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Abstract
We study the two-phase, horizontally periodic, quasistationary Stokes flow in two dimensions
driven by surface tension and gravity effects in the general context of fluids with (possibly)
different viscosities and densities. The sharp interfacewhich separates the fluids is assumed to
be the graph of a periodic function. Themathematical model is then recast as a fully nonlinear
and nonlocal evolution equation involving only the function parametrizing the interface. Our
main results include well-posedness and a parabolic smoothing property, as well as a study of
equilibrium solutions in subcritical Sobolev spaces. In particular, we establish the Rayleigh–
Taylor instability of small, finger-shaped equilibria and prove that the stability properties of
flat interfaces depend on the sign of a certain parameter.

Keywords Periodic stokes flow · Well-posedness · Rayleigh–Taylor instability · Gravity ·
Surface tension

Mathematics Subject Classification 31A10 · 35B65 · 35K55 · 76D07 · 76E17

1 Introduction

The subject of this paper is the study of the two-phase, horizontally periodic, quasistationary
Stokes flow in two spatial dimensions. We assume that the flow is driven by the capillarity of
the interface �(t) separating the two immiscible fluid phases as well as gravity effects. This
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leads us to the following system of equations

μ±�v±(t)− ∇q±(t) = 0 in �±(t),
div v±(t) = 0 in �±(t),

[v(t)] = 0 on �(t),
[Tμ(v(t), q(t))]ν̃(t) = (�x2 − σ κ̃(t))ν̃(t) on �(t),

(v±(t), q±(t))(x) →
(

± c1,�(t)
μ± ,± c2,�(t)

μ± ,±c3,�(t)
)

for x2 → ±∞ uni-

formly in x1 ∈ S,

Vn(t) = v(t) · ν̃(t) on �(t)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(1.1a)

for t > 0. Here, �+(t) denotes the two fluid phase above the interface �(t), while �−(t) is
the one below. In particular, we have �(t) = ∂�±(t) and S × R = �(t) ∪ �+(t) ∪ �−(t)
for t > 0. We denote by ν̃ = ν̃(t) the unit normal exterior to �−(t) while κ̃ = κ̃(t) denotes
the curvature of the interface �(t). Moreover, we assume that there exists a periodic function
f (t) : S → R such that �(t) is given by the graph of this function, i.e.

�(t) = {x = (x1, x2) ∈ S × R : x2 = f (t, x1)}, t > 0.

Here, S := R/2πZ denotes the unit circle, functions defined on S being interpreted as
2π-periodic on R. The system (1.1a) is supplemented with the initial condition

f (0) = f0. (1.1b)

In (1.1a), v± = v±(t) : �±(t) → R
2 denotes the velocity field of the liquid located in the

phase �±(t), while q± = q±(t) : �±(t) → R is given by

q±(t, x) = p±(t, x)+ gρ±x2, x = (x1, x2) ∈ �±(t),

where p± = p±(t) is the pressure in �±(t). The positive constants ρ± and μ± describe the
density and viscosity of the fluid located in the phase �±(t), respectively. Furthermore, we
define the stress tensor Tμ±(v±, q±) by

Tμ±(v±, q±) := −q± I2 + μ±(∇v± + (∇v±)�
)
, (∇v±)i j := ∂ jv

±
i , i, j = 1, 2.

(1.1c)
We let [v] and [Tμ(v, q)] be the jump of the velocity and the stress tensor across the interface,
respectively; see the definition (2.4) below. Then, we introduce the constant

� := −g[ρ] ∈ R, (1.1d)

where g ≥ 0 is the Earth’s gravity. Furthermore, σ > 0 is the surface tension coefficient,
Vn is the normal velocity of the interface �(t), x · y is the Euclidean scalar product of two
vectors x, y ∈ R

n , and In is the identity matrix in R
n×n .

The (spatially) constant vector c�(t) := (c1,�(t), c2,�(t), c3,�(t)) ∈ R
3, which characterizes

the far-field behavior of both the velocity and the pressure, is a priori unknown and, together
with v±(t) and q±(t), constitutes part of the solution. However, it turns out that not only v±(t)
and q±(t), but also c�(t) are uniquely determined at each time t > 0 by the function f (t);
see Theorem 5.1. We therefore sometimes refer simply to f = f (t) as the solution to (1.1).
In contrast to the last two components of c�(t), the first component c1,�(t) depends in a subtle
way on f (t) and reflects the average vorticity in S × R at time t > 0, that is,

c1,�(t) = − μ+μ−

2π(μ+ + μ−)
PV

∫

S×R

curl v(t) dx, c2,�(t) = 0, c3,�(t) = −�

2
〈 f (t)〉,
(1.1e)
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see (1.6)–(1.7). We note that, when the fluid viscosities are equal, the dependence of c1,�(t)
on f (t) becomes explicit; see [3, Eq. (1.1c)].

Research on quasistationary Stokes flow has its origins in the study of single-phase fluids
evolving in sufficiently smooth domains �(t) ⊂ R

d , d ≥ 2. In [24], well-posedness near
smooth and strictly star-shaped configurations and exponential stability of balls were estab-
lished. Alternative proofs of exponential stability, based on power series techniques, were
later provided in dimensions d ∈ {2, 3} in [15, 16]. More recently, exponential stability of
balls was also shown in the planar two-phase situation, where one fluid encloses the other
and the interface dynamics are governed by surface tension [7]. In a different direction, the
quasistationary Stokes equations arise as the singular zero–Reynolds number limit of the
Navier–Stokes system; see [46, 47].

The two-phase version of the problem in bounded geometries, including possible phase
transitions and in arbitrary dimension d ≥ 2, is treated systematically in the monograph [42]
while stabilization of balls using a feedback operator acting on the interface was studied in
[8].

The non-periodic counterpart of (1.1) with gravity effects excluded and general viscosities
was studied in [35, 36], where local well-posedness was obtained in Hr (R) for exponents
r ∈ (3/2, 2) arbitrarily close to the critical value r = 3/2, cf. [36, Remark 1.2]. The singular
limit of the two-phase problem, when one of the viscosities tends to zero, was studied in [37]
and it was shown therein that it converges to the one-phase problem.

When surface tension is neglected (σ = 0), the problem reduces to an ODE formulation,
yielding local [17] and global well-posedness [18] in the setting of Hölder space. Importantly,
the case σ = 0 coincides with the transport Stokes system, a model for sedimentation of
rigid particles in viscous fluids [23, 26, 30, 38, 39].

A related line of research concerns the Peskin problem for an elastic string immersed in
a viscous fluid, which shares the same equations for the dynamics in the bulk as (1.1) (with
g = 0). Recent results include [5, 6, 19–22, 31, 40].

This paper extends the study [3], which analyzed problem (1.1) under the assumption
of equal viscosities, to the more general setting of possibly distinct viscosities. In addi-
tion, we provide a comprehensive study of equilibrium solutions to (1.1). While in the
non-periodic case [36] neither gravity effects could be incorporated, nor the stability of
equilibrium solutions was addressed, we still pursue the same strategy as therein for solv-
ing (1.1). Specifically, at each time step t > 0, we determine the velocity, the pressure, and
the constant c� from (1.1a) assuming that f (t) ∈ H3(S). For equal viscosities, this is done by
constructing (v±, q±) via the hydrodynamical single-layer potential with gravity and cap-
illary forces as density, c.f. [3, 29]. When the viscosities differ, this is not applicable since
[μv] �= 0 on �. To handle this, we use the hydrodynamic double-layer potential, where the
density solves a linear, singular integral equation of the second kind depending on the veloc-
ity field obtained from the single-layer potential; see (5.5). In Theorem 5.1, we prove that
the fixed-time problem associated with (1.1a) admits a unique solution, given precisely by
the sum of the single-layer and double-layer potentials; see (5.16). A substantial distinction
between the periodic and non-periodic cases lies in the far-field boundary condition (1.1a)5.
In the non-periodic case, the velocity converges to zero at infinity; in contrast, in the peri-
odic setting, the velocity profile becomes asymptotically horizontal as x2 → ±∞, with its
magnitude determined by the average vorticity in S×R, but the profiles +∞ and −∞ have
opposite signs. Similarly, for x2 → ±∞, the pressure differs from the hydrostatic pres-
sure by a constant depending on f taking opposite signs at ±∞. It is noteworthy that the
constant describing the pressure deviation is influenced solely by gravity effects, whereas
capillary effects primarily determine the constant characterizing the far-field velocity. When
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the fluid viscosities differ, however, this velocity constant may also be affected by gravity in
a non-trivial way; see (5.7).

Using the kinematic boundary condition (1.1a)6, we then reformulate (1.1) as a single
nonlocal, fully nonlinear evolution equation for f , the corresponding evolution operator
being well-defined for f ∈ Hr (S) with r > 3/2. Exploiting both new mapping properties
and those established in [3] for the underlying singular integral operators, we prove that the
resulting evolution equation is parabolic in the sense of Proposition 5.2. Applying the abstract
parabolic theory from [32], we finally obtain local well-posedness of (1.1) together with a
parabolic smoothing property.

The results are summarized in the following first main theorem.

Theorem 1.1 Let � ∈ R, σ,μ+, μ− ∈ (0,∞), r ∈ (3/2, 2), and f0 ∈ Hr (S). Then, the
following hold:

(i) (Well-posedness) There exists a unique maximal solution ( f , v±, q±, c�) to (1.1) with

f := f (·, f0) ∈ C
([0, T+),Hr (S)

) ∩ C1([0, T+),Hr−1(S)
)
,

and such that for each t ∈ (0, T+) we have f (t) ∈ H3(S) and

v±(t) ∈ C2(
�±(t),R2) ∩ C1(

�±(t),R2)
, q±(t) ∈ C1(

�±(t)
) ∩ C

(
�±(t)

)
,

where T+ = T+( f0) ∈ (0,∞].
(ii) (Parabolic smoothing) The function f is smooth on (0, T+)× S, that is,

[
(t, ξ) �→ f (t, ξ)

] ∈ C∞(
(0, T+)× S,R

)
.

(iii) (Global existence) The solution is global, that is T+( f0) = ∞, provided that for each
T > 0,

sup
t∈[0,T ]∩[0,T+( f0))

‖ f (t)‖Hr < ∞.

Before presenting our main result on the existence and stability properties of equilibrium
solutions to (1.1); see Theorem 1.2, we note that the set of solutions to (1.1) is invariant
under horizontal and vertical translations. Indeed, if ( f , v±, q±, c�) is a solution to (1.1),
then ( f̃ , ṽ±, q̃±, c�̃) with

f̃ (t, ξ) = f (t, ξ − a)+ c, ṽ±(t, x) = v±(t, x − (a, c)), (1.2a)

and

q̃±(t, x) = q±(t, x − (a, c))∓ c�

2
, c�̃ = c� − (0, 0, c�/2) (1.2b)

is also a solution to (1.1). Furthermore, the integral mean 〈 f 〉 is preserved by the flow since,
by (1.1a)2, (1.1a)6, and (1.1e)

d〈 f 〉
dt

(t) =
∫

�(t)
v(t) · ν̃(t) dσ =

∫

�±(t)
div v±(t) dx = 0, t ∈ (0, T+). (1.3)

The properties (1.2)–(1.3) will be considered when analyzing the stability of equilibrium
solutions. In particular, we focus on equilibrium solutions with zero integral mean and exam-
ine their stability under perturbations that also have zero integral mean. To this end, we
define

Ĥs(S) := { f ∈ Hs(S) : 〈 f 〉 = 0}, s ≥ 0.
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Surprisingly, the set of equilibrium solutions to the Stokes flow (1.1) coincides with that of
the periodic Muskat problem with surface tension; see Theorem 6.2 and [11, 13, 34, 45].
Equilibrium solutions to (1.1) with zero integral mean are characterized by the fact that
f ∈ C∞(S) solves the capillarity equation

κ( f )+ λ f = 0, where λ := g[ρ]
σ

, (1.4)

the complete picture of the equilibrium solutions to (1.1) being provided in Sect. 6.
In Theorem 1.2, we show that the trivial equilibrium f = 0 is exponentially stable if

g[ρ]/σ < 1, which happens either when the fluid below is denser than the fluid above, or
when [ρ] > 0 is smaller than σ/g. If, however, g[ρ]/σ > 1, the equilibrium f = 0 is
unstable in the sense that there exists a neighborhood of zero in Ĥr (S) and solutions starting
arbitrarily close to 0 that eventually leave this neighborhood. This reflects the fact that gravity
amplifies small disturbances when ρ+ > ρ−, a phenomenon known as the Rayleigh—Taylor
instability; see [44, 48]. Similar instabilities have also been extensively studied in related two-
phase problems, including the Muskat problem [13, 34], the Verigin problem [43], and the
full Navier–Stokes equations [25, 27, 41, 50, 51].

Moreover, if g[ρ]/σ exceeds a threshold value λ∗ ∈ (0, 1); see (6.3), the Stokes flow (1.1)
may also possess finger-shaped equilibria which are located on global bifurcation branches
(of solutions to (1.4)). These describe configurations where the heavier fluid positioned
above intrudes into the lighter fluid below, forming characteristic finger-like patterns. In
Theorem 1.2 we prove, by applying the exchange of stability principle due to Crandall and
Rabinowitz [10], that the small finger-shaped equilibrium solutions, which have a cosine-
shaped profile, also feature the Rayleigh–Taylor instability property. The stability properties
of finger-shaped equilibria with large slopes (which become unbounded as one approaches
the end of the global bifurcation branches) are not addressed byTheorem1.2, and this remains
an open problem.

Theorem 1.2 (Exponential stability/Rayleigh–Taylor instability) Let σ,μ+, μ− ∈ (0,∞),

� ∈ R, and r ∈ (3/2, 2) be given.

(i) (Stability properties of the trivial solution f = 0) Let

ϑ0 := σ +�

2(μ+ + μ−)
1[0,∞)(σ −�)+

√
σ�

μ+ + μ− 1(0,∞)(�− σ). (1.5)

(a) (Exponential stability) Assume σ +� > 0 and choose ϑ ∈ (0, ϑ0). Then, there exist
constants δ > 0 and M > 0, such that for any f0 ∈ Ĥr (S) satisfying ‖ f0‖Hr < δ,

the solution to (1.1) exists globally, i.e. T+( f0) = ∞ and

‖ f (t)‖Hr +
∥∥∥∥
d f

dt
(t)

∥∥∥∥
Hr−1

≤ Me−ϑ t‖ f0‖Hr for all t ≥ 0.

(b) (Rayleigh–Taylor instability) If σ +� < 0, then the zero solution is unstable.

(ii) (Rayleigh–Taylor instability of small finger-shaped equilibria)For any � ∈ N, there exists
a smooth bifurcation curve (λ�, f�) : (−δ�, δ�) → R × Ĥr (S), δ� > 0, such that

⎧⎨
⎩
λ�(s) := �2 − 3�4

8
s2 + O(s4) in R,

f�(s) := s cos(�·)+ O(s2) in Ĥr (S),

for s → 0,

with f�(s) being an even equilibrium to (1.1) if � = −σλ�(s). The equilibrium f�(s) is
unstable if 0 ≤ |s| < δ� and δ� is sufficiently small.
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Lastly, we fix some notation which will be used throughout this paper.

Notation

Let E1, . . . , En, E, F be Banach spaces, with n ∈ N. We write Ln(E1, . . . , En, F) for
the Banach space of bounded n-linear maps from

∏n
i=1 Ei into F . In the special case

when Ei = E for all 1 ≤ i ≤ n, we abbreviate this by Ln(E, F), and let Ln
sym(E, F) denote

the subspace of symmetric operators. Given an open set U ⊂ E , we write C1−(U, F) for
the space of locally Lipschitz continuous mappings, and C∞(U, F) for the space of smooth
mappings from U to F .

For a function w = (w1, w2) : O → R
2, where O is an open subset in S × R, we set

curlw := ∂1w2 − ∂2w1, (1.6)

and, given f : S → R,

〈 f 〉 := 1

2π

∫ π

−π
f (ξ) dξ (1.7)

is the integral mean of f .

Outline

In Sect. 2 and Appendix B, we prove the unique solvability of a stationary two-phase Stokes
problem with prescribed velocity jump across the interface, using the hydrodynamic double-
layer potential, and also treat a corresponding homogeneous problem. Sections3–4 (based
on results from Appendix A) analyze the resolvent set of the double-layer potential operator
in L2(S) and in higher-order Sobolev spaces. In Sect. 5, we solve the fixed-time problem
corresponding to (1.1a), reformulate (1.1) as an evolution equation for f , and establish its
parabolic character, leading to the proof of Theorem 1.1. Finally, in Sect. 6, we identify and
study the equilibrium solutions of (1.1) and prove Theorem 1.2.

2 Layer potentials and the unique solvability of a boundary value
problemwith transmission boundary conditions

In the first part of this section, we consider the following boundary value problem with
boundary conditions of transmission type

�v± − ∇q± = 0 in �±,
div v± = 0 in �±,

[v] = β ◦�−1 on �,
[T1(v, q)]ν̃ = 0 on �,
(v±, q±)(x) → ±(c1, c2, 0) for x2 → ±∞ uni-

formly in x1 ∈ S,

⎫
⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

(2.1)

where f ∈ H3(S), β ∈ H2(S)2, and c1, c2 ∈ R, and show that problem (2.1) has a classical
solution in the sense of (2.5) (which is unique) only for a particular choice of the constants
c1, c2. Moreover, the solution admits an explicit integral representation; see Theorem 2.1
below. In the second part of this section, we investigate in Proposition 2.2 the unique solvabil-
ity of a homogeneous boundary value problem associated with (1.1a)1–(1.1a)5. These results
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play a central role in the proof of Theorem 5.1, where we show, in the context of (1.1a), that
the function parametrizing the interface between the fluids determines, at each moment, the
velocity and pressure in both fluid layers.

We begin by introducing some notation and conventions that will be used throughout the
paper. In (2.1) we set

�± := {x = (x1, x2) ∈ S × R : x2 ≷ f (x1)}, � := {(ξ, f (ξ)) ∈ S × R : ξ ∈ S},
and � := � f : S → � is the C5/2-diffeormorphism � := (idS, f ). We further define

ω := ω( f ) := (1 + f ′2)1/2, ν := (ν1, ν2) := ν( f ) := ω−1(− f ′, 1)�,
τ := τ( f ) := ω−1(1, f ′)�. (2.2)

Given a function w : (S × R) \ � → R
k , k ∈ N, we set w± := w|�± and denote by

{w}±(x0) := lim
�±�x→x0

w(x), x0 ∈ �, (2.3)

the one-sided limits of w in x0 ∈ �, provided that these limits exist. Moreover,

[w](x0) := {w}+(x0)− {w}−(x0) (2.4)

is the jump of w across � in x0 ∈ �.
Vice versa, we associate to each pair of functions w± : �± → R

k , k ∈ N, the mapping
w := 1�+w+ + 1�−w−, which is defined a.e. in S × R.

By a classical solution to (2.1) (and to the other transmission problems considered later
on) we mean a pair (v, q) ∈ X f , where

X f :=
{
(v, q) : (S × R) \ � → R

2 × R

∣∣∣∣
v± ∈ C2(�±,R2) ∩ C1(�±,R2)

q± ∈ C1(�±) ∩ C(�±)

}
. (2.5)

We recall that the x1-periodic Stokeslet (U,P), with U = (Uk
j )1≤ j,k≤2 and

P = (P1,P2)�, is given by

U(x) = 1

8π

(
z0(x)+ x2z2(x) −x2z1(x)

−x2z1(x) z0(x)− x2z2(x)

)
, P = − 1

4π
(z1, z2)

� (2.6)

for x = (x1, x2) ∈ (S × R) \ {0}; see [3, 17], where, using the shorthand notation

t[x1] := tan
( x1
2

)
, x1 ∈ R \ (π + 2πZ), and T[x2] := tanh

( x2
2

)
, x2 ∈ R, (2.7)

we set

z0(x) := ln

(
t2[x1] + T 2[x2]

(1 + t2[x1])(1 − T 2[x2])

)
, z1(x) := t[x1](1 − T 2[x2])

t2[x1] + T 2[x2]
,

z2(x) := (1 + t2[x1])T[x2]
t2[x1] + T 2[x2]

, z3(x) := x2z5(x),

z5(x) := (1 + t2[x1])(1 − T 2[x2])(t
2[x1] − T 2[x2])

2(t2[x1] + T 2[x2])
2

, z4(x) := x2z6(x),

z6(x) := t[x1]T[x2](1 + t2[x1])(1 − T 2[x2])
2(t2[x1] + T 2[x2])

2
.

(2.8)
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Noticing that,

∇z0 = (z1, z2)
�, ∇z1 = (−z5,−2z6)

�, ∇z2 = (−2z6, z5)
�, (2.9)

the partial derivatives of (U,P) are given by

∂1U = 1

8π

(
z1 − 2z4 z3

z3 z1 + 2z4

)
, ∂1P = 1

4π
(z5, 2z6)

�,

∂2U = 1

8π

(
2z2 + z3 −z1 + 2z4

−z1 + 2z4 −z3

)
, ∂2P = 1

4π
(2z6,−z5)

�.
(2.10)

Since (Uk,Pk) with Uk := (Uk
1 ,Uk

2 )
�, k = 1, 2, solve the homogeneous Stokes equations

�U − ∇P = 0,
divU = 0

}
in (S × R) \ {0}; (2.11)

see [3, Eq. (2.9)], straightforward computations show that

(W i,k,Qi,k) : (S × R) \ {0} → R
2 × R

with
W i,k

j := −Pkδi j + ∂iUk
j + ∂ jUk

i , j = 1, 2, Qi,k := 2∂iPk, (2.12)

are solutions to (2.11) for i, k = 1, 2. SettingW j := (W i,k
j )1≤i,k≤2 andQ := (Qi,k)1≤i,k≤2,

we infer from (2.6) and (2.10) that

W1 = 1

4π

(
2z1 − 2z4 z2 + z3
z2 + z3 2z4

)
, W2 = 1

4π

(
z2 + z3 2z4
2z4 z2 − z3

)
, Q = 1

2π

(
z5 2z6
2z6 −z5

)
.

(2.13)
To solve (2.1), we introduce the hydrodynamic double-layer potential (v, q) = (v, q)[β],
with v = (v1, v2)

�, generated by the density β ◦�−1, cf. [29], defined for x ∈ �± by

v j (x) := v j [β](x) :=
∫ π

−π
W i,k

j (r)νi (s)βk(s)ω(s) ds, j = 1, 2,

q(x) := q[β](x) :=
∫ π

−π
Qi,k(r)νi (s)βk(s)ω(s) ds,

(2.14)

with
r = r(x, s) := x − (s, f (s)), x ∈ (S × R) \ �, s ∈ S.

Defining for ϕ ∈ L2(S) the integral operators Zi ( f )[ϕ] : (S × R) \ � → R, 1 ≤ i ≤ 4, by

Zi ( f )[ϕ](x) := 1

2π

∫ π

−π
zi (r)ϕ(s) ds; (2.15)

see [3, Lemma C.1], and using the shorthand Zi := Zi ( f ), we have, using obvious matrix
notation,

v = v[β] = 1

2

(
Z2 + Z3 2Z4

2Z4 Z2 − Z3

) [
β1
β2

]
− 1

2

(
2Z1 − 2Z4 Z2 + Z3

Z2 + Z3 2Z4

) [
f ′β1
f ′β2

]
. (2.16)

Since (2.10) and (2.12) imply that

Qi,k(r)νi (s)βk(s)ω(s) = 2∂s
(P1(r)

)
β2(s)− 2∂s

(P2(r)
)
β1(s), s ∈ S,

we obtain from (2.6) and integration by parts in (2.14) the formula

q = q[β] = Z1( f )[β ′
2] − Z2( f )[β ′

1]. (2.17)
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The pair (v, q) defined in (2.14) is the solution to the boundary value problem (2.1), as stated
in the following result.

Theorem 2.1 Given f ∈ H3(S) and β ∈ H2(S)2, problem (2.1) has a solution (v, q) ∈ X f

if and only if the constants c1, c2 in (2.1)5 are given by

c1 = 〈β1 − f ′β2〉
2

and c2 = 〈β2 − f ′β1〉
2

. (2.18)

Assuming (2.18), the solution (v, q) is unique and is given by (2.14) (or (2.16)–(2.17)).
Moreover, we have

T1(v
±, q±)(x) → 0 for x2 → ±∞ uniformly in x1 ∈ S. (2.19)

Proof That our solutions satisfy the equations (2.1)1−2 and are unique follows as in the proof
of [3, Theorem 2.2]. The boundary conditions (2.1)3−4 as well as the far-field conditions
(2.1)5 and (2.19) are established in Lemma B.1 and Lemma B.2. ��

To establish the unique solvability of the boundary value problem (1.1a)1–(1.1a)5 (at a
fixed time t > 0), we consider the homogeneous boundary value problem

�v± − ∇q± = 0 in �±,
div v± = 0 in �±,

μ−v+ − μ+v− = 0 on �,
[T1(v, q)]ν̃ = 0 on �,

(μ∓v±, q±)(x) → ±c for x2 → ±∞ uni-
formly in x1 ∈ S,

⎫
⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

(2.20)

with c ∈ R
3, and prove that (2.20) has a solution (v, q) ∈ X f if and only if c = 0, the solution

being moreover unique. Note that, upon replacing v± by μ±(v± + A), where A ∈ R
2 is a

suitable constant vector, the problems (2.20) and (1.1a)1–(1.1a)5 (with the right-hand side of
(1.1a)4 replaced by 0) become equivalent.

Proposition 2.2 Given f ∈ C1(S) and c ∈ R
3, the transmission boundary value prob-

lem (2.20) has a solution (v, q) ∈ X f if and only if c = 0. In this case, the solution is unique
(and trivial).

Proof Assume that (2.20) has a solution (v, q) ∈ X f for some c = (c1, c2, c3) ∈ R
3. Then,

in view of (2.20)3, we have

ψ := μ−v+1�+ + μ+v−1�− ∈ C(S × R)2 ∩ H1
loc(S × R)2.

Given φ ∈ C(S × R)2 ∩ H1(S × R)2 with compact support, we compute, using Stokes’
theorem and (2.20)2, that∫

�±
φ± · (

�v± − ∇q±)
dx ±

∫

�

φ±�( − q± I2 + ∇v± + (∇v±)�
)
ν̃ dσ

= −1

2

∫

�±

(∇φ± + (∇φ±)�
) : (∇v± + (∇v±)�

)
dx +

∫

�±
q± div φ± dx,

where A : B is the Frobenius inner product of matrices A, B ∈ R
2×2, with |A| := √

A : A
being the associated norm. Summing up, we obtain in view of (2.20)1 and (2.20)4, using also
the continuity of φ, that

∫

S×R

(
1

μ− 1�+ + 1

μ+ 1�−
)(∇ψ + (∇ψ)�) : (∇φ + (∇φ)�)

dx = 2
∫

S×R

q div φ dx .

(2.21)

123



Journal of Dynamics and Differential Equations

Let u ∈ C∞(R, [0, 1]) be an even function with u(t) = 1 for |t | ≤ 1 and u(t) = 0 for
|t | ≥ 2. For each integer n > ‖ f ‖∞, we define the even function un ∈ C∞(R, [0, 1]) by
un(t) = u(t − n+ 1) for t ∈ [n, n+ 1], un(t) = 1 for |t | ≤ n, and un(t) = 0 for |t | ≥ n+ 1.
Then, setting

φn(x) := un(x2)ψ(x), x ∈ S × R,

we conclude that φn ∈ C(S × R)2 ∩ H1(S × R)2 has compact support.
Using φn as a test function in (2.21) and noticing by (2.20)2 that for a.e. x ∈ S × R

div φn(x) = u′
n(x2)ψ2(x),

∇φn + (∇φn)�(x) = un(x2)
(∇ψ + (∇ψ)�)

(x)+ u′
n(x2)

(
0 ψ1

ψ1 2ψ2

)
(x),

we arrive at ∫

S×R

1{|x2|<n}
∣∣∇ψ + (∇ψ)�∣∣2 dx ≤ max{μ+, μ−}Rn, (2.22)

where Rn := RI
n + RI I

n and

RI
n := 2

∫

S×R

u′
n(x2)(qψ2)(x) dx,

RI I
n := −

∫

S×R

(
1

μ− 1�+ + 1

μ+ 1�−
)
u′
n(x2)

(∇ψ + (∇ψ)�) :
(
0 ψ1

ψ1 2ψ2

)
(x) dx .

Since (v, q) ∈ X f , it is straightforward to infer from (2.20)2 and (2.20)5 that (Rn) is a
bounded (actually convergent) sequence, implying that

∇ψ + (∇ψ)� ∈ L2(S × R,R2×2). (2.23)

Moreover, it holds that
∫

S×R

|∇φn |2 dx +
∫

S×R

| div φn |2 dx = 1

2

∫

S×R

|∇φn + (∇φn)�|2 dx . (2.24)

Since (2.23) ensures that the right side of (2.24) defines a bounded sequence inR, we deduce
that ∇ψ ∈ L2(S × R,R2×2). Exploiting this property, the oddness of u′, and (2.20)5 we
easily obtain that Rn → 0 for n → ∞. Consequently, we may infer from (2.22) that
∇ψ + (∇ψ)� = 0 in L2(S × R,R2×2). In view of this property, the identity (2.24) may be
reformulated as∫

S×R

u2n(x2)|∇ψ |2(x) dx +
∫

S×R

(u2n)
′(x2)(ψ · ∂2ψ)(x) dx = 0,

the second term on the left side converging, due to (2.20)5, (v, q) ∈ X f , and because
of ∇ψ ∈ L2(S × R,R2×2), to 0 as n → ∞. This in turn implies that ∇ψ = 0 and together
with (2.20)5 we conclude that ψ = 0 and (c1, c2) = 0. Since (2.20)1 and (2.20)5 ensure that
q = 0 and c3 = 0, this completes the proof. ��

3 The L2–resolvent of the double-layer potential operator

In this section, we introduce the double-layer potential operator D( f ) associated with the
Stokes operator and the periodic graph� = {(ξ, f (ξ)) : ξ ∈ S}, where f ∈ C1(S) is an arbi-
trary function. We prove that D( f ) ∈ L(

L2(S)2
)
, and subsequently analyze its resolvent set;
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see Theorem 3.2. This result is used in Sect. 4 where, under stronger regularity assumptions
on f , we further investigate these properties within different C∗-algebraic frameworks.

The analysis in this part uses properties of a particular class of (singular) integral operators
introduced in [3], which we now recall. Givenm, n, p, q ∈ N0 satisfying p ≤ n+q+1 and
Lipschitz continuous mappings a = (a1, . . . , am) : R → R

m , b = (b1, . . . , bn) : R → R
n,

c = (c1, . . . , cq) : R → R
q , we define the integral operators

B p,q
n,m(a|b)[c, ϕ](ξ) := 1

2π
PV

∫ π

−π

n∏
i=1

T[ξ,s]bi
t[s]

q∏
i=1

δ[ξ,s]ci /2
t[s]

m∏
i=1

[
1 +

(
T[ξ,s]ai
t[s]

)2]
ϕ(ξ − s)

t[s]
t p[s] ds (3.1)

and

Cn,m(a)[b, ϕ](ξ) := 1

π
PV

∫ π

−π

n∏
i=1

δ[ξ,s]bi
s

m∏
i=1

[
1 +

(
δ[ξ,s]ai

s

)2]
ϕ(ξ − s)

s
ds, (3.2)

where ϕ ∈ L2(S) and ξ ∈ R. The operators B p,q
n,m are the building blocks of the double-layer

potential operatorD( f ); see (3.7) and (3.11), while the operatorsCn,m are used in its analysis.
We adopt the shorthand notation introduced in (2.7) together with

δ[ξ,s] f := f (ξ)− f (ξ − s) and T[ξ,s] f := tanh

(
δ[ξ,s] f

2

)
, ξ, s ∈ R. (3.3)

The mappings B p,q
n,m(a|b)[c, ϕ] andCn,m(a)[b, ϕ] are 2π-periodic, provided that a, b, and

c are themselves 2π-periodic. Moreover, the periodic Hilbert transform H ; see, e.g., [4, 49],
appears in a natural way through the identity

B0,0
0,0 [ϕ](ξ) = 1

2π
PV

∫ π

−π
ϕ(ξ − s)

t[s]
ds = H [ϕ](ξ), ξ ∈ R. (3.4)

Whenever all coordinate functions of a, b, and c are identical to a given function f ∈
W1,∞(S), we set for simplicity

B p,q
n,m( f ) := B p,q

n,m( f , . . . , f | f , . . . , f )[ f , . . . , f , ·], 0 ≤ p ≤ n + q + 1, (3.5)

and
C0
n,m( f ) := Cn,m( f , . . . , f )[ f , . . . , f , ·]. (3.6)

To shorten notation, we introduce the operators

B1( f ) := B0,0
0,1 ( f )− B2,0

2,1 ( f ),

B2( f ) := B0,0
1,1 ( f )+ B2,0

1,1 ( f ),

B3( f ) := B0,1
0,2 ( f )+ B2,1

0,2 ( f )− B0,1
2,2 ( f )− 2B2,1

2,2 ( f )− B4,1
2,2 ( f )+ B2,1

4,2 ( f )+ B4,1
4,2 ( f ),

B4( f ) := B0,1
1,2 ( f )+ B2,1

1,2 ( f )− B2,1
3,2 ( f )− B4,1

3,2 ( f ),

B5( f ) := 2
(
B1,1
0,1 ( f )− B3,1

2,1 ( f )
)
,

B6( f ) := 2
(
B1,1
1,1 ( f )+ B3,1

1,1 ( f )
)
,

(3.7)
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which build the double-layer potential operatorD( f ); see (3.11) below. Moreover, related to
these operators, we define for f ∈ W1,∞(S) and ϕ ∈ L2(S) the function

B0( f )[ϕ](ξ) := 1

2π

∫ π

−π
ln

(
t2[s] + (T[ξ,s] f )2

(1 + t2[s])(1 − (T[ξ,s] f )2)

)
ϕ(ξ − s) ds, ξ ∈ S. (3.8)

The following result recalls the L2(S)-boundedness of the operators B p,q
n,m(a|b)[c, ·].

Lemma 3.1 Given n, m, p, q ∈ N0 with p ≤ n + q + 1 and (a,b) ∈ W1,∞(S)m+n, there
exists a constant C > 0 that depends only on n, m, p, q, and ‖(a′,b′)‖∞ such that for all
c ∈ W1,∞(S)q and ϕ ∈ L2(S) we have

∥∥B p,q
n,m(a|b)[c, ϕ]∥∥2 ≤ C‖ϕ‖2

q∏
i=1

‖c′
i‖∞. (3.9)

Moreover, B p,q
n,m ∈ C1−(

W1,∞(S)m+n,Lq
sym

(
W1,∞(S),L(

L2(S)
)))

.

Proof See [3, Lemma A.2, Lemma A.3, and Lemma A.5]. ��

We point out that the L2-adjoint (B p,q
n,m(a|b)[c, ·])∗ of B p,q

n,m(a|b)[c, ·] is given by the
relation

(B p,q
n,m(a|b)[c, ·])∗ = (−1)p+1B p,q

n,m(a|b)[c, ·]. (3.10)

Given f ∈ W1,∞(S) and β ∈ L2(S)2, we introduce the double-layer potential operator
D( f ) by

D( f )[β] := −1

2

(
B2 + B3 2B4

2B4 B2 − B3

) [
β1
β2

]
+ 1

2

(
2B1 − 2B4 B2 + B3

B2 + B3 2B4

) [
f ′β1
f ′β2

]
, (3.11)

where Bi := Bi ( f ), 1 ≤ i ≤ 4, are defined in (3.7). Using (3.10) it can be easily verified
that the L2-adjoint of D( f ) is given by

D( f )∗[β] := 1

2

(
B2 + B3 2B4

2B4 B2 − B3

) [
β1
β2

]
− f ′

2

(
2B1 − 2B4 B2 + B3

B2 + B3 2B4

) [
β1
β2

]
. (3.12)

Moreover, we introduce the singular integral operators B1( f ), B2( f ) ∈ L(
L2(S)

)
, which

also appear in the analysis of the periodicMuskat problem; see [34], by setting for ϕ ∈ L2(S)

B1( f )[ϕ] := −B1( f )[ f ′ϕ] + B2( f )[ϕ] and B2( f )[ϕ] := B1( f )[ϕ] + B2( f )[ f ′ϕ].
(3.13)

A key result in the analysis of (1.1) is the following invertibility result.

Theorem 3.2 Given δ ∈ (0, 1), there exists a constant C = C(δ) > 0 with the property that
for all λ ∈ R with |λ| ≥ 1/2 + δ and f ∈ C1(S) with ‖ f ′‖∞ ≤ 1/δ we have

∥∥(
λ− D( f )∗

)[β]∥∥2 ≥ C‖β‖2, β ∈ L2(S)2. (3.14)

Moreover, λ − D( f )∗, λ − D( f ) ∈ L(
L2(S)2

)
are isomorphisms for all λ ∈ R with

|λ| > 1/2 and all f ∈ C1(S).

The proof of Theorem 3.2 is deferred to the end of the section, as it requires some
preparatory work. One of the key ingredients is the following result.
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Lemma 3.3 Given K > 0, there exists a constant C = C(K ) > 0 with the property that for
all β ∈ L2(S)2, λ ∈ [−K , K ], and f ∈ C1(S) satisfying ‖ f ′‖∞ ≤ K we have

C
∥∥(
λ− D( f )∗

)[β]∥∥2‖β‖2 ≥ m(λ)‖ω−1β · τ‖22 + 〈β1〉2
+ ∥∥(

λ− 1
2B1( f )

)[ω−1β · ν] − 1
2B2( f )[ω−1β · τ ]∥∥22,

(3.15)
where m(λ) := max

{(
λ+ 1

2

)(
λ− 3

2

)
,
(
λ− 1

2

)(
λ+ 3

2

)}
.

Proof Recalling (3.7) and Lemma 3.1, it suffices to establish (3.15) for f ∈ C∞(S) with
‖ f ′‖∞ ≤ K andβ ∈ C∞(S)2. To proceed,we define the hydrodynamic single-layer potential
(u, p) = (u, p)[β], generated by the density β = (β1, β2)

�, by setting for x ∈ (S × R) \ �

u(x) :=
∫ π

−π
Uk(x − (s, f (s)))βk(s) ds,

p(x) :=
∫ π

−π
Pk(x − (s, f (s)))βk(s) ds,

with U, P defined in (2.6). Arguing as in the proof of [3, Theorem 2.2], we may deduce
that the mappings u± ∈ C∞(�±,R2), p± ∈ C∞(�±) have extensions u± ∈ C1(�±,R2),
p± ∈ C(�±), being solutions to the homogeneous Stokes system

�u± − ∇ p± = 0,
div u± = 0

}
in �±. (3.16)

Using (2.6) and (2.10) together with the formula (B.4), we have

{∂1u}± ◦� = 1

4

(
B1 − 2B4 B3

B3 B1 + 2B4

) [
β1
β2

]
± ν1(β · τ)τ

2ω
,

{∂2u}± ◦� = 1

4

(
2B2 + B3 −B1 + 2B4

−B1 + 2B4 −B3

) [
β1
β2

]
± ν2(β · τ)τ

2ω
,

{p}± ◦� = −1

2

(
B1[β1] + B2[β2]

) ∓ β · ν
2ω

,

(3.17)

with ν = (ν1, ν2), τ ,ω defined in (2.2) and Bi := Bi ( f ), 1 ≤ i ≤ 4, defined in (3.7).We also
note that if we discard the jump terms in (3.17) and replace for 1 ≤ i ≤ 4 the operator Bi ( f )
by Zi ( f ), then (3.17) provides a formula for ∂i u, i = 1, 2, and p in (S×R) \�. Moreover,
letting T( f ) ∈ L(L2(S)2) be the integral operator in the formula (3.17) for {∂2u}± ◦�, that
is

T( f )[β] := 1

4

(
2B2 + B3 −B1 + 2B4

−B1 + 2B4 −B3

) [
β1
β2

]
,

then, due to (3.10), we deduce that T( f )∗ = −T( f ), and therefore

〈T( f )[β] |β〉2 = 0, β ∈ L2(S)2, (3.18)

where 〈· | ·〉2 denotes here and below the L2(S)2-inner product. Using (3.17), we find for the
normal stress at the interface that

ω
({T1(u, p)}± ◦�)

ν =
(

± 1

2
+ D( f )∗

)
[β]. (3.19)

Since (u±, p±) are solutions to (3.16), a straightforward computation leads us to the identity

div
(
T1(u, p)∂2u

) = 1

4
∂2|pI2 + T1(u, p)|2 in (S × R) \ �. (3.20)
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Recalling (B.10), we infer from (3.17) (and the discussion following it) that for x2 → ±∞
we have

(
T1(u

±, p±)∂2u±)
(x) → 〈β1〉

4

(〈β2〉
〈β1〉

)
and |p± I2 + T1(u

±, p±)|2(x) → 〈β1〉2
2
(3.21)

uniformly with respect to x1 ∈ S. Integrating the relation (3.20) over

�±
n := �± ∩ {x = (x1, x2) ∈ S × R : |x2| < n}, n > ‖ f ‖∞, (3.22)

and using Stokes’ theorem, we obtain in virtue of (3.21), after letting n → ∞,

4
〈
ω

({T1(u, p)}± ◦�)
ν | {∂2u}± ◦�〉

2 =
∫ π

−π
∣∣({p}± ◦�I2+{T1(u, p)}± ◦�)∣∣2 ds+π〈β1〉2.

(3.23)
The relations (3.17)–(3.19) together with the property that T( f ) ∈ L(

L2(S)2
)
ensure that

there exists a constant C = C(K ) > 0 such that the left side of (3.23) satisfies

4
〈
ω

({T1(u, p)}± ◦�)
ν | {∂2u}± ◦�〉

2

= 4

〈(
± 1

2
+ D( f )∗

)
[β]

∣∣∣∣T( f )[β] ± ν2(β · τ)τ
2ω

〉

2

= 4

〈(
λ± 1

2

)
β − (

λ− D( f )∗
)[β]

∣∣∣∣T( f )[β] ± ν2(β · τ)τ
2ω

〉

2

≤ C
∥∥(
λ− D( f )∗

)[β]∥∥2‖β‖2 ± 2

(
λ± 1

2

)
‖ω−1β · τ‖22.

Concerning the integral term on the right side of (3.23), we note that

I :=
∫ π

−π
∣∣{p}± ◦�I2 + {T1(u, p)}± ◦�∣∣2 ds

≥
∫ π

−π
∣∣({p}± ◦�)

ν + ({T1(u, p)}± ◦�)
ν

∣∣2 ds

=
∥∥∥∥

({p}± ◦�)
ν + 1

ω

(
± 1

2
+ D( f )∗

)
[β]

∥∥∥∥
2

2
.

Since β = (β · τ)τ + (β · ν)ν and observing that

B1( f )[β1] + B2( f )[β2] = B1( f )[ω−1β · ν] + B2( f )[ω−1β · τ ],
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Hölder’s inequality, the uniform bounds |λ| ≤ K and ‖Bi ( f )‖L(L2(S)) ≤ C(K ), i = 1, 2 (see
(3.7) and Lemma 3.1), and the formulas (3.17) and (3.19) lead us now to

I ≥
∥∥∥({p}± ◦�)

ν + 1

ω

(
λ± 1

2

)
β − 1

ω

(
λ− D( f )∗

)[β]
∥∥∥
2

2

=
∥∥∥

(1
2

(
B1( f )[ω−1β · ν] + B2( f )[ω−1β · τ ]) ± β · ν

2ω

)
ν − 1

ω

(
λ± 1

2

)
β

+ 1

ω

(
λ− D( f )∗

)[β]
∥∥∥
2

2

≥
∥∥∥

(1
2

(
B1( f )[ω−1β · ν] + B2( f )[ω−1β · τ ]) ± β · ν

2ω

)
ν − 1

ω

(
λ± 1

2

)
β

∥∥∥
2

2

+
∥∥∥ 1

ω

(
λ− D( f )∗

)[β]
∥∥∥
2

2
− C(K )

∥∥(
λ− D( f )∗

)[β]∥∥2‖β‖2

≥
∥∥∥ − 1

ω

(
λ± 1

2

)
(β · τ)τ +

(1
2
B1( f )− λ

)
[ω−1β · ν]ν + 1

2
B2( f )[ω−1β · τ ]ν

∥∥∥
2

2

− C
∥∥(
λ− D( f )∗

)[β]∥∥2‖β‖2
=

(
λ± 1

2

)2‖ω−1β · τ‖22 +
∥∥∥

(1
2
B1( f )− λ

)
[ω−1β · ν] + 1

2
B2( f )[ω−1β · τ ]

∥∥∥
2

2

− C
∥∥(
λ− D( f )∗

)[β]∥∥2‖β‖2.
The desired estimate (3.15) now follows directly from the inequalities previously derived for
both sides of (3.23). ��

Recalling (3.7), (3.10), and (3.13), the L2-adjoint A( f ) := B1( f )∗ ∈ L(
L2(S)

)
satisfies

the formula
A( f ) = f ′B1( f )− B2( f ). (3.24)

Related to A( f ), we introduce

B( f ) := B1( f )+ f ′B2( f ) ∈ L(
L2(S)

)
(3.25)

and establish, as an additional ingredient in the proof of Theorem 3.2, the following result.

Lemma 3.4 Given K > 0, there exists a constant C = C(K ) > 0 with the property that for
all λ ∈ R with |λ| ≥ 1 and f ∈ C1(S) with ‖ f ′‖∞ ≤ K we have

‖ϕ‖2 ≤ C‖(λ− A( f ))[ϕ]‖2, ϕ ∈ L2(S). (3.26)

Moreover,λ−A( f ) ∈ L(
L2(S)

)
is an isomorphism for allλ ∈ Rwith |λ| ≥ 1and f ∈ C1(S).

Proof Thanks to (3.7), (3.24), and Lemma 3.1, it is sufficient to establish (3.26) for all
functions f ∈ C∞(S) satisfying ‖ f ′‖∞ ≤ K and ϕ ∈ C∞(S). We begin by introducing the
vector field V = (V1, V2)� with

V := ( − Z2( f )[ϕ], Z1( f )[ϕ])� : (S × R) \ � → R
2,

and recall (B.3)–(B.4) and (B.10). Then, V± := V |�± belong to C∞(�±) ∩ C(�±) and

div V± = curl V± = 0 in �±

by (1.6). Hence, we have

div

(
2V±

1 V±
2

(V±
2 )2 − (V±

1 )2

)
= 0 in �± and

(
2V1V2

(V2)2 − (V1)2

)
→|x2|→∞

(
0

−〈ϕ〉2
)
,

(3.27)
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while
{V }± ◦� = ( − B2( f )[ϕ], B1( f )[ϕ])� ∓ τ

ω
ϕ on S. (3.28)

Integrating the first identity in (3.27) over �±
n with n > ‖ f ‖∞ (recalling (3.22)), it follows

from Stokes’ theorem, (3.27), and (3.28), after letting n → ∞, that
∫ π

−π
ων ·

(
2{V1}±{V2}±

{(V±
2 )}2 − ({V1}±)2

)
◦� ds = −2π〈ϕ〉2.

Equivalently, noticing from (3.24)–(3.25) and (3.28) that

{V }± ◦� = 1

ω

(
(∓1 + A( f ))[ϕ]τ + B( f )[ϕ]ν)

,

we have∫ π

−π
1

ω2

[|B( f )[ϕ]|2 + 2 f ′
B( f )[ϕ](∓1+A( f ))[ϕ] − |(∓1+A( f ))[ϕ]|2]

ds = −2π〈ϕ〉2.
(3.29)

Using Young’s inequality, we find a constant C(K ) > 0 such that

‖(∓1 + A( f ))[ϕ]‖2 ≤ C
(‖B( f )[ϕ]‖2 + |〈ϕ〉|),

hence

‖ϕ‖2 = 1

2
‖(1 + A( f ))[ϕ] − (−1 + A( f ))[ϕ]‖2 ≤ C

(‖B( f )[ϕ]‖2 + |〈ϕ〉|). (3.30)

Noticing for |λ| ≥ 1 that (∓1+A( f ))[ϕ] = (λ∓1)ϕ−(λ−A( f ))[ϕ], we infer from (3.29),
after plugging in this expression and adding the equation with sign − multiplied by λ+ 1 to
the equation with sign + multiplied by 1 − λ, that
∫ π

−π
1

ω2

[
(λ2 − 1)|ϕ|2 + |B( f )[ϕ]|2 − 2 f ′

B( f )[ϕ](λ− A( f ))[ϕ] − |(λ− A( f ))[ϕ]|2]
ds

= −2π〈ϕ〉2.
With Young’s inequality, we again find a constant C(K ) > 0 such that

(λ2 − 1)‖ϕ‖2 + ‖B( f )[ϕ]‖2 + |〈ϕ〉| ≤ C‖(λ− A( f ))[ϕ]‖2.
The desired claim (3.26) is now a straightforward consequence of this estimate and (3.30).

Finally, since A( f ) ∈ L(
L2(S)

)
, its spectrum is compact and the method of continuity;

see, e.g., [1, Proposition I.1.1.1] yields the isomorphism property. ��
We are now in a position to prove Theorem 3.2.

Proof of Theorem 3.2 Assuming that the claim is false, we find sequences (λk) ⊂ R, ( fk) ⊂
C1(S), and (βk) ⊂ L2(S)2 satisfying for all k ∈ N

|λk | ≥ 1

2
+ δ, ‖ f ′

k‖∞ ≤ 1

δ
, ‖βk‖2 = 1,

and such that
(λk − D( fk)

∗)[βk] → 0 in L2(S)2. (3.31)

Recalling (2.2), we define νk := ν( fk), τk := τ( fk), and ωk := ω( fk) and note from (3.7),
(3.12), and Lemma 3.1 that there exists a constant M > 0 such that ‖D( fk)∗‖L(L2(S)) ≤ M
for all k ∈ N. This bound together with (3.31) implies the boundedness of the sequence (λk)
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in R. Observing that the constant m = m(λ) in Lemma 3.3 satisfies m(λk) ≥ δ(2 + δ) > 0
for all k ∈ N, we deduce from (3.15) that

ω−1
k βk ·τk → 0 and

(
λk − 1

2B1( fk)
)[ω−1

k βk ·νk]− 1
2B2( fk)[ω−1

k βk ·τk] → 0 (3.32)

in L2(S). In view of the boundedness of the sequence (B2( fk))k in L(
L2(S)

)
, which is a

consequence of (3.7), (3.13), and Lemma 3.1, we infer from (3.32) that
(
λk − 1

2B1( fk)
)[ω−1

k βk · νk] → 0 in L2(S).

Since A( fk) = B1( fk)∗, k ∈ N, Lemma 3.4 implies in turn that

ω−1
k βk · νk → 0 in L2(S). (3.33)

Combining (3.32) and (3.33), we have βk → 0 in L2(S)2, which contradicts the fact
that ‖βk‖2 = 1 for all k ∈ N. This proves (3.14).

The isomorphism property of λ − D( f )∗ ∈ L(
L2(S)2

)
with |λ| > 1/2 and f ∈ C1(S)

is now a straightforward consequence of (3.14) and of the compactness of the spectrum of
D( f )∗ ∈ L(

L2(S)2
)
, the invertibility of its adjoint λ− D( f ) following at once. ��

4 The resolvent of the double-layer potential operator in higher order
Sobolev spaces

In this section, we assume that f ∈ Hr (S) with r ∈ (3/2, 2), and later that f ∈ H3(S),
and we show that the resolvent set of D( f ), viewed as an operator in either L(

Hr−1(S)2
)

or L(
H2(S)2

)
, contains all real numbers λ such that |λ| > 1/2; see Theorem 4.2 and Theo-

rem 4.5. These results are key arguments in the proof of Theorem 5.1 where we prove in the
context of (1.1) that the interface between the fluids determines at each fixed positive time
instant the velocity and pressure fields in both fluid layers.

Invertibility inL(
Hr−1(S)

)2

To start, we fix r ∈ (3/2, 2) and recall from [3, Corollary A.8] that for n, m, p, q ∈ N0

with p ≤ n + q + 1 we have
[
f �→ B0,q

n,m( f )
] ∈ C∞(

Hr (S),L(
Hr−1(S)

))
,[

f �→ B0( f )
]
,

[
f �→ B p,q

n,m( f )
] ∈ C∞(

Hr (S),L(
Hr−1(S),Hr (S)

))
,

1 ≤ p ≤ n + q + 1.

(4.1)

The definition (3.11) of the double-layer potential operator D together with (3.7) and (4.1)
implies now [

f �→ D( f )
] ∈ C∞(

Hr (S),L(
Hr−1(S)2

))
, (4.2)

so that in particular D( f ) ∈ L(
Hr−1(S)2

)
for all f ∈ Hr (S). The arguments in the proof of

the main result of this section; see Theorem 4.2, rely on mapping properties for the operators
B p,q
n,m established in Lemma 4.1 and on the interpolation relation

[
Hs0(S),Hs1(S)

]
θ

= H(1−θ)s0+θs1(S), θ ∈ (0, 1), −∞ < s0 ≤ s1 < ∞, (4.3)

where [·, ·]θ is the complex interpolation functor of exponent θ .
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Lemma 4.1 Let n, m, p, q ∈ N0 and (a,b) ∈ Hr (S)m+n be given.

(i) Let p ≤ n+q+1. Then, there exists a constantC > 0 that depends only on n, m, p, q, r ,
and ‖(a,b)‖Hr such that for all c ∈ Hr (S)q and ϕ ∈ Hr−1(S) we have

∥∥B p,q
n,m(a|b)[c, ϕ]∥∥Hr−1 ≤ C‖ϕ‖Hr−1

q∏
i=1

‖ci‖Hr . (4.4)

(ii) Let q ≥ 1 and p ≤ n + q + 1. Then, there exists a constant C > 0 that depends only
on n, m, p, q, and ‖(a,b)‖Hr such that for all ϕ ∈ Hr−1(S) and c ∈ H1(S)×Hr (S)q−1

we have
∥∥B p,q

n,m(a|b)[c, ϕ]∥∥2 ≤ C‖c′
1‖2‖ϕ‖Hr−1

q∏
i=2

‖ci‖Hr . (4.5)

Moreover, B p,q
n,m ∈ C1−(

Hr (S)m+n,Lq+1
(
H1(S),Hr (S)q−1,Hr−1(S);L2(S)

))
.

(iii) Let d, d̃ ∈ H1(S)and p ≤ n+q+2. Then, there exists a constantC > 0 that depends only
on n, m, p, q, ‖(a,b)‖Hr , and ‖(d, d̃)‖H1 such that for all ϕ ∈ Hr−1(S) and c ∈ Hr (S)

we have

∥∥B p,q
n+1,m(a|(b, d))[c, ϕ]−B p,q

n+1,m(a|(b, d̃))[c, ϕ]∥∥2 ≤ C‖(d−d̃)′‖2‖ϕ‖Hr−1

q∏
i=1

‖ci‖Hr .

(4.6)
(iv) There exists a constant C > 0 that depends only on n, m, and ‖a‖Hr with the property

that for all ϕ ∈ Hr−1(S) we have

∥∥Cn,m(a)[b, ϕ]∥∥Hr−1 ≤ C‖ϕ‖Hr−1

q∏
i=1

‖bi‖Hr . (4.7)

Proof The estimate (4.4) is proven in [3, Lemma A.4 and A.6], while the assertions (ii)–(iii)
are shown in Appendix A. Finally, the estimate (4.7) is established in [3, Lemma A.1 (iii)]
and [2]. ��

We now establish with Theorem 4.2 a counterpart of Theorem 3.2 in Hr−1(S)2.

Theorem 4.2 Let δ ∈ (0, 1) be given. Then, there exists a positive constant C = C(δ, r), such
that for all λ ∈ Rwith |λ| ≥ 1/2+δ, f ∈ Hr (S) satisfying ‖ f ‖Hr ≤ 1/δ, and β ∈ Hr−1(S)2

we have
‖(λ− D( f ))[β]‖Hr−1 ≥ C‖β‖Hr−1 . (4.8)

Moreover, λ − D( f ) ∈ L(
Hr−1(S)2

)
is an isomorphism for all λ ∈ R with |λ| > 1/2

and f ∈ Hr (S).

Proof Let δ ∈ (0, 1) be fixed. Recalling Theorem 3.2 and using the embedding
Hr (S) ↪→ C1(S), we find a constant C = C(δ) > 0 such that for all ζ ∈ S, f ∈ Hr (S) with
‖ f ‖Hr ≤ 1/δ, and λ ∈ R satisfying |λ| ≥ 1/2+δ, we have ‖(λ− D(τζ f ))−1‖L(L2(S)2) ≤ C .
Here, τζ f := f (ζ+·) is the left-shift operator. Noticing that the standardHr−1-norm, defined
by means of the Fourier transform, is equivalent to the norm

[
β �→ ‖β‖2+[β]Wr−1,2

]
, where

[β]2Wr−1,2 :=
∫ π

−π
‖τζ β − β‖22

|ζ |2r−1 dζ,
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we now estimate

[β]2Wr−1,2 ≤ C
∫ π

−π

∥∥(λ− D(τζ f ))[τζ β − β]∥∥22
|ζ |2r−1 dζ

≤ C
∫ π

−π

∥∥τζ
(
(λ− D( f ))[β]) − (λ− D( f ))[β]∥∥22 + ∥∥(

D(τζ f )− D( f )
)[β]∥∥22

|ζ |2r−1 dζ

≤ C
[
(λ− D( f ))[β]]2Wr−1,2 + C

∫ π

−π

∥∥(
D(τζ f )− D( f )

)[β]∥∥22
|ζ |2r−1 dζ.

(4.9)

Concerning the second term in the last line of (4.9), we fix an arbitrary r ′ ∈ (3/2, r) and
show below that there exists a constant C = C(δ, r ′) > 0 such that for all ζ ∈ S, f ∈ Hr (S)

with ‖ f ‖Hr ≤ 1/δ, and β ∈ Hr−1(S)2 we have
∥∥(
D(τζ f )− D( f )

)[β]∥∥2 ≤ C‖τζ f ′ − f ′‖2‖β‖Hr ′−1 . (4.10)

Recalling (3.7) and (3.11), it suffices to consider terms of the form
(
B p,q
n,m(τζ f )− B p,q

n,m( f )
)[βi ] and B p,q

n,m(τζ f )[(τζ f )′βi ] − B p,q
n,m( f )[ f ′βi ], (4.11)

with n, m, p, q ∈ N0 with p ≤ n + q + 1 and i = 1, 2. Since

B p,q
n,m(τζ f )[(τζ f )′βi ] − B p,q

n,m( f )[ f ′βi ] = (
B p,q
n,m(τζ f )− B p,q

n,m( f )
)[(τζ f )′βi ]

+ B p,q
n,m( f )[(τζ f ′ − f ′)βi ],

the last term on the right side being estimated in view of (3.9) by

‖B p,q
n,m( f )[(τζ f ′ − f ′)βi ]‖2 ≤ C‖(τζ f ′ − f ′)βi‖2 ≤ C‖(τζ f ′ − f ′)‖2‖β‖Hr ′−1 ,

it remains to estimate the first term in (4.11) according to (4.10). To this end, we infer from the
formula (A.3) that the operator B p,q

n,m(τζ f )− B p,q
n,m( f ) can be written as a linear combination

of terms of the form

T1 := B p̄,q̄
n̄,m̄(τζ f , . . . , τζ f |τζ f , . . . , τζ f )[ f , . . . , f︸ ︷︷ ︸

i−1 times

, τζ f − f , τζ f , . . . , τζ f , ·]

and

T2 := (
B p̄,q̄
n̄,m̄( f , . . . , f︸ ︷︷ ︸

j times

, τζ f , . . . , τζ f | f , . . . , f︸ ︷︷ ︸
�−1 times

τζ f , . . . τζ f )

− B p̄,q̄
n̄,m̄( f , . . . , f︸ ︷︷ ︸

j times

, τζ f , . . . , τζ f | f , . . . , f︸ ︷︷ ︸
� times

τζ f , . . . τζ f )
)[ f , . . . , f , ·]

where n̄, m̄, p̄, q̄ ∈ N0 with p̄ ≤ n̄ + q̄ + 1, 1 ≤ i ≤ q̄, 0 ≤ j ≤ m̄ − 1, and 1 ≤ � ≤ n̄.
Applying Lemma 4.1 (ii) to estimate T1 (with r replaced by r ′), and Lemma 4.1 (iii) for

T2 (again with r replaced by r ′), we obtain
∥∥B p,q

n,m(τζ f )− B p,q
n,m( f )

∥∥L(Hr ′−1(S),L2(S))
≤ C‖τζ f ′ − f ′‖2,

from which (4.10) readily follows.
Plugging (4.10) into (4.9) immediately yields

[β]2Wr−1,2 ≤ C
(‖β‖2

Hr ′−1 + [
(λ− D( f ))[β]]2Wr−1,2

)
.
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Using the interpolation property (4.3), Young’s inequality, and Theorem 3.2, we get

‖β‖2Hr−1 ≤ C
(‖β‖22 + ‖β‖2

Hr ′−1 + [
(λ− D( f ))[β]]2Wr−1,2

)

≤ 1

2
‖β‖2Hr−1 + C‖(λ− D( f ))[β]‖2Hr−1 ,

(4.12)

which proves (4.8). The remaining isomorphism property follows from (4.8) by the same
continuity argument used in the proof of Theorem 3.2. ��

Invertibility inL(
H2(S)2

)

We first establish in Lemma 4.3 and Corollary 4.4 mapping properties for the operators B p,q
n,m

in higher order Sobolev spaces, which enable us to conclude in particular thatD( f ) belongs to
L(

H2(S)2
)
provided that f ∈ H3(S). For convenience, we introduce the following shorthand

notation: given z = (z1, . . . , zn) ∈ Xn , where X is a Banach space, we set

zi := (z1, . . . , zi−1, zi+1, . . . , zn) ∈ Xn−1, 1 ≤ i ≤ n, n ∈ N.

Lemma 4.3 Let n, m, p, q ∈ N0 with p ≤ n + q + 1, (a,b, c) ∈ H2(S)m+n+q , and
ϕ ∈ H1(S) be given. Then, B p,q

n,m(a|b)[c, ·] ∈ L(
H1(S)

)
with

(
B p,q
n,m(a|b)[c, ϕ])′

= B p,q
n,m(a|b)[c, ϕ′] +

q∑
j=1

B p,q
n,m(a|b)[c1, . . . , c j−1, c

′
j , c j+1, . . . , cq , ϕ]

+
n∑
j=1

(
B p,q+1
n−1,m(a|b j )[c, b′

j , ϕ] − B p+2,q+1
n+1,m (a|b, b j )[c, b′

j , ϕ])

− 2
m∑
j=1

(
B p,q+1
n+1,m+1(a, a j |b, a j )[c, a′

j , ϕ] − B p+2,q+1
n+3,m+1(a, a j |b, a j , a j , a j )[c, a′

j , ϕ]).
(4.13)

Moreover, there exists a constant C > 0 that depends only on n, m, p, q, and ‖(a,b)‖H2

such that
∥∥B p,q

n,m(a|b)[c, ϕ]∥∥H1 ≤ C‖ϕ‖H1

q∏
i=1

‖ci‖H2 . (4.14)

In addition, B p,q
n,m ∈ C1−(

H2(S)m+n,Lq
sym

(
H2(S),L(

H1(S)
)))

.

Proof of Lemma 4.3 Assume first that (a,b, c) ∈ C∞(S)m+n+q and ϕ ∈ C∞(S). Then,
by rewriting the principal value integral as a Riemann integral over the interval [0, π] if
p = 0 (for p ≥ 1 this step is not needed as the integral defining B p,q

n,m(a|b)[c, ϕ] is not
singular), the theorem on the differentiation of parameter-dependent integrals ensures that
B p,q
n,m(a|b)[c, ϕ] is continuously differentiable, and its derivative is given by (4.13). A stan-

dard density argument together with the local Lipschitz continuity properties established
in Lemma 3.1 and Lemma 4.1 (ii) show that B p,q

n,m(a|b)[c, ϕ] is an element of H1(S) for
all ϕ ∈ H1(S) and (a,b, c) ∈ H2(S)m+n+q .

The estimate (4.14) is obtained by applying (3.9) to B p,q
n,m(a|b)[c, ϕ] and to the first term

on the right side of (4.13), and by applying (4.5) to the remaining terms on the right side
of (4.13). Furthermore, the local Lipschitz continuity follows from the corresponding local
Lipschitz continuity properties stated in Lemma 3.1 and Lemma 4.1 (ii). ��
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As a straightforward consequence of Lemma 4.3, in particular of the formula (4.13), we
conclude via induction the following result.

Corollary 4.4 Given n, m, p, q ∈ N0 with p ≤ n + q + 1 and k ∈ N, we have

B p,q
n,m ∈ C1−(

Hk+1(S)m+n,Lq
sym

(
Hk+1(S),L(

Hk(S)
)))

.

In view of Corollary 4.4, (3.7), and (3.11) we indeed have that D( f ) ∈ L(
H2(S)

)2
for f ∈ H3(S).

Theorem 4.5 Given λ ∈ R with |λ| > 1/2 and f ∈ H3(S), λ − D( f ) ∈ L(
H2(S)2

)
is an

isomorphism.

Proof Arguing as in Theorem 3.2 and Theorem 4.2, it suffices to show that given δ ∈ (0, 1),
there exists a constant C = C(δ) > 0 such that for all |λ| ≥ 1/2 + δ and ‖ f ‖H3 ≤ 1/δ we
have

C‖(λ− D( f ))[β]‖H2 ≥ ‖β‖H2 , β ∈ H2(S)2. (4.15)

To this end we express, using (3.7), (3.11), and (4.13), the difference (D( f )[β])′′ −
D( f )[β ′′] =: Tlot[β] as a linear combination of terms of the following form

B p,q
n,m( f , . . . , f | f , . . . , f )[ f ′′, . . . , f , ( f ′)kβi ],

B p,q
n,m( f , . . . , f | f , . . . , f )[ f ′, f , . . . , f , (( f ′)kβi )′]

B p,q
n,m( f , . . . , f | f , . . . , f )[ f ′, f ′, . . . , f , ( f ′)kβi ],

B p,q
n,m( f )[ f ′′′βi + 2 f ′′β ′

i ],
where k ∈ {0, 1}, i ∈ {1, 2}, and n, m, p, q ∈ N0 satisfy p ≤ n + q + 1. Using Lemma 3.1
to estimate the last three terms above and Lemma 4.1 (ii) for the first term, we find a constant
C > 0 that depends only on n, m, p, q and ‖ f ‖H3 such that

‖Tlot[β]‖2 ≤ C‖β‖H1 , β ∈ H2(S)2.

This estimate, the interpolation property (4.3) together with Young’s inequality, and the
observation that ‖(λ − D( f ))−1‖L(L2(S)) ≤ C by Theorem 3.2 show that for |λ| ≥ 1/2 + δ

and ‖ f ‖H3 ≤ 1/δ we have

‖β‖H2 ≤ C(‖β‖2 + ‖β ′′‖2) ≤ C
(‖β‖2 + ‖(λ− D( f ))[β ′′]‖2

)

≤ C
(‖β‖2 + ‖Tlot[β]‖2 + ‖((λ− D( f ))[β])′′‖2

)

≤ C
(‖β‖H1 + ‖((λ− D( f ))[β])′′‖2

)

≤ 1

2
‖β‖H2 + C

(‖β‖2 + ‖((λ− D( f ))[β])′′‖2
)

≤ 1

2
‖β‖H2 + C‖(λ− D( f ))[β]‖H2 ,

which proves (4.15). ��

5 Local well-posedness of the Stokes flow (1.1)

In this section, we establish the local well-posedness result stated in Theorem 1.1. To this
end, we first assume that the function f = f (t), which parametrizes the interface between
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the fluids, belongs to H3(S) at a fixed time t > 0 (we do not make the time dependence
explicit at this stage), and we prove, using results from Sect. 2–Sect. 4, that the velocity field
and pressure are uniquely determined by f as solutions to the transmission boundary value
problem (1.1a)1−5. This requires a unique choice for the far-field conditions in (1.1a)5, which
depend on f as well. Moreover, we provide an explicit formula for the trace of the velocity
field on the interface; see Theorem 5.1. This formula, together with the kinematic boundary
condition (1.1a)6 and the results fromSect. 4, allows us to recast (1.1) as an evolution problem
for f in any subcritical space Hr (S), r ∈ (3/2, 2), which is then shown to be of parabolic
type; see (5.17) and Proposition 5.2. We emphasize that, due to the low regularity assumed
for f , the evolution problem (5.17) is not only nonlocal, but must also be treated as fully
nonlinear. This is evident for examplewhen considering the termφ( f ), defined in (5.1) below,
which depends fully nonlinearly on f and appears in the definition of the nonlinearities in the
evolution problem (5.17), as seen through (5.2)–(5.5) and (5.8).We conclude the section with
the proof of Theorem 1.1, which relies on the abstract theory for fully nonlinear evolution
problems presented in [32, Chapter 8].

The solution of the transmission boundary value problem (1.1a)1−5

In this section, we adopt the notation introduced at the beginning of Sect. 2 and present
first some additional notation needed to state our main result concerning the solvability of
(1.1a)1−5; see Theorem 5.1.

Given f ∈ H3(S), we set

φ := φ( f ) := (φ1( f ), φ2( f )) := (
(ω( f ))−1 − 1, f ′(ω( f ))−1) ∈ H2(S)2 (5.1)

and define V := V( f ) by

V( f ) := 1

4

( − σV1( f )−�V3( f ), −σV2( f )+�V4( f )+� ln(4)〈 f 〉)�
, (5.2)

where

V1( f ) := (
B1 − 2B4

)
( f )[φ1( f )− f ′φ2( f )] + (

2B2 + B3
)
( f )[ f ′φ1( f )]

+ B3( f )[φ2( f )],
V2( f ) := B1( f )[φ2( f )− f ′φ1( f )] + B3( f )[φ1( f )− f ′φ2( f )]

+ 2B4( f )[ f ′φ1( f )+ φ2( f )],
V3( f ) := (

B0( f )+ B6( f )
)[ f f ′] + B5( f )[ f ],

V4( f ) := (
B0( f )− B6( f )

)[ f ] + B5( f )[ f f ′].

(5.3)

Note that V( f ) ∈ H2(S)2 by (3.7), (5.1), Corollary 4.4, and Lemma A.1.
Moreover, we set

aμ := μ+ − μ−

μ+ + μ− ∈ (−1, 1) (5.4)

and infer from Theorem 4.5 that there exists a unique solution β = β( f ) ∈ H2(S)2 to

(
1 + 2aμD( f )

)[β] = V( f ). (5.5)
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Theorem 5.1 Given f ∈ H3(S), the transmission boundary value problem

μ±�v± − ∇q± = 0 in �±,
div v± = 0 in �±,

[v] = 0 on �,
[Tμ(v, q)]ν̃ = (�x2 − σ κ̃)ν̃ on �,

(v±, q±)(x) →
(

± c1,�
μ± ,± c2,�

μ± ,±c3,�
)

for x2 → ±∞ uni-

formly in x1 ∈ S,

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭

(5.6)

has a solution (v, q) ∈ X f if and only if the constants ci,� , i = 1, 2, 3, are given by

c1,� = −σ

2

〈
f ′

(1 + f ′2)1/2

〉
+ aμ〈β1( f )− f ′β2( f )〉, c2,� = 0, c3,� = −�

2
〈 f 〉,
(5.7)

where β( f ) is defined in (5.5). For this choice of the constants, the solution is also unique
and

{v}± ◦� = 1

μ±

[
V( f )+ 2aμ

(
± 1

2
− D( f )

)
[β( f )]

]
= 2

μ+ + μ− β( f ). (5.8)

Moreover, the constant c1,� satisfies

c1,� = − μ+μ−

2π(μ+ + μ−)
PV

∫

S×R

curl v dx := − μ+μ−

2π(μ+ + μ−)
lim
n→∞

∫

{|x2|<n}
curl v dx

(5.9)
and

Tμ±(v±, q±)(x) → ±�

2
〈 f 〉I2 for x2 → ±∞ uniformly in x1 ∈ S. (5.10)

Proof We devise the proof into several steps.
Uniqueness. Let c� := (c1,�, c2,�, c3,�) ∈ R

3 be arbitrary and assume that (v, q) ∈ X f is a
solution to the homogeneous problem associated to (5.6) (that is with the right side of (5.6)4
replaced by 0). Since this problem is equivalent to problem (2.20), Proposition 2.2 ensures
that c� = 0 and (v, q) = (0, 0), which establishes the uniqueness claim.
Identification of c2,� . If (v, q) ∈ X f is a solution to (5.6), we may integrate equation (5.6)2
over �±

n with n ≥ ‖ f ‖∞, recalling (3.22), to deduce from Stokes’ theorem and (5.6)3 that
∫ π

−π
v+
2 (x1, n) dx1 =

∫ π

−π
v−
2 (x1,−n) dx1.

Taking the limit n → ∞, it follows from (5.6)5 that indeed c2,� = 0.
Existence. We first associate to (5.6) the transmission boundary value problem

�v±
s − ∇q±

s = 0 in �±,
div v±

s = 0 in �±,
[vs] = 0 on �,

[T1(vs, qs)]ν̃ = (�x2 − σ κ̃)ν̃ on �,
(v±

s , q
±
s )(x) → ±(c1,s, 0, c3,s) for x2 → ±∞ uni-

formly in x1 ∈ S,

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

(5.11)

with

c1,s = −σ

2

〈
f ′

(1 + f ′2)1/2

〉
and c3,s = −�

2
〈 f 〉. (5.12)
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Noticing that
(
�x2 − σ κ̃

)
ν̃ = (

(ω( f ))−1G( f )
) ◦�−1, where

G( f ) := �(− f f ′, f )− σ
(
φ( f )

)′ ∈ H1(S)2 and 〈G1( f )〉 = 0, (5.13)

it follows from [3, Theorem 2.2] (with μ = 1 therein) that there exists a unique solu-
tion (vs, qs) ∈ X f to (5.11). Moreover, by [3, Eqs. (2.12), (C.19), Remark 2.1, and
Remark C.5], the trace of vs on � is given by the relation

{vs}± ◦� = V( f ), (5.14)

withV( f ) defined in (5.2).Moreover,we infer from (the proof of) [3, LemmaC.2, LemmaC.4
and Lemma C.6] that

T1(v
±
s , q

±
s )(x) → ±�

2
〈 f 〉I2 for x2 → ±∞ uniformly in x1 ∈ S. (5.15)

Let now (vd , qd) ∈ X f denote the unique solution to (2.1) determined in Theorem 2.1
with β therein replaced by 2aμβ( f ) ∈ H2(S)2 (and β( f ) defined in (5.5)) and set

v± := 1

μ± (v
±
s + v±

d ) and q± := q±
s + q±

d . (5.16)

Then, it is straightforward to check that (v, q) ∈ X f satisfies the relations (5.6)1−2

and (5.6)4−5. Moreover, since by Lemma B.1, the one-sided traces of v on � satisfy (5.8), the
equation (5.6)3 is equivalent to β( f ) solving the equation (5.5), and therefore (v, q) ∈ X f

defined in (5.16) is indeed a solution to (5.6). Recalling (2.19), the relation (5.10) is a direct
consequence of (5.16), (5.15), and (B.2).
Identification of c1,� . Let (v, q) ∈ X f be the unique solution to (5.6). Integrating curl v over
the domain {|x2| < n}, with n > ‖ f ‖∞, Stokes’ theorem together with (5.6)3 and (5.6)5
yields

∫

{|x2|<n}
curl v dx =

∫ π

−π
v−
1 (x1,−n)− v+

1 (x1, n) dx1 +
∫

�

[
(−v2, v1)�

] · ν̃ dσ

−→
n→∞ −2πc1,�

μ+ + μ−

μ+μ− ,

and (5.9) follows. ��

An equivalent formulation for (1.1)

With Theorem 5.1 at hand, we can now reformulate problem (1.1) as an evolution problem
for f . Indeed, if ( f , v±, q±, c�) is a solution to (1.1) as defined in Theorem 1.1 (i), the
kinematic boundary condition (1.1a)6 together with (5.8) implies that f solves the evolution
problem

d f

dt
(t) = �( f (t)), t ≥ 0, f (0) = f0, (5.17)

where

�( f ) := 2

μ+ + μ− (− f ′, 1)� · β( f ), (5.18)

with β( f ) := (β1( f ), β2( f ))� defined in (5.5).
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To formulate (5.17) within a suitable functional-analytic framework, we fix r ∈ (3/2, 2)
and infer from [3, Lemma 3.1], for the mapping φ introduced in (5.1), that

[
f �→ φ( f )

] ∈ C∞(
Hr (S),Hr−1(S)2

)
. (5.19)

This property, together with the relations (3.7) and (4.1), shows that the mapping V defined
in (5.2) satisfies

[
f �→ Vi ( f )

] ∈ C∞(
Hr (S),Hr−1(S)

)
, 1 ≤ i ≤ 4. (5.20)

Moreover, φ and V both map bounded sets in Hr (S) to bounded sets in Hr−1(S)2. Indeed,
for φ this follows by a straightforward computation, while the corresponding property for V
relies additionally on Lemma 4.1 (i) and [3, Lemma A.7].

Recalling (4.2) and using the smoothness of the mapping which associates to an invert-
ible bounded operator in L(

Hr−1(S)2
)
its inverse, we conclude together with (5.20) and

Theorem 4.2 that the mapping β, defined in (5.5), satisfies
[
f �→ β( f )

] ∈ C∞(
Hr (S),Hr−1(S)2

)
. (5.21)

Moreover, β inherits the property to map bounded sets in Hr (S) to bounded sets in Hr−1(S)2

from V in view of the estimate (4.8). We now directly infer from (5.21) that
[
f �→ �( f )

] ∈ C∞(
Hr (S),Hr−1(S)

)
(5.22)

and that � maps bounded sets in Hr (S) to bounded sets in Hr−1(S).

The Fréchet derivative of9

To show the local well-posedness of the evolution problem (5.17), it is convenient to apply
the abstract parabolic theory from [32, Chapter 8]. In addition to (5.22), the following result
is therefore required.

Proposition 5.2 Givenr ∈ (3/2, 2)and f0 ∈ Hr (S), theFréchet derivative ∂�( f0)generates
a strongly continuous analytic semigroup in L(

Hr−1(S)
)
.

The proof of Proposition 5.2 is postponed to the next section, as it requires some prepa-
ration, part of which is carried out here by computing the Fréchet derivative ∂�( f0) and
identifying its highest-order terms. In what follows, we fix f0 ∈ Hr (S), r ∈ (3/2, 2), and
r ′ ∈ (3/2, r). Then, it is straightforward to infer from (5.18) that

∂�( f0)[ f ] = 2

μ+ + μ−
(
(− f ′

0, 1)
� · ∂β( f0)[ f ] − f ′β1( f0)

)
, f ∈ Hr (S). (5.23)

Moreover, differentiating the relation (5.5), we get
(
1 + 2aμD( f0)

)[
∂β( f0)[ f ]

] = ∂V( f0)[ f ] − 2aμ∂D( f0)[ f ][β( f0)], f ∈ Hr (S).

(5.24)
In order to handle these derivatives in an efficient way, we infer from (4.1) that

∥∥B p,q
n,m( f0)[ϕ]∥∥Hr−1 ≤ C‖ϕ‖Hr ′−1 , 1 ≤ p ≤ n + q + 1, ϕ ∈ Hr−1(S). (5.25)

Moreover, in view of [3, Lemma A.2] we also have

B0,q
n,m( f0)[ϕ] = C0

n+q,m( f0)[ϕ] + R[ϕ], ‖R[ϕ]‖Hr−1 ≤ C‖ϕ‖Hr ′−1 , ϕ ∈ Hr−1(S).

(5.26)
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The constant C in (5.25) and (5.26) depends only on ‖ f0‖Hr and on the indices n, m, p, q .
Additionally, we define for n, m, p, q ∈ N0 with p ≤ n + q + 2 the operators

B0,q,1
n,m : Hr (S) → L(

Hr (S),L(
Hr−1(S)

))
,

B p,q,1
n,m : Hr (S) → L(

Hr (S),L(
Hr−1(S),Hr (S)

))
, 1 ≤ p ≤ n + q + 2,

(5.27a)

by setting for f ∈ Hr (S)

B p,q,1
n,m ( f0)[ f ] := B p,q+1

n,m ( f0, . . . , f0| f0, . . . , f0)[ f0, . . . , f0, f , ·] ∈ L(
Hr−1(S)

)
.

(5.27b)
For some fixed ϕ0 ∈ Hr−1(S) we infer from [3, Lemma A.2] that

B0,q,1
n,m ( f0)[ f ][ϕ0] = Cn+q+1,m( f0, . . . , f0)[ f0, . . . , f0, f , ϕ0] + R̄[ f ], (5.28)

where, for a positive constant C depending only on ‖ f0‖Hr , ‖ϕ0‖Hr−1 , and n, m, q we have

‖R̄[ f ]‖Hr−1 ≤ C‖ f ‖Hr ′ , f ∈ Hr (S). (5.29)

Furthermore, in the arguments that follow we will use [3, Lemma A.1 (iv)], which states:

Lemma 5.3 Given n ∈ N, m ∈ N0, and a ∈ Hr (S)m, there exists a constant C > 0 that
depends only on n, m, r , r ′, and ‖a‖Hr such that for all b ∈ Hr (S)n and ϕ ∈ Hr−1(S) we
have

∥∥Cn,m(a)[b, ϕ] − ϕCn−1,m(a)[b2, . . . , bn, b′
1]

∥∥
Hr−1 ≤ C‖b1‖Hr ′ ‖ϕ‖Hr−1

n∏
i=2

‖bi‖Hr .

(5.30)

From (3.2) and (3.6) we next deduce the identity

C0
n,m( f0)+ C0

n+2,m( f0) = C0
n,m−1( f0), m ≥ 1, (5.31)

and, together with (3.7), (5.25), (5.26), we find

B1( f0)[ϕ] = (
C0
0,2 + C0

2,2

)
( f0)[ϕ] + R1[ϕ],

B2( f0)[ϕ] = (
C0
1,2 + C0

3,2

)
( f0)[ϕ] + R2[ϕ],

B3( f0)[ϕ] = (
C0
1,2 − C0

3,2

)
( f0)[ϕ] + R3[ϕ],

B4( f0)[ϕ] = C0
2,2( f0)[ϕ] + R4[ϕ],

(5.32)

where, with a positive constant C depending only on ‖ f0‖Hr ,

‖Ri [ϕ]‖Hr−1 ≤ C‖ϕ‖Hr ′−1 , ϕ ∈ Hr−1(S), 1 ≤ i ≤ 4. (5.33)

Recalling (3.11), it follows from (5.32) that

D( f0)[β] = −
(
C0
1,2 C0

2,2
C0
2,2 C0

3,2

) [
β1
β2

]
+

(
C0
0,2 C0

1,2
C0
1,2 C0

2,2

) [
f ′
0β1
f ′
0β2

]
+ R5[β], (5.34)

where by (5.33), for a positive constant C depending only on ‖ f0‖Hr ,

‖R5[β]‖Hr−1 ≤ C‖β‖Hr ′−1 , β ∈ Hr−1(S)2. (5.35)
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Using [3, Lemma A.9] and (5.27), we may express the Fréchet derivative ∂B p,q
n,m( f0) in

the compact form

∂B p,q
n,m( f0)[ f ] = n

(
B p,q,1
n−1,m( f0)− B p+2,q,1

n+1,m ( f0)
)[ f ]

+ 2m
(
B p+2,q,1
n+3,m+1( f0)− B p,q,1

n+1,m+1( f0)
)[ f ]

+ qB p,q−1,1
n,m ( f0)[ f ],

(5.36)

where terms with negative indices have to be neglected. Recalling (3.7), we conclude
from (5.36) and (5.27)–(5.31) that

∂B1( f0)[ f ][ϕ0] = −2ϕ0
(
C0
1,3 + C0

3,3

)
( f0)[ f ′] + R6[ f ],

∂B2( f0)[ f ][ϕ0] = ϕ0
(
C0
0,3 − C0

4,3

)
( f0)[ f ′] + R7[ f ],

∂B3( f0)[ f ][ϕ0] = ϕ0
(
C0
0,3 − 6C0

2,3 + C0
4,3

)
( f0)[ f ′] + R8[ f ],

∂B4( f0)[ f ][ϕ0] = 2ϕ0
(
C0
1,3 − C0

3,3

)
( f0)[ f ′] + R9[ f ],

(5.37)

for ϕ0 ∈ Hr−1(S) and, for a positive constant C depending only on ‖ f0‖Hr and ‖ϕ0‖Hr−1 ,

‖Ri [ f ]‖Hr−1 ≤ C‖ f ‖Hr ′ , f ∈ Hr (S), 6 ≤ i ≤ 9. (5.38)

By [3, Lemma 3.1], the Fréchet derivative of the coordinate φi , i = 1, 2, of the mapping
φ, introduced in (5.1), is given by

∂φi ( f0) = ai ( f0)
d

dξ
∈ L(

Hr (S),Hr−1(S)
)
, i = 1, 2, (5.39)

with ai ( f0) ∈ Hr−1(S), i = 1, 2, defined by

a1( f0) := − f ′
0

(1 + f ′2
0 )3/2

and a2( f0) := 1

(1 + f ′2
0 )3/2

. (5.40)

We set for the sake of brevity

ai := ai ( f0) and φi := φi ( f0), i = 1, 2. (5.41)

Using (5.36) to differentiate (5.3) and applying (5.32)–(5.33) and (5.37)–(5.38) gives

∂V1( f0)[ f ] = (
C0
0,2 − C0

2,2

)
( f0)[(a1 − φ2 − f ′

0a2) f
′] + C0

1,2( f0)[(3(φ1 + f ′
0a1)+ a2) f

′]
+ C0

3,2( f0)[(φ1 + f ′
0a1 − a2) f

′]
+ φ1

(
3 f ′

0C
0
0,3 − 6C0

1,3 − 6 f ′
0C

0
2,3 + 2C0

3,3 − f ′
0C

0
4,3

)
( f0)[ f ′]

+ φ2
(
C0
0,3 + 6 f ′

0C
0
1,3 − 6C0

2,3 − 2 f ′
0C

0
3,3 + C0

4,3

)
( f0)[ f ′] + R10[ f ],

∂V2( f0)[ f ] = (
C0
1,2 − C0

3,2

)
( f0)[(a1 − φ2 − f ′

0a2) f
′] − C0

0,2( f0)[(φ1 + f ′
0a1 − a2) f

′]
+ C0

2,2( f0)[(φ1 + f ′
0a1 + 3a2) f

′]
+ φ1

(
C0
0,3 + 6 f ′

0C
0
1,3 − 6C0

2,3 − 2 f ′
0C

0
3,3 + C0

4,3

)
( f0)[ f ′]

− φ2
(
f ′
0C

0
0,3 − 2C0

1,3 − 6 f ′
0C

0
2,3 + 6C0

3,3 + f ′
0C

0
4,3

)
( f0)[ f ′] + R11[ f ],

(5.42)
where, for a positive constant C depending only on ‖ f0‖Hr ,

‖Ri [ f ]‖Hr−1 ≤ C‖ f ‖Hr ′ , f ∈ Hr (S), i = 10, 11. (5.43)
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Lastly, we set
β0 := (β0,1, β0,2)

� := β( f0) ∈ Hr−1(S)2 (5.44)

and use (5.36) to differentiate (3.11). Applying (5.32)–(5.33) and (5.37)–(5.38), we arrive at

∂D( f0)[ f ][β0] =
(
C0
0,2( f0) C

0
1,2( f0)

C0
1,2( f0) C

0
2,2( f0)

) [
f ′β0,1
f ′β0,2

]

−
(
β0,1

(
C0
0,3 − 3C0

2,3

)
( f0)[ f ′] + 2β0,2

(
C0
1,3 − C0

3,3

)
( f0)[ f ′]

2β0,1
(
C0
1,3 − C0

3,3

)
( f0)[ f ′] + β0,2

(
3C0

2,3 − C0
4,3

)
( f0)[ f ′]

)

+
( −4 f ′

0β0,1C
0
1,3( f0)[ f ′] + f ′

0β0,2
(
C0
0,3 − 3C0

2,3

)
( f0)[ f ′]

f ′
0β0,1

(
C0
0,3 − 3C0

2,3

)
( f0)[ f ′] + 2 f ′

0β0,2
(
C0
1,3 − C0

3,3

)
( f0)[ f ′]

)

+ R12[ f ],
(5.45)

where, for some constant C depending only on ‖ f0‖Hr and ‖β0‖Hr−1 ,

‖R12[ f ]‖Hr−1 ≤ C‖ f ‖Hr ′ , f ∈ Hr (S). (5.46)

Localization and the proof of Theorem 1.1

The first part of this section is devoted to establishing Proposition 5.2. This is achieved by
adopting the strategy employed in [36]; see also [12, 14, 33]. Themain step consists of locally
approximating the Fréchet derivative ∂�( f0) by certain Fourier multipliers, which them-
selves generate strongly continuous analytic semigroups; see Proposition 5.4. We conclude
the section by outlining the proof of Theorem 1.1.

To start, for each ε ∈ (0, 1) we fix a set of smooth functions {πε
j : 1 ≤ j ≤ N } contained

in C∞(S, [0, 1]), where the integer N = N (ε) is sufficiently large, such that

• suppπε
j = I εj + 2πZ with I εj := [ξεj − ε, ξεj + ε] and ξεj := jε;

•
N∑
j=1

πε
j = 1 in C∞(S).

(5.47)

We call {πε
j : 1 ≤ j ≤ N } an ε-partition of unity. To a given ε-partition of unity, we associate

a further set {χε
j : 1 ≤ j ≤ N } ⊂ C∞(S, [0, 1]) with

• suppχε
j = J εj + 2πZ with J εj = [ξεj − 2ε, ξεj + 2ε];

•χε
j = 1 on suppπε

j .
(5.48)

We associate to such an ε-partition of unity a new norm on Hs(S), s ≥ 0, via the mapping

[
f �→

N∑
j=1

‖πε
j f ‖Hs

]
: Hs(S) → R,

which is equivalent to the standard norm in the sense that for some c = c(ε, s) ∈ (0, 1) we
have

c‖ f ‖Hs ≤
N∑
j=1

‖πε
j f ‖Hs ≤ c−1‖ f ‖Hs , f ∈ Hs(S). (5.49)
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Similarly to the non-periodic case [36], let � : [0, 1] → L(
Hr (S),Hr−1(S)

)
be the

continuous path given by

�(τ)[ f ] := 2

μ+ + μ−
( − τ f ′β0,1 + (−τ f ′

0, 1)
� · B(τ )[ f ]), τ ∈ [0, 1], f ∈ Hr (S),

(5.50)
where β0 = (β0,1, β0,2)

� was introduced in (5.44) and B(τ )[ f ] ∈ Hr−1(S)2, τ ∈ [0, 1], is
the unique solution to

(
1 + 2τaμD( f0)

)[B(τ )[ f ]] = V (τ )[ f ] − 2τaμ∂D( f0)[ f ][β0]. (5.51)

Here, V : [0, 1] → L(
Hr (S),Hr−1(S)2

)
denotes the continuous mapping

V (τ ) := 1

4

( − σ∂V1(τ f0)− τ�∂V3( f0), −σ∂V2(τ f0)+ τ�∂V4( f0)+ τ� ln(4)〈·〉)�

(5.52)
for τ ∈ [0, 1]. Note that B : [0, 1] → L(

Hr (S),Hr−1(S)2
)
is continuous as well and, using

Theorem 4.2, (4.2), and (5.20), we may find a constant C > 0 such that

‖B(τ )[ f ]‖Hr−1 ≤ C‖ f ‖Hr , f ∈ Hr (S), τ ∈ [0, 1]. (5.53)

Moreover, we observe that �(1) = ∂�( f0) and that

V (0) =
(
0, −σ

4
H ◦ d

dξ

)�
,

where H = B0,0
0,0 is the periodic Hilbert transform, c.f. (3.4). It follows that

�(0) = − σ

2(μ+ + μ−)

(
− d2

dξ2

)1/2

, (5.54)

since the symbol of the periodic Hilbert transform is given by (−i sign(k))k∈Z. The invert-
ibility of the operator λ − �(0) for λ > 0 will later be used to conclude the invertibility of
λ−�(1) for Re λ large enough.

In Proposition 5.4, we approximate not only ∂�( f0) = �(1) by Fourier multipliers but
also the entire path �(τ), τ ∈ [0, 1].
Proposition 5.4 Given γ > 0, there exist ε ∈ (0, 1), an ε-partition of unity
{πε

j : 1 ≤ j ≤ N }, a constant K = K (ε) > 0, and bounded operators

A j,τ ∈ L(
Hr (S),Hr−1(S)

)
, 1 ≤ j ≤ N , τ ∈ [0, 1],

such that ∥∥πε
j�(τ)[ f ] − A j,τ [πε

j f ]
∥∥
Hr−1 ≤ γ ‖πε

j f ‖Hr + K‖ f ‖Hr ′ (5.55)

for all 1 ≤ j ≤ N, f ∈ Hr (S), and τ ∈ [0, 1]. The operators A j,τ are defined by

A j,τ := −ατ (ξεj )
(

− d2

dξ2

)1/2

+ ϑτ (ξ
ε
j )

d

dξ
, 1 ≤ j ≤ N , τ ∈ [0, 1], (5.56)

where the functions ατ and ϑτ are given, recalling (2.2) and (5.44), by

ατ := σ

2(μ+ + μ−)
(ω(τ f0))

−1 and ϑτ := − 2τ

μ+ + μ− β0,1. (5.57)
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The proof of this proposition uses the following commutator-type result for the operators
Cn,m .

Lemma 5.5 Given n, m ∈ N0 and a, f ∈ C1(S), there exists a constant C > 0 that depends
only on n, m, and ‖(a, f )‖C1 such that for all ϕ ∈ L2(S) we have

∥∥aC0
n,m( f )[ϕ] − C0

n,m( f )[aϕ]∥∥H1 ≤ C‖ϕ‖2. (5.58)

Proof See [3, Lemma B.1] ��
The main ingredient in the proof of Proposition 5.4 is the next lemma, which describes

how to “freeze the kernel” of the operators Cn,m .

Lemma 5.6 Let n, m ∈ N0, r ′ ∈ (3/2, r), f ∈ Hr (S), a, b ∈ Hr−1(S), and η > 0 be given.
Then, for any sufficiently small ε ∈ (0, 1), there exists a constant K > 0 that depends
on ε, n, m, ‖ f ‖Hr , and ‖(a, b)‖Hr−1 such that for all 1 ≤ j ≤ N and ϕ ∈ Hr−1(S) we have

∥∥∥∥πε
j aC

0
n,m( f )[bϕ] − ab f ′n

(
1 + f ′2)m (ξεj )H [πε

j ϕ]
∥∥∥∥
Hr−1

≤ η‖πε
j ϕ‖Hr−1 + K‖ϕ‖Hr ′−1 . (5.59)

Proof See [3, Lemma B.2] ��
We now prove Proposition 5.4, following closely the proof of [36, Theorem 6.2].

Proof of Proposition 5.4 Let γ > 0 be fixed, and let ε ∈ (0, 1) (to be chosen later on),
together with an associated ε-partition of unity {πε

j : 1 ≤ j ≤ N } and the corresponding
family {χε

j : 1 ≤ j ≤ N }, satisfying (5.47) and (5.48), respectively. We also point out that,
given s ∈ (1/2, 1), there exists a constant C = C(s) > 0 such that

‖ f g‖Hs ≤ C(‖ f ‖∞‖g‖Hs + ‖g‖∞‖ f ‖Hs ), f , g ∈ Hs(S). (5.60)

In what follows, the symbol C is used for constants that are independent of ε, while K
denotes constants that depend on ε. In view of definition (5.50), we need to approximate both
operators

[
f �→ B2(τ )[ f ] − τ f ′

0B1(τ )[ f ]
]
and

[
f �→ τ f ′β0,1

]
. We start with the second

one. Using the identity χε
j π

ε
j = πε

j together with (5.60), we have

‖πε
j β0,1 f

′ − β0,1(ξ
ε
j )(π

ε
j f )

′‖Hr−1 ≤ C‖χε
j (β0,1 − β0,1(ξ

ε
j ))‖∞‖(πε

j f )
′‖Hr−1 + K‖ f ‖Hr ′

≤ γ (μ+ + μ−)
6

‖πε
j f ‖Hr + K‖ f ‖Hr ′

(5.61)
for all 1 ≤ j ≤ N and f ∈ Hr (S), provided that ε is small enough. The estimate in the last
line of (5.61) follows from (5.48) in view of β0,1 ∈ Hr−1(S) ↪→ Cr−3/2(S).

Next, we show that

‖πε
jB(τ )[ f ]‖Hr−1 ≤ CB‖πε

j f ‖Hr + K‖ f ‖Hr ′ , (5.62)

with CB independent of ε ∈ (0, 1), τ ∈ [0, 1], 1 ≤ j ≤ N , and f ∈ Hr (S). To this end, we
infer from (5.51), after multiplying this relation by πε

j , that

(
1 + 2τaμD( f0)

)[
πε
jB(τ )[ f ]

] = πε
j V (τ )[ f ] − 2τaμπ

ε
j ∂D( f0)[ f ][β0]

+ 2τaμ
(
D( f0)

[
πε
jB(τ )[ f ]

] − πε
jD( f0)

[B(τ )[ f ]])
.

(5.63)
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The terms on the first line of the right side of (5.63) can be estimated according to

‖πε
j V (τ )[ f ]‖Hr−1 + ‖πε

j ∂D( f0)[ f ][β0]‖Hr−1 ≤ C‖πε
j f ‖Hr + K‖ f ‖Hr ′ . (5.64)

Indeed, recalling (5.3) and (5.52), the estimate (5.64) follows by observing from (3.7) and
(4.1) that ∂Vi ( f0) ∈ L(

Hr ′
(S)

)
for i = 3, 4, so that in particular

‖πε
j ∂V3( f0)[ f ]‖Hr−1 + ‖πε

j ∂V4( f0)[ f ]‖Hr−1 + ‖〈 f 〉‖Hr−1 ≤ K‖ f ‖Hr ′ , (5.65)

the other terms, corresponding to ∂Vi ( f0), i = 1, 2, and to ∂D( f0)[ f ][β0] being estimated
using (5.42)–(5.43), (5.45)–(5.46), Lemma 4.1 (iv), and Lemma 5.5. Moreover, combining
(5.34), Lemma 5.5 and (5.53) (with r = r ′) we get
∥∥D( f0)

[
πε
jB(τ )[ f ]

] − πε
jD( f0)

[B(τ )[ f ]]∥∥
Hr−1 ≤ K‖B(τ )[ f ]‖Hr ′−1 ≤ K‖ f ‖Hr ′ , (5.66)

the desired claim (5.62) following now from Theorem 4.2 and (5.63)–(5.66).
With the estimate (5.62) at hand, we next approximate the operator

[
f �→ B(τ )[ f ]]. To

begin, we define Fourier multipliersB j,τ ∈ L(
Hr (S),Hr−1(S)2

)
, 1 ≤ j ≤ N and τ ∈ [0, 1],

by

B j,τ := −σ

4

(
a1(τ f0)(ξεj )H ◦ (d/dξ)
a2(τ f0)(ξεj )H ◦ (d/dξ)

)
.

Given γ̃ > 0, we show that if ε ∈ (0, 1) is small enough, then

‖πε
jB(τ )[ f ] − B j,τ [πε

j f ]‖Hr−1 ≤ γ̃ ‖πε
j f ‖Hr + K‖ f ‖Hr ′ (5.67)

for all τ ∈ [0, 1], 1 ≤ j ≤ N , and f ∈ Hr (S). To this end we multiply (5.51) by πε
j and

arrive at

πε
jB(τ )[ f ] = πε

j V (τ )[ f ] − 2τaμπ
ε
j

(
∂D( f0)[ f ][β0] + D( f0)

[B(τ )[ f ]])
. (5.68)

Recalling (5.52) and (5.42)–(5.43), the estimate (5.65) and repeated use of Lemma 5.6 in the
context of (5.42) yield

‖πε
j V (τ )[ f ] − B j,τ [πε

j f ]‖Hr−1 ≤ γ̃

3
‖πε

j f ‖Hr + K‖ f ‖Hr ′ (5.69)

for all τ ∈ [0, 1], 1 ≤ j ≤ N , and f ∈ Hr (S), provided that ε is small enough. Moreover,
using the relations (5.45)–(5.46), we obtain, by repeatedly applying Lemma 5.6, that

‖πε
j ∂D( f0)[ f ][β0]‖Hr−1 ≤ γ̃

6|aμ| + 1
‖πε

j f ‖Hr + K‖ f ‖Hr ′ (5.70)

for all 1 ≤ j ≤ N and f ∈ Hr (S), provided that ε is small enough. Similarly, by repeatedly
applying Lemma 5.6 to (5.34) and using (5.35), (5.53) (with r = r ′), and (5.62), we get

∥∥πε
jD( f0)

[B(τ )[ f ]]∥∥
Hr−1 ≤ γ̃

(6|aμ| + 1)CB
‖πε

jB(τ )[ f ]‖Hr−1 + K‖ f ‖Hr ′

≤ γ̃

6|aμ| + 1
‖πε

j f ‖Hr + K‖ f ‖Hr ′
(5.71)

for all τ ∈ [0, 1], 1 ≤ j ≤ N and f ∈ Hr (S), provided that ε is small enough. Recall-
ing (5.68), the estimate (5.67) is a straightforward consequence of (5.69)–(5.71),
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To approximate the operators
[
f �→ B2(τ )[ f ] − τ f ′

0B1(τ )[ f ]
]
, we first infer from (5.67),

that for ε small enough, we have
∥∥∥∥πε

jB2(τ )[ f ] + σ

4
a2(τ f0)(ξ

ε
j )H [(πε

j f )
′]

∥∥∥∥
Hr−1

≤ γ (μ+ + μ−)
6

‖πε
j f ‖Hr + K‖ f ‖Hr ′

(5.72)
for all τ ∈ [0, 1], 1 ≤ j ≤ N , and f ∈ Hr (S). Moreover, using the identity πε

j = χε
j π

ε
j , the

regularity of f0 ∈ Hr (S) ↪→ Cr−1/2(S), and the estimates (5.53) (with r = r ′), (5.62), and
(5.67), we obtain

∥∥∥∥πε
j f

′
0B1(τ )[ f ] + σ

4
f ′
0(ξ

ε
j )a1(τ f0)(ξ

ε
j )H [(πε

j f )
′]

∥∥∥∥
Hr−1

≤ C‖χε
j ( f

′
0 − f ′

0(ξ
ε
j ))‖∞‖πε

jB1(τ )[ f ]‖Hr−1

+ C

∥∥∥∥πε
jB1(τ )[ f ] + σ

4
a1(τ f0)(ξ

ε
j )H [(πε

j f )
′]

∥∥∥∥
Hr−1

+ K‖ f ‖Hr ′

≤ γ (μ+ + μ−)
6

‖πε
j f ‖Hr + K‖ f ‖Hr ′

(5.73)

for all τ ∈ [0, 1], 1 ≤ j ≤ N , and f ∈ Hr (S), provided that ε is small enough.
Recalling (5.50), the desired claim (5.55) follows from (5.61), (5.72), and (5.73). ��
Since f0 ∈ Hr (S), it follows from (2.2) and (5.44) that there exists a constant η ∈ (0, 1)

such that the functions defined in (5.57) satisfy

η ≤ ατ ≤ η−1 and |ϑτ | ≤ η−1, τ ∈ [0, 1].
Next, we introduce α ∈ [η, η−1], ϑ ∈ [−η−1, η−1]. the Fourier multiplier Aα,ϑ by

Aα,ϑ := −α
(

− d2

dξ2

)1/2

+ ϑ
d

dξ
∈ L(

Hr (S),Hr−1(S)
)
.

Using Fourier analysis techniques, one can readily verify that for all α ∈ [η, η−1] and
|ϑ | ≤ η−1, we have

λ− Aα,ϑ ∈ L(
Hr (S),Hr−1(S)

)
is an isomorphism for all Re λ ≥ 1. (5.74)

Moreover, there exists a constantκ0 = κ0(η) ≥ 1 such that for allα ∈ [η, η−1] and |ϑ | ≤ η−1,

κ0‖(λ− Aα,ϑ )[ f ]‖Hr−1 ≥ |λ| ‖ f ‖Hr−1 + ‖ f ‖Hr , f ∈ Hr (S), Re λ ≥ 1. (5.75)

By combining (5.74)–(5.75) with Proposition 5.4 and the interpolation property (4.3), we
are now in a position to prove Proposition 5.2.

Proof of Proposition 5.2 We begin by fixing r ′ ∈ (3/2, r) and letting κ0 ≥ 1 denote the
constant from estimate (5.75). Applying Proposition 5.4with γ = 1/(2κ0)wefind ε ∈ (0, 1),
an ε-partition of unity {πε

j : 1 ≤ j ≤ N }, a constant K = K (ε) > 0, and operators

A j,τ ∈ L(
Hr (S),Hr−1(S)

)
, 1 ≤ j ≤ N , τ ∈ [0, 1],

such that for all τ ∈ [0, 1], 1 ≤ j ≤ N , and f ∈ Hr (S) we have

2κ0
∥∥πε

j�(τ)[ f ] − A j,τ [πε
j f ]

∥∥
Hr−1 ≤ ‖πε

j f ‖Hr + 2κ0K‖ f ‖Hr ′ .
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Additionally, we infer from (5.56) and (5.75) that

2κ0
∥∥(λ− A j,τ )[πε

j f ]
∥∥
Hr−1 ≥ 2|λ| ‖πε

j f ‖Hr−1 + 2‖πε
j f ‖Hr

for all 1 ≤ j ≤ N , τ ∈ [0, 1], Re λ ≥ 1, and f ∈ Hr (S).
By applying the reverse triangle inequality together with the above estimates, we obtain

2κ0
∥∥πε

j (λ−�(τ))[ f ]∥∥Hr−1

≥ 2κ0
∥∥(λ− A j,τ )[πε

j f ]
∥∥
Hr−1 − 2κ0

∥∥πε
j�(τ)[ f ] − A j,τ [πε

j f ]
∥∥
Hr−1

≥ 2|λ| ‖πε
j f ‖Hr−1 + ‖πε

j f ‖Hr − 2κ0K‖ f ‖Hr ′ .

Summing over j , and using the interpolation property (4.3), the equivalence of norms (5.49),
and Young’s inequality, we find constants κ ≥ 1 and ω > 1 such that

κ
∥∥(λ−�(τ))[ f ]∥∥Hr−1 ≥ |λ| ‖ f ‖Hr−1 + ‖ f ‖Hr (5.76)

for all τ ∈ [0, 1], Re λ ≥ ω, and f ∈ Hr (S).
Moreover, by (5.54) and (5.74), the operator ω −�(0) is an isomorphism. The method of

continuity, cf. [1, Proposition I.1.1.1] and (5.76) imply now that ω −�(1) = ω − ∂�( f0)
is an isomorphism too. This property, together with (5.76) (with τ = 1), shows that ∂�( f0)
generates a strongly continuous analytic semigroup; see [1, Section I.1.2]. Thus, the proof is
complete. ��

We are now in a position to prove Theorem 1.1.

Proof of Theorem 1.1 Using the abstract parabolic theory from [32, Chapter 8], the theorem
follows from (5.22) and Proposition 5.2. The details are analogous to the proof in the non-
periodic case; see [36, Theorem 1.1], and we therefore do not present them here. ��

6 Stability analysis

In this section, we identify all equilibrium solutions to the two-phase Stokes problem (1.1)
and study their stability properties. From Theorem 1.1 (ii), we deduce that any stationary
solution f to (1.1) belongs to C∞(S). Moreover, Lemma 6.1 below identifies the equilibrium
solutions to (1.1) as the functions f ∈ C∞(S) that solve the nonlinear differential equa-
tion (6.1). It is worth noting that equation (6.1) characterizes the equilibrium solutions also
in the context of the two-dimensional Muskat problem; see [11, 13, 45]. Interestingly, there
exists a one-to-one correspondence between even solutions to (6.1) with zero integral mean
and odd solutions to the mathematical pendulum equation; see [11].

Lemma 6.1 A function f ∈ C∞(S) is an equilibrium solution to (1.1) if and only if

�( f − 〈 f 〉)− σκ( f ) = 0. (6.1)

Proof Let f ∈ C∞(S) be an equilibrium solution to (1.1) and let v and q be the associated
velocity and pressure fields. By (1.1a)6 we then have v · ν̃ = 0 on �. With un , n > ‖ f ‖∞,
defined in the proof of Proposition 2.2, we then compute, using (1.1a)3−4,∫

S×R

div
(
un(x2)Tμ(v, q)(x)v(x)

)
dx = −

∫

�

v · [
Tμ(v, q)

]̃
ν dσ

= −
∫

�

(�x2 − σ κ̃)v · ν̃ dσ = 0.
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Consequently, since 2 div
(
Tμ(v, q)v

) = ∣∣∇v + (∇v)�∣∣2 in (S × R) \ �, by (1.1a)1−2, we
infer from (1.1a)5, (1.1e), and (5.10) that

1

2

∫

{|x2|<n}
∣∣∇v + (∇v)�∣∣2 dx ≤ −

∫

{n<|x2|<n+1}
∇un(x2) · (

Tμ(v, q)(x)v(x)
)
dx −→

n→∞ 0.

Thus, ∇v + (∇v)� = 0 in L2(S×R,R2×2) and, arguing similarly as in the final part of the
proof of Proposition 2.2, we obtain that ∇v = 0 in L2(S × R,R2×2). Using (v, q) ∈ X f ,
(1.1a)1, and (1.1a)5, it immediately follows that v = 0 in S×R and q± = ∓�〈 f 〉/2 in�±,
and the relation (6.1) is simply a reformulation of (1.1a)4.

For the converse implication, it suffices to show that if f ∈ C∞(S) is a solution to (6.1)with
zero integral mean, then ( f , v±, q±, c�) = ( f , 0, 0, 0) is an equilibrium solution to (1.1);
see the discussion preceding (1.2). This is, however, a straightforward consequence of the
uniqueness result in Theorem 5.1, and the proof is complete. ��

A complete description of the solution set to (6.1) has been provided in [11, 45] in the
context of the Muskat problem. It is shown there, in particular, that any solution to prob-
lem (6.1) is a horizontal and/or vertical translation of a (distributional) solution f ∈ Ĥr

e(S),
with r ∈ (3/2, 2), to

(
f ′

(1 + f ′2)1/2

)′
+ λ f = 0, where λ := −�

σ
= g[ρ]

σ
, (6.2)

which we view as an equation in Ĥr−2
e (S). We define, for s ∈ R,

Ĥs
e(S) := {

f ∈ Hs(S) : 〈 f , 1〉 = 0 and
〈
f , eik·

〉 = 〈
f , e−ik·〉 for all k ∈ Z

}
,

where 〈·, ·〉 is the canonical duality pairing between D′(S) and D(S) = C∞(S). Indeed, a
simple bootstrap argument shows that any solution f ∈ Ĥr

e(S), with r ∈ (3/2, 2), to (6.2)
actually belongs to C∞(S). Moreover, testing the equation for λ ≤ 0 against f yields f = 0
as the unique solution in this case. However, if λ > 0, which corresponds to the scenario
where the denser fluid lies above the less dense one, equation (6.2) may also admit finger-
shaped solutions. These are nontrivial periodic solutions to (1.1), where the interface between
the fluids forms repeating upward and downward fingers.

InTheorem6.2,we summarize results from[11], adapted to our functional-analytic setting,
concerning the solution set of (6.2) in Ĥr

e(S), regarded now as a bifurcation problem with
bifurcation parameter λ and solution (λ, f ) ∈ R × Ĥr

e(S). Theorem 6.2 shows that the
solutions to (6.2) lie on global bifurcation branches C�, � ∈ N. Each branch C� consists of
equilibrium solutions of minimal period 2π/� and intersects the trivial branch of solutions
only once. Along each branch, the flat equilibrium deforms into a cosine-shaped function and
the slope at ξ = π/(2�) blows-up monotonically as one approaches the end of the branch.

Theorem 6.2 Let

λ∗ := 1

2π2 B

(
3

4
,
1

2

)2

≈ 0.2909, (6.3)

where B is the beta function. Then, the following holds true:

(i) If λ ≤ λ∗, then equation (6.2) only has the trivial solution (λ, f ) = (λ, 0).
(ii) Let λ > λ∗.

(a) Equation (6.1) admits solutions (λ, f ) ∈ R × Ĥr
e(S) of minimal period 2π if and

only if λ∗ < λ < 1. More precisely, for each λ ∈ (λ∗, 1), there exist exactly two even
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solutions (λ,± fλ) to (6.2) of minimal period 2π . Moreover, we have | fλ1 | ≤ | fλ2 |
for λ2 < λ1, and ‖ fλ‖∞ → 0 as λ → 1, while

‖ fλ‖∞ = | fλ(0)| → √
2/λ∗, ‖ f ′

λ‖∞ = | f ′
λ(π/2)| → ∞ as λ → λ∗.

(b) Equation (6.1) admits solutions (λ, f ) ∈ R × Ĥr
e(S) of minimal period 2π/�, with

2 ≤ � ∈ N, if and only if �2λ∗ < λ < �2. To be precise, for every λ ∈ (�2λ∗, �2),
there exist exactly two even solutions (λ,± fλ) of minimal period 2π/� given by

fλ = �−1 fλ�−2(�·),
where fλ�−2(�·) is the function identified at (a).

(iii) Ifwe consider (6.2) as anabstract bifurcationproblem inR×Ĥr
e(S), the global bifurcation

branch C� arising at (�2, 0), � ∈ N, described in (ii), admits in a small neighborhood
of (�2, 0) a smooth parametrization

(λ�, f�) ∈ C∞(
(−δ�, δ�),R × Ĥr

e(S)
)
, δ� > 0,

satisfying ⎧⎨
⎩
λ�(s) := �2 − 3�4

8
s2 + O(s4) in R,

f�(s) := s cos(�·)+ O(s2) in Ĥr
e(S),

for s → 0. (6.4)

Proof The claims (i) and (ii) are established in [11]. The proof of (iii) follows the strategy
pursued in [13], without differentiating (6.2). To this end, recalling (2.2), we define the
nonlinear operator F : R × Ĥr

e(S) → Ĥr−2
e (S) by

F(λ, f ) = (
f ′(ω( f ))−1)′ + λ f , (6.5)

and reformulate (6.2) as the bifurcation problem

F(λ, f ) = 0. (6.6)

Due to (5.1) and (5.19), we have F ∈ C∞(
R× Ĥr

e(S), Ĥ
r−2
e (S)

)
and moreover F(λ, 0) = 0

for all λ ∈ R. Representing functions in Ĥr
e(S) by their cosine series

∑∞
k=1 ak cos(k·), it is

easy to compute that the Fréchet derivative ∂ f F(λ, 0) is the Fourier multiplier

∂ f F(λ, 0)

[ ∞∑
k=1

ak cos(k·)
]

=
∞∑
k=1

(λ− k2)ak cos(k·).

It is now obvious that the assumptions of the theorem on bifurcation from simple eigenvalues
due to Crandall and Rabinowitz [9] are fulfilled in (�2, 0), � ∈ N. Consequently, for each
� ∈ N, there exists a smooth local bifurcation curve (λ�, f�) : (−δ�, δ�) → R × Ĥr

e(S) such
that, for s → 0, {

λ�(s) := �2 + O(s) in R,

f�(s) := s cos(�·)+ τ�(s) in Ĥr
e(S),

(6.7)

with τ� ∈ C∞(
(−δ�, δ�), Ĥr

e(S)
)
satisfying τ�(0) = τ ′

�(0) = 0 and 〈τ�(s), cos(�·)〉 = 0
for all |s| < δ�, consisting only of equilibrium solutions to (1.1). Moreover, in a small
neighborhood of (�2, 0) in R × Ĥr

e(S), the solutions to (6.2) are either trivial or belong to
the local bifurcation curve (λ�, f�). Noticing that F(λ�(s),− f�(s)) = 0 for |s| < δ�, we
deduce from (6.7) and (ii), after making δ� smaller if necessary, that λ�(−s) = λ�(s) and
f�(−s) = − f�(s) for all |s| < δ�. In particular, we have λ′

�(0) = λ′′′
� (0) = 0. In order

to show that λ′′
�(0) = −3�4/4, and prove in this way (6.4), we differentiate the identity
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F(λ�(s), f�(s)) = 0 three times with respect to s and evaluate the resulting identity at s = 0
to arrive at

λ′′
�(0) f

′
�(0)− d

dξ

((
d

dξ
f ′
�(0)

)3)
+ 1

3

(
d2

dξ2
(
f ′′′
� (0)

) + �2 f ′′′
� (0)

)
= 0 in Ĥr−2

e (S).

(6.8)
Since f ′′′

� (0) = τ ′′′
� (0) with 〈τ ′′′

� (0), cos(�·)〉 = 0 and f ′
�(0) = cos(�·), testing (6.8) by

cos(�·) leads to

λ′′
�(0) =

〈
d

dξ

((
d

dξ
cos(�·)

)3)
, cos(�·)

〉

〈cos(�·), cos(�·)〉 = −3�4

4
,

which completes the proof. ��
We conclude this section with the proof of Theorem 1.2.

Proof of Theorem 1.2 To establish claim (i), we first infer from (5.17) that �( f ) ∈ Ĥr−1(S)

for each f ∈ Ĥr (S), since the integral mean of 〈 f 〉 is preserved; see (1.3). Recalling (5.22),
we thus have � ∈ C∞(

Ĥr (S), Ĥr−1(S)
)
. Moreover, combining (3.7), (3.11), (5.1), (5.3),

(5.5), (5.23), and (5.24) we compute that the Fréchet derivative ∂�(0) ∈ L(Ĥr (S), Ĥr−1(S)

is the Fourier multiplier

∂�(0) := �

2(μ+ + μ−)
B0(0)− σ

2(μ+ + μ−)

(
− d2

dξ2

) 1
2

,

with B0(0) = H ◦ S, where H is the Hilbert transform and S ∈ L(
Ĥr (S)

)
is the operator

which associates to each function f ∈ Ĥr (S) its antiderivative

S[ f ](ξ) :=
∫ ξ

0
f (s) ds + 1

2π

∫ 2π

0
s f (s) ds, ξ ∈ S, (6.9)

cf. [3, Lemma 3.4]. In particular, ∂�(0) ∈ L(
Ĥr (S), Ĥr−1(S)

)
generates a strongly con-

tinuous analytic semigroup in L(
Ĥr−1(S)

)
, cf. (5.74)–(5.75), and its spectrum is given

by

σ(∂�(0)) =
{

− �+ σk2

2(μ+ + μ−)k
: k ∈ N

}
, (6.10)

consisting only of eigenvalues with finite multiplicity.
Hence, assuming σ +� > 0, we have

sup{Re λ : λ ∈ σ(∂�(0))} ≤ −ϑ0 < 0,

and we may apply the principle of linearized stability [32, Theorem 9.1.2] in the context of
(5.17) (regarded as an evolution problem in Ĥr−1(S)) to obtain (a).

Conversely, if σ +� < 0, the spectrum of ∂�(0) ∈ L(
Ĥr (S), Ĥr−1(S)

)
contains a finite

number of positive eigenvalues, more precisely, we have
⎧⎨
⎩

− σ +�

2(μ+ + μ−)
∈ σ+(∂�(0)) := σ(∂�(0)) ∩ {λ ∈ C : Re λ > 0},

inf{Re λ : λ ∈ σ+(∂�(0))} > 0.

Claim (b) now follows directly from an application of [32, Theorem 9.1.3] in the context
of (5.17) (regarded again as an evolution problem in Ĥr−1(S)).
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In order to establish (ii), we first formulate (5.17) as an evolution problem in Ĥr−1
e (S)

depending on the parameter λ introduced in (6.2) (by eliminating the parameter �). Recall-
ing (5.2) and (5.5), for each f ∈ Ĥr

e(S) and λ ∈ R we denote by β = β( f , λ) ∈ Hr−1(S)2

the unique solution to

(
1 + 2aμD( f )

)[β] = −σ

4

( V1( f )− λV3( f )
V2( f )+ λV4( f )+ λ ln 4〈 f 〉

)
. (6.11)

Note that the solutionβ( f ) defined in (5.5) coincideswithβ( f , λ)whenλ = −�/σ . Related
to (5.17), we consider the evolution problem

d f

dt
(t) = �( f (t), λ), t ≥ 0, f (0) = f0, (6.12)

where

�( f , λ) := 2

μ+ + μ− (− f ′, 1)� · β( f , λ). (6.13)

The mappings defined in (6.11) and (6.13) depend linearly on λ, hence

� ∈ C∞(
Ĥr
e(S)× R, Ĥr−1(S)

)
.

To show that �( f , λ) is also an even function, we introduce the operator

[ϕ �→ ϕ̌] ∈ L(
L2(S)

)
ϕ̌(ξ) := ϕ(−ξ), ξ ∈ S,

and observe that (B p,q
n,m( f )[ϕ])ˇ = (−1)n+p+q+1B p,q

n,m( f )[ϕ̌]. Since
φi ( f )ˇ = (−1)i+1φi ( f ), i = 1, 2,

respectively

(Bi ( f )[ϕ])ˇ = −Bi ( f )[ϕ̌], i ∈ {1, 4, 5},
(Bi ( f )[ϕ])ˇ = Bi ( f )[ϕ̌], i ∈ {0, 2, 3, 6},

by (3.7)–(3.8) and (5.1), we infer from (5.3) that

Vi ( f )ˇ = (−1)iVi ( f ), 1 ≤ i ≤ 4. (6.14)

Recalling (3.11), we deduce from (6.11), by using (6.14), that

(
1 + 2aμD( f )

) [−β̌1
β̌2

]
= −σ

4

( V1( f )− λV3( f )
V2( f )+ λV4( f )+ λ ln 4〈 f 〉

)
,

and Theorem 4.2 ensures that[
β1( f , λ)ˇ
β2( f , λ)ˇ

]
=

[−β1( f , λ)
β2( f , λ)

]
, f ∈ Ĥr

e(S), λ ∈ R. (6.15)

It is straightforward to infer from this relation together with (6.13) that

� ∈ C∞(
Ĥr
e(S)× R, Ĥr−1

e (S)
)
. (6.16)

Moreover, the Fréchet derivative ∂ f�(0, λ) generates a strongly continuous analytic
semigroup in L(

Ĥr−1
e (S)

)
, being the Fourier multiplier

∂ f�(0, λ)

[ ∞∑
k=1

ak cos(k·)
]

=
∞∑
k=1

σ(λ− k2)

2(μ+ + μ−)k
ak cos(k·).
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Wenow study the stability properties of the equilibrium solution f�(s), � ∈ N and |s| < δ�,
to (6.12) (for λ = λ�(s)). To this end, we observe that if δ� is sufficiently small, the per-
turbation result [1, Theorem I.1.3.1 (i)] ensures that ∂ f�( f�(s), λ�(s)) generates a strongly
continuous analytic semigroup in Ĥr−1

e (S) for all |s| < δ�. Moreover, since the embedding
Ĥr
e(S) ↪→ Ĥr−1

e (S) is compact, we infer from [28, Theorem III.6.29] and the generator
property of ∂ f�( f�(s), λ�(s)) that the spectrum σ(∂ f�( f�(s), λ�(s))) consists entirely of
isolated eigenvalues with finite algebraic multiplicities which do not accumulate at 0.

Assume now that � ≥ 2. Then, ∂ f�(0, �2) has exactly (�−1) positive simple eigenvalues.
Since a finite set of simple eigenvalues of ∂ f�( f�(s), λ�(s)) depends continuously on s as
s varies in (−δ�, δ�), cf. [28, Chapter IV.3.5], we conclude that

σ+(∂ f�( f�(s), λ�(s))) �= ∅ and inf{Re λ : λ ∈ σ+(∂ f�( f�(s), λ�(s)))} > 0
(6.17)

for all |s| < δ�, provided that δ� is sufficiently small. Therefore, we can apply [32,
Theorem 9.1.3] to deduce that f�(s) is an unstable equilibrium.

Finally, we consider the more intricate case � = 1, in which the eigenvalues of ∂ f�(0, 1)
are all negative, except for the simple eigenvalue zero. Let

γ (λ) := σ(λ− 1)

2(μ+ + μ−)

denote the eigenvalue of ∂ f�(0, λ) that satisfies γ (λ) = 0 for λ = 1. Assuming that δ1 is
small, the operator ∂ f�( f1(s), λ1(s)) has, for each |s| < δ1, a simple eigenvalue z(s) in
the vicinity of 0. According to the principle of exchange of stability due to Crandall and
Rabinowitz, cf. [10, Theorem 1.16], it holds that

lim
s→0

−sλ′
1(s)γ

′(0)
z(s)

= 1.

Since sλ′
1(s) < 0 for all 0 < |s| < δ1 by (6.4) and γ ′(0) > 0, we deduce that z(s) is a

positive simple eigenvalue of ∂ f�( f1(s), λ1(s)) for each 0 < |s| < δ1. Hence, (6.17) also
holds true for � = 1 and 0 < |s| < δ1, and therefore f1(s) is an unstable equilibrium solution
to (6.12) by the same abstract result [32, Theorem 9.1.3]. ��

Appendix A Analysis of (singular) integral operators

In this section, we prove mapping properties of the operators B p,q
n,m , defined in (3.1), which

were used in the analysis of the double-layer potential operator D in Sect. 4. For Lips-
chitz continuous mappings a = (a1, . . . , am) : R → R

m, b = (b1, . . . , bn) : R → R
n ,

and c = (c1, . . . , cq) : R → R
q , where m, n, q ∈ N0 and � ∈ {1, 2}, we define the integral

operator

A�,qn,m(a|b)[c, ϕ](ξ)

:= 1

2π

∫ π

−π

⎡
⎢⎢⎢⎣

n∏
i=1

T[ξ,s]bi
t[s]

q∏
i=1

δ[ξ,s]ci /2
t[s]

m∏
i=1

[
1 +

(
T[ξ,s]ai
t[s]

)2
] 1

t�[s]
−

n∏
i=1

δ[ξ,s]bi /2
s/2

q∏
i=1

δ[ξ,s]ci /2
s/2

m∏
i=1

[
1 +

(
δ[ξ,s]ai /2

s/2

)2
] 1

(s/2)�

⎤
⎥⎥⎥⎦ϕ(ξ − s)ds,

(A.1)
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where ϕ ∈ L2(S) and ξ ∈ R (see (2.7) and (3.3)). As noted in [3, Equation (A.2)], we have

B0,q
n,m(a|b)[c, ϕ] = A1,q

n,m(a|b)[c, ϕ] + Cn+q,m(a)[(b, c), ϕ], m, n, q ∈ N0. (A.2)

Moreover, A�,qn,m(a|b)[c, ϕ] is 2π -periodic if a, b, and c have this property. Let us also recall
the following identity from [3, Lemma A.5]

B p,q
n,m(a|b)[c, ϕ] − B p,q

n,m(ã|b̃)[c̃, ϕ]

=
q∑

i=1

B p,q
n,m(a|b)[c̃1, . . . , c̃i−1, ci − c̃i , ci+1, . . . , cq , ϕ]

+
n∑

i=1

(
B p,q
n,m(a|b̃1, . . . , b̃i−1, bi , . . . , bn)− B p,q

n,m(a|b̃1, . . . , b̃i , bi+1, . . . , bn)
)[c̃, ϕ]

+
m∑
i=1

(
B p,q
n+2,m+1(ã1, . . . , ãi , ai , . . . , am |b̃, ãi , ãi )

− B p,q
n+2,m+1(ã1, . . . , ãi , ai , . . . , am |b̃, ãi , ai )

)[c̃, ϕ]

+
m∑
i=1

(
B p,q
n+2,m+1(ã1, . . . , ãi , ai , . . . , am |b̃, ãi , ai )

− B p,q
n+2,m+1(ã1, . . . , ãi , ai , . . . , am |b̃, ai , ai )

)[c̃, ϕ],
(A.3)

where (a,b, c), (ã, b̃, c̃) ∈ W1,∞(S)m+n+q .
We begin by proving Lemma 4.1 (ii)–(iii), which is used several times in our analysis.
Proof of Lemma 4.1 (ii)–(iii) We start by recalling some elementary inequalities

| tanh(ξ)| ≤ |ξ | and | tanh(ξ)− ξ | ≤ |ξ tanh2(ξ)|,
|ζ | ≤ | tan(ζ )| and | tan(ζ )− ζ | ≤ |ζ 2 tan(ζ )|, (A.4)

and∣∣∣∣
T[ξ,s]d
t[s]

∣∣∣∣ ≤
∣∣∣∣
δ[ξ,s]d/2

t[s]

∣∣∣∣ ≤
∣∣∣∣
δ[ξ,s]d

s

∣∣∣∣
∣∣∣∣
s/2

t[s]

∣∣∣∣ ≤ ‖d ′‖∞
∣∣∣∣
s/2

t[s]

∣∣∣∣ ≤ ‖d ′‖∞, d ∈ W1,∞(S),

(A.5)
which hold for all ξ ∈ R, ζ ∈ (−π/2, π/2), and 0 �= s ∈ (−π, π). These inequalities
immediately yield for all 0 �= s ∈ (−π, π) and ξ ∈ R that

∣∣∣∣
1

t�[s]
− 1

(s/2)�

∣∣∣∣ ≤ 2|s|2−�, � ∈ {1, 2},
∣∣∣∣
T[ξ,s]d
t[s]

− δ[ξ,s]d
s

∣∣∣∣ +
∣∣∣∣
δ[ξ,s]d/2

t[s]
− δ[ξ,s]d

s

∣∣∣∣ ≤ C |δ[ξ,s]d| |s| ≤ C |s|2,
(A.6)

with C depending only on ‖d ′‖∞. We also note the following inequalities

|T[ξ,s]d|
|s/2|1/2 ≤ |δ[ξ,s]d|

|s|1/2 ≤ ‖d ′‖2, d ∈ H1(S), 0 �= s ∈ (−π, π), ξ ∈ R, (A.7)

and

| tanh(ξ)− tanh(ζ )| ≤ |ξ − ζ | and |(ξ − tanh(ξ))− (ζ − tanh(ζ ))| ≤ (ξ2 + ζ 2)|ξ − ζ |
(A.8)
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for ξ, ζ ∈ R, which follow from (A.4) via the fundamental theorem of calculus.
Claim (ii). If p ≥ 1, the estimate (4.5) is derived by using (A.5) and (A.7) as follows

‖B p,q
n,m(a|b)[c, ϕ]‖∞ ≤ C‖ϕ‖∞

( q∏
i=2

‖c′
i‖∞

)
sup
ξ∈S

∫ π

−π

∣∣∣∣
s/2

t[s]

∣∣∣∣
n+q+1−p

|s/2|p−3/2 |δ[ξ,s]c1|
|s|1/2 ds

≤ C‖c′
1‖2‖ϕ‖∞

( q∏
i=2

‖c′
i‖∞

) ∫ π

−π
|s/2|p−3/2 ds

≤ C‖c′
1‖2‖ϕ‖Hr−1

q∏
i=2

‖ci‖Hr .

If p = 0, we use (A.2) and then [3, LemmaA.1 (ii)] to estimate the termCn+q,m(a)[(b, c), ϕ]
by the right side of (4.5). We are thus left with the term A1,q

n,m(a|b)[c, ϕ]. To this end, we
define the locally Lipschitz continuous function F : Rn+q+m → R by

F(x, y, z) = 1

2π

( n∏
i=1

xi

)( q∏
i=1

yi

)( m∏
i=1

(1 + z2i )
−1

)
for (x, y, z) ∈ R

n+q+m .

Using a telescoping sum argument together with (A.6)–(A.7), it is easy to see that that the
kernel of A1,q

n,m(a|b)[c, ·] satisfies
∣∣∣∣F

(
T[ξ,s]b
t[s]

,
δ[ξ,s](c/2)

t[s]
,
T[ξ,s]a
t[s]

)
1

t[s]
− F

(
δ[ξ,s]b

s
,
δ[ξ,s]c
s

,
δ[ξ,s]a

s

)
1

s/2

∣∣∣∣

≤ C |δ[ξ,s]c1|
q∏

i=2

‖c′
i‖∞, (A.9)

where C depends only on ‖(a′,b′)‖∞, and therefore we have

‖A1,q
n,m(a|b)[c, ϕ]‖∞ ≤ C‖c′

1‖2‖ϕ‖∞
( q∏

i=2

‖c′
i‖∞

) ∫ π

−π
|s|1/2 ds

≤ C‖c′
1‖2‖ϕ‖Hr−1

q∏
i=2

‖ci‖Hr ,

which proves (4.5).
Recalling (A.3), the local Lipschitz continuity property stated at (ii) follows by showing

that for q ≥ 1 and p ≤ n + q + 2 we have

‖(B p,q
n+1,m(a|(b, d))− B p,q

n+1,m(a|(b, d̃))[c, ϕ]‖2 ≤ C‖c′
1‖2‖ϕ‖Hr−1‖d − d̃‖Hr

q∏
i=2

‖ci‖Hr

for all (a,b) ∈ Hr (S)m+n , c1 ∈ H1(S), c2, . . . , cq , d, d̃ ∈ Hr (S), and ϕ ∈ Hr−1(S), with a
positive constant C that depends only on ‖(a,b, d, d̃)‖Hr . To show this, we compute

(
B p,q
n+1,m(a|(b, d))[c, ϕ] − B p,q

n+1,m(a|(b, d̃))[c, ϕ])(ξ)
= B p,q+1

n,m (a|b)[c, d − d̃, ϕ](ξ)−
∫ π

−π
K (ξ, s)ϕ(ξ − s) ds,

(A.10)
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where, for ξ ∈ R and 0 �= s ∈ (−π, π), we set

K (ξ, s) := F

(
T[ξ,s]b
t[s]

,
δ[ξ,s]c/2

t[s]
,
T[ξ,s]a
t[s]

)
(δ[ξ,s]d/2 − T[ξ,s]d)− (δ[ξ,s]d̃/2 − T[ξ,s]d̃)

t2−p
[s]

.

(A.11)
The first term on the right side of (A.10) may be evaluated with the help of (4.5). Concerning
the integral term, using (A.4), (A.5), (A.7), and (A.8), we have

|K (ξ, s)| ≤ C‖c′
1‖2‖(d − d̃)′‖∞

( q∏
i=2

‖c′
i‖∞

)
|s|p+1/2,

and therefore
∥∥∥∥

∫ π

−π
K (·, s)ϕ(· − s) ds

∥∥∥∥∞
≤ C‖c′

1‖2‖ϕ‖∞‖d − d̃‖Hr

q∏
i=2

‖ci‖Hr .

Therewith, the proof of the local Lipschitz continuity property is complete.
Claim (iii). We again start with the case p ≥ 1. Using (A.5), (A.7), (A.8), (A.10), and (A.11),
we find

‖B p,q
n+1,m(a|(b, d))[c, ϕ] − B p,q

n+1,m(a|(b, d̃))[c, ϕ]‖∞

≤ C‖ϕ‖∞
( q∏

i=1

‖c′
i‖∞

)
sup
ξ∈S

∫ π

−π
∣∣δ[ξ,s](d − d̃)

∣∣ |s|p−2 ds

≤ C‖(d − d̃)′‖2‖ϕ‖∞
( q∏

i=1

‖c′
i‖∞

) ∫ π

−π
|s|p−3/2 ds

≤ C‖(d − d̃)′‖2‖ϕ‖Hr−1

q∏
i=1

‖ci‖Hr .

In the case p = 0, after using (A.2) and [3, Lemma A.1 (ii)], it remains to estimate the term

A1,q
n+1,m(a|(b, d))[c, ϕ] − A1,q

n+1,m(a|(b, d̃))[c, ϕ],
for which, appealing to (A.5)–(A.9), we obtain

‖A1,q
n+1,m(a|b, d)[c, ϕ] − A1,q

n+1,m(a|b, d̃)[c, ϕ]‖∞

≤ C‖(d − d̃)′‖2‖ϕ‖∞
( q∏

i=1

‖c′
i‖∞

) ∫ π

−π
|s|1/2 ds

≤ C‖(d − d̃)′‖2‖ϕ‖Hr−1

q∏
i=1

‖ci‖Hr ,

which proves (4.6). ��
The next lemma provides a mapping property for the operator B0, introduced in (3.8),

which is used in the proof of Theorem 5.1.

Lemma A.1 Given f ∈ H2(S), there exists a constant C > 0 that depends only on ‖ f ‖H2

such that for all ϕ ∈ H1(S) we have

‖B0( f )[ϕ]‖H2 ≤ C‖ϕ‖H1 . (A.12)
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Proof Given f ∈ H2(S) and ϕ ∈ H1(S), [3, Lemma A.7] that B0( f )[ϕ] ∈ H1(S) with

(B0( f )[ϕ])′ = f ′B2( f )[ϕ] + B1( f )[ϕ].
The claim is now a direct consequence of (3.7), Lemma 4.3, and [3, Lemma A.7]. ��

Appendix B The behavior of the pressure and velocity near the
interface and in the far-field

In this section, we show that the function (v±, q±) defined in (2.14) satisfies the bound-
ary conditions (2.1)3−4, the far-field condition (2.1)5, and (2.19) under the assumptions of
Theorem 2.1, that is for f ∈ H3(S) and β ∈ H2(S)2.

Lemma B.1 We have v± ∈ C1(�±,R2) and q± ∈ C(�±). Furthermore, it holds that

{v}± = ( − D( f )[β] ± 1
2β

) ◦�−1 on �,
[T1(v, q)]ν̃ = 0 on �

}
(B.1)

and
T1(v

±, q±)(x) → 0 for x2 → ±∞ uniformly in x1 ∈ S. (B.2)

Proof We first recall for ϕ ∈ H1(S) the definition of the operators Zi ( f )[ϕ], 1 ≤ i ≤ 4,
in (2.15) and the notation (2.3), and infer from [3, Lemma C.1] that

Zi ( f )[ϕ] ∈ C∞(�±) ∩ C(�±), 1 ≤ i ≤ 4, (B.3)

with ⎧
⎪⎪⎨
⎪⎪⎩

⎛
⎜⎜⎝
Z1( f )[ϕ]
Z2( f )[ϕ]
Z3( f )[ϕ]
Z4( f )[ϕ]

⎞
⎟⎟⎠

⎫
⎪⎪⎬
⎪⎪⎭

±

◦� =

⎛
⎜⎜⎝
B1( f )[ϕ]
B2( f )[ϕ]
B3( f )[ϕ]
B4( f )[ϕ]

⎞
⎟⎟⎠ ± 1

2ω4

⎛
⎜⎜⎝

−2 f ′ω2

2ω2

−4 f ′2
f ′ − f ′3

⎞
⎟⎟⎠ϕ, (B.4)

with Bi ( f ), 1 ≤ i ≤ 4, defined in (3.7). Since β ∈ H2(S)2, we may now conclude from
(2.16) and (2.17) that v± ∈ C(�±,R2) and q± ∈ C(�±). Recalling the definition (3.11) of
the double layer potential D( f ), the boundary condition (B.1)1 follows easily from (B.4).

Given a function Z ∈ C1((S × R) \ {0}), we define the vector field
rotZ := (rot1Z, rot2Z) := (−∂2Z, ∂1Z) ∈ C((S × R) \ {0},R2)

and compute for 1 ≤ j ≤ 4 and ϕ ∈ H1(S), using integration by parts,

1

2π

∫ π

−π

2∑
i=1

(roti z j )(r)νiϕω ds = 1

2π

∫ π

−π
( f ′∂2z j (r)+ ∂1z j (r))ϕ ds = Z j ( f )[ϕ′]. (B.5)

Defining

(Z0, Z1, Z2, Z3) := (z1 − z4, z2 + z3, z4, z2 − z3) in (S × R) \ {0}, (B.6)

we infer from (2.13) that

W1 = 1

4π

(
2Z0 Z1

Z1 2Z2

)
and W2 = 1

4π

( Z1 2Z2

2Z2 Z3

)
,
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and the identities (2.8)–(2.9) lead us to

rotiZ0 = −2π∂2W i,1
1 ,

rotiZ1 = 4π∂1W i,1
1 = −4π∂2W i,1

2 = −4π∂2W i,2
1 ,

rotiZ2 = 2π∂1W i,2
1 = 2π∂1W i,1

2 = −2π∂2W i,2
2 ,

rotiZ3 = 4π∂1W i,2
2 , i = 1, 2.

(B.7)

Moreover, for 1 ≤ i ≤ 2, we obtain by combining (2.9), (2.13), and (B.6) the following
identities

roti (Z0 + Z2) = 2πQi,2 and roti (Z1 + Z3) = −4πQi,1. (B.8)

Given x ∈ (S × R) \ � and 1 ≤ j, � ≤ 2, the definitions (1.1c) and (2.14) yield, after
interchanging in (2.14)1 partial differentiation with respect to x1 and x2 and integration with
respect to s,

(T1(v, q)) j�(x) =
∫ π

−π

2∑
i,k=1

( − δ j�Qi,k + ∂�W i,k
j + ∂ jW i,k

�

)
(r)νi (s)βk(s)ω(s) ds,

and together with (B.5)–(B.8) we arrive at

T1(v, q)=
(
(2Z2+Z3)( f )[β ′

1]+(2Z4−Z1)( f )[β ′
2] (2Z4 − Z1)( f )[β ′

1] − Z3( f )[β ′
2]

(2Z4−Z1)( f )[β ′
1]−Z3( f )[β ′

2] −Z3( f )[β ′
1] − (Z1+2Z4)( f )[β ′

2]
)

in (S × R) \ �. Invoking (B.4), the boundary condition (B.1)2 can be easily verified, while
(B.2) follows in view of Lemma B.2 below. Since q± ∈ C(�±) and, by similar arguments

∂1v2 = Z4( f )[β ′
1] + 1

2
(Z2 − Z3)( f )[β ′

2] in (S × R) \ �,

we may also conclude that v± ∈ C1(�±,R2), and the proof is complete. ��
Next, we consider the far-field behavior of v and q .

Lemma B.2 For x2 → ±∞ we have, uniformly in x1 ∈ S,

v±(x) → ±1

2

(〈β1 − f ′β2〉
〈β2 − f ′β1〉

)
and q±(x) → 0. (B.9)

Proof Given ϕ ∈ L2(S), straightforward computations show that for x2 → ±∞ we have

Z2( f )[ϕ](x) → ±〈ϕ〉 and Zi ( f )[ϕ](x) → 0, i ∈ {1, 3, 4}, (B.10)

uniformly in x1 ∈ S. The claim follows by using these limits in the context of (2.16)–(2.17).
��
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