Journal of Number Theory 292 (2027) 35-67

Contents lists available at ScienceDirect

NUMBER

Journal of Number Theory THEORY

<
ELSEVIER journal homepage: www.elsevier.com/locate/jnt

General Section

Galois orbits of torsion points over polytopes near )
atoral sets

Chenying Lin

University of Regensburg, Universitatsstrafle 31, Regensburg, 93053, Germany

ARTICLE INFO ABSTRACT
Article history: Given an essentially atoral Laurent polynomial P, we show an
Received 26 January 2025 equidistribution theorem for the function log |P| on specific

Received in revised form 16 April
2026

Accepted 16 May 2026

Available online 17 July 2026
Communicated by L. Smajlovic

subsets of Galois orbits of torsion points of the d-dimensional
algebraic torus GZ (Q). The specific subsets under considera-
tion are the preimages of d-dimensional polytopes within the
hypercube [0, 1]¢ under the cotropicalization map. This gen-
eralizes an equidistribution theorem of V. Dimitrov and P.

Keywords: Habegger, who considered only all Galois orbits that corre-
Galois equidistribution spond to the entire hypercube [0, 1]¢. In addition, we provide
Torsion points an estimate for the convergence speed of this equidistribu-
H‘?ights tion, expressed as a negative power of the strictness degree.
DlscrePam?y . Our approach is based on an alternative version of Koksma’s
Koksma’s inequality . .
Polytopes inequality over golytopeS. '
As an application, we provide the convergence speed of
heights on a sequence of projective points for a specific
two-dimensional example, answering a question posed by R.
Gualdi and M. Sombra.
© 2026 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).
Contents
1. Introduction . .. ... ... .. 36
2. Preliminaries . . . . . . .. 40

E-mail address: Chenying.Lin@mathematik.uni-regensburg.de.

https://doi.org/10.1016/j.jnt.2026.05.014
0022-314X/© 2026 The Author(s). Published by Elsevier Inc. This is an open access article under the CC
BY license (http://creativecommons.org/licenses/by/4.0/).


https://doi.org/10.1016/j.jnt.2026.05.014
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jnt
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jnt.2026.05.014&domain=pdf
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
mailto:Chenying.Lin@mathematik.uni-regensburg.de
https://doi.org/10.1016/j.jnt.2026.05.014
http://creativecommons.org/licenses/by/4.0/

36 C. Lin / Journal of Number Theory 292 (2027) 35-67

3.  Koksma’s inequality over polytopes . . . ... ... ... ... 45
4.  Proof of the main theorem . . . . . . . .. ... 58
5. Application . . .. ... 62
Acknowledgment . . . . .. 66
Data availability . . ... ... . e 66
References . . . . . . 66

1. Introduction

Let Q be a fixed algebraic closure of Q. Let d > 1 be an integer and let G¢, denote
the d-dimensional multiplicative group variety over Q, where G,, is the group variety
Spec Q[T*1']. Let ¢« : Q < C be a fixed embedding; let also denote by ¢ the induced map

*

(Q )4 — (C*)4. We identify
o G with its Q-points GZ (Q) = (@*)d7
e i(z) with  for every r € Q and «(w) with w for every w € G¢,.

Let w € GZ be a torsion point. We define the strictness degree of w to be
§(w) = inf {|a| : a € Z'\{0}, w* =1},

where w* = w{* -+ wi? for w = (wi,...,wq) and a = (a1,...,aq), and | - | is the
maximum norm. By [BG06, Chapter 3], an algebraic subgroup of GZ of dimension d — 1
takes the form H, = {w € G¢ : w® = 1} with a € Z?\{0}. Moreover, every proper
algebraic subgroup of G¢, is included in H, for some a.

The well-known Bilu’s equidistribution theorem for the Galois orbits of points of
small heights [Bil97] implies that when §(w) becomes arbitrarily large, the average of the
Dirac measure at w’ over o € Gal(Q(w)/Q) weakly converges to the normalized Haar
measure on (S1)? := {(z1,...,24) € (C*)?: |z1| = ... = |z4| = 1}. In other words, for a
continuous function f : (C*)? — R with compact support, we have

! a i2rx 27w
e Y T — / e ey dey (L)
ce€Gal(Q(wr)/Q) 0.1)

for any sequence (wy)e>1 with 6(we) — oco.

In [DH24], V. Dimitrov and P. Habegger proved a quantitative version of the equidis-
tribution result for functions f = log|P| with P € @[Tlﬂ, e ,TC;H] an essentially atoral
Laurant polynomial. For the definition of essentially atoral polynomial, we refer to Sec-
tion 2. Note that the function f = log|P| has singularities at the vanishing set of P.
Therefore, the result of Dimitrov and Habegger is an extension of (1.1). In this case, the
integral in the right hand side of (1.1) becomes the (logarithmic) Mahler measure
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m(P) = / log |P(e®™1, ... ?™)|dzy - - - dag

[0,1)¢

of the polynomial P. The study of Mahler measure plays an important role in height
theory, which studies the arithmetic complexity of points and cycles in varieties.

Note that given any torsion point w = (wi,...,wq) € G2, for every j there exists
a real number z; € [0,1) such that w; = 2™, The main result of V. Dimitrov and
P. Habegger, as presented in [DH24, Theorem 1.1], considers the sum over all Galois
conjugates of w, i.e. the whole higher dimensional cube [0, 1)¢. However, in certain appli-
cations, it becomes necessary to focus on the sum restricted to specific subsets of the full
Galois orbits, i.e. a subset of [0,1)?. Here we consider subsets obtained by partitioning
the unit hypercube into polyhedral subsets. The following result is the main theorem of
this article, generalizing [DH24, Theorem 1.1].

Denote e(z) = (&2, ..., e1?™a) for x = (x1,...,24) € R% We define the cotropical-

ization map by
ct: (CHT —[0,1)¢,  (21,...,20) — (x1,...,24),
where z; = r;e?™®i for r; > 0 and x; € [0,1).

Theorem 1.1. Let d, k be integers and let P € Q[T ... ,Tfl]\{O} be essentially atoral
with at most k nonzero terms. Let A C [0,1)? be a polytope of dimension d. Then there
exists a constant k = k(d, k) > 0 such that the following holds.

Given any torsion point w € G& suppose that the strictness degree §(w) is large

enough. Then P(w?) # 0 for all 0 € Gal(Q(w)/Q), and as 6(w) — 0o we have

1
N A~ Z log |P(w”)| — [ log|P(e(z))|dz| <a,p 6(w) "
[Q(w): Q] aecal(@w()/?) A/

wlect™H(A

Moreover, an explicit value of k = k(d, k) can be computed by applying Remark 4.1
and an algorithm in the extended arXiv version [Lin24, Appendix A].

Other types of subsets of the full Galois orbits were considered in [DH24]. In [DH24,
Theorem 8.8], the case in which the subset is made by the orbit of w under the action
of a subgroup of the Galois group, was already studied. When the subset is restricted
to a finite subgroup of G, this was discussed in [DH24, Theorem 1.2], which recovers
[LSV13, Theorem 1.3] by a different approach. It is worth to point out that Theorem 1.1
cannot be covered by the previous two cases.

This theorem was inspired by the work of R. Gualdi and M. Sombra [GS23]: they
studied the distribution of the height of the intersection between the projective line
defined by the linear polynomial x + y + z and its translate by a torsion point. This
serves as an example of how the height of the solution set is concluded from the arithmetic
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complexity of a system. They computed the limit of such heights of a sequence of torsion
points by Bilu’s equidistribution theorem [Bil97] and proposed a question regarding a
quantitative version for their particular case [GS23, Question 6.2]. It is shown in [GS23,
Section 5] that the formula of this height is locally of the form m > o log | P(w?)],
where ¢ runs over the elements of the Galois group such that w? corresponds to points
in a triangle contained in unit square [0,1)2. As an application of Theorem 1.1, we solve
[GS23, Question 6.2] by deriving the following proposition.

Proposition 1.2. Let (wy)e>1 be a strict sequence of non-trivial torsion points in G2,
i.e. any proper algebraic subgroup of G2, contains wy for only finitely many values of £.
For every wy = (we.1,we2), let Plwe) € P2(Q) be the solution of the system of linear
equations

x+y+z:x+w211y+w[721z:0

in the 2-dimensional projective space. Then as ¢ — oo we have

h(P(Wg)) — %g < 5(wg)_1/(261><55)’

where ( is the Riemann zeta function.

The following provides an overview of the proof of Theorem 1.1 and outlines the
structure of this article.

All notations are stated in Section 2. Also, we have written down some formal defini-
tions and preliminaries in this section.

A standard way from measure theory to estimate an equidistribution result is Koks-
ma’s inequality, see for example [Har98, Theorem 5.4]. It says that if a function f :
[0,1) = R has bounded variation, i.e. V(f) := SuPycoy<...<a, <1 dorer [F(ai) = flaiz1)]
is bounded, then for every finite sequence (x4, z, . L :r;) in [0,1) we have

[0,1]

where
ra<x; <b
D(zy,...,z,) = sup Hita<a }—(b—a)

0<a<b<1 n

is called the discrepancy of (z1,...,x,).
We say a sequence (x1,Za,...,&n,...) in [0,1) is equidistributed if D(xq,...,2,) — 0

as n — oo. Hence, if the quantity D(z1,...,x,) is smaller, then the finite sequence

(1,...,xy,) is more “equidistributed” in [0, 1).
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However, in our case, we need to deal with functions having logarithmic singularities,
which don’t have bounded variation. It leads us to estimate the log function using the
“bounded log function” log max{r,z} for r > 0.

The bounded log function also appears in [DH24], where some useful property, that
we recall and enrich in Section 4, is shown. By the triangle inequality, we have

LY el - [ loslP(e)lds

K c€Gal(Q(w)/Q) A
w7 €ct™H(A)
1
< - Z log max{r, |P(w?)|} — /logmax{r, |P(e(x))|}dx
c€Gal(Q(w)/Q) A
w€ct™1(A)

1
+ - Z (logmax{r,|P(w”)[} — log |P(w”)])
c€Gal(Q(w)/Q)
w?€Ect™1(A)

+ /(logmax{r,\P(e(aﬂm}flog|P(e(x))|)dx . (1.3)
A

For the first difference in the right hand side of (1.3), we need to develop a version
of Koksma’s inequality for polytopes to estimate it, because the standard generaliza-
tion of the Koksma’s inequality (1.2) only works for the whole d-dimensional interval
[0,1)?. There are some generalization of Koksma’s inequality into more general sets like
[BCGT13] and [Harl0], but both of them have some shortcomings for our problems:
[BCGT13] contains the partial derivatives of functions that are difficult to compute in
our case, and [Har10] somehow hides the geometric meaning of discrepancy. Therefore,
based on the method in [DH24, Proposition 7.1], in Section 3, a version of Koksma’s in-
equality over polytope is developed and applied to our bounded log function. As [DH24,
Proposition 7.1] only works for continuous function, we will construct “continuous char-
acteristic functions” over polytopes for our purpose.

For the second difference in the right hand side of (1.3), we use the triangle inequality
again to divide it into two sums. The sum regarding log max{r,z} is easy to estimate
because the function is bounded. For the sum involves log functions, the main theorem in
[DH24] will be applied. The estimation for the third difference is similar with the second
one.

In Section 4, we put everything together to give a complete proof of Theorem 1.1.
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Section 5 contains a proof of Proposition 1.2, which gives an application of Theo-

rem 1.1 and answers the question in the paper of R. Gualdi and M. Sombra we mentioned
above [GS23, Question 6.2].

2. Preliminaries

2.1. Conventions and notations

Throughout the article we use the following notations.

| - |: maximum norm in RY and GL4(Z). If A = (a;;) € GL4(Z), then |A] =
max; ; |a,;]-

| - |2: Euclidean norm in R

(-,-): Euclidean inner product on R¢.

A cubic ball in R? is a subset of the form {y € R? : |z — y| < r} for + € RY and
r € R, where x is called the center of the ball and r is called the radius of the ball.
diam(A): the diameter of a subset A C R¢ with respect to the maximum norm,
which means diam(A) = max{|z — y| : z,y € A}.

: Lebesgue measure on R9.

X 4: the characteristic function of a subset A C R%, defined as the real-valued function
given by xa(z) =1ifx € Aand xa(z) =0if z ¢ A.

e(x) = (2™, ... €i27@4) for x = (z1,...,24) € R%

m(P): the (logarithmic) Mahler measure for a Laurent polynomial P in d variables
over C defined as

m(P) = / 10g|P(e(w))|du(m).

[0,1)4

| P|: the maximal norm of the coefficient vector of a Laurent polynomial P.

Q: the fixed algebraic closure of Q in C.

For w = (wi,...,wq) € (Q)%, a = (a1,...,aq) € Z% and A = (ai;) € GL4(Z), we
set

a ail aqi aid |,

a1 ad A Gdd
w=witwgt and w® = (Wi wg™, L Wy ).

.. wd
§(w): the strictness degree of w € (Q)* defined as

inf {|a| :a € ZN\{0}, w® = 1}.

St={z€C:|z| =1}

For z € St and a = (ay,...,aq) € Z¢, we set 2% = (2%1,...,2%).
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e <. :the Vinogradov’s notation where the constants implicit in it only depend on -.
For example, for a polynomial P, < p denotes the Vinogradov’s notation, in which
the implicit constants only depend on P.

e ct: the cotropicalization map defined by

(c*H? — [0, DY (21,...,20) — (@1, .., Tq),
where z; = r;€2™% for r; > 0 and z; € [0,1)%.
2.2. Convexr geometry

Let d > 1 be an integer. In the statement of Theorem 1.1, we consider subsets of
Galois orbits of torsion points that lie in the preimages of polytopes within [0, 1)? under
the cotropicalization map. Therefore, we need to introduce some basic definitions and
properties from convex geometry.

Let N =2 Z¢ be a lattice of rank d and M := NV be its dual. Then Ng := N @R = R¢
is a real vector space of dimension d and Mg := M ® R = N is its dual space.

A subset C' C Ny is convex if it contains all the segments with vertices in C. In other
words, for any uy,us € C, we have the line segment

g = {tu; + (1 —t)ug : t € 0,1]} C C.

An affine space is of the form Rvy + - - - 4+ Ru,, + p, where Rv; + - - - 4+ Ruw,, is a linear
space with v; € R? and p € R?%. Let C C R? be a convex subset. The affine hull of
C, denoted aff(C), is the minimal affine space which contains it. The dimension of C is
defined as the dimension of its affine hull. The relative interior of C, denoted ri(C), is
defined as the interior of C relative to its affine hull.

A convex subset F' C C is called a face of C' if, for every closed line segment uyus C C
such that ri(zyuz) N F # &, the inclusion Tyuz C F holds. A face of C of codimension
1 is called a facet. A face of C of dimension 0 is called a verter. A non-empty subset
F C C is called an exposed face of C' if there exists x € Mg such that

F={ueC:(z,u) <{(z,v),YveC}

Any exposed face of C is a face.
Pick z € Mg and ¢ € R. Then the set

Hy.={u€ Ngr:{(z,u) >c}

is called a closed half-space. A polyhedron in Ny is the intersection of finitely many closed
half-spaces in Ng. A polytope in Ng is a bounded polyhedron in Ng. A polytope can be
equivalently defined as the convex hull of finitely many points. Indeed, a subset P C Ng
is a polytope if and only if there exists p1,...,ps € Nr such that
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P =conv(py,...,ps) = {ZAipi : A >0, Z)\i = 1}.
i=1 i=1

We refer to [Brg83, Theorem 1.9.2] for the equivalence. The structure of the faces of P
is given in [Bre83, Theorem 1.7.5]. Specifically, every face of P is of the form

{ueP:(x,u)=c}
for some x € Mg and ¢ € R.

Definition 2.1. Let P C Nr be a polytope of the whole dimension d and F' be a facet of
P. Let vp be a vector orthogonal to F' with |vp|s = 1. We set

Pr={u+Xp:ueF, 0<A<1}.

Then Pr C Np is a polytope of dimension d. We call vol(F') := u(Pr) the volume of F
and the sum of the volumes of all facets of P the surface area of P.

To prove our version of Koksma’s inequality over polytopes, we will construct a con-
tinuous version of characteristic function of each polytope in Section 3. The idea is to
shrink the polytope by an arbitrary small scalar and connect the new smaller polytope
and the original polytope by some linear functions. Therefore, we also introduce the
notion of piecewise affine function.

Recall that an affine function f: A — B from an affine space A to an affine space B
is a function which satisfies

fa+ (1 =Xe)=Af(a) + (1 =A)f(c)

for a,c € A and A € R. In the more specific case where A = L + x for a linear subspace
L of R¢ and a point x € R%, and B = R, it follows from [Brg83, Section 1.1] that there
exists a linear function g : L — R? and a point y € R? such that f(z + ) = g(z) +y for
all z € L.

Let P C Ng be a polytope. A function f : P — R is piecewise affine if there is a
finite cover of P by closed subsets such that the restriction of f to each of these closed
subsets is the restriction of an affine function. Notice that every piecewise affine function
is continuous. Hence, if we construct a piecewise affine characteristic function, then it
will be continuous.

To show that our continuous version of characteristic function is piecewise affine, we
first need to understand the set difference between the original polytope and the shrunk
polytope. It will be described using a complete fan consisting of polyhedral cones.

A polyhedral cone is a polyhedron o such that Ao = ¢ for all A > 0. A fan ¥ in Np is
a finite collection of polyhedral cones in Nr that such that
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e For all 0 € ¥, every face of ¢ is also in ¥ and ¢ does not contain any line.
e For all 0,0’ € 3, we have 0 N ¢’ is a face of both o and ¢”.

If U,ex 0 = NR, then we say ¥ is complete.
2.3. Discrepancy

Let n > 1 be an integer and let z1,...,z, be points in the hypercube [0,1)¢. We
define the discrepancy of the finite sequence (z1,...,x,) to be

Z?:1 xB(Ti)

D(zq,...,x,) =supg -

_N(B) )

where B ranges over all products Hle[ai,bi) with 0 < a; < b; < 1. By definition,
the discrepancy lies in [0,1]. In some references, however, for example in [Har98], the
discrepancy is defined without normalization by n, thus allowing values greater than 1.

In this paper, we consider the discrepancy of the arguments of the Galois orbit of a
torsion point w € GY,. It has been estimated in [DH24, Proposition 3.3]:

Proposition 2.2. Let w € G% be a torsion point of order m, and let {w’ : o €
Gal(Q(w)/Q)} = {e(w;) : 1 < i < n}, where all x; € [0,1)%. Then we have

(log 26(w))4~* loglog 36(w)
5(w)1/2

D(m17""$n) <d

as 6(w) — oo.

As we are concerned about polytopes, the following notion of isotropic discrepancy
will also be useful. The reference for it is [KN74, Chapter 2].

Definition 2.3. Let d,n € N and zy,...,z, € [0,1)% The isotropic discrepancy of the
finite sequence (x1,...,xy) is

> i1 Xe(@i) — u(C)

J(x1,...,2py) = supg -
where C' ranges over all convex subsets of [0,1)%.
Proposition 2.4. Let d,n € N and x1,...,x, € [0,1)%. Then we have
D(z1,...,2q) < J(x1,...,2,) < (4dVd +1)D(z1, ..., 2,)"7.

Proof. The first inequality D(z1,...,xq) < J(z1,...,2,) follows immediately from the
definitions. For the second inequality, we refer the reader to [KN74, Theorem 2.1.6]. O
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2.4. Essentially atoral polynomials

The main theorem Theorem 1.1 in this article is a quantitative version of equidistri-
bution of function log |P(e(z))| where P is an essentially atoral Laurent polynomial. We
give the definition of essentially atoral Laurent polynomial here.

Definition 2.5. A torsion coset of G& is a coset wH, where w € G¢, is a torsion point
and H is a connected algebraic subgroup of GZ. A torsion coset is proper if it is not
equal to GZ. A non-zero Laurent polynomial P € C[T; 1i1, e ,Tjﬂ] is called essentially
atoral if the Zariski closure of

{(21,...,24) €C%: P(z1,...,24) = 0} N (S1)?

in G¢, is a finite union of proper torsion cosets and irreducible algebraic sets of codi-
mension at least 2.

Example 2.6. If d = 1, then a non-zero Laurent polynomial P € C[T*!] is essentially
atoral if and only if it does not vanish at any non-torsion point in S*.

Example 2.7. Let d > 2 and P(TY,...,Ty) = T{" ---T)"" — T --- T} be a nonzero
Laurent binomial over C, where all m;,n; are integers. Then P is essentially atoral.
Indeed, let

a=(my—ny,...,Mg—Nq)
and
Hy = {(21,..,2a) € (C*): 201 ... 20 =1},

By [BGO06, Proposition 3.2.10], there exists a finite subgroup S C S! such that H, =
S x G&-1. Therefore, the Zariski closure of

{(21,..,240) €CT: P(z1,...,24) =0} N (SH = H, N (SH)4 = 8 x (14!
is isomorphic to a finite union of GZ~! and each G% ! is a proper torsion coset of G¢,.

2.5. Height

Height functions assign a notion of arithmetic size or complexity to mathematical
objects, such as points and cycles in varieties. In this paper, we are interested in Weil
height of points in projective space.

Let K be a number field. The notion of absolute values of K will be used in the
definition of height functions. A standard reference for absolute values is [Neu99, Chapter
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2]. Here, we normalize the absolute values of K as follows. Let v be a non-archimedean
place of K. Then there exists a prime number p such that v extends the p-adic place.
Recall that |p|, = %. For any z € K, we define

1/[K:Q]

2|0 = | Nk, /g, (2)]

where K, (resp. Q,) is the completion of K with respect to v (resp. Q with respect to
the p-adic place) and Nk, /@, is the norm of the finite extension K, /Qp.

Let Mg be the set of all places on K. For example, if K = Q, then Mg consists of an
archimedean place oo and non-archimedean places v, corresponding to prime numbers

p-

Definition 2.8. For a point = [z¢ : - - - : 4] € P4(Q) in d-dimensional projective space
over Q, let K be a number field containing all coordinates of . Then the height of x is
defined as

h(z) = Z max; log |2 ]..
weE Mg

For each place w € My, the w-adic height of the homogeneous coordinates vector
(zo,...,2q) of x is defined as

hy (2o, ..., xq) = max; log |2;]w.

For each place v € Mg, the v-adic height of the homogeneous coordinates vector
(zo,...,2zq) of x is defined as

hy (2o, ..., 2q) = E hy(zo, ..., q)-

w extends v

The height is well-defined in this way, see [BG06, Chapter 1] for details.
3. Koksma’s inequality over polytopes
Throughout this section, we identify points and vectors in the real vector space R,

Definition 3.1. Let f : B — R be a function, where B is a non-empty subset of R%. Then
the modulus of continuity of f is defined by

p(fit) =sup {|f(z) — fy)| : 2,y € B, |x —y| <t}, Vt>0.

Let f:[0,1]¢ — R be a continuous function, and let (x1,...,x,) be a finite sequence
in [0,1)? with discrepancy D = D(z1,...,,). Then [DH24, Proposition 7.1] gives the
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following proposition, which shares the same idea with simplest Koksma’s inequality in
dimension one (1.2), i.e. the upper bound of

%gjﬂm— | san

[0,1)¢

is related to the discrepancy D and the variation of f.

Proposition 3.2. Let f : [0,1]¢ — R be a continuous function and let (z1,...,7,) be a
finite sequence in [0,1)® with discrepancy D = D(xy,...,x,). Then

%if(l’i) - / fdul < 1425y (val/(d-',-l)) '
=1 0.1)

Now let A C [0,1]? be a polytope of full dimension, i.e. dim(A) = d. In this section,
we would like to find an upper bound for the difference

2> g [ fdn= 3 fwxale) ~ [ fradn
IR = o1y

where xa is the characteristic function of A such that ya(z) = 1ifx € A and xya(xz) =0
otherwise.

In order to apply Proposition 3.2 to our case, we need to construct a continuous version
of characteristic function and compute its modulus of continuity. The proof below works
for the case d > 2. However, the result we proved also works for d = 1 and the proof is
essentially the same. The only difference is that if d = 1 then we don’t need to intersect
the polytope with 2-dimensional planes to reduce some problems to the 2-dimensional
case.

3.1. Construction of “continuous characteristic function”

Consider 0 < € < 1. Let A € R? be a polytope. Let us construct a continuous function
XA . to estimate the characteristic function xya. The main idea is to shrink the polytope
A to A¢ in a linear way. The function X4, will be 0 outside A and 1 inside A.. We will
then connect the facets of (A,0) and (A, 1) by linear functions. In order to define the
function, we need to pick a special point in the interior of A. Recall that a cubic ball in
R? is of the form {y € R? : |z — y| < r} for x € R? and r € R+ using the maximum
norm | - |.

Definition 3.3. An inscribed cubic ball of a polytope is a ball of maximal radius that is
contained within the polytope.
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Proposition 3.4. Every polytope has an inscribed cubic ball.

Proof. Let P C R? be a polytope. If P is a point, then the only point in the inscribed
cubic ball is P. We suppose that P is not a point. First, we claim that for every point
x € ri(P) there exists a ball centered at = of maximal radius that is contained within P.
Indeed, for every x € ri(P), there exists r, > 0 such that

ry =min{|x —y| : y € P\ri(P)},
since
P\1i(P) = R,y |z—y|

is a continuous function on the compact set P\ ri(P). Then the ball centered at x with
radius r, is contained within P, and it has maximal radius among all balls centered at
x that are contained within P. The claim follows.

Consider the function

r:P—R, z— min{lx—y|:ye P\ri(P)}.

Note that r(z) = 7, if € ri(P) and r(z) = 0 if © € P\ri(P). Let us show that r is
continuous. Take xg,z € P. For any y € P\ ri(P), we have

|z =yl < |z — 20| + |zo — ¥
and thus
min {|z —y| : y € P\ri(P)} <min{|zg —y| : y € P\ri(P)} + |x — xo|-

Hence r(z) — r(zg) < |z — xo|. Symmetrically, we have r(z¢) — r(x) < |z — 29| and
therefore r is continuous. The proposition follows from the fact that P is compact. O

Definition 3.5. Let P C R? be a polytope. Then the inner radius of P, denoted inrad(P),
is the radius of an inscribed cubic ball of P.

Let 2. be the center of an inscribed cubic ball of A. For each 0 < € < 1, we define

v R —R?

=zt (1—€)(x—z.) = (1 —€)x+ exe,
which is the shrinking of R? by a scalar 1—e with a specified center at .. Set A, = . (A).

Lemma 3.6. For each 0 < ¢ < 1, the set A, is a polytope contained in A.
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Fig. 1. An Example of A. C A in dimension 2. (For interpretation of the colors in the figure(s), the reader
is referred to the web version of this article.)

Proof. It is stated in [Bre¢83, Exercise 2.8.1] that the image of a polytope under an
affine function remains a polytope. Since @, is an affine function, the set A, = @ (A)
is a polytope. By the convexity of A and the fact that . € A, we have A, C A. See
Fig. 1. O

Remark 3.7. One can prove that A, — A as € — 0 in terms of Hausdorff distance. See
[RW98, Chapter 4] for more details on Hausdorff distance. Indeed, the Hausdorff distance
between A and A, is

dH(A67 A) = Inax {SupzeA d(l‘, Ae)? SupyEAg d(A7 y)} )
where

d(A,y) =infyen |z —y| =0, Vye A,

d(z,Ac) =1infyea, |z —y| < |z — ()] = €|z — x|, Ve A.
Therefore, we have
di(Ac,A) < €e-sup,en |z — 2| < € diam(A).
It follows that dy (A, A) — 0 as e — 0.

Before constructing the continuous version of characteristic function, let us first study
the set difference A\ri(A.). It will help us to show that the constructed function is
piecewise affine and thus continuous.

Definition 3.8 (truncated hyperpyramid). Let B C R? be a (d — 1)-dimensional polytope
that is the convex hull of the points py,...,ps € R%, and let x € R%\ B. The polytope

P = conv(py,...,ps, )

is called a hyperpyramid with base B and peak . Let H C R? be a hyperplane such that
H is parallel to B and H N P ¢ {@,{z}, B}. Then there exist qi,...,qs € R? such that
HnN P =conv(qy,-..,qs). The polytope
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conv(pi, ..., Dsyq1y---5qs)

is called a truncated hyperpyramid with top H N P, base B and peak x.
Lemma 3.9. Let F be a facet of A. Then ¢ (F) and F are parallel for every 0 < e < 1.

Proof. Let v € R? such that v is orthogonal to F. Then for any z,y € F, we have
(v,z —y) = 0. Thus (v,9.(z) — @(y)) = (1 — €)(v,x — y) = 0, which means that v is
orthogonal to ¢ (F). It follows that F' and ¢.(F') are parallel. O

Lemma 3.10. Let F,..., F, be all the facets of A. For each 0 < € < 1, the set A\ ri(A,)
can be written as a union of truncated hyperpyramids Py, ..., P., where each P; has top
v (F;), base F; and peak x..

Proof. For each 1 < i < e, let us consider the polyhedral cone
L(F;) ={t(x —z.):x € F;, t >0}.

Let X be the collection of Z(Fy), ..., Z(F.) and all their faces. Then ¥ is a complete
fan. By the completeness of ¥, we have

A\1i(Ad) = (Z(F) N (A\T(A))) U--- U (Z(F.) N (A\1i(AL))).

It follows from Lemma 3.9 that each Z(F;) N (A\ri(A.)) is a truncated hyperpyramid
with top ¢.(F;), base F; and peak z.. O

The following lemma will be used when we prove our version of Koksma’s inequality
over polytopes.

Lemma 3.11. Let 0 < e < 1. Let S(A) be the surface area of A C R. Then

eS(A) diam(A)
N(A\Ae) < T

Proof. By Lemma 3.10, A\ ri(A.) can be written as the union of truncated hyperpyramid
P;, where each P; has top ¢.(F;), base F; and peak z.. For each i, we can pick a point
x € aff (F;) such that the vector x. — x is orthogonal to Fj;.

The volume of a hyperpyramid in R? with base B and peak p can be computed using
[Mat99, Theorem 1.2.10], which says that such a hyperpyramid has volume vol(B) - h/d,
where h is the Euclidean distance from p to B. Applying this theorem, we get

vol(¢e(F3))lpe(x) — 2|2
d
vol(¢e(Fi))e|ae — x|
d

u(P;) <
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< vol(F;)e-supf{la — bl :a € Abe A}
— d .

Recall that diam(A) is the diameter of A with respect to the maximum norm. For every
a,b € A, we have |a — by < V/d|a — b|. Tt implies that sup{|a — bz : a € A,b € A} <
Vddiam(A) and thus

vol(F;)ediam(A)

u(P;) < N ;

which proves the result. O

We now construct the continuous version of characteristic function of A with respect
to e. For every y € A\A,, consider the ray

{ze + Ay —2c) : A € Rxo}
with starting point x. and passing through y. Take
Ay =sup{A € Rxg: x4+ Ay —z.) € A}
and set z, ==z + Ay (y — ) € A. Then we have
Y=+ (1= 0y)(zy — ) = 5(Ty)

for §, :=1—1/A,. Hence y € p5(A) = As. As y € A\A,, we have 0 < ¢, < e. With this
expression, we can define a function XA R? — R such that

0 for y ¢ A,

X&E(y) = dy/e forye A\A,, (3.1)
1 for y € A..

Proposition 3.12. For each 0 < e <1, the function x} , : RY — R is piecewise affine.
Proof. By definition, x3 . =0 on RANA and XA, =1on A.. By Lemma 3.10, we have
A=A UPU---UP.),
where every P; is a truncated hyperpyramid. Let us consider XA, on each closed subset

P;.
Suppose y1,y2 € P; with X (y1) = d1/€ and X} (y2) = d2/e. Let y = ty1 +(1—t)y2 €

P; for t € R. Then there exists 0 < ¢ < € such that x4 .(y) = d/e. It is easy to check
that § = t61 + (1 — t)d2 using elementary Euclidean geometry. Therefore,
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01 0o
—t—+(1-t)—=
€+( )6

= XA, (y) + (1 = )XA (v2)
and so x4 . Is affine on P;. The conclusion is proved. O
Corollary 3.13. For each 0 < e <1, the function x} . is continuous.

Remark 3.14. One can prove that XA . converges pointwise to the characteristic function
XA in the interior of A as € — 0. Indeed, take y € ri(A). Then there exists e > 0 and
x € A\ri(A) such that

y=u.+ (1 —e)(z—z.),

where z is in the intersection of A\ ri(A) and the ray with starting point z. and passing
through y. Then y € A.. Therefore, for any 0 < é < ¢, we have y € A, C As and
therefore x4 5(y) =1 = xa(y), which proves the desired result.

3.2. Computation of modulus of continuity

To apply Proposition 3.2, for ¢ > 0 and ¢ > 0, we need to compute the modulus
of continuity p(f - XA ., t). First, let us compute p(xj .,t). As we will apply our ver-
sion of Koksma’s inequality over polytopes to a sequence in [0,1)? with small enough
discrepancy, it is sufficient to compute P(XcA,ev t) when t is small enough.

Proposition 3.15. Let A C R? be a polytope, and let X4 . be the continuous version of
the characteristic function of A that we constructed in (3.1) for 0 < e < 1. Then for
sufficiently small real numbers e > 0 and t > 0, we have

t
c < — .
P(XA,ert) < ¢ - inrad(A)

Let us now prove Proposition 3.15. During the proof, we intersect the polytopes with
affine two-dimensional planes multiple times to make our arguments visual.
By definition,

P(Xh.et) =sup {|X4.c(@) = XX W)] s 2,y R, |w—y| <t}.

Let z,y € R? with |z —y| < t. Our goal is to find an upper bound for [x% (%) —Xa. (W)l

Ifz,y & A, then [x} () —xA (W) =[0-0[ =0.If 2,y € A, then |x} . (z) =X ()| =
I1—1]=0.
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If x ¢ A and y € A\ri(A.), then by considering the line passing through x and y, we
can find an 2’ € A\1i(A) such that |2’ —y| < |z —y| <t and x{ (2) = x4 (2') = 0.
The case y ¢ A and z € A\ri(A,) is in the same way.

Similarly, if x € A\ri(A,) and y € A, then by considering the line passing through
z and y, we can find an y' € A\ ri(A¢) such that [z —y'| < |z —y| <t and x{ (y) =
XA (y) = 1. The case y € A\1i(A.) and = € A is in the same way.

Hence, it remains to consider the case x,y € A\ri(A,).

Recall that x. is the center of an inscribed cubic ball of A.

Reduction Step. Let F,..., F, be the facets of A. By Lemma 3.10, the set A\ ri(A,) is
a union of truncated hyperpyramids P,..., P., where each P; has top ¢.(F;), base F;
and peak z.. We may assume that x,y € P; for one 1.

Indeed, otherwise z, y are not in the same P; for one <. When ¢ is small enough, =, y, z.
are not on the same line. Let H be the affine two-dimensional plane containing x, y, z..
By definition xj (%) = d,/e and x§ (y) = dy/€ for 0 < 6,6, < €. If 6, = dy, then
IXA () = XA (y)] = 0. Without loss of generality, we suppose that d, < d,.

We claim that @5 (A) N H is a 2-dimensional polytope with facets s, (Fi,) N
H,...,0s5, (Fg,)NH, where Fy,, ..., F}, are the facets of A such that ¢s, (Fg,) N H is a
line segment. Indeed, each nonempty 5, (F;) N H is a face of the polytope o5, (A) N H.
Note that Ty C @5, (A)NH and Tz, C s, (A)NH are two line segments which do not lie
on the same line. Therefore, we have dim(p;, (A)NH) = 2. Since dim(ps, (Fy,)NH) = 1,
then ¢s, (Fy,) N H is a facet of ¢s(A) N H.

Similarly, s, (A) N H is a 2-dimensional polytope with facets

¢6y(Fk1) ﬂH,...,gOgy(Fkl) N H.
Let
d; = inf {|a — b| : a € aff (s, (Fi,) N H), b € aff(¢s, (Fi,) N H)}.

Without loss of generality, we may assume that dy < dy < --- < d;. Then when € is small
enough, we have

inf {Ja — b| : a € (105, (A) N H)\xi(ps, (A) N H), b€ 5, (A) N H} = dy

and we can take ' € @5, (Fr,) N H and y' € s, (F,) N H such that [2' — /| = d;.
Then [2" —y'| <[z —y| < ¢, XA (2') = X4 (2) = 0z/€ and X (V') = XA (y) = dy/e.
Therefore, we can assume x,y € P; for one i.

By the definition of inner radius Definition 3.5, we have |z — .| > inrad(A) for any
z in the facets of A.

Case 1. Suppose z,y, 7. are on the same line, and X3 () = d;/e and x3 (y) = d,/e.
Then there exists z € A\ ri(A) such that
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Thus |z — y| = |z — x| - |0z — 0| and so

c c |51 — 5y| |‘T - yl t
— — = < .
|XA’€(£E) XA’E<y)| € €|z — xc| T e-inrad(A)

Case 2. Suppose z,y,x. are not on the same line. The Reduction Step allows us to
assume that x,y € P for the truncated hyperpyramid P corresponding to a facet F' of
A. First we suppose that x € F and XCA,e(f) = 0. Let H be the affine 2-dimensional
plane containing ,y, z.. Suppose x3 .(y) = d/e for 0 < < e. Then y € p5(F).

Notice that F'N H is a line segment, otherwise F' N H = {z} and ¢s(F) N H = {y}
and thus x,y, . are on the same line, a contradiction. It follows from the definition of
e and s that both ¢.(F) N H and ¢s(F) N H are line segments. By Lemma 3.9, the
intersections ¢ (F)NH, ¢s(F)NH and F'N H are parallel. As in Fig. 2, when € is small
enough, we can take ', 2" € FNH, y € ¢s(F)N H and z € ¢.(F) N H such that

e 1, z,z, are on the same line,

|z' —y/| =inf{la—b|:a € aff (FNH), b€ aff(ps(F) N H)},

|z — 2| =inf{la—b|: a € aff (FN H), b€ aff(p.(F) N H)},

o theline ¢,/ passing through 2’, y’ and the line ¢, , passing through 2", z are parallel.

With these points we have

o 2=y <|z—y|l <t
o XA () =xa.(2) =0, X4 (¥) =xa.(y) =/e

Set

dp =inf{la—bl:acaff(FNH), beaff(p.(F)NH)},
Dp :=inf {|a — x| : a € aff(F N H)}.
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(2,1)

(x//, 0) (2",0)

Fig. 3. Similar triangles for computation.

Then |z —z”| = dp. Let 2’ be the intersection of F'N H and the ray passing through ¢/’
with start point z., as in Fig. 2. Then by similar triangles

dF |x//l
_— = — = €
DF |x/// _l'c|2

— 2|

and thus |2 — z| = dp = eDp > e-inrad(A). By Proposition 3.12 and its proof, we have
X4 . is affine on P. Using similar triangles as in Fig. 3, we get

/ ! / /
c / c / |:E -y |2 |5L' -y | t
_ = = <
|XA,€($) XA,e( )\ |£C”—Z|2 ‘37//—2| = e-inrad(A)’
where ﬁif_yzll‘z = ‘lfcl,f_yzl‘l holds since z'”,y’, z are in the same line and ¢y, and £, are
parallel.

It follows that
c c c < t
Xa.c(@) = Xa. W] = Xae o) = X6, W) < 5 qay

For the general case x,y € A\ri(A), the argument is essentially the same and we
still get

t
c _ ¢ <
’XA,e(m) XA’f(y)’ ~ €-inrad(A)

Therefore,

P(XAert) < —_!__ o
A0 = e linrad(A)
3.8. Proof of Koksma’s inequality over polytopes

Now we can prove one of the main tools in this paper, a version of Koksma’s inequality
over polytopes.
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Theorem 3.16. Let f :

[0,1]¢9 — R be a continuous function and let (x1,...,2,) be
a finite sequence in [0,1)¢

with discrepancy D = D(xy,...,x,). Let A C [0,1]? be a
polytope of dimension d. Then for D small enough we have

LS s /fdu < (1425 )p( £, DM 4 (

n
i=1
T;€EA A

(1 4 2d+1)D1/(2d+2)
inrad(A)

2 diam(A)S(A) D/ (2d+2) )

1/d,
+ (4dVd 4+ 1)DY%e(A) + /i

where

o p(f, DY@+ s the modulus of continuity of f for DY/ (4+1)

o M is an upper bound of |f|, i.e. |f(x)| < M for all z € [0,1)4,

o e(A) is the number of facets of A,

o S(A) is the surface area of A, i.e. it is the sum of the volumes of all facets of A.

Proof. We want to apply Proposition 3.2 to prove this theorem. To do this, we approxi-
mate f-xa by a continuous function. For € > 0, let x4 . be the continuous characteristic
function we constructed in Section 3.1. Then we have

> fenate) - [ radu

[0,1]4

1o .
= EZ ;) XAe ;) / XA dp
=t [0,1)¢

n

Z (z:)xa (i) f(l"i)xi,e(fﬂi))‘

1
n

+ / (fxa— Fxa.)dul.
[0.1]¢

Let us first estimate the first difference. In order to apply Proposition 3.2 to it, we only
need to understand the modulus of continuity of f- x4 .. For any two points x,y € [0, 1],
by the triangle inequality,

|f(@)Xa (@) = fF(y)XA. ()
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<1f(@) = FW+ W XA (@) = XA ()] -

Since f is continuous on [0, 1]%, there exists a positive real number M such that |f(z)| <
M for all z. By Proposition 3.15, for sufficiently small € and ¢, we have

Mt

p(f-Xaet) <plfit) + M- p(xa.et) < p(f,t) + ¢ inrad(A)’

Therefore, we get

MDl/(d+1) )

1 n
- ;f(l‘i)xi,e(%) - / FX& dp| < (1424 (P(val/(dH)) + ¢ inrad(A)

[0,1]¢

for small enough e.
For the second difference, we know that xa and xj . are only different on A\ ri(A,).
Therefore,

Do XA\ ri(an) (4:)
n

<M

By Lemma 3.10, A\ ri(A) is a union of polytopes P, ..., P such that ri(P;)Nri(P;) = @
for i # j, where e := e(A) is the number of facets of A. Therefore, we can find convex
subsets Pj,..., P! such that

o 1i(P}) = ri(F;),
e P/NPj =0 foralli#j,
o A\ri(A.)=P/U---UP.

Let J(z1,...,xy,) be the isotropic discrepancy of (x1,...
tion 2.4 that

,Zp). It follows from Proposi-

Dimi Xavriay (@)
n

1(A\A,)

SeJ(xl,...,xn)

< e(4dVd +1)DY4.
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Thus

Lii XAX“AJ(%) < e(4dVd +1)DV4 + p(A\A)

and so

> (flaixal@) — f@i)xa, (z:))

i=1

S|

Do XA\ ri(an) ()
n

<M

< M(e(4dVd +1)DY? + u(A\A,)).

Similarly, for the third difference, we have

/ (fxa = fxa.e)du| < / Ifl- [xa — X4 dp

[0,1]¢ A\A.

< Mp(A\A).

By Lemma 3.11 we have u(A\A,) < e - diam(A)S(A)/vd. When D is small enough,
we can take e = D/ (24+2) guch that e is also small enough. Combined with all these
inequalities, we get the result. O

Remark 3.17. Note that Theorem 3.16 does not imply Proposition 3.2. If A = [0,1]¢,
then we can apply Proposition 3.2 directly to get an upper bound of the difference
without the term

(1 4 2d+1)D1/(2d+2)

rad(A) + (4dVd + 1)D"e(A)

N 2 diam(A)S(A) D/ (24+2) )

M( -

in Theorem 3.16.
Corollary 3.18. Let f : [0,1]% — R? be a continuous function and let (v1,...,1,) be

a finite sequence in [0,1) with discrepancy D = D(x1,...,7,). Let A C [0,1]% be a
polytope of dimension d. Then for D small enough we have

- > fla) - / fdu| <a p(f, DY) 4 MDYV 42,
n

1
T, EA A

where M = max {|f(xz)| : x € [0,1]4}.
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4. Proof of the main theorem

In this section Theorem 1.1 is proved.

As in Theorem 1.1, we let d, k be integers, let P € @[Tlil, . ,Tfl]\{O} be an essen-
tially atoral Laurent polynomial with at most k nonzero terms, and let A C [0,1)? be a
d-dimensional polytope.

For a torsion point w € G, according to Laurent’s Theorem [Lau84], if §(w) is
large in terms of d and P, then P(w?) # 0 for all 0 € Gal(Q(w)/Q). We fix a torsion
point w € G&, with §(w) sufficiently large such that P(w?) # 0 for all ¢ € Gal(Q(w)/Q).
Denote n == [Q(w) : Q]. For the Galois orbit of w, we get a finite set {x1,...,z,} C [0,1)%
such that

{e(z1),...,e(xy)} = {w? : 0 € Gal(Q(w)/Q)}.

Then P(e(x;)) # 0 for 1 <i < n.Let D = D(x1,...,2,) (vesp. J = J(x1,...,2,)) be
the discrepancy (resp. isotropic discrepancy) of the sequence (z1,...,z,). Our goal is to
estimate the difference

= Z log |Plea:))| — [ log|P(e(a))fdn(z)|.

We first examine the easiest case that P is a constant. In this case,

Z log | Pe(a)| - / g [Plelo)iduta)| <cp | =220 )] < g

wEA

by the definition of J. By Proposition 2.4 and Proposition 2.2, we have

log § daN 1/d
J <4 DY <y (( giu)((;g) ) <y 5(w)71/(4d)

as 0(w) — oo. The desired result follows.

Now suppose P € @[Tlﬂ, e ,Tdil]\@. We may assume that P is a polynomial, as
multiplying by a monomial does not change the difference between the discrete sum
and the integral stated above. Let ¢ > 0 be the largest maximum norm among the
coefficients of P. We may assume that the maximum norm of the coefficient vector of
P is 1; otherwise, we replace P by a suitable scalar multiple, which does not affect the
estimate since the implicit constant depends on P.

Suppose k > 2. By Proposition 2.2, §(w) is large implies that D is small. At the end
of proof, we will take r in terms of D such that the small D implies that r is also small.
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By the triangle inequality,

o > log P(e(a)| ~ [ log|Plel@)) dua)

< | > togmaxr, [Ple(ei)l} ~ [ logmax{r, [P(e(a) du(a)
A

i=1
fE,‘,GA

1
+ -
n

> (log|P(e(ws))| — log max{r, IP(e(Ii))I})|

i=1

/ |log |P(e(x))| — log max{r, |P(e(z))[}|du(z). (4.1)

For the first difference, as D is small, we can apply Corollary 3.18 to it. In order to
apply Corollary 3.18, we need to estimate the maximum value of logmax{r, |P(e(x))|}

n [0,1]¢. As |P(e(x))] is continuous on the compact set [0,1]%, we have that |P(e(z))|
is bounded. Taking r sufficiently small, we have |log max{r, |P(e(z))|}| < |logr| for all
z € [0,1]¢. By Corollary 3.18,

% Z log max{r, |P(e(x;))|} — /logmax{r,|P(e(x))\}du(x)
<a p(logmax{r, |P(e(x))[}; DV V) + (= logr) DY/ G4+

for D small enough. The modulus of continuity of the function log max{r, |P(e(z))|} can
be estimated by [DH24, Lemma 7.5], which states that

eg(P)t

d
p(log max{r, [P(e(z))[}; 1) <ax
for any r € (0, 1] and ¢ > 0. In our setting, we conclude that

DL/(d+1)
p(log max{r, | P(e(x))|}; DV V) «p =—r

and thus

% > togmax{r, [P(e(a)l} - [ 1oz max(r, [Pe(o)du(e)
A

den
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D1/(d+1)
<ap ——— + (—logr) DY+ (4.9)
r

For the second difference, the triangle inequality gives

n

1
- Z log | P(e(z;))| — log max{r, |P(e(x;))[})
1 i n
<= > |logmax{r, [P(e( |}!+— S Jlog|Pe(x))]].
i=1 =1
|P(e(zi)l<r |P(e(z:)|<r

By definition, log max{r,|P(e(z))|} = logr if |P(e(x))| < r. Hence,

i e(zs) ‘}| i:|P(e(x;))] <r} |10gr|'

| log max{r, | P(e(
n

1

n °
1=1

|P(e(z;))|<r

This can be further estimated using [DH24, Lemma 7.4], which indicates that

i e D/ (d+1)
ﬁ{'L | (67(1'%1)” — T} <<d,]€ rl/(Qk) —+ deg(P)i
Thus,
1 . Dl/(d+1)
1 Z |logmaX{T,|P( |}’ <p (—logr) (Tl/(Zk)+7> .
~ T

i=1
[P(e(zi))|<r

Note that [DH24, Lemma 7.7] shows

1 n
- log | P(e(z;
i X Deslpew
|[P(e(z;))|<r
dee P Dl/(d+1)
<an %Mumm .

P)= > log | Ple(a)].

We conclude from the main theorem of [DH24] that

[| <p 6(w)™"

P)= 3" log|Ple(a:)

for a constant v = ~(d, k) > 0. Putting the above inequalities together, for r small
enough, we get
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D1/(d+1)

<@ O(w) Y U L ——— (4.3)
T

% Zlog |P(e(x;))| — logmax{r, |P(e(x;))[}

i=1

Let Sp(r) = {z €[0,1)% : |P(e(z))| < r}. Similarly, for the third difference, we have
/’10g|P )| = log max{r, | P(e(z))|}|du(z)
| log max{r, |P(e(z))[}|du(x) / |log |P(e(z))|du(z)

Sp(’r’) SP(T)

By [DH24, Lemma A.3(i)], the Lebesgue volume of Sp(r) is <4 r'/(2*=2). Applying
this and using log max{r, |P(e(z))|} = logr if |P(e(x))| < r, we get
|log max{r, |P(e(z))|}|dz < (—logr) - u(Sp(r)) K (—logr)r'/ =2,
Sp(r)

Moreover, it is shown in [DH24, Lemma A.4] that

‘ log | P(e( ’du <Ld.k pl/(4k=4)
Sp(r)
and so for r small enough we have
/ |log |P(e(x))| — log max{r, | P(e(z))[}|du(z) <ax 1/ (4k=4) (4.4)

Choose r = DY/ (44+4) now. Then gathering the inequalities (4.1), (4.2), (4.3) and (4.4)
together we have

L3t P — [ gl Pete))ana)| <ap o)™ + DS

if §(w) is sufficiently large. The conclusion follows from Proposition 2.2. O

Remark 4.1. An explicit value of k in Theorem 1.1 can be deduced from this proof.
Indeed, by Proposition 2.2,

1/(16k(d+1))
DL/ (16k(d+1)) <y (log 5(W))d
§(w)1/2
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5(w) /4 1/(16k(d+1))
Ld | =—=+=
(5(w)1/2>

— ()~ L/ (04k(d+1))

Therefore, one can choose

, 1
v {7’ 64k(d + 1) }

and the proof of [DH24, Theorem 8.8] contains a way to determine v = v(d, k). This
approach is summarized in the extended arXiv version [Lin24, Appendix A] with an
algorithm.

5. Application

In this section, we answer [GS23, Question 6.2], posed by Gualdi and Sombra, by
applying Theorem 1.1. Let us introduce the background of this question. The paper
[GS23] studies the height of the intersection of

L= Z(xo+ 1 +12) C P2(Q)

with its translate wL by a torsion point w = (wy,ws) € G2,(Q) = (@X)Q, where
wL = Z(zo +wy ey +wy teg).

When w is nontrivial, i.e. w # (1,1), the intersection L NwL counsists of the point

Pw) =[wy' —wit:1—wy':wit —1] € PXQ).

Let us also denote by P(w) the vector of homogeneous coordinates (wy ' — wyt, 1 —
wy wit = 1). We fix an embedding ¢ : Q < C. Let d = ord(w). Then [GS23, Lemma

2.3] gives an explicit formula for the archimedean height of P(w):

w :L 0g max ka —ka ka— ka—
hoo (P(w)) o) ke(Zz/;Z)xl gmax(|e(wy) — e(wr)[, [e(ws) = 1 [e(wr) = 1)),

where oo is the unique archimedean place of Q and |- | denotes the usual absolute value
on C.

We will later consider a sequence in G2,(Q) that avoids all proper algebraic subgroups
of G2,(Q). According to [BG06, Chapter 3], over any field F' of characteristic 0, a one-
dimensional algebraic subgroup of G2 (F) is of the form

H, ={wecG2(F):w*=1} (5.1)
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for an a € Z*\{0}. We say a sequence (wy),>1 in G2,(Q) is strict if for all a = (ay,as) €
Z*\{0}, there exists an integer £y > 0 such that w, does not lie in H, for ¢ > £y, which
means

wzllw?fz #£1, VYI>{,

where wy = (we,1,wr,2). Note that for a sequence (wg)e>1 in G2,(Q), the strictness degree
d(we) — 00 as £ — oo if and only if (wy)e>1 is strict.

Let (we)e>1 be a strict sequence of non-trivial torsion points in G2,(Q) now. It is
shown in [GS23, Proposition 4.1] that the limit of archimedean heights hoo (P(wy)) is an
integral by equidistribution theorems. Indeed, fix an integer ¢ and write ny = ¢(ord(wy))
for simplicity, set

{e(ar), ... e(arn,)} = {t(w}) : k € (Z/ord(w)Z)*},
where e(ay ) = (e!?™@er el2™ek) for each ayp = (wok, Yo x) € [0,1)% Let
f:00,1)> 5 RU{-o0},

(x,y) — logmax {

eier(a:—y) _ 1‘ , ’eiQﬂz _ 1‘ , }eiQﬂ'y _ 1‘} .

Then we have

Jim o (P(wr) —hm—ZfaM | san

L—00 Ny
[0,1)

In [GS23, Question 6.2], a quantitative version of this equidistribution result is re-
quested. The following is our solution.

Let w € G2,(Q) be a non-trivial torsion point. For the Galois orbit of w, we get a
finite set {a1,...,a,} C[0,1)? such that

{e(ar),...,e(an)} = {L(wk) k€ (Z)ord(w)Z)*},

where n = ¢(ord(w)) and ax = (zk,yx) € [0,1)2. Let us estimate

h(P(w)) - / fdul.

[0,1)2

As in [GS23, Section 5], the square [0, 1)? has a partition consisting of 12 closed trian-
gles as in Fig. 4. Among these 12 triangles, in 4 of them, f(z,y) = log |e??™® —1|; in 4 of
them, f(z,y) = log|e™®™ — 1|; in the remaining 4 triangles, f(z,y) = log [e?>"(@=¥) — 1|,
The first (resp. second / third) group of triangles are marked by green (resp. blue / red)
in the figure. We denote these 12 subsets as €);; for 1 < i < 3 and 1 < j < 4, where
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Fig. 4. The partition of [0, 1]? into triangles.

Q11,...,84 correspond to green triangles, (o1, .. ., a4 correspond to blue triangles and
Q31,...,834 correspond to red triangles.

Furthermore, for any point in the boundaries of these triangles, its image under the
complex exponential map

0,12 5 GL(C), () > (¢27, )
lies in one of the algebraic subgroups
H1,0), Hoo,1), Hay Hi -1y Hee, -1y, Hi, -2y,

as defined by the notation H, in (5.1). Therefore, if 6(c(w¥)) > 3, then none of the points
Qi, ...,y lie on the boundaries of these 12 triangles. It follows that

flaw) = > fxa,(), V1<k<n

1<i<3
1<j<4

if 6(w) > 3, and thus

%Zf(ak)— / fdu[ < > %Zf-mxak)— / £ xa,dp (5:2)
k=1 ] k=1

[071)2 1§j§4 [0’1)2

if 6(w) > 3.

Set Pi(Th,T2) =T1—1, Py(T1,T5) =To— 1 and P3(T1,T5) =T1 —To. In Q11,...,Q14
we have f(z,y) = log|Pi(e(z,y))]; in Qa1,...,024 we have f(x,y) = log|Pa(e(x,y))l|;
in Qs1,...,034 we have f(z,y) = log|Ps(e(x,y))|. The three polynomials Py, P, and
P5 are all binomials and, therefore, are essentially atoral by Example 2.7. Hence, by
Theorem 1.1, if §(w) is sufficiently large, then there exists a constant x > 0 such that
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1 n
P> Foxagla) = [ xaudu < 6) 53
k=1 [0,1)2

forall 1 <¢ < 3and 1< j <4, where the constant is specified by P;, P>, P3 and the
choice of €;;. Moreover, by Remark 4.1, we can choose

ﬁ:mln{7(2,2),764 T 3},
where 7(2,2) can be calculated to be 1/(2%! x 5°) by [Lin24, Algorithm 1] with the input
7(1,2) = ~(1,4) = 1/2. Thus, x = 1/(25 x 5%). It follows from (5.2) and (5.3) that

1 " 61 5
P S = [ ] 8wy T,
n

This provides the convergence speed of the archimedean part of the height of the point
P(w) as d(w) — oo and answers [GS23, Question 6.2]. Moreover, it is shown in [GS23,
Proposition 6.1] that f[071)2 fdu = %g;, where ¢ is the Riemann zeta function. The
non-archimedean part of the height of P(w) was given in [GS23, Corollary 3.4], which

states that

> b, (Pw) = )

vp€Mo\{oo}

where A is the Von Mangoldt function. More precisely, if ord(w) is not a prime power,
then the non-archimedean part of the height of P(w) is 0; if ord(w) = p°© for a prime
number p and a positive integer e, then

Sy, (Pw) = ———oBP

T e—1(p — 1)’
0 €Mg\ (o0} il =)
In the case where d := ord(w) = p°, we have
logp p logd _2logd
h pumy = < .
2 w (P() ptp—1) elp—1) d — d

vp€Mo\{oo}

Since 0(w) < d and the function x — (logz)/x decreases as x — 0o, we get

> hy, (Pw)| < 21%3)(“’) < 6(w)™1/?

vpEMg\{oo}
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and 50 3, <o (oo} Mo, (P(w)) — 0 as 6(w) — oo. In summary, if 6(w) is sufficiently
large, then we have

(P) ~ 20 < gy

as d(w) — oo. Therefore, if (wg)r>1 is a strict sequence of non-trivial torsion points in
G4 (Q), then

(P~ 3| < ot

as £ — oo, which proves Proposition 1.2.
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