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Abstract

We study the two-phase, horizontally periodic, quasistationary Stokes flow in two dimensions
driven by surface tension and gravity effects in the general context of fluids with (possibly)
different viscosities and densities. The sharp interface which separates the fluids is assumed to
be the graph of a periodic function. The mathematical model is then recast as a fully nonlinear
and nonlocal evolution equation involving only the function parametrizing the interface. Our
main results include well-posedness and a parabolic smoothing property, as well as a study of
equilibrium solutions in subcritical Sobolev spaces. In particular, we establish the Rayleigh—
Taylor instability of small, finger-shaped equilibria and prove that the stability properties of
flat interfaces depend on the sign of a certain parameter.

Keywords Periodic stokes flow - Well-posedness - Rayleigh—Taylor instability - Gravity -
Surface tension
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1 Introduction

The subject of this paper is the study of the two-phase, horizontally periodic, quasistationary
Stokes flow in two spatial dimensions. We assume that the flow is driven by the capillarity of
the interface I'(¢) separating the two immiscible fluid phases as well as gravity effects. This
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leads us to the following system of equations

pEAvE() — VgE@r) = 0 in Q%(r),
divvt() = 0 in Q*(r),
[v(H)] = 0 on I'(#),

[T (v(®), g()]IV(E) = (Ox2 — ok (1))V(?) on I'(1), (1.1a)

W), ¢F 1)) (x) — (j: % i% iclm)) for x; — =400 uni-
formly in x| € S,
Va(t) = v(@) - v() on I"(¢)

for t > 0. Here, Q7 () denotes the two fluid phase above the interface I'(t), while Q7 () is
the one below. In particular, we have I'(f) = dQT (1) and Sx R =T() UQt (1) U Q™ (¢)
for t > 0. We denote by ¥ = ¥(¢) the unit normal exterior to 2~ (¢) while ¥k = k' (¢) denotes
the curvature of the interface I (#). Moreover, we assume that there exists a periodic function
f(@) : S — R such that I'(¢) is given by the graph of this function, i.e.

') ={x=,x)eSxR:x = f(tx1)}, t > 0.

Here, S := R/2nZ denotes the unit circle, functions defined on S being interpreted as
2m-periodic on R. The system (1.1a) is supplemented with the initial condition
f0) = fo. (1.1b)

In (1.1a), vt = v*(¢) : QT (r) — R? denotes the velocity field of the liquid located in the
phase QE(r), while g+ = gT (1) : QT (1) = Ris given by

g, x) = pEt, ) +gpTxa,  x = (x1,x2) € QF(0),

where p* = p®(¢) is the pressure in % (7). The positive constants p* and u* describe the
density and viscosity of the fluid located in the phase % (7), respectively. Furthermore, we
define the stress tensor 7+ (v, g%) by

T (vt q%) i= —qF L + pH (Vo + (VoD ), (Vo) = 00F, i =1, 2
(1.1c)
We let [v] and [T}, (v, ¢)] be the jump of the velocity and the stress tensor across the interface,
respectively; see the definition (2.4) below. Then, we introduce the constant

®:= —g[p] € R, (1.1d)

where g > 0 is the Earth’s gravity. Furthermore, o > 0 is the surface tension coefficient,
V, is the normal velocity of the interface I'(¢), x - y is the Euclidean scalar product of two
vectors x, y € R”, and I, is the identity matrix in R"*",

The (spatially) constant vector cr() := (C1,r (1), €2,I'(r)> €3,T'(1)) € R3, which characterizes
the far-field behavior of both the velocity and the pressure, is a priori unknown and, together
with v (r) and g & (1), constitutes part of the solution. However, it turns out that not only vE(@r)
and ¢*(¢), but also cr() are uniquely determined at each time ¢ > 0 by the function f(¢);
see Theorem 5.1. We therefore sometimes refer simply to f = f(¢) as the solution to (1.1).
In contrast to the last two components of cr (), the first component ¢y, () depends in a subtle
way on f () and reflects the average vorticity in S x R at time ¢ > 0, that is,

whu~

c =
MO ot )

(C)
PV/ culv(®)dx, crn =0, cre=—=(f0),
SxR 2
(1.1¢)

@ Springer



Journal of Dynamics and Differential Equations

see (1.6)—(1.7). We note that, when the fluid viscosities are equal, the dependence of c1,r ()
on f(t) becomes explicit; see [3, Eq. (1.1c)].

Research on quasistationary Stokes flow has its origins in the study of single-phase fluids
evolving in sufficiently smooth domains Q2 (¢) C R4, d > 2.1n [24], well-posedness near
smooth and strictly star-shaped configurations and exponential stability of balls were estab-
lished. Alternative proofs of exponential stability, based on power series techniques, were
later provided in dimensions d € {2, 3} in [15, 16]. More recently, exponential stability of
balls was also shown in the planar two-phase situation, where one fluid encloses the other
and the interface dynamics are governed by surface tension [7]. In a different direction, the
quasistationary Stokes equations arise as the singular zero—Reynolds number limit of the
Navier—Stokes system; see [46, 47].

The two-phase version of the problem in bounded geometries, including possible phase
transitions and in arbitrary dimension d > 2, is treated systematically in the monograph [42]
while stabilization of balls using a feedback operator acting on the interface was studied in
[8].

The non-periodic counterpart of (1.1) with gravity effects excluded and general viscosities
was studied in [35, 36], where local well-posedness was obtained in H" (R) for exponents
r € (3/2, 2) arbitrarily close to the critical value r = 3/2, cf. [36, Remark 1.2]. The singular
limit of the two-phase problem, when one of the viscosities tends to zero, was studied in [37]
and it was shown therein that it converges to the one-phase problem.

When surface tension is neglected (o = 0), the problem reduces to an ODE formulation,
yielding local [17] and global well-posedness [18] in the setting of Holder space. Importantly,
the case 0 = 0 coincides with the transport Stokes system, a model for sedimentation of
rigid particles in viscous fluids [23, 26, 30, 38, 39].

A related line of research concerns the Peskin problem for an elastic string immersed in
a viscous fluid, which shares the same equations for the dynamics in the bulk as (1.1) (with
g = 0). Recent results include [5, 6, 19-22, 31, 40].

This paper extends the study [3], which analyzed problem (1.1) under the assumption
of equal viscosities, to the more general setting of possibly distinct viscosities. In addi-
tion, we provide a comprehensive study of equilibrium solutions to (1.1). While in the
non-periodic case [36] neither gravity effects could be incorporated, nor the stability of
equilibrium solutions was addressed, we still pursue the same strategy as therein for solv-
ing (1.1). Specifically, at each time step ¢ > 0, we determine the velocity, the pressure, and
the constant cr from (1.1a) assuming that f(¢) € H3(S). For equal viscosities, this is done by
constructing (vF, ¢g¥) via the hydrodynamical single-layer potential with gravity and cap-
illary forces as density, c.f. [3, 29]. When the viscosities differ, this is not applicable since
[;v] # 0 on I'. To handle this, we use the hydrodynamic double-layer potential, where the
density solves a linear, singular integral equation of the second kind depending on the veloc-
ity field obtained from the single-layer potential; see (5.5). In Theorem 5.1, we prove that
the fixed-time problem associated with (1.1a) admits a unique solution, given precisely by
the sum of the single-layer and double-layer potentials; see (5.16). A substantial distinction
between the periodic and non-periodic cases lies in the far-field boundary condition (1.1a)s.
In the non-periodic case, the velocity converges to zero at infinity; in contrast, in the peri-
odic setting, the velocity profile becomes asymptotically horizontal as x; — o0, with its
magnitude determined by the average vorticity in S x R, but the profiles +00 and —oo have
opposite signs. Similarly, for x, — o0, the pressure differs from the hydrostatic pres-
sure by a constant depending on f taking opposite signs at 00. It is noteworthy that the
constant describing the pressure deviation is influenced solely by gravity effects, whereas
capillary effects primarily determine the constant characterizing the far-field velocity. When
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the fluid viscosities differ, however, this velocity constant may also be affected by gravity in
a non-trivial way; see (5.7).

Using the kinematic boundary condition (1.1a)g, we then reformulate (1.1) as a single
nonlocal, fully nonlinear evolution equation for f, the corresponding evolution operator
being well-defined for f € H'(S) with r > 3/2. Exploiting both new mapping properties
and those established in [3] for the underlying singular integral operators, we prove that the
resulting evolution equation is parabolic in the sense of Proposition 5.2. Applying the abstract
parabolic theory from [32], we finally obtain local well-posedness of (1.1) together with a
parabolic smoothing property.

The results are summarized in the following first main theorem.

Theorem 1.1 Let ® € R, o, u, n= € (0,00), r € (3/2,2), and fy € H'(S). Then, the
following hold:

(i) (Well-posedness) There exists a unique maximal solution (f, v, qi, cr) to (1.1) with
= FC fo) € C(10. T4). H'(§)) N C([0, 7). H'TL(S)).
and such that for each t € (0, Ty) we have f(t) € H3(S) and
vE(r) € CH(QE (1), R?) nCH(QE(1). R?),  ¢F() e C'(QF () NnC(QE®)).
where Ty = T4 (fo) € (0, oo].
(ii) (Parabolic smoothing) The function f is smooth on (0, Ty.) X S, that is,
[(1.6) — f(1,6)] € C®((0, T}) x S, R).

(iii) (Global existence) The solution is global, that is T+ ( fo) = oo, provided that for each
T >0,

sup I f@lar < oo.
t€[0,71N[0, T+ (fo))

Before presenting our main result on the existence and stability properties of equilibrium
solutions to (1.1); see Theorem 1.2, we note that the set of solutions to (1.1) is invariant
under horizontal and vertical translations. Indeed, if (f, vE, qi, cr) is a solution to (1.1),
then (f, 7%, G, ¢f) with

f@, &)= ft, e —a)+c, @, x)=v @, x — (a,0)), (1.2a)

and
ot n c®
g, x)=q>(t,x—(a,0) F S CF = er 0,0,c0/2) (1.2b)

is also a solution to (1.1). Furthermore, the integral mean ( f') is preserved by the flow since,
by (1.1a)3, (1.1a)e, and (1.1e)

M(z) = / v(t) - v(t)do = / divvE(t)dx =0, 1€ (0,Ty). (1.3)
dr r@) Q1)
The properties (1.2)—(1.3) will be considered when analyzing the stability of equilibrium
solutions. In particular, we focus on equilibrium solutions with zero integral mean and exam-
ine their stability under perturbations that also have zero integral mean. To this end, we
define
HS) :={f e H'(S): (f) =0}, s=>0.
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Surprisingly, the set of equilibrium solutions to the Stokes flow (1.1) coincides with that of
the periodic Muskat problem with surface tension; see Theorem 6.2 and [11, 13, 34, 45].
Equilibrium solutions to (1.1) with zero integral mean are characterized by the fact that
f € C*(S) solves the capillarity equation

k(f)+Arf =0, where A := 5 (1.4)

the complete picture of the equilibrium solutions to (1.1) being provided in Sect. 6.

In Theorem 1.2, we show that the trivial equilibrium f = 0 is exponentially stable if
glpl/o < 1, which happens either when the fluid below is denser than the fluid above, or
when [p] > 0 is smaller than o/g. If, however, g[p]/oc > 1, the equilibrium f = 0 is
unstable in the sense that there exists a neighborhood of zero in H’ (S) and solutions starting
arbitrarily close to 0 that eventually leave this neighborhood. This reflects the fact that gravity
amplifies small disturbances when p* > p~, a phenomenon known as the Rayleigh—Taylor
instability; see [44, 48]. Similar instabilities have also been extensively studied in related two-
phase problems, including the Muskat problem [13, 34], the Verigin problem [43], and the
full Navier—Stokes equations [25, 27, 41, 50, 51].

Moreover, if g[p]/o exceeds a threshold value A, € (0, 1); see (6.3), the Stokes flow (1.1)
may also possess finger-shaped equilibria which are located on global bifurcation branches
(of solutions to (1.4)). These describe configurations where the heavier fluid positioned
above intrudes into the lighter fluid below, forming characteristic finger-like patterns. In
Theorem 1.2 we prove, by applying the exchange of stability principle due to Crandall and
Rabinowitz [10], that the small finger-shaped equilibrium solutions, which have a cosine-
shaped profile, also feature the Rayleigh—Taylor instability property. The stability properties
of finger-shaped equilibria with large slopes (which become unbounded as one approaches
the end of the global bifurcation branches) are not addressed by Theorem 1.2, and this remains
an open problem.

Theorem 1.2 (Exponential stability/Rayleigh-Taylor instability) Let o, u™, u= € (0, 00),
® € R, andr € (3/2,2) be given.

(i) (Stability properties of the trivial solution f = 0) Let

o+0 Vo ®
¥y = ———1 c—-—0)+ ——1 ® —o). 1.5
Y [0,00) ( ) P 0,00 ( ) (1.5

(a) (Exponential stability) Assume o + ® > 0 and choose j € (0, V). Then, there exist
constants § > 0 and M > 0, such that for any fy € H (S) satisfying || follur < 6,
the solution to (1.1) exists globally, i.e. T, ( fo) = oo and

df o1
LA @l =+ @ <Me "l follur  forallt = 0.

Hr-!
(b) (Rayleigh-Taylor instability) If 0 + ©® < 0, then the zero solution is unstable.

(ii) (Rayleigh—Taylor instability of small finger-shaped equilibria) For any € € N, there exists
a smooth bifurcation curve (g, f¢) : (=8¢, 8¢) — R x H'(S), 8¢ > 0, such that

34
Ae(s) = 02 — ?sZ +06Y inR,

- fors — 0,
fe(s) := scos(£-) + Os?) inH'(S),

with fe(s) being an even equilibrium to (1.1) if ® = —o A¢(s). The equilibrium f(s) is
unstable if 0 < |s| < 8¢ and &8¢ is sufficiently small.
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Lastly, we fix some notation which will be used throughout this paper.

Notation

Let Ey, ..., E,, E, F be Banach spaces, with n € N. We write L"(Ey, ..., E,, F) for
the Banach space of bounded n-linear maps from []'_; E; into F. In the special case
when E; = E forall 1 <i < n, we abbreviate this by £L"(E, F), and let Eglym(E, F) denote
the subspace of symmetric operators. Given an open set i C E, we write C'~ (U, F) for
the space of locally Lipschitz continuous mappings, and C*° (U, F) for the space of smooth
mappings from ¢/ to F.

For a function w = (wy, wp) : O — R2, where O is an open subset in S x R, we set
curl w := dywy — dhwy, (1.6)
and, given f : S — R,

1 T
(fr=o_| fE)d (L.7)
T J-m

is the integral mean of f.

Outline

In Sect.2 and Appendix B, we prove the unique solvability of a stationary two-phase Stokes
problem with prescribed velocity jump across the interface, using the hydrodynamic double-
layer potential, and also treat a corresponding homogeneous problem. Sections 3—4 (based
on results from Appendix A) analyze the resolvent set of the double-layer potential operator
in L2(S) and in higher-order Sobolev spaces. In Sect.5, we solve the fixed-time problem
corresponding to (1.1a), reformulate (1.1) as an evolution equation for f, and establish its
parabolic character, leading to the proof of Theorem 1.1. Finally, in Sect. 6, we identify and
study the equilibrium solutions of (1.1) and prove Theorem 1.2.

2 Layer potentials and the unique solvability of a boundary value
problem with transmission boundary conditions

In the first part of this section, we consider the following boundary value problem with
boundary conditions of transmission type

Avi — ti =0 in Qi7
div U:t =0 in Sz:l:7
[v] = BoE™' onT,
[Ty (v, )15 = 0 onT, @1

(E, ¢5)(x) = (e, ¢2,0) forxy — 00 uni-
formly in x; € S,

where f € H3(S), B e HZ(S)?, and ¢y, ¢, € R, and show that problem (2.1) has a classical
solution in the sense of (2.5) (which is unique) only for a particular choice of the constants
c1, ¢2. Moreover, the solution admits an explicit integral representation; see Theorem 2.1
below. In the second part of this section, we investigate in Proposition 2.2 the unique solvabil-
ity of a homogeneous boundary value problem associated with (1.1a);—(1.1a)s5. These results
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play a central role in the proof of Theorem 5.1, where we show, in the context of (1.1a), that
the function parametrizing the interface between the fluids determines, at each moment, the
velocity and pressure in both fluid layers.

We begin by introducing some notation and conventions that will be used throughout the
paper. In (2.1) we set

QFi={x=(x) eSxRix 2 f(x)}, T:={E fE)eSxR:£eS),

and E := B; : S — I'isthe cy/ 2-diffeormorphism E := (ids, f). We further define

w=o(f) =0+ D2 vi=@Lw) =) =0 (=D,

r=1(f)=0 A, f)HT. (2.2)
Given a function w : (S x R) \ ' — R* k € N, we set w* := w|q+ and denote by
(wyf(xg) ;== lim w(x), xpeT, (2.3)
QEsx—xg

the one-sided limits of w in xg € I", provided that these limits exist. Moreover,
[wl(xo) := {w} ™t (x0) — {w}~ (x0) 249

is the jump of w across I'in xg € I'.

Vice versa, we associate to each pair of functions w
w = lg+w™ + 1g-w™, which is defined a.e. in S x R.

By a classical solution to (2.1) (and to the other transmission problems considered later
on) we mean a pair (v, q) € X r, where

+.Q%F — RK k € N, the mapping

v e C(QE, R) NnCl(QE, R?)

Xri={(@,q): SxR\TI > R>*xR -
f {(vq) (SxR)\T - R” x £ € O\t n @

}. (2.5)

We recall that the xj-periodic Stokeslet U, P), with U =(Z/tf)15j7k52 and
P = (P, P?)T, s given by

1 (Zo(x)+x212(x) —x221(x) ) Pz—i(zl )T 2.6)

Ux) = . —x2z1(x)  zo(x) — x222(x) 4

for x = (x1,x2) € (S x R) \ {0}; see [3, 17], where, using the shorthand notation

Hxy] = tan(%l) , x1€eR\(w +2nZ), and Ty = tanh(%z) , xneR, 27

we set ) 2 )
e + T fa (L= T,

2 2 ) 21(x) = —3 2
I+ 15,0 =T ey T 1

[x2]

’

zo(x) :=1In (

(I+ t[le])T[xz]

22(x) 1= ,z23(x) = x225(x),
2(x) o+ T 3(x) 225(x)
11 [x2] 28

A+ )1 -T2 )2, —T2) 8

z5(x) = [x1]2 2 m;z [x;] Lol 24 (x) == x26(x),
Uiy + Tiay)

11 T (1 + 22 (A = T2 )

26(x) 1= 2 Lol al”

2 2 \2
2t + T
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Noticing that,
_ T _ T _ T
Vzo=(z1,22) , Vzi=(-z5—22) , Vza=1(-2z25) , (2.9
the partial derivatives of (i, P) are given by
1 (21 -2z  z3 1 T
o = — , 0P =—(z5,226) ,
: 8n ( 3 z21+2u : 4 (5. 226) 2.10)
1 (270423 —z1+ 2z 1 T .
U = — , P =—~02z6,—25) .
2 8 <—11 +2z4  -—z3 2P 471( %6 ~25)

Since (Uk, 73") with U* := (L{k, Z/lé‘)T, k =1, 2, solve the homogeneous Stokes equations

AU —VP =0,

divU =0 } in (S x R) \ {0}; .11

see [3, Eq. (2.9)], straightforward computations show that
Wk 9Ky (S x R)\ {0} = R xR

with

Wit i= —Phs; + oul +ouf, j=1,2,  QFi=24P, (2.12)

are solutions to (2.11) for i, k = 1, 2. Setting W; := (Wi-’k)lg,-,kgz and Q = (Qi’k)]gi’kiz,
we infer from (2.6) and (2.10) that '

1 (271 —2z4 20+ 23 1 (20+23 2z 1 (z5 2z
W) = — , W= — , = — .
' an ( 2+z3 2u Tan \ 24 - Q 2 \226 —25
(2.13)
To solve (2.1), we introduce the hydrodynamic double-layer potential (v, g) = (v, ¢)[B],

with v = (v1, v2) T, generated by the density 8 o E~1, cf. [29], defined for x € QF by

vj(x) == v;[Bl(x) 22/ W}‘k(r)vi(S)ﬂk(S)w(S) ds, j=12,
e (2.14)
q(x) = q[Bl(x) == Q" (r)vi () Br () (s) ds,

with
r=r(x,s):=x—(s, f(s))), xe(SxR)\T, seS.

Defining for ¢ € L2(S) the integral operators Z; (f)[¢] : S x R)\I' > R, 1 <i <4, by

1 g
Zi(Nlelx) == > zi(r)e(s) ds; (2.15)
T J-n
see [3, Lemma C.1], and using the shorthand Z; := Z;(f), we have, using obvious matrix
notation,
L (Zo+2Z5 2Z4 Bi 1 (271 —27Z4 Zo + Z3\ | f'B1
— S S . (2.16
v =vip] 2 ( 2Zs Zo—Z3) |B| 2\ Zo+Zs 274 f'B2 (2.16)

Since (2.10) and (2.12) imply that
Q (i () Br(s)w(s) = 205 (P (1) B2(s) — 205 (P> (")) Bi(s), s €5,
we obtain from (2.6) and integration by parts in (2.14) the formula

q =4qlBl1 = Z\(NIB] = Zo(NIB}]- 2.17)
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The pair (v, g) defined in (2.14) is the solution to the boundary value problem (2.1), as stated
in the following result.

Theorem 2.1 Given f € H3(S) and B € H%(S)?, problem (2.1) has a solution (v, q) € Xy
if and only if the constants c1, ¢ in (2.1)s are given by

_ /7 _ /
o = (B1 — f'B2) and = (B2 f,31>. 2.18)
2 2
Assuming (2.18), the solution (v, q) is unique and is given by (2.14) (or (2.16)—(2.17)).
Moreover, we have
T (vi, qi)(x) — 0 forxo — Fo0 uniformly in x; € S. (2.19)

Proof That our solutions satisfy the equations (2.1);_, and are unique follows as in the proof
of [3, Theorem 2.2]. The boundary conditions (2.1)3_4 as well as the far-field conditions
(2.1)5 and (2.19) are established in Lemma B.1 and Lemma B.2. O

To establish the unique solvability of the boundary value problem (1.1a);—(1.1a)5 (at a
fixed time ¢ > 0), we consider the homogeneous boundary value problem

Avi—ti =0 inQ%,

diver = 0 in Q%
-+ o=
u vt —puTvT =0 onT,
[Ti(v,q)]v =0 onT, (2.20)

(uFvE, gF)(x) — ¢ for xp — o0 uni-
formly in x| € S,

withc € R3, and prove that (2.20) has a solution (v, g) € X r if and only if ¢ = 0, the solution
being moreover unique. Note that, upon replacing v* by u*(v* + A), where A € R? is a
suitable constant vector, the problems (2.20) and (1.1a);—(1.1a)s (with the right-hand side of
(1.1a)4 replaced by 0) become equivalent.

Proposition 2.2 Given f € C'(S) and ¢ € R3, the transmission boundary value prob-
lem (2.20) has a solution (v, q) € Xy ifand only if c = 0. In this case, the solution is unique
(and trivial).

Proof Assume that (2.20) has a solution (v, g) € X s for some ¢ = (cy, ¢2, ¢3) € R3. Then,
in view of (2.20)3, we have

Vo= v g + pf o 1g- € CS x R)2 NHL.(S x R)%.

Given ¢ € C(S x R)2 N H!(S x R)? with compact support, we compute, using Stokes’
theorem and (2.20),, that

/ ¢F - (AvE —VgF)dx + / T (= ¢ L+ Vot + (VoH))ido
Q* r

- _1/ (Vo= + (V¢ T) : (Vo= + (Vo)) dx +/ g* divg* dx,
2 O Q+

where A : B is the Frobenius inner product of matrices A, B € R2%2 with Al :=+~A: A
being the associated norm. Summing up, we obtain in view of (2.20) and (2.20)4, using also
the continuity of ¢, that

/ (i_lm + %1Q_>(vw + (V)T (Vo + (Vo) ) dx = 2/ g div ¢ dx.
SxR \ M M SxR 221)
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Let u € C®(R, [0, 1]) be an even function with u(z) = 1 for |[¢| < 1 and u(¢z) = 0 for
[t| > 2. For each integer n > || f|lo0, We define the even function u, € C*°(R, [0, 1]) by
uy,(t) =u(t—n+1)fort € [n,n+1],u,(t) = 1for|t| <n,and u,(t) = 0for|t| > n+1.
Then, setting
Gn(x) = up(2)¥(x), xe€SxR,

we conclude that ¢, € C(S x R)2 NH'(S x R)? has compact support.
Using ¢, as a test function in (2.21) and noticing by (2.20); that fora.e. x € S x R

div ¢y (x) = u,, (x2) P2 (x),

Vén + (V)" (1) = un () (VI + (V) T) (0) + 1y, (x2) (51 2‘@‘2) (),

we arrive at
2 _
L 1{\x2|<n}|V1// + (V\ﬁ)T| dx < maX{Herv Hn }Rm (222)
xR

where R, := R! + RI! and

R} =2 / uly (x2)(g¥2) (x) dx,
SxR

1 1 0 Yn
R”::—/ —1 —1g- )ul v vy T): dx.

n . (M, sz++M+ Q )un(m)( v+ (V) W 24 (x) dx
Since (v,q) € Xy, it is straightforward to infer from (2.20); and (2.20)s that (R,) is a
bounded (actually convergent) sequence, implying that

VY + (VY) | € LX(S x R, R>*?). (2.23)

Moreover, it holds that
1
/ |V¢n|2dx+/ | div ¢, |* dx = f/ IV + (Vo) |2 dx. (2.24)
SxR SxR 2 SxR

Since (2.23) ensures that the right side of (2.24) defines a bounded sequence in R, we deduce
that Vi € L*(S x R, R?*?). Exploiting this property, the oddness of u’, and (2.20)5 we
easily obtain that R, — 0 for n — oo. Consequently, we may infer from (2.22) that
Vi 4+ (V)T = 0in L*(S x R, R?*?). In view of this property, the identity (2.24) may be
reformulated as

/ u? (x2) |V (x) dx + f @2) (x2) (¥ - B29) (x) dx = 0,
SxR SxR

the second term on the left side converging, due to (2.20)s, (v,q) € Xy, and because
of V{ € L2(S x R, szz), to 0 as n — oo. This in turn implies that Vi = 0 and together
with (2.20)s5 we conclude that v = 0 and (c1, ¢) = 0. Since (2.20); and (2.20)5 ensure that
g = 0 and c¢3 = 0, this completes the proof. O

3 The L2-resolvent of the double-layer potential operator
In this section, we introduce the double-layer potential operator D( f) associated with the

Stokes operator and the periodic graph I = {(&, f(§)) : & € S}, where f € CL(S) is an arbi-
trary function. We prove that D( f) € E(L2 (S)z), and subsequently analyze its resolvent set;
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see Theorem 3.2. This result is used in Sect.4 where, under stronger regularity assumptions
on f, we further investigate these properties within different C*-algebraic frameworks.

The analysis in this part uses properties of a particular class of (singular) integral operators
introduced in [3], which we now recall. Given m, n, p, g € Ny satisfying p <n+¢q+ 1 and
Lipschitz continuous mappings a = (ay, ..., ap) : R —> R", b= (by,...,b,) : R - R",
c=(c1,...,¢q) : R = RY, we define the integral operators

ﬁ Tic 51bi ﬁ dfe.s1¢i/2
T HU

Bl n(@lb)le, 9](§) := %PV/ = — ‘p(i —9) il ds (3.1)
-7 Tie,s1ai [s]
I+ (%))
and .
. 1—[ 5[&;117:'
Cnm(@)[b, ](§) := %PV/ =l 9 =5) ds, (3.2)

[ ()]
i=1

where ¢ € L?(S) and £ € R. The operators B,’,’, o are the building blocks of the double-layer
potential operator D( f); see (3.7) and (3.11), while the operators C,_,, are used in its analysis.
We adopt the shorthand notation introduced in (2.7) together with

Sies1f = f(E&)— f(E—5) and Tie,5)f = tanh (@), &, seR. (33

The mappings B};% (a|b)[¢, ¢] and C,, (a)[b, ¢] are 27 -periodic, provided that a, b, and
c are themselves 2 -periodic. Moreover, the periodic Hilbert transform H; see, e.g., [4, 49],
appears in a natural way through the identity

17—
BRSteIe) = 5PV [ % ds = HIgl®), EcR (3.4)

Whenever all coordinate functions of a, b, and ¢ are identical to a given function f €
W20 (S), we set for simplicity

BYA) =By fIf O fol, 0<p<n+q+1, (35

and

CY ()= Com(foeoas PUf s £ 3.6)

To shorten notation, we introduce the operators

Bi(f) = By (f) — By (/).
Bay(f) = BV (f) + B (f).
B3(f) = Bys (f) + Byy (f) — By (f) = 2By (f) — By (f) + By (f) + B (),
By(f) := B)5(f) + B (f) — By (f) — B (f),
Bs(f) :=2(By{ (f) — By1(f)).
Bo(f) :=2(B{"| (f) + B (f)).
(3.7)
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which build the double-layer potential operator D( f); see (3.11) below. Moreover, related to
these operators, we define for f € W1°(S) and ¢ L2(S) the function

i ( t[zs] + (Tig.s1./)?
—r N+ = (Tig51/)?)

1
Bo(Nlel) == 5=

><p(‘§ —s)ds, £€S. (3.8)
21

The following result recalls the L2 (S)-boundedness of the operators B,ﬁ Talb)e, -1.

Lemma3.1 Givenn, m, p, ¢ € Nowithp <n+gq + 1 and (a,b) € WL Sy +n there
exists a constant C > 0 that depends only on n, m, p, q, and ||(a’, b")| 0o such that for all
¢ € Who(S)? and ¢ € L2(S) we have

q
| BY A @b)le. o1, < Cliglla [ Tle loo- (3.9)
i=1

Moreover, By i € C!=(Whoe(Symtn L (Wh(S), L(LA(S)))).
Proof See [3, Lemma A.2, Lemma A.3, and Lemma A.5]. O

We point out that the L2-adjoint (B} (alb)[c, -1)* of Bl (alb)[c,-] is given by the
relation
(BYh@b)le, D* = (=P BT @b)[e, 1. (3.10)

Given f € Who(S) and B € L2(S)2, we introduce the double-layer potential operator
D(f) by

1 (BZ+B3 2By )[;31] 1 <231 — 2By B2+B3) [f/ﬂl
2

]D)(f)[:B] =z 2Bs By — B3 ,32 By + B3 2By f//32

2
where B; := B;(f), 1 < i < 4, are defined in (3.7). Using (3.10) it can be easily verified
that the L2-adjoint of ID( f) is given by

1 (By+ B3 2B Bi| f' (2B1—2Bs By+ B3\ [Bi
D(f)*B] == = - . (312
(H)71A] 2 ( 2By By—B3) B 2 \ Bb+B3s 2By B2 (3.12)
Moreover, we introduce the singular integral operators By (f), Bo(f) € £(L*(S)), which

also appear in the analysis of the periodic Muskat problem; see [34], by setting for ¢ € L>(S)

Bi(f)lel := =Bi(NHIf el + B2(Hle]l and  Ba(f)lel := Bi(Nlel + B2(Lf ¢l
(3.13)

], 3.11)

A key result in the analysis of (1.1) is the following invertibility result.

Theorem 3.2 Given § € (0, 1), there exists a constant C = C(§) > 0 with the property that
forallA e Rwith|A| > 1/2+ b8 and f € C'(S) with 1f oo < 1/8 we have

|(x =D(H)B|, = CliBl2, B LX) (3.14)

Moreover, A — D(f)*, A — D(f) € E(LZ(S)Z) are isomorphisms for all .. € R with
Al > 1/2 and all f € C\(S).

The proof of Theorem 3.2 is deferred to the end of the section, as it requires some
preparatory work. One of the key ingredients is the following result.
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Lemma 3.3 Given K > 0, there exists a constant C = C(K) > 0 with the property that for
all B e LX), 1 € [-K, K], and f € CL(S) satisfying || f'lloc < K we have

Cl(x =D)AL 1Bl = mMW) o™ B - l3 + (B1)*
+ (= 3B B w1 =SBl B 71

27
(3.15)

where m(1) == max {(A + 3)(A —3). (A — $) (A + 3)}.

Proof Recalling (3.7) and Lemma 3.1, it suffices to establish (3.15) for f € C®(S) with
I f'lloo < K and B € C*(S)2. To proceed, we define the hydrodynamic single-layer potential
(u, p) = (u, p)[B], generated by the density 8 = (81, ﬁz)T, by setting forx € (S x R) \ I

u(x) == f U (x = (s, F()))Br(s) ds,

p(x) = / Ph(x — (s, £()))Be(s) ds,

with U, P defined in (2.6). Arguing as in the proof of [3, Theorem 2.2], we may deduce
that the mappings u* € C*(Q*, R?), p* € C®(Q*) have extensions u* € C1(QF, R?),
pt e C(QF), being solutions to the homogeneous Stokes system

Aui—Vpi :0, . +
divit =0 in Q7. (3.16)

Using (2.6) and (2.10) together with the formula (B.4), we have
(ruyfo & = ! <Bl —2Bs B3 ) |::31:| + M,

[

4 By By +2B4) | P 2w

1 (2B, + B3 —B)+2Bs\ [ B UZ(ﬂ 77)7
sttog e L (3.17)
{ou}™ o 4 <—Bl +2By —Bj B2 20

+ '::__1 Q
{p}ToE= 2(31[ﬂ1]+32[ﬂz]):|: 7

withv = (v1, v2), T,wdefinedin (2.2)and B; := B;(f),1 <i < 4,defined in (3.7). We also

note that if we discard the jump terms in (3.17) and replace for 1 < i < 4 the operator B;(f)

by Z;(f), then (3.17) provides a formula for 9;u,i = 1, 2, and p in (S x R) \ I". Moreover,

letting T(f) € L(L2(S)?) be the integral operator in the formula (3.17) for {du}™ o Z, that
is

1 (2B, + B3y —B +2B4)\ [ b1

T = )

(NIBL= (_ 5o42h LB s

then, due to (3.10), we deduce that T(f)* = —T(f), and therefore
(T(HIBIB2 =0, B eL*S)>, (3.18)

where (- | )5 denotes here and below the L%(S)2-inner product. Using (3.17), we find for the
normal stress at the interface that

1
o({T1(u, p)yF o E)v = <:i: 5 +D(f) >[,B (3.19)

Since (u™, p*) are solutions to (3.16), a straightforward computation leads us to the identity

. 1 .
div (T1 (u, p)82u) = 182|p12 + T (u, p)|2 in(SxR)\T. (3.20)
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Recalling (B.10), we infer from (3.17) (and the discussion following it) that for x; — 400
we have

2
(T (w*, Pi)azui)(x) — @ (2:‘2;) and  |pTh + Ti(u™, po)(x) — <’8;>
(3.21)
uniformly with respect to x; € S. Integrating the relation (3.20) over
Q,jf =QFN{x =) eSxR: xl<n), 1> [ floos (3.22)

and using Stokes’ theorem, we obtain in virtue of (3.21), after letting n — oo,

4<w({Tl(u,p)}ioa)u|{azu}ioa)z=/ |({p}ioalz+{T1(u,p)}ios)|2ds+n<,31>2.

—7T
(3.23)
The relations (3.17)—(3.19) together with the property that T(f) € C(L2 (S)z) ensure that
there exists a constant C = C(K) > 0 such that the left side of (3.23) satisfies

Ho((T1(, Pyt o B)v | {dou}t o E)

2
1 .
= 4<<:|: 3 +]D>(f)*>[ﬁ] T(f)[B] + ])2(/271)1>
@ 2
1 .
- 4<<k + 5)/3 — (A =D(H*)IB] ’T(f)[ﬂ] 4 1&(,327T)t>
@ 2

1
< ¢ (r = DB, 1Bl 2<A + 5) o 187l

Concerning the integral term on the right side of (3.23), we note that

T
- 2
I:=/ ‘{p}ioa12+{T1(u,p)}ioa| ds

-

2/ [((p¥E o E)v + ({Ti (. p)}F 0 B)v[*ds
2

1 1
= H ({(pyro8)v+ ;(i 5+ D(f)*)[ﬂ]

K
Since f = (B - 1)t + (B - v)v and observing that

Bi(HIB1+ Ba(H)B2] =Bi(Hlw ' B - v]+Ba(f)lo B 1l
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Holder’s inequality, the uniform bounds [A| < K and || B; (f)1l z2s)) < C(K),i = 1,2 (see
(3.7) and Lemma 3.1), and the formulas (3.17) and (3.19) lead us now to

I> H({p}i o B)v + i(x + %)ﬂ - é(x - D(f)*)[ﬁ]”i
|

(@8- +Ex(Hlo o) 2 )0 - L (1)

2 2w w 2
£ (-is.
> H(%(Bl(f)[w’l V] +Ba(H)lo B 7]) + %)v - é(k + %)ﬂ”i

1 2
+ |2 =g - e - irsl e

== 2 (r )8 0e+ (3B~ 2)0 B vl 3Bl ]
—C[(x =DH*) B, 11812

=(n+ %)znw‘lﬁ i3+ | (%Blm — i)l B ]+ %Bz(f)[w_lﬂ : ’]Hz
— || (x = D(H*)BI|, 1Bl

The desired estimate (3.15) now follows directly from the inequalities previously derived for
both sides of (3.23). O

Recalling (3.7), (3.10), and (3.13), the L?-adjoint A(f) := B (f)* € L(L*(S)) satisfies
the formula

A(f) = f'Bi(f) = B2(f). (3.24)
Related to A(f), we introduce
B(f) := Bi(f) + ['Ba(f) € L(L*(S)) (3.25)
and establish, as an additional ingredient in the proof of Theorem 3.2, the following result.

Lemma 3.4 Given K > 0, there exists a constant C = C(K) > 0 with the property that for
all » e Rwith |A| > 1 and f € C'(S) with || f'|lec < K we have

gl < Cl-— A DIell2, @ € LAS). (3.26)
Moreover, . —A(f) € E(LQ(S)) is anisomorphismforall . € Rwith|A| > land f € C\(S).

Proof Thanks to (3.7), (3.24), and Lemma 3.1, it is sufficient to establish (3.26) for all
functions f € C*®(S) satisfying || f'[loc < K and ¢ € C*°(S). We begin by introducing the
vector field V = (Vi, V) T with

Vi= (= Z(Nlel, ZiHlel)' - S x R\T - R,
and recall (B.3)—(B.4) and (B.10). Then, V* := V|q+ belong to CeEOQH N C(@) and
divvt=culvV¥=0 inQ*
by (1.6). Hence, we have

: 2viEVE )_ - ( 2Vi Vs ) ( 0 )
d”((v;t)Z—(VF)2 =0 m@™ and Ay v ) e oe2)
(3.27)
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while T T
(V¥* o 8= (- Ba(Plel. Bi(Nlel) F —y onS. (3.28)

Integrating the first identity in (3.27) over Q,ﬂf with n > || f |l (recalling (3.22)), it follows
from Stokes’ theorem, (3.27), and (3.28), after letting n — o0, that

i 2{ViE(V)E ) 2
. Eds = -2 .
/,7, v ({(Vf)}2 — (i) 0 B D =)
Equivalently, noticing from (3.24)—(3.25) and (3.28) that

1
{VI*oE = ;(@1 +AUMNIelT +B(Nlglv),

we have

T
/ ;[B(f)[wuz + 2 BOOlelFL +Ae] — I(F1+ A )e]*] ds = =27 (p)*.
o (3.29)
Using Young’s inequality, we find a constant C(K) > 0 such that

IF1+ AUl < CIBIell2 + H@)),

hence

1
llollz = S+ A(NIgl = (=1 + AUl < C(IBNIgll2 + 1{p)).  (3.30)

Noticing for |A| > 1 that (F1+A(f)[e] = AF Do — (A —A(f))[¢], we infer from (3.29),
after plugging in this expression and adding the equation with sign — multiplied by A 4 1 to
the equation with sign + multiplied by 1 — X, that

T 1
/ ﬁ[(xz — Dlg* + IB(Hlell* — 2 B(Hlel(h — A(fDIe] — |k — A(f)Ie]*] ds

-

=27 {p)”.
With Young’s inequality, we again find a constant C(K) > 0 such that
(% = Dliglz + IBHIgl2 + )] < CIO-— ANl

The desired claim (3.26) is now a straightforward consequence of this estimate and (3.30).
Finally, since A(f) € ﬁ(L2 (S)), its spectrum is compact and the method of continuity;
see, e.g., [1, Proposition 1.1.1.1] yields the isomorphism property. O

We are now in a position to prove Theorem 3.2.

Proof of Theorem 3.2 Assuming that the claim is false, we find sequences (A¢) C R, (fx) C
C(S), and (Br) C L2(S)? satisfying for all k € N

1

1
el = 5 +8, Ifilleo < 3

= 1,
z 5 llBell2

and such that
O = D(f)IB] — 0 inL3(S)% (3.31)

Recalling (2.2), we define vi := v(fx), % := 7(fx), and w := w(fr) and note from (3.7),
(3.12), and Lemma 3.1 that there exists a constant M > 0 such that ||D( fx)*|| La2s) <M
for all k € N. This bound together with (3.31) implies the boundedness of the sequence (Ax)
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in R. Observing that the constant m = m(}) in Lemma 3.3 satisfies m(ix) > §(2+68) > 0
for all k € N, we deduce from (3.15) that

o B =0 and  (Ae— 3Bi(fO) oy B vl — Ba(fOleg B — 0 (3.32)

in L2(S). In view of the boundedness of the sequence (By(fx))x in ll(L2 (S)), which is a
consequence of (3.7), (3.13), and Lemma 3.1, we infer from (3.32) that

(M = 3B1(fo) ey B -l = 0 inLA(S).
Since A(fr) = B1(fr)*, k € N, Lemma 3.4 implies in turn that
o By =0 inL3(S). (3.33)

Combining (3.32) and (3.33), we have 8 — 0 in L?(S)?, which contradicts the fact
that || Bi|l2 = 1 for all kK € N. This proves (3.14).

The isomorphism property of 1 — D(f)* € £(L*(S)?) with [A| > 1/2and f € CL(S)
is now a straightforward consequence of (3.14) and of the compactness of the spectrum of
D(f)* e L‘,(LZ(S)Z), the invertibility of its adjoint A — D( f) following at once. O

4 The resolvent of the double-layer potential operator in higher order
Sobolev spaces

In this section, we assume that f € H"(S) with r € (3/2,2), and later that f € H3(S),
and we show that the resolvent set of D( f), viewed as an operator in either L(H’_l (S)z)
or E(H2 (S)z), contains all real numbers A such that |A| > 1/2; see Theorem 4.2 and Theo-
rem 4.5. These results are key arguments in the proof of Theorem 5.1 where we prove in the
context of (1.1) that the interface between the fluids determines at each fixed positive time
instant the velocity and pressure fields in both fluid layers.

Invertibility in £(H"~1(S))*

To start, we fix r € (3/2,2) and recall from [3, Corollary A.8] that for n, m, p, g € Ny
with p <n + g + 1 we have
[f > Bri(H)] € CR(H'©S). L(H ' (©))).
[f = Bo(N]. [f = BIA(H] € CO(H'(S), L(H™'(S). H' (9))), “.1)
I<p=<n+qg+1

The definition (3.11) of the double-layer potential operator D together with (3.7) and (4.1)
implies now
[f = D(H)] € C(H'(S), L(HT'(S)?)), 4.2)

so that in particular D(f) € £(H~!(S)?) for all f € H"(S). The arguments in the proof of
the main result of this section; see Theorem 4.2, rely on mapping properties for the operators
BJ:1 established in Lemma 4.1 and on the interpolation relation

[H(S), H (S)], = HI=%H51(5) - 9 e(0,1), —o0o<so<si <00, (43)

where [, -]y is the complex interpolation functor of exponent 6.
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Lemma4.1 Letn, m, p, g € Ny and (a,b) € H (S)"1" be given.
(1) Let p < n+q+1. Then, there exists a constant C > 0 thatdepends onlyonn, m, p, q, r,
and ||(a, b) ||y such that for all ¢ € H' (S)? and ¢ € H ~1(S) we have

q
w1 < Cllgllg— [ Jleillur (4.4)

i=1

| B @lb)le, ¢

(ii) Letq > 1 and p < n + q + 1. Then, there exists a constant C > 0 that depends only
onn, m, p, q,and || (a, b)||gr such that for all ¢ € H'~1(S) and ¢ € H(S) x H" (S)?~!
we have

q
| B @ble, 01|, < Clict 2 ligllr— [ llei - 4.5)
i=2
Moreover, BY i € C'=(H"(S)™ ™, L4t (H'(S), H' (S)7~!, H'~1(S); LA(9))).
(iii) Letd, d € H'(S) and p < n+q+-2. Then, there exists a constant C > 0 that depends only

onn, m, p, q, ||(a,b)|ur, and || (d, L?)”Hl such that for all p € H~1(S) and ¢ € H'(S)
we have
; ~ q
| B2 | (al(b, d)le, 91— BL | (alb, d)le, g1, < Clld—a) Ial@ly1 ] Jllei i
i=1
(4.6)
(iv) There exists a constant C > 0 that depends only on n, m, and | a||\gr with the property
that for all ¢ € H~(S) we have

q
w1 < Clily— [ J1bi - 4.7)

i=1

” Cnm(a)[b, ¢] |

Proof The estimate (4.4) is proven in [3, Lemma A.4 and A.6], while the assertions (ii)—(iii)
are shown in Appendix A. Finally, the estimate (4.7) is established in [3, Lemma A.1 (iii)]
and [2]. ]

We now establish with Theorem 4.2 a counterpart of Theorem 3.2 in H—1(S)2.

Theorem 4.2 Let§ € (0, 1) be given. Then, there exists a positive constant C = C(8, r), such
that forall . € Rwith |\| > 1/2+6, f € H'(S) satisfying || f |lur < 1/8, and B € H'~1(S)?
we have

G =DUNBlgr-1 = CllBlIr-1- (4.8)

Moreover, . — D(f) € .C(H”I(S)z) is an isomorphism for all . € R with |A| > 1/2
and f € H' (S).

Proof Let § € (0,1) be fixed. Recalling Theorem 3.2 and using the embedding
H"(S) < C!(S), we find a constant C = C(8) > 0 such that for all ¢ € S, f € H'(S) with
I fllur < 1/8,and A € Rsatisfying [A| > 1/24-8, we have ||(A — D(z¢ ! a2 < C.
Here, 7, f := f(¢+-)is the left-shift operator. Noticing that the standard H”~!-norm, defined
by means of the Fourier transform, is equivalent to the norm [ﬂ = 1Bll2+1 ﬂ]wr—l.z], where

T _ 2
[,3]%&"71,2 = / %dfv
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we now estimate

BE. 1, <C /” | = D Iz - Bl i

wr—12 = . |§-|2r 1
<C/ﬂ e ((h =DNIBI) — (A — DTf|)2)[ﬁ1]”2+ [(D(ze f) — D(f) [ﬂ]”zd 4.9)
I - ¢l

cl6 - Buipfy o+ c [ LEED B LTE

- g2t

Concerning the second term in the last line of (4.9), we fix an arbitrary r’ € (3/2,r) and
show below that there exists a constant C = C(8, ') > Osuch thatforall ¢ € S, f € H'(S)
with || flur < 1/8, and B € H ~1(S)? we have

|(D(ze f) =D)L, < Clize £ = £/ 1201l g1 (4.10)

Recalling (3.7) and (3.11), it suffices to consider terms of the form

(Bron(te ) = Bran(H)Bi] and  Bili(ze Hl(xe f) Bil = Bum (O Bil. - (.11
withn, m, p, g e Nowith p <n-+g¢g+ landi =1, 2. Since

B (te Ot 1) Bi1 = Brm (DL Bil = (B (e ) = Bim () (ze ) Bi]
+ B (Dl f1 = 1Bl
the last term on the right side being estimated in view of (3.9) by
1B (N f = fBillla < CliGee £ = fBill2 < Cllee /= f)2MIBllgr-1

it remains to estimate the first termin (4.11) according to (4.10). To this end, we infer from the
formula (A.3) that the operator B,f, o (tz f) — B,‘Z 2 f) can be written as a linear combination
of terms of the form

T _qu(tgf e fleefo e e O s Fotef = fotefoeoonte fo]
S ——
i—1 times

and

Tyi= (BY(fo oo fotefoeo T f 1 fooo f T foe T f)
‘z—‘ ~———

j times £—1 times
=B fote et S T e D) ]
— ——
J times £ times

wheren, m, p, g e Nowithp<n+g+1,1<i<g,0<j<m-—1l,and1 <¢ <n.
Applying Lemma 4.1 (ii) to estimate T} (with r replaced by r’), and Lemma 4.1 (iii) for
T (again with r replaced by r’), we obtain

|| Brﬁﬁl(tf f) Blé’}’?l(f) ”L‘,(H'J_I(S),LZ(S)) = C”T{f/ - f/||2,

from which (4.10) readily follows.
Plugging (4.10) into (4.9) immediately yields

[BR12 < C>IBI, -, + [ = DB yyr-12)

@ Springer



Journal of Dynamics and Differential Equations

Using the interpolation property (4.3), Young’s inequality, and Theorem 3.2, we get
2
1B = CIBIZ + 11, + [ = DUNIBI 1)

1
< S 1BIp-1 + CIG = DUDIBIG 1.

which proves (4.8). The remaining isomorphism property follows from (4.8) by the same
continuity argument used in the proof of Theorem 3.2. O

4.12)

A

Invertibility in £(H%(S)?)

We first establish in Lemma 4.3 and Corollary 4.4 mapping properties for the operators B}, s
in higher order Sobolev spaces, which enable us to conclude in particular that D( f') belongs to
L(HZ(S)Q) provided that f € H3(S). For convenience, we introduce the following shorthand
notation: given z = (z1, ..., z,) € X", where X is a Banach space, we set

—1 .
Zi = (20, Zi—1,Zitls -, 2n) €X', 1 <i<n, nelN

Lemma4.3 Letn, m, p,q € Nowith p < n+gq + 1, (a,b,¢) € HX(S)""t4, and

@ € H'(S) be given. Then, BY i (a|b)[c, -1 € L(H'(S)) with
(BI i ab)le, ¢1)’

= By m(alb)lc, ¢'] +

J

q
B}'Ili’nl{l(alb)[clv cee 7C‘/'—lac/j7 Cj+]» ey Cq, W]
=1

n

+ 3 (Bl @lbple, b, o] — BT alb, b))le, b, 1)

n—1,m n+1,m
j=1
m
p.g+1 ’ p+2,q+1 /
—2) (Bl @ ajb.aple.a), 9] — BT (@, ajb. aj. aj. aj)le, d), ]).
j=1

4.13)
Moreover, there exists a constant C > 0 that depends only on n, m, p, q, and ||(a, b)|/2
such that

q
| B @ble. ¢l g1 < Cligllmn [ [lleillse- (4.14)

i=1
In addition, By} € C'=(HX(S)" ™, LEm (HX(S), L(HL(S)))).

Proof of Lemma 4.3 Assume first that (a,b,c) € C®(S)"™*4 and ¢ € C*(S). Then,
by rewriting the principal value integral as a Riemann integral over the interval [0, 7] if
p = 0 (for p > 1 this step is not needed as the integral defining Bf, Z(alb)[e, ¢] is not
singular), the theorem on the differentiation of parameter-dependent integrals ensures that
B,f), T(alb)[c, @] is continuously differentiable, and its derivative is given by (4.13). A stan-
dard density argument together with the local Lipschitz continuity properties established
in Lemma 3.1 and Lemma 4.1 (ii) show that BY;!(a[b)[c, ¢] is an element of H!(S) for
all ¢ € H(S) and (a, b, ¢) € H3(S)"*"+4.

The estimate (4.14) is obtained by applying (3.9) to B,ﬁ Z(alb)[c, ¢] and to the first term
on the right side of (4.13), and by applying (4.5) to the remaining terms on the right side
of (4.13). Furthermore, the local Lipschitz continuity follows from the corresponding local
Lipschitz continuity properties stated in Lemma 3.1 and Lemma 4.1 (ii). O
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As a straightforward consequence of Lemma 4.3, in particular of the formula (4.13), we
conclude via induction the following result.

Corollary 4.4 Givenn, m, p, q € Nowith p <n+q + 1 and k € N, we have
By e Cl(H ()™, 24, (HETL(S), £(HN(S)))).

sym
In view of Corollary 4.4, (3.7), and (3.11) we indeed have that D(f) € £(H2(S))2
for f € H3(S).

Theorem 4.5 Given A € R with |x| > 1/2 and f € H¥S), A — D(f) € L(H*(S)?) is an
isomorphism.

Proof Arguing as in Theorem 3.2 and Theorem 4.2, it suffices to show that given § € (0, 1),
there exists a constant C = C(§) > O such that for all [A\| > 1/2 + § and || fllgz < 1/8 we
have

ClO-=DUNIBIwe = 1Bz, B € H (S). (4.15)

To this end we express, using (3.7), (3.11), and (4.13), the difference (D(f)[B])" —
D(f)[B”] =: Tiot[B] as a linear combination of terms of the following form
BUA(foeees fIf oo DUy £ (P B,
BU(foe s f1f e s DU fo e Fo DB
Bua(foeoo s fIf oo s DU S £ B
By (OLF" B + 21" B,

where k € {0, 1},7 € {1,2},and n, m, p, g € Ny satisfy p <n+ g + 1. Using Lemma 3.1
to estimate the last three terms above and Lemma 4.1 (ii) for the first term, we find a constant
C > 0 that depends only on n, m, p, q and || f|lg3 such that

ITiotlBlll2 < CllBllt, B € HAS)

This estimate, the interpolation property (4.3) together with Young’s inequality, and the
observation that ||(A — D(f))~! 22y < € by Theorem 3.2 show that for [A] > 1/2 +§
and || fllg3 < 1/ we have
1Bllw2 < CUIBl2+118"112) < C(IBll2 + 10 = DB I2)
< C(IBll2 + I Tl Blll2 + 1 (Gx = DNIBD [12)
< C(IBlar + 1O =DUNIBDY I12)

1
< Ellﬂllm + C(IBll2 + 1L = DNIBD"II2)
1
< Ellﬁ”}lz + Cll = DN Bk,
which proves (4.15). m]

5 Local well-posedness of the Stokes flow (1.1)

In this section, we establish the local well-posedness result stated in Theorem 1.1. To this
end, we first assume that the function f = f(¢), which parametrizes the interface between
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the fluids, belongs to H3(S) at a fixed time r > 0 (we do not make the time dependence
explicit at this stage), and we prove, using results from Sect. 2—Sect. 4, that the velocity field
and pressure are uniquely determined by f as solutions to the transmission boundary value
problem (1.1a);_s. This requires a unique choice for the far-field conditions in (1.1a)s, which
depend on f as well. Moreover, we provide an explicit formula for the trace of the velocity
field on the interface; see Theorem 5.1. This formula, together with the kinematic boundary
condition (1.1a)e and the results from Sect. 4, allows us to recast (1.1) as an evolution problem
for f in any subcritical space H' (S), r € (3/2, 2), which is then shown to be of parabolic
type; see (5.17) and Proposition 5.2. We emphasize that, due to the low regularity assumed
for f, the evolution problem (5.17) is not only nonlocal, but must also be treated as fully
nonlinear. This is evident for example when considering the term ¢ ( f), defined in (5.1) below,
which depends fully nonlinearly on f and appears in the definition of the nonlinearities in the
evolution problem (5.17), as seen through (5.2)—(5.5) and (5.8). We conclude the section with
the proof of Theorem 1.1, which relies on the abstract theory for fully nonlinear evolution
problems presented in [32, Chapter §].

The solution of the transmission boundary value problem (1.1a)1_5

In this section, we adopt the notation introduced at the beginning of Sect.2 and present
first some additional notation needed to state our main result concerning the solvability of
(1.1a);_s; see Theorem 5.1.

Given f € H3(S), we set

¢ = ¢(f) = (1) p2(f) = (N =1, flo(f)") € HX(S)? (5.1)

and define V := V(f) by

1
V(f) = Z( —oVi(f) = OV3(f), —oVa(f) + OVu(f) + ®ln(4)<f>)T, (5.2

where

VI(f) = (B1 = 2B4)(NIS1(f) = f'62()] + (2B2 + B3) (NHLf '¢1()]
+ B3()p2()],
V2 (f) = Bi(Hg2(f) = f'o1(H1+ Bs(NI$1(f) — f'¢2()]

+ 2Ba(HLF $1(f) + 2 ()], ©:3)
V3(f) := (Bo(f) + Bs(N))Lff'1+ Bs(NLSf],
Va(f) := (Bo(f) = Be())Lf1+ Bs(HLSf'].
Note that V(f) € H2(S)2 by (3.7), (5.1), Corollary 4.4, and Lemma A.1.
Moreover, we set N
ut =
ay = m € (—1, 1) (54)
and infer from Theorem 4.5 that there exists a unique solution 8 = B(f) € H%(S)? to
(1+2a,D(f))[B] = V(). (5.5)
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Theorem 5.1 Given f € H3(S), the transmission boundary value problem

pEAVE = Vg =0 in @,
divo®t =0 in QF,
[v] =0 onT,
[T.(v, )V = (Ox2 —0k)V onT, (5.6)

E, ¢H ) — (:I: %r, :I:CIET’F, :|:C3,1") for xo — F00 uni-

formly in x| €S,
has a solution (v, q) € X ¢ if and only if the constants ¢; v, i = 1, 2, 3, are given by

__C /! ; o e
c1,r ——E<W>+au<ﬁl(f)—fﬁ2(f))v cr =0, c3.r ——§<f>,
6.7

where B(f) is defined in (5.5). For this choice of the constants, the solution is also unique
and

1 1 2
}foB= E[V(f) +2au<i 5~ D(f))[ﬂ(f)]] = mﬂ(f)- (5.8)

Moreover, the constant c1 1 satisfies

+ - + -
cir = —%PV/ curlvdx := —% lim / curl v dx
r(ut + ) Jsxr 2w (Ut + 1) 100 Jijx <n)
5.9)
and
®
T+ (v¥, qi)(x) — :i:E(f)Iz for xp — F00 uniformly in x| € S. (5.10)

Proof We devise the proof into several steps.

Uniqueness. Let cr := (c1,r, c2r,c3.r) € R3 be arbitrary and assume that (v, g) € Xy isa
solution to the homogeneous problem associated to (5.6) (that is with the right side of (5.6)4
replaced by 0). Since this problem is equivalent to problem (2.20), Proposition 2.2 ensures
that cr = 0 and (v, q) = (0, 0), which establishes the uniqueness claim.

Identification of co,r. If (v, g) € X is a solution to (5.6), we may integrate equation (5.6)2
over Qf with n > || f|lco, recalling (3.22), to deduce from Stokes’ theorem and (5.6)3 that

T T
/ v;r(xl,n) dxy =/ v, (x1, —n) dx;.

-7 -7

Taking the limit n — oo, it follows from (5.6)s that indeed ¢ r = 0.
Existence. We first associate to (5.6) the transmission boundary value problem

AvE—VgE =0 in QF,
divof =0 in QF,

[vg] = 0O onT,
[Ti vy, 410 = (Ox — o@)i onT, G-1D
(vsi, qsi)(x) — £(c1,5,0,c35) for xa - £00 uni-

formly in x; € S,
with P 6

I

Cl,s = _§<m> and C3 5 = _E<f) (512)
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Noticing that (Ox; — 0%)D = ((w(f)"'G(f)) o E7!, where

G(f) =0 ff, f)—o(p(f) eH'(S)* and (Gi(f) =0, (5.13)

it follows from [3, Theorem 2.2] (with u = 1 therein) that there exists a unique solu-
tion (vy,gs) € Xy to (5.11). Moreover, by [3, Egs. (2.12), (C.19), Remark 2.1, and
Remark C.5], the trace of vs on I' is given by the relation

(v} 0 B = V(f), (5.14)

with V(f) defined in (5.2). Moreover, we infer from (the proof of) [3, Lemma C.2, Lemma C.4
and Lemma C.6] that

®
Ty (vsi, q‘vi)(x) — :E:E(f)lg for x; — o0 uniformly in x| € S. (5.15)

Let now (vg, g4) € Xy denote the unique solution to (2.1) determined in Theorem 2.1
with B therein replaced by 2a,8(f) € H2(S)? (and B(f) defined in (5.5)) and set
1
vt = M—i(v;t +vH)  and ¢t i=¢F 447 (5.16)
Then, it is straightforward to check that (v,q) € X/ satisfies the relations (5.6);—»
and (5.6)4—s. Moreover, since by Lemma B.1, the one-sided traces of v on I satisfy (5.8), the
equation (5.6)3 is equivalent to B(f) solving the equation (5.5), and therefore (v, q) € X
defined in (5.16) is indeed a solution to (5.6). Recalling (2.19), the relation (5.10) is a direct
consequence of (5.16), (5.15), and (B.2).
Identification of c1,r. Let (v, q¢) € Xy be the unique solution to (5.6). Integrating curl v over

the domain {|x;| < n}, with n > || f ]|, Stokes’ theorem together with (5.6)3 and (5.6)5
yields

T
/ curlvdx = / vy (x1, —n) — vy (x1, n) dx; —i—/ [(—v2, vl)T] -Ddo
{|x2|<n} —7 r
ut 4+ u
—> —2mcir

n—00 utu~
and (5.9) follows. ]
An equivalent formulation for (1.1)
With Theorem 5.1 at hand, we can now reformulate problem (1.1) as an evolution problem
for f. Indeed, if (f, v, qi, cr) is a solution to (1.1) as defined in Theorem 1.1 (i), the

kinematic boundary condition (1.1a)e together with (5.8) implies that f solves the evolution
problem
df

3 O =Y@), 120, f(O)= fo, (.17

where

R ; _ ! T .
v(f) = M++M_( DB, (5.18)
with B(f) := (B1(f), B2(f)) " defined in (5.5).
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To formulate (5.17) within a suitable functional-analytic framework, we fix r € (3/2, 2)
and infer from [3, Lemma 3.1], for the mapping ¢ introduced in (5.1), that

[f = ¢(H)] e C®H(S), H ' (S)?). (5.19)

This property, together with the relations (3.7) and (4.1), shows that the mapping V defined
in (5.2) satisfies

[f=>Vi(H]eCH S, HT(S), 1=<i<4 (5.20)

Moreover, ¢ and V both map bounded sets in H" (S) to bounded sets in H"~1(S)2. Indeed,
for ¢ this follows by a straightforward computation, while the corresponding property for V
relies additionally on Lemma 4.1 (i) and [3, Lemma A.7].

Recalling (4.2) and using the smoothness of the mapping which associates to an invert-
ible bounded operator in ﬁ(H”l(S)z) its inverse, we conclude together with (5.20) and
Theorem 4.2 that the mapping S, defined in (5.5), satisfies

[f = B(H)] € COH(S), H ' (S)?). (5.21)

Moreover, 8 inherits the property to map bounded sets in H' (S) to bounded sets in H" 1 (S)?
from V in view of the estimate (4.8). We now directly infer from (5.21) that

[f > ()] eC®H(S),H9) (5.22)
and that W maps bounded sets in H"(S) to bounded sets in H” -1(S).

The Fréchet derivative of ¥

To show the local well-posedness of the evolution problem (5.17), it is convenient to apply
the abstract parabolic theory from [32, Chapter 8]. In addition to (5.22), the following result
is therefore required.

Proposition 5.2 Givenr € (3/2,2)and fy € H'(S), the Fréchet derivative 9V ( fy) generates
a strongly continuous analytic semigroup in E(H’ -1 (S)).

The proof of Proposition 5.2 is postponed to the next section, as it requires some prepa-
ration, part of which is carried out here by computing the Fréchet derivative dW ( fp) and
identifying its highest-order terms. In what follows, we fix fy € H'(S), r € (3/2, 2), and
r’ € (3/2, r). Then, it is straightforward to infer from (5.18) that

2
oV (folfl= m((—fé, DB - fBi(fo). feH(S). (523)
Moreover, differentiating the relation (5.5), we get

(1 +2a,D(f0))[8B(f0)[f1] = V(S0 f]1 — 24, dD(f)[FIB(f0)],  f € H'(S).
(5.24)
In order to handle these derivatives in an efficient way, we infer from (4.1) that

B folel 1 < Cliglyr—1.  1<p<n+q+l, ¢eHT(S). (529
Moreover, in view of [3, Lemma A.2] we also have

By (fo)le] = €,y (Il + RI@1. [RI@Ilr1 < Cligllgr—i. ¢ € HXS).
(5.26)
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The constant C in (5.25) and (5.26) depends only on || fo|lgr and on the indices n, m, p, q.
Additionally, we define for n, m, p, g € No with p < n + g + 2 the operators

BY&T H(S) —» LH'(S), LHTL(S))), 5270
BIEL W (S) > L(H(S), LH NS, H' (), 1<p<n+q+2, '

by setting for f € H'(S)

BLA fo)lf1:= BEAY (for oo, folfor s f)LSos - -» foo fr -1 € LHTL(S)).
(5.27b)
For some fixed 9 € H ~!(S) we infer from [3, Lemma A.2] that

0,

Bt (FOLFN@0) = Catgitm(for - folfor s foo fro0l + RIFL,  (528)
where, for a positive constant C depending only on || fo|lur, |@ollg--1, and n, m, g we have
IRUA WMyt < Cllifllgrs  f €H(S). (5.29)

Furthermore, in the arguments that follow we will use [3, Lemma A.1 (iv)], which states:

Lemma5.3 Givenn € N, m € Ny, and a € H"(S)", there exists a constant C > 0 that
depends only on n, m, r, r', and ||a|lgr such that for all b € H'(S)" and ¢ € H ~1(S) we
have

n
|Crm @b, 9] = 9Crt m@1b2, - .., by, b1 =1 < Cllb1 Il 1@l g1 n”bi llnr -

i=2
(5.30)
From (3.2) and (3.6) we next deduce the identity
Co o (f0) +Cog (fo) = Co i (f0),  m>1, (5.31)
and, together with (3.7), (5.25), (5.26), we find
B1(fo)le] = (C§, + C9,) (fo)le] + Rilgl,
By(fo)le] = (€}, + C3,) (fo)le] + Ralel, 532)
B3(fo)le] = (€}, — C3,)(fo)le] + Rilel,
B4(fo)lel = C3,(fo)le] + Ralel,
where, with a positive constant C depending only on || fo|lur,
IRil@llgr1 < Cllelyr—, ¢ eHTI(®), 1<i<4 (5.33)
Recalling (3.11), it follows from (5.32) that
CO CO ’3 CO CO f/ﬂ
D =—(? 23)[ 1}+( 02 “)[0 1]+R : 5.34
(fo)[ﬂ] (Cg,z Cg,z Ba C(1),2 Cg,z féﬂz 5[/3] ( )
where by (5.33), for a positive constant C depending only on || fo|lur,
IRs[Bllgr—1 < CllBlgr—1. B eH (S (5.35)
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Using [3, Lemma A.9] and (5.27), we may express the Fréchet derivative 83,’; 2 (fo) in
the compact form

OBL (Sl f1=n(BX9 (fo) — BEEEE N (fo) L]
+2m(BLL (fo) = BIY i () F] (5.36)
+aBLA " ol f1.

where terms with negative indices have to be neglected. Recalling (3.7), we conclude
from (5.36) and (5.27)—(5.31) that

dB1(fo)l flleol = —2¢0(CY 5 + C23) (f) [ f'1+ Rel £1,

B2 (fo)[ f1lpo] = ¢0(C3 — CL3) (fo) L f' 1+ Ralf],

B3 (fo)l fllwol = ¢o(Co53 — 6C3 5 + CI3) (f) f'1+ RsLf],
B4 (fo) L fllpo] = 2¢0(CY 3 — C93) (f)Lf'1 + Rolf1.

(5.37)

for gy € H~1(S) and, for a positive constant C depending only on || fo |l and ||¢o|| H-1»
IR [fllgr—1 < Clifllygr, feH(ES), 6<i=<9. (5.38)

By [3, Lemma 3.1], the Fréchet derivative of the coordinate ¢;, i = 1, 2, of the mapping
¢, introduced in (5.1), is given by

d
3¢i (fo) = ai(fO)g eLH (S),HTIS), i=12, (5.39)
with ¢; (fo) € H=X(S), i = 1, 2, defined by
! 1
ai(fo) := Jo and  ax(fo) == (5.40)

ICENORE (L+ f)¥?2

We set for the sake of brevity
a;=a;(fo) and ¢ :=¢i(fo), i=1,2. (5.41)
Using (5.36) to differentiate (5.3) and applying (5.32)—(5.33) and (5.37)—(5.38) gives

VL1 = (Chr = Ch) (fodl@r — g2 = fian) 1+ CL ()l B(@1 + fia) +ar) £
+CYL (ol + flar — az) f]
+91(30C05 = 6CY3 = 6£5C35 +2C55 = f5C3) o)l ]
+2(CO5 +6/5CT 5 = 6C3 5 — 2/5C95 + C23) SIS T+ Ruol f1,
Ma(flf1 = (€1 = CFo) olllar = ¢ = foa) f] = Coo (@1 + fiar = a2) f']
+C,(f)l(é1 + foar +3ax) ']
+1(CO5 +65CT 3 = 6C5 5 = 2f5CT5 + CL5) (fo)lf]

— $2(f5C0 3 —2C) 3 — 6£5C9 3+ 6C3 5+ f3C23) (foLf T+ Rulf],
(5.42)
where, for a positive constant C depending only on || fo|lnr,

IR [fUlg—1 < Clifllyr.  feH(®), i=10, 1L (5.43)
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Lastly, we set

Bo == (Bo.1. Bo2) " = B(fo) e ' (S)* (5.44)
and use (5.36) to differentiate (3.11). Applying (5.32)—(5.33) and (5.37)—(5.38), we arrive at
_ (C2(fo) C?,z(fo)) |:f/ﬂ0,l:|
ID(f) f1[Bo] = (C?’z( fo o) | 7760
B (ﬁo,l(cg,3 —3C93) (fOLfT+2B02(CY 5 — c§,3)(fo)[f’])
2B0.1(CY 5 = C35) (fOLf 1+ Bo2(3CT 5 — C3) (fo)l ]
( —4 f5Bo.1CY 3 (F)Lf "1+ f3B0.2(CQ 5 — 3C3 3) (o)l f'] )
f§B0a(CH 5 = 3C3 ) ()£ 1+ 2f3Bo2(CP 5 — C93) (fo)l ]

+ Rl f],
(5.45)
where, for some constant C depending only on || follar and ||Bo|lgr-1,
IRl < Clfly,  feH(®). (5.46)

Localization and the proof of Theorem 1.1

The first part of this section is devoted to establishing Proposition 5.2. This is achieved by
adopting the strategy employed in [36]; see also [12, 14, 33]. The main step consists of locally
approximating the Fréchet derivative W ( fy) by certain Fourier multipliers, which them-
selves generate strongly continuous analytic semigroups; see Proposition 5.4. We conclude
the section by outlining the proof of Theorem 1.1.

To start, for each ¢ € (0, 1) we fix a set of smooth functions {nf 11 < j < N} contained
in C*(S, [0, 1]), where the integer N = N (¢) is sufficiently large, such that

. suppnj = I; + 277 with I; = [E; —&, .‘E; + ¢] and 5; = je;
N
. (5.47)
. an = 11in C*(S).
j=1
We call {nj. : 1 < j < N}ane-partition of unity. To a given e-partition of unity, we associate

a further set {Xf 11 <j<N}CC*®(S,]I0, 1]) with

e supp x; = J; +2nZ with J = [§F — 2¢, &7 + 2el; (5.48)
e x; = lon supprs;. '

We associate to such an g-partition of unity a new norm on H*(S), s > 0, via the mapping
N
[f > Znn;fnm] tH'(S) - R,
j=1

which is equivalent to the standard norm in the sense that for some ¢ = c(e, s) € (0, 1) we
have

N
el fliwe < It fllwe < el f € HYG). (5.49)

Jj=1
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Similarly to the non-periodic case [36], let & : [0, 1] — L(H’(S), H”l(S)) be the
continuous path given by

2
Q@) f]:= m( —tf' B+ (=T f. DT -BOIf]), telo 1], feH(S),
(5.50)
where By = (Bo,1, ﬂ(),z)T was introduced in (5.44) and B(7)[ f] € H-1(S)2, t € [0, 1], is
the unique solution to

(14 2ta,D(f0))[BOLf1] = ¥ (DLf] = 21a, 0D fo)[ f1[Bo]. (5.51)
Here, 7 : [0, 1] — ﬁ(H’ (S), H”I(S)z) denotes the continuous mapping

1
Y (T) = Z( — o dVi(T fo) — TOIV3(fo), —odVa(T fo) + TOIVa(fo) + t@ln(4)('))T

(5.52)
for T € [0, 1]. Note that B : [0, 1] — K(H’ S), H’_I(S)Z) is continuous as well and, using
Theorem 4.2, (4.2), and (5.20), we may find a constant C > 0 such that

I1BOL g < Cliflwr,  feH(S), tel01] (5.53)
Moreover, we observe that ® (1) = dW( fy) and that

d T
“V(O):( 4HOE> ,

where H = 88:8 is the periodic Hilbert transform, c.f. (3.4). It follows that

o a2\ 2
*0=-3:55 (") Y

since the symbol of the periodic Hilbert transform is given by (—i sign(k))xez. The invert-
ibility of the operator A — ®(0) for . > 0 will later be used to conclude the invertibility of
A — @ (1) for Re A large enough.

In Proposition 5.4, we approximate not only dW ( fp) = ®(1) by Fourier multipliers but
also the entire path ®(7), v € [0, 1].

Proposition 5.4 Given y > 0, there exist ¢ € (0,1), an e-partition of unity
{n]"f :1 < j < N}, aconstant K = K (¢) > 0, and bounded operators

Ajr e LH(S),HTIS), 1<j<N, telo1l],

such that
|25 @@L = Ajelms £l s < V175l + K f 1 (5.55)

forall1 < j <N, f e H'(S), and t € [0, 1]. The operators A ; are defined by

2\ 12
Aj. = —%(Ef)(— @> + 9, (,gj)d‘5 I<j<N, tel0,1, (556

where the functions o, and ¥, are given, recalling (2.2) and (5.44), by

@)™ and  e=—— oy (557)

o
oy = ———
T2t ) pt 4 po
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The proof of this proposition uses the following commutator-type result for the operators
Chm-

Lemma5.5 Givenn, m € Nypanda, f € CL(S), there exists a constant C > 0 that depends
only onn, m, and ||(a, f)|c1 such that for all ¢ € L2(S) we have

|aC?,. (Pl = C2,.(Hlagl|y < Cllgl. (5.58)
Proof See [3, Lemma B.1] O

The main ingredient in the proof of Proposition 5.4 is the next lemma, which describes
how to “freeze the kernel” of the operators Cy, ;.

Lemma5.6 Letn, m € No, r' € (3/2,r), f e H'(S), a, b € H=1(S), and n > 0 be given.
Then, for any sufficiently small ¢ € (0, 1), there exists a constant K > 0 that depends
ong, n, m, || fllugr, and ||(a, b)|lgr—1 suchthat foralll < j < Nandg¢ € H~L(S) we have

’ abf™
(1+r2)"

Proof See [3, Lemma B.2] O

75aCy,, (Hlbpl — — o (E)Hn go]H < nlw@llr—1 + Kl@llygri. (5.59)

We now prove Proposition 5.4, following closely the proof of [36, Theorem 6.2].

Proof of Proposition 5.4 Let y > 0 be fixed, and let ¢ € (0, 1) (to be chosen later on),
together with an associated e-partition of unity {n; :1 < j < N} and the corresponding
family { Xf :1 < j < N}, satistying (5.47) and (5.48), respectively. We also point out that,
given s € (1/2, 1), there exists a constant C = C(s) > 0 such that

Ifglbs < CUl fllocligls + Igllooll flls),  f. g € H'(S). (5.60)

In what follows, the symbol C is used for constants that are independent of ¢, while K
denotes constants that depend on €. In view of definition (5.50), we need to approximate both
operators [f = Ba(t)[f]— TfO’Bl(r)[f]] and [f — rf’ﬁo,l]. We start with the second
one. Using the identity Xfﬂf = n; together with (5.60), we have

175 Bo.t f — Bot EDGTS ) -1 < CllxE(Bo — Boa G Nooll T8 ) llgr1 + K fll g

+ —
< wunfﬂlw ™
(5.61)
forall 1 < j < N and f € H'(S), provided that ¢ is small enough. The estimate in the last
line of (5.61) follows from (5.48) in view of Bo.1 € H'~!(S) < C"3/%(S).

Next, we show that
7 Bl < Calls fllnr + KN fllg s (5.62)
with C independent of ¢ € (0, 1), 7 € [0,1],1 < j < N, and f € H'(S). To this end, we
infer from (5.51), after multiplying this relation by 775, that
(1 +27a,D(f0)) [75B@Lf1] = 757 (O f1 = 2ta,75aD(fo) [ f11Bo]

+2tay, (D(fo)[ﬂf-B(T)[f]] - Nf]D)(fo)[B(f)[f]]).
(5.63)
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The terms on the first line of the right side of (5.63) can be estimated according to

757 @L My + 750D f 1 Bolllgr—1 < Clies fllwr + KNl fllg- (5.64)

Indeed, recalling (5.3) and (5.52), the estimate (5.64) follows by observing from (3.7) and
(4.1) that 0V; (fp) € E(H’/(S)) for i = 3, 4, so that in particular

75 0V3 ()L M1 + I 0Va(fo) L f M1 + I w1 < Kl flly s (5.65)

the other terms, corresponding to aV; (fo), i = 1, 2, and to dD( fo)[ f1[Bo] being estimated
using (5.42)—(5.43), (5.45)—(5.46), Lemma 4.1 (iv), and Lemma 5.5. Moreover, combining
(5.34), Lemma 5.5 and (5.53) (with r = r') we get

IDCo) 75 B = 7DD [BOLA] |1 < KIB@f gy < KNl (5.66)

the desired claim (5.62) following now from Theorem 4.2 and (5.63)—(5.66).

With the estimate (5.62) at hand, we next approximate the operator [ f = B@Lf ] To
begin, we define Fourier multipliers B; € L(H"(S), H'~!(S)?),1 < j < Nandt € [0, 1],
by

B, —_ 2 (al(rfo)(s )H o (d/dg))
b ax(t fo)(E)H o (d/dE) ) *

Given y > 0, we show that if ¢ € (0, 1) is small enough, then

7S BOLf] =Bl fllgr—1 < 7175 fllwr + KN f g (5.67)

forall t € [0,1], 1 < j < N, and f € H(S). To this end we multiply (5.51) by n; and
arrive at

T B =757 (@] = 2za,7§ (ID(fo) f11Bo] + D(fo) [B()£1])- (5.68)

Recalling (5.52) and (5.42)—(5.43), the estimate (5.65) and repeated use of Lemma 5.6 in the
context of (5.42) yield

757 (O 1 = B o[ fllgr—1 < *II?T Slar + KN fllgr (5.69)

forallt € [0,1],1 < j < N, and f € H' (S), provided that ¢ is small enough. Moreover,
using the relations (5.45)—(5.46), we obtain, by repeatedly applying Lemma 5.6, that

v

5 O Mol < iy

5 fllr + KILf (5.70)

forall 1 < j < N and f € H'(S), provided that ¢ is small enough. Similarly, by repeatedly
applying Lemma 5.6 to (5.34) and using (5.35), (5.53) (with r = r’), and (5.62), we get

& y &
HTF/D(fO)[B(T)[f]N -1 = mlln,l’ﬁ‘(r)[ﬂllm—l + K| flly
; (5.71)
=< W”ﬂjf”m + K|l f g

forall t € [0,1], 1 <j <N and f € H'(S), provided that ¢ is small enough. Recall-
ing (5.68), the estimate (5.67) is a straightforward consequence of (5.69)—(5.71),
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To approximate the operators [f = Bo(t)[f]— rf(;Bl (T)[f]], we first infer from (5.67),
that for & small enough, we have

_ yut+nun)
H-! - 6

S By(n)Lf]+ Zar (T fo) € HICT £)]

17 fllie + KL f g

(5.72)
forallt € [0,1],1 < j < N, and f € H(S). Moreover, using the identity nj*? = Xf-ﬂf» the
regularity of fo € H'(S) <> C"~1/2(S), and the estimates (5.53) (with r = r’), (5.62), and
(5.67), we obtain

5 BT+ o (E)an (x fo) € HICr 1))

< ClXE G — FoED ool s By (@)1

Hr-1

(5.73)
+C

TS BIOL+ Za (e f0) ) HICrS )]

+ Kl f
Hr—l
+ —
SRACNES
- 6
forallt € [0,1],1 < j < N,and f € H(S), provided that ¢ is small enough.
Recalling (5.50), the desired claim (5.55) follows from (5.61), (5.72), and (5.73). O

75 fllar 4+ KN f Il

Since fy € H'(S), it follows from (2.2) and (5.44) that there exists a constant n € (0, 1)
such that the functions defined in (5.57) satisfy

n<ar<n ' and [9<n"', Tel0 1]

Next, we introduce « € [n, n’l], D e [—rfl, r]’l]. the Fourier multiplier Ay » by

&\ d |
Agp = —a( - d?) + ﬁE e L(H(S),H'(®)).

Using Fourier analysis techniques, one can readily verify that for all & € [5, n~'] and
|9] < n~!, we have

A—Ayp € C(Hr (S, Hr_l(S)) is an isomorphism for all Re . > 1. (5.74)

Moreover, there exists a constant kg = «o(77) > 1 suchthatforalle € [, p~'1and || < ™1,

kol = Ag, ) fUlgr—1 = 1M fllg— + 1 fllwr, f€H(S), Reax=1. (5.75)

By combining (5.74)—(5.75) with Proposition 5.4 and the interpolation property (4.3), we
are now in a position to prove Proposition 5.2.

Proof of Proposition 5.2 'We begin by fixing r’ € (3/2,r) and letting k9 > 1 denote the

constant from estimate (5.75). Applying Proposition 5.4 withy = 1/(2«p) wefinde € (0, 1),
an g-partition of unity {71,8. :1 < j < N}, aconstant K = K (¢g) > 0, and operators

AjreL(H(S).HTS), 1<j<N, tel01]
such that forall T € [0,1],1 < j < N, and f € H' (S) we have

20|75 @OLf] = Aj o l7f f1]

ot S5l + 260K f Il -
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Additionally, we infer from (5.56) and (5.75) that
20| = A f1] s = 210017 Fllgrs + 2017 Sl
foralll < j<N,t€[0,1],Rer > 1,and f € H'(S).
By applying the reverse triangle inequality together with the above estimates, we obtain
20|78 (= DENLF s
> 20|k — A S 1t — 260]| 75 D@L = Aj e[ £1]
> 200 178 f it + 178 Fllir = 260K [ f g

Summing over j, and using the interpolation property (4.3), the equivalence of norms (5.49),
and Young’s inequality, we find constants ¥ > 1 and @ > 1 such that

e 0= @@y = R Dt + 1 e (5.76)

forall T € [0, 1], Re A > w, and f € H" (S).

Moreover, by (5.54) and (5.74), the operator « — ®(0) is an isomorphism. The method of
continuity, cf. [1, Proposition I.1.1.1] and (5.76) imply now that w — ®(1) = w — dW (fp)
is an isomorphism too. This property, together with (5.76) (with T = 1), shows that dW ( fp)
generates a strongly continuous analytic semigroup; see [1, Section 1.1.2]. Thus, the proof is
complete. O

H-!

We are now in a position to prove Theorem 1.1.

Proof of Theorem 1.1 Using the abstract parabolic theory from [32, Chapter 8], the theorem
follows from (5.22) and Proposition 5.2. The details are analogous to the proof in the non-
periodic case; see [36, Theorem 1.1], and we therefore do not present them here. m]

6 Stability analysis

In this section, we identify all equilibrium solutions to the two-phase Stokes problem (1.1)
and study their stability properties. From Theorem 1.1 (ii), we deduce that any stationary
solution f to (1.1) belongs to C*°(S). Moreover, Lemma 6.1 below identifies the equilibrium
solutions to (1.1) as the functions f € C°°(S) that solve the nonlinear differential equa-
tion (6.1). It is worth noting that equation (6.1) characterizes the equilibrium solutions also
in the context of the two-dimensional Muskat problem; see [11, 13, 45]. Interestingly, there
exists a one-to-one correspondence between even solutions to (6.1) with zero integral mean
and odd solutions to the mathematical pendulum equation; see [11].

Lemma 6.1 A function f € C*°(S) is an equilibrium solution to (1.1) if and only if
O —(f) —ok(f) =0. (6.1

Proof Let f € C°°(S) be an equilibrium solution to (1.1) and let v and g be the associated
velocity and pressure fields. By (1.1a)¢ we then have v -V = 0 on T'. With u,, n > || f |loos
defined in the proof of Proposition 2.2, we then compute, using (1.1a)3_4,

fs Rdiv (n(x2) T (v, @) (x)(x)) dx = —/Fv'[Tu(v,q)]'\?da

= —/(@xz —0ok)v-vdo =0.
r
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Consequently, since 2 div (T, (v, ¢)v) = | Vv + (Vo) T[> in (S x R) \ T, by (1.1a)1 2, we
infer from (1.1a)s, (1.1¢), and (5.10) that

1
f/ Vo + (Vo) TP dx < —/ Vin (x2) - (T (v, ) (x)v(x)) dx —> 0.
2 Jiixal<n) {n<lx2l<n+1} n—>00

Thus, Vv + (Vu) T = 0in L3(S x R, R2*2) and, arguing similarly as in the final part of the
proof of Proposition 2.2, we obtain that Vv = 0 in L2(S x R, R?*2), Using (v,q) € Xy,
(1.1a)1, and (1.1a)s, it immediately follows that v = 0in S x R and qi =FO(f)/2in QF,
and the relation (6.1) is simply a reformulation of (1.1a)4.

For the converse implication, it suffices to show thatif f € C°°(S) is asolution to (6.1) with
zero integral mean, then (f, vE, qi, cr) = (f,0,0,0) is an equilibrium solution to (1.1);
see the discussion preceding (1.2). This is, however, a straightforward consequence of the
uniqueness result in Theorem 5.1, and the proof is complete. O

A complete description of the solution set to (6.1) has been provided in [11, 45] in the
context of the Muskat problem. It is shown there, in particular, that any solution to prob-
lem (6.1) is a horizontal and/or vertical translation of a (distributional) solution f € HL(S),
with r € (3/2,2),to
0 _ glp]

1 '
<7> +Af =0, where A (= ——
o o

(1 +f/2)]/2 (6.2)

which we view as an equation in ﬁg_z(S). We define, for s € R,
HIS) = {f e H'(S) : (f,1) =0and (f, ") = (f,e7*) forall k € Z},

where (-, -) is the canonical duality pairing between D’(S) and D(S) = C*(S). Indeed, a
simple bootstrap argument shows that any solution f € ﬁz (S), with r € (3/2, 2), to (6.2)
actually belongs to C°°(S). Moreover, testing the equation for A < 0 against f yields f =0
as the unique solution in this case. However, if A > 0, which corresponds to the scenario
where the denser fluid lies above the less dense one, equation (6.2) may also admit finger-
shaped solutions. These are nontrivial periodic solutions to (1.1), where the interface between
the fluids forms repeating upward and downward fingers.

InTheorem 6.2, we summarize results from [ 11], adapted to our functional-analytic setting,
concerning the solution set of (6.2) in ﬁ; (S), regarded now as a bifurcation problem with
bifurcation parameter A and solution (X, f) € R x ﬁz (S). Theorem 6.2 shows that the
solutions to (6.2) lie on global bifurcation branches Cy, £ € N. Each branch C; consists of
equilibrium solutions of minimal period 27 /¢ and intersects the trivial branch of solutions
only once. Along each branch, the flat equilibrium deforms into a cosine-shaped function and
the slope at £ = 7 /(2¢) blows-up monotonically as one approaches the end of the branch.

Theorem 6.2 Let
Ay 1= ! B 5 ] 2’”02909 (6.3)
T2\ a2) T '
where B is the beta function. Then, the following holds true:

(i) If A < Ay, then equation (6.2) only has the trivial solution (A, f) = (A, 0).
(ii) Let A > A,.

(a) Equation (6.1) admits solutions (A, f) € R x ﬁz(S) of minimal period 27 if and
only if .y < X < 1. More precisely, for each ). € (A, 1), there exist exactly two even
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solutions (A, £ f;) to (6.2) of minimal period 2i. Moreover, we have | fi,| < | fi,|
for hy < Ay, and || folloo — 0 as & — 1, while

I filloo = 1/ = v2/hs, N filloo = 1fi(T/2)]| = 00 asi — Ay
(b) Equation (6.1) admits solutions (A, f) € R x I?IZ (S) of minimal period 27 /€, with
2 <t eN, ifand only if €24y < X < £2. To be precise, for every » € (£2Ay, £2),
there exist exactly two even solutions (1, £ f5.) of minimal period 27 /€ given by
fr =€ (),
where f; ,-2({-) is the function identified at (a).

(iii) Ifwe consider(6.2) as an abstract bifurcation problem in R x ﬁg (S), the global bifurcation
branch Cy arising at (€2,0), £ € N, described in (i), admits in a small neighborhood
of (€%, 0) a smooth parametrization

(Ao, fo) € C°((=8¢.80). R x H(S)), 8¢ >0,
satisfying
2 3¢t 2 4y
Ae(s) = €7 — ?s + OG*) inR,

- fors — 0. (6.4)
fe(s) := scos(€) + O(s?) in HL(S),

Proof The claims (i) and (ii) are established in [11]. The proof of (iii) follows the strategy
pursued in [13], without di’f\ferentiatirlg (6.2). To this end, recalling (2.2), we define the
nonlinear operator F' : R x H,(S) — HQ_Z(S) by

FOu ) = (f'(0(N™!) +4f, 6.5)
and reformulate (6.2) as the bifurcation problem
F(r, f)=0. (6.6)

Due to (5.1) and (5.19), we have F € C*°(R x H}(S), H,72(S)) and moreover F(x,0) = 0
for all » € R. Representing functions in H/(S) by their cosine series Z,fil ay cos(k-), it is
easy to compute that the Fréchet derivative d 7 F (A, 0) is the Fourier multiplier

o0

3 F(1,0) [ > a cos(k.)] =Y (= k*ay cos(k).

k=1 k=1

It is now obvious that the assumptions of the theorem on bifurcation from simple eigenvalues
due to Crandall and Rabinowitz [9] are fulfilled in (Kz, 0), £ € N. Consequently, for each
£ € N, there exists a smooth local bifurcation curve (A¢, f¢) : (=8¢, 8¢) = R X ﬁ§ (S) such
that, for s — 0,
{kg(s) = +0) nR, 67)
fe(s) :==scos(€-) + te(s) in HL(S), ’

with 7, € C%®((=8¢, 8), H,(S)) satisfying 7¢(0) = 7/(0) = 0 and (¢ (s), cos({-)) = 0
for all |s| < &g, consisting only of equilibrium solutions to (1.1). Moreover, in a small
neighborhood of (£2,0) in R x ﬁg (S), the solutions to (6.2) are either trivial or belong to
the local bifurcation curve (A¢, f¢). Noticing that F(A¢(s), — fe(s)) = O for |s| < 8¢, we
deduce from (6.7) and (ii), after making §, smaller if necessary, that A¢(—s) = A¢(s) and
fe(—=s) = —fe(s) for all |s| < 8. In particular, we have A;(0) = A}'(0) = 0. In order
to show that 17 (0) = —3¢*/4, and prove in this way (6.4), we differentiate the identity
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F(Xe(s), fe(s)) = 0 three times with respect to s and evaluate the resulting identity at s = 0
to arrive at

1 / d d / : 1 dz " 2 o s Tyr—2
A (0) f7(0) — E((@f@@)) > + g(@(f@ ) + €2 f; (0)> =0 inH,77(S).
(6.8)

Since f;"(0) = t,/(0) with (z;”(0), cos(£:)) = 0 and f;(0) = cos(£.), testing (6.8) by

cos(£-) leads to
< d <( d cos(¢ )>3> cos(¥ )>
de \\d¢ A ' 3¢
1y (0) = § § =——

{cos(£-), cos(£-)) 4’

which completes the proof. O

We conclude this section with the proof of Theorem 1.2.

Proof of Theorem 1.2 To establish claim (i), we first infer from (5.17) that W (f) € ar-! (S)
foreach f € H (S), since the integral mean of ( f) is preserved; see (1.3). Recalling (5.22),
we thus have W € C°°(I?Ir(S), ﬁ’_l(S)). Moreover, combining (3.7), (3.11), (5.1), (5.3),
(5.5), (5.23), and (5.24) we compute that the Fréchet derivative 0 W (0) € £(ﬁ’ S), ! (S)
is the Fourier multiplier

W(0) : © B 7 @\
O = 380 - e ()

with By(0) = H o S, where H is the Hilbert transform and S € E(ﬁ’ (S)) is the operator
which associates to each function f € H"(S) its antiderivative

& 1 2
SLf16) ::/ f(s)ds + 2—/ sf(s)ds, Ees, (6.9)
0 7T Jo

cf. [3, Lemma 3.4]. In particular, 0¥ (0) € [,(ﬁ’ (S), H" _1(8)) generates a strongly con-
tinuous analytic semigroup in [l(ﬁr _I(S)), cf. (5.74)—(5.75), and its spectrum is given
by
® + ok’
2(ut + pk
consisting only of eigenvalues with finite multiplicity.
Hence, assuming ¢ + ® > 0, we have

o0V (0)) = { :keN}, (6.10)

supfReX : L € 0(0W(0))} < =99 < 0,

and we may apply the principle of linearized stability [32, Theorem 9.1.2] in the context of
(5.17) (regarded as an evolution problem in Ar-1 (S)) to obtain (a).

Conversely, if o0 + ® < 0, the spectrum of dW (0) € E(ﬁ’ (S), ar-! (S)) contains a finite
number of positive eigenvalues, more precisely, we have

o+© (0¥ (0)) @Y@O0)N{reC : Rer >0}
- €0 =0 cC : Rer > 0},
2put+pmy

inf{ReX : X € 04 (0¥ (0))} > 0.
Claim (b) now follows directly from an application of [32, Theorem 9.1.3] in the context

of (5.17) (regarded again as an evolution problem in ar-t (S)).
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In order to establish (ii), we first formulate (5.17) as an evolution problem in ﬁfjl(S)
depending on the parameter A introduced in (6.2) (by eliminating the parameter ®). Recall-
ing (5.2) and (5.5), for each f € HI(S) and A € R we denote by 8 = B(f, 1) € H(S)?
the unique solution to

_ Vi(f) = Wa(f)
(1+2a,D(N)IPT = — <v2<f> + V() + un4<f>> ' (1D

Note that the solution 8( f) defined in (5.5) coincides with B( f, ) when A = —® /o . Related
to (5.17), we consider the evolution problem

d
d—{(:) =V(f@®),r), t=0, f(O) = fo, (6.12)
where
W(f,2):= (= DT BUL ). (6.13)

Wt
The mappings defined in (6.11) and (6.13) depend linearly on X, hence
W e C®(HL(S) x R, HL(S)).

To show that W( f, A) is also an even function, we introduce the operator
lp = 91 € LIL*(S))@(§) = 9(—§).§ €5,

and observe that (BY 1 (f)[@])” = (=)' TPHaFI BT (£)[¢]. Since

¢ =D, i=12
respectively

Bi(NHleD" = —Bi(NHlg], i€{l, 4,5}
(Bi(HleD” = Bi(Nlgl.i €10, 2, 3, 6},

by (3.7)—(3.8) and (5.1), we infer from (5.3) that
Vi(f) =DV, 1<i=<4 (6.14)
Recalling (3.11), we deduce from (6.11), by using (6.14), that

~BA]_ o Vi(f) = 2V3(f)
(1+24,D(1)) [ B2 ] T4 (w(f) + AV (f) +Mn4<f>>’

and Theorem 4.2 ensures that

ﬂl (fv )")vi| |:_ﬁl (fv )")] "
V= , e H,(S), rAeR. 6.15
[ﬂz(f, W= g | T O 15
It is straightforward to infer from this relation together with (6.13) that
W e C®(HL(S) x R, H,7L(S)). (6.16)

Moreover, the Fréchet derivative d7W (0, A) generates a strongly continuous analytic
semigroup in £(H,~!(S)), being the Fourier multiplier

3, W (0 k)[ia cos(k )] i 00—k cos(k-)
rYo, keos(k) | =) ——————ay cos(k-).
Pt = 2T+ Tk
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We now study the stability properties of the equilibrium solution f;(s),£ € Nand |s| < dy,
to (6.12) (for L = Xi(s)). To this end, we observe that if &, is sufficiently small, the per-
turbation result [1, Theorem 1.1.3.1 (1)] ensures that 97 W( f¢(s), A¢(s)) generates a strongly
contmuous analytlc semigroup in H’ 1(S) for all |s| < 8¢. Moreover, since the embedding
Hr S) — H’ 1(S) is compact, we infer from [28, Theorem II1.6.29] and the generator
property of 0 W (fe(s), A¢(s)) that the spectrum o (3 W (fe(s), A¢(s))) consists entirely of
isolated eigenvalues with finite algebraic multiplicities which do not accumulate at 0.

Assume now that £ > 2. Then, 9 W (0, £2) has exactly (¢ — 1) positive simple eigenvalues.
Since a finite set of simple eigenvalues of 9 W (fe(s), A¢(s)) depends continuously on s as
s varies in (—&g, 8¢), cf. [28, Chapter IV.3.5], we conclude that

o1 @rU(fe(s). () AP and  inf(Red : A € 04.(BpU(fel(s), he())} > 0
6.17)
for all |s| < &g, provided that &, is sufficiently small. Therefore, we can apply [32,
Theorem 9.1.3] to deduce that f(s) is an unstable equilibrium.
Finally, we consider the more intricate case £ = 1, in which the eigenvalues of 3 W (0, 1)
are all negative, except for the simple eigenvalue zero. Let

denote the eigenvalue of d W (0, A) that satisfies y (A) = 0 for A = 1. Assuming that §; is
small, the operator d W (f1(s), A1(s)) has, for each |s| < 81, a simple eigenvalue z(s) in
the vicinity of 0. According to the principle of exchange of stability due to Crandall and
Rabinowitz, cf. [10, Theorem 1.16], it holds that

. =M ()Y’ (0)

lim ——— = 1.

s—0 z(s)
Since sAj(s) < 0 for all 0 < [s| < &1 by (6.4) and y'(0) > 0, we deduce that z(s) is a
positive simple eigenvalue of d W (f1(s), A1(s)) for each 0 < |s| < §;. Hence, (6.17) also
holds true for ¢ = 1 and 0 < |s| < 81, and therefore f{(s) is an unstable equilibrium solution
to (6.12) by the same abstract result [32, Theorem 9.1.3]. O

Appendix A Analysis of (singular) integral operators

In this section, we prove mapping properties of the operators B,, m, defined in (3.1), which
were used in the analysis of the double-layer potential operator I in Sect.4. For Lips-

chitz continuous mappings a = (aj,...,ay) : R > R", b = (by,...,b,) : R > R",
ande = (cy,...,¢q) : R— RY, where m, n, g € Ng and £ € {1, 2}, we define the integral
operator

ALY @lb)[e, 9] (€)

n q n q
Tig 51bi dg.s1¢i /2 dg.s1bi /2 de.s1¢i /2
1 T l_[l Is] l_[ 1] 1 l_[l s/2 l—l s/2
1= = 1= 1=
= — - o(& — 5)ds,
2m /—n Tig,519i 2] s e.514i /2 2 (S/Z)K
lnl [1+( g | n (")
(A.1)
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where ¢ € L2(S) and & € R (see (2.7) and (3.3)). As noted in [3, Equation (A.2)], we have
By alb)lc, o] = Ay @lb)lc, 9] + Corgm@I(b, ), ¢l,  m, n, geNy. (A2)

Moreover, Aﬁ’,‘,’n (alb)[c, ¢] is 2 -periodic if a, b, and ¢ have this property. Let us also recall
the following identity from [3, Lemma A.5]

Bl @b)le, 9] — BY L @D)IE, ¢

q
=Y BlA@DEr, ... Gi1.Ci — G Cigl. ... Cq. 0]
i=1

n
+) (BYm@lbi, ..., b1, bi, ..., by) — BYh@lbi, ..., bi,bit1, ..., b)IE, ¢]
i=1

m
+Y (B GG, an b, G )
i=1
— By @1, Gs i, ab, G, a) (€, @]
m
+ (B5i,q27m+1(élvdeiaaiv~--7am|b7&i7ai)

i=1

— B:_’,'_qz’m+l(6~11, 7 P TR amlf), ai, a,'))[é, el,
(A.3)
where (a, b, ¢), (&, b, & e Whoo(S)m+nta,
We begin by proving Lemma 4.1 (ii)—(iii), which is used several times in our analysis.
Proof of Lemma 4.1 (ii)—(iii) We start by recalling some elementary inequalities

[tanh(€)| < 6] and  |tanh(§) — £| < |€ tanh®(€)],

) (A4
[¢] < |tan(¢)] and  [tan(¢) —¢| < [¢7 tan(Q)],
and
‘T[g"”d‘s‘8[5“?]‘1/2‘5‘8[&‘”‘1 o2 snd/noo‘s/z <ldlee d e W),
15 Is) § I1s] Is]

(A.5)
which hold for all £ € R, ¢ € (—=w/2,7/2), and 0 # s € (—m, ). These inequalities
immediately yield for all 0 # s € (—m, ) and £ € R that

1 1
L ¢
ity /2
‘T[s,x]d _ Sgsd

1s] S

<257 eefl, 2},

(A.6)
< Cl8ie.5d| Is| < Cls|?,

'+ ‘S[E,s]d/Z _ Sg.ad
Is] K

with C depending only on ||d’||~. We also note the following inequalities
|Tie,s1d] _ 191z 514l
ls/211/2 = |s|1/?

<|d'll., deHYS), 0#se(-m ), £eR, (A7)

and

|tanh(§) —tanh(¢)| < | —¢| and | —tanh(&)) — (¢ —tanh(¢))| < (E2+¢H)IE —¢|
(A.8)
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for €, ¢ € R, which follow from (A.4) via the fundamental theorem of calculus.
Claim (ii). If p > 1, the estimate (4.5) is derived by using (A.5) and (A.7) as follows

n+q+1-p

9 T
’ s/2 a0 I8g.s1c1]
||Bzf,nq1(a|b)[c, llloo < C”‘P”oo(l_[HC;Hoo) sup/ s /2|7 3/2 191§ ;]/2 ds
i=2 gesJ—m | 1ls] Is|
4 T
< C||c1||z||<ﬂlloo(]_[||c§||oo)/ 1s/217~3/2 ds
i=2 -

q
< Clici 2Nl ] Jlleilln
i=2

If p = 0, we use (A.2) and then [3, Lemma A.1 (ii)] to estimate the term C, 44, (a)[(b, ¢), ¢]

by the right side of (4.5). We are thus left with the term A,l,:?n (alb)[c, ¢]. To this end, we
define the locally Lipschitz continuous function F : R"T4T" — R by

1 n q m
F(x,y 2) = E(HM‘)(H%‘)(H(I +z,~2)_1> for (x, y,z) € R""4*",
i=1 i=1

i=1

Using a telescoping sum argument together with (A.6)—(A.7), it is easy to see that that the
kernel of A:,’f,],, (alb)[c, -] satisfies

‘F<T[5,s]b 3e,s1(e/2) T[&sﬂ)i_F(fﬁs,s]b dz.s1¢ S[E,s]a)i'
] st ) ) ’ ’ s/2

N N N

q
< Cle.sier | [ Jlelloo- (A.9)
i=2

where C depends only on ||(a’, b’) ||, and therefore we have

q T
L,
Az @b)le, ¢l < C||c1||z||¢||oo<]"[||c;||oo>/ Is|'/? ds

i=2 -

q
/
< Clicilaligly— | lleiller,
i=2

which proves (4.5).
Recalling (A.3), the local Lipschitz continuity property stated at (ii) follows by showing
that forg > 1 and p < n + g + 2 we have

q
I(BY:Y . (al(d,d)) — By | (al(b, d))le, ¢lll2 < Clicy l2ll@llyr—1I1d — dllwr H”Ci 1
i=2
for all (a, b) € H'(S)"*", ¢; € H'(S), ¢2,...,¢4,d,d € H'(S), and ¢ € H'~!(S), with a
positive constant C that depends only on ||(a, b, d, J) |lar . To show this, we compute

(BX @l d)e, o] — BLY | (al(b. d))le, ¢1)(€)
sl N 7 (A.10)
= BlA @b)le,d — d, ¢1(5) —/ K (€. $)p(§ —s)ds,

-
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where, for § e Rand 0 # s € (—m, ), we set

Tiz b Sig,51¢/2 T[s,sla>(5[e,s]d/2—T[s,s]d) (re.51d/2 — T[md)

s fsl s iy"

K(,s) :=F<

(A.11)
The first term on the right side of (A.10) may be evaluated with the help of (4.5). Concerning
the integral term, using (A.4), (A.5), (A.7), and (A.8), we have

q
K. ) < Cleyll2lid - d)’noo(1‘[||c;||oo>|s|p+1/2,

i=2

and therefore

H/ K( 9o —5)ds| < Clellzl¢lold - duw]'[nclnw
—7IT

o0 i=2

Therewith, the proof of the local Lipschitz continuity property is complete.
Claim (iii). We again start with the case p > 1. Using (A.5), (A.7), (A.8), (A.10),and (A.11),

we find .
IBZ . (al(b, d)le, ] — BLY . (al(b, d)le. ¢l

<C||<p||oo<]'[uc ||oo)sup/ |816.01(d — )| 15172 ds

i=1

g
<Clld - d)’||2||<ﬂ||oo<l—[||cl/-||oo> / Is|P=3/2 ds

i=1 -
3 q
< Cld =) lIallglyr—1 [ Jllerller-
i=1
In the case p = 0, after using (A.2) and [3, Lemma A.1 (ii)], it remains to estimate the term
,,H n@l(b, d))e, ] — n+1 @l d)e, ¢l,

for which, appealing to (A.5)-(A.9), we obtain

IIA,,H m(@lb, d)[e, o] — n+l @b, e, 9llloo

T
scn(d—d)’||z||<p||oo<1'[||c;||oo>/ Is|'/> ds
i=1

-7
. q
< Cld =) lalilyr—1 [ Jlleiller
i=1

which proves (4.6). ]
The next lemma provides a mapping property for the operator By, introduced in (3.8),
which is used in the proof of Theorem 5.1.

LemmaA.1 Given [ € HZ(S), there exists a constant C > 0 that depends only on || f 2
such that for all ¢ € H'(S) we have

1Bo(Hlelllz = Cllglpr- (A.12)
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Proof Given f € H?(S) and ¢ € H'(S), [3, Lemma A.7] that Bo(f)[¢] € H'(S) with

(Bo(Nle)) = ' B2()le]l + Bi(lgl.

The claim is now a direct consequence of (3.7), Lemma 4.3, and [3, Lemma A.7]. ]

Appendix B The behavior of the pressure and velocity near the
interface and in the far-field

In this section, we show that the function (v*, g%) defined in (2.14) satisfies the bound-
ary conditions (2.1)3_4, the far-field condition (2.1)5, and (2.19) under the assumptions of
Theorem 2.1, that is for f € H3(S) and 8 € H2(S)2.

LemmaB.1 We have v* € Cl(ﬁ, ]Rz) and qjE € C(@). Furthermore, it holds that

{W}* = (=D £ 38)0 7" onT, B.1)
[Ti(v, )]V =0 onT :
and
Tl(vi, qi)(x) — 0 for xo — Fo00 uniformly in x| € S. (B.2)

Proof We first recall for ¢ € H'(S) the definition of the operators Z; (f)lel, 1 <i < 4,
in (2.15) and the notation (2.3), and infer from [3, Lemma C.1] that

Zi(Hlpl e C¥QFHNCQF), 1<i<4, (B.3)
with N
Z1(f)le) Bi(f)lg] —2f’2w2
Zy(H)le) o | B, 1| 20
zzPial || 57 | Bs(lel | T 2wt | —ap2 [# (B.4)
Z4(f)le] Bs(f)lg] f=rn

with B;(f), 1 < i < 4, defined in (3.7). Since S € Hz(S)z, we may now conclude from

(2.16) and (2.17) that v* € C(Q*, R?) and ¢* € C(Q%). Recalling the definition (3.11) of

the double layer potential D( f), the boundary condition (B.1); follows easily from (B.4).
Given a function Z € C!'((S x R) \ {0}), we define the vector field

rot Z := (rotIZ, rotZZ) = (—022,012) € C(S x R) \ {0}, ]Rz)
and compute for 1 < j < 4 and ¢ € H'(S), using integration by parts,
(IR o ,
= Do) purds = = [ smsoraz s = 200 B3
Defining
(20, 21, 22, 23) = (21 — 24, 22+ 23, 24, 22— 23)  in (S x R)\ {0}, (B.6)

we infer from (2.13) that

_ 1 [22y Z _ 1 Z 22,
Wi = 4 (Zl 222) and - Wz = 4 (232 z )’
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and the identities (2.8)—(2.9) lead us to
rotiZO = —27182Wi’1,
rot' Z; = dxg W' = —dr Wi = —4r Wi,
rot' 2y = 2n W = 2ma Wi = —2maa W2,
rot! Z3 = 4w Wyt i=1,2.

B.7)

Moreover, for 1 < i < 2, we obtain by combining (2.9), (2.13), and (B.6) the following
identities

rot' (2o + 2,) = 27052 and rot' (Z) + Z3) = —4n Q" (B.8)
Givenx € SxR)\TNand 1 < j,£ < 2, the definitions (1.1c) and (2.14) yield, after
interchanging in (2.14); partial differentiation with respect to x; and x» and integration with
respect to s,

T 2 . . .
(Ti (v, @) je(x) = / (=850 + oW+ ;W ) (i (9) B () (s) ds,
k=1

and together with (B.5)—(B.8) we arrive at
QZ+Z3)(NIBHQRZs=Z)(NIB3] 2Zs — ZD)(NHIB}] — Z3(f)[/3§]>
(RZ4—Z1)(NHIB1-Z3(f)IB5] —Z3(NHIB] — (Z14+2Z4) (B3]

in (S x R) \ I. Invoking (B.4), the boundary condition (B.1); can be easily verified, while
(B.2) follows in view of Lemma B.2 below. Since g € C(Q¥) and, by similar arguments

Ty (v, !])=<

1
drva = Za(HIB1+ 5(Z2— Z3)(PHIB]  in(SxR)\T,

we may also conclude that v* € C!(QF, R?), and the proof is complete. O
Next, we consider the far-field behavior of v and g.

LemmaB.2 For xo — F00 we have, uniformly in x| € S,

+ L ((B1— f'B2) +
vo(x) —> :I:2 ((ﬂz _ f/,31)> and g~ (x) > 0. (B.9)

Proof Given ¢ € L2(S), straightforward computations show that for x, — £o00 we have

Zy(Plel(x) = £(p)  and  Zi(Hlelx) = 0, i e{l, 3, 4}, (B.10)

uniformly in x; € S. The claim follows by using these limits in the context of (2.16)—(2.17).
O
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