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ABSTRACT

This thesis covers two main topics, a first-principles investigation of double parton
distributions (DPDs) and improvements to the calculation of highly boosted nucleon
matrix elements.

Double parton distributions (DPDs) are non-perturbative objects that contain in-
formation about the correlation of partons within a hadron. They are essential for
a first-principles computation of double parton scattering (DPS) cross sections, which
contribute to the Standard Model (SM) background. Combining lattice Quantum Chro-
modynamics (lattice QCD) and operator product expansion (OPE), their first Mellin
moment can be reconstructed from Euclidean two-current correlation functions calcu-
lated on the lattice.

We present the first systematic study of leading-twist invariant functions of DPDs at
zero hadron momentum, using six gauge ensembles provided by the Coordinated Lattice
Simulations (CLS) collaboration with lattice spacings ranging from 0.085 fm to 0.064 fm
and pion masses between 422 MeV and 214 MeV. Our analysis indicates the dominant
source of systematic uncertainties to be finite volume effects, which are found to be
consistent with sufficient suppression for Lm, > 5.

We further discuss the skewness ¢ dependence of the non-zero momentum hadronic
two-current correlation functions. We find that a polynomial model used in earlier
works does not predict vanishing results at || — 1, failing this physical boundary
condition. Additionally, we find that the analyticity around ¢ = 0 assumed in this model
is not physically justified and leads to artificially narrow error bands. We introduce and
compare the impact of different model anséitze to this dependence on the extracted
Mellin moment. The average of (? is determined consistently across all considered
models to be (¢?) ~ 0.07, while the Mellin moment at ( = 0 cannot be extracted
reliably without significantly improved signal at higher hadron momenta.

We address this limitation in our study of recently proposed kinematically enhanced
nucleon interpolators. As highly boosted hadronic matrix elements are of broader in-
terest, e.g. to LaMET studies, we use the nucleon quasi-PDF matrix element at a boost
momentum P, ~ 2.5 GeV as a benchmark quantity. We compare conventional to kine-
matically enhanced interpolators and investigate the results for potentially increased
excited state contributions, discretization and cutoff effects. To this end, we compute
the nucleon quark isovector quasi-PDF matrix element on three different CLS gauge en-
sembles at similar pion mass m, ~ 350 MeV and lattice spacings ranging from 0.085 fm
to 0.064fm. We observe a reduction in variance by an order of magnitude without
increasing excited state contributions. We further detail an additional improvement in
computation time by a factor of two based on a reduction in inversions of the Dirac
operator.
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1 Introduction

The exploration of the structure of matter has a long history in physics. More than a
century ago, the atomic nucleus was discovered by Rutherford [1] in a-radiation scatter-
ing experiments. The nucleus was later found to consist of protons and neutrons, called
nucleons. In 1953, Robert Hofstadter found in electron scattering experiments [2f that
nucleons are not point-like particles but have finite size . In the 1960s, Gell-Mann
and Zweig , proposed that nucleons consist of even more elementary particles. This
theory was substantiated by experimental evidence towards the end of the decade @,
opening up a new field of study. To explain the observations in deep-inelastic scat-
tering (DIS) experiments at SLAC m, Feynman developed the parton model to
describe the behavior of these nucleon constituents. Much later, it became clear that
they are quarks and gluons, bound together by Quantum Chromodynamics (QCD), the
non-Abelian gauge theory of the strong interaction.

It has since proved to be extremely successful at describing the fundamental inter-
actions of physics, so much so that it has been incorporated into the Standard Model
(SM). The Standard Model does not describe gravity, prompting the development of
Beyond the Standard Model (BSM) theories. To verify or falsify these, better experi-
mental data are required, both at higher energies and with greater precision. The latter
also necessitates an increase in the precision of theoretical predictions to analyze the
experimental data.

Hadronic scattering is dominated by single parton scattering (SPS), where one parton
of a hadron interacts with another parton. The probability of SPS is determined by the
cross section, which in turn depends on a single parton distribution function (PDF).
Considering only longitudinal momenta, the collinear parton distribution function can
be interpreted as finding a parton with a specific longitudinal momentum fraction and
polarization in a polarized or unpolarized hadron.

A prominent example of SPS in hadronic collisions is the Drell-Yan process @I], where
one quark from each hadron interacts with the other and produces two leptons.

If the quarks carry only small momentum fractions, the parton density within the
hadrons increases. This increases the probability of two quarks from each hadron in-
teracting simultaneously, creating a double parton scattering (DPS) event, such as the
double Drell-Yan process (DDY). DPS was observed four decades ago at CERN in
proton-proton and antiproton-proton [11H14] collisions, more recent investigations
of DPS include [15H25]. DPS can occur in proton collisions, e.g. at the Tevatron,
the Relativistic Heavy lIon Collider (RHIC) or the Large Hadron Collider (LHC). Of
particular interest are the ATLAS and CMS experiments hosted at the LHC. Both of
these experiments observe the same-sign W and double Z production reaction channels.
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Simple models predicted that DPS could contribute at the same cross section level to
these channels , making accurate DPS predictions crucial for future searches for
BSM physics. The same sign W production channel is particularly intriguing, as the
SPS contribution, which otherwise overshadows DPS events, is suppressed compared to
DPS. With the high-luminosity upgrade to the LHC, these will become considerably
easier to observe, stressing the need for reliable DPS cross section predictions.

Although there are models to approximate DPS cross sections like the so-called
pocket-formula discussed in Section , these cannot accurately reflect all par-
tonic correlations. Better motivated DPS approaches such as in Ref. yield a very
different picture. To make more accurate DPS cross section predictions, a better un-
derstanding of their underlying double parton distributions (DPDs) is required. They
contain information on partonic correlations within the hadron. Again, considering only
collinear momenta, they can be interpreted as probabilities of finding two partons, sep-
arated by a spatial vector 7/, carrying longitudinal momentum fractions z; and x5 inside
a hadron. Both partons and the hadron can be polarized. DPDs are conceptually simi-
lar but physically distinct from PDFs. They encode correlations of partons in position,
momentum, spin and color, as well as flavor interference and splitting contributions .
This leads to more independent functions in the case of DPDs compared to PDFs .

DPDs and their related quantities are non-perturbative, i.e. they cannot be calcu-
lated analytically from perturbation theory. We instead turn to lattice QCD, a non-
perturbative approach that discretizes Euclidean space-time in a finite volume hyper-
cube and can be used to compute QCD matrix elements numerically. The central
limitation of this approach is that using imaginary time, we cannot access dynamical
information directly. This prevents us from directly computing PDFs and DPDs alike,
as they are defined on the light-cone and thus require real time. We shall discuss two
strategies that have been developed to circumvent this. The first is the calculation of
Mellin moments from the operator product expansion (OPE). Integrating over the lon-
gitudinal momentum fractions reduces the involved operators to local ones which can be
calculated on the lattice. For quark DPDs, flavor-conserving interactions were studied
in Ref. , while flavor interference effects were studied in Ref. by the author of
this thesis. In this work, we study the lowest Mellin moment of collinear DPDs and
related quantities at different lattice spacings and meson masses.

In recent years several schemes [33H41] have been proposed and widely applied to ex-
tract far more information on the partonic structure of hadrons from lattice simulations
than was judged possible before. One of the most popular theoretical approaches are
lattice calculations in the framework of Large Momentum Effective Theory (LaMET)
[42(67]. LaMET exploits Lorentz symmetry to relate light-cone distributions to ma-
trix elements of space-like Wilson line operators computed at large but finite hadron
momentum, which are then matched to the physical distributions via perturbatively
calculated matching kernels.

Both approaches require the computation of lattice correlation functions at large nu-
cleon momenta. As the signal-to-noise ratio of these decreases rapidly with momentum,
this has become the principal limiting factor. In this thesis, we investigate a recently



proposed algorithmic improvement to the simulation of highly boosted hadrons for
nucleon correlation functions used in the LaMET framework.

The thesis is organized as follows. In chapter [2| we give a brief review of the the-
oretical foundations of QCD in the continuum, quarks, gluons and the path integral
formalism. We introduce the parton model and the factorization of scattering processes
into hard and soft parts. We define single- and double-parton distributions, and the
leading-twist structure of the DPS cross section. Chapter 3| introduces Lattice QCD as
a non-perturbative way to evaluate the path integral. We cover the Wick rotation to
Euclidean space, the discretization of fermions and gauge fields and the Symanzik im-
provement program and the generation of gauge configurations by Hybrid Monte Carlo.
In chapter [] we introduce the techniques used in LQCD practice. We define hadronic
correlation functions, constructed from proton interpolating fields and operators and
discuss the relevant Wick contractions for two-, three-, and four-point functions. We
further present practical implementations and improvements for the involved propaga-
tors and close with a section on data analysis methods used in this work. In chapter
we discuss two different approaches to extract parton distributions from lattice calcula-
tions, namely Mellin moments from Operator Product Expansion (OPE) and LaMET.
For DPDs, we introduce Mellin moments, obtained from a Lorentz decomposition of the
two-current matrix elements, and their renormalization. For PDFs, we introduce the
quasi-PDFs to access the former via LaMET. We also discuss their renormalization. In
chapter [6] we present the results for invariant functions of two-current matrix elements
at w = 0. We conduct a detailed analysis of finite volume effects, lattice artifacts,
lattice spacing dependence, and pion-mass dependence. Chapter [7| extends the anal-
ysis to w # 0, introducing and investigating different fitting models for the skewness
dependence. We also discuss the fit results, model dependence as well as their physical
interpretation. The content of this chapter was already published in Ref. , where the
author of this thesis was one of the lead authors. In chapter [§ we investigate kinemat-
ically enhanced nucleon interpolators for precision improvements in high-momentum
matrix elements. We compare different kinematic enhancements to the nucleon interpo-
lator, using the quasi-PDF matrix element as a benchmark observable across three CLLS
ensembles (H102, S400, N203) at p, ~ 2.5 GeV. We quantify the SNR improvement
and investigate potential excited-state contamination. The results were published in
Ref. , prepared for submission to JHEP. The author of this thesis is one of the lead
authors of this work. We close by summarizing our findings and giving an outlook into
future research areas in Chapter [0
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2 Continuum Quantum
Chromodynamics

Since we are interested in the structure of the proton, we give a brief review of the
underlying theory of strong interactions, governing the physics inside the nucleus. This
theory is known as Quantum Chromodynamics and has been incorporated into the
Standard Model. For the introduction of QCD, we follow and . We shall
introduce double parton distributions later in this chapter, following , .

2.1 The Dirac equation, fermions and bosons

Like Quantum Electrodynamics (QED), QCD is a gauge theory. Unlike QED though,
it is non-Abelian, introducing additional complexity. The QCD gauge fields are called
gluons, the charge of QCD is called color. Just as QED, QCD has a Lagrangian formu-
lation, based on fermions and gauge fields as generalized coordinates. The fermion field,
generally denoted as wlf:’“(:r), is a Dirac 4-spinor. ¢ has a Dirac index p € {0,1,2, 3},
necessary for the correct relativistic formulation, a color index a € {1,2,3}, allowing
for the appropriate color transformations, a flavor index f € {u,d,s : ¢,b,t} and a
space-time position 2 € R, Just as in QED, the fermions fulfill a Dirac equation:

(le - mf) Y (z) =0 (2.1)

with the notation
D=~+"D, . (2.2)

The form of D,, depends on the theory. For gauge theories, it is the covariant derivative
containing the relevant gauge field and acting on the Dirac spinor fields in the funda-
mental representation of the gauge group. In the non-interacting case, where there is
no gauge field, the manifold is the Minkowski plane and the Dirac operator reduces to
the partial derivative, D,, = ,,. Its solutions are plane waves v/

o () = { u/ A (p)e~ P (2.3)

vf,)\ <p) e-l—ixp

with particles u/* and antiparticles v/* of flavor f and helicity A\. They are both Dirac
spinors, transforming in a four dimensional representation of the Lorentz group. Being
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fermions, they are quantized by imposing:

{$(),4'(v)}
{d1(2), ()}

— s (F - ), (2.4)
— (), D)}

20=g0

=0.

£0=y0

£0=y0

The operators v (1) create (annihilate) a particle. These operators produce the cor-
responding fields as eigenvalues when acting on their eigenvectors: zZAJ(:v) [) = (x) [).
For quarks, we introduce the operators ¢ to create and ¢ to annihilate a quark. We will
be using these later in this work.

Introducing interactions by a gauge field requires:

D) = 0, — igo ()17 (2.5)

where gq is the bare coupling constant. The vector gauge field, the gluon field, is
expressed as A{L with a Lorentz index just as the fermion field but linked to the SU(3)
generators /. These generators have two color indices instead of one. This is required as
the gluons act as intermediaries for changing color charge between the fermions and thus
have to be able to connect different colors. The spinor and color indices are commonly
suppressed for better legibility of equations whenever possible.

In order to analyze the behavior of fermions and bosons in QCD, we first take a look
at the gauge group SU(3). The generators #/ of the SU(3) group form a Lie algebra with
structure constants f/*. which are totally antisymmetric under exchange of indices:

7, 5] = M (2.6)

The Gell-Mann basis is the common choice for the eight different #/. These generators
are 3 X 3 hermitian and traceless matrices which span the SU(3) Lie Algebra. They also
obey the extra trace orthonormality relation tr(t't/) = 26% and therefore can be used
to generate all transformations Q(x) within SU(3):

Qz) = @ (2.7)

where #°(x) are eight position dependent parameters. The spinor fields 1 (z) and 1(x)
transform in the fundamental representation:

Ve () — Q) v (), (2.8)
() = 0 () (27) (), (2.9)

where we made the color indices of the 3 x 3 matrix Q(z) as well as those of the
spinor fields explicit. The gauge fields Aff/ (x) are constructed as linear combinations of
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coeflicients A{L(x) and generators ¢/ and transform as follows:

(t) Al () = 0% (a) ((tde)j A () + gal) (@) @, (210

where again we made the color indices explicit. The difference in representations and
therefore transformation behavior clearly illustrates that this theory has three colors for
quarks, three anti-colors for antiquarks and eight types of gluons, carrying combinations
of color and anticolor. The traceless property of the generators eliminates the possibility
of a color-singlet gluon, thus prohibiting long range interactions between the stable,
color-singlet states of particles as observed in nature. While interactions of quarks
with gluons are described by the Dirac operator , the self-interaction of gluons is
described by the field strength tensor FJj,:

Fy (2) = 0,45 () = 0,45, (x) + go f**° Ay, (2) Af () . (2.11)

Comparing this to the QED equivalent, there is an additional term including the struc-
ture functions f®¢. As discussed above, it stems from the non-Abelian nature of the
gauge group and gives rise to gluon self interactions. Using (2.7, while taking into
account all flavors f, and , one arrives at the expression for the QCD Lagrangian:

- - 1
Laonl 4,9, 9](x) = S0/ (2) (i — my) ! (1) = (P (@) Fs (), (212)
!
which leads to the QCD action:

SqcplA, ¥, 9] = /d4$ LqcplA, P, ¥](z) . (2.13)

2.2 The Path integral formalism

With the QCD action (2.13) we can formulate the path integral generating functional
21,3, 3):

Z[J,3,]] Z/D[A]D[U]D[ﬁ] exp iSan[A,n,ﬁHi/d“:v (J-A+jn+ni) |, (2.14)

where the J are source terms of the bosonic fields A. It is important to note that any
pair of 7,n, 7, 7 anticommutes, i.e. that they are Grassmann variables.

ning = —N;ni (2.15)

) )
— . 2.16
on;on; 0n;om; (2.16)
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Their anticommuting property implies that the ordering of field and source terms is
important. Here, we will only write & = (@Z),@E,AM) for fermionic and bosonic fields
and J = (j,4,J) for the corresponding source terms for better legibility. It is never-
theless important to keep in mind that, for the Grassmann valued variables, ordering
matters, and we will point out the implications of this. Physical processes are described
by expectation values of operators. These are calculable as partial derivatives of the
generating functional Z,

A \ ! s Z[J] " [ D[®]e gy (21) - - -y ()
Orlen) 0o ) = ZiG 5T ) 0 () g [ D[@]esle

= (2.17)

The path integral allows a non-perturbative calculation of QCD processes. We shall
use its Euclidean version later, when we have introduced lattice QCD. If the coupling
g is small, one can truncate the series of the exponentiated action at some power of g.
The resulting expressions in general include ultraviolet divergences. These divergences
have to be addressed and regularized, using a suitable scheme, such as dimensional
regularization. These divergent terms can be isolated by a regulator, so that after
the removal of the regulator, everything is finite again. The formerly divergent, now
regulated, contributions can be absorbed into the constants of the theory, most notably
the mass m and the coupling g. Regulators introduce a scale dependence p, on which
the renormalized constants now depend. A feature of the renormalization of g(u), or

ag(p) = %Sf), is the running of the coupling:
dos(p)
— B(ay). 2.18
= Blas) (2.18)

For p — o0, as(n) — 0 as f(as) < 0 in QCD. Besides making QCD asymptotically
free and explaining confinement, this makes perturbation theory well suited for high
energies, but it breaks down where the coupling diverges. This makes non-perturbative
calculations necessary to fully understand hadron physics.

2.3 The parton model

The parton model was introduced by Feynman in 1969 [8] to describe the observations
in deep inelastic scattering (DIS) experiments at SLAC [7]. In this model, the nucleon is
treated as a collection of pointlike, non-interacting constituents he called partons. The
original intuition was that a nucleon in the infinite momentum frame (IMF) is affected
by time dilation so strongly that the interaction among its constituents is negligible.
However, this argument was frame dependent. QCD provides the modern explanation,
where the non-interaction assumption is justified by asymptotic freedom , . At
the large momentum transfers relevant for hard scattering, the QCD coupling becomes
small and partons behave as quasi-free particles on the timescale of the hard interaction.
These partons were then identified with the quarks and gluons of QCD.
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2.3.1 Deep inelastic scattering

In a DIS experiment, a lepton ¢ scatters off a nucleon N via the exchange of a virtual
photon. The probability density of a given scattering outcome is given by the differential
scattering cross section

do ~ LMW,

nz

(2.19)

where LM is the leptonic tensor, calculable in QED, and W, is the hadronic tensor,
which encodes all the non-perturbative physics of the nucleon. The process is charac-
terized by two Lorentz-invariant kinematic variables,

Q*=—¢*>0, (2.20)
2
T = 2Q , (2.21)
P q

where p# is the nucleon four-momentum, ¢* is the momentum and Q? the virtuality
of the photon, and = € [0,1] is the Bjorken-z scaling variable. In the parton model,
x is interpreted as the fraction of the nucleon’s longitudinal momentum carried by the
struck parton.

Depending on the momentum transfer ), the process is called soft if Q% < A%gcm
or hard if @* > Afcp. Soft processes include hadronization and bound-state forma-
tion, where «y is large and must be treated non-perturbatively. Hard processes can be
calculated perturbatively, since a,(Q?) < 1 for Q* > AéCD.

In DIS at large Q?, the differential cross section factorizes into a hard part, the
partonic cross section dé, and a soft part, the parton distribution function (PDF) f,,
as

do(l(k)+ N(p) = 0 (K)+ X
dx

Lo 3 ulas12) 6 (£8) + glap) = £(K)) + O (A;}SD) -
' (2.22)

This splits the complex scattering process into a simple interaction between lepton
and a parton with longitudinal momentum fraction z, weighted with the distribution
function of such a parton. As only one parton is considered in the interaction, this
is called single parton scattering (SPS). The hard and soft regimes are separated by
the factorization scale py?. Contributions from momenta above p? are absorbed into
the perturbatively calculable dé, while those below p? are absorbed into the PDF f,.
Although do is formally independent of ;2 any finite-order truncation of dé introduces
a residual dependence, which is minimized by the choice p? ~ Q2.

A standard choice for the description of scattering events is the Breit frame, or brick-
wall frame, where the nucleon is fast moving in the z-direction and the virtual photon
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carries only momentum and zero energy:

( N ? 2 Q
= — + M — 2.2
p 4:1/'2 + ) 07 07 2x b ( 3)

q,u - (Ou 07 07 _Q) ) (224)

where M is the nucleon mass. The Bjorken limit Q* — oo, p-q — oo with z held
fixed corresponds to the IMF, connecting to Feynman’s original intuition that
parton interactions are suppressed at large nucleon momenta.

2.3.2 Hadronic scattering

Hadronic collisions are observed at e.g. the LHC, where two highly accelerated protons
interact via the strong force. In contrast to DIS, where only one nucleon interacts
with one lepton, two nucleons now serve as sources of partons. For many processes,
high-energy hadronic collisions (Q? > A(QQCD) can be factorized into a perturbatively
calculable hard part and a soft part, i.e. non-perturbative PDFs, now one for each
nucleon. As an example where factorization has been proven, we consider the Drell-Yan
process, where two hadrons A and B collide to produce a lepton anti-lepton pair [ + [
and an unobserved remainder X. The inclusive cross section takes the form :

do(A(py) + B(py) = 1+ 1+ X)
dxdz

_ A2
=Y faglz, 1) foq (2, 1°) A6 (q(zpr) + q(Tp) = 1+ 1; g,/f) + O( g§D> , (2.25)

where f4,(z, %) and fp (7, u?) are the PDFs of partons g and ¢’ in each nucleon carry-
ing longitudinal momentum fractions x and x respectively, and dé is the perturbatively
calculable partonic cross section for the production of the final state [+1. The PDFs are
the same universal objects as in DIS, their process independence is a non-trivial result
guaranteed by factorization theorems .

At high energies and in processes with multiple hard scales, it becomes increasingly
likely that two partons from each hadron undergo separate hard scatterings simulta-
neously. This is known as double parton scattering (DPS), and its cross section is a

generalization of (12.25)):

0DPS

m x Yy /d2y Fyjja(z, o2, Y3 10°) 64k 61 Frayp(21, To, y; 1°) . (2.26)

1,5,k

Here, Fjj (@1, x2,y; p*) are double parton distributions (DPDs), encoding the joint
probability of finding two partons ¢ and j in hadron A carrying momentum fractions x;
and 9 at transverse separation y.

The simplest phenomenological estimate of the DPS cross section is given by the
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so-called pocket formula [27],

1 o4-0p
oAl ~ G o (2.27)

where 04 and op are the SPS cross sections for the two subprocesses, C' is a combi-
natorial factor (C' = 1 for distinguishable and C' = 2 for identical subprocesses), and
oo 18 an effective cross section parametrizing the transverse overlap of the two parton
pairs inside the colliding hadrons. This formula follows directly from the assumption
that the two partons participating in the hard scatterings are uncorrelated, so that the
DPD factorizes into a product of two single PDFs multiplied by a universal transverse
profile T'(y),

Fyjia(zy, xa,y; 1) = fija(zr, 1) fijalxe, 1) T(y), (2.28)

where T'(y) is normalized as

/ A2y T(y) = 1. (2.29)

The effective cross section o.g is defined as

Got = [ / Py (T(y))Q] o (2.30)

Experimentally, o.¢ has been measured across a range of processes at the Tevatron and
the LHC. The available experimental results exhibit considerable variation, with values
ranging from around 2.7 mb up to more than 26 mb , depending on the
specific process, center-of-mass energy, and kinematic cuts, suggesting that o.g is not
universal but process-dependent . This directly contradicts the universality assump-
tion underlying the pocket formula, and strongly motivates a rigorous non-perturbative
treatment of DPDs.

The pocket formula (2.27]) is not exact in any rigorous sense and is best understood
as a rough order-of-magnitude estimate. It fails to capture several physically important
features of DPS:

o Parton correlations: The factorized ansatz ignores all correlations be-
tween the two partons in position, momentum, spin, and color. These correlations
are in general non-negligible and carry non-trivial information about the multi-
parton structure of the nucleon, as demonstrated for example in model calcula-

tions .

« Flavor interference: The DPS cross section can receive contributions from flavor
interference diagrams. An example is a W boson exchange turning a u quark into a
d quark and vice versa. These flavor interference contributions involve off-diagonal
DPDs Fqq, and are absent from the pocket formula ([2.27)), which only includes
flavor-diagonal distributions.
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o Color interference: Analogously, color interference contributions arise from
color-non-singlet DPDs, which vanish in the uncorrelated limit but are present
in general.

o Perturbative splitting contributions: At short transverse separations, one
parton can split perturbatively into two, generating 1 — 2 splittings that are
not captured by the factorized ansatz (2.28) and require careful treatment in the

evolution equations [¢].

A rigorous theoretical framework for DPS, going beyond the pocket formula, requires
the non-perturbative calculation of DPDs Fj;(21, 22, y; #*), which can be achieved from
first principles using LQCD.

2.4 Parton distribution functions

Parton distributions are the central non-perturbative objects of QCD factorization,
encoding the soft physics of internal hadron structure. In this section, we introduce
parton correlation functions as a framework to express these distributions based on
hadronic matrix elements of quark and gluon operators. Within this work, we focus on
(anti)quarks exclusively. Gluons can be treated in a similar fashion . As factorization
requires hadrons of mass M accelerated to high energies () > M, a common choice in
the formulation of parton correlators and distributions is light-cone coordinates. For a
fast moving hadron in z-direction, these are defined as

1
+_ - t z _ T Y
v —\/i(viv), v=(v"1vY), (2.31)
so that any four-vector decomposes as v* = (v, v, v), with the inner product
vow=viw +vwt-v-w. (2.32)

Light-cone coordinates replace the former time-coordinate by the new light-cone time
2*. This naturally leads to a modification of the anticommutation relations ([2.4)), which
now have to be fulfilled at equal light-cone time x+ = y*. This light-front or light-cone
quantization [97] will be used for the remainder of this work.

A fast-moving hadron with momentum p* in z-direction has p™ ~ @Q > %2 ~ p~ and
p = 0. For the inner product with a vector 3, this implies p-y ~ pTy~ if y©™ = 0. A
parton carrying longitudinal momentum fraction x then has k™ = zp™, with = € [0, 1].
The transverse momentum is considered to be at most proportional to the hadron mass:

2
oM
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2.4.1 Parton correlators

For a quark of flavor ¢, the single quark correlation function is defined as

o dQZdZ_ wrpTzT —ik-z —x
Bk € 8) = [ SO T R (o A2 (2124l (2/2)Ip — A2
7T) 2t=0
(2.34)
where
A-‘r
- 2.

£= 5 (235)

parametrizes the longitudinal momentum transfer fraction.

The four-momentum transfer is A and the frame is chosen symmetrically. The corre-
lator is written without time ordering. In the derivation of the cross section via
the optical theorem, the hadronic tensor involves a time-ordered product of currents.
At space-like separations and the quark fields anticommute due to microcausality,

{@(=2/2), ¢)(z/2)}

=0, (2.36)
22<0
so the time ordering can be dropped. For 2™ = 0 and thus, with z = 0, 22 = 0, time
ordering can also be dropped . The restriction 2zt = 0 ensures that, for vanishing
transverse separation, the separation is light-like and the Fourier transform in 2z, con-
jugate to xp™, admits a probabilistic interpretation as a parton density. The momentum
of the quark annihilated by ¢ determines the interpretation of the process. If all quark
"+'"-momenta are positive, a quark with momentum (fraction) k — A/2 (x + &) is emit-
ted and a quark with momentum k& + A/2 (z — &) is absorbed. If the "+"-components
become negative, i.e. £ > x, the quark in the wave function becomes an antiquark in the
conjugate wave function. Note that this definition is not gauge invariant, as it contains
open color indices at potentially different positions. It has to be made gauge invari-
ant by including a process appropriate Wilson line. In the case of semi inclusive deep
inelastic scattering (SIDIS), this would be a future-pointing, for Drell-Yan processes a
past-pointing one , . The shape of the Wilson line to be included is also generally
non-trivial. If the quark lines connected by the Wilson line contain not only longitudinal
but also a transverse displacement, the Wilson lines extend towards infinity at a rela-
tive offset, which is the case for transverse momentum dependent parton distribution
functions (TMDPDFs or TMDs). We shall discuss examples including a Wilson line
later.

This parton correlation function can be used to describe (semi-)inclusive as well as
exclusive processes. The former include the measurement of only parts of the final state,
the matrix elements thus involving the emission of a quark ¢ with an unresolved state
of spectator partons X left behind. In the squared amplitude of the total cross section,
the hadronic part then takes the shape >y (p|q|X) (X]| ¢ |p), which is what we obtain
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from for A = 0. The second kind, exclusive processes, also measure the final
state. If we consider those exclusive processes, where only the hadron exists in the final
state, we find matrix elements (p| gq |p) with a momentum transfer A = p—p’. We shall
consider only correlation functions for (semi-)inclusive processes. Hence we set A = 0
in the following.

The single quark correlation function can be generalized to the n-quark correlation

function [73]:

q)alﬁl (xiv ki7 Civ 'ri) =
d z; dz d?y, dy;

=G L T T e o) 00 )
< o T = 4/2) a5, + /2 ) (2:37)
3

where Wilson lines are omitted again. As multiple quarks are involved now, we have
to account for their respective momenta k; and relative momentum differences r; w.r.t.
the conjugate wave function. The Fourier conjugate to the latter are the average quark
positions y;. As above, we require ¥y = 2T = 0. The momentum fraction (; represent
the quarks’ relative longitudinal momentum fraction w.r.t the total hadron momentum:

(= -- (2.38)

A generic diagram for the n-quark correlation function (2.37)) is given in Figure .
Here, all momenta have positive "+"-components. Translational invariance allows us
to fix one average quark position e.g. y, = 0. Subsequently, the n-th relative quark
momentum is set to r, = — Z” 1 T

Different distributions can be extracted from the n-quark correlation function
by projecting onto the desired Dirac and color structures and integrating over all mo-
menta not under consideration. Taking the forward limit (A = 0) and integrating
over transverse momentum yields the collinear distributions. Allowing a non-zero mo-
mentum transfer (A # 0) gives rise to generalized parton distributions (GPDs) [100],
which encode the three-dimensional spatial structure of the nucleon. Retaining the
transverse momentum of the quark field yields transverse-momentum-dependent distri-
butions (TMDs). The DPDs, which are the subject of this work, arise from a two-parton
specialization of , as discussed in Section . In this entire work, we shall only
consider quark singlet distribution functions. This is achieved by contracting the n-
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kl+% kn"!‘% kn_rn kl_%

conj. amp.

amplitude

yi+5 Yn+

2L
! 2

Figure 2.1: Diagrammatic representation of the n-parton correlation function (2.37).
The blue blob represents the nucleon emitting and absorbing n partons. Positions
and their Fourier conjugate momenta are given at the end of the colored lines. Red
lines (amplitude side) represent quarks, carrying momentum k; + r;/2 or emerging at
position y; + z;/2. Blue lines (conjugate amplitude side, with reversed arrows) depict
quarks carrying momentum k; — r;/2 or being absorbed at position y; — z;/2. The
dashed vertical line indicates the cut separating the amplitude from its conjugate, with
y; denoting the average position of the i-th quark pair. The last quark position is fixed
to the origin, y, = 0.

quark correlation function with a Kronecker delta in color, 1eE|
@aiﬁi (xia kia Cia ri) - 5aibi q)::bﬁlz (x% kia C’i) Ti) (239)

The parton polarization projectors are classified by twist, a number originating from the
operator product expansion (OPE), which is detailed in e.g. . In this work, we shall
focus on leading twist, which is twist-2. Higher twist terms are suppressed by powers of
1/Q and not investigated in this work. The leading twist (2) projectors for the quark
polarization are

1
r,= 57* unpolarized quark,
1
Faqg = §'y+75 longitudinally polarized quark,
s, = %aj g transversely polarized quark. (2.40)

We can contract these with the correlation function ([2.39))

P = (Fa)&iﬂiq)aiﬂi’ (2‘41)

'While for the single parton case there is no color-octet distribution as the additional open color index
would break gauge invariance, there are color-octet DPDs which were derived in Ref. but are
not further discussed here.
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or directly with the quark and antiquark fields, yielding the twist-2 operators

Oy (yi, zi) = G(yi — 21/2) Taqi(yi + 2:/2) ey (2.42)
B =Y =
The leading twist operators for antiquarks are defined analogously as
Oz (yi, z1) = 4(yi + 2:/2) Taq(yi — 2i/2) R (2.43)
% =Y, =
with ' 4
I;=-Iy, Lag =Taq, ng = —ng. (2.44)

Quark and antiquark operators are related by charge conjugation:
Ox (i zi) = 4y + 2/2)Taa(yi — 2/2) ] _y+ o = 1205 (s, —2:) = Of (yi z:) (2.45)

with

o )1 a=Aq,

The superscript L implies that in general, z # 0, thus allowing for transverse separa-
tions/moments. The operators O (y;, 2;) contain quark fields at separated space-time
points that lead to divergences in hadronic matrix elements . In the case of trans-
verse momentum dependent distributions, rapidity divergences arise. As fixing the
transverse momentum does not fully separate soft and collinear momentum regions,
modes with widely separated rapidities but identical virtuality can contribute. The
resulting divergences cannot be regularized by conventional ultraviolet methods. In-
tegrating over the transverse momentum components, i.e. restricting to the collinear
case, removes these rapidity divergences but introduces ultraviolet divergences associ-
ated with large transverse momenta. Both types of divergences require regularization.
In the transverse-momentum—dependent case, a rapidity regulator is introduced, while
ultraviolet divergences are regulated with a renormalization scale p. In this work, we
restrict ourselves to the collinear case. As discussed in Section [2.3.1] factorization also
introduces a scale p. As these two scales can be chosen to be identical, we do so, writing
u for both.

The correlation function also contains information about the additional degrees of
freedom of the hadron, such as spin, which we so far suppressed in the state |p). We
denote them as A in the state |p, A). In this work, we are particularly interested in the
unpolarized proton, which we obtain by averaging over the spin degrees of freedom A

(101},

1
a —Tr[®%] unpolarized hadron. (2.47)

unpol — 2
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The other polarizations can be obtained by the projections

Tr [T” <I>“] longitudinally polarized hadron,

a —
long —

@azj —

trans

N~ DN~

Tr [Ti @a} transversely polarized hadron. (2.48)

Here, ®* is understood as a matrix in the hadron helicity indices, ®%,, with A\, N = £,
and the trace runs over these indices. The matrices 7 are the Pauli matrices acting on
the hadron helicity index,

1 01 2 O_Z 3 10
A () e h) ew

For a hadron moving in the z direction, the longitudinal and transverse projectors are
=7, =1 (j=1,2), (2.50)

where j labels the two directions perpendicular to the hadron momentum.

2.4.2 Parton distribution functions

Considering only one parton in the forward limit and after integrating over transverse
momentum, the correlator (2.39) reduces to the standard collinear PDF, where we
suppressed spin again:

a dZZ dz™ 2 ixzpTz— —ik-z =

(o) = [ o PR R Gla(-2/2) T/ | (28)
2t=0

Based on the nucleon polarization, the twist-2 projectors (2.40) then yield the following

PDFs [72]:

« Unpolarized quark PDF f,(z,p?): this distribution can be interpreted as the
probability of finding a quark of flavor ¢ with longitudinal momentum fraction x
in an unpolarized nucleon.

« Longitudinally polarized or helicity PDF g,(x, 4?): this distribution measures the
difference in probability between finding a quark with spin aligned and anti-aligned
with a longitudinally polarized nucleon,

« Transverse polarized or transversity PDF h,(z, u?): measures the distribution in
transverse spin analogously to the helicity PDF.
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The probability interpretation of the unpolarized PDF for a quark of flavor ¢ in a hadron
A fasq suggests the number sum rules :

/01 Az [ fag(w, 1%) = fasale, p?)] = Ny, (2.52)

where N, is the number of valence quarks of flavor ¢ in hadron A. For the proton,
subtracting ([2.52)) for d-quarks from the u-quark version yields

= /o1 A [fyejul@, 1) = Sy jale, )] - /01 Az [fpe a(m, 1?) = fpejalz,p?)] . (2.53)

as in the proton, N, = 2 and N; = 1. These sum rules hold at all scales ;> and are
preserved by DGLAP evolution, thus they make for excellent benchmark quantities for
our lattice calculations later on. The scale dependence is governed by the DGLAP

evolution equations [102H104],

8 2 ! ! / 2 I, 2
Wfa(xuu ) = za/:~/—1 dz Paa’ (QT,[E 7a5(ILL )) fa’ (ZL‘ ) ) ’ (254)
where P, (z,2, as(?)) is the quark-to-quark splitting function, describing the splitting
probability of quark @ with momentum z into quark a’ with momentum 2’ at scale u?.
This allows for the PDFs to be reliably evolved to another scale, serving as input for
predictions at different processes and energies.

2.4.3 Double parton distribution functions

Double parton distributions (DPDs) are two-parton generalizations of TMDs, collinear
DPDs are generalizations of PDFs. DPDs arise as hadronic matrix elements of two
bilocal quark operators. For our introduction of DPDs, we follow . We first obtain
the more general, skewed (¢ # 0) quark-quark leading twist singlet DPD in position
space by contracting the n-quark correlation function for n = 2 with the leading-
twist projectors and two Kronecker Deltas:

1F;l_) (‘riv ki7 C? y) = (Fa)alﬂl (Fb)agﬂg 6a1b15a2b2 /dQ,r e*iryq)g:bﬁii ('riu ki7 Cu T)
— 2 —
- 2p+/dye—i4p+y H d”zidz; eiwint 2 p—iziks
27 i—1p (27)°

X <p‘0i (¥, 2’1)01)L (0,22) |p)

zj':(), : (255)

yt=0

We shall suppress the color-singlet superscript ! in the following, as we focus solely on
color-singlet distributions.
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Collinear DPDs

The collinear skewed quark-quark leading-twist singlet DPD in position space is ob-
tained by integrating (2.55) over the transverse momentum components k:

Foy (21,72, y) := /d2k1d2k2F$ (75, ki, ¢, y) (2.56)
) _ dz= . _
= 2" [ dyem " [H SLemr' | (pl0u (1 2) 0, 0. 2) )| (257)
izig2 27 ZF=0
y+t=0

Note that we switched to operators O,(y, z) without a superscript here, indicating the

absence of transverse separations, i.e. z = 0. Indeed,
dikefizz'ki =6%(2) (2.58)
2 ’ '

eliminating transverse separations. A Fourier transform with respect to y recovers the
momentum space representation:

de . dy_ PSR 2 dz= . +o—
Fa = 2 +/7 ey —_— *ZCP Y WP i
b(T1,72,(,7) D (2m)? € o € L[l o e

x (p| Ou(y; 21) Ou(0, 22) [p) (2.59)

zi+=0
yT=0

While we haven’t made spin indices explicit in the DPD matrix elements so far, different
hadron and parton polarizations are possible and give rise to a large number of inde-
pendent distributions [L05]. For spin 0 hadrons like the pion, applies, which has
been studied in previous works . In this work, we focus on unpolarized hadrons,
more specifically nucleons. As these are spin % hadrons, we average over their spin:

; - dzm . _
Fop (21,72,(,y) =p" Z/dy‘e"ch [ H “i eiwirtz; ]
A

i=1,2 2m

X <p7)‘|0a (ya Zl) Ob (Oa 22) ‘p? >‘>‘z+=0 . (260)

yT=0

In the forward limit ¢ = 0 these collinear skewed quark DPDs describe quarks of flavor
and polarization a and b with longitudinal momentum fractions x; and z, at a relative
transverse distance y. The skewness parameter ¢ describes the difference in longitudinal
momentum fraction between the amplitude and the conjugate amplitude. The emitted
quarks have momenta x; + (/2 and x5 — (/2, the absorbed ones 27 — (/2 and xs + (/2,
if all these fractions are positive. The sign of these momentum fractions determines the
partonic interpretation. If x; + (/2 > 0, the parton corresponds to a quark emitted in
the amplitude and absorbed in the conjugate amplitude as shown in Figure If a
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it m—5 i zts -

amplitude conj. amp.

(a) Two quarks of flavors a and b with total longitudinal momentum frac-
tions z; £ (/2 > 0 are emitted in the wavefunction amplitude and absorbed
in the conjugate amplitude.

.”L‘1+%3—$2+% $2+% xl—%

amplitude conj. amp.

(b) A quark of flavor a and total longitudinal momentum fraction zy + (/2
is emitted in the wavefunction amplitude, an antiquark of flavor b with
momentum fraction —xy 4+ (/2 > 0 is absorbed together with two quarks
of flavor @ and b in the conjugate wavefunction amplitude.

Figure 2.2: Examples for kinematics included in F;, (21, %2, ¢, y). Contributions to the
wave function amplitude are shown in red, those to the conjugate amplitude in blue.
The large blue oval represents the hadronic part of the squared amplitude which for
inclusive DPS processes is given by DPDs. Parton designations as quarks or antiquarks
are shown beneath this.

momentum fraction becomes negative (e.g. xo — (/2 < 0), this instead corresponds to
an antiquark being absorbed in the conjugate amplitude, illustrated in Figure A
change in sign of a momentum fraction swaps the interpretation between quarks and
antiquarks, and between emission and absorption in the amplitude and its conjugate.

Properties of collinear DPDs

As individual quark momentum fractions as well as their sums cannot exceed 1 due to
momentum conservation, the support of skewed DPDs is restricted by
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|21] + |2 <1, (2.61)

which is sketched in Figure 2.3 Quarks with negative momentum fractions are in-

T2

zi+¢/21 <1

1

Figure 2.3: Support of the collinear DPDs F, (21, 22, (, y) at different ¢, considering
both individual and total momentum fraction conservation. The extreme cases for
individual momentum conservation ¢ = 0 and |(| = 1 are shown as gray squares. A
generic situation for 0 # |(| # 1 is indicated by the red dashed square. Total momentum
fraction conservation is indicated by the blue diamond. The DPD only has support
where the diamond overlaps with the square for given (.

terpreted as antiquarks with opposite, positive, momentum. This originates from the
operators (2.42) and their behavior under charge conjugation. Using (12.45)), one finds
the following relations between quark and antiquark DPDs:

Foy (21,22, C,y) = ngFap (=11, 72,(,y)
Fab (xh T2, Cv y) = 77ch@1§ (‘Tla — T, <7 y) . (262)

Similarly, from PT' invariance one finds:

Fab (3717 T2, <7 y) = TﬁJTng’TFab (131, T2, _Cv _y> ) (2'63)

where

1 a=4q
b = ’ 2.64
Npr {_1 a=Aq,éq. ( )
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These symmetries allow for a spin decomposition of the unpolarized DPD F, (x1, 22, (, y).

We define

v =y’ y=1\-y%, (2.65)

which we will use when the function is rotationally symmetric and thus only depends on
this Lorentz invariant. Both the unpolarized-unpolarized and longitudinally-longitudinally
polarized DPD are parity even, i.e. scalar functions:

Ffﬂ]' (‘riv Cu y) = qu/ (xh Cv y2) )
Fagag (76,6, Y) = fagay (21,6,9%) - (2.66)

The unpolarized-longitudinally polarized and longitudinally polarized-unpolarized con-
tributions are parity odd, i.e. pseudo scalar functions and cancel after the integration
over transverse momenta, i.e.

Fqu/ (xia Ca y) =0 s
FA‘](]' ("L‘iv Ca y) = 0 . (267)

The longitudinally-transversely polarized contributions are 7-odd and thus have to
vanish, as DPDs are time reversal invariant:

FAq(Sq/ (xiv ga y) = 07
Fsgag (2:,C,y) = 0. (2.68)

The unpolarized-transversely polarized and transversely polarized-unpolarized contri-
butions transform as axial vectors. In the collinear case, only the scalar contributions
remain:

Fgéq/ (l‘i, Ca y) = Ejlylqu(Sq’ ($i7 Ca y2) )

ngq’ (xiv Ca y) = Gjlylmf(sqq’ (xh Ca y2> : (269)
Similarly, the transversely-transversely polarized DPD F gq]i;q, (i, (,y) can be decom-
posed in the collinear case as

Filsy (20,C,y) = 0 figog (0, G 0) + (200" — 67 9%) m? flysy (2:,C,07) - (2.70)
Using (2.63)), one finds the scalar functions fu;(z;, ¢, y?) to be even in (:
fab(xh C? y2) = fab<xi> _C7 y2) . (271)

In analogy to collinear PDFSs, collinear DPDs include divergences as discussed in
Section which have to be renormalized. The two quarks evolve separately, thus it
is prudent to include two different renormalization scales ;1 and ps. These scales evolve
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independently. For quark a with associated scale p, the forward unpolarized collinear
quark DPD F'(x;,y, u, 1) evolves as :

1F (mlax%y),ula,UQ Z/

0

1—zo d
dlog i

aa’ ( 7 7,“1) Fa/b(x/hx%ynulnu?) )
(2.72)

where P, (%, ,ul) is the splitting kernel. The dominant perturbative effect at small
1
ly| is 1 — 2 splitting, where one parton splits into two, a — a’l':

1
- Pa—)a’b’( o ) fa(xl i :EQ) . (273)

splitting 27Ty2 1+ T2 T, + To T1+ X9

Fa'b/(fl, T2, ?/)

The singularity y — 0 has to be regularized in the context of sum rules, where we
integrate over the transverse distance. Analogously to the unpolarized quark PDF
discussed in Section [2.4.2] in the forward case ¢ = 0, DPDs fulfill sum rules. These have
been proposed in Ref. and proven in Ref. , . In this work, we only consider
the number sum rule. For the two-quark DPD F, it can be written as :

1—|z1]
27'('/ dyy / dSEQ qu’(x17x27y2)
Ycut 1“!‘|‘T1|

- {(Nq’ Oqq') fo(x1) + O(O‘S) + O(A23/cut) for z; >0,

(2.74)
— (Ny + 04g) fa(=21) + O( ) + O(A%2,)  for 21 <0,

where f; and f5 are quark and antiquark PDFs and NV is the number of valence quarks
¢'. To obtain this relation, we have used the relation Fyy (1, xa,y?) = —F .y (—21, T2, y?)
and its counterpart for the second parton in (2.62)).

The lower cutoff on the integral over y regularizes the singular 1/y? behavior of F,
for y — 0. The last term in denotes power corrections, with A representing a
typical hadronic scale. One should therefore take y., sufficiently small in order to keep
corrections at a moderate level. We use yeuy = bo/p, where p is the renormalization
scale of the DPD and by = 2e™" ~ 1.12 with the Euler-Mascheroni constant y. Taking
= 2GeV we get

Yeur ~ 0.11fm . (2.75)

When considering Mellin moments in both momentum fractions, we want to integrate
over x1. This is only well defined for ¢ # ¢, because the corresponding expression
for ¢ = ¢’ includes sea quark contributions that lead to divergent results when integrated
over all momentum fractions. Taking the parton combination ud in (2.74) and using
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the number sum rule for ordinary PDFs, we get

') [e'e) 1 1
Sud(Yeut) = 21 dyy La(¢ = 0,y%) = 27T/ dyy /ldxl/ldxz Fua(z1, 2, 9°)
Ycut — —

Ycut

=2+ 0(a?) + O(N°y2,) - (2.76)

Notice that the power of o, on the r.h.s. is higher than in the generic relation ([2.74]),
because perturbative splitting for the parton combination ud starts only at order o?.

2.5 Double parton scattering

As discussed in Section double parton scattering processes involving two partons
from each hadron depend on sensitive partonic correlations, encoded in the DPDs. In
this section, where we follow [73], we shall focus on a leading order analysis of the DPS
cross section oppg considering only quark color-singlet contributions. We will briefly
discuss further contributions at the end of this section.

We consider two hadrons moving in opposite directions with momenta p and p along the
z axis at a large energy scale (). The hadrons emit and absorb partons with momenta
ki — (=1)'5 and ki + (—1)%, i € {1,2}, at relative separation y, exchanging momenta
¢; = (k; + k;). In the center of mass frame of the collision, the different momentum
components are of the order:

¢g"~ kT ~pt e ~Q,

A2
q_Nkj_Np_NﬁJrNi,
Q@

p=p=0. (2.77)

Momentum conservation then forces the light-cone components of r to be small com-
pared to Q:

A2
67

’]"+N7"7N

(2.78)

implying ¢ = ;—i ~ g—i ~ 0. We shall therefore only consider the forward limit { = 0.

This kinematic situation is sketched in Figure We factorize the DPS process into a
hard process, described by the hard scattering cross section o;(¢?), and a soft process,
described by the DPD F,;(x;, k;, y). The hard scattering cross section is defined by the
spin projected hard scattering matrix element H; as:

K (T0), Hopeanla?) (T7) 5 B (2.79)

Uz’,az(%fis)

1
- 2¢?

where we used ¢ ~ k and ¢ ~ k; from (2.77) to express ¢ ~ 2¢q; =~

1
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N ) ! _ 2 _a
y+3 2 ‘ 2 Yy—3

Figure 2.4: Illustration of leading order DPS kinematics. The soft parts of the in-
teraction, described by the DPDs F, is represented by the large blue ovals. The hard
part, described by the scattering matrix elements H;, are shown as orange ovals. The
two partons emitted from the hadrons, interacting with one parton of the other hadron
each, are depicted as quark lines, connecting the soft and hard part. The dashed line
in the middle represents the final state cut, separating amplitude (red) and conjugate
amplitude (blue) quark lines.

22,x,p P ~ 2;7;(p+p)* = 2;T;s, with the Mandelstam variable s = (p+p)?. The lead-
ing twist spin projectors I't and 'S are defined similarly to the polarization projectors
for parton correlation functions ([2.40)):

1 1 | , .

Iy =57 Ta =30 I6 =30 Ti=-nely. (2:80)
Combining our definition (2.55) for the quark singlet DPD 'F4 (2, ki, ¢, y) with the
hard scattering cross section (2.79)), we obtain the differential DPS cross section:

do 1
[, dz; dz; i2q;  C 2 [

aiazby by

i=1
X /dQ?J Tarb, ($1518)5a2b2(@@«S)F[ﬁ@(?ﬁl,$2,kiay) in@(fl,ﬂ_@,’;i,y)-
(2.81)
Notice that we dropped the argument (, which is found to approximate zero within the

context of DPS as discussed before. The factor C' is a combinatorial factor. If the two
partons are identical, C' = 2, if not C' = 1. Integrating over transverse momenta reduces
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the DPDs to their collinear versions:

d 1
e L
i=1 d.CCl d&?z C a1azby by
X Gayby (T1718)Ganby (2T28) Foyay (T1, T2, Y) Foypy (1, T2, Y) - (2.82)

The equations and were obtained using the assumption, that DPS can be
factorized into hard and soft parts. For this assumption to hold, it is necessary to prove
that gluons in the so-called Glauber region cancel [74]. For double Drell Yan (DDY)
processes, this has been achieved in Ref. . However, it does not hold for processes
with hadronic final states when resolving transverse momenta . We also did not
include contributions from the color-octet DPD #F and fermion number interference.
Both of these are assumed to be Sudakov suppressed . In Ref. it was shown
that the color non-singlet distributions are suppressed at intermediate and large y but
cannot be neglected at small y, where Sudakov suppression has only a limited effect.
Furthermore, we only considered leading order contributions, disregarding the effects of
collinear and soft gluons. Collinear gluons are included by taking into account process-
dependent Wilson lines in the same way as discussed for PDFs. Soft gluons are accounted
for by multiplying the DPDs with a soft factor . As discussed in Section at
small y, the DPD becomes singular due to 1 — 2 splitting, which are higher twist
contributions. While we regularized this singularity with a cut-off in , in general,
in the small y regime, an SPS contribution has to be added by the DPS contribution in
a suitable manner to avoid double counting .



3 Lattice Quantum Chromodynamics

At low energy scales @), perturbation theory breaks down as a4(Q) becomes large.
To access low energy or soft quantities like PDFs, non-perturbative calculations are
necessary. To perform non-perturbative QCD calculations, we have to evaluate the full
path integral to compute matrix elements like

(0) = o [ DWIDWIDIA] O, 5, Ay) eSacotvidn),
(3.1)

where O is the expression of interest, Z is the partition function and Sqcp is the QCD
action:

Z = /D[w]D[z/_f]D[Aﬂ] eiSQCD(wv’ZvA#)’
SacolA, 6] = [ d'x Lacn[A,v, d](x) (3.2

In this section, we will introduce Lattice QCD as a non-perturbative tool to do so. The
basic idea is to switch from real to imaginary time so that the exponentiated action
becomes a weight instead of a phase factor, which allows one to evaluate the path
integral using numerical methods like Monte Carlo sampling techniques. To evaluate
integrals over space-time coordinates numerically, we will discretize the theory, including
fermions and bosons. In this chapter, we follow [115].

3.1 Wick rotation

To obtain a real weight e~%ec® we want to replace Minkowski time ¢ by Euclidean
time tp = —it. This is achieved by performing the Wick rotation. The Wick rotation
analytically continues the time coordinate to imaginary values,

t— —itpg, (3.3)

This rotates the integration contour from the real to the imaginary axis. Assuming the
integrand to be analytic, the contour can be deformed back to the real axis, yielding

/Oodt:i/ooth. (3.5)

27
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We introduce Euclidean space-time coordinates

xhy = (1,19, 23, 24) = (Z,1E), w=1...,4. (3.6)
The Minkowski distance
2=t — 7? (3.7)
translates to
2? — — (1512LJ + :?2) = —1%, (3.8)
where
mQE - J]%ZEE gE,/u/ ; (39)
with the Euclidean metric
9E,uw = 6,uz/ . (310)

As the metric is encoded in the anti-commutation relations of the Dirac gamma matrices,

{7;11\47%1/\/[} = 29uu:
{9} = 20, (3.11)

these also differ between Minkowski (v,")

follow the convention [115]:

and Euclidean (7)) space. In this work, we

"= (3.12)
vE = -y, k=123,
W =W (3.13)

which fulfills (3.11)).

The Euclidean gamma matrices obey 75 = 75 = 75 - Applying the Wick rotation
to the QCD action,

Saco = [ d' Laen(@), (3.14)
continues the Minkowski action analytically to the Euclidean action Sg,
1Sqcp = —S5E, (3.15)
where
Sp = / dlep Lp(zp) (3.16)

is a real valued quantity.

We can write the expectation value of an operator O in Euclidean space-time as

@%ﬂ%/bWWWWMAW%&Awe%wW”’ (3.17)

Zp = [ DUIDWIDIA,] ¢S50, (3.18)
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The generating functional of the Euclidean path integral can be thought of as a statis-
tical partition function with a real and positive weight. This allows us to evaluate the
Euclidean path integral numerically, using Monte Carlo methods.

In the following, we only consider Euclidean expressions unless explicitly noted dif-
ferently.

3.2 Discretization of continuum physics

We define the lattice 2 as a four-dimensional hypercube:
Q:={n|n,e{0,1,...,Ny—1}, p=1,2,3; ng € {0,1,..., Ny —1}} . (3.19)

The lattice Q2 has N (IV;) points, spaced by the lattice spacing a, in spatial (temporal)
directions and spans a spatial volume of (N,a)3. Fermionic fields exist now only on these
lattice sites. We denote the vector connecting two neighboring lattice sites along the
p-axis as fi. Replacing the continuum infinite volume with this hypercube reduces the
symmetry from the full Poincaré group to the hypercubic group, H(4). To ensure that
(spatial) momentum remains a good quantum number, we have to maintain momentum
conservation. This is achieved by restoring discrete translational invariance by choosing
periodic boundary conditions in space, i.e. f(z + Lji) = f(z) for any function f on
Q. We will discuss artifacts associated with this finite volume later. Common choices
for temporal boundary conditions include (anti) periodic as well as open boundaries.
Periodic (anti-periodic) boundary conditions for bosonic (fermionic) fields preserve time
translation invariance and thus energy, allowing for a straightforward spectral interpre-
tation of correlation functions. However, at fine lattice spacings they lead to so-called
topological freezing, i.e. the Monte Carlo evolution becomes trapped in a fixed topolog-
ical sector due to large action barriers separating configurations of different topological
charge. This results in long auto-correlation times and poor sampling of the path in-
tegral. Open boundary conditions in time explicitly break time translation invariance,
but allow the topological charge to flow continuously through the boundaries, thereby
alleviating topological freezing. For (anti)periodic boundary conditions, the full volume
can be used to extract physical observables. On open temporal boundary lattices, only
the bulk region sufficiently far from the temporal boundaries yields physical results,
where boundary effects are exponentially suppressed .

3.2.1 The discrete Dirac operator

The free part of the action in Euclidean space can be discretized as

[ di d@) @+ m)la) — o' Y b Daelely)vly) (320

z,yeN
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by replacing the integral with a sum and defining the free Dirac operator

~y
Dfree(xky) = Z £ (6r,y+,& - 5m,y—ﬂ) +m 6m,y ) (321)

u2a

where the derivative was replaced by a symmetric differential quotient. This expression
is not gauge covariant, as the fermion fields at different positions = and y 4 ji transform
independently, as defined in (2.8). This can be amended by connecting the fermion
fields with a gauge transporter, i.e. a Wilson line of length a:

U,(z) =Pexp (z’g /:Mﬂ A,(s) ds) : (3.22)

where P denotes path ordering. These Wilson lines are called gauge links and represent
the bosonic degrees of freedom, living on the lattice edges. They transform as

Uu(x) = Q(2) Uy(2) Q' (x + ), (3.23)

forming a naively discretized covariant Dirac operator:
ab “
(Dnalve)aﬂ x|y Z P)/u,oz,b’|: 590, y+ia T Ul (33 - ,u) 59:,3,17;1 + méw,ya (324)

where we made both color (a,b) and spinor («, §) indices explicit.

In the free, massless, non-interacting case where U, = 1, we can obtain the propaga-
tor, i.e. the Green’s function of the Dirac operator , analytically. For convenience,
we switch to momentum space by using a discrete Fourier transformation. The finite
lattice size limits the momentum to p* € (—n/a,7/a]. In momentum space, the naive
discretized propagator takes the following form:

(Dnaive) " (p) = —Z “281; (a)) (3.25)

In continuum theory, the propagator of a massless particle has exactly one pole at p = 0.
The naive discretized propagator has additional singularities at p* = 7 /a. In four
dimensions, this corresponds to 16 poles, 15 of which are unphysical so-called doublers.
These can be decoupled from the physical pole by introducing the Wilson term

TWllson $|y = — 5 Z < ;erﬂ’y — 25m,y + U/];(QZ — ﬂ) 5:Eﬂ,y) , (326)

which adds a mass o< a~! to the doublers. Note that the gauge links are added here, not
subtracted as in the naive Dirac operator . This produces a symmetric Fourier
transform o 1 — cos(p,a), which splits the zero momentum pole from the doublers.
Notice also the absence of 7, in the Wilson term, making it independent of the spinor
structure, particularly momentum. Adding (3.26) to (3.24]) yields the Wilson-Dirac
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operator:

1
DysianlU) (aly) = 5= 16y = 1 Hir[U, ) (aly)| (3.21)

where x is the hopping parameter

1 1
2am = — — — (3.28)
K Ke
and Hyw [U,](z|y) is the hopping term
Hw[U,)(zly) := Z {(1 = V) Up(@) Oty + (1 4 7) U,J;(x — 1) Oz | - (3.29)

I

The critical hopping parameter k. is the value of x at which the quark becomes mass-
less, i.e. m = 0. It is determined numerically, e.g. by using the chiral relation m?2 oc m
and extrapolating the squared pion mass m?2 to zero as a function of 1/k. In the free
field case, k. = 1/8. In the interacting case, the quark mass has to be renormalized,

becoming scale dependent, so that k. depends on the lattice spacing a.

While the Wilson term ({3.26) effectively removes doublers by acting as an extra
mass term, it explicitly breaks chiral symmetry. A chiral transformation (rotation) of a
fermion is defined as

U — €Y
) — et (3.30)

From this it becomes evident that any form of mass term breaks chiral symmetry, as the
phases do not cancel. These two properties, chiral symmetry and no doublers, cannot
be reconciled at a # 0, which is known as the Nielsen-Ninomiya theorem [117].

3.2.2 The discretized action
The free gauge action in the continuum is

S, = / d'z F* v (2) F° (x). (3.31)
To discretize this expression, we have to reformulate it in terms of gauge links U,. For

small a, the gauge links defined in (3.23) can be approximated as

z+afi aK

A,(s) ds) ~h exp (igaAAx))

1
=1+igaA,(x) — §g2a2Ai(x) +0(a®). (3.32)

Uu(z) =Pexp (zg/x
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Inserting into the definition of the naively discretized Dirac operator (13.24]) and
taking the continuum limit a — 0 recovers the continuum formulation . Considering
the smallest possible loop of gauge links on the lattice, the so-called plaquette U,,,, one
arrives at the following expression:

U (2) = Uu(2)U, (2 + ap) U (z + ad) U] () . (3.33)
Using the approximation and expanding the gauge fields around x,
Ay (x + ap) = A (2) + ad, A, (z) + O(a?), (3.34)
the individual link variables can be written as

1
§gQa2Ai(:E) + 0(a%),

Uy(o + ai) = 1+ iga(Ay(2) + ad A, (2)) — ;g%mi(x) + 0. (3.35)

Uu(z) =1+ igaA,(x) —

Using (3.35)) to evaluate (3.33)), keeping terms up to O(a?), one obtains

U () = 1+iga® (9,4, — 9,A,) — g%a*(A,A, — A,A,) + O(d®), (3.36)
where the O(a?) terms can be identified with the field strength tensor ([2.11)):
U () = 1+ iga®F (z) + O(a®) = exp (iga®Fu (x)) + O(a®) . (3.37)

The O(a?®) and O(a®) contributions vanish similarly to the O(a) ones [115], so that the

exponential can be expanded to second order in a2,

U () = 1 + iga® Fou () — ;g2a4Fiy(x) + 0. (3.38)

Taking the trace w.r.t color and using tr(£#),) = 0, one obtains
1
tr (UW(:B)) =tr(1) — §g2a4 tr (F/fl,(:v)) + O(a%). (3.39)

Now, we can evaluate (3.31)) by replacing the integral with a sum over all lattice sites
[d*z — a*Y",. This defines the Wilson gauge action

S, = h > Rtr(1-Uw(x)), (3.40)

3 T, u<v

where [ = g%. Higher order contributions to U,,, which vanish in the continuum, can
contain imaginary contributions. To ensure the action is always real, the real part of
the trace is taken.
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3.2.3 Symanzik improvement

The discretization of QCD introduces artifacts proportional to powers of the lattice spac-
ing a. For the Wilson fermions, defined by the Wilson-Dirac operator , the leading
discretization effects are of O(a). For the Wilson gauge action they are of O(a?).
While in the continuum, all discretization effects vanish, taking the continuum limit is
laborious and computationally expensive. Thus, it is desirable to reduce discretization
effects by removing the leading order contributions. This can be done systematically
by following the Symanzik improvement program which makes use of the fact that our
discretization is not unique. Combining terms from different discretizations, which have
different discretization errors, enables us to remove leading order discretization effects.
The core idea is to find alternative discretizations that include terms of the order to
be removed. These terms are then added to the original with a suitable weight as to
precisely cancel the leading discretization error contribution.

v U
B N
U—uw qu
\ ~
M ~ Y
& > Uw 4
L
U_.u7_l/ U.uv_l/
4
A@P >
v

(a) Clover term summands (b) Rectangular plaquette

Figure 3.1: Comparison of the lattice plaquette structures. Left: the summands of
the clover term @),,. Right: The rectangular plaquette U, used to obtain the Liischer-
Weisz action.

Wilson fermions suffer from O(a) discretization errors stemming from the Wilson
term. They can be O(a) improved by the addition of the clover term as proven by
Sheikholeslami and Wohlert [118]:

l

O[UH] (ZE|y) = _@O’uu@uu(:ﬁ) 5a:y ) (341)
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where

Qu () = Uy () + Uy () + Uy () + Uoy () (3.42)

is the sum over all plaquettes in the (p, v)-plane including the lattice site x, forming a
four-leaf clover. This is illustrated in Figure [3.1a] Adding (3.41)) to (3.27) yields the
O(a) improved Wilson Dirac operator

DewlU(aly) = 5 [3ey = rHwlU)(aly)] + acsw CUIGaly), (343

where csyw is the Sheikholeslami-Wohlert coefficient. It can be determined non-perturbatively,
which for ny = 3 was done in Ref. [119).

The O(a)-improved Dirac operator ({3.43)) still breaks chiral symmetry explicitly. How-
ever, it satisfies the important symmetry property of so-called v5-Hermiticity:

s [Dsw (U] (x[y)]" 5 = Dsw U] (yl) - (3.44)

This relation follows from the unitarity of the gauge links, U,(x)" = U_,(z), and the
fact that 75 anticommutes with the Dirac matrices, {75, v,} = 0. It holds separately for
both the Wilson hopping term and the clover term.

As a consequence, the eigenvalues of the Dirac operator occur in complex conjugate
pairs, implying that its determinant is real-valued. This ensures a well-defined fermionic
measure in the path integral.

The Wilson gauge action is subject to O(a?) discretization errors. These arise
from higher-order terms in the expansion (3.38)), which contribute at order a® to the pla-
quette. Upon summation over lattice sites, these terms correspond to O(a?) corrections
in the continuum limit.

The absence of O(a) discretization errors can already be observed in the explicit
expansion of the plaquette , where odd powers in a cancel due to the symmetry of
the closed loop. More generally, an O(a) contribution would correspond to a dimension-
five operator. While these occur in the Wilson-Dirac operator , they are forbidden
by gauge invariance and hypercubic symmetry in the pure gauge theory.

The Wilson gauge action S, can be improved to O(g?*a?) by the addition of a rectan-
gular plaquette term U, to (3.31]). This is the so-called Liischer-Weisz action [120]:

SuwlU.] = €09 015 S R (1 Oule). (3.45)
T pFv
where U;w is
U(@) = Uu(2) Uy(z + ) Up(z + o+ D) U (x + 20)
x Ul(x + ) Ul(z), (3.46)
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illustrated in Figure [3.Ibl Note that this expression represents one orientation of a
1 x 2 rectangular Wilson loop in the (u,v)-plane. The sum over pu # v includes all
orientations related by lattice symmetries.

Combining (3.43)) and (3.45)), we obtain the LQCD action used for all simulations in
this work:

S, U] =a Zz¢f ) Dsw (U] y(x) + Spw[U,] - (3.47)

3.2.4 The discretized path integral

We can now formulate the Euclidean path integral on a discrete lattice. One can
split the expectation value of some operator (O) into a fermionic and a gauge component,
i.e. (O) = ((O)p)s. We shall focus on the fermionic part first, i.e. the integration over
the Grassmann valued fields, which we denote here by n and 7. We split the action
accordingly,

Sg = Sp[n,1,Uu] + SclU4] - (3.48)

We can now write

1 1 _
—— D —SclUu] 7 /D =1 ,—SF[n:n,UL] = 4
Z / [Uu]e F[Uu] ZF[UM] [777 77]6 0[777 n, Uu] ) (3 9)
(O)F
where
— [ DD e Srintl, (3.50)

We express the fermionic part of the action as

Sen,n,U Zm M (3.51)

to evaluate Zr as a Gaussian integral

> i Aim;

2

T = / DI Dly] exp — det [A] , (3.52)

where we can choose A;; = —D;; to arrive at the fermionic determinant.
Analogous to the continuum ([2.14)), we can define a generating functional for fermions

Wlj, 5] = /DnDﬁ exp [7An] + jn + jii = det [A]exp [—jAj] | (3.53)
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where we completed the square and used (3.52)) to arrive at the final expression. We
can use this to compute fermionic expectation values, e.g.

1 0 0 -
g = AL, 54
() r = 709 8JW[J7J] (3.54)

j=7=0

Explicitly evaluating this formula for expectation values of multiple operators, we arrive
at Wick’s theorem,

Nax iy =+ MinMj ) F =7 / D) D[n]ni, 15, - - 0in 7y, €XP [NAN]
=(—=1)" Y Slgn(P)(A’l)um-“(A’l)z-ljpm)- (3.55)
PeS,

3.3 Monte Carlo simulations

The Euclidean version of the path integral can be evaluated numerically using
the Monte Carlo method. This method allows us to approximate the numerical result
of an integral by evaluating the integrand at stochastically selected points within the
integrands support region and averaging over the corresponding values. For a simple,
one dimensional integral, this means

b . b—a

Y flw). (3.56)

x;€[a,b]

The error associated with a truncation at some large N is proportional to 1/ VN. If
the integrand receives most contributions from a small subset of its support, conver-
gence of the sampling can be increased by biasing the sampling points with a suitable
probability distribution so that support regions with larger contributions are sampled
more frequently. This can be achieved by decomposing the integrand f into a product
of some function g and a real and positive weight w which share their support with f,
i.e. Vacap ¢ f(x) = g(x)w(x). The weight w defines the probability distribution which
governs the choice of the sampling points x;:

ot _ w(x)
_/a drur), dP=""ds. (3.57)

This allows us to rewrite the original integration and sampling as

/dxf /dPg = hm — Z g(x;), (3.58)

zi€la,b]

where the points x; were distributed according to dP.
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We can evaluate general expectation values of operators (3.49) by using Wick’s the-
orem (3.55)) for the fermionic part, then integrating over the gauge links:

(8 (02 @) B, (), ) = 5 5 i) [0

PeS,
< (MF [UH])ZZ:) (1 | @ppyy) -+« (M [UN])ZZ:::) (0 | Zpiuy)
X 5f1f;)(1) T (anf;(n)eisLW[U“] 1;[ det {Dgw [U#}} s (359)

where we made all spinor (greek) and color (latin) indices explicit, f; denote the flavor
of the corresponding quark field. We introduced the fermionic propagator M/ U,
which is defined as the solution of Dy, [U,) M7 [U,] = 1. The exponentiated Liischer-
Weisz gauge action e SWlUil provides a suitable real and positive weight for Monte
Carlo integration, the fermion determinant det {Dgw [Uu]} appearing in can be
absorbed into this Monte-Carlo weight as

e~ Stw (U]

DPU,) = —— IAR (3.60)

[T det { Déw (0,1}
f

The determinant is always real due to 7s-hermiticity . In practice, it can be-
come negative due to gauge fluctuations. This becomes more likely for lighter quark
masses. Due to its considerably larger mass it is unlikely for the strange quark deter-
minant to become small or even negative. Violations of this assumption were found
in Ref. , particularly for coarser lattices. The corresponding sign can be included
during reweighting, which we shall discuss below.

For the light quarks it is useful to choose m, = my, i.e. consider them as mass
degenerate. As their Dirac operators are now identical, the product of their determinants
is always non-negative. To avoid instabilities caused by near-zero eigenvalues of the
Wilson Dirac operator, a small twisted-mass term gy is introduced into the simulated
action, shifting all eigenvalues away from zero. It is added to the hermitian Dirac
operator ) := ;D and ensures det(Q? + p2) > 0. The resulting mismatch with the
target theory has to be corrected by reweighting every observable with a configuration
dependent reweighting factor , which will be discussed in more detail below:

(@ + 2u3>©2] |

@+ ) (361

WO = det [

We can now use (3.60) to evaluate the Euclidean path integral over the gauge links
for an operator O as

O)y — ZlE J Rz CARCICATE RS Z o[ (3.62)
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To obtain the gauge configurations U; distributed in accordance with , we em-
ploy a Markov chain Monte Carlo algorithm. A Markov chain is a stochastic process
that generates a new configuration U; based on an existing one U;_; by performing
random updates with transition probability T'(U;|U;_1) which satisfies

U;

Each update depends only on the current configuration. Starting from a random con-
figuration, the chain requires a number of initial updates to lose memory of the starting
point, which is called thermalization. In equilibrium, the transition probability 7" must
satisfy detailed balance

T(U\Us) P(Us_1) = T(Us_1|U;) P(U;), (3.64)

which guarantees convergence to the target distribution P(U), provided the chain is also
ergodic, i.e. any configuration will be encountered in the chain at some point, indepen-
dent on the initial configuration. At small lattice spacings, ergodicity can be violated by
topological freezing, which can be avoided by using open boundary conditions in time
as discussed in Section [3.2] Subsequent configurations are obtained by continuing the
Markov chain without the need to thermalize again.

A possible choice for the transition probability 7" is the Metropolis-Hastings algorithm,
T = min(1l,exp(—AS)), where AS = S(U;) — S(U;—1). The handling of fermions is
numerically expensive due to the non-local nature of the fermionic determinant. A
suitable solution is presented by the Hybrid Monte Carlo (HMC) algorithm [124], where
fermions are replaced by pseudofermion fields ¢ via the identity

det(D'D) x / DIl D[g] e~ P'D) o (3.65)

reducing the light quark determinants to a bosonic integral. The HMC then evolves the
gauge field via fictitious molecular dynamics equations of motion, with the Metropolis
step at the end of each trajectory correcting for the finite step size of the numerical
integration and ensuring detailed balance.

The reformulated fermionic determinant requires an inversion of the Dirac operator
product DD. This inversion becomes particularly expensive when the condition num-
ber £ = Apax/Amin 18 large, where Ayax and Ay, are the largest and smallest eigenvalues
of DD, respectively. For light quark masses, Amin is small and x becomes large, signif-
icantly increasing the cost of the inversion. This is known as critical slowing down, a
phenomenon, where the increase in computational cost does not follow the naive scaling
of the system size but exceeds it. It occurs when approaching the critical point of a
theory due to increased auto-correlation times .

To reduce k, the light quark determinant is factored into a tower of determinant

ratios with increasing auxiliary masses o < p1 < --- < py,,, via Hasenbusch mass
preconditioning [126} {127, where each ratio is significantly better conditioned than the
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full operator, considerably reducing the computational cost. This does not influence
reweighting, as the additional ratios of determinants are exact.
The strange quark contributes a single unpaired determinant which, after even-odd

preconditioning, requires the evaluation of y/det Qg This cannot be expressed directly
as a bosonic pseudofermion integral. It is therefore treated via the RHMC algorithm
, where the square root is approximated by a rational function whose deviation
from the exact result is corrected by another reweighting factor W;. This factor can also
be used to absorb the sign of possible real negative eigenvalues of the Dirac operator
mentioned above . Combining W, and W7, expectation values of any observable O
are then recovered via

<O : WOWl)Mo
<W0W1>M0

Both RHMC and twisted-mass reweighting can be further improved by Low-mode de-
flation [130], more details on the techniques used to generate gauge configurations in

this work can be found in Ref. [I31H133].

(0) = (3.66)
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4 Lattice methodology

In this section we summarize the methods employed to compute hadronic observables on
the lattice. We begin by introducing hadronic matrix elements constructed from n-point
correlation functions of interpolating fields and the operators of interest. We then apply
Wick’s theorem to evaluate the correlation functions. In the context of this work, we
have to consider two-, three-, and four-point functions. Following this, we introduce the
improvement strategies used to increase the SNR of the correlation functions. Finally,
we present the data analysis techniques we employ to extract reliable physics results
from our lattice data.

4.1 Hadronic matrix elements

We first introduce Euclidean correlation functions to access Euclidean matrix elements
on the lattice. We then proceed to define hadronic interpolating fields and operators
considered in this work. We end this subsection with an overview of the resulting Wick
contractions for the matrix elements defined in Chapter [f

4.1.1 Euclidean correlation functions

In this section, we define Euclidean correlation functions following . These expec-
tation values (O, (t,)...01(0)) are called n-point functions. To evaluate the role of
imaginary time, we consider a theory described by a Euclidean Hamiltonian H with an
orthonormal set of energy eigenstates |n) and corresponding energy eigenvalues F,, so
that F,, < F, .1, where we set the vacuum energy Fy = 0 without loss of generality. All
other energy levels are now considered w.r.t the vacuum energy level.

The theory can be discretized by time-slicing and introducing intermediate fields. To
make this explicit, we discretize the Euclidean time extent T into NV slices of spacing a,
such that T'= Na. The partition function Zg then takes the form

N N
Ze = [ 11 Dér TLowale o), (4.1
k=1

k=1

where |¢x) denotes a field eigenstate on the k-th time slice. For periodic boundary
conditions in time, the fields satisfy

Pn1(X) = ¢1(x), (4.2)
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such that the product of transfer matrix elements forms a closed chain. This closure
implies

Zp = [ Dor(orle ™), (43
which, using the completeness relation [ D¢ |¢)(p| = 1, yields the trace representation
Zp = tr(e’TH) : (4.4)

For a two-point correlation function with operators O; and O, at Euclidean times 0
and t, we can write:

tr(e= =01 04(0) e~ 0,(0))

tr(e-TH) ’

(Oz(t)Ol(OD = (4-5)

where we used the Heisenberg picture to evolve Oy(t) = e 0y(0)e . Using the
trace identity tr(O) = Y, (n| O |n), inserting a complete set of energy eigenstates 1 =
> m)(m| and evaluating the exponentiated Hamiltonians, one obtains the spectral
decomposition

(02(£)01(0)) = Zg" > (n|Oslm) {m| O |n)e™T=0EnetEm

)

2% 57(0[0s|m) (m| O, [0) e~ Em | (4.6)
where we used Zg — 1 in the limit of T" — oo.

When using open boundary conditions, the initial and final state can be different.
The chain of transfer matrix elements cannot be reformulated into a trace in this case.
This leads to boundary state contributions which are exponentially suppressed in the
bulk . If we use operators at times ¢; and ¢y sufficiently far from the boundary, i.e.
T >ty > t1 > a, we recover the spectral decomposition for T" — oc:

(Os(t2)01(t1))ome —> D~ (0] 02(0) [m) {m] O1(0) 0) e~ Frlt2=r), (4.7)

where we used Zopc — 1 for T'— oo. This is sketched in more detail in appendix [C]

We conclude that both boundary conditions in time, open and periodic, yield the
same result in the bulk as T" — oco. In the following, we shall thus no longer distinguish
between them. For notational convenience, the times t; and ¢ can be shifted by —t;,
so that the correlator can again be written as (Os(t = t2 — t1)O1(0)). We also do not
explicitly denote the time, if it is equal to zero, i.e. O;(0) = O;.

Including an additional operator, usually at an intermediate time 0 < 7 < ¢, yields
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three-point functions:

(05(1)05(7)01(0)) "= 3 (0] O [m) (m] Oz [n) (n] Oy [0) e~ =Te=7 . (4.8)

m,n

For large temporal separations t — 7 and 7, the lowest energy eigenstate dominates.
This can be used to extract the ground state matrix element (m|O; |n), provided op-
erators O1(t) and Oy(0) are found that have sufficiently large overlap with the ground
states of the particle of interest. For hadronic matrix elements, these are called hadron
interpolating fields, which we shall discuss next.

4.1.2 Hadron interpolating fields

To find operators that create and annihilate a specific hadron, we have to find operators
that share its quantum numbers. For hadron physics, these are spin, parity and flavor.
These operators are called hadron interpolators and are often inspired by the valence
quark model. We shall denote these as J(%,t) for the annihilation and J(7,t) for
the creation of hadrons at time ¢ and position #. We suppress additional indices, e.g.
open spin or flavor indices, for the moment. Mesons can be created as quark-antiquark
pairs while baryons are simulated as three-quark states. The important aspect of the
interpolators is to have maximum overlap ag with the hadronic ground state |h) and
ideally as little overlap «, as possible with other states, e.g. excited states of said hadron
or multi-particle states, which we summarize as |h"):

TN0) = ag|h) + 3o [B") . (4.9)

To create/annihilate a hadron with momentum p, the interpolators J . J have to be
projected onto said momentum by a discrete Fourier transform on the lattice:

TWt)=a’y_ " T(7,1). (4.10)

We can now formulate hadronic two-point functions as

and three-point functions as

Cape(,t,7) = (0] T (9, )O() T (5, 0) |0) (4.12)
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by introducing the operator O(7). The spectral decompositions (4.7) and . then
yield

Copt (P, Z e Fnt (4.13)
and
Cspt (D, T, 7T) Z ; m] O(7) |n) e Bmt=1)g=Ent (4.14)
where

Zn = (01T (P 1) |n) ,
Zy = (n| T (p,t)]0) , (4.15)

and we used the relativistic normalization of states and subsequently 1 = 37, 5= |n) (n|.
Note that the interpolators have no overlap with the vacuum, so that the lowest energy
state is no longer the vacuum but the ground state of the simulated hadron. To extract
the ground state matrix element, we have to cancel the overlap terms, e.g. by dividing
the three-point function by the two-point function. This is only possible if the overlap
terms are scalars, which they are not if we have e.g. open Lorentz indices. We introduce
the label A to denote these degenerate states, e.g. spin for the nucleon, with the ground
state |p, A). To obtain scalar terms, we have to project the matrix elements onto e.g.
a certain polarization, using a suitable projection 7. For an unpolarized nucleon, this

T=1:

(T 760 0 T(5.0))
(u[T TG0 7w0))

> GO N e = (4.16)
A

N | —

0Lt

This formula has to be adjusted in case of different initial and final state momenta to
obtain the desired overlap cancellation. A more sophisticated extraction of ground state
matrix elements taking into account one excited state is presented in Section [4.6.2] To
obtain the continuum matrix element from the lattice matrix element , the latter
has to be multiplied by a factor of 2EV | where V' = (La)? is the spatial lattice volume:

(BAOIFN) | =2EV (BAO5.N)| (4.17)

latt

The factor 2EV originates in the normalization of the external states, where each ex-
ternal state introduces a factor vV2EV. As we have two states of identical energy, this
simplifies to 2EV. Using P = P? and the cyclic property of the trace, the projectors
can be absorbed into the definition of the interpolating fields, which we define for the
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proton as

j - Peabcua (ubF,dZ) P
T = €ancliaa P4 (ﬂb’mf’*’mczf) - (4.18)

These proton interpolators consist of a diquark, containing the diquark kernel I, and
a free quark, which carries the free Lorentz index of the proton and is thus projected
onto the desired polarization by the projector P. At zero momentum, parity is a good
quantum number, which we project onto using

o+l

P=P,:=rg~, I'=0%, (4.19)

where C'is the charge conjugation matrix. This diquark kernel Cy; yields spin 0, combin-
ing with the free quark to spin 1/2, as required for the proton. Recently, kinematically
enhanced interpolators for the interpolation of hadrons with high momenta have
been proposed, which employ other Dirac structures. These not only offer improved
overlap with the boosted ground state, but also computational advantages. We shall
discuss them in Section after introducing lattice calculation techniques.

4.1.3 Operators

In the following, we discuss the operators we use in this work to obtain hadronic matrix
elements on the lattice. These are local quark bilinear operators, which are
defined at a single lattice site, and non-local operators involving purely spatial Wilson
lines. The latter are required to maintain gauge invariance of the final matrix element
for extended quark field separations.

Local operators on the lattice are defined as
Otihqz (fins) = q_l (finsa T)Fifh (finsa T) ) (420)

where I'* is a product of Dirac matrices. If ¢, = ¢a, we only denote the flavor ¢;. The
following Dirac structures are of particular interest for our investigation of DPDs:

Ve (y) = q(y) " d'(y) (vector),
Al (y) = q(y) Y5 ' (y) (axial vector),
Ty (y) = aly) o™ ¢ (y) (tensor). (4.21)

In Minkowski space-time, these operators obey the symmetries

045 (y) =m0k, (v)
O’ () = 0pr Oy (—y) , (4.22)
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where
; 1 =A
j
T]CE{_1 v (4.23)
and
. 1 j=V
J
Npp € { 1 AT (4.24)
For the hermitian conjugate, it holds that

(Oiy @) = 04y (w). (4.25)

This implies that all flavor-conserving operators are hermitian. Note the different defini-
tions of Minkowski and Euclidean y-matrices in (3.12]). We will discuss the implications
in Chapter

Non-local operators include quark fields at different lattice sites, which have to be
connected with a Wilson line to maintain gauge invariance. Along a lattice axis, which
we choose to be the z-axis, they are commonly defined as

Oé(y, z) = Oé(y_', 2:7) = q(§ + 25, T DWI[§ + 22,97 T)q(7:7) (4.26)

where the discretized version of the Wilson line is

z—1
Wy + 22,5, 7] = H UG+ (z—k—=1)271), (4.27)
k=0

where 2 is the unit vector in z-direction of length a.

4.1.4 Wick contractions

We can now combine the hadronic interpolators into two-point functions and with
the operators defined in Section into three- and four-point functions. These are
now expectation values of quark fields, contracted with the Dirac structure and gauge
links contained in the interpolators and operators. The fermionic expectation value
can be evaluated using Wick’s theorem for the interacting case , where the path
integral is used to replace a quark and an antiquark operator by one flavor-conserving
quark propagator:

() T3(x) = MG (ylz). (4.28)

We will now use the nucleon interpolators (4.18]) with the kernels defined in (4.19) to

calculate the Wick contraction for two-point function explicitly. We give only a dia-
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grammatic overview over the kinds of Wick contractions for the higher n-point functions.
For brevity, we use Euclidean four-vectors, thus setting the source position to 0 = (0, 0)
and the sink position to z = (Z,1).

Two-point functions contain only the two interpolators:

Cope(pit) = a® Y e <tr( (x )j(O))>

Z,xd=t
= a6 Z eiiﬁfeabcea’b/c’ (PJr)aa’ (075)137 (C’YS)ﬁ/’y/
Z,xi=t
x DI (x,0) (Ugy (2,0) Ups (x,0)
- z(zlao’é (:L‘ 0) Ubb/ (ZL‘,O)), (429)

where D is the down-quark propagator and U is the up-quark one. As there are two
up-quarks, there are two possible Wick contractions, which are shown in Figure [4.1]
The permutation of indices results in the cross term having negative sign.

0 T
Figure 4.1: Overview of two-point function Wick contractions. Up quark propagators
are shown in light blue, down quark propagators in dark blue.

Three-point functions contain two interpolators and the operator of interest. We use
the local operators (4.21)), inserted at y = (y,7),

ChpgBt,r)=0a% Y 7D (4 (J(2)05(y)T(0))) - (4.30)

j‘7"’E4:t7g’7zJ4:7-

The two kinds of Wick contractions, C5,, , and C5, ;, are shown in Figure

pt,u

Three-point functions include disconnected contributions, which occur when the oper-
ator is contracted with itself, forming a loop. The remaining two interpolators yield the
regular two- pomt function. These disconnected contributions cancel when considering

sptau—d = Clptau — Cgpt g for degenerate masses m, = my. We shall only consider the
isovector combination for non-local operators, which can be accessed by using I = ~,
and subtracting the d from the u contribution. The expression for non-local operators
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Figure 4.2: Overview of three-point function Wick contractions up to quark line per-
mutations. Up quark propagators are shown in light blue, down quark propagators in
dark blue, quark lines that can be of any flavor are shown in red. Connected contribu-
tions are shown on top, the disconnected one at the bottom.

(1.26) is

gDt 2) =a® 3 eI (4 (7 (2)0)(y, 2)T(0))) (4.31)

f,x4:t,ﬁ,y4=T

where the two connected contributions relevant for this work are shown in Figure [4.3]
The three-point matrix elements can be extracted according to (5.8), where z = 0

Figure 4.3: Overview of three-point function Wick contractions with non-local oper-
ators up to quark line permutations. Up quark propagators are shown in light blue,
down quark propagators in dark blue. The Wilson line is represented by a red dotted
line. Only connected contributions are shown.

recovers the local quark bilinear case:

O?i)pt,q(ﬁ: ta T, 2)

Ci(.2) = (7| O}(F. 2 7) |p) = 2BV ;
o7, 2) = (1 Oy( ) 1P) Cope (P, 1) 0Tt

(4.32)
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For the isovector case we are interested in, the matrix element of interest is

<ﬁ| OZ(:J, Z;T> - Oﬁl(ga Z;T) |]7> = @ OZ(?I7Z;T) |ﬁ> - <ﬁ| OZ(?],Z;T) ’@

= CL(p.,2) + S4 (9, 2) — Ca(p. 2) — Sa(p2) "="" Co(, 2) — Cip. 2) = C (P’ 2)
(4.33)

If the operator is positioned on the d-quark line, there are again two possible Wick
contractions due to interchange in the u-quark lines:

épt,d(ﬁ t, T) = a6 Z 671’13{(57@) €abe €Ea'b ! (7)+)aa/ (075)57(0’}/5)131,\//

Z,xt=t,§yt="

U2y (x,0) Uy (x,0) DY (, )T D3 (3, 0)

— U (2,0)USY (2,0) DX (,y)T%s D5 (y, 0)

a

+ disconnected terms. (4.34)

For an operator on the u-quark line, there are four Wick contractions, as the operator
can be positioned on either quark line:

;pt,u(ﬁ t, 7') = (16 Z 6_@“(5_2?) Eabe €Ea’b' ! <P+)aa/(0’)/5)57(0’75)517/

Zxt=t, g yt="

x D} (w,0)

cc’

Ugd( Y) 5'5U ( O)Ubb’ (5’370)

— U (2, y)Ths Ugy (y,0) Ups! (,0)
+ Uy (2 ( ,Y) 6’6Udb’( ,0) U (2,0)

i (@, 9)Ths Ugs (4, 0) Uy (x,0)
+ disconnected terms. (4.35)

Four-point functions include two interpolators and two operators at potentially dif-
ferent spatial insertion positions. Here, we position the source at g = (Zge, 0), the
sink at gy = (#,t) and the operators of interest at (0,7) and (i, 7). We shall restrict
ourselves to local operators here which we defined in . As two operators could
each change the quark flavor, still resulting in a proton, this case has to be included as
well. We only consider four-point functions where the operators are inserted at identical
time to obtain equal time matrix elements, necessary for extraction of the lowest Mellin
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moment of DPDs:

] o o B
C4Pt,Q1Q2Q3(I4 (pa Y, t, T) =

=a’ Z e~ P (Fontc—Tsre) <tI‘ (j(fsnka t)quz!( )033%( )7('55“’ O))> ’

- i
Tsrc,Tsnk

(4.36)

We do not give all Wick contractions explicitly, instead, we give a diagrammatic
overview of the different kinds of contractions in Figure 4.4] making quark flavor ex-
plicit. The computation of the contractions follows the same recipe in all cases. First,
one considers all 6 possible connections of source and sink quark operators by quark
lines, including the signs of the respective permutations. Next, one places the operators
relevant for the flavor combination under consideration on the suitable quark lines, tak-
ing all possible different combinations into account (e.g. which u-quark line to choose for
C’1 uudd) For disconnected diagrams, the various possible combinations for the quark
loop flavors also have to be considered. Finally, one adds up the contractions using
the correct signs obtained above. This procedure together with the explicit Wick con-
tractions of all four-point functions considered in this work has been documented in
Ref. and the appendix of Ref. . The two-current matrix elements for local
quark bilinears, only taking into account light quarks, are then

—

(p102(0) O%(5) |p) = CP2 4a(§) + SVF (@) + S (—9) + D7 (§)
(P O¥™(0) O¥(¥) [p) = CY:huu(§) + CEF (7)) + 'ﬁ< 7)
+SPP(G) + SIP(—7) + SYP(§) + D ()

dd(n dd (= ) — % g % _i (437)
(@ OF(0) OF(7) 1) = Colf (F) + C.f (=37) + SYf () + ST (=)

+SYP(F) + D)
(71O2(@) O3(7) |7) = CPfaad(7) + CEL @) + CHF (1) + 577 ).

where the matrix elements of the individual contractions are extracted as in (/5.8]):

C4PEQ1Q2Q3Q4 (pa Y, t, T)

C2Pt (ﬁ ) t) 0Tt

O ssas ) = (71 04y, (7, 7) 03, (0,7) |7) = 2BV (4.38)

Similar to the two-current matrix elements discussed in Section B.1.1l and DPDs dis-
cussed in Section [2.4.3] the individual contractions possess symmetries under PT, C
and P transformations:

Gij,ﬁ (y) - ngTszyﬁK_y) fOI‘ G = Cl,uudda Cl,uuuua Sl,uu Sl,cb S27 D )

S (4.39)
GP(y) = nprG" P (y) for G = Cou, Caa,



4.1 Hadronic matrix elements 51

J i
Odu Ogu
ij A ~ ij
Cl,uddu X e b Sl,u X
O: j
ud qu
j
Cl,uuuu S
ij
X
1,d O
dd
Ol
j
1,uudd x
Sy o
1
qu/
U
Otjz’q
ij |
Cqq D
12
qu

Og/q/

ole

Figure 4.4: Overview of four-point function Wick contractions up to quark line per-
mutations. Connected contractions are shown on the left, while contractions involving
disconnected contributions (loops) are shown on the right. Up quark lines are shown in
light blue, down quark ones in dark blue. Red lines can have any quark flavor.

where ngT is the same as in (2.64]). Taking into account the symmetries of the operators
discussed in Section and the Wick contractions, it can furthermore be shown [31]
that

G ()] = mimErGOP (—y) | (4.40)
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where

‘ 1 i=V,T G
P = , J=nin] . 4.41
s {_1 i 4 i = 137 (4.41)

For the channels investigated in this work, nflj = 1, as all collinear DPDs containing
exactly one axial current are identical to zero, as shown in and .

The symmetries and imply that all kinds of contractions except Ci gyud
and Cy, are real valued. For the latter, we find

2R{C5T ()} = CEP(y) + CP (—y)
2 {CT (y)} = CFP(y) — CIP (—y).

Comparing with (4.37)), we find that all flavor-conserving two-current matrix elements
have to be real valued, while the flavor interference contribution may have non-zero
imaginary part.

(4.42)

4.2 Propagators

To evaluate the Wick contractions, we have to calculate the quark propagators. Prop-
agators are obtained by solving the Dirac equation, i.e. inverting the Dirac operator
. This inversion is the computationally most expensive step of the lattice calcula-
tion and so resource intensive that obtaining the full all-to-all propagator is not feasible.
In the following, we present the techniques employed for propagator computation in this
work. We only briefly review the techniques employed, for a detailed calculation of all
quantities relevant in the context of four-point functions, we again refer the reader to

and [134].

4.2.1 Point sources

Instead of inverting the Dirac equation on the entire lattice, it is inverted only on one
lattice site, this point source is zero everywhere else:

Saboab(y) = 5595, 4. . (4.43)

Tsrc

The resulting propagator is called the point-to-all propagator, fulfilling
D(y|z) M (2]Tsc) = See () - (4.44)

To obtain the point-to-all propagator, 12 inversions have to be performed, one for each
spin-color index, here ,b. In contractions, e.g. for the two-point function, mo-
mentum conservation or translational invariance, respectively, allow us to skip the mo-
mentum projecting sum over the source position. Thus, we can evaluate two-point
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functions using only point-to-all propagators.

4.2.2 Stochastic sources

It is possible to approximate the all-to-all propagator by sufficiently many stochastic
propagators, obtained from stochastic sources [135]. These stochastic sources 7, are
defined on one time slice ¢t only as

1
¢ .
(%), W) = 5 EL£ 1) ey (4.45)
and decompose the unit matrix:

L Q2 (0 o 40 Numsoo

sty
The stochastic propagator wt(ﬁ) fulfills

¢ ¢
Dy =n? (4.47)

thereby approximating the full propagator from any spatial lattice site on the time slice
t to any other site on the lattice in the limit [ — oo. This allows the calculation of
contractions including disconnected loops like S, S, S; and D. Using these propagators
introduces considerable noise in the contractions which is reduced o< 1/1/Ng, thus we
will only use it when there is no better alternative like the sequential source technique,
which we shall discuss next.

4.2.3 Sequential source technique

Contractions involving operators, e.g. C%, (4.34)), contain not only source and sink, but
also the operator insertion, which is averaged over. To obtain a propagator connecting
the operator of interest inserted at y = (¢, 7) with the sink at x = (#,t), without
employing stochastic sources, we can use the sequential source technique , which
was originally developed for three-point functions in pions, e.g.

(m ()] O |7~ (0)) ~ (d(2)y5u(z) d(y)I"d(y) u(0)y5d(0)) , (4.48)

where we used the pion interpolator J- (x) = u(z)vsd(z) and the local operator from
(4.20). The key idea is that in a product of propagators, one propagator can be used as
a source to compute the other. We demonstrate this on the example of the connected
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three-point function necessary to obtain the matrix element (|4.48))

ora(Bm ) = altr | Y ePIM(O[y)T > e PTM (ylar)ys M (2]0)7s
gyt=r Tad=t
X (ylo)
=altr| > eWM(O|y)FiX(y|0)> : (4.49)
gyt=r

where we kept the source position fixed and denoted all light quarks propagators as M
due to their degenerate masses. Here, X (y|0) is the sequential propagator. Applying
the Dirac operator to it yields

ZD 2,y) X (y|0) = e PFy5 M (2]0)ys

(4.50)

24=0

The r.h.s. is called the sequential source, as we can use it as a source for another
inversion of the Dirac operator. This allows us to calculate three-point functions cost
efficiently, as we only have to invert the Dirac operator on a point source twice. A visual
representation of the above equations is given in Figure [£.5

g 0 0. 6 B¢

M (]0) (2]0) 1M (2]0) [75M (y]0) 5T X (3]0)

Figure 4.5: The pion three-point function obtained via the sequential source technique.
Quark propagators contributing to the sequential propagator are shown in green, other
point-to-all propagators are shown in blue and the inserted operator of interest is shown
as a red dot. From left to right we show the sequential source, the sequential propagator
and the full contraction. The corresponding mathematical expressions are given below
the respective illustrations.

4.3 Improvement techniques

To access more subtle effects or simply improve precision, it is highly desirable to im-
prove the SNR of observables obtained from lattice calculations. The main sources of
noise in the propagators introduced in the previous section are poor overlap with the
spatial wave function of the proton ground state and considerable statistical fluctuations
from the stochastic sources. In this section, we will introduce improvements to both of
these.
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4.3.1 Smearing

To improve the signal quality of practical quark propagators, we use momentum smear-
ing which is based on Wuppertal smearing . Wuppertal smearing extends
the point source by summing over neighboring lattice sites in a gauge covariant way,
so that the source receives a gaussian profile. As the gauge links are subject to UV-
fluctuations, they are smoothed beforehand using APE-smoothing . This is done
iteratively, where the next iteration of gauge fields is obtained as a sum of the current
gauge field and the shortest staple connecting its origin to end point. As this sum of
SU(3) matrices is not necessarily again a SU(3) matrix, it has to be projected back into
the group:

U (z) = Psy) [QAPE U (z) + S5 (x)] ; (4.51)
SL”) (2) = >_ U, (z) Uux + ad) Ul (z + ad + afd), (4.52)
vEQ

where appg is a weight factor and

— T
Psu (V) = arg max R (XV') (4.53)
is a projection back to SU(3). These smoothed gauge fields U;™ can now be used to

calculate the quark momentum smearing function (@g )y

1 3 o o » o
~ 1+ 6¢ Ouy € (5:v+ﬂ,yUu (x)e™Ph 4 Oy+p.cU), T(y)e bp“) . (4.54)

p=1

(@5)ay

where the smearing parameter € is another weight factor. Applying the smearing func-
tion &y n—times gradually extends the source over the neighboring lattice sites. The
inclusion of a momentum phase bp # 0, which was introduced as quark momentum
smearing , improves the signal for non-zero momenta immensely. This can be
understood by considering the extended source in momentum space. A Fourier trans-
formed Gaussian is still a Gaussian, which gets shifted to a target momentum bp in
momentum space by the momentum phase, thus increasing overlap with the boosted
ground state of the nucleon, leading to an improved signal-to-noise ratio (SNR).

Sources and propagators can be smeared by left multiplication, i.e.

S* = ®"S  source smearing,
M® = ®"M sink smearing. (4.55)

This technique can be used to greatly enhance the signal of propagators connected to the
source or the sink, i.e. where they are projected onto definite momentum. This is due
to the increased overlap «g of the interpolator with the ground state . Propagators
that have no connection to neither the source nor the sink cannot benefit from it, as
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their sources do not mimic the spatial wave function of the nucleon ground state. This
applies to the stochastic propagators used to simulate the all-to-all propagator between
operator insertions. The momentum phase could bias them when they are used to
simulate propagators in disconnected graphs, where the momentum is not known.

4.3.2 Hopping parameter expansion

To enhance the signal of stochastic propagators, we use the hopping parameter expan-
sion (HPE). The idea is to rewrite the Dirac operator D = (1 — H)/(2ak) so that its
inverse forms a geometric series:

2 oo
D™= <= = 2an )" H". (4.56)

n=0

Rewriting Dgw from (3.43)), we find for the hopping term H:
H[U,] = kHw[U.)(z]y) — 20*keswC(U,) (x]y) - (4.57)

There is a minimal number N(y) of hops that are needed to connect to points separated
by ¢. Hence, terms with less hops in the HPE do not contribute for given 3. In the case
of stochastic propagators this is only true in the stochastic limit. We can remove these
terms, which for finite Ny contain only noise, by rewriting the series

o) N-—1 00
D1 :2aHZH" = 2ak Z H™ + 2ak Z H™
n=0 . n=0 . n=N (458)
=0+42ak Y H"=H"2ar) H"=H"D™".
n=N n=0

We can thus remove all N noisy neighbors by replacing D! by H¥D~!. As
connects a site only with a neighboring one, the maximum number of zero entries equals
the one-norm of the separation |§]; = >-%_; . Taking into account the periodicity of
the lattice, the exact definition of N (y) is:

3 . .
N(y) =) min <‘yl|,L — ]
i=1

a a

> . (4.59)

Altogther, the stochastic propagator can be improved by left multiplication:

EON (y) = HYpD(y) . (4.60)

T
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4.4 Kinematically enhanced interpolators

As explained in Section [£.3.1], it is possible to increase the SNR of lattice calculations
by improving the overlap aq of the sources with the ground state through manip-
ulation of the spatial profile of the source. Likewise, one can increase the overlap of the
sources with the ground state by altering the Dirac structure of the interpolators, as
mentioned in Section [£.1.2] We shall address this in this section, following . This
section was already published in Ref. , the lead author of which is also the author
of this thesis.

4.4.1 Kinematic enhancement

To have non-vanishing overlap with the ground state we want to approximate, the
interpolating operator J must transform in the same irreducible representation. In a
boosted system, the spatial lattice symmetry group is reduced from the cubic group
OP (Oy) to the little group Dicy (Cy,) corresponding to the 4-fold rotation around the
longitudinal direction]] Thus the hadron has non-vanishing overlap with a larger set
of Fock states. Among them, the leading component at large momentum, or near the
light-cone, is described by the leading-twist wave function of the hadron. This is related

to the fact that the “+” component ¢, = %’y:yﬁb is the only dynamic degree of
freedom on the lightcone. Here 7o = —5(7 F ') (assuming the hadron is moving in
the 2 direction) in Minkowski spacetime, which is related to the Euclidean definition
through v, = 7 and vq123y = i7{}, ;- On a Euclidean lattice, although the lightcone
does not exist, the “+” components still dominate at large but finite momentum in the
form of a kinematical enhancement. For a leading-twist interpolator J. constructed
with n “+”-component quarks, the overlap with the hadron h(p) moving at momentum

p is kinematically enhanced as,
(01T [h(p)) o< b1, (4.61)

where py = (E + p.)/v/2. As a result, the amplitude of the corresponding two-point
correlation function is enhanced as

|Zal? = (O T: |h(p))* o< P (4.62)
The fluctuation of the measurement is determined by the variance operator [140 ,
1 1
Var(Cop) = 5 {1l + 3(Ch) = (Cont)?

= T OTOT OTO) + T OT OTO)TO) ~ (70T O
(4.63)

!'Note that the little group will be different if the hadron’s momentum is not pointing in direction of
an axes, but this does not affect the following discussion.
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where the first term is the two-point correlation for a static or scattering state with zero
total quantum number and momentum, and the second term is for a two-particle state
with momentum 2p. At large Euclidean times, the variance is dominated by the lowest-
energy state, corresponding to n static pions. Thus the fluctuation of the correlator
does not get a kinematic enhancement, resulting in an improved SNR,

C2pt<t — OO)[j-F] n Eofnmﬁ/Q.

xpie 4.64
\/ Var[Cop (t — 00)] i (09

In comparison with the static system, except for the exponential decay, the SNR from
the overlap factor |Z,|* is enhanced by the factor %. Since p, « E + p,, both the
Js and J; components get enhanced by the factor % and ]\pfn, respectively. The Jj
component has non-vanishing overlap with the hadron ground-state at rest, and thus
has already been well studied for static hadrons in the literature.

4.4.2 Interpolator kernels

We begin by restating the definition (4.18)) for proton interpolators:

j - Peabcua (UbF/dCT> P
T = €ancliaaP 4 (%741—‘/*'74(7?) , (4.65)

where P project onto the desired degrees of freedom. We use P, for projection onto
positive parity. I" is the diquark kernel. Both the two-point and the three-point function
include a contraction of the respective free-quarks in the source and sink interpolators.
We summarize the contraction of the projectors as T, the free-quark kernel. The two-
point function Cs, reads

C2pt (p’ t) = <0|*-7(p’ t) 7(13, 0) |0>

S
X

X (0] tr | (0) PP () (s () I d () (i (0) val ™71 d5(0)) | [0)
T

= a® > TP egecqer (0| tr | (0) Tua(w) (up(x) T dF (2)) (i (0) vaT "2 4 (0)) | |0)

x free quarks
(4.66)
Kinematic enhancement can be applied to both the diquark and the free quark. Pre-
viously, the parity projection P, was commonly used, as it has maximum overlap with
the proton ground state at zero momentum. However, as pointed out in Ref. , parity
is no longer a good quantum number at non-zero momenta, particularly at large ones.
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More specifically, before projection, the nucleon two— omt Correlatlon function con-
structed with the interpolator J can be expressed as
+ M _ * - M,Li _
(0|7 (£).J|0) = Z Ny PR By |Ai,_|QLe BTt (4.67)
2F; - 2F;

where \; 1 are the overlap of the interpolator with the i-th positive (negative) parity
states, and E5° and M are the corresponding energies and masses. At rest, the projec-
tors Py can eliminate the entire sector of negative (positive) parity states. But when
boosted, this is not possible. On the other hand, for a general spin matrix 7T,

T = b + Ci7i + dijo-ij + €75 + f,"}%’%’, (468)
the projection of the two-point correlator is

c3p. + a5 + M Bt

T (010 = 32 s

E’L
3D, E- —bM-~ .-
D (4.69)

Thus the requirement of a positive-definite spectral expansion results only in con-
straints for its coefficients

Cy Z |b|, C3 Z 0. (470)

The coefficients d;; and f; are related to the polarization, which does not contribute
to the spm—averaged two-point correlation functions. The coefficient e will not con-
tribute unless ank and Jy. operators are defined with opposite parities to each other,
for example, when an extra -5 is inserted into only one of the diquarks.

This opens up other possibilities for 7 as well as the option to include linear combi-
nations of multiple "projectors" at no additional computational cost like mixed parity,
T = Py — P_ = 7, which already provides kinematic enhancement. Another option
which we shall explore in this work is 7 = -, which is not a projector as v3 = 0, but
also provides kinematic enhancement.

In the following, we considered different choices for both kernels, namely IV = Cy5T°
with T' € {1,v,v:+} and T € {Py, v, v+ }-

When using IV = Cvs57v,, the quarks forming the diquark are projected onto their
“+7-components. The free quark is projected likewise with 7 = 7,. This choice creates
an additional improvement by a factor of 2 in variance compared to (7,1') = (v, %)
or (T,T') = (,72), as both information is used. In addition, this reduces the original
degrees of freedom by projecting onto the “4”-components only. This cancels all “-
”-components of the propagators in contractions, e.g. a nucleon three-point function,
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t source

E E

Figure 4.6: A nucleon 3pt contraction. Quark lines are colored blue and dark blue
for the up- and down quarks, respectively. The Wilson line is colored red. Source and
sink are placed at tgouce and tgni, respectively. Both source and sink are boosted by p,,
which is also the direction of the inserted Wilson link.

where the operator O(zins) = % (Tins) K& $ud(21s) has been inserted:

gpt,K(ﬁ tins; tseps 2) = a’ Z e P Fork—Tare) €abe Ea’b’C’<T)aa’(CV5V+)B’Y(CV577)6"¥’

- -
Lsnky Lins

o (8 ) () 0 ) T () K55 010 T () 0 () T ()

— CL6 Z e*iﬁ'(i’snk*fsrc) Eabc 6a/b/c/ (7->aa, (CV5V+)B’Y(CV577)6WI

fﬁsnk’ -’Eins
/
cc
X D’W/ (xsnka msrc)

&’ d'd r76a’ BB
X [Uad’ (xsnk7 xins) K(S/(S Ud:;/ (winsa xsrc) Ubb/ (wsnka xsrc)

a
ad’ d'd 7768’ Ba!
— Uad (msnkv xins) K(S/ Udb/ (*TinS; *Tsrc) Uba’ (xsnlh msrc)

8o’ d'd yr6p’ !
+ Ubd/ (xsnln xins) K5/5 Udb/ (xinsa xsrc) Uao’é (wsnln xsrc)

aa

/

— UP (i, Tins) KELUSS (Tins, Tare) USh (Tamier Tare) | - (4.71)
When projecting all quarks in the source onto their "+'-components via (7,T") =
(74,7+), all "—"-component contractions of the resulting propagators with the source
kernels become exactly 0, only the "+"-components contribute. This allows us to reduce
the number of inversions to obtain the propagator connecting source and sink, in our
case from a point source, by half. This reduction also applies to the propagator connect-
ing the inserted operator to the sink, if it is obtained via the sequential source technique
, even if the sink interpolator does not project its quarks onto their "+"-components.
The propagators obtained from the "+"-projected source interpolator ensure that in the
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contraction with the sink, only "4"-components contribute, making all "—"-components
in the sequential source obsolete. This reduction in inversions also applies to polarized
hadrons and partons, as polarization does not mix "+" and "-" components. Explicitly,

—"-components obtained as ¢_ = %fyyy,q still cancel after combining ~, with the
helicity or transversity projector:

Y+57+7- =0,
VYL V4+7- = 0. (4.72)

This applies neither at the source nor the sink if (7,I") = (v, 7+) is chosen, as con-
tractions in general involve the free quark and thus mix "+" and "—"-components. An
example of this is shown in (4.71f), where the propagators connecting the operator with
the sink that contract with the free quark kernel require all 12 indices. One such con-
traction, the first summand, is presented in Figure 4.6, with the down quark propagator
shown in dark blue, and the up quark ones in light blue. To fully exploit this additional
improvement in computation time, we consider only (7,I') = (v4,v4) for the case of
~vi-improvement. We summarize all tuples of kernels for our investigation in Table [4.1]
The results of our investigation are presented in Chapter [8]

Kernels (7,T) Name

(Py, 1) Conventional
(V457+) v, enhanced
(Y, 72) v¢ enhanced

Table 4.1: Choices of interpolator kernels (7,I") used in this work.

4.5 Evaluation of Wick contractions

The techniques introduced in the previous sections allow us to evaluate the Wick con-
tractions defined in Section in a cost efficient way, which we review schematically
in this section. Details on all these computations as well as explicit formulas can be

found in Ref. [134] and the appendix of Ref. [31].

4.5.1 Connected three-point contractions

We first discuss the connected Wick contractions, the simplest of which are those oc-
curring in two-point functions. They are calculated using point sources and their point-
to-all propagators exclusively, no additional techniques are required.

The connected contractions of three-point functions, regardless of inserted operators
of interest (see Figure [4.2] for local and [4.3] for non-local operators), are evaluated using
the sequential source technique. Note that in our introduction of the sequential source
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technique for the pion, the sequential propagator connects the source with the insertion
in a forward manner, as the antiquark propagator faces in the opposite direction of the
quark propagator. When inverting on the sink, the resulting propagator contains the
information on propagation from the source through the sink to another lattice site,
i.e. it will always point away from the sink. For the nucleon, all propagators are quark
propagators and have to point towards the sink. We thus have to change the heading
of the propagators accordingly. This is sketched in Figure [4.7]

155 (0]x) 5 X(2,0) ! [r5S(0]) Ty
. £
\

X (y[0)1s tr [M (y]0)T"5 X (y]0) ]

Figure 4.7: The sequential source technique for a nucleon three-point function. All
expressions are given below the contraction sketch. Quark propagators contributing to
the sequential propagator are shown in green, other point-to-all propagators are shown
in blue and the inserted operator of interest is shown as a red dot. We present the
computation from top left to bottom right. We begin with a product of point-to-all
propagators named S, connecting source to sink. We then use ~5-hermiticity to
reverse the propagator directions and obtain the sequential source. Next, we invert the
Dirac operator in the sequential source to obtain the sequential propagator X. We then
reverse the direction of the sequential propagator again using ~s-hermiticity. Finally,
we contract the reversed sequential propagator with the kernel IV of the operator of
interest and the point-to-all propagator. The corresponding mathematical expressions
are given below the respective illustrations.

4.5.2 Connected four-point contractions

The connected four-point Wick contractions € and C5 can be calculated in similar
fashion. We shall first discuss the C5 contraction. The sequential propagator is identical
to the one for three-point functions, the only difference is the operator of interest. In
this instance, we can consider the two operators as one non-local operator, that includes
a quark propagator . As this propagator has to connect any lattice site to any other
lattice site, we approximate it by a stochastic propagator, improved by HPE. This is
sketched in Figure

The C contraction contains two operators on different quark lines. Using the quark
line without operator insertions to invert the Dirac operator on the sink indices alone
would increase the required inversions by a factor of 12 due to the additional open sink
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indices. This can be avoided by contracting said open index with a stochastic source.
The result can then be used as a sequential source. This is illustrated in Figure [4.8b]

Y
L ——
L
®

~—~——
Y
Y

Y

(a) Details on the C contraction. (b) Details on the C; contraction.

Figure 4.8: Schematic representation of techniques used in the calculation of connected
four-point contractions. The sequential propagator is shown in green, other point-to-all
propagators are shown in blue and the inserted operators of interest are shown as red
circles. The stochastic propagator is shown as an orange line, stochastic sources as
circles with crosses. Three consecutive arrows indicate HPE has been used to enhance
the stochastic propagators signal.

4.5.3 Disconnected contractions

The loops occurring in disconnected contractions are computed separately, using point-
and stochastic sources. They are combined with the remaining two-point (for Sy and
D) or three-point (for S;) functions afterwards.

4.6 Data analysis techniques

In this section, we give a brief overview of the techniques we used to analyze the lattice
data. We begin with the preprocessing of the data by binning and resampling, then
include the extraction of ground state matrix elements from correlator data.

4.6.1 Error estimation

To reduce correlations in our data, we bin our data by averaging over Ny;, neighboring
data points:

1 (i+1)Nbin*1
Abinned —__—_ Z ALY (4.73)
Z Noiw 5 iim
In the context of lattice calculations, neighboring data points are measurements per-
formed on subsequent configurations from the same Markov chain. To estimate the

underlying probability distribution of our data, extract accurate errors and propagate
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errors properly through our subsequent analysis, we use jackknife resampling. This
technique resamples our binned data Abmned 1y subtracting each data point once to
form exactly as many samples AJ]-aCkkmfe as initial data points:

. . 1 .
Ajgckkmfe _ Abmned 4.74
i N_o1&d (4.74)
i#j
where N is the number of resampled data points. The mean of the jackknife samples is
identical to the original dataset one:

<Ajackknife> _ <Abinned> ) (475)

The Jackknife variance is related to the variance of the original data points before
resampling by a factor of N — 1:

Var (Abi“ned) = (N —1) Var (Aja"kkmfe) ) (4.76)

4.6.2 Ground state matrix element extraction

Multiple techniques exist to extract the ground state matrix element from lattice data,
see e.g. [145]. We shall discuss two approaches, the ratio method and a two-state fit.
When the source-sink separation time g, is large enough, excited states are sufficiently
suppressed and we can extract the ground state matrix element from the correlator
ratio as the weighted average over the central points, neglecting d points close to the
boundary:

Cn— oint(T tse )
Rn — p ’ 1%
< O2pt(t)

> . (4.77)
d<r<tsep—d

T

When the separation times are smaller or a more thorough investigation of excited
state effects is necessary, we use a two state fit to extract the ground state matrix ele-
ment. This is more robust, as we include at least one excited state in our approximation
of the spectral decomposition. This additional state is not equivalent to the actual first
excited state but instead acts as a garbage collector, its overlap indicating the strength
of excited state contamination. For a three-point function, this leads to the following
fit ansatz:

B Co + C1 6*AE% cosh (AE (7‘ — %)) + co 6—AEt

1+ C3 €_AEt

, (4.78)

where the parameters c3 and AFE are obtained from a simultaneous two-state fit to the
two-point function data:

Co(p,t) = Age 8 |1 4¢3 e_AEt} : (4.79)
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The same fit function could be applied to four-point functions if the operators are
inserted at identical insertion times, which is the case for our equal time matrix elements.
A derivation of this is given in appendix [B]

4.6.3 Fits and equation systems

To perform fits of functions to our data, we use x? minimization. Let A; be data points
with mean A = (A;) and variance 0? = Var(A;) with position index i. Neglecting

7

correlations, we have to minimize the expression

XQ(ﬁ) _ Z (fZ(ﬁjo_; AZ)

)

(4.80)

w.r.t. the vector of parameters p. In this work, we use the iminuit library for python
[146], that provides a python wrapper for the MINUIT algorithms [147].

To fit a linear ansatz to data points A;, we write
fi®) = _aip;, (4.81)
J
where a;; are known coefficients. Inserting (4.81)) into (4.80)), we find
2
X’ (0) = ZUZ'_Q (Z a;jpj — Ai) , (4.82)
i J

which is differentiable, allowing us to analytically solve for its minimum:

L OX? _ - B
0 = 8;5 = 220-1 2aik (Z a’ljp] — Al) = 22 (Z U'L QGf’ika/ijpj . O_i 2aikAi)
F i J i j
=Okj ="k

We can thus fit our data with a linear function by solving

Zakjpj =Y. (4.84)
J
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5 Extracting parton distributions from
lattice QCD

The parton correlation function (2.37)) matrix elements include light-like separations,
which are subsequently also present in all derived distribution functions like the PDFs
and collinear DPDs . These light-like separations are inherently Minkowskian,
as they explicitly depend on real time, which is inaccessible on a Euclidean lattice. One
approach is the calculation of Mellin moments via matrix elements of local twist-two
operators on the lattice. This is possible, as for local operators the temporal separation
of 0 is identical in real and imaginary time. The n-th Mellin moment of a single PDF
®%(z) is defined as

1
Iy = / dx 2" ®(x). (5.1)
0

The Operator Product Expansion (OPE) allows to express Mellin moments of PDFs in
terms of matrix elements of local operators for the relevant hadron states:

1 Pzdz" 5 -
a __ k eitr"z —ik-z
e R e T XOTY
1

= E<p| Oa(z = 0)lp) - (5.2)

2t=0

This matrix element now no longer has an explicit time dependence and thus can be
evaluated on a Euclidean lattice using local operators. Higher Mellin moments can be
accessed by adding derivatives to the local operator, which we will discuss in more detail
below. Roughly speaking, in principle, knowledge of sufficiently many Mellin moments
determines the full distribution, although practical reconstruction from a finite set of
moments is challenging. This was e.g. done using the first three Mellin moments of the
pion and kaon in Ref. . Calculating higher Mellin moments comes at considerable
computational cost, as operators with derivatives have much smaller SNR than those
without. Additionally, beyond the third non-trivial Mellin moment, an unavoidable
power law mixing long made accessing higher Mellin moments impossible. Recent tech-
niques allow the calculation of higher Mellin moments by using the gradient flow for
fermion and gauge fields , already applied to the pion and kaon , , or using
momentum space derivatives instead of position space .

Another possibility to access PDFs on the light-cone is presented by LaMET

67
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49], which has become one of the most successful approaches; yielding competitive
phenomenological results [42H67]. This approach builds on Feynman’s original intuition,
that for hadron momenta approaching infinity, the partons behave as free particles. A
consequence of this is that hadron structure eventually becomes independent of the
actual hadron momentum, provided it is large enough. As time dilation effectively
freezes any dynamics at infinite momentum, there must be a time independent matrix
element that can be used to access hadron structure. Now using that hadron structure
is independent of the hadron momentum P at P > Aqcp, the physical distributions
at all x can be extracted. The idea is thus to calculate time independent, non-local
matrix elements at finite hadron momenta and then extrapolate towards infinite hadron
momentum. Physically, this corresponds to applying a boost to the hadronic matrix
element, illustrated in Figure 5.1

Figure 5.1: Illustration of a space-like separation (green bar) and its Lorentz-boosted
counterpart (orange bar). The boost is indicated by the golden arrows and characterized
by the Lorentz factor . In the rest frame of the hadron, the separation approaches the
light-cone, while in a highly boosted frame, it is space-like. The endpoints of each
segment are labeled by their z-components, and the total length of the boosted segment
scales as vz.

As discussed in Section 2.3 factorization introduces a scale dependence to regu-
larize UV-divergences. Such a UV-cutoff Ayy has to be adjusted with larger mo-
menta. In general, the infinite UV-cutoff limit and infinite momentum limit do not
commute. Feynman’s model takes the limit (P > Ayy) — oo, while the physical limit
is (P < Ayy) — oo. This difference is reconciled by the introduction of matching
functions which are calculated perturbatively and correct the UV-behavior.

In the following, we introduce the lowest Mellin moment for DPDs as well as how



5.1 Mellin moments of DPDs 69

PDFs are calculated using the LaMET formulation.

5.1 Mellin moments of DPDs

Multiparton distributions have multiple momentum fractions. We thus define the
(n, m)-th Mellin moment of the skewed collinear DPD F,(x1, z2,(,y) as

1 1
[C(LZ’m)(CaY) :/_1 dzy 9151”71 /_ldl’z xg%lFab(ml,xz,C,Y)- (5-3)

In analogy to the PDF case, the integration over the momentum fractions turns the
non-local operators ([2.60) into local ones:

157(Cy) = Y [dy e pAOI ) 0P ) N (5.4
A

=2(p*)t / dy~ e PV MG (p,y) , (5.5)
yt=0, y=0
where the local operators O™ include n derivatives:
_ ST\
Oiy) =0y Tu (iD ") ga(y). (5.6)

We include the possibility of ¢ being a pair of quarks of different flavor to account for
flavor interference. We also define the spin averaged matrix element

n—1i,m- 1 n— m—
M py) = 5 SN0 () 0 (0|, A) - (5.7)
A

5.1.1 Two-current matrix elements

The light-like separations y~ cannot be resolved on the lattice. To access the matrix

elements nevertheless, we exploit the matrix element’s Lorentz symmetry. We define

spin averaged equal time two-current matrix elements with purely space-like separation
: 0 :

y, ie. y° =0:

May(p,y) = 5D (0, MOa(y) O(0)[p, A)| (5.8)

A y°=0

N | —

where we used the local operators on the lattice (4.21). These are precisely the matrix
elements occurring in our four-point functions (4.37)).
As y is spacelike, the operators O commute, which implies

Ma1a2b1b2 (pa y) = Mb1b2a1a2 (p: _y) . (59)

Furthermore, if a; = as and b; = by, the local operators O conserve flavor and are
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hermitian, implying

[Ma1a2b1b2 (pv y)]* = Ma2a1b2b1 (p7 y) . (510)

Combining these two properties, the matrix element is guaranteed to be real for flavor-
conserving currents.

To transfer the results from Euclidean to Minkowski space, the matrix elements have
to be multiplied by powers of 7 in accordance with (3.12]), one for every spatial gamma
matrix included in their operators.

5.1.2 Renormalization

For this section, we follow [115]. Physical matrix elements include divergences which
have to be renormalized properly. Matrix elements obtained on the lattice are regu-
larized by the lattice spacing a, which introduces a hard 7/a momentum UV-cutoff,
while in the continuum the most frequently used scheme is dimensional regularization,
followed by renormalization within the MS scheme. To extract results comparable with
continuum physics from the lattice, these differences have to be resolved. At a renor-
malization scale p, usually 2 GeV, local quark bilinear operators can be renormalized
multiplicatively:

[y = Zp(p®)Op™ . (5.11)

To obtain the renormalization constants Zp(u?), one must fix a renormalization con-
dition first. This condition relates lattice to continuum results from which Zr(u?) can
be extracted. Thus, one has to choose a scheme, that can be applied both on the
lattice and in the continuum. This also explains the common choice of p = 2GeV, as
a5(2GeV) & 0.3 so that perturbation theory at sufficiently high order produces accurate
results while at the same time, p < 7/a, so that discretization artifacts from the lattice
calculation remain small at typical lattice spacings. One such scheme is the RI’ scheme
, based on the RI scheme [153].

The renormalization condition in the RI’ scheme is

ZE (p|Or Ip) |, , = (0| Or Ip), (5.12)

2

pP=p pP=p

where the Lh.s includes the interacting case with renormalization factor Z&' and the
r.h.s. describes the non-interacting, tree-level result. Here, |p) signifies a quark "state".
At tree level,

(p|Orlp)y =T, (5.13)

with ' being the Dirac structure under investigation, e.g. from (4.21). The renormalized
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matrix element
Z3" (p Or |p) = Ar (5.14)

where Z ;ﬂl is the quark field renormalization constant, is equal to the amputated Green’s
function Ar which can be calculated on the lattice as

Ar(p) = S~ p)Gr(p)S™ (p), (5.15)
where
Grlp) = g S e P MM el
S(p) = ‘1/ %: e MM (aly),
M(zly) = {q(=)a(y)) . (5.16)

As Ar is gauge variant, the gauge has to be fixed, usually to the Landau gauge. The
quark field renormalization constant Z?I/ is obtained by comparing the quark propagator
S with the free lattice propagator Sfee:

! 1 - Tee
23" (1) = 5 7' ) S™(n)] (5.17)
pP=p2
We can now rearrange (5.12)) to the Lh.s. and take the trace, yielding
zir L O Or p)g =1 5.18
o (@l Orlp) (vl Or o)), =1 (5.18)
Inserting (5.14) and (5.13)), we obtain
: 12 7R}
ZR ) = ——4 5.19
) = R T (519)

In the continuum, the R’ renormalization factor Z& (1) obtained from perturbation
theory is related to ZM5(1u?) by a conversion factor Rp(u?):

Z¥S(42) = Re(u?) 28 (117). (5.20)

While the individual renormalization factors might be divergent when approaching the
continuum limit, Rp(u?) is not. The non-perturbatively determined ZE' (4?) is related
to ZMS(u?) via a perturbatively computed finite ratio Ry (u?), so that the full renormal-
ization factor Zp(u?) = Rp(p?) ZRY (4?) converts bare lattice results directly to the MS
scheme. This has been done for local quark-bilinears without derivatives up to four-loop
order in perturbation theory , the results of which we will be using later in this
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work.

5.1.3 Mellin moments at leading twist

For the parton polarization channels of interest identified in Section [2.4.3] the matrix
element obtained from the lattice (5.8)) can be decomposed into Lorentz covariant tensors
and Lorentz scalars [106]:

1
iz Y 2l iz _uv yny 2 yny 4
MVV,qq’ g 1 tr{MVV,qq’} = Uyy,a Ay + Vyv,g M Byy + Vyyom Cog's

pvp vide _uwp pvp 3
Mrvaq + 9o 9olnMpveq = Ury.a mAgsy + vry.g M Bosy s

K po po Y _uvpo nvpo 2 K po 2
5 [MTT,qq’ + MTT,qq’} = uwpr.a Asgsg + wpr p M Bsgsy + wpr.c " Cogsy

nvpo 2 nuvpo 4
+ upr,p M Digsy + upy M Esqsq - (5.21)

We subtract trace contributions to reduce the number of degrees of freedom. The tensors
u include all Lorentz covariant four-vectors (y*, p*) and are given in the appendix [A]
The decompositions of M}’ . is identical to My, ./, the decomposition of M{'; . is
obtained from interchanging the indices pr and p on the Lh.s of the decomposition
of My, To extract the invariant functions from the four-point matrix elements
according to ([5.21]), we have to solve an overdetermined system of linear equations. We
use the additional information to estimate the errors involved in our extraction and
obtain the invariant functions via x? minimization as detailed in Section [4.6.3] The
invariant functions depend solely on the Lorentz scalars y? and the Ioffe time w = p -,
which is the Fourier conjugate of (. With the time separation y° between the two
currents being zero, the Lorentz invariants are given by

Yy ==y, w=—py, (5.22)
so that the loffe time is limited to
w| < [P] 5] (5.23)

At leading twist, only the invariant functions Ax,y,, where X and Y signifies any
combination of contributing channels, and Bygs, contribute [106]:

M 0.9) =2 (0%) Ay (w.97)
MZX,qq’ (p7 y) =2 (er)Z AAqu’ (wa yQ) )

ME(.y) =2 (5%) ymAsgy (w.07) |
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M 0.y) =2 (%) PmAsy (0.07) |
M%—;f;;/ (p,y) =2 (p+>2 [5ﬂA§q6q’ (Wa 92) - (zyjyl + 5jly2) m2B§q6q’ (Wa y2>] . (5.24)

Note the difference in operator definitions in the continuum ([2.40|) and on the lattice
(4.21)). They are related by multiplication with an appropriate factor:

1
_ ++
qu - 1 VV,qq'>
Magan = S0t
AqAqg — 4 AA,qq"
gt~ gk Im prk+m+
Mii5q = 1€ € Myror s
Ml _ E Im M+m+
qéq — 46 vT >
J jk k++
My, = 76" ME+. (5.25)

Inserting the leading twist contributions (5.24]) into (5.4)) and using the factors ([5.25))
for n =m =1 in the V'V case yields

V(¢ y) =pt / dy™ e PV Mg (p,y)

yt=0, y=0
= /dwe CCMES o (25 Y) (5.26)
yT=0, y=0
This extends to all polarizations:
g (€, 92) - L dw e Agg (w, y2) ) (5.27)
I;q,(é, y?) = /_Oo dw e ™ By (w, y?) . (5.28)
Note that ([5.28) is only defined for transverse polarization of ¢ and ¢/, i.e. Bssy -
Applying the inverse Fourier transform to (5.27)), we obtain
2 Lot iCw 2
Ay (w,y7) = 77r/_1 d¢e™ Iy (¢, y7) . (5.29)

5.1.4 Properties of DPD Mellin moments

To obtain the lowest Mellin moment of DPDs, I,,(¢ = 0,y?), according to (5.27), we
have to integrate A,y (w,y?) over the Toffe time w. As we can only access finite w
on the lattice, we have to solve this inverse problem using a suitable model ansatz to
approximate I, (¢, y*). The functional form of I, ((,4?) is mostly unknown. The only
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constraint we introduced so far is that they are even functions of (, wherefore we only
consider positive ¢ in this section.

To narrow the field for possible ansétze, we follow and consider the support of the
DPDs in the extreme case of ( — 1, where it reduces to the central square |z1|, |zo| < 2¢
in Figure In this context, the moment I, (¢ = 1,y?) for flavor-conserving currents
(qq') € {(ud), (uu), (dd)} describes the extraction of a color-singlet pair ¢¢ that carries
all longitudinal momentum of the proton. The remaining spectator partons have zero
longitudinal momentum. It is plausible, that the probability of such an event is zero
and that lim¢ 1 I,y(¢,y?) = 0 similarly fast as the proton quark PDFs approach their
lim, ,; fy(x) = 0.

Furthermore, I,,(¢,y?) is in general not an analytic function of ¢ around ¢ € 0, 1.
This is shown in Ref. by considering the g — ¢q contribution to the skewed DPD
F,q at leading order in o in the short distance limit, which exhibits a singular behavior
when approaching ¢ = 0. While a polynomial model produced stable fits the data
for A, (w,y?) in Ref. , it does not vanish when approaching ( = 1 and enforces
analyticity around ¢ = 0. We will compare different ansétze to extrapolate the lattice
data that respect the boundary condition at { = 1 and investigate the effects of enforced
analyticity on the extracted information in Chapter [7]

5.2 Nucleon PDFs with LaMET

For the introduction of LaMET, we follow [37]. The nucleon quark PDF defined in
contains light-like distances which cannot be resolved on the lattice. In LaMET, the
problem of light-like separations is circumvented by again exploiting Lorentz symmetry.
As discussed above, PDFs can equivalently be expressed through their Mellin moments
via the twist-2 operators

O Hn @Z_J ,Y{Mll'DMQ . ZDMn}w — trace’ (530)

where the indices of the derivatives are symmetrized and the trace terms contain at
least one trace over momenta. The contracted pairs of momenta are replaced by ¢g"”.
The proton matrix element of these operators yields

(P|OFFn (142) |P) = 2a,(p?) (P* - -+ P*" — trace) , (5.31)

where the coefficients a,,(y?) are proportional to the Mellin moments of the PDF,

/d:z: 2" (x, 1?) = an () . (5.32)

Selecting all "+"-components recovers time dependence, i.e. (P|OT | P) = 2a,,(u?)(PT)™,
which is kinematically connected to the "+"component of the nucleon momentum. Now,
instead of considering the "+"-component, one can also isolate the spatial momentum
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direction, which in our framework is chosen to be the z-direction:

Tz T2 -z Z\n A2 CD M2
57107 D70 ) = 20,68 0 x 140 T2 AL L s
Lorentz symmetry dictates that the trace terms of lower power in p, are proportional to
A4 cp or M? at most, making them power-suppressed in the large p, limit. The Taylor
expansion around z = 0 of the non-local, space-like Wilson line is

2/

D(=/2) 7 W22, ~2/2) ¥(~2/2) = ¢<z/2>v£7>exp<—ig G Az<z'>) ¥(=2/2)

n

—z

¥(0) v* (D*)"b(0) + traces . (5.34)

hE
‘N

S

- |
« nl

One can use (5.33) to evaluate the r.h.s of (5.34)), then use (5.32)) and invert the result

to obtain a non-local, time-independent expression, the quasi-PDF

3
I

Ajep M?
(p?)?" (p°)?

which includes an equal-time matrix element which is only non-local in the z direction.
As p. — oo, its kinematic structure approaches that of a light-cone correlation in
the infinite-momentum limit. A spacelike separation remains spacelike under Lorentz
transformations; however, in the infinite-momentum limit its projection onto the light-
cone becomes dominant.

The distribution defined by this correlator is referred to as the quasi-PDF (qPDF). It
can be related to the light-front (LF) PDF by the LaMET factorization theorem [156]:

P Y R Adep  Adep )
S, p) /OO’y‘0<y,ypz>f(y,pz,u)JrO((zpz)Q,((1_x)pz)2 : (5.36)

where f(z,p) is the PDF, f (y, p., p) is the qPDF at longitudinal momentum p. and

o) = [ £ e ] 607 WE 01600 o) + 0 ). 6

C <§, ﬁ) is the corresponding matching kernel. The latter can be calculated in per-
turbation theory, at leading [37), one loop (NLO) [157] and two loop (NNLO) [L5§]
accuracy. It was later shown that errors can be greatly reduced by renormalization

group resummation (RGR) [159] and leading renormalon resummation (LRR) [L60} [L61].

The higher twist and trace contributions in are suppressed by powers of zp,
and (1 — x)p, which will vanish in the infinite momentum limit. In practice, only finite
momenta are accessible on the lattice, which imposes limitations on the validity of the
factorization formula:

A A
29 and r <1 - 29 (5.37)
Pz P

xr >
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Currently achievable momenta for nucleons are ~ 2.5 GeV, corresponding to a momen-
tum fraction range of 0.08 < x < 0.92. This implies that for very small or large =,
power corrections are considerable. LaMET results thus are only considered reliable
within a more restricted range 0.2 < x < 0.8. It is highly desirable to increase this
range by increasing hadron momentum.

For the quasi-PDF matrix element to be well-resolved on the lattice, the lattice spac-
ing a must be sufficiently small to support the momentum modes of the boosted nucleon.
Concretely, the nucleon carries longitudinal momentum p,, and the Wilson line corre-
lator defining the quasi-PDF probes distances z ~ 1/p,. For the lattice to faithfully
represent these short-distance correlations, one requires

1
P-

or equivalently ap, < 1, so that discretization errors of order (ap.)? remain small. Using
he ~ 0.197 GeV - fm, a target momentum of p, = 2.5 GeV constrains

0.197 GeV - fm
~ 0.08f .
a << 5 5 Gov 0.08fm (5.39)

and for p, = 5GeV the requirement tightens to a < 0.04fm. These are significantly
more demanding than the condition a < AééD ~ 1fm, required to resolve the non-
perturbative structure in a hadron at rest, and they set the practical upper limit on the
nucleon momenta accessible in current calculations. Lattice spacings below ~ 0.04 fm
are at the frontier of what is currently feasible, due both to the computational cost and
to the severe topological charge freezing that afflicts fine ensembles . Consequently,
p. = 5 GeV has not yet been reached in LaMET calculations, and current state-of-the-
art results use p, ~ 2.5 — 3.0 GeV for the nucleon and p, ~ 1.7 — 2.0GeV for

mesons [163].

The core principle of LaMET is to make matrix elements of light-cone operators acces-
sible by considering matrix elements of purely spatial separations with highly boosted
external states. As illustrated in Figure[5.1] a spatial separation in the frame of a highly
boosted nucleon approximates a light-cone separation in a zero momentum frame. The
PDF can be thought of in the rest frame, probed by a light-like probe, the quasi-PDF
corresponds to a static probe acting on a nucleon boosted to large momentum p,, ide-
ally approaching the speed of light. In the following, we define the unpolarized quark
isovector quasi PDF as a suitable test quantity to investigate the improvement of lattice
SNR, as performed in Chapter [§|
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5.2.1 The unpolarized nucleon PDF

The nucleon light-cone PDF was defined in (5.36). We now define the quasi-PDF:

f(z,p%, ) p/ 2P g (2,0, 1)

hr (2,07, 1) = ﬁUDW(Z)W P(0)|P).

(5.40)

Note that we choose ~* here instead of 7* for the Dirac structure to reduce effects from
operator mixing . This changes the matching kernel and influences renormalization.
The quasi-PDF matrix elements hp (z,p?, u) are renormalized matrix elements, obtained
by renormalizing the bare matrix elements, calculated on the lattice:

iz p201/a) = S PlO( I W, 0(0) ), (5.41)

where W)|z,0] is the straight Wilson line running from 0 to z. As v is identical in
FEuclidean and Minkowski space-time, we do not have to multiply these results by any
powers of i.

5.2.2 Renormalization

The bare correlation function suffers from linear divergences due to the Wilson
self-energy and logarithmic UV divergences stemming from the UV regulating lattice
spacing. Both need to be removed correctly for a proper renormalization. We choose
the hybrid scheme which renormalizes short distances z in a ratio scheme ,

167] and long ones via self-renormalization [168§]:

h(z,p.,1/a) h(z,p.,1/a)
h(z,p. =0, 1/a)6(28 ~ D)+ Zr(z,1/a)

The short-distance scale z, is introduced as an artificial separator between short and long
distances, which will be canceled by the z; dependence in the corresponding perturbative
matching kernel. It can be varied in the analysis to reduce bias associated with its
choice. 7, is a normalization factor that guarantees the continuity of renormalization
at z = 2z, during the transition from the perturbative to the non-perturbative region.
At small z < z,;, we divide the correlation functions at large momenta by the same
correlation functions in the rest frame. At large distances, the self-renormalization
factor Zg(z,1/a) is used to remove UV divergences while preserving IR physics. The
UV physics can be extracted from the short distance bare matrix elements in the rest
frame iz(z, p. = 0,1/a) at multiple lattice spacings. Motivated by perturbation theory,

0(]2] — ) . (5.42)

BR(’Z’pza :U’> -
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it is assumed to be of functional form

Inh(z,p. =0,1/a) = (MH(C];;CD)ng(ZH-f(Z)Gz
3Ck In[1/(aAqep)] _da
+ 11 —2N¢/3 l In [t/ Aqep] 1 o [1+1H(QAQCD)1 ' 543)

The first term includes the linear divergence stemming from the Wilson line self-energy.
The second term, g(z), contains the non-perturbative information necessary for renor-
malization as well as a renormalon ambiguity term, which we will have to remove later.
The third term, f(z)a?, accounts for discretization errors. The last two terms result
from the resummation of leading and sub-leading logarithms, affecting normalization at
different lattice spacings. As higher order effects and further lattice artifacts cannot be
removed entirely, Aqcp and d are treated as fit parameters as well . The normalized
long distance renormalization coefficient Zg(z,1/a)/n; is defined as

Znlz:1/a) = h(zs,p. =0,1/a)exp |— Ele] = 2)

AR fod BV — ), 5.44
- Sinatany ~ Mol =) (5.44)

where the renormalon mass myg is extracted via a linear fit to the difference of the
continuum perturbative MS result C)%(2) and g(z) obtained from (5.43)

9(2) — In(CY5,0(2)) = moz . (5.45)

The fixed order (NLO) result was obtained in Ref. [156] and is given as

OJSCF 3 2 92 2 5
o (21n (z pre” /4) + ) : (5.46)

C(l)\fII\SILO(Z) =1+ 5

Note that the determination of mgy is not unique due to the renormalon ambiguity,
and needs to be properly regularized when matched to the lightcone PDF to avoid
introducing extra linear corrections in 1/p, . However, the scope of this work
only focuses on the statistical uncertainties of quasi-PDF lattice data, not including the
perturbative matching to the lightcone PDFs. It makes no difference if we simply use
the fixed-order NLO result from (5.46)), as the ambiguity does not affect the relative

statistical errors of the lattice data.
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In this chapter, we present our results for the lattice spacing and mass dependence
of the invariant functions of DPDs at w = 0. We first present the lattice setup of
our calculation, then proceed to analyze the results. First, we probe for excited state
contributions within our data on one exemplary ensemble. Second, we examine the
dependence of lattice artifacts observed in the past on lattice parameters. Third,
we present our results for the lattice spacing dependence of leading twist invariant
functions, followed by their mass dependence as fourth point. The calculations on the
H102 ensemble, the results of which will be used in the a-dependence analysis, have
already been published in Ref. and ﬂ3_—2|] The simulations on the S100 ensemble
were performed in the context of Ref. @ﬂ and have been reused for this work. By the
time of the publication of this thesis, the contents of this chapter have already been
published in Ref. . In the following, we shall only discuss data for the connected
contractions C and Cs. The contributions by the disconnected contractions S; and S,
were found to be small in the considered region of distances i (see , and section
. The contribution of doubly disconnected contractions D cannot be determined at
this point in time due to statistical uncertainties in our data. We can neglect them as
we expect the ratio D : S; to be of similar size as the ratio Sy : C, which is small .

6.1 Lattice setup

Our goal is to investigate the physical limit of the lattice observables in the context of
DPDs. To this end, we perform the simulations on several gauge ensembles, varying
both the lattice spacing and light and strange quark masses. Moreover, the different
physical volumes realized by the employed ensembles allow us to estimate finite volume
effects. All simulations for this investigation are performed on ensembles provided by
the CLS Collaboration [131], including reweighting factors , which for some
configurations of the S400 ensemble were sign corrected . The ensembles used
in this work have open boundary conditions in time direction except for B452 and B451,
where antiperiodic boundary conditions are realized. The ensembles were generated
using the tree level improved Liischer-Weisz action and ny = 2 4+ 1 non-perturbatively
O(a)-improved Sheikholeslami-Wohlert fermions, as discussed in Section [3.3] A brief
overview of the pion masses and lattice spacings of the ensembles used in this work is
given in Figure [6.1] details on all ensembles can be found in Table [6.1]

We use momentum smearing with APE-smoothed gauge links for both
sources and sinks to improve the signal as introduced in Section[4.3.1] APE smoothing is
iterated napg = 25 times with axpg = 2.5. Momentum smearing is performed using b =

79
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B451
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Figure 6.1: Lattice spacing and pion masses of the CLS ensembles used in this work
(blue diamonds) compared to the physical pion mass (dashed line) and the physical
point (orange circle in the bottom left corner).

id JE] alfm] L3xT Ky Ks my k[MeV]  mqL La [fm]
H102 3.4 0.085 323 x 96 0.136865 0.136549339 354, 442 4.89 2.72
S100 3.4 0085 323x128 0.137030 0.136222041 214, 476 2.95 2.72
S400 3.46 0.075 323 x 128 0.136984 0.136702387 354, 445 4.33 2.41
B452 3.46 0.075 323 x 64 0.1370455 0.136378044 352, 548 4.31 2.41
B451 3.46 0.075 323 x 64 0.136981435679729  0.136408545268417 422, 577 5.16 2.41
N203 3.55 0.064 483 x 128 0.137080 0.136840284 348, 445 5.39 3.06

Table 6.1: Details of the CLS ensembles used in this work \|

0.45 and € = 0.25 at different iterations nyem, accounting for different lattice spacings
and pion masses, see Table [6.3] The Wick contractions are evaluated as discussed in
Section .5l The matrix elements and invariant functions extraction are detailed in
Section [4.6] The number of configurations and separation times used in this work are
presented in Table [6.2] All simulations for DPDs in this work have been performed
using the Chroma software package .

The renormalization constants for all operators and ensembles analyzed in this work
are shown in Table , extracted from table XXIX in Ref. .
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id tsepl@] tsep[fm] #cnfgs. used

H102 12 1.020 990

8 0.68 890

5100 10 0.850 890

12 1.02 890

11 0.825 100

5400 13 0.975 1000

16 1.2 500

B451/B452 13 0.975 750
N203 16 1.024 300

Table 6.2: Summary of ensembles, source-sink separations and number of configura-
tions used for the investigation of the lattice spacing and mass dependence at momentum
p = 0. The results of the calculations on the H102 ensemble were already published

in and .

H102 S100 S400 B451 B452 N203
Nmom 200 350 310 270 310 445

Table 6.3: Number of momentum smearing iterations n,,, per CLS ensemble.

3 =3.40 B =3.46 B =355
7y 0.7115(5)(15) 0.7206(2)(13) 0.7327(3)(9)
Za 0.7510(4)(14) 0.7580(3)(13)  0.7683(4)(9)
Zr  0.8294(4)(26) 0.8429(2)(27) 0.8619(3)(27)

Table 6.4: Renormalization constants for the local currents on the ensembles used in
the analysis at the renormalization scale = 2 GeV [154] (table XXIX therein). For
the analysis of the mass dependence, only the center column is required.

6.2 Excited state analysis

Before extracting the matrix elements according to eq. , we examine the plateau
behavior of the correlators to assess potential excited-state contamination as
well as signal strength and quality. Due to computation time limits, the only four-point
contractions calculated for all intermediate insertion timeslices are the C'; graphs, which
we analyze in the following.

To evaluate the validity and stability of the extraction, the calculations are repeated
at different source-sink separations for the S400 and S100 ensembles, details given in

table [6.21
The results are shown in Figure [6.2] where we show the ratios Ry, to compare the
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Figure 6.2: Plateaus for the C 4 (left column) and Cf ,, (right column) correlators
on S100 (top row) and S400 (bottom row). All matrix elements are evaluated at ¢ =
(3,3,3)a and p'= (0,0,0).

results of different separation times. Only the data at § = (3, 3, 3)a with zero momentum
are shown. We find that the plateaus obtained at different separations are consistent
with each other within the statistical uncertainties. This implies that contamination by
excited states is moderate. We thus extract the matrix elements by fitting a constant
to the data around the central region in 7 . The differences in statistical precision
arise from both the varying separation times and, in the case of S400, the different
numbers of configurations analyzed as listed in table We attribute the irregular
shape present in the data with ¢, = 11 to the considerably decreased statistics, while
the increasing errors at large ts, are due to a decreasing SNR at larger timescales. In
the following analysis, we focus on the data for ¢t = 10a (S100) or ¢t = 13a (S400),
respectively, where we obtain a reasonable SNR, while excited state contamination is
expected to be under control. For the ensembles B451, B452 and N203, all calculations
are performed at only one separation time close to 1 fm, details can be found in table[6.2]
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Figure depicts the plateaus for the C} correlators for the VOV matrix element on
the ensembles newly analyzed for this work. For the V9VY channel, we observe plateaus
extending over all insertion times. While the data for the other matrix elements is
noisier than in the case of VOV we find no definite curvature in any of them either.
We exclude points near the source and sink where residual excited-state effects may
persist for added robustness of the extraction.
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Figure 6.3: Comparison of the C; plateaus at ¢ = (3,3, 3)a for the (V°V?) channel on

the ensembles 5400, N203, B451, B452 and S100 (from top left to bottom right). The
best fit is presented as a straight line with errors, its extension indicating the subset of

points used in the fit.
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6.3 Lattice artifacts

As the target quantities of our investigation are Lorentz invariant functions, they depend
only on Lorentz invariants, i.e. y? and p -y = w. This allows us to average the matrix
element over all separations g of identical (w, yz)E], provided that symmetry breaking
effects due to discretization are small. In order to have these effects under control, we
investigate our data for artifacts stemming from both discretization and finite volume.

6.3.1 Finite volume effects

To investigate our data for finite volume effects, we analyze the dependence of the matrix
elements and invariant functions on the direction of the separation y. Specifically, we
consider the angle # enclosed between the vector ¥ and the closest spatial diagonal 7,
i.e. cos(§) = /- n/|y]. This has already been done in Ref. 69 [176].

A set of rotationally invariant matrix elements obtained from the N203 ensemble is
shown in Figure [6.4] In the case of N203, the C; contraction exhibits no significant
anisotropy effects at large |y|. This is in contrast to the case of H102, where a saw
tooth pattern is clearly observable in Figure 7 in Ref. . In all cases, including H102
, , the Cy contraction has a pronounced anisotropy at smaller |¢], independent
of lattice spacing and extension.

Figure shows selected leading twist invariant functions of the ud flavor combi-
nation, with the Lorentz decomposition being performed solely on data from the C}
contraction at hadron momentum 7 = 0. The anisotropy effects observed on the S400
ensembles are very similar to those found in Ref. for H102 in all channels, exhibiting
a clear saw tooth pattern at large separations |7]. The ensembles S400 and H102 have
smaller spatial extent and finite volume parameter than N203, see Table [6.1] For the
N203 ensemble with Lm, = 5.39 and La = 3.06 fm, finite volume effects are strongly
suppressed, particularly in the vector-vector channel (first row). This can be explained
by the increased distance between mirror images introduced by the periodic boundary
conditions in space. Despite this, even on N203 residual finite volume effects remain,
see e.g. Figure [6.5d] necessitating an exclusion of all points with cosf < 0.9.

The same saw-tooth anisotropy pattern is also observed when comparing data ob-
tained on the S100 and H102 ensembles, presented in Figure [6.6] Both ensembles have
the same lattice spacing and spatial extension La, but the pion mass on S100 (214 MeV)
is considerably smaller than on H102 (354 MeV), leading to their considerably different
values of Lm,.

Figure highlights the diminishing signal-to-noise ratio of the invariant functions
Ayq and Agyug at separations considerably larger than La/2. The apparent discrepancy
between the olive and blue data points at large separation || and the deviation of the
red data point at |y] = La/2 clearly demonstrate the influence of finite volume effects.
While the signal decays close to the lattice diagonal towards zero, it appears to reach a

'For ease of writing, we henceforth write y for the distance y/—y? = || when there is no risk of
confusion.
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Figure 6.4: Anisotropy for (V°V?) matrix elements from C) contractions on the N203
ensemble.

plateau and even arch slightly away from zero again when considering data closer to the
lattice axis. The largest separation along these axes, the red data point at |y] = 16a,
exceeds the value of the data along the lattice diagonals by a factor of almost two. Both
these observations prove the presence of considerable finite volume effects caused by
mirror charges. The degradation of the signal quality and eventual end of the line of
olive and red data points is due to the cones, defined by their respective angles enclosed
with the lattice diagonals, gradually leaving the cubic volume of the lattice. This leads
to a reduction in the number of points included in the Lorentz decomposition, increasing
the error, until eventually, there are no more points left at the chosen separation and
angles.

To account for this, we limit the region of included separations for our analysis to
|yl < La/2, i.e. the upper boundary of included separations is set at half the lattice
extension in space. We close this subsection on finite volume effects with the conclusion
that the two-current matrix elements required for our DPD analysis are affected by finite
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Figure 6.5: Anisotropy comparison of ud leading twist invariant functions A and B at
7 =0, only considering C; contraction contributions calculated on S400 (left column)
and N203 (right column). A for the vector-vector channel is shown in the top row, B
for the tensor-tensor channel is depicted in the bottom row. The included |y [a] range
has been adapted to the spatial geometry of the ensembles.

volume artifacts depending on Lm,. In particular, this holds for the contraction Cf,
which has a large contribution for long distances. Hence, finite volume effects should be
considered carefully when taking physical limits. Similar findings have been published

for the pion [177 [L7§].

6.3.2 Discretization effects

We proceed in similar fashion to for finite volume effects. The same selection
of invariant functions presented in Figure [6.5 is shown here again for the wu flavor
combination, only taking into account data from the C5 contraction in Figure As
can be observed there, the data shows a strong anisotropic behavior at very small
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Figure 6.6: Comparison of invariant functions A,,,, considering only the C contraction,

on the S100 (left) and H102 (right) with separations § enclosing different angles 6 with
the diagonals.

lyl [al ly| [al
2 4 6 8 10 12 14 16 18 20 22 24 2 4 6 8 10 12 14 16 18 20 22 24
“ I 09=cosh=1 0.00
HO-OB‘ W"mli t V1/3=cos6=0.9 'TE
v cos6=V1/3 = 1
£0.06° } v/ = -0.01
S 5
S 0.04 - —0.02;
° % I 09=cosf=1
S ] o
<002 3 —0.031 M« t V1/3 =cos8=<0.9
<
0.00 t cos6=v1/3
02 04 06 08 10 12 14 16 18 02 04 06 08 1.0 12 14 16 18
lyllfm] ly|[fm]
(a) Auda Cl (b) Aduuda Cl

Figure 6.7: Comparison of invariant functions A,q (left) and Agyuq (right) including
separations g enclosing different angles # with extended range towards the boundary.
Data is obtained by computations on the S400 ensemble.

distances. This can be explained by discretization artifacts in the Dirac propagator for
Wilson fermions. This has been discussed in e.g. , . The contribution of the Cy
contraction decays very fast with increasing distance. We therefore expect finite volume
effects to play a minor role. Indeed no evidence for finite volume effects can be found

in Figure [6.8|
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Figure 6.8: Anisotropy comparison of uu leading twist invariant functions A and B at
7 = 0, only considering Cy contraction contributions calculated on S400 (left column)
and N203 (right column). A for the vector-vector channel is shown in the top row, B
for the tensor-tensor channel is depicted in the bottom row. The limits of the physical
distance |y| [fm] have been kept constant across all four subfigures.

6.4 Lattice spacing dependence

In this section we investigate the lattice spacing dependence of the leading twist invariant
functions. We adhere to the data selection criteria established in Section [6.3] namely
that the angle # enclosed by the separations ¢ with the closest lattice diagonal has to
fulfill cosé > 0.9 and 4a < |y| < La/2. We thus account for discretization effects
and finite volume artifacts discussed in the previous section. We will first discuss our
findings for single contractions before considering the overall contribution for specific
flavor combinations.
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6.4.1 C; contributions
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Figure 6.9: Leading twist invariant functions for selected channels. We plot the vector-
vector (first row) and tensor-vector (second row) channels for the flavor combinations
Chuuun (left column) and C 44 (right column). Results are shown for the H102, S400,

and N203 ensembles at p'= (0,0,0) and cosé > 0.9, only including data from the C
contraction.

Figure [6.9) shows a selection of invariant functions of leading twist based solely on
data from C contractions. The Ags, signal is very similar to the one in As,, while the
Apagag signal is primarily dominated by noise and thus not presented. We observe no
clear a-dependence in the vector-vector and tensor-tensor channels, as data from the
coarsest and finest ensembles studied coincide within 1o. In the tensor-vector channel,

where we used ([5.9) to enhance the signal in the uwu case, we observe a slight lattice
spacing dependence.
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6.4.2 (5 contributions
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Figure 6.10: Leading twist invariant functions in the vector-vector channel for the
flavor combinations Cy, (left) and dd (right). Results are shown for the H102, S400,
and N203 ensembles at p'= (0,0,0) and cos@ > 0.9.

Similarly to the previous subsection, Figure |6.10] contains the flavor combinations
uu and dd, but obtained from data of Cy contractions only. In the A, data, one
can observe a dependence on the lattice spacing for small distances. For the finest
lattice spacing a = 0.064 fm, we find values smaller by up to around 20 compared to
the results obtained from our coarsest lattice with a = 0.085fm, in particular for Acg,,
(Figure and Ac, 44 (Figure . In the case of other channels, like A¢, 544, the
dependence on lattice spacing is less significant and uncertainties are larger, preventing
a closer inspection.

6.4.3 Flavor specific combinations

The resulting leading twist invariant functions A,y obtained from physical data com-
binations are presented in Figure [6.11] The lattice spacing dependence of the C5 con-
traction are well visible in Figure for the uu flavor combination. The ud flavor
combination in Figure is the same as in the C contraction only case. Likewise,
the dd combination has no C; contribution and is thus the same as in [6.10} The flavor
interference combination duud in Figure exhibits no observable lattice spacing
dependence within errors. It is unclear if the zero-crossing observed for H102 re-
mains after taking the continuum limit, since the larger statistical error prevents us
from drawing any conclusions in this direction.
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Figure 6.11: Leading twist invariant functions in the VV channel for the flavor combi-
nations wu, ud, dd, and duud (arranged left to right, top to bottom). Results are shown
for the H102, S400, and N203 ensembles at p'= (0,0,0) and cos @ > 0.9.

6.5 Mass dependence

In this section we investigate the meson mass dependence of the leading twist invariant
functions. We adhere to the data selection criteria established in Section [6.3] namely
that the angle 6 enclosed by the separations with the closest lattice diagonal has to
fulfill cosd > 0.9 and 4a < |y] < La/2. Just as for the lattice spacing dependence, we
will first discuss the results from single contractions. Finally, we give a comparison of
all physical flavor combinations.

6.5.1 C; contributions

Figure [6.12 contains the leading twist invariant functions Agq and Aseq extracted from
C, contraction data for all flavors. It is structured the same way as for the lattice
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Figure 6.12: Leading twist invariant functions illustrating the mass dependence in the
vector-vector (top row) and tensor-vector (bottom row) channel for the flavor combina-
tions C yyuu (left column) and C 4 (right column). Results are displayed at p’'= (0,0, 0)
and cos @ > 0.9, including only data from the C contraction. The ensembles S100, S400,
B451, and B452 are used to probe the pion-mass dependence. For the vector-vector
channel, data from all four ensembles are shown, while for the tensor-vector channel,
the comparison includes S400, B451, and B452.

spacing dependence case. For A,y (first) row, data obtained from the S100 ensemble is
presented additionally, where the pion mass is m, = 214 MeV. Notice that the lattice
spacing of S100 is coarser than that of the other ensembles used in this plot. This is not
an issue, since there is no significant dependence on the lattice spacing in the case of A,
(see section . While this widens the range of the mass dependence investigation,
S100 sharing the same geometry with S400 and being of the same lattice spacing as H102
means it has a very small Lm, =~ 2.95. As already discussed in Section [6.3.1] we expect
finite volume effects to be larger in this case. We find a definite mass dependence in
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multiple cases, e.g. in A4 (Figure and Agyuq (not shown), consistently following
the trend of reducing the absolute value of the signal as the light quark masses decrease.
This decrease is most prominent when comparing data of ensembles of different pion
mass in descending order, here B451, S400 and S100. While the signals from the S400
and B452 data, which differ only in strange quark mass, agree in most cases, distinct
differences &~ 20 can be observed in Ags,y (Figure and  As(duyud (not shown),
hinting at potential sea quark effects. For the flavor combination uu, we find no mass
dependence in any channel.

6.5.2 C5 contributions
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Figure 6.13: Leading twist invariant functions illustrating the mass dependence in the
vector-vector channel for the flavor combinations Cs, (left) and dd (right). Results are
displayed for the S400, B451, and B452 ensembles at p'= (0,0,0) and cos € > 0.9.

The leading twist invariant functions for the vector-vector, tensor-vector and vector-
tensor channel extracted form C5 contraction exhibit no mass dependence in any chan-
nel. As an example, A,, is depicted in Figure As in the lattice spacing case,
Apngng and Asgs, data is too beset with noise as to lead to any sensible conclusions and
is thus excluded.

6.5.3 Flavor specific combinations

The resulting leading twist invariant functions A, obtained from physical data combi-
nations are presented in Figure[6.14] The uu and dd combinations exhibit no observable
mass dependence. The ud flavor combination data is the same as in Figure |6.12b] as
it contains no Cy contribution, exhibiting a clear mass dependence. All other combina-
tions include contributions from C5 contractions, which exhibit a definite a-dependence,
thus the S100 data is not included in their comparison. We find no evidence for mass
dependence in any channel for the combinations uu, dd and duud.
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Figure 6.14: Leading twist invariant functions illustrating the mass dependence in the
VV channel for the flavor combinations wu, ud, dd, and duud (arranged left to right,
top to bottom). Results are shown at p'= (0,0,0) and cosf > 0.9. For uu, dd, and
duud the ensembles S400, B451, and B452 are included, while for the ud case additional

data from the S100 ensemble are shown.
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7 Invariant functions of DPDs at w # 0

Calculating the lowest Mellin moment of DPDs requires us to integrate the invariant
functions w.r.t. w. As the w-range accessible on the lattice is limited, it is necessary to
extrapolate the invariant functions towards infinity to evaluate the integral. In Ref. ,
the limit ¢ = 0 was used to extract this information out of the lowest Mellin moment
of skewed DPDs by assuming a simple functional form for the ¢ dependence and
determining its parameters by fits to the lattice data.

In this chapter, most of which was already published in Ref. , we take a closer
look at this approach, considering a broader range of physically motivated ansétze
for the ¢ dependence and investigating the corresponding fit results. Using several
models, we study the impact of this model dependence on extracting moments of double
parton distributions from existing lattice data that have been generated in the context
of Ref. . The author of this thesis is one of the lead authors of Ref. [69], from which
this chapter is reproduced. They performed the numerical analysis of the lattice data
and developed two alternative ansdtze. The physically motivated integral model was
originally thought of by Markus Diehl, with Oskar Grocholski performing unpublished
pilot work.

7.1 Lattice setup

The simulation includes 990 configurations of the H102 ensemble provided by the CLS
Collaboration as discussed in Section 6.1, where we also give an overview of the tech-
niques used in the calculation of the results.

The renormalization factor for the vector current has been determined in and
can be found in table XXIX therein. For g = 3.4 it is equal to Zy = 0.7115.

In this chapter, we limit ourselves to the matrix element for the flavor combination
ud. The other two combinations, uu and dd, include the Cy graph, which involves a
propagator connecting the two current insertions and has considerably larger statistical
errors than C. This would reduce the stability of the fits we will perform. With the
lattice data we have at hand, we therefore refrain from performing fits for the equal-
flavor combinations.

Again, we neglect the disconnected contributions for the same reasons as in Chapter
6L

'We take a = 0.0856 fm for the lattice size in order to be consistent with our previous study [155].
More recent determinations (181} [182] differ from this value by up to 1%, which is of no practical
relevance in the present context.
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—

P ’ﬁ' [GeV] (tsnk - tsrc) [a]
(0,0,0) 0 12
( 1— 1,—1) 0.78 10
(—2.-2,-9), (2,2,-2), (2,-2,2), (—2,2,2) 157 10

Table 7.1: Summary of momenta and source-sink separations in our lattice data.

The invariant functions were obtained as discussed in Section B.1.3] and the results
investigated for discretization and finite size artifacts as in Chapter [6] In addition, we
tested for a dependence on the size of the proton momentum (frame dependence) when
y and w were kept fixed. It was found in Ref. that lattice artifacts were smallest
for y close to the space diagonals of the lattice, limiting data extraction to distance
vectors for which the angle 6 between ¢ and the nearest lattice diagonal satisfies

cosf > 0.9, (7.1)

just as we found in [6}, To maximize the reach in w, the proton momenta were aligned
with the lattice diagonals, see Table 7.1 where p'= 2“ P

To limit discretization and finite size effects, we Wlll consider data only in the region.
da <y < 16a, (7.2)

which in physical units approximately corresponds to 0.34 fm < y < 1.37fm. The upper
limit on y corresponds to half the lattice size. It is not too relevant in the sense that
for y close to 16a statistical uncertainties become rather large, so that this region has
little impact on our fits.

7.2 Modeling the lowest Mellin moment

Our strategy for evaluating Mellin moments I,,,, (¢, y?) is to make a model (in the sense
of an ansatz) for their functional dependence. For a given model the Fourier transform
(5.29) can readily be evaluated. The parameters of the model are then fitted to the data
on Ay q,(w,y?), which have been extracted from our lattice simulations as described in
the preceding section.

To obtain stable fits, we proceed in two steps. We first make an ansatz for the function

Kqiq (y2> = Aq1q2 (W =0, yz) (7-3)

and fit its parameters to the data for w = 0, which has by far the highest statistical
precision because it includes the case of zero proton momentum. With this function
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fixed, we perform fits to the normalized quantity

- Agrgo (W, 9?)
A " OJ, 2 — q1q92 )
ne(@ V) = 0

with the numerator taken from the data and the denominator from the fit of (7.3).

(7.4)

7.2.1 Factorization of 1((,1?)

We assume that in the y range specified in i.e. 4a < |y| < 16a the ¢ and y dependence
of I(¢,y?) factorizes as

14,4, (¢, yz) = Jo(C) Kgyg (yz) ) (7.5)

where K, is given in (7.3)) and J,,4, is an even function of . Fourier transforming
(7.5) w.r.t. ¢ and comparing with (5.29), we obtain the relation

o )
o [ (ACE Jiig,(Q) = Agn (@), (7.6)

A

where A, defined in (7.4) is now y independent. This implies the normalization
condition

/0 ¢ Ty (O) = 7. (7.7)

The different models used for the functional dependence of J, 4, are specified below.

We will validate the factorization hypothesis by performing fits to (|7.6|) in narrow
bins of y and monitoring to which extent the functions J,, 4, obtained in this way depend
on y. Details are given in Section [7.3.2]

1492

7.2.2 Dependence on the distance y

From now on we focus on the quark flavor combination (q;,¢2) = (ud) so that we
may compare our results with (2.76). Our data for A,4(w = 0,y?) = Kuq(y?) is quite
precise. Figure [7.1a] shows that there is no systematic difference between data points
with 0.9 < cosf < 1 and data points with cos# = 1. This suggests that within the range
0.9 < cos 6 of our data selection, possible anisotropy effects are smaller than statistical
errors for this observable.

For the function K,4(y?) we adapt the fit previously performed in [155], which has
the form

Kua(y?) = Ay (my)? e =49 1 Ay (nyy)° e 2—40) for vV3a <y < 16a  (7.8)
with § = 1.2. The fitted parameters A; and n; are

A =(3.494237) x 1074 fm ™2, Ay = (5.1440.04) x 1072 fm ™2,
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Figure 7.1: Lattice data of the invariant function A,4 for w = 0, together with the fit
(7.8). The shaded region y < 0.11fm is not used in our analysis.

m = (17.6+28)fm ™", ny = (3.53 4 0.03) fm ™" . (7.9)

In Figure we show the fit together with the data. We emphasize that the y region
where the function increases with y due to the factor y° is never used in our
analysis.

At this stage we include data below y = 4a for the following reason. In order to
evaluate the number sum rule , we need values of y down to 0.11fm ~ 1.29a.
Fitting the form down to y = 4a would entail a substantial extrapolation error
at smaller y. By contrast, a fit down to y = v/3a ~ 1.73a, which corresponds to the
lattice points closest to the origin along the space diagonals, requires only moderate
extrapolation.

Together with the factorization assumption , our fit of K4 relates J,4 with the
number sum rule as

Sud(ycut) = f(ycut) Jud(C = 0) (710)
with

Fyew) =27 [~ dyy Kualy®) = 0215, (7.1)

Ycut

where we take y., = 0.11 fm from ([2.75)).
The proportionality factor f decreases by about 16% if we integrate over y up to the
upper limit 16a of our fit, rather than up to oo. In turn, it decreases by about 11% if

we integrate over y from 4a to co. These numbers may be taken as upper limits (or very
conservative estimates) for the uncertainty on f due to (7) extrapolating the fit (7.8)) to
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y > 16a, and due to (i) including the region y < 4a where discretization effects in our
data may be substantial. We also recall from Section that the value of y., in the
sum rule integral itself is a matter of choice. Multiplying or dividing y..; by 2 changes
the f by less than 5%.

7.2.3 Dependence on the skewness (

The main purpose of this work is to explore different forms for the dependence of Mellin
moments on (. We now present our models for this dependence.

For ease of notation, we assume that |¢| < 1 throughout this section, bearing in mind
that Jy,4, () is zero for |¢| > 1. The Fourier transform of .J,,,, is hence to be understood
as in (5.29). We will also omit the quark flavor labels henceforth, given that we only
perform fits for (¢1¢q2) = (ud) as explained above.

The polynomial model is what we used in our previous work [155]. For a given integer
N it is given by

N
ooty () =7 3 ¢ (T ) Cm with o =1, (7.12)

n,m=0

where the (VN + 1) x (N + 1) matrix 7" is defined by
Ton =1/(14 20+ 2m) . (7.13)

The condition ¢y = 1 ensures the normalization condition (7.7)), as shown in Section 4.4
of [155]. The model thus has N free parameters, ¢; to c¢y. The normalized Fourier

transform of ([7.12)) reads

N

Apoty (@) = 3" @) (T71) s (7.14)
n,m=0
with the functions h,, given by
1
hp(w) = 5/ d¢ e ¢ = sin(w) s, (w) + cos(w) ¢, (W) (7.15)
-1
and
& (D)™ (2n) 1 = (=0 (2n)! 1
snlw) = m,Z:O (2n — 2m)! wit2m’ en(w) = mZ:o (2n —2m — 1)! w?+2m (7.16)

We note that the singular behavior of s,(w) and ¢, (w) for w — 0 cancels in the com-
bination ([7.15)), such that the function h(w) is finite at w = 0, as is obvious from its
integral representation.
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in Ref. we carried out fits with NV = 2 and N = 3 and found their results to
be quite close to each other. No clear improvement was observed in the description of
the data for N = 3, and we regard that version as close to overfitting the data. In the
present work we hence restrict ourselves to the case N = 2.

The polynomial model does not satisfy the properties we derived in Section[5.1.4} the
form does not vanish for ¢ — 1 (unless one introduces an additional constraint
on the polynomial coefficients), nor does it allow for a non-analytic behavior at ¢ = 0
or ( =1.

When making this ansatz in our previous work, we had in mind the case of generalized
single-parton distributions (GPDS)EI Their Mellin moments are in fact polynomials in
the skewness parameter (, as a consequence of Lorentz invariance . Moreover, they
do not generally vanish for ( — 1, which already follows from the fact that the lowest
moments of quark GPDs are ( independent. We note that the limit ( — 1 is peculiar
for GPDs, because for a given invariant momentum transfer ¢ it is always outside the
physical region —t > mz ¢?/(1 — ¢) in which the proton states are on shell. Despite the
apparent similarity between the role of ¢ in DPDs and GPDs (see Figure , the ¢
dependence of these distributions and their Mellin moments is therefore very different.

.7:1—% :1;2+%( .'I;Q*%C .7:1—}—%( .7:+%( .’I,’*%C

(a) (b)

Figure 7.2: Comparison between a skewed DPD F, 4 (z;, (,%?) in the region z;4(/2 > 0
(a) and a generalized (a.k.a. skewed) single-parton distribution (b). The notation in
uses the variable X = x + %( instead of z. All momentum fractions refer to the
incoming proton.

The following three models are new and have been designed to fulfill the properties
discussed in Section [5.1.4} i.e. they ensure I — 0 for ¢ — 1, and they allow for a
nonanalytic behavior of [ at ( =0 and ¢ = 1.

The power-law model is a rather direct generalization of the polynomial model, given
by

Toow(¢) = m(a+1) (1= [¢])" with @ > 0. (7.17)

2The following statements hold for both for the skewness parameter ¢ of Radyushkin [184] and for
the parameter £ of Ji , given their relation £ = /(2 — ().
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Its normalized Fourier transform reads

(7.18)

where 1 F5 is the hypergeometric function.
The function ([7.17) has a spike (i.e.a discontinuous first derivative) at ¢ = 0 for all

admissible values of a.

The integral model has the form

r b+1) 1
(atb+1) dz 27 M1 — 2)"! with a >0 and b > 0, (7.19)

Jine(C) = T(a+1)T(D) i

and its normalized Fourier transform is given by

.« a+2 a+1 3 a+b+2 a+b+1 w2
Aint<w):2F3< 9 ) 9 757 9 5 9 ; 4>

(7.20)

with the generalized hypergeometric function o F3. The ansatz is inspired by the
leading-order splitting formula for ¢ — ¢ in conjunction with a gluon PDF behaving as
fo(2) ~ 2711 — 2)# with —1 < @ < 0 without trying to emulate its detailed features,
which are specific to I, and not directly applicable to I,4.

For a <1 the function has a spike at ( = 0, whereas for a > 1 it is smooth at
that point (with a vanishing first derivative but possible discontinuities of higher odd
derivatives).

The cosine model is inspired by the shape of the integral model, but allows for a
more direct interpretation of the parameters. It is given by

Jeos(C) = Ny cos® EC“ with a > 0 and b > 0, 7.21
' 2

where N, is determined by the normalization condition (7.7). We have not found a
closed form for its Fourier transform, which is computed numerically in our fit to the
lattice data. Important features of the function J..s(¢) are:

o the parameter a controls the width of the central maximum around ¢ = 0,

o the parameter b controls the speed of approaching zero for |(| — 1,

o for a < 1/2 it has a spike at ( = 0 and is very sensitive to even small changes in
a, whilst for a > 1/2 it is smooth at that point,

« for positive half integer a, the function is analytic at { = 0.
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7.3 Fit results

We now discuss the results of fitting the above models to our lattice data. We performed
global fits to the data in the range

da <y < l4a, ~2.72y /(4a) < w < 2.72y/(4a), (7.22)

where the second condition follows from the bound and from the range of proton
momenta in our simulations. The highest value of |w| in the data thus selected is about
9.5. Since statistical errors increase with the proton momentum and with the distance
y between the currents, the uncertainty on the data is smallest around w = 0 and grows
rather quickly with |w|. We omit distances y > 14a from the fit because some of the
corresponding data points have very large errors.

The fitted data are shown in Figure [7.3l They are obtained by dividing the data
for A(w,y?) in the range by the function K(y?), which is evaluated with the
fit specified in and (7.9). The errors on the data points are obtained with the
jackknife method.

v ORI=3
1.01

WW‘M { pes
Yl f W*{H

0.0 : | |

1.2 1 PR 1 1 1

Alw)

—-0.2 1

—0.4 1

— 77— T T
-10.0 -7.5 -5.0 -2.5 0.0 2.5 5.0 7.5 10.0
w

Figure 7.3: Data for the normalized invariant function A(w), obtained as described
in the text. The different symbols and colors indicate whether a data point receives
contributions from proton momenta with |P| = v/3, |P| = 2v/3, or from both.

Each data point in Figure [7.3| results from combining all pairs of ¥ and p that give
the same w. Even with this combination the result is still statistics limited, especially
for larger values of |w|. Averaging only over pairs of § and p that are related by lattice
symmetries would give points with yet larger statistical errors and not permit us to
assess the size of lattice artifacts in the w dependence.
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| model | parameters | x*/ d.of. ]
polynomial | ¢; = (9.84 +£4.41) x 1072 | ¢ = (6.16 + 4.57) x 10~* 0.38
power-law a=2.95+1.10 — 0.36
integral a=0.37+£283 b=2.04+3.97 0.35
integral a = 0.5 fixed b=123+£1.84 0.35
integral a=4 fixed b="7.3642.67 0.40
cosine a=029+1.14 b=192+3.33 0.35
cosine a=1 fixed b=0542+1.78 0.38

Table 7.2: Fit results for our models of the ¢ dependence. The low values of x?/ d.o.f.
are explained in the text. The models are specified in Section [7.2.3]

The figure shows that data points receiving only contributions from | P| = v/3 tend to
deviate systematically from those with contributions from ]]3\ = /3 and 2v/3. We recall
that we have only one momentum with |P| = /3, whereas the data with |P| = 2v/3
includes four momenta and thus benefits from averaging over different spatial directions.
We also note that time reversal (which flips the sign of p but not of ) implies that
the w distribution must be symmetric, whilst the central values of the \13 | = /3 data
are slightly asymmetric in w. We shall not investigate this issue further, because the
observed deviations are not significant within statistical errors.

In Table [7.2] we list the results of the fits that will be discussed in the following. We
note that the x? of the data was computed without taking into account the statistical
correlations between data points at different w. This is because the corresponding
correlation matrix is very close to singular, such that its inversion would be affected by
severe instabilities. With correlations between data points being neglected, the resulting
values of x? per degree of freedom are significantly below 1 in all our fits.

In the left panels of the following figures, we show the fits of A(w) with their error
bands, together with the fitted data points. In the right panels of the same figures,
we show the resulting value of J({), multiplied by the factor f from . We recall
that, according to the number sum rule , one should have fJ(( = 0) = 2 up to
corrections of parametric order a? or (Ayeu;)?.

7.3.1 Comparison of models

The fit results for the polynomial and the power-law model are shown in Figure [7.4]
Both fits give a good description of the data. We note that at large |w| they both yield
rather narrow error bands compared with the errors on the data points. We observe
that the two models behave rather differently in the |w| region where we have no data
(or data with huge errors), with pronounced oscillations occurring in the polynomial
modelE] In the Fourier conjugate space, these differences are reflected by pronounced
differences between the fit results around {( = 0. Whereas the polynomial model is

3Such oscillations could be anticipated from the functional form in (7.15).
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smooth at that point by construction, the power-law model exhibits a clear spike. At
|C| = 1 the polynomial model results in a nonzero value of the Mellin moment, at least
within 1o uncertainties. Based on our arguments in Section we hence disfavor
this fitting ansatz on physical grounds.

Figure 7.5/shows that the two fits agree within their uncertainties for A up to lw| ~ 7.
They yield similar results for the Mellin moment at intermediate || but differ qualita-
tively for || close to 0 or to 1. Already at this stage we can conclude that in ¢ space the
uncertainty bands of an individual fit can significantly misrepresent the actual uncer-
tainty on the Mellin moment. At ( = 0, both fits are consistent with the sum rule value
of 2, although for the power-law model this value is at the lower end of the uncertainty
band.

It is interesting to note that, broadly speaking, the two fits have error bands of similar
size, both in w and in { space, despite the fact that the polynomial model has two and
the power-law model one free parameter. This shows that the amount of flexibility of
the functional form is crucial for the behavior of the fit, at least with data of the quality
we are working with.

The fit results for the integral and cosine models are shown separately in Figure [7.6]
and together in Figure [7.7 Quite remarkably, both the central values and the error
bands agree almost perfectly between the two fits, despite the apparent difference be-
tween the functional forms and .

The fits describe the data well. Their error bands become broad at large |w|, at
variance with the polynomial and power-law fits. Correspondingly, we find a huge
uncertainty on the Mellin moment around ¢ = 0 in the right panels of Figure [7.6]
If we accept that these fits adequately represent the uncertainty of our lattice data
at large |w|, we must conclude that the data does not permit a reconstruction of the
Mellin moments at the point ( = 0 without further theory input. Interestingly, the fit
uncertainty on the Mellin moment is extremely large only in a narrow range || < 0.05,
whereas for larger skewness it is of moderate size.

Constrained fits. For the flavor combination ud (but not for equal quark flavors) one
may opt to use the number sum rule as a theory input to the fit. To explore
this option, we performed a series of fits to the integral and cosine models with their
respective parameters a fixed to a prior value. We find that the fit results for f.J({ = 0)
are close to the sum rule value 2 if we impose a = 4 in the integral model and
a = 1 in the cosine model . In Table we see that both constrained fits have
a slightly higher y? than their two-parameter counterparts, but still provide a good
description of the data. This is also seen in Figure [7.8a] which additionally shows that
the two constrained fits are quite similar in their central values and error bands. The
bands are significantly reduced with respect to the two-parameter fits, as is evident from
the comparison with Figure [7.7]

For the integral model we also performed a constrained fit with fixed a = 0.5, which
is close to the fitted value of a in the two-parameter fit. The result is compared with
the case a = 4 in Figure . We see that the two fits differ noticeably at large |w|
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Figure 7.4: Fit results for the polynomial and power-law models. Left panels show
the fit and data vs. loffe time w and right panels show the fit results after a Fourier
transformation to the skewness (. The plots on the right are normalized such that the
number sum rule requires the value 2 at ( = 0, which is indicated by an orange dot.
Further explanations are given in the text.
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Figure 7.5: Comparison of the fit results shown in Figure . The polynomial model
is shown in blue and the power-law model in red.
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Figure 7.7: Comparison of the fit results shown in Figure[7.6] The blue and red curves

for the central values are barely distinguishable.
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Figure 7.8: As Figure but for fits with one fixed and one free parameter.
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| model | fixed params. | Sug = fJua((=0)| 100(¢*) | x*/d.of ]
polynomial — 1.91 + 0.22 9.67 £ 3.93 0.38
power-law — 2.67 £ 0.70 6.84 £+ 2.58 0.36
integral — 4.4 4+ 938.4 7.30 + 3.14 0.35
integral a=0.5 3.69 £+ 1.06 7.14 £+ 2.67 0.35
integral a=4 1.92 + 0.42 6.13 £ 2.36 0.40
cosine — 3.9 + 262.2 7.30 £ 3.08 0.35
cosine a=1 2.07 £ 0.45 6.34 £+ 2.49 0.38

Table 7.3: Results of the fits in Table for the value 5,4 of the number sum rule and
for the average value of ¢? defined in ((7.23)).

and result in a quite different behavior of the Mellin moment for central values of (.
The fit with a = 0.5 has a spike at ( = 0 and misses the sum rule value within its 1o
uncertainties.

The results of our fits for the sum rule value f.J({ = 0) are collected in Table [7.3]
where we see again the huge uncertainties on this value obtained with the two-parameter
versions of the integral and cosine models.

Also shown in that table are the fit results for another quantity of physical interest,
namely

Lac ¢2 2 92 .
<<2>: fO CC I(va ) — _8w2 A(w,yQ)

7.23
Jo dC I(¢, 9?) ’ (7:23)

w=0

which may be interpreted as the averageﬁ value of (2. In general ((?) depends on the
distance y, but this dependence is absent if we adopt the factorization hypothesis ([7.5)).

We see in the table that the results for (¢?) agree within uncertainties for all our fits,
much better than the results for the sum rule value fJ(¢ = 0). To understand this,
we observe in Equation that (¢2) depends on the behavior of A(w,y?) around
w = 0, where our lattice data is quite precise. By contrast, the Mellin moment at
¢ = 0 corresponds an integral over all w and is sensitive to A at large w, where the data
becomes increasingly noisy or is missing altogether.

The grand average of ((?) over all fits is around 0.07 (with the largest deviation from
the polynomial model) and thus quite small. This is consistent with our argument from
Section that I(¢,y?) should decrease rather quickly for ¢ — 1 and makes this
statement more quantitative.

4Strictly speaking, the interpretation as an “average” in the statistical sense requires I(¢,y%) > 0,
which is the case for the central values of all our fits, except for the polynomial model.
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7.3.2 Testing factorization in ( and y

To test whether the hypothesis of a factorized dependence of I(¢,y?) on ¢ and y is
adequate, we perform “local” fits of the ( dependence in narrow bins of y. Specifically,
we group the lattice data into intervals (i — 0.5)a < |y| < (i + 0.5) a with i = 4 to 14
and fit them to the same models for the { dependence as before.

The resulting values and errors for fJ(¢ = 0) and (¢?) are shown respectively in
Figures and for those fits where the value of fJ(¢ = 0) has an acceptable

uncertainty and is consistent with the number sum rule.
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Figure 7.9: Results for S,q = fJua(¢ = 0) from fits restricted to bins in y of width a.
The bands indicate the results of the global fits over all y from 4a to 14a.

We see that there is no significant indication for a y dependence of either quantity.
The errors of the local fits tend to increase when y becomes small, which is due to the
decreasing range of w in that limit. We conclude that our factorized ansatz for the
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Figure 7.10: As Figure 7.9) but for (¢?).
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¢ and y dependence is good enough for data of the quality we have analyzed. Note
that this is equivalent to a factorized form of the w and y dependence of the invariant
function A(w,y?).
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8 Kinematically enhanced nucleon
matrix elements

As we saw in the previous chapter, an accurate lattice determination of the w-dependence
of the invariant functions is currently not feasible due to the high computational cost
of obtaining high quality matrix elements at large momenta. This issue affects not only
the Mellin moments of DPDs but also all matrix elements obtained using the LaMET
approach introduced in Chapter [f} In fact, any improvement in this direction would
benefit lattice studies of strongly boosted hadrons, in general.

in Ref. such an algorithmic improvement was presented. This and practical ap-
plications thereof are discussed in Ref. , , . While these publications
presented results mostly for two-point functions and effective energies, we investigate the
improvement for nucleon matrix elements. To quantify the improvement, we compute
the unpolarized isovector nucleon quark qPDF matrix elements . We furthermore
investigate the results for possible increased excited-state overlap as well as discretiza-
tion and cutoff artifacts. To this end, we make a direct comparison of qPDF matrix
elements obtained using conventional and kinematically enhanced interpolators at dif-
ferent lattice spacings at similar momenta.

The results presented in this chapter are reproduced almost verbatim, with minor
modifications, from Ref. , prepared for submission to JHEP, whose lead author
is also the author of this thesis. They co-developed the lattice simulation code in
collaboration with Tobias Sizmann and performed the analysis of the lattice data. Rui
Zhang contributed his expertise on kinematic enhancement and its implementation,
while Yong Zhao and Andreas Schéfer supervised the project.

8.1 Lattice measurements

We use three ensembles with open boundary conditions in time generated by the CLS
collaboration, namely H102, S400 and N203. Details about the ensembles can be found
in Section and Table therein, taken from [181]. We perform calculations for
two different momenta. For renormalization in the hybrid scheme , it is necessary
to extract the matrix elements at nucleon momentum p, = 0GeV. In this case, the
conventional interpolator is the superior choice. We, therefore, calculate the matrix
element in the rest frame using it exclusively. The interpolator comparison is made at
a nucleon momentum of p, ~ 2.5 GeV, for details on the run parameters see Table [8.1]
We repeat this calculation, using otherwise identical parameters, for three different

115



116 8 Kinematically enhanced nucleon matrix elements

combinations of interpolator kernels as specified in Table [4.1] For N203, we work with
a single source per configuration, while for H102 and S400, we use two sources per
configuration to increase statistics.

In order to improve the signal, two smearing techniques are applied. First, we pre-
pare two APE-smoothed gauge fields with axpg = 0.25, one for the calculation of
the Wilson line and one for quark smearing . For the calculation of the Wilson
line, we only apply two steps of APE-smoothing to preserve the UV fluctuations of
the gauge field. This is crucial for the correct long range renormalization. To obtain
the quark propagators, we apply source-sink momentum smearing (b = —0.45,
€ = 0.25, Ngteps = {250, 310,445} for H102, S400 and N203 respectively) where we use
25 APE-smoothing steps. Here, the APE smoothed gauge field is used only to maintain
covariance of the source, sink and propagator and not for its physical content. Thus, we
can afford more smoothing steps to reduce noise stemming from gauge field fluctuations.
We use point-to-all propagators to evaluate the two-point function and the sequential
source technique for the three-point function as discussed in Section . Details
on the chosen separation times, Wilson line lengths and numbers of measurements for
the different momenta and ensembles can be found in Table [8.1]

Most lattice operations, including IO, smearing, and inversions, are performed using
the QUDA library , . In order to use QUDA in our scripts we made use of the
QUDA-Python bindings package PyQUDA [193].

Ensemble tsep/a Zmax/@ Dy |GeV] : Npeas  #confgs. used

HI02  {6,8, 10} 20  {0: 400, 2.7: 800} 400
S400  {7,9,11} 20  {0: 400, 2.5: 800} 400
N203  {8,11,13} 20  {0: 200, 2.4: 200} 200

Table 8.1: Run parameters, numbers of measurements per momentum and number
of configurations used in the calculations. The number N, indicates the number
of measurements taken, a number twice as large as the number of configurations used
implies two sources placed on each configuration, separated spatially by a diagonal
vector (La/2, La/2, La/2).

8.2 Kinematic enhancement results

In this section, we present our numerical results obtained for nucleon observables using
different interpolating operators, focusing on the impact of kinematic enhancements. We
begin by examining excited-state contamination (ESC), a good understanding of which
is crucial for a reliable determination of ground-state matrix elements. In Ref. , the
ESC was suspected to become more pronounced when using kinematic enhancement. We
start by determining their size for the nucleon. Finally, we present a direct comparison
of results obtained with different nucleon interpolators, both kinematically enhanced
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and conventional. This comparison allows us to quantify the potential gain in precision
or signal-to-noise ratio (SNR).

8.2.1 Excited state contamination

For a realistic comparison of data obtained via different nucleon interpolators, we per-
form a two-state fit to Cs,t/Coype ratio data to extract the ground state matrix
element. For an adequate comparison of our results for the isovector charges with the
continuum limit, we multiply our results with the renormalization factors obtained for
local quark bilinears obtained in Ref. .

In Figure 8.1, we compare the two-state fit results of different free quark and diquark
kernel choices (top to bottom) for both the unpolarized nucleon quark isovector local
current (left column) and a non-local current with Wilson line length z = 8a (right
column). Within uncertainties, we do not observe any increase in curvature within
the data and hence the two-state fit, indicating no considerable enhancement of ESC.
However, we do observe a considerably improved SNR. in the case of the kinematically
enhanced interpolators, which we will discuss in detail in [8.2.2] The results of all three
interpolators are in good agreement.

This is to be expected, as O(a?p?) cutoff effects become more pronounced for large
momentum data when using ensembles with O(a) improved action. A linear extrapola-
tion in a®p?, presented in Figure , shows that the correct physical result is obtained
in the continuum limit, supporting that the extracted ground state matrix elements do
not suffer from further ESC.

Summarily, we find that the kinematically enhanced interpolators do not produce
uncontrollably large ESC and meaningful results for the ground state matrix element
can still be obtained by regular two-state fits.

8.2.2 Interpolator comparison

In this section, we compare our results obtained using different interpolators. We will
first present the two-point and three-point functions used in the Clj,e/Cop ratio sep-
arately, before turning to the latter. Finally, we present our results for renormalized
matrix elements.

The two-point functions for the ensembles studied in this work are shown in Figure
8.3l The results obtained using kinematically enhanced interpolators show a stronger
signal and increased SNR, providing high precision results for larger times than the
conventional interpolator. This is crucial for ground state matrix element extraction.
At identical statistics (number of measurements), the maximum usable sink time ¢ is
increased by ~ 50%. The SNR is improved considerably at smaller ¢, where both the
signal from the conventional and the kinematically enhanced interpolators is usable, as
found already in Ref. . Both these facts contribute to an improved Cs,,/Cs, signal
even before considering the potential enhancement to the three-point function.
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An improvement similar to the one shown in Figure [8.3] is observed for the three-
point function Cyy, presented in Figure [8.4] As the numerical values of the overlap
factors, which later will be canceled in the Cs,/Cyy ratio, differ vastly, we divided
the data points by the weighted average of the central points for better comparison of
the error bars. Clearly, the SNR is improved when using the kinematically enhanced
interpolators, particularly at larger separation times.

We present the bare unpolarized nucleon quark isovector matrix elements w.r.t. A =
zp, at p, ~ 2.5 GeV in Figure[8.5]for all three ensembles used in this work. Here, we used
the normalization h(z,p.) = h(z,p.)/h(z = 0,p.) as h(z = 0,p,) = 1 in the continuum.
We will also use this normalization for the renormalization of the matrix elements. All
calculations were performed at the same number of measurements; see table[8.1 A clear
improvement in SNR by an order of magnitude in variance is evident when using the
kinematically enhanced interpolators. Across the three lattice ensembles, we observe
an O(10) improvement of the variance for the kinematically enhanced interpolators
compared to the conventional one.

We renormalize the normalized matrix elements non-perturbatively using the hybrid
renormalization scheme 49| as discussed in Subsection We shall not elaborate on
this further as it is not the focus of this work, instead referring the reader to recent works
like , . The required correlation functions in the rest frame were
calculated with the conventional nucleon interpolator, as the kinematically enhanced
ones are suboptimal choices at zero momentum. The ground state matrix elements at
zero and large momenta were extracted, normalized by the local current results and their
ratio taken subsequently. The linear divergence and renormalon term were extracted
from a combined fit to the zero momentum ground state matrix elements on all three
ensembles simultaneously , . The results for the renormalized, unpolarized
nucleon quasi PDF obtained with different interpolators are shown in Figure [8.6] As
for the bare matrix elements, we find an O(10) improvement of the variance for the
kinematically enhanced interpolators compared to the conventional one for all lattice
spacings.

We can also observe the additional improvement of the v, -enhancement over the ;-
enhancement. Both the variance and the computational cost are cut in half, yielding
further, multiplicative improvement by a factor of 4 at equal computational cost.

In Figure[8.7, we compare the same renormalized matrix elements shown in Figure
with identical interpolators across three lattice spacings: H102 (a = 0.085 fm), S400
(a = 0.075 fm), and N203 (a = 0.064 fm). While the value of p, is not exactly iden-
tical on all these ensembles, see Table [6.2 no statistically significant lattice spacing
dependence is observed for any of the considered interpolators. This indicates that
discretization effects remain moderate even at large momentum. A full quantification
of the uncertainties associated with LaMET calculations requires taking both the infi-
nite momentum p, — oo and continuum a — 0 limit. The existence of a well-defined
continuum limit is demonstrated by our precise results obtained with the kinematically
enhanced interpolating operators. This is an important foundation for future precision
calculations with LaMET.
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9 Conclusion

In this work, we studied the lowest Mellin Moment of DPDs from a Euclidean lattice
and investigated kinematic enhancement for nucleon matrix elements.

We performed the first systematic study of the lattice spacing and meson mass de-
pendence of leading-twist DPD invariant functions in Chapter [6] using six CLS en-
sembles. We analyzed lattice spacings a € {0.085,0.075,0.064} fm and pion masses
m, € [422,214] MeV.

We find the dominant systematic uncertainty to be finite volume effects. We assessed
them by comparing the anisotropy of data from ensembles with different values of Lm, €
[2.95,5.39]. For the lower values, we observed a clear saw-tooth pattern, whereas for the
largest value the pattern disappeared. Comparing the data points at large separations
|y], we observe agreement within errors, indicating that finite volume effects at large
separations are sufficiently under control after the cut in cos .

We found no significant lattice spacing dependence in vector-vector and tensor-tensor
channels for the C; contraction. In the tensor-vector channel, we observe a mild a-
dependence. We observe a clear a-dependence in the vector-vector channel for the Cs
contraction at small separations y, consistent with known discretization effects of the
Wilson-fermion propagators at short distances. In the other channels and at larger
separations, uncertainties are too large to draw firm conclusions.

Our investigation of results from ensembles of different meson mass revealed clear
mass dependencies in several channels. For the C) contractions, we find the invari-
ant functions A,y and Ag..q to decrease with decreasing pion masses consistent across
m, € {422,354,214}. In addition, we observe a ~ 2¢ difference in A, and Ag,,q when
comparing data from two ensembles of nearly identical pion mass m, ~ 350 MeV but
different kaon mass my € {445,577} MeV, hinting at potential sea quark effects. No
mass dependence is observed for the C5 contractions.

We performed a systematic study of different ansétze for the skewness dependence
of the lowest skewed Mellin moment I(¢,y?) of DPDs in Chapter [ We introduce
arguments motivating additional constraints of the functional form of I((,y?). Based
on the support properties of skewed DPDs, we argue that lim_,1 1(¢,y*) — 0 rapidly.
We also found no grounds to require analyticity around ¢ = 0. We find that the
polynomial ansatz used in past works produced artificially narrow error bands while not
respecting the constraint at [(| — 1, thereby not faithfully representing the uncertainties
in the data. We introduce three new models that obey our boundary conditions, the
power-law, cosine and integral model. The first one was a direct improvement over the
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polynomial model which provided the correct limiting behavior but failed to capture
the full uncertainty in the data. The expectation value (¢?), which is related to the
curvature of our lattice data fl(w) around w = 0, was described by all four models
equally well at (¢*) ~ 0.07.

The cosine and integral model satisfy the correct limiting behavior and were able to ac-
count for the uncertainties in the data but introduce uncertainties well beyond 100% for
I(¢ = 0,9?%). This led to results compatible with the number sum rule S,q = 2+ O(a?),
although they remain largely unconstrained without additional theory input. Using the
number sum rule to fix one of the two parameters in these models produced well be-
haved results with considerably narrower error bands at large w, signaling a fundamental
limitation of the current dataset. Finally, we validated our factorization assumption of
I(¢,y?) into separate y*- and (- dependent parts by comparing local to global fits. We
conclude that a physically reliable extraction of the lowest Mellin moment of DPDs re-
quires significantly improved data quality at large w and therefore calculations at larger
momenta.

This bottleneck is addressed in Chapter [§] We investigated possible SNR improve-
ments in nucleon correlation functions by altering the Dirac structure of hadron inter-
polators. We compared the conventional interpolator to kinematically enhanced alter-
natives that couple preferentially to the energy or "+'-components of the nucleon wave
function. As a benchmark observable, we calculated the unpolarized nucleon isovector
quasi-PDF matrix element at p, ~ 2.5GeV across three different CLS ensembles of
similar pion mass m, &~ 350 MeV at lattice spacings a € {0.085,0.075,0.064} fm. We
find an improvement of one order of magnitude to the variance of the data for all lat-
tice spacings. The 7;-enhancement is found to be most advantageous, providing two
improvements over 7; enhancement. By including information from both ¢ and z com-
ponents, it reduces the variance by a factor of 2. Furthermore, by projecting all quarks
onto their "+"-components, it reduces the number of inversions and therefore compu-
tational cost per measurement by 50%. In total, this yields a fourfold improvement in
variance at identical computational resources.

We investigate our results for excited state contamination (ESC) via a two-state fit,
that incorporates three different source-sink separation times. No increase in ESC due
to kinematic enhancement is observed. Residual discretization effects were found to be
of O((ap,)?) and extrapolate linearly to the correct continuum limit.

In summary, we find the invariant functions of DPDs at w = 0 to be stable against
variations in lattice spacing while exhibiting flavor and channel dependent mass de-
pendencies. Our analysis of the skewness dependence of lowest DPD Mellin moment
reveals that a reliable extraction is not possible with currently available data due to
insufficient data at large |w|. Our study of kinematic enhancement for highly boosted
nucleon matrix elements suggests this limitation can be overcome in the near future.

We conclude this chapter with an outlook on future research directions. In this
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work, we studied only collinear, color-singlet DPDs. Further quantities of interest for
future research include color-octet DPDs, DPDs of polarized nucleons (although these
are not directly accessible in LHC experiments) and non-valence quark DPDs. For the
kinematically enhanced interpolators, we found they significantly extend the accessible
momentum- and thus w range, without introducing additional systematic uncertainties.
This improvement can be used not only to extract the lowest Mellin moment accurately
but also, using LaMET for qDPDs , to directly extract the full color-singlet collinear
DPD. This appears to be the most promising avenue of research we intend to pursue in
the near future. This approach will yield the lowest Mellin moment as an intermediate
result, providing an important cross check with the number sum rule. This would have
to be followed by a continuum extrapolation, building on the results obtained within
this thesis, which is the final objective.
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A Two-current matrix element tensor
decomposition

We give the tensors u used in the Lorentz decomposition of two-current matrix elements
(5.21) channel by channel. For the vector-vector and axial-axial channel, these are
identical:

2
v 1% m v
uyy A(p,y) = 20" — — g,

2
v v py v
U!XL/V,B(pa y) = 2p{“y b o g,
pv S VTS 7 y2 v
uyveP y) = 24"y = 5 g™ (A1)

The tensors for the tensor-vector and vector-tensor channel are

v v 4m2 v 4py v
U%v/{A(pa y) = 4y[“p ]pp + ; gp[uy 1 _ g gp[up ]’
vV v 4py v 4y2 v
U%v’iB(p, y) = 49[“29 ]y” + —3 gp[“y I— ?gp[“p I (A.2)

For the tensor-tensor channel, we use the following tensors:

Ut (p,y) = —8 pl” g"lep,

W% (p,y) = =16 ylp lylepl + 8 ylvplgleol,

W (p,y) = —4p gy — 4yl grllepel)

WD (py) == —8ylgHlley,

urt s (p,y) =299 (A.3)

We use the following notation for (anti)commutators:

1
a[ul---un] == Z Sign(P)aMP(1)---VP(n)7
" pes,

qlrpm} — ;l Z aHP)-YP(n) (A.4)
PeSy
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B Spectral decomposition of
correlators

Definition of considered correlators:

Con(5.1) = 01T (5,6) T 20|j |n,2]2n<(g17|\7(0)|0>6—m(ﬁ)t‘ (B.1)

Cin(7.1.7) = (01T (7.1) O(7) T (7.0)[0)
(01T .5 {n. FIOIK. 7). PITI) .-
:nz’]; 15, (7) E(7) P)(t=7) o= Ex (D)7 (B.2)

Z <O’j|n,]§> <n,ﬁ\02|m,ﬁ> <m,]§101’k7ﬁ> <k7ﬂ7‘0>
= En(@)(t=72) p=Em (7)(r2=71) p = Ex(P) 71 (B.3)

C4Pt(ﬁ tv T2, 7_1) =

D= (01T [, p) {n, pO; Ork, p) (k: PITIO) _ 5 0—r) Bt 7

Cupt (D5 1,
o E, () By

(B.4)

Cupt with 71 = 75 can be treated like Cs,, thus we perform the truncation of the
spectral decomposition at leading excited states only for Cy, and Clpy.

OITIOOITNO) —goe , SOLTITIO)

= AO 6—Eot +A1 e—Elt — AO 6_E0t [1 + jl —AEt] (B5)
0
. (017(0){0[0[0){O1T10) s
Cs(p,t,7) =~ 0
3(pt7) AF?
N (0[710)(0[O[1){1]T10) o Eolt=r) By (OIT[L)CLOI)OITI0) gy (1), or
A, AE,E,
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We combine the results of Cy,, and Cs,, to obtain a approximate functional form for
the ratio R(p,t,7):

_ 1o} _ & )
R(ﬁ " 7_) _ 03(15;@7') -~ Aoe Eot % +2%%16 AES cosh (AE (7’ — %)) + %1016 AEt]
IRg) 02(177 t) AO e—Eot |:1 + %[1) e—AEt]
% + 2%001 e*AE% cosh (AE (7‘ — %)) + %101 e ABt
1+ %1) e—AEt
Co+ 1 e*AE% cosh (AE (T — %)) + ¢y e~ ABt

1+ C3 €_AEt

(B.7)

This can be used as a fitting ansatz. obtaining AFE and c3 initial values from the

truncated decomposition of Cj,; allows them to be either fixed or used as priors in the
fit.



C Euclidean correlation functions with
open boundary conditions

The discretized partition function for general boundary states (By| and |B;), separated
by time T = Na, takes the form:

Zo= [ DIBIDIBD 6wr] -+ Dlon] (Byl e o) {on] e [B) . (C)
Resolving the unities 1 = [ D [¢;] |¢:) (¢s], we get:
Z = /D D[B,](B;|e ™" |B;) . (C.2)

If we have periodic boundary conditions, i.e. (Bf|B;) = 1, this reduces to the known
expression

Zp= [ D)ol ™ o) = tr (1) | (C:3)

producing the spectral decomposition given in (4.6). For open boundary conditions
(OBCs), we have to take the boundary states into account:

ZOBC = Z <f| G_TH |l> s <C4)
i,f

where we switched to eigenstates of the Hamiltonian H |s) = FE;|s). For the two-point
correlation function, this implies

e—(T—tz)H 9 e—t2H ot1H ) e—tiH |;
(0x(12)01 (1))one = 3 0:(0) Or(0) e i)

3 e T (©5)

Inserting three complete sets of energy eigenstates 1 = >, |n) (n|, one obtains a
modified spectral representation

(O2(t2)O1(t1))oBC
=Zope 2. (fIn) (n] O2(0) [m) (m| O1(0) |I) (I |i) e~ (T2~ Emlzmt)e =Rl = (C6)

i?f7n7m7l

This expression contains more spectral sums than the PBC case, reflecting the pres-
ence of boundary states. In the bulk region of the lattice, where t; > a and T'—t5 > a,
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the FEuclidean time evolution factors

e~ Bty e~ En(T—t2) (C7)

9

lead to an exponential suppression of all contributions with £; > 0 and F,, > 0, such
that the boundary states are effectively projected onto the vacuum, as (f|0) = dp
implies that only f = 0 contributes (analogous for the initial state). The correlation
function then recovers the spectral decomposition for T'— oc:

(O2(t2)01(t1))ope ~—> D~ (0] 02(0) [m) (m] 01(0) [0) e~ (C.8)

where we used Zopc — 1 for T — 0.
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