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Abstract
We construct the causal fermion system for globally hyperbolic spacetimes start-
ing in the framework of algebraic quantum field theory. The fermionic projector is
identified with the one-particle density operator of a quasi-free Hadamard state. The
ultraviolet regularization is built into the fermionic projector via a chart-independent
iε-regularization scheme. The continuum limit analysis is developed in globally hyper-
bolic spacetimes. It is shown that the Euler–Lagrange equations of the causal action
principle are satisfied in this setup if and only if the coupled Einstein–Dirac equations
hold.
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1 Introduction

The formulation of quantumfield theory (QFT) on a general globally hyperbolic space-
time presents a fundamental conceptual challenge: the absence of a global timelike
Killing vector field deprives the theory of a preferred vacuum state and a canonical
notion of particles [9, Section 6.2] [39]. Therefore, the physical description in terms
of the notions used in QFT becomes observer-dependent.

To overcome these problems, the algebraic approach to quantum field theory
(AQFT) shifts the fundamental focus fromHilbert spaces to the algebra of observables.
In this framework, the observer-dependent physical configurations are described by
states on the algebra. For fermionic fields, the algebra encodes the canonical anti-
commutation relations (CARs) and non-interacting systems are entirely characterized
by quasi-free states (for details, see [5, 39]).

While AQFT effectively handles the observer dependence of states, it still relies on
a fixed spacetime. Another approach to fundamental physics is the theory of causal
fermion systems. Rather than treating spacetime as a fixed background upon which
quantum fields are defined, causal fermion systems propose a framework where the
fermionic wave functions themselves are the fundamental entities. The corresponding
action, the causal action, is then defined for a measure on a set of operators acting
on these wave functions. This shift of perspective provides a candidate for a unifying
quantum theory and general relativity. The spacetime, including the spin structure, is
then completely encoded in the measure. Therefore, it is a dynamical entity of the
theory.

A priori, the theory of causal fermion systems does not impose any specific topology
of the underlying spacetime. In particular, it does not require a smooth manifold
structure. However, to connect this abstract mathematical framework to conventional
physics, one considers a regime where the spacetime of a causal fermion system can
be identified with a smooth manifold. This is achieved through the continuum limit,
wherein a microscopic regularization parameter ε is taken to zero. This continuum
limit has been studied in great detail for the example of Minkowski spacetime (e.g.,
[14]). In that flat setting, this provides a mechanism to derive the standard model as
an effective field theory directly from the causal action.

The construction of the causal fermion system for Minkowski spacetime relies
heavily on the symmetries of the spacetime, in particular, on the existence of a global
timelike Killing vector field. Thus, the analysis of general relativity is restricted to lin-
earized gravity as a perturbation around theMinkowskimetric. In this paper,wepresent
a construction of causal fermion systems for general globally hyperbolic spacetimes
and extend the derivation of the Einstein equations to the full nonlinear setting.
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To achieve this, we start with the general setup of AQFT, where a quasi-free
Hadamard state is used to define the vacuum. This state then defines a Hilbert space
of fermionic wave functions through its corresponding one-particle density operator.
This construction provides the Hilbert space for the causal fermion system (see Def-
inition 2.12). In addition, the constructed causal fermion system does not rely on a
particular choice of the quasi-free Hadamard state. Thus, even though the quasi-free
Hadamard state is not uniquely defined for general globally hyperbolic spacetimes,
the resulting linearized field equations are independent of this choice.

In addition, the corresponding entity of the causal fermion system (more precisely,
the fermion projector) inherits the specific short-distance singularity structure of the
state. This structure is commonly studied using the Hadamard parametrix. Equiva-
lently, the singularity structure is also encoded in the Schwinger–DeWitt expansion,
which allows for an easier analysis in the context of causal fermion systems. We also
show that the Schwinger–DeWitt expansion corresponds to the light cone expansion,
which is the standard tool for the analysis of causal fermion systems in the example
of Minkowski spacetime [10, 11]. Therefore, the construction of the causal fermion
system for a general globally hyperbolic spacetime is a direct generalization of the
case of Minkowski spacetime.

After the construction of the causal fermion system for globally hyperbolic space-
times, we show that, when considering only the leading term in the Schwinger–DeWitt
expansion (most singular contribution), every globally hyperbolic spacetime is a crit-
ical point in causal action. Moreover, the next-to-leading contributions then give rise
to the main theorems, Theorem 5.2 and Theorem 5.4, of this paper, both of which are
derived exclusively from the causal action principle. By the Bianchi identity, these
theorems then directly imply

(1) Corollary 5.3: The vacuum Einstein equations,
(2) Corollary 5.5: The Einstein equations coupled to fermionic matter.

The paper is organized as follows. In Sect. 2, we introduce the necessary geomet-
ric preliminaries and outline the derivation of the Schwinger–DeWitt expansion for
Klein–Gordon-type operators, alongside a brief review of the causal action princi-
ple. Section3 addresses the required regularization of the singularities on the light
cone by introducing a chart-independent iε-regularization scheme based on a regu-
larizing scalar field. In Sect. 4, we construct the causal fermion system for globally
hyperbolic spacetimes. Finally, in Sect. 5, we perform a perturbative analysis of the
restricted Euler–Lagrange (EL) equations. By studying the next-to-leading-order geo-
metric contributions, we show that the causal action includes the trace-free part of
the classical vacuum Einstein equations, and subsequently, the trace-free part of the
Einstein equations coupled to matter through the inclusion of fermionic perturbations.

2 Preliminaries

Throughout this paper, we refer to classical spacetime as a globally hyperbolic
Lorentzian spin manifold (M, g) of dimension d > 2 with metric signature
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(+,−,−, . . . ). For Riemann tensor we use the convention

Rρ
σμν = ∂μ�ρ

νσ − ∂ν�
ρ
μσ + �

ρ
μλ�

λ
νσ − �

ρ
νλ�

λ
μσ . (2.1)

Correspondingly, the Ricci tensor and the scalar curvature are given by Rμν = Rρ
μρν

and R = gμν Rμν , respectively. We denote the spinor bundle over M by SM with
fibers Sx M at x ∈ M (for details, see [3, 31]).

To keep this paper self-contained, we briefly outline the geometric preliminaries
required for the Dirac equation in curved spacetimes. This includes basic properties
of Synge’s world function, the van Vleck–Morette determinant, and the spin parallel
transport. Next, we outline the derivation of the Schwinger–DeWitt expansion for the
Green’s function. Finally, we introduce the framework of causal fermion systems.

2.1 The Dirac equation in curved spacetimes (part I)

On each fiber at x ∈ M of the spinor bundle SM → M , the Clifford multipli-
cation is represented by Dirac matrices γx : Tx M → End(Sx M) satisfying the
anti-commutation relation

{γx (u), γx (v)} = 2gx (u, v) idSx M for all u, v ∈ Tx M . (2.2)

We refer to a connection that is compatible with the metric and Clifford multiplication
as a spin connection. For each spinor bundle, there exists a unique, purely geometric
spin connection [3, 28] [18, Chapter 4].

Lemma 2.1 On SM → M, there exists a unique spin connection ∇ that is compatible
with the metric and Clifford multiplication.

Note that the uniqueness is only given if one restricts to spin connectionswithout any
gauge potential. For example, for a vector potential A, Dμ := ∇μ−i Aμ defines another
valid spin connection. For now,we only consider the unique geometric spin connection
∇. However, we want to emphasize that the following considerations easily generalize
to arbitrary spin connections. The corresponding Laplacian for a spin connection ∇ is
defined as

�S = ∇μ∇μ = −∇∗∇ . (2.3)

On (M, g), the Dirac equation is defined as

(
iγ μ∇μ − m

)
u = 0 (2.4)

for a spinor field u and mass parameter m > 0. A spinor field is a smooth section of
the spinor bundle SM → M . We denote the set of smooth sections by �(M, SM).

In addition to the Dirac equation, there exists a corresponding spinorial Klein–
Gordon equation. The relation follows from the Lichnerowicz formula [32, 36].
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Proposition 2.2 (Lichnerowicz Formula) Let ∇ be the geometric spin connection on
the spinor bundle SM, then

(
iγ μ∇μ

)2 = −�S + R

4
, (2.5)

where R is the scalar curvature of g and �S = ∇μ∇μ is the connection Laplacian.

Hence, any solution of the Dirac equation (2.4) also satisfies the spinorial Klein–
Gordon equation

(
−�S + R

4
− m2

)
u = 0 . (2.6)

In addition, if u is a solution of (2.6) then

ũ := (iγ μ∇μ + m
)

u (2.7)

is a solution of the Dirac equation (2.4). In particular, every solution of the Dirac
equation can be written in the form of (2.7), because iγ μ∇μ + m corresponds to a
multiplication by 2m > 0 on the space of solutions. With this in mind, we restrict our
attention to the spinorial Klein–Gordon equation (2.6) in Sect. 2.2.

In preparation, we introduce some necessary geometric objects on (M, g) and
outline their properties, which are needed for the Schwinger–DeWitt expansion. For
the remaining part of this section, let U be a normal neighborhood, meaning that for
all x, y ∈ U there exists a unique geodesic γ : [0, 1] → M connecting x and y. In
addition, we require U to be convex, i.e., for every x, y ∈ U , if γ : [0, 1] → M is the
unique geodesic connecting x and y, then γ (t) ∈ U for all t ∈ [0, 1]. Synge’s world
function is then locally defined as half the signed squared geodesic distance between x
and y, with the sign chosen such that it is positive in timelike and negative in spacelike
directions. Equivalently, we have the following definition for Synge’s world function
[35, Section 3.1].

Definition 2.3 (Synge’s world function) Synge’s world function σ is locally defined
by

σ(x, y) := 1

2

∫ 1

0
gγ (s)(γ̇ (s), γ̇ (s)) ds for x, y ∈ U (2.8)

where U is a convex normal neighborhood and γ : [0, 1] → M is the unique (affinely
parametrized) geodesic connecting x = γ (0) and y = γ (1).

At this point, we want to highlight that the derivative of σ(x, y) with respect to
the first argument is an element in Tx M , whereas the derivative with respect to the
second argument is an element in Ty M . To simplify the notation and following the
standard convention in the literature (for example, [35]), we denote the components
of ∇(1)σ (x, y) by σμ and the components of ∇(2)σ (x, y) by σν′ . The prime of the
index indicates that the derivative is taken with respect to the second argument, and
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therefore, it is an element of Ty M . For the chart-independent formulations, we adhere
to the notations ∇(1)σ and ∇(2)σ , respectively.

Proposition 2.4 (Fundamental Bi-tensor identity) Let U be a convex normal neigh-
borhood and x, y ∈ U. Then Synge’s world function σ(x, y) satisfies the relations

2σ(x, y) = gx

(
∇(1)σ (x, y),∇(1)σ (x, y)

)

= gy

(
∇(2)σ (x, y),∇(2)σ (x, y)

)
. (2.9)

For the proof, we refer to [35, Section 3.3]. In a chart, the fundamental bi-tensor
identity reads

2σ = gμνσ
μσν = gμ′ν′σ

μ′
σν′ . (2.10)

In the above expression, we suppressed the arguments (x, y) of σ and its derivatives.
From the notation using primed and unprimed indices, it is clear that gμν has to be
evaluated at the first argument of σ , whereas gμ′ν′ is evaluated at the second argument
of σ .

By differentiating the fundamental bi-tensor identity (2.9), one obtains the so-called
eikonal identity


y,x∇(1)σ (x, y) = −∇(2)σ (x, y) (2.11)

where 
y,x : Tx M → Ty M is a linear transport map along the geodesic from x to y.
In a chart, the matrix components of the transport map 
y,x are given by

(

y,x
)ν′
μ
= −∇(2)ν′σμ . (2.12)

We now define the van Vleck–Morette determinant in terms of the transport map as
follows [33].

Definition 2.5 (Van Vleck–Morette determinant) The van Vleck–Morette determi-
nant � is locally defined by

�(x, y) := (−1)d det
[

y,x
]

√
g(x)

√
g(y)

, (2.13)

where g(x) = ∣∣det gμν(x)
∣∣ and 
y,x is given by (2.12).

Proposition 2.6 Let � be the van Vleck–Morette determinant. Then it satisfies the
equation

σμ∇(1)
μ �

1
2 = 1

2

(
d − �(1)σ

)
�

1
2 , (2.14)

where d = dim M is the dimension of the spacetime.
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Another necessarygeometric object is the spin parallel transport U (x, y) : Sx M →
Sy M along the geodesic connecting x and y. It is defined as the unique solution of the
transport equation [8, Chapter 17]

∇(1)
μ U (x, y) = 0 with U (x, x) = idSx M . (2.15)

The spin parallel transport map has the property

U (x, y)U (y, z) = U (x, z) , (2.16)

which also implies that U (x, y)U (y, x) = idSx M .
This completes the necessary geometric preliminaries. In the next section, we derive

an ansatz for the Green’s functions and Wightman bi-solutions of the spinorial Klein–
Gordon equation (2.6).

2.2 The Schwinger–DeWitt expansion

The singular structure of Green’s functions and bi-solutions of Klein–Gordon-type
operators is a central object of study in quantum field theory in curved spacetime.
In the limit σ(x, y) → 0, these distributions develop characteristic short-distance
divergences.One standardway to encode this behavior is via theHadamard parametrix
(e.g., see [29]), which expresses the Green’s function in terms of the world function σ ,
the van Vleck–Morette determinant, and a sequence of smooth coefficients obtained
by solving transport equations.

An equivalent description is provided by the Schwinger–DeWitt expansion. This
expansion goes back to Schwinger’s proper-time representation [37] and was then
developed systematically by DeWitt [8]. This expansion has the technical advantage
that the solutions of the transport equations satisfy simple recursive relations, which
are particularly useful in the context of fermionic fields.

In this section, we outline the derivation of the Schwinger–DeWitt expansion for
the bi-solution of a Klein–Gordon-type operator acting on sections of a general vector
bundle E → M . This general framework will later be applied to the spinorial Klein–
Gordon operator (2.6). For Riemannian manifolds and Laplace-type operators with
arbitrary endomorphism-valued potentials, the systematic treatment is due toAvramidi
[1]. The extension toLorentzian signature and to generalKlein–Gordon-type operators
on vector bundles follows from the same arguments. To keep the paper self-contained,
we now outline the derivation and the required transport identities in the general
bundle-valued Lorentzian setting.

Let E → M be a vector bundle over (M, g) with a metric compatible connection
∇. Then, a Klein–Gordon equation is a second-order differential equation of the form

(−�E + V (x) − m2)u(x) = 0 for u ∈ �(M, E) (2.17)

with potential V (x) ∈ End(Ex ) and connection Laplacian �E = ∇μ∇μ.
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We are interested in fundamental solutions G(x, y) of Hadamard form for the
Klein–Gordon operator. More precisely, they are distributional solutions of the
equation

(
−�(E,1) + V (x) − m2

)
G(x, y) = 0 (2.18)

with a singularity structure on the light cone of the form

G(x, y) = lim
ε↘0

(
U (x, y)

σ ε(x, y)p
+ V (x, y) log σε(x, y) + W (x, y)

)
. (2.19)

Here, U , V , and W are smooth functions, and p ∈ N/2 depends on the spacetime
dimension. In odd dimensions, the power p takes half-integer values, causing σ(x, y)p

to develop a branch cut for spacelike separations where σ(x, y) < 0. To address this
and regularize the poles, we introduce σε, an analytic continuation of the Synge world
function into the complex plane. This iε-regularization unambiguously dictates the
branch choice and ensures the distributions remain well-defined across the light cone.
More specifically,

σε(x, y) = σ(x, y) − iε f (x, y) , (2.20)

where f (x, y) can be chosen, for example, as f (x, y) = T (y) − T (x) with T an
arbitrary time function (this regularization will be discussed in more detail in Sect. 3).

The Schwinger–DeWitt expansion gives a systematic computational procedure to
express G(x, y) as a formal series in terms of Bessel functions.1

To analyze them systematically, we introduce the so-called light cone expansion
symbols T (n)(x, y).2

Definition 2.7 (Light cone expansion symbols) Let m > 0, U ⊆ M be a convex
normal neighborhood and x, y ∈ U . Then, for any n ∈ Z the light cone expansion
symbols are defined as

T (n)(x, y) := − (−2m2)νn

(2π)
d
2+1

lim
ε↘0

Kνn (zε)

(zε)νn
with νn = d

2
− 1− n , (2.21)

where d = dim M , zε = m
√−2σε(x, y) and Kν are the modified Bessel functions

of second kind.

In standard QFT, the light cone expansion symbol T (n) correspond the Wightman
two-point function of a scalar field on a d

2 − n dimensional spacetime. However, the

1 Originally, Schwinger and DeWitt derived the expansion for the Green’s function [8, 37]. Since the
expansion only captures the singularity structure, it also holds for causal fundamental solutions.
2 The notation follows the general convention of causal fermion systems in the continuum limit [14], where
the T (n) are used in the light cone expansion of the fermionic projector.
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Wightman functions are usually normalized by the factor

1

(2π)
d
2−n

.

In the context of causal fermion systems, the light cone expansion symbols are used
the expand the kernel of the fermionic projector, which is normalized as a projection
(for more details, see [20, Section 15.4]).

For notational convenience, the parameter ε and the limit ε ↘ 0 will be omitted
in the following calculations. The specific functional form of the distributions T (n)

is motivated by flat spacetime, where the modified Bessel functions of the second
kind, Kν , constitute the fundamental causal solutions to the massive wave equation.
By adopting these flat-space solutions as a basis, the Schwinger–DeWitt expansion
systematically isolates the purely geometric deviations into the smooth coefficients.
This is mainly due to the following relations of the light cone expansion symbols.

Lemma 2.8 The light cone expansion symbols T (n) satisfy the following identities:

(1) ∇(1)
μ T (n) = −σμ

2
T (n−1),

(2) −σ

2
T (n−1) =

(
n + 1− d

2

)
T (n) + m2T (n+1).

Proof (1): Note that z = m
√−2σ satisfies ∇(1)

μ z = −m2σμ

z . Thus, for any function
f (z), we have

∇(1)
μ f (z) = m2σμ

(
−1

z

d

dz

)
f (z) .

Applying relation [34, eq. (10.29.4)] of the modified Bessel functions, we obtain

∇(1)
μ T (n) = (−2m2)νn

16π3 ∇(1)
ν

(
Kνn (z)

zνn

)

= (−2m2)νn

16π3 m2σμ

(
−1

z

d

dz

)(
Kνn (z)

zνn

)

= −σμ

2

(−2m2)νn+1

16π3

Kνn+1(z)

zνn+1 = −σμ

2
T (n−1) .

(2): From the relation [34, eq. (10.29.1)]

Kνn+1(z) = 2νn

z
Kνn (z) + Kνn−1(z)

of the modified Bessel functions, we get

−σ

2
T (n−1) = − z2

4m2

(−2m2)νn+1

16π3

Kνn+1(z)

zνn+1
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= (−2m2)νn

16π3

(
−νn

Kνn (z)

zνn
− 1

2

Kνn−1(z)

zνn−1

)

= −νnT (n) + m2T (n+1) .


�
Corollary 2.9 For all n ∈ Z, the light cone expansion symbols T (n)(x, y) satisfy the
relation

(
−�(1) − m2

)
T (n) =

(

n + �(1)σ − d

2

)

T (n−1) . (2.22)

Proof The identity is obtained by direct computation using Lemma 2.8. 
�
The properties of the light cone expansion symbols and of the van Vleck–Morette

determinant allow us to derive a recursive relation for the coefficients an(x, y) in the
following ansatz,

G(x, y) = �
1
2 (x, y)

∞∑

n=0

an(x, y)T (n)(x, y) . (2.23)

This formal series is called the Schwinger–DeWitt expansion of G(x, y). The recur-
sive relations for the coefficients an(x, y) : Ey → Ex are given by the transport
equations

σμ∇(1)
μ a0(x, y) = 0 , (2.24)

(n + σμ∇(1)
μ )an+1(x, y)

= �− 1
2 (x, y)

(
�(E,1) − V (x)

) (
�

1
2 (x, y)an(x, y)

)
. (2.25)

The initial condition for a0(x, y) in (2.24) is given by a0(y, y) = idEy . The resulting
initial value problem simply describes parallel transport along the geodesic joining x
and y. We denote the unique solution by a0(x, y) = U (x, y) and refer to U (x, y)

as the parallel displacement operator or in the case of the spin connection as spin
parallel transport map.

Lemma 2.10 The recursive relation (2.25) for the coefficients an(x, y) is solved by the
path-ordered integrals

an(x, y) = U (x, y)

∫ 1

0
dsn · · ·

∫ s2

0
ds1 B(sn) · · · B(s1) idEy , (2.26)

where B : (0, 1) → L(End(Ey)) is an operator acting on End(Ey) defined along the
geodesic γ : [0, 1] → M connecting y = γ (0) and x = γ (1) by

B(s) := �− 1
2 (γ (s), y) U (y, γ (s))
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×
(
�(E,γ (s)) − V (γ (s))

)
U (γ (s), y) �

1
2 (γ (s), y) , (2.27)

where �(E,γ (s)) denotes the connection Laplacian at γ (s).

Proof Let γ : [0, 1] → M be the geodesic from y = γ (0) to x = γ (1), then
substituting

snan(γ (s), y) = U (γ (s), y)bn(s) (2.28)

with bn(s) ∈ End(Ey) into (2.24) and (2.25) gives

b0(s) = idEy ,
d

ds
bn+1(s) = Bn(s)bn(s) , bn+1(0) = 0 . (2.29)

The equation for bn+1 is solved by integration, i.e.,

bn+1(s) =
∫ s

0
ds′ Bn(s′)bn(s′) . (2.30)

Iteration then gives the path-ordered integrals. 
�
This completes the derivation of the Schwinger–DeWitt expansion for Klein–

Gordon-type operators. In the context of causal fermion systems for Minkowski
spacetime, this expansion is often referred to as the light cone expansion. In this
setting, the Schwinger–DeWitt expansion for the Klein–Gordon equation without
potential truncates after the first term and the fundamental solution is given by
G(x, y) = T (0)(x, y). In the presence of a scalar potential V (x), the formal series was
first given in [10] explicitly up to first order in V (x). The following example shows
that the Schwinger–DeWitt expansion indeed reproduces the same result.

Example 2.11 Let (M, g) = (R4, η) be the four-dimensional Minkowski spacetime
with standard metric η = diag(1,−1,−1,−1) and E = M × C4 the trivial spinor
bundle with ∇μ = ∂μ. The geodesic connecting x = γ (1) and y = γ (0) is given by
γ (s) = sx +(1−s)y, the van Vleck–Morette determinant is�(x, y) = 1 and the spin
parallel transport map is idC4 . Restricting the Schwinger–DeWitt expansion (2.23) to
first order in V (x), we obtain the formal series

G(x, y) = T (0)(x, y)

−
∞∑

n=0

1

n!
∫ 1

0
(s − s2)n(�n V )(sx + (1− s)y) ds T (n+1)(x, y)

+O(V 2) . (2.31)

2.3 Causal Fermion systems and the causal action principle

The theory of causal fermion systems is a recent approach to fundamental physics.
Unlike standard formulations of wave functions on a pre-existing geometric back-
ground, a causal fermion system is defined entirely on a set of operators acting on
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a Hilbert space H. The dynamics are governed by a variational principle known as
the causal action principle. We briefly recall the basic definitions and mathematical
objects, following the standard references [14].

Definition 2.12 (Causal fermion system) Let (H, 〈·|·〉H) be a separable complex
Hilbert space. For a given parameter n ∈ N (the spin dimension), we letF denote the
set of all self-adjoint operators x ∈ L(H) of finite rank, which have at most n positive
and at most n negative eigenvalues. A causal fermion system is the triple (H,F , ρ),
where ρ is a positive Borel measure on F .

While H and F are kept fixed, the measure ρ serves as the fundamental degree of
freedom of the theory. As shown in Sect. 4.2, the support of the measure ρ corresponds
to the classical manifold for the case of globally hyperbolic spacetimes. Therefore, we
introduce the notion of a spacetime for a causal fermion system M := supp ρ ⊂ F .
Similarly, the following notions are motivated by the classical correspondence for
globally hyperbolic spacetimes.

In contrast to a point in classical spacetime, a point x ∈ M is an operator acting on
H. Thus, it also encodes local geometric information. The spinor space Sx M ⊂ H is
defined as the image of the operator x , i.e., Sx M := x(H). Since x has rank at most 2n,
the spinor space Sx M defines a finite-dimensional subspace ofH of dimension at most
2n. Note that not all spinor spaces necessarily have the same dimension. Nevertheless,
we introduce the notation

SM :=
⋃̇

x∈M
Sx M , (2.32)

which in the case considered in the paper corresponds to the spinor bundle of the
classical spacetime.

The operators x ∈ M directly equip every spinor space Sx M with an indefinite
inner product ≺·|·�x , defined via the Hilbert space scalar product by

≺u|v�x := − 〈u| x |v〉 for all u, v ∈ Sx . (2.33)

We refer to ≺·|·�x as spin inner product at x .
To connect the global Hilbert space with the local spinor spaces, we introduce the

wave evaluation operator �(x) : H → Sx M , which orthogonally projects a Hilbert
space vector onto the spinor space Sx M . The notion of the wave evaluation operator
becomes directly clear when one considers the assignment

ψu : M → SM, x �→ �(x)u . (2.34)

The so-called physical wave function ψu defines for each vector u ∈ H the equivalent
of a section of the spinor bundle SM .

Its adjoint �(x)∗ : Sx M → H, taken with respect to the Hilbert space scalar
product and the spin inner product, acts as an inclusion map weighted by the operator
x . A direct computation shows that

�(x)∗ = −x |Sx M and x = −�(x)∗�(x) . (2.35)
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The dynamics of a causal fermion system are governed by the causal action prin-
ciple. We define the LagrangianL(x, y) in terms of the spectral weight of the operator
product xy for x, y ∈ M . The causal action S[ρ] is then constructed by integrating
the Lagrangian over all pairs of spacetime points:

S[ρ] =
∫

F

∫

F
L(x, y) dρ(x) dρ(y) . (2.36)

By applying relation (2.35), we get that

xy = �(x)∗�(x)�(y)∗�(y) � �(x)�(y)∗�(y)�(x)∗ (2.37)

where � means isospectral, i.e., the operators on both sides have the same non-
vanishing eigenvalues. While a priori the operator product xy is defined on all of
H, the operator on the right-hand side has finite rank and therefore allows for a sim-
plified analysis. Hence, the central object of a causal fermion system is the kernel of
the fermionic projector P(x, y) : Sy M → Sx M , defined as

P(x, y) = −�(x)�(y)∗ . (2.38)

In addition, we refer to the product P(x, y)P(y, x) appearing in (2.37) as the closed
chain, denoted by Axy : Sx M → Sx M . Thus, we have the relation

xy � Axy := P(x, y)P(y, x) . (2.39)

By integrating the kernel of the fermionic projector over the spacetime against the
measure ρ, the fermionic projector P acting on a physical wave functionψu is defined
globally as

(Pψu)(x) :=
∫

F
P(x, y)ψu(y)dρ(y) . (2.40)

Although x, y ∈ F are self-adjoint operators, the product xy is in general not
self-adjoint. Therefore, the operator xy has complex eigenvalues. Since x and y are
finite-ranked, xy also has rank k ≤ 2n. We denote the non-vanishing eigenvalues of
xy by λ

xy
i with i = 1, . . . k. For notational simplicity, from now on we consider 2n

eigenvalues of xy, where λ
xy
1 , . . . λ

xy
k �= 0 are the non-vanishing eigenvalues of xy.

For k < 2n, we then set λ
xy
k+1 . . . λ

xy
2n = 0. As stated above, the operator xy and the

closed chain Axy have the same non-vanishing eigenvalues. Thus, λxy
1 , . . . λ

xy
2n are also

the eigenvalues of Axy . Based on these eigenvalues, we define the Lagrangian of the
causal action principle as

L(x, y) := 1

4n

2n∑

i, j=0

(∣∣λxy
i

∣∣−
∣∣∣λxy

j

∣∣∣
)2

. (2.41)
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Then, the action is varied under the following constraints

Volume: ρ(F) = const , (2.42)

Trace:
∫

F
trH x dρ(x) = const , (2.43)

Boundedness:
∫∫

F×F

(
2n∑

i=1

∣∣λxy
i

∣∣
)2

dρ(x) dρ(y) < ∞ . (2.44)

This variational principle is mathematically well-posed ifH is finite-dimensional.
For the existence theory and the analysis of general properties ofminimizingmeasures,
we refer to [12, 13]. In order to treat the infinite-dimensional case, one can consider a
limiting case where both the dimension ofH and the total volume ρ(F) tend to infinity
(for a rigorous construction in this direction, see [17, Section 7]). The minimality
condition for the causal action principle gives rise to the EL equations for a causal
fermion system [15, Proposition 2.3]. These EL equations are also well-defined in the
infinite-dimensional setting.

Proposition 2.13 EL equations Let ρ be a minimizer of the causal action principle
with Lagrange multipliers s, r, κ for the volume, trace, and boundedness constraints.
Then, there exist s, r, κ > 0, such that the function

�(x) :=
∫

F
L(x, y) + κ

(
2n∑

i=1

∣∣λxy
i

∣∣
)2

dρ(y) − r trH x − s (2.45)

is minimal and vanishes on spacetime M = supp ρ, i.e.,

�|M = inf
x∈F

�(x) = 0 .

Although the boundedness constraint is necessary for the general existence theory
ofminimizingmeasures [12, 13], the associated Lagrangemultiplier κ has been shown
to be quantitatively extremely small [6, Appendix 3]. More crucially for the analysis
in this paper, its contribution to the restricted Euler–Lagrange equations compared to
the geometrical contributions is negligible. Therefore, when deriving the macroscopic
spacetime dynamics, we set κ = 0 without affecting the resulting geometric field
equations.

As it was shown in [6][Appendix 3], the value of the parameter κ is very small.
Throughout this paper, we set κ = 0 and neglect the term involving the boundedness
constraint.

A direct consequence of the EL equations is that for a variation δx of a spacetime
point x ∈ M , which can be expressed using relation (2.35) as

δx = −δ�(x)∗�(x) − �(x)∗δ�(x) , (2.46)
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the corresponding variation of the function �(x) has to vanish. By definition of the
kernel of the fermionic projector (2.38) and the closed chain (2.39), we directly get

δP(x, y) = −δ�(x)�(y)∗ − �(x)δ�(y)∗ , (2.47)

δAxy = δP(x, y)P(y, x) + P(x, y)δP(y, x) . (2.48)

Thus, we have

0
!= δ�(x) =

∫

F
δ(1)L(x, y)dρ(y) − r trH [δx]

=
∫

F
trSx M

[
∂L(x, y)

∂ Axy
δ(1) Axy

]
dρ(y) + rRe trH

[
δ�∗(x)�(x)

]

=
∫

F
2Re trSx M

[
∂L(x, y)

∂ Axy
P(x, y)δ(2) P(y, x)

]
dρ(y)

+ 2rRe trSx M
[
δ�(x)�∗(x)

]

= −2Re trSx M

[(∫

F
∂L(x, y)

∂ Axy
P(x, y)�(y) dρ(y) − r�(x)

)
δ�∗(x)

]
. (2.49)

Since δ�∗(x) is arbitrary, we conclude that for a minimizing measure ρ the restricted
EL equations

(Q�)(x) =
∫

F
Q(x, y)�(y) dρ(y) = r�(x) (2.50)

with Q(x, y) := ∂L(x,y)
∂ Axy

P(x, y) must hold for all x ∈ M . Note that this is only a
necessary condition, as it only considers variations of points in M , the minimality
condition on all ofF is stronger. We refer to a measure which satisfies (2.50) for some
r ≥ 0 as a critical point of the causal action.

Similar to the derivation of the restricted EL equations (2.50), we consider a sec-
ond variation of the wave evaluation operator �. Then, preserving the restricted EL
equations means that

(δQ�)(x) + (Qδ�)(x) − rδ�(x) = 0 . (2.51)

These equations are referred to as the linearized field equations. Suppose ρ is a critical
point of the causal action, then the linearized field equations describe the dynamics of
small perturbations δ�. Thus, the linearized field equations tell us which variations
are allowed such that the perturbed measure is still a critical point of the causal action.
For a detailed analysis of the linearized field equations, we refer to [15].

3 The i"-regularization of the Schwinger–DeWitt expansion

When analyzing the singular structure of the Schwinger–DeWitt expansion (2.23),
more precisely the distributions T (n)(x, y), one finds that they are singular on the
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light cone, i.e., for σ(x, y) = 0. In this section, we shall develop a systematic method
for regularizing these singularities such that the resulting regularized expansion is still
a bi-solution of the Klein–Gordon equation (2.6). A naive approach is to choose a
Cauchy time function T : M → R and shift

σ(x, y) → σ(x, y) − iε(T (y) − T (x)) . (3.1)

However, as shown in [21], this regularization only gives a bi-solution at zeroth order
in ε. A more sophisticated approach is to use the ansatz

σ(x, y) → σε(x, y) := σ(x, y) − iε f (x, y) (3.2)

for a suitable function f : U × U → C. In the following, we derive the precise
definition of what is meant by suitable in this case. The advantage of this ansatz is its
chart independence, providing a regularization scheme that does not rely on a specific
choice of coordinates or time direction.

A systematic procedure to derive transport equations for f (x, y) was derived in
[21]. However, in this approach, a real-valued function f was considered, which only
gives an approximate regularized bi-solution when used in the Schwinger–DeWitt
expansion. To allow for an exact regularized bi-solution, we require that the funda-
mental bi-tensor identity (2.9) is preserved under the replacement σ → σε. This gives
the following system of partial differential equations

f = gx (∇(1)σ,∇(1) f ) − iε

2
gx (∇(1) f ,∇(1) f ) , (3.3)

= gy(∇(2)σ,∇(2) f ) − iε

2
gy(∇(2) f ,∇(2) f ) . (3.4)

At zeroth order in ε, i.e.,

gx (∇(1)σ,∇(1) f ) = f = gy(∇(2)σ,∇(2) f ) , (3.5)

this equation coincides with the result derived in [21].
It is a classical transport equation along geodesics, which, when viewed as an

ordinary differential equation, possesses a unique solution for a prescribed initial value.
To systematically assign these initial values across the spacetime, we specify data on
a chosen Cauchy hypersurface and transport it along the geodesics emanating from it.
Specifically, let � be a Cauchy surface and let αx , βx : Tx M \ {0} → C be smooth
functions. Further, we require that the assignments α : x �→ αx and β : x �→ βx vary
smoothly on �. Suitable initial conditions for (3.3) are given by

lim
s↘0

f
(
expx (sξ), x

) = αx (ξ) (D(1)
ξ f )(x, x) = βx (ξ) (3.6)

for all x ∈ � and ξ ∈ Tx M \ {0}. In other words, we require that in each direction ξ ,
the function f is continuous along the geodesic and its directional derivative exists.
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Note that this does not imply that f is continuous in one of its arguments or that the
total derivative exists.

The higher orders in ε are derived via perturbative analysis. To this end,we represent
f as the formal series

f (x, y) =
∞∑

n=0

f (n)(x, y) εn . (3.7)

At each order in ε, we obtain

gx

(
∇(1)σ,∇(1) f (0)

)
− f (0) = 0 , (3.8)

gx

(
∇(1)σ,∇(1) f (n+1)

)
− f (n+1) = i

2

n∑

k=0

gx

(
∇(1) f (k),∇(1) f (n−k)

)
(3.9)

with analogous equations holding for the second argument. These are transport equa-
tions along the geodesic γ , where the parameterization is fixed by the initial conditions.
Thus, setting f (n)

γ (a, b) = f (n)(γ (a), γ (b)) gives [25, Appendix B]

gx

(
∇(1)σ,∇(1) f (n)

)
= (a − b)

∂

∂s

∣∣∣
∣
s=a

fγ (s, b) , (3.10)

gy

(
∇(2)σ,∇(2) f (n)

)
= (b − a)

∂

∂s

∣∣
∣∣
s=b

fγ (a, s) . (3.11)

The transport equations reduce to ordinary differential equations, which have the
following solution.

Lemma 3.1 Let a < b ∈ R, s0 ∈ (a, b), c ∈ C and g : [a, b] → C continuous. Then
for s ∈ (a, b) the ordinary differential equation

(s − a) f ′(s) − f (s) = g(s) , f (s0) = (s0 − a)c (3.12)

has the unique differentiable solution f : (a, b) → C given by

f (s) = (s − a)

(
c +
∫ s

s0

g(t)

(t − a)2
dt

)
. (3.13)

Proof For s ∈ (a, b) substitute h(s) = f (s)
s−a , then

h′(s) = (s − a)h′(s) − h(s)

(s − a)2
= g(s)

(s − a)2
.

This equation is solved by integration, giving the solution fa defined on (a, b) with
integration constant c ∈ C. 
�
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Example 3.2 Let (M, g) = (R4, η)be the four-dimensionalMinkowski spacetimewith
Cartesian metric η = diag(1,−1,−1,−1). Consider the Cauchy slice � = {0} × R3

and the initial conditions

αx (ξ) = − i

2
ε and βx (ξ) = ξ0 (3.14)

for x ∈ �. Then, the application of Lemma 3.1 gives

f (0)
γ (0, s) = sγ̇ 0(0) ⇒ f (0)(x, y) = y0 − x0 . (3.15)

The next order is then given by

f (1)
γ (0, s) = i

2
⇒ f (1)(x, y) = i

2
. (3.16)

Thus, the formal series for f (x, y) truncates after the first order, and we get

f (x, y) = y0 − x0 + i

2
ε . (3.17)

The construction presented above only works for x �= y, i.e., there exists a unique
geodesic. The value of fγ (x, x) might depend on the geodesic; hence, f is not nec-
essarily defined on the diagonal. For the present analysis, it suffices that f is defined
almost everywhere. Further, we require that f satisfies f (x, y) = − f (y, x) and that
the gradient w.r.t. its first argument of the real part of f is a past-directed timelike
vector field in Tx M . Therefore, we introduce the following notion.

Definition 3.3 A regularizing scalar field, is a solution f : U ×U → C of the PDE
system of (3.3) and (3.4) satisfying, for all x, y ∈ U with x �= y, the properties

i) f (x, y) = − f (y, x),
ii) f (x, y) �= 0,
iii) (∇(1) Re f )(x, y) is a past-directed timelike vector field,
iv) for all ξ ∈ Tx M \ {0}

lim
s↘0

Im f (expx (sξ), x) > 0 and is order O(ε) . (3.18)

For a regularizing scalar field f : U × U → C, the regularized Synge’s world
function defined by (3.2) satisfies for all x, y ∈ U

σε(x, y) �= 0 , σ ε(x, y) = σε(y, x) , gx (ξ, ξ) = 2σε(x, y) , (3.19)

where3 ξ := −∇(1)σ ε. Requiring that the regularized Synge’s world function sat-
isfies the fundamental bi-tensor identity allows us to simply replace σ by σε in the

3 The minus sign is introduced to match the convention in Minkowski spacetime, where ξμ =(
y0 − x0 − iε, �y − �x

)
for f (x, y) = y0 − x0 − iε

2 (see Example 3.2).

123



The continuum limit analysis of causal fermion systems… Page 19 of 42   137 

Schwinger–DeWitt Expansion (2.23) and obtain a fully regularized bi-solution to the
Klein–Gordon equation (2.6).

At this pointwewant to remark that the replacementσ → σ±iε f in theSchwinger–
DeWitt Expansion (2.23) gives two bi-solutions. In the presence of a global timelike
Killing field, they are commonly referred to as the positive- and negative-frequency
Wightman bi-solutions. In general globally hyperbolic spacetimes, the notion of
positive and negative frequencies is not meaningful.

For this work, we do not need to specify the regularizing scalar field directly. Thus,
the sign in the replacement does not play an important role. To align the results with the
known analysis of causal fermion systems in Minkowski spacetime [14], we consider
the replacement σ → σ − iε f .

4 Causal Fermion systems for globally hyperbolic spacetimes

In this section, we construct a causal fermion system (Definition 2.12) which corre-
sponds to a globally hyperbolic spacetime (M, g). This correspondence is established
by studying a subset of the solution space of the Dirac Equation (2.4). More precisely,
representing the vectors of the Hilbert spaceH of the causal fermion system by certain
solutions of the Dirac equation allows us to equip the support of the measure ρ with
a smooth structure.

This identification also allows us to locally represent the kernel of the fermionic
projector using the regularized Schwinger–DeWitt expansion introduced in Sect. 2.2.
The regularization with parameter ε is a direct consequence of the fact that the kernel
of the fermionic projector, as defined by (2.38), is non-singular for all x, y ∈ supp ρ.
This defines a family of causal fermion systems labeled by the regularization parameter
ε > 0. We refer to the continuum limit as the limit ε ↘ 0. This limit has been
studied in detail for Minkowski spacetime, e.g., see [16] or textbook [14]. Due to the
considerations in the previous sections, the analysis directly generalizes to arbitrary
globally hyperbolic spacetimes, because the kernel of the fermionic projector has
locally the same singular structure as in Minkowski spacetime.

As ε ↘ 0, the light cone expansion symbols T (n)(x, y) (Definition 2.7) become
singular on the light cone σ(x, y) = 0. The leading singularity is given by

T (n)(x, y) ∝ (−2m2)νn

z2νn
= 1

σνn (x, y)
with νn = d

2
− 1− n , (4.1)

and the associated degree is deg T (n) = νn . Hence, the continuum limit analysis
is given by an expansion in the degrees of T (n). By Lemma 2.8, multiplication of
T (n) with σ or σμ reduces the degree by one or 1

2 , respectively. Applying covariant
expansion of geometric objects as vanVleck–Morette determinant allows to determine
the reduction of the degree for each term in the expansion.

In Sect. 4.3, we begin by considering only the leading degree contributions. After-
ward, in Sect. 5, we consider the next-to-leading contribution, which then gives rise
to the Einstein field equations.
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First, we recall from Sect. 2.3 that a causal fermion system is defined by a Hilbert
spaceH and a measure ρ on a set of linear operators F ⊂ L(H). In the following, we
first find a suitable choice forH by solutions to the Dirac Equation (2.4) on (M, g).

4.1 The Dirac equation in curved spacetimes (part II)

In Sect. 2.1, we already introduced the Dirac equation (2.4). Let (�t )t∈R be a foliation
of M into spatial hypersurfaces. Given some initial condition u0 ∈ �(�0, SM), then
the Dirac equation for a spinor field u ∈ �(M, SM) with the requirement u|�0 = u0
defines a well-posed Cauchy problem with a unique solution [2, Theorem 3.2.11]. In
particular, if u0 ∈ �c(�0, SM), i.e., for compactly supported u0 on �0, the corre-
sponding solution u is compactly supported on �t for every t ∈ R. We denote the
set of spinor fields that are compact on every spatial hypersurface by �sc(M, SM).
On the set of compactly supported spinor fields �sc(M, SM), we introduce the scalar
product

(u|v) =
∫

�0
≺u|γ (ν)v�(0,x) dμ�0(x), (4.2)

where ν is the future directed normal vector field of �0, μ�0 denotes the volume
form of the manifold �0 and ≺·|·�x the spin inner product of the fiber Sx M . The
completion of the spatially compact supported solutions of the Dirac equation with
respect to the scalar product (·|·) gives a Hilbert space Hm . The index m denotes the
mass parameter of the Dirac equation (2.4).

Further, let s∨m, s∧m : �c(M, SM) → �sc(M, SM) denote the advanced and retarded
Green’s operators of the Dirac equation. Then, the causal fundamental solution is
defined as the difference

km := 1

2π i

(
s∨m − s∧m

) : �c(M, SM) → �sc(M, SM) ∩Hm . (4.3)

This operator plays an important role in the ‘quantization’ of the theory, as we see in
the following. In the language of algebraic quantumfield theory, we have the following
result [5, Theorem 5.2.5].

Theorem 4.1 Up to∗-isomorphism, there exists a unique complex C∗ algebraA gener-
ated by the identity and the so-called smeared fields � : �c(M, SM) → A satisfying
for all f , g ∈ �c(M, SM)

(1) � is antilinear (or equivalently f �→ �( f )∗ is linear),

(2) �
(
(iγ μ∇μ − m) f

) = 0,

(3) {�( f ),�(g)} = 0,

(4)
{
�( f ),�(g)∗

} = (km f |km g).

Properties (3) and (4) are referred to as the canonical anti-commutation relations
(CARs) and consequently the algebra A is referred to as the CAR algebra over the
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Hilbert spaceHm . On the algebrawe introduce the notation of a state. A state represents
the physical condition or configuration of a quantum system. In the context of the
CAR algebra A, a state ω is a linear functional ω : A → C that is both normalized
(ω(1) = 1) and positive (ω(a∗a) ≥ 0 for all a ∈ A). A state is pure if

ω = λω1 + (1− λ)ω2 for λ ∈ (0, 1) �⇒ ω = ω1 = ω2 , (4.4)

i.e., if ω cannot be represented as a convex combination of two different states ω1 and
ω2.

Further, a state is said to be quasi-free if all its higher-order correlation functions
can be expressed in terms of its two-point functions. Mathematically, a state ω on the
CAR algebra is quasi-free if it vanishes on all monomials of odd degree, and its values
on even-degree monomials are given by the pairwise contractions [7, Definition 17.26]

ω (a1 · · · a2n) =
∑

π∈Pn

sgn π

n∏

i=1

ω
(
aπ(2i−1)aπ(2i)

)
. (4.5)

The summation in the above expression iterates over all disjoint pairings, i.e., all per-
mutations π ∈ S2n with π(2i − 1) < π(2i) and π(1) < π(3) < · · · < π(2n − 1).
In more common terms for physicists, a quasi-free state obeys the Wick’s Theorem
expansion. Quasi-free states represent the algebraic generalization of non-interacting
quantum fields, this includes the vacuum and thermal equilibrium states of free
fermions.

Moreover, we restrict our attention to states which are particle-number preserving,
i.e., a state which satisfies the relation

ω
(
�( f )∗ �(g)∗

) = 0 = ω (�( f )�(g)) (4.6)

for all f , g ∈ �c(M, SM). In other words, all two-point expectations involving two
creation or two annihilation operators vanish. In the literature, this property is also
referred to as a gauge-invariant state (see [7, Proposition 17.32]).

Proposition 4.2 Let A be a CAR algebra and ω : A → C be a quasi-free state, then
there exists a unique, bounded linear operator A such that

ω
(
�( f )�∗(g)

) = (km f |A(km g)) (4.7)

for all f , g ∈ �c(M, SM). Further, A has the following properties:

(1) A is self-adjoint and 0 ≤ A ≤ 1,

(2) ω is a pure state if and only if A is an orthogonal projection.

Proof (existence and uniqueness): On A, the unique C∗-norm satisfies

∥∥�( f )�( f )∗
∥∥A = ‖�( f )‖2A = (km f |km f ) = ‖km f ‖2Hm

.
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Further, the state ω is bounded in the sense that

∣∣ω
(
�( f )�(g)∗

)∣∣2 ≤ ω
(
�( f )�( f )∗

)
ω
(
�(g)�(g)∗

)

≤ ∥∥�( f )�( f )∗
∥∥A
∥∥�(g)�(g)∗

∥∥A = ‖km f ‖2Hm
‖km g‖2Hm

Consequently, the state also satisfiesω (�( f )�( f )∗) ≤ ‖km f ‖2Hm
. Since any smooth,

spatially compact solution to the Dirac equation has the representation km f for f ∈
�c(M, SM), we have that

(km f |km g) �→ ω
(
�( f )�(g)∗

)

is a densely defined, bounded, positive sesquilinear form on Hm . By the Riesz
representation theorem, there exists a unique, bounded linear operator A such that

(km f |A|km g) = ω
(
�( f )�(g)∗

)
for all f , g ∈ �c(M, SM) .

(1): Since ω (�( f )�( f )∗) ≥ 0, it directly follows that A ≥ 0. The fact that
ω (�( f )�( f )∗) ≤ ‖k f ‖2Hm

implies A ≤ 1. By construction, A is symmetric and
therefore, as a bounded operator, also self-adjoint.
(2): [30][Proposition 2.2] Suppose A2 �= A, then by the spectral theorem there exists
a projection � and a t > 0, such that 0 ≤ A ± t� ≤ 1. Hence, we can write

ω
(
�( f )�(g)∗

) = 1

2
(km f |A + t�|km g) + 1

2
(km f |A − t�|km g)

= 1

2
ω+
(
�( f )�(g)∗

)+ 1

2
ω−
(
�( f )�(g)∗

)
.

Thus, ω is a convex combination of the states ω+ and ω−, i.e., ω is not a pure state. 
�
We refer to A as the one-particle density operator. Because A is positive and

self-adjoint, we can define its inverse square root A− 1
2 via the spectral calculus as

A− 1
2 =
∫

σ(A)

λ−
1
2 dEλ , (4.8)

where E denotes the spectral measure of A. Its domain is given by

D(A− 1
2 ) =

{
u ∈ A(Hm)

∣∣∣∣

∫

σ(A)

λ−
1
2 d (u|Eλu) < ∞

}
, (4.9)

which lies dense in A(Hm). By completing this domain with respect to the newly
defined scalar product

〈u|v〉 :=
(

A− 1
2 u
∣
∣∣A− 1

2 v
)

, (4.10)
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we formally construct the Hilbert space H of the causal fermion system.
From the perspective of algebraic quantum field theory in curved spacetimes, the

one-particle density operator A acts as the covariance operator that uniquely deter-
mines the two-point Wightman function of the quasi-free state ω. In the framework
of causal fermion systems, however, A has a direct physical interpretation: it specifies
the occupied fermionic modes. These occupied modes collectively encode the space-
time geometry and the bosonic fields (for more details, see [14]). This establishes
a direct connection between the algebraic quasi-free state ω and the fundamental
Hilbert space H. Specifically, H is built exactly from the scalar product defined by
A, meaning it serves as the rigorous one-particle completion of these occupied back-
ground modes. Consequently, the fundamental Hilbert space provides the concrete
mathematical foundation that fully characterizes the quasi-free state ω.

Example 4.3 For the Minkowski spacetime (M, g) = (R4, η), the causal fundamental
solution km is translation-invariant and, in momentum space, is supported on the mass
shell p2 = m2. Themass shell naturally decomposes into the uppermass shell (positive
frequencies) and the lower mass shell (negative frequencies).

In algebraic quantum field theory, the Minkowski vacuum state ω0 is uniquely
selected by requiring translation invariance and the spectrum condition (positivity of
the physical energy) [40]. This condition algebraically restricts the support of the
two-point function to a single frequency sector. Without loss of generality, the sector
is chosen such that the one-particle density operator A coincides with the spectral
projection operator onto the negative-frequency solutions (the lower mass shell).

Because A is a projection operator, we conclude that ω0 is pure and that A as well

as the operator A− 1
2 act as the identity on

A(Hm) = {u negative energy solution of the Dirac equation }

Thus, the fundamental Hilbert spaceH is then given by A(Hm) and the scalar product
〈·|·〉 (defined by (4.10)) is just the standard scalar product (·|·) (defined by (4.2))
restricted toH.

4.2 Construction of the causal Fermion system

The physically relevant states in this context are typically required to satisfy the
Hadamard condition to ensure a sensible short-distance singularity structure. On the
other hand, the kernel of the fermionic projector as defined in (2.38) is regular for
all x and y. Thus, a rigorous identification of the objects defined so far requires a
regularization of singularities. This is achieved by introducing a regularization param-
eter ε which handles these UV divergences, thereby allowing for a mathematically
well-defined state that mimics this preferred singular structure in the continuum limit
ε ↘ 0. Formally, the regularization is handled by a regularization operator defined
as follows [23]:

Definition 4.4 (Regularization operator) A family (Rε)ε>0 of bounded linear opera-
tors on H are called regularization operators if they have the following properties:
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(i) Vectors of the Hilbert space are mapped to smooth solutions:

Rε : H → �(M, SM) ∩Hm . (4.11)

(ii) For every ε > 0 and x ∈ M , there is a constant c > 0 such that

‖(Rεu)(x)‖ ≤ c‖u‖ for all u ∈ H . (4.12)

(where the norm on the left is any norm on Sx M).
(iii) In the limit ε ↘ 0, the regularization operators go over to the identity with strong

convergence ofRε and R∗
ε , i.e.,

Rεu,R∗
εu

ε↘0−−→ u inH for all u ∈ H . (4.13)

Each fiber Sx M at x ∈ M of the spinor bundle SM is equipped with an indefinite
inner product ≺·|·�x . By applying a regularization operator Rε, we can extend this
inner product to not necessarily smooth vectors u, v ∈ H, i.e.,

(u, v) �→ ≺(Rεu)(x)|(Rεv)(x)�x . (4.14)

This product encodes the local correlations of the two fermionic states at point x .
Identifying the fibers with the corresponding spinor spaces of the causal fermion
system gives the so-called local correlation operators Fε(x) defined by

〈u| Fε(x) |v〉 = −≺(Rεu)(x)|(Rεv)(x)�x . (4.15)

Again, the existence and uniqueness of Fε(x) as a bounded linear operator on H is
ensured by the Riesz representation theorem. Since the spin inner product (4.14) has

signature (n, n) with n = 2"
d
2 #−1, the operator Fε(x) is self-adjoint with n positive

and n negative eigenvalues [22, Theorem 2.15]. Next, we fix the spin dimension of the
causal fermion system to n, then Fε maps from M to F . Consequently, Fε induces
a regular Borel measure ρ on F as the push-forward of the volume measure μM . By
construction, the support of ρ is given as the image of Fε(M).

Furthermore, Fε defines a direct identification between the spacetime M and the
support of the measure ρ. Each point in M corresponds to a linear operator in F and
each operator in the support of ρ corresponds to a point in M . In the following, we do
not make this distinction explicitly, but rather implicitly identify points in the support
of ρ with points in M . Instead of P(Fε(x), Fε(y)) we write Pε(x, y).

So far, we constructed the triple (H,F , ρ) defining a causal fermion system which
models the globally hyperbolic spacetime (M, g). To show that it is a critical point
of the causal action, we need to determine the kernel of the fermionic projector to
compute the closed chain and its eigenvalues.

We start by applying relation (2.35) to Fε(x), which gives the wave evaluation
operator

�ε(x) : H → Sx M , u �→ (Rεu)(x) . (4.16)
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Its adjoint is given by the following proposition.

Proposition 4.5 Let x ∈ M and �ε(x) be the regularized wave evaluation operator
as defined above. Then its adjoint is given by

�ε(x)∗ : Sx M → H , φ �→ 1

2π
R∗

ε Akm(·, x)φ (4.17)

Proof Let u ∈ H and f ∈ �c(M, SM), then

∫

M
≺ f (x)

∣∣�ε(x)u�xdμ(x) =
∫

M
≺ f (x)|(Rεu)(x)�xdμ(x) .

By Definition 4.4, Rεu is a solution of the Dirac equation. Thus, we can apply [24,
Proposition 2.2]

∫

M
≺ f (x)|(Rεu)(x)�xdμ(x) = 1

2π
(km f |Rεu)

= 1

2π

〈
A

1
2 km f

∣
∣∣A

1
2Rεu

〉

= 1

2π

〈R∗
ε Akm f

∣∣u
〉

= 1

2π

∫

M

〈R∗
ε Akm(·, x) f (x)

∣∣u
〉
dμ(x) .

Since the above expression holds for all f ∈ �c(M, SM), we conclude

≺φ
∣∣�ε(x)u�x = 1

2π

〈R∗
ε Akm(·, x)φ

∣∣u
〉

for all x ∈ M and φ ∈ Sx M . 
�
Thus, we get the kernel of the fermionic projector by inserting �ε(x) and �ε(x)∗

into Definition (2.38), which gives

Pε(x, y) = −�ε(x)�ε(y)∗ = φ �→ − 1

2π

(Rε(R∗
ε Ak(·, y)φ)

)
(x) . (4.18)

By construction and the definition of the regularization operator, the kernel of the
fermionic projector is of Hadamard form (2.19) for ε ↘ 0 if the quasi-free state ω

fulfills the Hadamard condition.

Proposition 4.6 Let ω be a quasi-free Hadamard state. Then the kernel of the fermionic
projector Pε(x, y) as constructed above is of Hadamard form.

Proof By definition, ω is a Hadamard state, if for f , g ∈ �c(M, SM) the two-point
function ω(�( f )�(g)∗) can be expressed as an integral of the form

ω(�( f )�(g)∗) =
∫

M
dμ(x)

∫

M
dμ(y) ≺ f (x)|H(x, y)g(y)�x ,
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where H(x, y) is locally of Hadamard form (2.19). By definition of the one-particle
density operator, we have

ω(�( f )�(g)∗) = (km f |A|km g) = 〈A(km f )|A(km g)〉 .

On the other hand, we have

∫

M
dμ(x)

∫

M
dμ(y)≺ f (x)

∣∣Pε(x, y)g(y)�x

= −
∫

M
dμ(x)

∫

M
dμ(y)≺ f (x)

∣
∣�ε(x)�ε(y)∗g(y)�x

= −
∫

M
dμ(x)

∫

M
dμ(y)

〈
�(x)∗ f (x)

∣∣�(y)∗g(y)
〉

= − 1

(2π)2
〈Rε Akm f |Rε Akm g〉 ε↘0−−→ 1

(2π)2
〈Akm f |Akm g〉 .

Thus, in the limit ε ↘ 0, the kernel of the fermionic projector Pε goes to 1
(2π)2

H in
the distributional sense, which is of Hadamard form. 
�

Additionally, for ε > 0, Pε is a smooth bi-solution of theDirac equation. Therefore,
we assume that for ε > 0, Pε(x, y) can be expressed in terms of the iε regular-
ized Schwinger–DeWitt expansion introduced in Sect. 3. The regularizing scalar field
depends on the choice of the regularization operatorRε. However, as we will see, the
leading geometric singularity structure required for the macroscopic field equations
remains universal.

In the following,we analyze the causal action by considering the fermionic projector
to different degrees. As stated above, the light cone expansion symbols T (n)(x, y)

become singular on the light cone for ε ↘ 0. The highest degree then determines
the largest contribution to the causal action. Starting with the kernel of the fermionic
projector, the leading order is given by

Pε(x, y) = (iγ μ
x ∇(1)

μ + m) G(x, y)

= i

2
/ξ�

1
2 (x, y)U (x, y)T (−1)(x, y) + (deg ≤ d

2 − 1) , (4.19)

where (deg ≤ d
2 − 1) collects all contributions of degree less than or equal to d

2 − 1.
This also includes orders of ε which come from the regularized van Vleck determinant
and spin parallel transport map.

Example 4.7 From Example 4.3, we already know that H is given by the negative
energy solution of the Dirac equation. A possible family of regularization operators is
the iε-regularization, which in momentum space is given by a multiplication by the
function p �→ e

ε
2 p0 . The causal fundamental solution in momentum space is given by

k̂m(p) = (/p + m)δ(p2 − m2)ε(p0) �⇒ ̂Akm(p) = −(/p + m)δ(p2 − m2)�(−p0) .
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Hence, we have for u ∈ H and φ ∈ Sx M ,

�ε(x)u =
∫

d4 p

(2π)4
û(p)e

ε
2 p0e−i px

�ε(x)∗φ = y �→ −
∫

d4 p

(2π)4
(/p + m)δ(p2 − m2)�(−p0)e

ε
2 p0eip(y−x)φ .

Thus, the kernel of the fermionic projector is given by

Pε(x, y) =
∫

d4 p

(2π)4
(/p + m)δ(p2 − m2)�(−p0)e

εp0eip(y−x)

A direct computation of the integral gives

Pε(x, y) = i

2
/ξT (−1)(x, y) + mT (0)(x, y)

with the regularizing scalar field given by Example 3.2

The expression of the kernel of the fermionic projector can be further simplified
using the covariant expansion of the van Vleck–Morette determinant [38, Section 2.9]

�
1
2 (x, y) = 1+ 1

12
Rμν(x)σμσν +O

(
σ

3
2

)
. (4.20)

As stated before, each additional factor of order σ reduces the degree by one. Thus,
only the first term of the expansion contributes to the leading order of the fermionic
projector, while all the other terms are already included in (deg ≤ d

2 − 1). Hence, we
have

Pε(x, y) = i

2
/ξU (x, y)T (−1)(x, y) + (deg ≤ d

2 − 1) (4.21)

=: P(0)(x, y) + (deg ≤ d
2 − 1) . (4.22)

For the rest of this section, the causal action is analyzed using P(0)(x, y) while in
Sect. 5, we then consider the next-to-leading-order contribution contained in (deg ≤
d
2 − 1).

4.3 The closed chain and its eigenvalues

To check if the causal fermion system constructed in the previous section is a critical
point of the causal action, we need to compute the eigenvalues of the operator product
xy and determine Q (see (2.50)). Using the kernel of the fermionic projector up to
degree < d

2 − 1 (4.21), the closed chain can be computed using (2.39) which gives

Axy =
∣∣T (−1)(x, y)

∣∣2

4

(
ξμξμ idSx M +cμν�

μν
x

)+ (deg < d − 1) , (4.23)
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where �
μν
x = i

2 [γ μ
x , γ ν

x ] are the usual bilinear Dirac matrices and

cμν = 1

2i

(
ξμξν − ξνξμ

)
. (4.24)

Here, we used the fact that the spin parallel transport map satisfies

U (x, y)U (y, x) = idSx M . (4.25)

In addition, we used the fact that the regularized light cone expansion symbols satisfy

T (n)(y, x) = T (n)(x, y) . (4.26)

By definition of ξ , we have

ξ = −∇(1)σ + iε∇(1) f (4.27)

cμν = ε
(
σνχμ − σμχν

)+O(ε2) , (4.28)

with χ = −∇(1) Re f .
At this point, we want to highlight that the structure of the kernel of the fermionic

projector and hence the closed chain is very similar to the one inMinkowski spacetime.
More precisely, P(x, y) ∝ /ξ and hence the closed chain only contains a scalar and a
bilinear component. Therefore, we can apply [16, Proposition 4.3] to determine the
eigenvalues of the closed chain. These are given by

λ
xy
± =

∣∣T (−1)(x, y)
∣∣2

4

(
ξμξμ ±√2cμνcμν

)
+ (deg < d − 1) . (4.29)

As it becomes clear from the following proposition, the eigenvalues of the closed
chain form a complex conjugate pair. Hence, they all have the same absolute value,
and therefore, the Lagrangian is of degree less than d − 1 for all x and y in the convex
normal neighborhood U .

Proposition 4.8 Let f : U × U → C be a regularizing scalar field and χ =
−∇(1) Re f , then for all x, y ∈ U, we have

cμνcμν ≤ 0 up to O(ε3) . (4.30)

Proof For x, y ∈ U , we have

cμνcμν = 2ε2
(
σμσμχμχμ − (σμχμ)2

)
+O(ε3)

= −2ε2
(
(σμχμ)2 − 2σχμχμ

)
+O(ε3) .
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If σ = 0, then

(σμχμ)2 − 2σχμχμ = (σμχμ)2

is the square of a real number and hence non-negative.
Otherwise, let uμ := σμ√

2|σ | , then g(u, u) = sgn σ . If σ > 0, then g(u, u) = 1 (i.e., u

is a timelike vector) and

(
σμχμ

)2 − 2σχμχμ = 2σ
(
(uμχμ)2 − χμχμ

)

= 2σ (u ⊗ u − g) (χ, χ)

Since u is timelike, the tensor u ⊗ u − g defines a positive semi-definite bilinear form
on Tx M Thus, the above expression is non-negative.
If σ < 0, then

(
σμχμ(x, y)

)2 − 2σ g(χ, χ) = 2|σ |
(
(uμχμ)2 + χμχμ

)
> 0 ,

because χ is by Definition 3.3 a timelike vector field. 
�
To align the notation with the one used in Minkowski spacetime, we introduce a

radial function w.r.t. regularizing scalar field. This exactly captures the expression
(σμχμ)2 − 2σχμχμ which appears in cμνcμν and is by the previous proposition
non-negative.

Definition 4.9 Let f : U × U → C the regularizing scalar field, then the temporal
scalar field associated to f is the real number

t(x, y) := σμ(x, y)χμ , (4.31)

where χ := −∇(1) Re f (x, y). Further, the radial scalar field associated with f is
the non-negative real number given by

r(x, y) :=
√

t2(x, y) − 2σ(x, y)χμχμ . (4.32)

The physical interpretation of the temporal and radial scalar fields becomes clear
when rearranging the expression as

2σ(x, y) = 1

gx (χ, χ)

(
t2(x, y) − r2(x, y)

)
. (4.33)

Moreover, using the radial function in (4.29) for the eigenvalues of the closed chain
gives

λ
xy
± =

∣∣T (−1)(x, y)
∣∣2

4

(
ξμξμ ± 2iεr(x, y)

)+ (deg < d − 1) . (4.34)
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For r(x, y) �= 0, Axy is diagonalizable [16, Proposition 4.4]with eigenspace projectors



xy
± = idSx M

2
± cμν�

μν

4iεr(x, y)
. (4.35)

Note that the eigenvalues have a n-fold degeneracy; hence, the corresponding
projectors have rank n.

To completely decompose

xy
± into rank-1 projectors, one requires a set of log2 n =

"d/2#−1mutually commuting projectors. This decomposition can bemade explicit by
analyzing the bivector term cμν�

μν , which acts exclusively in the two-dimensional
plane spanned by σμ and χμ (see (4.27)). Consequently, for any vectors u and v

chosen orthogonal to both σμ and χμ, the corresponding bivector operator uμvν�
μν

commutes with 

xy
± . By selecting "d/2# − 1 mutually orthogonal pairs (u(k), v(k))

from the orthogonal complement of span{σμ, χμ}, one obtains the requisite set of
mutually commuting operators. These can then be used to construct the commuting
projectors necessary for a full rank-1 decomposition. In general the vectors u(k), v(k)

depend on x and y. In d = 4 dimensions (n = 2), chiral projectors constructed from γ 5
x

naturally commute with

xy
± and only depend on x . Thus, they define a decomposition

of the eigenspaces independently of y.
These results are valid only within a convex normal neighborhood U . Extending

them globally would require a detailed understanding of the fermionic projector’s
singular structure, particularly at light cone caustics where the light cone expansion
breaks down. Nevertheless, because P(x, y) and the closed chain Axy exhibit strong
singularities at x = y, we assume that the dominant contributions to the EL equations
arise from a small neighborhood around the diagonal. Consequently, we approximate
the integration over the entire manifold M by restricting it to U .

We conclude that the kernel of the operator Q in the restricted EL equations (2.50)
is of degree less than 3

2 (d − 1), i.e.,

Q(x, y) = (deg < 3
2 (d − 1)

)
. (4.36)

Thus, every globally hyperbolic spacetime is a critical point of the causal action at
degree 3

2 (d − 1).
At the highest singular degree, the causal action does not constrain the geometry

of the spacetime (M, g). Consequently, an arbitrary globally hyperbolic spacetime
is not necessarily a solution to the vacuum Einstein equations, meaning that from
the perspective of general relativity, it may not represent a valid physical vacuum.
However, as we will demonstrate in Sect. 5.2, gravity emerges strictly as a higher-
order effect in ε. The leading singularity isolates purely non-gravitational vacuum
fluctuations and therefore cannot encode constraints on the macroscopic curvature of
M .At this order, the effective framework is simply aQFTonafixedglobally hyperbolic
backgroundwithout dynamical gravity. This fact canbe seenby the structural similarity
of the fermionic projector (4.21) to itsMinkowski counterpart. To recover gravitational
dynamics, we must therefore resolve the next-to-leading-order contributions, which
we analyze in the following section.
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5 Perturbative analysis of the Euler–Lagrange equations

For the analysis of the causal action principle to degree d−1,we consider perturbations
of the fermionic projector

P(x, y) = P(0)(x, y) + δP(x, y) . (5.1)

This perturbation corresponds to a variation of the underlyingwave functions�. Then,
the linearized field equations (2.51) constrain the perturbation δP . In the following,
we consider different types of perturbations and analyze the resulting constraints. We
start with the next-to-leading-order term in the Schwinger–DeWitt expansion of the
fermionic projector, which includes curvature contributions. Next, we also consider
the perturbation by a fermionic particle, which then requires a coupling of matter to
curvature.

5.1 Vacuum Euler–Lagrange equations to degree d− 1

In Sect. 4.3, we showed that in the continuum limit, every globally hyperbolic space-
time gives a critical point of the causal action. In the following, we analyze how
next-to-leading singularities contribute to the restricted EL equations. For this, we
compute P(x, y) up to degree d

2 − 1. These terms also include derivatives of the van
Vleck–Morette determinant �(x, y) (see Expansion (4.20))

∇(x)
μ �

1
2 (x, y) = 1

6
Rμν(x)σ ν +O(σ ) , (5.2)

�(1)�
1
2 (x, y) = 1

6
R(x) +O(σ

1
2 ) . (5.3)

For the derivative of the parallel transport map, we use the following lemma.

Lemma 5.1 Let ∇ be a free spin connection and U (x, y) : Sy M → Sx M be a spin
parallel transport map. Then

∇(1)
μ U (x, y) =

(
− i

8
Rαβμν(x)σ ν�αβ

x +O(σ )

)
U (x, y) , (5.4)

where Rαβμν(x) denotes the Riemann curvature tensor at x.

Proof The spin parallel transport map is defined by

U (x, x) = idSx M and σμ∇(1)
μ U (x, y) = 0

Taking the derivative of the second equation with respect to x gives

0 = ∇(1)
ν σμ∇(1)

μ U (x, y) + σμ∇(1)
ν ∇(1)

μ U (x, y) .
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Evaluating this expression at x = y, we get ∇(1)
ν U (x, x) = 0. Applying a second

derivative w.r.t to x and using the same argument, we also get

0 =
(
∇(1)

μ ∇(1)
ν + ∇(1)

ν ∇(1)
μ

)
U (x, x)

⇒ ∇(1)
μ ∇(1)

ν U (x, x) = 1

2

[
∇(1)

μ ,∇(1)
ν

]
U (x, x) = i

8
Rαβμν(x)�αβ

x ,

where for the last equality we used that ∇ is a torsion-free free spin connection and
[20, Theorem 4.2.5]. Using the above results, we can compute the leading terms of
the Taylor expansion of ∇(1)

μ U (x, y)U (y, x) in y, which gives the proposed result. 
�
Thus, the second coefficient a1(x, y) of the Schwinger–DeWitt expansion (2.23)

a1(x, y) = U (x, y)

∫ 1

0
U (y, γ (s))�− 1

2 (γ (s), y)�(1)
(
�

1
2 (γ (s), y)U (γ (s), y)

)
ds

− 1

4
U (x, y)

∫ 1

0
R(γ (s)) ds

= − 1

12
U (x, y)

∫ 1

0
R(γ (s)) ds +O(σ

1
2 ) (5.5)

where γ is the unique geodesic connecting x = γ (0) to y = γ (1). The integral can
also be expanded around x , which then gives

a1(x, y) = − 1

12
R(x)U (x, y) +O(σ

1
2 ) . (5.6)

Using the Schwinger–DeWitt expansion (2.23) for G(x, y) up to degree d
2 − 1, we

compute the kernel of the fermionic projector again by applying iγ μ
x ∇(1)

μ + m. This
gives

P(x, y) =
(
1+ 1

12
Rμν(x)ξμξν

)
P(0)(x, y)

+ mU (x, y)T (0)(x, y)

− i

24
R(x)/ξU (x, y)T (0)(x, y) − 5i

12
γ μ

x Rμν(x)ξνU (x, y)T (0)(x, y)

+ (deg ≤ d
2 − 2

)
. (5.7)

Note that terms which are proportional to /ξ and thus to P(0)(x, y) only contribute
by an overall scaling of the eigenvalues of the closed chain. Thus, these terms do not
contribute to the causal action and hence to the linearized field equations. In addition,
the mass term give rise to a vectorial component in the closed chain. However, a
vectorial perturbation of the closed chain does not contribute due to δλi ∝ tr

[

iγ

μ
] =

0. Thus, the only non-vanishing contribution to the linearized field equations is given
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by

δPgeom(x, y) = − 5i

12

(
Rμν − 1

d
R(x)gμν(x)

)
γ μ

x ξνU (x, y)T (0)(x, y) . (5.8)

We conclude that the causal fermion system up to degree 3
2d−2 satisfies the restricted

EL equations:

Theorem 5.2 Let (M, g) be a globally hyperbolic spacetime of dimension d > 2 and
(H,F , ρ) the corresponding causal fermion system. Then, the geometric perturbation
δPgeom(x, y) defined by (5.8) satisfies the linearized field equations (2.51) up to degree
3
2d − 2 if

R(T F)
μν = 0 , (5.9)

where R(T F)
μν = Rμν − 1

d R(x)gμν(x).

Proof Asymptotically for small ε, the linearized field equations are given by
(δQ�)(x) = 0.Multiplying the linearized field equation (δQ�)(x) = 0 by Aμ�∗(x)

gives (δQ�)(x)Aμ�∗(x) = 0. An explicit choice for the operator Aμ and the full
calculation of this expression are given in Appendix A. It implies R(T F)

μν (x) = 0. 
�
A standard result is that once the trace-free vacuum Einstein equations are satisfied,

then the full Einstein equations are satisfied up to an integration constant 
.

Corollary 5.3 Let (M, g) be a globally hyperbolic spacetime of dimension d > 2
satisfying R(T F)

μν = 0, then

Rμν − 1

2
Rgμν + 
gμν = 0 (5.10)

for some constant 
.

Proof By definition, we have

0 = R(T F)
μν = Rμν − 1

d
Rgμν ,

By the contracted Bianchi identity, we have

0 = ∇ν

(
Rνμ − 1

2
gνμ R

)
=
(
1

d
− 1

2

)
∇ν R .

Thus, R must be constant. Defining 
 := d−2
2d R then concludes the proof. 
�

In the next section, we introduce matter perturbations to the fermionic projector
and analyze how those contribute to the restricted EL equations.
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5.2 Matter perturbations by Fermionic particles

As a matter perturbation, we consider the inclusion of a single wave function u ∈ H⊥,
where the orthogonal complement is taken w.r.t. the scalar product of the full Hilbert
space Hm (see Sect. 4.1). Physically, since H represents the occupied fermionic
background modes (analogous to the Dirac sea), selecting u from the orthogonal com-
plement corresponds to introducing a real particle into a previously unoccupied state.
Because u ∈ Hm , it is an exact solution of the Dirac equation, mirroring a standard
positive-energy particle excitation in flat spacetime. The corresponding perturbation
of the fermionic projector is then defined as

δP(x, y) = 1

2π
|u(x)�≺u(y)|

≈ 1

2π
|u(x)�≺(1+ σμ∇μ +O(σ ))u(x)

∣∣U (x, y) . (5.11)

While, in general, all components of δP(x, y) contribute to the linearized field equa-
tions, we only consider the components which are of the same form as δPgeom(x, y),
i.e., proportional to γ μσν . The remaining contributions have to be compensated by
other effects, which are not treated in this paper. The interested reader is referred to
[14]. Therefore, we only consider

δPmatter(x, y) = i

8π
T (T F)

μν (x)γ μ
x σνU (x, y) , (5.12)

where

Tμν(x) = i

4

(≺u(x)| γμ |∇νu(x)�+≺u(x)| γν

∣∣∇μu(x)�
−≺∇νu(x)| γμ |u(x)�−≺∇μu(x)

∣∣ γν |u(x)�) (5.13)

is the canonical stress energy–momentum tensor of u(x).

Theorem 5.4 Let (M, g) be a globally hyperbolic spacetime of dimension d > 2 and
(H,F , ρ) the corresponding causal fermion system. Further, let u ∈ H⊥ be solution
of the Dirac Equation (2.4) and Tμν the corresponding canonical energy–momentum
tensor. Then, asymptotically for small ε the perturbation δPgeom + δPmatter satisfies
the linearized field equations (2.51) up to degree 3

2d − 2 if

R(T F)
μν (x) = 8πG(x) T (T F)

(μν) (x) +O(ε3) , (5.14)

where T (T F)
(μν) (x) = Tμν(x) − 1

d T (x)gμν(x) with T (x) = T μ
μ (x) is the trace-free

energy momentum tensor and the coupling constant G(x) is of order O(ε2).

Proof The proof is analogous to the proof for Theorem 5.2. 
�
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The proportionality factorG ∝ ε2,which acts as the effective gravitational coupling
constant, is determined entirely by the regularization scheme. In particular, if the
regularizing scalar field f (x, y) is locally translation-invariant, i.e., if it can be written
as

f (x, expx (ξ)) = f (ξ) for all x ∈ U , (5.15)

then G evaluates to a strict constant. If, however, the background geometry is highly
dynamical, such that the regularization intrinsically depends on the base point x , G(x)

would acquire a spacetime dependence. This would introduce non-minimal gravi-
tational couplings or a running effective gravitational constant, bearing conceptual
similarities to scalar-tensor theories of gravity like Brans–Dicke theory [4].

Theorem 5.4 is stated for a single excitation u ∈ H⊥. Since the linearized field
equations (2.51) are linear in δP and the map u �→ Tμν[u] is additive on mutually
incoherent (orthogonal) modes, a macroscopic stress tensor is obtained by summing,
respectively, taking the statistical expectation, over many such excitations, Tmacro

μν =∑
k Tμν[uk]. This superposition is valid as long as the perturbation stays within the

linearized regime and interference (off-diagonal) terms between modes are negligible.
By construction, the symmetrized energy momentum tensor

T(μν) = 1

2

(
Tμν + Tνμ

)
(5.16)

is divergence-free. Assuming a constant gravitational coupling G for the present
derivation, then similar to Corollary 5.3, this implies the Einstein equations coupled
to matter.

Corollary 5.5 Let (M, g) be a globally hyperbolic spacetime of dimension d > 2
satisfying (5.14) with constant gravitational coupling G, then

Rμν − 1

2
Rgμν + 
gμν = 8πG T(μν) . (5.17)

for some constant 
.

Proof Using first the Bianchi identity and then (5.14) gives

0 = ∇μ

(
Rμν − 1

2
Rgμν

)
= ∇μ

(
8πG T (T F)

(μν) − d − 2

2d
Rgμν

)

= ∇μ

(
8πG T(μν) − 8πG

d
T gμν − d − 2

2d
Rgμν

)
.

Because u is a solution to the Dirac equation, its symmetrized energy momentum
tensor is conserved, ∇μT(μν) = 0. Thus,


 := d − 2

2d
R + 8πG

d
T
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is constant. In combination with (5.14), this implies (5.17). 
�
This completes the perturbative analysis of the restricted EL equations up to degree

d − 1. We showed that every globally hyperbolic spacetime is a critical point of the
causal action in the continuum limit. Considering the next-to-leading-order contribu-
tions, we derived the vacuum Einstein equations. Including matter perturbations, we
derived the Einstein equations coupled to matter.

6 Discussion and outlook

In this paper, we generalized the framework of causal fermion systems to arbitrary
globally hyperbolic spacetimes and derived the classical gravitational dynamics from
the causal action principle.A conceptual challenge in formulating quantumfield theory
in curved spacetimes is the absence of a preferred vacuum state, making it necessary
to work with the class of Hadamard states. Furthermore, our identification required
the introduction of a regularization operator Rε. The specific choice of this operator
may vary depending on initial data, which in turn relies on the observer’s frame or
foliation. However, the causal action principle is independent of the specific choice.
While different observers might not agree on a common background state or the exact
form of the regularizing scalar field, the dynamics of the macroscopic perturbations
governed by the linearized field equations remain invariant. The geometry and the
resulting Einstein equations describe the objective, observer-independent physical
dynamics.

In addition, the presented framework provides a systematic method for working out
higher-order corrections to the Einstein equations, including potential Planck-scale
effects.

The perturbative analysis presented in this paper only gives rise to the Einstein equa-
tions up to an undetermined cosmological constant 
. The origin of this constant has
profound physical significance. Hence, resolving how causal action dynamically gen-
erates 
 is crucial for connecting the microscopic quantum structure to macroscopic
cosmological phenomena.

Another open question for future work is whether the assumption that the unper-
turbed Dirac equation holds exactly, i.e., that the regularization operators map into
the solution space of the Dirac equation, is overly restrictive or physically fully justi-
fied. This is a strong constraint for the dynamics of the regularization itself. However,
alternative approaches such as those considered in the context of baryogenesis [19,
26, 27] suggest that one should treat the regularizing vector field as an independent
dynamical entity. A major objective for future research will be to determine which
approach captures the complete physical picture, and to systematically derive the fully
coupled higher-order corrections to both the Einstein and Dirac equations.
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Appendix A. Analysis of Contributions to the Linearized Field Equa-
tions

This section contains the computation of the contributions of the geometric and mat-
ter perturbations to the linearized field equations (2.51). In particular, we consider
the perturbation δPgeom defined by (5.8) and δPmatter defined by (5.12). For both
perturbations, we compute

δAxy = P(0)(x, y)δP(y, x) + δP(x, y)P(0)(y, x) = A + Aμν�
μν , (A.1)

where P(0) is the fermionic projector up to degree d
2 − 1 (see (4.21)). The coefficients

A and Aμν are real-valued, and for the two perturbations, they are given by

Ageom = − 5

12
R(T F)

νρ (x)Re
[
ξνξρT (−1)(x, y)T (0)(x, y)

]
, (A.2)

Ageom
μν = − 5

12
R(T F)

νρ (x) Im
[
ξμξρT (−1)(x, y)T (0)(x, y)

]
, (A.3)

Amatter = 1

4π
T (T F)

νρ (x)Re
[
ξνσρT (−1)(x, y)

]
, (A.4)

Amatter
μν = 1

4π
T (T F)

νρ (x) Im
[
ξμσρT (−1)(x, y)

]
. (A.5)

From the perturbation of the closed chain δAxy , we directly compute the
corresponding perturbation of the eigenvalues as

δλ± = 1

n
tr
[

±δAxy

]
(A.6)

= A ± cμν

εr
Aμν (A.7)

with the eigenspace projectors
± (4.35). Thus, the perturbation of the absolute value
of the eigenvalues is given by

δ|λ±| = 2Re

[
λ±
|λ±|δλ±

]

(A.8)

=
∣∣T (−1)

∣∣2

2|λ|
[
ξαξα

(
A ± cμν

εr
Aμν
)]

. (A.9)

Evaluating the sum over j in the expression for the perturbation of δQ then gives

∑

j

(
δ|λ±| − δ

∣∣λ j
∣∣) = ±2

∣
∣T (−1)

∣
∣2

|λ|
[
ξαξα

cμν

εr
Aμν
]

. (A.10)
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From here, we use the implication

(δQ�)(x) = 0 �⇒ 0 = (δQ�)(x)A�∗(x) for any A ∈ L(H) (A.11)

Lemma A.1 There exists a bounded operator Aμ ∈ L(H) such that

−�(x)Aμ�∗(y) = P(0)(x, y)
ξμ

t
+ (deg ≤ d

2 − 1
)

. (A.12)

Proof By Definition 3.3, χ = −∇(1) Re f (x, y) is a timelike vector. In coordinates
with χ = (1, 0, . . . , 0), we then get from (4.21)

P(0)(x, y) = i

2
/ξU (x, y)T (−1)(x, y)

= γ μ
x U (x, y)

∫
dd−1k

2ωk (2π)d
kμeikνξν

with ωk =
√

m2 + k j k j and k0 = −ωk . In momentum space, the multiplication by

− kμ

χνkν = kμ

ωk
defines a linear operator Aμ onH. The kernel of the operator Aμ is given

by

−�(x)Aμ�∗(y) = γ ν
x U (x, y)

∫
dd−1k

2ωk (2π)d

kνkμ

ωk
eikνξν

.

The operator A0 is the identity operator, while the spatial components Ai are bounded

because
∣∣∣ k

j

ωk

∣∣∣ < 1. Since in the chosen frame t = χνξ
ν = ξ0, (A.12) holds exactly.

The spatial remainder is given by

Ei (x, y) = γ μ
x U (x, y)

∫
dd−1k

2ωk (2π)d
kμ

(
ξ i

t
− ki

ωk

)
eikνξν

.

The leading light cone singularity of Ei is governed entirely by the high-momentum
regime (|k| → ∞) where the phase ikνξ

ν is stationary. The stationary phase condition
gives

0 = ∂

∂ki

(
ikνξ

ν
) = i t

(
ξi

t
− ki

ωk

)
.

Hence, the integrand of Ei (x, y) vanishes linearly on the stationary phase locus. The
resulting position-space singularity of Ei (x, y)must be strictly lower than the leading
singularity of P(0)(x, y). Thus,

deg Ei < deg P(0) = d−1
2 ,

which gives the claimed singular structure of the error term in (A.12). 
�
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Using the operators Aμ from Lemma A.1 gives

0 = (δQ�)(x)Aμ�∗(x)

= −
∫

dλ(y) δQ(x, y)P(0)(y, x)
ξμ

t
+
(
deg ≤ 3

2d − 5
2

)
. (A.13)

Due to the multiplication with P(0)(y, x), the integrand simplifies as

δQ(x, y)P(0)(y, x) =
∑

i, j

(
δ|λi | − δ

∣∣λ j
∣∣) λ

|λi |
i P(0)(x, y)P(0)(y, x)

=
∑

i, j

(
δ|λi | − δ

∣∣λ j
∣∣) |λ|
i

= 2
∣∣∣T (−1)

∣∣∣
2∑

±

(
±ξρξρ

cκν

εr
Aκν
)


±

= −i
∣∣∣T (−1)

∣∣∣
2 (

ξρξρ
cκν

εr

cαβ

εr
Aκν�αβ

)
. (A.14)

A necessary condition for the linearized field equations to be satisfied up to degree
deg < 2d − 5

2 at x is

0 =
∫

dλ(y)

∣∣∣T (−1)
∣∣∣
2
ξαξα

cσν

εr

cρσ

εr
Aσν ξμ

t
(A.15)

for all α, β and μ. Instead of integrating over a convex normal neighborhood, we
integrate over a corresponding region in the tangent space at x , since �−1(x, y) ≈ 1.
In addition, we use that asymptotically for small ε, we have ξμ, ξμ = σμ + O(ε).
Thus, for the geometric perturbation, we get

0 = − 5

12
R(T F)

κν (x)

∫
ddξ

∣
∣∣T (−1)

∣
∣∣
2 σ

r2
(
χαξβ − ξαχβ

)

· (2σχκξν − tξκξν
)
Re
[
T (−1)T (0)

] ξμ

t
. (A.16)

Carrying out the angular integration in the rest frame χ = (1, 0, . . . , 0), writing
ξ = (t, r n̂) and using

∫

Sd−2
n̂i n̂ j d� = vol(Sd−2)

d − 1
δi j (A.17)

and

∫

Sd−2
n̂i n̂ j n̂k n̂l d� = vol(Sd−2)

d2 − 1

(
δi jδkl + δikδ jl + δilδ jk

)
, (A.18)

123



  137 Page 40 of 42 F. Finster and P. Fischer

the necessary condition reduces to

0 = Cgeom(ε, x)(d + 1)R(T F)
0 j , (A.19)

0 = Cgeom(ε, x)
(
(d + 2)δi j R(T F)

00 + 2R(T F)
i j

)
(A.20)

with

Cgeom(ε, x) = 5 vol(Sd−2)

12(d2 − 1)

∫
dtdr (t2 − r2)rd

∣∣
∣T (−1)

∣∣
∣
2
Re[T (−1)T (0)] . (A.21)

Applying that R(T F) is trace-free to the second equation gives R(T F)
μν = 0 for μ = ν.

Combining the two equations gives R(T F) = 0.
For the matter perturbation, we get

0 = T (T F)
μν (x)

8π

∫
ddξ

∣∣∣T (−1)
∣∣∣
2 ξαξα

r2
Re
[
T (−1)

]

· ((ξβξβ)χμσν − tξμξν
) (

χρξσ − ξρχσ

)
. (A.22)

Considering both perturbations, we get

0 = Cmatter(ε, x) T (T F)
μν (x) − Cgeom(ε, x) R(T F)

μν (x) (A.23)

with

Cmatter(ε, x) = vol(Sd−2)

4π(d2 − 1)

∫
dtdr (t2 − r2)rd

∣∣∣T (−1)
∣∣∣
2
Re[T (−1)] . (A.24)

Therefore, we recover the trace-free contribution to the Einstein equation

R(T F)
μν (x) = 8πG(x)T (T F)

μν (x) . (A.25)

Note that the coupling parameter G(x) becomes constant, i.e., independent of x if
the regularizing vector field χ only depends on the vector ξ and not the base point x .
Moreover, due to the appearance of the T (0) term in the geometric constant Cgeom, G
is of order O(ε2).
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