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Abstract

This thesis is devoted to the derivation and analysis of a novel bulk-surface Navier—
Stokes—Cahn—Hilliard system describing the evolution of viscous fluid mixtures with
dynamic boundary conditions. The model accounts for both bulk and surface phase-
separation processes, incorporates convective effects, and allows mass exchange be-
tween the bulk and the boundary. In addition, it includes a surface Navier—Stokes
equation to describe viscous flow and momentum transport along the boundary, mo-
tivated in particular by applications to biological membranes.

The derivation of the model is based on local mass-balance laws, local energy-
dissipation principles, and a Lagrange-multiplier approach, yielding a thermodynami-
cally consistent system with coupled bulk-surface dynamics.

The analytical part of the thesis comprises three components: a preliminary part
and two main parts. In the preliminary part, we study a broad class of bulk-surface
systems, including elliptic bulk-surface systems with nonlinearities or non-constant co-
efficients, as well as a bulk-surface Stokes-type system. These models appear frequently
throughout the thesis as subsystems. We present a thorough well-posedness theory,
including higher regularity of weak solutions and the existence of strong solutions.

In the first main part, we study a convective bulk-surface Cahn—Hilliard subsystem
with prescribed velocity fields. For this system, we establish the existence, unique-
ness, and higher regularity of weak solutions for both regular and singular free en-
ergy densities. For regular potentials, we employ a suitable Faedo—Galerkin scheme,
while for singular potentials, the proof is based on an approximation scheme using the
Yosida approximation. Moreover, we prove the propagation of regularity and sepa-
ration properties for logarithmic-type potentials and a broad class of velocity fields.
In the two-dimensional setting, we further obtain the uniqueness of weak solutions
and the existence of global-in-time strong solutions under suitable assumptions on the
mobility functions. Moreover, we analyze the long-time behavior of weak solutions,
proving the existence of a minimal pullback attractor and convergence to equilibrium.

In the second part, we consider the full bulk-surface Navier—Stokes—Cahn-Hilliard
system. Building on the results obtained for the convective bulk-surface Cahn—Hilliard
subsystem, we prove the existence of a global-in-time weak solution via an implicit
time-discretization scheme. In addition, we establish the existence and uniqueness
of global-in-time strong solutions in two spatial dimensions using a semi-Galerkin
approximation based on the eigenfunctions of a novel bulk-surface Stokes operator.



Zusammenfassung

Diese Arbeit widmet sich der Herleitung und der Analysis eines neuen Volumen-
Oberflaichen-Navier—Stokes—Cahn—Hilliard-Systems zur Beschreibung der Dynamik vis-
koser Fliissigkeitsgemische mit Wechselwirkungen zwischen Volumen und Oberflache.
Das Modell beriicksichtigt sowohl die Phasenseparation im Volumen als auch auf der
Oberfliache, umfasst konvektive Effekte und ermoglicht den Massenaustausch zwischen
Volumen und Oberfliche. Dariiber hinaus wird eine Navier—Stokes-Gleichung auf der
Oberfliche eingefiihrt, um viskose Stromungen und den Impulstransport entlang der
Oberflache zu beschreiben, was insbesondere durch Anwendungen in der Biophysik,
etwa an Zellmembranen, motiviert wird.

Die Herleitung des Modells basiert auf lokalen Massenbilanzen, lokalen Energiedis-
sipationsgesetzen sowie einem Lagrange-Multiplikator- Ansatz und fithrt zu einem ther-
modynamisch konsistenten System mit gekoppelter Volumen-Oberflichen-Dynamik.

Der analytische Teil der Arbeit gliedert sich in drei Komponenten: Einen vor-
bereitenden Teil sowie zwei Hauptteile. Im vorbereitenden Teil unsersuchen wir ei-
ne breite Klasse von Volumen-Oberflichen-Systemen, darunter elliptische Volumen-
Oberflachen-Systeme mit Nichtlinearitdten oder nicht-konstanten Koeffizienten, sowie
Volumen-Oberflichen-Stokes-Systeme. Diese Modelle treten im Verlauf der Arbeit wie-
derholt als Teilsysteme auf. Wir entwickeln eine umfassende Wohlgestelltheitstheorie,
die sowohl hohere Regularitdt schwacher Losungen als auch die Existenz starker Lo-
sungen umfasst.

Im ersten Hauptteil analysieren wir ein konvektives Volumen-Oberflachen-Cahn—
Hilliard-Teilsystem mit vorgegebenen Geschwindigkeitsfeldern. Fiir dieses System zei-
gen wir Existenz, Eindeutigkeit und héhere Regularitdt schwacher Losungen fiir regulé-
re sowie singuldre Potentiale sowie fiir eine breite Klasse von Geschwindigkeitsfeldern.
Im Fall regulérer Potentiale verwenden wir ein geeignetes Faedo—Galerkin-Verfahren,
wahrend fiir singulidre Potentiale ein Approximationsverfahren auf Basis der Yosida-
Regularisierung eingesetzt wird. Dariiber hinaus beweisen wir Regularitdtsfortpflan-
zung und Separationseigenschaften fiir logarithmische Potentiale. Im zweidimensiona-
len Fall erhalten wir zudem die Eindeutigkeit schwacher Losungen sowie die Existenz
globaler starker Losungen unter geeigneten Annahmen an die Mobilitdtsfunktionen.
Dariiber hinaus analysieren wir das Langzeitverhalten schwacher Losungen und zeigen
die Existenz eines Pullback-Attraktors sowie die Konvergenz gegen stationédre Losun-
gen.

Im zweiten Teil betrachten wir dann das vollstdndige Volumen-Oberflachen-Navier—
Stokes—Cahn—Hilliard-System. Aufbauend auf den Ergebnissen fiir das konvektive Volu-
men-Oberflaichen-Cahn—Hilliard-Teilsystem zeigen wir die Existenz globaler schwacher
Loésungen mittels eines impliziten Zeitdiskretisierungsverfahrens. Auflerdem beweisen
wir die Existenz und Eindeutigkeit global starker Losungen im zweidimensionalen Fall
mithilfe eines Semi-Galerkin-Verfahrens, das auf den Eigenfunktionen eines Volumen-
Oberflachen-Stokes-Operators basiert.
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Chapter 1

Introduction

1.1 Phase-field models

The study of mixtures of two (or more) immiscible materials is a central yet challenging
topic in fluid mechanics and materials science, with numerous applications across
biology, chemistry, and engineering. Typical phenomena include thermocapillary flows,
spinodal decomposition, droplet breakup, and moving contact lines. A key difficulty
in modeling such systems lies in accurately describing the evolution of the interface
separating the different components. Two major approaches have been developed,
depending on how the interface separating the different components is represented
(see [7,57,88,143] and the references therein): the sharp interface method and the
diffuse interface method.

Sharp Interface Method Diffuse Interface Method
Q Q
e J Sharp interface limit
| 0
/ (b — 1 ‘ ‘L (b ~ 1

J/

N ]

ll \\ ¢:_1 ll \\ Qﬁ% _1

Figure 1.1: Comparison of sharp and diffuse interface methods.

We briefly describe and compare both approaches. To this end, we consider a
binary mixture contained in a smooth, bounded domain Q@ C R% d € {2,3}, over
a time interval (0,7"), where T" > 0 is a prescribed final time. The distribution of
the two components can be described by their respective concentrations (or volume
fractions) ¢1,¢2 : Q x (0,T7) — R, which satisfy ¢; + ¢ = 1. Rather than treating
these quantities separately, it is convenient to introduce an order parameter

¢:Q2x(0,T)— R, o(x,t) = pa(x,t) — d1(x,t),
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which characterizes the local composition of the mixture.

In classical sharp interface models, the two concentrations ¢; and ¢o occupy distinct
regions separated by an interface of zero thickness. Accordingly, the concentrations are
given by the characteristic functions of the respective regions, and the order parameter
exhibits a discontinuous jump between the values —1 and 1 across the interface, as
shown in Figure (1.2). The interface itself is described as an evolving hypersurface
whose motion is coupled to the governing equations in the bulk regions and suitable
interface conditions. Since the interface is part of the solution, such models lead to free
boundary problems, which are mathematically intricate and often difficult to analyze.
While sharp interface models are highly accurate in many settings, they may fail when
interfacial effects occur on small length scales, for instance, during topological changes
or near critical points.

—~e

Profile of ¢ across the sharp interface Profile of ¢ across the diffuse interface

Figure 1.2: Comparison of the order parameter ¢ across the interface.

An alternative framework is provided by the diffuse interface models. In this ap-
proach, the sharp interface is replaced by a thin interfacial layer, referred to as the
diffuse interface, whose thickness is proportional to a small parameter € > 0. The
order parameter, now commonly called the phase-field, varies smoothly across this re-
gion, taking values close to —1 and 1 in the bulk phases and transitioning continuously
between them within the interface (see Figure (1.2)). A major advantage of diffuse
interface models is that they avoid the explicit tracking of the interface. Instead,
the evolution of the system is described by partial differential equations posed on the
fixed domain 2, typically formulated in Eulerian coordinates. Moreover, interfacial
effects are naturally incorporated as volumetric contributions concentrated within the
diffuse layer. In many situations, the relationship between sharp and diffuse interface
descriptions can be rigorously established via the sharp interface limit, in which the
interfacial thickness parameter ¢ tends to zero.

1.2 The Cahn—Hilliard equation

The Cahn—Hilliard equation was proposed in [30] to model phase separation in binary
alloys, such as iron—nickel. If a blend of these metals is rapidly quenched below a
critical temperature, the resulting state is unstable, and small pockets of relatively pure
iron and nickel may soon appear with a characteristic length scale. Over time, these
may coarsen into larger pockets, initially quickly and then more slowly. Nowadays, it
is frequently used in mathematical models describing phenomena in materials science,
life sciences, and image processing. Mathematically, the Cahn—Hilliard equation reads
as follows:

O = div(maq(e)Vu) in Q7 (1.1a)
p=—eA¢+1F'(¢) in Q7. (1.1b)
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Here, Q C R? with d € {2,3} is a bounded domain with Lipschitz boundary I' := 99,
whose outer unit normal vector field is denoted by n. Moreover, T' > 0 is a prescribed
final time, and we write QT = Q x (0,7) and X7 := ' x (0,7). The function
¢ : QT — R is the phase-field, and p : QT — R the chemical potential. The Cahn-
Hilliard equation (1.1) is usually equipped with homogeneous Neumann boundary
conditions on both the phase-field ¢ and the chemical potential p:

=0  onXT, (1.1c)
ma(¢)Oapu =0  on X7, (1.1d)

and supplemented with suitable initial conditions

Pli=0 = ¢o in ©, (L.1le)
for a prescribed ¢g : 2 — R. Here, 0, denotes the normal derivative, and ¢ is a
positive constant related to the thickness of the diffuse interface.

The model (1.1) can be interpreted as an H ~'-type gradient flow with respect to
the free energy functional

Ba(é) = [ 51V + ZF(0) da, (12)

also called Ginzburg-Landau energy or Cahn—Hilliard energy. Then, the chemical
potential is the first variation of the free energy functional

_ 0Eq(9)
=

The term %]Vqﬂ? is often referred to as the Dirichlet energy density. The function
F' represents the free energy density and is usually of double-well-type, meaning it
is coercive and has two minima near —1 and 1, with a local maximum in between,
usually at 0. As pointed out in [127], the Dirichlet energy density was added to the
free energy density for a regularizing effect.

For the original applications of the Cahn—Hilliard equation in the context of mate-
rials science, the most common choice for F' is the so-called Flory—Huggins potential
(cf. [68,111]), which is also referred to as the logarithmic potential. It is given by

Wieg(s) = g[(l +s)In(l+s)+ (1 —s)In(l —s)] — %82 for s € [-1,1]. (1.3)
Here, we adopt the convention that 01n 0 is interpreted as zero. In (1.3), © > 0 denotes
the absolute temperature of the system, while ©. denotes the critical temperature,
under which phase separation processes of the two materials occur. The function W,g
is usually extended to R\ [—1, 1] by setting it equal to +o00. It is classified as a singular
potential, since

v @

W/l/og(s) = —[In(1+4s) —In(l —s)] — Ops = £oo as s — +1.

Another commonly used potential is the double-obstacle potential, given by

1-s% ifse[-1,1],
Wobst(s) = { [ ]

+oo  ifseR\[-1,1].
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Since Wopgt is not differentiable, the corresponding equation (1.1b) must be refor-
mulated as a differential inclusion involving subdifferentials. Due to the analytical
difficulties caused by these singular potentials, they are often replaced by smooth
double-well potentials. A standard choice is the quartic double-well potential

1
Waw(s) = 1(32 — 1) for s € R. (1.5)
Although this potential is mathematically convenient, it does not constrain the phase-
field variable ¢ to remain within the physically meaningful interval [—1, 1], in contrast

to Wieg and Wopet. In this thesis, we focus on potentials of logarithmic-type.

s

de(s) :
l |
-1 1 -1 1 -1 1

Wiog(s)

|
|
|
|
|
|
|
1
|
|
|
|
|
|
|
|
|
!
t

Figure 1.3: The double-well potential Wy, the logarithmic potential Wj,, and the
double-obstacle potential Wt .

The function mgq : [—1,1] — R denotes the Onsager mobility. It typically depends
on the phase-field and models both the spatial distribution and the intensity of diffusion
processes. The mobility usually assumes one of the following forms:

(1) mq=md €[0,00) (constant), (1.6)
(2) mq e C(]-1,1]), 0 <ms <mgq(s) <m*, se€[-1,1] (non-degenerate), (1.7)
(3) maq(s) =md(1 —s?), s €[-1,1], md € [0,0) (degenerate). (1.8

A mobility function that degenerates at the pure phases £1 was already proposed
in the seminal works [30,31]. As discussed in [32,108,166], the choice (1.8) is physically
reasonable. The existence of weak solutions is well established for both constant and
non-degenerate mobilities, whereas the uniqueness of weak solutions is only known for
constant mobilities in arbitrary dimensions. For non-degenerate mobilities, uniqueness
remains open in d > 3; for d = 1,2, see [21,53]. The analysis of degenerate mobilities
is considerably more delicate. Existence results were first obtained in one dimension
in [180], and subsequently extended to arbitrary dimensions in [61]. However, the
uniqueness remains unknown due to the lack of regularity.

Sufficiently regular solutions to the Cahn—Hilliard system (1.1) satisfy the mass

conservation law
/ 6(t) do = / $(0) dz (1.9)
Q Q

for all ¢ € [0, T]. This means that the total mass of the mixture is conserved. Moreover,
the energy identity

d

S Ea(p(1) = - /Q ma(6) [Vl de (1.10)

holds for all ¢t € [0,T]. As the right-hand side of (1.10) is non-positive, the energy Eq
is decreasing, and the right-hand side can be interpreted as a dissipation rate. We refer
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to [14,15,22,39,60,63,103,104,135,138,141,151,162] for a non-exhaustive list of works
on the mathematical analysis of (1.1). We further refer to the review paper [177] as
well as the book [136] for a general overview of Cahn—Hilliard-type models.

1.3 The Cahn—Hilliard equation with dynamic
boundary conditions

(L1) Fixed contact angle. The boundary condition (1.1¢) imposes that the diffuse
interface separating the fluids always meets the boundary I' at a right angle of
ninety degrees. This arises from the intrinsic structure of the diffuse interface.
Namely, across the interface, the phase-field ¢ transitions monotonically between
the values close to —1 and values close to 1, following a characteristic profile (cf.
the sketched graph on the right of Figure 1.2). Consequently, for this strictly
monotone transition to be maintained, the interface must intersect the boundary
orthogonally, as otherwise, the profile would induce a non-zero normal derivative
On®. Naturally, such a condition is quite restrictive and may not hold in practical
applications, where the contact angle between the interface and the boundary
can differ from ninety degrees and may even evolve dynamically over time.

(L2) No transfer of mass between bulk and surface. The mass conservation
law, which is a consequence of the no-flux boundary condition (1.1d), ensures
that no mass is allowed to exit the domain. In particular, a transfer of mass
between the bulk and the surface cannot be described, which might be required
to model phenomena in which the boundary absorbs one of the materials.

Due to these limitations of the classical Cahn—Hilliard equation, and to capture
short-range interactions between the bulk €2 and the surface I' more effectively, math-
ematicians and physicists [23,66,67,114] proposed augmenting the standard bulk free
energy (1.2) with an additional surface contribution of Ginzburg-Landau-type. More
precisely, they introduced the surface energy functional

4]
Br(v) = [ G IVeul + 5G() dr.

Here, ¢ : ¥7 — R denotes the phase-field on the boundary, and the function G
is a double-well potential, such as the classical fourth-order potential (1.5) or the
logarithmic Flory-Huggins potential (1.3). The parameter 6 > 0 characterizes the
interfacial thickness on I', and plays a role analogous to € in the bulk. The coefficient
k > 0 weights the surface Dirichlet energy ¥ — fr %|VF¢|2 dI', and induces for xk > 0
a regularizing effect on the phase separation along the boundary. In the limiting case
k = 0, the functional Er is closely related to models for moving contact lines, as
studied in [172].

The total free energy is then defined as
0 € 2 1 (51‘4/ ) 1
Efee(90) = | SIVO"+-F(¢)dz+ | —|Vry|"+ =G(¥) dI. (1.11)
QO 2 g T 2 )

In many applications, especially when no chemical reactions occur that might trans-
form the materials on the boundary, the surface phase-field v is interpreted as the trace
of the bulk phase-field. This motivates the coupling condition

¢=1 onXl. (1.12)
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Based on the free energy (1.11), various Cahn—Hilliard and Allen—-Cahn models
with dynamic boundary conditions have been proposed and analyzed in the literature.
Without claiming completeness, we refer, for example, to [35,40,41,45-49, 70, 85, 86,
115-117,125,129, 130, 132, 134, 137]. In this thesis, we focus on dynamic boundary
conditions of Cahn—Hilliard-type. In particular, we consider the following system on
the boundary I':

oy = divp(mp(¥) Vo) — Bma(¢)On i on X1, (1.13)
0 = —0rAry + %G/(ﬂ)) + 0 on X7 (1.14)

Here, # : ¥7 — R denotes the chemical potential on the boundary, and mr is the
Onsager mobility of the fluid mixture on the boundary, which may, in general, be con-
stant, non-degenerate, or degenerate. The operator Ar denotes the Laplace—Beltrami
operator on I'. In addition to the trace condition (1.12), a further coupling condition
between the bulk and surface chemical potentials p and 6 is required. For constant
mobilities, several types of coupling conditions have been proposed:

GMS model. In [71] (for £ = 0), and in [102] (for x > 0), the authors proposed
the following Dirichlet-type coupling condition

w= 0 on X7 (1.15)

for the chemical potentials with some constant 5 € R. This means that the chem-
ical potentials are always in chemical equilibrium. Sufficiently regular solutions
to ((1.1),(1.12),(1.13),(1.15)) satisfy the mass conservation law

ﬁ/ﬂgf)(t) dx—l—/rw(t) szﬁ/qu(O) dx+/rw(0) ar (1.16)

for all t € [0,T], as well as the energy dissipation law

d
G Phee(6(0.6(0) = = [ [Vu dz = [ vropar - an

for all t € [0,T]. In the case of § > 0 and for constant mobility functions,
the well-posedness of weak solutions was studied in [102], and their long-time
behavior was analyzed in [102] and [86]. For more general 5 € R with 3|Q|+|T"| #
0, the well-posedness of weak solutions was recently shown in [121,122].

LW model. In [126], the authors derived the system ((1.1), (1.12), (1.13)) with
homogeneous Neumann boundary condition

Oapt=0 onXxT (1.18)

on the chemical potential through an energetic variational approach based on
Omnsager’s law and the least action principle. In this case, the chemical poten-
tials are not directly coupled. Mechanical interactions of the materials between
bulk and surface are, however, still taken into account through the trace re-
lation (1.12). As (1.18) implies that the mass flux between bulk and surface is
zero, sufficiently regular solutions to ((1.1), (1.12), (1.13), (1.18)) satisfy the mass
conservation laws

/qu(t) dx:/Qd)(O) dr  and /Fw(t) dr:/r¢(0) dr (1.19)
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for all t € [0,7], as well as the energy dissipation law (1.17). In particular,
in this case, the mass in the bulk and on the surface is conserved separately,
and consequently, no mass transfer between the bulk and the surface is allowed.
The well-posedness of this system was first studied in [126], where the authors
required strong assumptions on the volume of the domain and its boundary in
the case k = 0. These assumptions were later removed in [85].

KLLM model. In [116], the authors proposed the following Robin-type bound-
ary condition

Lopp = 50 — 1 on X7 (1.20)

with L € (0,00) and 8 € R. The parameter % is related to the kinetic rate
associated with absorption/desorption processes. Sufficiently regular solutions
o ((1.1),(1.12),

(1.13),(1.20)) satisfy the mass conservation law (1.16) and the energy dissipation
law

d
b0 6(0) = = [ 194 dz ~ [ Vo ar

- 60—y ar

for all t € [0,T]. The well-posedness of weak and strong solutions, as well as
the long-time behavior, was investigated in [116]. Moreover, the authors showed
that the model ((1.1), (1.12), (1.13), (1.20)) can be understood as an interpolation
between the GMS model and the LW model. Namely, formally considering the
limit L — 0 in (1.20), one obtains the trace relation (1.15) on the chemical
potentials. On the other hand, by sending I — oo, one recovers the homogeneous
Neumann boundary condition (1.18) on the chemical potential .

(1.21)

Including the case of non-degenerate mobility functions, these boundary conditions
can be unified through the boundary condition

Lmq(¢)Oap = B0 — p on X7 (1.22)

for L € [0, co], which then has to be understood in the sense that

p=p0 if L =0,
Lo (¢)Oap = B0 —p if L€ (0,00),  onXT.
mq(¢)Onp =0 if L =00

Then, sufficiently regular solutions to ((1.1), (1.12),(1.13), (1.22)) satisfy the mass
conservation laws

[3/Q¢(t) da:—i—/rw(t) dF—ﬁ/ng(O) dx—i—/Fw(O) ar i L e [0,00),

(1.23)
/ng(t) dz = /Qqﬁ(()) dz and /Fw(t) dr = /Fw(()) ar if I = o
for all t € [0,T], and the energy dissipation law
Rl 0(0),00) == [ ma(@)Val do~ [ mr)|Vef ar
@ r (1.24)

(D) /F (66 — ) dT
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for all ¢t € [0,T]. Here, the function x is defined as

o

if r € {0, 00},

if r € (0,00), (1.25)

X [0,00] = [0,00),  x(r) = {

=3 =

and is used to distinguish the different cases corresponding to the choice of L € [0, o).

When the materials on the boundary differ from those in the bulk, for example,
if they are transformed through chemical reactions, the trace condition (1.12) is no
longer appropriate. To account for this, a more general transmission condition was
proposed in [42,115]:

eKOwp=H@)—¢  onXT, (1.26)

where K € [0,00] and H is a transmission function. This condition has to be under-
stood again in the sense of

eK0np=H) —¢ if K e (0,00), on X1, (1.27)
A commonly used choice is the linear transmission law H(s) = as for all s € R

and a constant @ € R. We remark that the Robin-type boundary condition is not
only physically meaningful, but also advantageous for the mathematical analysis of
the case K = 0. Formally, as K — 0, we recover the trace relation ¢ = H(t¢) on
»7. In the case H(s) = as + B with a # 0 and 8 € R, this strategy has been
successful for a coupled bulk-surface Allen-Cahn system in [42], and then used for
a bulk-surface Cahn-Hilliard system in [115]. Moreover, the limit K — oo formally
yields the homogeneous Neumann boundary condition dp¢ = 0 on 7.

In this thesis, we restrict ourselves to transmission functions of the form H(s) = as
for « € R. Then (1.27) becomes

¢ =t if K=0,
eKOpp =) — ¢ if K € (0,00), on 27T (1.28)
On¢ =0 if K =00

The full bulk-surface Cahn—Hilliard system ((1.1), (1.12), (1.13), (1.22), (1.28)) then
takes the form

Orp = div(ma(¢) V) in Q7, (1.29a)
p=—cA¢+ éF’(d)) in Q7, (1.29b)
Oph = divy (mp(¥) Vo) — Bma(é)Onpu on X7, (1.29¢)
0 = —0kAry + %G'(w) + agdno on X1, (1.29d)
{5K8n¢ =ath— ¢ %f K €0, 00), on 7. (1.29¢)
On® =0 if K =00
mo(¢)Onp =0 if L =00

gf)’t:(] = ¢0 in Q, (129g)
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V=0 = %o on I (1.29h)

This model, incorporating all coupling regimes K, L € [0, 00|, was first proposed
and analyzed in a convective setting in [121], and subsequently further investigated
in [98,119,122,163,164].

The energy associated with system (1.29) is given by

B (6.0) = [ SIV0P + ZF@) ot [ FITroP + 56(0) dr
@ r (1.30)
() [ (o0 = o)? ar.

where the function x was defined in (1.25). In contrast to the free energy Ef . defined
in (1.11), the definition of EX _includes an additional term that measures the deviation
of the trace ¢|r from ¢ (cf. [51,115]). We observe that sufficiently regular solutions
to (1.29) satisfy the mass conservation laws (1.23) as well as the following energy

dissipation law

d

B0 6(0) = = [ ma(@)Val? o~ [ me(0)| Ve ar .

(@) /F (86 — u)? dT

for all ¢ € [0,T] and for all K € [0, 00]. The explicit dependence on K € [0, o0] of the
free energy Eflr{ee is usually omitted, and we write Fgeo instead of Eflfee.

1.4 Navier—Stokes—Cahn—Hilliard models for two-phase
flows

1.4.1 The Model H

One of the most fundamental models describing the motion of two viscous, incom-
pressible fluids with constant densities is Model H. It was originally introduced by
Hohenberg and Halperin in [109] to study the critical points of single- and binary-fluid
systems. A detailed derivation of the model was proposed in [105] and [165] for the
motion of fluids driven by capillary forces. In this model, the fluid densities are as-
sumed to be matched, i.e., the two constant densities are equal. The system consists
of an incompressible Navier—Stokes equation coupled to a convective Cahn—Hilliard
system, and is given by

pov+ pdiv(vev) =divT in QT (1.32a)
divv =0 in Q7 (1.32b)
Orp + div(ev) = div(ma(4)Vy)  in QT (1.32¢)
p=—cAp+ éF’((;S) in QT (1.32d)
Vli=0 = vo, Pli=0 = ¢o in Q. (1.32¢)

Here, p denotes the constant density of the mixture, v : QT — R? the velocity field,
¢ : QT — R the phase-field, and x : Q7 — R the chemical potential. The functions
vo : © = R% and ¢y : © — R represent prescribed initial data. Furthermore, T
denotes a stress tensor, which is given by

T=S—-pl—-ecVop®Vep with S :=2v(¢)Dv in QT.
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Here, p : QT — R is the pressure, while the coefficient v : R — R denotes the
viscosity of the mixture in the bulk, which in general depends on the phase-field. If
the two pure fluids have constant viscosities v; and vs, respectively, a common choice
is the affine interpolation

vy — 1 Vo + 11
vo(o) = > ¢+ 5

n Q7.
Moreover, D denotes the symmetric gradient operator, defined by
1 T
Dv = 5((VV) +(Vv)7).

Finally, ¢ > 0 is a parameter related to the thickness of the diffuse interface, mq
denotes the mobility function, and F' is a double-well potential. We refer to [3,4,24,
74,75,95,101] for the mathematical analysis of Model H.

1.4.2 The Abels—Garcke—Griin model (AGG model)

The fundamental assumption in the derivation of Model H is that the density of
the mixture is constant, meaning that the fluids have the same constant density p.
In the past two decades, several works investigated suitable Navier—Stokes—Cahn—
Hilliard generalizations of Model H, aiming to describe both incompressible mixtures
with unmatched densities and compressible two-phase flows. We refer to [9, 11, 25,
69,88,100,106,127,154,156,170,171], without claiming completeness. A very popular
generalization of Model H with unmatched densities is the model derived by Abels,
Garcke, and Griin in [9], which reads as

o(p(p)v) +div(v @ (p(d)v +J)) =divT  in QT (1.33a)
divv=0 in Q7 (1.33D)
Orp + div(ev) = div(ma (o) Vi) in Q7, (1.33c)
p=—eAg+ éF’(qﬁ) in Q7 (1.33d)
V=0 = vo, @li=0 = do in Q. (1.33e)

Here, in contrast to Model H, the density p might vary, and in general depends on the
phase-field. It is given by

p2 — p1 P2+ p1 )
(o) = =50+ in Q7

where p; and g denote the constant individual densities of the two fluids. As p(¢)

is in general not constant, an additional mass flux J needs to be included in the

Navier—Stokes equation to make the model thermodynamically consistent. It is of the

form

P2— P
2

J= ma(P)Vu in QT.

We note that, in particular, in the case of matched densities, i.e., p; = po2, we have
p((ﬁ) = ﬁl = ﬁQ and J=0.

Thus, we observe that the AGG model (1.33) reduces in this case to Model H (1.32).

In the literature, both Model H (1.32) and the AGG model (1.33) have mostly
been supplemented with the classical no-slip boundary condition for the velocity field
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v as well as homogeneous Neumann boundary conditions for the phase-field ¢ and the
chemical potential p:

v=0 onXxT, (1.34)
oo =0 onxT, (1.35)
ma(¢)Oapu =0  on XT. (1.36)

)}

The system (1.33) is associated with the total energy

B(v.0) = [ Go@? o+ [ Z1V0P+ ZF(0) da,

which consists of the kinetic energy
1 2
Exin(v, ¢) = o QPW)M dz (1.37)

and the Ginzburg-Landau energy Eq defined in (1.2). As for the standard Cahn—
Hilliard equation without convective term, the boundary conditions (1.34) and (1.306)
entail that

/Q B(t) do = /Q 6(0) da

for all ¢ € [0,7T], meaning that the mass in the bulk is always conserved. Moreover,
sufficiently regular solutions satisfy the energy dissipation law

d

SB((D),0(0)) = - /Q 206(9)|DV|? da — /Q mo(6)[Vuldz  (1.38)

for all t € [0,77].

For analytical results, we refer to [5,6,8,13,94,95], and for the sharp interface limit
e — 0 to [7,9], where it was shown that formally, the AGG model converges to a
two-phase Navier—Stokes free boundary problem.

(L3) Convection-induced motion of the contact line cannot be described
very precisely. There are only limited possibilities for accurately describing
contact line motion. In many applications involving two-phase flows, it is essen-
tial to capture the evolution of the contact line, i.e., the region where the fluid
interface meets the boundary. As observed, for example, in [58, 148, 153], the
no-slip boundary condition (1.34) is not well suited for modeling moving contact
line phenomena, since it enforces the velocity field to vanish at the boundary. In
sharp interface models, this limitation is even more pronounced, as contact-line
singularities may arise. In such cases, the tangential force exerted by the fluids
at the contact line becomes unbounded; see [58,155] for further discussion of
these singularities. In contrast, diffuse interface models do allow for motion of
the contact line even under the no-slip boundary condition (1.34), which consti-
tutes a significant advantage over sharp interface approaches. Nevertheless, any
such motion can arise only from convection or diffusion processes in the bulk,
away from the boundary. In particular, since (1.34) enforces a vanishing velocity
field at the boundary, convective effects acting directly at, or in the immediate
vicinity of, the boundary are neglected. These effects, however, are expected to
play a crucial role in accurately capturing the dynamics of the contact line.
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1.5 Navier—Stokes—Cahn—Hilliard models with dynamic
boundary conditions for two-phase flows

1.5.1 Dynamic boundary conditions of Allen—Cahn-type

To overcome the aforementioned limitations (L1) and (L3), the authors in [148] pro-
posed a new class of generalized Navier slip boundary conditions based on a variational
derivation through Onsager’s principle of maximal energy dissipation. These boundary
conditions read as

v-n =0, [Sn + YV]tan = L(¢)Vrep on X1, (1.39a)
O + Vian - Vrp = =BL(1)) on 7, (1.39b)
Onpt =0 on 7T, (1.39¢)

where 1) = ¢ on X7 as in (1.12), and the operator L is given by

L(¢) = —kAry + e0n¢ + G'(¥).

Here, the subscript tan denotes the tangential component of any vector field u on X7,
i.e.,

Ugan = u— (u-n)n.

Moreover, Vr and Ar denote the tangential gradient and the Laplace—Beltrami op-
erator on I', respectively. The phenomenological parameters § and x are assumed
to be positive, and G denotes a surface double-well potential. The surface evolution
of the concentration v is governed by (1.39b), which takes the form of a convective
Allen—Cahn-type equation posed on the surface. The boundary condition (1.39a) is an
inhomogeneous Navier slip boundary condition, which involves a slip parameter v > 0
that may depend on the phase-field ). Compared to the no-slip boundary condition
(1.34), it provides a much better description of the contact line motion [146-148].

Model H (1.32), supplemented by (1.39), was first analyzed in [76], where the
authors established the existence of global-in-time weak solutions. Their analysis
covers cases in which both F' and G are polynomial-type potentials, as well as the case
in which F' is singular while G remains polynomial. In the polynomial setting, they
further proved the convergence of any weak solution toward a stationary state. For
the AGG model (1.33) coupled with the Allen-Cahn-type boundary condition (1.39h),
the existence of global-in-time weak solutions was shown in [79]. More recently, a
compressible Navier—Stokes—Cahn—Hilliard system with boundary condition (1.39) has
been investigated in [38]. In addition, Navier—Stokes—Allen—Cahn and Navier—Stokes—
Voigt—Allen—Cahn systems with (1.39) were studied in [77]. We also mention [83],
where a stochastic Model H with dynamic boundary conditions of Allen—Cahn-type
(1.39) was considered. It is worth emphasizing that none of the aforementioned works
establishes the uniqueness of weak solutions, neither in two nor in three dimensions.
To date, the only available uniqueness result concerns quasi-strong solutions for the
Navier—Stokes—Voigt—Allen—Cahn systems with (1.39), as shown in [77].

1.5.2 Dynamic boundary conditions of Cahn—Hilliard-type

To overcome all the limitations (L1), (L2), and (L3), the authors of [97] derived a
new class of thermodynamically consistent Navier—Stokes—Cahn—Hilliard systems with
dynamic boundary conditions. Similar to the derivation of the AGG model in [9], the
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derivation is based on local mass balance laws, local energy dissipation laws, and the
Lagrange multiplier approach. The system reads as

O (p(d)v) + div(v ® (p(¢)v + J)) = div T, divv=0 inQ7, (1.40a)
[Sn + v(¥)V]tan = [ — ¥V + 3(T -n)v], on X1, (1.40Db)
v-n=0 on X1, (1.40c¢)
O + div(ev) = div(ma () V) in QT (1.404)
= —cA¢+ %F/(qﬁ) in Q7 (1.40e)
Oph 4 divy (Yvian) = dive(mr(¥) V) — Bma(¢)Onp on ©71, (1.40f)
0 = —6kAry + $G' () + €0nd on ¥, (1.40g)
- {Lme)anu =30 —p L e 0,00, s (Lo
mo(¢)Onp =0 if L =00
V=0 = Vo ®lt=0 = o in , (1.401)
WY|=0 = %o on I (1.405)

In contrast to the dynamic boundary conditions (1.39) that were of Allen-Cahn-
type, the dynamic boundary conditions in system (1.40) are of Cahn-Hilliard-type.
More precisely, they can be regarded as a convective variant of (1.29) in the special
case K = 0. As discussed in Chapter 1.3, these boundary conditions help to overcome
the limitations (L1) and (L2). Moreover, (1.40b) is an inhomogeneous Navier slip
boundary condition similar to (1.39a), which helps to overcome (L3).

The system (1.40) is associated with the total energy

E(V, ¢7 1/}) = Ekin<¢7 V) + Efree(¢7 1/})7

where Ey, is the kinetic energy as in (1.37), and Egee = Eq + Er is the free energy
defined in (1.11). Sufficiently regular solutions to (1.40) satisfy the mass conservation
laws

64@0@+AM@M:BLM®M+A¢@&? if I € [0, 00),

/Q¢(t) dx:/Q<l5(0) dr and /rdj(t) dF:/FWO) W OHL— e (1.41)

for all t € [0,T] as well as the energy dissipation law

d

FEE0.00,00) == [ 20)DVE do = [ 1@ a0~ [ ma@)|Vuf da

~ [ me(@)ro v - x(z) [ (50 - P ar.
I I

for all ¢ € [0,T], where Y is the function introduced in (1.25).

Although the model (1.40) allows for unmatched densities, variable contact angles,
an improved description of contact line movement via the generalized Navier boundary
condition (1.40b), and a transfer of material between bulk and surface (if L < 00), it
still exhibits some important limitations.

The first analytical results for the system (1.40) were obtained in [97] for K = L =0
and regular potentials. There, the authors established the existence of weak solutions
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in the case of matched densities, i.e., in the case p(¢) = p1 = p2. As in the AGG
model, we notice that for matched densities, we have

J =0,
and the Navier—Stokes equation (1.40a) with boundary condition (1.40b) reduces to

pOv + pdiv(v @ v) — div(2uq(¢)Dv) + Vp = —ediv(Veo @ Vo) in QT
[Sl’l + 7(¢)V]tan = [_¢VF9]tan on ET.

Moreover, they proved the uniqueness of weak solutions in the two-dimensional setting,
assuming additional regularity on the coefficients and a compatibility assumption on
the potentials. We note that singular potentials, like the Flory—Huggins potential, are
not admissible. These were covered in the recent work [81]. There, the authors con-
sidered more general singular potentials, including the physically relevant logarithmic
potential, and established the existence of weak solutions for K = 0 and L € (0, o0]
and non-matched densities. They also studied the case K = L = 0, but had to assume
matched densities as in [97]. This problem arises from the flux term J appearing in
the generalized Navier slip boundary condition (1.40b), which reads as
J.on=-" ; P1 ma(¢)Onp on X1,

In the case L € (0,00), this term can directly formally be rewritten using the boundary
condition (1.40h) as

P2 — p1 T
J - n=-— 0 — on X,
57 (B0 — 1)
while in the case L = oo, this term directly vanishes. However, the case L = 0 is more
delicate, as such a reformulation of the normal derivative Oy s is not possible. Moreover,
in the setting of weak solutions, one usually expects the regularity p € L2(0,T; H'(2)),
which does not provide enough regularity to control this term.

A natural question is whether one can expect higher regularity of weak solutions,
or even the existence of global-in-time strong solutions to system (1.40). The main
difficulty in this direction is the trace via, of the velocity field, which appears in the
boundary convection term divp(1vian) in (1.40f). At the level of weak solutions, this
trace does not have sufficient regularity to develop a satisfactory regularity theory
for the convective bulk-surface Cahn—Hilliard system. This difficulty already appears
at the level of weak solutions in [81], where the authors had to add an additional
regularization term on the boundary. In Chapter 5 and Chapter 6, we therefore
study the convective bulk-surface Cahn-Hilliard subsystem (1.40d)—(1.40h) with a
general prescribed boundary velocity field w, replacing vi,,. Even in this setting, the
regularity requirements for strong solutions are stringent, suggesting that global-in-
time strong solutions to the full system (1.40) are not expected in general.

We further point out the recent model derived in [118], where a generalization of
(1.40) is considered on an evolving domain. To date, no analytical results are available,
which may be attributed to the lack of regularity of the trace of the velocity field.

1.6 A new bulk-surface Navier—Stokes—Cahn—Hilliard

model for fluid mixtures

In many applications across materials science, chemistry, engineering, and the life
sciences, the materials at the boundary may differ from those in the bulk. In such
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situations, the rheological properties of the surface materials often need to be taken
into account, cf. [152].

An important example is the classical fluid-mosaic model of cell membrane struc-
ture, as described in the seminal work [160]. There, biological membranes are con-
ceptualized as laterally incompressible, two-dimensional viscous fluid layers with em-
bedded proteins. This justifies treating the boundary as an active viscous layer that
supports both lateral momentum transport and compositional evolution. These con-
cepts were formalized mathematically in [17] as a continuum model, in which lipid
bilayers are described by a surface Navier—Stokes equation with positive but finite
viscosity, which is expected to dominate relaxation dynamics. These observations mo-
tivate the inclusion of a surface Navier-Stokes equation in system (1.40) to account
for viscous and convective effects at the boundary.

Two phases

in the bulk \ ~

Two phases
on the boundary

Diffuse interface
on the boundary

Diffuse interface/
in the bulk
T =00

Figure 1.4: Sketch of a domain (representing, e.g., a biological cell) with two phases (fluids)
in the bulk and two phases (fluids) on the boundary, each separated by a diffuse interface.

Moreover, as discussed previously, the trace condition ¢ = v on X7 is only reason-
able if the materials on the boundary are the same as in the bulk. We therefore also
include the boundary conditions (1.28) to accommodate different materials.

Similar to the derivation of (1.33) in [9] and of (1.40) in [97], the derivation of our
model, which can be found in Chapter 3, is based on local mass balance laws, both in
the bulk and on the surface, with a priori unknown mass fluxes. We further consider
local energy-dissipation laws that include additional energy-flux terms. Eventually,
we employ the Lagrange multiplier approach, with the chemical potentials p and 6
as Lagrange multipliers, to complete the derivation of our model by identifying the
unknown mass and energy fluxes. The new bulk-surface Navier—-Stokes—Cahn—Hilliard
model we propose reads as follows:

O(p(P)v) +div(v ® (p(¢)v +J)) =div T, divv=0 inQT, (1.42a)
Oi(o()w) + divp(w ® (o()w + K)) = divpTr + Z, divpw=0 on X7, (1.42b)
vir = w, v-n=0 on X7 (1.42¢)
Orp + div(ev) = div(ma(¢) Vi) in Q7, (1.42d)
p=—eA¢+L1F'(¢) in Q7, (1.42¢)
Oy + divr(yw) = divp(mr (1) V) — Bma(¢)Onp on X1 (1.42f)
0 = —6kAr + 1G' (V) + acdnd on X7 (1.42g)
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{5Kan¢ = 0“/} - ¢ if K € [07 OO)? on ZT (1.4211)

Lmq(¢)Oap = B0 —p if L € [0, 00), on ST, (1.42i)
mo(¢)Onp =0 if L =00
Vli=o =vo,  Jli=o = ¢o in Q,  (1.42j)
Wli=0 = Wo, Y]t=0 = vo onI'. (1.42k)

Here, viscous dynamics on the boundary are represented by an additional surface
velocity field w : £7 — RZ. In this model, we assume that the bulk and surface velocity
fields are coupled through the trace relation (1.42¢);. This means that the motions
of the bulk materials and the surface materials are directly related. Alternatively,
stress-based coupling conditions between v and w might also be conceivable and could
be discussed in future contributions. As we demand the non-penetration boundary
condition (1.42¢)9, the trace relation (1.42¢); further entails that the surface velocity
field w is an evolving tangential vector field on I'. The bulk phase-field ¢ : QT — R
represents the location of the two materials in the bulk, whereas the two materials on
the boundary are represented by the surface phase-field ¢ : ¥7 — R.

The time evolution of v and w is described by the bulk Navier—Stokes equation
(1.42a) and the tangential surface Navier—Stokes equation (1.42h), respectively. Both
the bulk and surface flows are assumed to be incompressible, i.e., the velocity fields are
divergence-free. Here, o(1)) denotes the phase-field dependent density on the surface,
and is given by

gy — & o2+0
o) = 2Ly 2270 on X7, (1.43)
2 2
Furthermore, T is a stress tensor, whereas Z represents a surface force density
that accounts for mechanical interactions between the bulk materials and the surface
materials. They are given by

Tr :=Sr — ¢l — 6kVry ® Vr¢p  with  Sp = 2vp(¢))Drw on 7, (1.44)
Z:=—[Sn]__+ %(J ‘n)w + %(JF ‘)W + agdng Vi — (¢, )w  on X7 (1.45)

tan

The coefficient vr : R — R denotes the viscosity of the mixture on the surface. As
above, v(¢, 1) denotes a slip coefficient associated with tangential friction. It may now
depend on both phase-fields, as they are not necessarily coupled via the trace relation
as in (1.40h). Moreover,

Drw = %((pr) + (VFW)T)

denotes the surface symmetric gradient of w. The quantity K denotes a mass flux
related to the interfacial motion on the boundary, while Jp represents the mass flux
corresponding to the transfer of material between bulk and surface. They are given
by

09 — 01

2

09 — 01

2

K = mp(Y)Vr  Jp = —f ma(¢p)Vu  onXT.  (1.46)

The system (1.42) is associated with the total energy

Buon(v.w.6.0) = [ So(@)V* da+ [ Sotw)iwp ar
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1 o 1
+ [ 51V + 2F@) dot [ FIVeol + 56wy ar (1)
1
() [ Flow =) ar,

where y is the function introduced in (1.25). Sufficiently regular solutions to (1.42)
satisfy the mass conservation laws

/3/Q¢<t)dx+/rw(t>dr—ﬁfﬂcﬁodw/rwodr if L € [0,00),

[owar=[oae ma [war=[ar oo

for all ¢ € [0,T] as well as the energy dissipation law

d

@ Buon (v(0), wit), (1), (1)) = —/sz(gb)\nvy? dz — /Fzyp(¢)\Dpw|2 ar

(1.48)

- / (6, ) |wl? dT — / ma(@)[Vul> dz  (1.49)
T (9]

_ / me ()| V82 dT — (L) / (86 — ) dr
T I

for all ¢ € [0, 7).

1.7 Structure of the thesis

The thesis is organized as follows.

Chapter 2 introduces the notation and collects the mathematical tools used through-
out the thesis.

In Chapter 3, we derive the bulk-surface Navier-Stokes—Cahn—Hilliard model (1.42),
which is the central model of this work.

Chapter 4 is devoted to several auxiliary bulk-surface systems that play an impor-
tant role in the analysis of (1.42), including elliptic bulk-surface systems with logarith-
mic nonlinearities or non-constant coefficients, and a bulk-surface Stokes system. For
these systems, we establish well-posedness of weak solutions, higher regularity, and
the existence of strong solutions.

The remainder of the thesis is divided into two parts.

In Part I, we study the convective bulk-surface Cahn—Hilliard subsystem of (1.42).
In Chapter 5, we prove existence, uniqueness, and higher regularity of weak solutions
for regular potentials. In Chapter 6, we turn to singular potentials and establish
existence, uniqueness, and propagation of regularity of weak solutions for a broad
class of velocity fields. As the uniqueness and propagation of regularity generally
require constant mobility functions, we study the case of non-degenerate mobilities
separately in Chapter 7. There, we prove the uniqueness of weak solutions and the
existence of strong solutions in the two-dimensional setting. Finally, in Chapter 8, we
analyze the long-time behavior of weak solutions, proving the existence of a pullback
attractor and convergence to a single equilibrium as ¢ — oc.

In Part II, we study the full bulk-surface Navier—Stokes—Cahn—Hilliard system
(1.42). In Chapter 9, we prove the existence of global-in-time weak solutions by means
of an implicit time-discretization scheme, building on the results of the previous chap-
ters, in particular on a characterization of the subdifferential of the convex part of the
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free energy. In Chapter 10, we establish the existence and uniqueness of global-in-time
strong solutions in two spatial dimensions via a suitable semi-Galerkin scheme based
on eigenfunctions of a bulk-surface Stokes operator.
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Chapter 2

Preliminaries

This chapter collects the basic mathematical tools that will be used repeatedly in this
thesis.

2.1 Basic notation and function spaces

2.1.1 Basic notation

We write N to denote the set of natural numbers (excluding zero). For any real Banach
space X with ||-||x, its dual space is denoted by X’. The corresponding duality pairing
between ¢ € X’ and ( € X is written as (¢,()x. If X is a Hilbert space, we write
(+,-)x to denote its inner product.

Let p € [1,00] and let I C [0,00) be an interval. The Bochner space LP(I,X)
consists of all Bochner measurable and p-integrable functions from I into X. We
further define W1P(I; X) as the space of all functions f € LP(I; X) whose (vector-
valued) distributional time derivative 0;f belongs to LP(I; X). In particular, we set
HYI; X) = WY2(I; X). The set of continuous functions f : I — X is denoted by
C(I; X), while Cy(I; X) denotes the space of functions f : I — X that are continuous
on I with respect to the weak topology on X, i.e., the map I > t — (¢, f(t))x is
continuous for all ¢ € X’. Moreover, BC(I; X) and BC,,(I; X) denote the subspaces
of bounded functions in C(I; X) and Cy,(I; X), respectively.

2.1.2 Function spaces in the bulk and on the surface

Throughout this section, let Q C R¢, d = 2,3, be a bounded domain with sufficiently
smooth boundary I' := 0¢), and let n denote the exterior unit normal vector field on
I'. For any s > 0 and p € [1,00], the Lebesgue and Sobolev—Slobodeckij spaces for
functions mapping from 2 to R are denoted as LP(§2) and W*P(Q2), respectively. We
write || | Lr(q) and || - [lyys.p(q) to denote the standard norms on these spaces. If p = 2,
we use the notation H*(Q) = W*2(Q), with the convention that H°(f2) is identified
with L2(Q). For the Lebesgue and Sobolev-Slobodeckij spaces on the boundary T,
we use an analogous notation. The corresponding spaces of vector-valued mappings
into R? or matrix-valued functions mapping into R**¢ are denoted by boldface letters,
namely LP, W5? and H*. In particular, we write L}, (T'), WA (T') and H{,,(T') to
denote the corresponding spaces of tangential vector fields on I'.

For p € [1, 00|, we further introduce the first-order homogeneous Sobolev spaces

WLP(Q) = {ue LV (Q) : Vue LP(Q)}/_,

loc

Wl’p(f‘) ={velLP): Vrvell()}/_,

23
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where the notation /. indicates that functions differing only by an additive constant
are considered equivalent and thus identified with each other. Here, LV (Q) is the
collection of all functions, which belong to LP(K) for every compact subset K C €.
On the boundary, we simply consider LP(T"), since I is itself a compact submanifold.
Consequently, the functionals ||V - [l () and ||[Vr - [[Le(r) define norms on the spaces

WP(Q) and WP(I), respectively.

Furthermore, we write P! to denote the orthogonal projection of R¢ into the tangent
space of the submanifold I'. This means that P' is a linear map, which can be
represented as

P'=I-n®n,

where I € R%? is the unity matrix. For any vector field w on T, we also use the
notation

[Wlian = P*(w).

2.1.3 Differential operators in the bulk and on the surface

Let Q ¢ RY, d € {2,3} with boundary I :== 9Q. Let f : @ — Rand g : T' — R be scalar
functions, let v : @ — R% and w : T' — R? be vector fields, and let A : Q@ — R%>? and
B : I' —» R%*? be matrix-valued functions. For now, we assume that the boundary T
and all these functions are sufficiently regular. As usual, Vf, divv, and Af = div(Vf)
denote the gradient of f, the divergence of v and the Laplacian of f. We point out
that V£ is understood as a column vector in R?.

Next, we define the tangential gradient of g as
Vrg =PV,

where § denotes a suitable extension of g to a tubular neighborhood U of I" in R%. We
note that Vpg does not depend on the concrete extension g. We refer to [59] for a
more detailed exposition of these materials. Here, Vg is also to be understood as a
column vector in R?. Next, we define the surface divergence of w as

divpw = tr(Vrw),

where tr denotes the trace of a matrix. The Laplace-Beltrami operator of g is then
defined as Apg = divp(Vrg). For bulk vector fields, the gradient is defined as

(VVl)T
Vv = : € R¥*4,
(Vvd)T
where v1,...,vy denote the components of v. In other words, Vv is the Jacobian of

v. On the surface T, the projective (covariant) gradient of w is defined as
Vrw = PIVWP!,

where W now denotes an extension of w to an open neighborhood of I' in R?. If w is
a tangential vector field, i.e., w-n =0 on I, its gradient can also be expressed as

(Vrwy)”
Viw = Pl : e R¥x4,

(Vrwg)?
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where wi,...,wy denote the components of w. For the matrix-valued functions A
and B, we further define the divergences

div A1, divr B1s
divA = : ., divpB=P' :
div A 4 divr Bys

Here, A14, ..., Agqs and By, ..., By, denote the rows of A and B, respectively.

2.1.4 Bulk-surface product spaces
For any s > 0 and p € [1,00], we define
LP = L[P(Q) x LP(T), WP = WP (Q) x WP(T).

We write H* = W*?2 and identify £2 with H°. We point out that H* is a Hilbert space
with respect to the inner product

((¢a %Z))» (C’ <F))'Hs = (¢a C)HS(Q) + (1,[}, CF)HS(F) for all (¢a ¢)7 (Ca CF) € Hsa

1
and its induced norm || - |3 = (-,-)#,s. We further recall that the duality pairing on
H! satisfies

((0,9), (¢, Cr))gp = (0, Q2 + (¥, () L2(ry

for all (¢,¢r) € HY if (¢,9) € L2

For every ¢ € H'(Q)', we denote by (¢)q = [Q|7'(¢,1) g1 (q) its generalized mean
value over Q. If ¢ € L(Q), its spatial mean can simply be expressed as (¢)q =
Q7! [, ¢ dz. The spatial mean of any ¢ € H'(T')', denoted by (), is defined
similarly. We further define for any p € [2, oc] the space

L’I(’O) = L?O)(Q) X L’()O)(I‘),
where

L (Q) = {$ € IP(Q) : ()q =0},  Lby (D) = { € L’(T) : (¢)p = 0}.

Now, let L € [0,00] and § € R. We introduce the linear subspace
Dg = {(¢,¢) € H' : = 1) a.e. on T},
and then define

L HY if L € (0,00],
LB — D . .
g if L=0.

Subject to the inner product (-,-)HlLﬂ = (+,-)y1 and its induced norm, ”Hiﬁ is a
Hilbert space. Furthermore, we define the product
(9, 9), (C,Cr)%.[iﬁ = (¢, Qr2) + (¥, Cr) L2
for all (¢,%), (¢,{r) € L£2. Using the Riesz representation theorem, this product can
be extended to a duality pairing on (”Hi’ﬁ)’ X H};’ 8 which will also be denoted as
<'7'>’H1 :

L.s
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Next, for (¢,¢) € (Hi ), we define the generalized bulk-surface mean

<<¢7 w)’ (/65 1)>H1L,ﬂ
A9+ T

mean(g, 1) =

which reduces to

B12[{d)q + [T[{¢)p
B2l + T

if (¢,1) € L2. We then define the closed linear subspace

. {{(¢,w) € M} 5 :mean(¢,v) =0} if L € [0,00),
{(¢, %) € H' : (@) = (¥)p =0} if L = c0.

mean(¢, ) =

Lpg—

Note that V}J’ 5 is a Hilbert space with respect to the inner product (-,-)g1. We further
introduce the bilinear form

((¢7 1,[)), (C» CF))L,B = /Q v¢ : VC dx + /F vo : VFCF dr
(D) /F (B — $)(B — ¢ dT

for all (¢7¢)7 (Ca CF) S Hla where

if r € (0, 00),

1
X : [0, 00] = [0, 00), x(r) = {6 if r € {0, 00}.

Moreover, we define

16 )l = (6, (6 0))

)

for all (¢,7) € H'. The bilinear form defines an inner product on V}Jﬁ, and || - ||z
defines a norm on Viﬁ, that is equivalent to the norm || - ||y, see, e.g., [117, Corollary
A.2]. In particular, (Vi g,(-,-)r || - ||1,5) is a Hilbert space. Finally, we define the
space

yLl o {{(¢a¢) € (Mg p) - mean(¢,y) =0} if L € [0, 00),
L5 {6 0) € (MY : (8)g = (W)p =0} if L =oo.

2.1.5 Spaces of solenoidal vector fields and Helmholtz projections

For p € [2, 00|, we introduce the spaces

LE () ={vell(Q):divv=0inQ, v.-n=0onT},
L (T):={weLP(T):divrw=0, w-n=0onT},

and we set
‘Cgiv = thv(Q) X Lglv(r)

Then, for s > 0 and p € [2, 00], we define W3 (Q) = W*P(Q)NL3, (). Analogously,
we define W32 (I') = W*P(I') N L3, (T'), and then set W3l = W3 (Q) x WZ(T).
Furthermore, for s > %, we set

Wyt ={(v,w) eW?*P:v.-n=0, v[p=won I},
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Wodiv = Wo" N Wiy -
As before, we use the notation H§ = WS’Q as well as H{ g, = Wg’ﬁiv.
Let r € [2,00). We define the Helmholtz projection on 2 as
Pgiv : LT(Q) - Lgiv(Q)? Pglv(v) =VvV- vp’ (21)

where p € W (Q) is (up to an additive constant) uniquely determined by
/ Vp-V(da = / v-V(dz forall ¢ € WH' (),
Q Q

cf. [158, Theorem 1.4]. Here, 1’ denotes the dual Sobolev exponent of r. In a similar
manner, the surface Helmholtz projection is defined via

Pgiv : L,

tan

(F) - Lgiv(F)ﬂ Pgiv(w) =w— Vrg, (2'2)

where ¢ € W' (T') is (up to an additive constant) uniquely determined by

/ Vrq -Vl dl' = / w - Vp(r dl’ for all {t € Wl’T/(F), (2.3)
r r

cf. [159, Lemma A.1]. Here, r’ denotes again the dual Sobolev exponent of r, i.e.,
1" = —L5. The existence of this projection is also related to the surface Helmholtz

decomposition, which can be found, for example, in [149, Theorem 4.2]. According
to [159, Sect. 2], we further have

/ Pl (w) -udl = / w-PL (u)dl
T T

for all w € LI, (T') and u € LI, ().

tan tan

2.2 Useful inequalities

2.2.1 Embeddings and interpolation inequalities

In this section, we report some results from the theory of Sobolev spaces, namely,
embedding and interpolation inequalities.

First of all, we recall the following interpolation inequality, which can be found
in [139].

LEMMA 2.2.1. There exists a positive constant C such that
1 1
lull 2oy < CllulZaqgyulZ gy for allwe HY(Q).

We further will need the following embedding results from [16, Theorem 10.9 and
Theorem 10.13].

THEOREM 2.2.2. Let m1,mg € Ny, and let p1,p2 € [1,00), a € [0,1].

(i) If my — pil > mo — p% and m1 > mo, then we have the continuous embedding

WPL(Q) < W2 ().

In particular, there exists a constant C' > 0, such that for all f € W™PL(Q) it
holds that

||f||Wm2’p2(Q) < CHfHWmLm(Q)-
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(ii) If my — pil > mo — p% and my > mo, then we have the compact embedding

WmIPL(Q) < W22 ().

(iii) If my — pil > mg + a with a € (0,1), then we have the continuous embedding
W™MPL(Q) — C™%(Q).

In particular, for every f € W™MUPL(Q), there exists a unique continuous func-
tions which we will again denote by f that agrees almost everywhere in Q with
f. Moreover, there exists a constant C > 0 such that for all f € W™PL(Q) it
holds that

[fllemae@y < ClFllwmir @)-

(iv) If my — pil > mo + «, then we have the compact embedding
WLPL(Q) s C™2%(Q).

We note that similarly results hold for the boundary I" = 99, which is a (d — 1)-
dimensional submanifold of R?, assuming that it is sufficiently smooth.

Finally, we recall the following result on interpolation between Sobolev spaces.

LEMMA 2.2.3. Let 6§ € (0,1) and r, so,s1 € R satisfy
r=(1—6)sy+ 0s;.

Further suppose that Q is of class C* with an integer | > max{sg, s1}. Then there exist
positive constants Cq and Cr, depending only on Q, T', r,sg,s1 and 0, such that the
following interpolation inequalities hold:

£ 11z () < CollFll o oy 115 ) for all f € H™>{s0s1k(q), (2.4)
el anry < Collfrlleo ol fellfs @y for all fr € H™{s0sH(T), (2.5)

Inequality (2.4) follows from an interpolation result shown in [173, Sec. 4.3.1, The-
orem 1 and Remark 1], whereas (2.5) follows from an interpolation result presented
in [174, Sec. 7.4.5, Remark 2].

2.2.2 The Gronwall lemma

We report in this section some Gronwall-type results that can be found, e.g., in [27,
56,169].

LEMMA 2.2.4. Let y : [tg,00) — R be an absolutely continuous function, and g,h
two positive summable functions on [tg, 00) which satisfy

d

) < g0y +h(t)  for ae t=to.

Then we have

y(t) < y(to) exp (/tg(r) dr> + /t exp (/tg(r) dr>h(s) ds for all t > ty.

to 0 s
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LEMMA 2.2.5. Let y : [tg,00) — R be a continuous function, and g, h two positive
summable functions on [to, 00) which satisfy

y(t) < h(t) + / g9(s)y(s) ds for all t > ty.

to

Then
t

v <n@)+ [ gmsen( [

to S

g(r) d?”) ds for all t > tg.

LEMMA 2.2.6. Let T' > 0. Assume thaty :[0,T] — R is a continuous function, g a
positive summable function and R a non-negative constant, which satisfy

[ L !
— —R* + d Il .
2y (t) < 5 /0 g(s)y(s) ds forallt € 10,7

Then it holds

ly(t)] < R+ /tg(s) ds  forallt € 0,T).
0

LEMMA 2.2.7. Let y : [tg,00) — R be an absolutely continuous positive function,
and g, h two positive locally summable functions on [ty,00), which satisfy

%y(t) < g(t)y(t) + h(t) for a.e. t > to,

and

t+r t+r t+r
/ g(s) ds < aq, / h(s) ds < ag, / y(s) ds < as for allt > to,
¢ t t

where r,a1, a2, a3 are positive constants. Then it holds
as a
y(t) < <+a2>e 1 for allt >ty +r.
r

We conclude this section by stating another variant of Gronwall’s lemma, which
follows from [93, Lemma 2.5], see also [113, Corollary A.1].

LEMMA 2.2.8. Let g, h,y be three non-negative locally integrable functions on [ty, c0)
which satisfy, for some v > 0,

%y(t) +y(t) < gOyz(t) +h(t)  for ae t > to.

Additionally, assume that there exist positive constants A1 and As such that

t+1 t+1
/ g(s) ds < Ay, / h(s) ds < A for all t > tg.
¢ ¢
Then it holds that
y(t) < 2y(to)e 1) 4+ Q(v, Ay, Aa),

where

2e7
1—e™

Q. A Ar) = (—S— )’

1—e"2

As.

Remark 2.2.9. Throughout this thesis, references to the Gronwall lemma are under-
stood to mean the standard differential form given in Lemma 2.2.4. Any other variants
will be cited explicitly.
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2.3 Maximal monotone operators and the Yosida
approximation

In this section, we recall some fundamental definitions and results regarding maximal
monotone operators. For a more thorough exposition of these materials, we refer
to [19,20,27,157]. Throughout this section, X denotes a Hilbert space with inner
product (-, ) x and corresponding norm ||-||x. However, most of the concepts presented
here can be extended to the more general setting of Banach spaces.

DEFINITION 2.3.1. Let A: X — P(X) be a possible multi-valued operator, where
P(X) denotes the power set of X. The domain, range, and graph of A are defined as

D(A) :={z € X : Az # 0}, R(A) ={ye Az :xz € D(A)},
GA) ={(z,y) e X x X :xz € D(A), y € Az},

respectively. The operator A is said to be monotone if
(f=g9,x—y)x >0  forallz,y€ D(A), f€Azr, g€ Ay.
Moreover, A is said to be mazximal monotone if

(f—g,x—y)x >0 forall(y,9) € G(A) = x€ D(A), e Ax.

Equivalently, an operator A is maximal monotone if it is not strictly included in
any other monotone operator B : X — P(X), i.e, A C B implies that A = B. Here,
the inclusion A C B is in the sense that G(A4) C G(B).

Another useful characterization is given by the result below, see [20, Theorem 2.2].

PROPOSITION 2.3.2. Let A: X — X be a monotone operator. Then A is maximal
monotone if and only if R(Id + ANA) = X for every X\ > 0 (equivalently, for some
A>0).

Moreover, one can show that the graph of a maximal monotone operator is always
weakly-strongly closed in X x X (cf. [20, Proposition 2.1].

ProPOSITION 2.3.3. Let A be a mazimal monotone operator, and consider a se-
quence {(Yn, Tn)nen C G(A) such that

Tp — T weakly in X, UYn — Y strongly in X

as n — oo. Then (x,y) € G(A).

2.3.1 The Yosida approximation

Maximal monotone operators arise in nonlinear evolution equations and introduce
significant technical challenges, as they are generally multi-valued and lack regularity.
A key tool for overcoming these difficulties is the Yosida approximation, which, as we
will see, is single-valued and Lipschitz continuous.

Let A be a maximal monotone operator. Then, according to Proposition 2.3.2, the
operator Id+ A\ A is surjective. Hence, for every fixed u € X, there exists (z, f) € G(A)
such that

T+ Af=u, f€ Az



2.3. MAXIMAL MONOTONE OPERATORS AND THE YOSIDA APPROXIMATION 31

This allows us to define the resolvent operator Jy and the associated Yosida approxi-
mation Ay for every A > 0 as

1 1
Jy=(Od+XA)7L A= X(Id —J)) = X(Id — (Id+AA)™h),

respectively. It is well-known that both Jy and Ay are Lipschitz operators with Lips-
chitz constant 1 and %, respectively, see [27, Proposition 2.6, p.26].

Another key result that we will use several times throughout the thesis is the
following.

PROPOSITION 2.3.4. Let A be a mazimal monotone operator, and let {(xy, fn)}aso C
G(Ay) be such that

xx—x strongly in X, fr— f weaklyin X as A — 0,

limsup(zy, fi)x < (z, f)x.
A—0

Then (z, f) € G(A) and limy—,o(zx, f)x = (=, f)x.

This result is a generalization of the one presented in [28, Lemma 1.3 (e)] (see
also [20, Proposition 2.2 (iv)]), and the proof works in a similar manner. In the
special case where A is given as a subdifferential dp of a proper, convex, and lower
semicontinuous function ¢ : X — (—o0, +00] (see Section 2.3.2 for its definition), we
refer to [87, Section 5.2] for a proof of this result.

2.3.2 The subdifferential of convex functions

An important class of maximal monotone operators is given by the subdifferentials of
proper, convex, and lower semicontinuous functions. Subdifferentials arise naturally in
convex analysis and play a central role in various applications, including optimization
and evolution equations. In the following, we recall their definition and summarize
the main properties relevant to our setting.

For a function ¢ : X — (—o00, 00|, we define its effective domain as
D(p) ={z e X :p(x) < +o0}.

Then, ¢ is called proper, if it is not identical to +oo , i.e. D(p) # (), and convex, if it
satisfies the inequality

otz + (1 - t)y) < to(z) + (1 - t)p(y)
for all z,y € X and t € [0,1]. We call ¢ lower semicontinuous on X if
h;nﬁiglfcp(y) > p(x) forall z € X.

DEFINITION 2.3.5. Let ¢ : X — (—00,400] be a proper and convex function. The
subdifferential of ¢ is the multi-valued operator ¢ : X — P(X) defined by

op(z) ={§€ X 1 p(y) > p(x) + (§,y —x)x Yy € X}

forallx € X.

The following result shows that the subdifferential of a proper, convex and lower
semicontinuous function is a maximal monotone operator in the sense of Definition 2.3.1,
see [20, Theorem 2.8].
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PROPOSITION 2.3.6. Let ¢ : X — (—00,+00] be a proper, convex and lower semi-
continuous function. Then its subdifferential Op is a mazximal monotone operator.

As we will frequently deal with operators of this form, it is important to understand
their Yosida approximation.

DEFINITION 2.3.7. Let ¢ : X — (—o00,400] be a proper, convex and lower semi-
continuous functions. For every A > 0, we define the Moreau—Yosida reqularization of

© as

ox(z) == inf {M( + <p(y)} forall x € X.
yeX 2

The Moreau—Yosida approximation of ¢ enjoys a number of useful properties that
establish a close connection with the Yosida approximation of d¢ (see [27, Proposi-
tion 2.11, p. 39]).

THEOREM 2.3.8. Let ¢ : X — (—00,+0o0] be a proper, conver and lower semicon-
tinuous function. Then the following properties hold:

(i) For every x € X and A\ > 0 it holds p(z) = 5|(p)r(2)[|% + ¢(Jrz).

(ii) For every A > 0, @y is well-defined, convez, continuous, and Fréchet differen-
tiable with V) = (0¢)x.

(iii) For every x € X and A > 0 it holds px(x) < ¢(x) and px(z) / w(x) as A\ 0.

2.3.3 Approximation of singular potentials
In this thesis, we mainly work with potentials F' and G of the form
F(s) = Fi(s) + Fa(s) and G(s) = Gi(s)+ Ga(s), forall se[-1,1],
where F1,G1 € O([-1,1]) N C?(—1,1) with
. / ERT / _ . / _ 1 / _
SI\I‘H_II Fi(s) = 31\121 Gi(s) = —oo and ll/rri Fi(s) l»l/Hi G1(s) = 4o0.

There further exist constants ©q, Or > 0 such that
F/(s) >0q and G/(s)>0Or for all s € (—1,1).

We extend F} and G by defining Fi(s) = G1(s) = 400 for s ¢ [—1,1] and, without
loss of generality, we assume that F;(0) = G1(0) = 0 and Fj(0) = G}(0) = 0.

The derivatives F| and G} of the singular parts F; and G, respectively, can then
be seen as maximal monotone operators in the sense of Definition 2.3.1. In particular,
we can consider their Moreau—Yosida approximations which we will denote with Fy y
and Gy, respectively. We collect the following properties, which will be used several
times throughout the thesis.

(Y1) For every A > 0, F1 5 € Cip2(R) with Fy,(0) = F} ,(0) = 0.
(Y2) Fj, is convex with

for all s € R.

(Y3) For every A > 0, Fl’ y is Lipschitz continuous on R with constant %
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(Y4) There exist A € (0,1) and C > 0 such that

1 _
Fia(s) > ﬁsz -C for all s € R and X € (0, ).

(Y5) For every A > 0, it holds 0 < Fy »(s) < Fi(s) for all » € [-1,1]. Moreover, as
A — 0, we have F1 5(s) — Fi(s) for all s € [~1,1] and [F] ,(s)| — |F{(s)| for
se(—1,1).

Analogous properties hold true for G  instead of F .
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Chapter 3

Mathematical models

The content of this chapter is taken from the following work.

[80] P. KNOPF, AND J. STANGE, A thermodynamically consistent model for bulk-
surface viscous fluid mixtures: Model derivation and mathematical analysis.
Preprint: arXiv:2509.11925, 2025.

In this chapter, we derive the full bulk-surface Navier—Stokes—Cahn—Hilliard model
(1.42). Following [9,97,118], the derivation is based on local mass balance laws in both
the bulk and on the surface, involving a-priori unknown mass fluxes. In addition, we
consider local energy dissipation laws that include further energy flux contributions.
Finally, we employ a Lagrange multiplier approach, in which the chemical potentials
1 and 6 act as Lagrange multipliers, to complete the derivation by identifying the
unknown mass and energy fluxes.

3.1 Model derivation

3.1.1 Local mass balance laws

We want to describe the time evolution of two fluids, indexed with j = 1,2, in a
(sufficiently smooth) domain Q C R¢ with d € {2,3} on a time interval [0,7] with
T > 0. We write QT = Q x (0,7) and ©7 =T x (0,7) with I' = 9Q. Each bulk
material is assumed to have a constant individual density p;, 7 = 1,2, whereas each
surface material has a constant individual density 7;, j = 1,2. We further assume
that the mass densities p; : QT - R, j =1,2, of the two fluids in the bulk satisfy the
following mass balance law:

Op; +divI; =0, j=1,2, inQ" (3.1)

Here, J j are the mass fluxes that correspond to the motion of the two materials in
the bulk. In our model, we also want to allow for a transfer of material between bulk
and surface, which is, for instance, needed to describe absorption processes. To this
end, we additionally consider functions o; : >»T R, j = 1,2, representing the mass
densities of the two fluids on the surface. In general, the materials on the surface
might differ from those in the bulk, which, for example, is the case if the materials are
transformed by chemical reactions occurring at the boundary. Therefore, we interpret
the densities o; as independent functions that are not necessarily the traces of the
densities p;, respectively. They are supposed to satisfy the following mass balance law
on the boundary:

00j +dive K; =Jp;-n, j=1,2, on 3. (3.2)

35
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Here, Kj stands for the mass flux on the boundary, and the right-hand side jp}j
describes the transfer of mass between bulk and surface. This exchange of material is
assumed to be balanced by the relation

~

— ~n+@-n:0 on X7 (3.3)
a1 b9

We next assume that the motion of our materials is described by individual velocity
fields v; : QT — R? and wj ¥»T — R? j = 1,2, in the bulk and on the surface,
respectively. These can be expressed as

J,; K;
vj:—] in QT wj:—] on ¥7, j=12.
Pj 9j
Consequently, the mass balance laws (3.1) and (3.2) can be rewritten as
Owpj +div(p;v;) =0,  j=1,2, inQ", (3.4)
0o + divp(ojwj) = jrﬂ', j=1,2, onXT. (3.5)
We now write ¢; : Q7 — R and (I T 5 R, j = 1,2, to denote the volume
fractions of the two fluids in the bulk and on the surface, respectively. Provided that

each component has a constant density p; and 65, 7 = 1,2, respectively, the volume
fractions can be identified as

bj = Pi g QT W = @ on 7, j=1,2. (3.6)

Pj 0j
Assuming that the excess volume is zero, we have
pr+d=1 nQF, Y+ =1 onxT. (3.7)
We further define the order of parameters
p=¢s—¢1 nQ", Y=yp—¢1 onX’. (3.8)

Furthermore, let v : QT — R? and w : 7 — R? denote the volume-averaged velocity
fields associated with the two fluids in the bulk and on the surface, respectively. By
means of the order parameters, they can be expressed as

vV = ¢1V] + ¢Pova in QT, (39)
W = W1 + pawe  on B7. (3.10)

We assume that both fluids cannot penetrate the boundary I', and that the velocity
field on the boundary is an extension of the one in the bulk. This leads to the conditions

v-n =0, w=vV|r on ¥, (3.11)

As the first relation entails that v|p is a tangential vector field, the same holds for w
because of the second identity. We now introduce
J;=J;—pjv, j=1,2, inQ7,
JFJ' = jnj — O0;W, j = 1,2, on ET,
K, = ﬁj — oW, j=1,2, onXx7,



3.1. MODEL DERIVATION 37

to denote the mass fluxes relative to the volume-averaged velocities. In view of (3.11),
the mass balance equations (3.4) and (3.5) can thus be rewritten as

Opj + div(p;v) +div J; = 0, j=1,2, inQT, (3.12)
ooj + divp(ojw) +divr K; =Jr;-n, j=1,2, onX’. (3.13)
We now define the total mass densities
p=p1+p2 inQ", (3.14)
oc=014+0y onXT, (3.15)
By means of (3.12) and (3.13), this leads to the relations
Orp 4 div(pv) +div(I; +J2) =0 in Q7 (3.16)
oo + diVF(O'W) + diVF(Kl + Kg) = (JFJ + J[‘VQ) ‘n on »T. (3.17)
3.1.2 Local balance laws for the linear momentum
The next step is to consider the local balance laws for the linear momentum:

A (pv) + div(pv @ v) = div T in Q7 (3.18)
d(ow) + divr(ow ® w) = divpTr + Z on 7. (3.19)

Here, T and T are stress tensors that need to be specified later by means of consti-
tutive assumptions, and Z is the surface force density that accounts for mechanical
interactions between bulk and surface materials. We point out that Z is a tangential
vector field. In the following, we write

J=J,+J, inQT, K=K;+Ky, Jr=Jpr;+Jro onX’.  (3.20)
By means of (3.16), the balance law (3.18) can be reformulated as

p(Ov +v-Vv) =div T + (div J)v

) . (3.21)
=div(T+v®J)-VvJ inQ".
Analogously, using (3.17) to reformulate (3.19), we get
a(&tw +w - VFW)
C . (3.22)
=divp(Tr+w®K) - [VrwK],_ —(Jr-n)w+Z on X",
Thus, defining the frame indifferent objective tensors
T=T+v®J inQ’, Tr=Tr+w®K onXx’, (3.23)
we can rewrite (3.21) and (3.22) as
pov + Vv (pv +J) =div T in QT (3.24)
oow + [Vrw (ow + K)], = divpTr — (Jr-n)w+Z on »T, (3.25)

Next, we multiply the equations (3.4) each by ﬁij, j = 1,2, and add the resulting
equations. Recalling (3.6), (3.8) and (3.9), we obtain

div v = div <€1V1 + €2V2) = -0 <€)1 + p> =-91=0 inQ7, (3.26)

p1 P2 pr - P2
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which means that the volume-averaged velocity field is divergence-free. Similarly,
multiplying (3.5) by &, j = 1,2, adding the resulting equations, and recalling (3.3),

(3.6), (3.8) and (3.1 J) we deduce

diVFW = diVF (?1“’1 + ?Wg)
o1 g9
- - 3 3 (3.27)
IdIVI‘( ! +~2>+< oLy f’2> n=0 onx’.
0'1 ()] 01 g2
We now define the quantities
=~ Jj . 3 I . T
Ji==, =12 Jy =J—-d1 in @, (3.28)
Pj
3 Jrj . < . -
JFJ’ =— Jj=12, JIZJ = JF,Q — JF,l on X, (3.29)
J
- _ Ko xR T
Kj = ?, ] = 1,2, KdJ = K2 - K1 on X" . (330)
J

Then, multiplying the equations (3.12) each by - j = 1,2, and subtracting the
resulting equations, we deduce that

¢+ div(ev) +divIs =0 in Q. (3.31)

Furthermore, multiplying the equations (3.12) each by , 7 = 1,2, adding the resulting
equations, and recalling (3.7) and (3.26), we conclude that

div(J; 4+ Jo) = =04 (d1 + ¢2) — div((¢1 + ¢2)v) =0 in Q7. (3.32)
Arguing similarly for (3.13), and recalling (3.7) and (3.27), we obtain
O + divp (vw) + divp Ky = J,-n on X7, (3.33)
and
divp (K + Ka) = =0y(1h1 + ¢h2) — divp((¢1 + v2)w) + (Jp1 +Jp2) =0 (3.34)

on X7 Using (3.28) and (3.32), we infer that
. L. oo L s T o= =
divd = = [pgle Jo + p1div Jl] + 3 [deIV Jo + prdiv Jl}
~ (3.35)
Plaivi, inQ7

P2—Pl p2 — p1 p
2 _Pdivl, - = —div, =
2 g V2

Therefore, the fluxes J and (p2 — p1)Jy can merely differ by an additive divergence-
free function. As in [9,97], we assume that

J=" 5 Ply, inQT. (3.36)

Proceeding analogously, we derive the identity

02 — 01

divr K = divr K, on %7,

and assume that
09 — 01

2

Ky on X7, (3.37)
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Moreover, assuming that the phase-fields ¢ and ¢ only attain values in the interval
[—1,1], we use (3.6), (3.7), (3.8), (3.14) and (3.15) to conclude that the densities
p = p(¢) and o = o(¢)) are given by

P2+ p1

plg) =20 Py LI (3.38)
o) = 22 3 1y 4 22 ;r o on 3. (3.39)

Finally, differentiating formula (3.15) with respect to time and employing (3.33) and
(3.37), we deduce that o = (1) fulfills the identity

09 — 01

0o + divp(ow) + divp K = Jy-n on »T.

Comparing this equation with (3.17) (see also (3.20)), we finally conclude that

g9 — 01
Jr“n:

J,-n onXT. (3.40)

3.1.3 Local energy dissipation laws

Proceeding as in [9] and [97], we consider the following energy density in the bulk:

cov.6.90) = A2 4 (6,90) Q7 (3.41)

Here, the first summand on the right-hand side represents the kinetic energy density
while the second summand denotes the free energy density in the bulk. It is assumed
to be of Ginzburg-Landau-type, that is,

€ 1 .
f($.V9) = 5IVel* + ZF(g)  in Q. (342)
As in [97], we additionally introduce the following surface energy density

er(w, ¢, ¢, Vry) = "S”Nwr? + fr(é., Vry) on ¥, (343)

As in the bulk, the first summand on the right-hand side represents the kinetic energy
density on the surface, whereas the second summand stands for the free energy density
on the surface. It is also assumed to be of Ginzburg—Landau-type with an additional
term accounting for the relation between ¢ and 1, namely,

r(0,6, Ve) = TR0 + 16) + x(K)aw — 6  onXT,  (3.44)

for K € [0,00]. Here, x is the function defined in (1.25).

We now consider an arbitrary test volume V' (t) C €, t € [0, 7], which is transported
by the flow associated with v. As we assume our physical system to be isothermal,
the second law of thermodynamics leads to the dissipation inequality

d
0>— BQ(V, 1;[)7 ng) dz + BF(W, Qb, ¢7 vo) dr’
dt | Jv 8V (t)nr (3.45)

+ / Je - mgy ) dI' + / Ke - nyovs)nr) dl'r.
v (t)NQ 8(dV (H)T)
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In this inequality, J. and K. are energy fluxes that will be specified later, ngy ()
denotes the outer unit normal vector field on 9V (t), whereas ng gy (;)nr) is the unit
conormal vector field on 9(0V (t) NT"). Since we consider a thermodynamically closed
system, there is no exchange of energy over the boundary I', and thus, the domain
of the first integral in the second line is just OV (t) N instead of OV (t). We further
point out that 9(OV (t) NI') C I is to be understood as the relative boundary of the
set V (t) NT" within the submanifold I". Applying Gauf}’s divergence theorem on both
integrals in the second line, and recalling that ngy ;) = n on 9V () NT', we reformulate
(3.45) as

0>

/ €0 (V> wa v¢) dx + / €I‘(W, d)a 1/% VF¢) dr
V(t) oV (H)nr (3.46)

+/ diVJedx—i-/ divr Ko — J. -n drl'.
V(t) AV (#)NT

Using the Reynolds transport theorem (see, e.g., [18, Theorem 2.11.1]), we obtain the
relation

d

d
dt

eq(v,o, Vo) de = /V(t) Oeq(v, p, Vo) + div(eq(v, ¢, Vo)v) dz. (3.47)

Similarly, applying the Reynolds transport theorem for evolving hypersurfaces (see,
e.g., [18, Theorem 2.10.1]), we obtain

d
dt Javnr

er (W7 (ba wa er) dI' = /\/(t)m]" atel“ (W, ¢7 w: v]._‘w) (3 48)
+ divp(er(w, ¢, v, Vpy)w) dI'.

Combining (3.46), (3.47) and (3.48), we thus get

0> / oeq (v, , Vo) + div(eq(v, ¢, Vo)v) + div J. dz (3.49)
V()

+ / orer(w, ¢, v, V) + divr(er(w, ¢, 9, Vry)w) + dive K, —J. -n dl.
oV (t)nl

In particular, this inequality holds true for all test volumes V'(t) C Q with OV (¢)NT =
(). Therefore, we infer the local dissipation law in the bulk, which reads as

0 > —Dgq = deq(v, ¢, Vo) + div(eq(v, ¢, Vo)v) + div J. (3.50)

in Q7. Let now ¢ > 0 be arbitrary, and consider a test volume V (t) C Q with |V (t)]
being sufficiently small such that

/ Dq dz < c.
V(t)

Then, invoking (3.49), we infer that
/ orer(w, ¢, v, V) + divp(ep(w, ¢, ¢, Vry)w) + divp K, — J. - n dl’ < c.
AV ()T

As ¢ > 0 and the test volume V(t) were arbitrary (except for the above smallness
condition on V(¢)), we conclude the following local dissipation law on the boundary:

0 Z _DF = atel“(W7 ¢7 T/J; VFw) + diVI‘(GF(W, ¢7 wa vo)W) + diVF Ke - Je 'n
(3.51)

on X1,
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3.1.4 Completion of the model derivation via the Lagrange
multiplier approach

We now want to identify the still undetermined flux terms using the Lagrange multiplier
approach. Therefore, we introduce Lagrange multipliers p and 6, which need to be
determined in the course of this subsection. In the final model, y will represent the
bulk chemical potential, while 8 will represent the surface chemical potential. Invoking
the identities (3.31) and (3.33), the local energy dissipation laws (3.50) and (3.51) can
be expressed as

0> —Dgq = dreq(v, ¢, Vo) + div(eq(v, ¢, Vo)v) + div I

— p(0rp + div(ev) + div J ) in QT, (3.52)
0 > —Dr = der (W, ¢, 1, Vo)) + divr(er(w, ¢, 9, Vry)w) + divy Ke
—J. - n —0(0 + divp(¢¥w) + divy Ky — Jy - n) on X1, (3.53)

In the following, to provide a cleaner presentation, we will simply write p, o, f and
fr instead of p(¢), o(v), f(¢, V@) and fr(é, 1, Vry). Invoking the definition of the
energy densities eq and er (see (3.41) and (3.43)), we reformulate (3.52) and (3.53) as
0> —Dq = 0i(2p|v]?) + div(ip|v]>Vv) + Ouf + div(fv) + div I,
— (0 + div(ev) + div T ) in Q7, (3.54)
0> —-Dr = at(%a\WP) + divr(%a\WPW) + O fr + divp(frw) + dive K,
—J. - n —0(0) + divp(yw) + divy Ky — Jy - ) on ©T. (3.55)
In the following, for functions h : Q7 — R and hp : 7 — R, their material derivatives
are given by
Ofh = 0th +v -Vh in Q7
8§hp = Othr +w - Vrhr on X7,
We point out that in the material derivative J; on the boundary, only the tangential
gradient instead of the full gradient is relevant. This is because we already know from
(3.11) that w is a tangential vector field. With these definitions at hand, we can
express the derivatives 9} f and J; fr through the chain rule as
O f=0sf0rd+ OvsfOrVe in Q7 (3.56)
Op fr = 0p frOL ¢ + Oy froph + Ogpy frof Vi on BT, (3.57)

Computations in the bulk

In the bulk we proceed exactly as in [9] and [97] to reformulate the inequality (3.54)
as

0> div[Je — LvPT + T'v — uJs + Ovs fO] &)
+ [0pf — div(Ovef) — 1|0} 6 (3.58)
—[T+V¢®6v¢f] ZVV+V/L'J¢ iHQT.

To ensure that (3.58) holds, we now choose the chemical potential p and the energy
flux J. as

j=0,f — div(dvsf) in Q7 (3.59)
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Je=3IVPI =TTV +pJs - dvefofe Q. (3.60)

In view of these choices, the first two lines of the right-hand side of (3.58) vanish.
Furthermore, we assume the mass flux J4 to be of Fick’s type, which means that

Jy=—mq($)Vu  inQT. (3.61)

Here, mq = mq(¢) is a non-negative function, which represents the mobility in the
bulk. Therefore, (3.58) reduces to

0> —[T+Vo®dvsf] : Vv —mq(e)|Vul? in Q7. (3.62)

We next define a tensor
S=T+pl+Vo®Rdysf inQ’.
Here, the scalar variable p denotes the pressure in the bulk, and I stands for the
identity. The tensor S is the wviscous stress tensor that corresponds to the irreversible
changes of the energy caused by friction. For Newtonian fluids, S is usually assumed
to be given by
S = 2vq(¢)Dv,

where the non-negative function vg = v (¢) represents the viscosity of the fluids in
the bulk, and Dv is the symmetric gradient of v. This choice, together with (3.62)
and the identity pI : Vv = pdiv v = 0 in Q7, implies that (3.58) is fulfilled as it
reduces to

0> —vq(¢)|DVv’ —ma(¢)[Vul*  n Q" (3.63)
In view of (3.42), the chemical potential u given by (3.59) can be expressed as
p=—cAp+ %F’w) in QT. (3.64)
Moreover, the total stress tensor T is given by
T=S-pl—V¢®Rvsf =2vq(¢)Dv—pl—cVo Ve  in QL. (3.65)
Furthermore, plugging (3.61) into (3.31), we obtain the equation
Ocp + div(ev) = div(ma () V) in Q7. (3.66)
Then, (3.18) can be reformulated as
Oh(p(d)v) + div(v ® (p(@)v + J)) — div(2uq(¢)Dv) + Vp = —ediv(Vo @ Vo) (3.67)

in QT, where T is given by (3.65) and, due to (3.36) and (3.61), the flux term J is
given by

P ; o)V in QT (3.68)
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Computations on the surface

Next, we consider the local energy dissipation law (3.55) on the surface. Recalling the
formulas for f (see (3.42)) and J. (see (3.60)), we deduce from (3.55) that

0> Oy(3olw|?) + divr(Ro|w|*w) + O froy ¢ + Oy frOf Y + Oy frOf Ve
+diviKe —2(J - n)w-w—Tn-w—uJy -n+e(Ve-n)ope (3.69)
— 98§w — divF(Kd,H) + Vo - Kw + 9J¢, ‘n

on X7 Here, we have used that
v-Vo=v-[Vr¢+n(Vé-n)] =v-Vrp=w-Vrp  onXT

which follows from the definition of the surface gradient and the boundary condition
(3.11). Next, a straightforward computation yields

divr (9v .y frO;)
= din(avrwfr)aflﬂ + (9vrwfp . 8§VF¢ + [Vrl/J & avrwfp] : Vrw on X7
We now use this identity along with (3.15), (3.25), (3.33), (3.37) and (3.40) to refor-
mulate (3.69). After a technical but straightforward computation, we arrive at
0> divr [Ke — 2|w|?K + T} w — 0Ky, + 9y frofe + 2x(K) (ay — ¢)*w]
+ [a¢fr +eVo- n] 8to¢ + [%fp — diVF(avofr) — 0] 8?1/)
[T — 20 )w = 3T - m)w — 3 (K)Vr(av — 6)2 + 2] - w
— [TF + Vv ®8vr¢fp] :Vrw + Vb - Kq/) +9J¢ -n — ,uJ¢ -n

(3.70)

on X7, In order to ensure that (3.70) is fulfilled, we choose the mass flux K, and the
energy flux K. as follows:

K, = —mr(¥)Vro on X7 (3.71)

1
K, = o [wPK - TLw + 0Ky — Oy frof e — Ax(K)(a — ¢)?>w  on BT, (3.72)

In (3.71), mp = mp(v) is a non-negative function representing the mobility on the
surface. This choice of K. ensures that the first line of the right-hand side of (3.70)
vanishes. Due to (3.71) and (3.72), inequality (3.70) reduces to

0> [0fr +eVe-n]0 b+ [0y fr — divr(dvpy fr) — 0107
4 [[Talian — 3@ - 0)w — S@r - m)w — Ix(K)Vr(at — ) + 2w (373)
— [TF + VY ® %war] :Vrw — mr(w”vFG‘g + 9J¢ ‘n — ,u.]¢ ‘n

on XT. We further assume that the flux terms J ¢ and J,, are directly proportional.
To be precise, we assume that there exists a real number S such that

Jy n=p3Js-n=—PFmo(¢)Vu-n  on 7. (3.74)

The parameter 3 is related to the transfer of material between bulk and surface and
indicates the proportion of bulk material that becomes surface material (or vice versa).
This further entails that

Go— &

5 1mQ(¢)V,u ‘n on xT. (3.75)

Jp'n:—,@
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The second equality in (3.74) follows from (3.61). We further make the constitutive
assumption

Z = —[Sn]tan
- _[T‘n]tan

(J-mw + 3(Jr - n)w —5(d, )w + ae(Ve - n)Vry

(J-n)w + 3(Ir-n)w —v(¢,¥)w + e(Vé - n)Vr(ar) — ¢) (3.76)

+
+

[CII= I

on X7, Here, v = v(¢,) is a non-negative slip parameter that is related to friction
at the boundary. By this choice of Z, inequality (3.73) further reduces to

0> [8¢fr + EV(? . n] 8§q§ + [awfp — diVF(aVwar) — 9] 8f¢
+ [e(V¢ - n) — x(K)(ay — ¢)] Vr(a) — ¢) - w (3.77)
— [TF + Vry ® avmpfp] :Vrw — mp(I/))|VF9|2 + (9J¢ -n — ,qug ‘n

on X7, Analogously as in the bulk, we introduce a tensor
Spr=Tr+¢l+ Vry® avrwfr on X7

Here, the scalar variable ¢ denotes the pressure on the surface, and the tensor Sy is
the viscous stress tensor on the surface, which is assumed to be given by

SF = QI/F (’(Z))DFW

Here, vr = vp(v) is a non-negative function representing the viscosity of the fluids
on the surface and Drw is the symmetric surface gradient of w. Therefore, the total
stress tensor on the surface reads as

Tr=Sr — ¢l — 6,V ® Vpyy  on X7, (3.78)

This means that (3.19) can be reformulated as
o(oc(@)w) + dive(w @ (c(¥)w + K)) = divpTr + Z on 27 (3.79)

where, according to (3.37) and (3.71), we have

02 — 01
2

K=—

mr(¥)Vrf on X7, (3.80)

Ty is given by (3.78), and Z is given by (3.76). Moreover, by means of (3.78) and the
identity ¢I : Vpw = gdivp w = 0 on X7, (3.73) reduces to
0> [O0sfr +eVe-n]0;d + [0y fr — divr(dvpy fr) — 01079
+ [e(V¢ - m) — x(K)(ay — ¢)] Vr(a — ¢) - w (3.81)
— e ()[Drw|® = v(¢, ) w|* — mr ()| Vo] — (80 — p)ma(¢) V- n
on X7 The first two terms in the third line of the right-hand side of (3.81) are clearly

non-positive. The third term is non-positive if, depending on a parameter L € [0, co],
one of the following boundary conditions holds:

O —p=0 on X7 if L =0, (3.82a)
mo(¢)Ve-n = 1(80 — p) on X1 if L € (0, 00), (3.82Db)
mqo(¢)Vu-n=0 on X7 if I = oo. (3.82¢)

Similarly, to deal with the first and the second line of (3.81), we assume ¢ and ¥ to
fulfill one of the boundary conditions

) —¢p=0 on X1 if K =0, (3.83a)
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eV n=L(ap—¢) onXlif K € (0,00), (3.83b)
Vé-n=0 on X7 if K = o0, (3.83¢)

where K € [0, 00] is the number that was introduced in (3.44). To show that (3.81) is
actually fulfilled, we need to distinguish the cases K =0, K € (0,00) and K = oc.

The case K = 0. Without loss of generality, we assume that o« # 0. The case
a = 0 can be handled similarly but the computations are even easier. Then, we
immediately see that the second line in (3.81) vanishes. In the definition of fr, we
have x(K) = x(0) = 0 and thus dyfr = 0 on 7. Moreover, due to (3.832), a~!¢ can
be interpreted as an extension of ¥ in some neighborhood of X7 which entails that
0?¢ = adfy on T, Consequently, the first line of the right-hand side of (3.81) can
be reformulated as

[awfr — din(@Vwar) 4+ aeVeo-n— 9} 8f¢ on X7
Choosing
0 = 8¢fr — din(@vF¢fF) 4+ aeVeo-n on ET,

we thus ensure that the first line of (3.81) also vanishes. This shows that inequality
(3.81) is fulfilled.

The case K € (0,00). The boundary condition (3.83b) entails that

(V6 1) [aViy = Vrd] - w = (@b = ) (Vb = Vro) - w
= SX(K)Ve(od — 67w on 5,

and therefore, the second line of (3.81) vanishes. In view of the definition of fr, we
further have

Opfr = —x(K)(ap — ¢) = —eV¢-n on X7,
Oy fr = %G’(w) + ax(K)(ay — ¢) = %G’(w) +asVe-n  on Xl

This implies the first line of (3.81) can be rewritten as
[0y fr — divp(dypp fr) — 01059 on BT
Hence, the choice
0 = Oy fr — divr(Oyppfr)  on BT,

ensures that the first line also vanishes. Consequently, inequality (3.81) is fulfilled.

The case K = co. Since x(K) = x(o0) = 0, it directly follows from (3.83¢) that
the second line in (3.81) vanishes. Moreover, since g fr = 0 on X7, the first line of
(3.81) can be reformulated as

[a¢fr — diVF (vafp) — 9] af’l/J on ZT.
Thus, choosing

0 = Oy fr — divr (Ov . fr) on X7,

ensures that the first line also vanishes. This shows that inequality (3.81) is fulfilled.
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By the definition of fr (see (3.441)), we conclude in all cases K € [0, 00| that
0 = —0kAry + %G'(w) +aeVe-n on X1, (3.84)
Eventually, substituting (3.71) and (3.74) into (3.33), we obtain
dpp + divp (Yw) = divp(mr () Vrb) — fma(¢)Vu-n  on X1, (3.85)

In summary, we have thus derived system (1.42).



Chapter 4

Analysis of bulk-surface systems

4.1 Introduction

During the analysis of the convective bulk-surface Cahn-Hilliard subsystem and the
bulk-surface Navier—Stokes—Cahn—Hilliard model (1.42), a variety of auxiliary bulk-
surface subsystems naturally arise. These include, for instance, elliptic problems with
nonlinearities or non-constant coefficients, as well as bulk-surface Stokes-type systems.

Rather than treating these systems solely as technical tools within the main part of
this thesis, it is both natural and advantageous to study them separately and in a more
general framework. This approach not only allows for a clearer and more structured
presentation of the arguments, but also leads to results of independent interest. In
particular, the analysis of these subsystems provides general insights into bulk-surface
coupling mechanisms that are not restricted to the specific models considered in this
thesis.

Moreover, the results obtained in this chapter can be applied to a broader class
of problems involving coupled bulk-surface phenomena. As such, they form a useful
toolkit that may be employed in the study of other diffuse interface models and related
systems with dynamic boundary conditions.

4.2 A bulk-surface elliptic system

A part of this section is contained in the following publication:

[121] P. KNOPF, AND J. STANGE, Well-posedness of a bulk-surface convective Cahn—
Hilliard system with dynamic boundary conditions, NoDEA Nonlinear Differen-
tial Equations Appl., 31 (2024), pp. Paper No. 82, 48.

We begin by recalling results for a bulk-surface elliptic system that has been studied
previously in [117]. To this end, let Q € R%, d € {2,3}, be a non-empty, bounded
domain of class C? with boundary I' = 9. The system reads as

—Au=f in €, (4.1a)
—Arv + adpu = fr on I, (4.1b)
KOhu =oav—u onT, (4.1¢)

47
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for given source terms (f, fr) € Vi, with K € [0,00] and o € R. We recall that the
boundary condition (4.1¢) has to be understood in the sense that

U= av if K =0,
KOgu=av—u if K € (0,00), onT'.
Onu =0 if K =00

We call (u,v) € Hj , a weak solution to (4.1) if

/VU-VC d$+/va-VrCr dF+x(K)/(ow—u)(ozCr—C) dr
Q r r
= <(f7 fF)?(CaCF»'H}(ya

(4.2)

for all (¢,(r) € 7—[}{’&. Using the bilinear form (-, ) g o, the weak formulation (4.2) can
alternatively be written as

((u,0), (¢ Cr)) g o = ((f5 fr), (C, CF)>H}<’Q

for all (¢,(r) € M 4

To prove the well-posedness of weak solutions to (4.1), the following bulk-surface
Poincaré inequality is essential.

LEMMA 4.2.1. Let 8 € R with af|Q| + |T'| # 0. There exists a constant Cp > 0,
depending only on K, a, 8 and 2, such that

[1(w, v) |31 < Cpll(u, )] K0 (4.3)
for all (u,v) € Hjc ., with | (u)q + [T[{v)p = 0.
We obtain the following well-posedness result for weak solutions.

PROPOSITION 4.2.2. Let (f, fr) € Vi, and B € R with af|Q| + [T| # 0. Then
there exists a unique solution (u,v) € H}(,a with

ISkalf, fo)llzn < CIC o)l (4.4)

In the case K € (0,00), this result was first established in [117]. The case K = 0
was also considered there, albeit in a slightly different functional setting, and can be
extended to the present framework. If K = oo, the systems (4.1) decouples into the
problems

—Au=f in €,
Opu =0 onT

and
—AF’U = fr on F,

which can be solved independently in € and on T, see [54, Lemma A.1] or [4, Lemma 2].
Moreover, the following higher regularity result was shown in [117, Theorem 3.3].

PROPOSITION 4.2.3. Suppose that Q is of class C**2 and that (f,g) € VI_(}& N HF
for some k € N. Then it holds that Sk o(f, fr) € H¥2 N 7-[}(@ with

1SK.a(fs fr)llarez < OIS fr)llae-
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In the case k = 2, we extend this higher regularity result to right-hand sides in £P
for p € [2, 00).

PROPOSITION 4.2.4. Let Q be of class C2, let p € [2,00) and consider a pair
(f, fr) € VI_(,la N LP. Then there exists a constant C' > 0 such that
18K (f; fr)llwae < ClI(f, fr)llcr- (4.5)

This result was established in [122, Proposition A.1]. We omit the proof here, as
the more involved case of non-constant coefficients will be treated in Section 4.4, see
Theorem 4.4.4.

4.3 A bulk-surface elliptic system with logarithmic
nonlinearity

The content of this section is based on the results of the following preprint:

[98] A. GIORGINI, P. KNOPF, AND J. STANGE, Regularity of a bulk-surface Cahn—
Hilliard model driven by Leray velocity fields. Preprint: arXiv:2506.18617, 2025.

In this section, we establish well-posedness and regularity results for the bulk-surface
elliptic system (4.1) with additional singular nonlinearities. To be precise, we study
the following system

—Au+ F{(u) = f on €, (4.6a)
—Arv + G} (v) + adpu = fr on T, (4.6b)
KOnhu =oav—u onT, (4.6¢)

where K € [0,00), o € [-1,1], (f, fr) € £? are given functions and the nonlinearities
F1 and G satisfy the following assumption:

(S) It holds Fy, Gy € C([-1,1]) N C?(—1,1) with
. / RT / _ . / _ / _
s{Izll Fi(s) = Sl\{‘rgl Gi(s) = —oo and ll/rr% Fi(s) ll/Hi Gi(s) = +o0.
Moreover, there exist constants ©q, Or > 0 such that
F{'(s) > Oq, G(s) > Or for all s € (—1,1). (4.7)

Without loss of generality, we suppose F1(0) = G1(0) = F{(0) = G}(0) = 0.
Lastly, we assume that the singular part of the boundary potential dominates the
singular part of the bulk potential in the following sense: there exist k1, k2 > 0
such that

|F{(as)| < k1|Gy(8)| + K2 for all s € (—1,1). (4.8)

These assumptions are motivated by the physically relevant Flory—Huggins po-
tential (1.3). In particular, we may choose as F; and Gp the convex part of the
Flory—Huggins potential, respectively.

We note that, if Fy ) and G ) denote for A > 0 the Moreau—Yosida approximations
of F1 and (G, respectively, then we infer from (4.8) that

|FY \(as)] < k1]GY A (s)] + k2 for all s € R, (4.9)
see [33, Lemma 4.4].
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4.3.1 The subdifferential of the convex part of the free energy

Before we look at the system (4.6), we consider the convex part of the free energy
Ftree. To this end, we consider the functional Ef.ee : £2 — (—00, 00] defined by

1 1
/qu|2+F1(u) da:—i—/ ~|Vro)? + Gy (v) AT’ N
_ Q2 . r2 if (u,v) € Dom Efee,
Breo(0) =0 () [ S aw—up? dr

r
00 else,

where

Dom Efee = {(u,v) € H}(,a tuf <1ae in Q, |v] <1ae onl}.

We first observe that the functional Efree has the following properties.
LEmMA 4.3.1. The functional Efree as defined above is proper, lower semicontinuous

and convez.

PrOOF. It is clear that Efree is proper and convex as F) and (GG; are convex by
(4.7). The lower semicontinuity of Epe. can be shown by proceeding analogously
to [14, Lemma 4.1]. O

The main goal of this subsection is establish the following result, which gives an
explicit characterization of the subdifferential 0Ffee 0f Ffree.

PROPOSITION 4.3.2. The subdifferential 8Efree of Eﬁ-ee is a mazximal monotone
operator in L2, whose essential domain is given by

D(0Etee) = {(u,v) € H? : (F](u), G4 (v)) € L2, Kdyu = av —u a.e. on T}.
Moreover, for any (u,v) € D(0FEgee) it holds
OEfree(u, v) = (=Au + F{(u), =Arv + G (v) + adyu). (4.11)

PRrROOF. In view Lemma 4.3.1, Proposition 2.3.6 readily yields that the subdiffer-
ential 8Efree is a maximal monotone operator. To show the second part, we proceed
as in the general scheme presented in [20, Proposition 2.9]. To this end, we consider
the operator A : £? — L£? that is defined as

A(u,v) = (=Au + Fi(u), —Arv + G (v) + adyu) for all (u,v) € Dom (A),
where the domain of A is given as
Dom (A) = {(u,v) € H*: (F(u), G4 (v)) € L?, KOyu = av —u a.e. on T'}.

The goal of this proof is now to show that A = OFgee. We start by proving the
inclusion A C OEfree. To this end, let (u,v) € Dom (A) and (¢,(r) € Hj - Then,
taking into account the convexity of F; and G, we first notice that

Fi(u)(u—¢) = Fi(u) = F1(¢) and  Gi(v)(v —(r) = Gi(v) — G1(Cr).
Then, recalling the simple algebraic identity

2 b2 b2
arfa by AP PR b

for all a,b € R?,
2 2 2
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an application of integration by parts implies
(.A("LL, 'l)), (U, U) - (Cv CF))EZ

:/ (— Au+ F{(u))(u—) dl‘"’/(_AFU+G/1(U)+()[6HU)(U—CF) dr
Q r

:/VU-V(U—C)—FF{(U)(U—C) d:z—l—/Vrv-Vp(v—Cp)+G/1(v) dr
Q r
—i—x(K)/(av—u)(a(v—u)—(an—C)) dr
r
2/Q;|Vu|2+F1’(u) d:z:—l—/F;VrvP—l—Gl(v) dF—I—x(K)/F;(av—u)? dr

1 1 1
~ [ SIVEP+ Fi(Q da = [ FIVeGeP + Gacr) dr — x(K) | Flage— ¢ dr
= Efree(uu U) - Efree(Cv gl")

This directly implies that A(u,v) € OEfee(u, v) for all (u,v) € Dom (A), which means
that A C 0Ffce.

In order to show the reverse inclusion dFEgee C A, it is enough to prove that A is
a maximal monotone operator in £2. Thus, by Proposition 2.3.2, it is equivalent to
prove that R(Id+ .A) = £2. To this end, we fix (f, fr) € £? and consider the following
system

u—Au+ F{(u) = f in Q, (4.12a)
v — Arv + G (v) + adhu = fr onT, (4.12b)
KOnhu =ov—u on I (4.12¢)

To show the existence of a suitable solution to (4.12), we approximate the system with

u—Au+ Fi,\(u) = f in Q, (4.13a)
v — Arv + G, (v) + adgu = fr onT, (4.13b)
KOhu =av —u on T, (4.13c)

for any A > 0, where F; , and G ) denote the Moreau—Yosida regularization of Fy
and G, respectively. We start by showing that, for any A > 0, system (4.13) has a
unique solution (uy,vy) € H2. To do so, we fix A > 0, and consider for any (u,v) € £2
the auxiliary problem

AT — AAT 47 = Af + (14 AF)) ™' (u) in Q, (4.14a)
XD — MAMD + Aadai+ 7 = Afp + (1+AG,) '(v)  onT, (4.14b)
Koyu=av—1u onT. (4.14c¢)

The existence of a unique weak solution (u,v) € ’H}( o to (4.11) can easily be shown
by employing the Lax—Milgram lemma. This means, that (u,v) satisfies

)\/ng‘dm—l—)\/rvcpdl“—l—)\/QVu-VCdm+)\/FVrv-VrCrdF
—f—)\x(K)/F(av—u)(a(jp—C) dF—i—/QuC dx—f—/FvCp dr (4.15)
:)\/Qdea:—i—)\/Fprp dl“+/Q(1+/\F{)1(u)§dx+/(1+>\G’1)1(U)CF dr

r
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for all (¢,¢r) € H%{,a- We can then define the operator Ty : £2 — L2 by (u,v) —
(u,7). Our goal is now to show that the map T) is a contraction. Towards this
end, let (u1,v1), (u2,v2) € L2 be arbitrary, and consider the corresponding solutions
(u1,01), (U2,72) € H}(,a to system (4.14). Taking the differences of the corresponding
weak formulation and considering the test function (¢, (r) = (u1,v2) — (U2, 02) € Hi
shows that 7
1

S

B i/g (LX) () = (14 AF) ™ (u2) ) (w1 — W) d

5 (60 ) = (14260) ™ ()01 —72) ar

(1, 01) — (W2, 02) |50 + [|(W1,01) — (W2, D2) |22 + <||(W1,01) — (W, D2)]| 7

Recalling that the resolvent operator of a maximal monotone operator is Lipschitz
continuous with Lipschitz constant 1, i.e., it holds

1

L+ AF) @)= (1+AF) ()| < |z —y|  forall z,y € R,

with the same estimate holding for (14 AG})™!, we infer

1
S, v1) = (uz, v2)| 22

1
IT5(ur, v1) — Ta(ug, v2)|| 22 + XHT)\(ul,'Ul) — T\ (uz,v2)||72 < 3

Consequently, we deduce

T\ (w1, v1) — Th(uz,v2)| 2 < [ (u1,v1) = (uz,v2)| z2,
\/7

which implies that the map T} is a contraction. Therefore, applying the Banach fixed-
point theorem, we conclude the existence of a pair (uy, vy) € £2 satisfying Ty (uy,vy) =
(ux,vy). In view of the definition of the Yosida approximation, we readily infer that
(ux,vy) € L2 solves (4.13) in the weak sense, i.e., it holds

/QU)\C—F Vuy - V(+ Fll)\(u)\) ¢ dx + / va Cr + Vrouy - Vil + G,L)\(U)\) (rdI’
r

X(K) /(am —up)(alp — ¢) dT’ (4.16)

/f<dx+/fr<rdr

for all ((,(r) € ”H}{’a. Now, using ((,(r) = (uy,vy) € H}(,a as a test function in
(14.16), we have

Cunon) e+ (s o)1 + / Fl\(us) u dz + / G A (va) vp dT
Q T

:/qudl’—i-/fr’U)\dF-
Q T

Taking again the convexity of F y and G into account similarly to above and the
fact that F7 5(0) = G1A(0) = 0, an application of Young’s inequality yields

+ [, ox)llz2 + [(Fra(un), Gualo))llier < I fo)lleee (417)

In the next step, we aim to show that (uy,vy) belongs to H? and satisfies the estimate

[ (ux, vx)

un o) e + 1] (), Gia(on)llzz < C(1+ [1(F, fr)ll2) (4.18)
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with a constant C' > 0 independent of A > 0. To this end, the letter C' will denote
in the following generic positive constants that are independent of A. To establish the
estimate (4.18), we have to make a case distinction and treat the cases K = 0 and
K € (0,00) separately.

The case K € (0,00). In this case, we may use (F] ,(ux), G ,(va)) € H' as a test
function in (4.16) and obtain

I(Fiaun). Gia@))lE + [ Flatm) s do+ [ Ghaon) nar
+ /Q FY\(uy)| Vus[? dz + /F G\ (03)|Vron[? dT
+ 5 [ (@0 =) (@G A () = Fiaw) dr
= [ FF) dot [ e Gl ar.

Employing again the convexity of Fj y and G ), we can argue similarly as for (4.17)
to infer

I(FT A (), G A (02)) [ 72

2

4.19
< 3 [ (s ) aGhaon) - Fp)ar.

To estimate the last term on the right-hand side of (4.19), we use the monotonicity of
F{ y as well as the domination property (4.9) to deduce that

2
K F(aUA - UA)(QGQ,A(UA) - F{,A(UA)) dr

2

=% F(OWA — uy) (Fy y(awy) — Ff 5(uy)) dT
2

K F((WA - U/\)(QGQ,,\(’UA) - F{,,\(U/\)) dr

2 ! !

S-% F(OW/\ —uy)(aGq \(va) = F{ y(uy)) dT

1
< SIGIA@NIZ2my + Cll(ur, o) [
Thus, recalling (4.17), we readily infer from (4.19) that

ICFY A (ua), Gra(wa))llez < CIICF fr)llez.

Finally, regularity theory for elliptic systems with bulk-surface coupling as presented
in Theorem 4.2.4 implies that

s on) e < C(UH I = un = Fia(un), fr = 03 = Gia(n)lle2)

<C(1+((f, fo)llz2)

The case K = 0. This case requires a different argument, since we cannot use
(¢, ¢r) = (F]\(un), G} 5(vr)) as a test function in (4.16) as it does not necessarily
satisfy the required trace relation. Nonetheless, applying directly regularity theory for
elliptic systems with bulk-surface coupling as presented in Section 4.2, we obtain that
(uyx,vy) € H? and therefore, the equations in (4.16) hold almost everywhere on their
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respective domains. This enables us to multiply (4.13a) with F] y(uy) and (4.13D)
with G/L)\(U)\). We then integrate the equations over €2 and I', respectively, and use
integration by parts. Adding the resultants leads to

mmmwﬂnmmm+4ﬂmem+A@xmwa

+/F1ICA(UA)’VUA|2 dl’—l—/GIl/’)\(’U,\)’VF’U,\’Z dr’
Q r

(4.20)
+ [ Baua(aGlz(0n) = Fi () dr
r
:/fF{’,\(uA) dx+/pr’1’,\(v,\) dr.
Q r
Using the trace relation u)y = awy a.e. on I' in combination with the domination

property (4.9), we obtain

[ Bnts(@a(02) = F{y(w)) AU = [ Bua (G 5(02) — Fiafarwy)) dr
I I
1
<SGy + C (1 + [18nall 2 )-

For the other terms appearing in (4.20), we can argue as in the case K € (0,00) and
get

1(F{ A (), G g2 < C(1+ I, o)z + 0aunllzoy). (4.21)

To handle the normal derivative dyu appearing on the right-hand side of (4.21), we
recall that by the trace theorem [29, Chapter 2, Theorem 2.24], we find s € (%, 2) and
a constant C'= C(s) > 0 such that

[Onuallz2ry < Clluallms (@) (4.22)
Thus, using the compact embeddings H?(2) < H*(Q2) < L?(Q) in combination with

Ehrling’s lemma, we deduce that

luallz2(0) + 10muall 2y < C(1+1CF, fo)llez + luallieo ) s
4.23
1
< Sluall a2y + C(1+ 10, Sl )

Thus, coming back to (4.21), we find that

ICFf (), Gia(@) g2 < C(1+I1(F f)lle2) (4.24)

and therefore, we deduce from elliptic regularity theory for systems with bulk-surface
coupling that

luns o)l < C(1+ N1(F ) l2)- (4.25)

Consequently, according to the Banach—Alaoglu theorem and the Aubin—Lions—
Simon lemma, there exist functions u, v, and & such that

(ux,vy) = (u,v) weakly in H?,

strongly in 7—[}(,&,
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(F{ A(ux), Gl a(va) = (& €r) weakly in £2,

as A — 0 along a non-relabeled subsequence. These convergences readily entail that
(u,v) satisfies

u—Au+&=f a.e. in €, (4.26a)
v — Arv + & + adpu = fr a.e. on I, (4.26b)
KOnhu =ov —u a.e. on I'. (4.26¢)

To conclude that (u,v) is indeed a solution to (4.12), we have to make sure that

{u(m) € (—1,1) for a.e. x €9, {=F{(u) ae in, (4.27)

v(z) € (—1,1) forae. z €T, &r=Gi(v) ae onT

holds true. To this end, we first notice that the convergences along with the weak-
strong convergence principle imply that

lim [ Fy y(uy)uydz = / Eu de, lim / G \(vy) vy dl = / Erodl.
A—=0 Jq ’ Q A=0 J1 ’ r

The claim (4.27) then follows directly from Proposition 2.3.4 since F| and G can be
regarded as maximal monotone operators. Finally, by means of weak lower semicon-
tinuity, we conclude from (4.18) and the aforementioned convergences that

[, 0) ez + [1(F] (), GL (@) g2 < C(1+ (F, fr)ll2).

We have thus shown that (u,v) is a solution to (4.12), and because (f, fr) € £
was arbitrary, we infer that A = 0Fee, which finishes the proof. ]

4.3.2 'Well-posedness of weak solutions and higher regularity

After having proven the characterization of the subdifferential of the convex part of
the free energy, we can turn our attention to the study of the system (4.6). Our first
result is concerned with the existence of solutions, which is a direct consequence of
the identification of dEjgee proven in Proposition 1.3.2.

PROPOSITION 4.3.3. Let (f, fr) € L2. Then there exists a solution (u,v) to system
(4.10) such that (u,v) € H?* N ’H}(,a, (F{(u), G (v)) € L%, and the equations (4.10)
are satisfied almost everywhere on their respective domains. Moreover, there exists a
constant C > 0, depending only on ), K, a, Oq, Or, k1 and ko such that

) e + ICE] (). Gy () 22 < C(1+ (£ fr) 2. (4.28)

PROOF. In view of the identification (4.11) of the subdifferential 8Efree from Propo-
7

sition 4.3.2, and recalling (4.7), we readily deduce by partial integration that 0Ef.e is
coercive. Namely, it holds that

(8Efree(u7 U) - 8Efree(C7 CF)) (uv U) - (C? CF))£2 > min{@Qa @F}H (u’ U) - (Ca CF) ||%2

for all (u,v),(¢,(r) € D(OFgee). In turn, this implies that 0Efee is surjective on
L£2. Thus, the existence of a solution (u,v) with the desired properties is a direct
consequence of the characterization of the subdifferential 8Efree in Proposition 4.3.2.
Lastly, the estimate (4.28) can be verified by performing similar computations to the
one of the proof of Proposition 4.3.2, in particular those in the derivation of (4.18). [
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Next, we prove that the solution to (41.6), whose existence is guaranteed by Propo-
sition 4.3.3, is unique and satisfies a stability estimate.

PROPOSITION 4.3.4. Let (f1, fr1), (f2, fro) € L2, and consider corresponding so-
lutions (u1,v1), (uz,ve) € H2N H}Ca to system (4.6). Then there exists a constant
C > 0, depending only on ©q and Or, such that

[(u1 — ug,v1 —v2)[lgr < ClI(f1 = f2, fr1 — fra)llc2- (4.29)

In particular, this entails that the solution to system (1.6) is unique.

Proor. For brevity, we define

(0,9, f, fr) = (u1 — u2,v1 — va, f1 — fa, fr1 — fra)-

Then, (u,0) satisfies

—Al+ F{(u1) — F](ug) = f a.e. in €2, (4.30a)
—Art 4+ G (v1) — G (v2) + adnit = fr a.e. on I, (4.30b)
KoOni = ot —1u a.e. on I'. (4.30c)

Now, testing (4.30a) with @ and (4.30b) with @, an application of integration by parts
in combination with the boundary condition (4.30¢) yields

/ Vi) dx+/ V)2 dF+x(K)/(aﬁ — @)% dr
Q r r

Then, exploiting the convexity assumption on the potentials (4.7) as well as Holder’s
and Young’s inequality, we obtain

min{Ogq, Or} ||

. 1
220 (3,) 22 <

~ 2min{Oq, Or}
from which the desired stability estimate (4.29) readily follows. O]

||(f7 fF)H%%

(%, )| o

Next, we establish some higher regularity results for the unique solution (u,v) to
(4.6).

PROPOSITION 4.3.5. Let (f, fr) € LP with 2 < p < oo, and consider the corre-
sponding unique solution (u,v) € H>* NHy , to system (1.6). Then (u,v) € WP and
(F{(u), G (v)) € LP. Moreover, there exists a constant C, > 0 such that

) v+ 1 (). G 0))llr < Co (1411 o) (4.31)

Additionally, if (f, fr) € L, there exists 6 € (0,1], depending on ||(f, fr)||cee, such
that

lu(z)] <1—48 forallz €9, lv(z)| <1—0 forall z€T. (4.32)

Remark 4.3.6. Under the assumptions of Proposition 4.3.5 one can additionally show
that

I () lzery < Cp(L+ 10 fr)ller)- (4.33)

This can be done using a different testing procedure than the one we use in the proof
of Proposition 4.3.5. We refer to [70, 132], where these computations were carried
out in detail directly on a solution to a Cahn—Hilliard model with dynamic boundary
conditions.
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PROOF. In this proof, we assume without loss of generality that o # 0. The case
a = 0 can be handled in a similar manner and the computations are even easier.
Moreover, we can assume that p € (2,00], as the case p = 2 is already covered by
Proposition 4.3.3. Now, for £ € N, we introduce the truncation

—1+1 ifs<-1+14,
. — : 1 1
hi R =R, hy(s) =4 s ifse[-1+4,1- 1],
1—1 ifs>1-4,

which is globally Lipschitz continuous. Then, we define up = ahg o (o tu) and

vy, i= hy o v. Since hy is globally Lipschitz continuous and (u,v) € H!, the chain rule
for the combination of Lipschitz and Sobolev functions (see, e.g., [183, Corollary 3.2])
implies that (ug,vx) € H! with

Vur = Vu 1[_14_%71_%](11), Vv = Vo 1[_14_%,1_% (U)

for any k£ € N, where 1[_1+% 1-1] denotes the indicator function of the set [-1+£,1—
7], defined as

0 ifs<—1+1,
1p1-1(s) =41 if se[-1++,1— 1],
0 ifs>1-4,

for any k € N and s € [—1,1]. Moreover, for any k € N and p € (2,00), we see that
|FY (ug) P72 F (ug) € HY(Q) and |G (vy)[P72G (vy,) € HY(T) are well-defined with

V(| F1 (u) P72 F{ (ur)) = (p — D) FY (ug) P72 FY (wg) Vg,
V(|G (vr) PG (ve)) = (p — DIG) (k) PG (k) Vo

The proof is divided into several steps, as we have to handle certain cases of p €
(0,00] and K € [0, 00) differently. In the following, we denote with the letter C' always
non-negative constants independent of k, whose values may change from line to line.

The case p € (2,00) and K € (0,00). We start by multiplying (4.6a) with
|FY{ (ug)|P~2F] (ux) and (4.6b) with |G} (vg)|[P~2GY (vk). Integrating the resulting equa-
tions over 2 and I', respectively, we apply integration by parts. Adding the resultants
leads to

/Q.Fz<u>fx<uk>|fx<uknp2 dx-+(/£<?a<v>c?3<vknc¥a<vk>p2 dr
— (- 1)/ Vot - V| L () |P-2F (uy) da
[9]
—@—D/Vmwmwxme*G%Mdr (4.34)
T

+/fﬂ@Mﬂ@M%%m+/ﬁGmwwme%w
Q T

1

e F(om —u) (aG/l (vk)\G’l(yk”P*? _ F{(Uk)’Fll(Uk”P*Q) dr.

We first notice that in view of the assumption (S), the first two terms on the right-hand
side of (4.34) are non-negative. Then, for the next two terms, a simple application of
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Hoélder’s and Young’s inequality yields

/Q f FL ) [ Fl ) P2 dae + / fr G (1) |G (o) P2 dT

< |1z 1 Car) 1y + 1 ooy IG5 (o) oy

(4.35)

Next, noting again on assumption (S), we see that F|(s) and FJ(ahi(a~'s)) as well
as G (s) and G’ (hg(s)) have the same sign for all s € (—1,1). This readily implies
that

Fi (ug)?

Fl(u)F{ (uy,) a.e. in Q,
Gi(w)* <G

1(v) G (vr) a.e. on L.

IA A

As a consequence, we find that

/ Fl(u)|P d + / G ()P dT
Q I

(4.36)
< / Y () P2 F ) F () dl + / G (u) P2 (1) G () T
Q T

For the last term on the right-hand side of (4.34), we first notice that the function
R > s+ |F](ahg(s))|P~2F](ahy(s)) is monotonically increasing for a > 0 and mono-
tonically decreasing for a < 0. Thus, recalling the definition of w; and exploiting the
domination property (4.8), we deduce

~ & [ fov =0 (elGh w2 GA ) — [Fi () 2F{(w)) aT
== F(v—a—1u>(1F1<avk>|p—2F{<aUk> — [F{(w) P2 F{(wy) ) dT .
— & [ o0 =) (alGh (007261 () = |F{(om) 2wy ) ar |
< ( [reartar 22 (G wop-t ar+ 22 ).

Here, we additionally used Minkowski’s inequality
la + 0P~ < 27’*2(|a|p*1 + |b|p71) for any a,b € R.
Hence, by collecting the estimates (4.35)-(4.37), we infer from (4.34) that

1 ) 170y + 1G5 0%y
< HfHLp @IEL i) + (IFrllomy + K@+ 227 6 D) 16 (0n) [y
+ K tor b
1 1 1/2(p—1)\"!
< SIF e + FICEE + 5 () 1l
1
+

2(p—1) pt -1 p—1 p—1\\P —1op—1,p—1
(55 ) (el + K @271 ) o Kt T,
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Thus, absorbing the respective terms and taking the p-th rot, we find

| Fi (wr) || Lo (o) + 11G (o) | Loy

p-1

<% [1(2@;”) TG )l + K2 2 )
p
4.

+ K‘iQ”le;?yryi] e

< C(1+I(f o) ler )
with a constant C' = C(p) > 0. Now, since
Fi(ug) — Fy(u) a.e. in 2, G (vr) — G (v) a.e.on I’ (4.39)

as k — oo, we apply Fatou’s lemma to derive the estimate
[ 1t e+ [ e ar
Q r
= / lim inf |F (ug)[? dx—i—/liminf\Gll(vkﬂp dr
[¢) k—o0 I k—o0
< liminf/ | F (ug) [P dx—i—liminf/ |Gy () [P T
Q k—oo J1

k—o0

< (1417 Fo)l )

which concludes the proof in this case after another application of elliptic regularity
theory for systems with bulk-surface coupling as presented in Section 4.2.

The case p € (2,00) and K = 0. We start by considering the case p € (2,4].
By using the same testing procedure as in the case K € (0,00) and exploiting the
convexity assumption (4.7) on the potentials F} and Gy, we arrive at

[ 1B P ds+ [ (61 a6
Q r

< / F 1L (ug) P72 F (uy,) da + / fr |G (o) P3G (o) T (4.40)

Q r
- [ wu(alG1 0PG4 w0) ~ [F ()2 Fi () .
r

We note that this inequality differs from the one for K € (0,00) only in the last term
on the right-hand side, which now contains the normal derivative Ohu, and thus, has
to be treated differently. First, due to the regularity u € H%(2), the trace embedding

H(Q) — L4(T) implies that yu € L*(T'). In particular, it holds that

[OnullLary < Cllullgz@) < ClIS, fr)llez (4.41)

in view (4.28). Then, utilizing the trace relation ux = avi a.e. on I' in combination
with the domination property (4.8), we bound the last term on the right-hand side of
(4.40) as

- [ onu(alGi (00 PG (00) = 1P ) P Fi(w) T

—— [ duu(alGi ()2 Gh () ~ | (w2 Fi(auy)) dT
I
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/|8nu| (14272 ) Gl w0~ + 225
Consequently, we infer

| ) 0y + 1GE 001
< Nl 1 )ty + (1l oy + (1 + 277268 ) 10ntl| oy ) G (o) B
-1
- 2p—2f~e3*1|r|p7|ranu||m(r

1 1/2(p—1)\"!
< SIF @) ey + IGO0 ey + 5 (ZE2) 11

1/2(p— 1)\ ! o )
+p((p)) (Ifrllzoy + (1 + 2772607 | Oul o))

_9 p—1,~ =L
+ 2772607 | Onull Lo(ry-

Thus, absorbing the respective terms and taking the p-th root, we deduce with the
help of (4.41) that

| FY (ur) | o) + [1G (k) [l Loy
p—1
pti| 1 /2(p—1)\ » o o
=% [1((]2?)) (ICF fo)llee + (142072687 | 0wl 1o (ry)
g (4.42)

1
£255 7 T Ol >]

< C(1+I(f fr)ller )

with a constant C' = C(p) > 0. The desired claim follows again by Fatou’s lemma
and elliptic regularity theory. Consider now p € (4,00). In particular, it holds that
(f, fr) € £*. By our previous computations, this implies (u,v) € W?* with

1(w; 0)lwe2s < ClI(f fr)ll s

Consequently, as we have with the trace theorem and the Sobolev inequality the em-
beddings WH4(Q) — Wi (') < L*°(T"), we find

10null Loe(ry < Cllullw2aiq) < ClI(S fr)lles < CIS fr)llee

This allows us to take p € (4, 00) in our previous calculations, which finishes the proof
in this case after applying again elliptic regularity theory.

We still have to prove the claim for p = co. To this end, consider (f, fr) € L.
We cannot directly use the estimates (4.38) and (4.42) shown in the previous cases as
the constant C' therein is not independent of p. In fact, it is unbounded as p — oc.
Nonetheless, the computation are similar, but we have to show the corresponding
estimates for G’ (v) and Fj(u) separately. To be precise, we first show the estimate
for G (v), which will then be a key ingredient in the proof of the estimate for F(u).

To this end, we first notice that our previous calculations show that (u,v) € W?"
and (Fj(u),G}(v)) € L" for any r € (2,00). As seen above, this implies in particular
that Oqu € L*°(I") together with the estimate

100l Lo (ry < Crll(f; fr)ll o~ (4.43)
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Note that Cr does not depend on r € (2, 00).

We start by showing the corresponding estimate for G (vg). We fix an arbitrary
r € (2,00) and multiply equation (4.6b) again with |G (vg)|""2G(vy). Integrating
over I, we proceed similarly as in the case p € (2,00) above. In particular, we obtain

161 )5y < (el + 19ntllzr oy ) 1GT (06) 78,
Recalling (4.43), this directly implies
IG ) ey < (L4 T (el ey + 10l ry)

< Cpx (L4 [TDIC fo)lles,

where Cg , = max{1,Cg}. As the right-hand side is independent of r, we may consider
the limit » — oo to deduce

IGLR) I ry < Cpa (14 LD fr)llcoe-
Finally, in view (4.39), letting k — oo yields

IGY @)z (ry < Cr (L + [TDICS fr)llos- (4.44)

Now, for the corresponding estimate of F (), we multiply (4.6a) with | FY (ug)|" 2 F} (ug),
integrate over {2 and integrate by parts to find

/ F ()" dz < / £ 1F () 72 F () e+ / Ot | F (1) "2 F (uy) T (4.45)
Q Q T

The rest of the proof is again divided into the two parts K € (0,00) and K = 0.

The case p = 0o and K € (0,00). In this case, we can use the boundary condi-
tion (4.6¢) to rewrite the normal derivative dpu. Thus, using the same monotonicity
argument as in the case p € (2,00) and domination property, we have

/ Ot | ()"~ F () dT
T
1
= (v = IRl Fi(u) dr

1
- & [(ov = wIF{(au)Fi(au) ar

- [ v u)(\F{(amrHF{(avw — B (w2 F(uy)) T
< 2 (2R G )y + 225
<2 o <1+rr|> LI ol + 272,

Thus, we readily infer

. 1 . L/2r—1)N\"""
IF iy < SNF @+ (Z2) 1l

+ = T )T O )l 2R ).

After another absorption argument, we take the r-th root and get

1 (M) T 1)1 e

’[”r

1 Fy (ug) | () < 2r
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b (2T T (T T O I ) 2 ey m)]

<C(1+(f 1))

with a constant C' > 0 independent of r. As done above for G, we let first r — oo
and then k£ — oo to deduce

IF (@l < C(L+ I fr)lle= ).

An application of elliptic regularity theory finishes the proof in this case.

The case p = oo and K = 0. In this case, the trace relation avy = ug a.e. on I’
allows us to directly rewrite the second term on the right-hand side. Then, using again
the domination property, we obtain as before

[ wulFi )2 Fi () ar
— [ B Fi(au)"*Fi(au) dr
/\anu| 2’“ 260G (o)1 + 27“*153—1) dr
< D)0l e ry (27265 NG ) [y + 27257

< 012257 C (14 D) I F) e + 275 (. o) e )-

Therefore, using again Holder’s and Young’s inequalities for the first term on the
right-hand side of (1.45), we obtain

. 1 . 1/2rm—=1)\"" L
IFE ey < I iy + 3 (22 Wl
r— r—1
+ [PI(27 2K O (L4 D), f) e

+ 275 Ol (F. fr) e )-

Thus, absorbing the corresponding term and taking the r-th root, we end up with

1 /20 —1)\ 7
IFiC i < 2| (()) Al

rr

T (257 O (L D) T (F ) e

r—1 r—1 1 1
+2 ky" Cp NI(f, fr)ll=)

< C(1+(f. fr)lle=)

where the constant C' > 0 is independent of r. Arguing as above readily yields

IF7 (@l < C(L+ I, fr)lle= )

Finally, elliptic regularity provides the desired estimate on (u,v).

In summary, this means that the estimate (4.31) has been established for all cases
p € [2,00] and K € [0,00). Finally, since u € H?(Q) — C(Q) and v € H*(T)
C(T"), the separation property (4.32) follows from assumption (S) combined with the
regularity (F](u),G’(v)) € L>. The proof is complete. O
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COROLLARY 4.3.7. Let (f, fr) € H', and let (u,v) € ’HQFYH}(,Q be the corresponding
unique solution to system (1.6). Then, there exists a constant C > 0, depending on
Q, K, a, F1 and Gy such that the following inequalities holds:

(i) If K =0, then
I(—Au, —Apv + adnu)||22
< C(14 (. o)l ) 19l g V0l s
+ [V, Ve fo)ll g2 [[(Vu, Vo) || 2.
(ii) If K € (0,00), then
(= Au, —Arv + adpu)||%2

< C(1+ (£, )l ) + V£ Ve fo) g2 | (Vu, Vo)l 2.

PROOF. We consider again the truncations u; and vg of u and v, respectively, as
defined in the proof of Proposition 4.3.5. We multiply (4.6a) by —Awu and integrate
over 2, and (4.6b) by —Arpv + adyu and integrate over I'. Adding the resulting
equations leads to

/ (Au)? dz + / (—Arv + adqu)? dT
Q N
= / f(—Au) dz + / fr(=Arv + adpu) dI'
Q I
- [ Fltw)(-au) do ~ [ (Fi(w) = Fi(u)) (- A0) ds (4.46)
Q Q
_ / & (0n) (—Arv + adu) dT — / (G () — G (k) (—Arv + adyu) dT.
T T

Arguing as previously done in the proof of Proposition 4.3.5 using monotonicity, we
find that

- /Q Fl () (— Au) ez — /F G (vr) (—Arv + adyu) dT
= /Q Vu - Vup Y (ug,) do — /F Vrv - VropGy (vg) dT
- [ (@G () = Fi(w)du ar
<~ | (aGh(w) = Fi(w))dhu ar.

Then, using integration by parts on the first two terms on the right-hand side of (41.46),
we obtain

/(Au)2 dz + /(—Apv + adpu)? dT
Q r

S/QVf-Vud:L'—l—/FVrfp-vadF—i-/F(afp—f)anudF

- [ (Bl - Fi)(~20) dz - [ (Gi(e) = G1(0))(~ Aro -+ aduu) dr
Q T

- /F (oG (vg) — F(ug))Onu dT.
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Since (—Au, —Arv + adyu) € L2, we readily notice that the third and fourth term
vanish as k — oo. Moreover, the first two terms on the right-hand side can be simply
estimated by Holder’s inequality as

/ Vf-Vudx+ / Vrfr-Veudl < ”(Vf, VFfF)||£2||(V’LL, VFU)H£2~
Q T

For the remaining terms, we handle the cases K = 0 and K € (0, 00) separately.

The case K = 0. Using the trace relation u;p = awvg a.e. on I', we combine the
domination property (4.8), Lemma 2.2.1 and Proposition 2.2.1 to infer that

—

— | (aG'(vk) — F{(up))dqu dT

NS

(IG5 @) 2y + 1F (@ve) | 2y ) | Onel 2y
< C(1+ Gl 2y ) [ Vuller)

1 1
< C(1+((F o)l e2 )1Vl o | Vel -
if k is sufficiently large. Analogously, using again Lemma 2.2.1, we deduce
1 1
[ (@fe = )00 a0 < CI o) eI g IVl o
The case K € (0,00). Since K € (0,00), we may use the boundary condition (4.6¢)
to rewrite the normal derivative Onu as %(av—u) a.e. on I'. Then, exploiting again the

monotonicity of the function R 3 s +— FJ(ahg(s)) as well as the domination property
(1.8), we infer that

— /1“ (@G (vg) — F(ug))Onu dT

= [ (0G0 = Fi(w) (v —w dr
=~ [ (Fitow) = Fw)(ov - ) ar
_ % A (@G (vg) — F{(avg))(av — u) AT

2 ! /
< < (161 @llam + 1 (a2 )
< CL+ (£, fr)lc2)

if k is sufficiently large. Here, we have additionally used that |u| < 1 a.e. in 2 and
|u| <1 a.e. on T. Lastly, due to the trace embedding and H'(2) < L?(T") we have

1
[ (@t = powuar = & [ (@fe = plav—u) dr < CI(f f) o
Combining the previous estimates finishes the proof. O

PROPOSITION 4.3.8. Let (f, fr) € H' and consider the corresponding solution
(u,v) € H2N H}(?a to system (1.6). Then there ezists a constant Cp > 0 such that

I, 0)llwes + 1 (F (), Gr(@)ler < Cp (14 N1(, fr)llser) (4.47)
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where p =6 if d =3 and any p € [2,00) if d = 2. Now, let Q be of class of C*+? and
(f, fr) € HE N L>® for k € {1,2}. Moreover, assume that Fy,G1 € C3(—1,1) if k = 2.
Then we additionally have (u,v) € H¥*2, and there exists a constant Cy > 0 such that

I, ) lggesa < Coo(1+NCF ) llgs ) (4.48)

PROOF. The estimate (4.47) readily follows from (4.31) in view of the Sobolev
embedding H! — LP for any p € [2,6] if d = 3 and any p € [2,00) if d = 2.

To prove the second assertion, let (f, fr) € H¥NL> for k € {1,2}. Then, according
to Proposition 4.3.5, u and v satisfy the separation property (4.32) due to (f, fr) € L.
Thus, as (u,v) € H2, and Fi,G1 € C*1(—1,1), we infer that (F](u),G%(v)) € HF
with

I(F (), Gr(0)llggr < Cll(u,v) 30 < CU (S, fr)ll g2 (4.49)

Consequently, as (f, fr) € H¥, regularity theory for elliptic systems with bulk-surface
coupling yields (u,v) € H¥*? along with the estimate

[[(w; 0)[[pgrrz < 0(1 I fo)llaee + |!(F1/(U)7G/1(U))||Hk)-

The readily verifies (4.48) for any k € {1,2} in view of (4.49), which completes the
proof. O

Remark 4.3.9. Tt is straightforward to check that the statements of Proposition 4.3.3,
Proposition 4.3.4, Proposition 4.3.5 except for the separation property (4.32), Corol-
lary 4.3.7 and Proposition 4.3.8 remain true when the potentials F' and G are replaced
by their respective Moreau—Yosida approximations F y and G  with A > 0 (cf. Sec-
tion 4.3.1). Although the separation property (4.32) cannot be obtained when using
the Moreau—Yosida approximations, the corresponding proofs can be carried out sim-
ilarly. As the potentials Fj y and Gy are regular, the proofs do not require any
truncation of the functions u and v. It is crucial that for Fy ) and G4y, the constant
in the estimate (4.31) is still independent of A.

4.4 Bulk-surface elliptic system with non-constant
coefficients

The results presented in this section are contained in the following publication:

[164] J. STANGE, Well-posedness and long-time behavior of a bulk-surface Cahn—Hilliard
model with non-degenerate mobility, Nonlinear Analysis, 268 (2026), p. 114060.

In this section, we establish well-posedness and regularity results for an elliptic system
with bulk-surface coupling and non-constant coefficients. These regularity results will
be of crucial importance in the proofs of Theorem 7.3.1 and Theorem 10.2.1. Let
Q c RY d = 2,3, be a bounded with C'-boundary T' := 9. Then we study the
following system:

—div(ma(¢)Vu) = f in 0,

—divr(mr(¥)Vrv) + mao(¢)Onu = fr on T,
Lmq(¢)Onu = fv —u on T,
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where (f, fr) € (Hi,ﬁ),’ and ¢ : - R and ¢ : I' — R are given measurable
functions with [¢| < 1 a.e. in Q and |¢f| < 1 a.e. on I'. Moreover, the coefficients
mq, mp : [—1,1] — R are supposed to satisfy the following condition:

(M) We require mgq, mr € C([—1,1]), and the existence of constants m., m* > 0 such
that

0 < mx <mgq(s),mp(s) <m* for all s € [-1,1].

In (4.50) we allow for L € [0,00], meaning, that the boundary conditions is again
understood as

u = Pv if L =0,
mq(P)Onu = fv —u if L € (0,00), on .
mq(¢)Onu =0 if L =00

We call (u,v) € H 4 a weak solution to system (4.50) if

/ ma(é)Vu - Vi dz + / mp )V - Ve dT + x(L) / (B — u)(Bnr — ) dT
Q T T

- <(f7 ff)v (777 nF)>'H1L’B (451)
for all (n,nr) € HlLﬂ.

4.4.1 Well-posedness of weak solutions

Our first result is concerned with the well-posedness of weak solutions to (4.50).

THEOREM 4.4.1. Let (f, fr) € VL_}B Then there exists a unique weak solution
(u,v) € ”Hiﬁ to (4.50). Moreover, there exists a non-negative constant C, depending

only on ), L, B and m, such that
sl < CICE ey (452)

Proor. We consider the bilinear form Bi}é on H1L7 3 defined as

Bffg((ﬁa@)a (& ¢r)) = /QmQ(Gf))VC - V¢ dz +/Fmr(¢)VFCF - Vrér dI’
(D) / (B¢r — €)(56r — €) dT
I

for (¢, <), (&, ¢r) € 7—[% 5- In view of the uniform positivity of the mobility functions,
see (M), we have

BYY((4,v), (u,0)) > mal[Vullfaq) + mal | Vrollfagy + X(L)[18v = ull 2y

7 4.53
> min{1, my}||(u,v)] o

2
L,s

or all (u,v) € . Recalling that || - || s defines a norm on , the estimate
for all HlL’B Recalling th 3 defi Viﬁ he estimat
(4.53) shows that Bffg defines a coercive bilinear form on Vi’ 3- Moreover, due to the

boundedness of the mobility functions, Bf}é’ is clearly continuous on Vi - Next, for
all (¢,(p) € V}J} 5 it holds that

(210, Ty, < IS gy IE Tl
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< O )y IC Tl

by employing the bulk-surface Poincaré inequality from Lemma 4.2.1. This proves that
the map V7 5 3 (C,Cr) = ((f, fr); ((;¢r)),n € Ris a continuous linear functional
b LqB

and therefore is an element of (V},,ﬁ), . This allows us to apply the Lemma of Lax—

Milgram, which provides a unique pair
(u,v) = (u(r, ) Us) € Vi
such that

Bi”%}((u, U): (Za ZF)) = <(f7 fF)v (Ca CF)>’H},B for all (Z: ZF) € Vi,ﬁ (454)

We note that the solution (u,v) moreover depends on the mobility functions mgq and
mr as well as on ¢ and . To show that (u,v) is a weak solution to (4.50), it remains
to prove that (4.54) holds for all (¢,(r) € H};,,B' To this end, let (¢,(r) € Hi,,@ be
arbitrary and consider

(Z’ ZF) = (C - Bmean((, CF)) CF - mean(Cv CF))

Then ((, () belongs to Vi 5 and is therefore an admissible test function in (4.54).
Thus, plugging ({, () into (4.54) and using the fact that (f, fr) € VL_lﬁ, we find

Bi’fg((u7 U)’ (Ca CF)) = <(fa fF)7 (C7 CF)>H}J,5'

As (¢, (r) € 7—[}; 5 was arbitrarily chosen, this shows that (u,v) is a weak solution to

(4.50). Lastly, exploiting again the positivity of the mobility functions, the estimate
(4.52) follows from the simple computation
min{ 1, my }||(u, v s = Bpgl(u,v), (u,v
{Lma I, )12 5 < B ((u,0), (u,0)

= <(f7 fF)a (uv U)>Hi,ﬁ

<0 Iyl

< IS, )y 1 )
which finishes the proof. O

In view of Theorem 4.4.1, we can define a solution operator

SPE Vb= Vi (f ) = SES( ) = (SEE S o). SEET (),

=

where ng( f, fr) is the unique weak solution to (4.50). Moreover, we can define an

inner product and its induced norm on Vi 5 by

(0G0 = [ M@ F -V dat [ o) - Ve ar
(@) [ (85 = 1)(BG — ) ar,
I
H (f7 fF) ”L,ﬁ,dmﬁ = ((f7 fP)7 (fa fr))g,5,¢,¢

for all (f, fr), (¢, () € Vi,ﬁ- One readily sees that

min{1, v/m 3 (f, fr)lcsew < I(F fo)lls < max{1, v} (£, fr)llz.p.om  (4.55)
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for all (f,g) € Hi,ﬁ- In particular, the norms || - ||z g and || - | z,8,4,¢ are equivalent on
Vlll7ﬁ.
Next, we define an inner product and its induced norm on VL_I by

((fa fF)7 (Q CF))L,IB@,Q;’* = (Sﬁg’ﬂ(f’ fF)a Sf:g’r(g gr))L,B,qS,w’
I(fs fo)llz, g6, = ((f, fr), (f; ff))%m,w,*

for all (f, fr),((,¢r) € VL_}a- Using the respective weak formulation satisfied by the

solution operators Sy, g and Sf:g, one can readily check that the norms || - || 5,
and || - || 5« are equivalent on VL_IB with

min{1, /m. 3| (f, fo)llz..e0 < [(F, fo)llL,8.

4.56
< max{l,\/ﬂ?}n(f» Jo)llL,6.6.0.% | )

for all (f, fr) € VL_%. In particular, we also obtain that || - |1 g4« and || - H(HlL ,) are

equivalent on VL_%.

4.4.2 Existence of strong solutions and higher regularity

After having proven the well-posedness of weak solutions to (4.50), we turn our at-
tention to the existence of strong solutions. In particular, we show that every weak
solution is a strong solution. Moreover, we show higher regularity estimates for various
right-hand sides (f, fr).

PROPOSITION 4.4.2. Let Q be of class C?, let (¢,) € WH™, mq, mp € C*([~1,1]),
and consider a pair (f, fr) € VL_,,lB N L2. Then, we have Sf:g(f, fr) € H?, along with
the existence of a constant C' > 0 such that

ISZE (f. fr)llaee

4.57
< C(I(f folllez + (V6 - VSPE, fr), Ve - VeSEET (£, fo) 2 )- o

PROOF. For the sake of brevity, we denote again with (u,v) the unique weak solu-
tion Sfjg(f, fr) provided by Theorem 4.4.1. To show (u,v) € H?, we have to make a
case distinction according to the value of the parameter L € [0, co].

The case L = 0. We start by choosing nr = 0 in the weak formulation (4.51) to
obtain

/ mq(¢)Vu - Vn dz = / fndx (4.58)
Q Q

for all n € H}(2). Then, given 77 € C°(€2), we can use 1 = %@) € H}(Q) as a test

function in (4.58) since ¢ € W24(Q) — W1°(Q). Consequently, it holds that

1
/QVu-Vndx:/S2m9(¢)(f+VmQ(¢)-Vu)ndx

for all 7 € C2°(R2). In particular, as 77 was arbitrary, we deduce that the distributional
derivative Au belongs to L?() and satisfies

—Au=

mﬂl(qs) (f+Vma(¢)- Vu)  ae inQ.
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As we additionally know that u|r = fv € HY(T'), we may apply elliptic regularity
theory for the Poisson-Dirichlet problem (see, e.g., [29, Theorem 3.2] or [42, Theo-
rem A.2]) to conclude that u € H%(Q) with

Il 3 ) < € (IS ll20) + 19m0(0) - Vull 2y + ol ry)

(4.59)
< (I fole2 +11V6 - Tl 2(c)-

Now, since Au € L?(Q) and u € H %(Q), we can use a variant of the elliptic trace
theorem (see, e.g., [29, Theorem 2.27] or [42, Theorem A.1]) to deduce that Onu €
L?(T') together with the estimate

|Onulizwy < Clull, g g (4.60)

Consequently, an application of integration by parts gives

/ ma(¢)Vu - Vn de = / fndx+ / mq(¢)Onun dz (4.61)
Q Q r

for all n € H'(Q). Consider now an arbitrary function nr € H'(I'). According to
the inverse trace theorem (see, e.g., [110, Theorem 4.2.3]), there exists a function
N € H%(Q) such that 7lp = nr a.e. on I'. Thus, choosing n = (7, we see that
(n,71r) € H], 5 is an admissible test function in (4.51), and in view of (4.61), we obtain

/ mr(¥)Vrv - Vpnp dT' = / (fr — Bma(¢)dnu) nr dr.
r r

As nr € HY(T') was arbitrarily chosen, we can infer, similar to above, that v is a weak
solution to the surface elliptic equation

1
—AF’U = m (f]_“ — 5mQ<¢)8nu =+ Vrmr ('Ib) . VFU) on T.
Since ¢ € W24(T') — Wh*(T), and m}. is bounded by (M), the Sobolev inequality
yields that Vpmr() € L®(T'), which, in combination with v € H(T), implies that
Vrmr () - Vrv € L2(T'). Thus, as mq is bounded, and d,u € L?(I') by (4.60), we find
that

1 2
oy U = Bme(@)dau+ Veme () - Vrv) € L(T).
Therefore, recalling that T is a compact submanifold of class C? without boundary, we
may apply regularity theory for elliptic equations on submanifolds (see, e.g., [167, s.5,
Theorem 1.3]) to deduce v € H?(T') together with the estimate

lollz2ry < C(Ifrllza) + 10aull 2y + 190 mr(@) - Vool g2y
< C(II(f, o)l 2 + 1V - Vi, Vrgp - Vo) 2 ).

Here, we additionally made use of (4.52), (4.59) and (4.60). Then, since u|p = fv
a.e. on I', we further deuce that u|r € H?(T), and recalling —Au € L?(2), we even-
tually conclude from elliptic regularity theory for the Poisson—Dirichlet problem (see,
e.g., [29, Theorem 3.2] or [42, Theorem A.2]) that u € H?(Q) with

(4.62)

lull 20y < C(Ifl20) + IVma(@) - Vullp2a) + [vll2r))

(4.63)
< (I f)llez + (Ve - Vu, Vg - Vo) z2).
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Finally, combining (4.62) and (4.63) leads to
1w 0) gz < C(IIC )l g2 + 1V - Vat, Vigp - Vo) c2).

The case L € (0,00). In this case, we start by taking 7 = 0 in (4.51). Then, the
weak formulation reduces to

[ me)Veo-Vaar+ 7 [ go—w g ar = [ oo ar

for all np € HY('). By arguing as in the case for L = 0, we obtain that v is a weak
solution of the surface elliptic problem

—A v:#(f—ﬁ(ﬂv—u)—i-Vm(w)-V U) onT
r e (0) r=7 rmr r .

Then, since u € H(Q), we have by the trace theorem Bv — u|r € H%(F), and thus, in

particular, Bv — u|r € L?(T"). Therefore, we are again in a position to apply elliptic

regularity theory on submanifolds to deduce v € H?(I') together with the estimate
vl g2y < C(Hfr”mm + vl 2y + lull 2y + Vemr(9) - VFUHLQ(F))

(4.64)
< (I )l ez + 1Vre - Vol zaqry)-

Next, we choose nr = 0 in the weak formulation (4.51), which entails
1
/mQ(gb)Vu-Vndx—i—/(ﬁv—u)ndfz/fndm
Q L Jr Q

for all n € HY(Q). This allows us to conclude similarly to the case L = 0 that u is a
weak solution to the Poisson—-Neumann problem

1 .
A= (f+Vma(¢) - Vu)  inQ,
1
8nu = m(,@?} — U) on I'.

Applying elliptic regularity theory for Poisson’s equation with inhomogeneous Neu-
mann boundary condition (see, e.g., [167, s.5, Proposition 7.7]), we deduce u € H?(12)
with

iz < C (1l + 1013 0+ el g g + Tz + [ Vma(9) - Vullz)
< C(I(f follez + Ve - Vull 2y ) (4.65)

Finally, combining (4.64) and (4.65), we conclude that
1w, o)l < C(ICF o)z + (V6 Vu, Vet - Vi) g2).

The case L = co. In this case, the system (4.50) decouples to the non-homogeneous
Poisson problem with a homogeneous Neumann boundary condition

—div(mq(¢)Vu) = f in Q, (4.66a)
mq(¢)Onu = 0 on T, (4.66b)



4.4. BULK-SURFACE ELLIPTIC SYSTEM WITH NON-CONSTANT COEFFICIENTS 71

and the non-homogeneous surface elliptic problem
—diVF(mp(dJ)Vr’U) = fp on I'. (4.67)

Applying elliptic regularity theory for Poisson’s equation with a homogeneous Neu-
mann boundary condition (see, e.g., [29, Theorem 3.2] or [42, Theorem A.2]) and
regularity theory for the Laplace-Beltrami equation (see, e.g., [176, Lemma B.1]), re-
spectively, we directly deduce the desired regularities u € H?(Q) and v € H?(T') along
with the estimates

lull < C(Ifll2@ + IVma(@) - Vull2@)).

loll < C(ILfrllzzey + IVome () - Vool ) ) - 0

Assuming that the right-hand side (f, fr) and the mobility functions are more
regular, we even can prove H>-regularity of the corresponding solution ng( fy fr).

COROLLARY 4.4.3. Let Q be of class C3, let (¢,) € W4, and assume that
mq,mr € C*([-1,1]) and (f, fr) € VL_}B NHL. Then ng(f, fr) € H3. Moreover,
there exists a constant C' > 0 such that

ISPG (L Fr)llges
< C(1+11y(D)II(6, ) l¢2)

- (H <mgf<¢>’ mffw)’

4 (mb(@V(ﬁ VSPEE(f, fr) mp () Ve - VeSEET(f, fr)) |
ma(e) ’ mr ()

(4.68)
Hl)’
)

PROOF. Abbreviating again (u,v) = Si” 5(f, fr), we can move along the lines from

H1

where 17y () denotes the indicator function of the set {0}.

the proof of Proposition 4.4.2 and show that (u,v) € H3 in combination with the
estimate

1w, )94

f f
<o(|(ds 7))
m (¢)8nu
+H fnr(lﬁ) HHI(F))'

In the following, we will show that the last summand on the right-hand side can be
bounded in terms of the first two. To do so, we only have to take a closer look at the
case L = 0. Indeed, if L = oo, this term clearly vanishes, and for L € (0, 00), we make
use of the boundary condition Lmg(¢)Onu = fv — u a.e. on I to find that

5 _
n:r(wq;Her) =

< C(I(f, fo)ll 2 + (V- Vi, Vrgp - Vo) 2 )

n H (m’g(qﬁ)w -Vu mp()Vry - VFU>‘
HL HL

mo(p) mr (1))

|t
mr(¢)

1
e = I Cll(u, )l
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in view of (4.57). Lastly, if L = 0, it holds that

v <m9<¢>8nu> _ ma(®)0nuVrd | ma(9)Vrdau _ ma(9)mi(¢)dnuVry
"\ mr(®) mr (1)) mp (1)? mr (1))

a.e. on I'. For the first term, we use the trace theorem together with the Sobolev
inequality and find

[OnuVrdlL2ry < [[Onull Lo IVrdllLam) < Clioll a2 llull g2 )-

Next, for the second term, we argue as in the beginning of the proof of Proposi-
tion 4.4.2, in particular as for (4.59) and (4.60). To be precise, we obtain

[VronulLzry < [[Onull g

< Cllull 3
H2(Q)

f a(@)Ve -V
= C<HWHH1(9) " H%TWHH@

Finally, for the last term, we combine the trace theorem again with the Sobolev in-
equality to deduce that

+lol)-

[OnuV Y2y < |Onull L2y I Vrdlluaay < Clll pzeyllull m20)-

Thus, from the estimates above and (4.57), we conclude (4.68), which finishes the
proof. ]

Next, we aim to generalize the result from Proposition 4.4.2 to the case of LP-
regularity theory.

PROPOSITION 4.4.4. Let Q be of class C2, let p € [2,00) and consider a pair
(f, fr) € VL_}B N LP. We further assume that (¢,) € W** such that

(Vo VSPE S 1), Vet - VeSy ST (f, ) € £F. (4.69)
Then, Sf:g(f, fr) € WP, Furthermore, there exists a constant C > 0 such that

ISZE(f, fr) e

(4.70)
< (14, f)ller + 1(V6 - VSEHES, fr), Vv - VeSEHT (f, o) llev )-

PROOF. Since (f, fr) € VL_}g N L2, we already know from Proposition 4.4.2 that
(u,v) = Sfjg(f, fr) € H?, and that

1 .
—Au = (@ (f + Vmaq(¢) - Vu)) a.e. in €, (4.71a)
1
Logu = - (Bv —u) a.e. on I, (4.71b)
as well as
—Arv = mrl(w)(fp — Bmq(¢)Onu + Vrmp(v) - va) a.e.on (4.72)

hold. As in the proof of Proposition 4.4.2, we will handle the cases L =0, L € (0, 00)
and L = oo separately.
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The case L = 0. Since the boundary I' is a (d — 1)-dimensional submanifold of
R?, Sobolev’s embedding theorem implies that

-1
ulp = Pv € Wt,P(F) with ¢t = g + dp _ g

As by assumption f,V¢ - Vu € LP(2), we may apply elliptic regularity theory for
Poisson’s equation with an inhomogeneous Dirichlet boundary condition (see, e.g., [29,
Theorem 3.2] or [42, Theorem A.2]) to deduce

u e WP (Q) with s = min {2,; 5
p

together with the estimate

[ullwsr@) < C(HfHLP(Q) +IVma(9) - Vul| o) + ||UHthP(F))
< C(If ooy + V6 - Vull oy + 0]l 2y (4.73)
< O(IICF, fo)ler + (V6 - Vi, Vi - Vo)l ).

This readily yields
Vu € WEP(Q) < WiP(Q).

2
Then, since % — % = % is positive and not an integer, the trace theorem W»"*(Q) —

1
W»P(T) in combination with (4.73) implies that

10utill s ) < IVl 3000 < C(IF 0)llen + (T6 - Vi, Tr - Tro) )

BP(Q)
Consequently, the assumptions fr, Vpy - Vpv € LP(T') enable us to apply regularity
theory for the Laplace—Beltrami equation (see, e.g., [176, Lemma B.1]), which entails
v € W2P(I') with

lollwesqey < C (Il oy + 19atll o) + [ Vome(®) - Vro| o) )

(4.74)
< C(ICf: fo)ller + (Vo - Vu, Vo - Vi) 2o ).
Then, since ulp = fv € W2P(T), elliptic regularity theory for Poisson’s equation
with an inhomogeneous Dirichlet boundary condition (see, e.g., [29, Theorem 3.2]
or [42, Theorem A.2]) entails that u € W2P(2) along with the estimate

lullw2@) < C(Ifllr@) + 1Vma(8) - Vull ooy + [ollw2or))

(4.75)
< C(IF )l + (V6 - Vu, Ve - Vo) 20 ).

Combining (4.74) and (4.75), we eventually obtain (4.70), which finishes the proof in
the case L = 0.

The case L € (0,00). Since u € H?(f2), the trace theorem combined with Sobolev’s
embedding theorem yields that
d—1 d

we H3(T) — W)  witht =2+ —— — 5
P
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Then, as ¢ € W24(Q), the trace theorem and the Sobolev embedding theorem further
imply that

Vo € WH(Q) = W14(T) — L2(T).

Consequently, recalling the assumption (M) on the mobility function mgq, we readily

deduce that m € W1°(T'). Hence, as v € H%(T') — W'P(T), we find that

_ 1
~ Lmq(¢)

Therefore, as by assumption fr,Vpy - Vrv € LP(T'), we infer from regularity theory
for the Laplace-Beltrami equation (see, e.g., [176, Lemma B.1]) that

Onl (Bv —u) € WHP(T).

[vllw2pr) < C(HfFHLP(F) + 1Onullwer ) + [Vemr (¥) - Vrvlle(p))
< (I fellowy + 1909 - Vrvl oy + [, 0)]l32) (4.76)
< C(IICF fo)ler + (V6 - Vi, Vi - Vo)l ).

Then, since f,V¢ - Vu € LP(Q), elliptic regularity theory for Poisson’s equation with
an inhomogeneous Neumann boundary condition (see, e.g., [29, Theorem 3.2] or [42,
Theorem A.2]) provides that

u € W*P(Q) Withs:min{2,3+f——
together with the estimate
ullysr@) < C(HfHLP(Q) + [[Vma(e) - Vul rr) + IIOnUHWt,p(r)>
< O(IICF fo)lw + (V9 - Vi, Vi - Vo) o).

Observing that 1 + % _
shows that

% =1+ % is positive and not an integer, the trace theorem

ulp € WHIP(D),

from which we deduce that

1
Lma(9)
Finally, using once more elliptic regularity theory for Poisson’s equation with an inho-

mogeneous Neumann boundary condition (see, e.g., [29, Theorem 3.2] or [42, Theorem
A.2]), we conclude that u € H?(Q) along with

Onu = (v —u) € WH%’I)(F).

@ < C(1F @) + IVma(@) - Tl + 10l i)

(4.77)
< C(I(F f0)ler + (V- Vu, Veep - Vo) o).

Combining the estimates (4.76) and (4.77) immediately yields (4.70).

The case L = co. In this case, both the Poisson—-Neumann problem (4.71) and the
Laplace—Beltrami equation (4.72) are completely decoupled. Hence, we can apply el-
liptic regularity theory for Poisson’s equation with a homogeneous Neumann boundary
condition (see, e.g., [29, Theorem 3.2] or [42, Theorem A.2]) and regularity theory for
the Laplace—Beltrami equation (see, e.g., [176, Lemma B.1]), respectively, and directly
reach the conclusion with the respective estimates, which finishes the proof. O
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We conclude this chapter with the following interpolation inequality.

PROPOSITION 4.4.5. Let K € (0,00] and a € R such that aB|Q] + |T'| # 0. Then
there exists a constant C > 0 such that

U ) + 1oy (B)CISPS S (478)

forall (f, fr) € Vi,ﬂ' Here, 115 (+) denotes the characteristic function of the set {co}.

1
2
L?B

(£, o)l ez < CISTE (S, fr)l

ProoOF. Let (f, fr) € Viﬁ. Then, in view of the weak formulation (4.51) it holds
that

ICfs fr)llez = ¢ (SEBCF ). (. S0)) 5 < ISELCE PR SlICF I

If K € (0, 00), we can simply use the bulk-surface Poincaré inequality from Lemma 4.2.1
to compute

N(f, fo)lle,s < CIf, fo)lle < CI, fo)llkas

and the claim readily follows. In the case K = oo, the bulk-surface Poincaré inequality
is not available, and instead we use

1 )25 < I ) < (I IR + 1T £, 900
< (I )12 + 1 F )l ).
This leads to
I o)ller < CISEEC N Es (I SONEs + 1CF o))

< 2N ) e + CISTE(f fo)lles + CISEE (S, fF)HLﬂH /i fr)H%

and we obtain the corresponding estimate in the case K = oo after an absorption
argument. O

4.5 Bulk-surface Stokes system

This section is based on the works in:

[123] P. KNOPF, AND J. STANGE, A thermodynamically consistent model for bulk-

surface wviscous fluid mixtures: Model derivation and mathematical analysis.
Preprint: arXiv:2509.11925, 2025.

[163] J. STANGE, Global well-posedness of strong solutions to a bulk-surface Navier—

Stokes—Cahn—Hilliard model with non-degenerate mobilities in two dimensions,
Preprint: arXiv:2511.06847, 2025.

In this last section, we turn our attention to the study of the following bulk-surface
Stokes system:

—div(2vq(¢)Dv) +Vp =1 in Q, (4.79a)
divv=g in Q, (4.79b)
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—divp (2vr(¢¥)Drw) + 2v(¢)[DV nlwn + Ve ¢ + v(¢, )w = fr on T, (4.79¢)
divpw = gr onT', (4.79d)
vip=w, v.n=0 onT. (4.79¢)

Here, (f,fr) € (H{) and (g,9r) € E%O). Moreover, ¢ : @ — R and ¢ : I' — R are

given measurable functions with |¢| < 1 a.e. in ©Q and |¢)| < 1 a.e. on I', whereas the
coefficients v, vp : [~1,1] — R and ~ : [-1,1]2 — R satisfy the following condition:

(V1) It holds v, vr € C([—1,1]),7 € C([-1,1]?), and there exist positive constants
Vs, V™, 7. and " such that

0 <wve <wvq(s),vr(s) <v* for all s € [-1,1], (4.80)
as well as

0 <y <A(s,r) <~* for all (s,7) € [—1,1]%. (4.81)

We call (v, w,p,q) € H} x E%o) a weak solution to system (4.79) if

/Q2VQ(¢)DV : DV dx+/

2vp(¢)Drw : Dpw dI” + / v(p,)w - w dT’
r r

- /deiv?f dz — /quinvAvdF (4.82)
= ((£,), (7, ).,
for all (V,w) € H}, and
divv=g a.e. in €, divpw = gr a.e. on I.

4.5.1 Well-posedness of weak solutions

To prove the existence of a unique weak solution to (41.79), we start by establishing the
following bulk-surface Korn-type inequality, which yields the coercivity of the bilinear
form corresponding to the problem.

LEMMA 4.5.1. There exists a constant Cg > 0 such that
|, w30 < Crc (IDVII2(@) + Drwllreqry + Wil
for all (v,w) € H}.

PRrROOF. First, we recall the surface Korn inequality: There exists a constant Cp > 0
such that

1%l (ry < Cr (IIDeWlgeqry + [y (4.83)

for all w € HY(T'), see, e.g. [112, Formula (4.7)]. Furthermore, the standard Korn
inequality (see [26, Remark IV.7.3.]) states that there exists a constant Cq > 0 such
that

[Vl (@) < CallDV|Lq) (4.84)

for all v € H*(Q) with ¥v|r = 0 a.e. on T.
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Let now (v, w) € H} be arbitrary. According to the inverse trace theorem (see [110,

Theorem 4.2.3]), there exists a function w € H%(Q) such that w = w a.e. on I' and
there is a constant C}. > 0 independent of w and w such that

¥4 ) < CorlIWhen ) (1.85)

In particular, we have (v — w)|p = 0 a.e. on I'. Hence, using Korn’s inequality (4.81)
and the inverse trace estimate (4.85), we get

v = %) < Co(IDVIL2@) + D2
< Co(IDVlLa) + Curllwlmr )-
Finally, using the surface Korn inequality (4.83), we conclude that

[Vl[E @) < Wl + v = WlH1(@
< CQHDV||L2 )+ Cir(1 + CQ)HWHHI(F

< OK(annLa(m +[IDrwllger) + [wlea(r))
for some constant C'x > 0 that is independent of (v, w). This proves the claim. ]

We are now in a position to present the following well-posedness result.

THEOREM 4.5.2. Let (f,fr) € (H})'. Then there exists a unique weak solution
(v, w,p,q) to (4.79) consisting of a pair of velocity fields (v,w) € H and an associated

pressure pair (p,q) € L’% 0)- Moreover, there exists a constant C > 0 such tat

1V, Wl + 1 @)l 22 < CIIE, )l 30 (4.86)

PrROOF. The proof is divided into two steps. First, we consider the case of incom-
pressible fluids, i.e., g = 0 and gr = 0. Then, in a next step, we study the general case

(g)gF) € E%O)
Step 1: g = 0,g9r = 0. We start by defining the bilinear form B : H(l),div X ’Hémv —

R as
B((v,w), (v,w)) :/

2vq(¢p)Dv : DV dx + / 2vp(y)Drw : Dpw dI’
Q

r

+ [ (60w s ar
r
for (v,w), (V,w) € ?—L&div Then, the weak formulation (4.82) can be reformulated as
B((V’ W)’ (vv V~V)) = <(f’ fF)’ (iva V~V)>'H(l) (487)

for all (v,w) € ’H(l]’div. In view of Lemma 4.5.1 as well as the assumptlon (V1),
we infer that B is coercive. Consequently, as the right-hand side of (4.87) defines
a continuous linear functional on 7-[0 divs the Lax-Milgram theorem implies that, for

every (f,fr) € (H{)', there exists a unique pair (v, w) € ’HO 4iv Which satisfies (4.87)
for all (v,w) € Ho,dw Moreover, we have

Ck

——||(f, £
mm{zy*’,y*}u( F)H ’Hl

1(v, W)llgr <

Next, to reconstruct the pressure pair (p,q), we need the following lemma, which
is an adaptation of [124, Lemma 3.2].
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LEMMA 4.5.3. The operator
div : ’Hé/’H(l)’diV — E%O), (v,w) — (divv,divp w), (4.88)
is an isomorphism. In particular, there exists a constant Ciso > 0 such that
10wy ey, < Croll(div v, dive w) (4.89)
PrOOF. We start by considering the operator
div : Hy — E%O), (v,w) — (div v, divp w).

This operator is clearly well-defined with ker@ = ’H(l)’div. We now show that & is
surjective. To this end, let (g,gr) € L%o) be arbitrary. Then, let w € HY(TI') with
w-n =0 on I be a solution of

divpw = gr on I'.

The existence of such a solution w can be shown by employing L?-theory for the
Laplace—Beltrami operator, noticing that the right-hand side of mean-value free, see,
e.g., [59]. Next, utilizing L?-theory of the divergence operator in (2 (see, e.g, [26,82]),
we find v € H'(2) such that

divv=g in Q,

V=W on I

We have therefore shown the existence of (v, w) € H} satisfying

div(v,w) = (g, 9r),

which proves that div : H — C?O) is a surjective homomorphism. Consequently, by

the fundamental theorem of homomorphisms, we conclude that div : H{/ ’H(l),div — E%o)
is an isomorphism.

As a corollary, we obtain the following (see also [124, Corollary 3.3]):
COROLLARY 4.5.4. The operator V : E%o) — (’1’-L(1)7div)L C (H}), defined by

Y.vow) =~ [

pdivv dx — / qdivp w dT’, (v,w) € H,
Q r

is an isomorphism. Moreover, we have
1P, DIz < Cisol VP, D)l 343> (4.90)
where Cigo is the same constant as in (1.89).
PRrROOF. The claim readily follows from Lemma 4.5.3, the fact that
V= —div': (L) = (Ho/Hoa)'
is an isomorphism, form the isometry (H}/ ’H(l),div)’ ~ (Hé7diV)L, and by Riesz’ isom-

etry E%O) o~ (E%O))’ . Recall also that forming the adjoint preserves the operator
norm. ]
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Now, Corollary 4.5.4 allows us to reconstruct the pressure pair (p,q). Namely,
considering the unique weak solution (v, w) that was constructed above by the Lax—
Milgram theorem, Corollary 4.5.4 yields the existence of a unique pair (p,q) € E%o)
such that

V(p.q)(v,w) :<(f,fr),(A,vAv)>7_t(1)/921/9(¢)DV:D\7 dz

- /FQVr(w)DFW :Dpwdll — / v(p,)w - w dl’

r

for all (v, w) € H}. Recalling the weak formulation (4.87), we readily deduce that

/ 2va(¢)Dv : DV dz + / 2vr(¢)Drw : Drw dI' + / v(p, Y)w - w dI’
Q r

T

—/pdiv?/dx—/qdivFvAvdF
Q T

= <(fa fF)a (07 ®)>’H,(1)

for all (V,W) € H}.
Step 2: (g,9r) € E%o)' In this step, we now consider general (g, gr) € 5(20). Then,
according to Lemma 4.5.3, there exists a unique pair (v, wo) € H§ such that

div(vo, wo) = (g,9r)-

Next, we define the continuous and linear functional (f,fr) € (H})' via

((f, 1), (\Af,\?v)>%[1) = ((f,fp), (?/,W)}H(l) - /Q 2vq(¢)Dvy : DV dx

_ /F 200 (1) Drwo : D T — / (6, ¥)wo - & T

T

for (v, w) € H{. Employing again the bulk-surface Korn inequality from Lemma 4.5.1
and recalling the assumption (V1) on the coefficients, the Lax—Milgram theorem pro-
vides the existence of a unique pair (vi,wy) € ’H(l),di\, such that

/ 2vq(¢)Dvy : DV dz + / 2vp(¢)Drw; : Dpw dI" 4+ / v(p,)wy - w dT
Q s r r
= <(f7 fl‘)7 (07 VAV)>’;.L(1)

for all (V,w) € H{. Then, by Corollary 4.5.4, there exists a unique pair (p, q) € E%o)
satisfying

- / 2vp(¢)Drwy : Dpw dI' — / Y(¢,)wi - wdl
r r

for all (v, w) € H{. Now, we define (v, w) := (vo + v1,wo + w1). Then

divv =divvg+divv; =g in €,

divpw = divpwg +divpw; =gr on I,
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and, by construction of (p,q) and the definition of (f,fr), we readily notice that
(v,w) € H} solves

/ 2vq(¢)Dv : DV dx + / 2vp(¥)Drw : Dpw dT" + / v(o,¥)w - w dTl’
Q r r

—/pdiv?/ da:—/qdivFvAvdF (4.91)
Q r

= <(f7 fr)a (i\” VAV)>'H(1]

for all (v, w) € H{. In particular, (v, w,p,q) is a weak solution to (4.79). O

4.5.2 Existence of strong solutions and higher regularity for
constant coefficients

In the next step, assuming that the coefficients vq, vr and  are positive constants, we
prove that system (4.79) admits a unique strong solution. Furthermore, we restrict
ourselves to the case of incompressible fluids, as it is the more relevant case for our
subsequent analysis of system (1.42). The proof of the existence of a unique strong
solution relies on a fixed-point argument. To this end, we start by considering the
surface Stokes equation and the corresponding surface Stokes operator.

Let r € [2,00) be arbitrary. We define the surface Stokes operator by

Al (w) = =Pl divp(2vrDrw)  for all w € D(A") = W2 (I') N L, (D).

tan

We further refer to [144,159] for the surface Stokes operator on more general surfaces,
to [10] for the surface Stokes operator on evolving surfaces, and to the survey article
[107] for the Stokes operator in various other geometric settings.

The following theorem ensures the existence of a unique strong solution to the
surface Stokes problem.

LEMMA 4.5.5. Let fr € Li, (T'). Then there exists a unique strong solution (w,q)

tan

with w € W2 (I') N L%, (1) and g € W™ ()N Loy (T') of the surface Stokes problem
—diVF(QVFDFW) + VI‘(] + YW = fr on F, (492)
divpw =0 onT. (4.93)

Moreover, there exists a constant C > 0, independent of fr, such that
HWHWZT(F) + ||QHWI»T(F) < CHfFHLT(F)- (4.94)

PROOF. The definition of the projection Pgiv implies that there exists a function
q1 € WH(T') such that

fr = Pl fr + Vrqr ae.onT. (4.95)

We further know from [144, Corollary 3.4] that the operator A has maximal LP-
regularity. Hence, {z € C : Rez < 0} C p(Al), and there exists a constant M > 1
such that for all z € C with Rez > 0, z + Al is invertible with

M
ADY Y < —— 4.96
[(z+A") IIp_1+‘Z|, (4.96)

see, e.g., [143, Proposition 3.5.2]. Consequently, we find w € D(AT) such that

yw + Al'(w) = PL. fr a.e. on I'. (4.97)
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In view of (4.96), it holds that

iy < — | lltr -
IWllw2r ) < 1 +7H TllLr ()

As w e Wil (T) N L, (T), we further have

tan

—divr(2urDrw), Al(w) € L"(I) and divrw=0 a.e. onl.

Hence, by the definition of the projection Pgiv, we find a function g9 € W”(F) such
that

—divp(2urDrw) = A (w) — Vrgs  a.e. on T. (4.98)
Defining q := q1 + ¢2 and combining (4.95), (4.97) and (4.98), we conclude that
—divp(2vpDrw) + yw + Vg = AF(W) +yw+ Vrqgy =fr a.e.onT. (4.99)

Moreover, the choice of ¢ is unique if we additionally demand (¢); = 0. Then, the
Poincaré-Wirtinger inequality yields ¢ € W1 (I'). In this way, (w,q) is the unique
strong solution of (4.92) with the desired regularities. O

We are now in a position to prove the existence of a strong solution to (4.79).

THEOREM 4.5.6. Assume that the coefficients vq,vr and v are constant, and let
(f, fr) e L"(Q) x L, ,(T"). Then the unique weak solution to (1.79) satisfies (v,w) €
Wg’giv and (p,q) € WH™ N D{o)- Moreover, there exists a constant C' > 0 such that

1(v, W)z + (2, @) llwrr < ClI(E fr)ller (4.100)

_1
ProOF. Let w € Wiivr’T(F) be arbitrary. Then, according to [168, Proposition

2.2 and Proposition 2.3], there exists a unique strong solution v € W?hZ(Q) and
p € Wh(Q)N L7, () of the bulk Stokes problem

(0)
—div(2vgDv) + Vp =f in Q, (4.101a)
divv =0 in Q, (4.101Db)
V=W onI. (4.101c)

Furthermore, [168, Proposition 2.2] provides the estimate
IVliweer + Ipllwiri) < C(IE @) + 19l 1) (4102)

By the trace theorem, we have Dv € L"(I'; R¥9) and thus,

fr — 2vg[Dvn], € L, (T).

ta
Hence, according to Lemma 4.5.5, there exists a unique strong solution w € Wi}z(I‘)
and ¢ € WL (T) N Lfo) of the surface Stokes problem

—divp(2vrDrw) + Vg + yw = fr — 2vg[Dvn] on T,

tan

divpw =0 onI'.
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_1 _1
This defines an operator 7' : thvr () — thvr (D), w = Tw = w with Tw €

_1
W?l’i’;(F) for all w € Wzivr’T(F). Using the estimates (4.94) and (4.102), we deduce
that

HTWl - TVNVQHWZr(F) < CHDVl n— DV2 nHL’I‘(F) < CHVI — V2HW2,’V‘(Q)

- - 4.103
< Cl[¥01 — W (4.103)

W2 57 (1)

In particular, this implies that 7" is continuous. Furthermore, since W27 (I') is com-
pactly embedded in WQ_%"’(F), T is compact. To apply the Leray—Schauder fixed-
point theorem, we are left to show that the set

717’ ~ ~
{VNVEW(QHVT’ (T) : w=AT'w for some 0 <\ < 1}

_1
is bounded. To this end, let w € Wiivr’r(f‘) such that w = \T'w for some A € [0, 1].
Without loss of generality, we assume that A > 0 since otherwise w = 0. By definition
of T, it then holds

—divr (21/FDF¥) + Vrq+ ’y% = fr — 2vo[Dvn] con a.e.on I, (4.104a)
divy ; =0 a.e.on I'. (4.104Db)

Moreover, we have

—div(2vgDv) + Vp =f a.e. in €, (4.105a)
divv =0 a.e. in €, (4.105b)
vV=w a.e.on I (4.105¢)

Now, we multiply (4.105a) by Av and (4.104a) by AW and integrate the resulting
equations. After integrating by parts, we get

/\/ 2uq|Dv|? dx+/2yp|Dp€v12 dr+/fy|v~v\2 dr
Q r r

:)\/f-vdx—i—)\/fp-wTvdF.
Q r

Since A € (0, 1], it directly follows that

/QVQ\DvP dm+/2yp]Dpv~v\2dF+/fy]v~v|2 dr
Q r r

g/f-vdx+/fp-\7vdf.
Q r

Hence, employing the bulk-surface Korn inequality from Lemma 4.5.1, we deduce that

Ck
vmin{2vq, 2vr, v}

(v, W)ll3 < I(£, fr) | 22

Then, using the Gagliardo—Nirenberg inequality and arguing as in (4.103), we obtain

~ ~11—0 (|0
g2 2y < CF ity 19

< I8 1) " (E e + 197 g 2r )
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~ 110
<O+ 1905y )
for some 6 € (0,1), which readily yields the bound

HW||W27%,T(F) S C

This allows us to apply the Leray—Schauder fixed-point theorem, which implies that
T has a fixed-point w, € Wﬁ’it,(f‘) with Tw, = w,.

Finally, we write ¢, to denote the pressure associated with w,, and we define (v, ps)
as the corresponding unique strong solution to the bulk Stokes problem (4.101). In
this way, we have constructed functions

27
(Vi, Wy) € Wo,giva (Ps,x) € whrn Efo),

which are a strong solution to the bulk-surface Stokes system (4.79). As every strong
solution is also a weak solution, we conclude from Theorem 4.5.2 that the strong
solution is unique. As a last step, we have to verify the inequality (4.100). To this
end, we recall the trace embedding W%’T(Q) — L"(T) (see, e.g., 29, Part I, Chapter 2,
Theorem 2.24]), which holds since % > 1> % Using this embedding along with

2
Sobolev embeddings, Ehrling’s lemma and estimate (4.86), we obtain

IDV- ey < €DVl

< Clvllgyr )
(4.106)

< ellvillwzr @) + Cellvallm o)

<él|lvillwar) + C: C (£, fr)| 2
for any € > 0 and some constant C; > 0 that may depend on ¢ and the same quantities
as the constants denoted by C. Fixing a sufficiently small £ > 0, the desired inequality

(4.100) follows by combining (4.106) with the estimates (4.94) and (4.102). This
completes the proof. O

4.5.3 Existence of strong solutions for non-constant coefficients

In this section, we handle the more delicate case of variable coefficients vq, vr and ~,
and prove the existence of a unique strong solution to (4.79) in this case. To do so,
we need the following stronger assumption on the viscosities:

(V2) Tt holds vg,vr € C%([-1,1]),v € C([-1,1]?), and there exist positive constants
Vi, UV, 7 and v* such that

0 <wve <wg(s),vr(s) <v* for all s € [—1,1] (4.107)
as well as

0 <7 <A(s,r) <" for all (s,r) € [-1,1]% (4.108)

The assumption (V2) differs from (V1) in the regularity of the viscosities, namely,
in (V1), it was only assumed that vo,vr € C([—1,1]). As for the case of constant
coefficients, the proof of the existence of a unique strong solution to (4.79) assuming
(V2) is based on a fixed-point argument. To this end, we start by establishing the
existence of a unique strong solution to the bulk and the surface Stokes equation,
respectively.

The following lemma provides the existence of a unique strong solution to the non-
homogeneous Stokes equation on 2 with non-constant viscosity.



84 CHAPTER 4. ANALYSIS OF BULK-SURFACE SYSTEMS

LEMMA 4.5.7. Let vq € C?([—1,1]) satisfy (4.107), ¢ € WL>(Q), f € L2(Q) and

3
w, € HZ (T'). Then, there exists a unique solution (v,p) € H?(2) x (Hl(Q)ﬂL%O) ()
to

—div(2vq(¢)Dv) + Vp =f in , (4.109a)
divv =0 in Q, (4.109b)
vV =W, on I (4.109c¢)

Furthermore, there exists a constant C > 0 such that
Va2 + Pl < O (Il + 1wl s ) (4.110)

PRrROOF. Uniqueness. According to the Lemma of Lax—Milgram, the correspond-
ing homogeneous problem has a unique weak solution. As the zero solution trivially
solves the homogeneous problem, the uniqueness of (4.109) readily follows.
Existence. We first consider the system

—div(2Dv) + Vp=f in Q,
divv=20 in €,
vV =W, onl.

The existence of a unique solution (vi,p;) € H2(Q) x (HY(Q) N L%o) (©2)) has been
proven in [34] for d = 3, and in [168] for d = 2, along with the existence of a constant
C7 > 0 such that

[Villezc) + el ey < O (e + Wl 3 )

Now, we consider

—div(2va(¢)Dv) + Vp = f + div(2vq(¢)Dvq) in Q, (4.111a)
divv =20 in Q, (4.111b)
v=0 on I (4.111c)

As the right-hand side of (4.111a) lies in L2(£2) by assumption on vq and the regularity
of vi, using the Lemma of Lax—Milgram, one can show the existence of a unique
vy € H} () satisfying

/ 2vq(¢)Dvy : DV dz = / (f + div(2vq(¢)Dvy)) - v dz
Q Q

for all v € Hé,div(Q)' Hence, according to [12, Section 4, Lemma 4], we additionally
find that vo € H2(Q). Then, applying integration by parts, for all v € H(l]ydiV(Q) it
holds that

/ (- div(2va(¢)Dvs) — £ — div(2v0(¢)Dv1) ) - ¥ da = 0.
Q
Consequently, [161, Lemma I1.2.2.2] yields the existence of py € L%O)(Q) such that

Vpy = —div(2vq(¢)Dva) — f — div(2vq(¢)Dvy) (4.112)

in the sense of distributions. As the right-hand side of (4.112) is an element of L2(Q2),
we conclude Vpy € L2(Q), and thus, (va, p2) is a strong solution to (4.111). Moreover,
we have the following estimate

valleza) + Ip2ll o) < Co(IIvillz o) + IEllzo))

for a constant Cy > 0. Finally, defining v = v;+vg and p = py, we infer that (v, p) is a
solution to (4.109) with the desired regularities and satisfies the estimate (4.110). [
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Next, we consider the surface Stokes equation, and have the following result con-
cerning the existence of a unique strong solution.

LEMMA 4.5.8. Let vr € C?([—1,1]) and v € C([—1,1]?) satisfy (4.107) and (4.108),
respectively, and let v € WH(T') and fr € L, (T). Then, there exists a unique

tan

solution (w,q) € H3, (T') x (H}(T) N L%O) (I)) to

—divr(2vr (v)Drw) + v(¢,¢)w + Vg = fr on T, (4.113a)
divpw =0 onT. (4.113b)

Additionally, there exists a constant C' > 0 such that
[Wlaz@) + gl ey < Clifrlluzr)- (4.114)

PROOF. Recalling the surface Korn inequality (4.83), and noting on the uniform
positivity of both vp and v , the Lemma of Lax—Milgram guarantees the existence of
a unique w € H}, (T') satisfying

/F2up(¢)Drw : Drw dT +/

(o, Y)w - w dl' = / fr-wdl (4.115)
r r

for all w € H), (I') along with a constant C' > 0 such that
Wy < Clifrlluem)- (4.116)

Next, we observe that (4.115) can be reformulated as
/2ur(w)DFw . Dr#w dr+/w-€vdr :/FF W dr (4.117)
r r r

for all w € H}, (T), where Fr = frr + (1 — v(¢,%))w € L%(T'). In view of (4.108) and
(4.116) , it holds |[Frllery < Cllfrllzr). Consequently, utilizing regularity theory
for (4.117) (see [8, Lemma 7.4]), we deduce w € H?(T") with

[Wllazry < CllFrllLzm) < Cllifrllzm

for some constant C' > 0. Finally, as w € H?(T'), an application of integration by
parts yields that

/FPgiv( — divr(2vr (¢)Drw) + v(¢,¢)w — fr) - w dl = 0

for all w € HY(T"). Thus, by definition of the projection PL. , we find ¢ € HY(T') such
that

Vrq = —divr(2vr(¢)Drw) + v(¢, ¥)w — fp a.e.on I'. (4.118)

Moreover, the choice of ¢ is unique if we additionally require that (¢)p = 0. Then,
by the Poincaré-Wirtinger inequality, we obtain ¢ € H(T). In this way, (w, q) is the
unique solution to (4.113) satisfying the desired regularities as well as the estimate
(4.114). O

Finally, we can present the main theorem regarding the existence of strong solutions
in the case of non-constant coeflicients.
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THEOREM 4.5.9. Assume that (V2) holds, let (¢,v) € WY, and let (f,fr) €
L2(Q) x L2 (T'). Then, the unique weak solution (v,w,p,q) to (4.79) with right-
hand side (f,fr) has the additional regularity (v,w) € ’Hadiv and (p,q) € H' N ﬁ%o)'
Moreover, there exists a constant C' > 0 such that

1(v, W)ll3e2 + [ (0, @) llar < CI(E, )| 2

In particular, (v,w,p,q) is the unique strong solution to (4.79).

We do not present the proof of Theorem 4.5.9, as it works analogously to the one
of Theorem 4.5.6 by combining Lemma 4.5.7 and Lemma 4.5.8.

4.5.4 A bulk-surface Stokes operator: Regularity and spectral
theory

In this last section, we define and study a new bulk-surface Stokes operator. To this
end, we consider the situation of constant coefficients, and assume that vq = vp =1
as well as v = 1. Then, we define the bulk-surface Stokes operator as

A: D(A) C E(Qiiv - L(Qiivv
(v,w) = (= P8, (div(2Dv)), —Pg;, (divr(2Drw) + 2[Dvn],_+w)),

where D(A) = HF 4, -
The next result collects some first properties of the operator A and its inverse.

LEMMA 4.5.10. The operator A is invertible and its inverse
S: E(Qliv — ‘sziiw S(fa fF) = A_l(fa fF)a

which maps (£,fr) onto the corresponding strong solution of the bulk-surface Stokes
problem (1.109), is a linear and bounded operator that is injective, compact, and self-
adjoint with respect to the inner product of L£2.

PROOF. The invertibility of A and the existence of the inverse Stokes operator
S are a direct consequence of Theorem 4.5.6. As the Stokes operator A is linear
and invertible, it is clear that & is linear and injective. Combining the estimate
(4.100) with the trace embedding H?(Q2) — L2(T'), we deduce that S is bounded.
Moreover, as S(L3;) = D(A) = ’Hadiv, we conclude from the compact embedding
H? < L£? that S is compact. It remains to prove that S is self-adjoint. To this
end, let (f,fr), (f,fr) € £3;, be arbitrary. Choosing (v,w) = S(f,fr) € H3 4, and
(v,w)=8(f,fr) ’Hg’div in the weak formulation (4.82), we conclude that

(S(fa fF)a (?a /f\F))LQ = <(?7 i:\F)v (V7W)>H(1)
:/Q2DV:D\7d:E+/FQDFW:DAprdF—l—/FWNAVdF (4.119)
= <(f, fl")a (676\\’»7.1(1) = ((f,fp),S(f, fF))gz-

This proves that S is self-adjoint with respect to the inner product of £2, and thus,
the proof is complete. O

THEOREM 4.5.11. The operator A has countably many eigenvalues, and each of
them has a finite-dimensional eigenspace. Repeating each eigenvalue according to its
multiplicity, we can interpret them as a sequence { A tren C R with

D<A < X< A< ... and Al — 00 as k — oo.
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Moreover, there exists an orthonormal basis {(Vi, W) }ren C 'H&div of L3, such that
for every k € N, (Vg, Wy) is an eigenfunction of A to the eigenvalue \i. This means
that (Vi, W) is non-trivial and satisfies

ATk W) = M(Ve, W) < (Vi W) = M8 (Vi, W)

In particular, any pair (v,w) € Efﬁv can be expressed as
o0
(V’ W) = Z ((Va W)a (VNVkH wk))[ﬂ (vk’a VNVk)
k=1
in the sense that the series converges in L.

PROOF. Due to the properties established in Lemma 4.5.10, the assertions directly
follow by applying the spectral theorem for compact normal operators to the solution
operator S (see, e.g., [16, Sect. 2.12] and also [64, Secs. D.5-D.6]). O

COROLLARY 4.5.12. The bulk-surface Helmholtz projection
Paiv : £ — Egliw Pdiv(va W) = ( fi)iv(v)7 Pgiv(w))

can be represented as

o

Pdiv(vv W) = Z ((V7 W)a (‘kaa vf?/'k))ﬁz (\~/k, VNVk)v
k=1

for all (v,w) € L2, in the sense that the series converges in L.

PROOF. As Pgiv(v,w) € E?hv, the claim directly follows from the fact that, accord-
ing to Theorem 4.5.11, the eigenfunctions {(Vg, Wx) }ren form an orthonormal basis of
‘C?iiv‘ O

COROLLARY 4.5.13. The eigenfunctions {(Vk, Wk) }ken C ’H%)div form a complete
orthogonal system of D(A) = ’H&div

PRrROOF. First note that A is self-adjoint, which can be shown by performing similar

computations as for S. The claim then follows as in the proof of [26, Theorem I1.6.6].
O

COROLLARY 4.5.14. The inclusion Wg’giv — L3, is dense for every r € (2,00).

PROOF. Let (v,w) € L3 be arbitrary. Since %g,div — L};,, Theorem 4.5.6
implies that

(Vi We) = M (Vh, Wr) € Wols,
for all £ € N. Hence, for N € N, we have
N
nggiv > Z (v, W), (Vk, Wi)) p2(Vi, Wi) — (v, w)  strongly in L?

k=1
as N — oo, which proves the claim. O

To conclude this chapter, we note that by construction of the bulk-surface Stokes
operator \A, it holds that
|V, W)ll32 < ClAV,W)llg2 forall (v,w) € Hf iy (4.120)

for all (v,w) € H§ 4, in view of (4.100). In particular, LA(v,w)| z2 is an equivalent
norm on H(Q),div'
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Part 1

The convective bulk-surface
Cahn—Hilliard subsystem
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Chapter 5

Existence and uniqueness of weak solutions for
regular potentials

The content of this chapter is based on the following publication.

[122] P. KNOPF, AND J. STANGE, Well-posedness of a bulk-surface convective Cahn—
Hilliard system with dynamic boundary conditions, NoDEA Nonlinear Differen-
tial Equations Appl., 31 (2024), pp. Paper No. 82, 48.

5.1 Introduction

We begin the first part of this thesis by studying the following convective bulk-surface
Cahn—Hilliard model

O + div(ev) = div(ma(d)Vu) in Q, (5.1a)
= —Ap+ F(¢) in Q, (5.1b)
oy + divp(vw) = divp(mp () V) — Bma(¢)Onp on X, (5.1¢)
0 = —Ary + G (V) + adnd on X, (5.1d)
{K@n¢ = 1) — ¢ ?f K €10, 00), on %, (5.10)
On¢ =0 if K =00
Lmq(¢)0np = B0 — p %f L € [0, 00), on £, (5.10)
mo(¢)Onp =0 if L =00
Pli=0 = ¢o in €, (5.1g)
Yli=0 = o onT. (5.1h)

This system can be interpreted as a subsystem of the full bulk-surface Navier—Stokes—
Cahn-Hilliard system (1.42) which we derived in Chapter 3. In contrast to the full
model, the velocity fields v and w are prescribed here, whereas in (1.42), they are de-
termined by a coupled Navier—Stokes system. Moreover, variants of this system arise
in several related models, including a Navier—Stokes—Cahn—Hilliard model with Allen—
Cahn-type dynamic boundary condition in [76, 77, 79], a Cahn-Hilliard-Brinkman
model with Cahn—Hilliard-type dynamic boundary conditions [52], a Navier—Stokes—
Cahn—Hilliard model with Cahn—Hilliard-type dynamic boundary conditions [80,97],
and more recently in Navier—Stokes—Cahn—Hilliard systems with Cahn—Hilliard-type
dynamic boundary conditions on evolving surfaces [118].

The model (5.1) was first introduced in [121] as a unifying framework combining
several previously studied Cahn—Hilliard-type models with dynamic boundary condi-
tion, see, for instance, [102,115,116,126].

91
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Our primary objective is to treat singular potentials such as the Flory-Huggins
potential (1.3). Due to its singular nature, it is a standard approach to approximate
it by regular potentials, for example the classical double-well potential (1.5). There-
fore, as a first step, we consider regular potentials, allowing for more general growth
conditions than in the quartic case (1.5).

The aim of this chapter is to establish existence and uniqueness of weak solutions to
(5.1) in the case of regular potentials. In addition, we derive several higher regularity
properties of these weak solutions.

In absence of convection, i.e., if v =0 and w = 0, several techniques are available
to prove the existence of weak solutions. For instance, the gradient flow structure of
the system has been exploited in [85,115,116] for several coupling conditions K and L,
typically via an implicit time discretization scheme. However, due to the presence of
convective terms, the gradient flow structure of (5.1) is lost in the present setting. An
alternative strategy is based on viscous regularizations, as employed in [41,70,129-131]
for various coupling conditions K and L. The resulting systems are then treated using
abstract results for doubly nonlinear evolution inclusions combined with fixed-point
arguments. Via an asymptotic limit, one then recovers the existence of a weak solution
to the original system. We also mention [120,128,131] for the analysis of non-local
variants of (5.1). We further mention [178,179], where the authors established the
existence of weak solutions for degenerate mobility functions.

In the presence of convection, fewer results are available. In [49], a viscous model
with convection acting only in the bulk, i.e., w = 0, was studied using a Faedo—
Galerkin approximation. Well-posedness and optimal control problems were further
investigated in [51], while the non-viscous case was considered in [91], including asymp-
totic analysis.

In this chapter, we consider general velocity fields v and w, which are not required
to satisfy any coupling condition such as w = vi,,. Furthermore, we treat all coupling
regimes K, L € [0,00]. Our strategy is as follows. We first establish the existence of
weak solutions in the case K, L € (0,00) by means of a Faedo-Galerkin scheme. Due
to the dependence of admissible test function spaces on the coupling parameters, this
approach cannot be applied directly to all limiting cases. We then rigorously show the
existence of weak solutions to the remaining models by performing asymptotic limits
as K - 0, K — 0o, L — 0 and L — oo. This approach has been successfully employed
in several related works. It was first introduced in [42] for an Allen-Cahn model with
dynamic boundary conditions for the limit X — 0, and subsequently applied to Cahn—
Hilliard-type systems in [115,116,130,132]. This asymptotic approach has also proven
effective for more complex coupled systems. For instance, the limit K — 0 has been
studied for the Cahn-Hilliard-Brinkman model in [52], while the limit L — 0 has been
analyzed for the bulk-surface Navier-Stokes-Cahn-Hilliard system (1.42) in [123]. In
addition, we employ this strategy in Chapter 9 to establish the existence of weak
solutions to (1.42) in the case K = 0.

Then, assuming constant mobility functions, we further show the uniqueness of
weak solutions together with a continuous dependence estimate with respect to the
initial data and the velocity fields. Moreover, we show higher regularity of weak
solutions assuming more restrictive growth assumptions on the potentials.
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5.2 Additional preliminaries

We present a simple interpolation inequality, that will be frequently used in our math-
ematical analysis.

LEMMA 5.2.1. Let K € [0,00] and o € R. Then, it holds
16 <o) < 201 Sl e,y I1(VE Vrde)lles + 1 Co) ey

for all (C,¢r) € H o

ProoOF. Let ((, (1) € H}(’ ., be arbitrary. Recalling the definition of H}(’a, we have

G C)llas, = 1(G o)l < NI Co)lle> + (VG Vi)l g2

Using Young’s inequality, we deduce

||(C7 <F>”%2 = <(<7 CF)’ (C? CF)>H}(7Q
< GG ol ) IGE Sl
< GG ol ) I Collez + (G o)l IOV G VECr) 22

1 1
< 5l Cr)llze + S CF)H%H}QQ)/ G e,y VG VECD) [ 2

Hence, the claim directly follows. O

Moreover, we will need the following chain rule, which is an adaption from the one
established in [52, Proposition A.1.(b)].

PROPOSITION 5.2.2. Let Q C R? with d € {2,3} be a non-empty, bounded domain
with Lipschitz boundary T :== 08, and let K, L € [0,00] and «, 5 € R be arbitrary with
af|Q + |T| # 0. Moreover, let a,b € R with a < b. Let (u,v) be a pair such that

(O, Bv) € L*(a,b; (HL, ),
(u,v) € L®(a,b; Hic o) N L*(a,b;H?).

Moreover, we assume that

{K@nu:av—u if K €[0,00), a.e. on T x (a,b) (5.2)

and
(—Au, —Arv + adpu) € L*(a,b;H] ).

Then, the continuity property (u,v) € C([a,bl; H}(7a) holds, the mapping

[a,b] >t = || (u(t), o(t) ¢
1s absolutely continuous, and we have the chain rule formula

dat

Sl @), 0(0) e = (s, ) (1), (~ A, —Aro + a0u) ()

" (5.3)

for almost all t € [a,b].
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PROOF OF PROPOSITION 5.2.2. In the cases (K, L) € [0,00) x {c0}, a proof was
already given in [52, Proposition A.1.(b)]. For completeness, we present the proof here
for all cases K, L € [0,00], by adapting the argument of [52]. To this end, we first
note that in view of the regularity assumptions on (u,v) and their time derivative,
the Aubin-Lions-Simon lemma readily entails that (u,v) € C([a, b]; £2). We can thus
extend the functions u and v onto [2a — b, a] by defining u(t) and v(t) by reflection for
all t < a.

Let 7 € C°(R) be non-negative with suppm C (0,1) and |7 1 gy = 1. For any
k € N, we set

i (s) = km(ks) for all s € R.

Then, for any Banach space X and any function f € L?(a — 1,b; X ), we define

t
fe(t) = (m* f)(t) = / ) me(t — s)f(s) ds forallt € [a,b] and k€ N.
=k
By this construction, we have f;, € C*([a,b]; X) with fi — f strongly in L?(a,b; X)
as k — oo.

Now, for any k € N, we use X = H3(Q) to define uy, and X = H3(T) to define vy as
described above. By this construction, it holds that dyuy = (Oyu)g and 0;Vuy = VO,uy
a.e. in Q x (a,b) as well as dyvy, = (Op)y, and 9 Vv, = Vo, a.e. on I' x (a,b) for
all £ € N. Moreover, we have

Up — U strongly in L%(a, b; H3(Q2)), (5.4)
Vg — v strongly in L%(a,b; H*(T)), (5.5)
(ug, v) = (u,v) strongly in L*(a, by HE o) (5.6)
(Opug, Oyvr) — (Oyu, Opv) strongly in L?(a, b; (7—[,1;5)/) (5.7)
as k — co. Furthermore, we readily see that
1wkl Loo (a1 () < 1wl oo (a,0m7 ()5 (55)

vkl Lo (@bt )y < N0l poo (apsm (ry)

for all £ € N. In the following, we denote with C' generic positive constants independent
of k € N, which may change their value from line to line. Now, for any £ € N, we
derive the identity

d1
&5"(1“6, Uk)”%{@ = <(8tuk, o), (—Aug, —Apvg + aanuk)%_[i ; (5.9)

on [a,b] by differentiating under the integral sign and applying integration by parts.
Similarly, for j,k € N, it holds

d1

&ﬂ(“j — Uk, Vj — Uk)”%(,a
= (Or(uj — ur), Be(vj — k), (=A(uj — ur), =Ar(v; = ve) + adn(uj — wr)))y
< C(1@e(uj — ui). (v = vilIfpy Ly + 11y — iy = v) 3 (5.10)

on [a, b]. Here, we have used the embedding H3(2) < H?(T') resulting from the trace
theorem, which yields

100 (wj — )l ey < llwj — ukllgz@ry < Cllug — ugll g3 (q)
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on [a,b]. Let now s,t € [a,b] be arbitrary with s < ¢t. We then integrate inequality
(5.10) with respect to time from s to ¢. This yields

1((wj = ur), (v; = k) (DI

< (g = wr), (v = o) () e (5.11)

t
+ C/ (H(@t(uj —uk), O (v; — Uk))H%H}MB)/ + [[(uj — ug, vy — Uk)”?—[:s) dr.

In light of the convergences (5.4)-(5.5), we can fix s € [a, t] such that (ug(s),vk(s)) —
(u(s),v(s)) strongly in H? along a non-relabeled subsequence k — co. Recalling (5.4)-
(5.7), we can thus deduce that the right-hand side of (5.11) tends to zero as j, k — oc.
Consequently, we infer that (Vuy)ren is a Cauchy sequence in C([a,b]; L2(2)) and
(Vrok)ken is a Cauchy sequence in C([a, b]; L2(T)). Thus,
Vu, — Vu strongly in C([a, b]; L?(2)), (5.12)
Vrvp — Vv strongly in C([a, b]; L3(T)) (5.13)
as k — oo. In view of the already established regularity (u,v) € C([a,b]; £L?), we
readily deduce that (u,v) € C([a, b]; H1).

Let now s,t € [a,b] be arbitrary with s < ¢. We then integrate (5.9) in time over
[s,t] and find

%H(uk(t)’ vk(t))H%(,a

1 t
= §||(uk(s),vk(s))|\%(a —i—/ {(Oyug, Opv,), (—Aug, —Apvg, + a@nuk)>H1LB dr.

In view of the convergences (5.4)-(5.7) and (5.12)-(5.13), we may pass to the limit
k — oo in this identity and obtain

1), o(0)

1 t
= EH(u(s),v(s))H%a + / {(Ou, Oyv), (—Au, —Apv + a@nu)>H1L , dr.

As the integrand of the integral on the right-hand side is an element of L'(a,b), we
conclude that the mapping [a,b] 3 t — ||(u(t),v(t))]|%., is absolutely continuous on
[a,b]. It is thus differentiable almost everywhere on [ci, b] and its derivative satisfies
the chain rule formula (5.3), which completes the proof. O

5.3 Main results

5.3.1 Assumptions

We begin by stating our main assumptions used throughout this chapter.

(A1) Q is a non-empty, bounded C'-domain in R? with d € {2,3}, whose boundary
is denoted by I' := 0. Moreover, T' > 0 denotes an arbitrary final time and for
brevity, we use the notation

QT = x(0,7), T :=Tx(0,7).

(A2) The constants in system (5.1) satisfy «, 8 € R with ag|Q| + |T'| # 0.
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(A3) The mobility functions mgq : R — R and mp : R — R are bounded, continuous
and uniformly positive. This means that there exist constants m,, m* > 0 such
that
0 < my <mgq(s),mr(s) <m* for all s € R.
(A4) The potentials F': R — [0, 00) and G : R — [0, 00) are continuously differentiable
and there exist exponents p and ¢ satisfying
[2,00) ifd =2,
€ and € (2,00
b {[2,6] ifd=3, 4 €200
as well as constants cgr, cgr > 0 such that the first-order derivatives satisfy the
growth conditions
|F'(s)] < epr(1+|s[P7h), (5.14)
IG'(s)| < cer(1+ 5|97 (5.15)
for all s € R. These assumptions already imply the existence of constants
cr,cg > 0 such that F' and G satisfy the growth conditions
F(s) <cp(1+|sP), (5.16)
G(s) < ca(1+|s]9) (5.17)
for all s € R.
(A5) There exist constants ap,ag > 0 and bp, bg > 0 such that the potentials F' and
G introduced in (A4) satisfy
F(s) > ar|s|* — bp, (5.18)
G(s) > ag|s|® — b (5.19)
for all s € R.
(A6) The potentials F' and G introduced in (A4) are twice continuously differentiable,
and there exist constants cpr, cqgr > 0 such that the second-order derivatives of
F and G satisfy the growth conditions
[F"(s)| < cpn(14|s]P~2), (5.20)
|G”(S)’ < CG’”(]- + |8|q72) (521)
for all s € R. We point out that these assumptions already imply the growth
conditions (5.14)—(5.17) stated in (A4).
(A7) For the velocity fields we assume

(v,w) € L*(0, T3 Lg;, () x L (I))

tan

for some w > 0.

5.3.2 Existence of weak solutions

We start by introducing the notion of a weak solution to (5.1).

DEFINITION 5.3.1. Suppose that assumptions (A1l)—(A4) and (A7) hold. Let
K,L € [0,00] and let (¢o,10) € ’H}(’a be an arbitrary initial datum. The quadru-
plet (¢,, p,0) is called a weak solution of the system (5.1) on [0,T] if the following
properties hold:
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(i) The functions ¢, ¥, p and 0 have the following reqularity:

(¢,9) € C([0,T]; £L2) N H' (0,75 (HL 5)") N L=(0,T; H o), (5.22a)
(1, 0) € L*(0,T, H], ). (5.22b)

(ii) The functions ¢ and v satisfy the initial conditions

Oli=o =0 a.e. inQ and YPli=o =1y a.e. onT. (5.23)

(iii) The functions ¢, ¥, p and 6 satisfy the weak formulation

(81, 1), (G, ) / dv - V¢ d — / dw - Vg dT
—/ ma(¢)Vi - V¢ dz — / mr($)Vrl - Vrlp dT (5.24a)
Q T
) /F (86 — ) (B¢r — ¢) dT
/Q,undx—i—/renpdf
= ‘/Q Vo -Vn+ F/((b)n dx + /1; Vry - Vror + G/(¢)’I7r dr (5.24b)
(K /F (e — §)(eun — ) T,

a.e. on [0,T] for all (¢,(r) € HE g, (n,7r) € Hig -

(iv) The functions ¢ and 1 satisfy the mass conservation laws
B/(b(t)dx—i-/w(t)dF:B/dx)dx—i—/wodF if L € ]0,00),
Q r Q r

/Qd)(t)da::/gqbodx and /Fw(t)dl“:/rwod]? if L = oo

for allt € ]0,T].
(v) The energy inequality

(5.25)

Bireo( (), (1)) / / ma(6)| Vil de ds + / / ()| Vro? dT ds
+ x(L //M p)? dI' ds (5.26)

—//qbv'Vudazds—//@DW-VFQdI’dS
0 JQ 0 JI

< Eree(P0, Y0)

holds for all t € [0,T].

Now, we are ready to formulate the main results of this chapter. The first main
result provides the existence of a weak solution to system (5.1) in all cases K,L €
[0, o0].

THEOREM 5.3.2. Suppose that the assumptions (A1)—(A4) hold. Let K, L € [0, o],
and let (¢po, o) € 7—[}(@ be arbitrary initial data. In the case K € {0,00}, we further
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assume that (A5) holds. Then, there exists a weak solution (¢, u,0) of the system
(5.1) in the sense of Definition 5.3.1, which has the additional reqularity

(1, 0) € LA(0,T; L) if K € (0, ] (5.27)

Let us now assume that (A6) holds, that the domain Q is of class C* for k € {2,3},
and in the case d = 3, we further assume that (A4) holds with p < 4. Then, we
additionally have

(¢,7) € L*0,T;H?) if K € (0,00, (5.28)
(¢,7) € L0, T; 1) for k = 2,3, (5.29)
(¢,0) € C([0,T]; HY)  if (K,L) € [0,00] x (0,00] and k = 3, (5.30)

and the equations

p=—A¢+ F(¢) a.e. in QT

0 = —Ary + G'(Y) + adno a.e. on 2T,

{K3n¢—0ﬂ/1—¢ ifKE [0700)7 a.e. on ET
O = 0 if K = oo

are satisfied.

The proof of Theorem 5.3.2 is divided into two parts. In Section 5.4, we first prove
the existence of weak solutions in all cases K,L € [0,00]. Then, in Section 5.6, we
establish the higher regularity of weak solutions.

Remark 5.3.3. The continuity property (5.30) also holds in the case K = L = 0
provided that a # 0, § # 0 and the potentials F' and G satisfy the compatibility
condition

F(as) = afG(s) for all s € R.

In that case, we have (F'(¢),G'(¢)) € Mz = Dg, which allows us to use Proposi-
tion 5.2.2 similarly as in Section 5.6.

5.3.3 Continuous dependence and uniqueness of weak solutions

Our second main result for regular potentials shows the continuous dependence of weak
solutions on the velocity fields and the initial data in the case of constant mobilities.
As a direct consequence, this entails uniqueness of the weak solution.

THEOREM 5.3.4. (Continuous dependence and uniqueness) Suppose that the as-
sumptions (A1)—(A4) hold, and that the mobility functions mq and mp are constant.
If d = 3, we additionally assume that (A4) holds with p < 6. Let K, L € [0,00], let
(8, 08), (93,43) € /H}(,a be two pairs of initial data, which satisfy

{meanwm) = mean(¢3,13) if L € [0, 00),
(B0 = (#3)q and (V) = (W3)p if L= oo,

and let (vi,w1), (va,w2) € L2(0,T; L3, (Q)) x L&) for some w > 0 be given
velocity fields. Suppose that (¢1,91,pu1,01) and (P2, )2, pe, 02) are weak solutions to
(5.1) in the sense of Definition 5.5.1 originating from (¢4, ¥3) and (¢3,138) with velocity

fields (vi1,w1) and (va, we), respectively. Then, the continuous dependence estimate

I(1.(t) = d2(t), ¥1.(8) — )] 5.,

(5.31)



5.4. EXISTENCE OF WEAK SOLUTIONS 99

t
<168 = .t = ) e ([ PO ar) (5.32)

= [ 10106) = va(5) w1 5) = w6 oy 0 [ PO ) s

holds for almost all t € [0,T], where P(-) == C(1 + ||(v2, W2)|lL3)xr2+w (), and the
constant C > 0 depends only on €1, the parameters of the system, the initial data, the
final time T > 0 and w.

In particular, if (5, 0) = (¢3,48) a.e. in Q x T, (vi,w1) = (v2,w2) a.e. in
QT x 3T, estimate (5.32) ensures uniqueness of the corresponding weak solution.

5.4 Existence of weak solutions

As discussed in the introduction, the proof of Theorem 5.3.2 is divided into two parts.
We start by establishing the existence of weak solutions in the case K, L € (0,00) by
means of a Faedo—Galerkin scheme.

5.4.1 Existence of weak solutions for K, L € (0, c0)

THEOREM 5.4.1. Suppose that the assumptions (A1)—(A4) and (A7) hold. Let
K,L € (0,00), and let (¢o,0) € H' be arbitrary initial data. Then there exists a weak
solution (¢, 1, u, ) of the system (5.1) in the sense of Definition 5.5.1. Additionally,
it holds that

(1,0) € L*(0,T; £2).

PRrROOF. Step 1: Discretization via a Faedo—Galerkin scheme. It is well
known that the problems

~AC=X, nQ, B
{ 9aC =0, onT, Ar¢r = Ar¢r on T,

have countable many eigenvalues, which can be written as increasing sequences {\’} jeN
and {A%}jeN, respectively. The eigenfunctions {(;}jen C H'(£2) associated to {N};en
form an orthonormal Schauder of L?((2), while the eigenfunctions {(rj}jen C H*(T)
associated to {A%}jeN form an orthonormal Schauder basis of L?(T"). In particular, we
fix the eigenfunctions associated to the first eigenvalues Ay, = AL =0 as (1 = |Q]‘1/ 2
and ¢y = |T|~Y/2. Moreover, the eigenfunctions {(;}jen and {Crj}jen also form an
orthogonal Schauder basis of H!(Q2) and H'(T), respectively.

For any k € N, we introduce the finite-dimensional subspaces

Vk = Span {Cly .- )Ck} C HI(Q)’ VFk = Span {Cl“h .. ')CF]C} C HI(F)

along with the orthogonal L?({2)-projection Py, : L*(2) — Vj, and the orthogonal
L*(T")-projection Py, : L*(T') — Vpg. Moreover, we define V; = Vi x Vi In partic-
ular, there exist constants Cq,Cr > 0 depending only on €2 and I, respectively, such
that for all ¢ € H'(Q2) and (r € HY(T),

[Pyl ) < CallCl ) | PvesCrll oy < CrllCellm )

For any k € N, and ¢ € [0, 7], we make the ansatz

k

k
or(t) = al(t); ae inQ,  Yp(t) =) b(t)(r; ae onT,

j=1 j=1
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k
= Z c?(t) ¢; a.e. in €, Z d5(t) (t)¢r; a.e.onT.
—
Here, the scalar, time-dependent coeflicients a?, b;“, f, df, j=1,...,k, are assumed to

be continuously differentiable functions that are not yet determined. They need to be
designed in a way such that the discretized weak formulation

(@130, 0000). € ) = [ v Vo= [ o Voo ar
= — /Q mQ(gZ)k)V,u,k . VC dx — /Fmp(wk)Vka . VFCF dr (5.343)

- /F(ﬂek — ) (B¢ — ¢) dI’

/Hkndl‘Jr/@k??rdF
Q r

= LV@C -Vn + F/(¢k)77 dx + /F Vi - Venr + G,<1ﬂk)7]r dr (5.34b)
+ 57 [ (@ = gu) oo ) ar
I

holds on [0, T for all (¢,{r), (n,nr) € Vk, supplemented with the initial conditions

¢1(0) = Py, (¢0) a.e.in Q, Yr(0) = Py, (Yo) a.e.on . (5.35)

We consider now the corresponding coefficients vectors

ak = (a¥,... af):[0,T] = R,  bF =k, ..., 08):[0,7] = R*,
c=(ck,. .., [0,T) = RF, — d¥=(d},...,d}):[0,T] — R”.

Testing (5.34a) with (C1,¢r1), ..., (G, Crr), we conclude that (a*, b*)T is determined
by a system of 2k ordinary differential equations, whose right-hand side depends con-
tinuously on a*, b* c* and d*. In view of (5.35), this system is subject to the initial
conditions

[2"];(0) = a7"(0) = (¢0, )2y~ forall j € {1,...,k},
[b*];(0) = b7*(0) = (¢0,4F])L2F for all j € {1,...,k}.

Moreover, testing (5.34b) with ((1,¢r1),- -, (C, (i), we infer that (cF,d*)T is ex-
plicitly given by a system of 2k algebraic equations, whose right-hand side depends
continuously on a¥ and b*. Thus, replacing ((:k,dk)T in the right-hand side of the
aforementioned ODE system by this algebraic description, we obtain a closed 2k-
dimensional ODE system for (a®, b*)T, whose right-hand side depends continuously
on (ak,bk)T. We can thus apply the Cauchy—Peano theorem to obtain a local so-
lution (a®, b*)T : [0,7}) N [0,7] — R?* with T} > 0 to the corresponding initial
value problem. Without loss of generality, we assume that 7} < T and that (ak, bk)T
is non-extendable, i.e., T} is chosen as large as possible. Now, we can reconstruct
(ck,d¥)T 1 [0,T7) — R?* by the aforementioned 2k-dimensional system of algebraic
equations. In view of (5.33), we thus have shown the existence of functions

(¢r o) € CH([0,T3); HY), (pk, 01) € CH([0,T7); HY)

solving (5.34) on the time interval [0, 7}") subject to the initial conditions (5.35).
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Step 2: Uniform estimates. We establish suitable estimates for each approximate
solution (¢, ¥k, pg, 0k ), which are uniform with respect to the index k. To this end,
let £ € N, and consider an arbitrary T, < 7. In the following, let C' denote a generic
non-negative constant depending only on the initial data and the constants introduced
in (A3)—(A4) including the final time 7', but not on k or Tj.

Testing (5.34a) with (g, 0x), (5.34b) with —(9¢¢x, 04k ), adding the resulting equa-
tions, and integrating with respect to time from 0 to ¢, we derive the discrete energy
identity

t t
Eivee (d0(8), n(8)) + /0 /Q ma(é) Vg2 de ds + /0 /F mr ()| Vr6, 2 T ds
t
-1 N2
4L /0 /F (B0, — )2 T dis (5.36)

t t
— Bree(61(0), 04(0)) + /0 /Q v - Vg da ds + /0 /F Dew - Vo dT ds

for all t € [0,T)]. Now, due to the growth conditions on F,G (see (A4)), the Sobolev
embeddings H'(Q) — L%(Q) and HY(T') — LY(T), the trace embedding H(Q)) —
L*(T"), and the properties of the projections Py, and Py, we use the initial conditions
(5.35) to infer

Efree (¢kz (O) ) wk (0))

1
< IV Py (90) 20y + uvavm(wo)uLz + e (190 + 1Py (@0)|8,))  (5:37)
2
([T 1P (00) ) + 5 (1ol Pr, () 22y + 1P (90) ooy
< Cl(¢0,%0) 3 + C (1 + 1ol g + [¥oll gy )

To obtain a suitable bound on the energy and the integral terms on the left-hand side
of (5.36), we have to deal with the convective terms appearing on the right-hand side.
To this end, we start by deriving for all ¢ € [0, T}| the estimate

t t
}/ /¢kv.wkdxds+/ /1/1kw~Vp9kdI‘ds’
0 JQ 0o JI'
m, [t ) me [t
<5 //\Vﬂk’
0 JQ

t
e / v ) | s )2 dis

dr ds (5.38)

using again the embeddings H'(Q) < L5(Q) and HY(T) — L%(F). Here, we have
additionally introduced the notation &, := L3(2) x L2*“(T) out of brevity. Recalling
that F, G > 0, and that the mobility functions mgq and mr are uniformly positive (see
(A3)), we infer from (5.37) and (5.38) that

1 My t My t
Slon e+ 5 [ [ Wl dwas+ 2 [ [ oray2 ar as
0 JQ 0 JI

t
+ Ll/ /(,@’ek — pp)? dT ds
0 JI

t (5.39)
<c+C / (v, w) 12| (@ ) |21 s

t
<c+ic / v ) e (s ) s
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for all ¢ € [0,T]. Here, the last inequality follows from the bulk-surface Poincaré
inequality as presented in Lemma 4.2.1 whose usage is justified by the following rea-
soning. First, by the aforementioned bulk-surface Poincaré inequality we have

| (¢x — Bmean (¢, V), Yr — mean(oy, Yi))llyr < Cpl|(dr, Vi)l K (5.40)

on [0, 7). Then, testing (5.34a) with (8, 1) yields the discrete mass conservation law

,B/Q(f)k(t) dx—’_/rwk(t) dl' = 6/g2¢0 dw—l—/rwo dr (5.41)
for all ¢t € [0, T)], where we used that

((ka <¢0)? PVI‘k <w0>)7 (67 1)) 2
mean(Py, (o), Py, (o)) = IS L

_ ((¢0a 77/}0)7 (67 1))&2
B2 + |1
= mean(¢o, to).

Consequently, we infer from (5.40) with (5.41) that

1Dk, oi)llzs < C (1 + 11Dk, i)l 5.0)

on [0,T%]. Thus, using Gronwall’s lemma, we conclude from (5.39) that

t T
1(0n(2), i ()l .0 < Cexp (C/O (v, w)l%, d5> < Cexp (C/O (v, w) %, dS)
for all ¢t € [0,T)]. We thus readily deduce that

1
(k> Vi) | Loo (0,13 m10) + K2 llathe — @kl oo 0,1 02(r)) < C (5.42)

after another application of the bulk-surface Poincaré inequality. Then, integrating
(5.39) in time from 0 to T, we infer with (5.42) that

_1
1(Viks Vi)l L20,10:2) + L2180k — el 20,72 (1)) < C- (5.43)

Next, we derive a uniform estimate for (jug,6;) in the full H'-norm. To this end,
let (n,nr) € H! and consider (7,7p) = (Py, (1), Pir, (nr)). By the growth conditions
(5.14) and (5.15) from (A4), the Sobolev embeddings H'(Q) < L5(2) and H' (") <
L?9(T), and the trace theorem H'() — L?(T'), we have

[ttt Ok )5 (10, 70) ) g0 | = 1< (s Ok, (0,70)) 41
< IVorllLz ol VallLz@) + HF/(¢1~:)||Lg(Q)||77||L6(Q)
+ IVrelleemy I Venrlez @y + 1G w2y e ll 22 oy
+ KMot — dill 2y llane — nll 2y (5.44)
< C(1+ lorllm o) + 635 ) Il o)
+ O (1 8kl vy + 106 G20y ) e 2 oy

< O (14 Iwllin ) + 1l ) 162.00)
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on [0,T}]. Taking the supremum over all (n,nr) € H! with |[(n,7r)|l2 < 1, and
exploiting (5.42), we conclude that

[ (ks On) || oo (0, 135201)) < C- (5.45)
Now, due to Lemma 5.2.1, we have
Gt 0622 < 211 (e O | 2y 1 (s Vr0) |22 4 (1 O [ F3gn (5.46)
on [0, Ty]. Utilizing (5.43) and (5.45), we deduce from (5.46) that
[ttt O )| L4 0,1:2) < C- (5.47)
In view of (5.43) we additionally infer
(12> Ok L2 0,13 11) < C- (5.48)

Lastly, we derive a uniform estimate of the time derivatives. Therefore, we consider
again ((,(p) = (Py, (¢), Py, (¢r)) for an arbitrary pair (¢,(r) € H!. Recalling that
the mobility functions mgq and mr are bounded (see (A3)), we use Holder’s inequality
as well as the continuous embeddings H'(Q2) < L5(Q2) and H*(T') — L (T") to infer
that

‘<(6t¢ka 6twk>7 (C? <F>>'H1’ = ’<(8t¢k7 atwk)> (Z7 EF)>'H1‘
< Cllw: i)l [|(v, W) [[ 2, 11(C5 Cr) 1202
+ Ol (s O [ £,811(C, C0) 301

on [0, T;]. Hence, after taking the supremum over all (¢, ¢r) € H! with [|(¢, ()|l < 1,
taking the square of the resulting inequality and integrating in time over [0, Tj], we
conclude with the uniform estimates (5.42) and (5.48) as well as the regularity of the
velocity fields that

| (Ot bk, Octbr) | 20,1 (11 yy < C- (5.49)

Step 3: Extension of the approximate solution onto [0, 7. Using the definition
of the approximate solution (5.33) and the uniform estimate (5.42), we obtain for any
T, € [0,T3), all t € [0,T}] and j € {1,...,k},

ja¥ (&) + [BE ()] = 1(6k(8), ) gyl + 1wk Crj) 2oy
<kl Lo o,1s2(0)) + 1Ykl oo 0,13:22(r)) < C-

This shows that the solution (a*, b¥)" is bounded on the time interval [0,7}) by a
constant that is independent of k£ and T};. Hence, by classical ODE theory, this allows
us to extend the solution beyond the time 7};. However, as (a¥, b’“)T was assumed to
be non-extendable, this is a contradiction. We thus infer that the solution (a* b*)T
actually exists on [0,7]. Since the coefficients (c*,d*)" can be reconstructed from
(ak, b*) T, we further conclude that the coefficients (c¥,d*) " also exist on [0,7]. This
automatically entails that the approximate solution (¢, g, uk, 0x) exists on [0, 7] for
all k € N and satisfies the discretized weak formulation (5.34) on [0,7]. Additionally,
as the particular choice of T} did not play any role in the derivation of the uniform
estimates established in Step 2, we infer that the estimates (5.42), (5.43), (5.47), (5.48)
and (5.49) remain true after replacing Ty with 7. In summary, we conclude that for
each k € N, the approximate solution (¢, ¥, ik, 0x) satisfies the uniform estimate

1 (Deres Octhic) | L2 0,75021yy + 1Dy i) || oo (0,75741)

(5.50)
+ (e O) | 220,720 + 11 (e k) | Lo 0,7,02) < €.
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Step 4: Convergence to a weak solution. In view of the uniform estimate
(5.50), the Banach—Alaoglu theorem and the Aubin-Lions-Simon lemma imply the
existence of functions ¢, v, u and 6 such that

(Orp, Opth) — (84, Dy1p)  weakly in L2(0,T; (H1)), (5.51)
(dk, Vr) — (6,0) weakly-star in L™ (0, T;H?),

strongly in C([0,T]; H®) for all s € [0, 1), (5.52)

(1, Or) — (11, 6) weakly in L*(0,T; £%) N L?(0,T; 1), (5.53)

as k — oo, along a non-relabeled subsequence. From these convergences, we readily
obtain the desired regularities (5.22a)—(5.22b) of the functions ¢, v, u and 6. Hence,
Definition 5.3.1(i) is fulfilled.

Using Sobolev’s embedding theorem, we infer from (5.52) that
G — ¢ strongly in C([0,T]; L"(2)) for all 7 € [2,6), and a.e. in QT,  (5.54)
Y —1p  strongly in C([0,T]; L"(T")) for all r € [2,00), and a.e. on X7, (5.55)
as k — oo, after another subsequence extraction. Further, by the trace theorem, (5.52)
and (5.53) imply that
oy — o — ah) — @ strongly in C([0,T]; L*(T")) (5.56)
as well as
B0 — px — SO — 1 weakly in L2(0,T; L*(T)), (5.57)

respectively, as k — oo, after another subsequence extraction. Moreover, due to the
growth conditions on F’ from (A4), the uniform estimate (5.42) and the Sobolev

embedding H'(Q) — L%(Q), we deduce that F'(¢y) is bounded in Lg(QT) uniformly
in k € N. Hence, there exists a function f € Lg(QT) such that F'(¢r) — f weakly

in L%(QT) as k — oo. Considering that F'(¢) — F'(¢) a.e. in QT as k — oo
due to (5.51), we infer from a convergence principle based on Egorov’s theorem (see,
e.g., [55, Proposition 2.1c, p.173]) that F’(¢) = f. We thus conclude that

F(¢r) — F'(¢)  weakly in L5(Q7), and a.c. in QT (5.58)

as k — oo. Recalling the growth conditions on G and G’ (see (A4)), the convergence
in (5.55) in combination with Lebesgue’s general convergence theorem yields

G(r) = G(¥) strongly in L*(X7), and a.e. on X7, (5.59)
G'(p) — G'(v)  strongly in L*(XT), and a.e. on X7, (5.60)

as k — oo. Furthermore, by means of Lebesgue’s dominated convergence theorem, it
follows from (5.54), (5.55) and (A3) that

ma(ér) = ma(¢) strongly in L™ (QT), and a.e. in QT (5.61)
mr () — mp(y)  strongly in L(X7), and a.e. on X7, (5.62)

for all r € [2,00), as k — oco. Moreover, as the mobility functions mq and mr are
bounded (see (A3)), we use Lebesgue’s general convergence theorem along with the
weak-strong convergence principle to find that

Vmalor) Vi = \/ma(¢)Vu  weakly in L*(Q"), (5.63)
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\/mr(Yr) Vb, — \/mr(¥)Vrd  weakly in L*(X7), (5.64)
ma (o) Vg — mo(d)Vu weakly in L*(Q), (5.65)
mr (wk)VFek — mp(w)VFe Weakly in LQ(ET), (5.66)

as k — oo. Lastly, exploiting the convergences (5.53), (5.54) and (5.55), and using
again the weak-strong convergence principle, we infer

okv -V — ov-Vu strongly in L*(QT), and a.e. in Q7 (5.67)
Ypw - Vb — Yyw - Vb strongly in L*(XT), and a.e. on X7, (5.68)
as k — oo.

We now multiply both equations of the discretized weak formulation (5.34) with
an arbitrary test function 7 € C2°([0,7]) and integrate in time from 0 to 7. Using
the convergences (5.51)—(5.68) established above, we may pass to the limit & — oo to
infer that

T T T
/0 <(8t¢,atw)<<j,<rj>>wwdt—/0 | ov-vmas dt—/o [ o Ve mar ar
T T
- / / mo(¢)Vi - V¢ 7 de di — / / mr($)Vr6 - Vet mdT dt (5.69)
0 Q 0 I

T
! /0 /F (86 — u)(BCry — ;) dT dt,

T T
/ / pn;mde dt + / / O nr;mdl dt (5.69b)
0 Q 0 r

T T
= / / Vo -V§m+ F/(¢)C] mdx dt + / / Vry - Vrlr;m + G/(ﬂ))(_:rj mdl' dt
0 Q 0 I

T
LK /O /F (o — &) (ar; — &) m T dt

hold for all j € N and all test functions 7 € C2°([0, 7). Since span{((;,(rj) : j € N} is
dense in H?!, this proves that the quadruplet (¢, ), i, §) satisfies the weak formulation
(5.24) for all test functions (¢,(r), (n,mr) € H'. We thus conclude that Definition
5.3.1(iii) is fulfilled.

Since the approximate solutions (¢, 1) satisfy the discrete mass conservation law
(see (5.41)) for all k € N, we can use the convergence (5.52) to deduce that (¢, 1)) sat-
isfies the mass conservation law (5.25) as well. Thus, Definition 5.3.1(iv) is fulfilled.

Concerning the initial conditions, we infer from (5.35), due to the convergence prop-
erties of the projections, that

(61(0), ¥&(0)) = (¢0,%0) strongly in £
as k — oo. Additionally, the convergences (5.51) and (5.55) yield

(6%(0), 9 (0)) = (¢(0),2(0)) strongly in £>

as k — co. We deduce that ¢(0) = ¢ a.e. in Q and ¢(0) = 1 a.e. on I'. This proves
that Definition 5.3.1(ii) is fulfilled.

To verify the energy inequality (5.20)
function m € C2°(0,T). Multiplying (5.3
T yields

, we consider an arbitrary non-negative test
6) with 7 and integrating in time from 0 to

T
/0 Brvee (1(8), (1)) (1) dt
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+ /OT /Ot/Q (mﬂ(tﬁk)fvﬂk\Q — PV - V,Uk)ﬂ'(t) dz ds dt
4 /O ' /0 t /F (rmr () [ r64? — dgw - V6 )m(t) dT ds dl

T t
—1 _ 27’[’ S
+L /O/O/F(,Bek )2 (t) dT ds dt
T
- /O Eiree(61(0), 44(0)) 7(t) dt.

As k — oo, we infer from (5.59) that

/OT (/Fc(wk) dl“)w(t) dt — /OT (/FGW) dF)W(t) dt. (5.70)

Additionally, using (5.54) and (A4), Fatou’s lemma implies

/0T</QF(¢) d:z:>7r(t) dt<hm1nf/ </F or) d;,;) t) dt. (5.71)

Moreover, from the strong convergence in (5.56) we obtain

/OT </F(Oﬂ/1k: — ép)? dF)?T(t) dt — /OT (/F(MZ} )2 dF)Tr(t) gt (5.72)

as k — oo. Lastly, in view of (5.52) and the weak lower semicontinuity of norms, we
have

T 1
| (3199lRa@ + 19r6 ey (o) at
0 (5.73)

T
o 1 2 1 2
< hkﬂ_l)}gf/o (QHVQkaLQ(Q) + QHVFWHLz(F))W(t) dt.
Combining (5.70)—(5.73) yields

T T
/ Efree(¢(t)a ¢(t)) ﬂ-(t) dt < hgn lnf/ Efree(¢k (t)a (0 (t)) W(t) dt. (574)
0 - Jo

As a consequence of (5.63), (5.64) and the weak lower semicontinuity of norms with
respect to the weak convergence, another application of Fatou’s lemma entails that

/OT/Ot/QmQ(Cb)WMQ?T(t) dz ds dt—{—/OT/Ot/Fme)WFmQW(t) dr ds dt

T
ghminf(/ /t/ ma(or) |V e|* w(t) do ds dt (5.75)
0 0 JQ

k—o0
T t
+/ //mp(zpk)\vpeky%(t) dl“dsdt).
o JoJr
Further, due to the convergences (5.67) and (5.68), we find that
/ //qﬁkv Vg m(t da:dsdt—i—/ //wkw Vb 7(t) dT" ds dt
—>/ / /qﬁv'V/,mr(t) dxdsdt—i—/ / /ww-VFHW(t) dI’ ds dt
o Jo Ja o JoJr

(5.76)
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as k — oo. Additionally, as convex and continuous functionals are weakly lower
semicontinuous, we conclude from (5.57) that

///50 p)? () dT ds dt
<hm1nf/ //wk—mg 7(t) dT ds dt.

Lastly, recalling the growth conditions on F' and G (see (A4)), we use the initial
conditions (5.35) as well as the convergence properties of the projections Py, and Py,
together with Lebesgue’s general convergence theorem to infer that

(5.77)

klggo Efree (¢k (0)7 ¢k (O)) = Efree(¢07 T;Z)O) (578)

Collecting (5.75)—(5.78) finally yields
Egree(o(t), (1)) //mQ )|V dz ds+/ /mp V)| V6 dT ds

+ L //59 )2 dT ds (5.79)

—//gbv-Vudacds—//ww-VFGdFds
0 Ja o Jr

< Efree (¢07 %)

for almost every ¢t € [0,7]. To prove that (5.79) holds for every t € [0,T], first note

that all integral terms in (5.79) depend continuously on time. Furthermore, due to
(¢,9) € C([0,T]; £L?), we deduce that the following functions

Eos V00 eyt IT00O ey, £ [ Flo) dz, £ [ Gl ar
Q I

are lower semicontinuous on [0,7]. For the first two functions, this is a consequence
of the lower semicontinuity of the respective norms, while for the last two functions,
it follows from Fatou’s lemma. This already entails that the weak solution (¢, ¢, i, 6)
satisfies the energy inequality for all times ¢ € [0,7]. Thus, Definition 5.3.1(v) is
fulfilled.

We have therefore shown that the quadruplet (¢, ¥, u, 0) is a weak solution of system
(5.1) in the sense of Definition 5.3.1. O

Remark 5.4.2. This proof should work similarly in the cases K = L = 0 and K =
L = oo. In the first case, one uses a Faedo-Galerkin scheme as in [97] based on
eigenfunctions of a suitable bulk-surface elliptic problem with Dirichlet-type coupling
condition (cf. [117, Theorem 3.3]). In the second case, the bulk-surface Cahn-Hilliard
equation (5.1) reduces to two, uncoupled Cahn-Hilliard equations, one in 2 and one
on I'. Therefore, a Faedo—Galerkin basis as in the proof of Theorem 5.4.1 can be
used. Also note that, while we do not have the bulk-surface Poincaré inequality at our
disposal anymore if K = 0o, we can use the standard Poincaré inequality for functions
with vanishing mean, since the approximate solutions satisfy the mass conservation
law (5.25) for L = oo.
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5.4.2 Asymptotic limits and existence of weak solutions to the limit
models

In this section, we investigate the asymptotic limits K — 0 and K — oo, and L — 0
and L — oo of the system (5.1).

Remark 5.4.3. In this section, we will need the additional assumption (A5) when
approaching the limit cases K € {0,00}. This is because the precise dependence of
the constant Cp from the Poincaé inequality on K is not known, and therefore, we
cannot rely on it. Instead, we use (A5) to directly obtain uniform bounds from the
energy functional.

The asymptotic limit K — 0

THEOREM 5.4.4. (Asymptotic limit K — 0) Suppose that the assumptions (A1)-
(A5) and (A7) hold. Let L € (0,00) and let (¢o, o) € Dy be arbitrary initial data.
For any K € (0,00), let (¢x, VK, K, 0K) denote a weak solution to system (5.1) in
the sense of Definition 5.5.1 with initial data (¢o, o). Then, there exists a quadruplet
(s, Vs, i, 0s) with ¢y = athy a.e. on T such that

(i, Obi) — (D, D) weakly in L*(0,T; (H)'),

(010, Vrc) = (s ) weakly-star in L0, T; 1),
strongly in C([0,T; H?) for all s € [0,1),
(MK79K) - (M*?Q*) weakly in LQ(OaT;Hl)v
g — ¢ — 0 strongly in L>(0,T, L*(T)),

as K — 0, up to subsequence extraction, with
lapre — prcl poooi22(r)) < CVE, (5.80)

and the limit (¢x, Vs, pis, 0x) is a weak solution to the system (5.1) in the sense of
Definition 5.3.1 with K = 0.

Remark 5.4.5. (a) As the right-hand side in (5.80) tends to zero as K — 0, this
explains why the Dirichlet-type boundary condition ¢, = o, a.e. on £T appears
in the limit model corresponding to K = 0.

(b) The result of Theorem 5.4.4 remains valid if we replace the initial data (¢g, o) €
D, by a sequence (¢ox, Yox) € H! satisfying

Effo(dok, Yor) = Efee(¢0,%0) as K — 0

for some pair (¢, 1) € H' (see also [115, Theorem 2.3]). Here, the energy Ef.,
is given as

1 1
Beetnnn) = [ 5190+ Fn) do+ [ 5Vonrl? + Glr) ar

for (777771‘) € Hl'

In this case, one can show that ¢y = ai)y a.e. on I', and that the limiting quadru-
plet (Ps, P, fis, O4) is a weak solution to system (5.1) corresponding to the initial

data (¢o,v0)-
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PROOF OF THEOREM 5.4.4. We consider an arbitrary sequence (K, )men C (0, 00)
such that K,, — 0 as m — oo and a corresponding sequence of weak solutions
(0K, UK, LK, OK,,) to the initial data (¢g,10). In this proof, we use the letter
C to denote generic positive constants independent of K, and m. In order to prove
suitable uniform estimates, we make use of the energy inequality and the additional
growth assumptions made on F' and G (see (A5)). Let now m € N be arbitrary. First,
note that ¢g = a)g a.e. on I' directly implies

Ejo2 (60, %0) = Efiee(¢0, %) < C. (5.81)

Next, due to the growth condition (A5), we find that

1 1
5 [1Vor, o+ [ Flow,)dot; [ [9ron, Par+ [ G, dr
2 /o Q 2 Jr r

1
> / Vo, |? de +aF/ ¢%. dx — bp|Q|

2 /o Q

1
+ 2/ |V1“1/JKm‘2 dr’ + ag/ w%(m dr’ — bg‘r‘
r r

> l[(kp> Vi) 51 — br|Q| — be|T|

a.e. on [0,T], where ¢ = min{%,ap,ag}. Then, using the energy inequality (5.20),
and bounding the convective terms as in (5.38), we deduce that

1 me [t
N @rs ) s+ g [, = o a0+ 5 [ [ W, o ds

me [t 1 [t
/ / |Vrék, |? dT ds + / /(50Km — ug,,)? dr ds
2 JoJr LJy Jr

t
<c+iC /0 1) 2 (Drcs e, )20 ds

_l’_

a.e. on [0,7]. Thus, using Gronwall’s lemma, we readily infer that

(@K s Vi) oo (0,750) + (VK s VK, ) | 2200,1:22) (5.82)

+ 1180k, — s, | 203220y < C

as well as

lavk,, — ¢, e 0,m;02(r)) < CV K- (5.83)
This already entails (5.80). We now test the weak formulation (5.24b) for (uk,,,0k,,)
with (n,nr) € Dy. As n = anr a.e. on I, the corresponding boundary term involving

K,,, vanishes. Therefore, arguing as in the proof of Theorem 5.3.2, we deduce
I (kekc s O ) oo 0,1501) < C (5.84)
Now, using Lemma 5.2.1, we find that
ks O |72 < 20 (1 01 ) | 1V s V00K 22 + [ (1 08, [, -
In combination with (5.82) and (5.84), this yields
(s s Orc, ) 220,75741) < C (5.85)

Lastly, proceeding similarly as in the derivation of (5.49) in the proof of Theorem 5.4.1,
it follows from the weak formulation (5.24a) and estimate (5.82) that

1 (Otbk s Obrc, ) 220,11 yy < C- (5.86)
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In summary, combining (5.82), (5.85) and (5.86), we have thus shown that

1(Okprc,s Ok, ) 20,7500 )y + (PR s Vi)l oo 0,741 (5.87)
+ (ks O L2 0,0900) + 1180k, — bk, I 2 0,7502(r)) < C-

Using the Banach—Alaoglu theorem and the Aubin-Lions-Simon lemma, we deduce
the existence of functions (¢u, ¥, i, 04) such that

(010K > OVK,,) — (Or s, Opthy) weakly in L2(0,T; (H'))), (5.88a)

(Dkms Vi) = (Bs ) weakly-star in L>°(0,T;H"),
strongly in C([0,T]; H®) for all s € [0, 1
(

(s, 0k,,) — (bs, 05) weakly in L2(0,T;H"), (5.88c¢)

as m — oo, along a non-relabeled subsequence. Additionally, due to (5.88b) and the
trace theorem, we infer

Ak, — OK,, — s — Py strongly in C([0, T]; L*(I")) (5.89)

as m — oo, which, in combination with (5.83), already entails ¢, = a, a.e. on X7,
It is then clear that from the convergence properties (5.88a)—(5.88¢) the quadruplet
(ds, Uk, s, 04) has the desired regularity as stated in Definition 5.3.1(i).

Further, due to (5.88b), we infer that

(65, (0), ¥, (0)) = (6+(0),9:(0))  strongly in L7 (5.90)

as m — oo, and therefore ¢.(0) = ¢o a.e. in Q and ¥.(0) = v a.e. on I'. Thus,
Definition 5.3.1(ii) is fulfilled.

Regarding the weak formulation, we consider (¢,(r) € H! and (n,1r) € D, as test
functions, multiply the resulting equations with = € C2°(]0,7]) and integrate in time
from 0 to T. We obtain

T T
/O (019K, > 01K, )5 (C, CT) ) gy T At —/0 /QgéKmv V(¢ dz dt
T
— / /T,ZJKmW'VFCFﬂ' dI’ d¢
o Jr
T
= —/ / mao (oK, )Vik,, -V de dt (5.91a)
0o Ja
T
—/ /mp(¢Km)Vr9Km -Vr(rnwdl' dt
o Jr
T
17t [ [ 90, = )5~ mar a,
T T
/0 /Q,uKman:cdt—l—/O /FGKmandth
T
= / / Vék,, - Vnm+ F(¢g, )nm de dt (5.91Db)
0o Ja

T
+ / / Vg, - Venr m + G (g, )nr © dT dt.
o Jr

Proceeding similarly as in the proof of Theorem 5.3.2, the convergences (5.88a)—(5.88¢)
allow us to pass to the limit m — oo, and deduce that (¢., ¥, ps, 0,) satisfies the de-
sired weak formulation (5.24). Thus, Definition 5.3.1(iii) is fulfilled.
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The mass conservation law follows by passing to the limit m — oo in the mass conser-
vation law for (¢x,,,Vk,,). Alternatively, one can test the weak formulation (5.24a)
with (3,1) € H!, integrate with respect to time from 0 to ¢, and employ the funda-
mental theorem of calculus to infer (5.25). We conclude that Definition 5.3.1(iv) is
satisfied.

Concerning the energy inequality (5.26), we note that

ook, (1), Vi, (1) < Epn (K, (1), ¥k, (1)) (5.92)

for all ¢t € [0, 7] since the boundary term involving K, is non-negative. Thus, we find

T T
| Bl 0.0 7(0) at < minf [ B, (1), 0, (0) (1)
0 (5.93)

< limnf / BE (610, (0, (8) m(t)
for all non-negative test functions = € C°(0,7). Here, the first inequality follows
by proceeding similarly as in the proof of Theorem 5.3.2. We now use the energy
inequality (5.26) written for (¢x,,, Vk,,, lK,,,OK,,) to further bound the right-hand
side of (5.93). Using lower semicontinuity arguments (similar to those in the proof
of Theorem 5.3.2), and recalling (5.81), passing to the limit m — oo leads to the
corresponding energy inequality for (¢, Vs, L, 04).

This proves that the quadruplet (¢x, 1y, 1«, 05) is a weak solution of (5.1) in the sense
of Definition 5.3.1 with K = 0. O

The asymptotic limit K — o

THEOREM 5.4.6. (Asymptotic limit K — oo) Suppose that the assumptions (A1)-
(A5) and (A7) hold. Let L € (0,00) and let (¢g,v0) € H' be arbitrary initial data.
For any K € (0,00), let (¢&, ¢, uX 0K) denote a weak solution to system (5.1) in
the sense of Definition 5.5.1 with initial data (¢o, o). Then, there exists a quadruplet
(¢*, *, u*, 0%) such that

(010", 0™ ) — (040", 0pp*)  weakly in L*(0,T; (H")"),

(@, 9™) = (6%, 9%) weakly-star in L0, T;H'),
strongly in C([0,T]; H®) for all s € [0,1),
(!, 05) = (u*,6%) weakly in L*(0,T; £%) N L*(0,T; HY),
%(o&j}K —¢%) =0 strongly in L>(0,T, L*(T)),

as K — oo, up to subsequence extraction, with

1 C
gllch — " || Lo rz2(ry) < Vi (5.94)

and the limit (¢*,¥*, u*,0%) is a weak solution to the system (5.1) in the sense of
Definition 5.3.1 with K = 0o, which additionally satisfies (u*,0%) € L*(0,T; L?).
Remark 5.4.7. Suppose that for any K € (0,00), the phase-field ¢ is sufficiently
regular such that the boundary condition (5.1¢) holds in the strong sense, that is

Ko,0" = ayp® — ¢%  ae. on 2T,
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This is actually fulfilled under additional assumptions on the regularity of I' and the
parameter p (if d = 3), see Theorem 5.6.1. Then, estimate (5.94) can be reformulated
as

Sk

Han¢KHLoo(0,T;L2(F)) <

As the right-hand side of this inequality tends to zero as K — oo, this explains why
the homogeneous Neumann boundary condition d,¢* = 0 a.e. on X7 appears in the
limit model corresponding to K = oo.

PROOF OF THEOREM 5.4.6. We consider an arbitrary sequence (K, )men C (0, 00)
such that K,, — oo as m — oco. Without loss of generality, we assume that K,, €
[1,00) for all m € N. For any m € N, let (¢5m, ¢pKm pKmn gKn) denote a weak so-
lution of the system (5.1) in the sense of Definition 5.3.1 with initial data (¢o, o)
corresponding to the parameter K,,. In this proof, we use the letter C' to denote
generic positive constants independent of K, and m. Let now m € N be arbitrary.

As we have seen in the proof of Theorem 5.3.2 (see (5.37)), the initial energy satisfies

Egi(6"7(0),0%(0) < C1+ K,,') < C (5.95)

free

since K, > 1 for all m € N. This allows us to use the same argumentation as in the
proof of Theorem 5.4.4, and we infer

(@™ 5™ | oo o 2y + (V5 , V05| L2 0.7,22)

(5.96)
+ [|Bo%m — HKmHL2(o,T;L2(P)) <C

as well as

1 C
KiHO“ﬁKm — "™ || Lo o1 12(r)) < N o (5.97)

This already implies (5.94). We now test the weak formulation (5.24b) with ({,(r) €
H!. Using again that K, > 1, we find that

(", 05 || oo 0,1 21y) < C- (5.98)

This estimate allows us to apply Lemma 5.2.1, and using (5.96) and (5.98), we conclude
”(,U'KmaeKm)HL‘l(O,T;LZ) <C. (5.99)
In combination with (5.96) we thus deduce

(", 0% | 20, 7241) < C. (5.100)

Lastly, exploiting (5.96), we conclude from the weak formulation (5.24a) by a compar-
ison argument that

1", D™ ™) | 20,7530y < C- (5.101)
In summary, combining (5.96) and (5.99)—(5.101), we thus have shown that

@™ ™, 0™ ™) | 20,7301 yy + 1™ 5™ ) | oo (0. 7241)

(5.102)
1", 05 ) pago,ric2y + (™™, 05 ™) p20,m01) < C-
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In view of the uniform estimate (5.102), the Banach—Alaoglu theorem and the Aubin—
Lions—Simon lemma imply the existence of functions (¢*, ¥*, u*, 0*) such that

(O™, 0pp ") — (949", 00™)  weakly in L*(0,T; (")), (5.103a)
(pFm pBm)y - (¢ p¥) weakly-star in L>(0,T; H1),
strongly in C([0,T]; H?) for all s € [0, 1),
(5.103b)
(pfm 0Kmy — (u*,0%) weakly in L*(0,T; £%) N L*(0,T;H'), (5.103c)

as m — 0o, along a non-relabeled subsequence. Additionally, thanks to (5.97) and the
trace theorem, we infer

1

K—(oalJKm —¢fm)y 50 strongly in L>(0,T; L*(T)) (5.104)

as m — oo. We readily deduce that Definition 5.3.1(i) is satisfied.

Using the Sobolev embedding H* < L2 for s € (0,1) along with (5.103b), we find
that

(6" (0), 9% (0)) — (¢*(0),%*(0))  strongly in £, (5.105)

as m — oo. In view of the initial conditions satisfied by (¢, %m) we deduce that
Definition 5.3.1(ii) is fulfilled.

As in the proof of Theorem 5.4.4, the convergences (5.103a)—(5.104) are sufficient to
pass to the limit in the weak formulations (5.24) associated with K, to conclude that
the limit (¢*, ¢*, u*, 0*) fulfills the weak formulation (5.24) associated with K = oc.
Thus, we infer that Definition 5.3.1(iii) is satisfied.

The mass conservation law as stated in Definition 5.3.1(iv) also follows with the
same reasoning as in the proof of Theorem 5.4.4.

For the energy inequality, note that for all non-negative 7 € C2°(0,7T), we have

T T
/0 RS (67(t), " (£)) m(t) dt < liminf / B2, (65 (1), 45 (1)) (8) dl

m—0o0
(5.106)
<tyint [ B 0,05 0) (o) .

The first inequality follows the same argumentation that we already have seen before,
whereas the second inequality is due to (5.104). We finish the proof by mimicking the
proof of the energy inequality in Theorem 5.3.2, which is based on the convergence
results (5.103a)—(5.103¢) and the assumptions (A3)—(A4).

We thus have shown that the quadruplet (¢*,y*, u*, 6*) is a weak solution to the
system (5.1) in the sense of Definition 5.3.1 for K = oc. O

The asymptotic limit L — 0

In this section, we investigate the asymptotic limits L — 0 and L — oo of the system
(5.1) for fixed K € [0, c0].

THEOREM 5.4.8. (Asymptotic limit L — 0) Suppose that the assumptions (A1l)-
(A4) and (A7) hold. Let K € [0,00] and let (¢o, o) € 7—[}(@ be arbitrary initial data.
In the case K € {0,00}, we further assume that (A5) holds. For any L € (0,00),
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let (¢r,%r, pr,01) denote a weak solution of the system (5.1) in the sense of Defi-
nition 5.3.1 with initial data (pg,10o). Then, there exists a quadruplet (i, Ys, fis, Ox)
with i, = B0, a.e. on LT such that
(Oepr, Opr) — (6x,9s)  weakly in L*(0,T;Dp),
(%, L) = (dy1b) weakly-star in L>(0,T; ’H}{,Q),
strongly in C([0,T]; H®) for all s € [0,1),
(12,0L) = (pxs0s)  weakly in L*(0,T; H'),
weakly in L*(0,T; £?) if K € (0, o],
BOr, — pr, — 0 strongly in L*(0,T; L*(T)),
as L — 0, up to subsequence extraction, with

180 = pillzzor2mry < CVL, (5.107)

and the quadruplet (¢x, ¥y, tix, 0x) is a weak solution to the system (5.1) in the sense
of Definition 5.5.1 with L = 0, which additionally satisfies (jix,0,) € L*(0,T;L?) in
the case K € (0, 00].

Remark 5.4.9. As the right-hand side in (5.107) tends to zero as L — 0, this explains

why the Dirichlet-type boundary condition u, = 36, a.e. on ©7 appears in the limit
model corresponding to L = 0.

PROOF OF THEOREM 5.4.8. We consider an arbitrary sequence (L, )men C (0, 00)
such that L,, — 0 as m — oo and a corresponding weak solution (¢r,,,, Y1, 05, 1L,,)
to the system (5.1) in the sense of Definition 5.3.1 to the initial data (¢o,10). In this
proof, we denote by C arbitrary positive constants independent of L,, and m, which
may change their value from line to line. Let now m € N be arbitrary.

If K € [0,00), we conclude from the energy inequality (5.26) that

(@ L> L) Lo 00200y + (V1L VEOL ) L20,7,22) < C, (5.108)
as well as
180L,, — L L2002 () < CV L. (5.109)

If K = oo, we do not have the bulk-surface Poincaré inequality at our disposal. Instead,
we have to argue as in the proof of Theorem 5.4.4 and make use of the additional
assumption (A5) to obtain the estimate (5.108). In particular, (5.109) yields (5.107).
Arguing as in the proof of Theorem 5.3.2; we additionally infer that

H(/J’L'rrﬂ0Lm)HL°°(O,T;(H}<’a)’) <C. (5.110)
If K € (0,00], we may use Lemma 5.2.1 and further obtain
H(IULm79Lm)HL4(0,T;[,2) <, (5.111)
which in combination with (5.108) yields

H(/’LLWH 0L7VL)HL2(O,T;H1) S C (5112)

In the case K = 0, we argue analogously as in the proof of Theorem 5.4.4 to deduce
that

(tLm> O ) |l L20:702) < C, (5.113)
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from which we obtain (5.112) as well.

For the time derivatives, we again proceed similarly as in the proof of Theorem 5.3.2
but choose the test function space Dg instead of H'. We then obtain due to the weak
formulation (5.24a) and the uniform bounds (5.108) and (5.109) that

1Ot L1 s L)l L2(0,71) < C- (5.114a)

In view of the uniform estimates (5.108), (5.111), (5.112) and (5.114a), the Banach—
Alaoglu theorem and the Aubin—Lions—Simon lemma imply the existence of functions
s, Uy, px and 6, such that

(01PLs OsL,,) = (Ordus Orthy)  weakly in L*(0, T Dj), (5.114b)
(b, ,0L,.) = (du, Us) weakly-star in L>(0,T; H ),
strongly in C'([0,T];H*) for all s € [0, 1),
(5.114c)
(Bl OL,) = (11,0 weakly in L*(0,T;H'),

weakly in L*(0,T; £?) if K € (0,00], (5.114d)

as m — oo, along a non-relabeled subsequence. Furthermore, we conclude from
(5.114d) and the trace theorem that

BOr, — ur, — B0, —ps  weakly in L?(0,T; L*(I")) (5.115)

as m — 0o, which, in combination with (5.109), already entails u, = 86, a.e. on X7,
due to the uniqueness of the limit. Proceeding similarly as in the case K — 0 (see the
proof of Theorem 5.4.4), we eventually show that the quadruplet (¢x, 1y, 114, 0x) is a
weak solution of the system (5.1) in the sense of Definition 5.3.1 for L = 0. O

The asymptotic limit L — oo

THEOREM 5.4.10. (Asymptotic limit L — 0o) Suppose that the assumptions (A1)-
(A4) and (A7) hold. Let K € [0,00], and let (¢o,%0) € H}Qa be arbitrary initial data.
In the case K € {0,000}, we further assume that (A5) holds. For any L € (0,00), let
(oL, L, ut,0F) denote a weak solution to the system (5.1) in the sense of Defini-
tion 5.3.1 with initial data (¢o,%0). Then there exists a quadruplet (¢*,v*, u*, 6%)
such that

(D", Opp") — (8,0, Dp™) weakly in L*(0,T; (1)),

(¢L) ¢L) - (¢*7 1/}*) weakly—star in LOO(O’ T7 H}(,a)a
strongly in C([0,T]; H®) for all s € [0,1),

(uE,0%) = (u,6%) weakly in L2(0, T3 1),
weakly in L*(0,T; L% if K € (0, 00,
1
E(BQL )y =0 strongly in L*(0,T; L*(T")),
as L — oo, up to subsequence extraction, with
1 C
ZW@L — 1Pl r20.12(r)) < NG (5.116)

and the quadruplet (¢*,y*, u*,0%) is a weak solution to the system (5.1) in the sense
of Definition 5.5.1 for L = oo, which additionally satisfies (u*,0*) € L*(0,T; L?) in
the case K € (0, 00].
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Remark 5.4.11. Assuming that for any L € (0, 00), the chemical potential p” is suffi-
ciently regular such that the boundary condition (5.1f) holds in the strong sense, that
is

Lmg(¢®)oupl = goF — ¥ a.e. on X7,

estimate (5.116) can be reformulated as

C
HanNLHLQ(O,T;L2( N < —=

S

As the right-hand side of this inequality tends to zero as L — oo, this explains why
the homogeneous Neumann boundary condition dpu* = 0 a.e. on X7 appears in the
limit model corresponding to L = co.

PROOF OF THEOREM 5.4.10. We consider an arbitrary sequence (L,,) C (0, 00)
such that L,, — oo as m — oo and a corresponding weak solution (qﬁLm ,plm gLm ,uLm)
o (5.1) in the sense of Definition 5.3.1 to the initial data (¢, 1g). Since L,, — oo as
m — 00, we can assume without loss of generality that L, € [1,00) for all m € N. In
this proof, we use the letter C' to denote generic positive constants independent of L.,
and m, which may change their value from line to line. Let now m € N be arbitrary.

Using the same argumentation as in the proof of Theorem 5.4.8, we infer

("™ ") oo o2y + | (VP Vr05 ™) [ 20 7,22) < C (5.117)
as well as
C
7||5‘9Lm — i 20,2 (ry) < N (5.118)

In particular, (5.118) already entails (5.116). If K € (0,00], we again derive the
estimate

H(MLmv 9Lm)HL4(0,T;E2) < C? (5'119)

while in the case K = 0, we merely obtain

Lm’ 0Lm)

(e 200,722y < C.

In both cases, we thus get
(™, 0% ™) | 20,7301y < C- (5.120)

For the time derivatives, we proceed similarly as in the proof of Theorem 5.3.2 and
obtain due to the weak formulation (5.24a) and the uniform bounds (5.117) that

1
H(G@Lm} 8twLm)||L2(O,T;(H1)/) <C <1 + ﬁ) < (. (5121)

Here we additionally used L,, > 1 for all m € N. In view of the uniform estimates
(5.117), (5.119)—(5.120) and (5.121), the Banach—-Alaoglu theorem and the Aubin-
Lions—Simon lemma imply the existence of functions ¢*,¥*u* and 6* such that

(Oep™m, Opp™m) — (0™, 0p*)  weakly in L*(0,T; (H")"), (5.122a)
(pFm pEm) — (¢*, ¢*) weakly-star in L>°(0,T; H ),
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strongly in C([0,77; H?) for all s € [0,1),
(5.122b)

(u"m,05m) — (u*, 0%) weakly in L2(0,T;H'),
weakly in L1(0,T; £?) if K € (0,00], (5.122c)

as m — 0o, along a non-relabeled subsequence. Due to (5.117), we additionally have

1

7 (BOL™ — ptmy =0 strongly in L%(0,T; L*(T")) (5.123)
m

as m — 0o0. Arguing further as in the case K — oo (see the proof of Theorem 5.4.6),
we eventually show that the quadruplet (¢*,v*, u*,0*) satisfies Definition 5.3.1(i)—
5.3.1(iii) and 5.3.1(v). For the mass conservation law, simply note that the weak
formulations for ¢* and ¥*, as well as the test functions, are not coupled, which allows
us to use { = 1 and (r = 1 as test functions, respectively. Integrating the resulting
equations in time from 0 to ¢, and employing the fundamental theorem of calculus, we
infer

/ngﬁ*(t) dx:/Qqﬁg dr and /Fw*(t) dF:/Fz/JO dr

for all ¢ € [0, 7], which shows that (¢*,¢*, u*,6*) is a solution of the system (5.1) in
the sense of Definition 5.3.1 for L = oo. O

We conclude this section with the following remark.

Remark 5.4.12. If the uniqueness of the respective limiting models is known (e.g. if the
mobility functions are constant, cf. Theorem 5.3.4), we even obtain convergence of the
full sequence (not only a subsequence) in Theorem 5.4.4, Theorem 5.4.6, Theorem 5.4.8
and Theorem 5.4.10, respectively, by means of a standard subsequence argument.

5.5 Continuous dependence and uniqueness of weak
solutions

In this section, we present the continuous dependence and uniqueness of weak solutions
to the system (5.1) as stated in Theorem 5.3.4.

PROOF OF THEOREM 5.3.4. As the mobility functions mq and mp are constant,
we assume, without loss of generality, that mqo = 1 and mr = 1. In the following,
we use the letter C' to denote generic positive constants depending only on 2, the
parameters of the system (5.1), the initial data and the prescribed velocity fields.

We consider two weak solutions (¢1, 1, p1,601) and (2, 12, u2, 02) originating from
the initial data (¢g,%0), (95,45) € H,, with velocity fields (vi,w1), (va, ws) €
L2(0,T; L3, (Q)) x LZ1(T)), respectively, and set

(0,0, 1,0, v, W) == (p1 — P2,91 — 2, i1 — p2, 01 — 02, Vi — Vo, Wi — Wa).

Then, due to their respective weak formulations (5.24), the quadruplet (¢,, i, )
satisfies

(016.000). (¢, = [ nv- Vo= [ gva-VC da
—/wlw-VrCr dF—/wa-VrCr dr’ (5.124a)
r Ir
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/ V- V¢ dﬂ?/vr9'VFCr dFX(L)/(ﬂGH)(ﬂCFC) dr
0 r r

/undx—i-/andF
Q r

= /Q (F"(¢1) — F'(¢2))n dz + /F (G'(41) — G'(¢p2))nr AT (5.124b)
+/QV¢ -Vn dx —l—/FVF’l/J -Vror dI’ + X(K) /(a’(/) — gb)(og'r]F — 'r,) dr’,

r

a.e. on [0, 7] for all (¢,(r) € ’HlLﬁ and (n,nr) € 'H}(’a. Testing (5.124a) wit (¢, (1) =
(8,1) € ’Hiﬁ, we readily notice that

mean (¢, 0pp) =0 a.e. on [0, 7.
Moreover, recalling the mass conservation law (5.25), we have
mean(¢, ) =0 a.e. on [0, 7.

In particular, both (0:¢(t), 0wp(t)) and (¢(t),1(t)) are an admissible right-hand side
in the elliptic problem with bulk-surface coupling (4.1) for almost all ¢ € [0,7]. In
addition, due to the linearity of the solution operator Sy, g,

0iS1,5(0,0) = S1.s(0¢,0p)  in Hy 5 ae. on [0,T].

Thus, choosing (¢,(r) = Sp (¢, ¥) € Hi,,@ in (5.124a), we derive the identity

&l
N

(&, )T 5,0 = dtQHSLﬁ(éb DI

= (S.,5(0e¢,00)), SL,5(d:¥)) 4

= —((010,0), S1.,5(8,) >H1L,g

((1,0), SL.p(¢,9)) 5 (5.125)
— ((¢1v + ¢V, P1w + Yw2), (VSE 5(6,¥), ViSE 5(6,1))) 1o

—((1,0), (&,9)) 2
— ((¢1v + ¢va, hr1w + hwa), (VS 5(6,¥), VI ST (6, 1)) 1o

a.e. on [0,T]. For the first term on the right-hand side, we use (5.124b) to find that

(8.0, 60) g2 = @) — [ (F'(61) ~ F'(0) 6 da
@ (5.126)
- /F (G' (1) — G'(¢p2)) ¢ AT

a.e. on [0,T]. Now, exploiting the growth condition on F” (see (A4)) with p < 6 and
using the fundamental theorem of calculus as well as Holder’s inequality, we compute

[~ Floyoar =| [ [ Fllsta+ (1= 900 ds (62 - om) o

<c (1+ s \¢2|P—2) R (5.127)

< C(L+ o1llogq + lo2l7s >H¢||2 gz <Ol
P (Q) L7 (Q)
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a.e. on [0, T]. Recalling H(I') — L4(T"), we analogously infer
\/ (G'(W1) = G () ¢ dT| < Ol sz (5.128)
r L¥=7(T)
a.e. on [0,7]. Combining (5.127)—(5.128) yields
| [ (o0 =) dal + | [ () - Gy v ar| <ClG IR o

a.e. on [0, T]. Next, recalling again that p < 6, which entails the compact embedding

12
H! < £8-7, we deduce with Ehrling’s lemma and the bulk-surface Poincaré inequality
if K € [0,00) that

16, ) 1% o + Cli(e, )11 5 (5.129)

»N»—ﬂ

2
Cl@ VI 2 <

a.e. on [0,7]. In the case K = oo, we first use Ehrling’s Lemma to find that

1
1@, ¥)llc2 = S11(0 ¥)lla + Cll(¢, ¥l L,5,5
1 1
< 1@ D)z + Sl D)llwa + Cli(S, )50

a.e. on [0,T]. Consequently, we obtain

1(@, D)2 < 20(, ¥) &0 + Cll(D ) 25,4 (5.130)

a.e. on [0,T]. Thus, we make use of Ehrling’s lemma and find with (5.130) that

1
Clo 0 2. < 5518 9) 5 + Cl(6, )L
£ 1 (5.131)
@ )ia + CG )L g
Then, for the second term on the right-hand side of (5.125) we have
((61v + ¢va, 1w +9wa), (VSL 5(¢,9), VrSL 5(6,4))) 2
< @1V + ¢va, brw + hwa) | 22 [ (VST (0, ), ViST 5(0, 1)) 22
(5.132)

< (v, ¥aw)ll g2 + [[(6va, ows) | 22 ) [S1,6(6, %) | 1.5
< (Clv Wl 1@z (V2w ) 16,9)] 5.

6(Q)x LT+ ()

a.e. on [0,T], where, as before, X, = L3(Q) x L2**(I'). Now, if K € [0,00), we use

24w
Young’s inequality in combination with the Sobolev embedding H* < L%(Q)x LT ()
and the bulk-surface Poincaré inequality to obtain

Ite, )1l 1(va, w2)l| 2, [[(#, ¥

O A== (T)

< 26, )12 o+ Cl(va, w2)ll3, 11(6,0)1Z 5.

L,B,*
(5.133)

a.e. on [0,T]. As we have already seen above, the case K = co needs a slightly different
argument. In this case, we use (5.130) with another application of Young’s inequality
and the aforementioned Sobolev embedding to obtain

1(@, ) 2w (v, wa) [, (¢, D) 2.5+

L6(Q)x LT+ (I)
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< O(I(6: ) 1o + 16, ) ) 1 (Vs W) e, | (6 90 12
1
< M@ ) iea + C(1+ (v w)ll, ) 16,7 .0

7/87* (5'134)

a.e. on [0, T]. Another application of Young’s inequality yields

Cll (v, W)l (8 ) 1,5 < §||<v,w>r|%@ +Cll (&)1 5.0 (5.135)

a.e. on [0,7]. Plugging (5.133) and (5.135) back into (5.132), we infer
(61v + ¢v nw + pws), (VSE 5(¢,9), VS 5(6,9))) 2o

< %H(V,W)H%@ + iuw, Do + Cll(va, w2)ll3, (&, 9)1E 5.4

a.e. on [0, T]. Therefore,

(5.136)

d1 1 1
a5”(¢:¢)”%,ﬁ,* + 5”(@ ¢)H%{,a < §H(V7W)H2\fw + P”(@WH%@*

a.e. on [0, T], where P(-) == C’(l—i— ||(V2,W2)||?Yw>. As P € L*(0,T), Gronwall’s lemma
directly implies

1(o(®), WL 5. < 1(2(0), ¥ (0)1Z, 5. exP / P(r) dr)

/H $))||%. exp /P ) dr) ds

for almost all ¢ € [0,7], which proves the desired continuous dependence estimate
(5.32). As a consequence, if (¢}, 1) = (¢3,%2) a.e. in @ x T and (v, wy) = (v, Ws)
a.e. in QT x X7, the uniqueness of the corresponding weak solution immediately follows.
Thus, the proof is complete. O

5.6 Higher regularity of weak solutions

The higher regularity of weak solutions as stated in Theorem 5.3.2 is guaranteed by
the following theorem.

THEOREM 5.6.1. Suppose that the assumptions (A1)—(A'7) hold. Let K, L € [0, 00|,
and let (o, o) € ’H}(’a be arbitrary initial data. Suppose that the domain Q is of class
C* for k € {2,3}, and in the case d = 3, we further assume that (A4) holds with p < 4.
Then, if a weak solution (¢,, 1, 0) of the system (5.1) in the sense of Definition 5.3.1
exists, it additionally satisfies

(¢,70) € LY0,T; H?) if K € (0,00], (5.137)
(¢,1) € L0, T; H) for k € {2,3}, (5.138)
(,10) € C([0,T]; 1Y) if (K,L) € [0,00] x (0,00] and k = 3, (5.139)
as well as
p=—A¢+ F' () a.e. in QT (5.140)
0 =—Ary+ G (¥) + adnd a.e. on X1, (5.141)

{K8n¢ PR A s a.e. on LT, (5.142)

On® =0 if K =00
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PROOF. Let (¢,1,u,6) be a weak solution to the system (5.1) in the sense of
Definition 5.3.1. We infer from the weak formulation (5.24b) that

/ Vo(t) - Vi dz + / Vro(t) - Ve dT + y(K) / (atb(t) — B(t))(amr — ) dT
Q N T
=[§uw—4W@@»de+[&ﬂﬂ—awww»mdr (5.143)

for almost all ¢ € [0,T] and all (n,7r) € Hf.,. This means that the pair (¢(t),(t))
is a weak solution of the bulk-surface elliptic problem

—Ag(t) = f(2) in €,
— Arp(t) + adno(t) = fr(t) on I,
Kong(t) = ayp(t) — ¢(t) if K € [0,00), on T
Ono(t) =0 if K =00 ’

for almost all ¢ € [0, 7], in the sense of [117, Definition 3.1], where
ft) = u(t) = F'(¢(t), and fr(t) =0(t) — G'(4(t)).

Recalling that p < 4, we use the growth conditions on F’ and G’ (see (A4)), the
Sobolev embeddings H'(Q) — L%(Q) and HY(I') — L?*@~(I') and the fact that
(¢, ) € L=(0, T; Hp ) to derive the estimate

1E B0l 2y < C(L+ 16015201 qy) < C- (5.145)

as well as
1G @2y < C(1+ 19121 ry) < C (5.146)

for almost all ¢ € [0,7]. In particular, the estimates (5.145) and (5.146) imply
(f(t), fr(t)) € £ with

17 Fe@Dllee < C(1+ 1 (u(0),0(0))] ) (5.147)

for almost all ¢ € [0, T].

We first consider the case k = 2. We then deduce from regularity theory for elliptic
problems with bulk-surface coupling as presented in Chapter 4 that (¢(t),v(t)) € H?
with

1(6(8) ¥ @)l < CIF@®), fr(t))] 2
< ([l ((®), 0@ 2 + 1 (6(1), &' (1)) 2)
< O+ | (u(t), 0(t))]| 2)

for almost all ¢ € [0,7]. After squaring this inequality, we integrate in time from 0
to T and use the regularity of (u,6) to infer that (¢,v) € L?(0,T;H?). In the case
K € (0,00], we even obtain (¢,v) € L*(0,T;H?) since (u,0) € L*(0,T; L?).

Let us now consider the case k = 3. Since p < 4, we use Holder’s inequality and
the Sobolev embedding H'(Q2) < L5() to derive the estimate

1" (6(6) Vo (t)llLz() < ClIVEH)IILz() + Cllle®I'Vo(t)llLz (o)
< ClIVe®) Lz + Cllo) 70y IVt s

< 1+ 160 o)

(
(
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for almost all ¢ € [0,7]. In combination with (5.145) this yields

IF" (o)l 1) < IF (@) 20 + 1F"(0(t) Vo (t) 120

< O(1+ 16Ol o) (449
for almost all ¢ € [0,7]. Proceeding similarly, we derive the estimate
IG" W) Ve (®)lleamy < C(1+ 9@ a2y )
which leads to
1G @)y < C(1+ 1002y (5.149)

for almost all t € [0,7]. We thus obtain (f(t), fr(t)) € H!, and may use again
regularity theory for elliptic problems with bulk-surface coupling to infer (¢(¢),v(t)) €
H? with

16(t), ()l < C(1+ (), fo(®) o)
< C(1+ [1(u(), 00)) g + I(F'(6(2)), G' (@ (#)l3er)
< (14 [1((t), 0@ lrer + (60, (1)) 2 )
< O 1+ [ (u(), 0t 1)

for almost all ¢ € [0,T]. First squaring, and then integrating this inequality in time
over [0,T] yields (¢,1) € L*(0,T;H3).

This means that (5.137) and (5.138) are established. If (K, L) € [0,00] x (0, 00]
and k = 3, the additional continuity property (5.139) follows from Proposition 5.2.2.
Therefore, the proof is complete. O

Remark 5.6.2. In the other cases, where the boundary conditions involving K and L
are of the same type (i.e., K = L =0 or K = L = 00), it should also be possible
to obtain the regularities (5.137) and (5.138) even for d = 3 and p € (4,6). This
is because in these cases, the system (5.1) can be discretized by a Faedo—Galerkin
scheme (cf. Remark 5.4.2) and therefore, the higher order regularity estimates can be
performed on the level of the approximate solutions. In the case K = L = 0, we refer
the reader to the proof of [97, Theorem 3.3], where this line of argument is carried out
in detail.



Chapter 6

Existence, uniqueness and propagation of
regularity of weak solutions for singular
potentials

This chapter is based on the works in:

[98] A. GIORGINI, P. KNOPF, AND J. STANGE, Regularity of a bulk-surface Cahn—
Hilliard model driven by Leray velocity fields. Preprint: arXiv:2506.18617, 2025.

[119] P. KNOPF, A. POIATTI, J. STANGE, AND S. YAYLA, Long-time dynamics of
a bulk-surface convective Cahn—Hilliard system: Pullback attractors and conver-
gence to equilibrium. Preprint: arXiv:2603.10923, 2026.

[122] P. KNOPF, AND J. STANGE, Strong well-posedness and separation properties
for a bulk-surface convective Cahn—Hilliard system with singular potentials, J.
Differential Equations, 439 (2025), pp. Paper No. 113408, 60.

6.1 Introduction

In this chapter, we continue the study of the following convective bulk-surface Cahn-
Hilliard model:

O + div(ev) = div(ma(e) Vi) in Q, (6.1a)

j=—Ap+ F'(9) inQ,  (6.1b)

oy + divp (vw) = divp(mp () V) — Bma(¢)Onp on X, (6.1c)

0 =—Ary + G () + adng on ¥, (6.1d)

{Kan¢ =ah—¢ ?f K €[0,00), on X, (6.10)
On® =0 if K =00

{Lma(@anu =80 —p if Le0,00), on s, (6.16)
mo(¢)Onp =0 if L =00

Pli=0 = ¢o in ©, (6.1g)

1/J|t:0 = 1/}0 on . (61h)

In Chapter 5, we analyzed this system in the case of regular potentials and estab-
lished existence, and, assuming constant mobility functions, uniqueness and higher
regularity of weak solutions. The present chapter is devoted to extending these results
to the case of singular potentials, in particular to logarithmic-type potentials such as
the Flory-Huggins potential Wi, introduced in (1.3).

123
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The main difficulty stems from the singular nature of the potential. To overcome
this, we employ the Moreau—Yosida approximation introduced in Section 2.3. This ap-
proximation yields a family of regularized potentials with Lipschitz continuous deriva-
tives, allowing us to apply the results obtained in Chapter 5. More precisely, we
construct approximate solutions corresponding to the regularized system and derive
uniform estimates with respect to the approximation parameter. Passing to the limit
in the weak formulation and the associated energy inequality then yields the existence
of weak solutions for the original system with singular potentials. Furthermore, in the
case of constant mobilities, we obtain uniqueness and continuous dependence estimates
with respect to the initial data and the velocity fields.

In a second step, we investigate the propagation of regularity. We show that the
unique weak solution regularizes instantaneously, provided the velocity fields satisfy
suitable regularity assumptions. In particular, we consider two classes of admissible
velocity fields: one with enhanced regularity in time, and another with stronger spatial
regularity, namely the class of Leray-type velocity fields. While the former assumption
is primarily of technical nature, it plays a crucial role in establishing the propagation
of regularity for the physically more relevant Leray-type setting. Notably, such reg-
ularity arises when the velocity fields are not prescribed but instead determined by
additional evolution equations, such as the bulk-surface Navier—Stokes—Cahn—Hilliard
system (1.42).

Finally, in the case of two spatial dimensions and under additional growth assump-
tions on the potential F', we establish the strict separation property for the phase
fields. This means that the order parameter remains uniformly separated from the
pure phases +1. As expected, such a result is currently out of reach in three spatial
dimensions, even for the classical Cahn—Hilliard equation with homogeneous Neumann
boundary conditions. However, due to the fact that I is a (d — 1)-dimensional sub-
manifold of R?, we are able to obtain a strict separation property for the surface
phase field ¥ even in the three-dimensional setting, by adapting techniques from the
two-dimensional bulk case.

For related results in the non-convective setting, we refer to [43-45,70,129,131,137],
where strong solutions and separation properties have been established.

6.2 Main results

We start by stating our main assumptions needed in this section.

6.2.1 Assumptions

(A1) We consider a non-empty, bounded domain Q@ C R? d € {2,3}, with C*-
boundary I' := 0.

(A2) The constants «, 5 € R appearing in system (6.1) are supposed to satisfy a €
[—1,1] as well as a8|Q| + |T'| # 0.

(A3) For the mobility functions we require mq,mr € C([—1,1]). Furthermore, we
assume the existence of constants m,, m* > 0 such that

0 < my <mgq(s),mp(s) <m* for all s € [—-1,1]. (6.2)

(A4) For the potentials, we assume that F, G : R — R are of the form

F(S) :F1(8)+F2(8), G(S) :G1(3)+G2(8),
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where F1,G; € C([—1,1]) N C?(—1,1) such that F1(0) = FJ(0) = G1(0) =
G1(0) =0,

. ey 1 ' _ . (o) — 1 ' _
31\1‘1311 Fi(s) = 81{{11 Gi(s) = —oo and ll/n% Fi(s) ll/‘ni G (s) = 400,
and there exist constants Oq, ©p > 0 such that

F/'(s) >©q and Gf(s)>©Or for all s € (—1,1). (6.3)

We extend F} and G on R by defining Fi(s) = G1(s) = oo for s ¢ [—1,1]. For
Fy and Go, we assume Fh, G5 € C*(R) such that their derivatives are globally
Lipschitz continuous. Lastly, we require that the singular part of the boundary
potential dominates the singular part of the bulk potential in the sense that there
exist constants k1, kg > 0 such that

|F{(as)] < k1|GY(8)] + ke for all s € (—1,1). (6.4)

(A5) We assume that one of the following conditions hold:
(A5.1) There exist constants Cy > 0 and 4 € [1,2) such that

Fl'(s) < C'ﬁecﬁlFl/(‘(”)pji for all s € (—1,1). (6.5)

(A5.2) As ¢\, 0, for some k > 3, it holds that

1 1 1 1
iz =) merm = (ma) - ©9)
(A6) We assume that
(v,w) € L2(0,00; L3, () x L2 (T)).

(A7) At least one of the following conditions is satisfied:
(A7.1) (v,w) has the regularities

(v.w) € Hijo([0,00): LF (€2) x L(I) 1 L?(0, 00; £7)
N L>(0, 00; L, (2) x LT(I))
for some w > 0.
(A7.2) (v,w) has the regularities
(v,w) € L*(0,00; ') N L™(0, 00; L),
and it holds

vlp=w a.e.on X if K=0.

Remark 6.2.1. The assumption (6.41) was first made in [33] and has since then been
used in various contributions in the literature (see, e.g., [45,70,122,130]). We also
refer to [89], where an opposite inequality was postulated. Namely, they assumed that
the bulk potential dominates the surface potential.

We observe that the choice F' = G = W), with the logarithmic potential defined
in (1.3) is admissible.
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6.2.2 Existence of weak solutions

As for regular potentials, we first present the definition of a weak solution to (6.1).

DEFINITION 6.2.2. Suppose that the assumptions (A1)-(A4) and (A6) hold. Let
K, L € [0,00], and let (¢g, 1) € /H}(,a be an arbitrary initial datum satisfying

Fi(¢o) € L'(Q), Gi(tho) € LY(T). (6.7a)
Furthermore, in the case L € [0,00) we assume that
B mean(¢g, o), mean(¢o, 1) € (—1,1) if L € ]0,00) (6.7b)
while in the case L = oo we assume that
(Po)q (Wo)p € (1,1)  if L= o0. (6.7c)

The quadruplet (¢,v, u,0) is called a weak solution of the system (6.1) on [0, 00) if the
following properties hold:

(i) The functions ¢,v, pu and 6 have the regularities

(¢:9) € C([0,00); £7) N L>°(0, 005 H ), (6.8a)
(0v9, O10) € L2(0 o0, (HL 5) )s (6.8b)
(1£,8) € Liige([0,00); H, ), (6.8¢)
(F'(¢),G'(¢)) € Lipoc([0, 00); £2), (6.8d)
and it holds
6| <1 ae in@Q and || <1 a.e onX. (6.9)
(ii) The initial conditions are satisfied in the following sense:
Oli=o = ¢o a.e. in Q, and Y|;—p =1 a.e. onT. (6.10)
(iii) The variational formulation
((016.00). (¢ )y | = [ v Vo= [ - Viegrar
—/ mqo(¢)Vu - V(¢ de — / mr(¢)Vrl - Vp(r dT (6.11a)
Q r
— (@) [ (50— (B — ) ar
r
d Onr dl’
/QW? x +/r nr
= /QV(b -Vn+ F/(¢) ndr + /F Vry - Vrgr + G/(ib) nr dI’ (6.11b)
+x() [ (@ = )anr — ) ar
r
holds a.e. on (0,00) for all (,(r) € HIL’B and (n,nr) € H}(,oz’
(iv) The functions ¢ and 1) satisfy the mass conservation laws
B/ng(t) dzx +/F77Z)(t) dl' = B/ng)o dx +/F?,Z)0 dr’ if L € [0, 00), 612

/Q(b(t)d:c:/ﬂ¢odx and A¢(t)dfz/rwodf if L =00

for allt € [0,00).
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(v) The energy inequality

Bireo( (), (1)) / / ma(@)|Vul? do ds + / / ()| Vr0? dT ds
+ x(L //60 p)? dI ds (6.13)

—//qﬁv-v,uda:ds—//ww‘VFQdFds
0/ 0oJr

< Efree(¢07 ¢0)
holds for all t € [0, 00).
Our first result establishes the existence of weak solutions.

THEOREM 6.2.3. Suppose that the assumptions (A1)-(A4) and (A6) hold. Let
K,L € [0,00], and let (¢o,v0) € ’H}{,a be an arbitrary initial datum satisfying (6.7).
Then, there exists at least one global-in-time weak solution (¢,v, u,0) to (6.1) in the
sense of Definition 6.2.2. Moreover, it holds that

(¢ ¢) € Luloc([ov OO);WZp)v (F/(@,G/(?b)) € Luloc([ 700);£p) (614)
forp=6ifd=3 andp € [2,00) if d = 2, as well as
(6,9) € Lyoc([0,00);H?)  if K € (0,00,

(6,0) € Ll(0.00) ) if K =0, (019
Furthermore, the equations
p=—0A¢+ F'(¢) a.e. in Q, (6.16a)
0 = —Ary + G' (1) + adpo a.e. on 3, (6.16b)
{giﬂgb : oy —¢ Z;g € [0,00), a.e. on X (6.16¢)
h® = ) =

hold. Finally, if L € (0, 00|, any weak solution satisfies the energy identity, i.e., (6.13)
holds with an equality.

Remark 6.2.4. We remark on the assumptions imposed in Theorem 6.2.3.

(a) The domination property (6.4) is only needed in the case K € [0,00), while
if K € (0,00], it is sufficient to assume that € is a Lipschitz domain. The
reason for this is that if K = 0, we have to apply elliptic regularity theory for
systems with bulk-surface coupling to obtain higher regularity on the level of
approximate solutions. Otherwise we cannot handle the normal derivative 0y,
nor is it defined in a strong sense.

(b) The existence of a weak solution can be established under much weaker assump-
tions on the potentials. Namely, for the singular parts F}, Gy, it is enough to
assume that they are non-negative, proper, lower semicontinuous and convex

with F1(0) = G1(0) = 0. In this case, the subdifferentials
J1=0F1, g1 = 0G1

are maximal monotone graphs in R X R in the sense of Definition 2.3.1 according
to Proposition 2.3.6. Then, the weak formulation (6.11b) has to be reformulated

as
//LT]dl’-F/H??FdF
Q r
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:/Qw-vaFé(qb)ndx+/rvrw-vrnr+sr+G’2(w>nr ar
+x(K) / (0% — §)(amr — ) dT
T

a.e. on (0,00), for all (n,nr) € H ,, where (£,&r) € L2),.([0,00); £?) is such
that

¢(z,t) € D(f1) for ae. (z,t) € Q, P(z,t) € D(g1) for a.e. (z,t) € X,
and

€ fi(gp) ae inQ, &r € g1(v) ace. on X

Here, D(f1) and D(g1) denote the effective domains of the maximal monotone
operators f; and gp, respectively. Then, under superquadratic growth condi-
tions on F; and (1, and a more abstract domination property, the proof of
Theorem 6.2.3 we present here works verbatim even for this more general class
of potentials, see [122, Theorem 3.4]. The main drawback of these potentials
is, while uniqueness is available under additional assumptions, further regularity
properties of the corresponding weak solutions seems limited.

6.2.3 Continuous dependence and uniqueness of weak solutions

Our second result shows the continuous dependence of the phase-fields on the velocity
fields and the initial data in the case of constant mobilities.

THEOREM 6.2.5. Suppose that the assumptions (A1)-(A6) and that the mobility
functions mq and mr are constant. Let K, L € [0,00], let (6}, 18), (¢3,v3) € H}(’a be
two pairs of initial data satisfying (6.7) as well as

{mean(asé,wé) = mean(¢3, ¥3) if L €10,00),

6.17
(o = (D)o and (Wi = W i L= oo, (6.17)

and let

(Vlvwl) € LQ(Ov 003 LglV(Q) X L2

tan

(1)) and (v, ws) € L?(0, 00; L3, (Q) x L&(I))

tan

for some w > 0 be prescribed velocity fields. Consider two weak solutions (¢1,11, p1,01)
and (P2, 12, 2, 02) to system (6.1) in the sense of Definition 6.2.2 originating from
(8, 08) and (¢3,v3) with velocity fields (vi,w1) and (va, W), respectively. Then, for
any T > 0, there exists a constant C' > 0 such that the continuous dependence estimate

H(¢1(t) = ¢2(8), 1(t) — 2()) 7 5.0 + /0 1(1(7) = p2(r), 1 (r) = W2 (r)) i dr

t
< Cll(6h = v — ) e ([ PO ar) (6.18)

+c/0t 1(vi(5) = va(s), wi(s) — wa(s))]| % exp (/:P(r) dr) ds

holds for almost all t € [0,T], where P :== C(1 + ||(V27WQ)H%3(Q)><L2+W(I‘))’ and the
constant C > 0 depends only on 1, the parameters of the system, the initial data, the
final time T > 0, and w.

In particular, if (¢4,108) = (#3,%3) a.e. in Q x T and (vi,w1) = (v2,w2) a.e. in
Q x X, (6.18) yields uniqueness of the phase-fields of the corresponding weak solution.
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Remark 6.2.6. In three spatial dimensions, uniqueness of weak solutions to (6.1) is
currently limited to the case of constant mobility functions. However, in the two-
dimensional setting, uniqueness of weak solutions can be achieved, and will be subject
of Chapter 7.

6.2.4 Propagation of regularity and separation properties for weak
solutions

Our next main result is concerned with establishing higher regularity properties of
weak solutions. Assuming that the mobility functions are constant and that the po-
tentials as well as the velocity fields are more regular, we prove that the unique weak
solution to (6.1) regularizes instantaneously in time.

THEOREM 6.2.7. In addition to the assumptions (A1)—(AT), we assume that the
domain § is at least of class C3, and that the mobility functions mq and mr are
constant. Let K,L € [0,00] and let (¢o,%0) € ’H}(,a be an arbitrary initial datum
satisfying (6.7). Let (¢,%, 1, 0) be the corresponding unique solution in the sense
of Definition 0.2.2 on (0,00). Then, for any ¢ > 0, (¢,¢,u,0) has the following
regqularity:

(06, ) € L5, 005 (), 5)') N L2 (s, 00, HY), (6.19a)
(6,1) € L=(s,00 W) 1 (BC(@Qs) x BC (%)), (6.19b)

(1,0) € L™(c,00:H") N L(s, 00 H?), (6.19¢)
(F'(¢),G'(¥)) € L*(s, 00; LX) N L% (s, 00; LO). (6.19d)

In (6.19) we used the notation
Q. =0 x (5,00), Xc:=Tx(g,00)
for any ¢ > 0.

Remark 6.2.8. As for Remark 6.2.6, the propagation of regularity of weak solutions can
be established for d = 2 even for non-degenerate mobility functions, see Theorem 7.3.3.
Moreover, in that case, the regularity assumptions on the velocity fields in (A7.1) can
be relaxed to

(v, W) € Hyoe([0,00); LH(Q) x L)) N L*(0, 003 £7) N L(0, 003 LG, )
for some w > 0. This is due to the better Sobolev embeddings in two dimensions.

Remark 6.2.9. Theorem 6.2.7 only establishes the propagation of regularity for the
unique weak solution to (6.1). Under additional assumptions on the initial data (see
Theorem 7.3.3), one can even prove that the unique weak solution is in fact a strong
solution, i.e., the regularity properties (6.19) hold for ¢ = 0, and the system (6.1) is
satisfied almost everywhere. For d = 3, and if we suppose (A7.2), this, however, only
works in the case L € (0, 0], as the proof relies on an approximation procedure of the
initial data, and a certain trace relation cannot be guaranteed, which is necessary in
the case L = 0. We refer to [98, Theorem 3.6 and Remark 3.7] for a more detailed rea-
soning. Nonetheless, the proof works for d = 2 without this additional approximation
procedure, as in this case, the separation property is known, see Theorem 6.2.10 and
Theorem 7.3.3.

The proof of Theorem 6.2.10 can be found in Section 6.5.

Finally, we can show the instantaneous separation property for weak solutions in
two dimensions.
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THEOREM 6.2.10. Let d = 2. Suppose that the assumptions from Theorem 0.2.7
hold, and consider the corresponding unique weak solution (¢,1, u,0). Then, for any
¢ > 0, there exists 6 = 6(s) > 0, additionally depending on the norms of the initial
data, such that

[o(B)[Loo) <1 =6, l[(@)leeqry <1 =6 forallt=>s. (6.20)

6.3 Existence of weak solutions

In this section, we present the proof of Theorem 6.2.3. The proof is based on con-
structing suitable approximation solutions. This is done by approximating the singular
potentials by their respective Moreau—Yosida regularization, and considering more reg-
ular velocity fields. Then, the approximative system is solved using Theorem 5.3.2.
The main difficulty lies then in proving suitable uniform bounds on the approximative
solution, which allows us to conclude the existence of a weak solution to the original
system using compactness arguments.

PROOF OF THEOREM 6.2.3.
Step 1: Definition of an approximate solution. We first construct a sequence of
approximate solutions on any time interval (0,7") for 7" > 0. To this end, let 7" > 0 be
arbitrary and let us first assume that (v,w) € L2(0,T; L3, () x L3 (T")). We would
like to point out that it is sufﬁment to assume (v, w) € L2(O T; L3, (Q) x L2H(T)) for
some w > 0 as in Theorem 5.3.2, see [122, Theorem 3.4]. Next, for any A € (0, 3), we
consider the MoreaufYo&da approx1mat10ns Fi ) and Gy ) of F' and G, respectively,

and set
Fy\ = Fi\ + Fy, G\ =G\ + Go.

Then we consider the regularized problem

Orpx + div(pav) = div(ma (o) Vi) in Q7 (6.21a)
= —A¢x+ Fi(on) in Q7 (6.21Db)
Oy + din(i/),\W) = din(mp(’l/J)\)VFH)\) - 6mg(¢)\)8n,u,\ on ET, (6.210)
Ox = —Arx + G\ (¥r) + alndr on X', (6.21d)
fjn oo st EEANE
Lmq(¢x)Onpxn = POy — pux  if L € [0,00), on 57 (6.21f)
mqa(Px)Onpr = 0 if L =00 ’ .
Palt=0 = o in Q, (6.21g)
Ualt=0 = %o on I (6.21h)

In view of Theorem 5.3.2; there exists a weak solution (¢x, ¥y, 1y, 0)) in the sense of
Definition 5.3.1, where in the weak formulation the potentials F' and G are replaced
by F) and G, respectively. Moreover, the energy inequality reads now as

Efree (02, 1)) / /mﬂ ox) |V do d8+/ /mr P\)|Vry|? dT ds

//ﬂe)\—/u dI’ ds
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t t
— Erneox(dho, t0) + / / v - Vi da ds + / / rw - V' dT ds
0 Q 0 I

on [0, 7], where the regularized energy is given by

1 1
Efcex(n,mr) = /Q QWU\Q + Fx(n) dz + / ilvrnﬂz + G\ (nr) dI’
r

1

(6.22)
(K / Lanr — )2 dr

2

for (n,nr) € H}<7a. Additionally, as Q is of class C?, Theorem 5.3.2 provides that
(éx,5) € L2(0,T;H?), and the equations

iy = —Ady + Fi(d) a.e. in QT (6.23a)

Oy = —Ary + G () + adndy a.e. on 1, (6.23b)
KOngs = avr = %f K € 0,00), a.e. on X1 (6.23c)
Onpr =0 if K =00

are satisfied.

Step 2: Uniform estimates of the approximate solution. We now establish
uniform bounds on the approximate solution that are based on the energy inequality.
In the following, we denote with C' positive constant that may depend on the parame-
ters of the system but are independent of A. First, we notice that by definition of the
approximate energy Efee y it holds that

SIVOIa0) + [ @0 do + IVl + [ Galwat)) ar
1 2 t 2

+y(K) /F S(00a(6) — 62(1)” T + /0 /Q mo(6)|Vi? de ds o

+/0 /Fmr(iﬂ,\)\vrt%’? dr d3+X(L)/O /F(ﬁ@,\—m)2 dI' ds

t t
< Ereon (60, %0) + / / v+ Viiy da ds + / / aw - Vol dT ds
0 Q 0 T

for all ¢t € [0,T]. Now, we observe on account of Theorem 2.3.8 and the assumption
on the initial data (6.7a) that

/Q Fy(d0) da + /F Gi(to) T < /Q F(go) dz + /F G() dT < C,

which entails that Egee x(¢0,%0) < C. On the other hand, for the convective terms on
the right-hand side of (6.24), we use again Holder’s and Young’s inequality to obtain

the estimate
t t
‘/ /(Z)Aw-VuAdxds—i—/ /ww-vmdrds‘
0 Q 0 T

t t
< m/ /mﬂy? da ds+m*/ /\VFW dr ds (6.25)
2 Jo Jo 2 JoJr

t
e /0 v, ) 2 (s ) s s

for all ¢ € [0,T]. Next, in view of (Y4), we note that

1 1
/QFA(@) dx—l—/FG,\(z/»\) ar > 2/Q¢§ dx+2/rw§ ar - ¢ (6.26)
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on [0,7] for all A € (0, %) Then, by (6.26) and the definition of Efee ), it readily
follows that

1 1
510 a)lba < €+ glen vl + [ Fr(@r) o [ Gaun) dr
= C + Efree A (P2, V1)

a.e.on [0, T]. Hence, combining (6.24), (6.25) and (6.27), we obtain after an application
of Gronwall’s lemma that

[ (@x, ¥x) | oo (0,0521) + 1(FLA(DA), Gra(¥on) | oo 0,701
1
+ 1V ex, Vel z20,1;22) + X (L) 2[|80x — )]

(6.27)

(6.28)

r2(o,r;22(r)) < C.

Here, we additionally used that the Moreau—Yosida approximations F ) and G ) are
non-negative, see (Y5). Next, to derive uniform estimate of the time derivative of
the phase-fields, we test (6.11a) with an arbitrary test function ((,(r) € ’Hi 5 Then,
recalling that the mobility functions mgq and mr are bounded according to (6.2), we use
Hélder’s inequality in combination with the continuous embeddings H'(2) < L5(12)
and HY(T) < L"(T) for all r € [1,00) to infer

(s, Brby), (C,CF)>H1L,[3| < [1(@x Y o 1(vs W)l 23 [ (VE, Vidr) || 22

+ 11 Gxs 011,811 (S, )

a.e.on [0, T]. Thus, after taking the supremum over all ({, (r) € Hi,ﬁ with ||(¢, ¢r) ||y <
1, we take the square of the resulting inequality and integrate in time from 0 to T to
obtain

L?ﬁ :

@utn, )y < C(NEn ) B, W) + i, O, )

a.e. on [0, 7. In view of the uniform estimate (6.28) and the regularity of the velocity
fields v and w, we deduce that

[(Deda, atlb/\)HL?(o,T;(HlL’B)/) <C. (6.29)

Step 4: Uniform L'-estimate on F],(¢\) and G’ ,(x). We next establish L'-
bounds on F,(¢x) and G’ ,(¥»). In the following, we will only consider the case
L € [0,00). The proof in the case L = oo works similarly, but one uses the means (¢o),
and (o) as well as (uy)q and (0))p instead of the bulk-surface means mean(¢, 1)
and mean(uy, ). This distinction is related to the mass conservation law (6.12) and
the conditions on the initial data (6.7b) and (6.7¢). We refer to [52] for more details
if K € [0,00) and L = co. The case K = L = oo is similar, but easier. We now test
(6.11b) with

(¢x — affmean(¢g, Yo), Yy — Bmean(¢g, vp)) if K =0,

(n,mr) = {(@ — Bmean(do, o), 1y — mean(¢o, 1o)) if K € (0, 00],

which is an element of ’H}(’a. After some rearrangements, as well as adding and
subtracting Smean(¢g, o) and mean(¢g,109) multiple times in the case K = 0, we
obtain

!VW@@+AHMWWWWMW%Ww®7

IV oy + [ Gia(w) (9r = mean(en, o)) dT
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- /Q (4 — Bmean(ux, 6)) (¢ — Smean(do, Yo)) da
+/ (6x — mean(uy, 0y)) (¥ — mean(gg, ¢p)) dT’
T
—(K) /P (atb — d) (@t — Pmean(do, o)) — (éx — mean(go, o)) dT
- /Q Fi(é2) (6 — fmean(do, ko)) da — /F Gh(2) (¥ — mean(do, o)) dT

+ 110y (K) (/QM,\ (Bmean(py, ¥r) — afmean(go, ¥o)) do (6.30)

—I—/F@)\ (mean(¢o, ¢o) — fmean(po, vp)) dI'
— /QFﬁ\(@\)(ﬁmean((ﬁ)\,wA) — afmean(¢o, 1)) dz

- /FG'A(%)(meaﬂ(%ﬂbo) — fmean(¢o, 1o)) dF)

a.e. on [0,T]. Here, 1;p, denotes again the indicator function of the set {0}. Note hat
the subtracted mean values fmean(py, 0)) and mean(uy, 0)) in the first two summands
on the right-hand side of (6.30) do not change the values of the respective integrals,
since

BIQ(pr — Bmean(go, o)) + |T|{1x — mean(do, to))p = 0

a.e. on [0,7] due to the mass conservation law (6.12).

For the left-hand side of (6.30), we can use the Miranville-Zelik inequality (see [138,
Appendix A.1] or [89, p. 908]) due to the assumption that Smean (g, 1), mean(¢o, Yo) €
(—1,1), see (6.7b). Thus, there exist positive constants c1, co and a non-negative con-
stant cg such that

el FY (@)l ) + c2llGra(@a) oy — e3 (6.31)
< /QFf,A(@)(fZ’/\ — fmean(¢o, 1)) dx + /r G (¥2) (A — mean(¢o, 1)) AT

a.e. on [0,7]. On the other hand, we use the bulk-surface Poincaré inequality for the
first two terms on the right-hand side of (6.30) to find that

/Q (1x — Bmean(py, 0))) (px — Smean(¢o, 1)) dx
+/ (0x — mean(py, 03)) (¥x — mean(¢o, 1)) dI
r

< |I(px — Bmean(pux, 01), 0x — mean(uy, 01))| 22 (6.32)
X || (¢ — Bmean(¢o, 1o), Yx — mean(e¢o, Yo))|| c2
<O+ 11(Dx, )l 22) 1 (exs O3l g

a.e. on [0,T]. Furthermore, in view of the Lipschitz continuity of F and G%, we infer
that

- / F3() (¢ — fmean(do, o)) da — / G5 (1Y) (¥ — mean(do, 1)) dT
0 r
= —/Q (F3(¢r) — Fy(Bmean(¢o, vo))) (¢x — fmean(¢o, to)) da



134 CHAPTER 6. WELL-POSEDNESS RESULTS FOR SINGULAR POTENTIALS

- /1“ (G5 (¥n) — Go(mean(¢o, 10))) (¥x — mean(¢o, 1)) dI
~ | FiBmean(Go. o)) (62 — Bmean(go, o)) da
- /F G4 (mean(¢o, 10)) (¥ — mean(¢o, o)) dT

<C+ C/ (6 — Bmean(¢o, v0))” da + C/ (10 — mean(go, 1)) ” dT
Q I
< C(L+ [[(dr,100)]122)

a.e. on [0,77], and thus

— X(K) /F(Oé% — o) ((¥x — Bmean(¢o, to)) — (o — mean(¢o, to))) dT'

- / F5(dx) (o2 — Bmean(¢o, 1)) do — / G5(1hx) (¥x — mean(go, 1hp)) dT
Q r

< C(1+ [[(en, va)l50) (6.33)

a.e. on [0,7]. For the remaining terms on the right-hand side of (6.30), which are
only present if K = 0, we make use of the fact that € is of class C?. Thus, we know
that (¢x, ) € L?(0,T;H?) and that the equations (6.23) are satisfied. Hence, after
integration by parts, we deduce that

/Q (F}(62) — ) (aBmean(do, vio) — Smean(do, vio)) da
+ [ (6362) = 63) (Bmean(do. ) ~ mean(6u, o) X

- /Q A¢ (apmean(¢o, o) — fmean(¢o, ¢ho)) dz (6.34)

+ /F (Arts — adndy) (Smean(go, o) — mean(do, %)) dT

= /F@ncbx (amean(¢o, vo) — Bmean(¢o, 1)) AT
< C[OndAllL2(r)

a.e. on [0,T]. Collecting (6.30)-(6.34) and recalling (6.26), we find that

[(FT A (@2), GLa(Wa)) gt < O+ [[(1x, 0x) 2,5 + Loy () 100 @A (t) I 2ry) — (6.35)

a.e. on [0, 7.

To eventually pass to the limit A — 0 in the weak formulation (6.11), estimate
(6.35) is not sufficient. To this end, we prove L?-bounds for the terms FY ,(¢) and
Gll,,\(ib\)- For this, we take advantage of the domination property (6.4) in the case
K € [0,00) as well as the boundary regularity for K = 0. This leads to the fact
that the related analysis has to be performed differently for the cases K = 0 and
K € (0, 00].

Step 5: Uniform L2-estimate of the potentials for K € (0,00]. Since K €
(0, 00], we have 1701 (K) = 0, and thus, due to (6.35), it holds

ICFL A (@2), Gl zr < C(1+ [[(1x, 0x) I L,5) (6.36)
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a.e. on [0,7]. Furthermore, since both Fj and G% are globally Lipschitz continuous,
exploiting the estimate (6.26) yields

IR (82), G (o))l er < C(1+ [(1rs 0x),5) (6.37)

a.e. on [0,7]. Now, since K € (0, 00|, we have H}(,a = H! and may test (6.11b) with
(82| + |T|) " (8, 1). Hence, (6.26) and (6.37) imply that

Imean(px, 0x)] < C(1+[[(ka, 03)]lL,5) (6.38)

a.e. on [0,7]. Whence, using (6.26) and the bulk-surface Poincaré inequality once
again, we infer

(12, Ol < C(LA+ ([ (p2a, O | z.) (6.39)

a.e. on [0,7]. Consequently, from the proof of Proposition 4.3.5 (note also Re-
mark 4.3.9), we obtain

[(FTA(@2), GLa (W)l 2 < C(1+ [[(1r, 02) | ,8) (6.40)

a.e. on [0,T]. For the case K = oo, the corresponding computations can be repeated
analogously, but are even easier, as the corresponding bulk-surface elliptic system is
completely uncoupled since Oppy = 0 a.e. on X7. For the corresponding estimate on
the bulk we also refer to [54, Lemma A.1] or [4, Lemma 2]. The computations on the
surface work in a similar manner.

Step 6: Uniform L?-estimate of the potentials in the case K = 0. In this
case, we additionally have to deal with the normal derivative d,¢) appearing on the
right-hand side of (6.35). First, we multiply (6.23a) and (6.23b) by (82|Q| + |F|)_1ﬁ
and (82|Q|+ \F\)_l and integrate over 2 and T, respectively. After adding the resulting
equations and applying integration by parts, we infer

[mean(s1x, 63)| < C(IF4 (6311 + IGA @1 (r)) (6.41)

a.e. on [0,7]. Exploiting again the global Lipschitz continuity of F and G5, respec-
tively, as well as (6.26) and (6.35), we deduce from (6.41) that

mean(yux, 63)| < C(1+ (1. 00)llL.5 + [9nall 2 (6.42)

a.e. on [0,T]. Thus, after another application of the bulk-surface Poincaré inequality,
we arrive at

Gaxs 03l < C(1+ (102, 03) 11,5 + 10m |2y (6.43)

a.e. on [0,7]. Then, since Q is of class C?, another application of Proposition 4.3.5
(see also Remark 4.3.9) along with the estimate (6.43) leads to

1(@xs o)z + (LA (D7), G1 A (1))l 22

(6.44)
< CLA+[[(pxs )L, + [1Ondall L2(r))

a.e. on [0, T]. Then, exploiting again the trace theorem together with Ehrling’s lemma,
we readily obtain

1(@xs o) llaez + I1(FLA(B2): G1A(2)) 22

< O+ [[(px, 0l z,8) 5 (64
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see (4.22)—(4.25). In particular, integrating (6.40) and (6.45) in time, readily yields

[(FY A(02), GLa ()l 20,1522) < C (6.46)

in all cases K € [0, c0].

Step 7: Passage to the limit A — 0. We eventually pass to the limit A — 0. In
view of the estimates (6.28), (6.29), (6.39) and (6.46), the Banach—Alaoglu theorem
and the Aubin—Lions—Simon lemma imply the existence of functions ¢, ¥, u, 6, & and
&r such that

(Oepr, Ohr) — (Oe, Op)  weakly in L*(0,T; (HL 5)), (6.47a)
(Hr,Ux) — (0, 7) weakly-star in L(0,T; Hj ), (6.47D)

strongly in C([0, T; £?), (6.47¢)

(1x, 0x) — (1, 6) weakly in L*(0, T3 M 5), (6.47d)

(FIA(02): GLA(N) = (&, 6r) weakly in L?(0, T £?), (6.47¢)

along a subsequence A — 0, which will not be relabeled. Arguing as in Theorem 5.3.2,
we can easily show that the above weak and strong convergences suffice to pass to
the limit in the weak formulation (6.11a)-(6.11b) written for F' = F) and G = G,.
Regarding Definition 6.2.2(iii), we have to make sure that the inclusions

{(b(x,t) e (~1,1) forae. (z,t) € QT, £=F(¢) ae inQT,

P(z,t) € (—1,1) for ae. (2,t) € »T, & =Gl(¥)  ae. on 5T (6.48)

hold true. To this end, first note that due to the convergence (6.47¢)-(6.47¢) along
with the weak-strong convergence principle, we infer

;gnb/OT/QF{A(@)mdmdtz/OT/dexdt,

;g/fﬁ(}&,ﬂm)m det—/OT/FSN/J dar dr.

As F| and G can be regarded as maximal monotone operators, the claim (6.48)
follows from Proposition 2.3.4. We also refer to [19, Proposition 1.1, p. 42] and [87,
Seciont 5.2]. Furthermore, it is straightforward to check that the mass conservation
law as in Definition 6.2.2(iv) holds, due to the aforementioned strong convergences
of ¢\ and 1. Lastly, the energy inequality in Definition 6.2.2(v) can be established
using the above convergences and lower semicontinuity arguments as in the proof of
Theorem 5.3.2.

Step 8: Existence of weak solutions for (v,w) € L?(0, 00; L3, () x L% (T)).
We are left to show the existence of a weak solution to (6.1) for any pair of velocity fields
(v,w) € L*(0,00; L3, () x L2 (T")). For this purpose, let (v, w) € L?(0, oo; L, (€2) x

tan

L2 (T)), and consider a sequence {(vk, Wg)}ren C L%(0,00; L3 () x L} (")) such
that
(Vi, Wwg) — (v, W) strongly in L?(0, oo; £?) (6.49)
as k — oo and
(Vi Wil £2(0,00:22) < (v, W) || £2(0,00:22) (6.50)

for all kK € N.
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Let T > 0 and k£ € N. Then, owing to the first part of the proof, there exists a
quadruplet (pg, ¥y, pk, 0x) solving (6.1) in the sense of Definition 6.2.2 on (0,7") with
(v,w) replaced by (vg,wy). In the following, we denote with the letter C' positive
constant that are independent of k € N. Now, as we additionally know that |¢x| < 1
a.e. in Q7 and || < 1 a.e. on ©7, we can go back to the energy inequality (6.13) and
obtain using Young’s inequality and (6.50) that

1 t
2 2
ds < — Vi, W d
L,IB S — 2 *A H( k’ k)”[:2 S

< ! / H( )H2L',
V, W ds
- 277L* 0 ’ :

Biree(61(t), 1 (t)) + min {1, = } /0 .

for a.e. t € [0,T]. In particular, we immediately obtain that

1 (r Vi) | oo (0,700 y + 1V pte, Vi) | 2 (0,7,22)

1 (6.51)
+X(L)2 |80k — pell 20,12 (ry) < C,s
and a comparison argument in (6.11a) leads to
1(Bers Dm0,y y < € (6.52)

Moreover, repeating the argumentation from Step 4-Step 6, we have

[(F"(o1), G' (1)) || 22 + [mean(uy, )] < C(1+ || (pr Ok) |l 1.,5) (6.53)

a.e. on [0,T]. We note that constants denoted by C only depend on the #!-norm of
the initial data (¢g,1) and the L?(0,00; £2)-norm of the velocity fields (v, w), and
are in particular independent of the final time 7" > 0. This allows us to extend the
approximate solutions (g, ¥k, pk, 0x) to [0,00) for any k& € N. Then, the Banach—
Alaoglu theorem and the Aubin—Lions—Simon lemma imply the existence of functions
&, 1, 1, 0,& and &p, which exist on [0, 00), such that, for any 7' > 0,

(s %) = (6,90)  weakly-star in L0, T; Hig o), (6.54a)
weakly in H'(0,T; (H}, 5)), (6.54b)
strongly in C([0, T); £?), (6.54c)

(ks Ok) = (,0)  weakly in L*(0,T;Hj 4), (6.54d)

(F1(¢4), G1(vr)) = (&:ér)  weakly in L*(0, T L), (6.54e)

as k — 0o, up to a subsequence extraction. As seen above, from these convergences
and the properties of F} and G1, we readily infer that

9| <1 ae in@Qf and |¢| <1 ae onXT
together with
Fl(¢)=¢ ae.inQ" and Gi(¢) =& ae onx’.

One can then readily check (¢, 1, u, 0) is a weak solution to (6.1) in the sense of Defini-
tion 6.2.2 as seen in the previous step. It remains to establish the desired regularities
(6.14) and (6.15). To this end, we notice that we can repeat the above arguments,
now working directly on the solution itself. In particular, the energy inequality shows
that

(&5 V) || oo (0,001) + 1V 1 VO 22(0,00:22)

" (6.55)
+x(L)2(180 — pll 22 (0,00:22(r)) < C,s
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and, after another comparison argument, we readily find that
@1 )20y, < (6.56)
Then, we can prove that
Imean(y, 0)] < C(1 4 [|(1, 6)|z,5) (6.57)
a.e. on [0, 00), which entails in combination with Proposition 4.3.5 that

1, ) e + 1(EF'(0), G'()ller < Cp(1+ 11, 0) 1 1,5) (6.58)

a.e. on [0,00) for p =6 if d = 3 and any p € [2,00) if d = 2. In particular, it holds
that

((257 1/}) € L12110c<[07 OO>; W2’p)7 (F/(¢)7 G/(¢)) S Lﬁloc([()? OO); ﬁp)

for the aforementioned values of p. Moreover, utilizing the bulk-surface Poincaré
inequality, we obtain from (6.55) and (6.57) that

(11,0) € Lijoe ([0, 00); H').

Finally, by the Lipschitz continuity of F3j and G%, an application of Corollary 4.3.7
yields that

|(=26, ~Are) + add)l|2 < C(1+ [1(n — F3(6),0 — Gh()llser)
<C(1+ (. 0)llp)

a.e. on [0,00) in the case K € (0, 00|, which entails

(¢7 1/}) € Lﬁloc([()) OO); HZ) (660)
in view of (6.55). On the other hand, if K = 0, Corollary 4.3.7 implies that

(¢7 w) € Lﬁloc([ov OO); Hz)

(6.59)

Step 9: Energy identity in the case L € (0, oc]. In a last step we prove that the
energy identity holds for weak solutions in the case L € (0, 00]. To this end, we consider
again the convex part FEgee of the free energy Fiee as defined in Section 4.3.1, which is
a proper, convex and lower semicontinuous functional on £2 according to Lemma 4.3.1.
Then, owing to [150, Lemma 4.1] in combination with Proposition 4.3.2, we deduce
that [0,00) 3 ¢ = Egee(d(t),1(t)) is absolutely continuous and it holds

d ~
— Epree(¢,9) = ((0t, O1)), (=A¢ + F{(¢), —Ary) + G1(¢) + adn))

dt
- <(8t¢7 atw)v (M - Fé(‘b)a 0 — G§(¢))>H1

a.e. on (0,00). As a consequence, since F' is bounded by assumption (A4) and
¢ € BC([0,00); L?(€2)), Lebesgue’s convergence theorem entails that [, F(é(+)) dz €
BC([0,00); L*(Q2)), which, in turn, implies that ¢ € BC([0,00); H(2)). Analogous
reasoning provides that 1 € BC([0,00); H(T')). Hence, testing (6.11a) with (p,6)
and exploiting the standard chain rule in L?(0,00; H') N H'(0, 00; (H!)"), we obtain

d

P60+ [ ma(@) Vil do+ [ me() V0P ar+x(z) [ (36— p)? ar

—/(Z)V-Vudx—/z/)w'VpHdF:O
Q r

a.e. on (0,00), from which the energy equality follows. O
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6.4 Continuous dependence and uniqueness of weak
solutions
In this section, we present the proof of the result on continuous dependence of weak

solutions to the system (6.1), which in particular implies their uniqueness, as stated
in Theorem 6.2.5.

PROOF OF THEOREM 6.2.5. As the mobilities mq and mrp are supposed to be
constant, we assume, without loss of generality, that mqo = mp = 1. In the following,
C denotes generic positive constants that may change their value from line to line and
only depend on €2, the parameters of the system (6.1), and the norms of the initial
data.

We consider two weak solutions (¢1, 1, pu1,601) and (P2, 12, 12, 2) originating from the
initial data (¢g,4), (85, ¥3) € H, with velocity fields

(Vlawl) € LQ(anOaL(QhV(Q) X L2

tan

(T) and (vo,wq) € LQ(O,OO;LZ’“V(Q) x L2 (1))

tan
for some w > 0, respectively. Then we set

(6,0, 11,0, v, W) = (1 — P2, 91 — Pa, 11 — pa, 01 — b2, V1 — Vo, W1 — W3).
Repeating the line of argument of Theorem 5.3.4, we can show that

d1 ,
aj“@%@“gﬁ,*

= —((,u, 0)7 (¢7w))52 (6'61)
— (($1v + ¢va, P1w + Ypw2), (VSE 5(8,9), VISL 5(6,))) 12

a.e. on (0,00). For the last term on the right-hand side of (6.61), we use the weak
formulation (6.11b) to obtain

_((M79)7 (¢7 ¢)>£2 = _H((ﬁvw)H%{,a - /Q (F,((ZSQ) - Fl(él)) ¢ dz
- [ (G w) = G v ar

a.e. on (0,00). Then, by monotonicity of F| and G/, it readily follows that

~ [ o) - Fito) o do - [ (Gitwn) - ) v ar <0 (6.62)
Q I

a.e. on (0,00). On the other, since Fy and G% are both globally Lipschitz continuous,
we infer with Young’s inequality that

- [ (B30 - o) 6 do - [ (Gylw) - Gaun) v AT < CUGV)IE (063)

a.e. on (0,00). To control the £2-norm of (¢,v), we make a case distinction between
K €[0,00) and K = o0. If K € [0,00), we can simply use the Ehrling lemma and the
bulk-surface Poincaré inequality to obtain

1
16, 9) 122 < gll(cﬁ,w)\\fx,a +Cl( )L 5.1 (6.64)
In the case K = oo, we first use Ehrling’s lemma to find
1
16, )22 < =ll(& )50 + Cll (6, 9)IIL 5.4
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1 1
< =lI(¢, V)22 + =I(Ve, V)22 + Cll (4, 9)1L 5.

Consequently, absorbing the corresponding term into the left-hand side, we deduce
that

1
(@ D)IIZ2 < Gll(& D)l + ClS YL 6,0 (6.65)

Now, exploiting the facts that |¢| < 1 a.e. in Q and |¢)| < 1 a.e. on 3, we can estimate

the last term on the right-hand side of (6.61) with the help of (6.64)—(6.65) and the
Sobolev inequality as

’/Q ($1v + ¢va) - VS 5(8,9) dz + /F (V1w + Pw2) - VSt 5(0, ) dF‘
< C(H(V7W)||1:2 + (¢, w)HHlH(VQaW2)HL3(Q)><L2+“’(F)) 1SLs(0,¥)Ls  (6.66)

1
< IV w)Ze + 1@ )30+ C (14 [ (was W)l ooy ) | (@017 5

1 1
< SN wlZe + 1@ )+ C(1+ l(wa, w2) [Ea pcrareqey ) (681175

a.e. on (0,00). Consequently, combining (6.62)-(6.66), we deduce from (6.61) that

d1 , 1 )
&5\ (0, V)17 4 + §H(¢7¢)HK,a

1
< SN, wlZe + C(1+ 111, W) [s(yraso )16 ) 5.4

a.e. on (0,00), and an application of Gronwall’s lemma readily entails the continuous
dependence estimate (6.18). O

6.5 Propagation of regularity and separation properties

In this section, we present the proof of Theorem 6.2.7 concerning the propagation of
regularity of weak solutions. Before giving the full proof, we briefly describe the main
idea. The proof is divided into two parts.

In the first part, we consider velocity fields (v, w) satisfying the regularity assump-
tions stated in (A7.1). Under these assumptions, higher-order regularity estimates
can be derived by applying difference quotients in time and performing suitable energy
estimates. This allows us to prove the propagation of regularity for the corresponding
weak solution.

In the second part, we treat velocity fields satisfying the assumption (A7.2). In
this case, the velocity fields lack sufficient time regularity, and therefore the compu-
tations based on difference quotients in time used in the first part cannot be justified
directly. To overcome this difficulty, we introduce an approximation procedure. More
precisely, we approximate the singular potentials by their Moreau—Yosida regulariza-
tion and simultaneously approximate the velocity fields by a sequence {(vx, Wx)}r>0
such that (vy,w)) satisfies the assumption (A7.1) used in the first part. For the
approximate problem, the results from the first part yield the propagation of regular-
ity for the corresponding approximate weak solution. Using (A7.2), we then show
suitable higher-order estimates that are uniform with respect to the approximation
parameter \. Finally, a compactness argument allows us to pass to the limit A — 0
and conclude the propagation of regularity for the original weak solution.
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PROOF OF THEOREM (.2.7. The case with assumption (A7.1).

Step 1. We start by showing (¢,v) € Wl’oo(g,oo;(HlLﬁ)’) N H'(s,00;H') and
(Vu, Vo) € L (s, 00; L£?) for any ¢ > 0.

For any function f : [0,00) — X, where X is a Banach space, ¢t € [0,00) and
h € (0,1), we denote by

ft+h) - f(t)
h

the forward-in-time difference quotient of f at time t.

Now, let h € (0,1). Then, owing to (6.11a), we have that
(20} ¢, 0:0), (C, CF)>H1L’6
= (01O V. V) o) + (OrV (- +h), V) 1 g (6.67)
+ (0w, Ve ey + (0w (- + 1), Vilr) gy — (071, 070), (C,6r)) g

Opf(t) =

a.e. on (0,00) for all (¢,(r) € Hi,ﬁ? where

M =—Arp + ONF'(¢) a.e. in Q, (6.68a)
N = —Ardfp 4+ MG (1) 4+ adndfd a.e. on %, (6.68b)
h i _ h,;, _ Aah :
Koud/¢ = adiy = /¢ 1K €[0,00), a.e. on . (6.68¢)
0o =0 if K = oo

Recalling that by definition of the solution operator Sy, g (see Section 4.2) we have
(SLs(01d, 0/), (01, 010)) 5 = (00, 01), (011, 07'0)) s
a.e. on (0,00), as well as
mean(SE (976, 01'¥), SL.5(0/' ¢, 0 )) = 0
a.e. on (0,00), we test (6.67) with (¢, (r) = S 5(0¢, M) and find

d1

= — (010, VL 3(07'6, 0/0)) 12 ) — (OFV &(- + ), VL 5(8)'0, 07)) 1
— (01w, VrSL 5(070,070)) Loy — (OFW U (- + R), Ve SL 5(07' 0, 070)) Loy

= 24: Ty (6.69)
k=1

a.e. on (0,00), see also the proof of Theorem 6.2.5, where similar calculations where
performed. Next, exploiting (6.68), we have

~((@hn.016). (016,00)) o = ~(01 0,5} o~ [ OF'() 30 do

@ (6.70)

- [ohc'w) o ar
r

a.e. on (0,00). Combining (6.69) and (6.70), we obtain

a1,

310000 s+ 100000 o + | OFH() 00 da+ [ DG (w) oy ar
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4
. /Q O FY() 0l dar — /F LG (W) b AT + 3 U, (6.71)

k=1

a.e. on (0,00). Arguing as in the proof of Theorem 6.2.5 by using the monotonicity of
F{ and G, respectively, and the global Lipschitz continuity of F} and GY, respectively,
we obtain from (6.71) that

d1 :
o106 0L g + 1000, 0l < OO S OFONZ2 + DTk (6:72)
k=1

a.e. on (0,00). Then, for the first term on the right-hand side of (6.72), we argue as
for (6.64) and (6.65), and obtain with Young’s inequality that

1
Cl(@y ¢, 0¥ Z2 < 711076, Ol + ClI (O S, 0707 5,0 (6.73)

a.e. on (0,00). Next, we intend to bound the terms Ji, k = 1,...,4. To this end, we
recall that the velocity fields v and w are divergence-free, and use integration by parts,
Holder’s inequality, Young’s inequality and Sobolev embeddings, and the bulk-surface
Poincaré inequality to obtain

T+ I3 < IV bllLe () v IILs @) ISE 507 ¢, 079) | oo
+ [IVrdf pllLe ) [Wilieso ) S5 (07 ¢, 3?1/))HL2<2:@ . (6.74)
1
< 1”@?%&@“%{,& + C(ve W)l[E3 0y ey | (0 6, 07 9) 17 5.0

a.e. on (0,00), as well as

|J2 4+ Ju| < || Vo(- + h)HLoo(Q)HavaLg(Q)HS?,,B(af@ ') Loy

+ [IVee (- + h)HLoo(r)H@fwllLHw(r)HSE,/a(afﬁﬁ,@N)HLHTw(F) (6.75)
Liiahe aheny2
< =
< v AwIZg
+ OIS+ h), (- + 1)) [yr.00 (07 0, 01 0) 1Z, 5.
a.e. on (0,00). Thus, collecting (6.73)-(6.75), we deduce from (6.72) that
d1 1
© L1010 011 + L1000, 000
(6.76)

2
L?ﬁ?*

1
< Sl@Ev.orw)lZg o+ Pall (0, 0)0)

Q) xL1+e(

a.e. on (0,00), where

() = O (14 v W) syarzeoqry + 100 + )54+ 1) By ) € Lise([0. 20).

Now, we fix an arbitrary r € (0, 1] and let ¢ > 0. Then, using a standard estimate for
difference quotients, which can be found, e.g., in [70, p. 317] (see also [92, Lemma 7.23]),
we have

t+r+h

t+r
/t 100, D)3 5. ds < / 1(Bed, B3 5., ds
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for a.e. t € (0,00). Thus, a comparison argument in the weak formulation (6.11a) in
combination with |¢| <1 a.e. in @ and |¢| < 1 a.e. on X as seen before shows that

t+r
sup / 100, D) 2. 5., ds

t>0
00 t+1
gC( | 160012, ds +sup [ H(V,W)H2£2d5> .
0 t>0 J+t

In a similar manner, it holds

t+r b b 9
| Ik aw?
t

t+r+h )
<
g(Q)xLler(F) ds < /t ||(atV,8tW)||Lg

(Q)x L1+ (I)
and thus
t+r h h 2
igg/t 10V, &, W)HL%(Q)xLH“(F)
t+1 2
§ = 9.
<sp [ O amlZy L ds=ras
Lastly,
t+r
t>0 Jt
t+1 2 y
< ' |
< ?gg/t C(l Pl o gy IO+ 00+ h))”WM) :

We are now in a position to apply the uniform Gronwall lemma as stated in Lemma 2.2.7
which implies

1@F 6+ 1), bt + )3 5. < (2 +a)e  forall t >0,
b b} 74
Consequently, for any s > ¢, choosing r =t min{1,¢} and ¢t = s — r yields

(0¥ (). (5D 5.0 < ( +az)en,

as
min{1,¢}

Next, we integrate (6.76) in time over [t,¢ + 1] for an arbitrary ¢ > ¢, and find that

t+1
6, 0f) % o ds < 1 - ar,
sup [ 1000000 e ds < ar + (1 an) (s + e

Thus, as the estimates are both uniform in i € (0,1), we can consider the limit h — 0
to conclude that

(at¢7 8t"¢) € Loo(g7 S (HlL,,B)/) n Lﬁloc(k? OO)? %1) (677)
Then, recalling the inequality

(1 0175 < C(H(a@,aﬂ/))H%HlLﬁy + (v, w)lIZ2) (6.78)

a.e. on (0,00), which follows again from a comparison argument in (6.11a), we readily
obtain the regularity

t= ([ (), 0)lL,p € L7(s, 00) (6.79)



144 CHAPTER 6. WELL-POSEDNESS RESULTS FOR SINGULAR POTENTIALS

in view of (0;¢, 0pp) € L>(g, 00; (’Hiﬁ)’) and (v,w) € L>®(0, 00; L?).
Step 2: We next show (¢,%) € L®(s,00; W?%) N (BC(Q.) x BO(X,)), (u,0) €
L>®(s,00; HY) and (F'(¢), G’ (¥)) € L*(s, 00; £5) for any ¢ > 0.

To prove these regularities, we restrict ourselves to the case L € [0,00). If L = oo,
we can argue analogously (with obvious modifications).

First, note that, in view of Theorem 6.2.3, we have

—A¢ + F{(¢) = u— Fi(¢) a.e. in @Q, (6.80a)
—Ar) + G (Y) + adnd = 0 — GH(¢) a.e. on X, (6.80Db)
Kongp =ap — ¢ a.e. on Y. (6.80c)

Then, by following verbatim the proof of Theorem 6.2.3, in particular Steps 4 - 6, see
also Step 9, and thereby using Proposition 4.3.5, we obtain the estimates

jmean(p, )] < C(1 4 [|(1,0)]|1,3) (6.81)

a.e. on (0, 00), as well as

(& ) lwes + 1(F1(8), Gr(¥)ll o < C(L+ 111, 0)llL,6) (6.82)
a.e. on (0,00). Finally, by (6.79), we find
(6,9) € L¥(s,00W2%), (F'(¢),G' (1)) € L(c,00; L%). (6.83)

Lastly, as we know from Step 1 that d;¢ € L2 ([, 00); H()), we use the com-

pact embedding H?(2) — HE(Q), the continuous embeddings H%(Q) — H'(Q) and
Hi (2) — C(Q), and the Aubin-Lions-Simon lemma to deduce that

¢ € C([s, T]; H1(92)) < C([s, T]; C(Q)) = C(QT)

for any T > 0. As T is arbitrary, we in particular directly obtain ¢ € BC(Q.).

Analogously, we infer ¢» € BC(X).

Step 3: By means of elliptic regularity theory we now show (1, 6) € L2, .([s, 00); H?)
for any ¢ > 0.

In view of the regularities established in Step 1, and using that v and w are
divergence-free in 2 and on I', respectively, we find that

/ V- V(dr + / Vr6 -Vl dU' + x(L) /(59 —p)(B¢r —¢) dl’
@ r r (6.84)

:/ (—8t¢—v¢~v)gda:+/(—8t¢—pr-W)deF
Q r

a.e. on (¢, 00) for all (¢,(r) € H}Jyﬁ. This means that the pair (u, ) is a weak solution
of the bulk-surface elliptic problem

—Ap=—-06—Vé-v in Q.
— Arf + BOap = b — V- w on X,

{L@nu =B —pu if L €]0,00),

on Y.

Thus, by the very definition of the solution operator Sy, g, it holds that

(1 — Bmean(u, 0),0 — mean(u, 0)) = —Sr 5(0rdp + Vo - v, 049 + Vrep - w).
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This allows us to apply regularity theory for elliptic problems with bulk-surface cou-
pling to find that

(1 — Pmean(p, 0), 0 — mean(u, 0))]|3,2
= |SL,5(0:d + Vo - v,0p) + Vrth - w) |32
< OO+ Vo - v,0 + Vrip - w)|| 2
< C(0ed, 0x) 22 + Cll(V, V)| goo || (v, w)]| 22
< Cl(0e9, 0) c2 + Cll (&, ) w2 || (v, W) | 22

a.e. on (¢,00). By (A7), (6.38), (6.77) and (6.83), the latter entails that
(Ma 9) S L?ﬂoc([gv OO); Hz)

Note that, while estimate (6.38) was only proven for the approximate solution (uy, 6y ),
the same estimate holds for (i, ) by performing the same computation now directly
with the solution itself.

Step 4. We show that (F'(¢), G'(v)) € L*(s,00; LX) for any ¢ > 0.

The Sobolev embedding H? < £ implies that (i,6) € L?(s,00; £L*). This allows
us to apply Proposition 4.3.5 for p = oo to deduce

I(FY(¢), Gl < C(L+[I(1 = F3(8), 0 = Go(¥)) ]| )

a.e. on (¢,00). Thus, as Fj and G, are globally Lipschitz, we readily obtain with (6.83)
that

(F'(¢),G' (1)) € L*(s,00; L).

The case with assumption (A7.2).

Step 1: Definition of an approximate system. As in the proof of Theo-
rem 6.2.3, we consider the Moreau—Yosida regularizations F; y and G ) of Fy and G,
respectively, and define

Fy = F )+ I, G =G+ Ga.

Moreover, we regularize the velocity fields v and w. To this end, we start by extending
v and w in time by zero to obtain (v,w) € L*(R;H!) N L®(R; L3). Then, we
choose a mollifier 7 € C°(R; [0, 00)) with [[7]|;1g) = 1, and we set my == A" tr(A71)
for any A € (0,%). We further define vy := v *%; m) and w) = W *; ), where #;
denotes the convolution with respect to the time variable. This provides a sequence
{(V)\,W)\)}/\E(Oé) C C®(R;H! N L£2,) such that

(va, wy) = (Va, W) strongly in L%(0, oo; H1), (6.86)
weakly-star in L*(0, oo; £2) (6.87)

as A — 0, up to a subsequence extraction. For more details, we refer to [16, S. 4.13-
4.15]. In particular, according to [16, S. 4.13 (2)], we have

(v W) ll oo (0,00:22)n02(0,00:71) < (Vs W[ oo (0,005£2)n1.2(0,005741) (6.88)

for all A € (0, %) We further point out that the approximate velocity fields are still
divergence-free and preserve the trace relation vy|r = w) a.e. on ¥ if K = 0 as the
convolution only affects the time variable.



146 CHAPTER 6. WELL-POSEDNESS RESULTS FOR SINGULAR POTENTIALS

Then, according to Theorem 5.3.2 and Theorem 5.3.4, there exists a unique quadru-
plet (¢A7 (DWDY 9)\) such that

(Or, Osthr) € L*(0, 005 (K1 5)"),
(6x:90) € L(0,00; Hjg o) N Lijoe([0, 00); W0),
(:U’)\v 9)\) € L?ﬂoc([ou OO); Hi,ﬁ)?

which solves

Ordx + div(dava) = Apy in Q, (6.89a)
fix = —A¢x + Fi(¢») in Q, (6.89b)
Oy + din(i/J,\W)\) = Arf, on X, (6.890)
0y = —Aryy + Gl)\(lﬂ)\) + aOndx on X, (6.89(?1)
Kohoy\ = — if K , ,
Indr =avy—ér HKel00), g (6.89¢)
L n = - if L ) ’
Onpin = B0x = jix 1F L € [0,00) on %, (6.89f)
8n,u)\ =0 if L =00
PAlt=0 = ¢o in €, (6.89g)
Vali=0 = o onT (6.89h)

in the sense of Definition 5.3.1 with ' and G replaced by F) and G, respectively, and
v and w replaced by v, and w), respectively. In particular, it holds

((Ordr, Duibr), <C’CF)>H1L,5 - /Q¢)\V>\ -V(dz - /Fi/}AW,\ - Vr(p dl'
_ /Q mo(63) Vs - VC da — /F i (163) V0, - Vrcp dT (6.90)
~ (D) [ (805 — )56 = ¢) T
I

a.e. on (0,00) for all (¢,(r) € 7—[%75, and

px = —Ady + F5(on) a.e. in Q, (6.91a)

0y = —Aryy + G//\(i/})\) + aOn P a.e. on X, (6.91b)
K n = - if K 3 )

Ondr =y —ér K €[0,00) a.e. on X. (6.91c)

Moreover, the energy inequality reads now as
t t
Efree M (02(1), V2 (1)) +/ / [Vpal* dz ds +/ / [Vr6,|? dT ds
0 Jo 0oJr
¢
ex(@) [ [ (90— ar ds
0o Jr

t t
< Ereen (90, %0) + / / Oavy - Vuy dz ds + / / Pawy - Vb dI' ds
0 Q 0 I

for all t € [0, 00), where the approximate energy Efee  is again given by

1 1
Etce(n,1r) = /Q §|V77’2 + Fx(n) dz + / i‘anF‘Q + Ga(nr) dT'
r
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1

+x(K)/FQ(omrn)2 dr

for all (n,nr) € H}(’ - In view of (6.88), we can argue as in Theorem 6.2.3 and readily
obtain

1
[1(@2, )l £oe (0,005341) + 1V ixs VOO £2(0,00522) + X(L)2 1805 = paall £2(0,00522(1))
+ [[(9epa, 8t¢A)HL2(0,oo;(H}J’B)/) <C

(6.92)
as well as
1(&x, o) llwes + [I(FY x(0x), GLA(W)) s < C(1 + [[(1x, 03l 1,) (6.93)
a.e. on (0,00). We further recall the following inequality
Imean(gix, 0x)] < C(1+ [[(1x, 03)lz,5) (6.94)

a.e. on (0,00), see (6.38) and (6.42).

Step 2. We recall that the approximative velocity fields (v, w)) satisfy the as-
sumption (A7.1). Thus, for any ¢ > 0, in view of the properties of the Yosida
approximations Fl’ 5 and G’l, \» it is straightforward to adapt the arguments from the
first part of this proof to show that

(8t¢)\7 8t¢)\) S Loo(é Q3 (,H}/,,B)/> n lelloc([gA? OO); Hl)? (695&)
(¢, 12) € L(¢, 00, WH0) N (BC(Q¢) x BC(X2)), (6.95b)
(1a,0x) € LS, 00, H ) N Ligoe([S, 00); H?). (6.95¢)

We now prove several higher regularity results, which are not uniform with respect
to A € (0, %), but are crucial for our analysis to prove the desired uniform estimates.
Step 2.1: First, we show that (O,uy,0:0,) exists in the weak sense and belongs to
L216c([¢,00), (M o)')- To this end, we take the forward-in-time difference quotient, of
(6.91a)—(6.91¢) . Then we have

O = —A0f'dx + O F3 () a.e. in Q, (6.96a)

N0y = —Ardfpy 4+ OLGA (1Vy) + adndl a.e. on %, (6.96b)
Kondlgy = adlipy — dP¢y if K €0

LON = adiYy = 0oy € [0,00), a.e. on Y. (6.96¢)
Konolgy =0 if K =00

Let now (n,nr) € 7—[}(7@. Then, multiplying (6.96a) and (6.96b) by n and np, and
integrating over €2 and I', respectively, an application of integration by parts yields
under consideration of (6.96¢) that

<(aglli)\78f9>\)a(777771“))>7{}<a = /ﬂaglﬂ)\ndx+/raf‘9>\"71“ dr
~ [ Vohon- i+ oh (o) ds
@ (6.97)
- / Vo - Venr + 07 G5 (¥) nr dT
I

() /F (0@ — Bl ) amr — ) dT



148 CHAPTER 6. WELL-POSEDNESS RESULTS FOR SINGULAR POTENTIALS

a.e. on (0,00). Consequently, employing Holder’s inequality we have

(95 113, 0703, (0,10)) )1 |

< (1016, O n) 10 + 1O FA (), D GA W) .22 ) | (0, 70 e

a.e. on (0,00). Now, taking the supremum over all (1, nr) € H}(,a with [|(n,nr)[| <1
yields

1@ s 00,y < (1000 D7 O ) i + (L (62), DL GA ) 2
a.e. on (0,00). Moreover, we note again that

107 éx, Ot U)o < Cll(Oe0x, Oevor) | K

a.e. on (¢, 00), while in view of the Lipschitz continuity of the Yosida approximations
and Fj and G, we infer

17 F3(2), Of GA(a) ez < C(1+ 1)1 (Ber, Beton )l 2

a.e. on (¢, 00). Thus, we obtain the bound
107 7, 9O s,y < C(L+ 3) 100, Do)z + Cll (O, o)l ko (6.98)

a.e. on ($,00). In particular, as the right-hand side of (6.98) is independent of h €
(0,1), we are allowed to pass to the limit h — 0 which yields

(Betix, 0e0) € Linoe([S,00); (Hic.a)')- (6.99)

Furthermore, passing to the limit A — 0 in (6.97), we conclude that

((Ottax, 0ix), (0, 1r) )y, /V3t¢/\ Vn + F{(¢x)0ipan dz
+ / Vrdhx - Vinr 4+ G5 (¥x)dypa nr AT (6.100)
r

(K / (i — Buda) (e — ) dT

a.e. on (<, 00) for all (n,nr) € Hi -

Step 2.2 Next, we show that (¢y, 1) € L2, .([¢, 00); W35). To this end, we apply
regularity theory for bulk-surface elliptic systems and get

16 ) llwas < C(1+ [[(x = FA(62), 5 — GA(®x)llwrs )
< O (14 11(ax 03 llez + 1(FR(62), GA(8)) wns)

a.e. on (¢,00). Here, we have already made use of the Sobolev embedding H?
W16, For the term involving the potentials, we first remark that (F%(¢y), GA(1))) €
L>(¢,00; £5). In addition, noting again on the Lipschitz continuity of F} and G, it
holds that

IVEN(6x)] = [FX(62)Ver] < C(1+ )V
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a.e. on (¢,00), with an analogous estimate for the surface gradient of G'\ (¢x). Hence,
(VE{(¢r), VI GA (1)) € L>(S, 00; L) and we conclude

(F)/\(gbk)’ G/)\(w)\)) € Loo(gAa 05 W1’6)'

As additionally (uy,0)) € L2, .([¢, 00); H?), we readily deduce that
(¢)\a¢)\) S Luloc([ ) W3 6)

Step 2.3: Lastly, we prove that (uy,0,) € L% .([¢, 00); H?) N BC([¢, o0); ’H}Jﬁ) for
all ¢ > 0. Once again, by elliptic regularity theory for bulk-surface elliptic systems
and the Sobolev embedding, we obtain

[ (11x — Bmean gy, 0)), 0x — mean(py, 0)) |33
< C(Oepr — Vo - via, Orpxn — Vrahy - W) [l
< O(11@u6, B lgr + 1(Vor, Vern) lywroe [ (va, W)l a2 )
< (11D, Bl + 1632 I | (Va, W) 01

a.e. on ($,00). In light of (6.88), (6.94) and the previous step, the latter entails
that (ux,0)) € L2,.([¢,00); H3). Moreover, in view of the regularities (6.95¢) and
(6.99), the Aubin-Lions-Simon lemma implies that (uy,0)) € BC([¢,00); £2). Then,
if K =0, and recalling that in this case we have vy|pr = w) a.e. on X, we compute

Vo -vy=[Vor—n(Voy-n)| - vy =aVry, vy =aVry, - wy a.e. on X,
from which we obtain

(—Apx, —Arfy + B0npy)
—(04dr + V- v, Othr + Vrtoy - wa) € L ([€,00); Hic o)-

This allows us to apply Proposition 5.2.2, which yields

(12, 0x) € BC([S,00); Hp )
along with the chain rule

d1

T [ (kr, 0175 = ((Desin, 0163, (—Apin, —Arby + ﬁa“‘“»%}(,a (6.101)

a.e. on (<, 00).

Step 3: Higher order uniform estimates. Now, we establish the main esti-

mates for the regularity argument which will be uniform with respect to A € (0, %)

To this end, we test (6.100) with (9rpa, Oby) € L2),.([S, 00); 7—[}(&) obtaining
<(at/"é)\) 8150)\)’ (at¢)\7 at¢)\)>'H}(
= [1V003P + Fl(0x) ia do+ [ [V00ia + G5(6) orin? d
Q r
, (6.102)
+X(E) [ (0dur — 9o ar
r

— 1@, D) e + / F/(62) 9622 da + / G () Brapn 2 dT
Q T
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a.e. on (¢,00). On the other hand, exploiting the identities ((6.89a),(6.89¢)) for
(O¢pr, Ortby), which hold on a.e. in Q¢ and a.e. on X¢, respectively, as well as the
chain rule (6.101), we find

((Otpax, O10x), (Orpa, 8t¢>\)>7_l}<
= ((Oepr, 0102, (Apx — Ve - va, Arby — Vrihy - wy — Baﬂ“/\»w

,Q

= —((Oepr; 0uOx), (= Apix, =Arbx + Bnpin)) g1 (6.103)
= ((Bepix; 0:0x), Vox - v, Vrn - W) )y
d1

= dt2||(,u>\a9>\)HLB (Outn; 0102), Voo - v, Veha - Wa) )y

a.e. on (¢,00). Now, for the second term on the right-hand side of (6.103), we recall
that (Ve - v, Vs - wy) € L2 ([S, 00); HKQ) This allows us to Choose (n,nr) =
(Vo - va, Vroy - wy) as a test function in the weak formulation (6.100). In this way,
we obtain

(Oehix; 0u0)s Vo - v, Vo - W) g
= ((0edx, 0cr), (Véa - v, Vrhn - W) e,
+ / FY(62)0:p2Vy - v dz + / G (Yx)0epaVrepy - wy dT
Q r
= ((0edx, 0c0r), (Véa - v, Vrhn - W) e, (6.104)
+/ V(FA(#2)) - VA Oy da + / Vr(GA\(1n)) - wa Opapy dT
Q r
= ((Oer, Orhn), (Vo - v, Vrha - Wi ))
- / F)I\(¢A) vathA vy dr — / G//\(w/\) Vratl/l)\ -wy dIl’
Q r

a.e. on (¢, 00). Here we used integration by parts along with the facts that divvy =0
a.e. in @, divpwy =0 and vy -n = w) -n = 0 a.e. on X. Thus, collecting (6.102)—
(6.104), we find that

d
E%H(M,\v@)’ 5+ (B, D) I3 / SNV d$+/G ()@ |* AT

—((0edr, br), (Vo - v, Virhy - W) /FA ¢x) VOipy-vadr  (6.105)
+/G/A(%)Vr@tw'WA—/Fé/(%) BN de—/Glzl(wx) |0ppp|? T
T I T

a.e. on (¢, 00). Due to the convexity of the Moreau—Yosida approximations, we imme-
diately notice that the last two terms on the left-hand side of (6.105) are non-negative.
Then, recalling that F and G% are both Lipschitz continuous, we use (6.64)-(6.65) and
a comparison argument in (6.90) to infer

|~ [ Fion)100? do — [ Gin) ol ar)
I I
< C||(9rr, o) ||%2
1
< *H(@:@, o) i + Cll(Brn, DpA) 17 5.

1
< 5 100r 02 .o+ O (v W) 22 + 112, 0217 5)

(6.106)
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a.e. on (¢,00). We recall that by the definition of the bilinear form (-, -)x o we have
= (010, 0e0n), (Vox - v, Vrhx - W) e
=— /Q Voipr -V (Voy-vy) dz — /r Vrowpy - Ve (Vs - wy) d (6.107)
— x(K) /r (a0ehx — 0rpx) (VT Yy - Wy = V) - vy) dT
a.e. on (¢, 00), and we now intend to bound the terms on the right-hand side of (6.107)

step by step. For the first term, we use the Sobolev embedding W1¢(Q) — L*°(Q),
(6.93) and Young’s inequality to compute

| [ 9010 (Ton-va)

IN

(loallwee) IVallsie) + 1V oL@ Iva e @) IV a2y
(6.108)

1
< 6HVat¢/\Hi2(Q) + Clloallfyas @ IValli o)
1
< 6“V8t¢>\”i2(0) + ClIVallfr oy + Clvallfn o)l (ex, 00112 5

a.e. on (¢,00). In a similar manner, exploiting again (6.93) and the embedding
WHS(T) < L>°(T'), we have

‘/Vrat% -Vr(Vryy - wy) dF’
r (6.109)

1
< 6||VF3t7Jb\”i2(r) + Cllwallzn oy + Cllwallzn ol (xs 02117 5

a.e. on ($,00). Then, for the last term, we use the trace theorem in combination with
(6.93) to infer that

X(K) /F (0dir = 0163) (Vs - wx = Yy - vy) dT |

< X(K)(”VF%\HLAL(F)HWA”L4(F) + HV¢AHL4(F)HV)\HL4(F)) |adsipy — 8t¢AHL2(r)
1

< XU [adror = 0udaF2r) + OxE)|(vVa, wa) 30116, 90) 72 (6.110)
1

< gX(K)adis — Adall72r) + Cll VA, W) I3 + Cll(va, wa)[3e [l (axs 0017, 5

a.e. on ($,00). Thus, we combine (6.108)-(6.110) to conclude with (6.107) that
| = ((Gedr, 012), (Vo - va, Vroa - W) |
<

(6.111)
1B, Do) 1o + VAW + ClVA W) 54l (10x, 012 5

[ I

a.e. on (¢,00). Furthermore, by means of (6.93), the second and third term on the
right-hand side of (6.105) can be estimated as

‘ /QF)/\(¢)\) Vat¢)\ * V) dz + /1“ G/A(ZZJ)\) Vratw)\ - W), dl—“
< [(FA(@2)GA (@)l 26 [ (Vipn, Vdeton) [ 22| (Va, W) [ 23
1 / /
< 5@, O o + CIEN(D2), GA(W))Z6 ]l (Va, W) [[341 (6.112)
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1
< 2l1(@en, 0eon) I o + Cll(va, W) 30 + Cll v, w3 (e, O0) 112, 5

a.e. on (¢,00). Finally, collecting the estimates (6.106), (6.111) and (6.112), we end
up with the differential inequality

d1 1

G 01 + 5100 i)

(6.113)
< C([lva W) Ber + 10, 0013,5) + Clva W) Bt (102, 00) 13 5

a.e. on (¢,00). The aim is again to apply for uniform Gronwall inequality from
Lemma 2.2.7. To this end, fix 7 € (0,1]. Then, by (6.88) and (6.92), we clearly
have the estimates

t+r

o0
sup Cll(va, w7 ds < C’/ (v, w)|[3, ds =t a1,
t>0 J¢ 0

t>0

t+r ©
sup/t C(H(V)\,W)\)H?Hl + H(NM@A)H%,,B) ds < C(l —I—/O (v, w)||3, ds) =: as,

t+r 5 0 9 0 5
sup [ O ds < [ o)l ds < [ v w) e ds = as
=20 J¢ 0 0

This allows us to apply Lemma 2.2.7 with g = ¢, which yields
a
1(ua(t +7), 00+ )12 5 < (?3 +ax)e™  forallt >3

Now, let ¢ > 0 be arbitrary and take s > ¢. Choosing ¢ := §, r := min{l, §} and
t = s —r, we infer

2
1(1r(5), 02 ()12 5 < (% +az)e”  forall s> (6.114)

Then integrating (6.113) in time from ¢ to ¢ + 1 for ¢t > ¢, yields under consideration
of (6.114) that

t+1 9
Sl>lp/ 1(Bedx, Beon )l ds < (201 + 1) (% + CLQ)G“1 + 2a1 + 2as.
t>¢ Jit

Now, letting A — 0, we conclude that

t = [ (u(8),0(8))lL.p € L= (s, 00), (6.115)
t = |06 (t), 0 () | o € Linoe([s, 00)) (6.116)

for any ¢ > 0. The, as previously seen, we obtain from a comparison argument in
((6.1a),(6.1¢)) that

1916, )y < € (11(1,0)]

a.e. on (5,00). In view of the regularities (6.115) and (v, w) € L®(0, oo; £2), the latter
entails that (0;¢,0pp) € L*(g, oo; (’Hiﬁ)’) for any ¢ > 0. The remaining regularity
properties can be verified as in the first case. This finishes the proof of Theorem 6.2.7.

O

L+ v, W)l e2)

As a consequence of Theorem 6.2.7, we can improve the energy inequality (6.13)
to be an energy equality, see also [70,129,132]. Observe that the energy equality
was already proven in Theorem 6.2.3 assuming that L € (0,00]. However, assuming
constant mobilities and additional regularity on the velocity fields, it can be proven
to hold also in the case L = 0.
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PROPOSITION 6.5.1. Suppose the assumptions from Theorem 6.2.7 hold, and con-
sider unique global weak solution (¢,v, pu,0). Then

B0, 00) + [ V4 et [ 19007 A0+ x(2) [ (50 - p? ar
dt Q@ r r (6.117)
—/qﬁv-Vuda:—/d;w-VdeF:O
Q I
for a.e. t >0, and
t t
2 2
B0 00) + [ [ 1V dzds+ [ [ 9rof aras
t
2
(1) /O [ 50— ar as 6118

t t
—//(bv-Vud:Uds—//ww-VFQdFds
0 Ja o Jr

= Efree(¢07¢0)
for allt > 0.

PrOOF. We have already seen in Step 9 of the proof of Theorem 6.2.3 that [0, 00) >
t Efree(d)(t), 1 (t)) is absolutely continuous, where FEfree denotes the convex part of
the free energy Efce as defined in Section 4.3. Moreover, owing to [150, Lemma 4.1]
in combination with Proposition 4.3.2, it holds that

L Breel, ) = (016, 000), (~A6 + Fi(6), —Art) + G5 () + aBnd))yp1

dt
= <<8t¢7 o), (1 — Fé(¢), 0 — Glz(w)»yiﬁ
= [19uP ar+ [ 9vor ars [0 - w2 ar
Q r T
- / F(6)0r6 da / Gh(4)rb dT
Q T
—/(ﬁv'v,udx—/sz-VpHdF
Q T

a.e. on (g,00) for any ¢ > 0. Consequently,

a Iy : — )
thfree@,w)—/Q\W\ dw+/F|Vr9\ dF+X(L>/p(69 pd (6.119)

—/¢V-Vudx—/¢w~Vp9dF
Q r

a.e. on (g,00). Since ¢ > 0 was arbitrary, we readily obtain (6.117). Then, integrating
(6.119) over (s,t) for s,t > ¢ with s < ¢, we infer

Efree(9(t), (1)) — Eree(d(s), V()
= / /Q\w\? dx dr +/5 /F\VFQP dr dr + X(L)/S /F(BG —p)?dr dr (6.120)

t t
—//¢V'Vudxdr—//ww-VFHdFdr.
s JQ s JT

It follows from (6.13) that limsup,_ o Erec(¢(s), ¥ (s)) < Egee(¢(0),1(0)). On the
other hand, by weak lower semicontinuity of norms and Lebesgue’s dominated conver-
gence theorem, we have lim infs ¢ Efree(0(5), ¥(8)) > Eee(#(0),1(0)). As a result, it
holds that lims_,0 Efee(d(s),1¥(s)) = Eree(¢(0),1(0)). This allows us to pass to the
limit s — 0 in (6.120) and conclude the energy identity (6.118). O
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Finally, we can prove the separation property in the two-dimensional setting.

PROOF OF THEOREM 6.2.10. The case with (A5.1). Let (¢,v,u,0) be the
unique weak solution to (6.1), and let ¢ > 0. First, recall that from (A5.1) there exist
constants Cy > 0 and 74 € [1,2) such that

FJ'(s) < CpePFIGI™ for all s € (—1,1). (6.121)
Next, since d = 2, we know that for all w € H*(Q2) and 7 € [2,00) it holds
Jull r ) < Cavrllullg o)

for some constant C depending only on € (see, e.g., [175, p. 479]). Consequently, we
infer from Proposition 4.3.5 with the Lipschitz continuity of Fy and G that

I @)@ < V(11 0)l| oo ooty + 1069 [ o0imer))
< Cyr

a.e. on (g,00) for all 7 € [2,00). This inequality allows us to argue similarly to the
proof of [73, Theorem 3.1], and we deduce that

(6.122)

/ CHF @ m 40 < C(m) (6.123)
Q

for all m € N and some constant C(m) depending on m and the constant C' from
(6.122). In view of (6.121), inequality (6.123) with m = 6 immediately entails that

[ FT ()Nl Lo (¢ 00526 (02)) < C- (6.124)

Thus, utilizing the chain rule as well as the continuous embedding H?(Q) — W16(Q)
we obtain

IVFL ()]l oo (c.o0i3()) < IFY ()l oo (c,00:16 () I V@l Lo (008 ()

(6.125)
< CH¢||L°°(<,00;H2(Q)) <C.

Finally, using (6.122) written for » = 3, and exploiting the continuous embedding
Wi3(Q) — C(Q), we infer from (6.125) that

IFL (@)l o) < NFL(D) Lo 00m13(0)) < C =2 Cu (6.126)

for a.e. t € (¢,00). Since Theorem 6.2.7 implies that ¢ € C(Q.), the inequality (6.126)
holds true even for every t € (5,00). Lastly, taking 6 = 1 — (F])~1(C,), leads to
the desired conclusion. The separation property for ¢ can be established similarly by
relying on the estimate (4.33) from Remark 4.3.6, see also [70].

The case with (A5.2). In this case, we exploit the dissipative structure of (6.1)
in combination with a De Giorgi-type iteration scheme, following the recent approach
developed in [81]. This method has already been successfully adapted to dynamic
boundary conditions for certain parameter choices of K and L, see, for instance, [129,
132]. The extension to all K, L € [0,00] is straightforward, and we omit the details
here. O



Chapter 7

Uniqueness of weak solutions and existence of
strong solutions for non-degenerate mobility
functions and singular potentials

The results presented in this chapter are largely based on the following works:

[163] J. STANGE, Well-posedness and long-time behavior of a bulk-surface Cahn—Hilliard
mdoel with non-degenerate mobility, Nonlinear Analysis, 268 (2026), p. 114060.

[164] J. STANGE, Global well-posedness of strong solutions to a bulk-surface Navier—
Stokes—Cahn—Hilliard model with non-degenerate mobilities in two dimensions,
Preprint: arXiv:2511.06847, 2025.

7.1 Introduction

In this chapter, we continue the analysis of weak solutions to system (6.1). In Chap-
ter 6, we established the existence of weak solution and, under the assumption of
constant mobility functions, proved the uniqueness and propagation of regularity.
The restriction on the mobilities is standard and appears frequently in the litera-
ture, including in the non-convective setting and even for Cahn—Hilliard systems with
homogeneous Neumann boundary conditions, see, for instance, [8,21,70,129-131].

However, this assumption represents a significant limitation, since in many physical
applications the diffusion intensity may vary spatially and is not expected to be uniform
throughout the domain. In this chapter, we extend the aforementioned results to
the case of non-degenerate mobility functions in the two-dimensional setting. This
restriction appears to be necessary, as the analysis relies on the special Ladyzhenskaya
inequality for d = 2.

For the classical Cahn—Hilliard equation with homogeneous Neumann boundary
conditions, the recent work [53] establishes the uniqueness and the propagation of
regularity of weak solutions for non-degenerate mobility functions in two dimensions,
and thus improved the state of the art dating back to the work [21]. We also mention
the recent work [62], where the authors established a weak-strong uniqueness principle
for the Cahn—Hilliard equation on an evolving surface.

Building on the approach developed in [53], we extend the uniqueness theory to
the convective Cahn-Hilliard equation with dynamic boundary conditions (6.1). To
the best of our knowledge, this is the first result addressing uniqueness and propaga-
tion of regularity in the setting of dynamic boundary conditions with non-degenerate
mobilities.

155
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Our uniqueness proof relies on two main-ingredients: a novel well-posedness and
regularity theory for a bulk-surface elliptic system with non-constant coefficients evel-
oped in Section 4.4, as well as the higher regularity properties for weak solutions estab-
lished in Theorem 6.2.3, in particular (6.15). In contrast to [53], additional boundary
terms arising from the intricate nature of the dynamic boundary conditions must be
handled, which requires further technical work.

The uniqueness proof, in particular, the key differential inequality established
therein, allows us to show the existence of a unique strong solution for a wide range of
velocity fields. As a consequence, we also obtain the instantaneous separation property.

7.2 Additional preliminaries

Let © C R? be a non-empty, bounded domain with C?-boundary. Then we have the
following interpolation inequality.

LEMMA 7.2.1. There exists a constant C > 0, such that for all 2 < r < oo it holds
that

1COler < OVIIC (G ol forall (G Gr) € MY (7.1)

Since IT' is a 1-dimensional submanifold of R, we can readily obtain (7.1) as an
extension of the following Gagliardo—Nirenberg—Sobolev inequality (see [140, Propo-
sition and Remark 1]): there exists a constant C' > 0, such that for all 2 < r < oo it
holds that

2 r=2
ICllzr@) < VPl el for all ¢ € HY(Q).

Then, based on (7.1), we can provide some further estimates of the solution operator
ng which was introduced in Section 4.4 in two spatial dimensions.

To this end, consider (f, fr) € Vglﬁ N £? and (¢,1) € W?* with |¢| < 1 a.e. in Q
and || <1 a.e. on I". We further assume that the mobility functions mgq, mr satisfy
the assumption (A3).

Then, in view of (4.57) and (7.1), we readily find that
ST fo)llaee

< C(H(Vfﬁ VSPES fr), Vit - VeSEET (f o)l g2 + 1 (f fr)HL?)

< (196, Vool e l(VSEE S, o), VeSE 5 (F, fo))les + (o)l c2)

< C(I(V6, Vrw)l|Zall &, )22 1525, FoIE sISEL S, S
+ (£ fr)llg2)-

Consequently, we infer from Young’s inequality that

IS5 (£, fr)llaee

(7.2)
< (1Y, Ve c2 (6 ) ez IS 25 (£, i)

£s+(F fo)llez).

Furthermore, if (f,g) € VZ}B N L%, we can choose p = 4 in (4.70), and exploiting (7.1),
we find

IS4 (F, fr)llwea
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< (1Yo, Vo)l s I(VSEE(F, o), VeSTEY (f o)) les + 1 (F, folles)  (7:3)
< O (1Y, Ve 2 (6, D)2 525 )G 5ISEL T, Fo)lie + (S )l 2s)-

Lastly, we present a chain rule, which is a generalization of Proposition 5.2.2 to the
case of non-degenerate mobility functions.

PROPOSITION 7.2.2. Let Q C R%, d = 2,3, be an open bounded domain with C®-
boundary, let a,b € R, a < b, and (¢,%) € H'(a,b; £L3) N L= (a, b; W) with |¢| < 1
a.e. in Qx (a,b) and || <1 a.e. onT x (a,b). Furthermore, let mq, mr € C?([—1,1])
satisfy (7.17). Consider a pair (u,v) such that

(atu7 8tv) € LQ(aa b; (H}(,a),)a
(u,v) € L>®(a,b; 1y 5) N L*(a, by H?).

Moreover, we assume that

{Lmn<¢>8nu=6v—u ifLel0,00), on T x (a,b)

mqo(¢)Onu =0 if L =00
and
(div(ma(¢)Vu), divr (mr () Vrv) — Bma(¢)dgu) € L?(a, b; H}ga).

Then, the continuity property (u,v) € C([a, b];?—[};”ﬁ) holds, the mapping

t— / mq(p(t))|Vu(t )|2 d:L‘Jr/mp (t)|Vro(t )\2 dF+X(L)/F(ﬂv(t) fu(t))Q dr

is absolutely continuous on [a,b], and the chain rule formula

dt2</ ma(¢)|Vul? dx—i—/mr V)| Vro|? dT + x (L )/F(BU—U)Q dF)
= ((Opu, Opv), (=div(ma () V), =dive (mr () Vro) + fma(d)0nu))yy — (7.4)

, o

+/ me (6)0 | Vul? dx+/m’r(¢)at¢\vpv\2dr
Q T

holds a.e. on [a,b].

PROOF. We adapt the proof of Proposition 5.2.2. In the present setting, additional
care is required to handle the terms arising from the non-degenerate mobility, which
necessitates further technical considerations. First, we note that in view of the reg-
ularity assumptions on (u,v), we have (u,v) € C([a,b]; £2), and can thus extend the
functions u and v onto [2a — b, a] by reflection for all ¢t < a.

Let 7 € C°(R) be non-negative with suppm C (0,1) and |71 (z) = 1. For any
k € N, we set

i (s) = kmw(ks) for all s € R.

Then, for any Banach space X and any function f € L?(a — 1,b; X ), we define

fr(t) = (mp = f)(t) = /ti et — ) f(s) ds for all ¢t € [a,b] and ke N.

=
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By this construction, we have f;, € C*([a,b]; X) with fi, — f strongly in L?(a, b; X)
as k — oo.

Now, for any k& € N, we use X = H3(Q) to define u; and X = H3(T') to define vy, as
described above. By this construction, it holds that dyuy = (Opu); and O;Vuy = VOyuy
a.e. in Q x (a,b) as well as dyp = (Opv)x and Vv = Vrowy a.e. on I' x (a,b) for
all k € N. Moreover, we have

Up —> U strongly in L%(a, b; H3(Q2)), (7.5)
Vg — v strongly in L?(a, b; H3(T)), (7.6)
(ug, vg) — (u,v) strongly in L?(a, b; Hiﬂ), (7.7)
(Orug, Opvr) — (Opu, Opv) strongly in L?(a, b; (”H}(a)') (7.8)
as k — co. Furthermore, we readily see that
k| oo a0y () < Ul Loo (@507 () (7.9

V|l oo (a,ps 1 (1)) < V] Loo (a0, 17 (1))

for all £ € N. In the following, we will denote with C' generic positive constants
independent of k& € N, which may change their value from line to line. Now, for any
k € N, we derive the identity

G5 ( [ mal@vul dz+ [ mr() Voo ar+x(@) [ (go - w)? ar)

= ((Qyug, Oyor,), (=div(ma(d) Vug), —dive (mr () Vrog) + Sma(¢)0nur) )y
+/ mi (6)0rp| Vg, |2 dx+/m/p(¢)8ﬂ/1wpvk]2 dr (7.10)
Q r

a.e. on [a,b] by differentiating under the integral sign and applying integration by
parts. Similarly, for j, k € N, we calculate

d1

G5 ( [ ma@19 = w)l? dot [ mr@)I9r(; — ol v

(D) [ (Bl =) (0 w)” ar)

= ((0e(uj — ur), Op(vj — i),
(—div(ma(o)V(uj — ug)), —divr(mr(¥)Vr(v; — vk)) + Bma(¢)On(u; — Uk))>q.[1

+ / i ()006|V (u; — )2 d + / ()94 V(v — vg)|? dT (7.11)
Q T

< 110wy = ur), e(v; = vi)ll s,y

X |[(div(ma(9)V (uj — ug)), dive (mr (V) Ve (vj — vk)) = Bma()da(uj — ur)) |20
+ Cll(8:0, )| 23| (V (uj = ug), Vi (v = v)) | 2o [|(V (uj = k), V(v — or))l| 22

a.e. on |a,b]. To estimate the right-hand side suitably, we use standard computations
together with the Sobolev inequality to find that

[(div(ma(¢)V (u; — ug)), dive (mr(¥) Vr(v; — v)) — Bma(¢)On(u; — uk)) |l
< [(div(ma(e)V (uj — ug)), dive (mr () Vr(vj — vk)) — Bma(é)On(u; — uk))|| 2
+ [(V(div(ma(¢)V(uj —ur))),
Vr(dive (mr (1) Vr(vj — vg)) — Bma(6)On(uj — uk))) |20
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< ||(m9(¢> Auj — ug), mr(¥)Ar(vj — vg))|| 2
@)V - V(uj —ug), mp(¥)Vri - Vr(v; — o)) 22
+ [[(ma(@)VA(u; — ug), mr () VrAr(v; — vg))ll 2
JA(uj — ug) Ve, mp () Ar(v; — vp) V) | 22
) (Vo - V(uj —up))Vo, mp(¢)(Vr - Vr(vj — vg)) Vo)l g2
Q()D*¢V (uj — ug), mp () DEYVr(v; — vp)) | c2
+ |(mg () D?(u; — ue) Ve, mp () D (v — ve) Vi) | 22
+ [1Bma(6)dn(uj — up)| L2(ry + [18mo(0) Vrgdn(u; — uk)llL2(r
+ [|Bma(¢) Vron(u; — wr)|lL2(r)
< Of(uj — ug,v; — vi)llg2 + Cl[(V, V)| goe || (wj — ug, vj — vg) [l
+ Cl(uj — uk, vj — vkl + CIH(V, V)| goe || (uj — ug, vj — vi) ||
+ C(Vo, Vroo)l|zee | (uj — up, vj — vg) 3
+ Cll(o, V) [lw2s[[(V(uj — uk), Ve (vj — vg))|| g3
+ C[(Vo, V)| g (wj — uk, v; — vr) 1z + Clluy — upll g2
+ Cll@llw2a)l(wj — wr)llgz + Cllug — ukl| g3 (o)
< Oll(uj — ug, vj — vi) s

—~~

a.e. on [a,b]. Here, we have additionally used the embedding H3(Q) — H?(T') yielding

100 (us — wi) |l ry < llug — wkllgzry < Cllug — ukll g3

a.e. on [a, b], whereas the embedding W24(Q) — W1°(T") shows that

Vel < [@llwrem < Cllollw2aq)

a.e. on [a,b]. Next, employing (7.9), we have

1V (s = u), Ve (vj — o))l s 1(V (g — ur), Ve (vj — or)l| 22
< Cll(w, )| oo (rzgm [1(w = ur, vj = vk) |33

a.e. on [a,b]. Collecting our previous estimates, we conclude from (7.11) that
dtz(/mQ )1Vt — ) dx—i—/mr )V (v — vg)|? dT
X

x(®) [ (3~ 0 — (05 - w))” ar ) (712)

< O (11@e(us = e, 9(vs = o))l gy + 1026, 000) | )
X [ () — w5 — vi) |l

a.e. on [a,b]. Now, let s,t € [a,b] be arbitrary with s < ¢. We then integrate (7.12)
with respect to time over [s,t], and obtain

/mﬂ DIV (5 — ) () dx+/mr ()| (v; — v)(£) 2 T
x(L) / (B(v; — v)(t) — (5 — ug)(£))® dT
/mQ DIV (5 — ) (s)2 da:—i—/mp W) Vr(o; — o) (s)2dT (7.13)
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(@) [ (3= 0(6) — (05~ w)(5) ar
+c/||at Oy — vy + s — g, v — ) s

e / 181, ) 13|ty — v — )l -

In light of the convergences (7.5)-(7.6), we can fix s € [a, t] such that (ug(s),vg(s)) —
(u(s),v(s)) strongly in H? along a non-relabeled subsequence k — co. Recalling (7.5)-
(7.8), we thus deduce that the right-hand side of (7.13) tends to zero as j,k — oc.
As mq and mp are uniformly positive according to (7.17), we infer that (Vug)ken
is a Cauchy sequence in C([a,b]; L%(Q)) and (Vrvg)ren is a Cauchy sequence in
C([a, b]; L2(I")). Consequently,

Vui — Vu strongly in C([a,b]; L3(Q)), (7.14)
Vrvg = Vro strongly in C([a, b]; L*(T)) (7.15)

as k — oco. Since we have already shown that (u,v) € C([a,b]; £?), we readily deduce
that (u,v) € C([a,b]; H).

Let now s,t € [a,b] be arbitrary with s < ¢. We then integrate (7.10) in time from
s to t and find

/ ma($(6)|Vur ()] da + / e () Vron(0)[2 T + x(L) / (Bua(t) — up(8))? dT
T
/mg |Vuk( )’2 d:L’—i—/mr ))’VF’l}k( )‘ dar
(L) [ (Bonts) — unls))? dr (7.16)
T

t
+2/ {(Opug;, Opvy),
(—div(mg(gﬁ)Vuk), —din(mp(l/J)Vrvk) + ﬁmg(qﬁ)c’)nuk))?{}{ N dr

w2 f t ([ mh@dolvunf do+ [ mb)oi9ruf ar) d.

It is now clear from the convergences (7.5)-(7.8) and (7.14)-(7.15) to pass to the limit
in all terms except the last one on the right-hand side. Here, we notice that

t t
/ me(¢)0rd| Vuy|?* do dr — / / me(0)0¢| Vu|? dz dr‘
s JQ s JQ

t
/ miy(0)8,d(Vuy, + V) - (Vuy, — V) dz dr]
Q

< lmgll zoe (=1, 10601l 20 b:23 () | Vur + Vull L2 p:ns ) [ Ve — Vullogapez@)
< 2[[mig|l Lo (1,1 10601l L2 (a,0522 () 1] 20,53 (2) | VU = Vullo(apnz @)

—0

as k — oo in light of (7.14). A similar computation shows that the corresponding
term on the boundary also converges. All together, we are now able to pass to the
limit & — oo in (7.16) and conclude that

/mg ) [Vu(t)2 d:c—i—/mp W(8) |Vt 2 dF+X(L)/F(6v(t)—u(t))2 ar
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2 2 —uls))?
= [ ma(@e)IVa(s) o+ [ me((s)ITro() a8+ x(2) | (Bo(s) —u(s))? dr
+ 2/ ((Bu, Oyv), (—div(ma(¢)Vu), —divp(mr(¥) Vo) + 5m9(¢)8nu)>ﬂ}<a dr

+2 f t ([ mator00vu @z + [ o)l ar) an

By our previous considerations, we readily see that the integrands on the right-hand
side belong to L!(a,b), and thus, that the mapping

t— / ma(o(t))|Vu(t)|? dz + / mr(¥(t))|Vro(t) > dT 4 x(L) /F(ﬂv(t) —u(t))? dr

is absolutely continuous on [a,b]. It is therefore differentiable almost everywhere on
[a, b] and its derivative satisfies the formula (7.4). This finishes the proof. O

7.3 Main results

We start by stating our main assumptions that will be used throughout this chapter.

7.3.1 Assumptions

(A1) We consider a non-empty, bounded domain © C R? with C3-boundary I' := 9.

(A2) The constants «, 5 € R appearing in system (6.1) are supposed to satisfy o €
[—1,1] as well as a2 + |I'| # 0.

(A3) For the mobility functions we require mgq, mr € C?([—1,1]). Furthermore, we
assume the existence of constants m,, m* > 0 such that

0 < myx <mgq(s),mp(s) <m* for all s € [—1,1]. (7.17)

(A4) For the potentials, we assume that F,G : R — R are of the form
F(s) = Fi(s) + Fa(s),  G(s) = Gi(s) + Ga(s),

where Fy,G; € C([-1,1]) N C?(—1,1) such that Fy(0) = F{(0) = G1(0) =
G1(0) =

. / IR T / _ . / _% / _
Jim Fi(s) = lim Gi(s) =—cc and lim F{(s) = lin Gy (s) = +20,
and there exist constants ©¢q, ©r > 0 such that
F/'(s)>0q and GY(s)>6Or for all s € (—1,1). (7.18)

We extend F} and G on R by defining Fi(s) = Gi(s) = oo for s ¢ [—1,1]. For
5 and Gy, we assume Iy, Gy € CI(R) such that their derivatives are globally
Lipschitz continuous. Lastly, we require that the singular part of the boundary
potential dominates the singular part of the bulk potential in the sense that there
exist constants k1, kg > 0 such that

|F{(as)| < k1|Gy(8)| + K2 for all s € (—1,1). (7.19)

(A5) We assume that one of the following conditions hold:
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(A5.1) There exist constants Cy > 0 and - € [1,2) such that
FJ/(s) < CoeClFO™ forall s € (—1,1). (7.20)

(A5.2) As ¢\, 0, for some > 3, it holds that

1 1 1 1
_ - - @ = — . 21
(1 20) O<|lna|f~>’ F{(—1+20) O(unaw) (7.21)

Moreover, for the velocity fields, we need the following regularity assumptions:

(A6) We assume that

(v, w) € L*(0,00; L,y () x Ly (1))

(A7) At least one of the following conditions is satisfied:
(A7.1) (v,w) has the regularities

(v, W) € Hyoe([0,00); LI(Q) x L1 (I) N L*(0, 005 £2) N L>(0, 005 L)

for some w > 0.

(A7.2) (v,w) has the regularities

(v,w) € L*(0,00; H') N L>(0, 00; L3;,)-

7.3.2 Continuous dependence and uniqueness of weak solutions

Our first main result is concerned with the uniqueness of weak solutions, which im-
proves the result obtained in Theorem 6.2.5 by allowing for non-degenerate mobility
functions.

THEOREM 7.3.1. Suppose that the assumption (A1)-(A4) and (A6) hold. Let
K,L € (0,00]. Let (¢},%4), (03,43) € H! satisfy (6.7) as well as

{meanwé,wé) = mean (43, ¥3) if L € [0,00),
(@) = (3o and (W3)p = W) i L= oo,

and let (vi,w1), (va, wa) € L2(0,00; L%, (Q) x L2, (T')) be prescribed velocity fields.
We consider two weak solutions (¢1,v1,u1,01) and (o2, )2, p2,02) originating from
(8, 08) and (¢3,v2) with velocity fields (vi,w1) and (va, W), respectively. Then, for

any T > 0, there exists a constant C' > 0 such that

(7.22)

161(0) = 62(8). 1) = 62Oy + [ 1601(5) = 020,11 (5) = (o))
t
<10 = v — )ty e ([ Q0 ar) (7.23)
t t
+ [ 110 = valo). wis) = wals) lwrseioenny exo ([ Q) ar) s

for almost all t € [0,T] and any w € (0,1], where Q € L'(0,T) is given by

Q) = C(1+ [[(va, wo)llz2 + (2. 82,5 + 1@rbr. D) gy + 101 ¥0) 5.

and the constant C > 0 depends only on ), the initial data, the parameters of the
systems and w.
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Remark 7.3.2. The restriction K € (0,00] in Theorem 7.3.1 is necessary, as only in
this case we are able to prove that

(¢7 ¢) € Lﬁloc([()? OO); HQ)a

which is an essential ingredient in the proof of the uniqueness of weak solutions. If
K =0, one only has

(d): ¢) € Liloc([07 OO); H2)a

see Theorem 6.2.3, which appears insufficient to establish the uniqueness of weak
solutions to (6.1) for non-degenerate mobility functions. Moreover, the case L = 0
currently appears out of reach, since the key interpolation result in Proposition 4.4.5
is no longer applicable. The case K = L = 0, however, might be tractable under
suitable compatibility assumptions on the potentials.

7.3.3 Existence of strong solutions and separation properties

Next, based on the continuous dependence estimate (7.23), we can prove the existence
of strong solutions.

THEOREM 7.3.3. Suppose that the assumptions (A1)-(AT7) hold. Additionally as-
sume that ) is of class C3. Let K, L € (0,00]. Let (¢0,%0) € H! satisfy (6.7) and the
following compatibility condition:

(C) There exists (po, 0o) € ’Hiﬁ such that for all (n,nr) € H' it holds
/ Mond$+/9077r dr
Q r
— [ Vou-Va+ oo da+ [ Vivo- Ven + G (e dr
Q r

+x(K) /F (abo — d0)(cunr — 1) d.

Then the unique weak solution (¢,1, u,0) to (6.1) additionally satisfies the following
reqularities:

(D¢, Dep) € L=(0,005 (H1 5)") N Ligoe ([0, 00); 1), (7.24a)
(¢, ) € L™®(0, 00; H?), (7.24D)

(1,0) € L(0,00; H 5) N Lyjoc ([0, 00); H?), (7.24c)

(F'(¢), G'(¢)) € L*(0,00; L), (F"(¢), G"(¥))) € L>(0, 00, L) (7.24d)

for any 2 < p < co. Moreover, the equations (6.1a)-(6.1b) are satisfied almost every-
where in Q, while (6.1¢)-(6.1d) and the boundary conditions (6.1¢)-(6.1f) are satisfied
almost everywhere on ¥. In particular, (¢, p,0) is the unique strong solution to
system (6.1). Moreover, if (A7.2) hold, then (u,0) € L?,.([0,00); H?).

Remark 7.3.4. We comment on the compatibility assumption (C) imposed in Theo-
rem 7.3.3.

(a) This condition implies that (g, 1) is a weak solution to
—Ado + Fi(do) = po — Fy(o)  in Q,

—Artpg + G (o) + adndo = o — G3(1o) on T,
Kongo = apo — o onT.
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The results presented in Section 4.2 show that (¢o, %) is actually a strong solu-
tion of this system and additionally satisfies

(é0,%0) € WP, (Fi(¢0), G’ (o)) € L

for any 2 < p < o0.

(b) If L € (0,00], it is quite straightforward to find suitable initial data (¢, 10)
which satisfy the compatibility condition (C). Indeed, let (¢g, 1) € H? satisfy
(6.7), and additionally assume that

(F'(¢0), G'(v0)) € H' (7.25)
and
{K8n¢o = ay — ¢y if K €0, 00), .
Ondbo =0 if K = oo
We then define (p10,00) € H' = ”Hi,ﬂ via
po = —Ag¢o + F'(¢o) in €2,

0o = —Ary + G'(¥0) + adndo on I.

Via integration by parts it is now easy to see that condition (C) is fulfilled.

Clearly, (7.25) is satisfied if there exists 69 € (0, 1] such that, for all x € Q and
z € I' it holds

|po(z)| <1360 and [|ho(2)] <1 — do,

i.e., if ¢g and 1y are strictly separated from +1.

If L = 0, the situation is more involved, as the above procedure does in general
not work, since the resulting chemical potential o and 6y do not necessarily
satisfy the trace relation py = 86 on I' that is demanded in (C).

Remark 7.3.5. In addition to the regularities stated in (7.24a)-(7.24d), one can show
that

F'(y) € L*(0,00; LP(T)), (7.26)

see [129,132], and also Remark 4.3.6.

Remark 7.3.6. In the setting of Theorem 7.3.3, assuming that the velocity fields satisfy
(A7.2), it is possible to show the existence of a strong solution to (6.1) assuming
that the mobility functions mgq, mr are only in C([—1,1]). This can be achieved
by a suitable approximation of the mobility functions. We refer to [164] for more
details, where this procedure was carried out in detail for the non-convective bulk-
surface Cahn—Hilliard model, i.e., for (v, w) = (0, 0). In the convective case, the proof
can be carried out similarly by combining with the arguments of [163], see also [163,
Remark A.4]. Note that, while it is possible to show the uniqueness of strong solutions
(see the computations made in the proof of Theorem 10.2.3), Theorem 7.3.1 does not
provide the uniqueness of weak solutions.

As a consequence, we can prove that the unique strong solution from Theorem 7.3.3
satisfies the instantaneous separation property.
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THEOREM 7.3.7. Suppose that the assumptions from Theorem 7.5.3 hold, and con-
sider the corresponding unique strong solution (¢,v,u,0). Then, there exists 6 > 0,
additionally depending on the norms of the initial data, such that

”¢(t)‘|Loo(Q) <1- (5, Hw(t)HLoo(p) <1- ) f07° all t > 0. (7.27)

The proof of Theorem 7.3.7 will not be presented here, as the argumentation is
the same as in the case of constant mobility functions as presented in Theorem 6.2.10
using the regularity properties established in Theorem 7.3.3.

7.4 Continuous dependence and uniqueness of weak
solutions

In this section, we present the proof of Theorem 7.3.1 regarding the uniqueness of
weak solutions of system (6.1).

PROOF OF THEOREM 7.3.1. Let (¢},14), (#3,%3) € H! be two admissible pairs
of initial data satisfying (6.7) as well as (7.22), and consider given velocity fields
(vi,w1), (va, w2) € L%(0,00; L3, () x L2 (T")). We consider the corresponding weak

tan

solutions (¢1, %1, u1,61) and (2, P2, pe, 62) originating from (¢g, ¥4) and (¢3,3) with
velocity fields (vi,wy) and (ve, wy). Then, defining

(D, 1, 0, v, W) = (p1 — P2, 01 — P, 1 — 2,01 — 02, Vi — Vo, Wi — Wa),

we have in view of (6.11a) and (6.16) that

(09, 001)), (¢, CF)>HLB
= / (p1v + ¢v2) - V( dx +/ (V1w + Ywa) - V¢ dT

Q r

— / mg(ﬁﬁl)v,u -V({ dx — / mr(wﬂvl“e -Vl dT’ (7.28)
Q r
~X(@) [ (98~ 0)(8G ~ O dr ~ [ (ma(6r) = ma(ér) Vi - V¢ da
r 0

— /r (mr (1) — mr(¢2))Vrbs - Vil dT

a.e. on (0,00) for all (¢,(r) € ’HlLﬁ, as well as

—A¢p+ F'(¢1) — F'(¢2) = a.e. in @, (7.29a)
—ArY + G (Y1) — G'(Y2) + adnd = 0 a.e. on X, (7.29b)
Kongp=ap — ¢ a.e. on . (7.29c¢)

Now, we multiply (7.29a) with ¢ and (7.29b) with %, integrate over Q and T, re-
spectively, and perform integration by parts. Adding the resulting equations leads
to

6.9 o+ [ (Fi(on) ~ Fi(o2)o do+ [ (G1(00) = Gi(ua)) dr
Q T

_/dex—/rwdr (7.30)
= [ (B30 - (o) do+ [ (Gh(wn) — Gy} ar
Q T
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a.e. on (0,00). Next, we want to rewrite the integrals involving the chemical potentials
in terms of the solution operator Siléd’l (0:¢, O¢1p). To this end, to make the following

computations more readable, we use the abbreviation Si(f, fr) = S}flﬁ’wl (f, fr) as well
as (+,-)1 = (*,")L,8,¢1,41 - In particular, with this notation,

16 )l = / ma ()| V¢ da + / ()| VG l? dT + x(L) / (Bér — ) dT
Q I I

is a norm which is equivalent to |- ||z1 on V}Jﬁ. Similarly, we use ||- |1« = ||| 2,8,61,11,%
which is an equivalent norm on VL_lﬂ We then find

—/Q,uqﬁd:v—/red)df

= —(S1(¢; %), (1 — pa, 01 — 02)),
= <(at¢78t¢),81(¢71/’)>7{iﬂ - /Q (ma(P1) —ma(p2))Vus - VSi1(,¢) dz

— [ mein) = e (02)) 9102 - VST (6,0) ar

+ [ (41 + ¢va) - VS (¢, ¢) da + /F (1w + Ypws) - V1ST (¢, ) dT

S~— 5

= (81(019, 1), S1(¢, 7)), — /Q (ma(é1) — ma(d2)) Vg - VS ($,4) dz (7.31)
(mr (1) — mr(¥2)) Vb - VST (6,9) dT

(617 + dva) - VS(6,0) da + /F (rw + ws) - VrST(6,4) dT

S~ 5

+

= (6 9), S1(e8, ) o — /Q (ma(é1) — ma(62)) Viz - VSE(6, ) da

(mr (1) — mr(¥2)) Vb - VST (6,9) dT

—

+ / (1v + Pva) - VS?(qﬁ, Y) dz + / (1w + pwa) - VrSt (¢,1) dT
Q T

a.e. on (0,00), using, in this order, the weak formulations for S;(¢,v), for (0:¢, Op))
(see (7.28)), for S1(0y¢, dy1p) and again for S;1(¢, ). Plugging the identity (7.31) back
into (7.30) yields

6.0 e+ [ (Fi61) = Fi(oa)o do + [ (Gilwn) = G ) ar
Q T

+ /981(815¢, 8ﬂ/))¢ dz + /F81 (8t¢, at’lﬂ)w dr

- | (ma(en) = ma(2)) Vs - VP (6. ) da

- /F (mr (1) — mr(62)) Vel - VeSE(, ) dT

+/ ($1v + ¢va) - VS, ) da +/ (1w + Pwa) - VS (¢, ) dT

Q T
= [ (Fyon) ~ Fi(ow)6 o+ [ (Gh(un) — Ghlw)p ar

a.e. on (0,00). Now, we claim that

/ S0y, ) dx + / S (849, Opap)tp dT
Q r
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_dl1l 2
= a§||(¢7¢)||1,*

+ %(81(8@1, dpn), (miy (#1)| VST (6, ) 2, mi (41)| Ve ST (6, 4)]?) )
— d1 2
= 55”@%#})”1,*

+ % /Q VS?(atél,aﬂpl) : m5(¢1)v¢1|VS{’(¢,w)l2 dz

L7ﬁ

+3 /F VST (Brbr, Byt) - () Vs | Ve ST (6, )| dT (7:32)
+ /Q VS (41, Drihr) - min(61) DS (6, 0) VS, 0) da
+ /F VST (0461, Oub) - milp (1) DEST (6, 4) VST (6, 9) dT

+ ;X(L)/r (BST (Dyp1, Ouih1) — S (D, o))
X (Bmp(11)| VSt (¢,9)]> — mo(¢1)|VrS (¢, 9)]%) dT

a.e. on (0,00). Here, D?f and D2 fr denote the Hessian and the surface Hessian of f
and fr, respectively. Then, having (7.32) at hand, we exploit the monotonicity of F}
and G as well as the Lipschitz continuity of F3 and GY, respectively, which leads to

d1

a§||(¢7 V)

Do D Fa < OIS )22 + 1+ T2+ I (7.33)

a.e. on (0, 00), where

I = =5 ($1(0161, 001), (miy(61) [ VST (6, 9) 2, mi (1) Ve ST (6,0)]?) )

1
)
L= /Q (ma(é1) — ma(62)) Viiz - V() da

Lg’

+ /F (mr(n) — mr(t2))Viebs - VST (6, ) dT,
and

b= [ (orv+ova) - VSP6,0) do+ [ (wrw e dws) - TrT(6,0) dr.
Q T

The rest of the proof now consists of justifying the chain-rule formula (7.32) as well
as estimating the nonlinear terms Iy, I and I3.

Proof of (7.32). Let # € C(R) be non-negative with suppm C (0,1) and
7l 1) = 1. For k € N, we set

i (s) = kmw(ks), se€R.

Then, for any Banach space X and any function f € LP(—1,T; X) with 2 < p < o0,
we define

t

Ailt) = (mos O = [ mle = 9)f(s) ds (7.34)

1
=%

for all t € [0,7T] and all k € N. By this construction, we have f, € C*°([0,T]; X) with
fr — f strongly in LP(0,T; X) as k — oo, see [16, S. 4.13-4.15].
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Now, let T > 0, k € N and p = 4. We choose X = H?(Q) to define ¢} and
X = H?*T) to define ¢} as described above. By this construction, we then have
Ok = (0141)F and O,V = VO, ¢} a.e. in QT as well as 9,0F = (0p91)F and 9, Vryh =
Vrowh a.e. on X7 for all k € N. Moreover, as k — 0o,

o — ¢ strongly in L*(0,T; H*(Q)), (7.35)
LN strongly in L*(0,T; H*(T)), (7.36)
(Orgf, 0bf) = (Op1,00})  strongly in L*(0,T; (Hy 5)')- (7.37)

In particular, along a non-relabeled subsequence, as k — oo,

¢F = ¢1, Vb - Ve ae in Q7 (7.38)
V¥ = by, Vryh — Vrgy ae on BT, (7.39)

Additionally, we find that

k
oo . < [e’s} . 9
193] ow 0,731 (2)) < N D1ll oo (0,701 2)) (7.40)

1651 Lo (0,711 < N1l Lo (0,71 (1)) »
as well as
lpe] <1 ae. in Q7T k] <1 ace. on 2T (7.41)

for all £ € N. We further point out that in light of the convergences (7.35)-(7.36) we
infer the existence of k. € N such that

1Y, ¥ sz < 1+ 111,00l paraey  for all kb > k. (7.42)

In the following, we assume that k € N satisfies k > k.. Furthermore, we denote by
the letter C' a generic positive constant whose value may change from line to line, but
is independent of the parameter kK € N. We now define, for k£ € N, the sequence

k oLk
S, ) =8P (9,).
It readily follows from (4.52) and (7.41) that
Hsk(¢7 w)HLOO(O,T,'Hl) S C. (743)
Next, in view of (7.40) and (7.43), an application of (7.2) entails that
15 (6, 9)ll2 < C(1+ (8}, ¥D)lae2)

a.e. on (0,7"), which implies that

T T
/0 18%(6, )[4z ds < CT + C /0 (8, )1 ds < €, (7.44)

due to (7.42). Furthermore, employing the estimate (7.3) in combination with (7.40)
and (7.43), we deduce that

1S5 (¢, ) [l2
< C(1I(Ve}, Vroh)l 2 N0}, vD) e 1SF (0, 0117 51SF (@ )l e + [1(6, )| )

< C(1+ Ik, w5086, 9) )
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a.e. on (0,7). Hence, integrating the foregoing inequality in time over (0,7") and using
Young’s inequality together with (7.42) and (7.44), we have

T s T
/0 185 (6, )5 s ds < OT 4 C /0 105, 08 [4e + 1S5 (6 )4 ds < €. (7.45)

Now, we study the convergence properties of the operator Sk(gzﬁ, ) as k — oo. To
this end, let (f, fr) € L?(0,T; VE%) Then, by definition of S; and S*, we know that

[ o) TSEf )¢ dr+ [ me(n)VeSE(f fr) - Vi dn
(D) [ (BST(Ffr) = ST ) (G = ) T
= [ ma(h) VS s i) - V¢ dat [ mr(hVeSHT(F fr) - Vi dT
(D) [ (B8PS, fr) = S5 ) (56 = €) T
a.e. on (0,T) for all (¢,(r) € H], 5, which implies that
| oV (SES. ) =S4 1) - V¢ da
+ [ me()Ve(ST(. ) = ST, fo)) - Viece dr (7.46)
+X(@) [ (BT ) = ST o)) = (ST ) = SHOF fe)) (56 = €)
= [ (maleh) = ma(o) VS, fr) - 9 do
+ [ e (wh) = me (o) VeSH (. o) - Ve d

a.e. on (0,7 for all (¢, (1) € Hiﬁ. Therefore, taking (¢, () = S1(f, fr) — S*(f, fr) €
Hi”@ as a test function in (7.46), we find with (4.55) that

T
/0 IS1(f, fr) = SF(f, fo)ll7 5 ds
<t / ! [(ma(¢F) — ma(¢1)) VSH2(f, fr)lfzq) ds
N min{l,m*}2 0 @
+1/Tll(mr(w’f) —mr (1)) VeS™(f, fo)lfer ds (7.47)
min{l,m*}2 0 @ '
< 1/T Ima(61) — ma(é1)[ 7@ IVSH2(f, fr)li2q) ds
B min{l,m*}2 0 @ ’ L)

1 T
S —— / I (95) = mr (1) | Foe oy I VeSS (f, fr)lIf2 () ds.
mln{l,m*} 0

We aim to pass to the limit £k — oo in (7.47) by applying the dominated convergence
theorem. Toward this end, we first notice by (4.56) that

Ima(67) — ma(é1)l 7@y IVS(f, fr)liz
+ [mp () — mp (1) [ Foo oy IVES™T (F, )Ry
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< CIS(f, fr)lli s € L'0,T).

On the other hand, since mq and mr are Lipschitz continuous on [—1, 1], the Sobolev
inequality shows that

Ima(¢F) — ma(é)|[Fee(q) + mr(@f) = me (@017
< Cllg7 = d1ll7e0 0y + ClIUT = il Foo(ry
< Clot = dillFraiy + CllvT = allipar

a.e. on (0,7). Thus, in light of (7.35)-(7.36), we obtain that

Ima () — ma(d1)[ 70 (o) IVS*(f, fr)lf 20
+ [mr (F) = mr (@) Foo oy VST (F, fo)lf2 ()
< Ol(¢f — o1, 0 — )32 IS(f, fo)llF 5 — O

up to a subsequence k — oo a.e. on (0,7). Consequently, we can use (7.47) and the
Lebesgue convergence theorem to conclude that

IS*(f, fr) = Si(f. fr)llzg — 0 strongly in L*(0,T)
as k — oo. In particular, for (f, fr) = (06, 8y) and (f, fr) = (¢, ), we find that
Sk (0,0, 0,10) — S1(8,¢,01p)  strongly in L2(0,T; M), (7.48)
as well as
S¥(p, ) = Si(¢, 1) strongly in L2(0,T; M), (7.49)

as k — oo, respectively. Furthermore, in view of the uniform estimates (7.44) and
(7.45), we deduce that

S* (¢, ) = Si(p,¥)  weakly in L*(0,T;H?) (7.50)
and
S*(p, 1) = Si(¢,v)  weakly in L5 (0, T; W>4), (7.51)

as k — oo, respectively. Next, for any ¢ € (0 ,2) by Lemma 2.2.3, there exists a
constant C' = C(e) > 0 such that

[l 2= 0) < Cllf I HfHHQ(Q) for all f € H*(),
1 frllg2—<r) < Cllfrllan HfFHH2(F for all fr € H*(I).

Thus, combining these two estimates, by Young’s inequality, we deduce

175 foll,

- Ty S < OIS fo)llzzo ) 1(Fs fo)ll a0, 7522) (7.52)

for all (f, fr) € L*(0,T;H?). Choosing (f, fr) = S*(¢,4) = Si(¢, ) € L*(0, T; H?) in
(7.52), the convergences (7.49) and (7.50) lead to

Sk(gb,¢) — S1(9,v) strongly in Ll%e(O,T;”H%E) (7.53)
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as k — oo. Now, we claim that for any o € C2°(0,T) it holds that

T
/0 (S*(0e, 00)), (9, V) 20 ds

1

T
3 | l0.0)lR .00 as

5 | @0k ma(@h) VS (6,0) - VS0, 0) o ds
1

T
3 | @t e ) VSt (00) - TS (6. o ds.

To this end, for almost every ¢t € (0,7), let ¢(-,t) be measurable in €2, cp(-,t) be
measurable on T' with (9;c(-,t), der(-,t)) € L2, and (f(-, 1), fr(-,t)) € Vié N £2 with
(0sf(-,1), 0 fr(-,t)) € L? be given. Then, differentiating the weak formulation (4.51)

that is satisfied by Sccr(f, fr) and taking (¢,(p) = Szcﬂr(f, fr) € ”HLﬁ as a test
function, we obtain that

/ Ouf SETf, fr) da + / D19 ST (£, fr) dT
/mQ 8tc]VSCCF’ (f, fr) \ dJJ—F/mp cr) 8tCF’VFSCCFF I fr)‘2 dr
+ [ 10SEE ) dot [ rosyy T (f gr) an
a.e. on (0,7). Hence, noting again on (4.51), we find that

1 Aol

76()01", dt2||SCCF(f7fF)‘

dt( 15 (Fs fr), (f, fr) g2 (7.55)
( Sccr(fvfr) (f?fr))EQ ( Ccr(f?fr) (8tfvatff>)£2

2SSO, Dufr), (f 1)), / i (€)0uc |[VSES (S, )| da

76(/‘01—‘

dt2

/mp cr 3tCF|VFSCCF’ f,fr)| dr’

a. e on (0,7). As (c,cr) and (f, fr) were arbitrary, we can simply take (c,cr) =
(%, ¥%) and (f, fr) = (¢,%) in (7.55) obtaining (7.54).

Now, we wish to take the limit ¥ — oo in (7.54). To this end, we first notice that
from the convergences (7.48) and (7.49) we easily conclude that

T T
ey (5 (01 00, (6:9)) 20 ds:/o (81(0:9, 0¢), (6,4)) 2o ds (7.56)
as well as
tim 2 [ 16,912,010 ds = lim 1/T (S*(6, ). (6, 9)) o ds
hoo 2 Jo T NRRTEEEE TR 2 WO )) 20t
1 T
=5 / (S1(8,9), (9. 9)) 200 ds (7.57)
0

1

T
5 | 0.0k 00 s,
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respectively. To handle the last two terms on the right-hand side of (7.51), we show
that there exists a constant C > 0, independent of £ € N, such that

T
/0 | (65) 8526, ) 2, mip () Ve SH (o)D) B s ds < C. (7.58)
In fact, by (7.1), we have

IV (mo (65) I VSH2(6,¥) %) |2 (0
< Imb(eH)VFVSH 2 (h, ) P lr20) + 2llmo(¢F) D?S* (¢, 1) VSH2 (6, ¥)[|12(q)

< O(IVetllue) VS (6.1 1Fs() + D56, ) 1Ls() VS (6, ¥) Loy )
< O(IIVH 15 0 192y IV 208 1526, ) 2
1028520, ) (0 IV SH2 (0, ) 22 1526, ) o gy
a.e. on (0,T). Hence, applying the estimates (7.40) and (7.43), we find
19 (g (65) V(6,0 2y
< (1681152 1520 2 gy + 1 D°5 (6,0l IS0, 8) ey
(

4
< (1165 () + 1852, W) 3120y + IS4S, ) [52.000) (7.59)
a.e. on (0,7). In a similar manner, we derive the estimate

Ve (mr () [ VeS*T (6, 9) )l

4 (7.60)
< C (105 ey + 1T, ) ey + IS™T (@, 6) )

a.e. on (0,T). Lastly, we use the trace theorem and the Sobolev inequality to obtain

1BmE (1) VeSE ()2 — mg (¢5) I VS* (¢, 0)[* | p2(r)
< OV, )iy + CIVES™ (6, 9) I Tagry (7.61)
< C||Sk(d, 9122

a.e. on (0, 7). Thus, in conclusion, combining the estimates (7.59)-(7.61) yields
1(me(81)IVEH2 (8, 9)1%, mp (1) Ve8P (6, ) ) .5

4 (7.62)
< C (I D) ez + 1Sk(9, ) 132 + 1Sk(0 %) 2.0

a.e. on (0,7), and the desired claim (7.58) readily follows in light of the estimates
(7.42), (7.44) and (7.45). We then compute

((0uh. auh). (mip(61) [V SH 6, 0) P mi (WD VES™ (0, 0) 7)) ,
= (S(aret, 0uh), (mig(65) | VSH2 (6, 1) 2, mp ()| Ve ST (9, )2) )

+ (5(@(¢’f — 61), () — 1)),
x (g (¢h)| V™ (6, )2, mb(wh) [V rS (6, 9)%))

Lg

L?/B
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a.e. on (0,7"). Thus, multiplying the above identity by o € C2°(0,7) and integrating
in time over (0,7"), we take the limit k¥ — oo and obtain using (7.35)-(7.36) and (7.58)
that

T
lim [ ((9r0F,000F), (mia () [VS52(6,0) P mi ()| VeSHE (6, 4))) o ds

k—o0 0 2
(7.63)
T

= Jim | (S(atqs’f,awf),(m§z<¢’f)|vsm(¢,¢>|2,m’rw’fﬂvrs’ffw,W))L ;0 ds

To compute the limit of the right-hand side of (7.63), we first note that by our
above computations, specifically (7.59)-(7.61), there exist functions hy,...,hs such
that, along a non-relabeled subsequence k& — oo,

m (&) VS (¢, )[* = I (7.64a)
weakly in L*(0,T; L*()),

2mp(¢F) D85 (¢, ) VE*?(¢,9) — hy (7.64b)
weakly in L2(0, T; L(9)),

mi ()| Ve8P (¢,9)* = hy (7.64c)
weakly in L?(0,T; L*(T)),

2mp (V) DESHT (6, 4) Vi SHT (¢, 4) — hy (7.64d)

weakly in L2(0, T; L*(T)),

Bmp (W) VrSHT (¢, 9) 2 — mg (5)|[VSH (¢, ) > — hs (7.64e)
weakly in L?(0,T; L*(T)).

As a last step, we are left with identifying the weak limits hq,...,hs. First, using
(7.53) with e = %, we find that

Se(®,w) = Si1(6,4)  strongly in LS (0, T; H¥)
as k — oo. In particular, this implies that
(IVS*2(. )], [Ve8*T (6, 9)) = (V82 (6,9)[" [VrsT (6. 0)])

strongly in L%(O, T; L?)
as k — oco. Next, due to (7.35)-(7.36), we have
(Vof, Vruh) = (Vér, Vi) strongly in L*(0,T; £%)
as k — oo. Finally, since mg, mf. € C([—1,1]), (7.38) implies that
(m(eh), mp (1)) — (m@(¢1), mi(¢1))  strongly in L8(0,T; L'?)
as k — oco. Thus, we readily infer that
me($7) VT VS (6, 9)* = me(61) V| VST (6, 4)
weakly in L'(0, T; L'(Q)),

mp (1) Ve[ VesHT (¢, )12 = mi (1) Vren| VSt (6, 4)
weakly in L(0, T; LY(T"))
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as k — oo, from which we deduce that
hy = m(61)Vr VS (@, ),
as well as
hs = mi (Y1) Ve [ViST (6, ¥)[7.

Similarly, owing to (7.49) and (7.51), and noting on

(me(F), mp(¥F)) = (mg(d1), mp(y1))  strongly in L¥(0,77; L*)
as k — 00, we obtain
2mg (¢5) D2SF (9, ) VSH (¢, 1) — 2mipy(¢1) D2 ST (9, 9) VST (6, )
weakly in L*(0,T; L'(Q)),

2mip (V) DES™ (9, 4) Vi S™T (8,9) — 2mip (1) DEST (6, 4) VST (¢, )
weakly in L(0,7; LY(I))

as k — oo. This entails that

ha = 2mg(91) D*St (¢, ) VST (¢, )
and

ha = 2mp (1) DES (6, 9) VST (,)).-

Lastly, to identify hs we note that given the aforementioned convergences and the
trace theorem, we find that

o

IVSE (g, ) |r|* — VST (¢, ) |r|? strongly in L5 (0, T; L
VST (¢, 0)2 — VST (6, 9)[? strongly in L3 (0, T; L7 (T))
as k — o0, and thus, readily deduce that
Bmp ()| VrSFL (¢, 9)* — me (6h) VS (¢, ¥)[r|?
— Bmp(¥1)| VST (6, 9)]* — mo(¢1)| VST (,9)|r]>  weakly in L'(0,T; LY(T))

as k — o0o. This shows

hs = Bmp (1) VSt (6, 9)[2 — m(61)| VST (e, ¥) %

Therefore, by exploiting (7.64a)-(7.64¢) in (7.63), we conclude that

T
/0 (S1(0:¢, 01) (9, 7)) po0 ds

1

T
—5 | 16000 as

1

T
-3 /0 (S@rd1,091). (mea(61)[VSP (9, 9) 2, mp ()| Ve8] (6,0))) | or ds

for any o € C2°(0,T). The latter readily implies the desired conclusion (7.32).

Estimates of the nonlinear terms. In the rest of the proof, the letter C' denotes
a generic positive constant that may change its value from line to line, and which
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depends on the parameter of the system and the initial energies Efgeo(6?,4?) and
Frtree(¢9,98). We now intend to bound the terms I, I and I3.

Regarding I, we use (4.4) to initially find
11| = (8@i1, 8itn)), (mey(91) VST (@, ) P mi (1) [ VeST (6, 9) )
< Oll@spr, Op)l ez I (ma(91)I VST (9, 9) 2, i (1) [ Ve ST (6, 9) )|,

a.e. on (0,00). For the second term on the right-hand side, we note that

1(me (1) VST (6, )17, mi (1) VST (¢,9)*) .5
< [[(m&(91) Vo1 VST (¢, )17, mi (1) Vign |[ViST (¢, 1)) | 22
+ [ (ma(61) D*SY (6, ¥) VS (8, ¥), mp (1) DES] (6, 4) VST (6,4))]| 22
+ X(D)|Bmp (1) VST (6, 9)1> — mo (1) VST (¢, 9) |l r2(r)

a.e. on (0, 00), which entails
11| < Cll@eor, D)l gy, Ly | (Vor| VST (0, 9) 2, Ve [VeST (6, 4) )| 2
+ Cll(@ub1, 0vo1) ey y (D*ST (0, 0V S (6, ), DEST (6,4) VST (¢, 9)) | 2
+Cl[(81, 0ch)ll ey,

< X(L)||Bmp (¥1)| VST (6, ¥) 2 — mg (1) VST (6, %) 1P| L2y
=J1+Jo+ J3

a.e. on (0,00). Utilizing (7.2) and owing to (4.78) in the case K € (0,00), we see that
1S1(9, )22 (7.65)
< (o1, Ve el w0 el S0 ) 1.5 + 116, W12 4110, ) )
a.e. on (0,00). Then, concerning .J;, we employ the estimates (7.1) and (7.65) to find
< Cl@br.00) g,y I(T1, Vo) eall (VSL(6.46), VT (6.0)) 2
< Cl(@u1, 0n) g,y (T 1, Teon)[Zall (61, 00) 4 1816, )7 151 (6, )]
< Cll@r 0w lgeyl@reDlliallSi(6.4) 17 4
< (161,60 e 1516, D)5 + 1816 0)IE S8, )1 5)
< Cll@ar awn)lgny (I6n.w0IBeall S (6.0) 3,5 (7.66)
61 ) 1516, ) 4116, o)

1
< 6O+ Cl@G Bl ey (11,613l S(6, )13, 5

+ 116100l 1516, 0)]13,5)

1
< @ a + C(1 @1 0 IFry Ly + 161, )32 ) 152 (6 )17 5

a.e. on (0,00). On the other hand, if K = 0o, a similar argumentation with (4.78)
leads to the estimate

1
B = 6 ) e+ C(1+ @61, 0005+ 101, 01) 32 1S1(6,6) 15
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a.e. on (0,00), since (4.78) only contains a good Gronwall term. In the following we
restrict ourselves to the case K € (0,00) out of brevity. Nevertheless, as seen above,
the case K = oo can be handled in a similar manner. Next, we consider Js. Due to
(7.1) and (7.65) we have

I(VSP (6, %), VST (¢, ¥))| s
< C1I81(6, 93 1151 (6, )3 (7.67)
< O(I(Vr, V)l 22 (61, 902211516, ) 1.5 + 1516 )3 (6 ) )
< (161 ¥ Nall 16, ) s + 1516 DI 4116, )1

a.e. on (0,00). Then, exploiting

16, 9)l2a < Ol )] 21 (6, )11 20
< CUIS1 6, D)1 (6 DI all (6,0 12 (7.68)
< OIS (6O} (6 0) 1k

a.e. on (0,00), which follows from the bulk-surface Poincaré inequality, (4.78) and
(7.1), we obtain similarly from (7.3), using again (7.65), that

181(6, %) llye.
< O (01, o)l 26, )5 51510 e + 1626, D)5 511 (8, 0) e

< (61, 901220516 ¥l + (1, w0 s S (6, DIIE Sl (@ W)IE 5 (7.69)
1816 )5 516, D)

a.e. on (0,00). Consequently, noticing that

Jo < C(O1, 8t¢1)H<H;,B>/H(D28?<¢, ), DEST (6,1)) | 2o
X [(VS(6,4), VrST (¢,4))]| 24

a.e. on (0, 00), we deduce from (7.67) and (7.69) that
Jo < Ol @1, 00) ey (D1, 00) Beel| 16, ) 3.5

+ Ol @100 syl (61, 00 13l 2 (0 I gl (6.

+ ClI @1, 006Dl gy 101,80l 161(6 ) 511 (6.20)

+ Cll @1, 006Dl gy 161,60l (0 )51l 6,20)

+ Cll(atﬁbl,3t¢1)”(ylmy||(¢1,¢1)||iz||31(¢,¢)||35||(¢,¢)|
+ Cll(0e¢1, 0p1)ll ey 151(0 )1, 611 (D5 )16
=K +...+Kg

1
1
K,«a

3
8
K,«a

5
8
K,a

3
1
K,«

a.e. on (0,00). Next, we control the terms Kj, ..., K¢ separately. Applying Young’s
inequality, we readily find that

Ky < C([1@ib1, 00)lIBy y + 181,003 151(6, ) 2.5
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K2 < 1510, 0) o + Cl@1L 000 s 161, 00) 2810, 0I5

< 6.9l + {10 Al -+ 100 1) 1106,V
Ka < 100+ @1, 000l s 161,00 131816, 0)12,5

< 16,k + (1@, Qg+ 161,906,
K < 2000 + @1, 000y 161,80 1 l1(6, )12,

< 16,9 e +o(||<at¢1,atw1>|| 10901 1516, 9IE
K3 < 55|00 + Cll@u1, 00y ||<¢1,w1>uizHslw,wui,g

< 16+ C(1OB1, 0003+ 161,01 421516, 8) R 5.
Ko < 116 0) e + CN@1r, 00 Py 1516, 0125

a.e. on (0, 00), respectively. Therefore, we conclude that

D
Jo < 1@ o+ C(1@eb1. 0 IFyy + 101,602 ) IS: (0. 0)F 5 (7.70)

a.e. on (0,00). For J3, we can simply use the trace theorem and the Sobolev inequality
in combination with (4.52) and (7.65) to find that

J3 = Oll(@e1, 0b1) | gy x (D)1 Bmi (1) [VeST (6, 8)|” = mig(1)| VST (0, 9) [l 2ry
< OX(L)|@:61, 0061 gy (VSRS $)llwary + V08T (6, 0) R ry)
< Ox(D)1(Ber, )l g,y 1S1(0, )32 (7.71)
< OX(L)|@:61,008) [ ags Ly (161, 00 B l1S1 (0, 0F o + 11(6, ) 12,6189 )

< N6 o+ OX(E )(11@e01, 000 sy + 101,000l sy 1l (01, 901132
x ||S1(d, )17

1
< 16,0+ XD (@101, 080) Iy + 101, 61) ) 1816, D)1

a.e. on (0,00). Collecting the the estimates (7.66), (7.70) and (7.71), we obtain the
following bound for Iy

11 < 1216, )+ C (1 @001, 00 s+ 1610l IS1(6, )5 (7.72)

a.e. on (0,00). Next, concerning I2, we employ again (7.1), (7.67) and (7.68), and
deduce

=] = [ (ma(on) - ma(62) Ve - VP (6. 0) do

- /F (mr(¥1) — mr(v2)) Vb - VrS] (¢,9) dF‘

< [[(Vuz, Vrbo)| g2([(ma(d1) — ma(d2), mr(¢1) — mr(¥2))l| s
X [(V8P(6,9), VoSt (¢, 4))]| ca
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< C|[(Viuz, Vi)l 22 (6, )| ca (VST (9, 9), VST (6,9))]] 22
< Cll(p2,02)lLsl1S1(6, IE 5D )1 i (7.73)
x (111, ¥0)I22 181(6, ) s + [S1(6, 91E sll(6, ) 1)

< Oz, 0291 (1. 91) 311 (0 )1 5162 0
+ Ol 420151151 (6. 9) 1,516, 0)

K,a

1 8 4

< 160N+ C (02, 02)IE (G160 e + 112, 82)113,5) 11 (6, )13,
1

< 2100 + C (1012, 02113 5 + (01, 0) I3 ) 151 (0, V)

a.e. on (0,00). Finally, for I3, we first observe that
13| = | / (61v+ dva) - VSP(6, 1) do + / (1w + ws) - VS (6,9) dT|
Q I
< ] / Vo - vSL(e,v) dz + / Vi - wSE (6, 1) dF‘ (7.74)
Q T
+] [ovarvSPow) dot [ wwa - VrsT o0 ar)
Q I

a.e. on (0,00). For the first term on the right-hand side of (7.74), we use Holder’s,
Sobolev’s and the bulk-surface Poincaré inequality to deduce that

\/le-vs?((p,w) dx+/rvp¢1-ws{(¢,¢) dr|

< IVorl e Vo156, )

w

||L2<1;w> @

+ IV oo (o) Wl o) I1ST (6, 40) || oo
< Cll(p1: )l | (vs W)y, 1S (5 )| 2,5

1
< IV wl3,, + Cull(@r, vl l1S1 (@, )17, 5

a.e. on (0,00) for any w > 0, where Y, = L'+ (Q) x LY(I"), and C,, > 0 is a constant
with the same dependencies as C but additionally depends on w. For the second
term on the right-hand side of (7.74), we use a similar argument to [96, Lemma 5.1],
see also [94]. However, since in our case we have non-degenerate mobility functions,
additional terms are coming from (7.2) that have to be handled suitably. To be precise,
exploiting the bulk-surface Poincaré inequality, (4.78), (7.1) and (7.2), we find that

[ v VP00 o+ [ o VeS[ (6,0 ar)

< [(va, w2) 221 (&, )| 2| (VST(,9), VST (6,4)) | 4

< Ol (va, w2l 21 (6, W12 (6, )25 (VSR(0, ), Ve ST (6,)) 122
< [(VSR(6,8), VrsT (6,92

< Ol (va, w2)ll 21l (@, ) 2211 @, )24 1626, 011 5
< (10961, Trvn) £l 61, 00l 516 0 s + 10, 01 2:)

< Ol (v w2)ll ez (16, )21 6, )12 | (V1. T | 22 N0, 00) 1211 (6, )
16O 6.8 120 181 (6, 011 5)

L3
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1
< Ol (vawa)llea (1+ 161,60 120 )1 6 )l 11 (6,0 2.5
1
< 1@ ) o+ C(1+ [ (va, w2l 2+ (61,40 4z ) 1616, ) 7,5
a.e. on (0,00). Lastly, utilizing Proposition 4.4.5 along with Young’s inequality, we

find

1

Cl(¢)lle2 < 5lH@ )i + CllSi (S )IIL 5 (7.75)

a.e. on (0,00). Recalling the equivalence of the respective norms on VL_E, we combine
the differential inequality (7.33) with the estimates (7.72), (7.73) and (7.75), and end
up with

d1

1 1
Ssl@ VIR + 516 Dk < 5113, +QOIG V. (776)

a.e. on (0, 00), where
Q) = C(1+ (v w2z + 12, 02)[F 5 + 1 @en, D) IFyyyy + 161, 90)32)-

Since Q € L'(0,T) for any T > 0, and noting again the equivalence of the respective
norms on VE’%, an application of Gronwall’s lemma entails for any T' > 0 that

[(01(t) — Pa(t), ¥1(t) — a(t)) H%Hi,g)’
<16 - e — 0y yesn [ Q) ar)
—i—/o |(vi(s) — va(s), wi(s) — wz(s)H%,w exp (/ Q(r) dr) ds

for all t € [0,T]. Consequently, if ¢J = ¢9 a.e. in Q and 9 = 1 a.e. on T, the above
inequality yields the uniqueness of weak solutions. O

7.5 Existence of strong solutions and separation
properties

In this section, we prove Theorem 7.3.3 regarding the existence of strong solutions.

Similarly to the proof of Theorem 6.2.7, the proof of Theorem 7.3.3 is two-fold.
First, for velocity fields satisfying the assumption (A7.1), the existence of a strong
solution is based on the differential inequality (7.76) using time difference quotients.
Then, for the assumption (A7.2), we use again a suitable approximation of these.

PROOF OF THEOREM 7.3.3. The case with assumption (A7.1).

To prove the existence of strong solution, we make use of the differential inequality
(7.76) proven in the uniqueness part of Theorem 7.3.1. First, for brevity, we use the
notation

Sn(f.9) =S (1),
+h)(-+h
Il = 11 1),

1 @C+h)W(+h)
HL,,&*

h = |
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for h € [0,1). Then for any h € (0,1), we apply the estimate (7.76) to (¢1,91) =
(6(-+h),¥(-+h)) and (¢2,12) = (¢, 1) with corresponding velocity fields (vq,wy) =
(v(-+h),w(-+h)) and (ve, w2) = (v, W), respectively. Dividing the resulting inequality
by h?, and denoting the difference quotient in time of a function f again by aﬁ flt) =
+(f(t+h) = f(t)), we obtain

1
|0k, o) O)llhe + 51050, 0:9)

10, 8f )3, + Qu(t)II(9Fd, Ofv)I7

dt 2 (7.77)

[\JM—~

a.e. on (0, 00), where, now,

Q) = (1 + 11w W)lZ2 + 18 Ol + 1@ + 1), B+ W)y

+ (@ + h), (- + h))ll3z) € L0, T)  for all T > 0.

Before applying the uniform Gronwall lemma to (7.77), we aim to control the initial
data. To this end, we can argue similarly as for (7.33). Now, instead, we obtain

dtzll(cb b0, — o) |5 + 16 — b0, — ¥o) |k o
< CH(QS = ¢o, ¢ — Q/)O)||L2 + ((,uo, (90), So(gf) — ¢o, P — UJO))L,@QMZJ (7.78)

+/ w - VS — do,v — o) dx+/ww-vr85<¢¢o,wwo> dr
Q T

~ 5 (So(0u6.0)

(i () [V (& = b0, 6 = Yo) 2, mp (W) Ve (6 = 60,6 = v0)))

a.e. on (0,00). For the first term on the right-hand side of (7.78), we simply use
Proposition 4.4.5 and get

1
Cll(¢ = do, v = o) 22 < 7116 = b0, ¥ = bo)l[fca + Cll (6 — b0, % = %0) 5.
a.e. on (0, 00), while for the second term we directly have

| (0, 60), So(@ = b0, 90 = 0)) 1, 5441 < Cll (10, 00)L,511( = G0, ¥ = o) [0

a.e. on (0,00). Next, for the third term on the right-hand side of (7.78), we exploit
the facts |¢p| < 1 a.e. in @ and |¢| < 1 a.e. on 3, and obtain with Holder’s inequality

| [ w980 = on.o = ) da+ [ dw - VrSF(6 = b0~ o) aT|
< v W)l (6 = G0, — o) 1,5

a.e. on (0,00), whereas the last term can be estimated as I in the proof of Theo-
rem 7.3.1, see (7.72). Namely, we have

‘ - %(30(3#75, o),

(o () [VSE (6 = b0, 6 = o) P, mi () VoS5 (6 = 0,4~ b0))) |

*||(¢ b0,V — 10)|| % o

W~
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+ C (110 0 gy + 169132116 = 0.9 = bo)l[7 5.

a.e. on (0,00). Collecting these estimates leads to the following differential inequality
a1
dt 2

for a.e. t € (0,00), where

(6 — b0, ¥ — %o)lI3.. < R(®)|I(¢ — do,% — 0)]lox

RE) = O (1 (a0, 80) -+ W) 2 + (1016, ) gy + 11610) )

x (¢ — o, — womo,*).

An application of a quadratic variant of the Gronwall lemma as presented in Lemma 2.2.6
yields

(¢ — ¢0,% — 10)]lo,
< O (14 1110, 00) 1.6 + 11V, W) | 2o (0.00522) )

t
0 [ (100000 + 16,0016 = 0.0 = b0 ds

a.e. on (0,00). Then, taking t = h and dividing the resulting inequality by h, we
obtain

107 ¢(0), 07%(0)) o,
< O(1+ 11010, 00) 1.5 + (v, W) o 0,0012))

h
+C | (1108, 0By + 16,9 152) (9 6(0), 16(0)) o« ds.
0 L.s

This enables us to apply the integrated version of the Gronwall inequality from Lemma 2.2.5
to deduce

1(916(0), 44(0))
< O(1+ (10, 00) 12,5 + (v W) o 00522 )

(14 [ (100,000 + 10, 0)1a)

|O,>|<
(7.79)

x exp ( / h (1066, 0) 15y + 110,932 ) ds).

Now that we have a suitable control of the initial data, we use again the Gronwall
lemma for the differential inequality (7.77) and get

t
1(@f 6.0 DI, < 10F0(0). 21w )R exp (C [ Quir) )

. . (7.80)
+ C/ H(@fv, 8?“’)”%@ exp (C’/ Qn(r) dr) ds
0 s
a.e. on (0,00). Then, noting on
b b 1 t+h
10 v (), 9w (t)lly, < h/ 1(0ev(s), Orw (s)) [y, ds,
t 1)
1 t+h (78
ti [ 1@ (s), w(s) . ds = @ (e) dew(t) .
t
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fora.e. t € (0,00), and (7.79), we observe that the right-hand side of (7.80) is uniformly
bounded in h € (0,1). Moreover, by (6.55), (6.56) and (6.60), for any h € (0,1), we
have

t t
/ Qulr) dr < C / 1411w, W)l dr (7.82)
0 0

for a.e. t € (0,00). Consequently, taking the limit A~ — 0 in (7.80), and noting on
(7.79), (7.81) and (7.82) yields

|| (875(;57 at"‘/’) H%,ﬁ,*

t
< C(1+ (10, 00) I + 13, W) e 0 00r2) + /0 I(@rv. o)l dr)

t
X exp (C/ L+ (v, w)||%2 dr) (7.83)
0
a.e. on (0,00). Thus, we find a constant Cjy > 0, independent of h, such that
[(Dep(2), 8tw<t))H%7{bﬁ)/ < Co (7.84)

for a.e. t € (0,1). To derive a global control in time, we intend to use again the uniform
Gronwall lemma as in Lemma 2.2.7. To this end, utilizing again (6.55), (6.56) and
(6.59) and the assumptions on the velocity fields (A6)—(A7.1), we derive similarly to
the proof of Theorem 6.2.7 the estimates

t+1
sup / Pa(s) ds < C(1+ (v, )2 (0.erz5)):
= t

t+1
Sup/t 107 6(s), 0 (5)) 17 ds < C(1+ (v, W)l[F o0 0,0052)) (7.85)

t>0

t+1
igg/t ”(3?"(5):8?""(5))”%@ ds < [[(Oyv, atW)H%ﬁloc([opo);yw)-

Consequently, an application of Lemma 2.2.7 with t) = 0 and r = 1 shows that
1@e(t), D (£)) 17 ..
< C(14 v, W) s 0 2y + | (D1v, 8tW)Higdoc([O,oo);yw)) (7.86)
x exp (C(1+ (v, W)l mese2) )

for a.e. t > 1. Here, we have already taken the limit A — 0 and used again the norm
equivalence on Vglﬁ (see (4.56)). The latter implies together with (7.84) that

(01, Op) € L>(0,00; (K1 5)"), (7.87)

and the estimate (7.86) holds for a.e. t € (0,00). Next, we integrate (7.77) over the
time interval [t, ¢+ 1] for ¢ > 0, and utilize the estimates (7.85) and (7.86). By passing
to the limit A — 0 in the corresponding estimate, we deduce that

t+1
sup / 1B (3), Bt ()13 o s

>0

< O(1+ [ (o, 60)]

X (14 11v, W) [F20,0022)) €30 (CO+ IV W) F20,00i2)):

7.8 F IV W) T (0,00522) + [1(Dev, 3tW)H%3100([o,oo);yw)) (7.88)
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which gives, employing (4.78), (7.87), that
(016, 00 € Lioc ([0, 00) 1)

Then, a comparison argument in (6.11a) together with (7.86) and the regularity
(v,w) € L°(0, 00; £?) further shows that

165.0)l1.5 < C106. 0 w0 0es0y_yy + 1V W) limoeicn))  (789)
a.e. on (0,00). Thus, in light of (6.57) and (7.86), we have
(1,0) € L*(0,00;H')
by exploiting the bulk-surface Poincaré inequality. By (6.58), we learn that
(6,9) € L¥(0,00;W?P),  (F'(¢),G'(¥)) € L*(0,00; L7) (7.90)
for any 2 < p < co. Moreover, by arguing as for Theorem 6.2.10, we find
(F"(¢),G" (1)) € L*(0,00; L7)
for any 2 < p < oo (see also [129,132]), from which we deduce that
(6,9) € L%(0, 00, H?)

by elliptic regularity theory for systems with bulk-surface coupling. Lastly, to derive
higher-order estimates for the chemical potentials, we first notice that

(11— Bmean(u, 0),0 — mean(y1,0)) = —So(p+ Voo - v, 0t + Vrtp - w).  (7.91)
Then, by (4.52), (4.78), (7.2), (7.89) and (7.90), we have

[(1 — Bmean(u, 0), 0 — mean(u, 0))]]3.2
= [|So(0rp + V- v, 0ptp + Vtp - w)|lg2
< C(I(Ve, Vro)ll 22 [[(#, ) 1342 |S0(0ep + V¢ - v, Opp + Vrp - W) |1
+ (816 + Vo - v, 0pp + Vo - W) 22)

< ([l O1,5 + 1106, )l 2 + (Ve - v, Viep - w) | c2) (7.92)
< O (141126, i) 22 + |V, Vi)l = [ (v, w)  c2)
< O(1+ 15001, )13 1 (D16, D) & + 15000k B 15 + | (v, W)l c2)

<c(1+ @b a0lE)

a.e. on (0,00). Integrating the previous estimate in time from ¢ to ¢ + 1 for ¢ > 0, it
follows that

t+1
sup/ | (1 — Bmean(y, 6),0 — mean(y,6))||3,. ds < C. (7.93)
t>0 Jt

In light of (6.57), the latter entails that (u,8) € L4, ([0, 00); H?).

uloc
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The case with assumption (A7.2).

Now, we assume that the velocity fields (v, w) satisfy the assumptions stated in
(A'7.2). Then, as we have already seen in the proof of Theorem 6.2.7, we can construct
a sequence {(vi, Wi)}ren C C°(0,00; HE N L3,,) such that

(Vi, Wk) — (v, w) strongly in L*(0, 00; H!),

' , (7.94)
weakly-star in L°(0, oo; L)

as k — o0o. Moreover, it holds that

H (ka Wk) HLQ(O,OQ;’J-{,l)ﬁLOo (0,00;L£2) < ” (V7 W) HLQ(O,oo;'f-l,l)ﬁLoO (0,00;L£2) (795)

for all kK € N.

Now, owing to the first part of the proof, there exists a unique global weak solution
(ks Yiey ik, 0) to (6.1) with velocity fields (v, wy), which satisfies the additional
regularities

(O¢ Pk, Opthy) € L™(0, 005 (Hig)/) N L%,.([0,00); HY), (7.96a)
(G, Vk) € L(0, 003 H?), (7.96b)

(111> Ok) € L2(0,00; H1, 5) N Lyoc([0, 00); H?), (7.96c)

(F'(¢3), G' (1)) € L>(0,00; LP), (F" (1), G" (¢b3)) € L>®(0, 00; LP) (7.96d)

for any 2 < p < oo and all £ € N. With these regularities at hand, one can deduce
similarly to the proof of Theorem 6.2.7 the existence of the time derivative (Oppu, O¢0)
for all k € N in the sense that (Oypuy, 0:0y) € L2,.([0,00); (H')), and it satisfies

uloc

((Bupk, Dibr), (1, 10) )30 = /Qvat¢k -V + F"(¢r)0prn dx
+ /F Vrdi - Vrr + G () dbenr AT (7.97)
+x(K) /F (it — Oy (conp — ) dT

a.e. on (0,00) for all (n,nr) € H!. In the following, the letter C' will denote generic
positive constants that are independent of k.

Now, as we have already seen in the proof of Theorem 6.2.3, see in particular Step
9, it follows from (7.95) that

1
(k> Vi) | oo (0,005m1) + 1V ke, VEOK) || 12(0,00522) + X (L) 2180k — pkll £2(0,00;22(1))
+110er: Otbic)ll 20,0053y + Dk Yi)I s, (0,00)m2) < € (7.98)

as well as

1(&r: ¥r) Iz + [(F'(6k), G'(¥)) | o + [mean (pu, b))

< C(1+ NG 00)llz.5) i

a.e. on (0,00) for any 2 < p < oo. To establish the higher regularity estimates, we aim
to apply the chain rule established in Proposition 7.2.2. To this end, we first have to
show that (ug,0k) € L?),.([0,0); H?). Recalling

uloc

(pr — Bmean(puy, Oy ), 0 — mean(uy, Oy))
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= =875 (Ordk + Vi Vi, Otk + Vb - W),

the estimate (1.68) entails that

H(Mk - 5mean(ﬂk, Hk), Gk — mean(uk, Hk))H’HB
< (14 1y (D)|(dx, Ye)llre2) (H (atqbk + Vor - Vi Oy + Vi - Wk)

mo(dk) mp (V)
+H<m9 (00)V Sk Vit i (Y1) Ve vrek) )

mao(ér) ’ mr (V) 0
( O Pr, Oy )
mo(¢r) mr(Yr) /) 1#
(V¢k'vk VFT/Jk'Wk)

ma(or) " mr(Yg) /i
(mb(¢k)v¢k -V mp(Yr) Vg - VF9k>
ma(¢k) ’ mr (V)

Hl

< O(1+ 10 (D)@ ) l1e2) (7.100)

+ C’(l + 1oy (L) (x, wk)”?ﬂ)

+C(1+ 10y D) 6r, e

=L+ L+1I;

Hl

a.e. on (0,00). By standard computations based on Holder’s inequality, and using in
particular the boundedness of the mobility functions, we can estimate

8¢ 81/1

H( 8t¢k Oy, >

H <m§z (P1)0: 0k V o M (Yr) Opibk Vriby )

ma(@x) mr (V%) ma(oe? T me@)? e
Vo Vroy
H<mQ (¢r) mr( 1/%)) £2 (7.101)

< O (1 n: Do)l 2 + 1(Vbr, Voo Lo Do, Do)l 2 + 1D, Do) 1.0
a.e. on (0, 00),

H(V¢k'vk VW/Jk:‘Wk:)

ma(or) mr(Yy) /e

Vor-vi Vry-wy
H(ﬂm (é) " mr(vr) ) c2

+H<m9 (¢6) (Vo - vie) Vo mp(¥r) (Vi - Wk)erk)

ma(¢r)? ’ mp(Yy)?
+H< (Vor - vi) Vr(Vr@ﬁk'Wk))
ma(or) ~ mr(Yr)

< C(H(Vﬁ%Vr%)”cm”(vk,wk)Hc? + 1 (Vr, Ve |20 | (Vi W) [l 22
1@ il | (Vi Wil s + (Vs Vetbe) o= | (vies w3 )
< Oll(6k, i llwes (14 10V wi) lagr + (1, ) lwes )

L:Q

L (7.102)

a.e. on (0,00), as well as

H (mlg(cbk)vcbk -V, mp(Yr) Ve, - Vr9k>
ma(¢r) ’ mr (V) H!
< H (m'g(éf?k)véﬁk -V, mp(Yr) Ve - VF9k>
- maq(dr) ’ mr (V)

£2
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n H ( (mg(ox)ma(or) — me(or)*) (Vor - Vi) Vy
ma(dr)? ’
(mi-(r)mr (Yr) = mp (1)) (Ve - vrek)vrwk) ‘
mr(Yy)? c2
M (de) D20V . mi (V) DEYr Vb
* H( mq(or) ’ mr(¢r) >’ £2 (7.103)
+ H(mQ (or) D*ur NV or, mp(vr) DR Her¢k>’
ma(¢r) ’ mr () c?

< C(HW@%erk)chH(VMk,Vr9k)||c2 + 1V r, Vo) | 2o | (V ik, Vi) || 22
+ [[(Dk; Vi) w2 | (V g, Vb)) || 2a
+ [[(Vor, Vror)| coo || (ur — Bmean(pu, Or), 0 — mean(juy, 9k))||7—,52)

a.e. on (0,00). Recalling the Sobolev embedding W?? « W and exploiting
(7.95) and (7.96), the estimates (7.99) and (7.101)—(7.103) entail that (ug,0r) €
L2 .([0,00); H3). We stress that the corresponding estimate on the H3-norm is not
yet uniform in £ € N. In view of this regularity, we are in a position to apply Propo-
sition 7.2.2 which yields (u, 0) € BC([0,00); H 3)» and the following chain rule

dt2(/ ma ()| V k| d$+/mr )| Vrbg|* dT + x (L )/F(ng — i) dF)
= ((Oear, 0O, (—div(ma(dr) Viur), —dive(mr (Yr) Vrr) + Bma(dr)Onfir) )4,
+/ m (k) 0| V ] dl‘+/m'r(¢k)5t¢k|VF9k’2 dr’ (7.104)
Q r

holds a.e. on (0,00). As (¢, Yk, pr, 0x) is a strong solution to the corresponding
convective Cahn—Hilliard equation, the dual pairing on the right-hand side of (7.104)
can be rewritten, under the consideration of (7.97) as

((Orpure, Oy, (—div(ma(dr) V), —divr (mr () Vre) + Bma(dr)Onpir) )50
—((Ouptr; OuO), (Orr + Aiv(rvy), Opthy + divr (Vxwi)) ), 0

= — (10w, O | i — / F"(¢r)|0yop|* dz — / G" (1) Opbe|* AT (7.105)
Q r
— ((Ocprs 01O, (Aiv(dpvi), divr (Ve wr)) ),

a.e. on (0,00). Hence, exploiting the assumptions on the potentials and recalling
((5.1()4) it follows from (7.104) and (7.105) that

(/ mo(ér) |V x| d$+/mr Y1) | Vrlg|? dT + x(L )/F(BHk—Mk)Z dF)
1@ D)
< (O, Buin) 2 + /Q 1ty (1) 0uoe Vil + /F () Oy [V T

dt2

— ((Oepr; OO, (div(dpvi), divr (Ve wr)) ), 0 +/QF'(¢k)V3t¢k'Vk dz (7.106)

+/G/(¢k)vrat¢k‘wk dr
r

a.e. on (0,00). For the first term on the right-hand side of (7.106), we have already
seen in the first part of the proof that this can be estimated as

1
Ol (@ vn)lI2 < =11 @i, w3 + € (| (Vi Wil + sk B0 3,5)- - (7.107)
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Then, to control the next two terms on the right-hand side of (7.106), we first compute
as for (7.92)

| (g — Bmean gy, Ox ), O — mean (g, O )) || 2
< O(1+ [[(n )z + ||<vk,Wk>\|cz)||<uk,9k>||L,5 (7.108)
O 00175+ 1V W) [22) [ @rb D) [ + C (v i) 2

a.e. on (0,00). Now, we use (7.1), the previous inequality and another comparison
argument to compute

| [ ma@oanl Vil dz + [ mib()00 Trosf? dr|
Q r

< C||(Bebrs Ottn) || 2| (V ik, VrOg) || 2
< C||(Brr Dstoi) | 2l (s 9k)||L sl (e — /3mean<uk, Ox), 01, — mean (uy, 01))| 72

< O (I8 (Drdr D) 12, 51 Geoe D) 2 o + IS5 (D1, D)1 .5)
X || (ke )| 18| (pere — Brean(pug, Oy, 9k — mean(puk, 0x))| 32
1 5
< CH(@%»3t¢k)||f(,a||(uka9k)||i,5(1 + 1[( Dk, Vi) |32 + H(Vkawk)H[,?)

+C|(Bu, (11, 012, + 11V w22 ) | s 00) | 2.5 (7.109)
1 1 1
+ C|(Orr, Otpi) || e, (H(mc,@k)lli,ﬁ ||(Vk,Wk)||Za)||(Mk,9k)!L,ﬁ |(Vis wi)ll 22

+ O (110, 01 + Vi Wil 2 )1 e 0)113
X (14 16k v lgez + (Vi Wil 22 )
+ O (110aks 00117 5+ 1 vy W) 22 ) 1 e, 6|

OI8O s + 11 w2 ) 1 1)
= R1 + ...+ RG

1
L5/ (O bk Ortdr) | 7 o

LAl (Vi wi) || 22

a.e. on (0,00). Next, we control the terms Ry, ..., Rs separately. Applying Young’s
inequality, we readily find that

1 10 1 1
Ry < 21 @us 00 e + Ol ks 0011 2 (14 116 001 + 11 (v w22

1 4 4 4

< %||(5t¢k,aﬂ/)k)||%<,a + (1 + (I1(Dr> ) 132 + ||(Vk7Wk)H22)H(Hk79k)||z,5)
|| (e, 0|7, 5

1

%H(a@k, o) io + (1 + 11Dk ¥r) 132 + 11 (r O6)175 + H(Vkawk)”452)
x| (e, O) |7, 55

Ry < i Ord, O 2 C ;)% 2 0:)||%

2 < ||( 1Dk O ) 5.0 + C (1 (ks O 5 + 1| (Vi Wil 22 ) | (e, O8I L 55

Rj < gouwm,amk)um + O (11 06) 12,5 + 11V, W) .22 ) [ (v W) [
<1, 00113, 5

1

251 @ Ol + Cllvis wi)llZz2 + C (I Gae 01T 5 + 11 (Ve w2 )

[N

IN

IN
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Ry < 0(1 + 1 (Drs Vi) 132 + Nl (ks O 17 6 + |](Vk,wk)”£2) (e, O1) |12
1 %H(aﬂf)kﬁtW) % +C(||(Mk,9k)!

1
< 510168, 000 [+ Cll v Wi 12+ C (11 0017 5 + 1 (v wi) [ 22)
”(/‘Lkh ek)HL,ﬂv
Re < C|[(vi, wi)l 22 + C (11 06135 + 1 (v w122 ) 1 G O 135

7ﬁ,

4
25+ 1 ves Wil 22 ) 1 G, 00117

a.e. on (0, 00). Therefore, we conclude that
‘/me(qﬁk)@tqﬁk!vuﬂz d$+/m/r(¢k)at¢klvr9k\2 dF)
r

1
< 1@k, o) .o+ Cll (Vi W) 22 (7.110)

+ C (14 11 ) 132 + (s O) 15 + (v Wi 2 ) 1 (s 00125

06), we have

a.e. on (0,00). Then, for the last term on the right-hand side of (7 1(
111) and (6.112),

already seen in the second part of the proof of Theorem 6.2.7, see (6.
that

| (010, Ot ), (div(rvie), dive (Vewn))) i |
+| /Q F'(¢)Vordy, - vi da + / G () Vi - wy, dT| (7.111)

1
< 51(@:dn, o). + Cl (Vi W) 30 + Cll (Vi Wi 131 [ (s 00117 5

a.e. on (0,00). Thus, collecting the estimates (7.107), (7.110) and (7.111), we end up
with the differential inequality

dt2</ ma (@) | Vil dx+/mr ¥r)| Vg [* dT + x(L )/F(Mk — ) dF)

+ §||(8t¢k78t7/}k)HK,a
< C||(vi, i) |30 (7.112)
Q) [ ma(ol Vil do + [ me(olVea? v+ x(z) [ (6, - ) ar)
a.e. on (0,00), where
Qi) = C(1+ | (vis Wil + (Vi Wil + 116k ¥ 132 + 11k, 00113 5)-

Applying Gronwall’s lemma yields

11,0015 < 1k ). 06 s ex | Qutr) ar)

- C/Ot 1(vi, W) 1241 exp (/t Qk(r) dr) ds

a.e. on (0,00). As (ur(0),0:(0)) = (o, 6p) for all k& € N, we readily infer from (7.95)
and (7.98) that

sup 1 (8), Ou(t) 2,5 < (1 -+ [0 80) 25 + 1, w) 20 iz
te[0,1] (7.113)

X exp (C<1 + ||(Vaw)”%2(0,oo;’+£1)))'
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To derive a global control in time, we aim to use again the uniform Gronwall inequality
from Lemma 2.2.7. In view of (7.95) and (7.98), we deduce similarly to the first part
of this proof that

sup (0 0 ()35 < (14 10, 00) 5+ 1V ) 0 )

(7.114)
x exp (C(1+ [[(v, W) 220 peimar)) )

Next, integrating (7.112) in time from ¢ to ¢t + 1 for any ¢t > 0, we readily deduce on
account of (7.113), and (7.114) that

t+1
mg/ @1 Buton) | % o dis
t

>0
< C(1+ (10, 00)I13.5 + (v, W) 320 co9a1)) (7.115)
x (CO+ 10 0.0m0)) €50 (COLH 13, W) F2(0.0m01) )
By (4.78), (7.95), (7.113), (7.114) and (7.115), we then conclude
10k, Otr)ll 2, (0,00)21) < C

Now, based on the estimates (7.113) and (7.114), it follows from (7.99) that

1k i)l Loe 0,00w20) + 1 (F" (), G (k)| v (0,00;20) < Chp (7.116)

for any 2 < p < co. Moreover, by arguing as in the proof of Theorem 6.2.10, we have

1(E" (¢r), G" (Vi) oo (0,0057) + 1B Vi) | Lo0 (0,00523) < Cppe
Finally, coming back to (7.100) and to (7.108) with the estimates (7.101)—(7.103), we
deduce with (7.95), (7.99), (7.113), (7.114) and (7.115) that

(ks O 28 (10,00)722) 11 (ties Ol 22 (0,00)5203) < C-

uloc

By standard compactness arguments, these estimates guarantee the existence of a limit
quadruple (¢, 1, u, 0) solving (6.1) and satisfying the desired regularity properties. By
Theorem 7.3.1, (¢,%, ,0) is thus the unique strong solution to (6.1), which finishes
the proof. O
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Chapter 8

Existence of a pullback attractor and
convergence to equilibrium for weak solutions

This chapter is based on the work in:

[119] P. KNOPF, A. POIATTI, J. STANGE, AND S. YAYLA, Long-time dynamics of
a bulk-surface convective Cahn—Hilliard system: Pullback attractors and conver-
gence to equilibrium. Preprint: arXiv:2603.10923, 2026.

8.1 Introduction

In the previous chapters, we analyzed the following bulk-surface Cahn—Hilliard system:

O+ div(ev) = Ap in Q, (8.1a)

p=—Ad+ F(4) in Q, (8.1)

O + divyp (vw) = Apf — BOnpu on X, (8.1c)

0 = —Ary + G' (1) + adpo on X, (8.1d)

{Kan¢=a¢—¢ %fKe [0, 00), on %, (8.10)
On¢ =0 if K =00

{L&nu =66 — p %f L € [0,00), on 5. (8.11)
Onpt =0 if L =00

¢’t:’r = ¢T in Q7 (81g)

V)i=r = Vs on I (8.1h)

For this system, we established the existence of weak solutions, uniqueness, and
the propagation of regularity. In the present chapter, we complete the analysis by
studying the long-time behavior of weak solutions.

For bulk-surface Cahn—Hilliard models without convection, the long-time dynamics
are by now well understood, and a comprehensive body of literature is available, see,
for instance, [70,86,126,129,131,132,137,163]. We also refer to [40, 72,90, 145] for
the long-time behavior of further Cahn—Hilliard-type systems with dynamic boundary
conditions.

In contrast, only few results are available for convective bulk-surface Cahn—Hilliard
systems. In [50], a viscous convective model with dynamic boundary conditions was
studied, and it was shown that the corresponding w-limit set is non-empty and consists
of stationary solutions. Another contribution is [182], where the long-time behavior

191
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of a convective Cahn—Hilliard model in two spatial dimensions was analyzed. How-
ever, the convective term considered there has a very specific structure and differs
significantly from the one appearing in (8.1).

A major difficulty in the analysis of the long-time behavior of weak solutions to
(8.1) arises from the fact that the underlying dynamical system is non-autonomous.
Unless the velocity fields are time-independent, the evolution cannot be described by
a semigroup. For this reason, we need to move from the framework of semigroups and
global attractors to the more general theory of two-parameter processes and pullback
attractors. In addition, the presence of convection prevents the total free energy Efree
in general from being a Lyapunov functional, as it is no longer monotonically decreas-
ing along trajectories. This significantly complicates the analysis of the asymptotic
behavior, since classical arguments based on energy dissipation are no longer directly
applicable.

To address these challenges, we consider the system starting from an arbitrary ini-
tial time 7 € R. Our first objective is to show that the dynamical system of the
underlying system (8.1) can be interpreted as a continuous two-parameter process.
In the non-convective case, i.e, when (v,w) = (0,0), this process reduces to a con-
tinuous semigroup, reflecting the autonomous nature of the problem. Using abstract
results from the theory of non-autonomous dynamical systems, we then prove that this
process admits a minimal pullback attractor. We also refer to [113], where a similar
approach was used to establish the existence of a minimal pullback attractor for a
non-autonomous Cahn—Hilliard—Darcy system with mass source.

In the second part of this chapter, we investigate the convergence to equilibrium.
We show that every weak solution to (8.1) converges, as t — oo, to a single steady
state. In particular, the w-limit set of each trajectory is a singleton. The proof relies
on a Lojasiewicz—Simon inequality and the fact that stationary solutions are uniformly
separated from the pure phases. Due to the non-autonomous nature of the system and
the lack of a Lyapunov structure, it is necessary to derive suitable decay estimates
tailored to the problem. In this context, a key role plays the asymptotic behavior of
the velocity fields (v, w), which are required to satisfy a suitable decay condition as
t — o0, see (A9).

Finally, we remark that convergence to equilibrium in non-autonomous Cahn-
Hilliard-type systems has also been studied in [113] for a two-dimensional Cahn—
Hilliard—Darcy model with mass source. However, the setting there differs from the
present one, as the non-autonomous effects enter through a source term rather than
through convection.

8.2 Additional preliminaries

In this section, we introduce additional notions needed to study the long-time behavior
of weak solutions to (8.1)

First, let (X,d) be a metric space. Then for any sets A, B C X, the Hausdorff
semidistance is defined as

dist x (A, B) := sup inf d(a,b).
ac€A beB

Next, we introduce the phase space, on which our process will be defined. To this
end, let a, 3 € R, K, L € [0,00] as well as m € R if L € [0,00) and m = (m1, mz) € R?
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if L = o0o. We define
. {(6,9) € Hi o | mean(¢, 1) = m} if L € [0, 00),
WK,L,a,B,m = 1 .
{(6,9) € Hi o | (D) = m1, (P)p =ma} if L= o0,

which is a closed subset of H!. Hence, it is a complete metric space with respect to
the norm-induced metric on H!. For any s > 1, we further set

W;(,L,a,ﬁ,m = W}(,L,a,ﬁ,m N HS'
Additionally, we define
XiLasm = {(3,%) €Wk Lapsm : 10y < L, 1¢]leery < 1}

The metric dXK’ Loagm 18 defined as follows:

Q10 (0.9, C0) = 1000 = (€l +| [ Filo) do = [ Fi() aa
+| [@wyar - [ Gy ar

)

and (X L,a,8,m, dX 1 0 5. (-5 +)) is thus a complete metric space.

8.3 Main results

8.3.1 Assumptions

We start by stating our main assumptions needed throughout this chapter.

(A1) Q is a non-empty, bounded domain in R? with d € {2,3}, whose boundary
I' := 00 is at least of class C3. Moreover, 7 € R is a prescribed initial time,
and we use the notation

Qr =0 x (1,00), ;=T x(1,00).
(A2) The constants in system (8.1) satisfy K, L € [0,00], a € [-1,1] and 8 € R with
0B19) + 1] £0.

(A3) For the mobility functions, we assume that both mq and mr are constant.
Without loss of generality, we thus simply assume that mg = mr = 1.

(A4) Tt holds Fy,G; € C([-1,1]) N C?*(—1,1) and
. / T / _ . / _ 1 / _
sl\lln—ll Fi(s) = sl\lllzll Gi(s) = —oo and E/n% Fi(s) E/H% Gi(s) = +o0.
Moreover, there exists a constant © > 0 such that
F/'(s)>© and GY/(s)>© forallse(-1,1).

As usual, we extend Fi(s) = Gi(s) = +oo for all s ¢ [—1,1] Without loss of
generality, we assume F;(0) = G1(0) = 0 and F{(0) = G (0) = 0. In particular,
those entail

Fi(s) >0 and Gi(s) >0 forallse[-1,1].

For F5 and G5 we assume Fy, Go € C* (R) such that their derivatives are globally
Lipschitz continuous. Lastly, we require that the singular part of the boundary
potential dominates the singular part of the bulk potential in the sense that
there exist constants k1, k9 > 0 such that

|Fi(as)| < k1|Gi(s)| + Ky for all s € (—1,1). (8.2)
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Next, we have to fix the mean value of the initial data to define the underlying
process on a suitable phase space. To this end, we suppose the following.

(A5) If L € [0,00), let m € R satisfy
fm, m € (—1,1),
while in the case L = oo, let m = (mj,mg) € R? be given such that
mi, mg € (—1,1).
For the velocity fields, we need the following assumptions, that guarantee the exis-

tence of a unique weak solution with the propagation of regularity.
(A6) We assume that

(v,w) € L*(R; L, () x L, (1))

(A7) At least one of the following conditions is satisfied:
(A7.1) (v,w) has the regularities

(v,w) € HL (R;L5(Q) x L' (I")) 0 L(R; £2)
N L=(R; L, (Q) x L3(I)
for some w > 0.

(A7.2) (v,w) has the regularities
(v,w) € LA(R; ) N L (R; L),
and it holds

vlp=w aec.on ' xR if K =0.

We note that, in contrast to Chapter 6, the velocity fields are now defined on R
instead of [0,00). This is necessary since the initial time 7 € R is arbitrary. Clearly,
the results presented in Chapter 6 remain true when the initial time 0 is replaced by
7. Moreover, for the existence of a pullback attractor, we require the following.

(A8) The velocity fields have the additional regularity
(v,w) € L2,.(R; L),

uloc

and if K = 0, we demand that a = £.

We observe that the additional regularity assumption on the velocity fields assumed
in (A8) is only needed if (A7.1) is assumed, as otherwise, this is already included in
(A7.2).

Lastly, in order to show the converges to a single equilibrium, we need an additional
decay condition on the velocity fields.

(A9) There exist Tgee > 0 and a > 0 such that the mapping

(Tdemoo) St H(V(t)vw(t))HLQ

is non-increasing, and the integral
(0.9}
/ e®||(v(s), w(s)) H[:2 ds
Tdcc

is finite.
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Remark 8.3.1. We point out that that condition (A9) is fulfilled, for instance, if
(v(t),w(t))|lz2 decays exponentially fast as ¢ — oo. If a > 0, thanks to Holder’s
inequality, condition (A9) further implies that for any v € (0, 1), it holds that

[ vt wis) s s

Tdec
o0 v 00 5 1—
/ ™| (v(s), w(s))|| ds) (/ et d3> < 0.
Tdec Tdec

X

8.3.2 Existence of a pullback attractor

In view of Theorem 6.2.3, for given (¢7,%r) € Xk 1o 8,m, We can define the mapping

K,L
Sm, <t7 T) : XK:Lyayﬁvm — XK,L»azﬁJn’

Snlg’L <t7 T)<¢’7'7 %) = (¢K’L7 le/)(t; T, ¢r, ¢r)7

where (¢fL, L KL GRLY (G ¢ 4).) € XK L a.pm 18 the unique weak solution to
(8.1) on [1,00) corresponding to the velocity fields (v, w) with the initial condition

(oL BN (17, 7y 0r) = (Pry 1),

(8.3)

We show in Lemma 8.4.2, that the family {SX-X(¢,7)};>, defines a continuous
process on Xk 1, o,8,m in the sense of Definition 8.4.1.

Our first main result regarding the long-time behavior of weak solutions to (8.1)
establishes the existence of a minimal pullback attractor for the family {SE-(¢,7)}1>.

THEOREM 8.3.2. Suppose that (A1)—(A8) are fulfilled. Then the continuous pro-
cess {SKL(t,7) }i>r associated with system (8.1) admits a minimal pullback attractor
A in the sense of Definition 8./.5, which is given by

X a,B,m R
Ap(t) =\ U &L, 7Dy """ < Dy rsm for allt € R, (8.4)

s<tT<s

where Dy = {Do(t) = Dolier is the compact pullback absorbing set of Proposi-
tion 8.4.9.

We refer to Definition 8.4.5 to the notion of a (minimal) pullback attractor.

The proof of Theorem 8.3.2 will be shown in Section 8.4.

8.3.3 Convergence to equilibrium

In the second part of this chapter, we study the behavior of weak solutions as t — co.
To this end, we assume without loss of generality that 7 = 0. Then we have the
following result.

THEOREM 8.3.3. Suppose that the assumptions (A1)—(A7) hold. Moreover, sup-
pose that (A9) holds with a > 0. In addition, we assume that F1, Gy are real analytic
n (—1,1) while F5, G2 are real analytic on R. Let (¢o,%0) € Xk 1.a,8m, and let
(¢, 1, u,0) denote the corresponding unique weak solution to (8.1) on [0,00). Then it
holds

lim H(¢(t) — (oo, Y(t) — %JHH? =0, (8'5)

t—o00
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where (¢oo, Voo ) € H? is a solution to the stationary bulk-surface Cahn—Hilliard equa-
tion

_A¢oo + F/(¢oo) = Moo m Q>
—Arthoo + G (Yoo) + @Ondoo = 0o onT,
KOntoo = atPoe — Poo on T,

with

B/Qqsooda:—k/rwoodl“:ﬂ/ﬂgéoda:—l—/rwodl“ if I € [0, 00),

/Qqﬁoodx:/gqbodx and /medr:/r%dr if L = oo.

The constants oo and O appearing in (8.6) are given by

M(Q/QF’(%) d:z:+/FG'(woo) dF) if L € [0,00),

[loo = ’51)‘(/QF’(¢OO) dz — /Fé?nqﬁoo dF),

O = !Fll(/rG/w‘”) + aOndoo dF>

Hoo = BOoc =

if L = oc.

The proof of Theorem 8.3.3 is presented in Section 8.5

8.4 Existence of a pullback attractor

The aim of this section is to prove the existence of a minimal pullback attractor.
However, we have to start by introducing some necessary concepts and present an
abstract result, which will used to prove Theorem 8.3.2.

8.4.1 Formulation as a process

We first introduce the concept of a two-parameter continuous process, which general-
izes the notion of semigroups.

DEFINITION 8.4.1 (Continuous process). A continuous process on a metric space
X is a family {S(t,7) >+ of continuous mappings S(t,7) : X — X with the following
properties:
(i) ForallT € R and x € X, it holds S(,T7)x = x.
(ii) For allt > s > 7, it holds S(t,7) = S(t,s) S(s, 7).
(iii) The mapping

{t,7)eR? : t>7yx X > (t,1,2) — S(t,7)r € X
1S continuous.

The following lemma shows that the dynamical system associated with (8.1) can
actually be formulated as a process.

LEMMA 8.4.2. Suppose that (A1)~(A7) are fulfilled. Then, the family {SE-L(t,7)}i>,
defined in (8.3) is a continuous process on X 1,a,8.m-
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PrROOF. The family is well-defined by Proposition 6.2.3. It is straightforward to
check that conditions (i) and (ii) in Definition 8.4.1 are satisfied. We now show that
the map

[Tv OO) x R x XK,L,a,,B,m = (t§ T, ¢77w7) — Srlr?L(tv T)(¢Tv¢7) € XK,L,a,BJrL

is continuous. Continuity with respect to 7 and (¢x, ¥) follows from the continuous
dependence estimate (6.18). We further need to show that

t— (gZ)K’L,l/JK’L)(t; T, 07, 17) € C([1,00); H1).

In view of the regularities established in Theorem 6.2.7, we use the Aubin—Lions—Simon
lemma to infer that (¢®L, L) (-7 ¢, 1) € O(r,00;H!). To prove continuity at
t = 7, we consider any sequence {t;}reny C (7,00) with ¢ — 7 as k — oo. As the
sequence { (L L) () bren is bounded in H!, we deduce that, after subsequence
extraction,

(5L pBLY (1) = (¢ry1br)  weakly in H! | strongly in £2, and a.e. in Q x T' (8.7)

as k — o0o. Moreover, by definition of the free energy, we have

1 1
SN ), 0 ) e — 51 (r )

= Efree(qu’L (tk)v 1/}K7L (tk:)) - Efree((z)ﬂ 7/)7')
+ /Q F(6,) — F(6™H(ty)) dr + /F G(ibr) — G (1)) dT.

Since F' and G are both continuous on [—1, 1], the corresponding integrals converge to
zero as k — oo by the dominated convergence theorem. Furthermore, it is easy to see
that

Eivee(r, ) < liminf Bree(¢™ (tx), 08 (1))

as all terms in the energy are either convex (and thus weakly lower semicontinuous)
or continuous (by dominated convergence). We refer to the proof of Theorem 5.3.2,
where a similar argument was carried out in detail. On the other and, by taking the
limit superior in the energy inequality (6.13), we infer that

lim sup Efree(¢K’L (tk), TPK’L(tk)) < Efee(br, ¥r).

k—o0

Thus, we conclude that Efee(dF (tr), % (1)) — Eree(¢s,¥x) as k — oo, and this
directly yields

1 1
IO (1), 1) e = 51l 6
as k — oo. Together with (8.7), this implies that
(Vo™ (ty), Ve L (ty)) — (Vér, V)  strongly in £2

as k — oo. As the limit is independent of the previously extracted subsequence,
this convergence actually remains true for the whole sequence {t;}ren. Hence, we
conclude that (VoL Viyptl) € O([r,00); £2). In combination with (¢ 1) €
C([r,00); £?), this proves the claim. O
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In the special case of constant velocity fields, the continuous process {SX-% (¢, 7) }1>,
in fact coincides with a continuous semigroup. However, in view of our assumptions,
the only choice of constant velocity fields that agrees with (A7) is (v,w) = (0,0).

COROLLARY 8.4.3. Suppose that the assumptions of Lemma 8./.2 hold with (v,w) =
(0,0). Then, for all s € R and t > s, we have SE-L(t,s) = SE-L(t —5,0). This means
that the process is autonomous. Fort > 0, we define

TRE(t) = SHH(t,0) : Xk papm — Xk La,sm-

This family {TXL(t)};>0 has the following properties:
(1) TEL(0) is the identity map on Xk 1 o gm-
(ii) For allt,s >0, TIL(t +s) = TEL(t) TEL(s).
(iii) The mapping
[0,00) X X L pm 3 (b b0, o) = T (£)(0, o) € Xk L,08m

1S continuous.

This means that the family {TEL(t)}i>0 defines a continuous semigroup on Xk 1. p.m-

PROOF. Since the time evolution is independent of the initial time, we readily see
that the identity SXL(t,s) = SEL(t — s,0) holds. Then, property (i) follows directly
from property (i) in the Definition 8.4.1. Then, property (ii) holds since

Tt (t+s) = Spt(t+5,0) = St (t+5,5) S0 (5,0)
= St (t+5—5,0) S5 (5,0) = T H () Tyt (s).

Finally, the continuity in (iii) follows from the continuity of SX* as previously shown
in Lemma 8.4.2. O

8.4.2 Existence of a unique pullback attractor

Now, we are going to investigate the long-time behavior of the non-autonomous dy-
namical system (S,Ig’L(t, 7), XK,L.o,8.m) through the theory of pullback attractors. As
a preliminary step, we first recall the fundamental framework, including the basic def-
initions and a key theorem concerning pullback attractors, whose assumptions will be
verified for our system in the subsequent analysis. In the following, for any metric
space X, we write P(X) to denote the family of all non-empty subsets of X.

We start by recalling the main concepts related to pullback dynamics that will be
used to establish our main result (see [133]).

DEFINITION 8.4.4 (Pullback absorbing sets). Let {S(t,T)}t>- be a continuous pro-
cess on a metric space X. A family Dy = {Do(t) }+ter of non-empty sets is called
pullback absorbing for the process {S(t,7)}i>r, if for any bounded set D € P(X)
and any t € R, there exists a time 1o(t, D) <t such that

S(t,7)D C Dy(t) for all T < 19(t, D).
In this case, 1o(-, ") z'sAreferred to as the corresponding pullback absorption time for

the absorbing family D.

DEFINITION 8.4.5 (Pullback attractor). Let {S(t,7)}>r be a continuous process
on a metric space X. A family A = {A(t)}ier of non-empty subsets of X is called a
pullback attractor for the process {S(t,7)i>r in X if
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(i) A(t) is compact in X for anyt € R,
(ii) A is invariant, i.e., S(t,7)Ap(T) = Ap(t) for allt > T,
(iii) A is pullback attracting, i.e., for any t € R and any bounded set D it holds

lim dist x (S(¢t,7)D, A(t)) = 0.

T

A pullback attractor A = {A(t)}er is referred to as minimal, if for every family
C ={C(t)her C P(X) of closed sets, which satisfies

EIEI dist x (S(¢t,7)D,C(t)) =0  for all bounded sets D,

T

it holds that A(t) C C(t) for allt € R.

Remark 8.4.6. In the case of autonomous dynamical systems, the definition of a global
attractor reduces to that of a compact, invariant, and attracting set. These properties
are sufficient to ensure that the attractor is both minimal among closed attracting sets
and maximal among invariant sets.

In contrast, the situation is more subtle in the non-autonomous setting. The notion
of a pullback attractor defined above does not automatically enjoy analogous minimal-
ity or maximality properties. In particular, it is not guaranteed to be the maximal
invariant set attracting all bounded subsets, nor the minimal closed attracting set. A
key difficulty is that one cannot, in general, deduce the self-attracting property

lim dist x (S(¢,7)A(7), A(t)) =0  forall t € R.
T——00
For this, minimality must be imposed a priori in the definition, leading to the concept
of a minimal pullback attractor. In particular, the minimality requirement ensures the
uniqueness of the attractor.

To recover minimality or maximality as a consequence of the defining properties,
one needs to strengthen the notion of attraction by considering time-dependent families
of sets belonging to a suitable universe. This leads to alternative notions of pullback
attractors, which may in general be larger than the one considered here, see, for
example, [133].

We will use the following proposition to prove the existence of a pullback attractor
for the process SXL (see [133, Theorem 7] and [84, Proposition 3.7]).

PROPOSITION 8.4.7. Let {S(t,7)}t>r be a continuous process on a metric space
X. Assume that there exists a compact attracting family of sets K = {K(t)}ier for
{S(t,7)}t>7, where K(t) is compact in X for every t € R, such that

lim dist x (S(¢,7)D, K(t)) =0,

T——00

for any bounded set D € P(X). Then there exists a minimal pullback attractor A =
{A(t) }ter in X, which is given by

—_—X
Aty= U AD.1)
DeP(X)
bounded

where

A(D,t) = ﬂ U S(t,7)D for any bounded set D € P(X).
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Additionally, if there exists a family Do = {Do(t) }1er € P(X) such that Dy is pullback
absorbing for {S(t,7)}i> and if Do(t) = Do for allt € R, then

A(t) = A(Do,t) C Do~ for allt € R. (8.8)

Remark 8.4.8. Observe that, if the pullback absorbing set is time-independent and the
attractor A exists, then (8.8) implies that the dissipative nature of the system ensures
that the pullback attractor {.A(¢)}+cr is uniformly bounded in time, a property which
is not guaranteed in general.

To apply Proposition 8.4.7, we start by proving the existence of a pullback absorbing
family of sets for the process {SE-L (¢, 7)}i>r.

PROPOSITION 8.4.9. Suppose that (A1)—(AR) are fulfilled. Then there is a family
Do = {Do(t)}ier of compact sets in X that is pullback absorbing for the process
{SKL(t,7)} >, associated with system (8.1) with pullback absorption time To(D,t) <
t — 2 for all bounded sets D and t € R. More precisely, the family lA?o is constant in
time, and there exists a compact set Dy such that Do(t) = Dy for any t € R.

PROOF. In this proof, let C' denote a generic positive constant depending only on
the prescribed velocity fields, the quantities specified in (A1) and (A2), F and G,
which may change its value from line to line. We know from Proposition 6.5.1 that

d
P00 + 10 O)ls = [ ov-Vudat [ w-vroar (89

a.e. on (1,00). Using the Ladyzhenskaya inequality and the bulk-surface Poincaré
inequality, we find that

‘/gbv-v,udzc—l—/ww-vp&dl“‘
Q r
< N DLl (v, W)l 26 [l (D, 90) || 3
< Ol )zl (v, W)l 2o 1 (8, D)1 22 [l (0 )17
1
< 10135+ C (14 1w )26 16, 9) i

a.e. on (7,00). Thus, we have

d 1
iy Boee(9.0) + 5101075 < C(LH+ 1V W) Zo (6,0 10 (8:10)

a.e. on (1,00). For the following computations, we assume that L € [0,00). The
case L = oo can be handled similarly. Setting (¢*,¢*) = (¢ — fmean(¢;, 1), ¢ —
mean(¢;,1;)), we have

d 1 * *\ (|2 _ d 1 * *
@ VN 5. = 25 ISLa(97, v

= (S5(06", 00"), SLp(¢",¥")) 4

= _<(8t¢*,3t¢*)aSL,ﬁ<¢*aW»Hiﬁ (8.11)
= ((1,0), SL.a(¢",9") 5 = (v, VSE (6", 8°)) 1) — (¥W, VIS (67, %")) 21y
= —((1.0), (6" 9")) 2 — (&, VSL 5(6",0")) 1 ) — (YW, VSL 5(6",07)) 1oy

2
L’/B
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a.e. on (7,00). Then, using the weak formulation (6.11Db), it follows that

_ % — 2 ! *dr — ' :
(10, (6" 0 s = =@ D = [ F@)8" da = [ &/tw)v ar .

+ 1401 (K)(a — B)mean(or, 9r) /F(oz¢ —¢)dl’

a.e. on (7,00), where 110}(-) denotes the characteristic function of the set {0}, which
is added to deal with all the cases K € [0, 00] simultaneously. In view of assumption
(A8), where a = g if K = 0 was demanded, we readily see that the last term on
the right-hand side of (8.12) vanishes in all cases K € [0,00]. Now, exploiting the
convexity of F} and Gy, respectively, as well as the Lipschitz continuity of F3 and G,
respectively, we find that

| Fl()(6 ~ pmean(or. 4) do -+ [ 640)(w ~ mean(s,6,) dF
Q r
> / Fi(6) — Fi(Bmean(ér, vr)) dz + / Gr () — Gr(mean(ey, 1)) AT (8.13)
Q T

> / Fi(6) dr + / G () T — |QIF; (Bmean(@y, 1)) — [T|G1 (mean(ér, 1),
Q T
and
/ Fo($) ¢ da + / Go(¥)op* do < C (8.14)
Q T

a.e. on (7,00). For the convection-related terms on the right-hand side of (8.11), we
use again the Ladyzhenskaya inequality to obtain

’/Q¢V-V525(¢*7w*) dx—i—/rqu.vrggﬁ(as*’w*) dI“

=| [ SPator v Vo dat [ SEaeurw Vo ar|
< ISz,8(0"%, )l s | (v, W)l 2o [ (9, )]
1 1
< OS50, W) 221107 )L g i IV, W)l 2611 (@, ) |
1 * *
< 16 )k + CIV W) lzs (6% 07| .0
a.e. on (1,00). Thus, collecting the estimates (8.13)-(8.15) to bound the right-hand
side of (8.11), we deduce
d1 * *\ (|2 1 2
&in(éf) SV g + QH(QSJZJ)\ Kot [ Fi(¢)dr+ [ Gi(y)dl
Q r
< C+Oll(v, w)lzoll(@", ¥) | L,g.s

a.e. on (7,00). Consequently, adding (8.10) and (8.16), and using again the fact that
Fj and GY% are both Lipschitz continuous, leads to

d

1 1
3 (Biree(0,0) + S 116" ) 17 5.) + Brveol %) + 511, 0)

(8.15)

K,a

(8.16)

1
%,B + 5”(@571!})”%(,@
< €+ Ol (v, w) o (169 10 + 16", 0% 12,5, (8.17)

a.e. on (7,00). Recalling the definition of Ffe and the fact that F' and G are bounded
from below on [—1, 1], it easy to see that there exist constants C' and C” (which may
depend on the same quantities as C') such that

1 1 ! 1 * )k
§H(¢7¢)H§<,a + §II(¢*,'¢*)H%,5,* = O < Bree(9,9) + 5 1l(¢7, ¥ NZ5.x (8.18)
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]‘ 1
<516 ) ka + 56" ¥ L5+ C

N

a.e. on (7,00). Therefore, defining Y(t) = C’ 4+ Egec(¢, ) + %H@*alb*)”%ﬂ’*, we
readily infer from Minkowski’s inequality that

50 2 S (16.0)lka + 16 ¥ e5.)

a.e. on (7,00). Thus, we obtain from (8.17) the differential inequality

S0+ T + 508 Ol 5 < €+ Cll (v, w2 T ) (19)

a.e. on (1,00). Hence, applying the variant of Gronwall’s inequality presented in
Lemma 2.2.8, we find that

2
T(t) < 20(1)e 20 + (Cllv, w2 mgs)) +C (8.20)

for a.e. t € (7,00). Observe that, by continuity (¢,1) € C([r,00);H'), (8.20) even
holds for all ¢ € [7,00). Now, we recall that (¢(s),?(s)) € Xk ,apm forall s > 7. If
K € [0,00), we use the bulk-surface Poincaré inequality to deduce that

I(@(s); ¥()llrr < Cull(¢(s),9(s))l| k.0 for all s > 7, (8.21)

where (1 and Cy are positive constants depending only on K, o, 8 and Q. If K = oo,
we use (6.65) instead, which yields

CICRUCHIFES Cl(ll(qb(S),w(S))IIK,a + II(¢(8),¢(S))IIL75,*) for all s > .

This allows us to conclude that
1
[(6(1), ()30 < Cu(1+ (@7 0r)llger )e2 0 + C (8.22)

for all t > 7, where C, and C,, are positive constants which may depend on the same
quantities as constants denoted by C'. In particular, this means that the constant C
and C,, are independent of 7 and (¢, ;).

Now, let t € R and D C Xk 1, o,3m be bounded. Then, there exists R = R(D) > 0
such that

16,9, <R forall ($,4)) € D.
We define
mo(D,t) =t —2(1+R) <t—2.

By this definition, for any 7 < 79(D,t), we have e3(7=1) < (1+ R)7'. In view of the
estimates (8.20)—(8.22), this implies that

(@), ¥()||51 < Cs+Cu and Y(t) <C (8.23)

for all 7 < 79(D, t) and initial datum (¢,, ;) € D. Now, we set p := Cy + Ciy,

Dy = {((5,1;) € Xk Lapm : ||(& l/;)H,QHl < P}-
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Then, for any 7 < 79(D, t), it follows from (8.23) that
SEL@t. YD c Dy forall 7 < 1o(D,t). (8.24)

Since D was assumed to be an arbitrary bounded subset of the phase space, this shows
that the (constant in time) family Dy := {Do(t) = Do}ier is pullback absorbing for
the process {SE-(t,7)}4>,. We now aim to show that this set can be improved
to be a compact set of the phase space. To this end, given t € R, let us consider
70(t) := 710(Do,t) <t — 2 as to be the pullback absorbing time of Dy into itself. Let
now r € [t — 1,t], t € R, be arbitrary. After integrating (8.17) in time from r — 1 to
r, we use (8.23) along with the definition of p to obtain, for any 7 < 79(¢) and initial
datum (¢, ;) € Do,

/ 0I5 ds

< O+ B (r = 0,90 = 1) + (60 = 1,976 = D)5,

+C [ Nv(5), W) Zs (I1(@(), (Dl + 16" (), 0" (5)) | 1.5+ ) ds

r—1

<C+CR 4 Cplv Wl ey =7

Taking the supremum over all r € [t — 1,¢] yields

sup / 11, 0)[12.5 ds < . (8.25)
reft—1,t) Jr—1

Now, using the estimates (8.23) and (8.25), we can follow the argument of the proof
of Theorem 6.2.7 to verify that, for any 7 < 79(¢) and initial datum (¢, v.) € Dy,

sup |(&(r), ()2 + sup / (016, Be) 122 ds < p", (8.26)

reft—2,t] reft—1,t Jr—1

where p” > 0 is a constant with the same dependencies of p’. We omit the full details
for the sake of brevity. We can then introduce the compact set

Do = {(¢%) € X Lapm * (@) |32 < 0"}
From (8.26) we thus conclude that
SEL(t,7)D C Dy for all 7 < 7(t). (8.27)

As a consequence, since Dy is a pullback absorbing set for the dynamical system, also
Dy, which is of course compact in Xk 1, o 3,m, is pullback absorbing, concluding the
proof. O

We are now in a position to straightforwardly prove Theorem &8.3.2, which estab-
lishes the existence of a minimal pullback attractor for the processes {SEL(t,7)} >

PROOF OF THEOREM &.3.2. In view of Proposition 8.4.9, we can apply the ab-
stract result provided by Proposition 8.4.7, since the dynamical system admits a com-
pact pullback attracting (in this case even absorbing) set. We thus conclude that
the process {SXL(t,7)};>, admits a minimal pullback attractor A = {A(t)}ser in
XK La,8m, Which is given by (8.4) since the time-indexed family Dy is constant in
time. O
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8.5 Convergence to a stationary point

Finally, we want to prove that any weak solution of system (8.1) converges as t — 00
to a single equilibrium solution. In the following, we simply set 7 = 0. This does not
mean any loss of generality as the concrete value of 7 does not have any impact on
the mathematical analysis of the longtime behavior of trajectories. As a first step, we
fix an arbitrary o € (%, 2) and recall the definition of the w-limit set.

DEFINITION 8.5.1 (w-limit set). Suppose that (A1)—(A7) are fulfilled and consider
arbitrary initial data (¢o,v0) € Xk 1.a.8m- Then the set

SEL(t1,,0) (o, o) — (¢, ts) strongly in HC
is called the w-limit set to the initial data (¢o, o).

. IH{ti tren C [0, 00) with ty, — oo such that
wK’L(Cf)Oﬂ/JO) = {(¢*a¢*) € WK Lagm )

LEMMA 8.5.2. Suppose that (A1)—(AT7) are fulfilled and let (¢o,v%0) € Xk L.0.8m
be arbitrary. Then w™(¢g, o) is a non-empty, compact and connected subset of
WE Lagm- Moreover, it holds that

diSth(,L,a,ﬂ,m (Snfi’L(t, O)((Z50, 1/1()), wK’L(¢0, @DQ)) — 0 ast — o0. (828)
PRrROOF. The claim follows directly by employing the propagation of regularity from
Theorem 6.2.7 as well as [36, Theorem 9.1.8]. O

DEFINITION 8.5.3 (Set of stationary points). Suppose that (A1)—(A5) are fulfilled,
and let {T,In(’L}tZO be the strongly continuous semigroup on Xk 1,..8m corresponding
to trivial velocity fields (Voo, Woo) = (0,0), which was introduced in Corollary 8./.5.
Then the set

Nt ={(0.9) € Wi Lo : T H(0)(09) = (6,0) for allt = 0
is called the set of stationary points.

The set of stationary points N.5% owes its name to the fact that its elements are
stationary solutions of system (8.1). This is shown by the following lemma.

LEMMA 8.5.4. Suppose that (A1)~(A7) are fulfilled and let (¢oo,Vo0) € NI,
Then there exist constants peo and O given by

OMW(@AF!(%) dx+/FG'(¢m) dF) if L €1]0,00), (8.29)

oo = ,;”(/QFKM do = [ Do ar),

0 = 1 ([ 6'(6) + andc ar)
T\ Jr

such that the quadruplet (Poo, Yoo, ooy Ooo), Where Lo and O are now interpreted as

constant functions, is the unique weak solution of system (8.1) on the interval [0, c0)

corresponding to the initial data (¢oo, Vo). In particular, this solution is stationary

as each of the functions ¢oo, Voo, oo, and O is constant in time.

Moo :5000 =

ifL=o00, (8.30)

Furthermore, the pair (¢oo, Vo) belongs to WQ’GOW?(’L’Q?BM and is a strong solution
of the semilinear bulk-surface elliptic system

—Adoo + Fl(¢oo) = Moo in €2, (8'313)
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_Afwoo + Gl(¢oo) + aan¢oo =0 on I, (831b)
Koo = athso — Poo onT. (8.31c¢)

PROOF. Let (¢poo, 1oo) € NEL be a stationary point of the semigroup { T2 () }i>o.
This means that, in particular, T (t)(¢eo, Yoo) = (oo, Poo) for all t > 0. Hence, by
the definition of the semigroup {TXX},~¢, there exist chemical potentials (poo,fo0) €
L2,..([o, oo);?-li’ﬁ) such that the quadruplet (¢oo, Yoo, floos foo) is the weak solution
of system (8.1) with trivial velocity fields on the interval [0, c0) associated with the
initial data (¢oo, Yoo )-

Moreover, the energy inequality corresponding to (oo, Yoo, too, Ooo) Teads as

t t
Eireo (6, 1) + / / IV oo dee dr + / / Vbuol? dT dr
s Q s T
t
(@) [ [ (3~ o) ar as (8.32)
s T

< Efree(¢ooy woo)

for almost all s > 0 and all ¢ > s. This directly implies that

/ Voo 2 d +/ V02 T + (L) /(5900 )2 dT =0
Q I I

a.e. in [0, 00). Hence, in all cases of L € [0, o], it follows that 1~ and 04, are constant.
If L € [0,00), we additionally have the relation fioo = 0.

Furthermore, by means of Theorem 6.2.7, we deduce that (¢uo,s0) € W5 N
Wi L apm- Consequently, (doo, Yoo, foos 0o0) actually satisfies the equations (8.1b),
(8.1d) and (8.1¢) even in the strong sense. This means precisely that the pair (oo, ¥oo)
is a strong solution of system (8.31). O

Next, we show that every element of the w-limit set is actually a stationary point of
THKL In particular, this implies that the set of stationary points A% is non-empty.

LEMMA 8.5.5. Suppose that (A1)—(AT7) and (A9) are fulfilled and let (¢o,10) €
XK L.a,8m be arbitrary. Then it holds that

wK7L(¢07 ¢0) - Nn{?L’

which means that w™¥(¢g,g) consists only of stationary points. Moreover, there
exists E, € R such that

Epree(¢s, i) = Ex for all (¢s,10:) € w™L (¢, ¢0).

PROOF. Our proof is largely inspired by the line of argument in [14,78,142]. How-
ever, compared to these previous results, we have to overcome additional difficulties
since, due to the involved velocity fields, our energy functional Egee is usually not
decreasing along trajectories.

Let (¢, 1, u,0) denote the unique weak solution to (8.1) on [0, 00) originating from
the initial data (¢o,0) with velocity fields (v, w). Let (¢, 1s) € wL(¢g,v0), and
let {t,}nen with ¢, — 0o as n — oo be a corresponding sequence with

(P(tn), ¥(tn)) = (¢«,vx) strongly in H? as n — oo. (8.33)
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Without loss of generality, we assume that ¢, > 1 for all n € N. Now, for any n € N
and any ¢ € [0,00), we define

(Pn (), (1), n(t), 0n(t)) = (P(t + tn), (t +tn), ult +tn), 0(t + ),
(Vi (), Wi (1)) = (v(t + tn), w(t + tp)).

This means that, for any n € N, the quadruplet (¢, ¥n, fin, 0r) is a solution to system
(8.1), where the velocity fields (v, w) are replaced by (v,,, w;,) and the initial conditions

(¢0, o) are replaced by (¢(tn), ¥ (tn))-

As strongly convergent sequences are bounded, we deduce that {(¢(tn), ¥ (tn)) tnen C
WE L.a.g.m is bounded. Recalling Theorem 6.2.3, we infer that there exists a constant
C. >0 (which may depend on the system parameters, Efee(¢0,%0) and ||(v, W) £2(0,00;2)
but not on n) such that

(s )1 0 0mss, ) + 1@ )2,
+(F' (), G’wn))an (00 + 1B )Lz (oser

([0,00);W2:6)

<
2 =G

for all n € N. Moreover, thanks to assumption (A6), we have

1 (Vis W) 2 0. 00i2) = / I(v(s)w(s)%e ds =0 asn—oo.  (3.34)

Thus, proceeding similarly to the proof of Theorem 6.2.3, we employ the Banach—
Alaoglu theorem to find functions (qﬁ, 0,1 1L, ) such that

(6ns o) = (6,7 weakly in H' (0, 00; (M, 5)), (8.35a)
weakly-star in L>(0,00; Hjc,),  (8.35b)
weakly in L2,,.([0, 00); W), (8.35¢)

(#tn0) = (71, 6) weakly in L. ([0, 00); H, 5), (8.35d)

(F'(6), G (b)) = (F'(6),G' () weakly in Lijo.([0, 00); £°), (8.35¢)

as n — 00, along a non-relabeled subsequence. Moreover, in view of (8.33) and (8.34),
the quadruplet (¢,,1,0) is the unique weak solution to (8.1) with velocity fields
(v,w) = (0,0) and initial data (¢., ).

Now, we consider the function

H:[0,00) > R, H(t) :=Ffee(d //qbv Vi dx dr

—/ /pr-vrﬂdf‘dr.
0o JIT

It directly follows from the energy inequality (6.13) that H is non-increasing. More-
over, recalling that |¢| < 1 a.e. in @ and [¢)| < 1 a.e. on X, we use Holder’s inequality
and Young’s inequality to deduce that

H(t) = Eiree(4(1), (1)) —/0 1(v, W)l 2l (V i, V)| 22 dr

> /(1 0)l| o (2 o) / e[| (v, W)z dr (8.36)

dec

1 Tdec 9 1 Tdec 9
5 [ Il =5 [ ol ar
0 0
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for all t € [0,00). Here, a > 0 and Tgec > 0 are as introduced in (A9). In view of
Theorem 6.2.3 and Theorem 6.2.7, we have

(1,0) € L*(0, Taee; H') N L™ (Tigec, 00; ).
Together with the assumptions (A6) and (A9) on the velocity fields, we conclude

from (8.36) that H is bounded from below. Consequently, there exists E, € R such
that H(t) — E, as t — oco. In particular, for any ¢ € [0, 00), this entails that

H(t+t,) — E. asn — oc.

Using the convergences (8.34) and (8.35a)—(8.35d) along with the weak-strong con-
vergence principle, we find that

¢ t
/ / OV - Vi, dz dr —i—/ / YWy - Vb, dIdr — 0 asn —oo.  (8.37)
0 JQ 0o JT
By the definition of (¢, 1y, ), we infer that for every ¢ > 0,
Efree (¢n (t)v % (t))

t t
=H(t+t,) + / / GV - Vi, doe dr + / / YWy, - Vb, dT" dr (8.38)
0 JQ 0 JIT
— B

as n — oo. Next, we recall that (¢, ¥n, tin, 0,) satisfies the energy inequality
t t
Efree(¢n(t)y¢n(t)) +/ / |vun|2 dzx dr +/ / |VF9n|2 dI’ dr
0 Ja 0o Jr
t
sx(@) [ [ (3, g ar as (3.39)
o Jr

t t
< Efree(¢n(0)a wn(o)) + /() /ngnvn : vﬂn dz dr + /0 /Fqﬁnwn : vl"en dI’ dr

for all t € [0,00). Using the convergences (8.35d), (8.37) and (8.38), we use the weak
lower semicontinuity of the involved norms to conclude that

t t N t _
E, +/ / Vi dz dr +/ / V6] dT dr + X(L)/ /(,89 — )? dr dr
0 JQ 0o JT 0o JT

< TLILH;O Efree (¢n(t)7 wn(t))

t t
+ lim inf l/ / Vi |* da dr—l—/ /yvp9n|2 dr dr
n—roo 0 Ja o Jr

+ x(L) /Ot /F(ﬂen — pp)?dl dr]

t t
< lim sup [Efree(¢n(t),wn(t)) + / / IV |2 dzz dr + / / V16, |? T dr
0 JQ 0 JT

n—oo

+x(L) /Ot /F(Ban — pp)? dl dr]

< lim sup Efree(¢n(0)a ¢n(0)) = F,.

n—oo
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Consequently,

t t ~ t _
/ / \Vii|? dz dr +/ / |Vr|* dT dr + X(L)/ /(59 —p)?drdr<o0
0 JQ 0 JI 0 JI

for all t € [0,00). This readily entails that fi is spatially constant in 2 and 0 is spatially
constant on I'. As (¢, 1, i1, 0) is the unique weak solution of system (8.1) with trivial
velocity fields to the initial data (¢., ), it immediately follows that

(B(1), (1)) = (du,b) for all £ >0,

and thus i and @ are constant also in time by comparison. Consequently, (ds, Vi) €
NIEL | Finally, recalling that o > %, we use (8.33) to deduce that

as n — 0o. Because of (8.38), it follows that

due to the uniqueness of the limit. We point out that E, may depend on (¢g, %), but is
independent of the choice of (¢x, %) € w™ ¥ (¢g, o). Hence, the proof is complete. [

The next lemma shows that every stationary solution of (8.1) satisfies a strict
separation property.

LEMMA 8.5.6. Suppose that the assumptions (A1)—(A4) and (A5) are fulfilled.
Then for any (¢,) € NEL there exists 6, = 5,(¢,1) € (0,1) such that

H¢Hc(§) <1l- 6*1 H¢HC(F) <1-—4,. (8'40)

PROOF. As any (¢,v) € N5L is a solution to the semilinear bulk-surface elliptic
system (8.31), the strict separation property (8.40) follows from Proposition 4.3.5 [

To show that any weak solution of system (8.1) converges to a stationary point, the
following lemma is crucial.

LEMMA 8.5.7 (Lojasiewicz—Simon inequality). Suppose that the assumptions (A1)—
(A5) are fulfilled. In addition, we assume that Fy,Gy are real analytic functions
on (—1,1), and Fy, Gy are real analytic functions on R. Then for any (¢poo, ¥eo) €
Wi (¢g, 1bo), there exist constants w* € (0, %), b* > 0, and C > 0, such that

ool

1—-w*
—Arér + G (¢r) + adn 2 [ Btree(C, Cr) = Eiree (Poo; 0| (8.41)

LQ

for all (¢,¢r) € WIZ(,L@,B,m satisfying ||(¢ — (oo, (0 — Voo)||32 < b*. Here, Py, denotes
the projection of L* onto

{{<¢, ) € L2: BIQd) + TI(¥)p =0} if L € [0,00),
{(¢,0) € L2 : (¢)q = (¥) = 0} if L = oo.

ProOOF. For K = 0, L € [0,00] and o = 1, the result can be found in [129,
Lemma 5.2], and for K € [0,00), L = oo and o = 1, it was established in [132,
Lemma 5.2]. For general K € [0,00] and o € [—1,1] as specified by (A1), the
statement can be verified analogously. O
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We are finally in a position to present the proof of Theorem 8.3.3 concerning the
convergence to equilibrium.

PROOF OF THEOREM 8.3.3. Since w¥(¢g, 1) is a compact subset of WE Lapm
with o € (%, 2) (see Lemma 8.5.2), the embedding Wg | , 5, = C(Q) x C(T) implies
that WL (¢g, 1) is also a compact subset of C(Q2) x C(T). Then, as w¥(¢pg, o) C
NEL and any pair (¢,v) € NI (see Lemma 8.5.5) is strictly separated from the
pure phases (see Lemma 8.5.6), we can argue by contradiction (see, for instance, [14]
or [78, Proof of Lemma 3.11]) to show that there exists § € (0, 1) such that

I6:llo@ <1=6, lvellom <1=68  forall (¢u, 1) € W (g0, ).

Here, it is crucial that the width of the separation layer 0 is independent of (¢y, 1) €
WL (o, o).

Moreover, we know from Lemma 8.5.2 that

distwe , o ((0(t), (1), @ (go, %)) = 0 ast— oo, (8.42)

with o € (%,2).
As the embedding Wy 1, 5., < C(Q) x C(T) is compact, there Ts > 0 such that

0
16O VO ogecy S1—5  foralt=Ts. (5.4

Thanks to this uniform separation property, we obtain by regularity theory for elliptic
systems with bulk-surface coupling that

H<¢7 w)”LOO(TS,oo,H3) < C. (844)

In particular, this entails that w (¢, 1) is a bounded subset of H?3.

Now, to show that w’ (¢, 1)) is a singleton, we need to make use of the additional
assumption (A9). Using Remark 8.3.1, we deduce that

12w

[ 1) w1 5 s

oo % oo 1—2w 1—-w
(/ eas”(v(s),w(s))HL:Q ds> (/ e 0 S ds>
Tdec Ta

< (aZam) (] omonles)

for all @ € (0,1). This entails that

IN

||(v,w)HL172w < <a(1—2w)> /Tdec e®|[(v(s), w(s))| o ds  (8.45)

I-= (Tdecvoo§£2)

for all @ € (0,%). Moreover, we observe that (v(t), w(t)) — (0,0) in £* as t — oo by
assumptions (A7) and (A9).

Now, thanks to (8.42), (8.44) and the compact embedding H> < H?, we have

dist 2 ((p(t), (t)), WL (o, 10)) = 0 ast — oco. (8.46)
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Furthermore, as w®(¢g, 1) is a compact subset of W% ; 5.m (see Lemma 8.5.2) and

a bounded subset of #?3, we conclude by interpolation that w’ (¢, 1) is a compact
subset of H2.

Now, for any (¢, ¥s) € W% (dg,10), let w* € (0, %) and b* > 0 be as obtained by
Lemma 8.5.7. Then, it clearly holds

waL((ﬁDulzbO) - U Bb* (9{)*71/]*)7
(CRRUBISALIEIC AR

where By« (¢x,1.) denotes the open ball in #? with center (¢,,) and radius b,. As
WL (o, 0) is a compact subset of H?, we find finitely many points {( ) Yimt,M
with corresponding radii {b;};=1,.. as such that

M
WL (g, o) C U By: (67, 97)

i=1

and the Lojasiewicz—Simon inequality is fulfilled on each of these balls with an exponent
@} € (0,3). This means that for every i € {1,..., M}, there exists a constant C; > 0
such that

Ci Py < —A( * F/(C) > > ’Efree(C7 CF) - Efree(¢07 1/}0)’1_17;k (847>

—Ar(r + G'(Cr) + adnl

£2
for all (¢,(r) € By (#7,¢]). Now, we define

C:= max C; >0 and w':= min w; € (0, 1y.

i=1,....M i=1,....M

As the balls Bb:( sF), i =1,..., M, are open, there further exists

)

0<b< min b

i=1,...,

such that for all (¢, (r) € W%L’aﬁ,m, it holds that

M
(¢,¢r) € U Ber (85, 97) i dist g2 (¢, ¢r), w™ " (b0, ¥0)) <.
=1

1=

Hence, in view of (8.47), and recalling that Efecel,x.L (4 4,) = Ex by Lemma 8.5.2, we
conclude that

o (actiitnd

1-w*
_AFCF + GI(CF) + aanc > |Efree(Ca gF) - E*| (8.48)

EQ

for all (¢,(r) € Wi 1 .5.m With
dlSt H2 ((C, CI‘)7 WK7L(¢O) 1/}0)) S b

Recalling Lemma 8.5.5 and the convergence (8.46), we conclude that there exists a
time Tp > max{Ts, Tgec} such that

dist 72 ((6(1), (1)), " (G0, o)) < b
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for all ¢ > Tp. Thus, employing (8.48), we obtain

—Ap(t) + F'(o(t)),
—Arpp(t) + G'(¥(t)) + adnd(t)

< Ol (u(2), 0())]

for all ¢t > Tr. Now, using [65, Lemma 7.1], the assertion can be established by
following the line of argument in [103]. To this end, let s,¢ > T be arbitrary. Then,
recalling (8.43), we use the energy inequality (6.13) to deduce that

t 1 t
[ W00 5 drt 5 [l ar

< Eiee(9(5),1(5)) — Egee(9(t), ¥(t))

t t 1 [t
_|_/ /qﬁv-V,ud:BdT+/ /ww'VFHdFdr+2/ (v, w)||%s dr
s JQ s JI s

< Ereo(#(5),1(5)) — Ervee(4(1), (1))

/vau@dw /u 02, dr.

After rearranging some terms and elevating to the power 2(1 — w*) > 0, we obtain

1\20-w) , pt ) ¢ , 2(1—w*)
) ([ w0, / (v )32 )

< (Efree(d>(8),w( )) = Efree(9 / (v, W)z d?“) A

‘Efree(¢(t)a¢(t)) - E*|1_w* < C ||PL (

2 (8.49)

L

< 22677 Breo(8(s), (s)) — B2 422G | B oo (8(8), ¥ (1)) — Eu 2077

t 2(1—w*)
+ = / vwlzedr)

Now, we send ¢ — oco. Recalling that Epee(¢(t), () — Ey ast — 0o, we apply (8.49)
to infer that

1\ 2(1—=") o ) oo ) 2(1-w™)
G) ([T nwols ar [Tz o)

L 00 2(1—w*)
(0(), 0() — BLO) 4 207 ([ (v, w) 2 ar)

2(1—w™)

< 2%

l_w* l—w* *
< 250, 0N+ 224 ([ Wl ar)

Since Tr > Tgec, the mapping (Tp,00) > t — ||(v(t),w(t))| 2 is non-increasing ac-
cording to assumption (A9). Thus, using the estimate (8.45), we deduce that

o0 2(1—17*)
26 ([ v.w) s ar)
1-2w™

1 * = o * 2=
<26 (v wEIET [ lvw)l s dr)
< 2400 (v(s), w(s)
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Hence, we conclude that

00 0o 2(1—w*)
(/ 1,013 5 dr+/ (v, w2 dr)
< C (II(ns), 0175 + 1(v(5), w(s)) [ 22)

for almost all s > Tr. According to [65, Lemma 7.1}, this yields

/T 1(1,0) |15 dr < C

for some T, > 0. Recalling that (v(t), w(t)) — (0,0) in £? as t — oo, we infer by a
comparison argument in (6.11a) that

(849, 0rt)p) € L' (T, 00y (HE, 5)')-

Hence, using the fundamental theorem of calculus, we conclude that, as t — oo,

(¢>(t)7¢(t)) - (¢(T*)7¢(T*)) + /oo(atd)a aﬂz}) dr =: ((booﬂ/)oo) in (,Hi,ﬁ),'

This allows us to identify w® (¢, v0) = {(¢oo, o)}, Which completes the proof,
since (8.5) directly comes from (8.46). O
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Chapter 9

Existence of weak solutions

9.1 Introduction

In the second part of this thesis, we study the bulk-surface Navier—Stokes—Cahn—
Hilliard model (1.42) which we derived in Chapter 3. Setting ¢ = 6 = k = 1, the
system (1.42) reads as

0i(p(9)v) + div(v ® (p(@)v + ) — div(2va(¢)Dv) + Vp

= —div(Vo @ Vo) in @, (9.1a)
divv =0 in @, (9.1b)
O (c(¥)w) + divp (w @ (o(¢)w + K)) — divp(2vp(¢)Drw) + Vg
= —divp(Vr¢y ® Vry) — 2vq(¢)[Dvn], + 1(J - n)w
+ 3(Ir - n)w + adndVry — v(¢, ) w on%, (9.1c)
divp w =0 on Y, (9.1d)
vir = w, v-n=0 on Y, (9.1e)
Op + div(¢v) = div(ma () Vi) in@, (9.1f)
pn=—A¢+ F'(¢) in@, (9.1g)
Oy + divp (vw) = divp(mp () Vi) — Bma(¢)Onp on ¥, (9.1h)
0 =—Ar+ G () + adnd onY, (9.1i)
{Kanqs =) — ¢ %f K €[0,00), on®,  (9.1))
Ono® =0 if K =00
{Lm9(¢)5nﬂ =80 —p if Le[0,00), on S, (9.1K)
mo(¢)Onp =0 if L =00
V=0 = vo, Ple=0 = o inQ, (9.1
Wli=0 = Wo,  Pli=0 = o onI. (9.1m)

We recall that the densities and flux terms are defined as

p(¢)::ﬁ2;ﬁ1¢+ﬁ2‘;‘ﬁl Q.
o) = &QE&II/J‘F&Q;&I on X,
1= (o) Q.
K= 22 ; o1 mr(¥)Vrd  on %,
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09 — 01

Jr = —/B 2

mao () Vi on X.

The goal of this chapter is to establish the existence of a global-in-time weak so-
lution to (9.1), see Theorem 9.3.3. In the case of constant mobility functions, this
result was first proved in [123] by means of a semi-Galerkin scheme combined with
Schauder’s fixed point theorem. More precisely, the velocity fields were discretized
using eigenfunctions of the bulk-surface Stokes operator A, which was defined and
analyzed in Section 4.5. We will also use this approach later to prove the existence
of a global-in-time strong solution in two space dimensions in Chapter 10, see Theo-
rem 10.2.1.

The semi-Galerkin approach can also be used to establish the existence of weak
solutions in the two-dimensional setting for non-degenerate mobility functions. The
reason is that in two space dimensions, a continuous dependence result for weak solu-
tions to the convective bulk-surface Cahn-Hilliard system (6.1) is available, see Theo-
rem 7.3.1. This result is essential to the fixed-point argument used in the semi-Galerkin
scheme. In three space dimensions, however, no such continuous dependence result is
currently known. For this reason, the semi-Galerkin approach does not appear suit-
able for proving the existence of weak solutions in the three-dimensional setting with
non-degenerate mobility functions.

To overcome this difficulty, we present an alternative proof in this chapter based
on an implicit time discretization scheme. The argument developed here has not
appeared in the literature so far. This method was previously used in [5] to prove the
existence of weak solutions for the AGG model. The key ingredient of this approach
is a characterization of the convex part of the Ginzburg-Landau energy Eq : L2 Q) —
(—o00, 0], defined by

- Lvul2 + Fy(u) dz if u € dom E.
EQ(U)—{'[QQ|VU’ + Fy(u) dz if u € dom Eq,

o0 else,
with Fp as in (A5), and

dom Eq = {u e H'(Q) : |u| <1 a.e. in Q},

see [1]. We also refer to [14], where the ambient space was chosen as L%m) (Q) for some

me (—1,1).

Implicit time discretization schemes of this type have been successfully adapted to
two-phase flow models with dynamic boundary conditions; see, for example, [79,80].
However, since a corresponding characterization of the subdifferential of the convex
part of the bulk-surface free energy FEfee Was not available, the works relied on several
approximation and regularization procedures.

This gap is closed by our characterization of the subdifferential of the convex part
of the bulk-surface free energy established in Proposition 4.3.2. Thanks to this result,
we do not need to rely on additional approximation schemes but can instead adapt the
approach of [5] directly to the bulk-surface setting. The main additional difficulties
arise from the intricate structure of the dynamic boundary conditions.

We expect this approach, and in particular the characterization of the subdifferen-
tial, to also apply to a broader class of diffuse interface models with dynamic boundary
conditions, such as those considered in [37,77,79,80,97].

Before presenting the main results, we show that the bulk-surface Navier—Stokes
equations can be rewritten in a way that is more useful for our analysis later on. To
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this end, we start by noting the standard decompositions
~iv(Vo© Vo) = ~V(5|V6 + F(6)) + Vo in Q.
~dive (Ve ® Vi) = ~Vr (3Veef + GW)) + 0V — 00pgVre  on 3,
which follow from (9.1g) and (9.11), respectively. Then, defining
P=p+ VO F(9),  T=q+5IVivf +G),
we can rewrite (9.1a)-(9.1b) as

O(p(d)v) +div (v (p(@)v+J)) + div 2vq(¢)Dv) + VD= uVe  inQ, (9.2a)
Oy(o(Y)w) + divy (w @ (o (¢)w + K)) + divy (2vp(¥)Drw) + Vg
= 0VrY — 2uq(¢)[Dvnlan + %(J ‘n)w + %(Jp ‘n)w — (¢, v)w  on X. (9.2b)

Multiplying (9.1f) with '52551 and (9.1h) with &2551, we readily obtain that the time
evolution of p(¢) and o (1)) is given by

Op(¢) + div(p(e)v) = —divd in Q, (9.3a)
oo (¢¥) + divp(o(p)w) = —divp K+ Jp - n on X, (9.3b)

see also (3.16)-(3.17). Then, using (9.3), we can rewrite (9.2) in the following non-
conservative form

p()0v + p(P)(v-V)v+ (J-V)v —div(2ug(¢)Dv) + Vp = uVe inQ, (9.4a)
a(¢)8tw + U(l/))(W . VF)W + (K . VF)W — diVF(QVF(w)DFW) + qu
=0V — 2v0(¢)[Dv ) + 1 (J -n)w — 1 (Jr - n)w —y(¢,)w  on . (9.4b)

9.2 Additional preliminaries

In this section, we present some additional preliminaries that are needed to show the
existence of weak solutions to (9.1).

LEMMA 9.2.1. Let X,Y be Banach spaces with Y — X and X' — Y’ densely.
Then L>®(I;Y)NBUC(I; X) < BCy(I;Y).

For a proof, see, e.g., [2, Lemma 4.1].

LEMMA 9.2.2. Let E : [0,T) — [0,00), 0 < T < o0, be a lower semicontinuous
function and let D : (0,T) — [0,00) be an integrable function. Then

E(O)W(O)—i—/T E(t)n'(t) dt > /OTD(t)W(t) dt

0
holds for all m € W1Y(0,T) with # > 0 and 7n(T) = 0 if and only if
t
E(t) + / D(r) dr < E(s)

holds for all s <t <T and almost all 0 < s < T including s = 0.
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For a proof, see [2, Lemma 4.3].

Lastly, for any (f, fr) € £2 and (¢,v) € H?, we consider the system

— div(mq(¢)Vu) +/ pwdr = f in Q, (9.5a)
Q
— divp(mr () Vr6) + Brma(6)dup + / 0dr = fr  onT,  (9.5b)
r
Lmq(¢)Onp = 0 —p if L € [0, 00), onT (9.5¢)
mqo(¢)Onp =0 if L =o00 ' '

Then, the following well-posedness result holds.

PROPOSITION 9.2.3. Let (f, fr) € £? and (¢,v) € H? , and assume that mq, mr
satisfy the assumptions stated in (A4). Then, there exists a unique pair (u,0) €
H2N ’Hiﬁ solving (9.5) in the sense that the variational formulation

/ mg(gb)Vu -V(dz + / mr(w)VFe -Vr(r dIl'
Q r

+x(L)/F(Bt9—M)(BCF—C)dl“+/Qudx/QCdx+/F9dF/FdeF

= [scars [ frear
Q r
holds for all (,(r) € HlL,ﬂ' Furthermore, there exists C > 0 such that

(12 0)ll3¢2 < CII(S 9)l 2,

where the constant C' may depend on ||(¢,¥)||y2, M, m*, L, and T'.
For a proof of this statement, we refer to [80, Lemma 3.1].

Finally, we present an approximation result that will be needed in the proof of the
existence of weak solutions to approximate the initial data appropriately.

LEMMA 9.2.4. Let Q C R?, d € {2,3} be a non-empty, bounded domain with C?-
boundary T == 0. Let (¢o,10) € H' with |¢o| < 1 a.e. in Q and 1| < 1 a.e. on T
be given. Then there exists a sequence { (¢, v ) }nen C H? with |¢)| < 1 a.e. in Q,
Y| <1 ae. on T, and (¢, v8) — (¢o,100) strongly in H' as N — oo.

PRrROOF. Let u be a solution to
O —Au=0 in QT
Onpt =0 on X7,
ulz=o =¢o  inQ,
and choose v as a solution to
ov—Arv =20 on ZT,
v]i=0 = o onI.
Then it holds
(u,v) € C((0,T]; H%) nC([0, T); HY).

Now, setting (Y, %) = (u, v)|t:% for any N € N ensures (¢, 9d) € H?, |¢d/| <1

ae. in Q || < 1 ae on T as well as (¢),4%)) — (¢o,%0) strongly in H! as
N — oo. t
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9.3

Main results

9.3.1 Main assumptions

We begin by stating our main assumption for this chapter.

(A1)
(A2)

(A3)

(A4)

(A5)

The set  C RY, d € {2,3}, is a non-empty, bounded domain with C2-boundary
I' .= 00Q.

The constants occurring in system (9.1) satisfy o € [-1,1] and § € R with
aBI] + 1| 0.

The density functions p and o are given by
_p2—p1 p1Lt P2
IO(S) = 9 s+ 2 9
03— 01 01+ 02
o(s) = 58 + 5

for all s € [—1,1], respectively. Here, p1,p2 > 0 and 1,2 > 0 are the specific
densities of the two fluid components in the bulk and on the surface, respectively.
Moreover, we use the notation

px =min{py, po},  p* = max{py, pa},
0x = min{d1,02}, 0" = max{d1, 52}

By this definition, we clearly have

0<ps<p(s)<p" and 0<o,<o(s)<o" for all s € [—1,1].

The mobility functions mgq,mr : [—1,1] — R, the viscosity functions vq,vr :
[~1,1] — R and the friction coefficient 7 : [~1,1]?> — R are continuous, bounded
and uniformly positive. In particular, there exist constants m., m*, vs, V", v, and
~* such that

0 < myx <mgq(s),mr(s) <m*, 0<v,<wvq(s),vr(s) <v* forallsel[-1,1],
and

0 <7y <(s,r) <A* forall (s,7) € [-1,1]%
We assume that the potentials F, G : [-1,1] — R are of the form

F(s) = Fy(s) — C—Fs2, G(s) = Go(s) — CEGSQ for s € [-1,1]

with constants cg, cg > 0, where Fy, Gy € C([—1,1]) N C?(—1,1) are such that
. / T / _ . / 1 ! _
S1\1411711 Fy(s) = sl\l‘nfll Gy(s) = —o0  and ll/‘ni Fy(s) ll/rq Gy(s) = +o0.
Moreover, we assume that
Fl(s) > cp, Go(s) > ca for all s € (—1,1).

Without loss of generality, we assume that Fy(0) = Go(0) = 0 and F}(0) =
G((0) = 0. Lastly, we require the singular part of the boundary potential to
dominate the singular part of the bulk potential in the sense that there exist
constants k1, ko > 0 such that

|Fi(as)| < k1|Gh(s)| + K2 for all s € (—1,1). (9.6)
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9.3.2 Existence of weak solutions

Let us introduce a suitable notion of a weak solution to (9.1).

DEFINITION 9.3.1. Suppose that the assumptions (A1)-(A5) hold. Let K,L €
[0,00], and let (vo,wo) € L3, and (¢o,%0) € H}{’a be initial data such that

bl <1 lldollLee(ry < 1. (9.7a)

In addition, we further assume that

Bmean(¢pg, o), mean(pg, o) € (—1,1) if L €10,00), (9.7b)

and

(00)q» (Wo)p € (—1,1) if L = oo. (9.7¢)

The sextuplet (v,w, ¢, 1, 1, 0) is called a weak solution to system (9.1) on [0,00) if the
following properties hold:

(i) The functions v,w, ¢, 1, and 6 have the reqularities

(v,w) € BCy(]0,00); H},) N L0, 00; 1Y), (9.8a)
(6,1) € BCw([0,00); H o) N Lijoe ([0, 00); 1), (9.8b)
(F'(¢),G'(1)) € Lige([0,00); £2), (9.8¢)
(1, 0) € uloc([()?OO) %L,,B)7 (9.8d)

and it holds

| <1 ae in@Q and [P <1 a.e onX.

(ii) The initial conditions are satisfied in the following sense:
(Vi @)lt=0 = (vo,¢0) in Q, (W, 9)|t=0 = (Wo,%0) onT. (9.9)

(iii) The variational formulations

—/()/(gf))v OV dz dt + — // P)w - Oyw dI' dt

h div(p(¢)v@ v) - v dx dt + / / divp(o(v)w @ w) - w dI" dt
0 T
)

o

_I_

/,
/ (ved :dedH/ /(W@K):prdfdt
0 0 r

oo
+/
0

—1—/00 Y(p,¥)w - w dT dt (9.10a)
0

:/ /uv¢-vdxdt+/ /Hpr-v?/dth
0 Q 0 T
x(L)

Go—01  p2—p1y\ [ B .
+ 5 (,3 5 + 5 )/0 /F(ﬁ@ p)yw - w dIl" dt,

—/OOO/Qqﬁathxdt—/ooo/Fw(‘)thdth

(
2vq(¢)Dv : DV dx dt + / / 2vp(¢)Drw : Dpw dI d¢
o Jr

w\@\p\@\

and
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/ /qbv V(¢ dx dt — / /ww Vrlr dI' dt (9.10b)
_ / /mQ Wa V¢ dz dt — / /mF V)Vl - Vrcr dT dt
—x(L / /59 ) (B¢ — ¢) dr dt

hold for all (v, w) € C2°(0,00; Mg 4;,) and all (¢,¢r) € C(0, oo;?-[iﬁ), where

p=—A¢+ F(¢) a.e. in Q, (9.11a)
0 = —Ary + G' () + adpo a.e. on X, (9.11b)
K n® — - ) ) ’
Ond =y —¢ K €l0,00) a.e. on X, (9.11c)
On® =0 if K =00
and
p2 — /)1 p1+ P2 ,
p6) =P Py PR ing,
o(y) = UQ;UI¢+UI;U2 a.e. on X,
J= —%mg(qﬁ)v,u a.e. in Q,
K=-22 ; 7 mr(y)Vro a.e. on 3.

(iv) The functions ¢ and 1 satisfy the mass conservation law
5/(ﬁ(t)dx—i-/w(t)df‘:ﬁ/qﬁodx—i-/wodf‘ if L € ]0,00),
Q r Q r

/qu(t)dx:/ﬂgbodx and /Fw(t)dF:AwodF if L= oo

for allt € [0,00).

(9.12)

(v) The energy inequality

Bt (v(1), w(t), 6(8), (1)) + / /Q 20(6) DV da dr

t t
+/ /QVF ¥)|Drwl|? dT’ dr+/ / (¢,)|w|? dT dr
/ /mQ )| Vul? dz dr+/ /mp V)| V6 dT dr (9.13)
+ x(L / / (B8O — 1) 24r dr

< Etot( ( )7W(5)7¢(8)7w(8))

holds for all t € [s,00) and almost all s € [0,00) including s = 0.
We recall that the total energy associated with the system (9.1) is given by

FEior (v, W, 6,1)) ::/Q;p(gb)]v|2 dx+/F;a(¢)\w|2 dF+/Q;|V¢|2+F(¢) dz
1 2 1 2
b [ 290+ G ar () [ Law -0 ar
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Remark 9.3.2. In view of the regularities of a weak solution (v,w,¢, 9, pu,0), it is
straightforward to show with the weak formulation (9.10b) that
(019, O € L*(0, 00 (7‘[}:5)/)

Moreover, it holds that
(016.000). (¢ | = [ v Vo= [ w Vo ar
- —/ ma(¢)Vi - V¢ dz —/mp(w)vpe Vi dl
Q N
- (L) [ (5 - (B ) ar
I

a.e. on (0,00) for all (¢,¢r) € 7'&,,3- In particular, (¢,, u, ) is a weak solution to the
convective bulk-surface Cahn-Hilliard equation (6.1) with initial datum (¢, 10) and
velocity fields (v, w) in the sense of Definition 6.2.2.

We are now in a position to state our main theorem of this chapter, which establishes
the existence of a global-in-time weak solution to system (9.1).

THEOREM 9.3.3. Suppose that the assumptions (A1)-(A5) hold. Let K, L € [0, c0],
(vo, wo) € L3, and let (¢o,10) € H}(,a satisfy (9.7). If L = 0, we additionally assume
that

B(62 —61) = —(p2 — p1). (9.14)
Then, there exists at least one global-in-time weak solution (v, w,,1, u,0) to system
(9.1) in the sense of Definition 9.3.1.
We remark the following regarding the compatibility assumption (9.14).

Remark 9.3.4. The compatibility condition (9.14) in the case L = 0 formally ensures
that

1 1 50— 61 pa—p

5@ w4 S(Irn)w = (82 . LS . Poauw=0 on%,  (9.15)

and thus the corresponding term in the weak formulation (9.10a) vanishes, which is
crucial to handle the case L = 0. The condition (9.14) is also related to the compat-
ibility condition p; = po that was imposed in [80] for the analysis of system (1.40)
from [97] with L = 0. From the viewpoint of mathematical analysis, this is an advan-
tage of the new model (9.1) compared to (1.40) since even in the case L = 0 we can
allow for unmatched densities of the fluids.

9.4 Existence of weak solutions

In this section, we present the proof of Theorem 9.3.3, which is based on an implicit
time discretization scheme. However, this approach cannot be applied directly for
K = 0 because it requires an approximation of the initial data with higher regularity.
Indeed, the core part of the proof requires H?-regular initial data, whereas we only
assume that (¢g, 1) € H}(’a and that (9.7) holds.

To overcome this difficulty, we employ Lemma 9.2.4, which provides a sequence of
admissible initial data {(#{, ¥ )} ven C H? such that (¢, vd) — (b0, 10) strongly
in H! as N — oo, and satisfying (9.7). In particular, it holds

o] <1 ae.inQ and |95 <1 ae onT. (9.16)
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Nevertheless, in the case K = 0, i.e., when ¢g = aiyy a.e. on I', this relation is in
general not preserved by the approximation, so that ¢’ = a{¥ a.e. on I' cannot be
guaranteed.

A natural alternative would be to consider a coupled bulk-surface system instead
of two uncoupled heat equations as in the proof of Lemma 9.2.4. For example, one
could consider the system

O —Au =0 in QT
O — Arv + adpu =0 on ZT,
U= Qv on ¥7,

(u,v)]t=0 = (¢0,%0) in QxT.

While this preserves the coupling condition, it only yields the estimates
luf <1 ae. in @’ and |of|v]<1 ae onXT.

Since |a| < 1, the latter bound is insufficient to deduce |v| < 1 a.e. on X7 which is
essential for the analysis. We remark that such a system was previously considered
in [79] to approximate the initial data. However, in that work, the authors first studied
the case of regular potentials, and therefore did not require the bound |v| < 1 a.e. on
I' at that stage of the argument.

For this reason, the proof proceeds in two steps. First, we establish the existence
of weak solutions in the case K € (0,00] and L € [0,00] by means of an implicit
time discretization scheme. In a second step, we treat the case K = 0 by passing
to the asymptotic limit K — 0, following a similar strategy used in [123], where we
considered the asymptotic limit L — 0 to show the existence of a weak solution to
(9.1) for constant mobilities in the case K € [0,00] and L = 0.

9.4.1 Existence of weak solutions for K € (0, ]

In this section, we prove the following theorem, which provides the existence of a weak
solution to (9.1) in the case K € (0,00] and L € [0, o0].

THEOREM 9.4.1. Suppose that the assumptions (A1)-(A5) hold. Let K € (0, 00],
L € [0,00], (vo,wq) € L3, and let (¢o, o) € ’H}(,a satisfy (9.7). If L = 0, we
additionally assume that

B(62 — 1) = —(p2 — p1)- (9.17)
Then, there exists at least one global-in-time weak solution (v,w, ¢,1, u,0) to system
(9.1) in the sense of Definition 9.5.1.

Before presenting the proof of Theorem 9.4.1, we set up a time discretization scheme
and show the existence of approximate solutions to the time-discrete system.

An implicit time discretization scheme
We fix N € N and denote the time-step size by h = % For k € Ny, let (v, wi) €
L3, and (¢p, ) € H' with (Fj(ér), Gh(¢r)) € L% be given, and set (pg,or) =
(p(Pr),0(1x)). Then, we construct
(v, W, 0,0, 1, 0) = (Vi41, Wit 15 Okt 1, Ykt 15 Hk415 Ok1)
as a solution of the nonlinear system (9.18), where
p2 — p1
2

p2 — P1
2

J=Jpp1 =~ mo (k) Vit = — ma(or) Vi,
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22 ; o mr () Vro,
09 — 01

2

09 — 01

K=Kg41=— mr(Yg) Vb1 = —
09 — 01

2

Jr=Jr g1 =0 ma(or) Vi = —fB ma(or) V.

Our aim is to find (v, w, ¢, v, u,0) with (v,w) € ’H&diw (¢,9) € dom (OFgee) and
(1,0) € H%,,B such that

+ (div(prv @ v), V)LQ(Q) + (divp(opw @ W), VAV)LQ(F) (9.18a)
+ (2v0(¢k)DV, DV)12(q) + <2Z/F(wk)DFW,DF‘/)\V)L2(F) + ('y(gbk,wk)w,vAv)Lg(F)
+ (div(v @), V)1 ) + (dive(w @ K), W) 0y

- _ 1 N 1 R
= (uVe, V)LQ(Q) + (OVry, W)LQ(F) + 5((.] ‘n)w, W)LQ(F) + 5((-]1“ ‘n)w, W)LQ(F)

for all (v,w) € ’Hadiv, as well as

% + v - Vi = div(ma(dr) V) a.e. in 0, (9.18b)

% +w - Vripy = divp(mr(¥r) V) — Bma(or)Onp a.e.on I, (9.18d)

0+ 0+ un) = —Ard + G(6) + adud oo onT,  (9.180)
Konp=ap—¢ if K € (0,00), oD 0,150
Onop =0 if K =00 -© ) .
Lmq(¢r)0nd = B0 — . if L € [0, 00), veonl. (o150
mq(Px)Ond = 0 if L =00 € : 18¢g

Here, and in the following, we use for brevity the notation

and the space

{(¢,¢r) e H? : (= B¢ron T} if L =0,
H2 5= {(C.Cr) € M2+ Lm(64)0aC = BCr — Con T} if L € (0, 00),
{(¢;¢r) € H? : 9u¢ =0on I'} if L = oo.

Remark 9.4.2. Multiplying (9.18b) with —'52551 and (9.18d) with —225%L leads to

P — Pk
h
o — o},

h

Using the identities div(v® J) = (divJ)v+ (J - V)v and divp(w ® K) = (divp K)w +
(K- Vr)w leads to the following equivalent version of (9.18a):

—v-Vp, =div] a.e. in €,

—w-Vpop =diviK—Jr-n a.e.on I

(PV —hkak: 7 ‘7) o (UW —haka 7 vAV) o
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+ (div(prv @ V), V)LQ(Q) + (divp(opw ®@ w), VAV)LQ(F)
+ (2VQ(¢]€)DV7 DO)LQ(Q) + (QVF(wk)waa DF‘/)\V)L2(F) + (’Y(Qbka ¢k)W, G\V)L2(F)

+1<<diva_pk v.vpk)v,v> (9.20)
2 h L2()

o — o

h

1
+ 5 ((divr K- —w - Vro)w, vAv>

L2(D)

- - 1 N

for all (v,w) € %%,div'

Remark 9.4.3. Integrating (9.18b) and (9.18d) with respect to the spatial variable,
using the fact that (v,w) € Hg g5, and (9.18g), we obtain

B/ngda:Jr/Fwszﬁ/ﬂqﬁkdaer/kadF if L € [0,00),

/qud:c:/gqbkdx and /Fz/JdF:/kadF if L = o0.

In particular, these observations imply that

B/Qmdm—i—/rwkdl“—ﬁ/ﬂgbodw—i—/rwodf if L € [0,00),

/Q¢kd96=/g¢od$ and /kadF:/FwodI‘ it L =o00

for all £ € Ny. As a result, the mass conservation property is preserved at the discrete
level.

LEMMA 9.4.4. Let (¢p, 1) € H? with
lok] <1 ae.inQ and |Yp] <1 a.e. onT, (9.21)
and further assume
Bmean(¢y, ), mean(dy, vx) € (—1,1)  if L € [0,00),
and
D)oy (Yr)p € (-1,1) if L = oo.

Let (¢, 1, 1,0) € dom (0Ege) x H' be a quadruple solving ((9.18¢), (9.18¢), (9.18f))
with

{mean(¢,¢) = mean(¢g, V) if L €10,00),
(P)g = (Pr)q and (Y)p = (Yy)p if L = oo.

Then, there exists a constant C' = C(mean(¢g, ¥x)) > 0 such that

16, ) I3z + 1(Fo(9), Go(¥))ll g2 + [mean(p, 0)] < C(1+ (1, 0)lILp),  (9:24)
10E ee(¢,9) 122 < C(L+ [[(11. )]l c2)- (9.25)

PROOF. Defining (f, fr) = (1 + (¢ + ¢1). 6 + (6 + ), we notice that (¢, )
is a solution to

(9.23)

D¢+ Fy(¢) = f in 02,
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—Ary + Go(¢) + adnd = fr onT,
K8n¢:aw_¢ onlI.

Thus, since (f, fr) € £2, an application of Proposition 4.3.5 readily yields

1, )z + 1 (Fo(0), Go(¥))ll 2 < C A+ (S, fr)llc2)
< C(L+[I(10) | c2)-

Here, we additionally exploited the assumption (9.21) as well as |¢| < 1 a.e. in Q and

|)] <1 a.e. on I', which follows from (¢,1) € dom (0Efce). Then, recalling (6.57), an
application of the bulk-surface Poincaré inequality entails

(¢, ) llaez + (Fo(0), Go ()2 < C(1 + (1, 0)]

Moreover, we then readily obtain from (6.57) that

L?B)'

jmean(p, )] < C(1 4 [|(1,0)L,5),

which proves (9.24). Finally, the estimate (9.25) on the subdifferential follows imme-
diately in view of the identity

OEiree (%) = (114 (6 + 1), 0+ (w0 + ).
and the above mentioned estimates on (¢, %) and (¢, ¥x). O

Existence of solutions of the time-discrete scheme

Next, we prove that solutions to the discrete system (9.18a)-(9.18g), if they exist,
satisfy a suitable discrete energy inequality, which will provide suitable bounds later
on.

LEMMA 9.4.5. Let (v, wi) € L3, and (¢p, hx) € H? be given, and set p, = p(¢r),
or = o(Yr). Then, a solution (v,w,d, 1, u,0) € H(l),div x dom (0Ffee) X H%ﬁ to the
time-discrete system (9.182)-(9.18g) satisfies the following energy inequality

Etot(v,w,qb,zﬁ)—k/ﬂ;pk|v—vk|2 daz+/riak\w—wk]2 dF+/Q;|V¢—V¢k|2 dx
1 9 1 2
+/F2\VF¢—VFW dF+X(K)/F2(a(¢—T/Jk) — (¢ —¢p))” dI’ (9.26)
+h/ 2v0 (1) DV/|? dx+h/2zxp(wk)]Dpw\2 dF+h/7(¢k,¢k)|w]2 dr
Q I I
40 [ ma(@)|Vul? do+h [ me(@)[Vr0R a8+ n(z) [ (30— 2 ar
Q N I
< Eiot (Vig, Wi, Gk, Ug).

PROOF. The idea of this proof is to use suitable test functions for the time-discrete
system. However, before testing (9.20) with (v, w), we recall the identities

1 1
/ (div(pkv Q@v)—=(v- V,ok)v) cvdr = / —div(pgv|v|?) dz =0,
Q 2 0?2

/Q(;(div.])v+ (3-9))-vda :/Q;div(J|v|2) dz = ;/F(J-n)|v|2 dr,

which have been established in [5, Lemma 4.3]. Similarly, we derive

1 1
/ (din(O’W & W) - §<V . Vrdk)w) -vdl = / idiVF (O’kW|W‘2) dl' = 0,
r r
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1 1
/ <7(div1ﬂ K)w+ (K- Vp)w) -wdl' = / —divp (K|w[?) dT = 0.
r 2 T2

Furthermore, the algebraic identity

a> |bj? Ja—bf]?

for a,b € R?

yields that

Hov —pevi) v = oo
1 1
—(ov —opwy) - w
I = o

1
<P|V| —Pk|Vk;!> o5 (P = )|V + th|V_Vk|2

1
(plw[? = orlwi[?) + o (0 = o) [wl? + - ow — wi[>.

2h 2h

Now, testing (9.20) with (v, w) and using the equations above, leads us to

_ [ 1 2 1 2 2 1 2
0—/ 2h< IVI" = pr|vil ) d$+/ 2h( o|w|* — ol wg| )dPJr/ o PelV = vi[" dz
1
+ [ grontw—widr + [ 2m(@)DvE + [ 2 Dewp
r
+/7(¢k,¢k)|w2 dF—/MVM‘VdSU—/@Vr%'WdF'
r Q r
Next, taking p and 6 to test with (9.18b) and (9.18d), respectively, further gives
1 1
O:/(¢—¢k),udx+/(w—wk)edf—i-/v-vm,udx—i-/W-prkOdF
ah rh Q r
+ [ (@) VuP de+ [ me(o) V0P ar+x(5) [ (50— ? ar.
r r

while testing (9.18¢) and (9.18¢) with +(¢ — ¢x) and + (¢ — ), respectively, results
in

ﬁ/ﬁw-(%—ww diﬁ+flb/rvr¢'(vr¢—vr¢k) dr
) [ (v = 0)(at - w) - 6= o) A+ 4 [ Fi(0)0 - o) s
/G’ o wwdr—/ (6 — 1) dx—/w ) d

1 cr 1 cGq
_h/92(¢ —¢k)d3«"—h/112(¢ —¢}) d

Taking into account the convexity of Fy and Gg to estimate
Fy(¢) (¢ — ¢r) > Fo(d) — Fo(on), Go() (W — ¥) > Go(¥) — Go(¥g),
we sum these identities and deduce

0> h/ (oIvI2 = prtvil?) dx—i—h/r2(a|w — oyfwil?) T

1

1 1 1
+/ —pplv — vi|? dx+/ak|w—wk|2 dF+/2yQ(qbk)Dv|2 dz
h o2 h o2 0

+ / 2 () Drwl? dT" + / ()| W[2 dT + / ma ()| Vuf? dz
T T Q
+ [meCoIVeo? v+ x(2) [ (90— w? v+ [ Fue) - Fulon) da
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,% LF /Go — Goluy) dr/cG Y2) dr
+}1L/ Z|Vg — V| dx+h/\vrw Vre|? dT

(B) [ ot =) = =00 ar+ 4 [ SIVeR - 5o ar
tq [ 5100l = 510 dr + x(8) [ Glaw - 6 = (ot - o ar

By definition of Eiot (v, w, ¢, 1), we have therefore established the time-discrete energy
inequality (9.26) as claimed. O

In the next step, we show that the time-discrete system (9.18a)-(9.18g) admits at
least one solution.

LEMMA 9.4.6. Let (v, wg) € L3, and (¢, x) € Hﬂﬂ be given, and set (px, ox) =
(p(¢k,),0(¥)). Then, there exists a solution (v, w, ¢, 1, u,0) € ’H(l]’divxdom (0FEe0) X
H? 7.5 to the time-discrete system (9.18a)-(9.18g).

PRrROOF. The central concept of this proof is based on the application of the Leray—
Schauder principle. To this end, we define two nonlinear operators My, F, : Xk 1, —
Y, where

Xk, = H gy ¥ dom (0Eee) x HE 5, V= (Hq) x L7 x L2

These are constructed in a way such that a sextuple z = (v,w,¢,v¥,u,0) € Xk 1,
solves the system (9.18a)-(9.18g) if and only if the identity

M (z) = Fi(2)
holds. For z = (v, w, ¢, ¥, 1, 0) € Xx.1., we define
Te(v, w)
) + 0B fec(, )

e 1)

(Tre(v,w), (V,W)) == /Q2VQ((Z)]€)DV :Dvdx + /F 2vr (¢ )Drw : Dpw dI’

<¢
My (z) = | \¥

)

+/7(¢ka¢k)w'®dl—‘
r
for all (v,w), (V,w) € ’H&diw and

w —div(ma(¢dr) V) + fQ,u dz
0)  \—divr(mr(Yx)Vr) + fma(ér)Onp + [ 6 AT

for all (u,0) € H2 7.5- Next, for any z = (v, w, ¢, 9, 1,0) € Xk 1, we define

S
¢+ p+ F(o+ on)
Fu(z) = Y+ 0+ S (Y + ) :
— % v ey, + [ d
¥k . Vpyy + [0 dD
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where & in the first line of Fj, is defined as

PV — PgVE  OW — O Wk
h h

1 _
—(K-Vp)w — §(divJ _P 2Pk —V-Vpk)v

S =

—div(ppv @ v) — divp(opw @ w) — (J - V)v

o — O

1
(divFK - —w.vrak)w+w¢+evp¢+ 5T mw

1
2

for all (v,w), (V,w) € ’H(l),div.
Using a similar argument as in [79, Section 3.1], one can show that 7y : ’H(l)’div —
(’Hé’div)’ is invertible with continuous inverse 7, ! (see also [80, Lemma 3.1]). More-
over, from Lemma 9.2.3, we infer that & g : ’H% g £? is invertible with continuous

inverse 6515. In what follows, we examine the second line of the M. Since 8Efree is
a maximal monotone operator according to Proposition 4.3.2, the operator

Id + OFEfeo : dom (@Efree) — 2
is invertible. The inverse operator, considered as a mapping
(Id + 0Fgee) " : L2 5 HP™S, 5€(0, 1),

is continuous and compact. Indeed, let (fy, fri) — (f, fr) in £~2 as | — oo with
(fl7 fFl) = (Ul,’Ul) + aE‘fre(E(ulyvl) for [ € N and (fa fF) = (u,v) + aE1fre€(u7 U) be given.
Then we have (u;,v;) — (u,v) in H! as [ — oo since

(s = w00 = 0)l[Z2 + (= w01 = 0) [

S H(ul - U, 'Ul - /U)H%Q + (aEfree(ula Ul) - 8Efree(ua U), (U, U) - (ula vl))ﬁQ
(9.27)

< || (ugy 1) + OEtree(uz, v) — (1, 0) + 8 Efree (, 0))|| 22| (1, v) — (ug, v1)]| 22
1 1
< §||(flafl“l) —(f, fr)l|%e + §H(UZ,UZ) — (u,) |22

for all [ € N. Moreover, in view of Proposition 4.3.3, we have the estimate

ICwt, ) gz < C(L + 10 Esvee (ur, 00) l 22) < C (Il (u, 0)l ez + I1(fis fro)lle2) (928

for all | € N, and due to the strong convergence of {(f;, fr;) }ien in £2 and the estimate
(9.27), we immediately obtain that {(u;,v;)}ien is bounded in H2. Thus, exploiting
the compact embedding H? «— H2~* yields that (u;,v;) — (u,v) strongly in H%~* as
| — oo for any s € (0, 7).

Altogether we obtain that My, : Xx r — Y is invertible with inverse ./\/l,;1 Y —
XK. Note that Xk 1, is not a Banach space since dom (BE’free) includes inequality
constraints. To get a continuous and even compact operator, for any s € (0, %), we
introduce the Banach spaces

Xicp = Hbaw X 7 x Hi g, s € (0,), V= £3 xH x W,

In this way, we have the continuous embedding Xy ; — X and the compact embedding
Y — Y. Eventually, M,;l 1Y — Xk 1 is a compact operator.

We proceed by showing that F : X KL — Y is continuous and maps bounded sets
into bounded sets. In the following, we denote with C} constants that may depend
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on the parameters of the system and on k£ € N. Then, it was shown in [5, (i)-(vi), pp.
467] that the following estimates

913 0 < OV (1 I0ll2@), Iiv(oey © V)30 < Cullvla o,
11968l 3, < Cellallzzce) @IV 5 0 < Collvlen o e,
139l ) < OVl @l @y V- Vorl g o) < Cellviim o)

hold. As I' is a (d — 1)-dimensional submanifold on R?, we can repeat the argu-
ment presented therein and show that analogous estimates hold for the corresponding
boundary terms. Lastly, by the trace theorem, we have

1@ )wl g 1) < Cllullziy [l

We thus deduce that

|Fe(@ly < Ci(1+ l2l%, ) (929)

forall z € X k,r- In particular, F, : X K,L — Y maps bounded sets into bounded sets.
Now, we aim to apply the Leray—Schauer principle (see, e.g., [181, Theorem 6.A]).
To this end, we notice that finding a solution z € X 1 to the time-discrete problem
(9.18a)-(9.18g), i.e., a solution to My(z) = Fi(z), is equivalent to solving the equation

Ki(f) =1, where [, := kaM,;l, f = My (z).

Hence, our goal is to find a fixed point of Ky in Y. It follows from the considerations
above that the mapping Ky : ¥ — Y is compact. To apply the Leray—Schauder
principle, it remains to show that the set

{(feY : f=MC(f) for some 0 < A < 1} (9.30)

is bounded. So, let us consider f € Y and 0 < A < 1 satisfying f = Ay (f). Defining
z .= M, *(f) € X 1, leads to the equation

My,(z) = AFp(2), (9.31)
which is equivalent to the following weak formulation

/ QVQ((Z)k)DV :Dvdx + / 2VF(¢]€)DFW :Drw dl’ + / 7(¢ka @/J]JW -wdl’
Q r r

+A/”V—p’“v’“-vdx+A/"W_h"’“w’“-vvdF+A/div(pkv®v)-vdx
Q N Q

h
—i—)\/divr(okw®w)~\?vdl“+)\/(J-V)v~\7dx+)\/(K~VF)w-v?/dF
r Q r
1 _
—i—)\/ﬂz(div.]— P 2pk —V~Vpk>v-\7dx (9.32)

o — o

1
+/\/(diVFK— —W-Vrak>w-v’s\/dl“
r2
1
:)\/quZ)k'\Afd:c—F)\/Gprk‘vAv—F)\/2(J~n)w-€rdP
Q r r

for all (V, W) € H{ 4., and the pointwise identities

AG + At + )\%F (6 + dr) = & — Ao + F(o) ae.inQ,  (9.33a)
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A+ M0 + A%G(w ) = — Art + Gh(t) + adnd  ae.onT,  (9.33b)
- divlma(6) Vi) + [ pda
Q

= —A@ —Av-Vor + )\/ wdx a.e. in €, (9.33¢)
Q

— diVF(mp(T/}k)VFe) + ﬁmg((ﬁk)anﬂ + /1_‘9 dr’

_ —A% — AW - Vi + )\/ 6 dT a.e.on I, (9.33d)
T
Kond =ap— ¢ if K € (0,00), ac.onl,  (9.33¢)
Ond =0 if K =00
L L= B0 — if L ,00),
mq(¢r)Onp = B0 — p if L € [0,00) a.e. on T (9.33f)
mq(¢r)Onp = 0 if L =00

Proceeding analogously to the proof of Lemma 9.4.5, we now test (9.32) with (v, w),
(9.33a) with ((b or), (9.33b) with (¢ i), (9.33¢) with p, and (9.33d) with 6.
This yields

A 5r VR = i) do A [ (ot ol a0+ A [ v =il da
+)\/ 21hak|w wp |2 dF+/ 2v0 (1) DV|? daz-f—/r2l/p(¢k)|Dpw|2 dr
+ [ 2@r v ar+ [ ma(l Vi da+ [ mr(o|Veof? ar
+x(@) [ (80— a0+ (1= N [ 66— 00 do+ (1= N [ v - d
+3 [ Vo (o= Vo) o [ Tev (Tr0 - T ar
+ (E) [(av = d)(aw =) = (0= o) dr + 1 [ Fi(o)o = ) da
(1= (/udx)2+}1l/rc;g(¢)<w—wk) dr + (1 — A) (/Fedr>2

[ S - ) o [ S5 - )
Next, note that due to z = (v,w, ¢, 1, 1, 0) = M H(£) € Xk 1, it holds that (¢,1)) €
dom (9Fjee ), and therefore |$| < 1 a.e. in Q as well as || < 1 a.e. on I'. Consequently,

it holds that p > 0 a.e. in  and ¢ > 0 a.e. on I'. Furthermore, we recall the convexity
of Fyy and Gy, respectively, as well as the identity

1 1 1
a-(a—b)zi\a\2—§|b]2+§\a+b|2 for all a,b € R%.

Then, dropping any non-essential non-negative term on the left-hand side, we deduce
the following inequality

h/ 2VQ(¢k)|DV|2 d$+h/2up(¢k)|DFW|2 dr+h/’}/(¢k,¢k)|w|2 dr
Q r r

s [ ma(@)|Vu? do b [ me()[TrOR dr +(E) [ (36 - w2 ar
Q I I
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1 2 1 2 1 2
+ [ J19oP e [ HVru ar+ ) [ law - o ar

+(1—)\)h(/Qudx>2+(1—)\)h(/redf>2

1 1 1 1
g/kayka d:c+/2ak|wk]2 dP+/2|V¢k|2 dx+/2\vak|2 dl'  (9.34)
Q T Q r
1
+X(K)/ §(a¢k—¢k)2 dFJr/QFo(%) d$+/G0(¢k) dr
I I

+)\/ Fsdr+ )| Cyp2dr+ ‘ / Fo() dm‘ + ’ / Go(¥) dF‘
Q 2 T 2 Q r
< Ck7

for a constant Cj, that may depend on k and h but is independent of A, and whose
value may change between the lines. Thus, recalling again that |¢|, |¢x| < 1 a.e. in
and [¢|, |Yx| < 1 a.e. on T'; and estimating A by 1, we employ the bulk-surface Poincare

inequality and obtain
1 1
1) s + 108 0) -+ (@l + (1= N3] [ el + 1= 0% [ ar]

< Cyg (9.35)

In a subsequent step, we intend to control the £2-norm of (u, 6), for which we consider
two distinct cases. For A € [0,1), a direct use of (9.35) implies

‘/Qudx‘Jr’/Fedr] < Cy, (9.36)

which enables us to get a control ||(u,0)]|,2 in view of the bulk-surface Poincaré in-
equality. On the other hand, for \ € [%, 1], we proceed as in Lemma 9.4.4, with (9.18¢)
and (9.18¢) replaced by (9.33¢) and (9.33d), to get the estimate

;’/Qudx‘—k;’/ré?df‘<A‘/§1udx‘+A‘A9dF‘<Ck- (9.37)

Thus, employing once again the bulk-surface Poincaré inequality, we obtain from (9.35)
and (9.36)-(9.37) the estimate

1(1; O)][32 < Ch. (9.38)

Then, repeating the arguments from the proof of Lemma 9.4.4 and utilizing (9.35), we
find

16, %) Iz + 10 Eiee (¢, ¥)ll 22 < Ci. (9.39)
Moreover, incorporating Lemma 9.2.3, where now

¢ — P
_/\T

Y — P
() = ( ;

—/\V-Vqﬁk+/\/,ud:r,—)\ —Aw-vp¢k+A/9dr),
Q T

implies in combination with (9.35) and (9.39) that
1. Oll22 < CIE o2 < Co (14 1w, W)l o (Vs Vet o) < G (9:40)

Ultimately, combining (9.35), (9.39) and (9.40), we obtain that z = (v, w, ¢,9, u,0) €
XKL= ’Hé,div x H2~% x H%,,B satisfies the estimate

Izl %, , = Ck,
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where

12l 5, , = 10vs W)z +11(0; 9)llgz—s + [1(1, ) l13¢2-

Eventually, since f € Y fulfills f = MCi(f) = AFk(z), and Fj : )Z'KL — Y maps
bounded sets into bounded sets by (9.29), we conclude

Ifllg = M@y < Cr(L+ l2ll, ) < Ci,

where the constant Cj > 0 is independent of A € [0,1] and f. The latter shows
that the set defined in (9.30) is bounded. Consequently, we are in a position to
apply the Leray—Schauder fixed-point theorem, which entails the existence of a fixed
point f € Y < Y of the operator K. Thus, z = M,;l(f) € X’K,L is a solution
to My(z) = Fi(z). We have therefore shown, for any k£ € N, the existence of a

solution z = (V, W, ¢7 ¢7 M, 0) = (VkJrla Wik+1, ¢k+17 wk+17 HE+1, 0k+1) € XK,L to the
time-discrete system (9.18a)-(9.18g), which completes the proof of Lemma 9.4.6. I

We are now in a position to present the proof of Theorem 9.4.1.

PROOF OF THEOREM 9.4.1. Let N € N and let h = 3 be the time-step size. We
consider the initial data (vo,wq) € L3, and (¢o,%0) € H' satisfying (9.7). Then,

according to Lemma 9.2.4, there exists a sequence {(%V , W) }nven C H? such that
(6, ) — (¢0,100) strongly in H! as N — oo such that

6] <1 ae. inQ and || <1 ae onT (9.41a)

for all N € N. In particular, in view of the strong convergence, there exists m € [0, 1)
and N € N such that, for all N > N, it holds

|Bmean (¢, 0Y)| <m < 1, Imean(¢y, )| <m < 1 (9.41D)
if L €]0,00), and

(g6hal <m <1, [{g)pl<m<1 (9-41c)

if L = co. Thus, redefining (¢, ) = (65N, ™) for N € N, we infer that
(qﬁév ,wév ) is an admissible pair of initial data for all N € N. Then, according to
Lemma 9.4.5 and Lemma 9.4.6, for any k € N, we can choose iteratively a solution
(Vi1 Wht1, Qkt1, k1, Mk+1, Ok+1) to the time-discrete system (9.18a)-(9.18g) with
initial data (vo, wo, gbév , wév ), which additionally satisfies the discrete energy inequality
(9.26).

As in [5, Section 5], we define fV(t) on [~h, o) through
Nty =f, forte[(k—1)hkh), k€N,
where f € {v,w,$,1¥, u,0}. Moreover, we set
P =pe"), N =o().
With these definitions at hand, it in particular holds that
=D = foo YRR = firr, YO = fonn for t € [kh, (5 + 1)),
Moreover, we define f;(t) := f(t — h) and

Ay N)O) = ft+n) = f(t), I f(t) = 4D ))(1),
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(AR N = f) = f(t=h), Iy f(t) = (A, N)().

Then, for (v,w) € C§°(0,00; H g5,), We take (V,w) = k(}lfﬂ)h(?f w) dt as a test
function in (9.18a) and sum over k € N. This yields
—/ 8hvd:z:dt—/ ahwdth
Q b

div(p vV @ vV) - v dz dt+/ divp(oh w? @ w?) - w dI’ dt
by
2

va (e ) DvY : DV dz dt + / 2vr (Y )Drw? - Dpw dT dt
P
(

7¢hN,zp,1X)wN-€vdth—/(vN®JN):vvdxdt (9.42)
Q

/,
“y
1
/Z<WN @ KN): Vpw dl' dt

:/ungV-vd:cdtJr/eerw,iV-vAvdrdt
Q 2

1
+2/(JN—J1FV)~an~€Vdth,
P

where we used the notation
02 — 01

P2 — P1
JN = e ma (o )V?, KV = — 5
09 — 01

2

mr (Y ) Vro®,

IR =8 mo (¢ ) V™

In (9.42), we additionally made use of the following integration by parts formula

/ath vdxdt+/6th wiV) . % dl dt

:—/ 8hvdxdt—/ 8thth
Q =

In a similar manner, we derive from (9.18b),(9.18d) and (9.18f) that
| e [ @) Gear a

/qb N-vgdxdtJr/WwN-vpgp dr dt
. (9.43)

—/ ma(epN )V - V¢ da dt—/mp(wijf)vpeN - Vrpép dr dt
Q by
- (D) [ (6%~ )56 - ) dr
%
for all (¢, ¢r) € C§°(0, oo;HlLyﬁ), while we infer from (9.18¢), (9.18¢) and (9.18g) that
(¢ + o) = —A¢"N + Fi (oY) a.e. in Q, (9.44a)

o + 7(1? + V) = =AY + GH(WN) + adno™ a.e. on Y, (9.44Db)

{Kanqu =aypN — ¢V if K € (0,00), a.e. on . (9.44c)

O™ =0 if K =00
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Let EN(t) be the piecewise linear interpolant of Eio(vi, Wk, ¢k, ¥x) at tx, = kh,
i.e., EV(t) is defined as

kE+1h—t t—kh
(h)Etot(Vk, Wi, Ok, k) + - Erot(Vit1, Wit 1, Okt1, Vkt1)

for t € (tg,tg+1). For all t € (g, trr1), k € N, we also define the dissipation

EN(t) =

DN (¢) ::/522V9(¢k)|DVk+1|2 dfﬂ+/r27fr(¢k)|Der+1| dF+/F7(¢k,¢k)|Wk+1|2 dr’
+/Qmﬂ(¢k)vﬂk+1| dw+/mr(¢k)|VF9k+12 dr
T

+ x(L) /F(ﬁ@;m — ukH)Q dr.

Then, integrating (9.75) in time directly leads to
Buon (VY (1), W (1), 6™ (1), 0™ (1)) +/t/ﬂzug(¢,]§)|DvN|2 da dr
+/t/2ur(¢/]1v)|DrWN’2 dr’ dT+/t/7(¢}]X,Q/)}1y)‘WN‘2 dT dr
/ /mQ VN ? de dr—l—/ /mr wh)|VF9N‘2 dT dr (9.45)

+ x(L //BON 24r dr

< Etot( (s) w¥ (s )s ¢N( ), T/JN( )

for all 0 < s < t < co with s,¢ € hN. Now, by (9.41a), we have that Fy(4{) and
Go(1d') are uniformly bounded in L'(Q) and L!(T), respectively. Then, invoking the
bulk-surface Korn inequality and, recalling that the discrete solution (¢, ) satis-
fies the mass conservation law (9.23), the bulk-surface Poincaré inequality, we find a
constant C' > 0, independent of N € N, such that

10 9 0y + 107V )l 220 ey < € (9.46)

||(¢N711[}N)||L°°(O,OO;H1) <C, (947)
1

(TR, Tr0™) 20 meicty + X(L)H1BOY — ¥ [0z <C. (9.45)

Furthermore, in view Lemma 9.4.4, we find that

T T
[ hmean(e¥ 0%y e < €T+ [0, )
0 0

for all T > 0. Thus, employing again the bulk-surface Poincaré inequality, for any
T > 0, there exists a constant C' = C(T'), independent of N, such that

||(IUN7 QN)HLQ(O,T;Hl) <C. (949)

Using these uniform bounds, we can apply the Banach—Alaoglu theorem to conclude
the existence of a sextuplet (v, w, @, 9, u, ) such that

vV, wl) = (v, w) weakly in L%(0, 0o; H1), (9.50a)

weakly-star in L>(0, co; £?), (9.50b)

(N, 9N = (¢, 1) weakly-star in L>(0, oo; H1), (9.50¢)
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(V¥ V™) — (Vu, Vr)  weakly in L2(0, 00; £2), (9.50d)
BON — N — 80— 1 weakly in L%(0, oo; L*(T)), (9.50e)
(N, 0N) = (1, 0) weakly in L2(0,T;H"), (9.50f)

for all T > 0, along a non-relabeled subsequence N — oco. To pass to the limit in the
nonlinearities, we need additional strong convergences of (¢, ™) and (v, w™).

To this end, let ¢V = %1[0’,1] x; N be the piecewise linear interpolant of ¢™ (¢;)
where ¢, = kh and k € N. Here, the convolution is only taken with respect to the time
variable. Similarly, we define ¢V := l1[0’,1] s; ¢V. Then,

o™ =0 0", 0N = o, 0",

and
16N =0, 5N — M)l < hI@Y. 00 sy (9.51)

Due to the aforementioned uniform bounds (9.46)-(9.48), we infer, using a comparison
argument in (9.43), that

H(aﬂgN?BHZN)HL%O,W(H;B)q <C. (9.52)

Next, note that the boundedness of (¢™,9N) in L°°(0, 0o; H') implies the boundedness
of (¢,9N) in the same space. Combining this fact with the estimate (9.52), we get,
with the help of the Aubin—Lions—Simon lemma, for any 7' > 0, the strong convergence

(&N, 9N) — (¢,9) strongly in C([0,T); H'~*) for all s € (0, 1) (9.53)

along a subsequence N — oo for some (qﬁ ¥) € L=(0,00; H'). In particular, it holds
that qﬁN — ng a.e. in @ as well as wN — 1 a.e. on ¥. Furthermore, the estimates (9.51)
and (9.52) entail that

@N — qSN,zZN — wN) — (0,0) strongly in L*(0, oo; (7—[%5)')

as N — oo, and consequently, (gg, 1;) = (¢, ). Moreover, the convergences (9.50¢) and
(9.53) combined with Lemma 9.2.1 yield

(¢,9) € BCyw([0,00); HY).

Then, to verify the initial conditions for ¢ and 1, we first notice that, in view of (9.53),
we have

(6™ (0), 9N (0)) = (¢(0),%(0))  strongly in £2

as N — oo. Besides, it holds that

(&V(0), &M (0) = (60, 49) = (do,%0)  strongly in H'
as N — 0o. We deduce that (¢, 9)|t=0 = (¢o, o) a.e. in Q x T

To pass to the limit in (9.44a)-(9.44b), we first point out that the right-hand side is
given by 8Efree(¢N ,™), which is bounded according to Lemma 9.4.4 in L2(0,T; £?)
for all T > 0. Furthermore, the left-hand side converges weakly in L?(0,T; £?) as
N — oo to

(f, fr) = (b +cr,0 + cay)
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for all T' > 0, which means that
OEfee(¢",0N) = (f. fr)  weakly in L*(0,T; £%)

as N — oo for all T' > 0. Consequently, we infer together with the strong convergence
(9.53) that

(0Egee(0™,9N), (0™ M) oo = (1 + crd, 0 + cat)), (6,9)) 1

as N — oo. With 8E'free being a maximal monotone operator, we infer that (¢,) €
dom (8E’free) and aﬁfree@, ¥) = (f, fr) by Proposition 2.3.3, thereby establishing
(9.11). This identity additionally entails that OEfree(¢,¢) € L2, .([0,00);H'), and
thus, with Proposition 4.3.8, implies the desired regularities

2
uloc

(¢7 W € Lﬁloc([oa OO); W27p)7 (Fé((;s)? G{)(w» € L?lloc([ov OO); Ep)

forp=6if d =3 and any p € [2,00) if d = 2.

To get a better strong convergence result for (¢V, %), we first recall that by
Lemma 9.4.4, {(¢",9"N)}yen is bounded in L2(0,T;H?) for any T > 0, which, to-
gether with (9.53) and suitable interpolation inequalities further implies that, up to a
subsequence,

(N, ™) = (¢, 1) strongly in L2(0,T;H?*™*) for all s € (0,1) (9.54)

as N — oo for any T > 0.

In the next step, we show the strong convergence of {(v¥, w™)}yey in L2(0,T; £?)
for any T > 0. To this end, we denote with pv¥ and ow” the piecewise linear
interpolant of (pNvV)(tx) and (eVw)(t), respectively, where t;, = kh, k € N, and
let T > 0. As previously seen, it then holds that

OuN) = 0, (V) o) = oy, (V).

Now, proceeding similarly to the line of argument in [5, Section 5], we use the uniform
estimates (9.46)-(9.48) along with standard interpolation results to show that

{(pNvN @ v o wY @ w¥)}nen is uniformly bounded in L?(0, T; L2

0,75 L

200,T; L

(0, T;L

4

oo
wl|

{(vN @ Vi, wh @ VoY) } yen is uniformly bounded in
{(1N VoY, 0NV )} ven s uniformly bounded in

{(BON — pM YW} yen is uniformly bounded in L

L
L . (9.55)
T)).

Moreover, via the trace embedding H'(Q2) < L?(T'), we infer from (9.46) that

~loo
ol Nlw
—~ ~— ~—

{(DVY, Drw)} nen is uniformly bounded in L?(0,T; £?),

. , , (9.56)

{w" }nen is uniformly bounded in L“(0,T;L*(T)).

Regarding the last term on the left-hand side of (9.42), we note that, if L € (0, oc], it
holds that

1

2/(JN—J{~V)-an-vAvdth
%

—1 5-2_5-1 ﬁ2_ﬁ1 N N. N ~
_2(’8 5 T 5 )/Em9(¢h)anu w -wdl dt
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_ X(L) (,02 =61 /52—51/ N NyoN <
== (5 5 T >E(ﬁ9 pw)w - w dl de,

whereas in the case L = 0, we have

1
2/(JN—JJFV)-an-vAvdth:O
P

as (62 — 1) = —(p2 — p1) by assumption (9.14). Thus, due to this observation
and the uniform bounds (9.55) and (9.56), any (v,w) € L%(0,T; W&ﬁiv) is an ad-
missible test function in (9.42). Hence, by a comparison argument, ‘we infer that
{0, Paiy (oY, 0w™) } nven is bounded in L%(O, T; (Wéﬁiv)’). In addition, as we know
that {Paiv(pv",ow" )} ney is bounded in L2(0,T;H'), we deduce from the Aubin-
Lions lemma the strong convergence

Pai (v, owY) = (vi, Wy) strongly in L%(0,T; £?) (9.57)

as N — 0o, up to a subsequence, for some (v4, w,) € L*(0,T; £?). Then, exploiting
the weak continuity of Py, we conclude from the weak convergence (v, ow”) —
(pv,ow) in L?(0,T; L?) as N — oo that (v., w.) = Paiv(pv, ow).

Next, due to (9.50a) and (9.57), we have

T T
/ /,0N|VN|2 d:ndt—i—/ /UN|WN|2 dr d¢
/ / P (p v dz dt + / / Pl (0 )-wh dI dt
—>/ /Pffiv(pv)-vdx dt+/ /Pgiv(aw)-wdr dt
0 Q 0 r
T T
:/ /p|v|2 dx dt+/ /a\w|2 dr dt
0 Q 0 r

as N — oo. Moreover, it holds that

[ varas [ (0"
// é_%vvdxdt+// Y dz dt
+/0 /F((UN)%— Hw-wh dth+/ / 2( W dl dt
— 0

as N — oo. Here, we have used the strong convergence

wV — o2w) - wdl dt

w\»—t

[un

()49, (0™)5%) = (ph9,04%)  strongly in L3(0.T: £2)

as N — oo in combination with the weak convergence (9.50a). Consequently, as we
have weak convergence and the convergence of norms, we readily conclude that

((pN)%vN, (O’N)%WN) — (p%v, oIw) strongly in L%(0,T; £?)

as N — oo. Lastly, since pV — p a.e. in Q, and p > p, > 0, we use Lebesgue’s
dominated convergence theorem to deduce that

1

vl = (pN)_% (pM)2vY) = v strongly in L2(0,T; L%(Q)) (9.58)
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as N — oo. Similarly, we find that

wh = (oN) 2 ((O’N)%WN) —w  strongly in L?(0,T; L*(I")) (9.59)
as N — oo.

Now, to pass to the limit in (9.42), (9.43) and (9.44), we first notice that
(@™, ") = (¢,9)  strongly in L0, T3 H') (9.60)
as N — oo, which follows by interpolation using (9.47) and (9.54). We thus readily
get
/ pNVel ¥ dz dt +/ NV - w dl dt
QT »T
= —/ (VN op)) - v da dt —/ (VroNy) - dT dt
T =T

— — | (Vug)-v dz dt —/ (Vrby) - w dT dt
QT »7

:/ ,qu»Gd:cdH—/ OV - w dl dt
T »7

as N — oo for all (V,w) € C’go(O,T;’Hadiv) . Moreover, from (9.50¢) and (9.59), we
readily infer in the case L € (0, cc] that

1
/ IV —JN) W wdr dt
»7

2
X)) (02— ﬁ2—ﬁ1/ N Ny N o
== (5 5 + 5 )ET(BH wY)w - w dl dt
xX(L) 1,02 — 61 ﬁz—ﬁ1/ B -

— X (5 5 . ) ZT(m) p)w - W dl dt

as N — oo for all (V,w) € CSO(O,T;’Hg,diV). In the case L = 0, we have already
seen that this term disappears in view of the assumption (9.14). Then, recalling the
convergences (9.50a)-(9.50f), (9.54) and (9.58)-(9.59), as well as the uniform bounds
(9.55)-(9.56), we can pass to the limit N — oo in (9.42) and (9.43) to get (9.10a) and
(9.10D).

Verification of the initial condition for (v, w)

In this step, we show that the initial conditions for (v, w) are fulfilled. To this end,
we begin with the following lemma, which has been adapted from [5, Section 5.2] to
the current setting.

LEMMA 9.4.7. Let (v,w),(V,W) € Hé,div and (p,7) € L= with p > py > 0 and
T > o9 > 0 such that

/pv~\7dx+/o—w-€vd1“:/p?z-vd:c+/av~v-€vd1‘ (9.61)
Q r Q r

for all (v,w) € H%,div' Then it holds (v,w) = (V,w) a.e. in Q x T.

PROOF. According to Corollary 4.5.14, there exists a sequence {(vy,Wnx)}nen C
Hg,div such that

(VvN,WN) = (V—V,w — W) strongly in £2
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as N — oo. We now test (9.61) with (v, wy). Passing to the limit N — oo, we
conclude that

/pyv—v|2dx+/a\w—v~v|2dr:o.
Q r

Since p and & are uniformly positive, we infer v = v in L#(Q) and w = w in L2(T),
which proves the claim. O

At first, we show the weak continuity in time for the projection of (p(¢)v,o(y))w)
onto the divergence-free vector fields. To this end, we consider

( N N

Vi s Wy ) = ’Pdiv(/,)\‘?Nvof-\‘{’N)

and deduce from the arguments above that
{(vY, wM)}nen is bounded in Wl’%(O, 00; (Wéﬁiv)/)
— BUC([0,00); Wy1i,)),
{(vY,wM)}nen is bounded in  L*(0, c0; £L?).

In view of these bounds, we already showed in (9.57) that (vi,wy) — (v, w")

strongly in L2(0,T; £2) as N — oco. This implies that

(Vi,Wy) — (v, w*) weakly in Wl’%((), 00; (Wéﬁiv)/)

(9.62)
weakly-star in L>(0, oo; £2)

as N — oo. These convergences are first obtained after subsequence extraction,
but as the limit is independent of the extracted subsequence, the convergences hold
for the whole sequence. In particular, using Lemma 9.2.1, we infer that (v*, w*) €
BCy(]0,00); £2). Moreover, in view of the continuous embedding

W3 (0,00 (Wyihy)) = BUC([0,00); (Wyiai,)),
we infer that the evaluation operator
8 ~ ~ ~ ~
tro : WH7 (0, oo; (W&ﬁiv)’) — (Wéﬁiv)/? (v, W) = (¥(0),w(0))

is continuous. Consequently, in combination with the weak convergence (9.62), we
obtain

(v (0), Wi (0)) — (v*(0),w*(0)) weakly in (Wy,)' (9.63)

as N — oo.

Now, for ¢ € [0, 00), we consider the auxiliary problems

i ! = div #V* in a
~aiv (i 70) = (g ©) @, (9.64a)
Onp(t) =0 on T, (9.64b)

and

—divp (a(zpl(t))qu(t)) = divy (a(wl(t))w*(t)) onT. (9.65)
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The corresponding weak formulations read, for all t € [0,00), as

Vp(t) - V¢ da = — / L ). v¢ de (9.66)

1
/Q p(e(t)) o p(o(t))

for all ¢ € H'(2) and

1 1 N ‘
/Fa(w(t))vFQ(t) -Vr¢r dl' = _/FGW(t))W (t) - Vr(r dl' (9.67)

for all ¢+ € H'(T'), respectively. By the Lax-Milgram theorem, we find unique weak
solutions p € L?(0,00; HL(2) N L%O)(Q)) and ¢ € L?(0,00; HY(T') N L%O)(F)), which
satisfy

IVD(#)[L2@) < ClIv (@)L () (9.68)

and

IVeq(®)llLzr) < Clw* ()l (9.69)

for all t € [0, 00) with a constant C' > 0 independent of ¢, respectively. Here, we used
the fact that both p € L*®(Q) and o € L*°(X) are bounded from above and from
below by positive constants.

We now claim that (Vp,Vrq) € BCy(]0,00); £2). As the equations for p and
q are completely uncoupled, we only prove that Vp € Cy([0,00); L2(2)), while the
other assertion follows by similar arguments. To prove the claim, let ¢ € [0,00) be
arbitrary, and let {t,, },en be an arbitrary sequence with ¢,, — t as n — oco. From v* €
Cw([0,00); L2(£2)) we infer in particular that {v*(¢,)}nen is bounded in L2(€2). Thus,
due to (9.68), also {Vp(t,) }nen is bounded in L?(Q2). Since {Vp:p € Hl(Q)ﬂL%O)(Q)}
is a closed subspace of L2(Q), we infer that there exists p € H'(Q) N L%O) (©) such
that, up to subsequence extraction, Vp(t,) — Vp weakly in L%(Q) as n — oco. By
passing to the limit in the weak formulation (9.68) written at t,, we notice that p is
a weak solution to (9.66). Because of uniqueness, this readily yields Vp = Vp(t). In
particular, this means that the weak limit is independent of the extracted subsequence.
Thus, the convergence Vp(t,) — Vp weakly in L?(£2), as n — oo, remains true for the
whole sequence. This shows that Vp € BC,([0,00); L?(2)). The statement Vrq €
BC\(]0,00); L3(T)) can be verified analogously. Thus, the regularity (Vp, Vrq) €
BC,([0,00); £?) is established.

As seen before, we know that (v*, w*) = Paiv(p(¢)v,o(¢)w). In particular, it holds
(v(t), w*(t)) = Paiv (p((1)) v (1), o (¢ (t))w(t))

for a.e. t € (0,00). By the characterization of the projection Pgiy = (P, PL.) :

div»
L? — L3, , the last identity entails that

(v¥(), w*(t)) = (p(e(t))v(t) = VB(t), o (4)(t))w(t) — Vrq(t)) (9.70)

for a.e. t € (0,00), where p(t) can be fixed as the weak solution to the Poisson—
Neumann problem

Ap(t) = div(p(o(t))v(t))  in
anﬁ(t) =0 on F,
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whereas §(t) can be fixed as the weak solution of the inhomogeneous Laplace—Beltrami
equation

Apg(t) = divp (o ((t))w(t)) onT.

Dividing the first component and second component in (9.70) by p(¢(t)) and () (1)),
respectively, we infer

1 . 1 .
YO =S O sy Y B1)
T 1 .

for a.e. t € (0,00). Hence, for almost all ¢ € (0, 00), we deduce that

1. - L e e da
| sy PO Ve =~ [ v v

for all ¢ € H'(2), and

L ; S B S
| S Ve Vet ar = = [ —oswt (1) Vrge ar

for all ¢(r € H'(T"). This means that p and § are weak solutions of (9.64) and (9.65),
respectively. Due to the uniqueness of those weak solutions, we infer Vj(t) = Vp(t)
as well as Vr4(t) = Vpq(t) for almost every ¢t € (0,00). Thus, by redefinition of
(Vp, Vrg) on a set of measure zero, we get (Vp, Vrg) € BC,([0,00); £2). Again, with
a redefinition of (v, w) on a set of measure zero, we finally conclude from (9.71)-(9.72)
that

(v,w) € BCy([0,00); L?). (9.73)

Here, we also used the fact that (p(¢),o(v)) € BC([0,00); £?) with p > p. > 0 and
o> o, > 0.

It remains to show that the pair (v, w) fulfills the initial condition (9.9). To this
end, as we have by definition Pgi, (pv" (0), oW (0)) = Paiv(povo, ooWg), we infer from

(9.63) that
[ oo -5 dz+ [ otwow(o) %
Q I

— [ Phutooav(0) ¥ do+ [ Phy(oto)w(0)) - % dr
Q T

= Jim_ ([ PG 0) v do+ [ Pt )5 ar)

= / P (povo) - v dz + / Pl (cowp) - w dI’ (9.74)
Q N

— [ plonpvo- P8 do + [ olwnjwo- Phy(®) dr
Q I

= / p(¢0)V0 -vdr + / U(@Do)WO -w dl’
Q r

for all (v,w) € ’Hadiv. We are thus in the setting of Lemma 9.4.7, and we finally
conclude that (9.9) is fulfilled.

Verification of the energy inequality
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To show that the energy inequality (9.13) holds, we first notice that the discrete
energy estimate (9.26) implies

_%EN@) _ Bt (Vi Wy O, 1) — Eu;;(Vk+hWk+h¢k+h¢k+l) > DN(t) (9.75)

for all t € (ty,tr41), K € N. Now, let 7 € W11(0,00) with 7 > 0. Then, we multiply
(9.75) with 7, integrate in time, and apply integration by parts. We thus find

Eiot(vo, wo, &3, 05w (0) + /Ooo EN)a'(t) dt > /OOO DN (t)x(t) dt. (9.76)

Due to the strong convergences (9.54),(9.58), and (9.59) we readily find that

(VN(t), N(t)) — (v(t),w(t)) strongly in £2,

(@™ (1), 9N () = (6(1),%(t))  strongly in C(Q) x C(T)

for a.e. t € (0,00) as N — oo up to a subsequence extraction. These convergences
readily entail that

EN(t) = Eot(v(1), w(t), (t), (1))

for a.e. t € (0,00) as N — oco. On the other hand, by lower semicontinuity of norms
and the almost everywhere convergence of (¢, ™) to (¢,v), we find

liminf/oo DN(t)n(t) dt > /Oo D(t)w(t) dt,
0 0

N—oo

where
D(t) = /Q 200 (6) [ D2 dz + /F 2ur- () Drwl? dT + /F (6, ) w2 dT
+ [ @)V do+ [ me()VeoP ar (@) [ (50— ar,

We also refer to the proof of Theorem 5.3.2 or to [97, Proof of Theorem 3.3, Step 4],
where similar arguments were carried out in detail to show an energy inequality. Hence,
passing to the limit N — oo in (9.76), we deduce

Fron(Vo, Wo, b, 0)7(0) + /0 " Buon (v(), w(t), (8), w(t))r' (1) dt > /0 " D)) dt.

Since 7 € WH1(0,00) with 7 > 0 was arbitrary, we can apply Lemma 9.2.2, and
conclude that the energy inequality (9.13) holds true.

Lastly, the mass conservation law (9.12) easily follows by testing the variational
formulation (9.10b) with ({,¢r) = (8,1) if L € [0,00) or with (¢,¢(r) = (1,0) and
(¢, ¢r) =(0,1) if L = .

This means that all conditions 9.3.1(i)-9.3.1(v) from Definition 9.3.1 are verified.

Consequently, the sextuplet (v, w, ¢, 1, u,0) is a weak solution in the sense of Defini-
tion 9.3.1 and therefore, the proof of Theorem 9.3.3 is complete. O

9.4.2 Asymptotic limit K — 0

Lastly, in this section, we finish the proof of Theorem 9.3.3 by proving the existence
of a weak solution to (9.1) in the case K = 0.
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THEOREM 9.4.8. Suppose that the assumptions (A1)-(A5) hold. Let L € [0, 00],

(vo,wo) € L3, and let (¢o,v0) € Dy satisfy (9.7). In the case L = 0, we additionally
assume that

B(62 — 1) = —(p2 — p1).

Forany K € (0,00), let (Vik, Wk, ¢r, VK, Kk, O ) denote a weak solution of the system
(9.1) in the sense of Definition 9.5.1 with initial data (vo, Wo, ¢o, o), whose existence
is guaranteed by Theorem 9./.8. Then, there exists a sextuplet (Vi, Wi, Pu, Us, i, Ox)
such that, for any T > 0,

(VE,WEK) = (Vi, Wy) weakly-star in L>(0, co; L),

weakly in L?(0, co; ?-L%Ldiv),

strongly in L*(0,T; £L?),
(oK, VK) = (s i) weakly-star in L°°(0, 00; H'),

strongly in C ([0, T); H'™*) for all s € (0, %),
(i Oxc) = (pay0.)  weakly in L*(0,T; HY),

as K — 0, along a non-relabeled subsequence, with
lawpie — x|l oo 00052 (ry) < CVE, (9.77)

and the sextuplet (Vi, W, @u, Vs, s, 0x) is a weak solution to the system (9.1) in the
sense of Definition 9.3.1 for K = 0. Additionally, it holds that

(¢*7 ¢*) € Laloc([o’ OO); WZ’p)v (F/(¢*)v G,(¢*)) € L?ﬂoc([oﬂ OO); 'Cp)

forp=06ifd=3 and any p € [2,00) if d = 2.
In analogy to Remark 5.4.5, we remark the following.

Remark 9.4.9. (a) As the right-hand side in (9.77) tends to zero as K — 0, this
explains why the Dirichlet type boundary condition ¢, = a1, a.e. on X appears
in the limit model corresponding to K = 0.

(b) The result of Theorem 9.4.8 remains valid if we replace the initial data (¢g, 1) €
D, by a sequence (¢or, Yor) € H' satisfying

Efioe(dor, Yor) = Efec(d0,%0)  as K =0

for some pair (¢o,%0) € H!, see also [115, Theorem 2.3]. In this case, one can
show that ¢ = at)y a.e. on ¥, and that (¢, ¥s)|i=0 = (Po,%0) a.e. in Q x T

PRrROOF. We consider an arbitrary sequence { K, }men C (0,00) such that K, — 0
as m — oo. Let {(Vk, Wk, , Pk, , VK., LK, OK,, ) tmen be the sequence of corre-
sponding unique weak solutions originating from the initial data (vo, wq, ¢g,%0). In
the following, we use the letter C' to denote generic positive constants independent of
K,, and m. We first note that, in view of the trace relation ¢g = a1yy a.e. on I'; the
total energy of the initial data is bounded, i.e.,

EEm(vo, wo, ¢0, Y0) = EX, (vo, Wo, ¢o, %0) < C,

since

1 1
K, /F 5(04% — ¢p)* dI = 0.
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Let now m € N be arbitrary. Then, in view of the energy inequality (9.13), we directly
obtain that

1V 8 Wit 00 0,00522) 110V W) 220,002
+ H ((mea me) HLOO(O,oo;’Hl) + ”(VMKm7 VFQKm)HL?(O,oo;L?) (978)
1
+x(L)2||B0k,, — ruKm”LQ(O,oo;LQ(F)) <,

as well as

||O(¢Km - ¢KmHL2(O,oo;L2(I‘)) < CVEn. (979)

Then, the estimate

(P s> V1)l 22

uloc

uloc

(10.000w2.6) F [[(F' (65, ) G' (Y, ) L2, (10,00):9)

uloc

(9.80)
(0,00);c2) = C

can be derived as in the proof of Theorem 9.4.1. Moreover, from a comparison argu-
ment, we can show, as in the proof of Theorem 6.2.3, that

” (at¢Km7 875me) HL2(07OO;(H1L,,B)/) S C.

Consequently, by the Banach—Alaoglu theorem and the Aubin-Lions—Simon lemma,
there exists a sextuplet (Vi, Wi, ¢u, s, pix, 05) such that, for any 7' > 0,

(VK WK,,) = (Vi, Wy) weakly-star in L>(0, co; £?), (9.81a)
weakly in L?(0, oo; ’H(l)’div), (9.81b)
(DK, VK,,) = (Du, s) weakly-star in L>(0, 00; H'), (9.81c)
strongly in C([0,T); H'~*) for all s € (0,3), (9.81d)
(i, 0K,,) — (s, 05) weakly in L2(0,T;H"), (9.81e)

as m — oo along a non-relabeled subsequence. Additionally, due to (9.81d) and the
trace theorem, we infer

A, — Ok, — Qb — Oy strongly in C([0, T]; L*(T"))

as m — oo for any T > 0, which, in combination with (9.79), readily entails ¢, = at).
a.e. on X.

In view of these convergences and the uniform estimates (9.78)-(9.80), we can follow
the line of argument of the proof of Theorem 9.4.1 to verify that the limit sextuplet
(Vi, Wi, O, U, i, 05) 18 indeed a weak solution to to (9.1) in the sense of Defini-
tion 9.3.1 in the case K = 0. O
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Chapter 10

Global well-posedness of strong solutions for
d=2

This chapter is based on the work in:

[163] J. STANGE, Global well-posedness of strong solutions to a bulk-surface Navier—
Stokes—Cahn—Hilliard model with non-degenerate mobilities in two dimensions,
Preprint: arXiv:2511.06847, 2025.

10.1 Introduction

In this chapter, we continue the study of the bulk-surface Navier—Stokes—Cahn—Hilliard
system (9.1). In Chapter 9, we showed under very general assumptions on the data
the existence of a global-in-time weak solution. We now turn our attention to the
existence and uniqueness of global-in-time strong solutions.

To this end, we restrict our analysis to the two-dimensional setting, i.e., we as-
sume that @ C R?. The three-dimensional analysis differs in several fundamental
aspects. First, one can generally expect only local-in-time strong solutions, since even
for the classical Navier—Stokes equations, the existence of global-in-time strong solu-
tions under general assumptions on the data remains an open problem in three dimen-
sions. Moreover, in the two-dimensional setting, we are able to include non-degenerate
mobility functions by relying on the results obtained for the convective bulk-surface
Cahn—Hilliard equation with non-degenerate mobility functions in Chapter 7. Finally,
the analysis relies crucially on the separation property of the phase-fields. For the
class of singular potentials considered in this work, the separation property is still
an open problem in three dimensions, even in the case of standard homogeneous Neu-
mann boundary conditions. To overcome this difficulty in three dimensions, one would
likely need to employ several regularization and approximation procedures, as done,
for example, in [95] for the AGG model.

For related diffuse interface models without dynamic boundary conditions, such as
Model H or the AGG model, the well-posedness of strong solutions has been exten-
sively studied. We refer, for instance, to [8,13,94,95] as well as [99,100]. In contrast,
for two-phase flow models with dynamic boundary conditions, the literature has so far
mainly focused on the existence of weak solutions, see, for example, [37,79,80,97,123].
Progress towards stronger notions of solutions has recently been made in [78], where
the authors proved the existence of so-called quasi-strong solutions for an Allen—Cahn—
Navier—Stokes—Voigt system with dynamic boundary conditions. To the best of our
knowledge, the only uniqueness result so far for Navier—Stokes—Cahn—Hilliard systems
with dynamic boundary conditions was established in [97] in the two-dimensional set-
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ting for weak solutions to (1.40). However, that result holds only for regular potentials
and matched densities, and additionally required a suitable compatibility assumption
on the potentials.

10.2 Main results

10.2.1 Assumptions

We begin by stating the main assumptions required to establish the existence and
uniqueness of a global-in-time strong solution.

(A1) We consider a bounded domain ) # Q C R? with C3-boundary T' := 9. We
further use the notation

Q=Qx(0,00), X:=TI x(0,00).

(A2) The constants occurring in the system (9.1) satisfy a € [—1,1] and § € R with
oI+ |T| 0.

(A3) The density functions p and o are given by

p(s):P2;915+91;P2 and 0(8)20’2;0’15 01;0’2

for s € [-1,1]. Here, p1,p2 > 0 and &1,52 > 0 are the specific densities of the
two fluid components in the bulk and on the surface, respectively. Moreover, we
use the notation

Px = min{ﬁla ﬁQ}? P* = maX{ﬁl? ﬁZ}’
0. = min{d1,02}, 0" = max{61,52}.

By this definition, we clearly have
0<p«s<p(s)<p" and 0<o.<o(s)<o"

for all s € [—1,1].

(A4) For the coefficients we assume mq,mr € C?([-1,1]), vq,vr € C*([-1,1]),
v E Co’l([—l, 1}2). Moreover, we postulate the existence of positive constants
M, M*, Vs, U, 4, 7" such that for all s € [—1,1],

0 < mu <mgq(s),mp(s) <m* and 0 < v, <uwvg(s),vr(s) <7, (10.1)
and, for all (s,7) € [-1,1]2,
0 <yx <7(s,7r) <o~
(A5) We assume that the potentials F, G : [-1,1] — R are of the form
F(s) = Fo(s) — L2, G(s) = Gols) — %Gs? for s € [~1,1]

with constants cg, cg > 0, where Fyy, Go € C([—1,1]) N C3(—1,1) are such that

lim Fi(s) = lim Gy(s) = =00 and  lim Fi(s) = lim Gi(s) = +oc.
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Moreover, we assume that
Fl(s) > cp, Go(s) > ca for all s € (—1,1). (10.2)

Without loss of generality, we assume that Fy(0) = Go(0) = 0 and Fj(0) =
G((0) = 0. Lastly, we require the singular part of the boundary potential to
dominate the singular part of the bulk potential in the sense that there exist
constants k1, k9 > 0 such that

|F{(as)] < k1|GH(s)| + ke for all s € (—1,1).

(A6) We assume that one of the following conditions hold:
(A.6.1) There exist constants Cy > 0 and 4 € [1,2) such that

Fil(s) < C'ﬁeCﬁ'FOI(S)iji for all s € (—1,1).

(A.6.2) As §\,0, for some s > 1, it holds that

1 1 1 1
Fi—20) (g ) F(—1+20)] (s )

10.2.2 Existence of strong solutions

We now state our first main result on the existence of a global-in-time strong solution.

THEOREM 10.2.1. Let the assumptions (A1)-(A6) hold, and let K,L € (0,00].
Assume that (vo, wo) € HYi,, and let (¢o,10) € H' satisfy (9.7) and let the following
compatibility assumption hold:

(C) There exists (juo,00) € H' such that for all (n,nr) € H' it holds

/ pon dz + / Oonr dT
Q r

= /QV% -V + F'(¢o)n dz + /F Vrtpo - Venr + G (o)nr dT

+x(K) /F (e — 60)(anr — ) dT.

Then, there exists a global strong solution (v,w, @, ¥, u, 8) to (9.1) with the reqularities

€ BC([O OO) HO le) N Luloc([o OO) H2) n H&loc([oa OO); ‘C‘gliv)v

uloc([o OO) Hl ﬁE(O))

) € L22(0,005 (H1)') M Lo ([0, 00); 1),

(¢,%) € L>(0,00; H?),
(11.60) € BO(0,00): H') 1 Lo ([0, 00): H) N Hijoe (0. 00): ('),
(F'(6),G'(¥)), (F"(¢),G"(¢)) € L=(0,00; L)
for any 2 < p < oo, in the sense that the equations (9.1a)-(9.1b), (9.1)-(9.1g) are
satisfied a.e. in Q, while the equations (9.1¢)-(9.1d) and (9.1h)-(9.11) and the boundary

conditions (9.1¢) and (9.1j)-(9.1k) are satisfied a.e. on 3. Moreover, the solution is
such that (v, w)|i=o = (vo,wWp) a.e. in Q@ x I' and (¢, ¥)|1=0 = (do,%0) a.e. in Q x T.

(v,
(P
(0rp, O

w)
q) €
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Remark 10.2.2. As for the convective bulk-surface Cahn—Hilliard equation with non-
degenerate mobility functions studied in Section 7, the cases K = 0 and L = 0 are not
admissible. However, in the case of constant mobility functions, say mqg = mr = 1,
the proof of Theorem 10.2.3 can be carried out in a similar manner. Indeed, for
constant mobility functions, one can establish the existence of a strong solution with

the additional regularity

(v,w) € LQ(O, oo; H2) N HY(0, o0; E(zhv),
p,q) € L*(0,00;H' N L]y,
(Deg, Buyp) € L*(0, 00, ),
(Vi, Vo) € L*(0,00;H?),  (u,0) € H'(0,00; (Hico))-

These enhanced regularities can be achieved by using the regularity theory for the
convective bulk-surface Cahn—Hilliard equation with constant mobility functions as
established in Theorem 6.2.7, see also Remark 6.2.9.

10.2.3 Uniqueness of strong solutions

Finally, we can prove the uniqueness of strong solutions to (9.1).

THEOREM 10.2.3. Let the assumptions from Theorem 10.2.1 hold. Then, the global
strong solution to (9.1) is unique.

10.3 Existence of strong solutions

In this section, we present the proof of Theorem 10.2.1 on the existence of a global
strong solution to (9.1). Since the convective bulk-surface Cahn-Hilliard subsystem
has already been investigated in detail in Chapter 6 and Chapter 7, the central idea
of the proof is to employ a semi-Galerkin scheme in which the velocity fields are
approximated on suitable finite-dimensional subspaces. We would like to mention that
the same strategy was already used in [123] to show the existence of global-in-time
weak solutions to (9.1).

For standard boundary conditions, such as no-slip or Navier-slip, the approximation
is typically based on eigenfunctions of the Stokes operator subject to the corresponding
boundary conditions; see, e.g., [94,95,97]. However, in the present setting, the dynamic
boundary conditions (9.1a)-(9.1d), and in particular the surface divergence condition
(9.1b), render these eigenfunctions unsuitable. To overcome this difficulty, we rely
on the analysis presented in Section 4.5 on the newly introduced bulk-surface Stokes
operator. The eigenfunctions of this operator provide a natural basis for approximating
the velocity fields v and w.

The construction of approximate solutions is based on a fixed-point argument.
More precisely, for given velocity fields (v, w.), we solve the corresponding convective
Cahn—Hilliard equation and obtain a unique strong solution

H(V*a W*) = (¢(V*7W*)7 w(v*7w*)7 H(vi,wi)s e(v*,w*))'

Then, for given (¢, 1, i, ), we solve the Galerkin approximation of the Navier—Stokes
system and obtain a corresponding solution

B(6, %5 1,0) = (V(6,6,1.0)> W(1,1.6))-
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This allows us to define the operator
A =EoII, (Vies W) = (VIT(v,wa)s WI(va,wa) )

A fixed point of A then yields a solution to the approximate coupled system. The
existence of such a fixed-point is obtained by Schauder’s fixed-point theorem.

The main part of the proof consists of deriving higher-order a priori estimates
for these approximate solutions that are uniform with respect to the approximation
parameter. To this end, we rely on the regularity results for the convective bulk-
surface Cahn—Hilliard system with non-degenerate mobility as well as on regularity
theory for the bulk-surface Stokes system with non-constant coefficients, as presented
in Section 7 and Section 4.5, respectively. These uniform estimates then allow us to
pass to the limit in the corresponding weak formulation of the approximate problem.

Proor orF THEOREM 10.2.1.
Step 1: Definition of the approximate problem. We consider the bulk-surface
Stokes operator

A: D(A) C ‘C(Qiiv - ‘C’(Qiivv
(v,w) = (= P, (div(2Dv)), —PL (divy (2Drw) + 2[DV nian + w)),

that was introduced in Section 4.5. Here, Pdlv and Pd1V are the Leray projections on
Q and T, respectively. We further recall that the domain D(.A) is given by

D(A) = H -

It was shown in Theorem 4.5.11 that A has countably many positive eigenvalues
{\j}jen with corresponding eigenfunctions {(v;, w;)}jen. These eigenfunctions are
determined by

/2va Dv dx—i—/QDpwj Drwdl'+ [ w;-wdl

I
—)\ /V] de—i—)\ /W] w dl

for all (v,w) € ’H(l]’div, and can be chosen in such a way that they form an orthonor-
mal basis of £3,. In addition, the eigenfunctions {(vj, W;)}jen form a complete
orthogonal system of D(.A), see Corollary 4.5.13. For any k € N, we introduce the
finite-dimensional subspace

Vy, = span {(V1, W1), - .., (Vi, Wi) } C H{ giv

and denote with Py, the L3, -orthogonal projection onto V. Since Q is of class C?,
regularity theory for the bulk-surface Stokes operator from Theorem 4.5.6 yields that
(Vj,Wj) € W2 for all r € [2,00) and all j € N. As a consequence, the following
inverse Sobolev embedding inequalities hold for all (v, W) € Vj:

IV, Wiz < Cill(V, W)z (VW) [lage < Cill(V, W[ 22,

PN L (10.3)
(¥, %) [z < (Vo W) 2

Now, fix T' > 0. For any k € N, we seek an approximate solution (v, Wi, ¢, ¥k, tig, O)
to system (9.1) such that

(Vi wr) € CH([0,T]; Vi), (10.4a)



252 CHAPTER 10. GLOBAL WELL-POSEDNESS OF STRONG SOLUTIONS FOR d =2

(b, i) € L2°(0, T; WP), (
(Oepr, D) € L°(0,T5 (HY)') N L0, T; HY), (

(11, 0) € C([0,T); HY) N L0, T; H?) n HY (0, T (1Y), (10.4d

(F'(¢x), G'(¥r)), (F"(¢r), G"(¥r)) € L*(0,T5 LP), (

for any 2 < p < oo, with |¢] < 1 a.e. in QT and || < 1 a.e. on X7, in the sense
that, a.e. on [0, 77, it holds that

/ p<¢k)atvk -vdx + / U(’lﬂk)atwk -w dIl’ + / p((bk)(vk . V)Vk -vdzx
Q r Q

+ / o(r) (Wi, - Vr)wy, - w dl + P2 ; P / ma(¢r) (Vg - V)vy - v dz
r 0

2 91 /mp(wk)(vl"ek . VF)Wk -w dl’ +/ 2VQ(¢k)DVk :Dvde
2 T Q
(10.5)
r T

:/MkV(Z)k-Vdai—l-/ekVFibk-VAVdF
Q r

N X(ZL) (ﬁ

02 — 01
2

=22 [ (90w de
for all (v,w) € Vg, and
((Osr; Orbr), (€, Cr) ) gpr — /9¢ka -V(Qde — /Fdfkwk - Vr¢r dI
- /(; mg(¢k)Vuk . VC dx — /FmF(wk)Vng . VFCF dr (10.6)
~ (L) [ (301~ ) (36 = ) dr
r

for all (¢,(r) € H!, where

e = —Ady + F/((;Sk) a.e. in QT, (10.7a)
Or = —Ari + G,(¢k) + adn ok a.e. on ET, (10.7Db)
KOgy = vy =gy 1f K € (0,00), a.e.on X1, (10.7¢)

together with the initial conditions
(Vk, Wk)|t=0 = Py, (Vo, Wo), (DK, Vr)|t=0 = (0, o) a.e.in Q@ x T, (10.8)
We recall the notation
QT =ax(0,T), XT=Tx(0,7)

for any T' > 0. We further note that the weak formulation corresponding to (10.7)
reads as

/ wim dx + / Ornr dI°
Q N

= /Qv¢k -V + F'(¢p)n do + /F Vit - Vonr + G (r)nr dT (10.9)
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(K /F (o — ) (e — ) dT

a.e. on [0, 7] for all (n,nr) € H'.

To show the existence of an approximate solution satisfying (10.4)-(10.8), we per-
form a fixed-point argument. Toward this aim, let (v.,w.) € HY(0,T;V;). We
consider the convective bulk-surface Cahn-Hilliard equation

Orbi + div(epvy) = div(ma(ér) Vi) in QT,  (10.10a)
1= —Ag¢y + F'(¢r) in @",  (10.10b)
Obi + divr (Yews) = dive (mr (V) Vrdy) — Bma(x)dape  on X7, (10.10c)
Or = —Arx + G'(Yr) + adn gy, on 7, (10.10d)
n = - if K ) )

KOng, = oy = 1K € (0,00) on 27, (10.10e)

Ok =0 if K =00

L n = - if L ’ )

ma(¢r)Onpir = Bk — i, if L € (0, 00) on 37, (10.10f)

mq(Pk)Onpiy =0 if L =00
Prli=0 = ¢o in 0, (10.10g)
Vili=0 = o onT. (10.10h)

In view of Theorem 7.3.3, there exists a unique strong solution to (10.10) such that

(k. o) € L0, T; H?), ( )
(Orr, Opthi) € L(0, T3 (H')') NH (0, T 1Y), ( )
(1, Or) € C([0,T); HY) N L2(0, T; H3) N HY(0,T; (HY)), (10.11c)
(F'(¢%), G"(Yr)), (F"(¢r),G"(¥r)) € L™=(0,T; LP), ( )
for any 2 < p < oo, and it holds

o] <1 ae. in@QF and |Yp| <1 ae on XL, (10.12)

Furthermore, the energy inequality (6.13) in combination with (10.12) yields that

min{l, m
(000 00) + 25 001
(10.13)
<FE _ o Wi)|[%2 d
< Bialn, ) + 5 [ v wl ds
for all ¢ € [0,T]. Now, for any ¢ € [0,T], we make the ansatz
k
(vi(t), wi(t)) = Za?(t) (Vj, w;j) a.e. in Q x T,
j=1
where the scalar, time-dependent coefficients af, 7 = 1,...,k, are assumed to be

continuously differentiable functions, that have to be designed in a way such that the
Galerkin approximation of (10.5), that reads as

/ p(6)Ohvi - ¥ da + / o () Bywi - W dT + / p(61) (Vs - VIVi - 9 do
Q N Q

+ / o () (W - Vr)wy, - Wy dI' — P2 ; b / ma(ox) (Vg - V) vy - v do
r Q
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02 — 01

/mr(%)(vr% -Vr)wy - Wy dT° +/ 2vq(¢r)Dvy : DV, dz
r Q
+ / QVF(l/}k)DFWk : Dprw; dI' + / ’y(gﬁk,z/}k)wk -w; dI (10.14)
r r
= / PV o - v dr + / Ok Vriy - wi dT
Q r

n x(L) (552_&1 _ ﬁz;ﬁl)/r(%k—uk)wk'ﬁz dr,

2 2
holds a.e. on [0,7] for all = 1,..., k. Moreover, the following initial condition
(Vk, Wk)|t=0 = Py, (vo, Wo) a.e.in QxT (10.15)

needs to be satisfied. Setting Ax(t) == (af(t),...,af(t))", the system (10.14) is equiv-
alent to the system of differential equations

iAk(t) + LF(t) AR (t) = GF(1), (10.16)

MF(t) "

where
/Qp qﬁk VJ Vl dz + / U(wk)ﬁj . V~Vl dF,
I
/p . '-\Nfl d.%'—i—/U(lﬂk)(W*-VF)Wj'ﬁ’l dr
Q T

- m;m/ﬂmQ(%)(vﬂk V)V vy da

09 — 0 U ~ ~
— 2 9 ! / mp(l/}k)(vFek . VF)W]' - Wy dF + /Q QVQ((f)k)DVj : DV[ d.CC
r
+ / QVF(wk)DpVVj : DFVVl dI’ + / ’Y((ﬁk,ibk)ﬁ’j . ﬁ/’l dr
r r

L ~ = ~ 0~ - ~
_ X(Q )(502 2 e 2 p1>/r(59k—uk)wj +wy dl

(G (1)), = /Q Vi 1 da + /F 0V iy - W dT,
and the initial condition reads as
AM0); = (Py,(vo, W), (¥, W) p2,  J=1,...,k (10.17)
By (10.11) we have (¢, ¥x) € C([0,T]; H?), which in turn implies that

p(or), va(or), ma(er) € C( x [0,T7)

as well as

U(¢k)7Vr(wk)vmr(wk)”ﬂ@ﬁkvd}k) € C(P X [OvT])‘

Moreover, as we know that (v.,w,) € C([0,T]; £3,,) and (ux,0r) € C([0,T];H"),
it follows that M* L* € C([0,T];R***) and G¥ € C([0,T]; R¥). Furthermore, the
matrix MF¥(-) is positive definite on [0, 7], which entails that det (MF(-)) is continuous
and uniformly positive on [0,7]. Consequently, according to Cramer’s rule for the
inverse, we also have (M*)~! € C([0, T]; R¥*¥). Therefore, the classical existence and
uniqueness theorem for systems of linear ODEs entails that there exists a unique vector
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AF ¢ C1([0,T); R¥) solving (10.16) together with the initial condition (10.17). This
shows that there exists a unique solution (v, wy) € C1([0,T]; Vi) to (10.14)-(10.15).

Now, we multiply (10.14) by af and sum over [ = 1,...,k to find

1

1
5 [ enadwil dz 5 [ awoatwm it
Q r

1 1
45 [ ptenv. Vil dot 5 [ owow. - Towf ar
Q I
+/ﬂ2m(¢k)|kay2 d$+/2VF(1/Jk)|DFWk|2 dr+/7(¢k,¢k)|wky2 dr
I I

1pp—pm;
2 2

160 — 5
/ ma(or)V g - V‘Vk|2 dx — 5% / mr(¢r)Vrby - Vrlwk\Q dr
Q T

= / eV or - vi dz + / Ok Vg - wi dI'
Q r

V) &0 s 5z
+ X(2 )<502 5 n_r 5 p1> /F(ﬁek — ) [w|? dT

on [0,7]. Then, using integration by parts, we observe that

([ ool ao+ [ o ar)
-2 /ﬂ (r0(@x) + div(p(6e)v.)) vl da
-~ ;/F (ata(wk) + divr("(wk)w*))’wk‘Q dr’
+ [ 200DVl do + [ 2r(0Prwif -+ [ (60 vlwl ar
+ 5252 [ divtma(6) Vi da
N %‘}2 - o /F (dive (mr () Vebi) — Bma(ér) O ) [wil? dT

= / PNV o - vy d + / 0, Vriy - wy dl'
0 r

on [0,T]. Then, as v, and w, are both divergence-free on their respective domains,
we find that

1

_ 2/9 (Bup(en) + div(p(r)va) ) [vel* da - 1 /F (B0 () + dive (o () w.) ) [wi|? dT

2

La
=22 p1/ (at¢k+v*‘v¢k>|vk|2 dz
Q

2 2

169 —0

La

__-pP27 / div(meq(or)Vig)|vi|* do
2 2 Q
Lo s
_ 502 2 - / (divr(mr(%)vr@kz) - 5m9(¢k)8““’“> [wi” dT

r

on [0,T7], see also (9.3). Thus, we deduce that

gia( [ ool do s [l ar)
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+ / 2 ()| Dvi[? da + / 2vr ()| Drwy |2 dT + / (ks i)W ? T
Q T T

= —/ eV - vy do — / YVl - wy dI (10.18)
Q r

on [0,7]. For the right-hand side of (10.18), we use

|~ [ Vv = [ 0, w ar)
I
<|IVukllz@llvellLz@ + IVrdellie o) Wi llLzm

min{ 2v,, v« 1
< min{2%g ) 001

2 L
< 5 Vkawk)”Hé + 2 min{2vy, v«

on [0, 7], which leads to the differential inequality

d1 min{2v,, Vs
([ ool e+ [ oo ar) + B2ty 0 w2,
dt 2 Q T 2 0

min{2v,, v, }
< el

Vi W) 3 + (s O)17,

2min{2vy, V4 }

on [0,T]. Integrating the above inequality over [0, s] for some s € [0,T], and using
(10.13), it follows that

* U*
[ 5 m@P dos [ Tl dr
Q T

< [ S8 o)f oot [ G P, (wo) ar
Q r
1
min{2v,, v, } min{1, m,}
1
+ 2min{2vy, v« } min{1, m, }

Efree (¢07 %)

[ 1w ) ar,
0

which, in turn, entails that

1(VE(s), Wi ()22 < ex(p™ + 0™)|(Vo, Wo) | 22
2¢y

i (2w, 7. fmnin {1, el 90 40) (10.19)

Cx

/ e, wa ()22 dr,
0

min{2v,, v, } min{1, m.}

where ¢, = — + g% At this point, setting

1
P
2¢y
min{2v,, v, } min{1, m.}

Rs = T,

R = C*(p* + J*)H(V(),WO)”QLQ + Efree(¢07 1/}0)7

Cx

Ry —
2 min{2v,, v, } min{1, m,}’

and assuming
t
/ H(v*(r),w*(r))H%z dr < RgeRQt for all t € [0,T1, (10.20)
0

we deduce from (10.19) that

11669, wi o)) [ s
0 (10.21)

t s
<R3+ RQ/ / (v (r), Wi (r))|| %2 dr ds < Rze’™!
0o Jo
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for all ¢ € [0, 7], and furthermore that

1
sup ||(Vk(7f), Wk(t))||£2 < (Rl + R3R2€R2T) 2 = M. (10.22)
te[0,7)

Next, we alm to control the time derivative (Oyvg,dywy). To this end, we multiply
(10.14) by dtal and sum over [ = 1,... k. This yields

/p(qtk)!&:vk\Q dl’+/0(1/fk)!3twk\2 dr
p . Vk . 8th dx — / U(?,/Jk)(w* . VF)Wk . 8th dr
r

2vq(pr)Dvy : DOy, dz — / 2vr (Y )Drwy, : Droywy, dT°
T

’1\@\{0\:

YOk, Vi )Wy, - Opwy, T + 2 p1 /ﬂmﬂ(¢k)(vuk V)i - Oyvy dz

09 — 01

/mr(wk)(vrek - Vr)wy - Oywy, dI' — /Q &LV g - Opvy do
r
— / VLVl - Oywy, dI

r

N x(L) (552 —01 ,52;/31> /F(ng — pg )Wy, - Ogwy, dT

2 2

on [0,7T]. By exploiting (10.3), we use Holder’s inequality and the Sobolev embedding
to find that

P*HathHm +U*||3thHL2
< P IVillz @) IV VL @) 10 v l2 () + o™ [WellLz ) VoW [l Lee (0) | 0wl L2 (ry)

+ 20" ||Dvi |2 () DO villLz) + 2v" |IDrwil| 2 ) [[Droswe Lz

. P1—P2|
+ 7 Iwllez @) |0 wllez ey + = ’m IV rllLz o)l VVellLee @ 10 vellLz )

5‘ *
+ |22 | Vel ey | Vow o oy 10w ry

+ IVukllLz o) 10vellnz @) + [IVTOkllLz o)l 0:we L2y
0y — 01  P2—p

p
+ (L) 55T = B L1860k — el oy Wi e oy 0wy

S Cp" 4 )| (vie, Wa) || 22| (Vi W) 2. [ (O v, Orwie) || 22

+ 1V CRI(vi, W) | 21 (v, Oewie) .22 + v IwillLz oy 9w |z ry (10.23)

«[1P1— P2 g1 — 02
0 (|25 2 |2 22 ) s Ol v ) o B, B

+ Ol (e, O) | 28| (Oe v, Owi) || 22

Go—61 pa—p
+X(D)C|BEFTE = BB 186 — o v ey 9wz

< Ci(p" + )NV, W) | 2| (Vies Wi ) | 22| (Oevie, Drwr) [l 2

+ V CRI (Vi Wi) | 22 | (0evi, Bewi) | 22 + ¥ Wik |2y 10wkl )

pL—pa| |51 — O
+ G (|25 22+ |75 22 ks B0l ) v, B
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+ Chll (e, O) || £, (Or v, Orw) || 22

s

p1L—p
- Q)Hﬂek—uknmH(vk,wk>uc2uatwkum)
on [0,7]. Eventually, in view of (10.13) and (10.20)-(10.22), we infer that
T
/ 1(Oevie, Bewy) 2z dr
0
11 2 T
<3(C * N — — | M k9 Wi 2 d
< 3(Culp +a>(p*+0*) ) [ e ow s ar
1 2
*C R RoT 3 R RoT
sa(v (o)) et 3(y (-t ) e
* Pl—ﬁQ 01— 02 1 g 2
w30 (|25 2+ |25 2) (- ) o 20) [ 00175
51—62 p—payl 1 o [T 2
(P57 = P2 (k)0 (L [ 180kl
1 1,2 2
<3(—+ =) (Chlp* + 0" My + CPv* +7) Ryele” (10.24)

Px  Ox
o (3(00 (|52 (252 o+ o+ )

(252 - B2 Lyan)) (Bt v + )

= M?,
where M; only depends on py, p*, 04, 0%, 7*, Efrec(¢0,%0), L, T, 2, m,, m* and k.

We now define the setting for the fixed-point argument. We introduce the set
t

M= {(v,w) e H'(0,T; Vi) :/ (v, w)[| % dr < Ryef! for all t € [0,T],
0

[1(0ev, 0w ) | L2 (0,75v,) < Ml},
which is a subset of L?(0,7; V}), and define the map
AzM—)Lz(OaT;vk% A(V*,W*) = (Vk>wk)>

where (v, wy) is the solution to the system (10.14). By (10.21) and (10.24) it follows
immediately that A(M) C M. We readily notice that M is convex and closed.
Moreover, as a subset of L?(0,T;V}), M is compact.

We are left to prove the continuity of the map A. To this end, let us consider
a sequence {(V,, Wp)}nen € M such that (V,, W,) — (Vi, W) in L2(0,T;Vy) as
n — oo. Thus, in view of Theorem 6.2.3, we find a sequence (q?n,izn,ﬂn,gn), n €
N, and (qb*,w*, i, 04) that solve the convective bulk-surface Cahn—Hilliard equation
(10.10), where (v, wy) is replaced by (V,, W;) and (V., W), respectively. Observing
that (¢n(0),1n(0)) = (¢+(0),1,(0)) for all n € N, an application of the continuous
dependence estimate (7.23) shows that

o~ o~ ~ o~ T ~ o~ o~ o~
R [ AN [

. ., (10.25)
<exp ([ Poat) [ S ) [ a
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on [0,77] for all n € N, where

Po(-) = C(L+ | (Ve WllZ2 + | (s 07 g + 112 D) [Fyary + 1 (Prs ) 32)

and the constant C' > 0 is independent of n € N. To pass to the limit in (10.25),
we have to show that {P,},en is uniformly bounded in L'(0,7). To do so, we first
notice that, since {(v,, Wy,) }nen belongs to M, it is especially uniformly bounded in
L?(0,T; £?). Thus, in view of the regularities provided by Theorem 6.2.3, we find a
constant C' = C(p) > 0 such that

(s ) || Lo ,T;HY) T H(at¢mat¢n)HL2 0,151y + 1(Viin, Vroy, M r20.1:c2)

+ x(L )2 186, — Bnll z200,7;2(r)) + [(bn, %)HL?(O,T;WZP) (10.26)
+ 1 (F"(én), G"(Lu))l L2(0,750) + (D, V)l L4002y < C

on [0,7T] for any 2 < p < oo. Consequently, it follows that

exp(/OTPn dt) < C.

We remark that, in view of the assumptions on the initial data, we are even in a position
to apply Theorem 7.3.3, which entails that ((En, @n, n, §n) is in fact a strong solution

to (10.10). However, the estimate (10.26) is sufficient for our intention. Then, utilizing
the estimate (4.78) in combination with (4.56) and Young’s inequality, we have

”(@gn - (g*a{p\n - 12*)”%2
< Cll(dn = buston = ¥u)llic.a + Cll(dn — buy o — ¥:) Gy
on [0,T]. Thus, we readily infer from (10.25) that

(Gnsn) = (dartbs)  strongly in L=(0,T; (H)') N L2(0,T; HY), (10.27)
a.e. in Q7 x ©7, (10.28)

as n — 0o, up to extraction of a subsequence. Then, as shown in the proof of Theo-
rem 6.2.3, it holds that

[mean (fin, é\n)‘ < C(1+ || (i, eAn)HLB) (10.29)

on [0, 7], see (6.57 ) Consequently, on account of the bulk-surface Poincaré inequality,
we infer from (10.29) with (10.26) that

(s 0| 20,7201y < C- (10.30)
Then, in view of (10.26), we find that
(F'(n), G' () = (F'(6:),G'(4x))  weakly in L*(0,T; £?). (10.31)

Here, we have additionally used the fact that F{j and G{, are maximal monotone oper-
ators to identify the limit functions. We refer to Step 7 of the proof of Theorem 6.2.3
for more details. Next, in view of the weak formulation (10.9) and the convergences
(10.27) and (10.31), we obtain

(Fin, gn) — ([, 5*) weakly in LQ(Oa T (Hl)/)
as n — co. As we additionally have the uniform bound (10.30), it readily follows that

(fin, 0n) = (fis,0.)  weakly in L*(0,T;H")
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as n — oQ.

Now, to show the continuity of A, we have to prove that

AV, V) = AV, W,)  strongly in L*(0,T;Vy)

as n — 0o. To this end, using the abbreviation (u},ul) = A(¥,,W,), we recall that

by definition of A, (uf},ul) satisfies the variational formulation

/ p(dn)Opusl - vy da + / o (thn)Bpul - wy dT + / p(6n) T - V)USL - ¥, da
Q

Q

/ O(Ba) (W - Vr)ul -y a4 220! / Mo (@) (Viin - V)02 - % da
T

02—01

+

/mr V) (Vb,, - Vr)ul - w, dF+/ 200 () Dutl : DV, da
Q
/2VF(¢n)Dru : Drw, dT+/ V(s o)y - Wy dT (10.32)
= / [inVon - vy dz + / 00V - W AT
Q N

+X(L)<562_51—ﬁ2;ﬁl)/(59 —#n) ¥, dD

2 2

on [0,T] for all I = 1,...,k. Now, we notice that, since {(u,ul)},en C M, there
exists (u,ul) € H'(0,T;V}) such that

(ué,ul) = (uf,ul) weakly in H'(0,T; V) (10.33)

as n — oo. In light of the compact embedding H(0,T;Vy) — C([0,T]; Vx) and
(10.3), we readily deduce from (10.33) and by compactness, along a non-relabeled
subsequence, that

(U, ul) = (uf, ul) strongly in C([0,T]; V), (10.34)
(Vusl, Vrul) = (Vul, Viul) strongly in C([0, T); £?) (10.35)

as n — oo. Now, the Convergences (10.33)-(10.35) allow us to pass to the limit
n — oo in (10.32). As (u,ul) further satisfies the initial condition (u$,u )|t 0=
Py, (Vo, wo) a.e. in Q x T, which follows readily from (10.34), we infer that (uf},ul) is
a solution to (10.14)-(10.15). In view of the uniqueness of solutions to (10.14)-(10.15),

this implies (u$},ul) = A(¥., W.), which entails

AV, Wy) = (W ul) = (uf,ul) = AV, W,) strongly in L%(0,T; Vi)

as n — oo. This proves that the map A is continuous. Finally, we are in a position to
apply the Schauder fixed-point theorem and conclude that the map A has a fixed-point
in M, which gives the existence of the approximate solution (vi, Wk, ¢, Uk, ik, O)
satisfying (10.5)-(10.8) for any k € N.

Step 2: A priori Estimates for the Approximate Solutions. We first observe
that, as T > 0 was arbitrarily chosen, the approximate solutions (v, Wi, ¢k, Yk, tik, Ok)
exist on (0,00) for any £ € N. In the following, we denote with the letter C' generic
positive constants that are independent of kK € N. We begin by establishing a-priori
estimates based on an energy estimate for the approximate solutions. To this end, we
take (V, W) = (vg, wy) in (10.5) and perform integration by parts. This yields

G2 ([ el o+ [ oot ar)
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+ /Q 2 ()| Dl da + /F 2 ()| Drwif? dT + /F (B ) [ w2 dT
= —/ iV - Vi da — / YVl - wy dI (10.36)
Q T

a.e. on (0,00), see (10.18). Then, taking (¢,(r) = (uk,6x) in (10.6) and (n,nr) =
—(0¢pr, Optbr) in (10.9), we find with another application of integration by parts that

d

1 . 1
&(/QQW‘;S”Z*F(%) dx+/r2|erkl2+G(wk) dI‘+X(K)/F2(a¢k_¢k)2 dF)

+ / ma(én) [Vl da + / mr (i) [V 2 T + y(L) / (B0, — uz)? dT
Q I T
= / OV g - v dr + / YVl - wy, (10.37)
Q T

a.e. on (0,00). By summming (10.36) and (10.37), we obtain

d

thtot(VkaWka¢ka¢k)+/Q2VQ(¢I€)‘DVIC|2 dz

+ / 2 ()| Drwif? dT + / (s ) [ w2 dT
T r
+/mﬂ(¢k)|vﬂk|2 dx+/mp(¢k)|VF(9k‘2 dr
Q T
T x(D) / (86, — )2 AT = 0
T

a.e. on (0,00). Integrating in time from 0 to ¢ for any t € (0, 00), we have

t
Eron (Vi (£), Wi (), dn(t), v (8)) + / / 2w (64) DV [? dz ds
0 JO
t t
+/O /FQVF(%)’DFWkQ dr d3+/0 /F’Y(%’W)’WMQ dl’ ds

t t
+/ /ng(qﬁk)ywkﬁ dr ds +/ / mr(Yr) | Vo> dT ds
0 0 JI

(D) [ (50— m)? ar as
r
= Etot(Py,,(vo, Wo), ¢, %0)
for a.e. t € (0,00). As the initial energy can be estimated as

max{px, 0x}

2 H(VO,WO)HEQ +Efree(¢0a¢0)7

Eiot (ka (V07 WO)v %o, ¢0) <

it follows using |¢x| < 1 a.e. in @, || < 1 a.e. on ¥ and the bulk-surface Korn
inequality that

(Vi Wie) || oo (0,00:22) + [ (Ve W) | £2(0,00:71) < C, (10.38)
||(¢/€a wk)HLOO(O,oo;'Hl) <C, (1039)
1
1V te, VrOi) || 22 (0,00:22) + X(L)2 186k — 1l 20,0052 (1)) < C. (10.40)

Then, recalling (10.29), we employ the bulk-surface Poincaré inequality to deduce that

Gt Ok) 120 < C (14 [l (s Ok .8) (10.41)
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a.e. on (0,00). Then, by Proposition 4.3.5 and another application of the bulk-surface
Poincaré inequality, we obtain

16k i) w2 + [(F(6r), G'(€r) o < Cp (L + [ (5 Or ) l301)

(10.42)
< Cp(1 + [ (1res k) 2,8)
a.e. on (0, 00) for any 2 < p < co. By comparison in (10.6), it holds that
1O1r, Ooi) [y < CUI(vis W)l g2 + 11 (i Ol .5) (10.43)

a.e. on (0,00). Here, we have additionally made use of (10.12) and the boundedness
of the mobility functions. Lastly, since K € (0, o], it follows from Corollary 4.3.7 in
combination with (10.39) and (10.41) that

(= A¢k, —Artg + adndi) |72 < C(1+ ||(1t, 0k) || 2,5)

a.e. on (0,00). Thus, by elliptic regularity theory for systems with bulk-surface cou-
pling, we obtain

165, w32 < C(1+ (1w, 0017 ) (10.44)

a.e. on (0,00). Consequently, collecting the above estimates, we infer from (10.38) and
(10.40) that

10, Ot )| 120,002y + I (Dhs Vi)l 2, ([0,00);H2)
+ (s Ol 22, (10,00):22) + I (D), G' (Vi) 2, _(10,00):7) < Chp (10.45)

([0,00);1W2:7) + H(qbkawk)HL‘l

uloc

for any 2 < p < 0.

Step 3: Higher Order Estimates for the Approximate Solutions. Next, we
establish higher-order estimates for the approximate solutions (v, Wi, ¢k, Uk, ik, Ok)-
Based on the estimates (10.38)-(10.40) and (10.45), we can use Theorem 7.3.3, which
entails the uniform estimates

1(Pks )l oo 0,002y + [[(F' (01), G (91))]] Lo (0,00;7)

p ) (10.46)
+ [(F"(Dr), G" (¥r)) || Lo (0,00:07) < K1
for any 2 < p < o0, as well as
1Gs@, Ot ) | Lo (0,005341y) + [1(rks Detli) | L2, ((0,00):71) (10.47)
+ H(Nk»ak)”L"O(OooHl + H(:ukaek)HLQIOC [0,00);H3) < K. '
Moreover, as a consequence of (10.46), we have
1[(Prs ) | oo (0,00523) + 1F" (61), G (1)) Lo (0,00527) < K3 (10.48)

for any 2 < p < oco. Next, we aim to establish higher-order estimates of the approx-
imate velocity fields (vg,wy). To this end, we take (V,w) = (9yvy, Owy) as a test
function in (10.5) and find

d1

3 ( [ e dr+ [ 2r@oDrwi r+ [ o vowif ar)

+/ﬂp(¢k)!3tvk\2 dw+/r<7(1/fk)|3twk!2 dl’
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= / p(or) (Vi - V) v - Opvy do — / o(Yr)(wg - Vr)wy - Oywy, dT’
Q r

+/ 2V§2(¢k)8t¢k|DVk‘2 dzx + / 2V{*(wk)8twk’DFWk’2 dr
Q r
+ /r (D17 (Pr: Vr)Decor, + Dy(dk, i) D) [wi|* dT (10.49)
+ ﬁzgﬁl/ﬂmﬂ(cﬁk)(vﬂk V)i, - Opvy, dz
09 — 01

9 /m[‘(lﬁk)(vlﬂak . VF)Wk . ath dP
r

X(L) /.02 —61 p2—p1
+ 5 (5 5 T 3 )/F(ﬁek—uk)wk'atwkdf‘

— / &LV g, - Opvy, do —/W;Vr@k - Opwy, dI
Q r
10
=2 R
j=1

a.e. on (0,00). We now intend to find suitable bounds for the terms R;, j =1,...,10,
by utilizing the estimates (10.46)-(10.48). Let w be a positive constant whose precise
value will be determined later. Exploiting (7.1), (4.120), and the bulk-surface Korn
inequality, we find

[R1 + Ro| < max{p”, o™ H[(vi, Wi) |l 24 (VVE, Vewp) [ 4[| (evr, pwi) || 22

< mln{,;*, O« } I
min{px, 04} @
8 2

a.e. on (0,00). Then, in view of the assumptions on the coefficients, we have by the
bulk-surface Poincaré inequality, (4.120), (7.1) and (10.43) that

|R3 + Ry + Rs| < Cl|8id% | 20y IDVR 1T 0y + CllOwor | 20y IDrwi | Eary
+ C 10kl L2y + 11060kl L2(0y) Wi Iy
< C(Oer, Opvo) || c2 | (Vies Wie) [l | (Vi W) 342

()
< 5||(Vk, w32 + Cll(0ebw, o) |1 ol (Vi Wk)\lié

OV, 00w lIZ2 + Cll (Vi Wi) [543 1 (vie, i) llg2 (10.50)

IN

10uvi, Orwi) 22 + (Vi wi) 32 + Cll (Vi W) 130

(10.51)

a.e. on (0,00). Next, using interpolation of Sobolev spaces as in Lemma 2.2.3, (4.120)
and (10.41), we get

|Re + Rr| < CI(Viuk, Vebi)| g [[(VVi, Viwg) || 22| (O vi, Orwi) | 22 (10.52)

< min{,;*,a*}

a.e. on (0,00). By the trace theorem in combination with (10.41) we find that

1(8yvi, Opwi) || 22 + CH(VM@,Vr9k)||3.¢2H(Vk,Wk)H3¢(l)

|Rs| < Cl|Onpk |l oy WLyl Oswi [l L2y
min{ px, 0«
< o ey
a.e. on (0,00). Lastly, in view of (10.12), we get
|Ry + Rio| < [(Vir, Vo)l 22 [ (Oevi, Oewy) || 22

N (10.54)
B0 v By [+ I (T Vo) [

, , ,  (10.53)
Orvi, Oiwie)llz2 + Cll(V 1k, VeOi) 32 [ (Vies W) 3

IN
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a.e. on (0,00). Combining the above estimates (10.50)-(10.54), we arrive at

i;(/ﬂ2m<¢k>\ka!2 d$+/F2VF(1/Jk)\DFWk\2 dF+A7(¢kv¢k>‘Wk’2 dF)

min{ px, o«
ML
< @||(vi, Wi) 32 + CI(V i, Vb)) || 22 (10.55)

+ C (111w i)+ 1V 11k V08 Gz + | (Vi wi) 340 )1 (Vi W) 340

OV, Owi) || %2

a.e. on (0,00), where C' > 0 is a constant that depends on w, but is independent of
k. We are left to control the term ||(vg, wy)||42. This is done by employing regularity
theory for the bulk-surface Stokes system as developed in Section 4.5. Thus, arguing
as in Section 4.5, for any ¥ € N and a.e. t € (0,00), there exists a pressure pair
(pr(t), q(t)) € HL N E%o) such that

— div(2vq(¢r)Dvy) + Vpg
= Vo — p(or)0evi — p(dk) (Vi - V) v — (Ji - V)vi a.e. in Q,
— divp (2vr (i) Drwy) + 2va(¢r) [Dve ], + Vrgr + 7(dr, Yr) Wi
= 0V — o(Yr)Orwy — o (V) (Wi - Vr)wi — (K - Vi) wy,
+ 2k -n)wy, — $(JIry - n)wy, a.e. on 2.

Here, we have used the shorthand notation

09 — 01

Ji = —umﬂ(%)vuk, K, = 5

2
09 — 01

mr (Y1) Vb,

Jrp = -5 mao(¢r)V .

Consequently, in view of Theorem 4.5.9, we find that

1(vis willzgz + [l (prs @) l30
< C(H (1eVor — p(or)0vi — p(or) (Vi - V)V — (Ji - V) Vi, 0, Vrtbg — o (i) Oy wy,
— (i) (W - Vo)wy, — (Ki - Vo) wi + 3 n)wy, = (I - m)wyy) [ 2.
< C((V i, Vo0& [ 22 + 11Deve, Oewi 22 + [ (v Wi 24 (Vv Vewse) s
1V 11 V000 2 N7V, w2 + 92y w01
< O (I 075 + 1 @evis Dewi) 1 22 + 11 (vies Wi 33 | (vies Wil ez
+ ||(V,Ul~c7VF9k>|”2;-L2||(Vk,Wk)||'2;.¢(1) + (Ve Vrek)|\3¢1||(vk,Wk)||3.¢5>
a.e. on (0,00). Thus, by Young’s inequality, we have
(Vi Wi ll3g2 + Pk @i) 32 < Coll(Oevi, Oewi) |22 + Coll (s 0k) 175 (10.56)
+ Co(Il(V s V0w 32 + 11 (v wi) 123 ) 1 (v W) [
a.e. on (0,00) with a constant Cp > 0 independent of k¥ € N. Let us now set

B min{ps, 04} B min{ps, o4}

4C)y ’ 8Co
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Then, multiplying (10.56) by € and summing the resulting inequality to (10.55), we
deduce the differential inequality

d1

dt2(/ 2v0 (1) | DV | dx+/r2vr(¢k)|DFWk|2 dFJr/F’Y(ébkﬂ/’kﬂwk’Q dP)

mm{p*, 04} H min{ps, 04}

1 1(0yvi, Opwy)|| 22

(Vi W) |32 +

min{ P, O«
LH(M, a) 17 (10.57)

< Ol 0175+ C (1ews 00w 1+ I (Vi V08 32 + | (Vi wi) 30
< viwi) 3y
a.e. on (0,00). Observing that
1(vi(0), Wk (0))ll3¢5 < Cll(vo, wo)ll343,
we infer from the Gronwall lemma together with (10.38) and (10.47) that

2 2
Sup 1(ve (), wr(0) I3 < C(1+ [[(vo, wo)ll34)- (10.58)

To derive a global control independent of time, we use a uniform variant of the Gronwall
lemma as stated in Lemma 2.2.7. Noting on (10.38) and (10.47), which entail

t+1
sup [ 100w 00 e + (Vi Vo) B + | (v wi) g ds < €, (1059)
t

t>0

t+1
sup [ (V. Vet ds < Co (10.60)
- t+1
sup [ (v il ds < Cs (10.61)
t>0 Jt 0

an application of Lemma 2.2.7 with r = 1 and £y = 0 yields that

sup 1(vi(t), wi(®)) I3 < (C5 + Ca)e . (10.62)

Then, for any ¢t > 0, we integrate (10.57) in time from ¢ to ¢t + 1. Thanks to (10.59)-
(10.61), it follows from (10.58) and (10.62) that

t+1
sup [ [viown) e + 1@ w32 + gl ds <€ (10,63
Z t

Step 4: Passage to the Limit and Existence of global Strong Solutions.
We are in a position to pass to the limit & — oo. More precisely, in light of the
estimates (10.46)-(10.48), (10.58) and (10.62)-(10.63), the Banach—Alaoglu theorem
implies the existence of an octuple (v, w,p,q, $, ¥, u, ), such that, for any 7" > 0, it
holds

(Vi, W) = (v, w) weakly-star in L>°(0, oo; Hadiv), (10.64a)
weakly in L2(0,T; H?*) N HY(0,T; £?), (10.64b)

(Pksar) = (P, q) weakly in L2(0,T;H' N E%O)), (10.64c¢)

(DK, Vr) — (P,0) weakly-star in L>(0, oo; H?), (10.64d)
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weakly in H(0,T;H"), (10.64e)
(pg, Or) — (1, 0) weakly-star in L>(0, co; H!), (10.64f)
weakly in L2(0,T; H3) 0 H' (0, T; (H')"), (10.64g)

up to a non-relabeled subsequence £ — oco. As a consequence of the Aubin—Lions—
Simon lemma, for any T' > 0, we further have

(Vi,wi) = (v,w)  strongly in L*(0,T;Hg g, ), (10.65a)
(dr, Yr) — (¢,0)  strongly in C([0, T); WP) for all p € [2,00), (10.65b)
(uk, Ok) — (1, 0) strongly in L?(0,T;H?), (10.65¢)

as k — oo, after another subsequence extraction. Moreover, by Minty’s trick, we have
(F'(¢r), G (¥)) = (F'(¢),G'(¥))  weakly-star in L>(0, 00; LF)

for k — oo for any 2 < p < oco. Furthermore, on account of the assumptions on the
coefficients (see (A3)-(A4)), we infer from (10.65b) that

p(or) = p(d),  ma(or)— ma(d), va(dr)— va(¢)  strongly in C(Q x [0,T]),
o(r) = o),  mp(e)— mr(@),  vr(e)— vr(y) strongly in C(T" x [0, T7),

and

Y(Pr, r) — v(@p,9)  strongly in C(T" x [0,7T7)

for kK — oo and for any T" > 0. The above properties entail the convergence of the
nonlinear terms in (10.5), which allows us to pass to the limit as k — oo in (10.5),
(10.6), and (10.9) (see, e.g., [123] for the limit in the Galerkin formulation). Lastly,
we observe that the pressure pair (p, q) satisfies

Vp = p($)v + p(d)(v - VIV + (T - V)v — div(2va($)Dv) — uVé  ae. in Q
and
Vrq = o($)0w + o()(w - Vr)w + (K- Vr)w — divp(2vp(¢)Drw) — Vg
+2v0(¢)[DV nfian + %(J ‘n)w — %(Jr ‘n)w+7(¢,P)w  ae on 3,

which finishes the proof. O

10.4 Uniqueness of strong solutions

In this section, we prove Theorem 10.2.3. Namely, we show the uniqueness of strong
solutions and their continuous dependence on the initial data.

PROOF OF THEOREM 10.2.3. Let (v, w{, #p,1¢) and (v3, wi, ¢3,¥3) be admissi-
ble initial data, and consider two global strong solutions (vi, w1, p1,q1, ¢1,¥1, 1, 61)
and (V27 W2, D2, 42, P2, P2, 2, 92) originating from (th)a W(l]v ¢(1Jv w(l)) and (Vga Wg? d)g? ?ﬂg),
respectively. We set

(v,w,p,q) = (V1 — V2, W1 — Wa,p1 — D2,q1 — G2),

(0,0, 1, 0) == (d1 — P2, 901 — Y2, 1 — p2, 01 — 02).
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It is clear that

P800y + (p(é1) = p(é2)) vz + p(1)(V - V)V
~ (p(61) = pl@2) (v2 - V)va = P (61) (Vi Vv

= P2 (o (61) — me(2)) (Vi - V)vz — div(2(61)DV)
— div(2(va(é1) — va(é2))Dva) + Vp

= uVor + Vo a.e. in Q,
o(Y1)w + (o (1) — o (12)) Drwa + U(fl)(W; Vr)wa
— (o(¥1) — o(2)) (W2 - Vr)wz — = Z2mp (1) (Vrf - Vi)wo
7 e (1) — mr(62) (Ve - Vr)ws — divr (20 (1) Drw)

— divp (2(vr(¢1) — vr(y2))Drwa) + Vg
= OV + 02V — 2uq(d1)Dvn — (2uq(¢1) — 2vq(¢2))Dvan

(872 PP g (1) w

2 2
+ (501 ;JQ - & ;,02) (ma(61)0np1 — ma(P2)Onpz) Wo
—y(p1,1)W + (y(d1,91) — Y(d2,2)) W2 a.e. on X,

as well as

Otp+v1-Vo+v-Voo
= div(ma(¢1)Vu) + div((ma(¢1) — ma(de)) Vi) a.e. in Q,
p=—A¢+ F'(¢1) — F'(¢2) a.e. in Q,
Opp + w1 - Vry +w - Vi
= divp(mr(¢1)Vro) + dive ((mr (1) — mr(y2)) Vros)
— Bma(¢1)0np — B(ma(¢1) — ma(d2))Onpz a.e. on ¥,
0 = —Ary + G (Y1) — G' (o) + adpn a.e. on X.

(10.66a)

(10.66b)

(10.66¢)
(10.66)

(10.66e)
(10.66¢)

Then, we multiply (10.66a) and (10.66b) by v and w, respectively, and integrate the

respective equations over 2 and I'. Adding the resulting equations leads to

G5 ( [ e az+ [ oo ar)

+ [ 2m(on)IDvi ot [ 2ucCon)Dewl ar+ [ (6, il ar
= [ {ot60) — plox)orva v di— [ (o(01) ~ o(wa)aws - w dr
Q I
— / p(p1)(v-V)vy-vdr — / o(¢r)(w-Vp)wy - w dl
Q T

—/ (p(¢1)—p(¢2))(V2'V)V2'Vd$—/(U(%)—U(wz))(WmVF)Wz'WdF
Q T

01— 02
2

I o S
+X( )(601202_912P2)/F(/89_M)W2.de

+p1;p2/m9(¢1)(v,u-V)v2~vdx+
Q

/Fmp(wl)(VFG -Vrp)wy - w dl

(10.67)
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P2 [ (ma(0) = ma(62) (T V)va v

01— 03

2
+ / Q(VQ((bl) — VQ(¢2))DV2 :Dvdx + / Q(VF(¢1) — VF(¢2)>DFW2 :Dprw dI'
Q r

_l’_

/F (mr(¥1) — mrp(¥2))(Vrbs - Vr)wy - w dT’

+ / (v(@1,11) — y(P2,12))wWa - w dI' + / (12Vo 4+ uVe) - v da
r Q
+ / (92V1‘1/1 + QVFQM) -w dIl’
r
16
j=1
a.e. on (0,00). Here, we made use of

1 1
3 /Q aup(on)IV? dae — / Byor ()| w2 dT

1 1
+ 2/ p(é1)vy - VIv]? da + 3 / o(1)wy - Vp|w|? dT
Q r

1p1 —p 1o1—0
_ 5/’1 5 P2 / mo(é1)Vur - VIv]: dz — 501 2 s / mr(¢1)Vréy - Vr|w]* dT
o r
X(L) 01— 02 p1— P2 2
- (5 TR )/F(591—M1)|W’ dr’

=0

a.e. on (0,00), which follows from the same considerations as in the proof of Theo-
rem 9.3.3 (see also (9.3)). Next, noting on

— p2) a.e. on X

maq(é1)
ma(d2) ) (562

for L € (0,00), a straightforward calculation shows in view of (10.66¢)-(10.66f) that

ng(qbl)an,u = BG — K + (1 —

G316 0+ [ malon iV o+ [ mrulveof o
(D) [ (30— ar
= (019, 000), (F'(¢1) — F'(2), G'(¥1) — G'(2)) )3 (10.68)

- / (ma(p1) — ma(d2)) Ve - Vi dr — / (mr(¥1) — mp(¢2)) Vb - Vb dT
Q I

+ / ((251V + (25V2> -V dr + /(wlw + ¢W2) -Vro dI’
Q T
21
j=17
a.e. on (0,00). Hence, summing (10.67) and (10.68), we obtain

d1

23 ( [ 0N as+ [ otwniw? ar+ 6. ).

+ [ malen|Vu do-+ [ me(o)] V0P ar+x(@) [ (50— p)? ar



10.4. UNIQUENESS OF STRONG SOLUTIONS 269

+ [ 2va(@nDvP do+ [ 2o Drwl? U+ [ y(n, 00w ar
Q r r
21
— Z W;
j=1
a.e. on (0,00). We recall from the proof of Theorem 7.3.1 that

16, )1 < (@) [Fea + 16,9

2 5.) (10.69)

a.e. on (0,00), see (7.75). To be precise, the second term on the right-hand side of
(10.69) only appears in the case K = oo (and if L € (0,00)). Indeed, if K € (0, 00),
the bulk-surface Poincaré inequality readily yields the claimed estimate. We further
recall the differential inequality (7.76), which now reads as

d1

731 @ O 5600, < IV W22 +ClIS, ) 5.) (10.70)

a.e. on (0,00). To control the terms Wj;, j = 1,...,21, we start by exploiting the
bulk-surface Korn inequality as well as the regularity of strong solutions to obtain

(W1 + Wa| < Cll(¢,9) || o[l (Oeva, Dewa) | 22| (v, W)l 25

min{2v,, v« (10.71)
< B2 0o d v ) 12,0 + COev, Brwa) 22116, ) e

(W + Wa| < Ol (v, W)l 23 [|(Vva, Viwa) | s [|(v, W) c2

< min{QV*,’y*}H( w)

) , , (10.72)
VW) 3 + Cll(va, w2) 5321 (v, W)l z2,

(Ws + We| < Cll(, 9) | ol|(va, w2)l| 26| (VVa, Vewa) | s || (v, W) 22

10.73
< Ol (va, wa) gz (v, w2 + 116, 0)]30 ) Her

a.e. on (0,00). Then, using additionally (7.1), we find that

‘W7 + Ws + W9|
< Cll(ma(p1) Vi, mr (1) Vo) || 22 [|(Vva, Viws)| al| (v, W)l 24
+ C180 = pll 2oy Wl na oy Wl ry

min{1, m.
< BT 0 0y 5 TV, Trwa)llgs (v w) 2| (v W) ey (10.74)

+ Cl w2y | Wl )

S I ST (1075
+ O+ [[(va, w2) [342) | (v, W) [ 22
a.e. on (0,00). Moreover, we have
[Wio + Wi
< Cll(@, D)l s | (Vi2, Veba)|| 6| (Vva, Vews)| 6| (v, W)l 22 (10.76)

< O (T2, Vrb2) 50 + | (va, w2) 52 ) (v, w22 + [1(6, ) 131
a.e. on (0,00), and by the trace theorem it holds

|[Wia + Wig + Wi4|
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< C|[(¢,9)] 6] (Dva, Drwa) || 23 || (Dv, Drw) | 22
+ C ([l Loy + 191l Lary) W2l sy Wil

(10.77)
< By W) B+ €l VB
a.e. on (0,00). Furthermore, it holds that
[Whs + Wil
< s D)l all (v, W)l 2211 (V 2, Vr02) || 21+ [[(v, W)l 22| (V i, VEO) | 22
< BT )1+ (14 (T, V) ) (10.78)

x (H(ww)ﬂﬁz + 116, )13,
a.e. on (0,00). Next,

Wizl < (0, 0eb)ll 3y | (F" (1) — F'(d2), G'(¢h1) — G'(32)) 2 (10.79)

a.e. on (0,00). By means of a comparison argument in (10.66¢)-(10.66¢), we observe
that

1000, 0et)) | (a2

= sup |((at¢a 3t¢)a (Ca CF)>H1‘
1(¢,¢r)llg <1

S O(Iv,w)ll g2 + 1(s )l 2all (v, wa)ll o + ([ (15 D)l 2,5 (10.80)
+ 116, V)| 22l (V 2, Vrba)|| £4)

a.e. on (0,00). For the second term on the right-hand side of (10.79), we recall the
existence of § € (0,1] such that

lpj] <1—0 a.e. in @, ;| <1-6 a.e. on X (10.81)
In particular, for any s € [0, 1], it holds that
|51+ (1 — s)¢o| <

<s(1-0)+(1-s)(1-8)=1-20

for j = 1,2, see Theorem 7.3.7.

a.e. in Q.
Similarly, we find that

[st1 + (1 —s)ho| <1196 a.e. on %
for any s € [0,1].

Noting on the decomposition F'(s)
C3(-1,1

s) = Fy(s) — %32 with Iy €
), we use the fundamental theorem of calculus to infer

1F"(¢1) = F'(2) I3 ()

/|F0 o) = Fy(on) o+ | (9

/’ Fy (92)]*[Va|® deJrCF/ ¢* d$+cF/ |Vo|? dz
< / \/ F)(s¢1 + (1 — 8)¢a)* ds} ¢* dz + C|| V3.

D?Ve|? dz

(10.82)
/‘/ F'(sp1 + (1 — 8)¢p2)? dS‘ 9|V o|? dm"‘CF”(?Hm +CF||V¢”L2
sup |F{/( ) ||¢||L2(Q) +CH¢||H1
SE[ 1+,
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+  sup ]|F1//I(S)’2H¢H%4(Q)Hv¢2”%4(ﬂ)

s€[—144,1-6
< (6. 9)l3n
a.e. on (0,00). Performing similar computations on the boundary, we deduce
16 (1) = G'W)llins ) < Cll(@ W) 15 (10.83)
a.e. on (0,00). Combining (10.82) and (10.83) leads to
I(F"(¢1) = F'(¢2), &' (¥1) = G'(¥2))llar < Cl($, ) [l3r (10.84)

a.e. on (0,00). Thus, going back to (10.79), the estimates (10.80) and (10.841) entail
that

[Wir| < C'(\l(v,VV)llc2 + 1@, D)l all (v, wo)ll 24 + 1l (1, O) 2,8,61,1

+ 116 s (T 12, Tr62) .2 ) (6, 9) 20

mln{l m*}H

(1, 0|7 5+ C(1+ [(Vua, Vo) |50) (10.85)

X (H(v,w)uﬁz + H((ﬁ,zp)Hg{l)

a.e. on (0,00). Lastly, for the remaining terms, we have

[Wis + Wiy
< Cl(o: D)l call (V2 Vrb2) [ 4l (Vi, Vb)) 22 (10.86)

min{ 1, m.
< {10}H(N7‘9)|%,ﬂ + C|[(Vuz, VFQQ)H?J-N (o, Qp)“?—ﬂ

a.e. on (0, 00), and
|Wag + Wa |
(v, W)l 2 [[(V e, Ve0) [ 22 + Cll (9, )| 24| (v2, Wo) || 24 (Vi Vb)) || 22

min{ 1, m,
by )1+ Ot v W)l

< (v, w2 + 11 (6, 01 )

a.e. on (0,00). Therefore, by (10.70), (10.71)-(10.78) and (10.85)-(10.87), we obtain
the differential inequality

IN

(10.87)

IN

d1
G5 (L st ot [ otwniw dr+ 16,0 ca+ 1@ DI 50,0 )
in{1,m, {205, Vs
L 0y + T w2,

< (14 [1(9pva, wa) |22 + [|(va, wa) 342 + [[(Visz, Vi) |31

x (11v, w) 12 + 16, ) 34 + (o 9) 13

L,8,61.01, )

a.e. on (0,00). Noting on p > p, > 0 a.e. in @Q and 0 > o, > 0 a.e. on X, as well as on
(10.69), we deduce with the help of the Gronwall lemma that, for any 7' > 0,

1(v(®), w(t)ll g2 + [I(D(), ¥ () [l
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< C(Iv(0), w(0)) 22 + 1(6(0), (0|3 )
T
X exp (c / L [ @va(r), dewa(r) [z + 1| (va(r), wa(r)) 3
4 1(Trar), Fr6(r)) s )

for all t € [0, T], which implies the uniqueness of strong solutions. ]
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