fermion gauge key of flavor f in the fermion
gauge dictionary. Thus we have set all link occupation numbers ka{f  and l_cgf; y» Which allows us
to calculate all quantities that do not depend on the auxiliary summation index 7, ,. Thus we

explicitly calculatd]

[, 02 IT, i

_ x 2T Ly 'Ie,p

S(k/‘£,u7’_€af:,unI,#V|vm7M7éV7f) - H#V Hr(kg,uvkg,,u|vxa/"')(/lf’mf):| /HK$ (915)
[I nx,;w! f x ¥
T, puv

Finally, we additionally iterate through the auxiliary index 7, , on every link (z,u) in nested
loops and calculate all terms

S(kajcc,u»]_fif,u "ac,;w| Vx,,u;éu,f) H Cx H LI’M ’ (916)
T ©

After applying the factor from translational invariance, as well as 1/(2N,)", we add all results
corresponding to order n in order to obtain Z,.

In App. [E} the coefficients Z,(m, ) obtained with this algorithm are listed for a 2 x 2 lattice.
For Nt = 1, the coefficients are given up to n = 4, while for Ny = 2 they are given up ton =1
for my = mo and pu1 = puo.

9.2 Pure-gauge theory

Next, we consider the SU(NV;) pure-gauge theory. Since the derivation of the initial tensor
network in Part [[T]] holds for an arbitrary number of flavors IV, the initial tensor network for
the pure-gauge theory is obtained directly by setting Ny = 0. For clarity, we state the resulting
tensor network explicitly. It reads

ZPG =N "T[1re, (9.2.1)
j =z

where the indices j¥¢ = (jfﬂ Va, ) do not contain link occupation numbers k, , and Em,ua as
these originate from Grassmann hopping terms. Thus we obtain

Jrg = (0 5 |0 # 1), 7). (9.2.2)

3Note that f HZ K, only results in a sign factor.
X
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Consequently, the Grassmann part of the local tensor reduces to one, and the tensor network
can be evaluated using usual HOTRG and OS-HOTRG.

The numerical part of the initial tensor is given by
TPC6 = AfTSG(nx — edge variables) (9.2.3)
with] ey
Th¢ = cPepPe [H sgn(LzM)] IR (9.2.4)
1

p==x1

This tensor contains the pure-gauge color factor
CcYS = AL (9.2.5)

and the pure-gauge weight

5 )nz,WJrnzfﬂ,W+nzfﬂ7a,w+nzf,>,w i

(s

B N NI e T A

Wwre = (9.2.6)

Finally, the criterion ([5.2.17) ensures that the initial tensor network is finite-dimensional. It
is optimized for a calculation of order ny,.x by applying the criterion ([5.2.18|) for every tensor
entry.

As a special property of the pure-gauge theory in two dimensions, there exists yet another
criterion that allows us to reduce the size of the initial tensor. It can be used whenever np.x < V.
To formulate this criterion, we define the “factorization condition” (nyu — nawu)/Ne € Z at
every geometrical plaquette. The SU(N,) condition |gz , — Gz,u|/Ne € Ny reduces to

_ 1
|gaz,u - gm,u‘/Nc = X7 Z (nx,uu + nmfﬁ,u,u) - Z (nx,l/u + nxfﬁ,/,u/)

NC v v
vFEW vFEp
= Z(nz,uu - nac,l/u)/Nc - Z <nzfﬁ,w/ - nxfﬁ,uu)/Nc € NO (927)
vt vt

for pure-gauge theory. Note that we rearranged the sums in the second step such that the
factorization conditions appear. Assume that for a given link the SU(N.) condition is satisfied,
but at one adjacent plaquette the factorization condition is not satisfied. In this case, due to
Eq. , there needs to be at least one other adjacent plaquette, where the factorization con-
dition is not satisfied. For any valid configuration in two dimensions, it follows that whenever
the factorization condition at a plaquette is not satisfied, then it is not satisfied as well at all four
neighboring plaquettes. We can repeat this argument for these plaquettes and conclude that the
factorization condition is not satisfied at any plaquette of the lattice in this case. We note that
such a configuration contributes at least to order 8Y. Therefore, whenever nm.x < V, we can
reduce the size of the initial tensor significantly by removing those link-indices from the initial

45%,‘ is defined in Eqgs. (]5.2.2[) and (]4.3.12[). However, as there are no link occupation numbers ki,u and IEQJ;M
for Nt = 0, the equivalence classes become trivial, i.e., [r] = {r} for all # € S, and [a] = {«a} for all « € A. Thus,
the ranges of the sums over «, 7, and o are not reduced.
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tensor for which the factorization condition is not satisfied at the adjacent plaquettes. It follows
that for nmax <V, every configuration consists exclusively of plaquette-antiplaquette contribu-
tions and triple (anti-)plaquette contributions, including their multiples, as these contributions
satisfy the factorization condition at every plaquette.

We can compare the results obtained from OS-HOTRG with the exact solution (see Sec. [10.2))
for the two-dimensional SU(N,) pure-gauge theory in a finite volume V', given in Ref. [73]. It
reads

Z7%(8) =" Xr(8)Y, (9.2.8)
R

which contains a sum over irreducible representations R = (qi,...,qn.—1) with Dynkin la-
bels ¢; € Ng. The corresponding Young diagram (cf. Sec. is determined by the partition
(@1,G2 - > ANe—1) With @1 > @2 > -+ > Gn,—1 > 0 and §; = >, " q;. The coefficient Ag(f),
given b

1
A(B) = == > det [l 1igiq(B/NS)| (9.2.9)
dR 3,j=1...N¢
QEZL
has several ingredients, which are discussed in the following. First, the dimension
dr = A0y, Co, .. n.—1,0n)/A(Ne —1,Ne — 2,...,1,0) (9.2.10)
with ¢; = ¢ + N. — 7 and gn, = 0 contains the factor
A(zy,...,zN,) EH(m—xj). (9.2.11)
i<j
Second, I,(z) are the modified Bessel functions of the first kind, defined by [75]
1 /™ ,
I,(z) = —/ (9 cos(nf)df . (9.2.12)
T Jo

Clearly, the result (9.2.8)) does not factorize in the volume (cf. Ref. [74]). However, as shown in
App. [F] it holds that

Ar(B) = O ((B/N)T) (9.2.13)

and in particular

Ar(B) = O (B/No) for R#(0,...,0). (9.2.14)

This allows us to write (cf. Ref. [76])
\%
Z°4(8) = (Mo..0(®) +0((B/N)Y) , (9.2.15)
i.e., the strong-coupling expansion of Z factorizes in the volume whenever nyax < Vﬁ
Note that this factorization in V for nm.x < V corresponds to the simplification which we

made in the tensor formulation by removing those links from the initial tensor for which the
factorization condition is not satisfied at the adjacent plaquettes.

®Note that the expression differs compared to Ref. [73] due to a different definition of the gauge action.
5From this, we also observe that the partition function of pure-gauge theory in the strong-coupling expansion
factorizes in the limit V' — oo to arbitrary order in (.
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n 0 1 2 3 4 ) 6
)\(n) 1 0 1 1 1 1 13
36 648 2592 31104 3359232
PG 1 1 1 1
fn U 36 648 0 93312 1119744

Table 9.1: Coefficients of the strong-coupling expansion of (g . o) and of the free energy fPG
for different orders n for the SU(3) pure-gauge theory in two dimensions. The stated values of

A" and fTE’G are valid as long as V > n.

Next, we calculate the strong-coupling expansion of the coefficient

Mmax

Xo..oy(B) =3 Apn, (9.2.16)

n=0

which allows as to calculate the coefficients fFS of the strong-coupling expansion of the free
energy

anPVG(ﬁ) _ i e (9.2.17)

n=0

as well. Table shows the resulting coefficients A and PG up to order six for N, = 3.
The values of A\(") and fPC are valid as long as V > n. In this case, the coefficients of the
strong-coupling expansion of

0.]
ZP9B) =>" zy4pn (9.2.18)
n=0
up to order three for N, = 3 read
z8¢ =1, zPG =0, zF9=vy36, 2Z'°=v/648. (9.2.19)

9.3 Properties of the partition function and observables

Even though the full partition function (4.1.3) can not be evaluated analytically for arbitrary
volume, one can give its structure with respect to the chemical potentials and the masses,
allowing for several analytical results in different limits.

At first, let us consider Ny = 1, for an arbitrary number of dimensions including all orders of 3.
For brevity, we omit the flavor index. A general number of flavors N; will be considered later in
this section. By using time-reversal invariance of the partition function one obtains the general
result

Z(p,m, B) = Z(—p,m, ). (9.3.1)

Using the strong-coupling expansions

2 B) = 3 Zuumys® and PO g (03
n=0 n=0
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with coefficients f, (i, m) that are determined explicitly in terms of the coefficients Z,(u, m) in
App. [G] we note that the coefficients Z,, and f,, are even functions in u as well.

Consequently, the chiral condensate is an even function in p as well, i.e.,

Z(,uamw@) = Z(—u,m,ﬁ). (933)

Also the coefficients X, (i, m) of the strong-coupling expansion

_ Ofa(p,m)

e (9.3.4)

Z(u,m,ﬁ) = Z En(u’m)ﬁn with ZTL(M? m)
n=0

are even functions in p.

Since the quark-number density p(u, m, ) is proportional to the derivative of the free energy
with respect to p, it is an odd function in u, i.e.,

p(—p,m, ) = —p(p, m, ), (9.3.5)
and therefore all coefficients p,, (1, m) of the strong-coupling expansion
= n . 8fn , M
n=0

are odd functions in p. In particular, we stress

pn(p,m) — 0, for p— 0, for all n € Ny. (9.3.7)

Next, we want to quantize the general dependence of the chemical potential. To do so, we first
note that at infinite coupling, the u dependence of Z comes from closed baryon and antibaryon
loops winding around the torus in the time direction [6, 7]. Every winding contributes a factor of
etNell t0 a configuration. Since baryon loops are self-avoiding the maximum winding number
is V5. For nonzero (8 the baryon loops are locally disturbed by plaquettes (more precisely, one
or more quark lines in the baryon go around the plaquettes), but the functional form of the p
dependence remains the same. We can formalize this in the equation

Vs

Z(,uvm76) = Z ﬁk(mvﬁ) eXp(chLtM); (938)
k=—Vs

where L is the temporal extent of the d-dimensional space-time 1attice[| and Vj is the spatial

volume.

The functions px(m, 8) are polynomials in m and, due to the defining equation (4.1.3)), series in
B. As consequence of the symmetry (9.3.1)), they satisfy

This property allows us to write
Ve
Z(:U’v m, ﬁ) = ﬁo(mv /8) + Z ﬁk(ma ﬁ) (exp(kNCLt:U’) + exp(—k:Nth,u)) ’ (9310)
k=1

"Note that in Sec. [2| the temporal extent was denoted by Nr.
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which can be simplified to

Vi
Z(p,m, ) = Zpk(m, B) cosh(kNe L), (9.3.11)
k=0

where we introduced
pr(m, B) = (2 — 6r,0)pr(m, B) . (9.3.12)

We now perform a strong-coupling expansion of the coefficients py,

pr(m, ) = Zpk’n(m)ﬁn, (9.3.13)
n=0

and obtain the explicit u dependence of the coefficients Z,,

Vi
Zn(p,m) = Zpkn(m) cosh(kN¢Lip) . (9.3.14)
k=0

9.3.1 Asymptotic results for large chemical potential

In this section, we derive analytical results in the limit of large chemical potential . Intermediate
results of this calculation are used to verify some of the terms in Egs. (E.1laf) - (E.1€).

In the limit || — oo the sum (9.3.11) is dominated by the k = V; term, for which we show in
App. [H] that
pv.(m, B) = 2274(8) (9.3.15)

independent of m, where is the partition function of the pure-gauge theory (with the same
lattice size and number of colors), whose strong-coupling expansion readsﬂ

ZPG

ZP9(B)=>" zZy4pn. (9.3.16)
n=0
This leads to
PVn(m) = pvn = 22,9, (9.3.17)

and with V' = L;V; we obtain in the |u| — oo limit
PG PG
Zn(p,m) — 22, cosh(N V) = Z, 7 exp(NV|pl) , (9.3.18)
provided that py, , # 0. This yields

Zn(l‘bvm) SN ZTI?G
ZO(:U‘vm) Z(}])G

(9.3.19)

8For the example of two dimensions and N, = 3, the coefficients Z-< are stated explicitly in Eq. (9.2.19) for
V >n.
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for any n > OH The ratio is well-defined since Z§G = vol(SU(N.))V? = 1. Note that for n > 1
the coefficients f,, are polynomials in Z,, = Z,,/Zy, see App. |Gl We thus obtain

Falpem) = F2 4 Nelpldno  for [u] = o, (9.3.20)

where the Kronecker delta takes into account the different definition of fy. From ({9.3.20) we can
obtain the behavior of the chiral condensate and the quark-number density in this limit. Since
there is no dependence on m, all coefficients of the chiral condensate approach zero, i.e.H

Yn(p,m) — 0 for |u| — oo. (9.3.21)
For the quark-number density we obtain

pn(p, m) = £Nopo for g — £oo. (9.3.22)

As a consistency check, we can compare Eq. with the analytical expressions of the
functions Z,,(m, ) given in Eqs. - (E-1€). They are calculated for d = 2, Vi = 2, Ly = 2,
and N, = 3. The corresponding values of py, , are shown in Table The coefficients ZF'
are calculated by expanding the exact formula in g8 B The obtained value ps ,, coincides
with the prefactor of the term cosh(12u) in Z,(m, u) for all stated values of n.

n 01 2 3 4

2 1 325
P2 2 0§ 5 %6om

Table 9.2: Values of py, ,, for Vi =2, Ly = 2, and N. = 3 up to n = 4.

9.3.2 Asymptotic results for large mass

In this section, we will derive analytical results for large mass. Intermediate results of this

calculation are used to verify some of the terms in Eqgs. (E.1a)) - (E.1€).

For Nt =1 and large m, the partition function can be approximated, up to O(,BLE) corrections,
as

Zfactorized(ﬂa m, ﬂ) = ((2m)NCLt + 2 COSh(Nth,Uf))VS ZPG(ﬂ) . (9323)

To derive this result, we start from , and determine, for given k, the leading-order term
in px(m, B) for large m. For powers of J smaller than Ly, this term is obtained by configurations
which have k baryon loops (or k antibaryon loops) with all links in the time direction and
winding around the torus once, and all other lattice sites occupied by mass terms. For all
other configurations, e.g., with mesonic contributions, or baryon lines in a spatial direction,

9If ZFS = 0, which happens in particular for n = 1, we obtain Z, (s, m) — pin(m)cosh(kNcLyp), where
k < V, is the largest value of k for which py ,(m) # 0. In this case cosh(kNcLipu)/ cosh(VaNeLip) — 0 = ZE€ for
k < Vs, and hence the relation still applies.

108trictly speaking, the limit || = oo and the derivative with respect to m may not commute. However, a
more careful analysis in which we first take the derivative and then the limit confirms (9.3.21)).

"Since the condition V > n is not satisfied for po 4 for Ly = 2, the partition function does not factorize in the
volume at this order (cf. Sec.[9.2).



V  Results 113

or combinations of baryon and antibaryon windings, the number of lattice sites that can be
occupied by mass terms is reduced. Therefore such configurations do not contribute to pj at
leading order in m. For a configuration which has only mass terms and & baryon (or antibaryon)
loops the gauge field only occurs in contributions from the gauge action, see . For powers
of B larger than or equal to Ly, there are also contributions from other configurations when
k # 0 and k # VSB but we do not include them explicitly since we are only interested in an
expansion of Z up to ™= and typically nmax < Li. We therefore have for large m

pr(m, B) = (2 — dro) (f) (2m)Nele(Vs=k) ZPG (3 1 0(p) (9.3.24)

since there are (‘];S) possibilities to distribute the k£ parallel baryon loops on the lattice. The
factor of 2 — 8y comes from eFNelok 4 g=kNeLip — 2 cosh(kN,Lyp), which sums configurations
with k baryon loops and configurations with k antibaryon loops. This results in

Vs
( 12 76) aSyn’lptOtIC(/-'La aB) = ZPG(B) Z <VS> (Qm)NCLt(VS_k)(Q - (5k0) COSh(kNCLtu)

k=0 k
(9.3.25)
up to O(B) corrections. Let us now show that the large-m behavior of ([9.3.25)) is reproduced

by (9.3.23)). Expanding (9.3.23]) gives

Ve

s ‘/s _

Ztactorined (B m, B) = ZF4(8) Y (k ) (2m) NeLe(Vs=k) 9k cosh® (N Lyj) . (9.3.26)
k=0

Defining © = N.L¢p and using

k L ) k1 k (k—27) 1 &
cosh”(z) = Q—k(e +e” k2< ) J)x kZ( >cosh((k—2j) ), (9.3.27)

we can now organize the terms in Zgctorized in complete analogy to . Next, we ap-
proximate Zfactorized for large m. For the coefficient of cosh(kN¢Lip) in Zeactorized, We again
want to keep only the leading-order term for large m. This term is obtained by setting j = 0
or j = k in . Hence, to obtain the large-m behavior of Zgiciorized, W€ can replace
2k cosh® () = (2 = 0k,0) cosh(kz). This shows that Zactorized — Zasymptotic for large m.

For the chiral condensate ¥ = (0,,1n Z)/V in the large-m limit and up to O(B%*) corrections
we obtain from ({9.3.23))

2\/(5(2m)Nch)2 -1 ) - -

T(2m)NeLe 1 cosh(N, L) = b(tanh(a(p + i) — tanh(a(u — %)),  (9.3.28)

Y(p,m) =b

where we used the general formula

2sinh(2x)

= tanh tanh(z — 2). 3.2
cosh(2z) + cosh(22) (z+2) + tanh(z — 2) (9.3.29)

12 An example for such a configuration, for N. = 3 and an L; x 2 lattice, would be two quark loops in the time
direction with spatial coordinate 1, one quark loop in the time direction with spatial coordinate 2, and plaquette
occupation 1 for all plaquettes (x, 12) starting at sites ¢ = (¢,1) with t = 1,..., L.
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and defined

N (2m)Nele—1 N, N.Lg

%
2\/<§(2m)Nth)2 o 2m
(9.3.30)

The parameters p¢ and a are referred to as critical chemical potential and transition sharpness,
respectively.

b

Il
l
Il

1 1
at = N.L. arccosh (2 (2m)Nth) — In(2m) .
C

Similarly, for the quark-number density p = (0,1n Z)/V we obtain in the large-m limit and up
to O(B%) corrections

Ne 2sinh(N¢Lgp) _Ne
2 1(2m)Nelt 4 cosh(NLyp) 2

p(p,m) = (tanh(a(u + i) + tanh(a(p — 1)), (9.3.31)

where we again used ((9.3.29)). Note that critical chemical potential and transition sharpness are
identical for both observables.

In particular, from Eq. (9.3.23) we conclude Z — (2m)N°V ZPG(B) for large mas For the
coefficients of the strong-coupling expansion we can conclude

Falprym) = fPC + NoIn(2m)é,. 0, for m — oo, (9.3.32)
Ne

En(p,m) = —0no, form — oo, (9.3.33)
m

pn(p,m, ) — 0, form— oco. (9.3.34)

The intermediate result (9.3.24) can be compared with some of the terms in Eqgs. (E.1|), which
serves as a consistency check. To do so, we expand the functions p; in m and g, i.e.,

00 Wy

pe(m, B) =D prnBim (9.3.35)

n=0j=0

where we defined wy, = N.(V — kLt). wy is an upper bound for the degree of the polynomial,
depending on the volume and the winding number k.

With the use of (9.3.24]) we obtain

Vs _
Pknaw, = (2 - 5k0) ( ;) 2NCLt(VS k)Z};)G 5 (9336)
which is valid as long as n < Ly. For k € {0,Vs}, the formula is valid for arbitrary n. Note
that & = 0 corresponds to those configurations, where every site contains N, mass terms. The
associated coefficients read

PonNy =2V 20 (9.3.37)

The values of p ., for d = 2, Vi = 2, Ly = 2, and N, = 3 are shown in Table The
coefficients ZU'G are calculated by expanding the exact formula (9.2.8) in BE All values are
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n 0 1 2 3 4

4096 2048 166400
pon,12 4096 0 9 81 6561

Pine 256 0 - - -

2 1 325
P2,n,0 2 0 9 81 26244

Table 9.3: Values of py 4, for Vs =2, Ly = 2, and N. = 3 up to n = 4.

consistent with Eq. (E.1). Note that with the use of Eq. (9.3.36)), p1 5,6 can only be calculated
for n < 1. Also note that the coefficients ps, 0 are consistent with Table @ since we have

PViin = PViyn,0-

9.3.3 Even mass exponents

Another observation for Ny = 1 is that
Pkm,j =0 forall k, n, for all j odd, (9.3.38)

which is explained by the following argument. We start with a configuration that has N, mass
terms at every site. Such a configuration is proportional to m™¥¢V, i.e., has even exponent In
order to get other configurations, where the Grassmann conditions in are still fulfilled
at every sitﬂ we apply the following algorithm: We remove one mass term from a first site
and place one hopping term in an arbitrary direction at an adjacent link. Consequently, the
Grassmann conditions are no longer satisfied at the two sites adjacent to the chosen link, referred
to as first and second site. At the second site, we remove one mass term as well and introduce
one hopping term in an arbitrary direction. Therefore, the Grassmann conditions at the second
site are satisfied again, but we introduced a third site, where the Grassmann conditions are
not satisfied. We can repeat the procedure of removing one mass at the last site and adding a
hopping term in arbitrary direction. The set of chosen sites forms a line on the lattice, where the
Grassmann conditions are not satisfied only at the first and last site of the line. Only if the first
and last site of the line coincide, the Grassmann conditions are satisfied again on all sites of the
lattice. In this case the line forms a closed loop. As any closed loop on the lattice contains an even
number of links and an even number of siteﬂ we have applied this algorithm an even number
of times and therefore removed an even number of masses from the lattice. Therefore, the mass
exponent is again even. By doing this algorithm several times (starting again at an arbitrary
site), we can create all relevant arrangements of hopping terms. All of the corresponding valid
configurations have an even mass exponent. Note that for a valid configuration, we also need
to fulfill the gauge condition at every link. This is also influenced by placing plaquettes on the

13We assume that g does not go to infinity

1Since the condition V > n is not satisfied for po 4,12 and pa 4o for Ly = 2, the partition function does not
factorize in the volume at this order (cf. Sec. .

15Recall that for staggered quarks the number of lattice sites needs to be even.

The SU(N.) gauge condition may not be satisfied for the moment.

Loops that wind around the lattice contain an even number of links and sites, since spatial and temporal
extent of the lattice are always even when staggered quarks are used.
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lattice, but this does not change the mass exponent. Due to Eq. (9.3.38)) all mass exponents in
Eqgs. (E.1}) are even.

9.3.4 Generalization to arbitrary number of flavors

We now generalize some of the main statements for a general number of flavors N;. For a given
valid configuration, let ky be the number of hopping terms of flavor f in forward time direction
minus the number of hopping terms of flavor f in backward time direction, i.e., the net number
of hopping terms in forward time direction. For a compact notation, we define the net-number
vector k = (k1,k2, ..., knN,), the mass vector mi = (my,ma, ..., mp;), and the chemical potential

vector [ = (p1, ph, - .- N;)-

Using this, the partition function for an arbitrary number of flavors N¢, in arbitrary dimensions,
for general Ly and Vj, and including all orders of (3, takes the general form

NeVs

Z(@m,B) = > pp(m, B)exp(Lik - i), (9.3.39)
k17'“7ka:_NC‘/s

where the functions py(m, 3) are polynomials in m; and series . From the SU(N.) condition

it follows that p; is only nonzero when Z}Vil ky =0 mod N. Therefore, k1 is a multiple of N,
only for Ny = 1, in general.

From time-reversal invariance we get the condition
Z (i, B) = Z(ji,m, ) (9.3.40)

and therefore
prp(m, B) = p_p(m, B). (9.3.41)
Consequently, the chiral condensate is symmetric under i — —[i, i.e.,
SO (i, m, B) = 2 (7, m, B) (9.3.42)

while the quark-number density is antisymmetric, i.e.,

P (i, m, ) = —p\D (i1, 1, B) . (9.3.43)

As a generalization of Eq. (9.3.15)), we find
Pk oot NeVarowiiny) (T B) = Py, (1N, B) (9.3.44)
with
’17\’Uf = (’Ul,...,’Uffl,’l)f+1,...,’l)Nf), (9345)

which is explained as follows. Since ky = NV, there are V5 baryon loops of flavor f that wind
around the lattice in time direction. This results in a gauge-field-independent background, and
we obtain the corresponding polynomial of the theory with Ny — 1 flavors.
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Consequently, for ky = £N.V; for all jﬂ we obtain
PNV (21, a1y (1, B) = Z79(B) (9.3.46)

by applying Eq. (9.3.44]) for every flavor separately and using Eq. (9.3.15)) H In this case, every
flavor results in a separate constant background.

The property (9.3.44)) is relevant for the limit puy — :toﬂ as in this case any relevant con-
figuration contains Vi baryon lines of flavor f that wind around the lattice and extend in time
direction only. We ge@

Z(ji, , B) = exp (NV |ug|) ZND (g, i\my, B) , (9.3.47)

where Z(Ne=1) is the partition function of the theory involving N — 1 flavors. It follow

Falit, i) = SN (@\ g, i\mg) + Nelpgldno  for py — £oo, (9.3.48)
z<f>(*, m) — 0 for pp — oo, (9.3.49)
(7, 11) — £ Ny for pp — +oo. (9.3.50)
In the limit pq,..., un; — 0o we get
N¢
Z(fi,m, ) — exp chle sl | 274 (8), (9.3.51)

where we applied Eq. ((9.3.47)) for every flavor separately. For the next steps, it is convenient to
expand the functions p; in 8 and in the masses my, i.e.,

w
oo Wk kg

Ne
=> > - Z a8 T mf (9.3.52)
f=1

n=051=0  jn,=

where we used the upper bound Wy, = Ne(V — ky¢Ly).

The following observation will be relevant for large masses. For ky = 0 and j; = N.V we obtain

_ 2NV7

Pini =2 Piskpmi/is - (9.3.53)

In this case, there are N, mass terms of flavor f at every site of the lattice, which results in a
constant background. If ky = 0 and j; = N.V is satisfied for all flavors f, we find

D(0,....0),n,NeV(1,...,1) = oNeNeV 7PG (9.3.54)

8The sign can differ for different flavors.

9Note that D(NVy) = PVs = %pvs, where we used Eq. for Vs > 0.

20We assume that m; does not go to infinity.

2Like before, the condition Z, (i, m,8) — exp (NV|us|) Z;Ni.71>(ﬁ/uf,ﬁl/mf,ﬁ) for the n-th coefficient of
the strong-coupling expansion in f is correct only for ZfLer)([[/ wr,m/myg, B) # 0. Otherwise the expression is
dominated by a smaller exponent. This effect is again irrelevant for the limit of the ratio Z, (i, m, 8)/Zo(f, m, B).
Therefore it is irrelevant for the observables.

*2The results (9.3.49) and (9.3.50)) are confirmed by a more careful analysis in which we first take the derivative
and then the limit.
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by applying Eq. (9.3.53) for every flavor separately and using Eq. (9.3.37)).

The property (9.3.53)) is relevant for the limit m; — oolfl, as in this case any relevant configu-
ration contains IN. mass terms of flavor f at every site. We ge@

Z(ji i, ) = (2my)NY 20V g i fmy, B) (9.3.55)

where Z(Vi=1) is again the partition function of the theory involving Ni — 1 flavors. For the
coefficients of the strong-coupling expansion we concludﬂ

Falitym) = FND @\ g, m\my) + Neln(2ms)d,0, for my — oo, (9.3.56)
D (i7.7) — Ne

(i, m) = —06no, formyp— oo, (9.3.57)
my

p%f)(ﬁ,'n_i, pg) =0, formy— o0. (9.3.58)

For the limit my,...,my; — oo we can apply Eq. (9.3.55|) for every flavor separately to obtain

Nt
Z(ji,m, B) = 2°9(8) [T @ms)™" . (9-3.59)
f=1

Next, we observe ﬁEn}' = 0 for all E, n, when jr is odd for at least one flavor f. This statement

follows from the algorithm described below Eq. (9.3.38]), which can be applied for every flavor
separately. For the Egs. (E.2)), we conclude that there are no odd mass exponents, which serves
as a consistency check.

By using the symmetry (9.3.40)), we can express the partition function in terms of the hyperbolic
cosines also for an arbitrary number of flavors. To do so, we write

20i,75,8) =  (Z(, 1, 6) + Z(~fim. )
NcVs

resulting in
NcVs

Z(ji, 1, B) = > b, B)cosh (Lik- i) . (9.3.61)
k17"'7ka:_NC‘/S

Finally, the symmetry of permuting flavors is formalized in the Conditior@

Z(ﬁa m76) = Z([Zﬂamﬂ7/8) (9362)

3we assume that p; does not go to infinity.
2 Again, Z,(m, ii,3) is dominated by a smaller exponent than N.V, when quLNf_l)(m/mf7ﬁ//,Lf7 B) =0.
25 Again, a more careful analysis in which we first take the derivative and then the limit confirms this result.
26For N = 2 and m; = mo this implies that the partition function is invariant under pur — —p1, where
pr = (1 — p2)/2.
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with

Ur = (Ury, Urgs e oo, Uny,) s (9.3.63)
for a general permutation m € Sy;. From this we conclude by comparison of coefficients
p (1, B) = pg_(Mix, B) (9.3.64)
For the chiral condensate with respect to the mass my,

1 9In Z(i, i, )

=W (i, m, B) = — 9.3.65
(i ) = 3 e (9.3.65)
we conclude
SO (ji, i, B) = S (fix, i, B) (9.3.66)
and similarly, for the quark-number density with respect to the chemical potential jf,
1 0lnZ(ii,m,p)
D (@, m, B) = o = 9.3.67
PR, B) = 3 o ( )
we obtain
pD (i, 1, B) = pU™) (fir, i, B) (9.3.68)

9.4 Interpolation between small and large p for large L

In this section we derive interpolating formulas for Ny = 1 that turn out to describe the data
very well in many cases, with limitations discussed below. From and we see
that for |u| — oo we have Z = 2ZPG(B) cosh(N.V ) (1 4+ O(e~Neltltl)). On the other hand,
in the vicinity of © = 0 and for large Ly we expect Z to remain approximately constant,
ie, Z(u,m,B) ~ Z(up = 0,m,B) =~ po(m, ) for the following reason. The coefficients pj in
have to decrease exponentially with k since p; contains powers of m and combinatorial
factors for distributing mass terms and mesons on up to (Vi — k)L lattice sites, i.e., Inpg ~
(Vs — k)L¢. Hence, Z(p) will deviate from its value at ;1 = 0 only when || is sufficiently large
for cosh(kN.Lyu) to compensate the exponential suppression of pp. We expect this to happen
in the vicinity of the phase transition.

A simple interpolation between the two regimes is provided byIZ]

Zip(p,m, B) = c(m, B) +227C(8) cosh(NeV ) with  c(m, B) = Z(pn=0,m, ) — 227°(§).
(9.4.1)
For the chiral condensate and the quark-number density this yields the symmetrized (see Foot-
note and antisymmetrized (see Footnote tanh model, respectively,

Zip(p, m, B) = bip (tanh(arp (1 + pip)) — tanh(are (p — pip))) (9.4.2)
pip(p, m, B) = % (tanh(arp (1 + pip)) + tanh(ap (1 — pip))) , (9.4.3)

2TThis interpolation formula is rooted in an idea originally proposed by Robert Lohmayer.



120 9 Analytical Calculations

19924 X GHOTRG x X GHOTRG X
--- IP / 7.06 4 ==~ IP /
Loot 4 X /
.99 vé X
’X 7.04 4
.04 4 /
1.990 )(’ X
; /
/
/7 x/
1.989 4
< 989 /)( = 02 i
/ /
X
1.988 -~ ¥
X 7.00 7
/! X’
1.987 - X A
. /
X 6.98 X
1.986 X K
% x X
PE R S L St XXX XX X DT
T T T T T T T T T T T T T T T T T
0.6600 0.6605 0.6610 0.6615 0.6620 0.6625 0.6630 0.6635 0.6640 228 220 230 231 232 233 234 235
Iz 1

Figure 9.1: Numerical results for fo = (In Zp)/V obtained from GHOTRG on a 32 x 32 lattice
with bond dimension D = 60 and interpolating formula (9.4.1)) for m = 0.5 (left) and m =5
(right).

where we used (9.3.29) and defined

bip = Ome(m, ) - ~ g‘TZZEZ’ g; ~ %E(,u =0,m,[), (9.4.4)
w1
arp = N;V : (9.4.5)
1 ; 1 )
Uip = charccoshQCZ(?G?B)) ~ NV In ;(:é(g)) . (9.4.6)

For the approximations we used ¢ > 2ZFG which follows from Z(u = 0) ~ po > py, = 22Z7C.
We compute Z(p = 0,m, ) numerically using OS-GHOTRG and use Z¥5(8) = 1 + %d(d —
D)V (1 +dn,2)(B/2N:)* + O(B?), which is obtained from the definition of the gauge action [27]
using the results of [30]. As usual, we expand brp and pfp in 3, with coefficients byp ,, and Hip s
respectively.

In Fig. [9.1] we compare numerical results for Z obtained in the infinite-coupling limit from the
GHOTRG method with the interpolating formula . We see that the interpolation works
very well away from the phase transition, but an interesting question is whether it also provides
a reasonable approximation to Z in the vicinity of the transition. In Fig. 0.I] we see that the
answer to this question depends on the parameters of the system such as the mass. We can
distinguish two scenarios for the transition:

(a) For any p < p€, the k = 0 term is the dominating term in (9.3.11)), while for any p > p° the
k = V5 term dominates. In this case we expect the interpolation to provide a reasonable
approximation to the true Z also across the phase transition.

(b) In the vicinity of u¢, terms other than k = 0 or k = V; make the largest contribution to
. In this case, keeping only the k£ = 0 or k = V; term will not provide a reasonable
approximation to Z when p =~ . We then expect the phase transition to be less sharp
with a < arp.

Which scenario occurs in practice depends on m, L, and § through the precise values of
pr(m, B). For large m, we have scenario (b) since in this case e ~ 2m (see Sec.[9.3.2)) and
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e ~ (2m)NeLe(Vs=h) " which implies that in all terms are of the same order of mag-
nitude. (At p = p¢, the dominating terms are those with k ~ V;/2 because of the binomial
coefficient in (9.3.25)).) This is reflected in a = N.L/2 for large m (see Sec. [9.3.2)). Hence,
the actual transition is less sharp than that of ¥p and prp, where arp = N.V/2. This explains
why the interpolation deviates from the data for the larger mass in Fig. in the vicinity of
the phase transition. Nevertheless, we will see in Fig. (left) that pufp still provides an
excellent approximation to u¢ for all m (for lattice size 16 x 16). Note that for large m we have
c(m, B) = (2m)N<V resulting in pfp — In(2m), which is consistent with u¢ of Sec. m

9.5 Applicability of the strong-coupling expansion

In this subsection we discuss the applicability of the strong-coupling expansion, both in the
vicinity of and away from a phase transition. The arguments are generic, but to be specific we
consider the phase transition as a function of u. This section is based on an idea by Robert
Lohmayer.

Away from a phase transition we use the expansions (9.3.4)) and (9.3.6)) and expect %,, /% and
pn/po to be independent of V' for large V. Therefore in this case the range in § for which the
expansions provide a reasonable approximation is independent of V.

We now analyze the behavior of a generic observable €2 in the vicinity of a phase transition. To
this end we consider a function w(x) with a smooth crossover at z = 0, e.g., w(x) = tanh(z) or
arctan(zx), or erf(z), and derivatives w(™ = 9"w/dz™. Near the phase transition we assume

Qu) ~ wlalu - p°)). (9.5.1)

where u€ is the critical chemical potential and we have omitted a possible constant offset. We
assume a ~ V7 (v > 0), which implies that the transition becomes steeper with increasing
volume. For the time being we assume for simplicity that the width of the transition, which is
proportional to 1/a, is independent of 5 and that the critical chemical potential is linear in 3,
ie., u(B) = pG + Bupg. The strong-coupling expansion of 2 at fixed p then reads

Mmax

n mn : 1 c\n n C n
Qps, B) = Y- (B +O(B™ 1) with  Qn () ~ — (—ap§)"w™ (a(u—p§)) ~ a" . (9.5.2)
n=0 ’
This implies that the range of 8 for which (9.5.2) gives reasonable approximations is limited by
Bmax ~ 1/a ~ V7.

Let us now drop the assumptions on the 5 dependence of ¢ and u® and assume polynomial
approximations in § with coefficients a,, and pS, respectively. We expect the a,/ap and uS
to have finite limits for large V. Therefore the polynomial approximations for a(g) and pu.(f)
should give reasonable results in a range of g that is independent of V. In the same range of 3,
we expect to give a reasonable approximation to the observable.

The difference in the ranges of § (~ 1/V7 or independent of V) can be understood more
generally. Near the phase transition, the function Q(u) is very steep (with slope ~ a), while the
inverse function p(€2) is nearly flat (with slope ~ 1/a). As a function of 3, the steep function
is shifted horizontally since u® is a function of 3, see Fig. below. At fixed u close to u,
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the observable therefore changes drastically as a function of 5. Therefore it is not a good idea
to expand Q(u, B) in 5 at fixed p close to u®, since the coefficients of this expansion would need
to be large, see Fig. below. In contrast, expanding p° in 8 corresponds to an expansion of
the inverse function (€2, 5) in . Since p(2) is nearly flat we expect only small corrections.

The arguments made in this section will be confirmed by the numerical results for the observables
Y and p presented in the following. However, we will see that a,/ap for n > 1 and u, for
n > 2 become increasingly difficult to determine for increasing V. Since we expect ay/ag
and pf, to remain finite for large V', one possible way to deal with this issue is to combine ag
determined from large V' with a,/ag and pf, determined from small V' to still obtain reasonable

approximations for the observable even for large V', again in a range of 5 that is independent of
V.

10 Numerical Results

We now turn to the discussion of the numerical results. The tensor-network method was im-
plemented in C++, in particular using code elements written by Jacques Bloch for Ref. [23],
as well as tensor libraries developed by him. All of the results presented here are for the two-
dimensional case. The study of numerical results in higher dimensions remains a task for future
investigations. In all of the results, the spatial extent of the lattice equals the temporal extent,
denoted by L and we used N. = 3. We use the SuperQ truncation method of Sec. unless
stated otherwise.

We start with a short comparison of Super(Q) and the Xie et al. truncation procedure (cf.
Sec. near a phase transition for different volumes in strong-coupling QCD. Afterwards,
we show the results for the pure-gauge theory obtained with OS-HOTRG up to order six in
the strong-coupling expansion. The results are compared with the analytical solution, derived
in Sec. In Sec. we compare two natural expansions for the free energy and the
observables, when the coefficients of the strong-coupling expansion are calculated up to order
Nmax for Ny = 1. The coefficients corresponding to a higher order than ny,y differ in both
expansions, which has an influence on the applicable range in g of the expansion. We motivate
the OS-GHOTRG method by comparing the results with GHOTRG results as well as Monte
Carlo results for 2 x 2 and 8 x 8 lattices. Afterwards we show detailed results obtained from
the OS-GHOTRG method for various quark masses, chemical potentials, lattice sizes, and bond
dimensions for N, = 3 and Ny = 1,2 up to Nmax = 3.

10.1 Comparison of Super(Q and the Xie et al. truncation

A comparison of SuperQ and the Xie et al. truncation procedure has already been presented in
the literature [29]. SuperQ improves the local truncation error and reduces the computational

cost, since the number of necessary singular value decompositions is halved compared to the Xie
et al. truncation method (see Sec.|3.2.2).

However, for calculations near a phase transition and for larger lattices, the total truncation
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Figure 10.2: Free energy of strong-coupling QCD as a function of x for m = 0.1 on a 32 x 32 (left)
and a 16 x 16 (right) lattice. In the left plot, we compare the tensor-network results obtained
using the SuperQ and the Xie et al. procedure. Near the phase transition, the results using the
Xie et al. procedure are more stable and already converged for smaller bond dimension. In the
right plot we observe that the results using Super(Q are stable even for bond dimension D = 80.
For D > 80, the result is independent of the bond dimension and the chosen truncation method
(not shown).

error may not be reduced by using SuperQ. In the left plot of Fig.[I0.2] we compare SuperQ with
the Xie et al. truncation procedure using the free energy of strong-coupling QCD for one flavor
on a 32 x 32 lattice versus the chemical potential . For both methods, the results are shown for
several values of the bond dimension D. We observe that near the phase transition the Xie et al.
procedure is preferred as this yields more stable results that converge faster with respect to the
bond dimension. Discontinuous results emerge for small masses and large lattices near the phase
transition only when Super@ is used. As a comparison, we show the result for the free energy
on a 16 x 16, i.e., smaller, lattice in the right plot of Fig. In this case, also SuperQ yields
stable results for bond dimension D = 80. For the 16 x 16 lattice with m = 0.1, the result is
independent of the bond dimension and the chosen truncation method (not shown) for D > 80.
When SuperQ is used, the final trace of the tensor network may involve the subtraction of two
dominating, nearly equal tensor entries which can lead to cancellation effects and numerical
instability.

10.2 Pure-gauge theory

We now consider pure-gauge theory in two dimensions with N, = 3 and compare the results
obtained from OS-HOTRG with the exact results that are calculated in Sec. [9.2] Figure [10.3]
shows a convergence study of the coefficients fa2, f3, f5 and f¢ of the free energy f =5, fn8",
obtained from OS-HOTRG with respect to the bond dimension D for ny.x = 6. Additionally,
the exact values as given in Table are shown in red. For the OS-HOTRG approach we use
the translational invariance as explained in Sec.[0] i.e., all plaquettes except the origin plaquette
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Figure 10.3: Nonzero coefficients f; for pure-gauge theory with lattice size L = 8. We compare
the results gained from OS-HOTRG with the exact results given in Table Note that the
axes for f5 and fg are scaled by the factors 107° and 1077, respectively.

are restricted to occupation 3 on the initial lattice@ We observe that for increasing bond
dimension D the OS-HOTRG results approach the exact coefficients to very high accuracy. For
conciseness, we omit the plots showing the convergence of the vanishing coefficients fy, f1, and
fa. We find very precise agreement for these as well when D > 100.

10.3 One flavor

10.3.1 Comparing different expansions

In the following we present tensor-network results for the strong-coupling expansion of two-
dimensional QCD with three colors and one flavor, i.e., N, = 3 and Ny = 1. We omit the flavor
index in the following.

As we eventually want to use the initial tensor, constructed in Part [[TI} as input to tensor-
network methods on large lattices, it is enlightening to first investigate the exact results that
can be obtained with this tensor on a 2 x 2 lattice. Starting from the initial tensor T, K, in
Eq. (5.2.15) and using the tensor to order npmax by imposing the constraints ((5.2.17))
and (5.2.18)), the partition function on a 2 x 2 lattice can be computed exactly to order nmax, by
exhaustively enumerating all terms in the partition function Eq. in an efficient way (see
Sec. [9.1). Each such term corresponds to a specific order n in 3, and all nonzero contributions
satisfy n < nmaX@ After gathering the terms order by order we can compute all the coefficients

28Since we are using the OS-HOTRG procedure, we could also apply the more sophisticated method for trans-
lational invariance explained in Sec. [§] for nmax = 6. However, as Fig. only serves as a proof of concept, we
use the simpler version.

290n a 2 x 2 lattice no terms with order n > nmax appear in the exact computation of Z. Indeed, for this lattice
size the edge occupation numbers of the four tensors are shared in such a way that if the initial tensors have
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Zy, separately and write the partition function as

Mmax

7 (mmax) Z Z,B". (10.3.1)

Analytical expressions for Z,, as functions of m and u are given in App. [E] up to n = 4.

To compare tensor results with those of Monte Carlo simulations we will compute the chiral

condensate,
1 olnZ

where the factor of 2 is due to the rescaling of the Grassmann variables in Eq. (2.6.30)). A natural
way to perform a tensor-network computation of the chiral condensate is to rewrite Eq. ((10.3.2))
as

(10.3.2)

Z(nmax) — i 8 In Z(nmax) o 1 8Z(nmax)
A v om TV Z0ma)  om
where we approximated Z by the polynomial Z(™max) The derivative can be computed analyti-

cally for the 2 x 2 lattice as the coefficients Z,, are known as explicit functions of m and pu, and
Eq. (10.3.3) becomes a ratio of polynomials in 5.

(10.3.3)

Alternatively, we can expand Eq. (10.3.3)) or, equivalently, In Z in § and truncate that expansion
to order npmax when computing the observable. We therefore expand the free energy, i.e.,

(0 B
i SRt (10.3.4)

As shown in App. [Gl up to order three we obtain with Z, = Z,/Z

— 2 3
1ni(ﬁ):1nVZo+‘ﬁ/Zl+f/ (ZQ_Zl> f/(zg_zlzﬁ?)zl)Jro(ﬁ‘*). (10.3.5)

Taking the derivative with respect to m yields

Mmax B a f'n,

”"“X DI ith X%, = ——. 10.3.6
= 2, Tt wi o (10.3.6)

In the following we will refer to the alternatives (10.3.3)) and (10.3.6) as “expansion A” and
“expansion B”, respectively.

In Fig. we compare both expansions for the chiral condensate, with ny,.x = 1,2, 3,4, to the
full Monte Carlo results for m = 0.1. In the left plot, in which p = 0, we observe that expansion
A only agrees with the Monte Carlo results for small values of 8 and deviates quite substantially
as 3 increasesm For expansion B, we observe a better agreement with the Monte Carlo results
over a larger range in 5. In the right plot we see that expansion B outperforms expansion A
also for u # 0. It thus seems preferable to expand the observable itself in S and truncate it to
the same order n.x as the partition function in Eq. .

maximal order nmax, Eq. (5.2.18)) ensures that all nonzero contributions to the fully contracted tensor network
have at most order nmax as well. On larger lattices higher order contributions with n > nmax also contribute to
Z.

30These results are in agreement with those of Ref. [13], where £/2 is plotted.
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Flgure 10.4: Chiral condensate as a function of § (left, for 4 = 0) and u (right, for g = 2) for
= 0.1 on a 2 x 2 lattice. We compare Monte Carlo (MC results with the two tensor-network
HO 3.6

expansions E( nmax) and Z(nma") of Egs. 1 0.3.3) and 1 , respectively. The MC results for
w # 0 were obtamed through phase-quenched reweighting, with an average phase factor between
0.81 and 1.

Let us compare expansions A and B on theoretical grounds for arbitrary volume. For the free-
energy density to be finite in the infinite-volume limit, the coefficients f,, in must remain
finite as V' — oo. Looking at Eq. term by term, this implies that the ratios Z, must
behave like V™ for large V', and that cancellations must take place in every order n > 2 to ensure
that the f, are finite for large V. Let us now consider expansion A, which uses In Z("max) in
Eq. (10.3.3). If we were to expand In Z(™max) in g3 (which is not actually done in expansion A)
we would also obtain terms of order 5" with n > npax, but these higher-order contributions
would be incomplete and would have the wrong volume dependence because the cancellations
just discussed cannot take place. Moreover, because Z, o< V" for large V, Eq. (10.3.1) with Z,
factored out is then effectively an expansion in powers of SV. For large 8V, Z("max) is dominated
by the term with n = nyax. In this case, Eq. with Z(Mmax) ~ Z()anax ["max results in
E(X‘“a") ~ Yo+ %8,” In Z,, .., which is independent of 3. In summary, we expect expansion B
to perform better than expansion A when compared to Monte Carlo results for large SV (and
B not too large), which is consistent with our results for L = 2 (see Fig. and L = 8 (see

Fig. [10.5).

In order to use Eq. for larger lattices we need to be able to compute the coefficients
Zy, of the partition function obtained from the tensor network for such lattices. This motivates
the usage of OS-GHOTRG, since when applying the standard GHOTRG method to contract
the tensor network numerically, we obtain Z (and thus also In Z and the thermodynamical
observables) as a numerical function of 3, and not as an explicit expansion in . We also tried
to determine the expansion coefficients Z,, by fitting tensor data to polynomials in 5, but this
attempt did not work well on larger lattices since the tensor data have limited precision for
realistic bond dimensions, and since on larger lattices the completely contracted tensor network
will contain many incomplete higher-order contributions (n > npax) even though the initial
tensor is truncated to order nmaX@

31Gimilar to expansion A, the incomplete higher-order terms in the standard GHOTRG method also have a
wrong volume dependence, and ¥ tends to a plateau, see Fig.
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Figure 10.5: Chiral condensate versus 3 for L = 8, m = 0.5, . = 0 using the standard GHOTRG
method with initial tensor truncated to nma.x = 2 and the OS-GHOTRG method with expansions
A and B up to order nmax = 2, compared to Monte Carlo data. For expansion A we observe
the plateau for large SV derived earlier. As expected, expansion B agrees well with the Monte
Carlo data over a larger range in (.

Once the coefficients Z,, are known, we can compute expansion coefficients for all thermody-
namical observables. In Fig. we show that the results for L = 8 obtained with expansion B
using the OS-GHOTRG method agree much better with Monte Carlo data than those from the
standard GHOTRG method and from expansion A using the OS-GHOTRG method (the latter
two are identical for L = 2).

More detailed data for the comparison of GHOTRG and OS-GHOTRG (using expansion B)
with Monte Carlo are shown in Fig. [10.6] for m = 0.5, p = 0, and L = 8. In the left plot,
we show the GHOTRG results for nyax = 1 (blue) and npmax = 2 (orange). The S-range over
which the expansion agrees with the Monte Carlo data increases for nymax = 2 only marginally
compared to nyax = 1, which is in fact not visible on this scale. The higher-order coefficients
are changed significantly in this case, causing a deviation from the Monte Carlo data that is
larger for nmax = 2 for 8 > 0.25. One possible modification that has a significant influence on
the values of the higher order coefficients is the use of the translational invariance as explained
in Sec. [f] Using this for nyax = 1, there are no configurations considered whose order in
is greater than one and therefore the higher-order coefficients are introduced solely by taking
the logarithm. The GHOTRG results using translational invariance are shown also in the left
plot of Fig. for nmax = 1 (green) and npax = 2 (red). Even though many of the higher-
order configurations are removed by this approach, there is no systematic improvement by using
the translational invariance for GHOTRG. The deviation from the Monte Carlo data is larger
(smaller) when translational invariance is used for nymax = 1 (Nmax = 2). All GHOTRG results
(with and without translational invariance) are shown for two different bond dimensions, and all
of the data points are identical for both bond dimensions on the considered scale. If the values
were still dependent on the bond dimension, one could rule out that a convergence with respect
to the bond dimension is already reached. The right plot of Fig. shows again the Monte
Carlo data, but in comparison with expansion B, obtained from OS-GHOTRG (including the
translational invariance as explained in Sec. , which is preferred to expansion A. In this case,
all higher-order coefficients are set to zero. We observe that the S-range over which the expansion
agrees with the Monte Carlo data increases significantly for ny.x = 2 compared to ngmax = 1.
While the expansion yields accurate results up to 8 = 1 for nmax = 1, the expansion is accurate
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Figure 10.6: Chiral condensate as a function of g for m = 0.5 with 4 = 0 on an 8 x 8 lattice. We
compare the Monte Carlo results with the tensor-network results obtained from GHOTRG (left)
and OS-GHOTRG using expansion B (right). In the left plot we also compare the results with
the ones, where additional translational invariance is used. All results are shown for different
bond dimensions D. In the right plot, all lines corresponding to ny,a.x = 1 lie on top of each
other. Note that the range in § is significantly increased compared to the left plot.

up to 8 = 4.5 for nymax = 2. To study the convergence with respect to the bond dimension,
the OS-GHOTRG results are shown for various bond dimensions. All lines corresponding to
Nmax = 1 lie on top of each other, which is a notable sign for convergence. The situation is
similar for ny.x = 2, where a deviation is visible only for the smallest bond dimension, i.e.,
D = 80.

Additionally to Fig. Fig. strongly motivates the usage of OS-GHOTRG. We stress
out that while for GHOTRG a separate tensor network has to be evaluated for every single
data point, i.e., f-value, an analytic function of 5 is obtained when OS-GHOTRG is used. This

reduces the computational cost for many applications significantly and supports the usage of
OS-GHOTRG further.

10.3.2 Validation of OS-GHOTRG with analytical results and Monte Carlo data

As a consistency check for the correct implementation of the OS-GHOTRG method we first
compare tensor data with analytical results for L = 2, see (E.1)), and with Monte Carlo data for
L=238.

Fig. shows the coefficients f,, ¥,, and p, as a function of the chemical potential for
nmax = 2 and for different masses. The tensor data are obtained for bond dimension D = 230.
The data agree nicely with the analytical results (solid lines) which were calculated using the
exact coefficients of the partition function, given in . For nypax = 3 and L = 2, bond
dimensions for which all coefficients are converged were not feasible for small masses and small
chemical potentials. The convergence of the coefficients of the free energy with respect to the
bond dimension is shown in Fig. [10.8|for m = 0.1 (left) and m = 0.5 (right). While for nmax = 2,
all coefficients f,, are converged for D > 120, for nyax = 3 the tensor results are not converged
for D < 220. We observe that the error of the coefficients is generally smaller for the larger mass,
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Figure 10.7: Coefficients of the free energy (left), chiral condensate (middle) and the quark-
number density (right) up to order 2 as a function of p for different values of m on a 2 x 2
lattice. We compare the analytical results obtained from App. [E] to the OS-GHOTRG results
with bond dimension D = 230. For ¥ we do not show the m = 0 result, which is trivially zero
on a finite lattice. The large-u limit of all coefficients is consistent with the analytical results

(9.3.20), (9.3.21)), and (9.3.22)). As stated in Eq. (9.3.7)), the quark-number density vanishes for
i =0 to all orders.

especially for the coefficient f3. For large m at fixed p or large u at fixed m, the convergence
with respect to D can be reached even for nya.x = 3 (not shown in the figure).

In Fig. we show the quark-number density as a function of p near the phase transition for
L = 8 and various values of 8 and compare results obtained from the OS-GHOTRG method
using the expansion and from Monte Carlo simulations using reweighting. For larger
lattices the reweighted Monte Carlo method can no longer be used as the sign problem becomes
unmanageable. We observe that the OS-GHOTRG results agree very well with the Monte Carlo
data for small 3. For larger 5 we observe deviations as expected, since the validity of the
expansion is limited as explained in Sec. [0.5

10.3.3 Behavior of the singular values

We now analyze the fall-off of the squared singular values of R x R, see , in different
blocking steps for npax = 2 and various values of m and p, still for Ny = 1. In Fig. (left)
we show all singular values obtained in the first blocking step for = 0 and different values of
m. We observe that the singular values decrease faster for larger mass. Similarly, in Fig.
(middle) we show the singular values for m = 0.1 and different values of p. The singular values
decrease faster for larger u. We do not observe a change in the behavior of the singular values
close to the phase transition, which is located at about u. = 0.4 for L = 2 and m = 0.1, as
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Figure 10.8: Coefficients of the free energy in the strong-coupling expansion versus the inverse
bond dimension for L = 2 and g = 0. For npax = 2 the exact values are obtained for D > 120.
For nyax = 3, neither the data for m = 0.1 (left) nor the ones for m = 0.5 (right) are converged
with respect to the bond dimension for D < 220. The discrepancy between exact results and
tensor data is generally smaller for m = 0.5.
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Figure 10.9: Quark-number density p as a function of u for L = 8, m = 0.5, and various values
of 8 obtained from Monte Carlo simulations (circles) and from the OS-GHOTRG method with
bond dimension D = 120 (crosses). The systematic deviations for larger [ are expected, see

Sec.



V  Results 131

x x  m=0.1 10 4 100 o+
g‘ % m=0.3 3 X
-1 4
10 10~ A 10-1 4 x
‘ 1072 4 10-2 4
o 10771 >N PR
% % _3 ] %
g g 10 £ 1073 -
S S S x k=1
D D D X kr2
10-5 4 10—4 4 10-4 4 x k=3
x k=4
1 x k=5
-5
1077 4 10-5 4 x k=6
10-7 4 1 k=T
10—6 4 x k=8
x 1076 4 k=9
T T T T T T T T T
0 50 100 150 0 25 50 75 100

7

Figure 10.10: Relative size of the squared singular values of R* R, enumerated by i. Left: First
blocking step for various values of m at ;= 0. Middle: First blocking step for various values of
i at m = 0.1. Right: Successive blocking steps k& at m = 0.1 and p = 0. All three plots are for
Nmax = 2. We observe many plateaus of nearly degenerated singular values.

can be seen in Fig. Finally, Fig.[10.10| (right) shows the singular values for nine successive
blocking steps for m = 0.1, p = 0, and D = 100. We observe that the singular values decrease
faster in later blocking steps.

10.3.4 Results for larger lattices near the phase transition

In this subsection we present results for larger lattices, still for Ny = 1, and introduce a fit ansatz
based on Sec. [9.5] that describes the data very nicely in the vicinity of the phase transition. A
summary of this is also given in Ref. . In Figs. to we present OS-GHOTRG
results obtained from a particular example, i.e., L = 32, m = 0.5, nmax = 3, and several bond
dimensions D. In Figs. [10.15] and [I0.17] we then analyze the dependence of the OS-GHOTRG
results on m and L.

Figure shows the coefficients of the chiral condensate and the quark-number density as a
function of p near the phase transition for three different bond dimensions. The small discrepan-
cies between the data for different values of D imply that the results have not yet fully converged.
As a consistency check, we also show the coefficients ¥, and p,, obtained with ny.x = n, which
converge for smaller values of D.

In order to model the behavior of these coefficients in the vicinity of the phase transition we
introduce a fit ansatz for each observable, motivated by Fermi-Dirac statistics and the represen-



132 10 Numerical Results

D=100 D=100

2.0 X X
X D=120 X D=120
1.5 4 X D=135 94 X D=135
. + D=120,nmax =n o +  D=120,nmax =n
W 104 SY
14
0.5 -
0.0 0
T T T T T T T T T — T T T T T T T T
0.6600 0.6605 0.6610 0.6615 0.6620 0.6625 0.6630 0.6635 0.6640 0.6600 0.6605 0.6610 0.6615 0.6620 0.6625 0.6630 0.6635 0.6640

T T T T T T T T L T T T T T T T T T
0.6600 0.6605 0.6610 0.6615 0.6620 0.6625 0.6630 0.6635 0.6640 0.6600 0.6605 0.6610 0.6615 0.6620 0.6625 0.6630 0.6635 0.6640
20 =
10
10 4
AN & o1
~10 4 S —107
N
90 4
—20 4 T T T T T T T T T T T T T T T T T
0.6600 0.6605 0.6610 0.6615 0.6620 0.6625 0.6630 0.6635 0.6640 0.6600 0.6605 0.6610 0.6615 0.6620 0.6625 0.6630 0.6635 0.6640
25 -
100 -
0
®  —25 4 o 50 4
A &
_50 4
0
_75 4
—100 —50 1
T T T T T T T T T T T T T T T T T T
0.6600 0.6605 0.6610 0.6615 0.6620 0.6625 0.6630 0.6635 0.6640 0.6600 0.6605 0.6610 0.6615 0.6620 0.6625 0.6630 0.6635 0.6640
H 1

Figure 10.11: Coefficients of the chiral condensate (left) and the quark-number density (right)
as a function of p near the phase transition for ny,x = 3 with L = 32 and m = 0.5 using the
Xie et al. truncation method for various bond dimensions D. We observe excellent agreement
between the tensor data (crosses) and the model functions (solid lines) given in Appendix
The large-p limits of the coefficients ¥,, and p,, see Sec. are consistent with the analytical
results.
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tation of Z in 9.3.11@ For the chiral condensate we usﬁ

smedel (), 3y — bo(8) (1 — tanh [as(8) (1 — uS(8))]) (10.3.7)

with parameters that also depend on m and the lattice size. Using polynomial approximations

Mmax Mmax Mmax

pS(B) = D 15,8, ax(B) =D azaf", bs(B) =) boaS" (10.3.8)
n=0 n=0 n=0

for the parameters and expanding the hyperbolic tangent in 3, we obtain model functions for
all coefficients 3J,,, which are given in Appendix up to n = 3. For every bond dimension
shown in Fig. (left), the tensor data for ¥, are fitted with the model functions %, (u)
simultaneously for all n. To take into account the different ranges of the X, given by 7, =
max,, X, (1) — min, X, (1), we assign a weight 1/r2 to every data point.

For the quark-number density we use the fit ansatZ4> ]|

P g, 5) = S (14 [, (5) (1 — i5(B)]) (10.39)

which contains the critical chemical potential and transition sharpness corresponding to p. Both
parameters also depend on m and the lattice size. Using polynomial approximations

Tmax Mmax

po(B) = > p5,8" and a,(8) = Y apnf" (10.3.10)
n=0 n=0

and expanding the hyperbolic tangent, we obtain model functions for all coefficients p,, also
given in Appendix [[.I] up to n = 3. For every bond dimension, we again perform simultaneous
fits of the model functions to the tensor data with weights assigned in the same way as for
the chiral condensate. As shown in Fig. [I0.11], we find excellent agreement between the model
functions and the tensor data for both observables, with 12 and 8 fit parameters for ¥ and p,
respectively. Furthermore, we observe that the coefficients for n > 1 become large near the
phase transition, as anticipated in Sec.

In Fig. [10.12| we plot the results for (u, 5) and p(u, ) as a function of u, close to the phase
transition, for nmax = 3, m = 0.5, L = 32, and several values of . For small values of 5 (e.g.,
8 < 0.1 in Fig. |10.12)) the expansions in (|10.3.6) coincide with the tanh model of (|10.3.7) and

(10.3.9)), respectively. However, for larger values of 3, we observe that the expansions in ((10.3.6))
exhibit increasingly unphysical behavior (not shown in the figure). This is to be expected since

the coefficients ¥, and p,, must become large (for n > 1) near the critical chemical potential as

32This ansatz will be substantiated further in Secs. and

33 An improved fit ansatz would be £™°%!(y, B) + L% (1 3) — 2bs(83), which is even in p as required.
However, for p > 0 the additional term is negligible if axpus, > 1, which is the case for the quark masses and
lattice sizes we use. Note that the improved fit ansatz has the structure of the result , which corresponds
to the large-m limit.

34 Again, an improved fit ansatz would be p™°4°(y, B) — p™°%!(—pu, B), which is odd in g. This fit ansatz has
the structure of the result , which corresponds to the large-m limit.

35Since this model function includes the analytical dependence on the chemical potential i, we can integrate
this expression with respect to p in order to obtain a model function for the free energy instead. Consequently, we
can determine uj, ,, and a,, » from numerical data for the coefficients of the free energy. This is preferred since this
eliminates the numerical derivative with respect to p. The derivation of the model function for the free energy is
shown in Appendix
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Figure 10.12: Chiral condensate (left) and quark-number density (right) as a function of u for
m = 0.5, L = 32, different bond dimensions, and several values of 8 for nm.x = 3. The data
points (crosses) were obtained from ((10.3.6)), while the lines correspond to the tanh model of

(10.3.7) and (10.3.9)), respectively. In both plots, we observe an increasing critical chemical
potential with increasing coupling parameter (.

explained in Sec. see also Fig.[10.11} In contrast, in the tanh model of (10.3.7) and ([10.3.9))
with the expansions ((10.3.8) and ((10.3.10]), the coefficients uS, ay/ag, and b, do not have to

become large, which is also what we find, see Fig. Therefore we expect the tanh model
to yield reliable results also for larger values of 5 (e.g., for 5 > 0.1 in Fig. . Note that, as
expected, the region of 5 where the expansion works is much smaller for L = 32 than
for L = 8, see Sec.[0.5] Moreover, we also note a qualitative change in the phase transition. For
L = 8 the transition sharpness decreases with 5, whereas for L = 32 it is rather insensitive to
B, and it is merely the position u° of the phase transition that is shifted to larger values when
B increases. The convergence (or lack thereof) of the fit parameters as a function of the bond

dimension is shown in Fig. [I0.13]

In Fig. we show the  dependence of critical chemical potential p¢(3) and transition
sharpness a(f) for both observables, obtained from and , using Npmax = 3,
L = 32, and the coefficients shown in Fig. for bond dimensions D = 100, 120,135. We
observe that the results obtained from p and ¥ coincide within the systematic errors of the
tensor-network method.

We now turn to the dependence of the OS-GHOTRG results on m and L. In Fig. we show
the coefficients of and as a function of m for npa.x = 2. Again we observe
that for both observables the critical chemical potential is very similar, and so is the transition
sharpness. As expected, the critical chemical potential increases with the quark mass. Also
shown in the figure are asymptotic limits for large m (see Sec. , which corresponds to
the quenched theory. Finally, the dashed lines (marked IP) correspond to formulas obtained in
Sec. from interpolating Z between p = 0 and p = oo. The value of ag = 3V/2 observed for
small m (for both observables) is consistent with this interpolation, see . Figure
shows the same as Fig. [10.15] except that nm.x = 3 and we focus on masses between m = 0.1
and m = 0.5. The interpolation is consistent with the tensor data for ny.x = 3 as well. The
used tensor data in Fig. [I0.15] and Fig. [10.16] are shown explicitly in App. [J]

In Fig. |10.17| we show the dependence of the coefficients of ([10.3.10)) on L for m = 0.5. We
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Figure 10.15: Fitted coefficients of the tanh models as functions of the quark mass m. In contrast
to the previous figures, we set L = 16 in order to be able to reach small values of m with
manageable numerical effort (determined by D). Smaller m requires higher bond dimensions to
obtain convergence, see Fig. In the OS-GHOTRG method, larger L also requires higher
bond dimensions due to volume-dependent cancellations in for n > 2, see Sec.
The large-m and interpolation (IP) results are given in Sec. and Sec. respectively.
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Figure 10.16: Fitted coefficients of the tanh models as functions of the quark mass m for ny.x = 3
and small masses. The interpolation (IP) results are given in Sec.

chose nymax = 1 because for larger volumes larger bond dimensions are required to determine
an/ap (for n > 1) and pS (for n > 2) reliably. This is expected in the vicinity of the phase
transition, whose sharpness increases with the lattice size (with exponent v depending on m,
see Fig. , see Sec. and Appendix This issue already occurs for the largest values
of L in Fig.[10.I7 and becomes more severe for even larger L. Nevertheless, within the accuracy
of the OS-GHOTRG results, a;/ag is independent of L for large L, as assumed earlier. The
coefficients for ¢ are nearly constant in L so that the location ¢ of the phase transition seems
to converge rapidly to its infinite-volume limit. Similarly, in Fig. we show the dependence
of the coefficients of Eq. and on L for nyax = 2, for m = 0.5 and L < 64. The
values of p§ vary more significantly with respect to the bond dimension for ny.x = 2, i.e., larger
D is required to obtain reliable results. As expected, especially for large lattices, larger D is
required to determine as/ag and pu§ reliably. The used tensor data in Fig. and Fig.
are shown explicitly in App. [J]
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Fitted coefficients of Eq. (10.3.8]) and ([10.3.10]) as functions of L for ny.x = 2 and

m = 0.5. The interpolation (IP) results are given in Sec.
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OS-GHOTRG results for nma.x = 1 with Monte Carlo data on an 8 x 8 lattice.

10.4 Two flavors

We now present results for the case of two flavors. Note that for L = 2 the partition function and
its derivatives can be computed analytically, as explained in Sec. [0] They are given explicitly
in Eq. . We will use these analytical results to validate the numerical results. We will also
compare to Monte Carlo data obtained at p = 0.

For N; = 2 the chiral condensate for particle i is given by ¥() = 8,,.In Z/V. In Fig. (left)
we show the chiral condensate as a function of g for L = 2, m; = mo = 0.5, and pu1 = ps = 0
and compare the analytical results obtained from the initial tensor for ny.x = 1 with Monte
Carlo data. Both the infinite-coupling limit and the slope are in good agreement. In Fig. [I0.19]
(right) we show a similar plot for L = 8, where we compare OS-GHOTRG results obtained using
the expansion with various bond dimensions to Monte Carlo data. For the largest bond
dimensions the slope of the tensor data agrees well with that of the Monte Carlo calculation.

In Fig. we turn on the chemical potentials and show the infinite-coupling limit, i.e.,
Nmax = 0, of the free energy f, the chiral condensate (1), and the baryon number density
pp = —0f/0up as a function of the baryon chemical potential up = 3(u1 + u2)/2 for various
mass values and zero isospin chemical potential puy = (u1 — p2)/2, still for L = 2. The OS-
GHOTRG results again agree very well with the analytical predictions. Note that the smaller
masses required a larger bond dimension to obtain an acceptable accuracy. This is related to
the behavior of the singular values, see also Fig. [10.10}

Next, we turn on the isospin chemical potential, i.e., we set pu; # uo. In Fig. we show
analytical results, obtained with the nmna.x = 1 initial tensor, for the coefficients pgo and pgp1
of the baryon density as a function of the baryon and isospin chemical potential for L = 2 and
m1 = mg = 0.5. In the heatmap of pg o we clearly recognize the pattern of the phase transition
with plateaus at pp = 1 and 2, to which pp ; yields small corrections as a function of 3.

We now also consider larger lattices for which the OS-GHOTRG was developed. In Fig.
we show pp o and pg 1 as a function of pup for pr = 0 (left) and pr = 0.5 (right) for L = 32. When
turning on the isospin chemical potential we see that there are two phase transitions at different
values of ug, which correspond to the excitation of the quarks with different chemical potentials
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lattice. The tensor-network results are compared with analytical tensor results.
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L =2, npax = 1, and mqy = mo = 0.5.

11 # po. We observe that for the smaller values of up, the results obtained for ny.x = 1 have
not yet converged for the bond dimensions that we could reach on our computers.

A straight-forward model function for the free energy for a general number of flavors is given by

Nt
FGi B) = P98+ Ne In(coshfay(B8) (s — 13 (B))] coshlay(B8) (ks + p3(8))]), (10.4.1)
1

= 201(B)

which is consistent with the condition ((9.3.51)). When all masses are equal, one could constrain
af and u? to be independent of f, which simplifies the ansatz. In principle, one could expand this
expression in $ and derive model functions for the coefficients pp,, that include both transitions
shown in Fig. (right). However, reliable results are only expected when the tensor data
are rather converged with respect to D, which is not the case for both transitions.

Finally, Fig. shows the coefficients Zg) versus upg for m; = mo = 0.5, L = 32, npax = 1,
pr = 0 (left), pg = 0.1 (middle), and gy = 0.5 (right). Additionally, we show the fit that is
obtained by simply using the model function , where p is replaced by ug. Even though,
the data is not yet converged with respect to the bond dimension, we find good agreement
between the model functions and the tensor data. As expected, 27(11) is not sensitive to the
excitation of quarks corresponding to flavor 2, i.e., we did not observe a second phase transition

in another region of up (not shown). For increasing ug, 27(11) goes to zero, as expected from

Eq. @39

36Equation (19.3.49)) is applicable, since m, and p1 are fixed and therefore py — oo for ug — oo.
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VI. Summary and conclusions

In this thesis, we derived a tensor-network formulation to compute the partition function of QCD
in the strong-coupling expansion for arbitrary space-time dimension, number of colors, number
of staggered fermion flavors, and order in 5. To do so, we first performed Taylor expansions of
the exponentials involving the gauge and fermion actions, which generate fermion and plaquette
occupation numbers. We then integrated out the gauge field and observed that, due to the
presence of Grassmann variables at both ends of every link, the subsequent calculation can be
simplified, i.e., the sum over permutations and groupings of color indices in the gauge integral
can be reduced significantly. In the next step we introduced colorless auxiliary Grassmann
variables on the links of the lattice, which enabled us to integrate out the original Grassmann
variables. Finally, we summed over all color indices to obtain a partition function given by the
full contraction of a tensor network of mixed numerical and Grassmann tensors.

We observed that the results of the tensor-network method strongly depend on how the expansion
of Z is used to compute observables. The analytical results for L = 2, numerical results for L = §,
and a theoretical analysis for arbitrary volume show that reliable results in a significant range
of 5 require an expansion of In Z or the observable itself, and not only an expansion of Z. This
in turn requires knowledge of the expansion coefficients Z,,, also for larger lattices where they
are not available through standard tensor-network methods.

In order to be able to calculate the coefficients Z,,, we have presented the order-separated Grass-
mann higher-order tensor renormalization group (OS-GHOTRG) method that is applicable still
for arbitrary space-time dimension, number of colors, number of staggered fermion flavors, and
order in 5. The crucial ingredient of the method is that at every blocking step, the entries of
the coarse-grid tensor are given by a power series in 8. If the initial tensor is exact up to order
B"max and contains no higher-order contributions, then the partition function computed with
the OS-GHOTRG method is also exact up to this order, up to HOSVD truncation errors, and
does not contain any higher-order contributions. The free energy, and hence also the thermo-
dynamical observables, are computed up to g™ by a truncated Taylor expansion of (In Z)/V.
For the reliability of the results it is crucial that this expansion contains no incomplete higher-
order contributions. As shown in Fig. this explains the essential improvement achieved
by OS-GHOTRG compared to GHOTRG. The performance of the OS-GHOTRG method is
substantially improved by making use of the translational invariance of the system.

We have validated the OS-GHOTRG method up to nmax = 2 on a 2 x 2 lattice by comparing
tensor results order by order with analytical calculations for Ny = 1, and on an 8 x 8 lattice
by comparing tensor results for the quark-number density with Monte Carlo data. For larger
lattices (L > 8) and with nyax = 3 we argued, and confirmed numerically, that if we expand the
observables near the phase transition in 5, the higher-order coefficients become large and the
expansion has a convergence radius that decreases with the lattice volume. However, we found
that the chiral condensate and the quark-number density are fitted very well by tanh-based
models, where the fit parameters are the critical chemical potential u°, the sharpness a of the
phase transition, and the magnitude b of the chiral condensate. Since the fit parameters are
expected to vary smoothly with 5 we expressed them as polynomials in 8. The fits then allow for
an extrapolation of the observables to much larger 8 values, and the range of validity appears to
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be nearly independent of the lattice volume. We also discussed how the fit parameters depend
on the bond dimension, the quark mass, and the lattice volume. Note that we presented results
for moderate values of the mass, as the computational effort rises very quickly as the mass is
taken to be small.

We also presented N = 2 results, only up to nymax = 1 as larger bond dimensions are required
to obtain reliable results. We compared observables computed with the OS-GHOTRG method
with analytical results for a 2 x 2 lattice and with Monte Carlo data on an 8 x 8 lattice and
found good agreement up to higher-order corrections in 3. We also showed the evolution of the
observables as a function of the baryon and isospin chemical potentials. For a 32 x 32 lattice
we showed the chiral condensate and the baryon-number density versus the baryon chemical
potential for different values of the isospin chemical potential.

In future work, it would be interesting to apply the OS-GHOTRG method in three and four
dimensions, where the computational complexity and the memory requirements become much
larger.
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A Grassmann contribution

In this appendix we integrate out all the original Grassmann variables in G of Eq. (4.2.10)), i.e.,
we compute

/ [H dwxaw?x] g, (A1)

to arrive at an expression that is suitable for the tensor-network formulation. A basic ingredient
will be the relation

HaZﬁZ:HaZHﬁZ:HaZHBZ (A2)
i=1 i=1 =1 i=1 =1

which is valid if, for every 4, the product o’ is commuting. The relation is most easily shown
by moving suitable pairs of Grassmann variables. The symbol [] denotes the reverse product

defined in Eq. (2.6.39).

The expression for G, , in Eq. (4.2.10) can be manipulated as follows,

k:_;ﬁ’# a+m{ M atrd a+r
7 7"' ’ f7 ool ) f Z o
G = [T TE 255wt | T TE w1
[ a=1 f a=1
[ ki,# fl ] ,M Ei,u ma+k£7 a+"x "
- H H dj o H H %ﬁf H H Tﬁw, o :v+,u
f a=1 f a=1
[ ki,p‘ a+K,£ H_ a+n£ " H_ [ E£ a+f»@ |
I 7i N ’ 5] ’ 7m fz ok
= [IT I o= HH%ﬁL" HH% I e
f a=1 f a=1 f a=1 f a=1
[ kr{,u a+kK 17 kzyu a+Fcf a-m | £ a+k |
_ 7f7iac,u o M, o o f]ac L o A
- HH¢$ HH¢$ HH¢x+u HH T+ : ( '3)
f a=1 f a=1 f a=1 f a=1

In the first step, we have redistributed the product over ﬂavors in Eq. m by reordering the
commuting bracketsﬂ In the second step, we applied Eq. ( to the products over aE| In the
third step, we applied Eq. - ) to the products over f, Wthh is justified since both factors in
each product are either commuting or anticommuting depending on the value of k:g; u Or 15{7 u- In
the last step, we moved the product of the last two brackets, which is commuting, between the
first and second bracket, so that the Grassmann variables are now sorted by site.

As the Grassmann variables in the last two brackets live on a different site, we need to reorder
the brackets in the product over (z, 1) in Eq. in order to gather all Grassmann variables
living on a single site. However, the brackets are only commuting when &, H—l—l_%’ s see Eq. ,
is even. In order to construct commuting expressions we insert an auxiliary Grassmann variable

Xz, On each link using
Fup
(/ AXx,pu Xm,u) =1 (A.4)

'For simplicity, we say “bracket” instead of “bracketed term”.
2We use the reverse product for ¥ and the ordinary product for ) throughout.
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with the Grassmann parity

_ {o if kg + ki even, (5.1.4)

Frp= ] _
1 if kg y + ks odd.

For a given link, we insert Eq. (A.4) in front of Eq. (A.3) to obtain

kﬂ{u a+l<~ a+n N
Gosi= ([ tan) 11 o I T o T

f a=1 f a=1 f a=1 [ a=1
P
Flnu a+r€ N kz,# a+7€£’“
N T e i

f a=1 f a=1

a+ri
> dX Fz#HH,(/)fexu HH"#LMH H (A5)
qu x+,u ggJ,»M ) .
f a=1 f a=1

where in the second step we have moved the differential of the auxiliary Grassmann variable in
order to obtain commuting expressions. Owing to Eq. (5.1.4]), no sign factors are produced in
this step.

Next, we perform the product over links in Eq. (4.2.10). Since we now have commuting ex-
pressions, we can shift (z,u) — (x — fi, 1) in the last bracket of Eq. (A.5) to sort all original
Grassmann variables according to their site,

a+n , a+n ;
M /ng with G, = H Xxu qu H H wfﬂ:cu H H H Q]Z)f,m;cu n (A.6)
X ® o f a=1 f a=1
EQJ;_H fga-t,-’i —n Ja+x£ —n
< | (dxa—p) ™ I 1T &2 =" H H A
f a=1
where we have defined .

/E 11 </> o G12)

X e

to indicate the integration over the auxiliary Grassmann variables and where (z, —u) again is a
shorthand notation for (z — fi, ,u)E|

We define the boundary conditions for the x; , to be antiperiodic in time and periodic otherwise.
The advantage of this definition is that the signs arising from the antiperiodic boundary condi-
tions of ¢ and 1 in the step from Eq. to Eq. are absorbed through the antiperiodic
boundary conditions of y (or, more precisely, dx).

In Eq. (A.6), ¥, and b, are not yet ordered in the integrand. In the next step we wish to
gather all ¢, and v, in G,. To do so, we first note that G, can be written symbolically as
I1, AuBuCuDy, where A, and C, include (xz )i and (dxg,—,) =—*, respectively. Note that

3To avoid potential confusion we point out that G, # Hu Ga -
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A, and B, have the same Grassmann parity, and so do C,, and D,,. Thus both A,B,, and C,,D,,
are commuting. This allows us to write

[0 - [ 160 - ([Tl e T2
=[c.JT1A 11811 Dw- (A7)

where in the first step we have distributed the product over u, in the second step we have
applied Eq. (A.2) twice, and in the final step we have moved the first commuting bracket inside
the second one. Using Eq. (A.7) in G, yields

Eia_ﬂ “+'€£,—u 95 S a+n£
R | 1 e 1)1 G 191
© f a=1 f a=1
Ly, Moy et
[T o | T I ot
pof a=1 v f a=l
]_gi,f,u 7f€a+2£ — k{ﬂu ksl
= oK \TTTTIT & | |TTTTIT o=
nof a=1 nof a=1
Eg,p. m‘“r'gm k:{,_# fja_'%m —u
< [T o2 | | I ot a9
o f a=1 ko f a=1
with
K, = H W T (dxa—) ™ (5.1.3)
o

After the first step in Eq. |D all ¢ and all ¢ are now gathered. In the second step we have
moved the auxiliary Grassmann variables to the front and reordered them according to the
prescription of [23] by commuting the Grassmann variables, which produces the local sign factor

d— d
0_3(01) = (_)p1+p2+p3 with p = Z Fr—p Z ];:33,—V7
= v=p+1
d
Z Fy U Z a:,zx + kx,u) 5
v= ,u,+1
p3 = Z F:L’,u Z(F:t,—u + ];::L’,—V) ) (Ag)
n= =1

where we used the sum (4.2.2)) over flavors for k and k.

Equation (A.6)) still contains the mass term, which we now also Taylor-expand. Starting from
Eq. (2.6.35) we write

St —HZ 2mf ¢f¢f) (A.10)
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In principle, the sum over wg; goes from zero to infinity. However, we will now show that the
sum collapses to a single term once we integrate over all Grassmann variables. The point is
that, due to the Grassmann integral, the only nonzero contributions to the partition function
come from terms in which every Grassmann variable wg{’i (and 155’) occurs once. Let us fix the
site x and the flavor f for the time being and define

M= S ) and L = YR, ). 6D
W W

which is the number of incoming and outgoing hopping terms, respectively, at site x for flavor
f, see, for example, Eq. (4.2.10]), where “in” and “out” correspond to v and ), respectively.

Since the total number of ¥ and  variables for fixed x and f equals N, each, we obtain the

constraints _
S+l = Ne = wl +rl°% and wl >0. (A.11)

Hence, in the following we can, for each flavor, omit the sum over w!cc in Eq. (A.10), replace
w] by Ne — h{™ and include a Heaviside step function ©(wy) as well as a Kronecker delta

6h£,in7hjz’,out .

We now use Eq. 1) to sort the 1/) and 1 in Eq. 1 ,

(L) Hw;’f ol :me Hw;”x : (A.12)

a=1 =

where the Einstein summation convention is used for the color indices v/*. We then perform
the product over flavors and again use Eq. (A.2]) to obtain

II H gl H i =] ]_[ o ] H plor” (A.13)

f a=1 f a=1 f a=1

We now substitute Eq. (A.10), multiplied over flavors, into Eq. (A.6) (using Eq. (A.8) for G,
and Eq. (A.13))) in such a way that ) and 1) are not mixed. We then split off the part that only

contains the original Grassmann variables, which is

T | f a=1 nof a=1 f a=1

. HHHwa“”HHHwﬁ’hHHa}

wg{ ’_Cajvc,u a+;€£,u a+“£ S
’ {HHW’“{’] [T IT v HH H A (A.14)

f a=1 nof a=1

To prepare for the integration over the original Grassmann variables it is useful to change the
order of the products over p and f in each of the factors in Eq. (A.14]) so that the Grassmann
variables are sorted by flavor. We obtain

wlIHHwaf”HHHWW’hHMW]

z | f B a=1 f K a=1 f a=1

w! kL, atil W el
[H H ] [TITIT wa™ TIITIT v |- (A.15)
f a=1

f B oa=1 f r o a=1
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All sign factors that are generated by changing the order of the products cancel after the product
over sites is performed. To show this, we first consider the two brackets involving k: p in
Eq. -, which can symbolically be written as

[T1I(  and TTTL(B0* . (A.16)
weof wof

where we use (a)* for a coproduct and (B)¥ for a product of k different Grassmann variables
(the Grassmann variables inside these products do not get reordered). When reversing the order
of the products over p and f, the commutations of Grassmann variables generate a sign factor
o that is identical for both terms since the same commutations are performed but in opposite
directions,

[T (ah)f" (a0l (o
= o x ()" o) ) e = o [T T, (A7)
f o
TTTT(80 = (BDM - (YR (8l ()"

1

= (/Bl)kl (/3 )k . (/Bi\ff)kivf(IBUZlVf)kinZO_HH(/B/{)kﬁ (A.17b)
fn»

Hence, since 02 = 1, no net sign factor is generated when considering the product of both terms.
A similar argument applies to the two brackets involving k:£ , in Eq. 1}

In Eq. (A.15) we now merge three products over f into one, for both 1) and 1, resulting in

U= ][] (A.18)
z ;o

with
- Ei,*u f éa+7@£y7# k:z’H f
vl =TI [T "= HH«W“ wa,
©o a=1 Hoa=1
- - f
f ws e K i o f,j;ltﬁi”“
\I]a: = H’IIZ)$’ T HH’(Z}T M H H ,QDLL‘ T (Alg)
la=1 poa=1 ©ooa=1
and a new sign factor
Ni—1 Nt Ni—1 _ Ny
ol? = (—)PHP5 with py = Z kIt Z wl + Z ki~ Z (wg + kS +>
f=1 f'=f+1 f=1 f'=f+1
and ps = pa(k < k), (A.20)

where

ki = ka +, and kT = Z kL, (A.21)
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Since \f/g: and \IJ{; have the same Grassmann parity due to Eq. (A.11)), we can use Eq. (A.2) to
rewrite Eq. (A.18) as

U=[[eP]viwl. (A.22)
E f

We can now integrate out the original Grassmann variables on each site flavor by flavor. For a
single flavor on a single site we have

/ dwdwﬂw wa - / Hdw’fﬂdweﬂwl HW — SANEirin OB N s (A.23)
a=1 k=1 a=1

where we have omitted the site and flavor indices for simplicity. The Kronecker deltas 64 n, and
0B N, are referred to as Grassmann conditions. To apply the 1ntegral Eq. - ) to Eq. -
we move each commuting pair of differentials dwf dyf in Eq. in front of the corresponding
\Ifg\lfg . After integrating @ZJ{ and 1,[J$ for every flavor f and every site x we obtain

/ [1;[ dwxd¢x‘| /HKJC Og 2mf3 Ef@( )6hf in hf out , 511

wx
where
— (1) (2
Oy = 0,70, (A.24)
is the combined sign factor on site z and
Ef =¢ o I, t o oanf it Y f S
z fi1 fowd Ky qF1 1Rz Kpatt at*ea o1t Fo -1tk 1 R —att Ro—atFe —a
O R A I R ey, 5 e A el
X € o f i =f R f f f f f !
fi1 fowl Ry it1 Featke Reatt FodatFea o —1t? T Y oy —att otk —a
v v T om T m om0 m Y R M sedy g b g
E17)

is the result of the integration over the original Grassmann variables for flavor f.

B Initial tensor for ny,.x = 0, Ny=1, N, = 3, and d = 2

In the following appendix, we show that the initial tensor, derived in Part [[TI, reduces to the
tensor given in [23] when npax = 0, Ny = 1, N. = 3, and d = 2. Therefore, this serves as a
consistency check.

In the full tensor network

Z = Z/HTme, (5.2.15)
iy @

we first consider the simplification of the tuple j = (j;,u| V,): Using the criterion 5 2.17)

for npax = 0, it immediately follows that all edge variables are zero, i.e., n;t’; = nt’ = 0.

Therefore, the compound link index reduces to ji, = ((kz, s k), (0,0,0, 0) Tagu)- Here, we
also used k;, = k‘i# and k;, = k‘x s Which follow from Eq. 1-) for Ny = 1. Furthermore,

the replacement of edge variables inside the numerical tensor

T, = APT,(n, — edge variables) (5.2.16)
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is trivial and we obtain A = 1. For one flavor, the tensor T}, from Eq. (5.2.10) reduces to

T, = 0,C. W, [(Zmi)' z@(wl pLin lollt] legn ,u] H \/ Loyl (B.1)

p==%1

with weight

+2 11 (k=K )0 ) 1
— T €
_[ nm’“#] H\l ——— . (B.2)
’ @t R,

pn==x1

The sign o, = a;) g(c) is given in Eq. 1} with J,(vl) and 05(52) defined in Eq. 1} and
Eq. (A.20]), respectively. In two dimensions and for one flavor they reduce to
0';1) = (_)p1+p2+p3 with b1 = Fx7,1EI7,2,
p2=Fr1(Fro +kep2),
p3 = (Fu1 + Fo2)(Foo1 + ko1 + Foa + ko —2) (B.3)

and 03(52) =1.

The Grassmann contribution K, in two dimensions reduces to

K, = (Xz,l)Fzyl (X:v,2)FI’2 (dXx,72) w2 (dX:r 71)F1'71 , (B4)
with Grassmann parity
Fyp— 0 ifky,+ lj:m# even, (B.5)
' 1 if kyy + kgy odd,

which is precisely the Grassmann contribution given in [23].

Next, we will show that the auxiliary summation index 7, = (0, Tz u, 02,u) has range one.
To do so, we first observe that the gauge-link occupation numbers g, , and g ,, defined in

Eq. |D simplify in the case of strong coupling to g, = ks, and g, = kg, from which
we follow

Pz = Min(gy i, Go,p) = min(kg . kyp) and gz = kg — l;:m#\/Nc. (B.6)

Furthermore, using the definition (4.2.4al), We find /<c =KL n=0and /i?w =k, R?W = l_cx,#,
(4-3.8),

which yields for s, defined in Eq. =  =0and
%ZM _ ]fa?yu for k., > ko o400 ?_f;%u _ l;:x# for k., > IE: (B.7)
’ ke for k< K o ’ kpyo for kyy < kg
This expression can be abbreviated as
%926’“ = max (kg ., l;?x,u) , 5{%7# = min(kg, . l;x,u) , (B.8)

which is equivalent to

%920 = qgc,uNc + Pz %92;,# = Pz,u > (Bg)
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key O 1 2 3 3 0
- 1 2 3 0 3
L., 1 1/3 1/3 1 1/6 1/6

ol
o

Table B.1: Major index jgw and corresponding link weight £, , for Ny = 1, N. = 3, and
Nmax = 0.

where we used max(gz 1, Go,u) = qo,uNe + Pap-

To determine the range of the sund]]

Y=y ¥ . (E3E!

a€A™ moeSy

we recall from Sec. that for Ny = 1 two groupings «, o’ € A are equivalent if the pairs «, v(«)
and o/, v(a’) , defined in Eq. , can be transformed into each other by permuting the entries
af and v, satisfying 2! < a¢,vs < 5?2, i.e., permuting the entries satisfying 0 < a$,vs < gNc+p.
This is satisfied for all numbers. Therefore o and o’ are equivalent for all o,/ € A and the
complete set of representatives A™ contains only one element, which can be chosen arbitrarily
from A. We choose canonical ordering a = (s —1)N.+¢ (1 < s < g, 1 < ¢ < N,) and therefore
Vs =qNc+s (1 <s<p).

Likewise, we recall from Sec. that for one flavor two permutations m and 7’ out of S, are
equivalent if the corresponding sequences can be transformed into each other by permuting the
numbers 7, with ' < 7, < %% and by permuting the numbers s with 0 < s < z!. Here, 2! is
the number of entries of v for which s' < v, < 52, which simplifies to 0 < v, < g¢N, + p. This

is fulfilled for all numbers ~,. Since s runs from 1 to p, we find 2! = p.

When we additionally use the simplified expressions, for %! and 2, we find that 7 and 7’ are
equivalent if the corresponding sequences can be transformed into each other by permuting the
numbers 7, with 0 < 75 < p and by permuting the numbers s with 0 < s < p. Consequently all
pairs of permutations 7 and 7’ out of Sp are equivalent and a complete set of representatives
S; contains only one element, which can be chosen arbitrarily from S,. For convenience, we
choose the identity permutation 7; = s (and also 05 = s). This shows, that the auxiliary sum
index r; , has range 1.

With this result, we can explicitly state all values of the major index j,, with one further
observation: Due to g;, = k;, and g, , = I;:gw for N. = 3, the SU(3) condition reduces to
(ko — kzp)/3 € Z. As kyy and kyy, now both run from 0 to N, = 3, there are six different
combinations - labeled by 51,# - that fulfill this condition, which are given in Table This
is consistent with the initial index given in |23]E| For later usage, we call a link with j,, =0
neutral link, a link with j,, € {1,2,3} mesonic link, and a link with j,, = 4 (5) forward
(backward) baryonic link, respectively.

! As before, the link index (, ut) is neglected for readability.
*Note that for j, , = 4 and j,,, = 5 the definition of k. , used in this thesis differs from [23].
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Next, we calculate the link weight £, defined in Eq. m Since all elements of A are
equivalent, we find [a] = A and therefore |[a]] = M Similarly, as all elements 7 (and o)
are equivalent we find [7] = [o] = S),. Therefore, the hnk weight reduces to

2 5! (3 ! .
(3¢ + p)! / / P,y -1
= sgn(m’) sgn(o’) W o , B.10
r = LHlerq Dl (3 Tr/;;gpg()g()gzvc( ) (B.10)
where we also used?]
sgn(r'"! 1) = sgn(a’ 1) sgn(r) = sgn(r'"!) = sgn(x’), (B.11)

(B.12)

as well as the analogue equation for o and o’. The prefactor of £, , for relevant values of ¢ and
(3¢ + p)! _{ 1 forg=0

p reads
2 s!
g(5+Q)! lg!(31)e L forg=1land p=0,

3!
and the result for £, is given for all six values of the major index j, , in Table

Another ingredient in T, from Eq. (B.1) that needs to be calculated, is the color factor C,. For
Nf =1 it reduces to C, = IIE;, with I, =[] Ib I° and

prapt s, —p
El =¢ 1 2

T T < 11 1wy .1 kzl 1 sz 1 kz,—1 ;1 kz,—2

Vg’ ey Vg ” Zz JEREELS x,1 721 PRREELY x,2 ’Ez —10 ’ez —1 7éa¢ -2 761,72
xe 1,1 1 wglc 1 Em,l 1 Em,2 -1 kg — kg, —2 (Blg)

Ua: yeey U 7mz’17"'7m171 7mz’27"'7m172 7]z7717"'7jz’71 7]1 —2 u]z 72
where we used d = 2 and /@16“ = /%glw =0.
b b

It can be shown by explicit calculation, that the condition @(w;)&h;in’hi,out (with wl = 3—hLin)
inside the initial tensor, together with the six initial link occupations, only results in nonzero
tensor entries, when either all four links are neutral or mesonic links (we call such a site a
“mesonic site” and denote it by d,erq), or when there is exactly one incoming and one outgoing
baryonic link as well as two neutral links (in this case, we call the site a “baryonic site” and
denote it by 59663)5 Therefore, the tensor network can be written as

223 [T1 (bredT2 + 80T K (B.14)
ix ¥

with §j = (Juul Vo, 1)
In the following we calculate the contributions TI;/I and TE.

mesonic site: When the site x is mesonic it holds that ¢, , = 0 for all four links adjacent to
this site. Therefore, I® and I° defined in Eq. (5.2.2)) and Eq. (4.3.5) do not contain a Levi-Civita
tensor and can be written, using g, , = gu u, as

Pz, Pz,u

H 5 z [.L? a: N7 and I§7H = H 56.‘%,;17j§:,u ? (B15)
s=1

3Recall that 7 is the identity permutation.

4For a given site , all backward baryonic links that are positioned in forward direction are said to be “incoming”
baryonic links and all forward baryonic links that are positioned in backward direction are said to be “incoming”
baryonic links. For “outgoing” baryonic links it is the other way around.
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where we used the canonical form of the representatives: v = ¢N. + s = s (« is absent) and
Ty = 05 = s at this link.

After we have inserted the expression

Pz,1 Pz,—1 Pz,2 Pz,—2

HI"?#I;* H(5 mg 15ig 1 H 553;—1’375 H5 Mg 2l 2 H 6£ac —2Ja,—2 (B‘16)

in the color factor, we can, for example, contract all indices m and ¢, yielding

Cy =¢

1,1 lwglc .1 kzl 41 kg I; -1 kz —2
Uz ey Uy :1;17 .y 11 91‘27 712 ’]z —1 9.];1; _1 ’-727 —2 7.];1; —2
_ _ | —
XE 1 1wl o hy . Fa_o =N.!=6, (B.17)
Vg™ 5oy Vg 77’33 190090 x,1 ﬂx 290 721 2 Jx —10 7]93 _1 1.]1 —2 7]33 -2
where we used p,, = Kz, = kg, several times and &;, . ;,.€;,..i, = n! for N. = 3. The

number of indices of the Levi-Civita tensor is guaranteed to be 3, since wl + 1o = 3 with
hglc,out = km,l + km,2 + kx,—l + kx,—Q-
We now observe, using the values of £ given in Table that

1 (3 — k)

W| vl = ST for kg, = l_ﬂm,y € {0,1,2,3}, (B.18)
z,v-he,v: Ry p-

which allows us to write the contribution of a mesonic site as

wl +2
=M 2Wll 3 ky l/)
T =6 B.19
’ [ wﬂlcl ] ul_:[tl 3']% L ( )

Here we also used sgn(L;,) = 1 for all values of j,,. There are no signs arising from the

(1)

staggered phases or o, since F}, , = 0 for all four links adjacent to site x. This is precisely the
tensor entry for a mesonic site given in Ref. [23].

The remaining task is to calculate the weight of a baryonic site and to compare it with the
weight stated in Ref. [23] as well.

baryonic site: For a baryonic site it holds that p,. for all four links adjacent to this site.
Therefore, IP and I°® defined in Eq. (5 and Eq. (4 do not contain a Kronecker delta and
simplify to

(I? and (e,

Xq

eml, forg<g, A

[ —
)im_ an forg>g,
g forg<

y 1 for g> g
)it — {% rs=9 (B.20)
7

where we again omitted the link index due to readability. For a baryonic link index ¢ = 1
and there is exactly one Levi-Civita tensor in I®/¢. Due to the chosen canonical grouping
a, the corresponding enumeration of different indices is increasing. For a baryonic site, there
is exactly one incoming and one outgoing baryonic link, for which we get such a Levi-Civita
tensor. Without loss of generality, we call the indices of these Levi-Civita tensors 7 and ¢’ with
i € {1,2,3}. Therefore we get

HIEMIE —u = Eplp2,3E414243 (B.Ql)
o
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The same substitution can be made for

El =¢ 2 %
T = il kg1 g kz 2 1 kFz,—1 ;1 Ky, —2
z,10" ’Zx 1 tg20ote,2 ’Zac by ex,—Q"'”éac,—Q
Xe | Ep1 4 ;; Z1 . Ky 2 (B-22)
mz,l""’mz,l ’ma:,2’ - x, 2 ’]z -1 7jz 71 ’]z —27 7Jz 72

where we used w} = qﬂ Since the first Levi-Civita tensor refers to the outgoing baryonic link
and the second refers to the incoming baryonic link, both Levi-Civita tensors have exactly three
indices, which both have ascending enumeration. Therefore we get El = ,1,2,36;1,23, which
yields the color factor

Crp = €,1,2,36414243E,1,2,3641423 = 62. (B.23)

The remaining link weights are given by

1/ \/> and H /Ll U (B.24)
p=x1 VKo ptha ! p==%1

where again we used that there are two neutral links and two baryonic links on a baryonic site.
This allows us write the full contribution of a baryonic site as

= [H qu] ﬁ \/ 11 (ke o~k )0 1
= n e , (B.25)

p==1
where we used w. = 0 once more.

As a very last step, we need to evaluate the sign factor O'( ) , given in Eq. 1) To do so, we
first notice that p3 can simplified, using

p3 = (Fun+ Fu2)(Fy—1+ Fu—9) + (Feq + Fuo)(ky—1+ kz—2). (B.26)

Since every contributing site is Grassmann even, it holds that (Fy 1 + Fy2)(Fy—1 + Fr—2)
mod 2 = F 1 + F,2 mod 2 and therefore the replacement

p3 = Fp1+ Foo+ (Fut + Froo)(ke—1 + kg —2) (B.27)

(1)

results in an unchanged sign factor oy ’.

Next, we define [ “i» Which is equal to one if and only if the link is a forward (backward) baryonic

link. For a baryonic or neutral link, we can express Fy ,, ks ,, and k; j, via l;c—t p as

Fop= (3, +1,),
kg = 3l£u, and
kyp =35, - (B.28)

1l,out __
hg

®Since there is exactly one incoming and one outgoing baryonic link on a baryonic site, we have hi'™ =
3 and therefore wl = 0.
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(1)

Since the sign oy’ is only influenced by the parity of these quantities, we can also replace
kg — l;j pand kg — 1 ﬂ Therefore we can replace the sign exponents using

p1— (l;—1 + 1)l o,
p3—= (L + o+ s+ )+ 1+ ). (B.29)

We now gather parts of these exponents inside the factor
+
Wy = (_1) 1""[ 2+l xl+lx 2lac -1 (B.30)

which is part of the baryonic initial tensor as given in Ref. [23] and show that the remaining
exponent

Ly aly o+ U Uy + 1o+ 1) + 1 (I + 1)
oy o+ (lg,:,1 1+ l;;2 + o)y 1+ 15 ) (B31)

is even for any baryonic site. To do so, we use that for any baryonic site there is exactly one
incoming and exactly one outgoing baryonic link, i.e., only one variable out of [, I,/ I, and

z,20 "x,—
l+ ZI2, [, _,and [ _, is one, while all other variables

_, is one, and only one variable out of I -

x,1?

are zero. Therefore, any product of two variables lx +p 1D where both factors belong to the
same type of baryonic link (i.e., incoming or outgoing) is zero. The remaining exponential reads

Llo + Ul + i+ o+ (U + )+ 1 o) (B.32)

We now observe that all terms contain either [, ; or [, ,, which allows us to factorize the exponent

as

x,2)

oM+ + )+ (LI il 41 o) = A+ 1= 1)+, +1—1F,),
(B.33)

where we again used that for any baryonic site there is exactly one outgoing baryonic link, i.e.,
I+t o+, 1+, o =1 The resulting expression is even, since [, lw 1= l_2lm 5 = 0 for any
baryomc site. Thus we can write

x,1

+2 -
T, =w, [anz“l [H Vemlauiui | (B.34)
B p==%1

C Proofs for OS-GHOTRG

C.1 Proof of tensor decomposition after contraction

In this appendix we prove that (7.3.1]) is reproduced after one contraction step, before the OS-
GHOTRG truncation is applied. This also yields the occupation numbers defined in ((7.3.8). We

+ + .
SFormally, we use (—1)®=:# = (—=1)*3=.n = (=1)*=.» for any a and the equivalent equation involving k., and

lo
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assume that (7.3.1)) holds prior to a contraction step and substitute it in the contraction ((7.3.5)),

Tmax Tmax s

n5,=0n$=0 jo .

where we dropped the arguments of n, and n, for simplicity. Assuming that (7.3.3]) holds for
the current fine-grid tensors, we find

Ny, + Ny + 1y + 0y

1 1 R R
=ng gt D eyt ly) + 5 D (Ag, +7y,)
v==+1 v, A==+1
[v]#[A|
+d
=y + 1y + 5 (o + by —p) +5 (lo—p + Ly ) + 5 Zi [fx,v + 4y + 4(”511 + gl + Ay, Ry,
v==£1
e Cx—y  lxp vl Iy
| xd |
R R oY oY
+ 3 (P + 1oy R0 ) + 3 Z (P +7,), (C.2)
v=t1 S=—~— \'\/ \\/ \\f’ vIA=41 N—————
LU S S M lllj"l‘;}f\u X

where the underbraces are identified with the site, link, and edge occupation numbers on the
coarse grid. Note that (z,u) = (y, —p). When the hook conditions in are satisfied, i.e.,
Ay # 0 and Ay # 0, we define the coarse-grid occupations as given in Eq. , where the
link occupation £x , in the third line of was redefined using the hook conditions. We
also use these definitions when the hook conditions are not satisfied and the tensor entries are
zero. Note that £x, and ﬁé(yy are determined uniquely by jx .. The exponent of 8 in has
the form n% + nx if we define

=3 Z ng/ Z nXll’ (03)

v==1 v, A=+1

E2ERY
which is consistent with (7.3.3). Next, we split the sum over the contracted link index j, , in
(C.1) into partial sums which run over the values of j, , with the same link occupation €, ,,(jz ),

Mmax Mmax Mmax

(Tx)je =B S 3 3 5% S (T05),, (1)), 08,5, - (C.4)

ns=0 nZZO m=0 Ja,pu
Lo, p=m
where we could pull out "X since nx does not depend on any of the summation variables
and where the sum over m terminates at nya.x since this is the maximum link occupation by
construction. We replace the sum over m by a sum over

n = ny +ny, +m, (C.5)

see (7.3.8a) with ¢, , = m, and then change the order of the sums and adapt the ranges of the
sums over ny and ny accordingly. Since we consider the strong-coupling expansion only up to
BMmax | we truncate the resulting sum over n% at nmax to obtain

Mmax nX nX TL

(Tx)jx = B Z FED DY S ()T, 08, (C.6)

ns=0 ns =0 Jz,u
—nS S s
lx,ufn}—nbz—ny
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which shows that the tensor on the coarse site X can be brought into the form ([7.3.1), with
(T;X) jx given by ([7.3.7), the occupation numbers on the coarse grid defined in (7.3.8), and nx
defined in (C.3)).

Finally, it is straightforward to show that ([7.3.2)) is satisfied after the contraction step (by using
Az, Ay, and (7.3.8), or by using Fig. and invoking the hook conditions).

C.2 Proof of link and site criteria

After a contraction step, the partition function has the form of (5.2.15) with x replaced by X.
Consider the product

[T )5 (C.7)

X

for a single valid conﬁguration j This configuration will contribute to the term of order 8V in
the partition function. Using ([7.3.1]) and - we have

N = S ) = Z(nX—i- 5 bx s 5 ) :§<nx+zﬁxu+ 5 eu)

p==x1 prv==+1 pv=1
||V pFY

(C.8)
where in the last step we shifted some sites and used the link identity (X, —p) = (X — i, 1) as

well as the hook condition ([7.2.3)).

The link criterion ((7.4.1)) is derived from ) for > 0 as follows,

d
NZEX,u'i‘%Z(ﬁg(“u )+ 5 Z (%o + % _5,)
Vo Vo
d d
=Uxpu+ D W5+ > X =lxut+ D, M, (C.9)
vt Vo e

where in the first line we picked a subset of the terms in (C.8)), and to obtain the second line
we applied the link identity and the hook condition. Note that we derived (| - for u > 0,
but using the link identity it is clear that it also holds for u < 0. To have N < Mmax, the link

criterion must be satisfied. Note that the link criterion is identical for all T’y X

The site criterion ([7.4.2)) is derived from (C.8)) in a similar way,

N>”X+Z Cx o+ X —jupn) + Z (D + 05 g+ %5+ X s )
p=1 pv=1

nFY
d 1 d
=n%+ > (Cxpu+Llx—pn) +3 > (A%, + 0%+ ax, X )
p=l “u';ul
+d +d
=nk+ Y lxu+ >, Mk, (C.10)
,LL=:|:1 pv==+1

[l <lv|
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The arguments for the first and the second line are the same as in the derivation of the link
criterion. In the last we have also ordered |u| < |v|. To have N < Mmax; the site criterion (7.4.2))

must be satisfied. Note that the site criterion is applied to each T’y X individually.

C.3 Proof of tensor decomposition after tracing

The manipulations in this section closely parallel those in Appendix Inserting (|7.3.1)) in

(7.6.1)) yields

Mmax

Z Zﬂn +nz g Gz s (C.11)

n5=0 jo,

where here and below we have j, _, = jz . Using (7.3.3)) and separating the occupation numbers
related to the tracing direction p we obtain

1 1 1, . o Y oy 1
ni+nxzsx+§(£ ”u“‘[xf + Z[xl/ Z(ng7y+n$7g+n$7u+n$_ ] g Z $1/7
v==+1 v,A=+1 \/
sx lv]#u lx., |‘||\;};M nXV
(C.12)

where the underbraces are identified with the site, link, and edge occupation numbers on the
(d — 1)-dimensional lattice. Using the link and hook conditions we define these occupations in
Eq. (7.6.3). As before, we also use these definitions when the hook conditions are not satisfied
and the tensor entries are zero. Note that £y, and ﬁ;}yy are determined uniquely by jx ..

The exponent of § in ((C.11) has the form sx + nx if we define nx as in (7.6.4). Next, we split
the sum over the link index j, , in (C.11]) into partial sums over the values of j; , with the same
link occupation £ ,,

Nmax max— n

(Tx)j =B" Y > > BI04, (C.13)

n5=0 m=0 Jx,u
Lo, p=m

where ™% could be pulled out since nx does not depend on any of the summation variables
and where the upper limit on the sum over m is reduced since we apply the site criterion (7.4.2))
in every blocking step. We now eliminate m in favor of n%, = nj, +m,

Nmax TMmax R Mmax R <
(Tx)jx = 8™ 3. > > BX(IF)j0u=p" Z Z Y. (T,
MmO lac,uif;s;_”i x=0me=0 fx,uizi_”i

(C.14)

where we switched the order of the sums over nj and n% in the last step This shows that

(T'x)jy can be written in the form of ([7.3.1) with (T;k )jx given in . Therefore the tensor
decomposition is preserved after the tracing.
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D Validating the coefficients of Sec. 8.4

Since nr > |nmax/2], all partitions that appear in Z also appear in X. We now show that the
coefficients of terms in Z, match those of a, X,, + b,Y,, if a,, by, and ¢, are given by (8.4.1)).

Consider a specific partition (n) = (ni,...,n1,Nn2,...12,... Ny, ...,Ny) of n as defined in
Sec. where k; is the multiplicity of n; and n = "1 k;n,;. The contribution of this partition
to Z,, is Z(n). To compute the contribution of this partition to a, X, + b,Y;, we distinguish two
cases.

The first case is n1 < ngr. Since the n; are ordered, this implies n; < ng for all 2. Then all terms
contained in X,, that are related to (n) by permutation of the n; are given by

- ELD Zn) < BAD) Z(n) n
o Z sy ek ! 7 D.1
Z-:Zlc i (il mni) gl ‘ Vv ; Nmax Vnmax ) ( )

Since n; < ng for all 4, the term in Y}, related to (n) is given by Z(ny- Therefore, in a, Xy, + 0, Y,
all terms related to (n) are given by

n (CRI)
nvnmax ( )—I—b Z( Z (n) - (D2)

The second case is n; > ng. Due to nr > [7max/2], this implies k1 = 1 and n; < ny for ¢ > 2.
Then the only term in X, related to (n) is given by

BLiD , BIDfork=11,

Cn1 Zny| n\n1) (n1]n\n1) = 72w (D.3)
Any tuple obtained from (n) by a non-trivial permutation cannot appear in X, since n; > ng.
For the same reason, Y,, does not contain terms related to (n). Therefore, in a, X, + b,Y;, with
n > ny > ng, all terms related to (n) are given by

%Z (8-4.1) for n>ng 7

v (n) (n) - (D.4)

In both cases, the sum of all terms in a,, X,, +b,Y,, that are related to (n) is given by Z(n). Since
the arguments above apply for any partition (n) of n, this concludes the proof.

E Expansion coefficients for a 2 X 2 lattice

The expansion coefficients Z,, in Eq. (9.1.1) can be computed analytically for a 2 x 2 lattice
using the procedure described in Sec.[0.1} For N = 1, they are given, up to n = 4, by

9760m2 998

3 T
+ (256m° + 384m" + 160m* + 16) cosh (642) + 2 cosh (12p1), (E.1a)

Zo(m, p) = 4096m? 4 24576m ' + 53248m® + 50944mS + 21248m* +
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1024m38 N 10240m5 N 20632m? N 26080m2 N 5380
3 9 27 81 243
128m*  416m?2
( 2771 + E;m + 890> cosh (6p) , (E.1b)
4096m'2  8192m!0  482048m8  1405312mS  1820704m?*  100624m?2
+ + + + +
9 3 81 243 729 243

13034 (2432m® | 11936m* | 17648m? | 2344) o (60 + 2 cosh (12,1
CO — COS
729 81 243 729 729 | €PN PH Ty k
(E.1c)

2048m12 N 4096m0 N 804352m8 N 325312m5 N 21232m* N 134452m? N 8887
81 27 2187 729 81 2187 2187

448mS  16768m*  14548m? 2714 1
< ik o o ) cosh (6pu) + 31 cosh (12p) , (E.1d)

Zl(mv :u) =

ZQ(m7 N) =

Z3(m7 :u) =

243 + 2187 + 2187 +2187

Za(m. ) — 166400m 2 N 332800m 10 N 2201008m® N 2201512m8 N 1788793m* N 2968507m>
’ 6561 2187 6561 6561 11664 104976
646769 3880mS  22054m*  13085m2 938
419904 (

325
h b (124) .
2187 6561 6561 +2916) cosh (641) + 5554 cosh (120)

(E.le)

Next, we state the expansion coefficients Z,, in Eq. (10.3.1)) for Ny = 2 up to n = 1. Although
we derived the analytical results for arbitrary mi, ma, ug, and pp (with pup = 3(u1 + p2)/2 and
pr = (p1 — p2)/2), we only give the formulas for m = m; = mg and u; = 0 for conciseness. They
read

ZO(m7 MB) =
(16777216m24 + 201326592m?? + 1048576000m2° + 3107979264m'® + 5785255936m '

21158297600m'*  51398721536m12 0588832768m%  6309162496m5
+ KL T 3059761152m1° + oy m
3 9 9 27
+2498746240m4 N 181396288 m2 N 2306680
81 81 27

456589312m12  1239973888m10  1936113664m8  186022400m°  242845952m*
+ + + + +
3 9 27 9 81
N 14802272m?2 464 8640512m5

< + 27) cosh(2up) + (147456m12 + 638976m'° 4 1116160m° + 5

+11054528m4 n 229376m? n 42968
27 3 9

) + (41943041;118 + 31457280m'® + 95551488m 4

) cosh(4up) + (1024m6 + 1536m™ + 672m?

+80) cosh(6up) + 2 cosh(8up) , (E.2a)
Zl (m’ :U’B) =
8388608m2°0  243269632m!®  2950430720m¢  19506135040m*  76959875072m12
3 + 9 + 27 + 81 + 243

+20798980096m10 N 3472271360m8 N 9499891456m° N 186985124m* N 53274248 m?2
81 27 243 27 81
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+13825109) N 2097152m16 N 49283072m14 N 447938560m 12 N 2056437760m1°
486 3 9 27 81
+1742405632m8 N 836475904m5 N 222070144m* N 10028344m?2 N 1587950 h(2p5)
81 81 81 27 g1 ) CoPnekB
81920m 1Y N 2385920m8 . 9005056m5 N 5262208m* N 448096m> N 37864 cosh(dyup)
3 27 81 81 27 27 HB
512m* 128
+ ( 3m +192m2 + 3> cosh(6up) . (E.2b)
F Proof of Ag(B) = O (B%)
In this appendix, we prove the relation
Ar(B) = O ((B/N)™) E213)
with )
Ar(B) = an Qezdet { g+i—j+qQ (B/Ne )LJ:L.NC : (9.2.9)

To do so, we expand the exponential in the modified Bessel function, given in[9.2.12] and obtain

1 [T 2k
I,(z) = ;/0 Z Ecosk(ﬁ) cos(n#)db Z/ ycosk(ﬁ) cos(nf)df = ka K (F.1)

k=0 k=0

where we interchanged the order of the integral and the series in the second stepE] In the last
step, we defined the coefficient

1
=
"okl

/O7r cos® () cos(n)d# (F.2)

which we evaluate explicitly in the following. To this end, we write

i eif 4 o—if k b —ikm)o _ k
cos®(0) = <2> oF Z ( ) imb g =i(k—m) 2k Z ( >cos((2m—k)9), (F.3)

where we expressed the cosine in terms of complex exponentials and applied the binomial theo-
rem. In the last step, we reintroduced the cosine, which is valid since the expression on the far
left is real. Thus we can write

k
1 [k
cos®(9) = Z ak cos ((k —2m)f) with af = oF ( > (F.4)
m=0
where we used the symmetry of the cosine. We now use the orthogonality of the cosine functions

/ cos(af) cos(b0)dl = g5a7b(1 +6q0) foralla,beZ, (F.5)
0

Bl

!The validity of this step can be proven using the inequality \2—17 cos”™(6) cos(nf)| < Z-.
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which results in

T
In=—5 ZO afn§5k—2m,n(1 + 0n,0) =
m=

e}

1 {ffv!a&m(lmp) for In| < k and [n| + k even,
else.

(F.6)
Therefore, the modified Bessel functions of the first kind have the structure

I (B/Ne) = O ((8/N)") . (F.7)
Consequently, for the determinant in Eq. (9.2.9)), it follows that

det [Iqj+i_j+Q (ﬁ/Nc)L’j — det [(9 ((ﬁ/NC)Iquj—HQI)}

=1...N, i,j=1...N¢

_ €j17~--7jNCO ((/B/NC)|ql+jl—1+Q|) O ((5/NC)\§NC+J'NC—NC+QI)

Ne |~ . .
= i O ((B/Ne) B 401 ) (F8)
where we introduced the Levi-Civita tensor Ej1rerriNe with summation indices ji,...,jn, €
{1,...,N.}.
The remaining task is to prove the relation
N
Slg+ii—i+Ql > f (F.9)
i=1
for all values of ¢;, @ and permutations j;. To do so, we define a; = ¢; + j; — ¢ and obtain
Nc Nc
Sl +di—i+ Q=) lai + Q > max(a;) — min(a,), (F.10)
i=1 i=1
where the inequality holds for any values of ) and tuples (ai,...,an,). We now observe that
from
ay=q +j1—1>¢q it follows that max(a;) > q1(>0), (F.11)
and from
an, = jn, — No <0 it follows that min(a;) <O0. (F.12)

This allows us to write
max(a;) — min(a;) > g1, (F.13)

which concludes the proof.

G Taylor expansion of free energy

Calculation for general order

In this appendix we expand the expression

A=In (i Bi2> , (G.1)

1=0
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which is relevant for the expansion of % = % + é (cf. Egs. |D and ((10.3.4))). To do so,

we write

Nmax ) Nmax n+1
A:1n<1+25izi>:zn+l<zﬁl ) : (G.2)

i=1 n=0

where in the first step we defined _ZZ» = Z;/Zp, followed by the expansion of the logarithm
with convergence radius | Y™ °Z;| < 1. In the current form, terms belonging to the same

order are not sorted. Therefore, we additonally use the multinomial theorem for the expression
(Sopmax 3 Z;)"+1. The theorem reads

<§:1x>n =2 ( k:l,kg, k ) [T = (G.3)

k1,k2, km >0

with multinomial coefficient given by

n n!
= . 4
( klka)"' 7km ) kl'kQ'kﬁm‘ (G )

Using this, we get the expression

o0 n
(-1)" 5 < n+1 ) T (o2
=y (B Z)™, (G.5)
n=0 n+ 1 k1,k2, knmax >0 kl’ kQ, o knmax t=1
k14ko++knpa=n+1

where we can collect all appearances of 8 by using

Mmax

Mmax _ tkt Mmax _
[[zy == 1] 2. (G-6)
t=1 t=1

After this step, we are left with sorting the terms that belong to the same order in 5. The order
of each contributing term is given by the exponent Y ;" tk; and the sorting thereafter can be
done by introducing an auxiliary sum over a summation index ¢ together with the additional
constraint i = ;" tky, yielding

A=y &

n:O

Nmax

Mmax n + 1 A . a
Z Z ( ki ko - - Lk >ﬁz H Ztt+0(6nm x+1)7
=1 k1,k2, sknmax >0 1) "2, ) MMmax =1

k1t+ka+-+knmax =n+1
1-ky +2'k2+"'+nmax'knmaxzi

(G.7)

where the constraint is used to reduce the range of the sum over tuples (ki, ko, ..., kn,..)-
Additionally, we used that we are only interested in terms up to order f™max*1 which is why
the sum over 7 can be limited by n,.x. For the same reason, the sum over the index n can be
limited as well: We observe that

ki +ke+---+k <1-ki+2-ky+--+nmax -k

Mmax — Tmax Vk:l? k27 T knmax 2 0 (GS)

Therefore, both conditions can only be fulfilled simultaneously for a valid tuple (k1, k2, -« , kn,.. ),
whenever n+1 < i or equivalently n < i—1, which is the chosen upper bound for the summation



G Taylor expansion of free energy 165

index n, which we use in

Dl +1 i -
=T ey > <k1,12, >/3H o). (GY)

n=0 =1 ki,k2, ki> 7

k1+kot-+ki=n+1

1k +2-kg+--+i-k; =i
Here, we also reduced the complexity of the summation over the tuples (ki, ko, -, kn,..) as
well: All indices k; with j > 4 have to be zero, otherwise the relation jk; > i makes it impossible
for any tuple to fulfill the last constraint of the sum. Note that all indices k; that are zero result
in a trivial factor 1, as these indices appear either in a factor 0! = 1 inside the multinomial
coefficient, yielding a multinomial coefficient with less indices, or in a zero as exponent in the
terms ¢; which results in a factor one as well.

Now we can read off the coefficients of the strong-coupling expansion of the free energy for i > 1,

by writing
A=V Y B fi+ 0t (G.10)
i=1
which are
1t (=) n+1 sk 4
fi==> > ( ]2 withi>1. (G.11)
Vit ks ki ko, oo ki )

ky+ko+-+ki=n+1
1-k1+42-ko+--+i-k;=i

Explicit calculation up to order three

Using the formular for the coefficients of the strong-coupling expansion for general order 4, given
in (G.11)), we now calculate the explicit results up to third order.

For i =1 we find

1 1\ - 1
hi=y 2 (m )Zfl:vzb (G12)

k120
k1=1
ki=1

where we wrote done the resulting equation for both constraints separately, but in fact, they
result both in the equation k1 = 1.

Next we calculate the second-order coefficient, i.e., i = 2. The resulting expression reads

1 ! (—1)” n-+1 Sk Sk
fo==> > ( VARV (G.13)
Voot 5 k1, k2
k1+ko=n+1
1-k1+2-ko=2

For given n, there is only one tuple (k1, k) fulfilling both constraint, which can be determined
by solving the corresponding system of linear equations.

11n+1_>11
1 2 2 01

1—n

nt 1) . (G.14)
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In the second line, we subtracted the first line once and we can read off the solutions k1 = 2n
and ko = 1 — n. Therefore, the second-order coefficient reads

1
n+1 59n 51-n
nz:: n+1 <2n,1—n>Z1 22

Ko’l )z;_;<2’20>z§] :é<zz_;zf). (G.15)

Finally, we calculate the coefficient for i = 3 as well. We find

<\H <\

1 & () &R n+1 Sk ks Sk

. 1 2 3

e SHD SR (N W 1 O S
k1=0  koks>0

k1+ko+kz3=n+1
1-k1+2 ko+3-k3=3

where we wrote the sum over kj separately. Due to the constraints for the indices kj;, the sum
over the indices ko and k3 can be eliminated by solving a system of linear equations. We get

1 1in+1-Fk . 11
2 3 3—k; 0 1

where we subtracted the first line twice from the second line. The resulting indices are

ki+1-—2n (G'17)

n—i—l—k‘l)

0<ks=ki1+1—-2n and 0<ky=3n—2k;.

This is also used to limit the range of the summation over the index ki as
3n
n—1<k < - and therefore max(0,2n — 1) < k; < |—

where we used that k; is a non-negative integer. Thus we obtain

|22
1 & (-1 : n+1 —k1 73n—2k1 Zki+1—2n
fB_VZ n—+1 Z (kl,(3n—2k1),(k1+l—2n) Zl 22 Z3 ’

n=0 k1=max(0,2n—1)
(G.18)
We observe that the sum over k; collapses to a single term with
n=0=k =0, n=1=k =1, n=2=k =3, (G.19)

and we get
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H The function py, (m, 3)

The purpose of this appendix is to prove the relation (9.3.15). We can read off the expression

for py, from Eq. (4.1.3) and Eq. (2.6.36]) for Ny = 1 by identifying the coefficient of exp(N.V 1)
and obtain

G Nz, v
%pvs(m,ﬁ) 22/ lHde,u] [HB:,;} [ 1T (S‘“‘”),] (H.1)
n T, T

n :
xvﬂ#’/ Luy

Wit}ﬂ

1 Ne i Ne - N,

o= s [fo] [ ] G

1 Nc . Nc . Nc _ik Ne ’Lk ]k Nc ]k
[t [ 7o | [fese (112

k=1 k=1

Ne

Ne ., .
gl e L det(Un) 1 (H.2)
= ——¢€. .N, H | ’ E. .Ne = —— de E. .Nc € . .No = .
Ne! izaial Pt z1 Jeaai N L BRI R PR R ’

where sums over repeated color indices are implied. We integrated out the Grassmann variables

using Eq. (A.23]) and used

NC .k <k
€1 iNe [H U;ﬁljz’ll = det(Uzvl)Sj}c Ne s (H.3)

i g
x,1 ,1 x,l
k=1

which follows directly from the Leibniz formula. In the last step of (H.2) we used det(U,,1) =1
and contracted the Levi-Civita tensors, which results in a factor of N.!.

Equation (H.2) shows that the V; parallel baryon loops in the time direction result in a constant
background, independent of the gauge field. Therefore (H.1)) is simply the partition function of

the pure-gauge theory with the same lattice size and number of colors as the original theory.
This concludes the proof.

I Fit ansatz using the tanh models

I.1 Coefficients of the strong-coupling expansion for the observables

For both model functions ((10.3.7) and (10.3.9) we first expand the argument of the tanh in 3,

Mmax

a(B)(u—p(B)) = Y mnf"+0O (B"‘"““) (11)

n=0

!The Grassmann differentials have been reordered compared to [27], but this does not result in a sign change
since V' is even.
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with
fio = aolp — 15) (1.22)
i = a1(p — pp) — aopy (1.2b)
fi2 = az(p — p5) — a1py — aops (I.2¢)
fi3 = az(p — p5) — a2py — @143 — aops - (1.2d)
Here and below we omit the labels ¥ and p for the parameters a,, and uS. Using t = tanh(ji)

and s = sech(fig) we obtain

EIOHOdel(/“L) = bo(l - t) 5 (I 3a)
Erlnodel(u) — b1(1 — t) — bol‘“s? , (I 3b)
Egnodel(u) = by(1—t) — by jirs2 — by (ﬂQ - ﬂ%t) s?, (I.3c)
) i ) 2
Egnodel(u):b3<1_t)_b2/“82_b1 (MZ_M% )8 —b0< 3—2M2M1t—ﬂl (52_3)>32.

(L3d)

The results for p, can be obtained by replacing by — %, b, — 0 for n > 1, and 1, = —fiy, for
all n (resulting also in ¢ — —t) in the expressions for ¥,,. This yields

modae 3

p6 () = S(1+1), (L4a)
moae. 3 -

Y () = Sins® (L4b)
o 3

) =5 (uz — jift) s*, (Ldc)

model 3 2 2 2

P52 () = 5 s — 22t — i (st — 3))5 (I1.4d)

Using these results we can explain the low sensitivity of the model coefficients in and (| .
on ap/ag for n > 1 and on uf, for n > 2 when ap becomes large, which is the case for large
volume. For simplicity we focus on p, but similar arguments can be made for ¥. Let us first
consider p; (suppressing the superscript “model” for brevity). Because of sech(jip), p1 becomes
exponentially suppressed when |fig| > 1. We therefore only need to consider || < O(1), i.e.,
the vicinity of the phase transition, in , which can be written as

a1
fi1 = —fio — o/ - (15)
ag

We see that the first term becomes less and less relevant when ag becomes large at fixed a1 /ay,
provided that u§ # 0. Therefore p; in ([.4b|) becomes increasingly insensitive to aj/ag in this
scenario.

Similarly, for large ag we see that py is dominated by the (agu$)? term originating from 2 and
that p3 is dominated by the (agu$)® term originating from ji$. This pattern continues to larger
values of n, and therefore all p,, for n > 1 are dominated by af and insensitive to a1 /ao, ..., an/ao
when ag becomes large for large V.

The same argument also applies to uS, for n > 2. For example, the subleading terms in py/s? are
a1p§ and apuS. Both terms are suppressed by 1/ag compared to the leading term (aou$)?. Hence
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determining u§ or a; from py should be equally hard. A more careful analysis of the zeros of py
(which we do not present here) does not change this expectation. To conclude, in a combined
fit for all p,, it appears that a,/ag and p, | should be equally difficult to determine for large
V, provided that all a,/ag and pS, have finite large-V limits which are of similar magnitude.

I.2 Integrating the model function for the quark-number density

In this appendix we determine a model function for the free energy starting from the symmetrized
model function for the quark-number density given in Footnote

Integration of the model function given in Footnote [34] with respect to u yields

mode NC c c ~
S, 8) = gy In (coshla,(8) (1 — 15 (8))] coshlan(B) (e + i (B)]) +&(8),  (L6)

with integration constant ¢(f). In the limit g — 400, we obtain

model NC 1 - N M B
B0, 8) > oo In (G esplap(B)al) + 2(8) = S+ Nelul +25). (017)
Using
Flps B) = fP9(B) + Nelp|, for p— Foo, (L8)

(cf. Eq. (9.3.20))), we can determine the integration constant

N:In4
2ap(ﬁ)

For large a,(f3)u5(8) and pu > 0, we can replace coshla,(53)(u+p5(8))] = 5 expla,(8)(u+p5(8))]
and obtain the simplified fit ansatz

&(B) = f74B) + : (L9)

o, ) = Qajjgﬁ) In (2 coshla(8)(n — 15 (A)]) + (0 + m5(B) + FO@). (110)

By expanding this simplified fit ansatz in 3, we obtain the expansion

(e 9]

Fro (, 8) = D St (w)B" (L11)

n=0

with coefficients fmodel(y).

J Explicit fits for various m, L, and 1.«

In this appendix we show the coefficients of the chiral condensate and the free energy versus p for
various m, L, and npax. Additionally, we show the corresponding fits using the model functions
ymodel (given in Eq. ) and fmodel (obtained from expanding Eq. in 3). Using these
fits one can determine the dependence of the fit parameters u$, a,, and b, on m and L.



170

Figure and Fig. show the coefficients of the chiral condensate and the free energy, re-
spectively, versus u obtained from OS-GHOTRG for various masses, for L = 16 and npax = 2
together with the corresponding fits. The m-dependence of the fit parameters is shown in
Fig. For m = 1, we observe systematic deviations between fit and tensor data.

Figure and Fig. [J.4] are similar to Fig. and Fig. respectively, except that npax = 3.
The resulting m-dependence of the fit parameters is shown in Fig.

Figure [J.5] shows the coefficients of the free energy versus p obtained from OS-GHOTRG for
various lattice sizes, for m = 0.5 and npax = 1 together with the corresponding fits. The
resulting values of the fit parameters are shown in Fig. [10.17]

Similarly, Fig. [J.6|and Fig. [J.7]show the coefficients of the chiral condensate and the free energy,
respectively, versus p obtained from OS-GHOTRG for various lattice sizes, for m = 0.5 and
Nmax = 2 together with the corresponding fits. The resulting values of the fit parameters are
shown in Fig. We observe that the largest systematic discrepancy between fit and tensor
data occurs for the small lattice, i.e., L = 8.
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Explicit fits for various m, L, and npax
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Figure J.3: Coefficients of the chiral condensate versus p for different masses for L = 16 and
Nmax = 3. The solid lines show the fits using the model functions given in Eq.
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Figure J.4: Coefficients of the free energy versus p for different masses for L = 16 and nyax = 3.
The solid lines show the fits using the model functions fmodel,
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Figure J.5: Coefficients of the free energy versus p for different lattices sizes for m = 0.5 and

_ 115 : : model
Nmax = 1. The solid lines show the fits using the model functions f}, .
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Figure J.6: Coefficients of the chiral condensate versus u for different lattices sizes for m = 0.5
and nmax = 2. The solid lines show the fits using the model functions given in Eq.
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Figure J.7: Coefficients of the free energy versus u for different lattices sizes for m = 0.5 and
Nmax = 2. The solid lines show the fits using the model functions fmedel,
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