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Electron transport through the Corbino disk in graphene is studied in the presence of uniform
magnetic fields. At the Dirac point, we observe conductance oscillations with the flux piercing the
disk area Φd, characterized by the period Φ0 = 2 (h/e) ln(Ro/Ri), where Ro (Ri) is the outer (inner)
disk radius. The oscillations magnitude increase with the radii ratio and exceed 10% of the average
conductance for Ro/Ri > 5 in the case of the normal Corbino setup, or for Ro/Ri > 2.2 in the case
of the Andreev-Corbino setup. At a finite but weak doping, the oscillations still appear in a limited
range of |Φd| 6 Φmax

d , away from which the conductance is strongly suppressed. At large dopings
and weak fields we identify the crossover to a normal ballistic transport regime.

An atomically thin carbon monolayer (graphene) is
widely considered as a successor of silicon in future elec-
tronic devices [1]. Investigations of the low-energy prop-
erties of graphene, governed by the massless Dirac equa-
tion, constitute new and thriving sub-area of condensed
matter research [2]. Particularly striking feature of clean,
undoped graphene samples is that zero density of states
is accompanied by a nonzero, universal value of the con-
ductivity 4e2/(πh) [3, 4, 5, 6]. This is a basic signature of
the so-called pseudodiffusive regime, in which transport
properties of graphene are indistinguishable from those
of a classical diffusive conductor [7]. In this regime, the
applied magnetic field does not affect the conductivity
[8, 9] and higher current cumulants [10]. Prada et al.
also show that for high dopings and magnetic fields, the
pseudodiffusive behavior is recovered at resonance with
the Landau levels (LLs) in the absence of disorder.

Numerous studies of graphene magnetoconductance fo-
cus on nanoribbons [11], Aharonov-Bohm rings [12, 13],
antidot lattices [14], and weak-localization effects in
chaotic nanosystems [15, 16]. Cheianov and Fal’ko [17]
showed the conductance of a circular p-n interface is in-
sensitive to the weak applied field. The author, Recher,
and Wimmer recently identified the crossover from the
pseudo-diffusive to the quantum-tunneling regime [18],
which is characterized by a power-law decay of the con-
ductance G ∝ L−α (where L is the length of a sample
area and α is a geometry-dependent exponent) and ap-
pears for quantum billiard in undoped graphene at zero
field. In the case of the Corbino disk with the outer ra-
dius Ro and the inner radius Ri (see Fig. 1) we have
L = Ro − Ri and α = 1, leading to the reciprocal de-
cay of G for Ro � Ri. As the tunneling regime shows
up generically for billiards having (at least) one narrow
opening [18], the discussion of magnetic field effects—at
least on a basic example—is desirable.

In this Communication, we analyze theoretically mag-
netoconductance of the Corbino disk in graphene at ar-
bitrary dopings and magnetic fields. The paper is or-
ganized as follows: We start from the mode-matching
analysis for the disk attached to heavily-doped graphene
leads, which employs the total angular momentum con-
servation in a similar way as early works employed trans-

verse momentum conservation for the strip geometry
[3, 4]. Then, we discuss separately the zero- and finite-
doping situations, and present the system phase dia-
gram in the field-doping parameter plane. The findings
of Refs. [10] for the pseudo-diffusive regime are repro-
duced for Ro/Ri . 2. The novel feature is a periodic
(approximately sinusoidal) magnetoconductance oscilla-
tion, visible in undoped or weakly doped disks with larger
radii ratios, and recovered at LLs for high dopings. Fi-
nally, we extend the analysis to the normal-graphene-
superconductor (Andreev-Corbino) setup.

The analysis starts from the Dirac Hamiltonian in
a single valley [19], which is given by

H = vF (p+ eA) · σ + U(r), (1)

where vF = 106 m/s is the Fermi velocity, σ = (σx, σy),
p = −i~(∂x, ∂y) is the in-plane momentum operator,
the electron charge is −e, and we choose the symmet-
ric gauge A = B

2 (−y, x). The electrostatic potential
energy U(r) = U0 in the disk area (Ri < r < Ro),
otherwise U(r) = U∞. Since the Hamiltonian (1) com-
mutes with the total angular momentum operator Jz =
−i~∂ϕ + ~σz/2, the energy eigenfunctions can be chosen
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FIG. 1: The Corbino magnetometer in graphene. The current
is passed through the disk-shaped area with the inner radius
Ri and the outer radius Ro in a perpendicular magnetic field
B = (0, 0, B). The leads (yellow) are modeled as infinitely-
doped graphene regions. The gate electrode (not shown) is
placed underneath to tune the doping in the disk area.
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as eigenstates of Jz

ψj(r, ϕ) = ei(j−1/2)ϕ

(
χj↑(r)

χj↓(r)eiϕ

)
, (2)

where j is an half-odd integer, s =↑, ↓ denotes the lat-
tice pseudospin, and we have introduced the polar co-
ordinates (r, ϕ). The Dirac equation Hψj = Eψj now
reduces to

Hj(r)χj(r) = Eχj(r), (3)

where χj(r) = [χj↑(r), χj↓(r)]T , and

Hj(r) = −i~vFσx∂r + U(r)+

~vFσy

(
j−1/2
r + eBr

2~ 0
0 j+1/2

r + eBr
2~

)
. (4)

Subsequently, the scattering problem can be solved
separately for each j-th angular momentum eigenstate
incoming from the origin (r=0). As the angular depen-
dence of the full wavefunction (2) does not play a role for
the mode matching, the analysis limits effectively to the
one-dimensional scattering problem for the spinor χj(r).
We model heavily-doped graphene leads by taking the
limit of U(r) = U∞ → ∓∞ (hereinafter, the upper sign
refers to the conduction band, and the lower sign refers
to the valence band), and define the reflection (transmis-
sion) amplitudes rj (tj). For the inner lead (r < Ri), the
wavefunction can be written as

χ
(i)
j =

e±ik∞r√
r

(
1
1

)
+ rj

e∓ik∞r√
r

(
1
−1

)
, (5)

where the first term represents the incoming wave, and
the second term represents the reflected wave. We further
introduced k∞ ≡ |E − U∞|/(~vF ) → ∞. For the outer
lead (r > Ro) the wavefunction is

χ
(o)
j = tj

e±ik∞r√
r

(
1
1

)
, (6)

and represents the transmitted wave. Defining k0 ≡ |E−
U0|/(~vF ) for the disk area (Ri < r < Ro), we write the
wavefunction in a similar form as considered by Recher
et al. [20] for the eigenvalue problem, namely

χ
(d)
j = Aj

(
ξ

(1)
j↑

±izj,1ξ(1)
j↓

)
+Bj

(
ξ

(2)
j↑

±izj,2ξ(2)
j↓

)
, (7)

where zj,1 = [2(j + sj)]−2sj , zj,2 = 2(β/k2
0)sj+1/2 (with

sj ≡ 1
2 sgn j, β = eB/(2~)), and

ξ
(ν)
js = e−βr

2/2(k0r)|ls|
{
M(αjs, γjs, βr2), ν=1,
U(αjs, γjs, βr2), ν=2, (8)

with ls = j ∓ 1
2 for s =↑, ↓, αjs = 1

4 [2(l−s + |ls| + 1) −
k2

0/β], and γjs = |ls| + 1. M(a, b, z) and U(a, b, z) are

the confluent hypergeometric functions [21]. Solving the
matching conditions χ(i)

j (Ri) = χ
(d)
j (Ri) and χ

(o)
j (Ro) =

χ
(d)
j (Ro) we find the transmission probability for j-th

mode

Tj = |tj |2 =
16 (k2

0/β)|2j−1|

k2
0RiRo (X2

j + Y 2
j )

[
Γ(γj↑)
Γ(αj↑)

]2

, (9)

where Γ(z) is the Euler Gamma function,

Xj = ξ
(1)
j↑ (Ri)ξ

(2)
j↑ (Ro)− ξ(1)

j↑ (Ro)ξ(2)
j↑ (Ri)

+ zj,1zj,2

[
ξ

(1)
j↓ (Ri)ξ

(2)
j↓ (Ro)− ξ(1)

j↓ (Ro)ξ(2)
j↓ (Ri)

]
, (10)

and

Yj = zj,2

[
ξ

(1)
j↑ (Ri)ξ

(2)
j↓ (Ro) + ξ

(1)
j↑ (Ro)ξ(2)

j↓ (Ri)
]

− zj,1
[
ξ

(1)
j↓ (Ri)ξ

(2)
j↑ (Ro) + ξ

(1)
j↓ (Ro)ξ(2)

j↑ (Ri)
]
. (11)

Without loss of generality, we choose B > 0. For B < 0
one can use an analytic continuation of U(a, b, z) in Eq.
(8), and get Tj(B) = T−j(−B).

First, we consider the zero doping limit, for which Eq.
(9) simplifies to

Tj(k0→0) =
1

cosh2 [L(j + Φd/Φ0)]
, (12)

where L = ln(Ro/Ri), Φd = π(R2
o − R2

i )B is the flux
piercing the disk area, and Φ0 = 2 (h/e)L. (Notice that
Eq. (12) is insensitive to the flux piercing the inner lead.)
The disk conductance follows by summing over the modes

G = g0

∑
j=± 1

2 ,±
3
2 ,...

Tj(k0→0) =

G0 +
∞∑
m=1

Gm cos
(

2πmΦd
Φ0

)
, (13)

where g0 = 4e2/h is the conductance quantum (the factor
4 includes spin and valley degeneracy), and the Fourier
amplitudes are

G0 =
2g0

L
, Gm =

4π2(−)mmg0

L2 sinh(π2m/L)
. (14)

The conductance given by Eq. (13) shows periodic oscil-
lations with the average value G0 equal to the pseudo-
diffusive disk conductance [18]. The approximate formula
G ≈ G0+G1 cos(2πΦd/Φ0) reproduces the full expression
with the 1% accuracy for Ro/Ri 6 10. The oscillations
magnitude ∆G ≡ Gmax−Gmin ≈ 2|G1| converges rapidly
to 0 with Ro/Ri → 1 (the pseudo-diffusive transport
regime), in agreement with earlier works [8, 9, 10] report-
ing no field dependence of the conductance. For instance,
we obtain ∆G < 4·10−5G0 for Ro/Ri > 2. In the tun-
neling regime, the oscillations magnitude of ∆G & 0.1G0
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is reached for moderate radii ratios Ro/Ri > 5. In this
regime, when Φd/Φ0 is half-odd integer, the major contri-
bution to the conductance originates from a single mode
(T−Φd/Φ0 = 1) and we have G = Gmax (with Gmax → g0

for Ro � Ri). For other values of Φd, the conduc-
tance is generally dominated by the two modes, with
j± = −int(Φd/Φ0 ∓ 1

2 )− 1
2 , which became equivalent for

Φd/Φ0 integer, when G = Gmin (and GminRo/Ri → 8g0

for Ro � Ri) reproducing the zero-field situation [18].
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FIG. 2: Conductance as a function of the magnetic field and
the doping for Ro/Ri = 10. (a) Magnetoconductance at weak
doping (specified for each curve by k0Ri = 10−4 ÷ 10−1, with
k0 = |E − U0|/~vF ). The zero-doping magnetoconductance
is also shown (red line). (b) Magnetoconductance at large
doping (k0Ri = 0.2 ÷ 0.6). (c) Conductance as a function of
doping at fixed magnetic field (specified by the flux piercing
the disk area Φd = 0÷ 4Φ0, with Φ0 = 2 (h/e) lnRo/Ri.)

We now complement the discussion by analyzing a fi-
nite doping case, to find out how stable are the con-
ductance oscillations when the gate voltage is controlled
with a finite precision. For k0 > 0 Eq. (9) is well de-
fined for arbitrary j provided that 1

4k
2
0/β = (k0lB)2/2 6=

n = 1, 2, . . . (LLs) with lB =
√

~/eB the magnetic
length. In such case, the asymptotic form for large fields
is T (n)

j ≈ cosh−2[L(j − 2n + Φd/Φ0)], leading to con-
ductance oscillations as obtained above, see Eq. (13). In
fact, Tj(k0 → 0) given by Eq. (12) are reproduced for
n = 0, showing the conductance oscillations for an un-
doped disk can be rationalized in terms of resonant trans-
port through the zero-th LL pinned at the Dirac point.

The results for G, obtained by numerical summation

 5  10  15  20
 0

 2

 4

 6

 8

k0(Ro!Ri)
 1

2rc
>

Ro
!R i

 10!2  10!1

n
=

1

n
=

2

n
=

3

n
=

4

!
d
/!

0

5

6

7

Φ
d
/Φ

0

10−40
!1

Φ
d >Φ m

axd

FIG. 3: Phase diagram representing the tunneling, field-
suppressed and ballistic transport regimes in the field-doping
parameter plane. Solid lines corresponds to G = G0 for the
radii ratio Ro/Ri = 10. Dashed lines depict borders of the
tunneling (Φd < Φmax

d , red line) and ballistic (2rc > Ro −Ri,
blue line) transport regimes. (Notice the logarithmic scale for
k0(Ro−Ri) < 1.) Inset shows the crossover into the tunneling
behavior for the first Landau level (n = 1) in the magnified
horizontal scale (δn ≡ 1

2
k2
0l

2
B − n).

of Tj-s given by Eq. (9) for Ro/Ri = 10, are shown in Fig.
2. We first compare, in Fig. 2(a), the zero-doping mag-
netoconductance (red line) given by Eq. (13) with those
obtained for dopings varying from k0Ri = 10−4 to 0.1,
with the steps of one order of magnitude. Weak-doping
curves follow the zero-doping one for first few periods,
when

Φd . Φmax
d =

2h
e

ln(k0Ri). (15)

For higher fields, G decays as e−(Ro−Ri)
2/(2l2b). The high-

G area, limited by Eq. (15) shrinks rapidly with in-
creasing k0. However, for k0(Ro − Ri) & π the high-
G area starts to expand with k0 (see Fig. 2b), as it
is now limited by the condition 2rc > Ro − Ri, with
rc = k0l

2
B the cyclotronic radius. In such a ballistic trans-

port regime, G/g0 ≈ 2k0Ri (at fixed field), in agreement
with the result obtained earlier [18] at zero field. At
high magnetic fields (for which 2rc < Ro − Ri) we en-
ter the field-suppressed transport regime, in which G ∼
e−(Ro−Ri)

2/(2l2b) again, except from the isolated peaks (see
Fig. 2(c) for the plot in a logarithmic scale), which cor-
respond to the resonances with LLs, and shrink with the
field in the absence of disorder. At each resonance, the
zero-doping field-dependence of G is approached for the
high field.

The behaviors described above are presented in a con-
densed form in the phase diagram shown in Fig. 3. Col-
ored areas represents the regions in the field-doping pa-
rameter plane where G > G0 (with the borders G = G0

marked by solid lines). We also show (with dashed lines)
the limiting values of the magnetic field, at which the
crossovers from the tunneling (left) and from the ballis-
tic (right) to the field-suppressed transport regime occur.
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For the first LL, we demonstrate in a quantitative man-
ner (see the inset) how, starting from the ballistic regime
and enlarging the field (but keeping (k0lB)2/2 ≈ 1), one
restores the tunneling behavior, characterized by a chain
of isolated islands of G > G0 on the diagram.

So far, we have considered the disk attached to normal-
metallic leads. For the Andreev-Corbino setup, with one
normal and one superconducting lead, the conductance
is expressed in terms of Tj-s given by Eq. (9) as [22]

GNS = 2g0

∑
j

T 2
j

(2− Tj)2
. (16)

In particular, GNS is still a periodic function of Φd at the
Dirac point, and its Fourier decomposition GNS(Φd) =
GNS

0 +
∑∞
m=1G

NS
m cos(2πmΦd/Φ0) leads to

GNS
0 (L) = G0(L), GNS

m (L) = 2Gm(2L). (17)

Although we have GNS
m /Gm → 1 for Ro/Ri → ∞ (and

any m), magnetoconductance oscillations are noticeably
amplified for moderate radii ratios. For instance, the
magnitudes ∆G/G0 > 0.1 are now reached for Ro/Ri >
2.2. At finite dopings, Eq. (15) for Φmax

d holds true, and
the phase diagram in the field-doping parameter plane
(Fig. 3) is almost unaffected. We further notice that for
available ballistic graphene samples 2Ro < 1µm, and

the critical field Bc typically corresponds to Φd < Φ0. In
effect, the zero-field conductance minimum is expected to
be significantly deeper than the other minima, for which
both electrodes are driven into the normal state.

In conclusion, we have identified the new transport
phenomenon in undoped graphene, which manifests it-
self by periodic magnetoconductance oscillations for the
Corbino geometry. The relative field-induced conduc-
tance change reaches experimentally accessible magni-
tudes ∆G/G0 > 0.1 for moderate radii ratios. At weak
doping, the oscillations remain observable for a finite
range of applied fields [23]. Additionally, we have pre-
sented the complete phase diagram in a field-doping pa-
rameter plane, illustrating the crossover from the field-
suppressed to the ballistic transport regime, as well as
the resonances through Landau levels, at which the os-
cillatory behavior is restored.

We hope our analysis shall rise some interest in
Corbino measurements within the graphene commu-
nity. Although the work primarily focuses on graphene,
the recent study on effective Dirac fermion model for
HgTe/CdTe quantum wells [24] suggests that our find-
ings may also be relevant to such systems.
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