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Abstract

Novel classes of materials, like graphene and three-dimensional topological insulators
host massless quasiparticles with Dirac-like dispersion which live in two dimensions. In
this thesis, we deal with the consequences of confining them on a curved surface of
revolution and applying a magnetic field, where we especially focus on the case of the
experimentally most relevant case of a homogeneous magnetic field pointing in symmetry
direction. We thoroughly study the symmetries of this system and find general properties
of the Dirac Landau levels using supersymmetric quantum mechanics. As a first example,
we consider the pseudosphere. We find asymptotic expressions for the Dirac Landau
spectrum in the limit of strong magnetic fields, which decomposes into two different
branches, one of them with a usual B1/2 scaling of the Landau energies with magnetic
field and one with an unconventional B1/4 scaling. We further generalize this result
by proofing a conjecture about this scaling law for a general class of surfaces, which
includes prominent surfaces like the pseudosphere or the cone. We proof that for all
surfaces in this class there are two distinctive branches of Landau levels. On the one
hand, there is one where Landau energies always scale with the square root, independent
of the particular geometry. On the other hand, there is a branch which is sensitive to
the exact shape of the surface. The geometric parameter which characterizes the surface
appears in the scaling exponent. We also examine the opposite limit, the weak field
regime, and find the Zeeman effect, as well as a geometric correction term to the energy
in case of non-flat surfaces. In the second part of the thesis, we numerically calculate the
magnetic susceptibility for three surfaces in a homogeneous magnetic field in symmetry
direction, each with constant Gaussian curvature, the pseudosphere, the cone and the
(half) sphere. We find that even though all of them show distinctive signatures in the
susceptibility, the overall appearance is very similar, with the important exception of
the de Haas-van Alphen oscillations. We finally compute these oscillations analytically
for the most interesting case of the pseudosphere.
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1. Introduction

While most crystalline solids host quasiparticles which effectively behave as Schrödinger
electrons with an effective mass, novel classes of materials like graphene [1, 2] or three-
dimensional topological insulators (3DTIs) [3–6] can possess massless Dirac-like quasi-
particles which show a dispersion relation where the energy is a linear function of mo-
mentum, which is in stark contrast to the aforementioned case, where this relation is
quadratic in momentum. This has striking consequences, as phenomena which are nor-
mally only encountered in ultra-relativistic high-energy regimes can now be observed in
a condensed matter system.

A very fundamental question in condensed matter physics is what happens, when an
electron gas is subject to a homogeneous magnetic field pointing in a certain direction.
This is the famous Landau problem which, for a two dimensional electron gas (2DEG),
can be shown to be mathematically equivalent to the solution of the harmonic oscillator
problem, yielding highly degenerate Landau levels which are equidistant in energy and
scale linearly in the field strength B [7]. While this is true for conventional Schrödinger
electrons, it turns out not to be the case for Dirac electrons, which rather show an energy
which scales with the square root of the main quantum number n and magnetic field B
[8–10]. Physical effects which can be related to the orbital Landau level structure, like
the integer quantum Hall effect (IQHE), the Shubnikov-de Haas (SdH) effect, as well
as the de Haas-van Alphen (dHvA) effect exist for Schrödinger and Dirac electrons but
differ drastically due to the different Landau level structure [11–13].

When confining a particle to a certain submanifold of ambient space, it has conse-
quences for its equations of motion, as well as for corresponding observables. This can
for instance be seen in classical mechanics where a particle, subject to a gravitational
field and moving along a brachistochrone curve behaves differently compared to one
moving along a straight line, even though the starting and ending points coincide in
space. We can transfer this idea to the Landau level problem and ask what happens
when we confine the charge carriers to a curved surface, rather than a flat plane.

Considering this idea might seem to be straightforward in theory, but is very chal-
lenging when looking at it from an experimental perspective. While confining charged
particles to certain regions in space is a long established procedure, it is a completely
different story when this region is curved, especially at the quantum level. Here, these
traditional methods are impractical. A possible way out of this is to tackle the issue
from a different perspective. Instead of forcing a particle to move on a particular surface,
we can use quasiparticles which are intrinsically located on this surface. Surface states
of adequately shaped 3DTI nanowires seem to be like a paragon of virtue for this. As
they behave like massless Dirac particles [3–6], we have to consider the effect of curved
geometry on Dirac Landau levels. Recent experiments studying magnetotransport on
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1. Introduction

shaped 3DTI nanowires [14, 15] further motivate this research field.
The history of quantum theory on curved spacetime dates back to as early as 1957.

DeWitt was one of the first to point out possible difficulties when trying to formulate the
Schrödinger equation in curved spaces and discovered the appearance of an additional
term in the Hamiltonian, which is proportional to the scalar curvature [16]. This can be
seen as the common starting point of two different research directions. On the one hand,
it was tried to understand what happens, when quantum fields live in curved spacetime
[17], which is effectively the birth of semiclassical gravity with the well-known predictions
of Hawking [18] and Unruh [19] radiations. On the other hand, people examined what
happens to quantum particles which are placed in flat spacetime but constrained to a
certain submanifold, often a curved surface. A highlight of this development was the
discovery of the da Costa potential, which exactly specified the additional term in the
Hamiltonian, partly already found by deWitt, for a particle constrained to a curved
surface [20]. It is important to highlight that he required the confinement to be due to a
very narrow potential well, sandwiching the curved surface. The idea of this thin-layer
potential goes back to Jensen and Koppe [21]. Until this point, it was assumed that
the particle is not subject to an external field. In 2008, Ferrari and Cuoghi showed that
the geometric potential is not only robust when electromagnetic fields are applied but
also enters the Hamiltonian independently of it, producing no coupling terms between
geometry and gauge field [22].

While this historic development prepared the ground for studying quantum mechanics
on curved surfaces, it is not the appropriate formalism when describing Dirac particles,
especially when they emerge from 3DTIs. First of all, Dirac particles have an equation
of motion which substantially differs from the Schrödinger equation and second it is
the very nature of the confinement which differs to the da Costa approach. Rather
than being bound to the surface by a potential well, surface states in 3DTIs appear for
topological reasons and decay into the bulk exponentially [4, 23]. The aforementioned
thin-layer potential is therefore not an accurate description of the physical situation.

The system of a shaped 3DTI, exhibiting Dirac-like surface states on a curved surface,
is exactly what was considered by Takane and Imura in 2013 [24]. Starting from an
effective low-energy model of 3DTIs of the Bi2Se3 class [23, 25], they derived a con-
tinuum surface Hamiltonian without assuming specific local coordinates. The result is
therefore very general and proves that these states are indeed described by a Dirac-like
equation with the well-known Spin-1/2 Berry phase [24, 26, 27], spin connection [24,
27, 28], as well as a renormalization term stemming from the parabolic part of the band
structure. While the first two mentioned modifications are crucial and qualitatively alter
the outcomes, we neglect the renormalization term in this thesis. This can be justified as
Spin-orbit coupling (SOC) is particularly strong in 3DTIs [23], making the renormaliza-
tion term a secondary contribution. Additionally, we only consider the orbital coupling
of the magnetic field and neglect the Zeeman coupling. This can be justified for a wide
range of magnetic fields, as argued in [29].

While the matter is settled in this regard, the story is a bit different when it comes
to analytically finding the eigenenergies of the Landau problem on curved surfaces. The
mathematical research field of Spin geometry partially tackles this issue but mainly fo-
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cuses on general theorems, rather than providing a concrete spectrum for a particular
geometry. The exception from this is the case of surfaces with constant Gaussian curva-
ture which are subject to a magnetic field which is overall perpendicular to the respective
surface and constant in strength (throughout this thesis we just call this configuration
an overall perpendicular magnetic field for convenience). For this case, a general spectral
formula exists for Schrödinger and Dirac particles [30].

When it comes to the physicist community, most research efforts considering a partic-
ular surface also focus on this overall perpendicular field. Studies include the treatment
of this problem on the sphere [31–34], the hyperbolic plane [35–42] and on the Poincare
disc [36, 43] for Schrödinger electrons, as well as on the sphere [44–46], the hyperbolic
plane [47, 48] and the hyperboloid [49, 50] for Dirac electrons.

Dirac Landau levels on the pseudosphere have been treated in [51] for a variety of
electromagnetic field configurations, but excluding the cases of a purely overall perpen-
dicular or a homogeneous magnetic field pointing in direction of the symmetry axis.

After publishing our results for the pseudosphere (see [27]), people studied general
properties of Dirac Landau levels on this surface for a large class of magnetic field
configurations [52].

The Landau problem on curved surfaces with an overall perpendicular magnetic field
is easier to treat compared to a field configuration where the magnitude of the field
component perpendicular to the surface varies in space. However, such perpendicular
field configurations are almost impossible to realize in a real experiment. The easiest,
experimentally feasible field configuration is of course an overall homogeneous magnetic
field, pointing in a certain direction. While the magnetotransport problem for Dirac
electrons, in particular realized as surface states of shaped 3DTI nanowires, has already
been addressed in previous works [53–58], mainly numerically, the analytical solution of
the Dirac Landau level problem for curved surfaces subject to a homogeneous magnetic
field mainly remains an open problem. For this reason, the first part of this thesis focuses
on the calculation of energies of these levels for certain geometries, trying to make one
step ahead towards bridging the gap between theoretical models and experimentally
feasible systems. In order to have a realistic chance to obtain analytical solutions, we
will restrict to surfaces of revolution, which have azimuthal symmetry and are henceforth
separable. While we develop our formalism without assuming a specific magnetic field
configuration, we focus on the experimentally most relevant case of a homogeneous
magnetic field pointing in direction of the symmetry axis of the surface of revolution,
called a coaxial field in the following. A single exception to this is the surface being a
pseudosphere for which we also consider an overall perpendicular magnetic field.

Although the Landau level spectrum is the key property which arises when placing
electrons in a magnetic field, strictly speaking it is not directly observable in experiments
but rather its imprints on certain observables of the system can be measured. One of the
most prominent examples is to attach leads to the device under investigation and measure
the magnetotransport properties. A second channel is offered by studying the magnetic
susceptibility χ itself. While its properties for flat Dirac systems are well-examined [11,
59–73], especially in the context of graphene, the case of curved geometries is not covered
adequately by current research, especially for the coaxial field configuration. For this
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1. Introduction

reason, it becomes the second main scope of this thesis.
In Chapter 2, we will start our journey with revising essential foundations for the rest

of the thesis. This includes a brief introduction in supersymmetric quantum mechanics
(SUSY), the presentation of the Dirac Landau level problem on a flat plane, as well as
basic techniques to numerically solve the Dirac equation. A necessary ingredient to a
full understanding is differential geometry of (Semi-)Riemannian manifolds. Since this
field is too large and too deep to be covered here in the necessary extent, we refer the
reader to [28].

We will set the stage for the main part of the thesis in Chapter 3, where we formu-
late the Dirac equation on surfaces of revolution in presence of a magnetic field and
systematically study its symmetries. We further present a version of the Schrödinger-
Lichnerovicz theorem [74, 75] which links the Dirac operator and the Laplacian to each
other. We adapt it to our specific problem and present an algebraic relation between
the Schrödinger and Dirac Landau level spectra for the case of a surface of revolution
with constant Gaussian curvature subject to an overall perpendicular field. This is a
well-known result of Spin geometry [30].

Chapter 4 is devoted to analytically finding Landau levels for certain geometries. At
the very beginning, we use the SUSY formalism to make a general statement about
the form of the wavefunctions, in particular about the number of nodes of each spinor
component, which holds for all surfaces of revolution and both field configurations, the
overall perpendicular, as well as the coaxial one. As a first concrete example we calculate
Dirac Landau levels for the pseudosphere, which is a surface with constant negative
Gaussian curvature, in an overall perpendicular magnetic field. This problem has already
been addressed in the author’s Master thesis [76]. We extend the results from there by
rederiving the spectrum with two alternative approaches, an analytical one and a purely
algebraic one, which is based on SUSY. All results for the eigenenergies coincide and
agree with the general formula given in [30]. We further provide closed expressions for
the wavefunctions. After this, we continue with the treatment of the experimentally
more relevant case of a coaxial magnetic field. We analytically find the approximate
spectrum in the regime of strong magnetic fields which, to the best of our knowledge,
is a novel result. Surprisingly, some levels show an energy scaling with B1/4, clearly
differing from the conventional B1/2 scaling of flat Dirac systems. Finally, we confirm
our results numerically and also take a look at the corresponding wavefunctions.

In the second part of this chapter, we consider a general class of surfaces described
in [77] with a geometric form parameter γ ∈ N which determines how the radial profile
changes as a function of arclength. Special cases of these surfaces are the pseudosphere
(γ = 1) or the cone (γ = 0). A conjecture about the scaling of Dirac Landau level
energies as a function of B, where the exponent is a function of γ, is also proposed in
[77]. In this thesis, we generalize this class even more by allowing γ ∈ R. This makes
a continuous transformation between e.g. the pseudosphere and the cone possible. The
highlight of this chapter is a proof of the aforementioned spectral scaling conjecture.
As in the special case of the pseudosphere, we proof the existence of two distinctive
branches of Landau levels, one where energies always scale with the square root of the
magnetic field, independent of the particular geometry, and one which is sensitive to the
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exact shape of the surface, with the form parameter γ appearing in the scaling exponent.
Whenever possible, we give exact analytical solutions. In case this is not possible, we
resort to a semiclassical treatment of the problem. Here, the semiclassical WKB method
(SWKB) [78] plays a vital role. We numerically confirm our findings and further examine
the corresponding wavefunctions.

The scope of Chapter 5 is the magnetization for Dirac electrons subject to a coaxial
magnetic field on three different surfaces of constant Gaussian curvature, namely the
pseudosphere, the cone and the (half) sphere. Our goal is to calculate the susceptibility
which turns out to be highly non-trivial in general. We therefore start with a fully
numerical treatment of the problem. As our main interest is the influence of curved
space on physical observables, we do not dwell too much on elaborating features which
also appear in flat space but focus on those exclusive to the respective surface. The dHvA
effect turns out to be highly distinctive for the three surfaces. We therefore complement
our numerical findings with an analytical calculation of it for the pseudosphere where it
shows the most unconventional signatures.

Additionally, we recover the Zeeman splitting in the regime of weak magnetic fields
and interestingly also find a geometric energy correction term.

A practical method for computing the grand canonical potential using the bilateral
Laplace transform is also introduced.

Finally, we summarize our key findings in Chapter 6, concluding this thesis and giving
an outlook to what may be examined further in the future.
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2. Basic methods

This introductory chapter is meant to summarize basic methods used in this thesis, with
the only exception of differential geometry, which is too much matter to be covered here
in all the necessary depth. We refer to [28] for an introduction to this field taylored to
our needs.

In the first part of this chapter, we give a short overview over SUSY in quantum
mechanics [78]. Then, we revise the Dirac Landau level problem on a flat plane in polar
coordinates. We find the well-known Spin-1/2 Berry phase [24, 26, 27] as well as the spin
connection term [24, 27, 28] even in flat space. This helps us to understand its meaning
at a later stage of the work. We conclude this chapter with the issue of numerically
solving the Dirac equation on a lattice and present the method used in this thesis.

2.1. Supersymmetry in quantum mechanics

The idea of supersymmetry was first formulated in the context of relativistic quantum
field theories [79, 80]. The version we will use in this thesis is derived from this but was
transferred to the habitat of quantum mechanics, mainly by Witten [81, 82].

Our brief introduction mainly follows [78]. In the following, we present SUSY for the
case of non-relativistic quantum mechanics, i.e. for a Schrödinger Hamiltonian with the
respective prefactors. Obviously, the framework can also be used for a Schrödinger-like
equation, with the prefactors being adjusted accordingly.

Suppose the Hamiltonian

Ĥ1 = − ℏ2

2m

d2

dx2
+ V1(x) , (2.1)

to be given with potential V1(x). Let us assume, that we can find a decomposition, such
that Ĥ1 = Â†Â, with Â = ℏ√

2m
d
dx + W (x) and its adjoint Â† = − ℏ√

2m
d
dx + W (x). We

call W (x) the superpotential of Ĥ1. Comparing the two expressions for the Hamiltonian
yields the identification [78]

V1(x) = W 2(x) − ℏ√
2m

dW (x)

dx
. (2.2)

Let us now define Ĥ2 = ÂÂ†, where the potential is obviously given by [78]

V2(x) = W 2(x) +
ℏ√
2m

dW (x)

dx
. (2.3)
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2. Basic methods

We call Ĥ1 and Ĥ2 supersymmetric partner Hamiltonians, as well as V1(x) and V2(x)
supersymmetric partner potentials. As both Hamiltonians are intimately linked to each
other, strong relations between them hold. We list the most important of them [78]:

• Without loss of generality, we assume the lowest energy eigenstate of both Hamil-
tonians to have zero energy.

• Let ψ(x) be an eigenstate of Ĥ1 with energy E. Then Âψ(x) is an eigenstate of
Ĥ2 with the same energy.

• Vice versa, let ψ(x) be an eigenstate of Ĥ2 with energy E. Then Â†ψ(x) is an
eigenstate of Ĥ1 with the same energy.

• Every energy eigenstate of one Hamiltonian has a partner eigenstate in the Hilbert
space of the other Hamiltonian with the same energy, except perhaps for the ground
state of one Hamiltonian.

• If both Hamiltonians have the same ground state, we say that SUSY is broken.

• If one Hamiltonian has a ground state which is not an eigenstate of the other Hamil-
tonian, we say that SUSY is unbroken. The ground state of this one Hamiltonian
does not have a partner state.

• The eigenvalue problem of both Hamiltonians is of Sturm-Liouville type. The
ground state solution of each Hamiltonian is therefore nodeless. The n-th eigen-
state has (n− 1) nodes [83].

• Consequently, if SUSY is broken, the respective partner eigenstates of the two
Hamiltonians belonging to the same energy have the same number of nodes.

• If SUSY is unbroken, the respective partner eigenstates of the two Hamiltonians
belonging to the same energy differ in number of nodes by one. The state belonging
to the Hamiltonian with the partnerless ground state has one node more than the
state belonging to the other Hamiltonian.

While these properties always hold, even the whole energy spectrum of the Hamiltonians
can be gained, if the SUSY partner potentials are shape invariant and SUSY is unbroken.
This is the case if they fulfill [78]

V2(a1, x) = V1(a2, x) +R(a1) , (2.4)

where a1 denotes a family of parameters and a2 = f(a1) and R(a1) are functions of a1.
It can be shown, that the n-th eigenstate (starting from n = 0) of the Hamiltonian with
the partnerless ground state is given by [78]

En(a1) =

n∑
k=1

R(ak) , (2.5)

8



2.2. Dirac Landau levels on a flat plane

if n > 0 and E0(a1) = 0. As shape invariance is a very strong property, we often have to
use different methods for obtaining the spectrum. If solving the Schrödinger equation
analytically is not possible, we can resort to semiclassical methods, in particular the
WKB approximation. It turns out that a specific version of it exists for SUSY systems,
called supersymmetric WKB (SWKB). The action we have to quantize is given by [78]

S(E) = 2

∫ x+

x−

dx
√
E −W 2(x) , (2.6)

where x− and x+ are the classical turning points when E = W 2(x) and x− < x+. The
quantization condition now depends on whether SUSY is unbroken or broken. In the
first case, it reads S(En) = 2πnℏ, where n starts from zero for the Hamiltonian with the
partnerless ground state and from one for the other Hamiltonian [78]. When SUSY is
broken, the condition is given by S(En) = 2πℏ(n+ 1/2) for both Hamiltonians, starting
from n = 0 [78].

2.2. Dirac Landau levels on a flat plane

We want to take a look at the Dirac Landau level problem on a flat plane in order to be
prepared for the more complicated case on curved surfaces. Contrary to the most direct
way of formulating the problem in Landau gauge, we use a symmetric gauge and polar
coordinates. This makes the problem much more complicated but has the advantage
that we can use the almost same coordinates for curved surfaces. As the issue of finding
Dirac Landau level energies has exhaustively been treated in literature [8–10], it is not
our goal to give a full, detailed solution of the problem, but to discuss peculiarities which
appear when formulating the Dirac equation in curved coordinates (like polar ones), as
well as to present the Dirac Landau level spectrum for the flat plane.

The Dirac Hamiltonian reads

Ĥ = ℏvF (−i∂xσx − i∂yσy) , (2.7)

where σx and σy are Pauli matrices and vF is a model parameter which is conveniently
called Fermi velocity. For emergent Dirac quasiparticles in condensed matter systems,
it is usually fitted with first principle band structure models.

We want to work in the symmetric gauge, where the vector potential reads A⃗ =
B/2 (−ye⃗x + xe⃗y), with the two cartesian unit vectors e⃗x and e⃗y. Using the minimal
coupling rule, we arrive at (for convenience, we recycle the symbol Ĥ which we have
already used for the uncoupled Hamiltonian)

Ĥ = ℏvF
[
−i
(
∂x − i

eB

ℏ
y

2

)
σx − i

(
∂y + i

eB

ℏ
x

2

)
σy

]
, (2.8)

with elementary charge e. We assumed a charge of −e here since we are dealing with
electrons. This convention is used throughout the thesis. We switch to polar coordinates
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2. Basic methods

(r, ϕ), yielding

Ĥ = +ℏvF
(
−i cos(ϕ)∂r + i

1

r
sin(ϕ)∂ϕ − eB

2ℏ
r sin(ϕ)

)
σx (2.9)

+ℏvF
(
−i sin(ϕ)∂r − i

1

r
cos(ϕ)∂ϕ +

eB

2ℏ
r cos(ϕ)

)
σy

= +ℏvF
(

0 exp(−iϕ)
exp(iϕ) 0

)
(−i∂r)

+ℏvF
(

0 −i exp(−iϕ)
i exp(iϕ) 0

)(
−i1
r
∂ϕ +

eB

2ℏ
r

)
.

This form is uncomfortable, as the entries of the matrices are functions of ϕ. We can
remove this by changing the spinor basis with the unitary transformation

Û =

(
exp

(
i
2ϕ
)

0
0 exp

(
− i

2ϕ
)) . (2.10)

The spinor wavefunction ψ now transforms as ψ̃ = Ûψ, whereas the Hamiltonian trans-
forms as

ˆ̃H = ÛĤÛ † (2.11)

= ℏvF
[
−i
(
∂r +

1

2r

)
σx +

(
−i1
r
∂ϕ +

eB

2ℏ
r

)
σy

]
.

We can see, that this transformation completely eliminates the rotating matrices, leaving
only conventional Pauli matrices. Note, that since the derivative with respect to ϕ also
acts on Û , we obtained an additional term. This is the famous spin connection [24, 27,
28], which naturally arises here without any further assumptions from bare calculation.
Another interesting consequence may be observed when looking at boundary conditions.
ψ has to be single-valued, which means that ψ(r, 0) = ψ(r, 2π), or in other words,
it has to fulfill periodic boundary conditions in ϕ. Obviously, ψ̃(r, 0) = ψ(r, 0) but
ψ̃(r, 2π) = −ψ(r, 2π), implying that ψ̃ has to fulfill antiperiodic boundary conditions
ψ̃(r, 0) = −ψ̃(r, 2π). This effect can be seen as the consequence of the Spin-1/2 Berry
phase [24, 26, 27].

In principle, we can find the spectrum of this Hamiltonian. However, we will de-
velop a formalism at a later stage of the work, which can be used for the calculation
of Dirac Landau levels in a coaxial magnetic field for arbitrary surfaces of revolution.
Therefore, to avoid redundancy, we take a shortcut and only state the results here. The
eigenenergies read [8–10]

En = sgn(n)vF
√

2|n|ℏeB , (2.12)

where n ∈ Z is the main quantum number. We see, that the eigenenergies scale with the
square root of the modulus of the main quantum number n, as well as the square root
of the magnetic field B. In the symmetric gauge, the wavefunctions can be expressed in
terms of Laguerre polynomials [8, 10]. Since the eigenfunctions can be built using their
Schrödinger counterparts [10], the degeneracy of all levels is equal to the number of flux
quanta, as in case of the non-relativistic Landau levels [84].
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2.3. Numerical solution of the Dirac equation

2.3. Numerical solution of the Dirac equation

Many problems in this topic are not exactly solvable in a fully analytical fashion. For
this reason, but also to validate analytical findings, we have to use numerical techniques
to solve the Dirac equation. Let us assume to have an ordinary differential equation
with variable x. A very common method to numerically solve it is to discretize x, or in
other words to sample the space equidistantly. This gives us a collection of points xn =
n∆x, n ∈ Z. Functions of x are then represented by their values at these discrete points.
A derivative with respect to x can be approximated using the symmetric difference

df(x)

dx

∣∣∣∣
xn

≈ f(xn+1) − f(xn−1)

2∆x
. (2.13)

This scheme can be generalized to derivatives of higher order. The problem of solving the
differential equation has now effectively been converted into the problem of finding the
kernel of a (sparse) matrix. While this procedure works very well for the Schrödinger
equation, it turns out to cause great issues when trying to solve the massless Dirac
equation with it. Assuming to have a vanishing potential, spurious solutions arise,
a phenomenon which is commonly known as Fermion doubling [85]. As long as the
Dirac equation is free, physical solutions can often be distinguished from their spurious
doublers. However, as soon as a potential takes effect, the solutions couple, giving results
which are not physically interpretable anymore [55].

We can see the issue by solving this simple model explicitly. Let us assume the Dirac
equation in one dimension, given by

Ĥ = −iℏvF∂xσx . (2.14)

Applying the symmetric discretization scheme converts this into a tight-binding Hamil-
tonian

ĤTB = −i ℏvF
2∆x

∑
n

∑
s,s′

(
ψ̂†
ns′σxψ̂(n+1)s − ψ̂†

(n+1)s′σxψ̂ns

)
, (2.15)

where we introduced fermionic operators, ψ̂†
ns and ψ̂ns in the discretized spatial basis,

creating and annihilating a particle with spin s ∈ {↑, ↓} in the usual basis at lattice

point n. Applying ĤTB onto the Bloch basis ψ̂†
ks =

√
∆x
2π

∑
n exp(ikn∆x)ψ̂†

ns yields

ĤTB = −i ℏvF
2∆x

∫ π
∆x

− π
∆x

dk [exp(ik∆x) − exp(−ik∆x)]
∑
s,s′

ψ̂†
ks′σxψ̂ks

=
ℏvF
∆x

∫ π
∆x

− π
∆x

dk sin(k∆x)
∑
s,s′

ψ̂†
ks′σxψ̂ks . (2.16)

The remaining, non-diagonal spin part, σx, is easily seen to have eigenvalues of ±1. This
leads to a symmetric spectrum with respect to zero energy. We can conclude, that the
dispersion for a fixed k reads

ETB = ±ℏvF
∆x

sin(k∆x) . (2.17)
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2. Basic methods

For a small k, this can be approximated by ETB = ±ℏvFk, which perfectly agrees with
the continuum model. However, upon rising momentum, the dispersion deviates more
and more from the expected behavior and ultimately even creates a second, spurious
Dirac cone at the boundaries of the first Brillouin zone of our numerical lattice (at k =
±π/∆x). The main issue with this is not, that the approximation becomes inaccurate
for high k, but that it produces spurious solutions which have the same energy as the
well-approximated states close to k = 0, making them virtually indistinguishable.

The problem of Fermion doubling has been an issue, especially in particle physics,
since the introduction of lattice gauge theories [86, 87]. The deeper reasons for this case,
where (3+1) dimensions are considered, are elucidated by the Nielsen-Ninomiya theorem
[88]. It states that the issue is unavoidable unless one of its requirements, like locality
or chiral symmetry of the discretized Hamiltonian, is sacrificed [85].

Similar principles also hold in different dimensions [85]. Since we wish to preserve all
fundamental symmetries in this thesis and we do not deal with translationally invariant
systems (like leads in case of transport), it is most convenient to give up locality. The
price we have to pay is that a non-local, discretized Hamiltonian might lead to higher
computational costs. A suitable realization is to replace the symmetric difference ap-
proximation of the derivative by the tangent fermion discretization scheme, which goes
back to Stacey [85, 89]:

df(x)

dx

∣∣∣∣
xn

≈ 2

∆x

∞∑
m=1

(−1)m [f(xn−m) − f(xn+m)] . (2.18)

In a real numerical calculation, we would have a finite number of lattice points, so the
sum in this formula going to infinity becomes problematic in general. However, in our
particular case, it turns out to be not a big issue. We only use numerical methods to
solve the Dirac equation in presence of a steep potential well, so that the wavefunction
decays quickly outside a certain, finite region. It is a good approximation to assume that
it totally vanishes there. We consequently have infinitely many zero terms, effectively
truncating the sum.

Throughout this thesis, we use the tangent fermion discretization scheme to convert
the continuous Dirac equation into a discrete matrix representation and find its eigen-
values with the library ARPACK, which uses the Implicitly Restarted Arnoldi Method
(IRAM). The code for this procedure was written by the author of this thesis in C++.
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3. Quantum mechanics on curved surfaces

This chapter introduces the formalism to describe quantum mechanics on curved sur-
faces of revolution. Notation and differential geometric definitions are adapted from
[28]. We start with a basic description of them as Riemannian manifolds and talk
about the problems, which might arise when trying to incorporate a magnetic field
in three spatial dimensions into a purely two-dimensional (2D) Dirac or Schrödinger
equation. We present the general forms of Dirac and Schrödinger Hamiltonians for a
particle confined on a surface of revolution and subject to a magnetic field. We use the
well-known Schrödinger-Lichnerowicz theorem to verify that for surfaces with constant
Gaussian curvature and in an overall perpendicular magnetic field, the spectra of Dirac
and Schrödinger electrons are related by a simple algebraic equation. We conclude with
a thorough study of discrete and continuous symmetries of the Dirac Hamiltonian on
surfaces of revolution.

3.1. Basic differential geometric quantities

In the following, we consider a surface of revolution Σ, embedded in flat Minkowski
space. Since time does not couple to any spatial components in our case, it is enough to
restrict our differential geometric analysis to a two-dimensional, purely spatial subman-
ifold. Σ can then be characterized by its radial profile r(z). We parametrize it by the
azimuthal angle ϕ around the symmetry axis, as well as a radial coordinate. We choose
the arclength l which is the length traveled from a starting point when walking along
the surface at a fixed azimuthal angle. It can be related to the radius by

l(r) = l0 +

∫ r

r0

dr̃

√
1 +

(
dz(r̃)

dr̃

)2

, (3.1)

where r0 and l0 are radius and arclength of the starting point. r, z and l can mu-
tually be expressed by each other, when bijectivity of r(z) and l(r) is assumed. The
parametrization of Σ reads

Σ : [0, L] × [0, 2π] → R
3, (l, ϕ) 7→

r(l) cosϕ
r(l) sinϕ
z(l)

 , (3.2)

where L is the overall arclength. From this, it is easy to write down the tangent vectors
in ambient three-dimensional (3D) space,

∂⃗ 3D
l =

∂Σ

∂l
=

r′(l) cosϕ
r′(l) sinϕ
z′(l)

 , ∂⃗ 3D
ϕ =

∂Σ

∂ϕ
=

−r(l) sinϕ
r(l) cosϕ

0

 , (3.3)
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3. Quantum mechanics on curved surfaces

3D

3D
l

l

Figure 3.1: Illustration of an exemplary surface of revolution with the tangent vectors
∂⃗ 3D
l and ∂⃗ 3D

ϕ at a random point as well as the arclength l.

where ′ denotes the derivative with respect to l. We use the superscript ”3D” here in
order to distinguish these quantities from the tangent vectors ∂⃗l and ∂⃗ϕ of the manifold
itself. The latter have dual 1-forms denoted by dxl and dxϕ. Fig. 3.1 illustrates our
choice of radial coordinate as well as the tangent vectors.

The induced metric tensor can easily be obtained by calculating the ambient scalar
product of these vectors, yielding

g = dxl ⊗ dxl + r2(l) dxϕ ⊗ dxϕ = gµν dx
µ ⊗ dxν . (3.4)

where we used Einstein’s sum convention over greek indices. The order
{
∂⃗l, ∂⃗ϕ

}
is

defined to have positive orientation and the indices 1 and 2. This complies with the
definition of the spatial volume form,

ω =
√

|det g| dxl ∧ dxϕ = r(l) dxl ∧ dxϕ . (3.5)

In addition to this, it is necessary to introduce an orthonormal frame. We denote
the tangent vectors of this as {e⃗1, e⃗2}, their corresponding covectors as

{
de1, de2

}
and

use latin indices when summing in order to distinguish them from the local coordinate
quantities. The defining property of this frame is, that it brings the metric tensor into
Sylvester normal form

η = de1 ⊗ de1 + de2 ⊗ de2 = ηab de
a ⊗ deb . (3.6)

The vielbein field is then defined such that it relates the components of the two tensors
as

gµν = eaµe
b
ν ηab . (3.7)
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3.2. Magnetic field and covariant derivative

However, note that the vielbein field is not a tensor because both indices transform
differently. The non-zero elements are easily found to be e1l = 1 and e2ϕ = r(l).

Another quantity which is necessary to calculate the Schrödinger Hamiltonian is the
Hodge star operator ∗. It acts on a basis of the algebra of differential forms Ω(Σ) as

∗1 = ω, ∗dxl = r(l) dxϕ, ∗dxϕ = − 1

r(l)
dxl, ∗ω = 1 . (3.8)

When dealing with conserved currents, it is useful to know how the divergence operator
looks in our curvilinear coordinates. Assuming a vector field X⃗ on Σ, it is defined by
[28]

divX⃗ = ∗d ∗
(
X♭
)

(3.9)

= ∗d ∗
(
X1e⃗1 +X2e⃗2

)♭
= ∗d ∗

(
X1de1 +X2de2

)
= ∗d ∗

(
X1dxl + r(l)X2dxϕ

)
= ∗d

(
r(l)X1dxϕ −X2dxl

)
= ∗

((
∂l
(
r(l)X1

))
dxl ∧ dxϕ −

(
∂ϕX

2
)
dxϕ ∧ dxl

)
=

1

r(l)
∂l
(
r(l)X1

)
+

1

r(l)
∂ϕX

2 .

Since we work with Spin-1/2 particles in two dimensions, we need a representation ρ
of the Clifford algebra C(2, 0), with basis γa = ρ(dea) fulfilling{

γa, γb
}

= 2ηab1 . (3.10)

We choose the Pauli matrices γ1 = σx and γ2 = σy.

3.2. Magnetic field and covariant derivative

We also want to include a magnetic field into our model. However, in two dimensions,
electromagnetism is different compared to full Minkowski space. When restricting to
purely magnetic fields (in the inertial lab frame), it turns out that only one direction is
possible, the one perpendicular to the surface. The mathematical reason for this is, that
only one linearly independent 2-form is available in two dimensions, namely the volume
form ω, which corresponds to one magnetic field direction [28].

A more physically intuitive explanation can be given by considering a classical charged
particle confined on a 2D manifold. When applying a tangential magnetic field, the
Lorentz force directs in the normal direction and therefore has no effect because it
cannot move in this way.

In full analogy to conventional Minkowski space, the field strength 2-form of a magnetic
field, which is parallel to the outer surface normal, is given by F = −B⊥(l)ω [28] (the
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3. Quantum mechanics on curved surfaces

minus sign appears because our volume form is oriented inwards, whereas we demand
the magnetic field to point outwards for B⊥(l) > 0). Choosing a symmetric gauge, the
potential 1-form is given by [28]

−B⊥(l) r(l) dxl ∧ dxϕ = −B⊥(l)ω = F
!

= dA = d(Aϕ dx
ϕ) =

∂Aϕ(l)

∂l
dxl ∧ dxϕ . (3.11)

Comparing coefficients, this directly yields

Aϕ(l) = −
∫
dl B⊥(l) r(l) , (3.12)

where we can choose the integration constant arbitrarily. It is more elucidating to
represent this in the (orthonormal) frame field

A(l) := A2(l) = eµ2Aµ = − 1

r(l)

∫
dl B⊥(l) r(l) , (3.13)

where the units of A(l) are equal to those commonly used in flat Minkowski space.
We want to take a closer look at two special cases which will be important throughout

the rest of this thesis. The first one is a constant, overall perpendicular field B⊥ = B ̸=
f(l). In this case, the equation simplifies to

A(l) = − B

r(l)

∫
dl r(l) , (3.14)

where the integral only depends on the geometry itself. The second case is a field B⊥(l),
such that it equals the projection of a homogeneous magnetic field in symmetry direction

B⃗ =
(
0 0 B

)T
onto the outer surface normal at each point. Fig. 3.2 illustrates the

two magnetic field configurations.
To evaluate the case of a coaxial field further, we need to calculate the projection

explicitly,

B⊥(l) = B

−
∂⃗l

3D
× ∂⃗ϕ

3D∥∥∥∂⃗l 3D × ∂⃗ϕ
3D
∥∥∥


z

= −B r′(l) . (3.15)

This gives the vector potential

A(l) =
B

r(l)

∫
dl r′(l) r(l) =

B

r(l)

∫
dr r =

B

2
r(l) =

Φ(l)

2πr(l)
, (3.16)

where we set the integration constant to zero and introduced the flux through the cross
section (orthogonal to the symmetry axis) Φ(l) = πBr2(l). We gained this result from
our purely 2D theory. The question is now whether this captures the physics of a fully 3D
magnetic field, as it appears in reality. Since the flux through the cross section is given by
the product of the vector potential in azimuthal direction and its circumference, as one
would expect for the symmetric gauge in three dimensions, we can give a positive answer
to this. This is remarkable because A(l) has only been derived from the orthogonal
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3.2. Magnetic field and covariant derivative

(a)

B

(b)

B

Figure 3.2: Illustration of an exemplary surface of revolution with the two magnetic field
configurations treated in this thesis, an overall perpendicular magnetic field ((a)) and a
coaxial magnetic field ((b)).

projection of the magnetic field B⃗ onto the submanifold normal. Note, that it was crucial
to set the integration constant to zero. A non-zero constant would add an additional
magnetic flux if interpreted as a 3D vector potential.

The gauge field can be coupled to the particle through minimal coupling of the
derivative. However, there is a second non-trivial contribution to this since we work
with Spin-1/2 fields which transform differently compared to scalar (Spin-0) fields when
transported on the surface. The spin connection ωab [24, 27, 28] (calculated explicitly in
Appendix A.1) takes care of this and together with the gauge field A gives the exterior
covariant derivative of a spinor field ψ [28],

Dψ = dψ +
1

8
ωab[γa, γb] + i

e

ℏ
A (3.17)

= (∂lψ) dxl + (∂ϕψ) dxϕ − i

2
r′(l)σzψ dx

ϕ + i
e

ℏ
r(l)A(l)ψ dxϕ

= (∂lψ) de1 +
1

r(l)
(∂ϕψ) de2 − i

2

r′(l)

r(l)
σzψ de

2 + i
e

ℏ
A(l)ψ de2 .

Remember, that we obtained the spin connection term in Chapter 2 from scratch. The
term here has the same origin but was calculated from the general theory of Spin geom-
etry.

To conclude this section, we note that the bare magnetic field B is not the only
parameter that can be used to describe the magnetic field strength. We can also express

the vector potential as a function of the magnetic length lB =
√

ℏ
e|B| or in case of the
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3. Quantum mechanics on curved surfaces

coaxial field as the ratio of the flux through the cross section at r(0) := a, Φ := Φ(0), and
the magnetic flux quantum Φ0 = h/e. The magnetic term in the covariant derivative is
then given by

e

ℏ
A(l) =

eB

2ℏ
r(l) =

πeB

h
r(l) = sgn(B)

r(l)

2l2B
=
r(l)

a2
Φ

Φ0
=
r(l)

a2
ν , (3.18)

where we defined the number of flux quanta ν := Φ/Φ0. Our choice depends on what is
most convenient in the respective situation.

3.3. The Dirac Hamiltonian

With all the preparatory work already done, it is easy to write down the final Dirac
operator [28],

/Dψ = γaieaDψ (3.19)

= σx∂lψ + σy
1

r(l)
∂ϕψ − σy

i

2

r′(l)

r(l)
σzψ + σyi

e

ℏ
A(l)ψ

= σx

(
∂l +

r′(l)

2r(l)

)
ψ + σy

(
1

r(l)
∂ϕ + i

e

ℏ
A(l)

)
ψ ,

where we used the exterior covariant derivative D from the previous section, as well as
the orthonormal frame field ea and our choices of gamma matrices γa from the very
beginning of this chapter. We can define the hermitian Dirac Hamiltonian as

ĤD = −iℏvF /D = ℏvF
[
σx

(
−i∂l − i

r′(l)

2r(l)

)
+ σy

(
−i 1

r(l)
∂ϕ +

e

ℏ
A(l)

)]
. (3.20)

The time-independent Dirac equation then reads

ĤDψ = Eψ , (3.21)

with energy E. It turns out that in many cases the eigenenergies of the system have the
prefactor ℏvF /a, where a = r(0). It is therefore convenient to introduce the dimension-
less energy ϵ := Ea/(ℏvF ), which we will use frequently throughout this thesis.

3.4. The Schrödinger Hamiltonian

We also want to find the Schrödinger Hamiltonian. Using the codifferential δ = − ∗D∗,
the Laplacian acting on a spinor ψ reads [28]

∆ψ = (D − δ)2ψ = (D2 + δ2 − δD −Dδ)ψ = −δDψ , (3.22)

where we used that D2 = δ2 = 0 and the fact that the codifferential annihilates ψ
as a 0-form. Note, that sometimes the Laplacian is defined to be negative definite,

18



3.5. Schrödinger-Lichnerowicz theorem

whereas we defined it in a way so that it is positive definite. The concrete calculation is
straightforward, albeit lengthy,

∆ψ = ∗D ∗Dψ (3.23)

= ∗D ∗
[
(∂lψ) dxl + (∂ϕψ) dxϕ

]
∗D ∗

[
− i

2
r′(l)σzψ dx

ϕ + i
e

ℏ
r(l)A(l)ψ dxϕ

]
= ∗D

[
r(l)(∂lψ) dxϕ − 1

r(l)
(∂ϕψ) dxl

]
∗D
[
i

2

r′(l)

r(l)
σzψ dx

l − i
e

ℏ
A(l)ψ dxl

]
= ∗

[
(∂2l ψ) +

r′(l)

r(l)
(∂lψ) +

1

r2(l)
(∂2ϕψ) − i

r′(l)

r2(l)
σz(∂ϕψ)

]
ω

∗
[
2i
e

ℏ
1

r(l)
A(l)(∂ϕψ) − 1

4

r′2(l)

r2(l)
ψ +

e

ℏ
r′(l)

r(l)
A(l)σzψ

]
ω

∗
[
− e

2

ℏ2
A2(l)ψ

]
ω

= +

[
∂2l +

r′(l)

r(l)
∂l +

1

r2(l)
∂2ϕ − i

r′(l)

r2(l)
σz∂ϕ + 2i

e

ℏ
1

r(l)
A(l)∂ϕ

]
ψ

+

[
−1

4

r′2(l)

r2(l)
+
e

ℏ
r′(l)

r(l)
A(l)σz −

e2

ℏ2
A2(l)

]
ψ .

The Schrödinger Hamiltonian can be defined in the usual way as

ĤS = − ℏ2

2m∗∆ , (3.24)

where m∗ is the effective mass.

3.5. Schrödinger-Lichnerowicz theorem

Both, the square of the Dirac operator /D
2
, as well as the Laplacian ∆ are second order

differential operators originating from the same covariant exterior derivative D. It is an
educated guess that these two operators are in no way independent but rather intimately
linked to each other. This is indeed the case. The relation between them in the absence
of a gauge field is given by the Schrödinger-Lichnerowicz theorem [74, 75]. In case a
gauge field is present, a generalization of it, the Schrödinger-Lichnerowicz theorem for
twisted Dirac operators [90] holds. For the sake of simplicity, we will not give it in the
most general form but taylored to our developed formalism,

/D
2

= ∆ − R

4
+
i

4

e

ℏ
Fab[γ

a, γb] , (3.25)
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3. Quantum mechanics on curved surfaces

where R is the scalar curvature (Ricci scalar) and Fab are the components of the field
strength tensor in orthonormal coordinates. Note, that compared to the standard defi-
nition in differential geometry, the signs of the two correction terms are reversed since
we use a positive signature of the Clifford algebra, as well as a positive definiteness of
the Laplacian. In case of surfaces, it is more convenient to use the Gaussian curvature
K, rather than R. They are related by R = 2K [28]. Inserting the field strength tensor
as well as our choices of gamma matrices, we arrive at

/D
2

= ∆ − K

2
+
e

ℏ
B⊥(l)σz . (3.26)

We can easily conclude that for surfaces with constant Gaussian curvature and subject
to an overall perpendicular magnetic field, the spectra of the Dirac and Schrödinger
Hamiltonians can be related to each other algebraically since the difference between the
squared Dirac operator and the Laplacian is just a constant.

3.6. Symmetries of the Dirac Hamiltonian

Symmetries are a powerful tool in almost all branches of physics. While continuous
ones, on the one hand, lead to conserved quantities according to Noether’s theorem [91],
discrete ones, on the other hand, can simplify things enormously and reveal properties
of the system under investigation without even calculating specific quantities. In this
paragraph, we want to see which symmetries the Dirac Hamiltonian possesses and how
they influence our discussion of Dirac Landau levels on curved surfaces.

We start with discrete symmetries and recall that the Dirac Hamiltonian is given by
(Eq. (3.20))

ĤD = ℏvF
[
σx

(
−i∂l − i

r′(l)

2r(l)

)
+ σy

(
−i 1

r(l)
∂ϕ +

e

ℏ
A(l)

)]
. (3.27)

Based on [92], we can easily check from this whether the three fundamental discrete
symmetries hold:

• Chiral symmetry (CS) is given if there is a unitary operator ÛC such that

ÛCĤDÛ
†
C = −ĤD holds. Obviously, σz anticommutes with the Hamiltonian so

that ÛC = σz fulfills this property. This means that the spectrum is symmetric
with respect to E = 0 because if there is an eigenstate |ψ⟩ with ĤD|ψ⟩ = E|ψ⟩
then obviously ĤDÛC |ψ⟩ = −EÛC |ψ⟩.

• Time-reversal symmetry (TRS) is given if there is a unitary operator ÛT such

that ÛT Ĥ
∗
DÛ

†
T = ĤD holds. Such an operator does not exist, as long as A(l) ̸=

0. However, without magnetic field, A(l) = 0 and we need an operator that
anticommutes with σx and commutes with σy. It is easy to see, that ÛT = σy.
A consequence of this symmetry is the existence of Kramers pairs when there is
no magnetic field present. Given |ψ⟩ such that ĤD|ψ⟩ = E|ψ⟩ holds, then a short
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3.6. Symmetries of the Dirac Hamiltonian

calculation yields that also ĤDÛTC |ψ⟩ = EĤDÛTC |ψ⟩, where C is the complex-
conjugation operator. This means that every energy eigenvalue is (at least) double
degenerate.

• Particle-hole symmetry (PHS) is given if there is a unitary operator ÛP such that

ÛP Ĥ
∗
DÛ

†
P = −ĤD holds. This is not independent of the previous ones. There is

no way that only two of the three symmetries discussed are present, either one,
three or none exist [92]. Henceforth, since CS is always present, PHS will only hold
whenever TRS holds, with vanishing magnetic field. In this case, the operator is
easily found to be ÛP = σx.

To summarize this, CS always holds, implying symmetric spectrum with respect to
E = 0, whereas TRS and PHS only hold in absence of a magnetic field. In this case, the
eigenstates come in degenerate Kramers pairs.

A more general symmetry than TRS can be found if we allow another transformation
simultaneously to time-reversal, the inversion of the magnetic field. We denote this by
using different symbols for the Hamiltonians, ĤD(B) for the original field configuration,
and ĤD(−B) for the inverted field configuration. Let us now assume that there is a

unitary operator ÛTB, such that ÛTBĤ
∗
D(B)Û †

TB = ĤD(−B). One can easily verify

that ÛTB = σy meets this. Now let ĤD(B)|ψ⟩ = E|ψ⟩ hold, then it follows that

ĤD(−B)ÛTBC |ψ⟩ = ÛTBĤ
∗
D(B)Û †

TBÛTBC |ψ⟩ (3.28)

= ÛTBĤ
∗
D(B)C |ψ⟩

= ÛTBC ĤD(B)|ψ⟩
= ÛTBCE|ψ⟩
= EÛTBC |ψ⟩ .

This means that it is not necessary to compute the spectrum of ĤD for all magnetic
fields, but only for positive ones because the spectra only depend on |B|, not on the
particular sign and the eigenstates for opposite field configurations are linked by ÛTB.
We call this time-reversal field-inversion symmetry (TRFIS). Note that in the limit of
vanishing magnetic field, we recover the relations of TRS.

Let us now look at continuous symmetries. It is necessary for this to turn to the
time-dependent equation of motion,

iℏ∂tψ(t, l, ϕ) = ĤDψ(t, l, ϕ) . (3.29)

In the following, when applying Einstein’s summing convention, we add a zeroth compo-
nent to it, the time t. Noether’s theorem is most conveniently applied in the Lagrange
formulation. Given the (classical) Lagrangian

L =
√

detg ψ†
[
−iℏ∂t + ĤD

]
ψ , (3.30)

it is readily checked that the Euler-Lagrange equations for fields

∂µ

(
∂L

∂(∂µψ†)

)
− ∂L
∂ψ† = 0, ∂µ

(
∂L

∂(∂µψ)

)
− ∂L
∂ψ

= 0 (3.31)
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3. Quantum mechanics on curved surfaces

yield the desired equations of motion for ψ and ψ†.
The Lagrangian is obviously invariant under a global U(1) transformation

ψ → exp(iα)ψ and ψ† → ψ† exp(−iα), with α ∈ R. At the level of infinitesimal
transformations, the field deformations read ∆ψ = iαψ and ∆ψ† = −iαψ†, whereas
the Lagrangian itself remains untouched. Noether’s theorem then yields the conserved
current [93]

J µ
U(1) =

∂L
∂(∂µψ)

∂∆ψ

∂α
+

∂L
∂(∂µψ†)

∂∆ψ†

∂α
(3.32)

= i
∂L

∂(∂µψ)
ψ ,

for which ∂µJ µ
U(1) = 0. The components read explicitly

J t
U(1) = ℏr(l)|ψ|2 , (3.33)

J l
U(1) = ℏvF r(l)ψ†σxψ ,

J ϕ
U(1) = ℏvFψ†σyψ .

This yields the conservation law

∂t|ψ|2 + vF
1

r(l)
∂l

(
r(l)ψ†σxψ

)
+ vF

1

r(l)
∂ϕ

(
ψ†σyψ

)
= 0 . (3.34)

We compare this to the general form of a continuity equation, with the divergence given
in our curvilinear coordinates (Eq. (3.9)),

0 = ∂tρ+ div⃗j =
1

r(l)
∂l
(
r(l)j1

)
+

1

r(l)
∂ϕj

2 . (3.35)

Identifying the charge density ρ = −e|ψ|2, the current density is given by

j⃗ = −evF
(
ψ†σxψe⃗1 + ψ†σyψe⃗2

)
. (3.36)

We therefore obtained a charge (particle) conservation law from the global U(1) sym-
metry, as one would also expect in relativistic field theories in flat Minkowski space.

Looking at the Lagrangian, another symmetry immediately catches the eye, the coor-
dinate ϕ is cyclic and the equations of motion thus invariant under a shift ϕ→ ϕ+α. We
can interpret this as a SO(2) symmetry. Again, when considering infinitesimal shifts,
the field deformations read ∆ψ = α∂ϕψ and ∆ψ† = α∂ϕψ

†. Note here, that also the La-
grangian changes by a covariant divergence ∆L = α∂ϕL = α∂µ(δµϕL). The corresponding
Noether current reads [93]

J µ
SO(2) =

∂L
∂(∂µψ)

∂∆ψ

∂α
+

∂L
∂(∂µψ†)

∂∆ψ†

∂α
− δµϕL (3.37)

=
∂L

∂(∂µψ)
∂ϕψ − δµϕL .
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3.6. Symmetries of the Dirac Hamiltonian

This time, we only take a look at the zeroth component

J 0
SO(2) = −iℏr(l)ψ†∂ϕψ = r(l)ψ†Ĵz

canψ , (3.38)

where Ĵz
can = −iℏ∂ϕ can be identified as the canonical angular momentum operator in

z-direction, whose expectation value is a conserved quantity. In presence of a magnetic
field, the physical relevance of this is somewhat limited since it is not gauge invariant
(contrary to the kinetic angular momentum) but rather an emerging symmetry due to
gauge fixing. However, it allows us to simplify the Dirac equation further.
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4. Dirac Landau levels on curved surfaces

This chapter is devoted to the computation of Landau levels of massless Dirac electrons
on curved surfaces of revolution. In the first part of it, we study general properties of the
corresponding Dirac equation. We will see that the problem carries a supersymmetric
structure which enables us to proof many properties without assuming a specific surface.
As a first example, we discuss the Dirac Landau levels on a pseudosphere. The spectrum
for the case of an overall perpendicular magnetic field is given by a a general theorem
for surfaces with constant Gaussian curvature, which is a central result of Spin geometry
[30]. It has also been found by the author of this thesis in his Master project using a
power series expansion [76]. We will complement this analysis by using two different
approaches to find the spectrum, an algebraic one which exploits the shape invariance
of the effective potential, as well as an analytical one, which reduces the problem to a
differential equation. We further provide a closed formula for the wavefunctions. After
this, we also study the corresponding problem for a coaxial magnetic field. It turns
out that this can only be solved using semiclassical methods. We do this in two ways.
First of all, we use an asymptotic solution for the differential equation which arises in
this problem and second we use the SWKB method. In the second part of this chapter
we examine Landau levels in a coaxial field for a general class of surfaces which is
characterized by the condition r′(l) ∝ rγ(l). We find the spectrum using SWKB and
with this proof a conjecture, which can be found in [77], about the asymptotic scaling
of Landau level energies as a function of magnetic field. A variation of this proof can be
found in [29] but the original version, which is presented in this thesis, was solely made
by the author of this thesis. We verify our findings with numerical calculations.

4.1. General concepts

We can directly use the cyclic coordinate ϕ by noticing that
[
ĤD, Ĵ

z
can

]
= 0 (the contin-

uous symmetry shows up in both, Lagrangian and Hamiltonian formalism). Therefore,
common eigenstates of ĤD and Ĵz

can exist. The eigenvalue equation

Ĵz
canχ(ϕ) = −iℏ∂ϕχ(ϕ) = ℏmχ(ϕ) , (4.1)

is obviously solved by χ(ϕ) = exp(imϕ). Note that because the spin quantization axis is
not fixed with respect to the lab frame, but rotates with the local coordinates, we have to
choose an antiperiodic boundary condition, χ(2π) = −χ(0), which directly corresponds
to the constraint m ∈ (Z+ 1/2) [24, 26, 27]. We could derive this in a more pedestrian
way in Chapter 2 for the Dirac equation on a flat plane in polar coordinates.
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4. Dirac Landau levels on curved surfaces

Separating coordinates by setting ψ(l, ϕ) = r−1/2(l)Ψ(l)χ(ϕ) leads us to the radial
Dirac equation

ĤR
DΨ(l) := ℏvF [−iσx∂l + σyV (l)] Ψ(l) = EΨ(l) , (4.2)

where we defined the effective potential V (l) = m/r(l) + e/ℏA(l). It consists of a
centrifugal and a magnetic part. Note that by the factor of r−1/2(l) in the ansatz, we
could immediately get rid of the spin connection term.

Before we continue developing a solution strategy, it is worth taking a closer look at
the effective potential in the important case of a coaxial magnetic field, where it reads
V (l) = m/r(l) + νr(l)/a2. An interesting symmetry catches the eye when taking a
closer look at the scaling behavior of the magnetic and centrifugal terms. While the
first mentioned scales with r(l), the last mentioned goes with 1/r(l). This suggests that
the roles of angular quantum number m and magnetic field ν are interchanged upon
replacing the surface defined by r(l) with one defined by the radial profile r̃(l) ∝ 1/r(l).
This has first been discovered by Dusa [29, 77].

We can exploit the simple spinor structure of the Hamiltonian by writing the radial
Dirac equation in matrix form,

ℏvF
(

0 Â†

Â 0

)
Ψ(l) = EΨ(l) , (4.3)

where we defined Â = −i∂l + iV (l) and its adjoint operator Â† = −i∂l − iV (l). This is
a system of two coupled first order differential equations.

In case of E = 0, they decouple and two solutions can easily be obtained by simple
integration,

Ψ↑
0(l)

(
1
0

)
= exp

(∫
dl V (l)

)(
1
0

)
, (4.4)

Ψ↓
0(l)

(
0
1

)
= exp

(
−
∫
dl V (l)

)(
0
1

)
. (4.5)

Of course, it has to be checked in any case if these formal solutions are indeed normal-
izable and therefore valid. This depends on the magnetic field configuration, as well as
the particular geometry. Note that vice versa, once an E = 0 wavefunction is known,
the potential can be recovered by [78]

V (l) = ∂l log
(

Ψ↑
0(l)
)
, (4.6)

V (l) = −∂l log
(

Ψ↓
0(l)
)
. (4.7)

If we assume E ̸= 0, the system does not decouple. Plugging one component into the
other yields two Schrödinger-like equations for each component of the spinor,

E2ψ↑(l) = ℏ2v2F Â†Âψ↑(l) (4.8)

= ℏ2v2F
(
−∂2l + V ′(l) + V 2(l)

)
ψ↑(l)

= ℏ2v2F
(
−∂2l + VS+(l)

)
ψ↑(l)

=: Ĥ2↑
D ψ

↑(l) ,
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4.1. General concepts

E2ψ↓(l) = ℏ2v2F ÂÂ†ψ↓(l) (4.9)

= ℏ2v2F
(
−∂2l − V ′(l) + V 2(l)

)
ψ↓(l)

= ℏ2v2F
(
−∂2l + VS−(l)

)
ψ↓(l)

=: Ĥ2↓
D ψ

↓(l) ,

where we introduced VS± = ±V ′(l) + V 2(l). It is evident that the operators Ĥ2↑
D and

Ĥ2↓
D are SUSY partner Hamiltonians with SUSY partner potentials VS± and SUSY

superpotential V (l). They therefore share the same spectrum, perhaps except for the
ground state. If either of the zero energy solutions exists, SUSY is unbroken, whereas it
is broken in the converse case.

Recall from Chapter 2 (Eq. (2.4)) that the partner potentials are shape invariant if

VS−(a1, l) = VS+(a2, l) +R(a1) , (4.10)

where a1 denotes a family of parameters, a2 = f(a1) and R(a1) functions of a1. Since
in our case A(l) ∝ B, we can identify a1 = (m,B) and easily see that a2 = (−m,−B)
and R(a1) = 0 fulfill the desired property. This case of shape invariance is almost trivial
becauseR(a+) vanishes and the transformation returns the Hamiltonians to their original
state after two steps (it is an involution). In general, this is not enough to construct
the whole bound state spectrum. If we impose a certain form r(l) of the surface and
a specific magnetic field A(l), we may find a stronger form of shape invariance which
allows the algebraic construction of the spectrum. We will do this for a specific example
at a later stage of the work.

Even in case we cannot find a shape invariance which is strong enough to derive the
spectrum from it, SUSY can help us understanding the structure of the eigenstates
using properties summarized in Chapter 2. In our case, the partner Hamiltonians do not
describe different systems but only the two spinor components of the wavefunction of a
single system. In case SUSY is unbroken, Ĥ2↑

D or Ĥ2↓
D have a ground state with E = 0

which the other Hamiltonian does not possess. The remaining eigenvalues are shared
by both but the n-th eigenstate of the Hamiltonian without the distinct ground state
(with (n − 1) nodes) then corresponds to the (n + 1)-th eigenstate of the one with the
distinct ground state (with n nodes). This means that the ground state of the original
Dirac Hamiltonian ĤR

D has E = 0, is fully spin polarized and has no nodes. The n-th
excited state has one component wavefunction with n nodes and one with (n−1) nodes.
In case of broken SUSY, both partner Hamiltonians have the same spectrum. The n-th
state of the first one corresponds to the n-th state of the second one. The original Dirac
operator ĤR

D has no eigenstate with E = 0 and both component wavefunctions of the
n-th eigenstate have (n− 1) nodes. Note, that independent on the brokenness of SUSY,
we can always choose one spin component to be purely real. Using Eq. (4.3), one easily
sees that then the remaining component is purely imaginary.

A general criterion on whether SUSY is unbroken or broken can be found in [78] and
explained as follows. Since the ground state is nodeless, the wavefunction needs to have
a local maximum and decay towards the boundaries (for l → 0 and l → ∞). Therefore,
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4. Dirac Landau levels on curved surfaces

a critical point with ∂lΨ
↑/↓
0 = 0 must exist. Due to monotonity of the logarithm, this is

equivalent to ∂l log
(

Ψ
↑/↓
0

)
= 0. We easily see, using Eq. (4.6) and Eq. (4.7), that this

directly corresponds to the requirement of the potential V (l) changing sign. In case of a
coaxial field, for B > 0, we require m < 0 and m > 0 for B < 0. The type of monotonity
of r(l) then decides, which term, the magnetic or the centrifugal, dominates in the limit

l → ∞ and whether Ψ↑
0 or Ψ↓

0 is a proper solution. The case of a perpendicular magnetic
field is more involved, since the sign of the integrals in Eq. (4.4) and Eq. (4.5) is not
clear without further assumptions.

While zero energy solutions may be found by simple integration
(Eq. (4.4) and Eq. (4.5)), non-zero energy solutions are more involved. We want to
give a general ansatz for finding them. A common method is to assume that the asymp-
totics of the E = 0 state is also correct for the excited states and their shape only differs

locally. This justifies the ansatz Ψ↑/↓(l) = p↑/↓(l)Ψ
↑/↓
0 (l), where p↑/↓(l) is an unknown

function, and directly yields the differential equations

p↑′′(l) + 2p↑′(l)V (l) +
E2

ℏ2v2F
p↑(l) = 0 , (4.11)

p↓′′(l) − 2p↓′(l)V (l) +
E2

ℏ2v2F
p↓(l) = 0 . (4.12)

Before starting with concrete examples, we have to talk about a few open issues. First
of all, we note that many surfaces can be defined in a very similar form, r(l) = af(l/a),
where f is only a function of the ratio l/a and f(0) = 1. It turns out that in this case
we can write the Dirac equation in a scale invariant form for the coaxial magnetic field
using the previously defined dimensionless quantities ϵ = Ea/(ℏvF ) and ν = Φ/Φ0. This
comes with the price that we also have to rescale the coordinate l. For the sake of clarity,
we will not go this way to the fullest and stick to the original Dirac equation, only using
ϵ and ν loosely whenever appropriate.

A second open point is that the boundary condition at l = 0 has not yet been specified.
When solving the Dirac equation analytically, we always assume atomic boundary con-
ditions, which means that the wavefunction decays exponentially towards the boundary.
We ignore possible, small probability densities outside the surface, i.e. for l < 0 and
only demand exponential localization.

In case of numerical calculations, we simply only build a numerical lattice for l ≥
0, effectively imposing a hard wall boundary condition. As many of our surfaces are
not compact, we have to introduce a lattice cut-off at l = L. We do this at a point,
where we are sure that the wavefunction is virtually zero and the cut-off does not spoil
the numerical results. Throughout this thesis, we only solve the radial Dirac equation
numerically which is effectively one dimensional. A fully numerical treatment of both
coordinates, l and ϕ increases computational costs enormously without any benefit, as
the solution of the azimuthal part of the Dirac equation is trivial.

In conjunction with this, we have to discuss a problem which arises when using different
boundary conditions for the analytical and numerical treatment, as well as considering
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4.2. Pseudosphere

zero energy states. Analytically, a zero energy state may exist when assuming atomic
boundary conditions. Numerically, however, the situation is more complicated. When
starting without a magnetic field, energies are fully determined by size quantization, a
zero energy mode does not exist. Upon increasing the magnetic field, the two states
closest to E = 0 (one with positive, one with negative energy due to chiral symmetry),
|ψ+

0 ⟩ and |ψ−
0 ⟩, condense onto E = 0 in the limit of B → ∞. Therefore, two eigenenergies

converge to zero but are still not exactly zero for finite B. As explained in Chapter 3,
these two eigenstates are linked to each other by the chiral symmetry operator σz. Since
the Hamiltonian is hermitian, both eigenstates have to be orthogonal to each other,
yielding 0 = ⟨ψ−

0 |ψ
+
0 ⟩ = ⟨ψ+

0 |σz|ψ
+
0 ⟩. Consequently, each spinor component equally

contributes to the norm. Note that this does not restrict to the (almost) zero energy
states. Chiral symmetry henceforth guarantees vanishing spin polarization of σz of all
eigenstates. In case of the zero energy states, this leads to the problem that analytically
we expect fully spin polarized states, which we cannot get numerically, as we asserted in
this paragraph. We therefore have to expect artifacts in one of the spinor components.

To conclude this paragraph, we have to talk about degeneracy of eigenstates. We saw
in Chapter 2 that in case of the flat plane, the degeneracy of Landau levels is given by the
number of flux quanta piercing the surface [10, 84]. In case of curved surfaces, powerful
index theorems from Spin geometry, like the Atiyah-Singer index theorem [94], hold and
in some situations can give the degeneracy of the ground state [95, 96]. However, we
will not go this way and do not care too much about quantitatively determining the
degeneracy in the following. In general, it can be estimated by counting the eigenstates
with equal energy which are localized within the surface. A good approximation for this
is to demand the minimum of the effective potential to be located at l > 0 [27].

Throughout this chapter we assume B > 0, as chiral symmetry automatically yields
corresponding results for B < 0.

4.2. Pseudosphere

As a first example, we consider the pseudosphere which is a surface with constant Gaus-
sian curvature. A parametrization for the maximum radius being unity is given in [97]
and can easily be extended to a maximum radius of a,

Σ : [0,∞) × [0, 2π] → R
3, (u, ϕ) 7→

 a
coshu cosϕ

a
coshu sinϕ

a(u− tanhu)

 , (4.13)

where we easily identify the radius as r(u) = a/ cosh(u). We need to calculate

dz

dr
=
dz

du

(
dr

du

)−1

= a tanh2 u

(
− sinhu

cosh2 u

)−1

= − sinhu , (4.14)

which gives (
dz

dr

)2

= sinh2 u = cosh2 u− 1 =
a2

r2
− 1 . (4.15)
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4. Dirac Landau levels on curved surfaces

Figure 4.1: An exemplary pseudosphere. The colormap is exclusively used for better
visualization and does not have any deeper meaning.

With this we can easily compute

l(r) =

∫ a

r
dr̃

√
1 +

(
dz

dr̃

)2

= a

∫ a

r
dr̃

1

r̃
= a log

(a
r

)
. (4.16)

The inverse relation is given by

r(l) = a exp

(
− l

a

)
. (4.17)

Fig. 4.1 shows an exemplary pseudosphere. In the following, we first of all take a look
at the case of a perpendicular magnetic field and afterwards tackle the issue of a coaxial
one.

4.2.1. Perpendicular magnetic field

Let us first have a look at the overall perpendicular magnetic field. The vector potential
is given by (Eq. (3.14))

A(l) = − B

r(l)

∫
dl r(l) = −B exp

(
l

a

)∫
dl exp

(
− l

a

)
= Ba . (4.18)

The effective potential therefore reads

V (l) =
m

a
exp

(
l

a

)
+

a

l2B
. (4.19)
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A simple integration gives the two potential candidates for a zero energy solution,

Ψ↑
0(l)

(
1
0

)
= r(l)

− a2

l2
B exp

(
+m

a

r(l)

)(
1
0

)
, (4.20)

Ψ↓
0(l)

(
0
1

)
= r(l)

+ a2

l2
B exp

(
−m a

r(l)

)(
0
1

)
. (4.21)

Note, that the wavefunctions can explicitly be written as functions of l but we chose to
keep r(l) (Eq. (4.17)) for convenience. Only the first solution with m < 0 is possible,
leaving SUSY unbroken. Inspecting the effective potential makes obvious that for the
other branch of the angular quantum number m, not only SUSY is broken, but there
are no bound states localized within the pseudosphere at all (see [27] for details).

Excited states - analytical way

We try to find excited states by solving Eq. (4.11),

p↑′′(l) +

[
2m

a
exp

(
l

a

)
+

2a

l̃2B

]
p↑′(l) +

E2

ℏ2v2F
p↑(l) = 0 . (4.22)

It makes sense to perform a coordinate transformation to the radius r(l) = a exp(−l/a).
This yields [

r2∂2r −

(
2ma+

2a2r

l̃2B
− r

)
∂r +

a2E2

ℏ2v2F

]
p↑(r) = 0 . (4.23)

It is shown in Appendix A.2 (Eq. (A.13)) that the eigenevalues are then given by

a2E2

ℏ2v2F
= −n2 + n

2a2

l̃2B
, (4.24)

which finally yields

En = ±ℏvF
a

√√√√n

(
2a2

l̃2B
− n

)
. (4.25)

The corresponding (unnormalized) up component wavefunction is given by Eq. (A.15),

Ψ↑
n(r) = rnL

(−2n+2a2/l̃2B)
n

(
−(2m+ 1)a

r

)
Ψ↑

0(r) , (4.26)

where we used the associated Laguerre polynomials L
(a)
n (x) [98]. The down component

wavefunction can easily be obtained using Eq. (4.3),

Ψ↓
n(r) =

ℏvF
aEn

ÂΨ↑
n (4.27)

= i
ℏvF
aEn

(
−n+

2a2

l̃2B

)
rnL

(−2n+2a2/l̃2B)
n−1

(
−(2m+ 1)a

r

)
Ψ↑

0(r) .
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4. Dirac Landau levels on curved surfaces

Excited states - algebraic way

To complement this, we want to derive the spectrum in an algebraic way, exploiting
the translational shape invariance of the SUSY partner potentials which allows us to
generate the whole spectrum starting from the ground state. The relevant parameter is
B and the transforming functions are, introducing k = e/ℏ, f(B) = B − 1/(ka2) and
R(Bi) = 2kBi − 1/a2 (see Appendix A.3 for a proof). Starting from B1 = B, Bi is
defined as Bi = f i−1(B). It is obvious that in closed form

Bi = B − i− 1

ka2
. (4.28)

The n-th eigenvalue of Ĥ2↑
D (starting from n = 0) is then given by Eq. (2.5),

E2
n = ℏ2v2F

n∑
i=1

R(Bi) (4.29)

= ℏ2v2F
n∑

i=1

[
2k

(
B − i− 1

ka2

)
− 1

a2

]

= ℏ2v2F
n∑

i=1

(
2kB − 2i− 1

a2

)

= ℏ2v2F

(
2kBn+

1

a2
n− 2

a2

n∑
i=1

i

)

= ℏ2v2F
(

2kBn+
1

a2
n− 2

a2
n(n+ 1)

2

)
=

ℏ2v2F
a2

(
2a2

l̃2B
n− n2

)
.

This gives the final eigenenergies of ĤR
D,

En = ±ℏvF
a

√√√√n

(
2a2

l̃2B
− n

)
. (4.30)

The n-th (unnormalized) up component wavefunction is given by [78]

Ψ↑
n(l, B) = Â†(B1)Â

†(B2)...Â
†(Bn)Ψ↑

0(l, Bn+1) , (4.31)

whereas the corresponding down component can easily be obtained from Eq. (4.3) as

Ψ↓
n(l, B) =

ℏvF
En

Â(B1)Â
†(B1)Â

†(B2)...Â
†(Bn)Ψ↑

0(l, Bn+1) . (4.32)

Contrary to the eigenenergies, we will not simplify the wavefunctions further, as this is
very cumbersome and will eventually lead to the same results as already gained analyt-
ically (Eq. (4.26) and Eq. (4.27)).
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Excited states - comparison

The eigenenergies agree with each other as well as with previous findings in [27, 30].
We see that at fixed magnetic field, only a finite number of different Landau energies is
available. Further, all levels are degenerate in the angular quantum number m < 0. A
comparison of the eigenenergies, as well as the eigenfunctions, to numerical calculations
can be found in [27], where it can be observed that they match perfectly well for strong
magnetic fields (lB << a, so that the eigenstates are localized within the pseudosphere).
It remains to say that shape invariance is a very rare property of potentials, with many
of them being classified and well-known. When taking a closer look at the effective po-
tential, Eq. (4.19), one can easily check that it is a superpotential of the Morse potential
[99].

4.2.2. Coaxial magnetic field

For the experimentally more relevant case of a coaxial magnetic field, the effective po-
tential is given by

V (l) =
m

a
exp

(
l

a

)
+
ν

a
exp

(
− l

a

)
. (4.33)

Again, a simple integration yields two possible E = 0 solutions,

Ψ↑
0(l)

(
1
0

)
= exp

(
m

a

r(l)
− ν

a
r(l)

)(
1
0

)
, (4.34)

Ψ↓
0(l)

(
0
1

)
= exp

(
−m a

r(l)
+
ν

a
r(l)

)(
0
1

)
. (4.35)

Since V (l) has to change sign, as discussed at the beginning of this chapter, and the
wavefunction has to vanish at l → ∞, the only possible solution is the one for spin-up
and m < 0. In this case SUSY is unbroken. SUSY is broken for m > 0, but this time,
contrary to the case of the overall perpendicular field, bound states with E ̸= 0 can
exist, as we shall see in the following.

Excited states - analytical way

We try to find excited states by solving the differential equation (Eq. (4.11))

p↑
′′
(l) + 2

[
m

a
exp

(
l

a

)
+
ν

a
exp

(
− l

a

)]
p↑

′
(l) +

E2

ℏ2v2F
p↑(l) = 0 . (4.36)

Again, it makes sense to perform the substitution r(l) = a exp(−l/a), which gives

r2p↑
′′
(r) +

[
−2ma+ r − 2ν

a
r2
]
p↑

′
(r) + a2ϵ2p↑(r) = 0 . (4.37)

This is a Doubly-Confluent Heun Equation (DCHE) [98]. Before continuing, we note
that further insight can be gained performing the rescaling r̃ = 2r

a ν, resulting in

r̃2p↑
′′
(r̃) +

[
−4mν + r̃ − r̃2

]
p↑

′
(r) + ϵ2p↑(r) = 0 . (4.38)
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4. Dirac Landau levels on curved surfaces

The two independent parameters, ν and m, only appear in a common coefficient. Since
this differential equation encodes all spectral information (in case the wavefunction does
not feel the boundary), we may assert that the exact eigenenergies are only a function
of a single parameter, the product mν. This is by no means a coincidence but reflects
a symmetry of the effective potential. When transforming to arclength coordinates,
where the origin is at the potential minimum, done in the next section, we see that
both exponential functions have the same exponent (up to a minus sign), condensing
into a hyperbolic function. The effective potential is therefore symmetric around this
point. The spectrum of the DCHE cannot be determined exactly, as a power series
expansion leads to a more than two terms recurrence relation. However, in the limit of
high magnetic fields, an asymptotic approximation in the small parameter 1/(mν) exists
[100], yielding the constraint (up to second order)

ϵ2 = 4n
√
−mν +

1

2
n2 − 1 . (4.39)

Clearly, this can only hold true if ν and m have opposite sign (when SUSY is unbroken).
It turns out that we can find the spectrum for equal sign by solving Eq. (4.12). As this
was not done by the author of this thesis, it is not covered at this point but details can
be found in [27].

For the unbroken SUSY case, when m < 0, the eigenenergies ultimately read

ϵ = ±
√

4n
√
−mν +

1

2
n2 − 1 . (4.40)

We can see, that in the limit of strong magnetic fields, E ∝ ν1/4 holds, clearly deviating
from the common linear (non-relativistic Schrödinger electrons) or square root (relativis-
tic Dirac electrons) behavior. Further, the degeneracy in the angular quantum number
is lifted for excited Landau level energies. Note that this asymptotic formula obviously
does not correctly recover the zero energy Landau level.

Excited states - semiclassical way

We want to complement this calculation by computing the spectrum using the semi-
classical supersymmetric WKB (SWKB) method. The minimum of |V | is located at
l = a

2 log |ν/m|. As announced in the previous section, it makes sense to perform the

coordinate transformation l̃ = l − l
2 log |ν/m|, shifting the origin to the minimum and

resulting in

V (l̃) =
m

a

√∣∣∣ ν
m

∣∣∣ exp

(
l̃

a

)
+
ν

a

√∣∣∣m
ν

∣∣∣ exp

(
− l̃

a

)
(4.41)

=
sgn(m)

a

√
|m|ν exp

(
l̃

a

)
+

1

a

√
|m|ν exp

(
− l̃

a

)
.
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4.2. Pseudosphere

We also need the squared effective potential for SWKB,

V 2(l̃) =
2

a2
|m|ν cosh

(
2l̃

a

)
+

2

a2
mν . (4.42)

Given the energy ϵ2 ≥ 0 we define the shifted energy ϵ̃2 = ϵ2 − 2mν. Fixing ϵ̃2 and
assuming that the particle does not touch the boundary, the two classical turning points
are given by

l̃± = ±a
2

arcosh

∣∣∣∣ ϵ̃22mν

∣∣∣∣ . (4.43)

This directly yields the action (see Appendix A.4 for a detailed solution of the integral)

S = 2ℏ
∫ l̃+

l̃−

dl̃

√
ϵ2

a2
− V 2(l̃) (4.44)

=
4ℏ
a

∫ l̃+

0
dl̃

√√√√ϵ̃2 − 2|m|ν cosh

(
2l̃

a

)

= 4ℏ
π

2

1

2

ϵ̃2 − 2|m|ν√
2ϵ̃2

2F1

(
3

2
,

1

2
; 2; 1 − 2|m|ν

ϵ̃2

)
=

πℏ√
2

(ϵ̃2)−
1
2
(
ϵ̃2 − 2|m|ν

)
2F1

(
3

2
,

1

2
; 2; 1 − 2|m|ν

ϵ̃2

)
=

πℏ√
2

(ϵ̃2)−
1
2 f1(ϵ̃, ν)f2(ϵ̃, ν) ,

where 2F1(a, b; c; z) is the Gaussian hypergeometric function [98]. For convenience, we
abbreviated the second factor of the final result as f1(ϵ̃, ν) and the third as f2(ϵ̃, ν). We
need to invert the action as a function of energy to find the spectrum. However, this
cannot be done exactly due to its complicated structure. Since we want to examine the
behavior in presence of strong magnetic fields, it makes sense to take a look at the limit
ν → ∞ and neglect subleading terms. We assume the relation between κ and ϵ to be
some power function, so that in the strong field limit ϵ̃2 = kνκ for some k > 0 and κ ∈ R.
When doing asymptotic analysis of the action, we have to distinguish (at least) three
possible cases, κ < 1 (ϵ̃2 grows slower than ν), κ = 1 (ϵ̃2 grows as fast as ν) and κ > 1
(ϵ̃2 grows faster than ν).

Let us focus on the case κ > 1 first of all. The first term takes the asymptotic form

f1(ϵ̃, ν) ≈ kνκ − 2|m|ν (4.45)

≈ kνκ ,

whereas the second one takes

f2(ϵ̃, ν) ≈ 2F1

(
3

2
,

1

2
; 2; 1 − 2|m|ν

kνκ

)
(4.46)

[98]
≈ − Γ(2)

Γ
(
3
2

)
Γ
(
1
2

) log

(
2|m|
kνκ−1

)
.
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4. Dirac Landau levels on curved surfaces

The overall action must not depend on the magnetic field ν, as it is quantized to constant
values. There is no term to compensate the logarithm in this factor, so κ > 1 is not
possible.

The next case we want to examine further is κ = 1. The first term is special here,

f1(ϵ̃, ν) ≈ kν − 2|m|ν , (4.47)

as it has a zero in case k = 2|m|. Let us assume for the moment that k does not have
this value. Then, we can approximate the second term as

f2(ϵ̃, ν) ≈ 2F1

(
3

2
,

1

2
; 2; 1 − 2|m|ν

kν

)
(4.48)

≈ 2F1

(
3

2
,

1

2
; 2; 1 − 2|m|

k

)
,

which is just a constant. For the action to be constant, the overall exponent of ν has to
vanish, leading to the constraint

−1

2
+ 1 = 0 ⇔ 1

2
= 0 , (4.49)

which obviously cannot be fulfilled. Let us now assume k = 2|m|. Then the action will
vanish to leading order and we have to take the next to leading order into account, at

least for the first term. This can be done by making the ansatz ϵ̃2 = 2|m|ν
(

1 + k̃νδ
)

,

with k̃ > 0 and δ < 0. For the first term, we now have

f1(ϵ̃, ν) ≈ 2|m|ν
(

1 + k̃νδ
)
− 2|m|ν (4.50)

≈ 2|m|k̃ν1+δ .

The second term can be expanded as

f2(ϵ̃, ν) ≈ 2F1

3

2
,

1

2
; 2; 1 − 2|m|ν

2|m|ν
(

1 + k̃νδ
)
 (4.51)

≈ 2F1

(
3

2
,

1

2
; 2; 0

)
≈ 1 .

Balancing the exponents of ν yields

−1

2
+ (1 + δ) = 0 ⇔ δ = −1

2
. (4.52)

This is consistent. Inserting δ into our original ansatz determines

k̃ =
1√
|m|

(2n+ Θ(m)) , (4.53)
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4.2. Pseudosphere

where we used the unbroken SUSY quantization condition for m < 0 and the broken
SUSY quantization condition for m > 0. We do not need to examine the case κ < 1
anymore, as the solution for κ = 1 is dominant anyway. The overall energy finally reads

ϵ = ±
√

2mν + 2|m|ν + 2
√

|m|ν (2n+ Θ(m)) . (4.54)

We see that depending on the sign of m, we have two qualitatively different spectral
branches. For m > 0, the first two terms under the radicand add up and give the
dominant contribution for large magnetic fields, yielding an overall scaling of ϵ ∝ ν1/2,
whereas for m < 0, they cancel and the next to leading order term becomes dominant,
yielding a scaling of ϵ ∝ ν1/4. The degeneracy of the excited Landau level energies in m
is again lifted, as we have seen before.

Excited states - numerical way and comparison

We want to perform numerical calculations to validate our analytically gained spectrum
as well as to take a look at the wavefunctions of the Landau levels.

Fig. 4.2 and Fig. 4.3 show the first 20 (positive) Landau level energies for exemplary
negative and positive angular quantum numbers, respectively. The black crosses mark
numerically gained solutions, while the solid lines represent analytical solutions. The
upper panels correspond to angular quantum numbers of m = −1/2 and m = 1/2,
while the lower ones correspond to m = −3/2 and m = 3/2. The left panels show
solutions gained from an asymptotic treatment of the Heun equation (Eq. (4.40) for
m < 0 and Eq. 71 in [27] for m > 0). Correspondingly, the right ones show SWKB
solutions (Eq. (4.54)).

In general, the agreement is good for strong magnetic fields ν. This is expected since
our asymptotic treatment of the Dirac equation was explicitly based on the assumption
that lB < a. Quantitative agreement also becomes better for higher magnitude of the
angular quantum number, which is plausible as well considering that we found that only
the combined parameter mν determines the spectrum.

When comparing Heun and SWKB solutions, we notice that the first mentioned seems
to be more precise. This does not come as a surprise, as the expansion in the semiclassi-
cal parameter 1/(mν) was performed until second order in case of the Heun asymptotic
approximation, and only until first order in case of SWKB. However, the SWKB ap-
proximation correctly predicts the zero energy level for negative m.

The agreement is best for small main quantum numbers n. Upon rising it, the Heun
method overestimates the energy, while the SWKB method underestimates it. This
might come unexpected, as asymptotic methods are usually associated with better results
for higher energies. However, in this case we have to remember that the effective potential

is V (l̃) ∝ cosh
(
l̃/a
)

, which means that the derivative (with respect to l̃) is ∝ sinh
(
l̃/a
)

.

The potential changes exponentially when going away from the equilibrium point at l̃ =
0, violating the requirement for semiclassical methods to work, slowly varying potential
compared to the Fermi wavelength, more and more.
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Figure 4.2: Lowest positive Dirac Landau level energies as a function of magnetic field ν
of the pseudosphere in a coaxial magnetic field for m = −1/2 ((a) and (b)), as well as for
m = −3/2 ((c) and (d)). Blue lines in figures (a) and (c) represent analytical solutions
gained using asymptotic methods for the DCHE (Eq. (4.40)). Blue lines in figures (b) and
(d) represent analytical solutions obtained using the SWKB approximation (Eq. (4.54)).
Black crosses mark numerical solutions of the radial Dirac equation (Eq. (4.2)). A lattice
spacing of ∆l = 0.005a as well as a cut-off of L = 5a were used.
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Figure 4.3: Lowest positive Dirac Landau level energies as a function of magnetic field ν of
the pseudosphere in a coaxial magnetic field for m = 1/2 ((a) and (b)), as well as for m =
3/2 ((c) and (d)). Red lines in figures (a) and (c) represent analytical solutions gained
using asymptotic methods for the DCHE (Eq. (71) in [27]). Red lines in figures (b) and
(d) represent analytical solutions obtained using the SWKB approximation (Eq. (4.54)).
Black crosses mark numerical solutions of the radial Dirac equation (Eq. (4.2)). A lattice
spacing of ∆l = 0.005a as well as a cut-off of L = 5a were used.
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Figure 4.4: Numerically gained overall, radial probability densities |ψ|2 exp(−l/a) (black,
solid lines), as well as radial probability densities of the up component |ψ↑|2 exp(−l/a)
(blue, dashed lines) and down component |ψ↓|2 exp(−l/a) (red, dashed lines) for the
pseudosphere in a coaxial magnetic field and the angular quantum numbers m = −1/2
(upper panels) and m = 1/2 (lower panels). A lattice spacing of ∆l = 0.005a as well as
a cut-off of L = 5a were used.
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Fig. 4.4 shows the four lowest lying Landau levels for the angular quantum numbers
m = −1/2 (upper row) and m = 1/2 (lower row). We can see that the modulus squared
of all the total wavefunctions are symmetric with respect to a certain point l/a. This

reflects the symmetry of the effective potential V (l̃) ∝ cosh
(
l̃/a
)

, which enforces definite

parity of all eigenspinor components. Most notably, we see that the number of nodes of
up and down components of the spinor wavefunctions exactly agrees with our prediction
from SUSY theory. For negative m, SUSY is unbroken and the up component always
has one node more than the down component. The zeroth Landau level is fully spin
polarized, however we may observe a divergence of the down component at the lattice
borders. The origin of this numerical artifact has already been covered at the beginning
of this chapter. For positive m, SUSY is broken and the number of nodes of up and
down components of a single eigenstate is the same.

We can summarize this section by noticing that we confirmed the exact Dirac Lan-
dau level energies and found closed expressions for the eigenstates of a pseudosphere
in an overall perpendicular magnetic field. In the second part, we successfully found
asymptotic analytical expressions for the Landau level energies of a pseudosphere in a
coaxial magnetic field which hold in the high field limit. Most notably, it turned out that
the degeneracy of Landau levels in the angular quantum number m is not only lifted
but angular branches with different sign of m also possess a different energy scaling in
magnetic field. While the m > 0 branch shows the usual ν1/2 scaling, the m < 0 branch
exhibits a very unconventional ν1/4 scaling. Clearly, the non-degeneracy of levels can be
attributed to the fact that the projection of the magnetic field onto the surface normal
is not constant along the arclength, yielding different effective field strengths. In case of
the coaxial field, we also verified our results numerically. Wavefunctions show the same
number of nodes as predicted by SUSY.

4.3. A general class of surfaces

When taking a look at the defining property of the cone and the pseudosphere, we find
that the first mentioned fulfills r′(l) ∝ r0(l), while the last mentioned fulfills r′(l) ∝
r1(l). Based on this observation, a more general class of surfaces was introduced in
[77], characterized by the defining property r′(l) ∝ rγ(l), with γ ∈ Z. In this thesis,
we generalize this by allowing γ ∈ R \ {0, 1, 2}. We exclude γ ∈ {0, 1, 2} as these
numbers lead to special integrals which do not align with the most general solution of
the remaining cases. This is not a problem, since γ = 1 is the case of the pseudosphere
which was extensively covered in the last section of this thesis and γ = 0 / γ = 2
correspond to the cone and the reciprocal cone, respectively, which have already been
treated in [29, 77]. Writing the proportionality explicitly yields r′(l) = ±(r(l)/a)γ , with
a > 0 and the sign ± chosen such that a physical solution exists. Separation of variables
leads to the general solution

r(l) =
(
K ∓ (γ − 1)a−γl

)− 1
γ−1 , (4.55)
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γ = −1
γ = 0

(Cone) γ = 1/2
γ = 1
(Pseudosphere) γ = 3

Figure 4.5: Representatives of the general class of surfaces. The colormap is exclusively
used for better visualization and does not have any deeper meaning.

with K ∈ R. The function r(l) has to fulfill the property |r′(l)| ≤ 1 in order to represent
a surface which is immersible in ambient space. Further, we want the surface to have
finite radius at r(0) = a and to be parametrized in z-direction by positive l. This yields
K = a−(γ−1). The particular value of γ fixes the sign and leads to the following cases:

• γ > 1: For the lower sign (+ in Eq. (4.55)), these surfaces have a maximal radius of
a with r(l) monotonously decreasing with r → 0 at l → ∞. They are not compact.

• 0 < γ < 1: For the lower sign (+ in Eq. (4.55)), these surfaces have a maximal
radius of a with r(l) monotonously decreasing until r = 0 at l = a

1−γ . They are
compact.

• γ < 0: For the upper sign (− in Eq. (4.55)), these surfaces have a minimal radius of
a with r(l) monotonously increasing with r → 0 at l → ∞. They are not compact.

We can summarize that for all γ the relation

r(l) = a

(
1 ∓ (γ − 1)

l

a

)− 1
γ−1

, (4.56)

with the respective sign holds. Note that after an appropriate shift of l we see that
a surface with γ has a reciprocal surface with γ̃ = 2 − γ in the sense of the duality
discussed at the very beginning of this chapter [29]. Interestingly, the pseudosphere is
a fix point of this transformation. This perfectly matches with the observation made in
the last section that m and ν always appear together in the Dirac equation, with only
the product mν being an independent parameter.

Fig. 4.5 shows a few representatives of the general class of surfaces, including the
pseudosphere and the cone. In the following, we try to solve the Dirac equation for this
general class of surfaces but focusing solely on the practically more relevant case of the
overall coaxial magnetic field. The effective potential reads

V (l) =
m

a

(
1 ∓ (γ − 1)

l

a

) 1
γ−1

+
ν

a

(
1 ∓ (γ − 1)

l

a

)− 1
γ−1

. (4.57)
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4.3.1. Zero energy states

We want to find possible zero energy states as a first step. It makes sense to perform
the substitution

s(l) = a−(γ−1) ∓ (γ − 1)a−γl , (4.58)

so that

V (s) = ms
1

γ−1 +
ν

a2
s
− 1

γ−1 . (4.59)

As we have seen when discussing the general concepts, for ν > 0 we have to choose
m < 0 in order to ensure that the potential changes sign and the state is localized within
the surface. Since the surface is compact for 0 < γ < 1, the existence of the zero energy
states is guaranteed as long as it is localized within the surface. For γ > 1 and γ < 0,
the existence is linked to the behavior of the integral over the potential,∫

dl V (l) = ∓ 1

γ − 1
aγ
∫
ds
(
ms

1
γ−1 +

ν

a2
s
− 1

γ−1

)
(4.60)

= ∓aγ
(
m

γ
s

γ
γ−1 +

ν

a2
1

γ − 2
s

γ−2
γ−1

)
,

at l → ∞. For γ > 1, the centrifugal term dominates in this limit. Since m < 0, the
overall integral is negative and the spin-up solution Ψ↑

0 exists. Contrary to this, for
γ < 0, the magnetic term dominates and gives an overall positive sign of the integral,
leading to a valid spin-down solution Ψ↓

0. Overall, SUSY is unbroken for m < 0 and
broken for m > 0.

4.3.2. Excited states - semiclassical way

We try to find the excited states employing the SWKB method. Again, it makes sense
to perform the substitution

s(l) = a−(γ−1) ∓ (γ − 1)a−γl , (4.61)

so that

V 2(s) = m2s
2

γ−1 +
ν2

a4
s
− 2

γ−1 +
2

a2
mν . (4.62)

Given the energy ϵ2 > 0, we define the shifted energy ϵ̃2 = ϵ2 − 2mν. The classical
turning points of the potential V 2(s) are given by

s
2

γ−1

± =
1

2a2m2

(
ϵ̃2 ±

√
ϵ̃4 − 4m2ν2)

)
.

We assume that both turning points are located within the surface. In this case, defining
l± = l(s±), the action of a closed orbit is calculated by (see Appendix A.5 for a detailed
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solution of the integral)

S = 2ℏ

∣∣∣∣∣
∫ l+

l−

dl

√
ϵ2

a2
− V 2(l)

∣∣∣∣∣ (4.63)

= 2ℏ|γ − 1|−1aγ
∫ s+
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=
ℏπ
8
aγ |m|
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2
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+ − s
2
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−

)2(
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2
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−
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2
; 3; 1 −

(
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) 2
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)

=
ℏπ

21+
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2

|m|1−γ(ϵ̃4 − 4m2ν2)

×
(
ϵ̃2 −

√
ϵ̃4 − 4m2ν2

)−2+ γ
2

× 2F1

(
2 − γ

2
,

3

2
; 3; 1 −

(
s+
s−

) 2
γ−1

)

=
ℏπ

21+
γ
2

|m|1−γf1(ϵ̃, ν)f2(ϵ̃, ν)f3(ϵ̃, ν) ,

where 2F1(a, b; c; z) is the Gaussian hypergeometric function [98]. For convenience, we
abbreviated the remaining factor in the first line of the final result as f1(ϵ̃, ν), the term
in the second line as f2(ϵ̃, ν) and the one in the third line as f3(ϵ̃, ν). We need to invert
the action as a function of energy to find the spectrum. As in case of the pseudosphere,
this cannot be done exactly due to its complicated structure. We resort to the same
strategy and examine the behavior in presence of strong magnetic fields, only keeping
leading order terms in ν and neglecting subleading ones. The relation between κ and
ϵ has to be some power function because there are no transcendental prefactors in the
Dirac equation, so that in the strong field limit ϵ̃2 = kνκ for some k > 0 and κ ∈ R. As
in the last section, we have to distinguish (at least) three possible cases, κ < 1 (ϵ̃2 grows
slower than ν), κ = 1 (ϵ̃2 grows as fast as ν) and κ > 1 (ϵ̃2 grows faster than ν). Before
starting, we can directly see that the case κ < 0 cannot hold true, since the radicand
would become negative for high ν.

Case 1: κ > 1

We start with the case κ > 1 and have a look at the first term,

f1(ϵ̃, ν) = k2ν2κ
(

1 − 4m2

k2
ν2−2κ

)
(4.64)

≈ k2ν2κ .

The second term can be approximated by
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f2(ϵ̃, ν) =

[
kνκ − kνκ

√
1 − 4m2ν2

k2ν2κ

]−2+ γ
2

(4.65)

≈
[
kνκ − kνκ

(
1 − 1

2

4m2ν2

k2ν2κ

)]−2+ γ
2

=

(
2m2

k
ν2−κ

)−2+ γ
2

.

For the third term, we first of all have to approximate the ratio

(
s+
s−

) 2
γ−1

=
ϵ̃2 +

√
ϵ̃4 − 4m2ν2

ϵ̃2 −
√
ϵ̃4 − 4m2ν2

(4.66)

=
1 +

√
1 − 4m2ν2

ϵ̃4

1 −
√

1 − 4m2ν2

ϵ̃4

≈ 1 + 1

1 −
(

1 − 1
2
4m2ν2

ϵ̃4

)
=

ϵ̃4

m2ν2
=

k2

m2
ν2κ−2 .

This directly gives us an asymptotic approximation of f3(ϵ̃, ν),

f3(ϵ̃, ν) ≈ 2F1

(
2 − γ

2
,

3

2
; 3;− k2

m2
ν2κ−2

)
(4.67)

[98]
≈ +Θ(γ − 1)

Γ(3)Γ
(
γ−1
2

)
Γ
(
3
2

)
Γ
(
1 + γ

2

) ( k2
m2

ν2κ−2

)−2+ γ
2

+Θ(1 − γ)
Γ(3)Γ

(
1−γ
2

)
Γ
(
3
2

)
Γ
(
2 − γ

2

) ( k2
m2

ν2κ−2

)− 3
2

.

The action has to be constant. We therefore require the overall exponent of ν to
vanish. For γ > 1, this yields the constraint

2κ+ (2 − κ)
(
−2 +

γ

2

)
+ (2κ− 2)

(
−2 +

γ

2

)
= 0 (4.68)

⇔ 2κ+ κ
(
−2 +

γ

2

)
= 0

⇔ κ = 0 ∨ γ = 0 .

Both possible constraints contradict our assumptions (κ > 1 and γ > 1). Therefore,
this ansatz is not valid for surfaces with γ > 1. For γ < 1, we have the constraint
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2κ+ (2 − κ)
(
−2 +

γ

2

)
+ (2κ− 2)

(
−3

2

)
= 0 (4.69)

⇔ κ+ γ − κγ

2
− 1 = 0

⇔ κ =
2 − 2γ

2 − γ
.

κ > 1 by assumption, so that this ansatz is only consistent for γ < 0. Overall, we see
that for γ < 0, the dominant scaling is given by

ϵ̃2 = kν
2−2γ
2−γ . (4.70)

Inserting κ into the original ansatz, we easily find

k =

(
2
√
π

Γ
(
2 − γ

2

)
Γ
(
1
2 − γ

2

) (2n+ Θ(m))

) 2
2−γ

, (4.71)

where we used the unbroken SUSY quantization condition for m < 0 and the broken
SUSY quantization condition for m > 0. The overall energy is then given by

ϵ = ±
√
ϵ̃2 + 2mν (4.72)

≈ ±
√
kν

2−2γ
2−γ + 2mν

≈ ±
√
kν

2−2γ
2−γ

≈ ±k
1
2 ν

1−γ
2−γ .

Case 2: κ = 1

Let us proceed with the case of κ = 1. The first term is very decisive in this case since

f1(ϵ̃, ν) = (k2 − 4m2)ν2 (4.73)

has a zero for k = 2|m|. Let us assume for the moment that k does not have this value.
This obviously only makes sense if k > 2|m|. Then, we can approximate

f2(ϵ̃, ν) ≈

[(
1 −

√
1 − 4m2

k2

)
kν

]−2+ γ
2

. (4.74)

Again, we need the ratio s+/s− for the last term,(
s+
s−

) 2
γ−1

=
ϵ̃2 +

√
ϵ̃4 − 4m2ν2

ϵ̃2 −
√
ϵ̃4 − 4m2ν2

(4.75)

=
1 +

√
1 − 4m2

k2

1 −
√

1 − 4m2

k2

.
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Since f3(ϵ̃, ν) will be independent of ν, we can already balance the dominant powers,

2 − 2 +
γ

2
= 0 ⇔ γ = 0 . (4.76)

This requires γ = 0 which is excluded from the treatment here. Let us now assume
k = 2|m|. Then the action will vanish to leading order and we have to take the next to
leading order into account, at least for the first term. This can be done by making the

ansatz ϵ̃2 = 2|m|ν
(

1 + k̃νδ
)

, with k̃ > 0 and δ < 0, yielding

f1(ϵ̃, ν) ≈
[
2|m|ν

(
1 + k̃νδ

)]2
− 4m2ν2 (4.77)

≈ 4m2ν2
(

1 + 2k̃νδ + k̃2ν2δ
)
− 4m2ν2

≈ 8m2k̃ν2+δ .

The second term is simply given by

f2(ϵ̃, ν) ≈ (2|m|ν)−2+ γ
2 , (4.78)

whereas the third one reads

f3(ϵ̃, ν) ≈ 2F1

(
2 − γ

2
,

3

2
; 3; 0

)
= 1 . (4.79)

Balancing of the dominant terms is straightforward in this case,

2 + δ − 2 +
γ

2
= 0 ⇔ δ = −γ

2
. (4.80)

We assumed δ < 0, so that this ansatz is only valid for γ > 0. Inserting δ into the
original ansatz yields

k̃ = |m|−1+ γ
2 (2n+ Θ(m)) , (4.81)

where we used the unbroken SUSY quantization condition for m < 0 and the broken
SUSY quantization condition for m > 0. The overall energy finally reads

ϵ = ±
√

2mν + 2|m|ν + 2|m|
γ
2 (2n+ Θ(m)) ν

2−γ
2 (4.82)

= ±
√

4mνΘ(m) + 2|m|
γ
2 (2n+ Θ(m)) ν

2−γ
2 .

Final results

To conclude the calculation, we have to reconsider our assumption. Our main motivation
was to find the Landau level scaling for the case when the classical orbits are fully inside
the surface, i.e. the particle does not feel the boundary. This is often associated with
a high magnetic field, so that the magnetic length lB becomes much smaller than the
system dimensions. However, one must be careful with this in some cases of our general
class of surfaces. When inspecting the effective potential, V (l) = m/r(l) + νr(l)/a2, we
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4. Dirac Landau levels on curved surfaces

see that for monotonously falling r(l) the wavefunctions are pushed towards the boundary
for rising angular quantum number m and inside the surface for rising magnetic field ν.
Vice versa, if r(l) is monotonously increasing, the wavefunctions are pushed towards the
boundary for rising ν and inside the surface for rising m. As discussed in the introduction
of this section, this is exactly the case for γ < 0. We conclude that the interesting limit
to look at for these surfaces is m→ ∞, rather than ν → ∞. Luckily, we do not have to
repeat all of the calculation above. Looking at Eq. (4.62), we see that the calculation for
the limit of large m is the same as the one for the limit of large ν upon interchanging m
and ν and simultaneously replacing γ by 2−γ in the final energy formula. Interestingly,
this directly leads to the same energy formula as for surfaces with γ > 0 (this is not a
coincidence but reflects the duality of these surfaces, as presented in [29]), so that our
final energy formula for all γ reads

ϵ = ±
√

4mνΘ(m) + 2|m|
γ
2 (2n+ Θ(m)) ν

2−γ
2 , (4.83)

where we have to stress that it is only a good approximation formula in the correct
regime, large ν for surfaces with γ > 0 and large m for surfaces with γ < 0.

As for the pseudosphere, degeneracy in the angular quantum number m is lifted for
excited Landau level energies and, depending on the sign of m, we have two qualitatively
different spectral branches. For m > 0, the first two terms under the radicand add up
and give the dominant contribution for large magnetic fields, yielding an overall scaling
of ϵ ∝ ν1/2, whereas for m < 0, they cancel and the next to leading order term becomes
dominant, yielding a scaling of ϵ ∝ ν(2−γ)/4. This is exactly the conjecture formulated
in [77]. We therefore successfully proved it. Note that Eq. (4.83) also holds for the
pseudosphere (γ = 1).

4.3.3. Excited states - numerical way and comparison

We want to perform numerical calculations to validate our analytically gained spectrum
as well as to take a look at the wavefunctions of the Landau levels. We do this exemplarily
for two surfaces, one with γ = 3 > 1 and one with γ = −1 < 1.

Fig. 4.6 shows the first 20 (positive) Landau level energies for a surface with γ = 3.
The left panels show the results for the angular quantum number of m = −19/2, while
the right ones show them for m = 19/2. The upper panels show a usual linear plot,
while the lower ones have a double logarithmic scale in order to verify the semiclassically
expected scaling exponents of the energies with magnetic field. The black crosses mark
numerically gained solutions, while the solid lines represent analytical solutions in case
of the linear plots. In case of the double logarithmic plots they represent a linear fitting
to the five black crosses at strongest magnetic field. The mean value of the slope of these
lines is given in the graphs, representing the scaling exponent of the magnetic field in
the energy.

Again, the agreement is good for strong magnetic fields ν. This is for the same reason
as in case of the pseudosphere, lB < a in this regime, and orbits are localized far away
from the boundary of the surface, fulfilling our assumption for using SWKB very well.
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Figure 4.6: Lowest positive Dirac Landau level energies as a function of magnetic field
ν of a surface with γ = 3 in a coaxial magnetic field for m = −19/2 ((a) and (c)) as
well as for m = 19/2 ((b) and (d)). The upper panels show linear plots, while the
lower ones show double logarithmic plots. Black crosses mark numerical solutions of
the radial Dirac equation (Eq. (4.2)). A lattice spacing of ∆l = 0.0025a as well as a
cut-off of L = 5a were used. Solid lines in the linear plots represent analytical solutions
from SWKB approximation (Eq. (4.83)). Solid lines in double logarithmic plots represent
linear fitting curves to the numerical solutions at the five highest magnetic field strengths.
Each linear fitting curve belongs to one main quantum number n. The slopes of these
curves yield the scaling exponent κ in ϵ ∝ νκ. The mean slope is given in each double
logarithmic plot.

49



4. Dirac Landau levels on curved surfaces

0 1 2 3 4 5
l/a [1]

| 
 |2 r

(l)
 [a

.u
.]

m=-19/2    /    n=0

0 1 2 3 4 5
l/a [1]

| 
 |2 r

(l)
 [a

.u
.]

m=-19/2    /    n=1

0 1 2 3 4 5
l/a [1]

| 
 |2 r

(l)
 [a

.u
.]

m=-19/2    /    n=2

0 1 2 3 4 5
l/a [1]

| 
 |2 r

(l)
 [a

.u
.]

m=19/2    /    n=0

0 1 2 3 4 5
l/a [1]

| 
 |2 r

(l)
 [a

.u
.]

m=19/2    /    n=1

0 1 2 3 4 5
l/a [1]

| 
 |2 r

(l)
 [a

.u
.]

m=19/2    /    n=2

Figure 4.7: Numerically gained overall, radial probability densities |ψ|2r(l) (black, solid
lines), as well as radial probability densities of the up component |ψ↑|2r(l) (blue, dashed
lines) and down component |ψ↓|2r(l) (red, dashed lines) for a surface with γ = 3, as well
as angular quantum numbers m = −19/2 (upper panels) and m = 19/2 (lower panels).
A lattice spacing of ∆l = 0.0025a as well as a cut-off of L = 5a were used.

The agreement is best for small energies (low main quantum numbers n), as in case
of the pseudosphere, with underestimation of eigenenergies in the higher energy regime.
We can explain this finding with the same argument, the strong non-linearity of the
potential well when moving away from the potential minimum.

The scaling exponents −0.24 for m = −19/2 and 0.48 for m = 19/2 match very well
with the SWKB predictions of −1/4 and 1/2, respectively.

Fig. 4.7 shows the three lowest lying Landau levels for the angular quantum numbers
m = −19/2 (upper row) and m = 19/2 (lower row). Again, we observe that the number
of nodes of up and down components of the spinor wavefunctions exactly agrees with our
prediction from SUSY theory. For m = −19/2, SUSY is unbroken and the up component
always has one node more than the down component. The zeroth Landau level is again
fully spin polarized but shows the same numerical artifact as in case of the pseudosphere.
For m = 19/2, SUSY is broken and the number of nodes of up and down component of
a single eigenstate is the same.

Let us continue with the results for a surface with γ = −1. Fig. 4.8 depicts the
lowest (positive) Landau level energies. The left panels show the results for the angular
quantum number of m = −199/2, while the right ones show them for m = 199/2. The
upper panels show a usual linear plot, while the lower ones have a double logarithmic
scale in order to verify the semiclassically expected scaling exponents of the energies
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Figure 4.8: Lowest positive Dirac Landau level energies as a function of magnetic field
ν of a surface with γ = −1 in a coaxial magnetic field for m = −199/2 ((a) and (c)),
as well as for m = 199/2 ((b) and (d)). The upper panels show linear plots, while the
lower ones show double logarithmic plots. Black crosses mark numerical solutions of
the radial Dirac equation (Eq. (4.2)). A lattice spacing of ∆l = 0.0025a as well as a
cut-off of L = 5a were used. Solid lines in the linear plots represent analytical solutions
from SWKB approximation (Eq. (4.83)). Solid lines in double logarithmic plots represent
linear fitting curves to the numerical solutions at the five highest magnetic field strengths.
Each linear fitting curve belongs to one main quantum number n. The slope of these
curves yield the scaling exponent κ in ϵ ∝ νκ. The mean slope is given in each double
logarithmic plot.
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Figure 4.9: Numerically gained overall, radial probability densities |ψ|2r(l) (black, solid
lines), as well as radial probability densities of the up component |ψ↑|2r(l) (blue, dashed
lines) and down component |ψ↓|2r(l) (red, dashed lines) for a surface with γ = −1 as
well as angular quantum numbers m = −199/2 (upper panels) and m = 199/2 (lower
panels). A lattice spacing of ∆l = 0.0025a as well as a cut-off of L = 5a were used.

with magnetic field. The black crosses mark numerically gained solutions, while the
solid lines represent analytical solutions (Eq. (4.83)) in case of the linear plots. In case
of the double logarithmic plots they represent a linear fitting to the five black crosses
at strongest magnetic field. The mean value of the slope of these lines is given in the
graphs, representing the scaling exponent of the magnetic field in the energy.

We can clearly see that Eq. (4.83) gives good results. This verifies our previous
argument about the choice of the correct asymptotic limit. In case of negative m, the
matching is better for smaller main quantum numbers n. For higher n, the eigenenergies
are overestimated by SWKB. For positive m, the energies lay much closer to each other.
This can be explained with the spectral formula (Eq. (4.83)), where the factor 2mν,
independent of n, is dominant over the n dependent one, which is only subleading.

The scaling exponents 0.75 for m = −199/2 and 0.5 for m = 199/2 match perfectly
with the SWKB predictions of 3/4 and 1/2, respectively.

Fig. 4.9 shows the three lowest lying Landau levels for the angular quantum numbers
m = −199/2 (upper row) and m = 199/2 (lower row). Again, we observe that the
number of nodes of up and down components of the spinor wavefunctions exactly agrees
with our prediction from SUSY theory. For m = −199/2, SUSY is unbroken and the
down component always has one node more than the up component (note that the
roles of up and down component are exactly reversed compared to the pseudosphere
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or γ = 3). The zeroth Landau level is again fully spin polarized but shows the same
numerical artifact as in cases of the pseudosphere and γ = 3. For m = 199/2, SUSY is
broken and the number of nodes of up and down component of a single eigenstate is the
same.

We can summarize this section by noticing that we could successfully proof a conjec-
ture, made in [77], about the Dirac Landau level scaling for surfaces of the general class
using the SWKB method. We confirmed that the excited Landau level energies are not
degenerate in the angular quantum number m anymore and the spectrum decomposes
into two branches, depending on the sign of m. For m > 0, the scaling (ϵ ∝ ν1/2) is
independent of the geometrical parameter γ, whereas for m < 0, it strongly depends
on it (ϵ ∝ ν(2−γ)/4). Again, we can explain this unconventional behavior qualitatively
by the non-homogeneous orthogonal projection of the magnetic field onto the surface
normal. We verified our results numerically which also revealed the perfect agreement
of the eigenstate structure with the prediction we made using SUSY.

4.4. Persistent currents and magnetic dipole moment

We want to complement our analysis of the spectrum by examining how the structure
of the eigenstates influences the local current density and therefore also the magnetic
dipole moment. The current density in ∂⃗l direction vanishes because as explained at the
beginning of this chapter, we can always choose one spin component to be purely real,
while the remaining one is purely imaginary. Therefore, the product of one complex-
conjugated component with the remaining one is always purely imaginary, so that (recall
Eq. (3.36) for the current density)

j1 = −evFψ†σxψ (4.84)

= −evF
r(l)

(
Ψ↑∗Ψ↓ + Ψ↑Ψ↓∗

)
= − evF

2r(l)
Re
{

Ψ↑∗Ψ↓
}

= 0 .

Using the same arguments, we find for the current density in ∂⃗ϕ direction,

j2 = −evFψ†σyψ (4.85)

= −evF
r(l)

(
iΨ↓∗Ψ↑ − iΨ↑∗Ψ↓

)
= − evF

2r(l)
Im
{

Ψ↑∗Ψ↓
}
.

Basic electrodynamics gives us a formula for the magnetic dipole moment (in z-direction),
which can be simplified using Hellman-Feynman theorem and the original expression for
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the current density,

mz =
1

2

∫
Σ
dV

(
r⃗ 3D × j⃗ 3D

)
z

(4.86)

=
1

2

∫
Σ
dV j2

r⃗ 3D ×
∂⃗ϕ

3D∥∥∥∂⃗ϕ3D∥∥∥


z

=
1

2

∫
Σ
dV j2r(l)

= −evF
2

∫
Σ
dV ψ†σyr(l)ψ

= −evF
2

⟨ψ|σyr(l)|ψ⟩

= −

〈
ψ

∣∣∣∣∣∂Ĥ∂B
∣∣∣∣∣ψ
〉

= −∂E
∂B

.

Note that this is indeed consistent with the thermodynamical definition of magnetic
dipole moment of a single occupied state. Deeper insight can be gained when rewriting
the current density in terms of the two spinor components,

mz =
1

2

∫
Σ
dV j2r(l) (4.87)

= −evF
4

∫
Σ
dV Im

{
Ψ↑∗Ψ↓

}
= −πevF

2

∫
dl r(l)Im

{
Ψ↑∗Ψ↓

}
.

Because the product of the spinor components is purely imaginary, we can interpret
the magnetic dipole moment as a measure of the correlation between the up and down
components. Both oscillate within the same region, where one may have one node more
than the other. Correlation and therefore magnetic dipole moment is high, when both
components oscillate in phase, whereas it is low when they are anti-phase.

A very good example to show this is the reciprocal cone (which is part of the general
class of surfaces with γ = 2). As found in [29] and also confirmed by our SWKB results
(see Eq. (4.83)), energy eigenvalues of one spectral branch do not depend on the magnetic
field ν at all in the limit of strong fields (ν >> 1). Fig. 4.10 shows the azimuthal current
density of the Dirac Landau level state with n = 3 and m = −5/2, as well as m = 5/2 for
a reciprocal cone with opening angle of θ = 70◦ of the original cone. It can clearly be seen
that for m > 0, the current only flows in one direction, yielding a large magnetic dipole
moment. Contrary to this, for m < 0, the current flows in both directions, depending on
the arclength coordinate l. This suggest a highly attenuated magnetic dipole moment.
Eq. (4.86) even suggests that a vanishing dependency of energy on the magnetic field
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(a) (b)

Figure 4.10: Azimuthal current density of the Dirac Landau level state with n = 3 and
m = −5/2 ((a)) and m = 5/2 ((b)) for a reciprocal cone (surface of the general class
of surfaces with γ = 2) with opening angle of θ = 70◦ of the original cone. Current
flows clockwise if color is blue and counter clockwise if color is red. Stronger color
means higher magnitude of current. The current has analytically been calculated using
Eq. (4.85) and wavefunctions obtained in [29].

55



4. Dirac Landau levels on curved surfaces

implies totally vanishing dipole moment. This is indeed confirmed explicitly to be the
case in [29] by solving Eq. (4.87).
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5. Magnetization of Dirac quasiparticles on
curved surfaces

One of the experimental possibilities to probe Dirac Landau levels is to directly measure
its impact on the magnetic field. This is captured by the magnetic susceptibility χ. We
especially want to study how geometry affects its properties and therefore choose three
exemplary surfaces, namely the pseudosphere, a cone with opening angle θ = π/2 and
an half sphere, which we just call a sphere for simplicity in the following. The key to
understanding how χ looks like in case of curved surfaces is to have a full understanding
of the spectrum. We partially gained this for the pseudosphere in the previous chapter,
however only in the high field limit. In the first section of this chapter, we will summarize
known results in this regime for all three surfaces and then also study the opposite regime,
the weak field limit. We perform analytical calculations without assuming a specific
geometry, whenever possible. After the analytical discussion, a numerical calculation of
the full spectrum in the vicinity of zero energy is presented. The second section revises
thermodynamical basics which are necessary to compute the susceptibility, introduces
a very elegant method to compute the grand canonical potential analytically, featuring
Poisson summation as well as the bilateral Laplace transform, and further summarizes
the main characteristics of χ for flat Dirac systems. After this preparatory work, a
fully numerical calculation of χ for all three surfaces is performed. We find that dHvA
oscillations are different for pseudosphere, cone and sphere. Finally, we present an
analytical calculation of this effect in case of the pseudosphere, which is highly non-
trivial due to the non-degenerate nature of its Landau levels. As always, we assume
positive magnetic field, ν > 0, throughout this chapter. The case of negative field can
be trivially derived from this due to chiral symmetry. Fig. 5.1 shows the three surfaces
treated in this chapter.

5.1. Discussion of the spectrum

The spectrum of the Hamiltonian is the key to understand magnetization properties of
the whole system. We therefore try to understand this in the first step and present
asymptotic eigenenergies in the strong field regime (lB << a) of the massless Dirac
Hamiltonian with coaxial magnetic field on our three exemplary surfaces, the pseudo-
sphere, the cone, as well as the sphere. We also examine how the spectrum looks in the
opposite limit, the weak field regime (lB >> a). In order to get a detailed overview of
the spectrum within the full range of magnetic fields, we also take a look at numerical
solutions. As the spectrum is symmetric with respect to E = 0 due to chiral symmetry,
we focus on positive energy solutions in the following.
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(a) (b) (c)

Figure 5.1: The three surfaces treated in this chapter, the pseudosphere ((a)), a cone
with opening angle θ = π/2 ((b)) and a sphere ((c)). The colormap is exclusively used
for better visualization and does not have any deeper meaning.

5.1.1. Strong magnetic field

In case of the pseudosphere, we work with the solutions found using the asymptotic
formula for the DCHE since it is more accurate. For negative angular quantum numbers,
we derived it in Chapter 4 (Eq. (4.40)). For convenience, we recall

ϵ =

√
4n

√
−mν +

1

2
n2 − 1, form < 0, n > 0 . (5.1)

As explained previously, the zeroth Landau level is not captured correctly by this formula
but we know it exists. For positive angular quantum numbers, the corresponding solution
can be found in [27],

ϵ =

√
4mν + (4n+ 2)

√
mν +

1

2
n2 +

1

2
n− 2, form > 0, n ≥ 0. (5.2)

None of the solutions, except for the zero energy states, show degeneracy. The energy of
the angular branch with m < 0 asymptotically scales with ∝ ν1/4, while the branch with
m > 0 scales with ∝ ν1/2. Interestingly, for large ν and m > 0, the main level structure is
determined by the angular quantum number m, rather than the main quantum number
n, since the first term under the root scales with ν, while the second one only scales with
ν1/2. Henceforth, increasing m by one changes the energy much more than increasing n
by one.

The exact solutions for the cone (with atomic boundary conditions) were obtained in
[77]. The eigenenergies read

ϵ =

√
4nν sin

(
θ

2

)
, form < 0, n ≥ 0 , (5.3)
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and

ϵ =

√√√√4ν sin

(
θ

2

)(
n+

1

2
+

m

sin
(
θ
2

)), form > 0, n ≥ 0 , (5.4)

where θ is the opening angle of the cone. Note, that for m < 0, the energies are
degenerate in m. In the limit of the flat plane (θ = π), the formula for m > 0 simplifies
to ϵ =

√
4ν(n+ 1/2 +m) and since m ∈ Z + 1/2, the levels have the same energy as

those of the m < 0 branch. It is an interesting matter of fact that this is only possible
because the contribution of 1/2 from the Spin-1/2 Berry phase adds up with n + 1/2,
which semiclassically comes from the broken SUSY SWKB quantization condition, to
give an integer. Both branches asymptotically scale with ∝ ν1/2.

Asymptotic eigenenergies for strong magnetic field of the sphere were found in [101]
and read

ϵ =
√

2ν (2n+ (2m+ 1)Θ(m)), forn ≥ 0 . (5.5)

Surprisingly, the same energy levels as for the flat plane are obtained (see Eq. (2.12)).
Numerical calculations performed in [102] show that the degeneracy of Landau levels in
case of the sphere only holds for very strong magnetic fields. While convergence of the
individual levels to the expected, degenerate Landau levels in case of the cone happens
very quickly (with respect to magnetic field strength), it turns out to be very slow in
case of the sphere. A second peculiarity found there is that the zero energy Landau level
should not exist according to analytical calculations [101] but shows up numerically. As
due to its energy being independent of the magnetic field strength (ϵ = 0), it will not
influence magnetic susceptibility calculations in a relevant way, we decided to assume it
exists and keep it in this chapter for simplicity.

5.1.2. Weak magnetic field

We also want to examine what happens in the opposite limit, the weak magnetic field
regime. Our strategy here is to decompose the problem into two separate ones. We first
of all compute the eigenenergies in the complete absence of a magnetic field. This task
can however only be performed when assuming a specific geometry. As an example, we
do this for the pseudosphere. The second step is to consider the weak magnetic field
as a small perturbation and calculate energy corrections within first order perturbation
theory.

We try to find the spectrum of the pseudosphere in the absence of a magnetic field
using SWKB. The effective potential in this case simplifies to

V (l) =
m

a
exp

(
l

a

)
. (5.6)

Assuming the energy ϵ2, the classical turning points are given by l− = 0 (the hard wall
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5. Magnetization of Dirac quasiparticles on curved surfaces

boundary of the surface) and l+ = a
2 log

(
a2ϵ2

m2

)
. This gives rise to the classical action

S =
2ℏ
a

∫ l+

l−

dl

√
ϵ2 −m2 exp

(
2l

a

)
(5.7)

= 2ℏ

[
|ϵ|

√
1 − m2

a2ϵ2
exp

(
2l

a

)]l+
l−

−2ℏ

[
|ϵ|artanh

(√
1 − m2

a2ϵ2
exp

(
2l

a

))]l+
l−

= 2ℏ|ϵ|

(
−
√

1 − m2

a2ϵ2
+ artanh

(√
1 − m2

a2ϵ2

))

≈ 2ℏ|ϵ|
(

log

(
2a|ϵ|
|m|

)
− 1

)
.

As a zero energy eigenstate obviously does not exist, we use the SWKB quantization
condition for broken SUSY (S = 2πℏ (n+ 1/2)) to obtain the energies

ϵ = ±π
n+ 1

2

W

(
2π(n+ 1

2)
e|m|

) , (5.8)

where we used the Lambert W function W (x) [98]. Note, that in this context e denotes
the Euler number.

We now turn to the calculation of the energy correction ∆ϵ due to a weak magnetic
field. Contrary to the previous calculation, this one does not require us to specify a
particular surface but holds in general. Starting from the radial Dirac Hamiltonian
(Eq. (4.2)), we define the unperturbed Hamiltonian as

Ĥ0 = ℏvF
[
−iσx∂l + σy

m

r(l)

]
, (5.9)

and the perturbation as

Ĥ1 = ℏvFσy
r(l)

a2
ν . (5.10)

We assume to have an eigenstate |Ψ0⟩ of Ĥ0 with energy E0. The energy correction then
reads

∆E = ⟨Ψ0|Ĥ1|Ψ0⟩ (5.11)

=
1

2E0

〈
Ψ0

∣∣∣{Ĥ0, Ĥ1

}∣∣∣Ψ0

〉
=

ℏ2v2F
E0a2

(
mν +

ν

2
⟨Ψ0|σzr′(l)|Ψ0⟩

)
.

60



5.1. Discussion of the spectrum

Interestingly, we found two contributions. The first term can be identified as the well-
known Zeeman term, which splits the Kramers pairs, lowering the state with m < 0
while lifting the one with m > 0 in energy for rising magnetic field. However, the second
term stems from the combination of a coaxial magnetic field and a curved geometry.
This can be seen best when assuming a flat plane for which r′(l) = 0 and the term
vanishes.

While this is physically very interesting, we will assume the geometric contribution to
be subleading in the following. This can be justified for two reasons. First of all, due to
chiral symmetry ⟨Ψ0|σz|Ψ0⟩ = 0, so the expectation value is inherently suppressed due
to the sole structure of σz, especially for barely changing r′(l). Second, the magnitude of
r′(l) will be low for slowly varying radial profile compared to the first factor for angular
quantum numbers m with high modulus. When neglecting this second term, we can
approximate

∆ϵ ≈ mν

ϵ0
. (5.12)

For the case of the pseudosphere, we can overall write for positive energies

ϵ = π
n+ 1

2

W

(
2π(n+ 1

2)
e|m|

) +
mν

π
(
n+ 1

2

)W

(
2π
(
n+ 1

2

)
e|m|

)
. (5.13)

We want to compare these findings with numerical calculations.
Fig. 5.2 shows the lowest five (positive) eigenenergies for angular quantum numbers

m = −1/2 (upper left panel) and m = 1/2 (upper right panel), as well as the lowest
ten (positive) eigenenergies for m = −21/2 (lower left panel) and m = 21/2 (lower
right panel). Black crosses mark numerical solutions while the blue and red solid lines
represent our approximation (Eq. (5.13)). We can see that the eigenenergies without
magnetic field (ν = 0) match well with our SWKB predictions for small magnitude of
m, while especially the lowest eigenvalues are a bit off for higher magnitude of m. For
negative m, also the finite ν approximation with perturbation theory worked very well,
showing negative slopes in a good agreement with numerical results. Contrary to this, for
small, positive m the slopes of the analytical approximation and the numerical solutions
clearly differ, even though the slope is still positive, as anticipated. The quantitative
disagreement most likely comes from the neglection of the second term in Eq. (5.11).
This is supported by the fact that for large, positive m, the approximation again predicts
the slope very well. As we asserted before, it becomes better for higher magnitude of m.

5.1.3. Numerical calculation of the spectrum

As we discussed in the previous two paragraphs, we can approximate the Landau level
spectrum very well for the limits of strong and weak magnetic fields. In general, however,
it is virtually impossible to get a meaningful expression for the eigenenergies in closed
form for the whole range of ν. We therefore take a look at the numerical results and
discuss the spectra of our three exemplary surfaces, the pseudosphere, the cone and
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Figure 5.2: Lowest positive eigenenergies as a function of field strength ν of the radial
Dirac Hamiltonian (Eq. (4.2)) on a pseudosphere in a coaxial magnetic field form = −1/2
((a)), m = 1/2 ((b)), m = −21/2 ((c)), as well as for m = 21/2 ((d)). Solid lines
represent analytical solutions gained using SWKB for the zero field energies and first
order perturbation theory for finite field corrections (Eq. (5.13)). Black crosses mark
numerical solutions. A lattice spacing of ∆l = 0.005a as well as a cut-off of L = 5a were
used.
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the sphere. As seen in the first paragraph of this section, the spectrum is qualitatively
different for the two branches of the angular quantum number, m < 0 and m > 0.
Subspectra with the same sign of m behave similarly, we therefore pick m = −3/2 and
m = 3/2 as two representatives.

Fig. 5.3 shows the Landau levels in the vicinity of ϵ = 0 for the two angular quantum
numbers. The following spectral features can be observed:

• In case of the pseudosphere, eigenenergies show different scalings in the magnetic
field ν for the two branches of the angular quantum number (blue lines for m =
−3/2 and red lines for m = 3/2).

• The spectrum is double degenerate (Kramers’ degeneracy) for vanishing magnetic
field ν = 0 due to preservation of TRS, as discussed in Chapter 3.

• Three regimes are visible. Within the first one (I), the eigenenergies have approxi-
mately linear scaling, suggesting that we are in a weak field regime. Even though a
second contribution to the energy splitting is present, as we saw in the last section,
we call this region the Zeeman regime in the following. Taking a closer look at the
localization of the eigenstates (not shown here), it becomes clear that the states
in this regime are edges states. The magnetic field is too weak to fully confine the
electrons within the bulk.

• In regime (III), eigenenergies scale asymptotically in ν as stated before. We call it
the Landau regime in the following. Eigenstates are fully localized inside the bulk.

• The regime (II) is where the transition between the Zeeman and the Landau regime
takes place. It is particularly hard to describe, as the magnetic field is too strong to
be treated as a small perturbation and too weak for the asymptotic approximations
to be valid.

Now that we know how the subspectrum of each geometry behaves for the two branches
of m, we also have to look at the complete spectrum in each case. Contrary to the
subspectrum of a fixed angular quantum number, which is virtually a one-dimensional
system, levels can show crossings or avoided crossings, creating a complicated pattern
which will also reflect in susceptibility. We show the complete spectrum for all three
geometries (Fig. 5.4 for the pseudosphere, Fig. 5.5 for the cone and Fig. 5.6 for the sphere)
but divide it between the positive and negative angular branches for convenience.

Again, we can find some interesting features which stem from the combination of all
the subspectra. For m < 0, the cone shows clearly distinguishable, highly degenerate
Landau levels while in case of the sphere those levels can be seen but seem to be more
broadened. As already explained above, further numerical investigations done in [102]
hint that while the eigenstates are degenerate in the high field limit, it takes a much
higher field compared to the cone for them to converge onto the common Landau level.
The most notable feature might be that the pseudosphere shows much flatter levels in
this angular momentum branch. As expected, degeneracies can barely be observed. For
m > 0, the eigenstates are in general higher in energy, compared to the other branch. In
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Figure 5.3: Numerically gained eigenenergies (closest to ϵ = 0) as a function of field
strength ν of the radial Dirac Hamiltonian (Eq. (4.2)) on a pseudosphere ((a)), a cone
((b)), as a well as a sphere ((c)) in a coaxial magnetic field for m = −3/2 (blue lines) and
m = 3/2 (red lines). Lattice spacings of ∆l = 0.005a for the pseudosphere, ∆l = 0.003a
for the cone and ∆l = 0.0015a for the sphere were used. Cut-offs of L = 5a for the
pseudosphere, L =

√
2a for the cone and L = πa/2 for the sphere were used.
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Figure 5.4: Numerically gained eigenenergies (closest to ϵ = 0) as a function of field
strength ν of the radial Dirac Hamiltonian (Eq. (4.2)) on a pseudosphere in a coaxial
magnetic field. (a) shows eigenenergies for all m < 0, while (b) shows them for all m > 0.
Lattice spacing of ∆l = 0.005a and cut-off of L = 5a were used.
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Figure 5.5: Numerically gained eigenenergies (closest to ϵ = 0) as a function of field
strength ν of the radial Dirac Hamiltonian (Eq. (4.2)) on a cone in a coaxial magnetic
field. (a) shows eigenenergies for all m < 0, while (b) shows them for all m > 0. Lattice
spacing of ∆l = 0.003a and cut-off of L =

√
2a were used.
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Figure 5.6: Numerically gained eigenenergies (closest to ϵ = 0) as a function of field
strength ν of the radial Dirac Hamiltonian (Eq. (4.2)) on a sphere in a coaxial magnetic
field. (a) shows eigenenergies for all m < 0, while (b) shows them for all m > 0. Lattice
spacing of ∆l = 0.0015a and cut-off of L = πa/2 were used.
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5. Magnetization of Dirac quasiparticles on curved surfaces

the high field limit, they are not degenerate in case of the cone but show an interesting
phenomenon. There exist points in the transition zone between the Zeeman and Landau
regimes, where many levels exactly cross, leading to a highly degenerate eigenenergies.
All these points seem to lay on a straight line, creating an oscillation of density of
states (DOS) along it. In case of the sphere it may be observed that levels are only
approximately degenerate (as in case of the other angular branch). The pseudosphere
shows non-degenerate levels which increase much steeper in energy compared to the
m < 0 branch. All observed features here are in accordance with our analytical findings.

Let us conclude this section by noting that numerical convergence of the zero energy
levels with m = −1/2 (for all surfaces) and m = −3/2 (in case of the sphere) is poor
so that we decided to neglect these states in the following, whenever using numerically
obtained spectra. Since these are zero energy states, this step will not affect the suscep-
tibility in a meaningful way.

5.2. Foundations of magnetization

In the first part of this section, we will introduce the thermodynamical description of
magnetization. In the second part, we summarize the basic properties of the suscepti-
bility of massless Dirac electrons on a plane.

5.2.1. Thermodynamical description of magnetization

The susceptibility of a non-interacting Fermi gas is most conveniently computed in the
grand canonical ensemble, characterized by temperature and chemical potential, allowing
for exchange of entropy and particles, respectively. As we have already noted before,
the spectra of surfaces with defining equation in the form of r(l) = af(l/a), where a
is the radius at l = 0 and f only depends on the ratio r/a, can be written in a scale
invariant manner (pseudosphere, cone and sphere belong to this class). Therefore, before
proceeding, let us have a look at the different energy scales, that enter the game. These
are the energy set by the geometry, ℏvF /a, the chemical potential µSI , the thermal energy
kBT

SI , as well as the energy set by the magnetic length, ℏvF /lB. The scale invariance
of the problem makes evident that only three of them are non-trivially independent of
each other. Consequently, it makes sense to work with scale independent quantities. We
choose ℏvF /a as a basis energy scale and write all remaining energies in terms of it.
The number of flux quanta, ν = Φ/Φ0, which we previously defined, already relates the
energy scale set by the magnetic length to our basis energy scale. We further define the
dimensionless thermal energy

T =
a

ℏvF
kBTSI , (5.14)

and the dimensionless chemical potential

µ =
a

ℏvF
µSI . (5.15)

We also frequently use the already defined dimensionless energy ϵ = Ea/(ℏvF ) during
our calculations.
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5.2. Foundations of magnetization

To compute the grand canonical potential, we need the density of states (DOS). Since
we have chiral symmetry, it is enough to consider it for positive energies. Given the
positive single particle eigenenergies ϵnm, we can write down the DOS as

ρ(ϵ) =
∑
m

∑
n

δ(ϵ− ϵnm) . (5.16)

Using the antiderivative of the Fermi-Dirac distribution,

F (ϵ) = −T log
(

1 + exp
(
− ϵ

T

))
, (5.17)

and taking into account the symmetry of the spectrum with respect to ϵ = 0, we can
write the grand canonical potential as

Ω(T, ν, µ) =
∑
m

∑
n

(F (ϵnm − µ) + F (−ϵnm − µ)) (5.18)

=

∫ ∞

0
dϵ ρ(ϵ)F (ϵ− µ) +

∫ ∞

0
dϵ ρ(ϵ)F (−ϵ− µ) .

Note, that also Ω(T, ν, µ) is now given in units of ℏvF /a. In SI units, the magnetic
susceptibility is defined as [103]

χSI = −µ0
A

(
∂2ΩSI

∂B2

)
TSI ,µSI

, (5.19)

where µ0 is the vacuum permeability and we normalized the quantity to the surface
area A. Instead of calculating χSI directly, it makes sense to define the corresponding
dimensionless susceptibility,

χ = −
(
∂2Ω

∂ν2

)
T,µ

, (5.20)

and relate it to χSI by comparing coefficients and variables,

χSI =
µ0e

2

4ℏ
vF
a3

A
χ . (5.21)

To have some feeling of how big the effects can be, we compare this to the Landau
diamagnetism of non-relativistic Schrödinger electrons, given in two dimensions by χSI

L =
−µ0e2/(12πme) [104], where e is the elementary charge and me is the free electron mass.
We arrive at

χSI

|χSI
L |

= 3π
me

ℏ
vF
a3

A
χ . (5.22)

Since a is the only characteristic length of the geometry, the surface must be A ∝ a2,
so that surprisingly χSI/|χSI

L | ∝ a. This happens, since the energy scale (defined by the
typical length of the geometry, whereas the magnetic length is fully absorbed into χ) of
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5. Magnetization of Dirac quasiparticles on curved surfaces

non-relativistic electrons is set by ℏ2/(mea
2), while the one of ultra-relativistic electrons

is given by ℏvF /a. Choosing typical values for a mesoscopic setup, vF = 105m/s, a =
200nm, and A = 40000nm2, this roughly equals χSI/|χSI

L | ≈ 173χ. This means that for
these values, χ = 1 is approximately 173 times as strong as (or two orders of magnitude
stronger than) Landau diamagnetism of a non-relativistic, free 2DEG.

When proceeding to calculate the grand canonical potential, we face the problem that
the spectrum of a Dirac operator is in general not bounded from below. It makes sense
to perform a mathematical trick, following [70],

Ω(T, µ, ν) =

∫ ∞

0
dϵ ρ(ϵ)F (ϵ− µ) +

∫ ∞

0
dϵρ(ϵ)F (−ϵ− µ) (5.23)

= −T
∫ ∞

0
dϵ ρ(ϵ) log

(
1 + exp

(
−ϵ− µ

T

))
−T

∫ ∞

0
dϵ ρ(ϵ) log

(
1 + exp

(
−−ϵ− µ

T

))
= −T

∫ ∞

0
dϵ ρ(ϵ) log

(
1 + exp

(
−ϵ− µ

T

))
−T

∫ ∞

0
dϵ ρ(ϵ) log

(
exp

(
−−ϵ− µ

T

)[
1 + exp

(
−ϵ+ µ

T

)])
= −

∫ ∞

0
dϵ ρ(ϵ)(ϵ+ µ)

−T
∫ ∞

0
dϵ ρ(ϵ) log

(
1 + exp

(
−ϵ− µ

T

))
−T

∫ ∞

0
dϵ ρ(ϵ) log

(
1 + exp

(
−ϵ+ µ

T

))
= −

∫ ∞

0
dϵ ρ(ϵ)(ϵ+ µ) +

∫ ∞

0
dϵ ρ(ϵ) [F (ϵ− µ) + F (ϵ+ µ)]

=: Ω0(µ, ν) + ΩT (T, µ, ν) ,

where we decomposed the grand canonical potential into two parts. Ω0(µ, ν) is
temperature-independent and represents the contribution of the negative energy states
to the grand canonical potential of the system at T = 0, i.e. when all negative energy
states are fully occupied. The part ΩT (T, µ, ν) carries the contribution to the grand
canonical potential which stems from the deviation to this state, i.e. it takes care of the
correction coming from finite temperature and positive energy states. The advantage of
this decomposition is that all possibly divergent parts of Ω(T, µ, ν), due to the spectrum
not being bounded from below, are inside Ω0(µ, ν), which does not depend on tem-
perature and can be analyzed separately for different regularization schemes. Possible
oscillations of the magnetic susceptibility, like de Haas-Van Alphen (dHvA) oscillations,
come from χT (T, µ, ν) [70] and may be analyzed independently of the respective regu-
larization. Before proceeding, let us note that the temperature-dependent part of the
grand canonical potential is independent of the sign of µ. Strictly, this is not fully true
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for the temperature-dependent part. Since we are most interested in the first mentioned
part, we assume µ ≥ 0 in the following for convenience.

A very powerful method to evaluate the integral for the grand canonical potential is
to go to Laplace space. We can integrate the temperature-dependent part of the grand
canonical potential twice by parts,

ΩT (T, ν, µ) =

∫ ∞

0
dϵ ρ(ϵ) [F (ϵ− µ) + F (ϵ+ µ)] (5.24)

=

∫ ∞

0
dϵN (ϵ)

[
F ′′(ϵ− µ) + F ′′(ϵ+ µ)

]
,

where N ′′(ϵ) = ρ(ϵ). The boundary terms of both partial integration steps vanish as
the DOS approaches zero at ϵ = 0 and the Fermi-Dirac part approaches zero at ϵ→ ∞.
Looking at Eq. (5.24), we see that the integral has the form of a cross-correlation between
N (ϵ) and F ′′(ϵ), evaluated at −µ and µ for the first and the second part of the sum,
respectively. This can be written as

ΩT (T, ν, µ) = (N ⋆ F ′′)(−µ) + (N ⋆ F ′′)(µ) , (5.25)

where ⋆ denotes the cross-correlation operator. This can be evaluated most comfortably
using the cross-correlation property of the bilateral Laplace transform [105]. First of all,
we have to transform N (ϵ) and F ′′(ϵ) into Laplace space,

N (s) =

∫ ∞

−∞
dϵN (ϵ) exp(−ϵs) , (5.26)

F ′′(s) =

∫ ∞

−∞
dϵ F ′′(ϵ) exp(−ϵs) . (5.27)

Now we are in the position to use the mentioned property of the Laplace transform and
represent the temperature-dependent part of the grand canonical potential as

ΩT (T, ν, µ) =
1

2πi

∫ σ+i∞

σ−i∞
dsN ∗(−s∗)F ′′(s) exp (−µs) (5.28)

+
1

2πi

∫ σ+i∞

σ−i∞
dsN ∗(−s∗)F ′′(s) exp (µs)

=
1

πi

∫ σ+i∞

σ−i∞
dsN ∗(−s∗)F ′′(s) cosh (µs) ,

where σ is a real number which needs to be chosen within the region of convergence
(ROC).

5.2.2. Susceptibility of massless Dirac electrons on a plane

Before we start considering curved surfaces, it makes sense to revise the basic properties
of the magnetic susceptibility of a free gas of massless Dirac electrons on a plane. A
thorough study of this problem is provided by [70].
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Landau diamagnetism is a key property of the non-relativistic 2DEG and describes
a diamagnetic contribution to the susceptibility which is independent of temperature
and chemical potential [7, 70, 104]. Contrary to this, when replacing these Schrödinger
electrons by massless Dirac electrons, the effect differs drastically. In the limit of zero
temperature and vanishing field, it can be shown to approach negative infinity at zero
chemical potential [106]. When considering a finite magnetic field ν or chemical potential
µ, the Landau susceptibility shows a scaling of χ ∝ −1/

√
ν + µ2/α, with some constant

α [106]. Contrary to the non-relativistic case, the effect becomes weaker for non-zero
temperature [106].

When thermal energy is much smaller than the level spacing due to Landau quantiza-
tion (in the regime of low temperature and strong magnetic field), dHvA oscillations can
occur at chemical potentials which are higher than the Landau level spacing [70]. These
can be described by the oscillating part of the overall susceptibility which, to leading
order in chemical potential and adapted to our scale invariant definition of susceptibility
(Eq. 5.20), reads [70]

χdHvA
plane =

1

2
√
π

µ3

ν2

∞∑
k=1

RT

(
πkµ

ν

)
cos

(
π

2

kµ2

ν

)
, (5.29)

with the temperature damping factor RT (x) = πTx/ sinh(πTx) [70, 104].

5.3. Temperature-dependent susceptibility χT

With all the preparatory work done, we want to take a look at the numerically gained
temperature-dependent susceptibility χT (Eq. 5.23) for the three surfaces of pseudo-
sphere, cone and sphere. In general, it is a function of three parameters, T , µ and ν.
We choose three temperature regimes, T = 0.1 (thermal energy is much smaller than
the energy scale set by the geometry), T = 0.5 (thermal energy is smaller but in the
same order of magnitude as the energy scale set by the geometry) and T = 1.5 (thermal
energy is higher but in the same order of magnitude as the energy scale set by the ge-
ometry). We provide a heatmap of χT as a function of ν (x-axis) and µ (y-axis) for all
three temperature regimes. All of them feature two sections through the µ-ν-plane, one
with fixed ν = 30 (green plot / dashed line), the other with fixed µ = 25 (ruby plot /
dashed line).

5.3.1. Low temperature regime

Fig. 5.7 shows χT (T, µ, ν) plotted as a function of ν and µ at T = 0.1 for the pseudo-
sphere, cone and sphere.

In general, contributions from individual levels, even if they are close to each other,
can be observed in this regime. We can identify the following properties:

• For chemical potentials close to ϵ = 0, the only effect we can see is levels con-
densing onto the zeroth Landau level, as ν increases, which is a finite-size effect.
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Figure 5.7: Numerically gained temperature-dependent magnetic susceptibility χT as a
function of magnetic field ν and chemical potential µ at T = 0.1 for the pseudosphere
((a)), the cone ((b)) and the sphere ((c)). Energy eigenvalues were calculated using the
parameters given in Fig. 5.4, Fig. 5.5 and Fig. 5.6
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5. Magnetization of Dirac quasiparticles on curved surfaces

Other effects are strongly suppressed, as the chemical potential is too small to see
fingerprints of higher levels.

• In the regime of weak magnetic fields ν and high chemical potentials µ, finite-size
effects also dominate the behavior. We have seen in the previous section that
eigenenergies rise or fall linearly in this case (Zeeman regime), roughly depending
on the sign of m. This leads to a diamond pattern in χT .

• All three geometries show the appearance of ”fingers”, connected regions where
susceptibility is lower than in their respective surrounding areas. These fingers
are approximately located along straight lines in case of the sphere, while they are
curved in case of the pseudosphere or the cone. In the last mentioned cases they
also seem to become broader for rising chemical potential.

• In case of the cone, a finger can be seen which is clearly different to the aforemen-
tioned. It lays along an almost perfect line between the points (ν, µ) = (0, 0) and
(ν, µ) = (25, 40) and shows enhanced signal compared to the surrounding area.
This is a hallmark of the aforementioned highly degenerate points laying along a
line in the spectrum of the positive angular branch and creating oscillations of the
DOS along this line.

• Signatures of the Landau regime are visible in case of the cone, while they seem
to be strongly attenuated for the sphere and completely absent for the pseudo-
sphere. This can be attributed to the high degeneracy of Landau levels in the first
mentioned case, the only approximate degeneracy in the second mentioned one
(convergence onto Landau levels is very slow with respect to ν) and completely
absent degeneracy in the last one. The corresponding dHvA oscillations can hardly
be identified in the sections along lines with constant ν.

• Overall, finite-size effects clearly dominate this temperature regime. This can
especially be seen when solely looking at the section plots, where χT oscillates
with almost constant frequency, reflecting the diamond structure of the spectrum
already mentioned before. Similar effects were also observed in quantum rings
[107–110] and graphene [70].

5.3.2. Moderate temperature regime

Fig. 5.8 shows χT (T, µ, ν) plotted as a function of ν and µ at T = 0.5 for the pseudo-
sphere, cone and sphere. As dHvA oscillations are so important in this regime, a detailed
plot of χT as a function of µ at fixed ν is also given. The highly degenerate Landau
levels in case of the cone and the sphere are marked by vertical, dashed lines. In case of
the pseudosphere, where Landau levels are not degenerate in m and the main Landau
structure is given by m for m > 0 (see our discussion at the beginning of the chapter),
black lines correspond to states with n = 0 / m > 0, while orange ones correspond to
n = 1 / m > 0.
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Figure 5.8: Numerically gained temperature-dependent magnetic susceptibility χT as a
function of magnetic field ν and chemical potential µ at T = 0.5 for the pseudosphere
((a)), the cone ((b)) and the sphere ((c)). Panel (d) shows a section at fixed magnetic
field ν = 40 for the pseudosphere (blue graph), the cone (red graph) and the sphere
(green graph). In case of the cone and the sphere, the highly degenerate Landau levels
are marked as black lines. In case of the pseudosphere, states with n = 1 (black lines),
as well as n = 2 (blue lines in the heatmap, orange lines in the section) are marked
(see Eq. 71 in [27]). Energy eigenvalues were calculated using the parameters given in
Fig. 5.4, Fig. 5.5 and Fig. 5.6
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5. Magnetization of Dirac quasiparticles on curved surfaces

Temperature is now at the order of magnitude of the characteristic energy ℏvF /a
determined by the length scale of the geometry. This smoothes finite-size effects and
increases visibility of actual bulk properties of the system. We can observe the following
properties:

• In case of weak magnetic fields and high chemical potentials, the overall behavior
of all three geometries is paramagnetic. This declines rapidly when increasing the
magnetic field strength.

• Conversely, for strong magnetic fields and low chemical potentials, dHvA oscilla-
tions can be observed for all three geometries. In the vicinity of µ = 0, they are
absent, since the energy of the zeroth Landau level does not change with magnetic
field and therefore no oscillation can be observed until µ is high enough for the
first excited Landau level to be occupied. Oscillations are most pronounced for
the cone, as its eigenenergies converge quickly onto the highly degenerate Landau
levels when increasing the field. This convergence is, as already noted before, much
slower in case of the sphere, where these oscillations are present, albeit smeared
out. This does not happen due to temperature smoothing, but because of the only
approximate degeneracy of the levels.

• dHvA oscillations of the sphere are different compared to those of the cone. It can
be seen that in case of the cone, the Landau level energies exactly align with the
maxima of the susceptibility. Contrary to this, Landau level energies seem to be a
bit higher in energy than the chemical potentials, at which χT peaks. In general,
the susceptibility oscillation is much more irregular in case of the sphere compared
to the very clean oscillations in case of the cone.

• While dHvA oscillations were expected for the cone and the sphere, they come as a
surprise in case of the pseudosphere because all Landau levels are non-degenerate.
The form of oscillations in the heatmap suggests that they originate from ϵ ∝ ν1/2

states (m > 0) states rather than from ϵ ∝ ν1/4 (m < 0) states. The explanation for
this is that in the high field limit, Landau levels become approximately degenerate
in n. As discussed before, when looking at Eq. (5.2), the leading order term of the
energy in ν is ϵ ∝

√
2mν for strong magnetic fields. This is very counterintuitive.

Energies are not only not degenerate anymore, but they depend stronger on the
angular quantum number m than on the main quantum number n. Therefore, it is
the quantum number m which creates the level structure and therefore the dHvA
oscillations here. Nevertheless, the peaks of the oscillations do not seem to align
with any of the Landau level energies.

• Signatures of ϵ ∝ ν1/4 (m < 0) states in case of the pseudosphere are not visible
at all. This can be explained by the much weaker dependence of the energy on the
magnetic field.
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5.3.3. High temperature regime

Fig. 5.9 shows χT (T, µ, ν) plotted as a function of ν and µ at T = 1.5 for the pseudo-
sphere, cone and sphere.

In this regime, temperature is expected to smear out any oscillatory part of the sus-
ceptibility. We find the following items:

• The overall behavior is paramagnetic in all regions of ν and µ.

• Still, two regions can be identified. One for high chemical potential and low field
strength, where paramagnetism is strong and one for the converse case, where it
is weak. We can expect the two regions to be governed by dominant Zeeman and
Landau behavior, respectively.

• The two regions seem to be approximately separated by a straight line.

• Differences between the three geometries can hardly be observed. Calculated sus-
ceptibilities even agree quantitatively very well. This suggests an almost equal
mean density of states for all three surfaces. Obviously, one can ask whether this
universal behavior can be observed with all surfaces of revolution.

We can sum up this section by noticing that we examined the temperature-dependent
susceptibility for three exemplary surfaces, the pseudosphere, the cone and the sphere.
While some features of χT can be identified, which are characteristic for the respective
surface, most features are shared by all three of them. A big exception from this are
dHvA oscillations, best visible in the moderate temperature regime, which clearly differ
in amplitude, phase and shape, depending on the individual geometry.

5.4. Temperature-independent susceptibility χ0

We have not yet taken the temperature-independent susceptibility χ0 (Eq. 5.23) into
account. As it does not depend on temperature but only on chemical potential µ and
magnetic field ν, it might seem at first glance that this is the easiest contribution to
calculate. However, this is not true since we sum over the negative energy states which
are all fully occupied, leading to a divergent grand canonical potential Ω0(ν, µ). There
are of course techniques to regularize this singularity and isolate a finite, field-dependent
part. This is impractical in case of our curved surfaces because the spectrum is often not
degenerate in the angular quantum number m, as well as only known in an analytical
form for strong fields and not too high quantum numbers m and n. The issue may
be fixed when going back to the origin of the problem, the description of emergent,
effectively massless Dirac fermions in condensed matter systems. These quasiparticles
only behave in this manner within a very limited energy range in the vicinity of a
certain Dirac point in the Brillouin zone of the respective material. When going too far
away from this point, the quasiparticle loses more and more of its Dirac nature, gains
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Figure 5.9: Numerically gained temperature-dependent magnetic susceptibility χT as a
function of magnetic field ν and chemical potential µ at T = 1.5 for the pseudosphere
((a)), the cone ((b)) and the sphere ((c)). Energy eigenvalues were calculated using the
parameters given in Fig. 5.4, Fig. 5.5 and Fig. 5.6
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5.5. De Haas-van Alphen oscillations on the pseudosphere

effective mass and eventually behaves more like a non-relativistic Schrödinger particle.
Henceforth, in a real system, not all negative energy states contribute to Ω0(ν, µ), as
only a limited number even exists. We can introduce a UV cut-off of the DOS at a
certain energy ϵC , where we assume that the system is not correctly described anymore
by our Dirac model and treatment of properties in this regime are therefore beyond the
scope of this work. The simplest way to implement this is obviously to multiply the
DOS with a Heaviside function Θ(ϵC − ϵ). This, however, leads to problems on its own
since when varying the magnetic field ν, levels may cross ϵC , creating an abrupt jump of
the thermodynamic potential which reflects in singular magnetization and susceptibility.
This is of course unphysical and can be solved by replacing the Heaviside function with
a softer regulator. The ideal choice for this are sigmoid functions which are zero at the
origin and continuously approach one when the argument goes to infinity. We choose
the Fermi-Dirac function and introduce an artificial smoothing temperature TC . The
DOS modified in this way can be written as

ρC(ϵ) = ρ(ϵ)
1

1 + exp
(
ϵ−ϵC
TC

) . (5.30)

As an example, we calculate χ0 for ϵC = 40 and TC = 8 which is shown in Fig. 5.10.

A few features immediately catch the eye:

• The overall behavior is diamagnetic in all regions of ν and µ.

• The absolute value of χ0 seems to increase linearly with µ.

• Diamagnetism is strongest for very weak magnetic fields ν, increases with field
strength and decreases again from approximately ν = 30 on. This non-monotonic
behavior can be traced back to the energy cut-off and therefore only has limited
physical relevance. This is consistent with the Landau diamagnetism in flat Dirac
systems.

• As χT for high temperatures, χ0 barely shows differences between the three geome-
tries. The results agree even quantitatively quite well, with the sphere showing a
slightly higher modulus of the susceptibility in general. This comes as a surprise, as
Landau levels in case of the pseudosphere even show a completely different scaling
in ν for one angular branch.

5.5. De Haas-van Alphen oscillations on the pseudosphere

We have seen that the pseudosphere shows dHvA oscillations which differ enormously
from those of the cone or the sphere. We assessed from the shape of the oscillations in
the heatmap (Fig. 5.8) that they originate from states with positive angular quantum
number m. As a first step towards understanding this special form of the dHvA effect,
we want to verify this claim numerically.
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Figure 5.10: Numerically gained temperature-independent magnetic susceptibility χ0 as
a function of magnetic field ν and chemical potential µ for the pseudosphere ((a)), the
cone ((b)) and the sphere ((c)). A cut-off energy of ϵC = 40 and a cut-off temperature
of TC = 8 were used. Energy eigenvalues were calculated using the parameters given in
Fig. 5.4, Fig. 5.5 and Fig. 5.6
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Figure 5.11: Numerically gained temperature-dependent magnetic susceptibility χT as
a function of chemical potential µ at magnetic field ν = 40 and T = 0.5 for the pseu-
dosphere. The black, solid line shows the overall susceptibility, while the blue and red,
dashed lines show contributions from the negative and positive angular branches, re-
spectively. Energy eigenvalues were calculated using the parameters given in Fig. 5.4.

Fig. 5.11 shows the individual contributions from both angular branches, as well as
their sum. We can immediately see that the smooth, non-oscillatory part of the suscepti-
bility has opposite sign for the two angular branches. They even compensate each other
almost totally, so that their sum, χT , seems to only oscillate around a constant value
for larger chemical potentials. Regarding our main interest, the oscillatory part, we can
observe that for small chemical potentials there are no oscillations. We have already seen
this before and can attribute it to the great gap between the zeroth and higher Landau
levels. From about µ = 10 on, we can see an oscillation where the positive angular
branch contributes to it over the whole range of chemical potential, from µ = 10 on.
Contrary to this, the negative angular branch only gives an oscillatory contribution in
the chemical potential range from around µ = 10 to µ = 20. Therefore, our assumption
that dHvA oscillations mainly originate from the positive angular branch was mostly
correct, with the negative angular branch giving a correction, especially for the first few
oscillations with respect to chemical potential.
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5. Magnetization of Dirac quasiparticles on curved surfaces

We want to calculate this explicitly but restrict our goal to the computation of the
dHvA oscillations. This means, when decomposing χT into a smooth and an oscillatory
part, χ̄T and χ̃T respectively, so that χT = χ̄T + χ̃T , we focus on the second mentioned
term and do not care much about the first mentioned. As oscillations come mainly from
the positive angular branch, we restrict our calculation to it, neglecting contributions
from the negative one. Starting from Eq. (5.2), we approximate the (positive) energy
levels as

ϵnm =

√
(4m+ 2)ν + (2n+ 1)

√
(4m+ 2)ν , (5.31)

where we label the energies by the quantum numbers n ≥ 0 and m ≥ 0 and neglected
terms which do not depend on ν (this modified equation is exactly what we obtained from
SWKB calculations (Eq. (4.54))). Without this simplification, an analytical treatment
is virtually impossible. The DOS is then given by

ρ(ϵ) =
∞∑

m=0

∞∑
n=0

δ (ϵ− ϵnm) . (5.32)

It makes sense to rewrite this sum by means of Poisson summation which allows us to
extract the oscillatory part explicitly. We arrive at [111]

ρ(ϵ) =

∞∑
k=−∞

∞∑
l=−∞

ρkl(ϵ) , (5.33)

with [111]

ρkl(ϵ) =

∫ ∞

0
dm

∫ ∞

0
dn δ (ϵ− ϵnm) exp(−i2π(km+ ln)) . (5.34)

We evaluate this step by step, starting with the second integral,

∫ ∞

0
dn δ (ϵ− ϵnm) exp(−i2πln) (5.35)

= (−1)l
ϵ√

(4m+ 2)ν
exp

(
−iπl ϵ

2 − (4m+ 2)ν√
(4m+ 2)ν

)

×Θ

(
ϵ−

√
(4m+ 2)ν +

√
(4m+ 2)ν

)
.
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We are left with evaluating

ρkl(ϵ) = (−1)l
∫ ∞

0
dm

ϵ√
(4m+ 2)ν

exp

(
−iπl ϵ

2 − (4m+ 2)ν√
(4m+ 2)ν

)

× exp(−i2πkm)Θ

(
ϵ−

√
(4m+ 2)ν +

√
(4m+ 2)ν

)
(5.36)

= (−1)l+k ϵ

4ν

∫ ∞

2ν
du

1√
u

exp

(
−iπl ϵ

2 − u√
u

)
× exp

(
−iπk u

2ν

)
Θ

(
ϵ−

√
u+

√
u

)
= (−1)l+k ϵ

4ν
Θ

(
ϵ−

√
2ν +

√
2ν

)
×
∫ 1

4(
√
1+4ϵ2−1)

2

2ν
du

1√
u

exp

(
−iπl ϵ

2 − u√
u

)
exp

(
−iπk u

2ν

)
ν>>1
≈ (−1)l+k ϵ

4ν
Θ
(
ϵ−

√
2ν
)

×
∫ ϵ2

2ν
du

1√
u

exp

(
−iπl ϵ

2 − u√
u

)
exp

(
−iπk u

2ν

)
= (−1)l+k ϵ

2ν
Θ
(
ϵ−

√
2ν
)

×
∫ ϵ

√
2ν
dt exp

(
−iπl ϵ

2 − t2

t

)
exp

(
−iπk t

2

2ν

)
ϵ>>

√
2ν

≈ (−1)l+k ϵ

2ν
Θ(ϵ)

∫ ϵ

0
dt exp

(
−iπl ϵ

2 − t2

t

)
exp

(
−iπk t

2

2ν

)
,

which is very hard to solve for general k and l. To proceed, we have to determine
which components are dominant. When considering Poisson summation as a kind of
Fourier decomposition, the term ρ00 represents the non-oscillatory, mean DOS. ρk0,
with k ̸= 0, are the oscillatory components which come from the discrete level structure
due to the angular quantum number m. Contrary to this, ρ0l, with l ̸= 0, corresponds
to the oscillatory components originating from the discrete level structure due to the
main quantum number n. The remaining components, ρkl, with k ̸= 0 and l ̸= 0, are
oscillatory components due to the discreteness of both, m and n. As explained above,
our main scope is to find the terms responsible for dHvA oscillations. We found above
that for large magnetic field, the main level structure and therefore magnetooscillations
come from m, with all levels being degenerate in n in the limit ν → ∞ (see Eq. (5.2)).
Therefore, the level spacing between eigenstates with identical m but adjacent n is much
smaller than vice versa and the discreteness of n can assumed to be washed out due to
thermal smoothing. We can conclude that the contribution of the Poisson sum, which
is mainly responsible for dHvA, is ρk0, with k ̸= 0. These terms keep the discreteness of
m but integrate over a continuous n.
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5.5.1. Calculation of ρ00

For completeness, we also want to evaluate the smooth term ρ00, which reads

ρ00(ϵ) =
ϵ

2ν
Θ(ϵ)

∫ ϵ

0
dt (5.37)

=
ϵ2

2ν
Θ(ϵ) .

The Laplace transform of it is given by

ρ00(s) =

∫ ∞

−∞
dE ρ00(E) exp(−Es) (5.38)

=
1

2ν

∫ ∞

0
dE E2 exp(−Es)

=
1

νs3
,

where the region of convergence is clearly σ > 0. To proceed, we need to integrate
this twice, which can be done very easily in Laplace space (multiplying twice with 1/s),
yielding

N00(s) =
1

νs5
. (5.39)

The smooth part of the temperature-dependent grand canonical potential can then be
written as

ΩT
00(T, ν, µ) = − 1

πi

∫ σ+i∞

σ−i∞
ds

1

ν(−s)5
πTs

sin (πTs)
cosh(µs) (5.40)

= +
1

2πi

∫ σ+i∞

σ−i∞
ds

1

νs5
πTs

sin (πTs)
exp(µs)

+
1

2πi

∫ σ+i∞

σ−i∞
ds

1

νs5
πTs

sin (πTs)
exp(−µs)

=: +
1

2πi

∫ σ+i∞

σ−i∞
ds (G+(s) +G−(s)) ,

where the region of convergence is now (according to the bilateral Laplace
cross-correlation theorem [105]) −1/T < σ < 0− and we defined G±(s). We can solve
this using the residue theorem but have to evaluate either of the terms on their own,
as the integration contour has to be chosen differently. For the first term, it has to be
closed to the left, whereas for the second one it has to be closed to the right. G±(s)
have poles of order five at s = 0 and of order one at s = j/T for j ∈ Z\{0}.

Fig. 5.12 illustrates the integration contours used, as well as the pole structures.

84



5.5. De Haas-van Alphen oscillations on the pseudosphere

(a)

Re{s}

Im{s}

(5)

(b)

Re{s}

Im{s}

(5)

Figure 5.12: Contour (blue) for evaluation of the integrals over G+(s) ((a)) and G−(s)
((b)), as well as poles (red) of G±(s). The radius of the half circle goes to infinity in the
real calculation. A finite radius was only chosen for the sake of illustration.

Applying the residue theorem yields

ΩT
00(T, ν, µ) = −Res

s=0
{G−(s)} (5.41)

−
∞∑
j=1

Res
s= j

T

{G−(s)} +

∞∑
j=1

Res
s=− j

T

{G+(s)}

[112]
= −1

ν

(
7π4

360
T 4 +

π2

12
T 2µ2 +

1

24
µ4
)

−
∞∑
j=1

(−1)j
T 4

νj4
exp

(
−µ j

T

)

+
∞∑
j=1

(−1)j
T 4

νj4
exp

(
−µ j

T

)

= −1

ν

(
7π4

360
T 4 +

π2

12
T 2µ2 +

1

24
µ4
)
.

The corresponding susceptibility is simply given

χT
00 = −∂

2ΩT
00

∂ν2
(5.42)

=
1

ν3

(
7π4

180
T 4 +

π2

6
T 2µ2 +

1

12
µ4
)
.
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We see that the main, smooth contribution to the susceptibility from m > 0 states is
paramagnetic and rising for increasing chemical potential µ. This perfectly aligns with
what we saw in Fig. 5.11.

5.5.2. Calculation of ρk0

Now we come to the more important part, ρk0, with k ̸= 0. It is most convenient to
evaluate terms with opposite k simultaneously, yielding

ρ|k|0(ϵ) := ρk0(ϵ) + ρ−k0(ϵ) (5.43)

= (−1)k
ϵ

ν
Θ(ϵ)

∫ ϵ

0
dt cos

(
πk

t2

2ν

)

= (−1)k
ϵ

ν
Θ(ϵ)

√
ν

k

∫ √
k
ν
ϵ

0
dt cos

(π
2
t2
)

= (−1)k
ϵ√
kν

C

(√
k

ν
ϵ

)
Θ(ϵ) ,

where C(x) is the Cosine Fresnel integral [98]. Even though the Laplace transform of
C(x) is an entire function, it has a very strong divergence at infinity when going along
some lines in the complex plane. Therefore, the residue method to calculate the inverse
Laplace transform cannot be used in its simple form and the whole method becomes
impractical. We therefore proceed in energy space and as a first step need to integrate
two times, giving

N|k|0(ϵ) =

∫ ϵ

0
dϵ′
∫ ϵ′

0
dϵ′′ (−1)k

ϵ′′√
kν
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(√
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)
(5.44)

[98]
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√
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)
− 2
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√
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k3

]
,

where S(x) is the Sine Fresnel integral [98] and we omit the Heaviside function from now
on, knowing that ρ(E) (as we defined it) is zero for negative energy. Both functions,
C(x) and S(x) oscillate around the mean value of 1/2 for big arguments [98]. Following
[70], it makes sense to decompose them into this mean value and a purely oscillating
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part. Defining C̃(x) = C(x) − 1/2 [70] and S̃(x) = S(x) − 1/2 [70], this yields

N|k|0(ϵ) = +(−1)k
1√
kν

[
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12
+

νϵ

4πk
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(5.45)
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= N̄|k|0(ϵ) + Ñ|k|0(ϵ) ,

where we decomposed the quantity into a smooth and an oscillating part, N̄|k|0(ϵ) and

Ñ|k|0(ϵ). Again, the second mentioned contribution is responsible for dHvA but we also
evaluate the first one for completeness. We are now in the position to treat the smooth
part with the Laplace method. Its transform reads

N̄|k|0(s) =

∫ ∞

0
dϵ N̄|k|0(ϵ) exp(−ϵs) (5.46)
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.

The contribution of it to the grand canonical potential can be written as

Ω̄T
|k|0(T, ν, µ) = − 1
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sin (πTs)
cosh(µs) , (5.47)

which can be evaluated with the same technique as in the previous calculation. The
result reads [112]
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where Fj(x) are Fermi-Dirac integrals [98]. This gives rise to the susceptibility
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The oscillating contribution to the grand canonical potential can be approximated as
shown in Appendix A.7. This yields
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(5.50)

We can approximate the second derivative of this by assuming that the sinh term remains
almost constant in the region of interest and therefore its derivative can be neglected
[70]. This yields [112]
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5.5.3. Final results

For completeness, we also collect the non-oscillatory parts of the susceptibility obtained
in the previous paragraphs. As we have seen, not only ρ00 but also ρk0 give smooth
contributions. Since we have not evaluated ρ0l and ρkl, we cannot be sure that we have
captured all the relevant contributions. Therefore, this result has to be treated with
caution and should only be seen as an intermediate step. We sum up the smooth parts,
yielding
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where we evaluated the sums using the Dirichlet eta function η(x) [113].
Let us now turn to the more important oscillatory part which reads
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where we conveniently used the temperature damping factor RT (x) = πTx/ sinh(πTx)
[70, 104].

Fig. 5.13 shows a comparison between the numerical result of χT and our calculated
χ̃T , which was appropriately shifted manually, as we have not computed the offset ex-
plicitly. A very good match in the region between µ = 15 and µ = 30 can be observed.
As we found out before, the oscillations around µ = 10 are mostly caused by the levels
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Figure 5.13: Numerically gained temperature-dependent magnetic susceptibility χT as
a function of chemical potential µ at magnetic field ν = 40 and T = 0.5 for the pseu-
dosphere (blue line). Energy eigenvalues were calculated using the parameters given in
Fig. 5.4. Analytically gained χ̃T (Eq. (5.53)) which was properly shifted to the numerical
result (red line). The same parameters as for the numerical solution were used.

with negative angular quantum number. The deviation between the numerical results
and our calculation was therefore expected.

We want to compare this result to the dHvA oscillations of massless Dirac electrons
on a flat plane. Let us rewrite the relevant susceptibilities (Eq. (5.29) for the plane and
Eq. (5.53) for the pseudosphere) for the sake of clarity,
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, (5.54)

χdHvA
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1
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)
sin

(
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kµ2
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)
. (5.55)

When looking at the two equations, we note that they share the same structure. Both
have the form of a Fourier series with oscillations which are periodic (with modulated
amplitude) in µ2 and 1/ν. The temperature damping enters the equations identically.
The chemical potential appears in the numerator of the amplitude terms, while the
magnetic field appears in the denominator. Despite these similarities, we can also note
import differences in three important details.

First of all, the amplitude in case of the plane has a larger prefactor (1/(2
√
π) com-

pared to 1/(4π)) and furthermore scales with µ3 compared to µ2 in case of the pseudo-
sphere. Let us recall that dHvA oscillations appear in a regime of large µ, so that this
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leads to a drastically higher amplitude in case of the flat plane compared to the pseudo-
sphere. This can be explained very well when looking at the Landau spectrum. While
the levels are highly degenerate in case of the flat system, none of them is degenerate
at all in case of the pseudosphere. We even found in this section that the relevant part
of the DOS can be obtained by integrating out the main quantum number n. When
comparing the remaining DOS to the one for the plane, we find a continuous, oscillating
function in the first case compared to a series of sharp peaks in the second one. There-
fore, intrinsically, equal temperature smoothes the grand canonical potential in case of
the pseudosphere much more, yielding dHvA oscillations with smaller amplitude.

Second, the shape of the oscillations is different. While the temperature damping term
RT (x) with the Fourier index k in its argument appears in both expressions, ensuring
convergence of the respective series, the pseudosphere shows an additional 1/k damping
term. This extra term attenuates higher harmonics and leads to a more sinusoidal form
of the oscillation.

Finally, both terms show different phases. When assuming that the k = 1 term is the
dominant one in both expressions, we can see that the phase shift between them is π/2.
Peaks in susceptibility occur at µ =

√
4qν, q ∈ N in case of the plane (which exactly

coincides with the position of its Landau levels in energy) and at µ =
√

4(q + 1)ν, q ∈ N

in case of the pseudosphere. The latter does not coincide with any Landau level at all
which makes it a highly non-trivial result.

We can conclude that the dHvA oscillations of the pseudosphere and the conventional,
flat plane differ in all three important, characteristic properties, the amplitude, the shape
and the phase.
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6. Conclusion and outlook

To conclude this thesis, we want to summarize what was achieved, which knowledge gaps
have been closed and which further directions could be interesting in future research
efforts.

Overall, we focused on Dirac Landau levels for curved surfaces of revolution. Contrary
to the overall perpendicular field, which is assumed in most research works covering this
field, our main scope was the experimentally much more relevant case of a coaxial field.

We established the massless Dirac and Schrödinger Hamiltonians for curved surfaces of
revolution which are subject to a magnetic field. We found that the 3D vector potential
in the symmetric gauge describing the magnetic field in ambient space can directly be
used in the 2D model.

Using the Schrödinger-Lichnerowicz theorem, we verified that for an overall perpen-
dicular magnetic field and a surface with constant Gaussian curvature, the spectra of
the Dirac and Schrödinger Hamiltonians are directly linked to each other by an algebraic
relation. If one finds the Schrödinger Landau spectrum for a particular geometry, the
Dirac Landau spectrum follows immediately and vice versa. There is no need to solve
another differential equation.

We described the supersymmetric structure of the problem and could make predictions
of the structure of the eigenstates of the Dirac Hamiltonian without assuming a particular
geometry. The number of nodes of each spinor component is determined by the main
quantum number n, as well as the existence of a zero energy mode.

As a first example, we applied our developed machinery on the problem of finding
Dirac Landau levels for the pseudosphere. Energies in case of the overall perpendicular
magnetic field have already been known from a more general, mathematical theory and
also been confirmed by the author of this thesis in his Master project [76] using a
power series ansatz. This was complemented in this thesis using two different methods,
an analytical one by noticing that the differential equation to solve leads to Laguerre
polynomials and an algebraic one exploiting SUSY and shape invariance of the effective
potential. All methods leads to the same spectrum. We also found closed expressions
of the corresponding eigenstates. Analytical findings have been verified by numerical
calculations which can be found in [27].

The experimentally more important case of the coaxial magnetic field has also been
treated. We succeeded in finding the Dirac Landau level spectrum using two different,
asymptotic methods based on the assumption of a large magnetic field. First of all, we
used asymptotic solutions for the underlying differential equation (DCHE ) and second
the SWKB approximation. They only differ in subleading terms, with the first mentioned
going one order further. Most notably, the higher Landau levels are not only non-
degenerate in the angular quantum number m anymore but also show a different energy
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scaling as a function of magnetic field B depending on the signs of m and B. For
equal signs, the scaling is the same as one would expect for Dirac Landau levels on a
flat plane (∝ B1/2), while for opposite signs, we find a very unconventional scaling of
∝ B1/4. The lifted degeneracy can be attributed to the non-constant magnitude of the
projection of the magnetic field onto the surface normal, yielding different, arclength
dependent, effective field strengths on the surface. The zeroth Landau level remains
highly degenerate which can be attributed to the topological protection of this mode in
the context of the index theorem [94]. Numerical calculations confirmed our analytical
findings and confirmed our prediction of the eigenstate structure based on SUSY.

We extended our SWKB calculations to a general class of surfaces which contains the
pseudosphere and the cone, subject to a coaxial field. Using this, we proofed a scaling
law of the Landau level energies as a function of magnetic field which depends on a
geometrical parameter. This was first formulated as a conjecture in [77]. This result can
be seen as a generalization of the calculation for the pseudosphere. Again, degeneracy of
higher Landau levels is lifted and the energy of one angular branch scales with ∝ B1/2,
while the other one shows a scaling exponent which depends on the geometrical param-
eter. Numerical calculations again confirmed our approach, as well as the eigenstate
structure predicted by SUSY.

Complementary to the integral quantity of energy, we also found a general formula for
the local quantity of current density in the azimuthal direction and the magnetic dipole
moment caused by it. For the case of the reciprocal cone, we found counterpropagating
persistent currents for a state which explains its zero magnetic dipole moment, as well
as its energy being independent of the magnetic field.

In the second part of the thesis, we focused on the magnetic susceptibility caused by the
response of the charge carriers to the external, coaxial magnetic field. We computed the
Dirac spectrum of the pseudosphere in the total absence of a magnetic field using SWKB.
We further recovered the Zeeman effect for the spectrum in case of weak magnetic fields
which holds for general surfaces. More interestingly, a correction term appears, which
originates from the coupling of the gauge field to the curved geometry.

We numerically studied the susceptibility for three surfaces with constant Gaussian
curvature, the pseudosphere, the cone and the (half) sphere. All of them show very
similar features with the exception of the dHvA effect which differs in amplitude, phase
and shape, depending on the particular geometry. For the case of the pseudosphere, we
explicitly calculated this effect and found a very good matching with numerical results
within the region of interest. We quantitatively compared our final result for the dHvA
susceptibility of the pseudosphere to that of a flat plane and could confirm our numerical
findings.

Overall, we strengthened the research field by focusing on the experimentally relevant
coaxial field, thereby providing approximate Landau level spectra for a large class of
surfaces in the strong field regime, clarifying the general structure of Landau states on
curved surfaces, finding a geometric correction to the Zeeman splitting in the weak field
regime, as well as discovering highly geometry-distinctive de Haas-van Alphen signatures
in the magnetic susceptibilities.

Despite the progress made in this thesis, a few questions remain open:
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• A major limitation of the model in this thesis is that we neglected Zeeman coupling.
Are there substantial changes when taking it into account?

• What is the reason of the multiple level crossings in the overall spectrum of the
cone?

• The dHvA oscillations on the sphere have a very peculiar form, even though Landau
levels are degenerate in the high field limit. What is the reason for this and can it
be computed analytically?

• We saw ”fingers” (regions with reduced intensity) in the heatmaps of the
temperature-dependent susceptibilities. What are the reasons for their appear-
ance?

• The temperature-independent susceptibilities, as well as the
temperature-dependent susceptibilities in the high temperature regime, of the
pseudosphere, cone and (half) sphere are almost identical. This suggests a univer-
sal form of the smoothed DOS for all chemical potentials µ and magnetic fields B,
independent of the particular geometry. Can one prove this for general surfaces?

• We saw that the smooth contributions of both angular branches to the
temperature-dependent susceptibility of the pseudosphere exactly cancel each other
in the moderate temperature regime. This is surprising since both branches have a
different energy scaling with respect to magnetic field (∝ B1/2 vs ∝ B1/4). What
is the reason for the exact cancellation?

• When calculating dHvA oscillations for the pseudosphere analytically and com-
paring the results to those for the flat plane, we noticed the same structure but
found differences in amplitude, phase and shape. In general, magnetooscillations
are described by the Lifshitz-Kosevich formula [114–116]. Is it possible for general
surfaces to extend it by a factor accounting for the geometric influence on the
oscillations, e.g. a geometric form and damping factor RG, as well as a geometric
phase shift φG?

• Another interesting observable to study is the angular momentum itself. Theoret-
ical works about the QHE of non-relativistic electrons on curved surfaces hint at
an intensive excess term which is a fraction of the angular momentum quantum
[117]. Does this phenomenon also appear for massless Dirac electrons?

Finally, let us summarize that geometry offers an additional degree of freedom to tune
physical properties of massless Dirac systems in condensed matter. It is fascinating to
see, how curved geometry can alter fundamental properties of the system, like the Landau
level scaling. This has wide ranging implications on the observables of the system, with
only a part of them being known at the moment.
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A. Appendix

A.1. Christoffel symbols

We need to calculate the Christoffel symbols of the metric tensor. Let us recall that

g = dxl ⊗ dxl + r2(l) dxϕ ⊗ dxϕ . (A.1)

Following [28], we define the Lagrange function

L
(
l, ϕ, l̇, ϕ̇

)
=

1

2
l̇2 +

1

2
r2(l) ϕ̇2 , (A.2)

where the dot denotes a derivative with respect to some parameter λ. Solving the Euler-
Lagrange equations for l and ϕ yields the desired symbols by comparing coefficients [28].
We get

0 =
d

dλ

∂L
∂l̇

− ∂L
∂l

= l̈ − r(l) r′(l) ϕ̇2
!

= l̈ + Γl
ϕϕ ϕ̇

2 , (A.3)

and

0 =
1

r2(l)

(
d

dλ

∂L
∂ϕ̇

− ∂L
∂ϕ

)
= ϕ̈+

2r′(l)

r(l)
l̇ϕ̇

!
= ϕ̈+ Γϕ

lϕ l̇ϕ̇+ Γϕ
ϕl ϕ̇l̇ . (A.4)

The only non-zero Christoffel symbols are therefore given by Γl
ϕϕ = −r(l) r′(l) and

Γϕ
lϕ = Γϕ

ϕl = r′(l)/r(l).

We obtain the coefficients of the spin connection using [28]

ωab
µ = eaνΓν

σµe
σb + eaν∂µe

νb . (A.5)

This finally gives ω12
ϕ = −ω21

ϕ = −r′(l) and yields the spin connection 1-form [28]

ωab = ωab
µ dx

µ = ωab
ϕ dx

ϕ . (A.6)

A.2. Confluent hypergeometric differential equation

We want to solve the differential equation to obtain excited states of the pseudosphere
in an overall perpendicular magnetic field (see Eq. (4.11) transformed to the radius
coordinate). The equation to solve is of the form

x2
d2y(x)

dx2
+ (αx+ β)

dy(x)

dx
+ γy(x) = 0 , (A.7)
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with parameters α, β and γ. This is a degenerate doubly-confluent Heun equation
[118]. Following [118], we make the transformation

x̃ =
β

x
, y(x̃) = x̃∆± ỹ(x̃), ∆± =

α− 1 ±
√

(α− 1)2 − 4γ

2
. (A.8)

This yields a confluent hypergeometric equation [98],

x̃
d2ỹ(x̃)

dx̃2
+ [(2∆± + 2 − α) − x̃]

dỹ(x̃)

dx̃
− ∆±ỹ(x̃) = 0 . (A.9)

A basis of solutions for this differential equation is given by Kummer’s function
M(a, b, z) [27]

y−(x) = x−∆−M

(
∆−, 2∆− + 2 − α,

β

x

)
, (A.10)

y+(x) = x−∆+M

(
∆+, 2∆+ + 2 − α,

β

x

)
. (A.11)

The author of this thesis argued in [27] that only polynomial solutions are normalizable
and therefore yield physical states. The condition for M(a, b, z) to condensate into a
polynomial is [98]

∆±
!

= −n, n ∈ {0, 1, 2, . . . } , (A.12)

This equation can only be solved for ∆− and reads

γ = −n2 − n (α− 1) . (A.13)

The corresponding solution y(x) can easily be found by placing this back into our
basis of solutions, yielding

y(x) = xnM

(
−n,−2n+ 2 − α,

β

x

)
. (A.14)

It turns out that Kummer’s function for these special parameters gives associated

Laguerre polynomials L
(a)
n (x) and henceforth [98]

y(x) = xnL(−2n+1−α)
n

(
β

x

)
, (A.15)

where some constants were absorbed.
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A.3. Shape invariance of the effective potential

We want to show that the effective potential of the pseudosphere in a perpendicular
magnetic field,

V (l) =
m

a
exp

(
l

a

)
+ akB , (A.16)

with k = e/ℏ is shape invariant in the sense of SUSY (Eq. 2.4). We need the expressions

V 2(l) =
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2l
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)
+ a2k2B2 + 2mkB exp

(
l

a

)
, V ′(l) =

m

a2
exp

(
l

a

)
, (A.17)

to write down the SUSY potentials [78]

VS±(l) =
m2

a2
exp

(
2l

a

)
+m

(
2kB ± 1

a2

)
exp

(
l

a

)
+ a2k2B2 . (A.18)

Shape invariance requires the difference

VS−(m1, B1, l) − VS+(m2, B2, l) = +
m2

1 −m2
2

a2
exp

(
2l

a

)
(A.19)

+2k(B1m1 −B2m2) exp

(
l

a

)
−m1 +m2

a2
exp

(
l

a

)
+a2k2(B2

1 −B2
2)

to be of the form R(m1, B1). Therefore, all non-constant terms have to vanish. The first
term implies |m1| = |m2| which only leaves the two possibilites m2 = ±m1. Choosing the
angular quantum numbers to have opposite sign leads to B1 = −B2 and R(m1, B1) = 0.
This is the almost trivial shape invariance which always holds but does not yield the
full spectrum. The equal sign solution leads to the constraint B2 = B1 − 1/(ka2) and
therefore to B2 = f(B1) = B1−1/(ka2) and R(B1) = 2kB1−1/a2 which is a translational
shape invariance.

A.4. Action integral for the pseudosphere

We want to solve an integral of the form

I =

∫ s>

0
ds
√
A−B cosh(Cx) , (A.20)
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where s> and s< are the zeros of the radicand with s< < s> for A,B,C > 0. It makes
sense to perform the substitution cosh(Cs) = 1 + A−B

B t which yields

I =
A−B

C
√

2B

∫ 1

0
dt t−

1
2 (1 − t)

1
2

(
1 +

A−B

B
t

)− 1
2

(A.21)

=
A−B

C
√

2B

Γ
(
1
2

)
Γ
(
3
2

)
Γ(2)

2F1

(
1

2
,

1

2
; 2;−A−B

B

)
=

π

2

A−B

C
√

2B
2F1

(
1

2
,

1

2
; 2;−A−B

B

)
=

π

2

A−B

C
√

2A
2F1

(
3

2
,

1

2
; 2;

A−B

A

)
where we used the integral representation of the Gaussian hypergeometric function

2F1 (a, b; c; z) [98] and a Pfaff transformation in the last step [98].

A.5. Action integral for the general class of surfaces

We want to solve an integral of the form

I =

∫ s>

s<

ds
√
A−Bsκ − Cs−κ , (A.22)

where s< and s> are the zeros of the radicand with s< < s> for κ > 0 and s> < s< for
κ < 0 and A,B,C > 0. It makes sense to perform the substitution u = sκ which yields

I =
1

κ

∫ u>

u<

duu−
κ−1
κ

√
A−Bu− Cu−1 (A.23)

=
1

κ

∫ u>

u<

duu−
3κ−2
2κ

√
−Bu2 +Au− C

=

√
B

κ

∫ u>

u<

duu−
3κ−2
2κ

√
(u− u<)(u> − u) ,

note that here it always holds that u< < u>. Now we can perform the substitution
u = u< + (u> − u<)t which gives

I =

√
B

κ
(u> − u<)2

∫ 1

0
dt (u< + (u> − u<)t)−

3κ−2
2κ

√
t(1 − t) (A.24)

=

√
B

κ
(u> − u<)2 u

− 3κ−2
2κ

<

∫ 1

0
dt

(
1 +

(
u>
u<

− 1

)
t

)− 3κ−2
2κ √

t(1 − t)

=

√
B

κ
(u> − u<)2 u

− 3κ−2
2κ

<

Γ
(
3
2

)
Γ
(
3
2

)
Γ(3)

2F1

(
3

2
− 1

κ
,

3

2
; 3; 1 − u>

u<

)
=

π
√
B

8κ
(u> − u<)2 u

− 3
2
+ 1

κ
< 2F1

(
3

2
− 1

κ
,

3

2
; 3; 1 − u>

u<

)
,

where we used the integral representation of the Gaussian hypergeometric function

2F1 (a, b; c; z) [98].

100



A.6. Laplace transform of the antiderivate of the Fermi-Dirac distribution

A.6. Laplace transform of the antiderivate of the Fermi-Dirac
distribution

The second derivative of F (E) reads

F ′′(E) = − 1

2T

1

1 + cosh
(
E
T

) . (A.25)

The bilateral Laplace transform is given by

F ′′(s) = − 1

2T

∫ ∞

−∞
dE

exp(−Es)
1 + cosh

(
E
T

) (A.26)

= −1

2

∫ ∞

−∞
dz

exp(−Tzs)
1 + cosh(z)

= iπ
∞∑
n=0

Res
z=−iπ(2n+1)

{
exp(−Tzs)
1 + cosh(z)

}

= i2πTs
∞∑
n=0

exp (iπT (2n+ 1)s)

= i2πTs exp (iπTs)

∞∑
n=0

exp (i2πnTs)

= i2πTs
exp (iπTs)

1 − exp (i2πTs)

= − i2πTs

exp (iπTs) − exp (−iπTs)

= − πTs

sin (πTs)
,

where we used the residue theorem and the integration contour shown in Fig. A.1.
The region of convergence is obviously −1/T < σ < 1/T .

A.7. Fermi-Dirac integral for oscillating density of states

We can solve the integrals involving F ′′(E) and a quickly oscillating function with am-
plitude A(E) and phase S(E) using the approximation [104]∫ ∞

0
dE A(E) exp(iS(E))F ′′(E − µ) ≈ −A(µ) exp(iS(µ))

πTS′(µ)

sinh(πTS′(µ))
, (A.27)

where S′ = dS/dE and A(E) varies slowly compared to the oscillating term. With this,
we easily find ∫ ∞

0
dE cos

(
πk

2ν
E2

)
F ′′(E − µ) ≈ −π

2Tkµ

ν

cos
(
πkµ2

2ν

)
sinh

(
π2Tkµ

ν

) , (A.28)
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Im{z}

Re{z}

Figure A.1: Contour (blue) for evaluation of the integral, as well as poles of the integrand
(red). The radius of the half circle goes to infinity in the real calculation. A finite radius
was only chosen for the sake of illustration.

∫ ∞

0
dE E2 sin

(
πk

2ν
E2

)
F ′′(E − µ) ≈ −π

2Tkµ3

ν

sin
(
πkµ2

2ν

)
sinh

(
π2Tkµ

ν

) . (A.29)

For the integral of the oscillating part of the Fresnel functions, we use an integral repre-
sentation derived in [70], which we adapted to our definition of the Fresnel integrals,

C̃(x) = − 1√
2π

Re

{∫ ∞

0
du

1√
u

exp
(
−π

2 (u− i)x2
)

u− i

}
, (A.30)

S̃(x) = − 1√
2π

Im

{∫ ∞

0
du

1√
u

exp
(
−π

2 (u− i)x2
)

u− i

}
. (A.31)
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A.7. Fermi-Dirac integral for oscillating density of states

Applying the approximation yields∫ ∞

0
dE E3C̃

(√
k

ν
E

)
F ′′(E − µ) (A.32)

= − 1√
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and ∫ ∞

0
dE ES̃
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k

ν
E
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F ′′(E − µ) (A.33)
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